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Abstract
Charged defects are often studied using density functional theory (DFT). However,
the use of periodic boundary conditions (PBC) introduces a fictitious jellium background required to maintain charge neutrality, along with periodic images of the
defect. As a consequence, the calculations are found to be sensitive to the size of
the supercell used. Several competing correction methods have been developed for
bulk materials, but do not provide a completely satisfactory solution to this problem.
One source of error in these corrections is suggested to be the simple density
models employed. I propose a new electrostatic correction based on calculating
electronic charge density differences between reference DFT calculations, and then
solving Poisson equation for these charge models. For bulk materials, I demonstrate that this new correction is in agreement with the existing Lany-Zunger (LZ)
method. This demonstrates that using more realistic density models is not sufficient
to improve the corrections, but the new method does allow an improved understanding of potential alignment. I found that alignment errors are introduced by adding
or removing atoms from the supercell to form the defect, and that these errors are
related to their atomic radius. Secondly, the charge models I constructed are found
to be in good agreement with the predictions of classical electrostatics, corresponding to both bound and free charges. I derive a new analytic charge correction based
on this model, but it produces smaller corrections than anticipated.
Further calculations demonstrate that the remaining unexplained finite-size error is introduced by the finite-size dependence of the exchange-correlation energy
of the screening bound charge, rather than on electrostatic grounds. Improved empirical corrections are constructed, which display differences between unrelaxed
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and relaxed defects. The developed arguments are extended to surface slab models,
where the observed errors are found to be dependent on the shape of the supercell
employed.
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Impact Statement
Within academia, this thesis deals with several topics of fundamental interest.
Firstly, the interplay between DFT and classical electrostatics enables an enhanced
understanding of dielectric screening in real materials. The results of this thesis
demonstrate how classical dielectric screening is achieved quantum mechanically.
The section on Koopmans’ theorem (KT) contributes to the growing interest
in this area. It seems clear that KT can be leveraged to develop improved hybrid
functionals for materials, with better treatment of self interaction errors. However,
the accuracy of these methods is damaged if the finite-size errors discussed in this
thesis are not understood and corrected. The results of this thesis demonstrate that
exchange-correlation plays an important role in the observed finite-size errors, and
underlines the requirement that these two problems must be tackled consistently.
Additionally, there is a significant amount of interest in extending our understanding of charged defects to surfaces and 2D materials. It is shown that bound
depletion charges are expelled to surfaces in these cases. Methods are developed
in order to validate calculated formation energies for these kinds of system, and it
is demonstrated that consistent charged defect formation energies can be calculated
and compared between bulk and surface calculations. These methods can be developed further in the future in order to understand in more detail the role surfaces may
play in stabilizing the formation of charged defects.
Outside of academia, charged defects play an important role in many technological applications, including radiation damage, microelectronics, photovoltaics,
catalysts and sensors. As the behavior of many materials in their desired application can be strongly effected by charged defects, understanding their behavior is
5
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vital in order to bring new materials to market. First principles simulation allows insight into defect properties, but the need to use large supercells in order to produce
reliable results can greatly increase the cost of such investigations. The methods
developed in this thesis allow smaller supercells to be used reliably, increasing the
availability of these calculations to industry.
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eÅ−2 . The models demonstrate a bound surface depletion charge
that only weakly depends on the number of layers contained in the
model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
20

List of Figures
7.7

Total charges (excluding the jellium background), integrated radially from the defect site. The density shows two regions, firstly a
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0.1

List of publications

The following publication includes work presented in this thesis. I produced the
original manuscripts and performed all calculations referenced in the paper.
1. T. R. Durrant, S. T. Murphy, M. B. Watkins and A. L. Shluger, “Relation
between image charge and potential alignment corrections for charged defects
in periodic boundary conditions”, J. Chem. Phys. 149 024103 (2018)

0.2

Mathematical notation

The following conventions are adopted in this thesis.
n (r)
ρ (r)
q
J

0.3

An electron density (typically from DFT)
A classical electrostatic charge density
Total charge, either of a defect or a classical charge density
A uniform jellium charge density

Key terminology

The following key terms take on specific meanings in this thesis. Terms marked
with an asterisk are not in common usage.
Finite-size error A total energy component that is an artifact of the finite size of
the supercell used in a periodic defect calculation. If an infinitely big supercell was
used, these energy terms would be zero by definition.
Electrostatic correction A correction to a defect formation energy that attempts to
remove finite-size errors introduced by the incorrect features of a supercell model
(principally due to the inclusion of a jellium background and periodic images) of a
charged defect.
Inter-supercell interaction* That part of an electrostatic correction that represents
unwanted finite-size dependent interactions between a defect containing supercell
and its periodic images.
Intra-supercell interaction* That part of an electrostatic correction that represents
unwanted finite-size dependent interactions within a defect containing supercell.
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Potential alignment correction A finite-size correction required due to an implicit
change in the value of the unknown average potential of a supercell.
Atomic alignment* That part of a potential alignment correction that is introduced
by a change in the number of atoms in a supercell.
Electrostatic alignment* That part of a potential alignment correction that is introduced by the same finite-size interactions (principally with a jellium background
and with periodic images) included in an electrostatic correction.
Displacement alignment* That part of a potential alignment correction that is
caused by long range ionic relaxations within a material. Potential alignment requires a region like the perfect lattice in the defect supercell to be calculated accurately, but long range atomic relaxations can prevent this from being done accurately.
Free charge A fixed charge that is placed within a dielectric medium, which the
dielectric is then allowed to respond to.
Bound charge Those charges which are induced within a dielectric as its polarization response to free charges.
Bound screening charge Bound charges that are induced in order to screen a free
charge present within the dielectric, producing the observed dielectric screening.
Bound depletion charge Charge conservation requires that bound screening charge
has to have been removed from some other part of the supercell. The bound depletion charge is this removed charge.
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Chapter 1

Introduction
1.1

Charged point defects

The last century has has been marked by an extraordinary pace of technological
discovery. The invention of the first semiconductor transistor in 1947 has lead to
the modern day, where we have smart phones in our pockets that contain billions
of transistors. This rapid pace of the technological development of computers has
ushered in the information age, where computer technology touches every aspect of
our lives and societies.
Semiconductors can be used to make transistors because their electrical conduction can be tailored by addition of defects, a process known as doping. As an example, adding only one boron defect per one hundred thousand atoms in a crystal of
pure silicon increases the conductivity one hundred times [1]. By selectively doping
silicon, the complex electronic components in modern microelectronics can be built
up. In order to have the required degree of control over the defects present, highly
pure Silicon is needed, demanding impurity levels below one atom per 1010 [2].
The ability to grow crystals of such high purity is one of the main advantages of
Silicon based technologies, which are now ubiquitous [3, 4]. Understanding these
dopant defects is vital to functionalizing the host semiconductor.
Equally, defects can hinder the performance of devices. One direct example
is given by solar cells. There is great interest in the development of cheap and
efficient solar cells, as one possible solution to the problem of man-made global
35
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warming [5]. Solar cells operate on a two step process. First, the absorption of light
excites an electron-hole pair, followed by separation of the pair, which yields useful
electricity [6]. If the pair is able to recombine before being separated, the solar cell
does not function [7]. Defects can act as traps, holding either the electrons or holes
in place, and greatly enhancing their chance to recombine [8, 9]. Defects of this
type are called recombination centers, and they can badly damage the performance
of solar cells [6, 10]. Predicting and controlling these kinds of defects is a clear goal
of theory.
This thesis is about point defects. In these defects, the ideal crystal structure of
a material is disturbed near a particular lattice point [1, 11]. Typical examples are
shown in Fig. 1.1, and normally involve a few extra or missing atoms in the crystal
structure. Materials found in nature also contain more extended defects, such as
line defects like dislocations, as well as planar defects such as grain boundaries.
However I don’t consider extended defects in this thesis, and when I refer to defects
I always mean point defects.

Figure 1.1: Several example point defects, using GaAs as an example. The defects are
labeled with modified Kröger-Vink notation, as introduced below. Figure by
Prof Kai Nordlund, and released into the public domain.
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Kröger and Vink introduced a compact notation for labeling crystallographic
point defects [12]. In this notation, a particular defect is labeled,
DC
S,
where D represents the element present at (or the special symbol V for a vacancy)
at the defect site, S represents the site in the crystal occupied by the defect, and C
represents the net charge on the defect. The site S should be an element present in
the host crystal, or the special label I for interstitial defects.
Some typical examples of point defects, using GaAs an example, are shown in
Fig. 1.1. Example native point defects in GaAs would include the gallium vacancy
(VGa ), the arsenic vacancy (VAs ), the gallium interstitial (GaI ), and finally the arsenic interstitial (AsI ). Native defects are defects that can be formed without the
introduction of impurity atoms, and have a special importance as they are intrinsic
to the material and can form no matter how high a chemical purity is archived in the
experimental growth progress. Examples of impurity defects shown in the figure
would include substitutional indium (InGa ) and interstitial boron (BI ).
The above rules define point defects in terms of the chemical elements that
make them up. Point defects often also have localised electrons associated with
them. If extra electrons are added or removed from the defect, it changes its charge
state of the defect. In the considered example, the V0As acts as a shallow donor
defect, requiring ∼ 0.1 eV of energy [13] to release an electron into the conduction
band, leaving a charged V+1
As vacancy behind. Under realistic growth conditions,
this intrinsic defect controls the position of the Fermi level within the material [13],
controlling the degree of doping that can be achieved.
Kröger-Vink notation as originally introduced uses dashes and circles to denote
the charge state of the defect. Hence, the version of the notation introduced above
is sometimes called modified Kröger-Vink notation. In the literature on charged
defects, this modified version is typically preferred.
The enormous technological relevance of defects outlined above explains the
theoretical interest in predicting both the energy costs to form defects and their prop37
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erties. However, point defects present an obvious challenge because they destroy
the prefect lattice symmetry that normally renders the physics of crystals mathematically approachable [14]. For this reason, computational simulation approaches are
the most fruitful. Still, this reduction of symmetry is a significant barrier, and computational costs are inevitably increased for calculations of point defects, compared
with simulations of pure crystalline materials without defects.
The important technological abilities of point defects to act as dopants and recombination centers both involve a charge transfer between bulk band states in the
material containing the defect, and with the defect itself. This raises the second
main theoretical problem encountered in this thesis, that of describing point defects
with net charge. Whatever approach we employ needs to be able to describe both
localized defect states and bulk band states within a material, and accurately describe the energy separations between them. In practice, this becomes an involved
problem because methods using periodic boundary conditions are well suited to describe band states, but encounter new problems when the charge state of the system
being studied changes. In fact, the use of periodic boundary conditions almost demands that we study systems that are electrostatically neutral, as the properties of
an infinite array of net charges is very poorly defined.
Broadly, the two most popular approaches for simulating charged defects are
embedded cluster methods and supercell methods. These two approaches are summarized pictorially in Fig 1.2.

(a) Embedded cluster approach

(b) Supercell approach

Figure 1.2: Schematic representation of embedded cluster and supercell approaches to the
simulation of point defects. The two approaches have different drawbacks and
advantages
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In embedded cluster methods, we attempt to embed a cluster containing a defect in a large continuum that contains no further defects (as shown in Fig. 1.2a).
Typically, the cluster is described using a more accurate but expensive method, with
a cheaper method being used to represent the bulk of the crystal. This bulk region
seeks to reproduce the boundary conditions present around the defect. In these
methods, it can be challenging to describe the interactions between the cluster and
the continuum it is embedded in. However, if this can be successfully done, reliable
energies can be calculated.
In supercell methods, we take a different approach and periodically repeat the
defect containing system in some way (as shown in Fig. 1.2b). In this case, we
simulate a periodic array of defects, rather than just an individual defect. This
introduces challenges because the defect being considered is able to interact with
its own images, interactions which would not be present in the case of an isolated
defect.
Supercell methods are generally expected (although some authors disagree)
to converge to the desired isolated case as the size of the supercell model is systematically increased, but practical limitations in the computer power available can
prevent us from achieving this in practice. Instead, we need to understand the extra
interactions the use of a periodic model introduces, so that they can be removed
from any properties we calculate for the system.
The supercell method is used far more widely in the context of density functional theory (DFT) studies on charged defects, as a high level of expertise is normally required to use the embedded cluster approach successfully. In contrast,
methods to remove the finite-size dependence for supercells are well developed,
and observed to be generally reliable [15].

1.2

Thesis outline

In Chapter 2, density functional theory is introduced with a focus on the supercell
approach in order to study point defects. It is shown that this produces a method that
demonstrates finite-size dependence, as the results calculated depend on the size of
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the supercell employed.
Then in Chapter 3, present correction methods for charged defects are presented and discussed. The different approximations made in the derivations of these
methods and the different approximations they make for the density response on
formation of a charged defect are highlighted.
In Chapter 4, code is developed and validated to solve Poisson’s equation for
density models constructed from DFT density differences. An extension of the
density countercharge method (DCC) to material is presented.
In Chapter 5, other possible sources of error to defect electrostatics are investigated. A decomposition of potential alignment is introduced that helps to understand the different sources of this error. It is investigated how these potential
alignment terms can be approximated in practice.
In Chapter 5, several example charged defects in the bulk are introduced. The
various existing correction methods introduced in Chapter 3 are compared with
the new method developed in Chapter 4. This investigation demonstrates that the
new method introduced shows the same behavior as the existing LZ (Lany-Zunger)
method. The performance of the completing methods is evaluated by looking at the
remaining supercell finite-size dependence.
Following on from this in Chapter 6, the defect charge models constructed
in Chapter 5 are studied in more detail. It is discovered that the density response
observed is in agreement with the predictions of classical electrostatics, where the
density difference can be understood as being composed of bound and free charges.
A new electrostatic correction is derived, where both these charges are included
consistently, and this produces a significantly smaller correction than the other electrostatic methods already discussed.
Next, in Chapter 8, it is demonstrated that that relaxing the approximation of
the free and bound screening as point like is not sufficient to explain the larger
finite-size errors observed in practical calculations. Instead, the finite-size dependence observed is broken up into its separate DFT energy terms. This shows that
the remaining finite-size error once both potential alignment and the smaller electro40
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static correction have been applied is contained in the exchange-correlation energy.
As only localised densities produce a change in this energy, and as it was already
demonstrated in Chapter 6 that the defect free charge displays little finite-size dependence, this energy error is related to the bound screening charge. New empirical
corrections are constructed, that are justified as combined electrostatic-exchangecorrelation errors. These new corrections are similar to the MP (Makov-Payne)
correction for unrelaxed defects, and switch from LZ-like to MP-like for relaxed
defects as the dielectric constant increases.
Chapter 9 is the final results chapter, where ionization problems are considered
for both bulk and surface calculations. A strong link between the finite-size errors
of charged formation energies and the observed errors to obey Koopmans’ theorem
(KT) is reported. It is discovered that for ionization calculations on surfaces, the error to obey KT is reduced for cubic cells, due to favorable electrostatic interactions
with the neutralizing jellium background. For charged defects in surface calculations, it is demonstrated that the same inverse linear errors reported in Chapter 8 are
maintained for unrelaxed defects as long as cubic supercells are used. This allows
the internal consistency of bulk and surface defects to be demonstrated for the first
time, using the oxygen vacancy in MgO as an example.
Finally, general conclusions are presented. Avenues for future work are discussed, where the role of ionic relaxation in surface calculations can be developed.
Additionally, the role of functional dependence and 2D boundary conditions are
highlighted as important goals of future work.
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Chapter 2

Established theory
Aims: In order to understand and predict the properties of materials and their defects, we rely on quantum mechanics. This fundamental theory describes materials and the defects within them, but is sufficiently complex that major approximations need to be introduced to produce practical calculations. In this thesis, I use
the method of density functional theory to approximate quantum mechanics. This
theory is highly successful, but is generally constructed differently depending on
whether molecular or crystalline systems are being studied. I will introduce the
plane wave pseudopotential (PWP) method, developed specifically for crystals. I
will then explore how the PWP method introduces extra complexities when systems with net charge are considered.

2.1

Many-body quantum mechanics

The starting point for calculating the properties of materials and their defects is the
many-body Schrödinger equation,

ĤΨ (x1 , · · · , xN ) = EΨ (x1 , · · · , xN ) ,

(2.1)

where Ĥ is Hamilton operator, Ψ (x1 , · · · , rN ) is the many-body wavefunction as
a function of the electron coordinates x, and E is the total energy of the system.
The electron coordinates x encapsulate both a position and a spin state, such that
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x = (r, σ ). The Hamilton operator is given as,
Ĥ = T +Ve−e +Vext ,

(2.2)

where T is the many-body kinetic energy, Ve−e is the many-body electron-electron
interaction and Vext is the interaction with an external potential, which in the absence
of external fields is the interaction with point ions.
In the above treatment, we have already implicitly made the BornOppenheimer approximation [16], that the electronic and nuclear wavefunctions
of the system can be separated. We first calculate the electronic wavefunction
given a set of nuclear positions. Then, the forces experienced by the nuclei can
be calculated using this electronic wavefuction, via the Hellmann-Feynman theorem [17, 18, 19, 20]. This process can be repeated until the lowest energy state is
found. This approximation is justified as electrons have a much lower mass than
ions, meaning that it is an effective approximation to allow the electrons to instantly
respond the positions of the atomic nuclei [21].
Even though significant approximations have already been introduced, Eq. 2.1
is still a formidable equation to solve, rapidly growing in complexity as the number
of electrons increases. Even when limited to two electrons, only one analytic solution of Eq. 2.1 is known, for a hypothetical system that does not exist in nature [22].
In order to study materials, we need to introduce further approximations to make
the problem computationally accessible.

2.2

Density functional theory

Density functional theory (DFT) is presently the most popular quantum mechanical
computational method used in condensed matter physics. This popularity is due to
the method being very accurate given its relative computational cost. Other competing methods such as configuration interaction (CI) [23, 24] and Møller–Plesset
perturbation theory [25, 26, 27, 28] are significantly more computationally demanding, and could be expected to be significantly more accurate. However, continuing
experience demonstrates that practical DFT calculations can be far more accurate
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than would be naively expected from their reduced numerical complexity. The reasons for this continue to be a rapidly moving area of research.
DFT is based on the Hohenberg-Kohn Theorems [29], which state that there
is a one to one mapping between the ground-state wavefunction Ψ (x1 , · · · , rN ) and
the electron density n (r). This appears to be an enormous reduction in complexity,
as the electron density is a function of only one position coordinate, rather than N.
In Kohn-Sham density functional theory, the total energy is calculated as,
E = TKS +VHart +Vext + Exc ,

(2.3)

where TKS is the kinetic energy of the fictitious Kohn-Sham electrons, VHart is the
semiclassical Hartree electron-electron interaction, Vext is the interaction with an
external potential, and Vxc is the exchange-correlation energy.

2.2.1

Total energy in a planewave basis

There are several ways that DFT can be practically implemented, depending on
the basis functions used to expand the KS orbitals and on which electrons in the
system are treated explicitly. The planewaves and pseudopotentials (PWP) approach
is the original implementation of DFT for bulk systems, and continues to enjoy
several advantages. In particular, the PWP method takes the simplest form for bulk
calculations, and as such is often used to implement new methods first.
The total energy expression in this formalism can be given as,
E = Ekin + Exc + EPP + EHart + EEwald + ENC ,

(2.4)

where Ekin is the single particle kinetic energy of the Kohn-Sham electrons, Exc
is the exchange-correlation energy, EPP is the energy contribution from the pseudopotentials of the ions, EHart is the Hartree electronic interaction energy, EEwald
is the ion-ion interaction energy and ENC is the non-Coulombic energy of the local
pseudopotential.
I use the name of the ENC term as given in a standard textbook [30] and as
used in the CASTEP code, although I believe it is misleading as the pseudopotential
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itself contains Coulomb interactions that contribute to this term. In this context nonCouloumbic only means that this energy term is not included in the evaluation of
the Hartree energy, EHart .
In calculating all the energy terms shown in a box in Eq. 2.4, an assertion has
been made that the total system has a net charge of zero. I discuss this point in more
detail in Sec. 2.2.1.1, as this has important consequences when systems with net
charge are considered.
First the non-interacting single-particle kinetic energy of the Kohn-Sham electrons is calculated as,
Z

Ekin = 2 ∑
i



h̄2
∇2 φi d 3 r,
φi −
2m

(2.5)

where a sum is performed over all i occupied Kohn-Sham orbitals φ . This is not
the correct kinetic energy for the interacting system, but a good approximation to
it. The Exc term should include a correction for the kinetic energy of the interacting
system.
The energy of interaction between ions and electrons is calculated as,
Z

EPP =

vPP (r) n (r) d 3 r,

(2.6)

where vPP is the local part of the potential of the pseudoions in the system.
The exchange-correlation energy is calculated as,
Z

Exc =

εxc [n (r)] d 3 r,

(2.7)

where the exchange-correlation energy is a functional of the electron density. As
this functional is not known exactly, an approximate functional must be employed
in practical calculations. These approximations are discussed in more detail in Section 2.2.5.
45

2.2. DENSITY FUNCTIONAL THEORY
The semiclassical Hartree interaction between electrons is calculated as,
e2
EHart =
2

Z

n (r) n (r0 ) 3 3 0
d rd r ,
|r − r0 |

(2.8)

where n is the electronic density. The Hartree energy is not the interaction energy of the true interacting system for two reasons. Firstly, it neglects electron
exchange and correlation, both quantum mechanical effects with no classical analogue, which modify the effective distance between electrons. Secondly, the Hartree
integral causes electrons to interact with themselves, introducing a self-interaction
that would be absent in the real system. Both these errors should be compensated
by a corresponding part of the exchange-correlation energy.
The ion-ion interaction energy (between the point charges that model the pseudoions) is calculated as,
(

erfc (η|RI + l − RJ |) 2η
− √ δIJ
|RI + l − RJ |
ρ
l
)


4π
1
|G|2
π
+
,
exp − 2 cos [(RI − RJ ) · G] − 2
2
Ω G6∑
4η
η Ω
=0 |G|

1
EEwald = ∑ ZI ZJ e2
2 I,J

∑

(2.9)

where a sum is performed over both the direct lattice vectors l and the reciprocal
lattice vectors G. This term describes the interaction of point charges representing
the ions (or pseudoions) with each other. It is performed using the method of Ewald
summation [31], which is introduced in Sec. 3.1.1.1.
Finally, a non-Coulombic energy must also be calculated,
ENC =

Z
vα,core ,
Ω∑
α

(2.10)

where Z is the total ionic charge present in the cell, Ω is the volume of the simulation
cell and vα,core is a pseudopotential dependent contribution. Part of the Coulomb
interaction between atomic nuclei and electrons has been drawn into the pseudopotential constructed, so care is required in order to ensure that the electrostatic energy
is still calculated consistently.
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2.2.1.1

Electrostatic terms and charged systems

The total energy expression given in Eq. 2.4 is constructed with care, due to fundamental challenges in evaluating Coulomb interactions under periodic boundary
conditions. One aspect of this is that the total charge in the system has been set to
zero.
Even when considering a charge neutral lattice, the conditionally convergent
nature of the Coulomb interaction means that methods that seem physically meaningful can still give incorrect total energies. The most common example is given
by evaluation of the energy of a molecular dynamics simulation of NaCl, If the
interaction energy for an individual ion is calculated by adding spheres of atoms
to the summation then the sum never converges. In contrast, if the crystal is built
by adding cubes, the correct energy is calculated. This behavior demonstrates that
the behavior of the Coulomb interaction under periodic boundary conditions is not
simple [32]. Although this behavior is now understood, a flawed treatment was previously given in many respected textbooks [1, 33]. These kind of past failures mean
that many still consider the calculation of meaningful formation energies using supercells to be impossible, as argued in a recent paper [34].
The G=0 term is divergent and neglected in both the EHart and EEwald energies.
The electronic subsystem contains only negative charge, and an infinite amount of
negative charge would have an infinite repulsive energy under periodic boundary
conditions. The positive atomic nuclei would also infinitely repel themselves. The
sum of these two terms is more meaningful, as the combination of electronic and
nuclear charges is overall charge neutral and these two divergences cancel. The use
of pseudopotentials complicates the argument, and both the EPP and ENC terms are
also required to maintain this property when pseudopotentials are employed, as the
description of ions as perfect point charges becomes too simplistic. As long as the
average potential (the G=0 term) of all local potentials is neglected, we can avoid
needing to attempt to calculate any of these difficult G=0 terms at all.
In fact, it has been mathematically proved that a meaningful calculation of the
average potential of an infinite crystal is impossible [35, 36, 37, 38, 39, 40]. This
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surprising result follows from the conditionally convergent nature of Coulomb summation, and physically means that we need to understand the surface of a crystal in
order to fully determine the potential in its interior [38]. The difficulty in calculating the average potential in the PWP DFT approach is actually due to the fact that
this average potential lacks any fundamental meaning.

For comparing the total energy of charge neutral systems, the PWP scheme
produces robust results. The average value of the potential has not been evaluated,
can not be evaluated even in principle, and makes no difference to the total energy
in any case, as both the ions and electrons would experience this average potential,
which have a combined charge of zero. If a negative average potential was added to
the system, then the increase in the energy of the negative electrons caused would
be exactly canceled by the reduction in energy of the positive nuclei.

In fact, if a system with net charge is considered using these equations, the
formalism enforces the presence of neutralizing jellium charge in the system. This
is the standard way systems with net charge are simulated, although this background
ensures that the supercells are in fact formally charge neutral. This jellium charge is
only present implicitly in the four terms shown in the box in Eq. 2.4. Notably, this
jellium charge is not included in the calculation of the exchange-correlation energy,
Exc . This introduces a natural way for finite-size errors to be introduced, as part of
the charge present in the supercell is present in the evaluation of EHart , but not in
Exc , even though the second term includes corrections to the first.

The above discussed uncertainties in the average potential do in fact produce
practical difficulties when comparing neutral calculations. As both calculations are
referenced to an unknown average potential, it is not formally possible to directly
compare their eigenvalues. This can be practically seen by adding a uniform potential directly to a PWP planewave calculation. The total energies remain unchanged
and can still be compared, but all eigenvalues in the system are shifted by the uniform amount.
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2.2.2

Planewave basis

In order to calculate the total energy in a PWP calculation using Eq. 2.4, a basis set
for the Kohn-Sham orbitals also needs to be selected. In turn, this will define the
basis that the total electron density is expressed on. The Kohn-Sham orbitals are
expanded in a basis of planewaves, yielding,
G<Gmax

φ (r) =

∑

CG ei(G·r) ,

(2.11)

G

where a summation is performed over all G vectors below a cutoff length of Gmax .
As the magnitude of a G vector is quite an abstract concept, it is customary to
convert these values to energies, using the energies of the ideal Bloch states they
describe. The highest Fourier mode Gmax is mapped onto its kinetic energy,
Ecut =

h̄2 Gmax
,
2

(2.12)

in Hartree atomic units.
Higher values of Ecut correspond to planewaves with more nodes. The completeness of the basis set improves as Ecut is increased.
In this project I used the CASTEP code for DFT calculations using a planewave
basis.

2.2.3

Brillouin zone sampling

The above approach is almost sufficient to describe crystalline materials accurately.
Accurate calculations of crystals also requires k-point sampling if a small unit cell is
used [30]. This is needed because the symmetry of the wavefunction within a crystal
has more freedom than the real space crystal lattice, allowing for components of the
wavefunction with longer wavelength than the lattice cell used to define the atomic
positions.
In order to well describe band states in a crystal, it is necessary to either use
supercells significantly larger than those required to describe the atomic symmetry
of the crystal, or to instead directly sample the extra freedom of the wavefunction by
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averaging over different k-points. For defect-free crystals, these two approaches are
mathematically identical, as long as the symmetry of the chosen k-points and supercell models are identical [41]. The approach of k-point sampling is traditionally
preferred over the competing supercell approaches as it enjoys numerical advantages [42]. A regular grid of k-points is commonly employed, and referred to as
Monkhorst-Pack [43] sampling.
When considering defects, the situation is more complex as this direct correspondence between supercell methods and k-point sampling breaks down. As
we are interested in only a single defect in an infinite crystal, then any localized
states associated with the defect should have no k-point dependence at all. However, the finite-size of the host supercell can cause a non-physical k-point dependence for defect states to be calculated. In the worst cases, this causes non-physical
charge transfers from occupied defect states at unfavorable k-points to favorable
ones. Band-filling corrections have been suggested to resolve this problem [44].
In this thesis, I always avoid this problem by increasing the quality of the k-point
grid until the effect is no longer observed, which is another solution to this problem
reported in the literature [45].

2.2.4

Gaussian planewave basis

I also used

CP 2 K

for calculations using a Gaussian planewave basis [46, 47]. This

method is similar to the PWP method described in more detail in this thesis. The
main difference is that the Kohn-Sham orbitals are extended in local basis functions,
as well as in planewaves. The electrostatics is carried out in the same way as in the
PWP approach, making the two methods very similar in the way Coulomb interactions are evaluated. However, this slightly more complex approach has advantages
in allowing cheaper evaluation of non-local exchange-correlation functionals, by
implementing the methods outlined in Sec. 2.2.5.5 and Sec. 2.2.5.6.
Note that when using

CP 2 K ,

I always sample the Brillouin zone using only

a single k-point, at the Γ-point. Although efforts have been made to add k-point
sampling to CP 2 K, its implementation is not presently considered to be reliable.
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2.2.5

Exchange-Correlation functionals

In practical DFT calculations, the Exchange-Correlation energy Exc is not known
exactly, and must be approximated. Many such approximations now exist, providing a ladder of approximations of increasing computational cost and (hopefully)
increased accuracy [48].

2.2.5.1

LDA functional

The simplest approximate exchange correlation functional is the local density approximation [49]. It is defined as,
LDA
Exc

Z

=

εxc (r) n (r) d 3 r,

(2.13)

where εxc is the local exchange correlation energy density of a homogeneous electron gas of the same local density. The energy contribution εxc can be calculated
accurately for the homogeneous electron gas using Monte Carlo methods [50, 51].
As a very simple exchange-correlation functional, the success of the LDA was originally quite surprising. This accuracy is now commonly believed to be because the
LDA is able to well approximate the radial average of the XC hole [52, 53].
In the context of the solid state, the LDA overbinds crystals, leading to a consistent error of predicting smaller lattice constants than those measured experimentally. The method is the cheapest approximation to the exchange-correlation energy
that can still be described as successful for solid state calculations.

2.2.5.2

PBE functional

The LDA only uses the local density to calculate the exchange-correlation energy,
but improvements can be seen if the local density gradient is also used. This produces generalized gradient approximations (GGAs), of which PBE [54] functional
is the most commonly used for solid state calculations. The GGA xc energy is
defined as,
GGA
Exc
=

Z

h
i
GGA
n (r) , ∇n (r) n (r) d 3 r,
εxc

(2.14)

where the semilocal xc energy density εxc is a functional of both the local density
and its gradient.
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In the context of the solid state, the PBE underbinds crystals, leading to an
overprediction of the lattice constant. Although GGAs are more complex than the
LDA, the computational cost of calculations is not meaningfully increased in practice. The PBE functional does normally improve on the LDA for non-metallic materials [55].

2.2.5.3

PBEsol functional

The original PBE functional was designed for both solid state and atomic calculations, but growing experience shows that no GGA can well treat both classes of
system [56]. PBEsol [57] is a reparameterization of PBE for solid state systems,
that aims to improve the prediction of lattice constants. The two functionals are
very similar, as only two constants are modified from their PBE values to produce
the PBEsol functional. It should improve the description of solid state systems, but
at a corresponding cost of an accuracy loss for atomic systems[58].

2.2.5.4

PBE0 functional

A further popular class of exchange-correction functionals are hybrid functionals,
where the approximations given above are mixed with Hartree-Fock (HF) exchange.
Although originally developed in an ad hoc way, hybrid methods can be rigorously
developed through the adiabatic connection [59]. One of the most popular hybrid
functionals in the context of solids is the PBE0 functional [60, 61]. In this method,
PBE0
Exc
= aExHF + (1 − a) ExPBE + EcPBE ,

(2.15)

where ExHF is the Hartree-Fock exchange energy. The value of a can be varied, but a
standard value of a=0.25 is most commonly used. This number is justified as being
in good agreement with MP4 results for small molecules [61].
The Hartree-Fock exchange energy is given as,
ExHF

1
=− ∑
2 i, j

Z Z

φi∗ (r1 ) φ ∗j (r1 )

1
φi (r2 ) φ j (r2 ) d 3 r1 d 3 r2 ,
r12

(2.16)

which as a double integral of position, is extremely costly to evaluate computation52
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ally.
More recent work has suggested that a can be self-consistently determined in
the solid state by calculating the electronic contribution to the dielectric constant,
ε [62]. This produces the self-consistency condition,
a=

1
,
ε∞

(2.17)

which should be evaluated until the input value of the mixing fraction a produces
the predicted high-frequency dielectric constant ε∞ . Satisfying this self consistency
condition typicality only requires around five iterations. Such a procedure can be
justified through many-body perturbation theory [63, 64].
One significant downside of hybrid functionals (such as PBE0) is that they
greatly increase the computational cost and memory requirements of DFT calculations, making the calculation of the exchange-correlation energy the most computationally demanding part of the calculation.

2.2.5.5

Auxiliary density matrix method

One way of reducing the computational cost of hybrid exchange is to use the auxiliary density matrix method (ADMM) [65].
In this approach, we introduce a new auxiliary density matrix,
n (r) ≈ n̂ (r) ,

(2.18)

such that the new auxiliary density n̂ approximates the charge density n. Crucially, n̂
is calculated on a new auxiliary basis set of lower numerical complexity, containing
simpler basis functions. The costly Fock operator can then be evaluated on this
simplified basis.
However, to do this directly would introduce large errors, as the exchange energy on this new reduced basis set will be quite different as a result of its reduced
quality. In order to introduce a fruitful approximation, a correction must also be
applied for this effect. The

CP 2 K

code uses a correction based on the following
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approximation,

ExHF [n] = ExHF [n̂] + ExHF [n] − ExHF [n̂]

≈ ExHF [n̂] + ExPBE [n] − ExPBE [n̂] ,

(2.19)

that the difference in the exchange energy on this change of basis at the PBE level
mimics the same change in energy at the HF level. The difference in energy at the
PBE level can be rapidly calculated and subtracted from the calculated energy. Reference calculations on atomic and molecular systems demonstrate that performing
this correction can reduce the introduced error by more than 50% [65].

2.2.5.6

PBE0 TC LRC functional

Even with ADMM, the PBE0 functional can still be prohibitively expensive for
large simulation cells. A cheaper alternative is given in the PBE0 TC LRC functional [66]. In this method, the exchange-correlation energy is given as,
PBE0 TC LRC
Exc
= aExHF,TC + aExPBE,LRC + (1 − a) ExPBE + EcPBC ,

(2.20)

where the only difference from Eq. 2.15 is in the way that the Hartree-Fock term
(now split into ExHF,TC and ExPBE,LRC ) has been calculated.
Firstly, the Fock integral is truncated in this approximation, at a cutoff radius
of Rc ,
ExHF (r1 , r2 ) =



 ExHF (r1 , r2 ) if r12 ≤ Rc

(2.21)


 0 if r12 > Rc
This reduces the computational cost with decreasing Rc , at the cost of neglecting
part of the exchange energy. As Rc → 0, PBE results are recovered.
Secondly, a long range correction, ExPBE,LRC , is applied, which aims to reduce
the loss of accuracy introduced by the truncation of the Fock integral. This energy
correction has a rather complex form, but can be evaluated analytically. It should
act to reduce the loss of accuracy introduced by the truncation radius Rc .
Taken together, the outlined approximations allow
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hybrid functionals on systems with thousands of atoms [66].

2.2.6

Koopmans’ theorem

The eigenvalues of the fictitious Kohn-Sham electrons do not directly correspond
with properties of the real many-body system, with one important exception. According to Koopmans’ theorem (KT) [67],
I = −εhomo ,

(2.22)

where I is the ionization energy, the energy required to remove one electron from
the system, and εhomo is the eigenvalue of the highest occupied Kohn-Sham orbital.
Koopmans’ theorem was originally discovered in the context of HartreeFock [67], where the theorem is only approximate as it makes the frozen orbital
approximation. This means that orbital relaxation upon removal of an electron is
neglected.
In the context of DFT, KT was proved by Almbladh and von Barth [68], both
for isolated systems, and for semi-infinite surfaces. Unexpectedly, the theorem turns
out to be exact for ideal DFT, and does not require the frozen orbital approximation.
The first context allows application of the theorem to molecules, and the second
enables calculations of surface work functions.
For DFT practical calculations, Eq. 2.22 is not expected to be an exact condition. This is because the theorem is exact only for the universal XC functional,
and the use of approximate XC functionals will introduce an error to obey KT [69].
In particular, approximate functionals struggle to describe non-local features of the
universal XC functional, that ensure the correct charge transfer between isolated
subsystems [70]. As a consequence, KT is a useful tool for developing improved
functionals. Secondly, the theorem only strictly applies to isolated or semi-infinite
surface systems. So, other errors may be introduced when considering systems not
of this type.
Koopmans’ theorem has also been proved for exact generalized Kohn-sham
theory [71], meaning that KT is also applicable to hybrid functionals. As in ordi55
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nary DFT, the use of approximate XC functionals may cause KT to fail in practical
calculations.

2.3

Density functional perturbation theory

Perturbation theory can be applied within the framework of DFT in order to produce
Density functional perturbation theory (DFPT) [72, 73], which enables the calculation of response properties such as phonons, polarizabilities and Raman spectra.
As already described in Sec. 2.1, if the electron density n (r) is known for a
given atomic geometry, the force experienced by atoms in response to this electron density can be calculated analytically using the Hellmann-Feynman theorem.
In typical DFPT implementations, the approximation is made that there is a linear
relationship between the displacement of an individual atom and the forces experienced by the other atoms. By considering all the available linear perturbations of
a given ionic structure, the phonon structure of a given material can be calculated
numerically. This enables the calculation of physical properties that are described
by atomic displacements, such as low frequency dielectric constants.
In this thesis, DFPT is employed to calculate both static (ε0 ) and high frequency (ε∞ ) dielectric constants, using the implementation of DFPT available in
CASTEP

[74]. The calculation of ε∞ keeps ionic positions fixed, and represents

physical processes that take place too fast for ions to move in response. In contrast,
ε0 represents slower processes where the atomic positions have time to respond, and
its calculation requires computation of the phonon spectrum of the material.

2.4

Supercell defect formation energies

When using DFT, defect formation energies can be calculated, which are the energy
cost to form a particular defect. The standard definition [75] of the defect formation
energy E f is given as:
DFT
DFT
E f = Edefect
− Ebulk
− ∑ ni µi + qµe ,
i
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DFT and E DFT are the total energies of the supercell containing the defect,
where Edefect
bulk

and an equivalently shaped supercell of the perfect bulk crystal respectively. Additionally, this raw energy difference is modified by the energy required to exchange
ni ions with some reservoir of chemical potential µi , along with the cost to exchange
electrons with some external reservoir µe . Note that the change in number of electrons in the system is just the opposite of the charge of the system q, as each electron
has a charge of −1. The chemical potentials µi and µe make a statement about the
chemical environments being considered.
When the definition given in Eq. 2.23 is used in combination with the supercell
method, as introduced in Sec. 1.1, the results are found to be highly sensitive to the
size and shape of the supercell model employed. In order to attempt to remove this
non-physical model dependence, two main corrections are commonly employed,
yielding the corrected formation energy,
E corr
= E f + Ecorr + q∆VPA ,
f

(2.24)

which includes the finite-size corrections Ecorr and q∆VPA , which should act to reduce finite-size dependence. These corrections are the main topic of this thesis.

2.4.1

Known finite-size scaling rules

Detailed studies on supercell size dependence of the formation energy of charged
defects have been carried out. The study of Castleton et al. [76] has produced the
following empirical scaling rule for cubic supercells,
E f (L) = E f (L→∞) +

a1 a3
+ ,
L L3

(2.25)

which demonstrates an inverse size dependence on both the length of the considered
supercell, L, and the volume of the supercell Ω=L3 . Knowledge of this scaling rule
doesn’t inform us about the origin of a1 and a3 , and several plausible suggestions
have been offered in the literature [77, 78].
The expression in Eq. 2.25 is often used to extrapolate charged defect formation energies to the dilute limit [76]. This is then used to test the performance of
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charge correction methods in several papers [78, 79, 80, 81]. But, as long as the
origin of Eq. 2.25 is not clearly understood, it remains unclear how accurate such
extrapolations are.
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Chapter 3

Defect electrostatics in the bulk
Aims: In this chapter I introduce electrostatic corrections, commonly used in DFT
calculations on the formation energies of charged defects, in order to reduce the
finite-size dependence observed in such calculations. These corrections are required
because the electrostatics of the supercell model includes interactions that would not
be present in the limit of an infinitely large supercell. I introduce several electrostatic correction methods that are commonly used in the literature and explain the
differences between the approaches used by the methods.

3.1

Electrostatic corrections

As the use of periodic boundary conditions replaces an isolated charged defect with
an array of periodic images, calculations using the supercell methodology also include an energy error (if one is interested in the dilute limit) due to the interactions
with images, Ecorr . In order to remove these unwanted interactions, they can be
modeled separately using classical electrostatics, and then removed. This is shown
pictorially in Fig. 3.1.
Bulk correction methods have been developing over the last 25 years, and several different approaches now exist in the literature. The performance of the methods has been harder to assess.

3.1.1

The method of Makov and Payne

The simplest electrostatic model that can be applied is approximating the defect
as a point charge (PC). In Fig. 3.1, this represents the charges q as ideal points.
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q

q

q

q

Figure 3.1: A periodic DFT calculation containing a defect is shown on the left, which is
used to construct the simplified classical model on the right. The model charge
q interacts through a classical dielectric background, represented by the shaded
background. The interaction of the classical model is removed from the final
formation energy. Two possible models for q are shown in Fig. 3.2.

These corrections were first applied to defect calculations using classical molecular
dynamics by Leslie and Gillan [82]. In the context of DFT, this is the first order
Makov-Payne (MP) correction for cubic supercells: [83]
MP
Ecorr
=

q 2 αM
,
2εL

(3.1)

where ε is the dielectric constant of the material containing the defect, L is the separation between defects and αM is the Madelung constant, which depends only on
the shape of the supercell containing the defect. This provides the exact interaction
energy of an array of point charges immersed in neutralizing jellium. The appropriate dielectric constant is the static dielectric constant ε0 when ionic relaxation of
the defect is performed, or the high frequency dielectric constant ε∞ when the ionic
structure is kept fixed. This simple method has been extended to general supercell
shapes and to anisotropic dielectrics [39, 84]. For cubic cells, this produces a L−1
dependent term that could explain the origin of the a1 term in Eq. 2.25.
However, a point charge is a highly idealized model, which is known to overestimate the size of the unwanted image interactions. Charged defects are often not
point-like, but instead have charge distributed over some defect dependent region,
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such as a vacancy site, dangling bonds or neighboring ions. More complex interaction corrections attempt to capture this in a more distributed charge model q (r),
which tends to reduce the interaction correction.
Makov and Payne [83] where motivated by these considerations to suggest a
multipole expansion to generate higher order terms that could also be calculated.
Such an expansion yields:
MP2
Ecorr

q2 αM 2πqQ
=
−
+ O(L−5 ),
3
2εL
3L

(3.2)

where Q is the quadrupole moment of the defect charge model. This expression
contains only odd L terms, because the even L terms are zero for charge distributions with cubic symmetry. Hence, Eq. 3.2 is correct up to the fifth order, for
cubic supercells. However, the MP paper [83] does not provide a systematic way of
calculating Q, so this quadrupole term is rarely calculated within the MP method.

3.1.1.1

Energy of a point charge

The energy of an infinite array of interacting point charges, embedded in a neutralizing jellium background can be calculated using the first term in Eq. 3.2. In
turn, this requires calculation of the relevant Madelung constant αM . This can be
achieved using the well known method of Ewald summation,
i6=0 erfc

αM
=∑
L
Ri

 p

γ |Ri |
|Ri |

i6=0


4π exp −G2i /4γ 2
2γ
π
√
+∑
−
−
.
2
2
Ω
Ωγ
π
G
i
Gi

(3.3)

It can be seen that the value of αM only depends on the shape of the supercell
containing the defect.

3.1.1.2

Original derivation of the MP method

To derive the MP method, consider the charge density,
ρ (r) = ρc (r) + J,
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where the total charge density ρ (r) is made of a charge distribution for the defect ρc (r), embedded in a uniform jellium background J. The neutralizing jellium
background ensures charge neutrality, with a density of q/Ω.
Makov and Payne took Eq. 3.4, and added and removed a point charge of
magnitude q at position ro . This leads to the expression,
h
i h
i
ρ (r) = qδ (r − ro ) + J + ρc (r) − qδ (r − ro ) .

(3.5)

The two point charges would cancel and leave the density unchanged. Then, charge
distributions are defined using the bracketed sections, yielding
h
i
ρ1 (r) = qδ (r − ro ) + J ,

(3.6)

h
i
ρ2 (r) = ρc (r) − qδ (r − ro ) .

(3.7)

and

Both of the charge distributions ρ1 and ρ2 have a net charge of zero. Additionally, in the case of a cubic cell, ro can be taken as both the center of the cell and
the defect site. These choices ensure that both ρ1 and ρ2 have a dipole moment of
zero, due to symmetry arguments. This ensures that the highest order interactions
are quadruples.
Then, linear superposition is used to calculate the three energy components
and know the total interactions of the charge distributions. These components are
E11 , the interaction energy of ρ1 with itself, ρ22 the interaction of ρ2 with itself, and
finally E12 , the interaction of ρ1 with ρ2 .
Makov and Payne note that E11 is the known result for a point charge embedded
in neutralizing jellium, yielding,
E11 = −

q2 α
.
2L

(3.8)

Then, they make the assumption that qc is well localized within the cell, and
hence is size independent. This means that E22 is the interaction of a well localized
62

3.1. ELECTROSTATIC CORRECTIONS
neutral charge with no monopole or quadrupole moment. This interaction would be
well approximated as 0, so they let E22 equal zero.
Finally they consider the energy E12 . Makov and Payne argue that the only
non-zero contribution to this energy is given as,
2πq
E12 =
3Ω

Z



ρ2 (r) r2 d 3 r + O L−5 .

(3.9)

Ω

This would lead to a total energy formula for a cubic lattice of,


q2 α 2πqQ
−5
E = E0 −
,
−
+O L
2L
3L3

(3.10)

where Q is the quadrupole moment defined through Eq. 3.9.
Note that the only non-zero energy terms that have been included in this final
expression are interactions between a charge distribution and a jellium background.

3.1.2

The method of Dabo, Kozinsky, Singh-Miller and Marzari

Quite a different approach was introduced by Dabo, Kozinsky, Singh-Miller and
Marzari [85], who introduced what they termed the density countercharge method
(DCC).
In this approach, a corrective potential vcorr is constructed,
vcorr = viso − vPBC ,

(3.11)

where viso is the electrostatic potential under isolated boundary conditions, and vPBC
is the corresponding electrostatic potential under periodic boundary conditions.
Once such a potential has been calculated, the total correction to the energy is
calculated as,
Ecorr =

1
2

Z

vcorr (r) n (r) dr,

(3.12)

where n (r) is the electronic charge of the system.
Unlike the other correction strategies considered, this method enables on the
fly corrections during the SCF loop of a DFT calculation. The potential defined in
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Eq. 3.11 can be added to the electrostatic potential during the calculation. Calculations demonstrate that this procedure is successful at removing finite-size dependence from the simulation of charged molecules under periodic boundary conditions [85].
The DCC method is not applicable to the problem of charged defects in crystals, as the method removes all inter-supercell interactions indiscriminately. In the
case of a crystal, this would introduce enormous errors as interactions with both
defects and the crystal bulk in image cells would be removed. I consider how the
DCC method can be adapted to the problem of crystalline defects in Sec. 4.

3.1.3

The method of Lany and Zunger

As discussed, the MP correction in principle includes a quadruple correction term.
However, no systematic construction for this term was given. The Lany-Zunger
(LZ) correction [80, 86] directly attacks this problem by making a practical approximation to Q. This method is derived by assuming that the defect draws polarization
charge, as in a classical model. This is given by:
LZ
ρscreen
(r) ≈
r→∞



q
1
1−
.
Ω
ε

(3.13)

This charge present across the whole supercell is used to define the quadrupole
moment Q, and leads to a reduction in the magnitude of the correction. In fact, this
is shown to reduce the MP correction by about a third. Charge models constructed
from DFT density differences are found to include this screening charge, as shown
in Fig. 3.2 a.
Generally, we may express this reduction in interaction with images by defining an internal polarization ratio f . The MP correction is too large and needs to be
reduced by a scaling factor. Then, the complete interaction correction is given as:
Ecorr = f E MP .
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Figure 3.2: Comparison of defect charge models for V+2
O defect in MgO. The total charge
is plotted in y and z. a) is a model constructed as a charge density difference
between two DFT calculations, and b) is a Gaussian model, as commonly used
in the FNV method. The zero density isosurface is shown as a solid black line.

The LZ method provides a practical approximation to f in the form:

f LZ = 1 − csh 1 − ε −1 ,

(3.15)

where the shape factor, csh , depends only on the shape of the defect containing
supercell. Note that Lany and Zunger originally defined csh as −csh , but we follow
the definition given by Pasquarello et al. [79], as this notation makes it clearer that
the LZ method leads to a reduced correction. These factors have been calculated
for common supercells[86]. As the LZ method is derived from Eq. 3.2, it is also
partly underpinned by an assumption of a cubic supercell. For cubic cells with a
high dielectric constant (ε → ∞) this yields f LZ = 0.631. In contrast, the original
MP correction is recovered when f = 1. As the LZ method reduces to a scaling of
the original MP correction, it also leads to a L−1 dependent correction that could
produce the a1 term in Eq. 2.25.
As in Eq. 3.15, the final Lany-Zunger correction is dependent on the dielectric
constant of the material being considered. For cubic systems, this dependence is
shown in Fig. 3.3.
We note that the LZ method was also introduced with a potential alignment
technique based on atomic site averages, performed over a large volume of the cell.
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Figure 3.3: Dependence of the LZ correction for cubic supercells on the dielectric constant.
When ε=1 (i.e. a molecule in vacuum), then the LZ method correctly reduces
to the MP method. As the dielectric of the material increases, the LZ correction
removes more of the MP correction.

Hence, when LZ results are presented in the literature, they may also include this
more complex alignment procedure. I discuss the problem of potential alignment in
more detail in Chapter 5.

3.1.4

The method of Freysoldt, Neugebauer and Van de Walle

Another distinct conceptual approach is the defect correction method of Freysoldt,
Neugebauer, and Van de Walle (FNV) [87]. This method models the charge as a
Gaussian distribution like that shown in Fig. 3.2 b) (or other simple localized distribution), which normally make only a very minor change to the interaction strength
MP . Then, the electrostatic potenEcorr , and produces an energy almost identical to Ecorr

tials of the model system and the DFT calculation are matched far from the defect,
introducing extra polarization effects into the correction. In this method f is not calculated directly, but can be inferred via Eq. 3.14. We would understand the charged
potential alignment carried out in this method as improving the description of f .
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In this method, the correction is given as:

FNV
Ecorr
= E FNV − q ∆Ṽq/0 ,

(3.16)

where E FNV is the interaction energy of the defect charge model used, and ∆Ṽq/0 is
the shift in potential between the charged and neutral defect, beyond that introduced
by the calculation of E FNV . (Potential alignment is discussed in more detail in
Chapter. 5). Eq. 3.16 contains two terms, where E FNV can be identified with the a1

term, and −q ∆Ṽq/0 can be associated with the a3 term, in Eq. 2.25.

3.1.5

The method of Taylor and Bruneval

Taylor and Bruneval [78] argue that the image electrostatics of point defects is already described adequately, and that to make improvements, other sources of error
should be considered instead. They introduced the following correction formula,
Ecorr =

qαM
+ q∆V + nV,
εL

(3.17)

where the first correction term is the standard MP interaction correction, the second term is a potential alignment, and the last term is a defect state hybridization
correction.
They suggest that the potential alignment should be calculated as,
1
hVKS i =
Ω

Z

vKS (r) d 3 r

(3.18)

Ω

Following from Eq. 3.18, the potential alignment can then be defined as,
D
E D
E
bulk
defect
∆V = VKS
− VKS
,

(3.19)

where the average in Eq. 3.18 is performed for the perfect bulk cell and the supercell
containing the charged defect, respectively.
As the average of the electrostatic potential is zero under periodic boundary
conditions, Taylor and Bruneval argue that constructing the potential alignment in
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this way avoids double counting of the electrostatic potential shift introduced by the
image interaction. This argument essentially requires a belief that the electrostatic
shift introduced by the charged defect is entirely a finite-size error.
Additionally, they also suggest adding a further correction, allowing for the
possibility of defect state hybridization, which they argue can be a significant source
of error in some situations. In order to do this, they define the following Hamiltonian
for iteration with n nearest neighbors,
Hn = H0 + nV

(3.20)

where the effective Hamiltonian Hn is made up of H0 , the Hamiltonian without
neighbor interactions, and V is the magnitude of the neighbor interactions.
In order to calculate H0 and V , they suggest a second calculation where the
length of the supercell is doubled. In their argument, this halves the number of
nearest neighbors N, allowing the calculation of these terms.

3.1.6

The method of Murphy and Hine

Murphy and Hine [84] extended the Makov-Payne correction to cells of arbitrary
shape and dielectric tensor. They defined the screened Madelung potential as,

 q

−1
i6=0
1 erfc γ Ri · ε · Ri
4π
s
q
vM = ∑ p
+∑
det ε
Ri
Gi Ω
Ri · ε −1 · Ri


exp −Gi · ε · Gi /4γ 2
2γ
π
×
−p
−
,
Gi · ε · Gi
π det ε Ωγ 2
i6=0

(3.21)

where γ is a suitably chosen convergence parameter, and ε is a 3x3 dielectric matrix.
Following on from the definition in Eq. 3.21, the anisotropic MP correction
becomes,
E =−

q2 vsM
2

(3.22)

Note that this method assumes that the defect charge present in the defect con68
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taining supercell is well approximated by a point charge.

3.1.7

The method of Kumagai and Oba

Kumagi and Oba [81] introduced a systematic way of combining the corrections
of Murphy and Hine with that of Freysoldt, Neugebauer and Van de Walle. They
realized that the MH expression for the defect site potential given in Eq. 3.21 could
be generalized to calculate the potential anywhere in the cell. They presented the
following formula,

q
(Ri − r) · ε −1 · (Ri − r)
γ
πq
q
s
q
−
vM (r 6= 0) = ∑ q
Ωγ 2
|ε| (Ri − r) · ε −1 · (Ri − r)
Ri


i6=0
4πq exp −Gi · ε · Gi
+∑
· exp (iGi · r).
Gi · ε · Gi
Gi Ω

(3.23)

As this gives the potential at any point in the cell, this can be used to extend
the FNV method.

3.1.8

Discussion of present bulk methods

Out of the considered methods, the FNV approach offers the most flexibility, because both the charge model used and the region over which potential alignment is
calculated can be varied, effectively leading to a whole family of charge corrections.
These options can allow some fine tuning of the magnitude of the correction to the
specific defect being studied. More recent work on the method has looked at fitting
these charge models to defect state orbitals directly [88].
The FNV method has the advantage of being extensible to more complex situations, such as surfaces and interfaces [89]. However, it can be complicated in practice by the effects of atomic relaxation, as the movement of ions introduces long
range changes in potential not related to alignment effects [79, 81]. The KumagaiOba (KO) method [81] has been suggested to circumvent these limitations.
The LZ method requires the dielectric of the system to be constant and
isotropic, limiting its application to bulk systems. In this case, the method can be
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applied very straightforwardly. Both of these methods are expected to improve the
description of finite-size screening, and generally reduce the total correction given
by the MP method.
One important question is whether we should expect image charge corrections
to have different magnitudes for positive and negative values of q. The corrections
based on analytic theory (MP and LZ) are identical for positively and negatively
charged defects. The FNV method is observed to break this symmetry when it is
applied, a flexibility introduced by the ∆Ṽq/0 term.

3.1.8.1

Usage of present methods

I present the present citation counts for the above methods (using the most highly
cited paper if more than one reference paper exists) for the above methods. Although this only allows a very approximate insight into their usage, it still allows us
to see the relative popularity of the methods.
Method

Citations 1

Year

MP [83]

1912

1995

DCC [85]

99

2008

LZ [80]

750

2008

FNV [87]

519

2009

TB [78]

80

2011

MH [84]

51

2013

KO [81]

99

2014

This comparison suggests that the MP, LZ and FNV corrections are the most
popular, and that the KO method is gaining popularity very rapidly, considering that
the method is the newest considered.

1 Google

scholar citations, accessed 23/08/2018.
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Chapter 4

Development of the DEFECT

SOLVER

code
Aims: In this chapter I develop a new electrostatic correction method based on the
use of DFT electronic density differences. A new computer code, DEFECT

SOLVER

is developed to calculate the corrections of this new method. To validate the developed code, I demonstrate that this code can reproduce available analytic results.

4.1

Electrostatic corrections

In this thesis, I introduce a new correction method where I calculate interaction
corrections from DFT electronic densities directly, rather than approximating the
defect charge distribution.
To do this, we follow very similar conceptual lines to the density countercharge
method (DCC) of Dabo et al. [85], where the charge due to the defect is modeled by
an explicit charge distribution and a full electrostatic model system is solved (in the
DCC method, corrections are then applied self-consistently within the DFT calculation, in contrast to our approach where corrections are applied after the calculation).

4.1.1

Definition of electrostatic corrections

As originally derived by Dabo et al. [85], and then later generalised by Komsa et
al. [79], electrostatic corrections can be defined as,
Ecorr = Eiso − EPBC ,
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namely that the correction Ecorr is defined as the difference in energy of an isolated
defect charge, Eiso , and the energy of the same defect charge under periodic boundary conditions, EPBC . This defect charge should be picked in order to replicate the
errors observed in DFT calculations on charged defects.
Given a defect charge model ρ (r), Poisson’s equation can be solved with both
kinds of boundary condition, in order to generate the required potentials,
∇2 viso (r) = ρ (r)

(Isolated boundary conditions),

(4.2)

∇2 vPBC (r) = ρ (r)

(Periodic boundary conditions),

(4.3)

where viso (r) is the electrostatic potential of the defect charge under isolated boundary conditions, and vpbc (r) is the electrostatic potential of the defect charge under
periodic boundary conditions.
From these two solutions of Poisson’s equation, the two correction energies
required in Eq. 4.1 are then defined as,
1
Eiso =
ρ (r) viso (r) dr,
2Z
1
EPBC =
ρ (r) vPBC (r) dr,
2
Z

(4.4)
(4.5)

where the same charge model ρ (r) is employed.
The above approach works well for molecules, where the defect charge model
can be the entire charge of the molecule, ρ (r) = n (r). At the Hartree level, this
replaces a periodic charged molecule with an isolated charged molecule. This is the
basis of the DCC approach [85]. However, this definition of the defect charge is too
simplistic for charged defects in dielectric materials.

4.1.2

Extension to dielectric materials

In order to produce a correction method using the approach outlined in Sec. 4.1.1,
we first need to pick a defect charge model ρ (r) that is appropriate for charged
defects within DFT.
When considering DFT, neutral defects do not display the same supercell size
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dependence observed for charged defects. Hence, we must distinguish between
electronic charge which is present in the case of a neutral defect from that introduced
by charging the point defect itself. When ions are not allowed to relax, this can be
directly defined as the electronic density difference between the neutral defect and
the charged defect in state q. This yields a charge distribution with total magnitude
q:
defect
ρ (r) = ndefect
q=q (r) − nq=0 (r) ,

(4.6)

where ndefect
q=q is the electronic density of the supercell containing the charged defect
and ndefect
q=0 is the electronic density when the defect is in a charge neutral state. If
relaxation around the defect is not allowed, the atomic structure is identical in both
calculations.
When the defect geometry is allowed to relax, there is more flexibility in the
construction of the defect charge model, ρ (r). I fully relax the atomic geometry of
the charged defect in the calculation of ndefect
q=q . Then, I use this same ionic geometry
in the calculation of ndefect
q=0 . This matches the ionic structure that is present in the
image cells. Effectively, this replaces charged defects in the image cells with neutral
defects of the same ionic structure. If the geometry is also relaxed in the calculation
of ndefect
q=0 , large fluctuations are introduced into ρ (r), reflecting the movement of
ions.
This charge model ρ (r) includes a jellium background only implicitly, and
hence is of total magnitude q. When the interaction potential vcorr is calculated, a
jellium background is effectively introduced in exactly the same way as for DFT
calculations. This is because we follow the same convention as the DFT calculation
that generated the charge model [90, 30], and set the average value of the periodic
part of the interaction correction model vPBC to zero, in the same way as the average
electrostatic potential V within the DFT calculation is set to zero.
Secondly, as this defect charge is present inside a dielectric material, the Poisson equations in Eqs. 4.2 and 4.3 should be replaced by the appropriate screened
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equations, producing
∇ [ε (r) ∇viso (r)] = ρ (r)

(Isolated boundary conditions),

(4.7)

∇ [ε (r) ∇vPBC (r)] = ρ (r)

(Periodic boundary conditions),

(4.8)

where the dielectric tensor ε has been introduced at each point in space.
Once both ε (r) and ρ (r) are defined, the corrective potentials can be calculated by solving Eqs. 4.7 and 4.7. Then, these potentials are used to calculate the required energy components EPBC and Eiso , from their definitions in Eqs. 4.4 and 4.5.
Finally, these energies are combined using Eq. 4.1 into the final correction.
When using both the defect charge model defined in Eq. 4.6 and the screened
potentials given in Eqs. 4.7 and 4.8, we term the resultant correction the screened
Poisson (SP) correction.
I use the open source libraries

DL MG

[91, 92, 93] and

PSPFFT

[94] to solve

these electrostatic problems directly, without the introduction of further approximations.

DL MG

is an iterative multigird solver [95].

PSPFFT

is an FFT based solver

for isolated boundary conditions. I describe these libraries in more detail in the next
section.

4.1.3

Electrostatic libraries: PSPFFT

The first library I used is called

PSPFFT

[94], for Poisson Solver Parallel FFT.

This library is written in Fortran 95 in an object oriented style. The library takes
advantage of the FFTW [96] library to perform highly efficient FFTs. Additionally,
the library supports both MPI and OpenMP parallelization. The PSPFFT library was
developed with gravitational problems in mind, so can only be used for problems
where the dielectric is a constant scalar and the Poisson equation is solved under
isolated boundary conditions.
Using this code, Poisson’s equation is solved using the “transform method” [97].
Although limited to problems with a uniform dielectric constant and isolated boundary techniques, the method is able to solve this limited problem rapidly [98, 99].
Additionally, as the quality of the integration grid is improved, the exact isolated
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solution is approached [94].

4.1.4
The DL

Electrostatic libraries: DL MG
MG [93, 92] library is more versatile, allowing a diagonal dielectric constant

to be defined at each point in space. The library is parallel 3D geometric high
order finite difference multigrid solver for Poisson’s’ equation. This method is more
flexible, although computationally more demanding.
Multigrid methods are well established [95], and this particular library was
already developed with DFT applications in mind [93]. It will probably be available
to perform 2D calculations in CASTEP in the future.

4.2

Description of main subroutines

I encapsulated calls to the above libraries in the following functions of the
FECT SOLVER

4.2.1

DE -

code.

get hartree isolated

This function solves Poisson’s equation under isolated boundary conditions
(Eq. 4.2), given an input charge distribution ρ (r) and a uniform scalar dielectric constant. In order to validate this part of the code, I used Gaussian charge
distributions, where the isolated interaction energy is known analytically [89].
Given the Gaussian charge distribution defined as,
−r2
ρ (r) =
exp
3
2σ 2
σ 3 (2π) 2


q


(4.9)

where σ is the standard deviation of the charge and q is the total charge, then the
total interaction energy under isolated boundary conditions is given as,
q2
E= √
.
2 πεσ

(4.10)

The PSPFFT library cannot be expected to exactly reproduce this result, due to
discretization error [100]. Instead, it should tend to this result as the quality of the
integration grid is increased.
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Figure 4.1: Error in the total energy calculated using DEFECT SOLVER and the PSPFFT
library for a Gaussian charge distribution with spread σ = 1.0 on a 20×20×20
Å grid, with increasing grid size N. The energy is calculated on a grid with
N×N×N total points.

Fig. 4.1 demonstrates that the correct analytic solution is approached as the
quality of the integration grid is improved. This validates this part of the
FECT SOLVER

DE -

code, and provides the tool to calculate Eiso for materials with a

uniform dielectric constant.

4.2.2

get hartree periodic

Secondly, I consider solving the Poisson equation under periodic boundary conditions within a dielectric (Eq. 4.8). Just as in DFT, such calculations implicitly
incorporate a jellium background. The
DL MG

GET HARTREE PERIODIC

routine calls the

library to solve Eq. 4.8, so it can be used for any space varying diagonal di-

electric profile. To test this routine, I used the analytic Madelung sum, which gives
the energy difference between a point charge in free space under isolated and periodic boundary conditions. As the width of the Gaussian test charge becomes small
in comparison to width of the simulation supercell, the calculated energy should
tend to the energy of a point charge. The width of the test Gaussian charge was kept
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constant at 0.53 Å (1 Bohr).

Figure 4.2: Comparison between the analytic Madelung correction and the energy correction calculated using a Gaussian charge model in the DEFECT SOLVER code.
The difference between the two calculations tends to zero as the size of the
simulation supercell is increased. This is the anticipated result if the code is
performing correctly.

As shown in Fig. 4.2, my code passes this consistency test. This also demonstrates the result often mentioned in regard to the FNV method, that the use of a
Gaussian charge model in this approach doesn’t introduce much difference from a
Madelung correction [87, 88].

4.2.3

get hartree isolated super

The function GET

HARTREE ISOLATED

described above only works for a uniform

dielectric constant (Eq. 4.2). To solve the same problem for a diagonal dielectric
tensor that can vary at each point in space (Eq. 4.7) requires a different approach. I
used the

DL MG

library to do this, but it wasn’t able to solve this problem directly

as it doesn’t implement isolated boundary conditions.
Instead, I set v = 0 boundary conditions at the edges, and then increased the
size of the simulation region, until the error of this approximation was minimised.
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This works, as the potetnial of any isolated charge distribution tends to zero as the
distance from the charge increases. In this approach, there is no electric charge
outside of the original simulation region, but the size of the dielectric region is
increased, placing the v = 0 boundary conditions further from the charge distribution of interest. An example of this procedure is shown in Fig. 4.3, where the
calculated energies are compared for an example defect in diamond. In this example, the dielectric is constant and the method can be compared against the use of
GET HARTREE ISOLATED

Figure 4.3: Error

in

for the same problem.

calculated

isolated

interaction
energy
using
the
GET HARTREE ISOLATED SUPER
subroutine,
against
the
GET HARTREE ISOLATED method, as the size of the classical simulation region is increased. The error in energy decreases linearly with inverse
supercell size. The blue dashed line shows a linear fit to the two largest cells
considered. The test example is a defect charge from the 2x2x2 supercell
containing the defect charge model of the unrelaxed V+1
C defect in diamond.

In order to make the implementation of this method simpler, the simulation
region was only increased in integer multiples. An example of a 3x3x3 supercell is
shown in Fig. 4.4.
In principle, the size of the simulation box should be increased until the re78
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Figure 4.4: Example

of

a

3x3x3

simulation
region
used
for
the
GET HARTREE ISOLATED SUPER method. The orange cube in the middle contains the charge distribution for which Poisson’s equation is being
solved. The blue cubes contain empty space, and the potential is set to zero at
the edges of the composite cube.

quired accuracy is achieved. In practice, I found that the linear extrapolation introduced was accurate enough for the calculations performed in this thesis. This linear
extrapolation method remained reliable when a spatially varying dielectric profile
was used, and the GET

HARTREE ISOLATED

method could no longer be employed.

The errors introduced by linear extrapolation where typically less than 0.005 eV.
Unlike for DFT supercells, these electrostatic supercells could be simulated significantly more cheaply, and 13x13x13 models could be simulated and used to validate
the method.
Conclusions: An extension to the method of Dabo et. al. was constructed
for charged defects in dielectrics, and code was developed to calculate these corrections.
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Chapter 5

Jellium and potential alignment
In this chapter I consider other kinds of finite-size corrections, that could be required in addition to the electrostatic corrections considered in Chapter 3. First I
consider the role of neutralizing jellium in more detail, finding a significant bug in
past versions of the CASTEP DFT code. Then, I consider the more common topic of
potential alignment, which is known to be partly linked to electrostatic corrections.
I decompose the defect formation process into steps and demonstrate that significant
alignment shifts are introduced by changes in the number of atoms in the supercells
being compared, which are unrelated to electrostatic corrections.

5.1

The jellium background and DFT

One additional problem in charged DFT calculations is that of neutralization. Formally, the energy of a periodic system with net charge will always be infinite. As a
result, DFT calculations on charged systems actually contain neutralization charge,
so that the total charge is zero [82, 101]. The extra charge placed into the cell in
order to charge neutralize the system should be distributed across the cell, so that
it is diffuse and hence only weakly interacts with the ’real’ charge in the system.
In periodic DFT calculations, charge neutralization is almost always achieved with
a uniform jellium background. The density of this jellium background is −q/Ω,
where Ω is the total volume of the cell, and q is the net charge of the cell (excluding
the jellium background itself).
This jellium background can be implemented in DFT codes in several ways,
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either as implicit or explicit charge. If the jellium background is included explicitly,
it is included in the charge density when electrostatics is performed, otherwise it
is not included in the density matrix, but only implicitly included in the way the
total energy is evaluated. The DFT codes
jellium background implicitly. In contrast,

CASTEP , VASP

and

CP 2 K

QUANTUM ESPRESSO

include the

includes the jel-

lium background explicitly in the electronic density, n (r). The way in which a DFT
code internally handles a jellium background is not visible to an end user, as when
the DFT code outputs the electronic density, the jellium background is normally
removed in both cases.
The jellium background is also present in the electrostatic model used for image charge correction, so the main non-physical contribution made by the jellium
background to the total energy is removed in the calculation of E int . This effect can
be seen most clearly in the corrections required for periodic slab models [89], where
the interaction with the jellium background is often the dominant source of error.
The contribution of jellium to defect formation energies is confused in the literature, as sometimes the total energy for charged systems is not correctly calculated
by the underlying DFT code.
The energy expression originally derived is correct for neutral systems, and
hence works for charged systems that have been charged neutralized by a jellium
background tool [102]. In order to calculate meaningful energies, all the electrostatic energy components must be calculated consistently, which is the case if the
originally derived expressions are implemented correctly. Generally, the jellium
contribution to the ion-ion and electron-electron interaction energies is calculated
correctly, as both of these terms require an assumption of charge neutrality. However, one of the contributions of the interaction of pseudo-ions with the valence
electrons and jellium is not always correct. This ENC term should be defined in
terms of the ionic charge, as the expression is given in Eq. 2.10. Instead, in a standard textbook [30] it is given as:
!
ENC =

∑ αi
i
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,
Ω
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Table 5.1: Pseudopotential dependence of formation energy on the way the ENC is calcu∗ , this
lated. For the calculation of ENC , Eq. 5.1 was used. In contrast, for ENC
was corrected to multiplication of a factor of (Ne + q) /Ω. The definition of ENC
only affects total energies and has no impact on potentials, and hence potential
alignment. Standard deviations are shown in the last row. We note that CASTEP
incorrectly neglected this component of the jellium energy when we started this
project. We ensured that this was corrected in version 16.1.2. of CASTEP
∗ (eV) E ∗ + q∆V
Pseudopotential ENC (eV) ENC
AB (eV)
NC
NC
-2.751
7.305
7.078
US
0.299
7.311
7.116
QC5
-1.445
7.226
7.080
OTFG
3.195
7.324
7.121
σ
1.685
0.016
0.011

where each individual ion i in the system contributes a pseudopotential dependent
term αi to the total energy, interacting with the average electronic density, given by
the number of electrons Ne in the cell, divided by the cell volume Ω. But this form
of the expression neglects the charge contribution of the jellium to the electronic
charge density (Ne /Ω) and gives the wrong energy for the charged case. Instead,
this term should become (Ne + q) /Ω, where q is net charge of the system that is
being compensated by jellium. If this is not the case, then the system is not properly charge neutralized. This problem is avoided if the original definition given in
Eq. 2.10 is used.
The most clear signature of this problem is that defect formation energies become strongly pseudopotential dependent. I used the F center in MgO as an illustrative example in Table 5.1. In the worst case, we find a 5 eV shift in formation
energy between two different pseudopotentials. Using a different pseudopotential
modifies all energy terms in the formation energy, but Eq. 2.23 should still yield
meaningful results if jellium has been introduced consistently. This error becomes
less severe for larger cells as Ne increases relative to q.
The energy shifts shown in Table 5.1 demonstrate that the total energy does
include electrostatic interaction between the jellium background and the full electron+ion system, in direct contrast with the traditional view [86]. This energy contribution is required for a pseudopotential independent formation energy.
A further warning sign of this implementation problem is a significant failure
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to obey Koopman’s DFT theorem [68, 103], as the energy of the charged system
(with an electron removed) will be incorrectly calculated. Although this theom is
not expected to be exact, it is already established that failures to obey this condition
for bulk band states should be very small in correctly implemented DFT codes, and
should be introduced by failures of approximate exchange-correlation functionals.
If a formation energy calculation contains an incorrect energy for the charged
DFT , then there are several additional schemes in the literature that compenstate Edefect

sate this error. One choice is to re-define µe as the numerical ionization energy I,
rather than the valence band maximum εVBM [104]. I is directly calculated as the
change in energy when an electron is removed from the bulk system. This resolves
DFT . This
the problem, as the error introduced into µe compensates the error in Edefect

choice only leads to significant energy contributions when Koopman’s condition is
not obeyed. Another choice would be to perform a ‘jellium neutralization’ procedure [105], performing a similar role. These kinds of procedure should not be
required when using the correct expression for total energy.

5.2

Potential alignment and its causes

A further problem in defect calculations is “potential alignment”. This was first
discussed in the literature for calculations on charged defects in 1992 [106]. As
in periodic DFT, the average potential is neglected and set to zero, this unknown
and neglected average could change between the calculations on the bulk and the
charged defects. If this is the case, it would introduce an energy difference for
charged systems:
∆EPA = q∆V,

(5.2)

where there is an energy change ∆EPA that is introduced by the neglected change in
the average potential, ∆V . q is the charge state of the system. This energy shift is
introduced as we have referenced the energies of our cells to εV BM in the bulk cell.

5.2.1

Calculating the potential alignment in practice

Generally speaking, when using PBC DFT, total energies of neutral systems can
be directly compared between different DFT calculations, but the eigenvalues can
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always be shifted by an unknown amount, this unknown amount being introduced
by neglect of the average potential. If the system has a net charge of zero, then any
arbitrary shift in potential will effect the positive and negative charges equally, and
produce no change in total energy. In contrast, when the system is charged, both
the eigenvalues and the total energy can be affected by the implicit neglect of the
average potential.
If the shift in the electrostatic potential introduced by neglect of the average
potential can be identified, it’s non-physical contribution to the formation energy
can be removed. In order to determine the shift, a potential difference between a
supercell containing the charged defect and a supercell of the same size containing
the bulk crystal can be calculated,
∆Vq/b (r) = Vq (r) −Vb (r) ,

(5.3)

where the electrostatic potential of the supercell containing the charged defect, Vq
is compared against the potential of a bulk supercell of the same shape, Vb . As the
average of both the electrostatic potentials Vq and Vb is zero, the average of ∆Vq/b
over the entire supercell will also be zero. To determine a scalar potential shift,
∆Vq/b between the two configurations, it must be averaged over some region of the
supercell that is chosen to reproduce bulk properties [88]:
∆Vq/b = ∆Vq/b (r)

far

.

(5.4)

If the ’far region’ that ∆Vq/b is averaged over does reproduce bulk properties in the
defective cell, then the difference between the potentials must be the unphysical
potential shift introduced into the calculation by neglect of the average potential.
Hence,
∆VPA ≈ ∆Vq/b .

(5.5)

Eq. 5.4 inevitably introduces a lot of choice in the way the far region that is averaged over is defined, potentially leading to different values of the scalar alignment
shift ∆Vq/b . I normally restrict myself to one of the simplest averaging techniques,
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calculating the xy planar average of ∆Vq/b (r) and then taking the z-value furthest
from the defect. In this case, the far region is the xy plane furthest from the defect.
Note that Eq. 5.5 is approximate, as the scalar potential shift introduced by neglect
of the average potential will only be correctly identified if the ’far’ region the average is performed over does in fact reproduce bulk properties. An example of the xy
planar average is shown in Fig. 5.1, where the alignment term would be taken far
from the defect, at z=0.
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Figure 5.1: The difference between the xy-averaged electrostatic potential of a V-2
C defect in
a 2×2×2 diamond supercell (with full ionic relaxation), and an equivalent bulk
cell of the same size. The defect is placed at the center of the cubic supercell.
A potential difference of zero (denoted by the dotted line) is not recovered far
from the defect. For this example, ∆Vq/b =0.56 V. The bulk potential is most
strongly modified near to the defect, at the center of the supercell.

5.2.2

Model system: Gaussian charge in a box

In the present literature, the methodological comparison paper by Komsa et al. is
influential [79]. It discusses the example of point and Gaussian charges in a box, and
uses this to explain potential alignment. I will consider the example of a Gaussian
charge in an otherwise empty box in more detail. First, I show an example charge
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distribution in Fig. 5.2.

Figure 5.2: Charge distribution of a Gaussian charge, with σ = 1.0 Å, at the center of a 40
Å cubic box.

I used the

DEFECT SOLVER

code (as described in Chapter 4) to calculate the

interactions of this charge under both PBC and isolated boundary conditions, producing Fig. 5.3. Note the high similarity between the shapes of the two potentials.
This is the case as the only additional interaction under PBC is that the charge will
interact with it’s own images. The images are far away compared to the self interaction within the cell, and hence is a weaker interaction. Secondly, neglect of
the average potential introduces a large energy shift, as the average electrostatic
potential under isolated boundary conditions is not zero.
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Figure 5.3: The resultant electrostatic potentials of the charge shown in Fig. 5.2, under both
PBC and isolated boundary conditions. The shape of the two potentials is very
similar, but due to negelect of the average potential, there is a uniform shift ∆V
between the two potentials. Even when this shift is removed, the potentials are
not identical, due to the interaction of the Gaussian charge with its images in
neighboring cells. These interactions tend to zero as the the volume of the cell
tends to infinity.

Applying an electrostatic correction using the DEFECT

SOLVER

code converts

the PBC energies into isolated energies, as we would expect, shown in Fig. 5.4.
This is the aim when we apply an electrostatic correction. As this is a simple model
calculation, rather than a DFT calculation, this is a trivial result.

In the case of a DFT calculation, the electrostatic system requiring correction
(the DFT calculation containing the charged defect) and corrective model (the calculation of the Ecorr correction) will not be identical.
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Figure 5.4: Dependence of the electrostatic energies under PBC (blue line) and isolated
boundary conditions (orange line), on the size of the cubic supercell containing the charge. Note that application of an electrostatic correction Ecorr (green
dashed line) converts the PBC energy into the isolated energy, as expected.
Note that as all the energies are calculated using the DEFECT SOLVER code,
this correction is ideal.

As the energies are no longer size-dependent, performing additional potential
alignment can only make the results worse. In Fig. 5.5, we compare the errors in the
PBC energy recreating the isolated energy, given several possible corrections. Including potential alignment between the charged and neutral calculations introduces
error.
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Figure 5.5: Electrostatic errors of various correction strategies, defined as the difference
between the PBC energy and the isolated energy calculated using DEFECT
SOLVER . The uncorrected results are shown by the blue line. As the size of
the cell is increased, the interaction with images decreases, and the error in the
uncorrected results reduces. The electrostatic correction shows ideal performance (orange line), but also including a potential alignment (PA) correction
makes the results worse. Adding just a potential alignment term produces the
green line, and adding both potential alignment and the calculated electrostatic
correction produces the red line.

The above example justifies the FNV method. In this method, the potential
alignment produced by EPBC is removed from the potential alignment correction.
In the Gaussian example, this will produce an alignment correction of zero. Hence,
the FNV method shows ideal performance on this model problem. Additionally, the
model clearly shows that potential shifts present in EPBC can be double counted in
the potential alignment scheme, if care is not taken.
Although this example is useful and interesting, it does contain two shortcomings that can lead to the wrong conclusions being drawn. Firstly, the cell is empty,
apart from the charge present, and hence ε=1. Secondly, as there are no atoms in
the cell, there is no change in atom number. We find that both these features are
important to understand potential alignment in the case of charged defects.
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5.2.3

A new decomposition of potential alignment

In the standard approach, ∆VPA is inferred by comparing the electrostatic potentials
of a supercell of the bulk material and a supercell containing the charged defect,
via Eqs. 5.3, 5.4 and 5.5. However, when the problem is approached in this way, it
remains unclear what aspect of the calculation is introducing an unphysical potential
shift. In order to further explore the causes of potential alignment, we split the
process of forming a charged defect into steps, and compare the potentials of four
DFT calculations. Such a procedure is illustrated in Figure 5.6. As the start and end
DFT calculations are identical to the standard approach, splitting up the alignment
in this way produces a total potential alignment ∆Vq/b (r) which is identical. This
leads to the following expression for the total alignment,
∆Vq/b (r) = ∆VAB (r) + ∆VBC (r) + ∆VCD (r) ,

(5.6)

where the total change in potential of the bulk and defective systems ∆Vq/b is composed of the three alignment terms between the four configurations introduced via
Fig. 5.6. Evaluating the potential in this way does require two additional singlepoint DFT calculations that would not otherwise be carried out (configurations B
and C), whereas traditional approaches use only configurations that already have
been calculated to evaluate the formation energy. We note the charge model we
defined in Eq. 4.6 is the charge density difference between configurations C and D.
I show below an example of this decomposition of the total potential difference in
Fig. 5.7, for a VC−2 defect in diamond.

5.2.3.1

The ∆VAB component

Interesting, in our example in Fig. 5.7, we observe that a significant potential shift
is introduced far from the defect by the removal of a carbon atom from the supercell
alone, producing the ∆VAB component. This particular alignment component is
shown in Fig. 5.8, for the diamond supercell.
The ∆VAB component is extremely local to the defect site, so bulk properties
are quickly recovered far from the defect. This is shown by how quickly ∆VAB takes
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Figure 5.6: Schematic process of forming a charged defect in a periodic DFT calculation.
Each lettered square denotes a DFT single-point calculation. In A, the host
material is simulated, without a defect. In B, atoms are removed to form a
vacancy (or added to form an interstitial), but the ionic structure is not yet
relaxed. In C, the final ionic structure of the relaxed charged defect is adopted,
but the charge is kept neutral. Finally, in D, electrons are exchanged to reach
the required charge state. The ionic geometry in C is maintained, which is the
relaxed geometry of this system. Configurations A and D are real states of
the system, but B and C are artificial configurations used to break the defect
formation process into steps. Only the final configuration D has a formal net
charge compensated by a jellium background. The notation given below the
figure is chosen to be similar to the conventional notation, but we prefer the
alphabetical labels in this paper, to emphasize that we are not only using the
conventional reference configurations.

a constant value far from the defect. This ensures that the average in Eq. 5.4 can
be carried out easily and without ambiguity – any sensible averaging technique will
return the same value. As a result, for this component of potential alignment, we
expect the approximate Eq. 5.5 to be very accurate.
∆VAB can be readily approximated by simply placing an atom of the type being
exchanged in a periodic box of the same size, as justified in Fig. 5.9. This approximation is accurate to ∼30% for the examples we considered, as shown in Table 5.2.
Each atom present in the periodic DFT supercell makes a contribution to the average
potential (which is conventionally neglected and set to zero) and hence changing the
number of atoms in the supercell modifies the potential shift introduced by neglect
of the average potential.
The electrostatic potentials depend on the exact distribution of electric charge
within the atom. As a consequence, any component of a DFT calculation that modifies the electron density can also modify the potential shift associated with each
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Figure 5.7: Comparison of all the potential delta components of a V-2
C defect in a 2×2×2
diamond supercell. The ∆VAB component is explored in Fig. 5.8, and the ∆VCD
component is explored more detail in Fig. 5.10. For this example, ∆VAB =0.32
V, ∆VBC =0.01 V, and ∆VCD =0.23 V.

atom. The atomic species is clearly the most important, but the chemical environment the atom is present in also makes an important contribution to the distribution
of its electric charge.
We will further develop these ideas in section 5.2.4, in order to predict how
∆VAB scales with the size of the supercell.

5.2.3.2

The ∆VBC component

The ∆VBC component is the most challenging to interpret. This potential change
is introduced when the final ionic configuration of charged defect is introduced.
Hence, this component is zero by definition when the formation energy of an unrelaxed defect is considered. An example of all three components, along with the
total change in potential is shown in Fig. 5.7. For the example of diamond, this last
alignment component makes the smallest contribution to the total potential shift far
from the defect. In this example, the relaxation of ions makes almost no change to
the electrostatic potential far from the defect. In this case, it appears that neglect
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Figure 5.8: Comparison between the ∆VAB alignment component of a 2×2×2 supercell
of diamond when a carbon atom is removed, with the potential of a carbon
atom placed in an empty periodic cell of the same size. In this example,
∆VAB (z=0) = 0.325 V and VC atom (z=0) = 0.297 V.

A

B

atom

-

-

Figure 5.9: Schematic diagram of the approximation of ∆VAB potential alignment component, as in Fig. 5.8. Our results show that this is approximated by a calculation
on an isolated atom. This is justified as shown in the diagram, because the
crystal appears to play only a secondary role. It changes the electrostatic distribution of charge associated with the atom, but this is a modification rather than
a total change in character. The case of an isolated atom is simple enough to attack analytically, and predicts that the potential shift introduced will be volume
dependent, as in Eq. 5.13.
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Table 5.2: Comparison between alignment constants calculated between configurations A
and B, with the potential alignment introduced by an isolated atom of the type
being removed. The percentage errors reveal that there is a strong relationship
between the alignment constants, but that this is a significant variance. The Vatom
terms scale ideally with inverse volume. The ∆VAB potential alignment terms
retain an approximate inverse volume scaling, but the introduced noise prevents
highly accurate extrapolation via Eq. 2.25.

System
Diamond
(C vacancy)

MgO
(O vacancy)

SnO2
(Sn vacancy)

Supercell ∆VAB (V) Vatom (V)
1×1×1
-1.87
-2.35
2×2×2
-0.32
-0.30
3×3×3
-0.10
-0.09
4×4×4
-0.05
-0.04
1×1×1
-0.98
-1.24
2×2×2
-0.12
-0.15
3×3×3
-0.03
0.05
4×4×4
-0.02
-0.02
5×5×5
-0.01
-0.01
1×1×1
-3.73
-3.44
2×2×2
-0.66
-0.59
3×3×3
-0.23
-0.16
4×4×4
-0.10
-0.07

Error (%)
-25.4
8.4
15.7
18.4
-26.7
-32.7
-31.5
-20.5
-15.2
7.9
10.0
28.6
32.7

of the average potential does not introduce a meaningful potential shift between
configuration B and C.
In some other materials, such as MgO, ∆VBC (r) is large far from the defect.
However, it never tends to a constant value, making it difficult to select a far region
for Eq. 5.4. In turn, this will damage the approximation made in Eq. 5.5.
When the contribution of ∆VBC to ∆VPA is entirely neglected, our corrections
appear to perform as reliably for both examples where ∆VBC is large and small.
This suggests that this component does not in fact introduce a significant potential
alignment shift. We can justify this observation using the following argument –
as the number of electrons and ions in the cell is kept fixed, as well as their total
density, there is not a large change in the neglected average potential. We note that
the ∆VBC is large in materials where the original formulation of the FNV method is
believed to perform poorly, and is the alignment component most strongly altered
by the use of the KO far averaging method [81]. It would be interesting to explore
in detail how the KO sampling method affects the different alignment components
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we define.

5.2.3.3

The ∆VCD component

Finally, we consider the potential difference ∆VCD , between the charged defect and
a neutral reference structure (as defined in Fig. 5.6). We observe the following
relationship between our corrective potential, as introduced in Eq. 4.3, and the ∆VCD
potential alignment component,
∆VCD (r) ≈ 2εvPBC (r) .

(5.7)

The electrostatic potential difference present in the DFT calculation is experienced
by all the electrons in the calculation and therefore is not screened, whereas the interaction model vPBC is experienced only by the additional defect charge and hence
is screened by the dielectric constant ε (which is ε0 when the ionic structure is
relaxed, ε∞ when it is held fixed). Although this factor of ε is justified by this electrostatic argument, it is not included in the derivation of the FNV method[87]. We
note that the factor of two in this expression is due to double counting of the electron Hartree potential in CASTEP, and may not be required in other codes depending
on the electrostatic convention used (this factor is not required in

CP 2 K ).

Finally,

only the periodic part of the interaction model, vPBC , contributes. The periodic DFT
calculation does not contain the isolated component of the image interaction, viso –
as a result, ∆VCD does not contain enough information to infer Ecorr .
An example of this behavior is shown in Fig. 5.10. Across the defects we
considered in this paper in isotropic dielectrics, we find Eq. 5.7 is satisfied to within
1% (for a material with an anisotropic dielectric, ε should be replaced with a tensor,
but I haven’t explored how this would be done). This correspondence demonstrates
that the potential alignment component ∆VCD is already fully incorporated in our
interaction correction and need not be considered separately. Note that this is the
only part of potential alignment that is influenced by the jellium background present
in charged calculations.
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Figure 5.10: Comparison of the ∆VCD alignment component of a V-2
C defect in a 2×2×2
supercell, with the correction potentials constructed. The inset shows a ×50
magnification.

5.2.3.4

Discussion of all components

We show an example of the finite-size scaling resulting when the various components of potential alignment are used to perform alignment corrections, in Fig. 5.11.
We switch to the example of an oxygen vacancy in MgO, as ∆VBC is significant for
this system. In contrast, the ∆VAB component is relatively small in this case. These
results demonstrate that alignment with ∆VAB makes an improvement to the size
scaling, but that the ∆VBC and ∆VCD components appear to do more harm than good.
As we have argued, inclusion of ∆VCD is expected to be harmful as this component
is already fully included in the electrostatic correction. The negative contribution of
the ∆VBC contribution requires some further discussion.
The accurate determination of ∆VBC is challenging for some materials, where
we can not evaluate Eq. 5.4 reliably. This equation requires the selection of a region of the supercell that reproduces bulk properties, but if relaxation of the defect
ionic structure leads to long-range effects, we cannot identify such a region. For the
example of diamond, we recover a bulk-like region (i.e. ∆VBC tends to a constant
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Figure 5.11: Finite-size convergence of the formation energy of the VO+2 defect in MgO,
depending on the potential alignment utilized. Results are shown without any
correction (UC, blue dashed line) and with the screened Poisson electrostatic
correction proposed in Chapter 4 (C, dark green line). Additionally, results
also including a potential alignment correction are shown. Using only the
∆VAB component (red line) yields the best finite-size scaling. Additionally
including the ∆VBC (cyan line) and ∆VCD (purple line) components appears to
make the scaling worse. A doted line is shown for the result of the screened
Poisson correction and ∆VAB potential alignment for the largest supercell, to
demonstrate how little size dependence remains in these results.

far from the defect) and find that ∆VBC ∼ 0. In the case of MgO, I was not able
to identify such a region, and the planar average I apply is certainly not sophisticated enough to accurately determine ∆VBC . However, the results in Fig. 5.11 very
strongly suggest that ∆VBC ∼ 0. If this is the case, it is best not to include the ∆VBC
component in the potential alignment correction.
Considering the above results, the ∆VAB component is both the most significant
source of potential alignment error (once an electrostatic correction has been consistently applied) and the most well behaved component. Almost any far averaging
procedure used in Eq. 5.4 will unambiguously determine this component because
the modification to the electrostatic potential is local to the defect site and does
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not lead to long range changes in the material. It is worth looking at this potential
alignment term in more detail.

5.2.4

Finite-size scaling of the ∆VAB component

Returning to the ∆VAB component, simple model calculations can demonstrate that
adding or removing an atom to form a defect in periodic DFT leads to a potential
shift. Consider an isolated atom in a large cubic box. If the atom is neutral, we
expect that the same energy will be calculated under isolated and periodic boundary
conditions – as well separated neutral atoms do not interact. In fact, this is the
behavior we observe. Using

CP 2 K

[46, 47, 107, 108], the same DFT calculation

can be performed with both boundary conditions [109, 110]. For a calculation on
a Sn atom in a 10 Å cubic box, the total energy is only modified by 0.5 meV.
However, as shown in the first panel of Fig. 5.12, the electrostatic potential contains
a significant shift of 0.33 V. This shift is observed to be sensitive to the details of
the DFT calculation, depending on atom type, pseudopotential and xc functional.
This sensitivity to the pseudopotential used is also observed in ∆VAB , as shown in
Table 5.3 for the example of diamond. This shift is introduced by neglect of the
average potential.
This same argument, that the change in boundary conditions between the two
calculations introduces an alignment shift can also be made mathematically. First,
consider the constraints that the boundary conditions place on the electrostatic potential of a neutral atom,

D
E
PBC
Vatom (r) = 0
D
E
iso
iso
Vatom (r→∞) = 0 =⇒ Vatom (r) = C

(5.8)
(5.9)

PBC (r) is the average electrostatic potential of the isolated atom under
where Vatom

periodic boundary conditions. For the same system under isolated boundary condiiso (r), we do not require an average potential of zero, and instead have the
tions, Vatom

average value C.
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Figure 5.12: Electrostatic potential of an Sn atom at the center of a 10 Å cubic box, using different pseudopotentials and DFT codes. In solid green, the potential
under isolated boundary conditions is shown (only available for CP 2 K). The
blue dashed line shows the potential when periodic boundary conditions are
applied. The red dotted line shows the potential alignment predicted from the
atomic radius, by the fit in Fig. 5.13. For each individual pseudopotential, the
electrostatic potentials are identical in shape for both boundary conditions, but
the potential in the periodic system is shifted upwards by ∆Vatom . The convention of setting hV i =0, introduces this shift ∆Vatom far from the atom, as the
isolated atom has a non-zero average potential. Equivalently, calculations on
atoms using isolated boundary conditions are always correctly referenced to
the vacuum level, but this level is shifted within the PBC calculations. From
left to right, Vatom = 0.33, 0.27 and 0.31 V.

However, in both cases we are describing the same physical situation and
should still calculate the same energy. This requires that the only difference between the two potentials is a uniform shift,
E
D
iso
iso
PBC
Vatom
(r) + Vatom
= Vatom
(r) .

(5.10)

A uniform shift in the electrostatic potential of a charge neutral system does not
change its energy. Following this reasoning, we would like to understand how this
potential shift introduced by PBC scales with the size of our simulation supercell.
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In the case of isolated boundary conditions, the vacuum level remains well defined,
so this shift must be a non-physical change in the PBC potential. We can calculate
this shift as,
D
E 1Z
iso
iso
Vatom
(r) dr
Vatom (r) =
Ω Ω

(5.11)

where the average is performed by taking an integral over the simulation cell of voliso (r) using our knowledge
ume Ω. Note, however, that we can infer a lot about Vatom

of isolated atoms – it must be some kind of local well that binds electrons. As a
local potential, it is only non-zero near the atom being considered. As long as our
isolated box is large enough for the potential to properly decay to zero at the edges,
then the actual size of the box doesn’t affect the shape of this potential at all. This
is equivalent to stating that,
Z

iso
Vatom
(r) dr = αatom

(5.12)

Ω

where the integral given in Eq. 5.11 evaluates to a constant αatom , which is a
property of the atom independent of the size of the simulation cell. Different
choices of atom, pseudopotential and xc functional will all have their own consistent value of αatom across any large simulation supercell considered. By combining Eq. 5.10, 5.11 and 5.12 we discover the following size dependence for the
non-physical potential shift,
D
E α
atom
iso
∆Vatom = Vatom (r) =
.
Ω

(5.13)

Hence, this potential shift scales as a constant over the volume Ω. When we recall
Eq. 2.23, this leads to an alignment correction of q∆V , and in fact would then explain a3 term in Eq. 2.25. Clearly this example is simpler than the actual situation
of removing an atom from a lattice, and leads to an ideal volume-dependent contribution to the total energy. When the defect is present within a material, this volume
scaling is only approximately maintained.
As this potential shift is associated with isolated atoms, it is worth exploring if any atomic properties can be used to predict it. We find that atomic radius
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is the best predictor, as illustrated in Fig. 5.13 (I used atomic radii calculated by
Ghosh and Biswas [111], using Slater orbitals). This suggests that this kind of potential alignment is likely to be more significant in calculations involving heavier
elements. An important consequence of this argument is that we expect this component of potential alignment to swap sign when considering interstitials rather than
vacancies, as we swap from removing a potential well to adding a potential well.
This behavior can be observed in the results of Shim et al. [77] and Taylor and
Bruneval [78], although these authors ascribe this behavior to different mechanisms
(change in screening behavior and defect state hybridization, respectively).
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Figure 5.13: Comparison between the potential alignment shift introduced by an isolated
atom in a 10 Å cubic box, with the atomic radius of that species. Elements
from the same row of the periodic table share the same color. We find the
potential alignment constants are dependent on pseudopotential and XC functional used, but that all choices produced similar linear fits, to that shown by
the solid black line (m = 0.097 V/Å, c=0.045 V). One standard deviation is
shown by the dashed black line. Atomic radius is a characteristic of the element, rather than the particular DFT approximations used.
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Table 5.3: Dependence of the ∆VAB neutral alignment component on pseudopotential, for
the example of a 2×2×2 diamond supercell containing a carbon vacancy.

Pseudopotential definition ∆VAB (V )
c-opt
0.249
USP
0.324
NCP
0.362
QC5
0.327

5.2.5

Model system: classical structureless atom

In light of the discovered role of atomic radius on the prediction of the ∆VAB component, it is useful to explore if this feature can be captured by simple models. We
consider a very simple classical model of an atom, made of two uniformly charged
spheres as shown in Fig. 5.14. The first sphere has total charge QA , and the second
sphere has a total charge of QB . In order to consider a charge neutral system we
additionally require that QA = −QB .

Figure 5.14: Schematic representation of the model atom, as a 2D slice of the 3D sphere.
A positively charged red sphere sits inside a larger negatively charged blue
sphere. Both spheres are uniformly charged (and overlap inside the red
sphere). The origin of our co-ordinate system is placed at the center of the
spheres.

.
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The electrostatic potential of this model can be derived analytically, allowing
us to consider the potential alignment shift associated with the model. The well
known solution for the electrostatic potential of a uniform sphere of radius R is
given as,

v (r) =



r > R

r < R

−

R r kQ 3
kQ
∞ r2 dr = r

−

R R kQ

R r kQ
3
3
∞ r2 dr − R R3 rdr

=

kQ
2R



2
3 − Rr 2 ,

(5.14)

where Q is the total charge of the sphere being considered, and k is Coulomb’s
1
constant, k= 4πε
.
0

The total electrostatic potential for a system of two such uniform spheres follows directly from Eq. 5.14 and is,




r > RA , r > RB



v (r) = r > RA , r < RB





r < RA , r < RB

kQA
r

+ kQr B



r2
+
3 − RB




kQA
kQ
r2
r2
3
−
+
3
−
2RA
2RB
RB ,
R2
kQA
r

kQ
2RB

(5.15)

A

where we additionally require that RA < RB .
Some example sphere models and their calculated electrostatic potentials are
shown in Fig. 5.15. This yielded Fig. 5.16, which shows the averaged values of the
potentials calculated as RB is varied.
These models demonstrate that it is charge separation between positive and
negative charge that drives the introduction of a potential shift. If electrons are
close to the atomic nucleus, they will screen it and will not lead to a potential well.
As the electrons are pulled further from it, the screening is reduced and the potential
well becomes deeper.

5.2.6

Environment dependence of potential alignment

The correlation between atomic radius and the ∆Vatom potential alignment shift provides a hint that the effective radius of an atom within a material might help predict
the ∆VAB alignment radius. This effective radius can be expected to depend on the
chemical environment of the atom in question.
103

5.2. POTENTIAL ALIGNMENT AND ITS CAUSES

Figure 5.15: Example sphere models (upper right), and their observed electrostatic potentials (as given in Eq. 5.15). Total charges of QA = − 1 and QB =1 a.u. were
employed. For all three figures RA =1.0 Bohr, and RB takes a value of 1.0,
4.95 and 9.45 Bohr respectably. It is observed that as the sphere of negative
charge is increased in radius that the depth of the total electrostatic potential
well increases. Both the total potential, and the individual contributions of the
positive and negative charge are shown.
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Figure 5.16: Dependence of the calculated average electrostatic potential of the model on
the RB parameter, which is the radius of the outer sphere representing electrons. RA is held fixed at 1 Bohr. Total charges of QA = − 1 and QB =1 a.u.
were employed. As RB is increased, the average potential is observed to also
increase. The potentials are averaged over a sphere of radius 9.4 Bohr.

As a descriptor of chemical environment, I found that the Bader charge [112]
associated with an atom was the most successful descriptor. I used the Henkelman
Bader analysis program to calculate the required Bader charges [113, 114, 115].
Example calculations where the same oxygen pseudoion was removed from
different chemical environments are shown in Fig. 5.17, and a similar set of calculations for magnesium pseudoions is shown in Fig. 5.18. In both cases, the alignment
factor α is plotted, which is defined as α = ∆V Ω, where Ω is the total supercell
volume. This is required so that simulation cells of different sizes can be compared
directly.
From these results, it is clear that there are systematic patterns present in the
alignment shifts introduced by particular atoms. However, none of the descriptors I
have investigated are strong enough predictors to infer this shift ahead of time. A direct calculation of ∆VAB can clearly absorb some of this environmental dependence
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Figure 5.17: The ∆VAB alignment shift introduced by the removal of an oxygen atom from
the indicated chemical systems, as related to the Bader charge of the atom.
Negative relative charges on the considered oxygen atom are consistent with
a reduction in the produced alignment shift.

which is not present in the direct calculation of ∆Vatom .
Conclusions: Considering the decomposition we introduce, the AB component is found to be the most important. Changes in the number of atoms in the cell
introduces a non-physical shift of the electrostatic potential, which is found to be
related to the radius of the atoms involved. The CD component is related to electrostatics, and we were able to predict it exactly from the density difference. The role
of the BC component was less clear, and made the observed finite-size errors larger
when included directly.
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Figure 5.18: The ∆VAB alignment shift introduced by the removal of a magnesium atom
from the indicated chemical systems, as related to the Bader charge of the
atom. Positive relative charges on the considered magnesium atom are consistent with an increase in the produced alignment shift.
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Chapter 6

Application of methods in the bulk
Aims: In this chapter, I discuss charged defect formation energy calculations for a
diverse range of defects and materials, and then explore how the electrostatic corrections (introduced in Chapter 3) and potential alignment corrections (of Chapter 5)
vary between the different examples.
Results The new correction method introduced in Chapter 4 is very well predicted by the LZ correction method, and produces essentially identical electrostatic
corrections between positive and negative charge states. This suggests that the defect charge present for negative and positive states is essentially similar and cuts
against the argument that improvements to the electrostatic corrections should treat
negative and positive states differently. Generally, I observe that negative and positive vacancies demonstrate quite different finite-size dependence. This doesn’t seem
to be caused by the electrostatic corrections, and instead can be understood as a potential alignment effect. Partial cancellation can occur between the electrostatic
corrections and potential alignment corrections for some charge states. In terms of
the applied electrostatic corrections, it remains difficult to distinguish the performance of the competing MP, LZ and FNV methods, although the methods do lead
to different corrections for the examples considered.

6.1

Overview of bulk calculations

As our first realistic problem, I studied the formation energies of defects in the bulk.
In order to understand the required corrections, I considered a diverse range of ma108
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terials and defects. First, I looked at the VC defect in Diamond. Diamond is an
example of a covalent crystal, and the VC center is an example of a defect where the
defect charge is placed on broken bonds leading to the defect site. Additionally, the
defect supports both negative and positive charge states, allowing us to explore if
the polarization around the defect is distinct between positive and negative defects.
Another advantage is that this example has been widely used as a test system. Previous work reported that the MP correction is not able to well treat this defect [77],
but the FNV method was reported to overcome these difficulties [88].

Secondly, I considered the example of the VO defect in MgO, historically
called the F-center. This defect is one of the most well studied charged defects.
It is considered to have a relatively simple electronic structure, as the neutral defect
contains two electrons in s-like orbitals, at the defect site. In spite of this, this defect
can be difficult for present correction methods, as MgO is an ionic material. This
leads to long range atomic relaxations that cause difficulties for FNV-style methods.

As our final bulk example, we considered the VSn defect, as a challenging
example of a more complex defect. SnO2 has an anisotropic dielectric and a noncubic unit cell. Recent work predicts that the formation of this defect is energetically
unfavorable. However, some authors expect this defect to be abundant in SnO2
surface. We wanted to explore if the use of other correction methods would make
the defect easier or harder to form.

For these calculations, we initially restricted ourselves to the PBE functional.
As a semi-local functional, this method can be applied cheaply and to larger supercells. This is a great advantage in understanding finite-size scaling. However, this
will produce defect formation energies that are in very poor agreement with experiment, as exchange plays an important role in the localization of defect states. Once
we have achieved a firmer understanding of the finite-size scaling of our PBE results, we can then explore the role that XC functional plays in the finite size scaling.
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6.2

Case study: Vacancies in bulk diamond

Diamond is a wide bandgap material [116]. It crystallizes in the diamond structure that bears its name, and its conventional cubic unit cell has an experimentally
reported lattice constant of 3.57 Å [117]. Its band gap is reported as 5.45 eV at
0K [118]. Experimental measurements of diamond’s dielectric response report a
static constant of ε0 =5.5 [119].
In order to calculate defect formation energies in diamond, I used a planewave
basis with the CASTEP code. Previous work has demonstrated that k-point sampling
plays an important role in describing charged vacancy defects in diamond, which
was suggested to be due to the ability of k-point sampling to enforce incorrect electronic symmetry on defect states [45].
As a result I used a high quality k-point sampling for diamond, equivalent to a
24×24×24 Monkhorst-Pack [43] sampling of the conventional unit cell. I selected
a planewave cutoff energy of 2000 eV, chosen to produce a comparable accuracy
to this k-point sampling. I used a norm-conserving pseudopotential with 4 valence
electrons.
The above parameters would be considered to be overconverged for general
usage. My rational for this is that in studying the finite-size convergence displayed
by these defects, it is helpful if basis set and Brillouin zone sampling errors can be
converged out. This also should help the reliability of any extrapolations performed.
I used density functional perturbation theory (DFPT) [72, 73] as implemented
in the

CASTEP

code [74], to calculate diamond’s dielectric properties. I calculated

a high frequency dielectric constant of ε∞ =5.76 and a static dielectric constant of
ε0 =5.76. As these numbers are identical, atomic relaxation doesn’t appear to play
an important role in the dielectric response of diamond. The justification for this
is that carbon atoms are in a neutral charge state in diamond, so they don’t move
in response to an external field. This is a 5% overestimate of the experimentally
reported value.
An understanding of the formation energies of different charge states of carbon
vacancies is of technological interest, as they are suggested to play a key role in
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stabilizing the diamond structure (in thermodynamic competition with graphite) in
the CVD deposition of diamond films [120, 121].

First I considered the formation energies of carbon vacancies when the atomic
structure is held constant around the defect. These are still physically meaningful
energies to calculate, and this corresponds to the energy costs for a process that
occurs on a timescale too fast for atomic relaxation to take place. These results are
shown in Figs. 6.1-6.4 (a).

Looking at Fig. 6.1 (a), it can be seen that applying the MP correction by itself
(green line) appears to be a significant overcorrection. This is the case for the +2
defect in Fig. 6.2 too. The behavior observed in Fig. 6.3 and 6.4. The behavior is
more consistent when considering the combination of the MP and ∆VAB corrections.

(a) Unrelaxed

(b) Relaxed

Figure 6.1: Formation energy diagrams of the VC+1 defect in diamond. Uncorrected denotes
formation energies calculated using Eq. 2.23, without any explicit corrections.
∆VAB denotes results where AB potential alignment has been performed. MP
denotes the Makov-Payne correction, SP (screened Poisson) denotes the correction of Eq. 4.1, LZ denotes the Lany-Zunger correction, and FNV denotes
the Freysoldt-Neugebauer-van de Walle correction. Additionally, a linear extrapolation from the two best aligned results (red dashed line) and a traditional
extrapolation in terms of inverse volume and length is shown (dotted black
line).
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(a) Unrelaxed

(b) Relaxed

Figure 6.2: Formation energy diagrams of the VC+2 defect in diamond. Follows the same
notation as Fig. 6.1.

(a) Unrelaxed

(b) Relaxed

Figure 6.3: Formation energy diagrams of the VC−1 defect in diamond. Follows the same
notation as Fig. 6.1.

(a) Unrelaxed

(b) Relaxed

Figure 6.4: Formation energy diagrams of the VC−2 defect in diamond. Follows the same
notation as Fig. 6.1.

112

6.2. CASE STUDY: VACANCIES IN BULK DIAMOND
When looking at the uncorrected formation energies (blue lines) it is clear that
the negative and positive charge states look quite different in their behavior. In terms
of the understanding of potential alignment I have developed in Chapter 5, this can
be understood quite straightforwardly.
The electrostatic corrections are always positive for cubic cells, because the
jellium background in these cells is overstabilizing the charged defects. In contrast,
the sign of the ∆VAB potential alignment correction flips between the positive and
negative charge states.
This partial cancellation can clearly be misleading, as exemplified by Fig. 6.1a.
In this case, the uncorrected data appears to be almost size independent, suggesting
that the required corrections vanish in this case.
Even with the high quality parameters used in these calculations, it doesn’t
seem that the extrapolations performed are particularly consistent, supporting different correction schemes amongst the examples considered.
Then, I performed geometric relaxations of the defect geometry. This lowers
the energy required to form a defect, and more realistically describes processes
where the defect geometry is allowed sufficient time to relax to its lowest energy
geometry. These results are shown in Figs. 6.1-6.4 (b).
It should be observed that for these plots, the unrelaxed and relaxed defects
display similar behavior. This is likely because the static dielectric constant ε0
and the high frequency dielectric constant ε∞ are equal. This demonstrates that the
corrections required for unrelaxed and relaxed defects can be similar, at least for
some examples.
For all the examples shown in Figs. 6.1-6.4, the LZ and SP corrections are
found to be almost identical. This is unexpected, as the SP calculations have access
to significantly more information from the host DFT calculations. The LZ calculation uses the supercell length L and the dielectric constant ε. The calculation of the
SP correction additionally requires the defect charge distribution ρ (r).
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6.3

Case study: Vacancies in bulk MgO

Next, I considered MgO, an ionic crystal with a wide band gap. It has the rocksalt structure, with a lattice constant of 4.22 Å [122]. It has a band gap of 7.7
eV [123]. The high frequency dielectric constant of MgO has been reported experimentally as ε∞ =3.18 [124], and its static dielectric constant has been measured as
ε0 =9.83 [125]. Hence, atomic relaxation approximately triples the strength of the
dielectric response in MgO, quite a difference to diamond.

Again, I used the

CASTEP

code and a planewave basis to simulate MgO. For

this material, I used the PBEsol functional, as it leads to better experimental agreement. A planewave cutoff of 844 eV was employed, along with a k-point sampling
equivalent to a 4×4×4 sampling of the conventional unit cell. Using this parameterization, the lattice constant was calculated as 4.24 Å, which was a 0.5 % overestimate of the experimentally reported value. I also calculated a band gap of 4.5 eV,
which was a 43 % underestimate of the experimentally reported value.

Using DFPT, I then calculated the dielectric properties of MgO. For the high
frequency dielectric response, a value of ε∞ =3.19 was found, a 0.3% overestimate
of the experimental value. The calculated value of the static dielectric constant was
ε0 =9.41, a 4.3% underestimate of the experimental value.

Calculated formation energies of the VO+1 defect in MgO are shown in Fig. 6.5.
The ∆VAB alignment correction is relatively more significant for the relaxed defect.
The MP method appears to perform better for the unrelaxed defect, where as the
SP and LZ methods appear to be more effective for the relaxed defect. The FNV
correction is slightly smaller than the MP correction for the unrelaxed defect, but
increases once relaxation is allowed.
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(a) Unrelaxed

(b) Relaxed

Figure 6.5: Formation energy diagrams of the VO+1 defect in MgO. Follows the same notation as Fig. 6.1.

Similar plots for the VO+2 defect in MgO are shown in Fig. 6.6. Generally
speaking, this example seems to favor the smaller correction schemes. Definitely,
the MP correction appears to be too large for the unrelaxed defect. The FNV methods is more similar to the MP method for this higher charge state. The LZ and SP
method appear to perform more reliably for the relaxed defect in this case.

(a) Unrelaxed

(b) Relaxed

Figure 6.6: Formation energy diagrams of the VO+2 defect in MgO. Follows the same notation as Fig. 6.1.

6.4

Case study: Vacancies in bulk SnO2

Finally, I considered SnO2 , a transparent conducting oxide [126]. It has the rutile
crystal structure, with lattice constants that have been determined experimentally
as a=4.74 Å and b=3.19 Å [127]. The band gap of SnO2 has been reported ex115
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perimentally as 3.6 eV [128]. Unlike, the other materials considered, SnO2 has an
anisotropic dielectric tensor, meaning that the strength of its dielectric response is
different along different crystallographic directions. The static dielectric constants
have been reported experimentally as ε0xx =ε0yy =14.0, and ε0zz =9.0 [129], although a
relatively large uncertainly of ±2 was reported on the value of ε0zz . In contrast, the
high frequency dielectric constant is not reported to be anisotropic, and has been
measured as 4.64 [130].
To simulate SnO2 , I used CASTEP and a planewave basis, with a cutoff energy
of 2100 eV. I used a k-point sampling equivalent to a 4×4×8 MP grid in the unit
cell. Using these parameters, the lattice constants of SnO2 where calculated as
a=4.78 Å and b=3.20 Å, which was a 0.9% and 0.3% overestimate, respectively.
This slight overestimate of the lattice constants is very typical of the PBE functional.
I also calculated a band gap of 2.04 eV, which was a 43 % underestimate of the
experimentally reported bandgap.
Using DFPT, I calculated the following dielectric tensors for SnO2 at the PBE
level,


13.11
0
0




ε0 =  0
13.11
0 ,


0
0
10.72



4.46 0
0




ε∞ =  0 4.46 0  ,


0
0 4.87

which are in agreement with the values reported experimentally. The calculated
value of ε∞ is almost isotropic, with the experimentally reported value lying between the two values I calculated. For the static dielectric constant, the identical
values of ε0xx and ε0yy lie within the experimental error bars. The worst agreement
is for the value of ε0zz , which is calculated to be 13% higher than the highest experimentally reported value. It has been suggested that differences in SnO2 film
composition can introduce large uncertainties into these properties [131], so this
agreement seems reasonable given the known experimental challenges.
Figure 6.7 shows formation energy diagrams for the unrelaxed and relaxed
−4
VSn
defect in SnO2 . Compared to the other examples we considered, the ∆VAB
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alignment component was larger in this case (as expected based on the argument
developed in Sec. 5.2.4). For both cases, the anisotropic MP correction appears to
overestimate the magnitude of the required correction. Both the LZ and SP correction appear to be more effective for the case where relaxation is allowed. This
example of a high dielectric material demonstrates that potential alignment can be
the larger correction for materials of this kind.
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−4
Figure 6.7: Formation energy diagrams of the VSn
defect in SnO2 . Follows the same notation as Fig. 6.1. This example demonstrates a large ∆VAB alignment term. By
eye, it appears that the MP correction is too large in this case, and that the LZ
and SP methods are more effective.

6.5

Figures of merit

I wanted to make an attempt to quantify the performance of the methods considered
above more mathematically. As a measure of success of the correction methods, I
looked at the energy difference between the two largest supercells considered. For
unrleaxed defects, this metric is shown in Tab. 6.1, and for relaxed defects it is
shown in Tab. 6.2 Although this is an indirect method of success, it is clear that if
the corrections where fully successful, all finite size dependence should be removed
and the calculated energy difference would be zero.
A criticism of this approach is that it is not proved that other sources of finitesize error to defect electrostatics and potential alignment have fully converged out
of the two largest cells (e.g. there could be incomplete geometric relaxation in the
case of formation energies for relaxed defects). The possibility of remaining errors
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does complicate the analysis, as it is possible that these errors are systematic and
cloud the comparison. In all cases, the largest supercells considered were chosen
due to computational constraints, rather than an observation of size convergence.
When looking at Tab. 6.1, it can be seen that adding just an ∆VAB alignment
correction increases the observed error. However, when the alignment is combined
with the MP correction, this leads to an improvement over just performing the MP
correction. By this measure, it remains a challenge to differentiate between the
success of the LZ and FNV corrections, which both appear to be improvements
over the MP method. As both of these corrections are different, this suggests that
this approach is not sufficiently powerful to make a clear judgement of the success
of the considered methods.
Host
diamond
Defect
VC+1
Uncorr.
0.0021
Uncorr. + AB 0.0316
MP
0.0394
MP + AB
0.0100
0.0267
LZ
LZ + AB
0.0027
FNV
0.0012

diamond
VC+2
0.0388
0.0977
0.1273
0.0684
0.0766
0.0177
0.0347

diamond
VC−1
0.0616
0.0321
0.0206
0.0094
0.0327
0.0033
0.0009

diamond
VC−2
0.1969
0.1378
0.0306
0.0283
0.0812
0.0223
0.0015

MgO
VO+1
0.0642
0.0752
0.0189
0.0079
0.0027
0.0132
0.0045

MgO
VO+2
0.1649
0.1868
0.1672
0.1453
0.0831
0.0611
0.1198

mean
0.0881
0.0935
0.0672
0.0449
0.0505
0.0201
0.0271

Table 6.1: Energy difference between the two largest superecells considered for all materials and defects considered, that produced cubic supercells. This table is for the
unrelaxed defect formation energies. All figures in eV.

Tab. 6.2 demonstrates similar behavior for the relaxed defects considered.
Again, including just a ∆VAB alignment correction leads to a larger mean error,
but when combined with the MP correction, the performance of the MP method
is enhanced. By this measure, the FNV and LZ methods are hard to distinguish,
although both methods lead to different corrections.
It is important to note that the new correction method introduced is very similar
to the existing LZ method, which makes no use of the DFT density. This strongly
suggests that the exact details of the density response across the defects considered
is not important electrostatically. In the next chapter I look at these input densities
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Host
diamond
Defect
VC+1
Uncorr.
0.0026
Uncorr. + AB 0.0335
0.0390
MP
MP + AB
0.0080
0.0263
LZ
LZ + AB
0.0047
0.0020
FNV

diamond
VC+2
0.0369
0.0989
0.1292
0.0672
0.0786
0.0166
0.0249

diamond
VC−1
0.0612
0.0302
0.0197
0.0113
0.0324
0.0014
0.0016

diamond
VC−2
0.1936
0.1316
0.0275
0.0345
0.0782
0.0162
0.0010

MgO
VO+1
0.0111
0.0220
0.0172
0.0062
0.0079
0.0031
0.0013

MgO
VO+2
0.0640
0.0858
0.0490
0.0270
0.0125
0.0106
0.0290

mean
0.0616
0.0670
0.0469
0.0257
0.0393
0.0087
0.0100

Table 6.2: Energy difference between the two largest superecells considered for all materials and defects considered, that produced cubic supercells. This table is for the
relaxed defect formation energies. All figures in eV.

in more detail, and try and understand them better. Then, I can look at how well
these densities support the other correction methods.
Conclusions: For the examples considered, the introduced screened Poisson
correction method based on calculation of ρ (r) produces essentially identical results to the existing Lany-Zunger method. This demonstrates that using a more
realistic description of the defect charge density is not sufficient to produce an improved correction. The LZ method uses only the volume of the supercell and the
dielectric constant, so these results provide evidence that the defect charge ρ (r) can
be predicted using only these parameters.
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Chapter 7

Structure of the bound charges
Aims: The classical concept of the bound charge allows insights into the density
differences observed between neutral and charged defects in the previous chapter. In
this chapter, I explore the ability of classical electrostatics to explain these observed
charged differences, and what electrostatic errors should be introduced as a result.
Results: Once the classical electrostatic argument is developed, it can be seen
that it is in strong agreement with density differences from DFT, as long as the presence of an approximately uniform bound depletion charge is postulated, as assumed
in the derivation of the LZ method. In the classical picture this charge should be
expelled to the surfaces of the crystal (indeed, this behavior is observed in DFT slab
models), so it represents another non-physical charge like the neutralizing jellium
background that should be absent in the infinite supercell limit. The above understanding allows simple electrostatic models to be constructed. In past derivations
of electrostatic correction methods, some electrostatic interactions are neglected.
However, calculations show that the inter-supercell interactions should be minimal
for cubic supercells, allowing the evaluation of all energy components under isolated boundary conditions. In such an approach, the terms previously neglected in
the derivation of the MP and LZ methods are found to be significant, and lead to a
large reduction in the electrostatic correction as the dielectric constant is increased.
Hence, attempts to improve the electrostatic lead to the prediction of far smaller
errors than are expected empirically.
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7.1

Classical electrostatics

Another useful description of the problem of charged defects within a dielectric is
given by classical electrostatics [132, 133, 134]. This theory is justified through its
remarkable success in describing diverse materials. Classical electrostatics doesn’t
provide an atomic level description, but instead provides a macroscopic description
of the physics of a material. In principle, our quantum mechanical description using
DFT can be more accurate, because it more faithfully reproduces the real physics.
However, we should expect that our quantum mechanical results will be in good
agreement with a classical electrostatics description, at a macroscopic level.

7.1.1

Electrostatics in vacuum

All of classical electrostatics is described through Gauss’ law,
∇2 v (r) =

ρ (r)
,
εvac

(7.1)

where ρ is the electrostatic charge density, v is the electrostatic potential and εvac is
the vacuum permittivity. If we can specify the position of all negative and positive
charges within a system, we can use Eq. 7.1 to calculate the electrostatic potential
anywhere in space.
The simplest solution of Eq. 7.1 is for an isolated point charge in vacuum,
producing,
v (r) =

1 q
,
4πεvac r

(7.2)

where q is the charge of the point charge, and r is the distance from the point charge.
A very important feature of classical electrostatics is that it obeys linear superposition. Hence, if the position of every charge in the system is known, we can add
together the potentials generated by each particle by Eq. 7.2 and produce the correct
solution of Eq. 7.1.
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7.1.2

Electrostatics within a dielectric

One of the remarkable tools of classical electrostatics is the concept of the dielectric
constant. Namely, within a dielectric material, Eq. 7.2, is simply modified to,
v (r) =

1
q
,
4πεεvac r

(7.3)

where we have introduced the dielectric constant ε, which is always larger than
unity for static problems [135].
This produces an equivalent description to Eq. 7.1, where the electric charges
associated with the material containing the point charge would have been considered explicitly. Eq. 7.3 introduces an extremely powerful description, as otherwise
we would need to understand how every other charge in the system has moved in
response to the introduction of the point charge, and then evaluate Eq. 7.2 for the
new distributions. This is a far more complex procedure.
In order to understand the origins of Eq. 7.3, it is useful to introduce the concept
of electrostatic multipoles.

7.1.3

The multipole expansion

Multipole expansions [132, 133] provide a useful way to understand classical electrostatics for complex charge distributions. This method uses spherical harmonics,
which by construction, are functions that obey the Poisson equation on a sphere. In
order to use this method, we require a charge distribution ρ (r) which is only nonzero within a sphere of radius R, centered on the origin. In this case, the potential
outside this sphere can then be expanded as,

Φ (r) =

∞
l
1
4π
Ylm (θ , φ )
,
qlm
∑
∑
4πεvac l=0 m=−l 2l + 1
rl+1

(7.4)

where the functions Ylm (θ φ ) are spherical harmonics. This introduces the constants
qlm , which are the multipole moments of the charge distribution ρ (r). These can
be calculated directly as,
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Z

qlm =



∗
Ylm
θ 0 , φ 0 r0l ρ r0 dr0 .

(7.5)

Eqs. 7.4 and 7.5 are useful computationally, but are not very easy to work with
or visualize.
Instead, this expression can be expanded in rectangular coordinates by taking
a Taylor expansion of

1
|r−r0 |

around r0 =0, producing the following expansion,

"
#
ri r j
q p·r 1
1
+ 2 + ∑ Qi j 3 + . . . ,
φ (r) =
4πε0 r
r
2 i, j
r

(7.6)

this is the form of the multipole expansion that is most commonly used in condensed
matter physics. It introduces the following moments,

Z

monopole


ρ r0 d 3 r0

q=

(7.7)

ZΩ

dipole
quadrupole


ρ r0 r0 d 3 r0
ZΩ h
2 i

Q=
3ri0 r0j − r0 δi j ρ r0 d 3 r0
p=

(7.8)
(7.9)

Ω

This expansion can be continued, but the terms become significantly more
complicated. As a result, this is done only very rarely.
Eq. 7.6 demonstrates that the lowest non-zero moment of a charge distribution
will make the most significant contribution to the interaction far from the source
charge distribution, as it will be the lowest order power of r and will fall off with
distance more slowly.

7.1.4

The polarization density

Returning to the problem of a point charge placed in an ideal dielectric, we consider
a dielectric body which is electrically neutral. This body has no monopole moment,
and hence, the most significant part of its response to an additional charge must be
the formation of dipoles, which act to reduce, or screen, the interaction with the
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point charge. We can define the polarization introduced by the charge as,
P (r) =

dp
,
dV

(7.10)

where P is the polarization, and p is the dipole moment per volume element. As
well as looking at this polarization as a dipole density, we can also look at it as the
electric charge density that produces this dipole,
∇ · P (r) = −ρbound (r) ,

(7.11)

where ρbound has been introduced, the change in the charge density within the dielectric induced by the polarization.
To be more explicit, we label the total electrostatic charge density as,
ρtotal = ρfree + ρbound ,

(7.12)

where the total electric charge within the dielectric ρtotal , is made up of charge that
has been placed in the dielectric, ρfree , and the charge introduced by the polarization
of the dielectric, ρbound . In the context of charged defects we will encounter exactly
this situation, where a charged defect represents a free charge that is placed within
a dielectric.
Within this new notation, we can restate Gauss’s law in Eq. 7.1 as,
∇ · E (r) =

ρtotal (r)
,
εvac

(7.13)

where we are being explicit about the fact that this definition works on both the free
charge we have placed in the dielectric, and the polarization charge that arises as a
result of it.
Combining Eqs. 7.11, 7.12 and 7.13 leads to another useful expression, that
∇ · D (r) = ρfree (r)
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where we have introduced the electric displacement D, which itself has been defined
as,
D (r) = εvac E (r) + P (r) .

(7.15)

Taken above, we have a set of equations that describe polarization within a
material. Their practical utility can be limited to realistic problems due to the difficulty in determining ρtotal , which clearly requires a self consistent solution of the
above equations in order to be known. Secondly, although these equations resemble Maxwell’s equations in vacuum, they are in practice more difficult to solve as
we have no constraint on the curl of the displacement field, ∇ × D. Still, in high
symmetry situations, direct application of these equations is possible.
In linear dielectrics (by definition), we have the following additional direct
relationship between the electric displacement vector and the electric field,
D (r) = εεvac E (r) ,

(7.16)

that the electric displacement field within the material is just the total electric field
divided by the dielectric constant.

7.1.5

Ideal problem: Point charge in an infinite dielectric

Using the ideas introduced above, we can consider the ideal problem of a single
point charge (a free charge in the language introduced above) placed in an infinite
linear dielectric continuum. This is a standard derivation in electrostatics. First, let
us use the fact that we are considering a linear dielectric, and combine Eqs. 7.14
and 7.16, yielding,
∇·E =

ρfree (r)
.
εεvac

(7.17)

We can take this result, and then use Eq. 7.13 to produce,
ρfree (r) = ερtotal (r) .
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Finally, we can combine Eq. 7.18 with Eq. 7.12, to produce the final result,


1
ρbound (r) = − 1 −
ρfree (r) ,
ε

(7.19)

which is valid everywhere within the dielectric, and hence is true through all space.
In our ideal continuous dielectric, a bound charge is placed on every free
charge, reducing its effective magnitude. For the point charge we are considering,
we can see that a smaller bound charge of opposite sign sits on the same site. This
naturally leads to Eq. 7.3, where the interaction with the point charge is reduced by
a factor of ε. The above mathematical description demonstrates how this behavior
is achieved within the material.
Note that this ideal example is “unrealistic” in the sense that the total bound
charge is non-zero, breaking charge conservation. It is usual to state that the balancing positive bound charge has been “expelled to infinity”. As the dielectric continuum is infinite, there is no natural place to put this balancing charge.

7.1.6

Ideal problem: Point charge in a dielectric sphere

One of the non-physical aspects of the derivation in Sec. 7.1.5 can be removed by
making the region containing the dielectric finite. We next consider a sphere of ideal
linear dielectric material, of radius R, with a point free charge placed at its centre.
The derivation in Sec. 7.1.5 is still valid within the dielectric medium, so we still
expect to have accumulated a screening bound charge at the centre of the sphere.
As the polarization P represents the response within the dielectric, it is clear
that outside the sphere, P=0. Another way of appreciating this point is to see that
if we take Eq. 7.16 and set ε=1, then Eq. 7.15 can only be satisfied if P=0.
Following Landau and Lifshitz [135], we can integrate Eq. 7.11 over a volume
element with negligible thickness placed on the boundary of the dielectric, such that
the two areas are on ether side. As we have P= 0 on the outer side, we require that,
at the surface,
ρbound, s = P · n̂,

(7.20)

where n̂ is the surface normal, which points outward from the surface. This surface
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bound charge is often labeled σb in the literature.
So, in order to evaluate the density of this bound charge, we need the value of
P at the boundary of the dielectric sphere. For our free point charge q at the centre
of the sphere, we can use Eq. 7.14 to calculate the displacement field as,
D (r) =

q
r̂,
4πr2

(7.21)

where r̂ is the unit radial vector from the centre of the sphere.
Now considering the solution inside the sphere, we can plug Eq. 7.21 into our
linear dielectric relationship in Eq. 7.16, to get the E field. Such a procedure yields,
E (r) =

q
r̂,
4πεr2

(7.22)

which is valid only inside the dielectric.
Next, we can substitute Eqs. 7.21 and 7.22 into Eq. 7.15. This produces the
polarization,


q
1
P (r) =
r̂,
1−
4πr2
ε

(7.23)

namely that there is a radial polarization pointing along the radial normal of the
sphere, with only an r dependence.
We can use Eq. 7.23 and evaluate the surface bound charge, as defined in
Eq. 7.20. Using the simple result that r̂ · n̂ = 1 leads to,


q
1
ρbound, s =
,
1−
4πR2
ε

(7.24)

that there is a surface bound charge that is evenly distributed over the surface of the
sphere. We can then integrate Eq. 7.24 over the surface of the sphere to determine
the total magnitude of this charge,
I
S

ρbound, s



1
dA = q 1 −
.
ε

(7.25)

This bound charge has the same magnitude, but opposite sign, to the bound
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point charge already found inside the dielectric medium.
Combing the expression for the surface bound charge (Eq. 7.24) with the bound
charge already found inside the dielectric (Eq. 7.19), we can see that the total bound
charge distribution for the problem is given by,




1
1
q
1−
δ (r − R) − 1 −
qδ (r) .
ρbound (r) =
4πR2
ε
ε

(7.26)

The total amount of bound charge in the system is zero, as required by the law
of charge conservation. This result represents the idea that charge is drawn from the
surface of the dielectric in order to screen the bound charge inside the dielectric. In
such a case, Eq. 7.3 will be observed, as long as we are significantly closer to the
embedded free charge rather than the surface charge.
Generally speaking, we can anticipate that this first result for an infinite dielectric will be relevant for a charged defect within a bulk cell. Also, although we have
used a spherical model for simplicity, we can also gain insight for the problem of
defects in, or near surfaces, from the finite dielectric example we have made.

7.2

Modeling of the defect charge

I now consider how well the defects I have studied can be explained in light of
the ideal electrostatics results discussed in Sec 7.1. The examples considered in
Sec. 6 provide insight into the distribution of the defect charge within the supercell.
As the corrections were calculated from density differences, but were found to be
predicted by an analytic expression with no knowledge of the true distribution of
charge within the cell, these results strongly suggest a generic density response
takes place within the charged defect containing supercell. Folding in the analytic
work in Sec. 7.1.5 on a classical charge in an infinite dielectric, I can attempt to
decompose the defect charge into specific components.
For examples like the well localized defects I considered, I suggest that we can
break up the defect charge into the following components,
ρ (r) = ρq (r) + J + ρs (r) + ρd ,
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where the total defect charge ρ (r) is made out of a defect state charge ρq (r), a
constant neutralizing jellium background J, a screening bound charge ρs (r), and
a resulting uniform bound depletion charge ρd . The screening charge ρs (r) acts
to dielectrically screen the defect. As charge conservation is obeyed by our DFT
supercell, this electric charge has to have come from somewhere, and this is the
opposite sign depletion charge, ρd .
These charge distributions have the following norms associated with them,
Z

ρq (r) d 3 r = +q

(7.28)

Ω Z

J d 3 r = −q
Z

q
ρs (r) d 3 r = − q −
ε
ZΩ

q
ρd (r) d 3 r = + q −
,
ε
Ω

(7.29)

Ω

(7.30)
(7.31)

where the magnitude of ρq and J depends only on the charge state of the defect, and
where ρs and ρd additionally depend on the dielectric constant, ε. For an atom in
vacuum (ε = 1), both ρs and ρd would be expected to have a norm of zero.
The four components of the total defect charge are graphically summarized in
Fig. 7.1.

Figure 7.1: Schematic illustration of the charge decomposition introduced in Eq. 7.27. The
magnitudes of the charge components are shown below the figure. The localized charges, ρq and ρs are well localized with respect to the size of the
simulation cells.

In order to make direct contact between the definitions given in Eq. 7.27, and
the actual charge models we construct through DFT density differences, we need to
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introduce some further definitions (at this point, only J and ρd are unambiguously
defined as uniform charge densities.). We can proceed by defining ρq as the charge
associated with the KS defect states that have been occupied (for a negative defect)
or unoccupied (for a positive defect) to reach the required charge state. This would
produce the following definition,
N

2

ρq (r) = ∑ φid (r) ,

(7.32)

i

where a sum over i is performed over all N KS orbitals that have changed occupation
with respect to the neutral defect state.
I note that there is still some choice available in the definition given in Eq. 7.32.
We could calculate the density from the KS wavefunction of the neutral defect, or
from within the charge state of interest. Additionally, similar to the construction
of the charge model, we could make different choices of the ionic geometry considered. However, I will take the wavefunctions of the neutral defect state as our
choice, as this means that defect induced polarization is explicitly excluded from
the definition of ρq .
A definition for the bound depletion charge is also needed. I chose to define
this as a uniform charge across the whole supercell, following the definition used in
the derivation of the Lany-Zunger method. Hence,
1
q
ρd (r) =
q−
Ω
ε

(7.33)

where this formula is only valid within the supercell.
Once the choices given by Eq. 7.32 and Eq. 7.33 are made, only ρs requires a
definition. We can use Eq. 7.27 to define it as the remaining charge,
ρs = ρ (r) − ρq (r) − J − ρd .

(7.34)

Of course, when using this definition, we need to check that ρs does in fact look
like a screening charge. Practically, this means that the charge distribution should
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be centered on the defect site, and that it should tend to zero far from the defect, at
least for supercells large enough to contain a finite-size converged screening charge.
With the above charge components defined, we can look at how rapidly these
components converge with the size of the defect containing supercell.

7.3

Defect charge in the bulk

When looking at the example of the V+1
O defect in MgO, this charge model is found
to explain the observed densities. Once smoothing is applied to the ρs density, it
is observed to be well localised on the defect state, as a classical screening density
should be. Two examples are shown in Fig. 7.2 and Fig. 7.3.

Figure 7.2: Defect density components of the V+1
O defect in a 2×2×2 supercell of MgO.
The total defect charge neglecting jellium (ρ − J) is shown by the blue line.
The defect free charge (ρq ) is shown by the green line. The screening charge
(ρs ) is shown by the red dotted line, which when smoothed becomes the cyan
line. The depletion charge (ρd ) is shown by the red line.
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Figure 7.3: Defect density components of the V+1
O defect in a 7×7×7 supercell of MgO.
The same notation is used as in Fig. 7.2.

The similarity of different densities can be compared by introducing a density
overlap, ∆ρab , defined as [136],
1
∆ρab = 1 −
qa + qb

Z

|ρa − ρb | d 3 r,

(7.35)

where the similarity between the two densities ρa and ρb is calculated. The total
charge of the densities qa and qb is also used. The definition in Eq. 7.35 returns
one if the two charge distributions are identical, and zero if there is zero overlap
between the two densities.
As shown in Fig. 7.4, this allows us to explore how quickly convergence of the
defect free charge ρq and the total defect charge neglecting jellium (ρ-J) is achieved
as the size of the supercell is increased. The jellium background is removed, as
it introduces a supercell size dependance into ρ that is easily understood and removed. As the form of either of these charges in the limit of an infinite supercell is
unknown, I compare with the largest supercell I calculated. It can then be inferred
from the gradient of the density norm if the density in the large supercell can be
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considered converged – if a density has converged, then the overlap integral should
stop changing with supercell size.

Figure 7.4: The density overlap (defined in Eq. 7.35) is considered separately for both
the defect charge (excluding jellium) and for the defect free charge (defined
in Eq. 7.32). The comparisons are made with respect to the densities of the
7×7×7 supercell, so the overlaps are one by definition for this cell. It can be
seen directly that convergence of the defect free charge ρq is achieved rapidly,
but that convergence of the defect charge ρ − J is slow. From the gradient, it is
clear that even in a 7×7×7 supercell, that a fully converged defect charge has
not been achieved. The V+1
O defect in bulk MgO is considered.

These results confirm the idea that the description of the defect free charge
(equivalently, the KS orbitals associated with the charged defect) within DFT supercells converges rapidly, but that the total change in the density converges only
very slowly with system size, due to the significantly enhanced size-dependence of
the bound charges present in the supercell.
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7.4

Calculation of the dielectric constant from the
density response

Our confidence in our model of the density response (as described in Sec. 7.2) is
increased due to the fact that it can be used to directly infer the dielectric constant
of the host dielectric, using only the defect density. This is a strong demonstration of the consistency of the argument as a whole, and also demonstrates that the
formation of a single point defect is not responsible for a significant change in the
dielectric constant of the host system. This particular point is not obvious, and
defect-induced changes in the dielectric constant have been suggested in the past.
This correspondence is explore in more detail in this section.
In order to determine the dielectric constant, we use the following procedure:
1. Calculate the electronic density difference between the neutral defect and the
charged defect, yielding ρ (r)
2. Apply a Gaussian smearing of σ =2.25a to smooth out the long range polarisation, where a is the unit cell length.
3. Identify the smoothed density at the edge of the cell as the density of the
bound depletion charge ρd , and use Eq. 7.36 to calculate the dielectric.
Where ε is calculated as,


ρd Ω −1
ε = 1−
,
q

(7.36)

where ρd is the density of the bound charge, Ω is the volume of the supercell, and q
is the formal charge state of the defect.
As expected, using the above procedure and holding the atomic positions fixed
yields ε∞ . Some examples of dielectric constants calculated in this way are shown
in Tab. 7.1, where we observe an average absolute relative error of less than 2%,
when compared with DFPT.
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Material ε∞ (DFPT)
KCl
2.33
LiF
2.09
MgO
3.19
NaCl
2.53
SrO
3.85
CaO
3.86

ε∞ (Eq. 7.36)
2.40
2.08
3.23
2.51
3.87
3.67

Relative error (%)
2.82
-0.59
1.18
-0.87
0.38
-4.87

Table 7.1: Comparison of the dielectric constants calculated using DFPT, and by inspection
of the defect density via Eq. 7.36, for +1 vacancy defects in 3×3×3 supercells
of the listed materials. The strong agreement between the dielectric constants
calculated through the two methods justifies the developed charge model.

7.5

Role of boundary conditions and jellium

The discussion in Secs. 7.2 and 7.3 demonstrates that we can predict the density
change introduced when a defect is charged. It is natural to then wonder about
the electrostatic energies of this kind of charge model. In particular, we can ask
a simple question about which kind of interaction is larger: the interactions with
image supercells or the interactions with the artificial jellium background within
the host supercell? In this section, I will attempt to answer this question.
As stated in Eq. 4.1, electrostatic corrections can be generated as the difference
in energy between a given charge distribution ρ under both periodic and isolated
boundary conditions. When PBC is utilized, the charge distribution includes an implicit jellium background that is absent when the energy is computed under isolated
boundary conditions. Hence, this energy change can be understood as a two step
process. Starting with the electrostatic energy of the system under isolated boundary conditions, we first add a jellium background (contained within the supercell),
and then change the boundary conditions from isolated to periodic, allowing interaction with charge in neighbouring supercells – inter-supercell interactions. How
clearly these two ideas can be separated is not obvious, because it is unclear how
the inclusion of a jellium background effects the inter-supercell interactions.
In order to further probe this aspect of the problem, I introduce a new energy
J , namely the electrostatic energy of a charge distribution that does include
term, Eiso

a jellium background, whilst still subject to isolated boundary conditions. Then the
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following two energy terms can be constructed,
J
εjel = Eiso − Eiso
,

(7.37)

J
− EPBC ,
εPBC = Eiso

(7.38)

where εjel is the intra-supercell interaction between the defect charge and the
neutralizing jellium, and εPBC is the inter-supercell interaction between both defect charge and the neutralizing jellium background. Substituting both Eqs. 7.37
and 7.38 into Eq. 4.1 produces an alternative definition for the electrostatic correction,
Ecorr = εjel + εPBC ,

(7.39)

which makes it clear that this correction is composed of two distinct energy components. By comparing these two terms, I can see if the corrections I have been constructing are dominated by inter-supercell or intra-supercell interactions directly.
Example calculations quickly demonstrate that for bulk cubic supercells, εjel is
significantly larger than εPBC . Two examples for the F+ center in MgO are shown
in Fig. 7.5.

(a) 2x2x2 supercell

(b) 7x7x7

Figure 7.5: Comparison between the inter-supercell and intra-supercell interactions present
in an electrostatic correction calculated using the definitions introduced in
Eqs. 7.37 and 7.38.

These results suggest that inter-supercell interactions are actually only a minor source of finite-size error. This result can be justified using multipole arguments. Considering an isolated supercell, the use of a jellium background ensures
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a monopole moment of zero for the combination of the defect charge and this neutralizing charge. Also, when the cell is cubic and the defect is placed at the centre
of the cell, along each crystallographic axis neither direction can be preferred due
the high symmetry of the system. This ensures a net dipole moment of zero too.
Hence, inter-supercell interactions are at least quadrupolar, and don’t appear to be
very strong.
Such an argument quickly suggests that the use of cubic supercells will suppress the εPBC energy term, representing inter-supercell interactions. These interactions might be more significant if the cell shape is varied away from this.

7.6

New derivations of point charge corrections

As discussed in Sec. 7.2, our DFT results suggest that a generic density response
is generated across diverse materials, which only depends on the dielectric constant. This density response is in accordance with the screening charge arguments
introduced in the ideal argument for a charge in an infinite dielectric introduced in
Sec. 7.1.5. The only modification required was the introduction of a uniform depletion charge, as in the ideal problem it was assumed that this charge was expelled to
infinity.
Additionally, our calculations in Sec. 7.5 suggested that periodic interactions
surprisingly play only a very minor role in charge corrections for cubic cells. This
introduces an enormous mathematical simplification, as we can solve our electrostatic equations under isolated boundary conditions. In this section, I will assume
that we can consider the isolated problem only, and see how well the expressions
I derive agree with previous results based on periodic approaches, such as Ewald
summation [31].

7.6.1

Mathematical preliminaries

The simplest density description we can employ is to use only point charges and
uniform backgrounds. For mathematical simplicity, we will also limit ourselves to
cubic supercells, of unit length. Using the above arguments, for a defect of charge
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q, this produces the following charge model,
ρ (r) = ρq (r) + ρs (r) + J (r) + ρd (r) ,

(7.40)

where ρq (r) is the defect free charge, ρs (r) is the bound screening charge, J (r) is
the jellium background, and ρd (r) is the bound depletion charge.
Using point charges to describe the local charges, and uniform charges to describe the delocalized charges yields,


q − εq
q
q
ρ (r) ≈ qδ (r − r0 ) − q −
δ (r − r0 ) − +
,
ε
Ω
Ω

(7.41)

which is only valid within the cube, as the uniform charges are zero outside the
volume Ω.
To use this model to derive a correction, we also need the potentials generated
by the charges under isolated boundary conditions. We already introduced an exact
expression for the potential of a point charge in Eq. 7.2, but we still require the potential of a uniform charge background, which under isolated boundary conditions
becomes an isolated cube of charge.
Thankfully, the potential due to a uniform cube of charge has already been
studied in detail. As derived in [137], we can use the interior multipole expansion
in terms of cubic harmonics to describe this potential. The first two terms of this
expansion yield,
φc (r) = 3 log(31/2 + 2) −

π 2π 2
− r +··· ,
2
3

(7.42)

where we have considered a unit cube with a charge of unity, and the origin of the
coordinate system is at the centre of the cube. This expansion is accurate within the
unit cube, but is not valid outside the cube [137].
It is useful to introduce φ0 as the potential at r=0 in Eq. 7.42, producing,
π
φ0 = 3 log(31/2 + 2) − ,
2
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where φ0 ≈ 2.380 numerically.
Eq. 7.42 then simplifies to,
φc (r) = φ0 −

2π 2
r +··· .
3

(7.44)

As we have both point charges and uniform cubes in Eq. 7.41, it is helpful to
derive the energy of a uniform cube of charge in the potential of another uniform
charge, and also the energy of a point charge placed at the centre of a uniform cube
of charge.
The energy of a point charge in the potential of a unit cube follows directly
from Eq. 7.44 as,
Ep j =

q p q j φ0
,
2

(7.45)

where q p is the charge of the point charge, and q j is the charge on the unit cube.
The energy of a uniform cubic charge in the potential of another uniform cube
requires an integration over the volume of the cube, Ω. Labeling the cubic charge
experiencing the potential as having magnitude q j , and the magnitude of the cubic
charge producing the potential as q j0 yields an integral of the form,

E j j0

1
=
2

qj
q j0 φc (r) dΩ,
Ω Ω

Z

(7.46)

which is only valid in the volume Ω.
Using Eq. 7.44 and substituting it into Eq. 7.46, then integrating over the cube
leads to the following expression for the energy,
E j j0 =

1
π
φ0 −
q j q j0 ,
2
6

(7.47)

where a uniform cube of charge q j sits in the potential of a uniform cube with charge
q j0 .
We can then use these definitions, and the superposition principle, to evaluate
the total electrostatic energy of all of our interaction charge distributions, which in
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this context will be,
1
Etot = ∑ ∑
i j 2

Z

ρi (r) v j (r) dΩ,

(7.48)

Ω

where the indices i and j run over all charge distributions considered, to generate
all the relevant pairs of interactions.

7.6.2

Solution in vacuum

If we consider the electrostatic energy components present in the absence of a dielectric medium, there are four non-zero components, as both ρs and ρd are zero,
according to the definition given in Eq. 7.41.
Although there are four terms, only three of them demonstrate finite-size dependence. The defect free charge ρq is size independent, so it directly follows that
the energy term Eqq is also size independent. This is fortunate, because it represents
a self interaction of a point charge, which is not well defined.
Considering the remaining terms, we also note that EqJ = EJq . So, we need to
evaluate the size-dependent energy,
EFS = EqJ + EJq + EJJ = 2EqJ + EJJ ,

(7.49)

where we have introduced EFS , as the component of the total electrostatic energy
that demonstrates finite-size dependence.
Our expression for the energy of a point charge in a cube in Eq. 7.45 allows us
to evaluate EqJ as,
EqJ = −

q2 φ0
.
2

(7.50)

Likewise, using our expression for the energy of a cubic density in the potential
of a cubic density in a cube, Eq. 7.47, produces for EJJ ,
EJJ =

1
π 2
φ0 −
q .
2
6
140

(7.51)
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Substituting Eq. 7.50 and Eq. 7.51 into Eq. 7.49 yields,
EFS = −q2 φ0 +

1
π 2
φ0 −
q ,
2
6

q2 
π
EFS = −
φ0 +
2
6

(7.52)

(7.53)

The term in the brackets in Eq. 7.53 is a numerical constant equal to 2.9036.
In fact, this is almost the relevant Madelung constant for this problem, αM =2.837.
Hence, we have calculated a 2% overestimate of the result of an Ewald summation.
Ewald summation provides an exact result for the system we are interested
in. To derive Eq. 7.53 we introduced two approximations, neglecting all image interactions and only considering the first two terms of the multipole expansion in
Eq. 7.44. This correspondence demonstrates that these two approximations introduce only minor errors in the calculated total energy.
To my knowledge, the derivation above hasn’t been discussed in the literature on charged defects. However, this derivation in the absence of a dielectric is
a known result in the literature on Wigner crystallization [138]. I note that this
derivation is significantly simpler than the corresponding derivation using Ewald
summation.

7.6.3

Solution in a dielectric medium

Ewald summation can also be used to derive the appropriate correction formula
when the density can be described by the density model given in Eq. 7.41. This
model can be simplified to,
q
q
ρ (r) = δ (r − r0 ) −
,
ε
εΩ

(7.54)

which looks like a point charge embedded in a jellium background, where both
charges have a total magnitude of εq .
As this is the same charge model used in the Madelung correction, it has the
same solution. The only difference from the traditional derivation is that the mag141
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nitude of the charges is decreased. Hence, the correction produced is
EFS = −

q2 αM
,
2ε 2

(7.55)

which only differs from the traditional MP correction by the factor of ε 2 in the
denominator, rather than a factor of ε. In practice, this will produce a significantly
smaller correction, which quickly tends to zero as ε increases.

7.7

Bound surface charges

The observation of the depletion bound charge within periodic DFT calculations is
always sightly indirect. Partly, this reflects the non-physical nature of this charge.
Classical electrostatics predicts that it should be expelled to surfaces, rather than
drawn uniformly from the host crystal. In fact, this behavior is observed in DFT,
making the bound surface charge more visible. Whenever a charged defect is
formed within a slab model, the surfaces (no mater how far physically separated)
become charged. The observed charge density at the surfaces is in good agreement
with the classical prediction, depending on the dielectric of the material being considered. In this section, I will use the unrelaxed V+
O defect in films of MgO as an
illustrative example of this behavior. Some example defect charges for this system
are shown in Fig. 7.6.
In terms of these density models, it can be seen that the density can be broken
up into two components, in accordance with the model described in Fig. 7.1. This
is shown in Fig. 7.7.
Conclusions: It has been demonstrated that the classical electrostatics concepts of free and bound charges well describes the charge densities observed in
DFT calculations. The approximation made in the MP, LZ and FNV methods that
the electronic charge difference caused by the formation of a charged defect is well
localized to the center of the DFT supercell is not consistent with the requirement
of charge conservation. The presence of a net screening charge around the defect
requires the formation of a bound depletion charge that acts to strongly reduce the
calculated electrostatic errors, which should produce smaller finite-size errors than
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Figure 7.6: Defect charge models for the unrelaxed V+
O defect in MgO slabs. The red
markers denote atoms. The charge density is shown in eÅ−2 . The models
demonstrate a bound surface depletion charge that only weakly depends on the
number of layers contained in the model.

predicted by the existing methods.
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Figure 7.7: Total charges (excluding the jellium background), integrated radially from the
defect site. The density shows two regions, firstly a near region ∼ 5 Å in radius
that is not highly sensitive to the number of layers and which contains approximately εq of charge. Secondly, the charge outside this sphere is sensitive to
the number of MgO layers in the model, and moves further from the defect as
the surface is moved further away. This can be interpreted as the first region
containing the screened defect (ρq + ρs ), and the second region the surface depletion charge, ρd .
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Chapter 8

Less electrostatic errors
Aims: In the previous chapter, I derived an electrostatic correction that is significantly smaller than the traditional Makov-Payne correction. This new expression
is too small to explain the observed size dependence, so if the derivation is correct,
then the large errors introduced must have another source. In this chapter, I start
to develop an argument that the exchange-correlation energy of the bound screening charge is responsible for a larger error than electrostatics in dielectric materials.
Very simple examples of unrelaxed vacancy defects in cubic supercells are considered. Although this is a significant simplification on many problems of present
interest, it is notable that even for these simplified examples the traditional approach
does not appear to be fully consistent.
Results: It is discussed that the electrostatic models introduced in Chapter 7
only require a small modification in order to match the observed ∆VCD components
(that component introduced by the system becoming formally charged), but that this
has only a very small impact on the electrostatic correction calculated. With this
done, the ∆VCD components for the example defects appear to be well understood,
along with the required alignment correction. Once both ∆VAB alignment corrections and convergence of the k-point sampling is achieved, it is observed that the
remaining finite-size errors are almost entirely linear with respect to inverse length
of the supercell. Still, this remaining error is larger than that derived on electrostatic
grounds in chapter 7, and in better agreement with the existing MP and LZ corrections. However, the new electrostatic correction is a good predictor of the finite-size
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dependence of the formation energy when the exchange-correlation energy component is removed. A finite-size error caused by XC would require a localized charge
within the supercell that is too compressed in small supercell models. The bound
screening charge fits this description, and as the magnitude of this charge depends
on the dielectric constant, this could produce the observed dependence on dielectric
constant. For the defects considered, an empirical correction is constructed, representing the combined electrostatic and XC errors. This correction is observed to be
similar to the LZ method in form, and is similar to the average of the MP and LZ
correction methods. It is suggested that this could be an improved bulk correction
formula, although its transferability to relaxed defects, or more complex example
systems, is not yet demonstrated.

8.1

Improving electrostatic models through potential
alignment

The electrostatic correction derived in Chapter 7 appears to poorly reproduce the observed finite size dependence in actual DFT calculations. So it is natural to attempt
to improve the electrostatic model by making it more realistic. The electrostatic correction given in Eq. 7.55 is based on a model using only point charges and uniform
backgrounds. Point charge models are too simplistic to fully reproduce the ∆VCD
alignment component observed in DFT calculations. In this section, we look at the
improvements required to reproduce this potential, and the energetic consequences
of such an improvement.
Use of point charges introduces a discontinuity into the electrostatic potential,
so this is a clear shortcoming of the model to predict the actual DFT potential differences that are observed. As in the FNV approach, where a comparison with DFT
potentials is made, we should replace point charges with Gaussian charge models. If
these Gaussian charges remain well localised within the supercell, then the change
in the interaction energy introduced by this change should be small. Such a change
naturally introduces the parameter σ , which describes the width of the Gaussian
distribution considered.
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Recall that a Gaussian charge distribution can be defined as,

−r2
,
ρ (r) =
3 exp
2σ 2
σ 3 (2π) 2


q

(8.1)

where q is the total charge of the Gaussian, and σ is the width of the Gaussian
distribution.
The density in Eq. 8.1 has an analytic solution for the electrostatic potential
under isolated boundary conditions. This potential is simply,


1 q
r
v (r) =
erf √
.
4πε r
2σ

(8.2)

The density model of Eq. 7.40, containing point and uniform charges can be
converted into Gaussian and point charges directly. The only choice is whether the
contribution from the free charge and from the bound screening charge should have
the same value of σ , or if these two charges require different values.
For simplicity, we consider only the case where both density contributions have
the same value of σ . This would produce the new density model,
−r2
ρ (r) =
3 exp
2σ 2
εσ 3 (2π) 2


q


−

q
,
εΩ

(8.3)

where q is now the charge state of the defect being considered. The density model
contains two free parameters, ε and σ . The value of the dielectric constant ε is
known using DFPT, but this still leaves the value of σ unknown. This parameter
can be fitted numerically to best reproduce the available DFT electrostatic potential.
An approximate expression for the potential of a uniform cube of charge was
given in Eq. 7.44. Combining this expression with Eq. 8.2 yields the following
model potential v,




1 q
r
q
2π 2
erf √
−
φ0 − r ,
v (r) ≈
4πε εr
ε
3
2σ

(8.4)

where the approximation is made in the multipole expression for the potential of a
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uniform cube of charge.
Having both an expression for the model density in Eq. 8.3, and the model
potential in Eq. 8.4, it is straightforward to evaluate the total energy for a given
model. Again, this expression is for isolated boundary conditions. However, as
the model in Eq. 8.3 has a total charge of zero, the average value of the potential in
Eq. 8.4 has no effect on the total energy. We still make the assumption that the intersupercell interactions are negligible, and then mimic the DFT boundary conditions
by setting the average of the model potential to zero.
As shown in Figs. 8.1- 8.4, this model can then well reproduce the observed
∆VCD potential difference. As always, the conventional unit cell is not well described by the model. It is observed that the best value of the σ parameter increases
with supercell size, but as shown in Fig. 8.5, it appears that it tends to a finite value
in the limit of an infinite supercell.

Figure 8.1: Comparison between optimized electrostatic model (Eq. 8.4, cyan line) and
DFT CD alignment component (green line), for a 1x1x1 supercell of diamond,
containing a V+
C defect. The model potential is also shown when its average
value is not neglected (red line). The change in the XC potential is also shown
(dark blue line).
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Figure 8.2: Comparison between optimized electrostatic model and DFT CD alignment
component, for a 2x2x2 supercell of diamond, containing a V+
C defect. The
same notation as in Fig. 8.1 is used.

Figure 8.3: Comparison between optimized electrostatic model and DFT CD alignment
component, for a 3x3x3 supercell of diamond, containing a V+
C defect. The
same notation as in Fig. 8.1 is used.
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Figure 8.4: Comparison between optimized electrostatic model and DFT CD alignment
component, for a 4x4x4 supercell of diamond, containing a V+
C defect. The
same notation as in Fig. 8.1 is used.

The parameter σ can be interpreted as describing the width of the bound
screening charge in this example. In small supercells it is too compressed on the defect site, but as the size of the model is increased, it spreads out slightly. However,
it would eventually saturate with supercell size, rather than spreading out infinitely.
What kind of energy change does the σ parameter represent? The models
can be used to calculate correction energies, which are in good agreement with the
prediction of Eq. 7.55. As shown in Tab. 8.1, introducing this Gaussian smearing
has only a very minor impact on the calculated corrections. Additionally, this energy
difference gets smaller with increasing supercell size, both in absolute energy, and
as a fraction of the total correction.
Previous attempts [88] to improve the FNV correction method have looked at
using more complex charge models to match the potential difference, by introducing
exponential functions to Gaussian models. The results in this section demonstrate
an improved model with only one free parameter, but again the results also demonstrate that the electrostatic correction becomes significantly smaller when this is
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Figure 8.5: Dependence of calculated optimal value of σ on supercell size for the example
of a V+
C defect in diamond.

supercell EFS (eV) Emodel (eV)
1×1×1
0.173
0.142
2×2×2
0.087
0.080
3×3×3
0.058
0.055
4×4×4
0.043
0.042
5×5×5
0.035
0.034

Relative error
21.7%
8.1%
4.9%
2.4%
1.0%

f error
0.031
0.013
0.008
0.004
0.002

Table 8.1: Calculated correction energies for the considered diamond supercells containing
a VC+ defect. The relative error between the correction given by Eq. 7.55, and
the energy calculated from the density model in Eq. 8.3 is shown. On electrostatic grounds, the change in the width of the bound screening charge doesn’t
significantly alter the error expected for large cells.
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Material k-points
NaCl
5x5x5
5x5x5
KCl
LiF 10x10x10
7x7x7
CaO
SrO
7x7x7

Ecut (eV)
a (Exp.) (Å)
707.50 5.57 [139, 140]
326.54
6.28 [141]
849.00
4.03[142]
843.55 4.79 [143, 144]
843.55
5.16 [145]

a (Theory) (Å)
5.69
6.34
4.00
4.78
5.12

Table 8.2: DFT parameters used to calculate the additional systems. k-points is the
Monkhorst-Pack grid used for the conventional unit cell, and Ecut is the cutoff energy of the planewave basis employed. The calculated equilibrium lattice
constants are compared with their experimentally reported values.

done.
These arguments strengthen the case made in Chapter 7 that electrostatic errors
should be smaller than traditionally expected. Using such arguments, we can also
understand the observed potential differences. Although a width parameter, σ , is
required to well reproduce the potentials, it seems to have only a very minor role in
the electrostatic correction implied by the model calculations. It is noteworthy that
σ is dependant on supercell size, and this is another result that suggests that the size
of the distribution of the bound screening charge is finite-size dependant.

8.2

Further example systems

In this section, it was useful to introduce a further range of materials. This allowed
examples over a wider range of dielectric constants. Additional calculations where
carried out for NaCl, KCl, LiF, CaO and SrO. These are all ionic materials, which
are qualitatively similar to MgO. They all support vacancy defects that are expected
to be similar to the F-centre in MgO. The PBEsol XC functional was used for all
the examples considered in this chapter, as it leads to an improved agreement with
the experimental bulk lattice constant over the PBE functional. The calculated formation energies were found to be sensitive to the k-point sampling employed, so
careful convergence of this was required. The calculated properties are given in
table 8.2.
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Material ε∞ (Exp.)
NaCl 2.25 [146]
KCl 2.20 [148]
LiF
CaO 3.27 [150]
SrO 3.59 [152]

ε0 (Exp.)
ε∞ (DFPT)
5.89 [147]
2.53
4.81 [147]
2.32
8.3[149]
2.09
11.95 [151]
3.86
16.2 [153]
3.85

ε0 (DFPT)
6.50
5.89
9.80
15.42
17.88

Table 8.3: Comparison between experimentally measured and calculated dielectric properties for the additional systems considered.

8.3

Applying linear extrapolation

Following on from the work on potential alignment discussed in Chapter 5, it can
be observed that the magnitude of non-linear finite-size scaling observed once a
∆VAB alignment correction has been applied is greatly reduced, if convergence with
respect to k-point sampling is also carried out. This enables a more reliable calculation of the finite-size dependence observed in the calculations.
Neglecting other sources of error, approximating the remaining finite size error
as linear would yield,
E f (L → ∞) = E f (L) + f EMP + q∆VAB

(8.5)

where EMP is a linear error, scaled by a prefactor f . (This is a slight recasting of
Eq. 3.14.) As discussed, the MP approximation would then produce f = 1, and for
cubic systems, the LZ method would predict f = 0.63 + 0.39ε −1 . The electrostatic
derivation of chapter 7 would predict f = ε −1 . In all three cases, this f value would
be understood as belonging to an electrostatic correction. These three approximations to f are shown in Fig. 8.6. It is instructive to compare these predictions with
f values calculated from actual DFT calculations on charged defects.
To calculate the parameter f , the two largest supercells available are taken,
and an effective value of f is calculated directly using Eq. 8.5. This assumes that
the remaining error (once alignment is applied) is linear with respect to the inverse
supercell length. For such an approach to be useful, we require that the value of f
converges as larger cells are considered.
Table 8.4 shows an example of this. The calculated value of f is found to
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converge for the larger models, but only when k-point convergence is achieved, and
potential alignment is performed.

Supercells f (k-point + AB)
2, 3
0.83
0.90
3, 4
4, 5
0.92

f (Γ-point + AB)
1.20
0.92
0.88

f (k-point)
0.51
0.75
0.82

Table 8.4: Calculated f values for the V+
O vacancy in MgO, using respectively both k-point
sampling and AB potential alignment, using Γ-point sampling and AB potential
alignment, and using k-point sampling but neglecting potential alignment. If the
finite-size errors where perfectly inverse length dependant, then f would be a
constant, independent of cell size. It can be directly observed that the use of
both AB potential alignment and k-point sampling causes the remaining finitesize errors to be significantly closer to ideal linear errors, as the size dependence
of f is greatly reduced.

Several examples of these linear fits for vacancy defects in the +1 charge state
are shown in Figs. 8.7, 8.8 and 8.9. It is noteworthy that the relative importance
of ∆VAB potential alignment and of k-point sampling varies considerably across the
examples considered.
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Figure 8.6: Available analytic approximations to f on electrostatic grounds. Both the
Makov-Payne and Lany-Zunger are significantly larger than the electrostatic
correction previously derived in this thesis (FS). All three terms reduce to the
known Madelung correction at the limit of ε = 1 i.e. in the absence of a dielectric.

Figure 8.7: Finite-size dependence of the formation energy of the unrelaxed V+
O defect in
MgO. Formation energies are shown using Γ-point sampling (blue), using a
Monkhorst-Pack k-point sampling (orange), using a Monkhorst-Pack k-point
155
sampling and AB potential alignment
(green), the same with the addition of
a MP correction (red) and finally when the MP correction is reduced by the
calculated f -value (purple).
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Figure 8.8: Finite-size dependence of the formation energy of the unrelaxed V+
O defect in
CaO. Note the importance of k-point sampling in reaching a linear regime.

Figure 8.9: Finite-size dependence of the formation energy of the unrelaxed V+
Cl defect in
KCl. Same notation as Fig. 8.7.
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The combined data for the examples considered is shown in Fig. 8.10. It can
be seen that the MP and LZ methods are significantly better predictors of f than
the electrostatic correction formula derived in Chapter 7. Either this derivation is
incorrect, or there are other significant sources of linear finite-size error present in
the calculations.

Figure 8.10: The red points show the extrapolated f values for the different defects considered. The dielectric constants are calculated using DFPT. The calculated
defects fall between the predictions of the Makov-Payne and the Lany-Zunger
correction. All observed f values are significantly larger than would be predicted by the electrostatic derivation we carried out (yielding Eq. 7.55), here
denoted as f FS

.
It is worth looking at the size dependence in f in more detail, to see how reliable approximating it as a constant is. Some example plots are shown in Fig. 8.11,
using MgO and LiF as an illustrative example. Relaxation effects will be considered
later in this chapter.
It can be seen that the remaining size dependence in f beyond the 3x3x3 supercell is small (the rightmost points in the plots are the f -value calculated from the
2x2x2 and 3x3x3 supercell). Additionally, the data is well described by a fit of the
157

8.4. SEPARATING THE EXCHANGE-CORRELATION ENERGY
form:
f (L) = f + aL−3 ,

(8.6)

where the value of f is almost finite-size independent, but contains an inverse volume dependant term that falls off quickly. This is similar to the traditional extrapolation formula, but this volume dependant term is present in the gradient of the
formation energy, rather than the formation energy itself.

(a) MgO

(b) LiF

Figure 8.11: Demonstrated f -value size dependence for unrelaxed vacancy defects in MgO
and LiF. The points are plotted at the average size of the two supercells that
the f -value was evaluated from. The f -values calculated using both potential
alignment and k-point sampling (orange line) and with only k-point sampling
(blue line). The blue dashed lines show the predictions of the MP and LZ
methods. An extrapolation is performed according to Eq. 8.6.

The data in Fig. 8.11 demonstrates that including AB potential alignment reduces the observed size dependence in f .

8.4

Separating the exchange-correlation energy

Test calculations where the exchange-correlation energy is neglected appear to show
significantly reduced finite-size dependence. This naturally suggests that exchangecorrelation might play an important role in the observed finite-size dependence of
charged defects. However, a detailed comparison between defect formation energies
calculated both with PBEsol and without any XC functional is quite challenging in
practice, as the complete removal of Exc represents a significant perturbation of the
wavefunction of the whole system. In many cases, the defect state is no longer
158

8.4. SEPARATING THE EXCHANGE-CORRELATION ENERGY
a well localized gap state, precluding a meaningful comparison. As an additional
complication, there is strain introduced if the lattice constant is not reoptimized for
the change in XC. This means that when the two cases are compared, both ε and L
will change, clouding the comparison.
Instead, it is simpler to look at the change in the exchange-correlation energy
Exc as a charged defect is formed. As a defect formation energy is typically calcuDFT − E DFT (as introduced in Eq. 2.23),
lated as a total energy difference, E f = Edefect
bulk

I define the same energy difference considering only the change in the exchangecorrelation energy,
xc
xc
∆Exc = Edefect
− Ebulk
,

(8.7)

xc
where Edefect
is the xc energy calculated for a supercell containing a charged defect,
xc is the energy of an equivalent bulk supercell.
and Ebulk

In principle, as DFT is a self-consistent field method, this makes it possible for
individual energy terms to be mixed together in quite complex ways. However, it
would still be anticipated that a substantive part of the energy change introduced by
XC would still be present in the Exc term.
Using the VO+ defect in MgO within the

CP 2 K

code as an example, a plot of

Exc is shown in Fig. 8.12. Again, this term is observed to be approximately linear,
although the linear regime is reached more slowly than in the case of the total formation energy. This allows the gradient to be extracted, providing a value of fxc ,
namely that part of f that is introduced through a change in the exchange-correlation
energy. These XC contributions to f are considered in more detail in table 8.5.
Taken together, the results in table 8.5 suggest an argument that the linear errors
present in the supercell calculations could be made of a combined electrostatic error
and an XC error, where the smaller electrostatic correction derived produces the
correct limit of f as ε → 1 (representing vacuum), but that the XC errors actually
cause a larger error within dielectric mediums.
159

8.4. SEPARATING THE EXCHANGE-CORRELATION ENERGY

Figure 8.12: Plot of ∆Exc (as defined in Eq. 8.7 against inverse supercell for the unrelaxed
V+
O defect in MgO using CP 2 K . The energy term tends to linear behavior for
the largest supercells considered.

Material
KCl
NaCl
MgO
SrO
CaO
C

Supercell
4x4x4
5x5x5
5x5x5
4x4x4
4x4x4
4x4x4

ε∞
2.32
2.53
3.19
3.85
3.86
5.76

felec
0.43
0.40
0.31
0.26
0.26
0.17

fxc
0.49
0.68
0.47
0.63
0.52
0.39

felec + fxc
0.92
1.07
0.78
0.89
0.78
0.57

f
0.93
0.96
0.92
0.87
0.91
0.71

∆f
0.01
-0.11
0.14
-0.02
0.12
0.14

Table 8.5: Observed finite-size dependence for unrelaxed +1 vacancy defects in the listed
materials. The dielectric constants ε∞ are calculated using DFPT. The felec values listed are those predicted by Eq. 7.55. The values of fxc and f are determined
through the linear extrapolations outlined. ∆ f is the difference between the extrapolated f and the prediction of felec + fxc .
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8.5

Model calculations and the exchange-correlation
energy

Using simple model calculations and the LDA functional, it can be demonstrated
that there is an energy penalty if the bound screening charge is too constrained in
the supercells considered. Using the density model already produced in Sec. 8.1, in
Eq. 8.3, as well as the optimized model parameters for the example considered, the
change in the XC energy can be crudely predicted. The calculated change in the XC
energy was calculated at the LDA level. The results of these calculations are shown
in Fig. 8.13.

Figure 8.13: Exchange-correlation energies of the developed charge models for the VC+ defect. The simple model tends to linear error, but the magnitude of the error is
too small to explain the XC errors seen in Tab. 8.5.

It is interesting that the error in this model does become linear. However, it
is still a poor prediction of the observed XC energy change in the host DFT calculations. The exchange-correlation energy penalty is significantly harder to model
than the electrostatic interactions, due to the lack of linear superposition. An accurate model most likely needs to incorporate a realistic description of all electronic
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charge located around the defect, which is no simple task. This is in contrast to the
electrostatic picture, where we can use linear superposition to treat the electrostatic
model as an addition to the system.

8.6

Parameterizing a new bulk correction

Using the definition of f given through Eq. 8.5, the dependence of f on the dielectric constant can be investigated. An example of this for the available unrealaxed
vacancy defects is shown in Fig. 8.14.

Figure 8.14: Dependence of extrapolated f -values on dielectric constant for the +1 vacancy
defects, compared against the predictions of the MP and LZ correction methods. All the calculated values fall between the two correction methods, and lie
nearer to the MP method. The round markers show the f -value extrapolated
using Eq. 8.6, and the squares show the largest supercell calculated. For LiF,
KCl, NaCl and MgO, a 5x5x5 supercell was calculated, and the extrapolation
only changes the value slightly. For CaO, SrO and C, the largest supercell
calculated was 4x4x4, and the extrapolation has a larger impact.

The dielectric constant ε is not well suited directly to constructing approximations, as it can vary from one to infinity. Instead, the magnitude of the bound charge
is a slightly more natural variable, which is defined as 1 − ε −1 and that varies from
zero to one. The observed dependence in terms of this variable is show in Fig. 8.15.
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Figure 8.15: The same data as Fig. 8.14, but plotted against the magnitude of the bound
charge. A linear fit to the data is shown, as defined through Eq. 8.8. For this
fit, A = 1.03 and B = −0.11.

The data shown in Fig. 8.15 supports a linear fit. This produces a formula to
predict f that takes the form,


1
f = A+B 1−
,
ε

(8.8)

where A and B are constants determined through the fit. Both the MP and LZ
method take this form; the MP method is the choice of A = 1, B = 0, and for cubic
supercells the LZ method is A = 1.0, B = −0.37.
For the unrelaxed defects shown in Fig. 8.15, this produces values of A = 1.03
and B = −0.11, which are able to describe available data well. One shortcoming of
this fit is that the correct limit is not retained at ε → 1, which would require a value
of A = 1.0. It is encouraging that this limit is almost reproduced by the fit. This
suggests that the form of the LZ method is a good choice, but that the LZ method
overestimates the reduction in the f -value as the size of the supercell is increased.
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8.7

Role of relaxation

Our understanding of the problem once ionic relaxation is incorporated is less developed. Both the MP and LZ methods treat unrelaxed and relaxed defects identically.
As in the unrelaxed case, the finite-size dependence of the observed f -values can be
inspected. This size dependence appears to be less systematic than that encountered
in the unrelaxed case.

(a) MgO

(b) LiF

Figure 8.16: Demonstrated f -value size dependence for relaxed vacancy defects in MgO
and LiF. An extrapolation according to Eq. 8.6 is shown, but it no longer
appears to be reliable.

The irregular size dependence demonstrated in Fig. 8.16 prevents an extrapolation from being carried out with confidence. Hence, extrapolations on the relaxed
data was not performed. This limits the confidence that can be placed on the accuracy of the calculated f -values for relaxed defects, as the remaining finite-size
dependence in f is not clear. The available data is shown in Fig. 8.17.
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Figure 8.17: Observed dependence of f -values on dielectric constant, for both unrelaxed
(circles) and relaxed (diamonds) vacancy defects. Due to the lack of a reliable
extrapolation, the relaxed defects are expected to display larger errors.
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Still, a fit to the linear function in Eq. 8.8 can sill be performed for the available
relaxed defects. This produces values of A = −2.07 and B = 3.20. This linear fit
is shown in Fig. 8.18. This fit has quite a different form, as it displays significantly
greater dependence on the dielectric constant ε.

Figure 8.18: Observed dependence of f -values on magnitude of the bound charge, for both
unrelaxed (circles) and relaxed (diamonds) vacancy defects. Due to the lack
of a reliable extrapolation, the relaxed defects are expected to display larger
errors. Linear fits are shown to both datasets, which display different behavior

The justification for this fit to the relaxed defects remains unclear. Certainly,
the process of ionic relaxation has the potential to interact with the screening bound
charge in quite a complex way. Equally, the significant difference observed between
vacancies in NaCl and KCl when compared with LiF seems hard to justify given the
similarity between the defects. It is possible that larger supercells than are presently
available are still needed to produce accurate results for the relaxed vacancy defects.
In the above fits, cubic crystals, vacancy defects and +1 charge states are employed. These new fits could be used as correction formulas. However, the transferability of these parameters to more general defects remains to be demonstrated.
Still, it is notable that even with these simplifications, neither the LZ nor MP method
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is able to reliably predict the observed f -values when ionic relaxation is allowed.
The results presented demonstrate that defining an f -value can be used to gain
insight into the actual finite size dependence observed for charged defects, and that
this approach can be used to fit new corrections.
Conclusions It is shown that the remaining finite-size error present once both
the derived electrostatic correction and potential alignment have been performed is
approximately equal to the finite-size dependence in the exchange-correlation energy on formation of the defect. Once potential alignment and k-point convergence
is performed, it is demonstrated that the remaining finite-size dependence can be
approximated as an inverse linear term. For unreleaxed vacancy defects in the cubic
crystals considered, the inferred error is found to be approximated as 0.9 times the
MP correction. For relaxed defects, the required correction is nearer the LZ method
for lower dielectrics, but increases rapidly towards the MP correction as the dielectric constant increases. These inferred corrections are interpreted as a combined
electrostatic-XC term.
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Chapter 9

Ionization of surfaces and surface
defects
Aims: In this chapter I looked at ionization, both for bulk supercells and for surfaces. In an ionization problem, we still need to look at systems with net charge,
incorporating a neutralizing jellium background. In direct contrast with the problem
of charged defect formation energies, errors can be straightforwardly defined using
Koopmans’ theorem (KT). This enables direct tests of the supercell size dependence
present in the calculated energies for the charged systems.
Results: For bulk cubic supercells, the error to obey KT is observed to be
small. Calculations suggest that this could be because the state being deoccupied
overlaps the jellium background. In contrast, when electrons are removed from
surface slab models, this favorable overlap is no longer achieved, and a significant
supercell size dependence is observed. The main component of this size dependence can be predicted using electrostatics. It is observed that the use of cubic
cells for surface ionization problems leads to reduced errors. Considering KT for
defects, the situation is more complex, due to the use of approximate density functionals. It is observed that a bulk defect in an infinite supercell would still fail to
obey KT, most likely due to the use of an approximate XC functional. When considering surfaces, the bound screening charge looks similar to the charging observed
in ionization calculations. This suggests that cubic cells might still be favorable
for surface defect calculations, and it is observed that a linear extrapolation of the
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charged defect formation energy can still be carried out. This is in contrast to the
complex size-dependence reported in the literature, when more typical vacuum gaps
are employed.

9.1

Eigenvalue vs numerical ionization approaches

In principle, calculations of workfunctions and ionization energies within DFT
should be a very similar problem to the calculation of charge transition levels. In
both cases, we want to understand the energy cost to add or remove electrons from
our system. Both types of calculation could include formally charged calculations,
introducing jellium backgrounds, and in both cases the charge density difference
introduced by the exchange of electrons is manifestly dependent upon the size of
the supercell used. Additionally, potential alignment errors could be introduced in
both cases, if we compare the energy of neutral and charged systems.
We will recast the workfunction problem in the same mathematical framework
as typically used in charged defect calculations. We will find that once this is done,
corrections similar (but not identical) to the bulk corrections considered so far for
defects are now required for surface workfunction problems. Then, I will look at
the bulk case.
The ionisation energy I is the energy cost to remove an electron from a DFT
cell, and is defined as,
DFT
I = E−1
− E0DFT

(9.1)

DFT is the energy of the
where E0DFT is the energy of a neutral supercell, and E−1

supercell with one electron removed.
However, Eq. 9.1 is not used often in practice, as it requires an additional
calculation. Ionization energies can instead be calculated using Koopmans’ theorem
(a restatement of 2.22),
I = −εhomo ,

(9.2)

where the energy required to remove one electron I is equal to the negative value of
the highest occupied molecular orbital, εhomo .
The expression in Eq. 9.2 leads directly to the standard textbook expression for
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the workfunction,
wε = −eφ − εhomo ,

(9.3)

where the workfunction wε is given relative to the potential of the vacuum φ . Under
isolated boundary conditions φ =0, but this constraint is lost when using PBC and
repeated slab models. This introduces a slight difference to charged defect formation energies, as these are conventionally referenced to the valence band maximum
of the material, instead of the unknown vacuum potential. In both cases, the essential point is that the calculated energies must be referenced to some well defined
energy level in order to be meaningful, as out of the box, surface and bulk calculations are referenced to the average potential of the calculation supercell. This is
an energy scale without any direct physical significance. Using Eq. 9.3 successfully sidesteps the problems inherent to actually introducing a jellium background
into the system, as only properties calculated from the charge neutral system are
required.
Rather than using Eq. 9.3, we could also use Eq. 9.1 to carry out an ionization
calculation in an analogous way to a formation energy calculation,
DFT
wI = E−1
− E0DFT − eφ ,

(9.4)

DFT is the energy of the
where E0DFT is the energy of a neutral supercell, and E−1

supercell with one electron removed.
It is important to compare and contrast Eq. 9.4, for ionization, and Eq. 2.23
for defects. Eq. 2.23 is more complex, because contains chemical potentials for the
exchange of ions, as well as two finite-size correction terms. In the defect case, we
would also allow atomic relaxation.
When comparing Eq. 9.3 and Eq. 9.4, the −eφ term is not important, as it is
the same in both expressions. The definition for the workfunction given by Eq. 9.4
DFT ), so a neutralizing jelcontains the total energy of a system with net charge (E−1

lium background will be included when the workfunction is calculated in this way.
When using Eq. 9.3, only neutral cells need to be considered.
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In order to aid my analysis, I will introduce the following definition of the
Koopmans’ error, from Koopmans’ condition as given in Eq. 9.2,
∆KE = I + εhomo ,

(9.5)

which follows exactly from Eq. 9.2. The numerical ionisation energy I is calculated
according to Eq. 9.1. Hence, when ∆KE =0, Koopmans’ condition is obeyed exactly.
This would be the case for ideal DFT on an isolated atom or molecule, but we
expect that both the use of non-physical jellium background, the use of a periodic
model and failures of XC functionals can all introduce Koopmans’ errors. In the
case where Koopmans’ condition is obeyed exactly, there should be no difference
between the two definitions of the workfunction, given in Eqs. 9.3 and 9.4.

In this chapter, CP 2 K was used, rather than CASTEP. This was an advantageous
choice for surface systems, as the cost for vacuum regions is reduced in CP 2 K, when
compared to a pure planewave basis. The primary disadvantage is that this required
Γ-point sampling. Note that the results in the previous Chapter demonstrated that
MgO defects are better described by this approximation than many other examples.
Secondly, when using 3D slab models, k-point sampling in the surface direction is
in any case undesirable, as density fluctuations across different images of the slab
model is non-physical.

The use of CP 2 K also motivated a change from the PBEsol to PBE functional,
as PBEsol pseudopotentials are not presently available. The use of more expensive
hybrid functionals was avoided so that larger surface models could be constructed.

Finally, in this chapter, no atomic relaxation was carried out. Again, this is because this is a simpler case that is worth understanding first. In the future, this work
can be expanded by incorporating relaxation as well. When considering Koopmans’
theorem, it is only valid when the geometry is held fixed in any case, and no ionic
relaxation should take place when systems are ionized anyway.
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9.2

KT for ionization of the bulk

First we considered the ionisation of bulk supercells. In this case we can not directly
calculate a workfunction as the potential of vacuum is unknown. Instead, I used the
definitions in this section with the vacuum potential set to zero. This doesn’t allow
comparison with experiment, but we can still assess the similarity between the two
definitions given in Eq. 9.3 and Eq. 9.4.
In Fig. 9.1, the VBM eigenvalue and the numerical ionization energy (calculated via Eq. 9.1) for cubic bulk cells of MgO are shown. The eigenvalue converges
with respect to supercell size more rapidly, although in this case, both definitions
show very little finite-size dependence. Equally, it does not appear that the two definitions would produce the same ionization energy for an infinite supercell, although
the difference in energies is very small.

Figure 9.1: Comparison between the highest occupied molecular orbital εhomo and the ionization energy I (Eq. 9.1) for different cubic supercells of MgO. The eigenvalue
displays less finite-size dependence compared to the ionization energy.

Using Eq. 9.5 to define the Koopmans’ error as the difference between these
two definitions yields Fig. 9.2. This makes it easier to perform an extrapolation to
the infinite limit, as the Koopmans’ error has an approximately linear dependence
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on supercell size. This produces a very small error of a couple of meV. Hence, for
the case of bulk ionization, there is very little difference between the definitions of
Eq. 9.3 and Eq. 9.4.
It is possible to construct an electrostatic correction for this situation. It is
clear that in the limit of an infinite supercell, there should be no change in the
Hartree energy on removal of an electron. This is the case because the two charge
densities involved, the VBM state being deoccupied, and the neutralizing jellium
background, are both delocalized across the supercell. This means that both these
charge densities tend to a value of zero as the size of the model goes to infinity. So,
any change in the Hartree interaction on removal of an electron could be identified
as an error.
It is appropriate to calculate the electrostatic interaction between the jellium
background and the change in electronic charge density between the charged and
uncharged supercells considered, yielding EPBC (as defined in Eq. 4.5). This energy
can then be evaluated using the DEFECT

SOLVER

code. Such calculations produce

the corrections shown in Fig 9.2.
These corrections should tend to zero as the size of the supercell tends to infinity, following the argument made for the Hartree energy, and this behavior is
shown by the corrections. Even for small supercells, these interactions are small.
As shown in Fig. 9.3, these corrections are small for all supercells and get smaller
as the supercell is made larger.
All of the errors considered in this section are very small, which means that
numerical errors are harder to control. Still, the evidence suggests that these errors
are strictly speaking finite size dependant, and lead to non-zero errors for the infinite
supercell. In practice, these errors are small enough that they are often ignored, and
it can be seen that the favorable overlap between the state being deoccupied and the
neutralizing jellium background leads to the calculated values of EPBC to be in meV.
There is an important conceptual point in the fact that, although local functionals are often described as being perfectly Koopmans compliant for delocalized
states, there is still a formal error to obey Koopmans’ condition for infinite super173
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Figure 9.2: Koopmans’ errors calculated for bulk MgO supercells, using the PBE functional. The Koopmans’ error is small for all the supercells considered, and
does display finite-size dependence. A linear extrapolation to the four largest
supercells is shown in red, which predicts a Koopmans’ error of 0.0018 eV for
an infinite supercell. Addition of an EPBC correction (Eq. 4.5) does reduce the
inferred error for larger supercells.

cells. It would be hoped that improved density functionals reduce this error further,
although it is already so small at the PBE level of theory that such an improvement
would be hard to make.
Another confusing conceptual point is that it is not clear if a small Koopmans
error for small bulk supercells would actually be displayed by the universal functional. The Koopmans’ error is small in this case because the jellium background
is screening the electrostatic interaction with the band state. But this screening
is entirely a non-physical effect, so it seems uncomfortable that it is principally
responsible for observed Koopmans’ compliance. In any case, the inferred Koopmans’ compliance of an infinite cell is better defined, and maintaining this property
should be important for improved functionals.
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Figure 9.3: Calculated −EPBC corrections calculated form the density differences between
a bulk supercell and an equivalent supercell of the same size with an electron
removed. The interaction energy is low because the deoccupied state is a negative charge delocalized across the whole cell, immersed in a positive jellium
background delocalized across the whole supercell. The similarity of the two
charge distributions leads to almost complete screening, with the interaction
only present because the bulk state is not perfectly uniform.

9.3

KT for ionization of surfaces

When looking at surfaces, there are many parameters that can be varied in the construction of surface models. Unlike in the bulk case, cubic cells are used only very
rarely when considering surface problems. This is due to the need for a sufficiently
large vacuum gap and number of layers to reproduce properties of the surface of
interest. In order to understand the role of these parameters in more detail, several
datasets where considered where these descriptors where systematically varied.

9.3.1

Workfunction dependence on number of layers

First, the number of layers contained in the model was varied. This is shown pictorially in Fig. 9.4. The use of a constant supercell size allows for a direct comparison
of potentials and density models, but disadvantageously means that the larger models considered have the smallest vacuum gaps.
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Figure 9.4: Example surface unit cells in the layers data set. A constant supercell is applied
to a model that contains varying numbers of layers, effectively leading to a
reduction in vacuum gap as the number of layers increases. A constant 4×4
surface net is maintained across the dataset.

As is shown in Fig. 9.5, the work function calculated using the two approaches
is not identical. The workfunction is over an electron volt higher for a monolayer
when the energy difference formula of Eq. 9.4 is employed. However, it looks
like the difference in energy between the two methods decreases as the amount of
material in the model increases.
It is important to note that the orthodox workfunction definition given in
Eq. 9.3 achieves a converged value far more rapidly with respect to the model size.
This validates the traditional wisdom on workfunction calculations. As the eigenvalue approach avoids the inclusion of a jellium background, it seems plausible that
it is an interaction with jellium that reduces the quality of the total energy approach,
in a way analogous with the problem of charged defects in the bulk.
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Figure 9.5: Comparison between work function values for the layers dataset using both
eigenvalue (Eq. 9.3) and numerical ionisation definitions (Eq 9.4). In blue, the
wε definition quickly converges with respect to the number of MgO layers contained in the model. In contrast, wI definition converges significantly slower,
as shown by the green line. According to both definitions, the monolayer is an
outlier.

Direct application of the correction method defined in Eq. 4.1 produces poor
results. Instead only applying the periodic part of the correction appears to be more
fruitful. The inclusion of the interaction under isolated boundary conditions, Eiso ,
is unhelpful as this term should go to zero for an infinite supercell. This is in contrast with bulk defects, where a localized charge is present within the supercell even
when its size is taken to infinity. This is demonstrated in Fig. 9.6, using the definition of the Koopmans’ error given in Eq. 9.5. We note that solving Poisson’s
equation for vacuum or including dielectric screening makes almost no difference
to the correction. In the rest of this section, a vacuum dielectric is used in the corrective calculations. This seems to be more appropriate, as a delocalized electronic
state doesn’t correspond to the classical concept of a free charge. Equally, the numerical difference between the two approaches is minimal for all the examples that
were considered.
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Figure 9.6: Koopmans’ errors, as defined in Eq. 9.5, for the layers dataset. Addition of a
EPBC correction to the numerical ionization energy removes most of the Koopmans’ error demonstrated by the dataset.

9.3.2

Workfunction dependence on vacuum gap size

As we now have a tentative understanding of the finite-size errors introduced into
this kind of calculation, we wanted to explore the role of other descriptors of the
simulation cell on the errors introduced. Next we consider the role the size of the
vacuum gap on the introduced electrostatic interactions. These supercells are shown
graphically in Fig. 9.7.
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Figure 9.7: Example surface unit cells in the gap scan data set. A four layer system is considered in supercells with various vacuum gap sizes. A surface net of 4×4 is
maintained across the calculations. The vacuum gap is defined as the extra separation over a bulk supercell, rather than the standard definition of separation
between surface layers (using the standard definition yields a non-zero vacuum
gap in the bulk case). Hence, vac 0 represents a rectangular bulk supercell.
Note that an even number of layers is required to avoid a stacking fault in the
bulk limit.

For this dataset only, we avoid the standard definition of vacuum gap as the
separation between surface layers. Instead we take the separation between layers
in the bulk as the zero of the vacuum gap. This makes it easier to compare with a
rectangular bulk cell, demonstrating direct correspondence with the behavior in the
bulk. This comparison requires models that contain an even number of layers, in
order to avoid the formation of a stacking fault in the model.
As demonstrated by the Koopmans’ errors in Fig. 9.8, increasing the size of
the vacuum gap appears to increase the errors described by EPBC . This kind of
divergent behavior was already reported by Komsa et. al. [89] in the context of
charged defects, although it appears defects are not required to see the behavior.
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Figure 9.8: Dependence of the calculated Koopmans’ error on the size of the vacuum gap.
Uncorrected results (blue line) are contrasted with a periodic correction, EPBC
(green line).

9.3.3

Workfunction dependence on cubic volume

Our bulk calculations already suggested the surprising result that image interactions
are almost negligible for cubic bulk cells. Additionally, the results above show
larger errors are introduced when the vacuum gap is increased and the elongation
of the cell is enhanced. For these reasons, we considered cubic surface models as
well. These cubic models are shown in Fig. 9.9. A three layer model was employed
for these calculations, as the data in Fig. 9.6 appeared to suggest this was sufficient
to qualitatively reproduce the surface case.
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Figure 9.9: Example surface unit cells in the cubic data set. A three layer system is considered in supercells of various sizes, which are always constructed to be cubic. The size of the surface net and the size of the vacuum region increase in
lockstep. Observe that this produces vacuum gaps that are smaller than would
normally be considered acceptable in the literature.

The calculated workfunctions for these cubic surface systems are shown in
Fig. 9.10. In this example, the two approaches produce more similar results. Additionally, the error does not seem to increase as the size of the vacuum region
increases. This demonstrates that it is not a large vacuum gap itself that leads to
a large divergence between the two methods, but instead elongating the cell and
accompanying jellium background.
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Figure 9.10: Calculated workfunctions following the definitions given in Eqs. 9.3 and 9.4.
The eigenvalue definition shows very little finite-size dependence, and the
total energy definition is mildly concave. The two methods differ in the calculated value of the workfunction by ∼ 0.1 eV.

The resultant error to obey Koopmans’ condition is shown in Fig. 9.11. Again,
application of an EPBC correction is successfully able to reduce the majority of
the supercell size dependence. This demonstrates the electrostatic origin of the
observed errors. Although the Koopmans’ error has a complex dependence on the
size of the supercell model, it is observed that the quality of the corrected data
improves with supercell size.
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Figure 9.11: Koopmans’ errors, as defined in Eq. 9.5, for the cubic dataset. Addition of
a EPBC correction to the numerical ionization removes the majority of the
observed Koopmans’ error. Equally, the observed Koopmans’ errors are small
in comparison to the calculations performed with a large vacuum gap (> 15
Å).

The calculated electrostatic corrections for this system are shown in Fig. 9.12.
It is clear that the required EPBC corrections are significantly smaller for cubic supercells than for rectangular supercells (contrast the large corrections required in
Fig. 9.8). The electrostatic corrections calculated are not straightforward, and are
defined by the cell size, controlling the density of the neutralizing jellium background, along with where the DFT calculation chooses to remove electronic density
upon the removal of an electron.
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Figure 9.12: Calculated electrostatic corrections with respect to inverse supercell size. The
form of the curve is quite complex, and does not demonstrate a systematic
improvement. The requirement that the correction term tends to zero as L → ∞
suggests that the correction drops off quite rapidly for larger models.
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Figure 9.13: Observed changes in the electronic density as electrons are removed from the
cubic slab models, averaged along the y-axis (the surface normal). The three
layers of the slab are clearly visible, and as the size of the box is increased,
the total amount of charge placed on the surfaces increases.

One ingredient of the complex behavior observed in Fig 9.12 is how the density change upon removal of an electron depends on the size of the surface net (and
hence supercell shape), as shown in Fig. 9.13. There is a systematic trend of placing more charge on the surfaces as the size of the model increases. This could be
justified using the argument that too small a surface causes the surface charge to
be concentrated, giving it a higher interaction with itself. This would lead to an
interaction that systematically decreases as the supercell is made larger.
We note that cubic supercells are essentially never used in surface calculations,
due to a widespread belief that a larger vacuum region is beneficial. This is undoubtedly the case for neutral calculations, but our results suggest that this in fact a very
poor choice for surface ionization problems. Whether this is the case for defect
calculations remains to be demonstrated.
For the workfunction calculations considered above, we are well served by the
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following approximation (where the definition of ∆KE was given in Eq. 9.5),
∆KE ≈ −EPBC ,

(9.6)

namely that the electrostatics is incorrect for a DFT supercell containing net charge,
and that all extra Hartree interactions present in the charged cell should be removed
in order to produce Koopmans’ compliance. This is the case because both the density of the jellium background and the surface state being deoccupied tend to zero
as the volume of the simulation cell increases, so any non-zero interaction between
these densities can be directly interpreted as a finite-size error.
The work presented in this chapter so far clearly demonstrates that the removal
of electrons from ideal surfaces using an approach based on DFT total energies
introduces important errors that are suppressed for bulk ionization energy calculations. This raises a warning that the dominant source of error for charged surface
defect calculations might differ in an analogous way.

9.4

KT for charged defects in the bulk

As shown in Fig. 9.14, significant Koopmans’ errors are calculated when an electron
is removed from a localized defect state, even when a cubic geometry is maintained.
In general, large Koopmans’ errors are anticipated in this case, due to failures
of approximate density functionals to well describe self interaction errors on well
localized states like defect orbitals [154, 155, 86].
It can be seen in Fig. 9.14 that a Koopmans’ error of over an electron volt is expected even if an infinite supercell model was utilized. Additionally, the Koopmans’
error displays a strong finite-size dependence. There is some error cancellation between these two components, leading to smaller observed Koopmans’ errors for
smaller supercells.
It is constructive to split the Koopmans’ error into a size-independent part and
a size-dependant part, yielding,
0
∆KE (L) = ∆∞
KE + ∆KE (L) ,
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Figure 9.14: Finite-size dependence of the calculated Koopmans’ errors for removal of an
electron from an F-center in a bulk MgO supercell. The observed finite-size
dependence appears to be dominated by a L−1 term. The total error increases
with supercell size, saturating at a value of 1.06 eV. Additionally, the MakovPayne correction well approximates the observed finite-size dependence (the
low dielectric of this example yields f ≈ 1).

0
where ∆∞
KE is the Koopmans’ error of an infinite supercell, and ∆KE is a finite-size

dependant component of the Koopmans’ error.

Then, for this example it is observed that,
∆0KE (L) ≈ Ecorr ,

(9.8)

i.e. that the same finite-size correction required for the formation energy is also
observed in the failure to obey Koopmans’ condition. The remaining ∆∞
KE component is not a finite-size effect, and hence must be interpreted as a failure of the PBE
functional employed. A further discussion of the functional dependence of these
errors is differed to the future work section.
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9.5

Applying linear extrapolation to surfaces

Returning to the problem of surfaces, we considered if linear extrapolation can be
used to infer corrections for surface systems, where there is less confidence in the
performance of available correction methods. To this end, a set of models of MgO
slabs containing a F+ defect were constructed, where the number of bulk layers is
varied, as shown in Fig 9.4. The objective of this test is to recover the bulk formation energies, as the number of layers in the employed model approaches infinity.
This is a robust test of the consistency of the calculations, given that the accuracy
of both bulk and surface problems remains difficult to directly demonstrate. The
calculations in this section have suggested that the large errors often reported in the
literature on surface defects could in part be due to not using cubic cells, as would
be done in the equivalent bulk calculations.

The Komsa-Pasquarello (KP)[89] correction is also applied to the calculated
formation energies. This is the extension of the MP correction to surfaces.

First, we considered a defect in the monolayer system. In this case, when
using the PBE functional, the unoccupied defect state is resonant with the surface
VBM. This prevents the formation of a well localised defect. As a result, the F+
centre does not appear to be stable in a monolayer of MgO. It is excluded from the
following results.

Next, a three layer system was considered, with an F-centre at the centre of
the middle layer. The observed finite-size dependence of the formation energies is
shown in Fig. 9.15.
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Figure 9.15: Dependence of the formation energy on size of the cubic model employed for
a trilayer of MgO. Data is shown only with AB potential alignment (blue line),
both with potential alignment and the addition of a f EMP correction (green
line), and finally with both AB alignment and the Komsa et al. electrostatic
correction (orange line). The behavior appears to become linear once large
enough cells are considered, and a fit of the Makov-Payne correction to the
best two cells yields the shown fit, along with a value of f = 1.65, showing
enhancement of the finite-size error with respect to the bulk case.

The data for the pentalayer system, shown in Fig. 9.16, shows the same trend
of tending to a linear error as the size of the supercells is increased.
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Figure 9.16: Dependence of the formation energy on size of the cubic model employed
for a pentalayer of MgO. Same notation as Fig. 9.15. Linear behaviour is
achieved significantly more rapidly than in the trilayer case in Fig. 9.15, but
the implied correction is not as large.

Similar behavior is also observed for the heptalayer, as demonstrated in
Fig. 9.17.
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Figure 9.17: Dependence of the formation energy on size of the cubic model employed for
a heptalayer of MgO. Same notation as Fig. 9.15. Again, linear scaling is
quickly achieved, with a further reduction in the value of f calculated.

Across the considered examples, the KP method is reasonably successful in
absolute terms. However, the method is less reliable for larger cells. As a result,
trying to extrapolate the corrected values to the limit of an infinite supercell would
give quite a poor result. The method appears to be more successful for the thinner
slab models.
To make a comparison, all the surface formation energies need to be referenced
to a common energy scale. The bulk calculations have been referenced to the energy
of the valence band maximum, εVBM , whereas the surface calculations have all been
referenced to the vacuum potential. The simplest way to solve this problem is to
work out what potential relative to the vacuum the average potential within a crystal
of MgO represents.
To do this, the average potential within an MgO slab was compared with the
value of the vacuum potential. An example of this is shown in Fig. 9.18, for the example of an 8x8x8 cubic supercell of the heptalayer system. A Gaussian smoothing
is applied to the electrostatic potential. Then, the value of the smoothed function in
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the middle of the slab is taken as the inferred value of the average potential in the
bulk.
When calculating this potential, it is important that enough MgO layers are
included to reproduce the bulk system. In this case, the potential is already well
converged for a trilayer.

Figure 9.18: Average electrostatic potential (blue line) along the y-axis, for a 8x8x8 cubic
supercell containing a heptalayer of MgO. A smoothed electrostatic potential
(green line) is also shown. The average value of the potential within the MgO
system is inferred as the difference between the smoothed potential in the
middle of the vacuum gap and in the middle of the slab model.

Once this potential referencing has been completed, the defect formation energies between the bulk and slab systems can be directly compared. This comparison
is shown in Fig. 9.19.
As would be expected, the formation energy of the electrically neutral F0 center
quickly reproduces its bulk value, as the number of layers in the model is increased.
This is the same behavior we want to achieve with the charged F + center.
The suggested approach is able to restore this property to the formation energies of the F + center too. This shows that we have a consistent description of the
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Figure 9.19: Comparison between formation energies calculated in the bulk, and for layered systems. The dashed lines and squares show the formation energies calculated in the bulk. The round markers show the formation energies calculated
for the layered systems. The charged formation energies shown have been
corrected with AB potential alignment, and with MP electrostatic corrections,
that have been scaled based on a linear fit of f based on the two largest cubic
supercells considered. Both the uncorrected formation energies for the F0 and
the corrected values for the F+ center converge to the bulk values as the number of layers in the model is increased. The formation energies for the charged
defects are referenced to the vacuum level, rather than the more typical εVBM .

problem.
The layered systems require larger corrections than bulk systems of the same
size would. Equally, as the number of layers in the model is increased, the magnitude of the electrostatic corrections decreases. These observations could be simply
justified in terms of intra-supercell interaction with the neutralizing jellium background. The jellium background interacts most strongly with charge placed at the
center of the cell. Hence, the corrections are larger the closer the surface bound
charge in the models is to the center of the supercell. As the number of layers is increased, the surfaces are moved away from the center of the cell, and the unwanted
interactions are reduced. In all cases, the bound charge is constrained by the surface
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to sit nearer to the center of the cell than would be the case in bulk calculations.
Although further work is needed, these results suggest that the linear approximation utilized to understand bulk defects can still be applied to surfaces. An
important requirement of this is that cubic cells are used, in order to avoid large
electrostatic interactions with image cells.
Conclusions: Calculating the ionization energies of surface slabs demonstrates that cubic cells show reduced errors to obey KT, and that the observed errors
are electrostatic in origin. Considering charged defects, the size-dependant error to
obey KT is well approximated by the required correction for the formation energy,
when the potential alignment term is neglected. The linear extrapolation method introduced for charged defects in bulk supercells in Chapter 8 can be reliably applied
to surface slab models too, when cubic supercells are employed. These calculations
demonstrate that the surface Komsa-Pasquarello correction method is effective, but
that it does not display systematic improvement with supercell size. The internal
consistency of the bulk and surface correction methods developed in this thesis is
demonstrated using the example of oxygen vacancies in MgO.
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Chapter 10

Conclusions
10.1

General Conclusions

I have considered the finite-size dependence observed in the defect formation energies of point defects with net electrostatic charge for a diverse range of defects and
materials. Both the traditional bulk case and the more complex surface case have
been considered. Several general rules describe these calculations.
Firstly, an approximately volume dependent error term is introduced through
the introduction of a potential alignment error whenever the number of atoms in
a supercell is modified. These errors are present in typical charged defect calculations, due to the exchange of atoms with an external reservoir. It was discovered that this potential shift can be approximated using only the atomic radius of
the atoms being exchanged. However, this relationship is approximate, as atomic
alignment shifts are observed to be very sensitive to the exact pseudopotential employed, meaning that reference calculations are required to understand the magnitude of these errors for a specific example. This new argument in practice provides
strong agreement with what is sometimes termed the traditional approach to potential alignment, allowing the source of these errors to be more clearly understood.
This source of error appears to change little between bulk and surface calculations.
In order to better understand the defect electrostatics of charged defects, a new
correction method was constructed based on electrostatic charge differences, and
the

DEFECT SOLVER

code was developed to evaluate this correction. This method
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produced results similar to the known Lany-Zunger method, but also allowed calculation of a corrective potential. The correspondence of this electrostatic potential with part of the observed potential alignment within DFT demonstrated that
this part of the potential shift present in DFT calculations is introduced by defect
electrostatics. It also demonstrated that the FNV method uses only a poor approximation of this difference. Surprisingly, these calculations also predicted that the
inter-supercell interactions present in the DFT supercells were almost zero, enabling
corrections to be constructed under isolated boundary conditions.
Following on from these calculations, the defect density was analyzed in detail
and was in strong agreement with the predictions of classical electrostatics. As well
as charge associated with the defect state and a jellium background, a predictable
bound charge was also present in the cells. This new understanding of the supercell
dependant density response, in combination with the observed minor role played by
inter-supercell interactions, was used in order to derive an electrostatic correction
from first principles.
Unexpectedly, this derivation suggested that electrostatic corrections should be
substantively smaller than present methods predict. The resolution of this seeming
paradox was suggested to be the key role that exchange-correlation plays in the
observed finite-size dependence. However, as this is not well understood presently,
this introduces a strong disconnect between the derivations of present correction
methods and the finite-size dependence actually observed in practical calculations.
Simple models failed to predict this term accurately.
In spite of these complexities, it was observed that once both potential alignment and k-point convergence has been satisfactorily performed, that the remaining
finite-size error for cubic supercells is well predicted by a linear term. This term
looks like a scaled Makov-Payne correction. For almost all of the considered bulk
examples, the MP correction was an overestimate. Two new linear fits to the results
where constructed. For unreleaxed defects, the MP correction was a slight overestimate. For relaxed defects, the errors swapped from LZ-like to MP-like as the
dielectric constant was increased.
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Similar calculations where carried out for surface slab models, where there is
additional freedom in selecting the size of the vacuum region. Surface ionization
calculations where carried out first, where the use of generalized Koopmans’ theorem suggested that large vacuum regions introduced large unwanted interactions,
due to a dilution of the jellium background. This suggested that the convergence
problems normally reported for surface defects are due to the lack of a cubic supercell, rather than being intrinsic to the surface problem. Most of the cases still
showed linear electrostatic errors, but they were typically enhanced with respect to
the bulk case.
Taken together, these advances allow progress towards the consistent calculation of charged defect formation energies both in the bulk and in surfaces. This was
demonstrated using the F-centre in MgO as an example, where it was possible to
recover the bulk surface formation energies from slab model calculations.
The main limitations of the above studies was the use of local functionals,
combined with a focus on unrelaxed defects. Even with these simplifications of the
problem, modifications to existing methods were still required in order to understand the results. Further work is required to extend the developed arguments to
more challenging cases. Initial calculations suggest that the use of hybrid functionals does slightly alter the observed finite-size dependence, beyond those changes
introduced by modification of the dielectric constant. Present analytic correction
methods are typically justified as electrostatic errors, so do not incorporate any
functional dependence.

10.2

Avenues for future work

In this section, I discuss the most promising avenues for future work arising from
the results presented in this thesis. Firstly, I consider the role hybrid functionals play
in the finite size behavior demonstrated for charged defects in the bulk. It appears
that further work is required to understand this, with the possibility that different
exchange correlation functions produce finite–size errors that scale differently with
the size of the model considered. Secondly, I discuss the neglect of atomic relax197
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ation in our results on surface charged defects. Finally, for surface defects, the
alternative use of 2D boundary conditions is discussed.

10.2.1

Hybrid functionals and defect states

It seems likely that a complete understanding of Koopmans’ condition for charged
defects also requires a resolution of the self-interaction problem present on the defect state. Hybrid functionals provide a tool that is capable of this, in principle.
The problem is confused because hybrid functionals are normally calibrated using
Koopmans’ condition, but as demonstrated in this thesis, failures to obey Koopmans’ condition can also be introduced by finite size effects. Great care is required
to avoid mixing up these errors.

See reference [156] for an example study where the DFT+U method was parameterized for a defect to remove its Koopmans’ error. Such an approach implicitly
assumes that XC functional failure rather than finite-size electrostatics introduces
Koopmans’ error. If there are finite-size errors in such calculations, then they will
incorrectly be mixed into the self interaction correction that is constructed.

As demonstrated in Fig. 10.1, modifying the exchange-correlation functional
has a significant impact on the finite size dependence. Echoing the results of Sec. 7,
setting the exchange-correlation functional to zero significantly reduces the finitesize errors in total energies calculated using cubic cells.
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Figure 10.1: Finite-size dependence of the calculated Koopmans’ errors for the removal
of an electron from the F-centre in a bulk MgO supercell, using the
PBE TC LRC functional. The observed behavior is qualitatively similar to
that seen for the PBE functional in Fig. 9.14, but the limit of the error is significantly reduced. This suggests a improved description of the self interaction
error on the state.

In contrast, the differences observed between popular solid state functionals is
significantly smaller. This suggests that these functionals interact with the delocalized bound charge and with the jellium in a similar way. This agreement between
a diverse range of functionals acts to conceal the result that the strong electrostatic
errors present in total energies is introduced by the calculation of Exc
199

10.2. AVENUES FOR FUTURE WORK

Figure 10.2: Gradient in the formation energy with cubic supercell volume. Calculations
without XC demonstrate significantly weaker finite-size dependence than calculations including it. There is a change in finite-size scaling moving from
PBE to PBE0, but is significantly smaller. In this case, the use of Fock exchange slightly increases the observed finite-size dependence.

10.2.2

Role of ionic relaxation for surfaces

The surface calculations in Chapter 9 have a significant shortcoming in that ionic
relaxation is not included. Further work is required to understand the effects of ionic
relaxation for the surface calculations. It seems reasonable that similar behavior
will be observed as in Chapter 8 for bulk defects – that the required f -values will
be modified, but that approximately inverse linear errors will still be observed. It
remains to be demonstrated how successful the Komsa-Pasquarello correction will
remain once atomic relaxation is incorporated.

10.2.3

Comparison with 2D boundary conditions

Surface defect formation problems can also be approached using 2D boundary conditions, rather than using periodic electrostatics and jellium backgrounds. Such approaches are based on wavelet solvers, and can be expected to be used more widely
in the future. It would clearly be interesting to develop a clearer understanding of
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the links between 2D and 3D calculations, in order to understand which approach
converges to the limit of an infinite supercell most rapidly. One additional advantage
of 2D boundary conditions is the ability to describe defects with dipole moments,
which are artificially suppressed in 3D boundary conditions. Corrections for these
errors are well known for neutral systems, but significantly less work has been done
for systems with net charge.

Figure 10.3: Formation energy dependence on supercell shape for an unrelaxed F+ defect
in an MgO trilayer, under two different boundary conditions. On the left,
3D boundary conditions (with ∆VAB alignment) and a cubic supercell are employed. On the right, 2D boundary conditions (an essentially infinite vacuum
gap) is utilized. Note that potential alignment is not required in the 2D case,
as these calculations are correctly referenced to the vacuum level. A linear
fit to the largest three cells is shown for both boundary conditions. The extrapolations approximately agree, but the 2D results have a higher gradient,
suggesting that the encountered errors are larger under 2D boundary conditions. Formation energies are referenced to the vacuum level rather than the
bulk VBM, and hence are not directly comparable with bulk formation energies.

A comparison between 3D and 2D boundary conditions used to calculate the
defect formation energies of a F+ centre in a trilayer of MgO, without ionic relaxation, is shown in Fig. 10.3. It is observed that both boundary conditions can be used
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to extrapolate the same size converged formation energy, although the agreement is
not fully unambiguous. It is notable that the errors under 3D boundary conditions
(with cubic cells) appear to be smaller.
The 2D case contains no jellium background, and no interactions with image
slabs in the vacuum direction. For these reasons, it would be reasonable to expect
the method to converge more rapidly. In contrast, the results suggest that the neutralizing jellium background in this case does more good than harm, and should be
maintained. This can be understood as the jellium background acting to screen the
interactions between the image defects, which strongly interact under 2D boundary
conditions.
There is no fundamental reason that a cubic jellium background cannot be incorporated into the 2D boundary conditions case, and it is possible that combining
the two methods in this way might produce the best of both worlds – both the electrostatics of 3D boundary conditions, with the beneficial properties of 2D boundary
conditions of no interactions across the vacuum region and the possibility of forming a dipole. It would be interesting to look at this in the future.
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[131] S Goldsmith, E Çetinörgü, and RL Boxman. Modeling the optical properties
of tin oxide thin films. Thin Solid Films, 517(17):5146–5150, 2009.
[132] John David Jackson. Classical electrodynamics. Wiley, 1999.
[133] Roald K Wangsness. Electromagnetic fields. Wiley, 1986.
[134] Edward M Purcell and David J Morin. Electricity and magnetism. Cambridge
University Press, 2013.
[135] LD Landau, JS Bell, MJ Kearsley, LP Pitaevskii, EM Lifshitz, and JB Sykes.
Electrodynamics of continuous media, volume 8. Elsevier, 2013.
[136] P. M. Sharp and I. D’Amico. Metric space formulation of quantum mechanical conservation laws. Phys. Rev. B, 89:115137, Mar 2014.
[137] Gerhard Hummer. Electrostatic potential of a homogeneously charged square
and cube in two and three dimensions. Journal of electrostatics, 36(3):285–
291, 1996.
216

Bibliography
[138] BRA Nijboer and Th W Ruijgrok. On the energy per particle in three-and
two-dimensional Wigner lattices. Journal of statistical physics, 53(1-2):361–
382, 1988.
[139] Viktor N Staroverov, Gustavo E Scuseria, Jianmin Tao, and John P Perdew.
Erratum: Tests of a ladder of density functionals for bulk solids and surfaces
[phys. rev. b 69, 075102 (2004)]. Physical Review B, 78(23):239907, 2008.
[140] Dwight E Gray et al. American institute of physics handbook. 1972.
[141] Victor L Cherginets, Vyacheslav N Baumer, Sergey S Galkin, Lidiya V
Glushkova, Tatyana P Rebrova, and Zoya V Shtitelman. Solubility of al2o3
in some chloride- fluoride melts. Inorganic chemistry, 45(18):7367–7371,
2006.
[142] H Ott.

Xi. die strukturen von mno, mns, agf, nis, snj4, srcl2,
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