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Abstract

This Thesis explores the formation of novel phases in Dirac systems that are driven

by strong many-body interactions and collective quantum fluctuations. The central

focus is the half-filled honeycomb lattice, which is the prototypical Dirac semimetal

with low-energy excitations described by Dirac fermions.

Of particular interest are exotic phases of matter that are not favoured at mean-

field but are stabilised by fluctuations. Self-consistent path integral techniques are

used to demonstrate that extended repulsive interactions favour charge order that

breaks translational and other lattice symmetries. This charge order outcompetes

interaction induced topological insulating phases, which are dominant at the mean-

field level. The interacting quantum critical point was found to be near the critical

point of a topological Lifshitz transition.

Interacting Dirac fermions exhibit perhaps the simplest example of fermionic

quantum criticality. Gross-Neveu-Yukawa field theories describe the universality

class of semimetal-insulator transitions, which are driven by on-site and nearest

neighbour repulsive interactions on the honeycomb lattice. The Dirac fermions

couple to the dynamical order parameter fields and play a crucial role in determin-

ing the universal behaviour. Naturally, this variety of criticality is outside of the

Ginzburg-Landau-Wilson paradigm. This idea is extended to include the transla-

tional symmetry breaking charge order. Here it is found that the breaking of crystal

symmetries corresponds to Lorentz violating effective field theories. The criticality

is analysed with the renormalisation group.

The low energy excitations at the topological transition are gapless semi-Dirac

fermionic quasiparticles that disperse linearly in one direction and quadratically in
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the other. The instabilities induced by generic short-range repulsions are investi-

gated. The criticality of this anisotropic system is analysed with the renormalisation

group in two spatial dimensions, and it is found to exhibit anisotropic order parameter

correlations.
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Chapter 1

Introduction

Emergence and universality are two ideas at the heart of modern physics, and in

particular the study of quantum matter. This is a topic that concerns both the

electrons in the most unexceptional of metals, as well as the interiors of neutron

stars [1]. At the heart of the principle of emergence is that "the whole is greater

than the sum of its parts" [2]. This correctly identifies that a macroscopic number

of interacting particles, acting as a collective, can exhibit phenomena that are pro-

foundly different to the properties of the non-interacting constituents. In doing so,

emergent phases of matter are formed. This is particularly true for quantum matter

in which Heisenberg’s uncertainty principle inhibits the distinction of the individual

particles. Such ideas are profoundly important when dealing with the seemingly

unsurmountable task of 1026 electrons, that are all interacting in accordance with

the laws of electromagnetism.

There are many strongly correlated systems that remain enigmatic. These

include the high-temperature superconductors [3] that also exhibit the mysterious

bad metal and pseudogap phases, as well as the quark-gluon plasma that is thought

to have formed within fractions of a second of the Big Bang. There are however

multiple examples of quantum matter that are well understood, such as the transport

of electricity in everydaymetals, and the superfluid phase of low temperature helium.

To a large extent, these phenomena were explained by the two deep insights provided

by Landau: the Fermi liquid and the order parameter [4]. The Fermi liquid theory

posits that interacting fermions, typically in metals, can be described by emergent
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non-interacting fermionic quasiparticles with renormalised properties, such as the

increase of their mass. The concept of the order parameter φ measures long-

range correlations of collective fermionic ψ degrees of freedom φ ∼ 〈ψ†ψ〉, and
characterises the transformation of matter at a phase transition between a disordered,

high symmetry phase (φ = 0) and an ordered, broken symmetry phase (φ , 0).

Another principle of fundamental importance is that of universality, which

dictates that microscopically distinct physical systems can display identical long-

distance, low-energy properties. Universal features are often observed when the

emergent characteristic length scale, the correlation length ξ, is considerably larger

than all microscopic scales of the system. The prototypical example of universality is

a system in the vicinity of a classical finite temperature continuous phase transition.

The system transitions from disordered to ordered as the temperature is lowered past

the critical temperature Tc.

At the critical point, the correlation length diverges as a power law ξ ∼ (T −
Tc)−ν, indicating the system becomes scale invariant, or self-similar, with no well

defined length scale. This universal power law scaling behaviour is also observed

in the growth of the order parameter below Tc, φ ∼ (Tc − T)β, as well as in various

thermodynamic quantities such as the specific heat. Remarkably, it is only the

symmetry of the order parameter and the dimensionality of the system that govern

the universality class of a classical continuous phase transition. Hence, in physically

distinct transitions it is possible to observe the same set of critical exponents, which

include ν and β. A well known example is that the uniaxial ferromagnetic and

liquid-gas transitions both belong to the Z2 Ising universality class.

The culmination of these ideas was the Ginzburg-Landau-Wilson fluctuating

order parameter theory of continuous phase transitions [5] described by the action

SGLW =
∫

φ†(−∂2 + m2)φ + λφ4. (1.1)

The critical properties can be studied systematically within the framework of the

renormalisation group [6–9]. Through this it is understood that dimensionality plays

an important role. In fact, for a given theory there is a critical dimension, above
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Figure 1.1: (a) Generic phase diagram of a continuous quantum phase transition tuned
by a non-thermal parameter such as chemical doping, pressure or interactions
between particles. Above the quantum critical point (QCP) (black dot) is
the quantum critical fan, which persists to high temperatures determined by
microscopic properties of the system. (b) Generic schematic phase diagram
of the cuprate superconductors as a function of temperature and hole doping.
A superconducting dome forms in the vicinity of the quantum critical point
separating the antiferromagnetic insulator at low doping and the metal (Fermi-
liquid) at high doping. The two mysterious non-Fermi liquid phases are the
pseudogap, and strange metal that occupies a wide region reminiscent of the
quantum critical fan. Some phases, such as the charge order, have been omitted
for simplicity. Figure (b) is from Ref. [3].

which Landau’s mean-field theory exactly describes the criticality. However, below

this critical dimension interactions λ and order parameter fluctuations are no longer

negligible, and become more potent as the dimensionality is lowered.

In recent years, the focus has shifted to phase transitions at the absolute zero of

temperature, where the physics is inherently quantum mechanical [1, 10, 11]. These

quantum phase transitions describe the distinct change in the properties of matter

due to a small variation in a non-thermal parameter, such as pressure or chemical

doping, which ultimately change the relative strength of interactions V between the

constituent (quasi-)particles, see Fig. 1.1(a). In the region of the quantum critical

point Vc there is a vanishing characteristic energy scale ∆ ∼ ξ−z ∼ |V − Vc |νz

associated with the diverging correlation length ξ ∼ |V − Vc |−ν. Here z is the

dynamical exponent associated with the relative scaling of space and time, and

governs the ensuing gapless excitations ω ∼ k z.

Surprisingly, the quantum critical region extends to finite temperatures where

the system is ignorant of the finite energy gap kBT � ∆, and is roughly bounded
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by kBT ∼ ∆. Therefore quantum critical fluctuations can persist and dominate the

phase diagram to amazingly high temperatures. Such fluctuations can induce new

types of order, with the prototypical example being the cuprate high temperature

superconductor phase diagram between metallic Fermi liquid and antiferromagnetic

insulator states [3], see Fig. 1.1b. In the vicinity of the antiferromagnetic quantum

critical point, quantum critical fluctuations stabilise the superconducting phase to

remarkably high temperatures. Fathoming the underlying universal mechanisms

that may lead to room temperature superconductivity is an ongoing research area.

Finally, it is worth noting that non-universal physics will set in at energy scales

determined by microscopic properties of the system [12].

There are a growing number of instances where quantum criticality goes beyond

the Ginzburg-Landau-Wilson paradigm, that has had somuch success in the classical

case. A prevalent example, and a central focus of this Thesis, is the impact of gapless

fermionic excitations, such as in a metal or semimetal, that couple to the dynamical

order parameter field. In short, if the fermionic spectrum ε̂ is gapless, then there

is no energy scale on which the fermions can be successfully integrated out in a

controlled manner, without also integrating out all order parameter modes. Without

being overly formal, this can be sketched out with the fermion-order parameter

(Hubbard-Stratonovich) action

S =
∫

ψ†(Ĝ−1 + φ̂)ψ + 1
V
φ̂†φ̂, (1.2)

where Ĝ−1 = ∂̂τ + ε̂ is the fermionic propagator in imaginary time τ ∈ [0, ~/kBT].
Here it is to be understood that in the broken symmetry state 〈φ̂〉 , 0 the previously

gapless fermionic spectrum is now massive ε̂′ ∼ ε̂ + 〈φ̂〉. Although the fermions

can be formally integrated out at criticality, it is highly questionable [13] whether

tr ln(Ĝ−1 + φ̂) may be expanded (when 〈φ̂〉 = 0) to obtain anything even remotely

resembling the Ginzburg-Landau-Wilson action Eq. (1.1)

S →
∫

tr ln(Ĝ−1 + φ̂) + 1
V
φ̂†φ̂ ?
=

∫
φ̂

(
1
V
+ tr ĜĜ

)
φ̂ + tr (Ĝφ̂)4 + · · · . (1.3)
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Another way of thinking about this issue of fermionic quantum criticality, is that

the expansion would assume that there are well defined fermionic quasiparticles,

which is in contradiction to the fact that there are no sharp quasiparticle excitations

in the vicinity of a quantum critical point [1]. The resolution is to treat fermionic

and order parameter fields in Eq. (1.2) on equal footing. Another notable example

of quantum criticality beyond the conventional paradigm is the Landau-forbidden

continuous transition between ordered insulating states with fractionalised critical

excitations, which is known as deconfined quantum criticality [14].

Outline of Thesis

This Thesis explores the formation of novel phases in two-dimensional Dirac systems

that are driven by strongmany-body interactions and collective quantumfluctuations.

The central focus is the half-filled (graphene) honeycomb lattice in two spatial

dimensions, which is the prototypical Dirac semimetal [15]. Remarkably, the low-

energy excitations are well described by linearly dispersing Dirac fermions [16, 17],

which couple to the order-parameter fields and play a crucial role in determining

the universal behaviour [1, 9, 18]. The symmetry breaking leads to the opening of

a gap in the fermionic spectrum and therefore goes hand-in-hand with a semimetal-

to-insulator transition [19, 20]. These nodal semimetals with point-like Fermi

surfaces represent perhaps the simplest example of fermionic quantum criticality.

In high energy physics this has been known for some time, and goes under the

guise of spontaneous fermion mass generation and chiral symmetry breaking in

the Gross-Neveu-Yukawa model [21, 22]. In recent years Gross-Neveu-Yukawa

models and sign-free lattice Quantum Monte Carlo simulations have helped to

push the understanding of fermionic criticality beyond the Ginzburg-Landau-Wilson

paradigm [23–32]. Ultimately, the study of quantum phase transitions in nodal

semi-metals might serve as a stepping stone towards an understanding of quantum

criticality in metals with extended Fermi surfaces [33].

An additional motivation to study Dirac systems is their susceptibility towards

topologically non-trivial phases of matter. An example are the quantumHall insulat-
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ing states that exhibit quantisedHall conductance due to their topologically protected

metallic edge states [34–36]. Indeed, it was on the honeycomb lattice that Haldane

first proposed that there could be quantum Hall states in the absence of Landau level

quantisation, so long as there was amechanism that induced complex chiral hopping,

or equivalently broken time reversal symmetry [37]. This idea was later generalised

to topological insulators that display a quantum spin Hall effect [38–40], which was

brought to experimental fruition in semiconducting heterostructures [36, 41]. Here

the key feature was spin-orbit coupling that induced helical chiral hopping. Even

the semimetallic state has a topological interpretation in which the Dirac points are

vortex-antivortex pairs with opposite chirality [42, 43]. These topological classifi-

cations are also beyond the Ginzburg-Landau-Wilson paradigm, as it is not possible

to construct a local order parameter that distinguishes a non-trivial quantum Hall

state from a topologically trivial band insulator [44]. What’s more, phase transitions

between topologically distinct phases result in critical phases with exotic gapless

excitations [45–48], which imply novel quantum critical properties [42, 49–56].

Chapter 2 presents an introduction to the physics of fermions on the half-

filled two dimensional honeycomb lattice. The remarkable fact that the low-energy

physics is well described by Dirac fermions is demonstrated. The semimetal-

sublattice charge densitywave insulator transition driven by strong nearest neighbour

repulsion is discussed. The Landau free energy is obtained using standardmean-field

theory. An equivalent formulation using the path integral saddle point expansion

is presented. It is demonstrated that even at the mean-field level, the gapless Dirac

fermions play a crucial role, and the universality is not of the standard Ginzburg-

Landau-Wilson mean-field variety.

Chapter 3 concerns the broken symmetry state induced by strong next-nearest

neighbour repulsion on the honeycomb lattice. This work was motivated by the

proposal of Raghu et al. [57] that these interactions could dynamically generate the

complex chiral hopping of the Haldane model. Therefore, the interactions could

spontaneously break the symmetry into non-trivial topological states, referred to

as topological Mott insulating states. This was the first example unifying ideas of
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strongly correlated physics and topological band theory. Further examples on this

theme can be found in recent review articles [44, 58]. The topologicalMott insulating

states turn out to compete with charge ordering that breaks the lattice translational

symmetry at the mean-field level. This competition implies that beyond mean-field

quantum fluctuations are pivotal to determining the phase diagram.

After first introducing Haldane’s model, the fate of the topological Mott in-

sulating states is analysed using a self-consistent path integral method to quadratic

order in the collective quantum fluctuations. An analytical treatment is achieved by

deriving the low-energy theory of the ordering. Although the topological phases are

stable at mean-field, it is concluded that fluctuations induce charge ordering. Sur-

prisingly, the low-energy excitations of the charge ordered broken symmetry state

are found to be of the gapless semi-Dirac form, with linear and quadratic dispersions

along perpendicular axes.

Chapter 4 presents a systematic study of the quantum criticality associated with

the lattice symmetry breaking charge order. This is motivated by the unconventional

low-energy excitations predicted in the fluctuation induced broken symmetry state.

It is first demonstrated that the translational and rotational symmetry breaking charge

order parameters on the lattice, couple to the Dirac fermions in the low-energy effec-

tive field theory as a combination of mass- and emergent non-Abelian gauge fields.

Following this, theWilsonian renormalisation group and scaling analysis framework

to analyse universal properties is introduced. The one-loop renormalisation group

analysis of the Gross-Neveu-Yukawa field theory, relevant to the sublattice charge

density wave, is presented in detail. The coupling to the Dirac fermions plays a

crucial role in determining the quantum critical fixed point, which is endowed with

emergent Lorentz invariance: z = 1 and a single terminal velocity. In addition,

the quasiparticle residue vanishes as a power law indicating the breakdown of well

defined fermionic quasiparticles.

The study of the lattice symmetry breaking field theory then builds upon the

analysis of the Gross-Neveu-Yukawa theory. The former critical fixed point is un-

stable, and the system flows to a new fixed point that breaks the emergent Lorentz
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invariance, indicating new universal behaviour. In addition, lattice symmetry al-

lowed cubic terms in the Landau theory are found to vanish at the critical point.

These terms would otherwise indicate a first-order transition, but are suppressed

by the gapless fermionic excitations, making this an example of fermion-induced

quantum criticality. Finally, perturbing into the broken symmetry state reveals the

system is in the vicinity of a topological critical point hosting semi-Dirac excitations,

consistent with the path integral approach.

Chapter 5 studies the instabilities of a topologically critical system, hosting

semi-Dirac fermions, to strong generic short-range interactions. The ensuing crit-

icality is found to be distinct from that of conventional Dirac fermions, owing in

part to the enhanced density of states. What’s more, the anisotropy in the fermionic

sector induces anisotropy in the order parameter correlations.

Chapter 6 concludes the Thesis and suggests possibilities for further work.



Chapter 2

The Honeycomb Lattice and the

Semimetal-Insulator Transition

In the absence of interactions the two dimensional honeycomb lattice is in a

semimetallic state. At half-filling the low-energy physics is well described by

massless Dirac fermionic quasiparticles. At zero temperature, strong short-range

interactions drive continuous quantum semimetal-insulator phase transitions. Bro-

ken symmetries, such as the sublattice inversion, cause electronic insulating states

in which the Dirac fermions are massive. Even at the mean-field level it is clear that

the gapless Dirac fermions are pivotal in determining the critical behaviour.

2.1 Introduction
Single two-dimensional layers of carbon atoms arranged on a honeycomb lattice,

known as graphene, were successfully synthesised in 2004 [59]. Since then a num-

ber of amazing properties, such as its flexibility and strength, have been discovered,

but here the focus is on the electronic properties. The have opened and inspired new

frontiers in condensed matter physics including topological insulators [36], Dirac

and Weyl topological semimetals [43], and the search for further two-dimensional

materials [60]. The remarkable electronic properties [15, 61] of undoped graphene,

and more generally the honeycomb lattice, occur at the Fermi energy. In this region

the dispersion is conical, and vanishes linearly to a point right at the Fermi energy,

making graphene a semimetal. At this half-filling value, the low-energy physics
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is well described by emergent massless quasirelativistic Dirac fermionic quasipar-

ticles [16, 17]. The linear dispersion with a corresponding vanishing density of

states is distinct from a standard metal, with a typical quadratic dispersion and finite

density of states. From the perspective of strongly correlated physics this suggests

interesting quantum critical properties [19]. Furthermore, there is promising and

rapid progress in capturing this Dirac physics with cold atomic optical lattices [62]

and artificial graphene [63].

In this Chapter introductory remarks are provided on the honeycomb lattice.

Section 2.2 introduces the non-interacting lattice Hamiltonian and tight-binding

dispersion. It is then demonstrated that the low-energy physics of fermions hop-

ping on the lattice are well described by Dirac fermions, and characterised by an

isotropic linear dispersion in the vicinity of the Dirac points. Section 2.3 discusses

the semimetal-sublattice charge density wave insulator transition driven by strong

nearest neighbour repulsion V1. Mean-field theory is used to obtain the effective

Landau free energy. An equivalent formulation is presented using the path integral

saddle point expansion. Section 2.4 concludes this Chapter. The key message is

that even at the mean-field level, the universality is not of the standard Ginzburg-

Landau-Wilson mean-field variety, and the gapless Dirac fermions play a crucial

role.
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Figure 2.1: The two-dimensional honeycomb lattice is a bipartite (A, B) triangular lattice,
with primitive lattice vectors a1,2. The primitive unit cell (grey area) contains
a single A and B site. The fermionic hopping t is between nearest neighbour
sites.
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2.2 Non-Interacting Fermions on the Honeycomb

Lattice

The two-dimensional honeycomb lattice with 2L lattice sites is bipartite with L two

site unit cells on a triangular lattice, and is show in Fig. 2.1. The sites are labelled

by A and B. The primitive lattice vectors are a1 =
√

3a
2 (1,

√
3), a2 =

√
3a
2 (−1,

√
3),

and a(1, 0) connects A and B sites with the lattice constant a. The symmetry

of the honeycomb lattice belongs to the crystallographic point group C6v, which

contains sixfold rotational symmetry and mirror symmetries in the x and y planes.

Throughout this Thesis units where a = 1, Planck’s constant ~ = 1 and Boltzmann’s

constant kB = 1 are used.

The simplest non-interacting tight-binding Hamiltonian is described by the

hopping between nearest neighbour sites

Ht = −t
∑
〈i, j〉
(c†i c j + h.c.), (2.1)

where t > 0 is the hopping amplitude, ci denotes the fermion annihilation operator

on site i, likewise c†i denotes the creation operator, and h.c. stands for Hermitian

conjugate. For simplicity spinless fermions are considered. The fermion operators

have the following anticommutation relations {ci, c
†
j } = δi j , {ci, c j} = 0, {c†i , c†j } =

0. To obtain the spectrum of Ht it is convenient to use the Fourier transform to

momentum space k = (kx, ky),

crσ =
1√
L

BZ∑
k

eik ·rckσ, (2.2)

as the eigenstates are Block waves. Here r = (x, y) is the spatial position, and the

pseudospin index σ = A, B = ±. The sum is over all momentum modes within the

first hexagonal Brillouin zone (BZ), which is defined by the reciprocal lattice vectors
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Figure 2.2: (a) The tight-binding dispersion. The key feature is the conical dispersion at
half-filling located at the corners of the Brillouin zone. At these Dirac points
the low-energy physics is well described by Dirac fermions. (b) The hexagonal
Brillouin Zone. There are two distinct Dirac valleys K± at opposite momenta.
The effective theory is defined up to the ultraviolet cutoff Λ.

b1 =
2π
3a (
√

3, 1), b2 =
2π
3a (−
√

3, 1). Then (up to an inessential phase factor)

Ht = −t
BZ∑
k

©­«
c†
kA

c†
kB

ª®¬
T ©­«

0 1 + e−ik ·a1 + eik ·a2

1 + eik ·a1 + e−ik ·a2 0
ª®¬ ©­«

ckA

ckB

ª®¬ , (2.3)

whereT is the transpose, and the Dirac delta function δ(k1− k2) = L−1 ∑
r ei(k1−k2)·r

has been used. The eigenvalues provide the electronic dispersion

ε(k) = ±t

√√√
3 + 4 cos

(
3
2

kx

)
cos

(√
3

2
ky

)
+ 2 cos

(√
3ky

)
, (2.4)

and from this it can be concluded that the non-interacting honeycomb lattice is

neither a metal, nor an insulator. Instead it is a semimetal with a vanishing density

of states at half-filling D(ε) ∝ |ε |. The dispersion is displayed in Fig. 2.2(a). It

is worth noting that additional hoppings between extended neighbours does not

qualitatively change the low-energy physics at half-filling [15].

2.2.1 Massless Dirac Fermions on the Honeycomb Lattice

The feature of the dispersion that is central to this Thesis is located at the corners of

the hexagonal Brillouin zone. At these Dirac points (although arguablyWeyl points,

the convention in the “graphene” literature [15] is followed in this Thesis) the



2.3. The Sublattice Charge Density Wave Instability 30

dispersion vanishes linearly about the half-filling value ε = 0. Remarkably the low-

energy, long wavelength physics is well described by massless Dirac fermions [16,

17]. This is evident from expanding around the two inequivalent Dirac points

Kτ =
4π

3
√

3
(τ, 0) (τ = ±), shown in Fig. 2.2(b). By doing so the Dirac Hamiltonian is

obtained

Ht = vF

∫ Λ d2k

(2πa)2 Ψ
†(k) k · αΨ(k), (2.5)

where vF = 3ta/2 is the Fermi velocity, and the low-energy theory is defined up to

the ultraviolet cut-off Λ ∼ 1/a. Λ ≥ |k | defines the momentum integration regime

up to which ε(k) = ±vF |k | is a good approximation to the lattice dispersion. For

compactness, the 4-component spinorΨ = (ψA+, ψA−, ψB+, ψB−) and tensor products
αx = σx ⊗ τz, αy = σy ⊗ τ0, are introduced. Here σµ, τµ (µ = 0, x, y, z) are the 4-

vectors of identity and Pauli matrices acting respectively on the sublattice σ = A, B

and valley τ = ± pseudospins.

2.3 The Sublattice Charge Density Wave Instability

At zero temperature, strong repulsive interactions drive continuous quantum

semimetal-insulator phase transitions [19, 64], see Fig. 2.3. Here the instability

to sublattice charge density wave (CDW) order driven by strong nearest neighbour

repulsion V1 is considered in a mean-field treatment of the low-energy model.

V1
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Figure 2.3: Zero temperature phase diagram as a function of the nearest neighbour interac-
tion V1 on the honeycomb lattice. At (V1)c the system undergoes a continuous
transition from the Dirac semimetal into the sublattice charge density wave
(CDW) insulator phase. The charge modulation is shown relative to the half-
filling value.
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The lattice Hamiltonian is

H = −t
∑
〈i, j〉
(c†i c j + h.c.) + V1

∑
〈i, j〉

n̂in̂ j, (2.6)

where n̂i = c†i ci denotes the density operator. From consideration of the classical

limit t → 0, it is clear that there is an energy cost V1 for nearest neighbour A and B

sites to be occupied. Therefore at half-filling in the large V1 limit, it is energetically

favourable for only a single sublattice (either A or B) to be occupied. This phase is

the sublattice, or inversion, symmetry breaking charge density wave (CDW), shown

in Fig. 2.3.

2.3.1 Mean-Field Theory of the Charge DensityWave Transition

The phase transition into the CDW state may be analysed with a mean-field approx-

imation to the many body interaction Eq. (2.6). This proceeds in the charge channel

by re-expressing the fermion bilinear n̂ in terms of the sum of the expectation value

〈n̂〉 and the fluctuations around this δn̂. Then the mean-field decoupled interaction

is

n̂in̂ j = (〈n̂i〉 + δn̂i)(〈n̂ j〉 + δn̂ j),
≈ 〈n̂i〉〈n̂ j〉 + 〈n̂i〉δn̂ j + 〈n̂ j〉δn̂i,

≈ 〈n̂i〉n̂ j + 〈n̂ j〉n̂i − 〈n̂i〉〈n̂ j〉. (2.7)

The mean-field approximation has been applied in the second line, and amounts to

neglecting second order terms in the fluctuations δn̂iδn̂ j . The substitution δn̂i =

n̂i−〈n̂i〉 has been used in the third line. Naturally, the mean-field approximation fails

if the quadratic fluctuation term is not negligible, which is typically the case in the

regime of a quantum critical point unless the number of spatial dimensions is large.

Nevertheless, the mean-field approximation is an instructive first step in analysing

criticality and identifying broken symmetry states. Finally, it is worth noting that an

unbiased decoupling of interacting spinless fermions would include the bond order
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channel c†i c j

n̂in̂ j ≈ 〈n̂i〉n̂ j + 〈n̂ j〉n̂i − 〈n̂i〉〈n̂ j〉 − 〈c†i c j〉c†j ci − 〈c†j ci〉c†i c j + 〈c†i c j〉〈c†j ci〉, (2.8)

but for now this is neglected.

For the nearest neighbour interaction

HV1 = V1
∑
〈i j〉

n̂in̂ j = V1
∑
r

(
n̂rA + n̂r+a1 A + n̂r+a2 A

)
n̂rB, (2.9)

where
∑

r represents the sum over all unit cells (or lattice sites of the triangular

lattice). Under the assumption that the charge order is spatially uniform 〈n̂rσ〉 = 〈n̂σ〉

HV1 ≈
∑
r

〈n̂A〉n̂rB + 〈n̂B〉n̂rA − 3V1〈n̂A〉〈n̂B〉. (2.10)

Following the argument in the classical limit, the CDW ansatz 〈n̂A〉 = ρ0 − φ,
〈n̂B〉 = ρ0 + φ is made. Here φ is the CDW order parameter describing the charge

imbalance between the A and B sublattices, and ρ0 is the average charge occupation,

which for the half-filled lattice is fixed to ρ0 = 1/2. In the following ρ0 is neglected,

as it only acts to linearly shift the free energy. Expanding around the Dirac points,

the low-energy mean-field CDW Hamiltonian is obtained

HCDW = 3V1φ
2 +

∫ Λ d2k

(2π)2 Ψ
†(k) (vFk · α + 3V1φσz ⊗ τ0)Ψ(k). (2.11)

The anticommutation {k · α, φσz ⊗ τ0} = 0 indicates that φ couples to the Dirac

fermions like a mass, and opens an insulating band gap, which can be seen from the

low-energy dispersion (ν = ±)

εν(k) = ν
√
v2

F |k |2 + (3V1φ)2. (2.12)

The excitations in the CDW ordered state are therefore described by massive Dirac

fermions.

To analyse the broken symmetry state, the free energy is calculated and min-
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imised. The zero temperature free energy density is obtained by integrating over the

occupied fermionic spectrum

f = 3V1φ
2 +

∑
τ=±

∑
ν=±

∫ Λ d2k

(2π)2 εν(k)θ(µ − εν(k)). (2.13)

Here the sum τ is over the two Dirac points, θ is the Heaviside step function and µ is

the chemical potential. This standard form of the free energy will be derived using

a path integral approach in the next section.

2.3.2 Path Integral Approach to Mean-Field Theory

Here the mean-field free energy is obtained by means of the coherent state path

integral representation of the fermionic partition function

Z =
∫

D[Ψ†,Ψ]e−S0−SV1 . (2.14)

A detailed discussion of many-body path integration can be found by following

chapters 3, 4 and 6 of the textbook by Altland and Simons [65].

The starting point here is the effective field theory of Dirac fermions The

non-interacting local action of free Dirac fermions, in imaginary time τ, is

S0 =

∫ β

0
dτ

∫
r
Ψ†(τ, r)(∂τα0 + ivFαx∂x + ivFαy∂y)Ψ(τ, r), (2.15)

where α0 = σ0 ⊗ τ0 is the identity and β = 1/T is the inverse temperature. Here

Ψ(τ, r) = T
∑

n

∫ Λ d2k

(2πa)2 e−iωnτ−ik ·rΨ(ωn, k), (2.16)

where ωn = (2n + 1)πT is the fermionic Matsubara frequency. In addition there is

the local interacting action

SV1 = 4V1

∫ β

0
dτ

∫
r
(Ψ†Aτ0ΨA)(Ψ†Bτ0ΨB), (2.17)

where Ψσ = (ψσ+, ψσ−).
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In general, only the path integrals of Gaussian (quadratic) actions are known∫
D[ψ†, ψ]e−

∑
i j ψ
†
i Ai jψj = [det(A)]−ζ, (2.18)

where ζ = 1 for bosonic ψ and ζ = −1 for fermionic (Grassmann) ψ. One procedure

to deal with the quartic interaction terms is the Hubbard-Stratonovich transforma-

tion [66, 67], which is essentially the generalisation of the mean-field decoupling.

This transformation is effectively the field theoretic analogue of completing the

square, but in reverse, for the exponent of the Gaussian integral

exp
(
−x2

)
= (4π)− 1

2

∫
dy exp

(
−y2 − 2ixy

)
, (2.19)

or exp
(
x2

)
= (4π)− 1

2

∫
dy exp

(
−y2 − 2xy

)
. (2.20)

The idea is to decouple the interaction x2 (where x ∼ ψ†ψ is bilinear in the fields of

interest) at the expense of introducing the auxiliary y. It is now possible to perform

Gaussian integrals over the initial fields, which now enter at quadratic order.

The sublatticeCDWhas a finite expectation value 〈Ψ†σz⊗τ0Ψ〉. Thismotivates

rewriting the interaction using the decomposition

4(Ψ†Aτ0ΨA)(Ψ†Bτ0ΨB) = (Ψ†α0Ψ)2 − (Ψ†σz ⊗ τ0Ψ)2. (2.21)

The first term is the uniform density and will be neglected. The transformation

introduces the real auxiliary field φ̂(τ, r) conjugate to Ψ†σz ⊗ τ0Ψ,

e
∫

V1(Ψ†σz⊗τ0Ψ)2 =
∫

D[φ̂]e−
∫ (V1φ̂

2+2V1φ̂Ψ
†σz⊗τ0Ψ). (2.22)

Consequently the action is Gaussian in the fermions. Integrating out the fermions

and using the identity tr ln Â = ln detÂ (obvious in the eigenbasis of Â), the partition

function is

Z =
∫

D[φ̂]etr ln(∂̂τ+ivF ∂̂x+ivF ∂̂y+V1φ̂)−V1
∫
φ̂2
. (2.23)

This result is exact, but to proceed an approximation must be made. The standard
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procedure is to expand around the saddle point defined by δS[φ̂]/δφ̂ = 0, where the

zeroth order expansion reduces to themean-field result, as will now be demonstrated.

As is generally the case, the action is extremised for the constant uniform field

φ̂(τ, r) = φ, and produces the mean-field self consistent solution

δS[φ]
δφ

=
δ

δφ

[
tr ln(∂̂τ + ivF ∂̂x + ivF ∂̂y + V1φ) + V1φ

2] ,
⇒ V1φ = 2

∑
n

∫
d2k

(2π)2
V1φ

ω2
n + v

2
F |k |2 + (V1φ)2

,

=
∑
ν=±

∫
d2k

(2π)2
V1φnF(εν(k))
|εν(k)| . (2.24)

In the zero temperature limit this reduces to the same result that would be obtained

from the mean-field free energy Eq. (2.13).

With the saddle point solution, the mean-field free energy can be obtained

directly from f = −T ln Z ,

f = V1φ
2 − T

∑
n

∫
d2k

(2π)2 ln det[β(−iω̂n + vF k̂ · α + V1φσz ⊗ τ0)],

= V1φ
2 − T

∑
τ=±

∑
ν=±

∫
d2k

(2π)2 ln
(
1 + e−βεν(k))

)
. (2.25)

As claimed, in the zero temperature limit this reduces to Eq. (2.13). The final

result has been obtained following standard procedures. First it can be verified

that det(−iω̂n + Ĥ) = ∏
a(−iω̂n + ε̂a) by diagonalising Ĥ to obtain the matrix of

energy eigenvalues ε̂a (with the correct unitary transformation). Then the properties

of the logarithm allows for log[∏a(−iω̂n + ε̂a)] =
∑

a log(−iω̂n + ε̂a). Finally

the Matsubara sum is evaluated using complex integration involving an auxiliary

function with poles at z = iωn. This is a standard result whose lengthy step-by-step

calculation can be found in Chapter 4 of [65].
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2.3.3 Analysis of the Effective Free Energy

At half-filling (µ = 0) and zero temperature, only the negative energies ε− are

integrated over in Eq. (2.13). Therefore

f = 3V1φ
2 − 2

∫ Λ d2k

(2π)2
√
v2

F |k |2 + (3V1φ)2,

= 3V1φ
2 −

[(vF k)2 + (3V1φ)2
] 3

2

3πv2
F

����Λ
0
,

= 3V1φ
2 +

9V3
1 |φ|3
πv2

F

−
[(vFΛ)2 + (3V1φ)2

] 3
2

3πv2
F

. (2.26)

It is crucial to recognise that the non-analytic cubic term |φ|3 has been generated

from the gapless nature of the Dirac fermions in the infrared limit k → 0, and the

vanishing density of states [1]. This is unusual, and would not appear in the standard

symmetry based Landau expansion of the free energy, which assumes that the free

energy is an analytic function of the order parameter.

From the expansion in the critical region vFΛ � V1φ, the bounded Landau free

energy is

f =
a
2
φ2 +

b
3
|φ|3 + O(φ4), (2.27)

with

a = 6V1

(
1 − 3V1Λ

2πvF

)
and b =

27V3
1

πv2
F

. (2.28)
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Figure 2.4: A sketch of the Landau free energy f = a
2 φ

2 + 1
3 |φ|3 for: a > 0, where the

system is in the high symmetry state with the minimum (φ)c = 0; a = 0, where
the system is critical; a < 0 where the system has undergone a continuous
transition into the broken symmetry state with minima ±(φ)c = ∓a.
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The free energy is sketched in Fig. 2.4. The free energy is critical when

∂2 f
∂φ2

����
φ=0
= 0⇒ a = 0⇒ (V1)c = 2πvF

3Λ
. (2.29)

Theminimisation of the free energy determines the properties of the order parameter

and it’s scaling

∂ f
∂φ
= 0⇒ (φ)c = −a

b
∝ V1 − (V1)c ⇒ β = 1. (2.30)

Here the standard definition (φ)c ∝ (V1 − (V1)c)β has been used to extract the critical
exponent β = 1.

2.4 Discussion
The conclusion is that the mean-field semimetal-insulator transition does not belong

to the standardGinzburg-Landau-Wilsonmean-field universality class with β = 1/2.
This would correspond to f = aφ2 + cφ4. Instead it suggests that the universality

is beyond the Ginzburg-Landau-Wilson order-parameter paradigm, and that the

gapless fermions play an important role. In fact, this result can be thought of as the

“mean-field” of the Gross-Neveu-Yukawa universality class, which is perhaps the

best understood example of fermionic quantum criticality. This will be discussed in

detail in Chapter 4.



Chapter 3

The Fate of the Topological Mott

Insulator

The topological chiral nature of the Dirac fermions in a semimetal allows for topo-

logically non-trivial insulating states. Remarkably, extended repulsive interactions

on the honeycomb lattice can dynamically induce such quantum Hall states, dubbed

topological Mott insulators. However these phases turn out to be in competition

with novel charge order. Naturally, quantum fluctuations would play a crucial role

in determining the exotic phase behaviour. In this Chapter the impact of collective

Gaussian quantum fluctuations are self-consistently examined using a path integral

approach. The results are convincingly consistent with the general consensus of

numerical lattice calculations: charge order is favoured over the topological Mott

insulator. In the vicinity of the quantum critical point, the low-energy excitations

of the charge ordered state are found to be massless semi-Dirac quasiparticles. The

original work in this Chapter was published in Hidden Charge Order of Interact-

ing Dirac Fermions on the Honeycomb Lattice, E. Christou, B. Uchoa, F. Krüger,

Physical Review B, 98, 161120 (Rapid Communications) (2018) [68]

3.1 Introduction
The extended, half-filled Hubbard model on the honeycomb lattice exhibits a rich

phase diagram, even at mean-field level [57, 69, 70]. The low-energy Dirac exci-

tations [61] couple to the order-parameter fluctuations, and are known to change

https://journals.aps.org/prb/abstract/10.1103/PhysRevB.98.161120
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Figure 3.1: Schematic phase diagram of the half-filled Hubbard model on the honeycomb
lattice. The on-site and nearest neighbour repulsions U and V1 induce anti-
ferromagnetic (AFM) and charge-density wave (CDW) states, respectively. At
large next-nearest neighbour interactionsV2, there is phase competition between
a topological Mott insulator and charge-ordered states with enlarged unit cell
(CDW3). The charge modulation is shown relative to half filling.

the universal critical behaviour to that of the Gross-Neveu-Yukawa (GNY) [21, 22]

variety. For the transitions from the Dirac semimetal to the antiferromagnetic Mott

insulator (see Fig. 3.1), driven by the on-site Hubbard repulsion (U), and to the

sublattice charge density wave (CDW) Mott insulator, driven by nearest neighbour

repulsion (V1), this has been well understood through a combination of the renor-

malisation group studies of the low-energy theories [19, 20, 71, 72], and sign-free

quantum Monte Carlo simulations on the lattice [26, 64, 73–77].

Remarkably, topological phases appear to be favourable for strong next-nearest

neighbour interactions V2 [57], which can stabilise Haldane’s quantum anomalous

Hall state in the spinless model [37], as well as the Kane-Mele quantum spin

Hall phase in the spinful case [38, 39]. Those topological Mott insulating states

nevertheless compete with unconventional CDW3 charge order, see Fig. 3.1, that

extends beyond the honeycomb unit cell [70]. Note that in the literature this phase is

sometimes referred to as the sublattice charge modulated (CMs) phase. Due to this

competition, it is natural to expect that quantum fluctuations will play a crucial role
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FIG. 3. (Color online) (Left) Phase diagram obtained with iDMRG calculations on an infinite cylinder of circumference Ly = 12, χ =
1600. The phase boundaries, especially at second-order transitions (see Sec. IV), are to be taken with some error, which can be estimated from
Figs. 4 to 8. We draw sharp lines here for better clarity. (Right) Representative charge and bond strength patterns for the four phases with largest
unit cell discussed in the main text. The area of the blue circles is proportional to the particle number expectation value on the respective site
given by Eq. (2). The thickness of the ellipsoids on the bonds is proportional to the amplitude tij between nearest neighbors defined by Eq. (3).
The unit cells for each phase are depicted by the red polygons. These correspond to (a) CMs phase with V1/t = 0.8,V2/t = 3.2; (b) Kekulé
phase with V1/t = 5.6,V2/t = 1.6; (c) CDW II phase with V1/t = 5.6,V2/t = 3.2; (d) CDW III phase with V1/t = 9.2,V2/t = 2.5. For (c)
dashed lines indicate defect lines of rotated hexagons that have zero energetic cost in the classical limit (see main text).

Hamiltonian for this system can be written as

H = −t
∑

⟨i,j⟩
(c†

i cj + H.c.) + V1

∑

⟨i,j⟩
ninj + V2

∑

⟨⟨i,j⟩⟩
ninj ,

(1)

where ci (c†
i ) annihilates (creates) an electron at the ith site of

the honeycomb lattice.
In order to find the ground state of the system in the {V1,V2}

phase space, we employ the iDMRG algorithm [24– 26] on an
infinite-cylinder geometry (see Fig. 1). As discussed above,
such infinite geometry makes it possible to probe ground
states with spontaneous symmetry breaking while taking into
account quantum fluctuations. Feasible system sizes for our
purposes are cylinders of circumference Ly = 6, 8, 10, and
12, given the exponential growth of computational cost with
the circumference. For our calculations we choose Ly = 12
and a unit cell of 36 sites depicted in Fig. 1.

We pick this geometry for the following two reasons.
First, we have to keep in mind the structure of the reciprocal
space. Since we work in the thermodynamic limit in the x
direction along the cylinder, the momentum in the x direction
is a continuous quantity. However, in the finite y direction
around the cylinder, the momentum is a discrete variable. In
the noninteracting case, the model forms a Dirac semimetal
and the Fermi surface is located at the K and K′ points [34].
In order to capture the low-energy physics correctly, it is of
key importance that K and K′ are allowed momenta in our
unit cell, which implies that only Ly = 6 and 12 are suitable
circumferences of our cylinder. Second, we have the freedom
of fixing the length of our unit cell in the x direction since the
computational for that only scales linearly. By choosing three
rings of 12 sites each, all orders are commensurate with our
unit cell and a further enlargement would not lead to different
results in the parameter region we investigated. All data we
show in the remainder of the text are computed for Ly = 12
and bond dimension χ = 1600 unless otherwise stated.

III. PHASE DIAGRAM

We have mapped the phase diagram as a function of
{V1,V2} with the method described above. Our main results
are summarized in Fig. 3. We find six different phases: two
new charge ordered phases labeled CDW II and CDW III and
four previously reported mean-field orders, the Kekulé, CMs,
CDW I, and semimetal phases.

We have characterized each phase through their charge and
bond ground-state expectation values. At each site the charge
expectation value is defined by

ni = ⟨c†
i ci⟩. (2)

The bond ground-state expectation value, on the other hand, is
defined as

tij = ⟨c†
i cj + H.c.⟩. (3)

Next we discuss the features of the different phases in the
phase diagram in Fig. 3.

A. Semimetal phase

We start by discussing the semimetal phase in the phase
diagram shown in Fig. 3. At V1/t = V2/t = 0 the honey-
comb lattice with nearest-neighbor hopping its known to be
described by a low-energy theory in terms of two massless
Dirac fermions [34]. Short-range interactions are irrelevant
in the renormalization group sense [35,36] and therefore
they can only drive a transition to an ordered state when
they have a magnitude comparable to the nearest-neighbor
hopping strength t . Such perturbative analysis guarantees that
the semimetal is stable within the region {V1,V2} ! t , only
allowing for a uniform renormalization of the hopping strength
t by interactions.

For the semimetal phase in Fig. 3, and to numerical
accuracy, we find by computing the charge expectation value
(2) that ni = 1/2 for all sites, indicating that this phase is not
charge ordered.
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FIG. 1. (Color online) Unit cell and mean-field parameters of our model. In each panel we show 9 distinct effective hoppings, making up a
total of 27 (see Appendix A 1).

in Fig. 1. In addition, there are six local energy terms (three
per sublattice, ρA and ρB), of which only five are independent
due to charge conservation. See Appendix A 1 for details.

Using the variational mean-field approach, one finds the set
of 33 = 3 × 9 + 6 mean-field equations that, complemented
by charge conservation, determine the mean-field parameters
and the chemical potential µ (see Appendixes A 2 and A 3).
The mean-field equations read as

ξij = −V1

N

∑

k

γ
ij
k ⟨b†

j (k)ai(k)⟩MF, (6)

χA,δ
ij = −V2

N

∑

k

λA,δ
k,ij ⟨a

†
j (k)ai(k)⟩MF, (7)

χB,δ
ij = −V2

N

∑

k

λB,δ
k,ij ⟨b

†
j (k)bi(k)⟩MF, (8)

ρA
i = V1nB + 3V2nA − 3V : 2nA

i , (9)

ρB
i = V1nA + 3V2nB − 3V2n

B
i , (10)

where λA,δ
k,ij , λB,δ

k,ij are phase factors analogous to γ
ij
k defined

in Eq (3), nc
i = 1

N

∑
k⟨c

†
i (k)ci(k)⟩MF and nc =

∑3
i=1 nc

i with
c = A,B. Detailed expressions for these matrices can be found
in Appendix A 2. The notation ⟨. . .⟩MF means average in the
macrocanonical ensemble taking the mean-field Hamiltonian
in the Boltzmann factor.

In order to obtain the mean-field phase diagram, we solve
the mean-field equations self-consistently (see Appendix A 3)
and take the solution (if more than one is obtained) that
minimizes the free energy in Eq. (A10) (see Appendix A 4).
Care must be taken with charge-like order parameters, Eqs. (9)
and (10). Due to the frustration introduced by NNN interaction,
these order parameters may flow to a non-self-consistent
solution where the charge-like order parameters in different
sublattices interchange at each step. Apart from this subtlety,
getting a solution is straightforward.

We will analyze first the phase diagram obtained at half-
filling, which is interesting on its own and later discuss the
modification introduced in the V2 = 0 case by the charge
decoupling. We will see that the charge modulated phases
wash out the topologically nontrivial phases. Finally, we see

how these are restored by the inclusion of the second-neighbor
interaction.

A. Half-filling

Let us first analyze the half-filled case, where n ≡ nA +
nB − 3 = 0. This case provides a test to the present mean-field
analysis, since a similar approach, also using a 6-atom unit
cell, has been taken in Ref. 29. For comparison, we show the
phase diagram obtained in Ref. 29 in the left panel of Fig. 2.
In the right panel of Fig. 2, we can see the phase diagram of
the present work (we use the same color code). We plot the
different phases (that will be described in what follows) as a
function of the interaction strength V1 and V2 in units of the
hopping parameter t . The half-filled case was first explored
in the original lattice in Ref. 25 and nontrivial topological
phases were already encountered for values of the interaction
V2 > V1.

For V1 ! 1.5t and V2 ! 2t , the two phase diagrams
coincide. For V1 " 1.5t , however, we find that the semimetallic
(SM) and the charge density wave (CDW) phases are robust
against the Kekulé phase. The Kekulé phase is characterized
by an alternating bond strength as shown schematically in
the inset of the left-hand side of Fig. 3. This distortion is
important in the physics of graphene because it opens a gap
in the spectrum breaking the translational symmetry of the
original honeycomb lattice while preserving time reversal (T )

FIG. 2. (Color online) (Left) Mean-field phase diagram for the
half-filling case reproduced from Ref. 29. The various phases are
described in the text. SM means semimetal. (Right) Mean-field phase
diagram obtained in present work. Lines are guides to the eyes. CMs
stands for the charge modulated phase discussed in the text.
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be suppressed; instead, we consider the possibility of gen-
erating bond order by defining the following order parame-
ter for i, j next nearest neighbors: !ij ! !"ji ! hcyi cji. Let
a1, a2, a3 be the nearest-neighbor displacements from a B
site to an A site such that z # a1 $ a2 is positive. We also
define the displacements b1 ! a2 % a3, b2 ! a3 % a1,
etc., which connect two neighboring sites on the same
sublattice (Fig. 1). A translational and rotational invariant
ansatz of !ij is chosen as

 !i;i&bs !
!
!A ! j!jei"A ; i 2 A
!B ! j!jei"B ; i 2 B

; (2)

which are complex scalars that live along the directed
second-neighbor links. The real and imaginary parts of
!ij break different discrete symmetries and are thus dis-
tinct order parameters: Re'!ij( breaks particle-hole sym-
metry, Im'!ij( breaks time-reversal symmetry, and both
break the C6v point-group symmetry when "A &"B ! 0.

Because of translational symmetry, the mean-field free-
energy at T ! 0 is readily obtained:
 

F'#;!; !";"( ! %
X

k

""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""
jt'k(j2 & 'V1#& 2V2j!jSk& !"S"(2

q

& 3L2'V1#2 & 2V2j!j2(: (3)

Here, t'k( ! P3
n!1 exp'ik # an(, !" ! '"A &"B(=2, " !

'"A % "B(=2, Sk& !" !
P3
n!1 sin'k # bn & !"(, S" ! sin".

Thus, the next-neighbor hopping amplitudes are purely real
only when both " ! 0 and !" ! 0.

When both # and ! ! 0, and at half-filling, the system is
a semimetal with two Fermi pointsK) that obeyK) # bi !
) 2$=3 and the density of states vanishes linearly; the
dispersion in the vicinity of these so-called Dirac points
is governed by a 2D massless Dirac Hamiltonian in k
space. The CDW phase corresponds to an ordinary insula-
tor with a gap at the Fermi energy. As for !, its phase
relative to the nearest-neighbor hopping amplitude plays
an important role in determining its properties: while a
nonzero Re'!(merely shifts the energy of the Dirac points,
a nonzero imaginary part Im'!( opens a gap at the Fermi
points. Thus, when the system remains at half-filling, it is
more favorable to develop purely imaginary next-neighbor
hopping amplitudes; such a configuration corresponds to a
phase with spontaneously broken time-reversal symmetry.

To see whether such a phase can be favored, we mini-
mize the free-energy and arrive at the following self-
consistent equations:

 # ! 1

6L2

X

k

V1#& 2V2!Sk& !"S""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""
jt'k(j2 & 'V1#& 2V2!Sk& !"S"(2

q ; (4)

 ! ! S"
6L2

X

k

Sk& !"'V1#& 2V2!Sk& !"S"("""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""
jt'k(j2 & 'V1#& 2V2!Sk& !"S"(2

q : (5)

Because of the vanishing density of states near the Fermi

points, there is no instability towards any order with infini-
tesimal interactions. Interestingly, the self-consistent equa-
tion for ! shows that a nontrivial solution can occur only
when " ! 0, when V1 ! 0, beyond a critical value of
V2c > 0, which satisfies

 

1

V2c
!
S2
"

3L2

X

k

S2
k& !"

jtkj
; (6)

a phase in which j!j> 0 , !" ! 0, and " ! ) $=2 is
favored. Thus, the system acquires purely imaginary
second-neighbor hoppings and breaks time-reversal sym-
metry. In the vicinity of this saddle point, fluctuations in
both !" and " are gapped. This configuration is stable at
finite V1 and thus does not require fine-tuning (see Fig. 2).
The band insulator version of the CDW state was consid-
ered in Ref. [15], while the quantum Hall (QH) state on a
honeycomb lattice was considered in Ref. [5]. The phase
with nonvanishing imaginary ! is precisely equivalent to
the model in Ref. [5]. In this phase, the filled band has a
nonzero Chern number [11] and is an integer quantum Hall
effect phase that is realized without Landau levels [5]. QH
states without Landau levels are referred to here as the
QAH states. However, the topologically nontrivial gap for
the QAH state arises here from many-body interactions,
and we shall refer to such states as topological Mott
insulators.

The mean-field phase diagram is shown in Fig. 2. There
is a continuous transition from the semimetal to either the
CDW or the QAH phase, and there is also a first-order
transition from the CDW to the QAH phase that terminates
at a bicritical point. By integrating out the fermionic fields,
it is possible to construct a Landau-Ginzburg (LG) theory
near the semimetallic region. Because of the linear disper-
sion of the Fermi points, the LG free-energy contains
anomalous terms of the form j#j3 and jIm'!(j3 [16].
Thus, even within mean-field theory, the CDW order pa-

0 0.5 1 1.5 2
0

1

2

3

4

V
1

V
2

SM

QAH

CDW

FIG. 2 (color online). Phase diagram for spinless fermions
(t ! 1). The semimetallic (SM) state that occurs at weak cou-
pling is separated from the CDW and the topological QAH states
via a continuous transition. The line separating the QAH and
CDW marks a first-order transition, which terminates at a
bicritical point.
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Figure 3.2: The evolution of the phase diagram of spinless fermions on the honeycomb
lattice interacting with nearest neighbour V1 and next-nearest neighbour V2 re-
pulsions. Phases include: Dirac semimetal (SM), sublattice charge densitywave
insulator (CDW/CDW I), Haldane’s quantum anomalous Hall insulator (QAH),
translational and rotational symmetry breaking charge order (CDW3/CMs),
bond ordered Kekulé valence bond solid insulator (K). The phase diagrams are
for: (a) Mean-field theory in the standard A − B sublattice basis, adapted from
Raghu et al. [57]. (b) Unbiased numerical mean-field theory on the enlarged
unit cell, indicating competing CDW3 order, adapted from Grushin et al. [70].
(c) Infinite density matrix renormalisation group, as a representative for beyond
mean-field numerical simulations, adapted from Motruk et al. [83]. The key
point is the absence of the QAH phase. Note that the phases marked CDW II
and CDW III break additional translational symmetries, but are not discussed
here.

in determining the fate of the topological phases. In particular, there are additional

soft fluctuations associatedwith the breaking of continuous spin rotational symmetry

in the QSH phase. Unfortunately, the sign problem for large V2 prevents the use

of quantum Monte Carlo methods [78]. Extensive numerical research into spinless

[79–84] and spinful [85–88] models using exact diagonalisation, variational Monte

Carlo, infinite density matrix renormalisation group, and functional renormalisation

group have been pivotal to determine the phase behaviour. Fig. 3.2 illustrates the

evolution of the numerical phase diagram for the spinless case. Mean-field and some

early numerical simulations supported the existence of the topological phases, but

simulations with increased resolution supported the charge order. Further details

are covered in the recent review article on this subject [89].

In this chapter the role of beyond mean-field collective quantum fluctuations for

the phase competition along the V2 axis is analytically examined. As a preliminary

discussion, Section 3.2 introduces Haldane’s model of quantum anomalous Hall

insulators. The original work begins in Section 3.3 (topological Mott insulator)
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and Section 3.4 (CDW3 charge order), where the effective low-energy description

of the broken symmetry states is derived, and analysed at the mean-field level. In

Section 3.5 the leading instabilities are analysed in the presence of long-wavelength

order parameter fluctuation fields via a path integral approach. The analytic results

presented in Section 3.6 are convincingly consistent with the general consensus of

numerical lattice calculations, which suggest that CDW3 order is favoured over topo-

logical Mott insulating phases. The low-energy excitations of this CDW3 ground-

state are massless semi-Dirac quasiparticles [45, 47], which disperse linearly in one

direction and parabolically in the other.

This chapter ends with a discussion in Section 3.7. It is concluded that the

onset of CDW3 order does not produce a many-body Mott gap, but rather a novel

“hidden” metallic order. Naturally, this suggests the transition is not of the typical

Gross-Neveu-Yukawa variety, and motivates a study of the quantum critical point,

which appears in Chapter 4 of this Thesis.

3.2 Haldane’s Model: Quantum Hall Effect Without

Landau Levels
In a strong magnetic field, the two dimensional electron gas exhibits the integer

quantum Hall effect [34]. A strong magnetic field induces Landau level quantisation

intomacroscopically degenerate electronic energy levelswith εn = (n+1/2)~eB/mc.

Naively the Hall conductivity σH = Ce2/h is found to depend on the number C of

filled Landau levels. However this quantisation persists against perturbations such

as disorder. It was realised by Thouless et al.[35] that this quantisation can be

explained by a topological property of the electronic wavefunction. More so, that

quantum Hall states are characterised by a topological invariant as opposed to

the spontaneous symmetry breaking of a local order parameter. This topological

invariant is known as the TKNN integer, or more generally the Chern invariant.

Following this, Haldane [37] realised that the integer quantum Hall state could

exist without Landau level quantisation. Rather the system had to break time

reversal symmetry. Remarkably, Haldane’s idea has been experimentally verified
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Figure 3.3: Haldane’s model with a staggered a, b flux pattern that is used to break time
reversal symmetry. The flux pattern is constructed such that there is no net
flux through the honeycomb plaquette. Fermions hopping between next-nearest
neighbours t2 gain a Berry phase ϕ from anticlockwise hops around the pla-
quette, and −ϕ from clockwise hops. Where as for nearest neighbour hopping
t there is no additional phase, as there is no net flux through the plaquette.

with ultracold fermions on an optical honeycomb lattice [90].

Haldane proposed a model of non-interacting spinless fermions on the half-

filled honeycomb lattice, in the presence of a staggered magnetic field. The field

was constructed with zero net flux per plaquette, as is shown in Fig. 3.3, and this

implies a periodic magnetic vector potential. Due to the field a fermion would gain

an additional Berry phase [91] exp(±iϕ) upon hopping to a next-nearest neighbour.

The sign of the phase is dependent on whether the fermion made a left or right

turn. This is related to the Aharanov-Bohm effect [92], where an electron state

gains an additional relative phase e
~

∮
dr · A on orbiting a solenoid with associated

magnetic vector potential A. In the case of Fig. 3.3, the additional phase factor for

a next-nearest neighbour hop is ϕ = 2π(2Φa + Φb)/Φ0, where Φa,b are the fluxes

through the unit cell and Φ0 = h/e is the magnetic flux quantum.

3.2.1 The Haldane Model

This phenomena is encapsulated by the Haldane model

HH = −t
∑
〈i j〉

(
c†i c j + h.c.

)
−

∑
〈〈i j〉〉

(
t2eiϕi jc†i c j + h.c.

)
, (3.1)

with complex chiral next-nearest neighbour hoppings t2eiϕi j . Here ϕi j = ϕ if the

hopping is in the anti-clockwise direction around a plaquette, and ϕi j = −ϕ if it is

clockwise. It is evident that the complex hopping breaks time reversal symmetry
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(for ϕ , nπ with integer n): a fermion hopping in the clockwise direction is no

longer equivalent to a fermion hopping in the anticlockwise direction (or a fermion

hopping backwards in time).

Here the case of ϕ = π/2 is discussed. Deviation from this introduces a real

part to the hopping that breaks the particle-hole symmetry, but does not change the

conclusions. In the momentum representation

HH = −
BZ∑
k

©­«
c†
kA

c†
kB

ª®¬
T ©­«

t2s(k) t(1 + e−ik ·a1 + eik ·a2)
t(1 + eik ·a1 + e−ik ·a2) −t2s(k)

ª®¬ ©­«
ckA

ckB

ª®¬ , (3.2)

where s(k) = 2[sin k · a1 − sin k · a2 − sin k · (a1 − a2)]. The spectrum is

ε(k) = ±t

√√√
3 + 4 cos

(
3
2

kx

)
cos

(√
3

2
ky

)
+ 2 cos

(√
3ky

)
+

[ t2
t

s(k)
]2
. (3.3)

Similar to the CDW, breaking the time-reversal symmetry with finite t2 opens a gap

in the spectrum at the Dirac points. Although the CDW and Haldane dispersions

look similar, the fermionic wavefunction and topological properties are different.

These properties are transparent in the low-energy theory, in which the Haldane

term mH = 3
√

3t2 also couples like a mass to the Dirac fermions

H =
∫ Λ d2k

(2π)2 Ψ
†(k) [vFk · α + σz ⊗ (mCDWτ0 + mHτz)]Ψ(k). (3.4)

The valley (τ) dependence of the mass mHσz ⊗ τz is a manifestation of the time

reversal symmetry breaking, as under time reversal k → −k implying that the Dirac

points are time reversed pairs with K+ → K−. More formally, the time reversal

operation is the antiunitary operator T = σ0 ⊗ τxK (along with k → −k), whereK
is complex conjugation [93]. Then it is evident that under T

mHσz ⊗ τz → T −1mHσz ⊗ τzT = −mHσz ⊗ τz, (3.5)

hence time reversal symmetry is broken. In contrast, the CDW term preserves time
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reversal symmetry with mCDWσz ⊗ τ0 → mCDWσz ⊗ τ0. Ultimately, Haldane’s state

with broken time reversal symmetry is topologically non-trivial, as is shown in the

following.

3.2.2 Calculation of the Topological Chern Invariant

It is convenient to analyse the two Dirac points (τ = ±) separately (temporarily

working in units with vF = 1) with Hamiltonian

Hτ(k) = τkxσx + kyσy + (mCDW + τmH)σz . (3.6)

This can be mapped from k to a three dimensional space Hτ(k) = hτ(k) · σ with

the unit vector field [36, 91]

hτ(k) =
(
kx, ky,mCDW + τmH

)√
|k |2 + m2

CDW + m2
H

, (3.7)

and σ = (σx, σy, σz). For a two level system the Berry flux Ωτ, perpendicular to the

two dimensional k surface, is defined as

Ωτ(k) = 1
2
(∂kxhτ × ∂kyhτ) · h, (3.8)

and is equal to half the solid angle element of the mapping hτ. Therefore the integral

of the total Berry flux Ω+ + Ω− is an integer multiple of 2π, and this integer is the

topological Chern invariant

C =
∑
τ=±

∫ Λ→∞ d2k

2π
Ωτ(k),

=
∑
τ=±

∫ Λ→∞ d2k

4π
τ (mCDW + τmH)(
|k |2 + m2

CDW + m2
H

) 3
2
,

=
∑
τ=±

τmCDW + mH

2
√

m2
CDW + m2

H

. (3.9)

Clearly, each gapped Dirac point contributes half a Chern number, but whether or

not this results in a finite Chern number depends on the symmetry that is broken.
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The CDW insulator mCDW , 0, mH = 0 is topologically trivial with C = 0. Where

as when mCDW = 0, mH , 0 the state is topologically non-trivial with C = sign(mH).
Haldane’s quantum Hall state from time-reversal symmetry breaking is known as

the Chern insulator.

3.2.3 Topologically Non-Trivial Insulators

The Chern insulator exhibits the quantum anomalous Hall effect: quantised Hall

conductance in the absence of a magnetic field. This is analogous to the anomalous

Hall effect observe by Hall in ferromagnetic materials with no external magnetic

field [94]. The quantised conductance is transported by a single topologically

protected gapless chiral edge mode. This can be understood as a consequence of the

bulk-boundary correspondence: metallic states must exist at the interface between

topologically distinct insulating states. This edge mode can be seen in the spectrum

of a tight-binding model solved on a finite strip geometry.

Some time later, Haldane’s idea was generalised to include spin by Kane and

Mele [38, 39]. In this case intrinsic spin-orbit coupling, or helical (spin dependent

chiral) next-nearest neighbour hopping, generates amass termmKMs⊗σz⊗τz, where

s = (sx, sy, sz) are the Pauli matrices acting in real spin space s =↑, ↓. A finite mKM

corresponds to a state with C = 0, but a finite Z2 topological invariant [36]. This

state is known as the two dimensional topological insulator or quantum spin Hall

insulator that exhibits the quantum spin Hall effect. Assuming spin is a conserved

quantity, the quantised spin Hall conductance is transported by counter-propagating

spin-polarised helical edge states. The spin-polarised Chern numberCQSH = C↑−C↓

in the same vein as the standard definition of spin-current jspin = j↑ − j↓.

The following discussion is concerned with the possibility that strong interac-

tions can dynamically generate complex chiral/helical hopping and spontaneously

break the symmetry into states with non-trivial topological classifications.

3.3 Topological Mott Insulator
Raghu et al. [57] devised a mean-field decoupling of the next-nearest neighbour

repulsive interaction on the honeycomb lattice that dynamically generated the Hal-
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dane andKane-Mele terms. Here this is reviewed and the effectivemean-field theory

derived for these topological Mott insulating states.

3.3.1 Bond Order Decoupling
To begin, the next-nearest neighbour interaction V2 is mean-field decoupled in the

bond order channel 〈c†i c j〉 as follows

HV2 = V2
∑
〈〈i, j〉〉

n̂in̂ j ,

= −V2
∑
µ

∑
〈〈i, j〉〉
(c†i sµc j)(c†j sµci) ,

≈ V2
2

∑
µ

∑
〈〈i, j〉〉
〈c†i sµc j〉〈c†j sµci〉 − 〈c†i sµc j〉(c†j sµci) − 〈c†j sµci〉(c†i sµc j) . (3.10)

Here sµ = (s0 , s) is the 4-vector acting on ci = (ci↑ , ci↓), s0 is the identity in spin

space and µ-sums are over µ = 0, x, y, z. It is expedient to apply the translationally

invariant, sublattice dependent, and purely imaginary ansatz 〈c†i sµc j〉 = iχµσz, with

χµ a real valued 4-vector order parameter. This ansatz for the bond order is known

to minimise the free energy [57], as it was found that there is an associated energetic

cost to any real part of 〈c†i sµc j〉, which breaks the particle-hole symmetry. Notice

that this maps the µ = 0 directly onto Haldane’s model Eq. (3.1) with t2 ↔ V2χ
0 for

ϕ = π/2. Likewise, the µ = x, y, z maps onto the Kane-Mele hopping.

3.3.2 Effective Theory and Landau Free Energy
The effective mass terms are obtained by expanding around the Dirac points

Hχ =
∑
µ

3V2χ
µχµ +

3
√

3V2
2

∫ Λ d2k

(2π)2 Ψ
†(k)χµsµ ⊗ σz ⊗ τzΨ(k), (3.11)

with the eight component spinor

Ψ = (ψ↑A+, ψ↑A−, ψ↑B+, ψ↑B−, ψ↓A+, ψ↓A−, ψ↓B+, ψ↓B−). (3.12)

The singlet (µ = 0) component of χµ describes the order parameter of Haldane’s

quantum anomalous Hall (QAH) or Chern insulator phase, which spontaneously
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breaks time reversal symmetry, opening a Mott gap at the Dirac points. Simi-

larly, a non-zero triplet component (µ , 0) describes the Kane-Mele quantum spin

Hall (QSH) or topological insulator state, which spontaneously breaks SU(2) spin-
rotational symmetry but preserves time reversal symmetry. The electron mean-field

dispersion takes the same form in both phases,

εsτ(k) = ±
√
v2

F |k |2 +
∑
µ

(
3
√

3V2χµ/2
)2
. (3.13)

The dispersion is degenerate for both spin and valley pseudospin flavours. Of

course, there is no coexistence between QAH and QSH because they have distinct

topological properties. In the following it is assumed that the spin bond order is

spontaneously polarised in the z direction with χx = 0 and χy = 0. The resulting

Landau mean-field free energy density is

fmf(χ) = αmfχ
2 + βmf |χ |3 (3.14)

with χ = χ0 and χ = χz in the QAH and QSH phases respectively. The mean-field

coefficients do not depend on the channel in which the symmetry is broken, indi-

cating that at this level, the QAH and QSH phases are degenerate. The quadratic

coefficient αmf = 3V2(1− 9v2) with v2 = ΛV2/4πvF is obtained, whilst the cubic co-

efficient is positive definite with βmf = 27
√

3V3
2 /16πv2

F . This supports a continuous

phase transition between the semimetal and topological Mott insulators at a critical

coupling (v2)c = 1/9.

3.3.3 Motivation to Include Quantum Fluctuations

In the spinful case it is natural to expect that quantum fluctuations play a crucial role

in determining the fate of the topological phases. Raghu et al. [57] argued that the

soft fluctuations associated with breaking of continuous spin rotational symmetry

would favour the QSH phase, which they confirmed with numerical functional

renormalisation group analysis. Here this will be demonstrated analytically. More

importantly, quantum fluctuations are paramount to determining the phase behaviour
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Figure 3.4: Classical (fermionic hopping t = 0) charge instabilities from nearest neigh-
bour V1 and next-nearest neighbour V2 repulsive interactions on a honeycomb
plaquette. V1 � V2 favours the sublattice CDW state. V2 � V1 favours the
translational and rotational lattice symmetry breaking CDW3 charge order. The
charge occupation is inverted on a single A − B bond of the plaquette, relative
to the sublattice CDW.

between topological phases and the competing CDW3 charge order discussed in the

following.

3.4 CDW3 Lattice SymmetryBreakingChargeOrder
Using unbiased numerical mean-field theory on the honeycombwith an enlarged unit

cell, Grushin et al. [70] discovered that there was competing CDW3 charge order at

large next-nearest neighbour V2. This order that spontaneously breaks translational

and rotational symmetries is motivated in the classical limit for large V2. Then the

effective theory is derived, and the Landau free energy analysed.

3.4.1 Classical Limit

The CDW3 or sublattice charge modulated order can be motivated from the classical

limit t → 0 of the V1, V2 Hamiltonian [70, 79]. The classical free energy density is

fcl =
1
3
[
V1(nA1 + nA2 + nA3)(nB1 + nB2 + nB3)

+ 3V2(nA1nA2 + nA2nA3 + nA3nA1 + nB1nB2 + nB2nB3 + nB3nB1)
]
, (3.15)

where the index (A1, . . . , B3) runs over the six sites of the honeycomb plaquette.

Note the factor of 1/3 because there are L/3 plaquettes for 2L sites. Here it is

clear that there is an energy cost V2 for neighbouring sites on the same sublattice

(next-nearest neighbours) to both be occupied. Considering one sublattice only, this

problem maps onto the classical frustrated triangular lattice Ising antiferromagnet.
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Figure 3.5: (a) The threefold enlarged unit cell (grey area) of the honeycomb lattice. Further
unit cells are outlined by the dashed lines. Also, the basis A1, . . . , B3 of the
plaquette is defined. (b) The corresponding reduced Brillouin zone (grey area).
Dirac valleys in the normal state (red and blue dots) fold into the center of
the zone. (c) A cut through the non-interacting tight-binding dispersion on the
enlarge unit cell.

However with the charge ordering on an entire honeycomb plaquette there is also

the constraint on charge conservation. At half-filling the energetically favourable

state is no longer the sublattice CDW but rather the CDW3, where the occupation

has been inverted between one A and one B site relative to the CDW, as is illustrated

in Fig. 3.4. Overall there is still one frustrated bond on the plaquette, and there is an

associated 18-fold degenerate classical ground state, which was confirmed by exact

diagonalisation [79]. In the following, these states are enumerated by Eq. (3.30) and

in Fig. 3.6, and are related by 2π/3 rotations, translations and charge occupation

inversion.

3.4.2 Derivation of the Effective Theory

In the following the effective theory of CDW3 order is derived from the lattice model

H = −t
∑
〈i, j〉

c†i c j + V1
∑
〈i, j〉

n̂in̂ j + V2
∑
〈〈i, j〉〉

n̂in̂ j, (3.16)

at half-filling and zero temperature. For brevity the trivial spin dependence s0

(from decoupling in the charge channel) is temporarily suppressed. The CDW3

phase is characterised by an enlarged six-site unit cell covering an entire honeycomb

plaquette, see Fig. 3.1 and Fig. 3.5(a). In this case the lattice vectors are ã1 =
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3a
2 (
√

3, 1) and ã2 =
3a
2 (−
√

3, 1) (with ã3 = −(ã1 + ã2)), as opposed to the primitive

lattice vectors a1 =
√

3a
2 (1,

√
3), a2 =

√
3a
2 (−1,

√
3). Also the basis is increased to

c = (cA1, cA2, cA3, cB1, cB2, cB3). (3.17)

The corresponding reciprocal lattice vectors of the down-folded Brillouin zone (see

Fig. 3.5(b)) are b̃1,2 =
2π

3
√

3a
(±1,
√

3), as opposed to b1,2 =
2π
3a (±
√

3, 1). The non-

interacting tight-binding Hamiltonian is

Ht =
∑
k

c†(k)Ht(k)c(k), (3.18)

Ht(k) = ©­«
0 T†(k)

T(k) 0
ª®¬ , (3.19)

T(k) = −t
©­­­­«

1 1 eik ·ã2

1 eik ·ã3 1

eik ·ã1 1 1

ª®®®®¬
. (3.20)

The resultant down-folding of the bands increases the number of energy levels at a

given momentum threefold. This gives rise to six bands with an additional 2-fold

degeneracy in the spinful model, and maps the Dirac points onto the Γ point (k = 0),

as shown in Fig. 3.5(b,c). High energy modes are integrated out by projecting into

the low-energy Dirac subspace Ψ = Pc, and this obtains the non-interacting Dirac

Hamiltonian

Ht(p) = P{Ht(0) + [∇kHt(k)]k=0 · p}P† = vF p · α. (3.21)

The projection P is formulated from the low energy (row) eigenvectors of Ht(k = 0)

P0 =
1√
6

©­­­­­­­«

−1 −1 2 0 0 0
√

3 −√3 0 0 0 0

0 0 0 −√3
√

3 0

0 0 0 −1 −1 2

ª®®®®®®®¬
. (3.22)
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Figure 3.6: All 9 (18 with charge inversion) degenerate CDW3 charge patterns. Charge
modulation is shown relative to half-filling, with red for positive modulation,
and blue for negative modulation. The charge patterns are parameterised by α
and β, see Eq. (3.30). Different α correspond to translational shifts of the unit
cell, whilst β correspond to C3 (2π/3) spatial rotations.

It is useful to apply the additional unitary transformation, such that the projection is

P = e−i π4 σz⊗τze−i 2π
3 σ0⊗τze−i π4 σ0⊗τx P0. (3.23)

The first exponential transforms into the basis α = (σx ⊗ τz, σy ⊗ τ0). The second
enacts a coordinate transformation. The third translates the unit cell into the form

displayed in Fig. 3.6. Decoupling in the charge channel

HV =
∑
k

c†(k)HV (k)c(k) + EV ;cl, (3.24)

EV ;cl =
L
3

[
V1(〈n̂A1〉 + 〈n̂A2〉 + 〈n̂A3〉)(〈n̂B1〉 + 〈n̂B2〉 + 〈n̂B3〉)

+ 3V2
∑
σ=A,B

〈n̂σ1〉〈n̂σ2〉 + 〈n̂σ2〉〈n̂σ3〉 + 〈n̂σ3〉〈n̂σ1〉
]
. (3.25)

HV (k) = V1

3∑
i=1

diagonal(〈n̂Bi〉, 〈n̂Bi〉, 〈n̂Bi〉, 〈n̂Ai〉, 〈n̂Ai〉, 〈n̂Ai〉)

+ V2 diagonal(〈n̂A2〉 + 〈n̂A3〉, 〈n̂A1〉 + 〈n̂A3〉, 〈n̂A1〉 + 〈n̂A2〉,
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〈n̂B2〉 + 〈n̂B3〉, 〈n̂B1〉 + 〈n̂B3〉, 〈n̂B1〉 + 〈n̂B2〉), (3.26)

where diagonal( ) are the diagonal entries of a matrix. The half-filling condition is

satisfied by

〈n̂A1〉 + 〈n̂A2〉 + 〈n̂A3〉 + 〈n̂B1〉 + 〈n̂B2〉 + 〈n̂B3〉 = 0. (3.27)

The effective low-energy Hamiltonian is obtained from the projection HV =

PHVP†. To leading order

HV =

∫ Λ d2k

(2π)2 Ψ
†(k)

{
(V2 − V1/2)[〈n̂A1〉 + 〈n̂A2〉 + 〈n̂A3〉 − 〈n̂B1〉 − 〈n̂B2〉 − 〈n̂B3〉]σz ⊗ τ0

+
V2
4
[〈n̂A1〉 − 2〈n̂A2〉 + 〈n̂A3〉 − 〈n̂B1〉 + 2〈n̂B2〉 − 〈n̂B3〉](−σz ⊗ τx)

+

√
3V2
4
[−〈n̂A1〉 + 〈n̂A3〉 − 〈n̂B1〉 + 〈n̂B3〉](−σ0 ⊗ τy)

+

√
3V2
4
[−〈n̂A1〉 + 〈n̂A3〉 + 〈n̂B1〉 − 〈n̂B3〉](−σz ⊗ τy)

+
V2
4
[−〈n̂A1〉 + 2〈n̂A2〉 − 〈n̂A3〉 − 〈n̂B1〉 + 2〈n̂B2〉 − 〈n̂B3〉]σ0 ⊗ τx

+ (V2 + V1/2)[〈n̂A1〉 + 〈n̂A2〉 + 〈n̂A3〉 + 〈n̂B1〉 + 〈n̂B2〉 + 〈n̂B3〉]σ0 ⊗ τ0

}
Ψ(k).

(3.28)

This is simplified by making the CDW3 plaquette ansatz for the charge occupation

〈n̂i〉 = ρ0 + ρi with the deviation

(ρA1, ρA2, ρA3, ρB1, ρB2, ρB3) = (ρ,−ρ − ∆, ρ,−ρ, ρ + ∆,−ρ), (3.29)

from the half filling value ρ0 = Ns/2 (where Ns = 1 or 2 is the number of fermionic

spin flavours). The constraints 0 ≤ ∆ ≤ ρ ≤ ρ0 and ρ + ∆ ≤ ρ0 ensure the

filling is devoid of pathology. This ansatz satisfies the half-filling condition. The

ansatz is motivated by the discussed classical analysis, and was also obtained from

unbiased numerical mean-field theory on the honeycomb lattice with an enlarged
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unit cell [70]. Such a phase spontaneously breaks translational symmetry and keeps

only one mirror: C6v → C1v.

Finally, the effective mean-field term is

Hρ =

∫ Λ d2k

(2π)2Ψ
†(k) s0 ⊗

{
2V2(ρ + ∆/2)[Sασ0 ⊗ (Sβτx − Cβτy) − Cασz ⊗ (Cβτx + Sβτy)]

+ (2V2 − V1)(ρ − ∆)σz ⊗ τ0

}
Ψ(k) + 2V2ρ(ρ + 2∆) + V1

3
(ρ − ∆)2, (3.30)

where Cα = cosα, Sα = sinα and α, β = 2nπ/3 for n = 0, 1, 2. Here α en-

codes translations and β rotations, which together enumerate the 9 possible charge

configurations in Fig. 3.6, which is doubled with charge inversion (ρ,∆ < 0).

3.4.3 Effective Dispersion and Landau Free Energy

The effective mean-field CDW3 dispersion

ε(k) = ±
{
vF |k |2 + [2V2(ρ + ∆/2)]2 + [(2V2 − V1)(ρ − ∆)]2

± 2 |2V2(ρ + ∆/2)|
√
(kxCα + kySα)2 + [(2V2 − V1)(ρ − ∆)]2

} 1
2

, (3.31)

is rotated relative to the kx by α, but is otherwise invariant. This implies that the

free energy of the CDW3 broken symmetry states are degenerate. Therefore, it is

sufficient to analyse the charge pattern α = β = 0, which is displayed in Fig. 3.1.

Collective fluctuations will be considered about this particular broken symmetry

state. It is noted that the dispersion is not of the putative massive Dirac form
√

k2 + m2. Underlying this is that certain charge order parameter combinations

couple as emergent non-Abelian gauge fields to the Dirac fermions, and have an

impact on the criticality. This is discussed in detail in Chapter 4.

Integrating over the occupied dispersion obtains the mean-field Landau free

energy

f̃mf(ρ, x) = α̃mf(x)ρ2 + β̃mf(x) |ρ|3 , (3.32)
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with the parameterisation ∆ = xρ for 0 ≤ x ≤ 1, and

α̃mf(x) = 2V2(1 + 2x) + V1
3
(x − 1)2+

− NsΛ

4πvF

[
2(2V2 − V1)2(1 − x)2 + (2V2)2(1 + x/2)2] , (3.33)

β̃mf(x) = 4 − π
2πv2

F

NsV2(2V2 − V1)2(1 − x)2(1 + x/2). (3.34)

Along the V2 phase axis (V1 = 0)

α̃mf(x) = 2V2[1 + 2x − 6Nsv2(1 − x +
3
4

x2)], (3.35)

β̃mf(x) = 4 − π
πv2

F

2NsV3
2 (1 − x)2(1 + x/2), (3.36)

with Ns = 1, 2 the spin degeneracy and v2 = ΛV2/4πvF . By inspection, the state

with x = 0 (∆ = 0) is the leading instability within the CDW3 state manifold. This

state is critical at (ṽ2)c = 1/(6Ns). In the ordered phase, the ∆ = 0 state remains

energetically favourable until large values of V2 outside the range of applicability of

the model.

3.4.4 Summary and Competition with the Topological Mott

Phase

To summarise, for the spinless case (Ns = 1), the topological QAH Mott insulator

is the leading instability at a critical coupling (v2)c = 1/9. On the other hand, in the
spinful model (Ns = 2) the transition into the CDW3 phase occurs at a critical value

(ṽ2)c = 1/12, pre-empting the transition into the QSH phase. These findings are in

qualitative agreement with previous mean-field studies on the lattice [70, 87, 88].

The competing order and the similarity of the critical couplings indicate that beyond

mean-field quantum fluctuations will play a crucial role.

3.5 Self-Consistent Collective Quantum Fluctuations
The corrections to the Landau mean-field free energy from order parameter quantum

fluctuations are self-consistently calculated to quadratic order using a path integral
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approach. The aim is to determine the leading order instability from the semimetal

along the V2 axis of the phase diagram. The conclusions are expected to hold in

the regime of the critical line extending out to finite V1. The cases of spinless and

spinful fermions are calculated and contrasted.

3.5.1 Topological Mott Insulator Fluctuations

The collective quantum fluctuation corrections δαµ to the free energy

f µ(χ) = (αmf + δα
µ)(χµ)2 + βmf |χµ |3 , (3.37)

are self-consistently calculated to quadratic order around the topological Mott insu-

lating states. The fermionic lattice action in the bond order channel is

S[c†, c] =
∫ β

0
dτ{

∑
s=↑,↓
[
∑

i

c†is∂τcis + t
∑
〈i, j〉

c†isc js] − V2
2

3∑
µ=0

∑
〈〈i, j〉〉
(c†i sµc j)(c†j sµci)}.

(3.38)

From here on the Einstein summation convention over the repeated index µ =

0, x, y, z will be employed.

The interaction is decoupled in the bond order channel using the Hubbard-

Stratonovich transformation, which introduces the auxiliary bosonic fields χ̂µi j con-

jugate to c†i sµc j . The purpose of this is to expand around the topological Mott

insulator broken symmetry states. The most general transformation would be to in-

troduce four complex fields, which is equivalent to introducing eight real fields. Yet

each additional field introduces a new source of error if not evaluated exactly [95].

Anticipating a truncation at Gaussian order, and following the mean-field analysis, it

is only necessary to introduce four real fields. These are the imaginary components

of the more general complex fields.

To formulate the self-consistent expansion, static and uniform components of

the Hubbard-Stratonovich fields χ̂µ(ω = 0, k = 0) = χµ are separated from the

finite frequency quantum fluctuations χ̂µ(ω , 0, k) = χ̃µ(ω, k). The static fields

χµ are to be identified as the mean-field order parameter fields that solve the saddle
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point equations. The self-consistent expansion is equivalent to working with the

renormalised propagator Ĝ−1 = Ĝ−1
0 + Σ̂. After expanding around the Dirac points,

the bare propagator is Ĝ−1
0 = s0⊗(−iωα0+vFk ·α) and the spin-resolved self energy

is Σ̂s =
3
√

3
2 V2χsσz ⊗ τz. Here χs = χ0 or χs = sχz for the QAH and QSH phases

respectively, with s = ± indexing the spin. The spin resolved inverse propagator is

then

Ĝ−1
s = −iωα0 + vFk · α + 3

√
3

2
V2χsσz ⊗ τz . (3.39)

Inclusion of the finite frequency fluctuation fields χ̃µ amounts to the addition of a

Yukawa coupling to the low-energy effective action, S = SΨ +S χ̃ +SΨ χ̃ +Sχ, with

SΨ =
∫
®k
Ψ†®kĜ−1(®k)Ψ®k, (3.40)

SΨ χ̃ = 3
√

3
2

V2
∑
σ=A,B

∫
®k1®k2

Ψ†®k1σ
sµ ⊗ τzΨ®k2σ

χ̃
µ

®k1−®k2σ
, (3.41)

S χ̃ = 3
2

V2
∑
σ=A,B

∫
®k
χ̃
µ

−®kσ χ̃
µ

®kσ, (3.42)

Sχ = 3V2χ
µχµ. (3.43)

Here ®k = (ω, vFk) and ∫
®k
=

∫ | ®k |≤vFΛ dωd2k

(2π)3v2
F

. (3.44)

The fermions are integrated out to quadratic order in χ̃ using the cumulant

expansion and the linked cluster theorem [65]

Z =
∫

D[Ψ†,Ψ, χ̃]e−Sχ−Sχ̃−SΨ
∞∑

n=0

(−SΨ χ̃)n
n!

,

=

∫
D[ χ̃]e−Sχ−Sχ̃+

∫
®k ln det Ĝ−1(®k) exp

[ ∞∑
n=1

〈(−SΨ χ̃)n〉
n!

]
,

≈ Zmf

∫
D[ χ̃] exp

[
−S χ̃ − 〈SΨ χ̃〉 + 1

2
〈S2
Ψ χ̃〉

]
. (3.45)
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Here the fermionic contraction

〈· · · 〉 =
∫

D[Ψ†,Ψ]e−SΨ(· · · )∫
D[Ψ†,Ψ]e−SΨ , (3.46)

is implicitly over connected diagrams, and the mean-field free energy is fmf =

− ln Zmf. The goal is to calculate Z̃ =
∫
χ̃

exp(−S̃), where S̃ = S χ̃+〈SΨ χ̃〉−〈S2
Ψ χ̃〉/2.

Wick’s theorem is used to evaluate the fermionic contractions with

〈Ψτs
®k1σ
Ψ†τ

′s′
®k2σ′
〉 = Gτs

σσ′(®k1)δ(®k1 − ®k2)δss′δττ′, (3.47)

as the propagator Eq. (3.39) is diagonal in momentum, as well as spin and valley

spaces, but not the sublattice pseudospin. The term linear in χ̃ vanishes under the

contraction

〈SΨ χ̃〉 = 3
√

3
2

V2
∑
σ

∫
®k1®k2

〈Ψ†®k1σ
sµ ⊗ τzΨ®k2σ

〉 χ̃µ®k1−®k2σ
,

= −3
√

3
2

V2
∑
sστ

∫
®k1®k2

δ(®k1 − ®k2)τGτs
σσ(®k1)(sµ)ss χ̃

µ

®k1−®k2σ
= 0, (3.48)

as χ̃µ®0σ = 0 by definition. The quadratic term is finite

〈S2
Ψ χ̃〉 =

(
3
√

3V2
2

)2 ∑
σσ′

∫
®k1,2,3,4

χ̃
µ

®k1−®k2σ
χ̃
µ′

®k3−®k4σ′
×

〈
(
Ψ†®p1σ

sµ ⊗ τzΨ®p2σ

) (
Ψ†®p3σ′

sµ′ ⊗ τzΨ®p4σ′
)
〉,

= −
(

3
√

3V2
2

)2 ∑
σσ′ss′τ

∫
®q®k
χ̃
µ

−®qσ χ̃
µ′

®qσ′(sµ)ss′(sµ′)s′sGτs
σσ′(®k + ®q)Gτs′

σ′σ(®k),

= −
(

3
√

3V2
2

)2 ∑
σσ′ss′

∫
®q
χ̃
µ

−®qσ χ̃
µ′

®qσ′(sµ)ss′(sµ′)s′sΠss′
σσ′( ®q). (3.49)

Only the intra-valley long-wavelength bond order fluctuations survive.
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The fluctuation action

S̃ =
∫
®q
χ̃
µ

−®qσAs′
®qσσ′ χ̃

µ

®qσ′, (3.50)

decouples into the longitudinal χ̃0, χ̃z (s′ = s) and transverse χ̃x , χ̃y (s′ = −s)

sectors, with the matrix elements

As′
σσ′( ®q) =

3
2

V2

(
δσσ′ +

9
4
γV2

∑
s

Πss′
σσ′( ®q)

)
. (3.51)

In matrix form, the polarisation Πss′( ®q) = Πss′
µ ( ®q)σµ, where

Πss′
0 ( ®q) ≈

1
32v2

Fq

(
q2 + ω̃2 + 4M2 q2 − ω̃2

q2 + 8Ms Ms′

)
, (3.52)

Πss′
x ( ®q)≈ −

1
32v2

Fq

(
2q2 + v2

F |q|2 + 4M2 v
2
F |q|2 − 2q2

q2

)
, (3.53)

Πss′( ®q) = 0, (3.54)

Πss′
µ ( ®q) = 0, (3.55)

up to second order in Ms = 3
√

3/2V2χs, with ®q = (ω̃, vFq). Details of this calculation
are presented in Appendix A.1.

The constant γ in Eq. (3.51) is a phenomenological parameter that has been

included to account for renormalisation of the vertex V2 χ̃Ψ
†Ψ from: (i) coarse-

graining the lattice in a Wilsonian sense; (ii) higher order χ̃ terms; (iii) the Fermi

velocity renormalisation as Π ∝ 1/vF . Both the theoretical and experimental

evidence for graphene [96–98] suggests γ < 1. In addition, γ has the added benefit

of smoothly interpolating between mean-field (γ = 0) and the bare coupling with

fluctuations (γ = 1).

The Gaussian integrals over the fluctuation fields lead to the free-energy cor-

rections δ fs′ = tr ln As′, from which the fluctuation contributions to the quadratic

coefficients of the Landau expansion are obtained to infinite order in the Gaussian
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fluctuations,

δα
µ
s′ =

1
2
∂2δ fs′
∂(χµ)2

����
χ=0

,

=
1
2

∫
®q
tr

γV2
∑

s ∂
2
χµΠ

ss′( ®q)
σ0 + γV2

∑
s Π

ss′( ®q)

����
χµ=0

,

= γV2

∫
®q

(1 + γV2
∑

s Π
ss′
0 ( ®q))

∑
s ∂

2
χµΠ

ss′
0 ( ®q)

(1 + γV2
∑

s Π
ss′
0 ( ®q))2 − (2γV2Πx( ®q))2

����
χ=0

− γV2

∫
®q

4γV2Πx( ®q)∂2
χµΠx( ®q)

(1 + γV2
∑

s Π
ss′
0 ( ®q))2 − (2γV2Πx( ®q))2

����
χ=0

, (3.56)

for s′ = ±s, and Πx is independent s, s′. The form is reminiscent of the inverse

susceptibility in the random phase approximation. Remarkably, by first evaluating

the angular integral, it is possible to evaluate the expressions analytically using

standard integration techniques. Finally, the quadratic coefficients of the QSH order

parameter are

δαz
L =

24V2

γπ2

(
arccot2Ω − 1

2
ln
Ω2 + 3
Ω2 + 1

)
, (3.57)

δαz
T = −

54v2
π

V2 (1 −Ω arccotΩ) , (3.58)

for the contributions from longitudinal (L) and transverse (T) fluctuations, where

Ω =
√

8/(9πγv2) − 1. For the QAH order δα0
L = δα

0
T = δα

z
L , and in this case the

calculation breaks down for v2 ≥ 8/9πγ due to the proximity to a pole.

3.5.2 CDW3 Fluctuation Calculation

Here the fluctuation correction to the quadratic coefficient δα̃ of the free energy

f̃ (ρ, x) = [α̃mf(x) + δα̃(x)]ρ2 + β̃mf(x) |ρ|3 , (3.59)

is self-consistently calculated. The calculation presented here follows in the spirit

of the bond order calculation above. The only difference is the increased basis,

and the need to integrate out the high energy modes as discussed in the mean-field
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treatment. Starting once more with the lattice action

S[c†, c] =
∫ β

0
dτ{

∑
s=↑,↓
[
∑

i

c†is∂τcis + t
∑
〈i, j〉

c†isc js] + V2
∑
〈〈i, j〉〉

n̂in̂ j} (3.60)

the interaction is rewritten and decoupled in the charge channel

eV2
∑
®q
∑6

i j=1 n̂−®qiU ®qij n̂ ®qj →
∫

D[ρ̂] exp{−V2
∑
®q
[

6∑
i j=1

ρ̂−®qiU
−1
®qi j ρ̂®q j + 2

6∑
i=1

n̂−®qi ρ̂®qi]},

(3.61)

using the density in momentum space

n̂®qi =
∑

s

∑
®k

c†®kis
c®k+®qis for i ∈ {A1, . . . , B3}. (3.62)

Here the matrix (in the basis of (3.17))

U®q = −
1
2

©­­­­­­­­­­­­­«

0 e1̄3 e1̄2 0 0 0

e13̄ 0 e23̄ 0 0 0

e12̄ e2̄3 0 0 0 0

0 0 0 0 e23̄ e1̄2

0 0 0 e2̄3 0 e1̄3

0 0 0 e12̄ e13̄ 0

ª®®®®®®®®®®®®®¬
, (3.63)

comes from the Fourier transform of the extended interaction, with

exy = 1 + eiq·ãx + eiq·ãy = 3 + q · (ãx + ãy) +O(|q |2), (3.64)

ã x̄ = −ãx .

Once more, to formulate the self-consistent expansion, static and uniform com-

ponents of the Hubbard-Stratonovich fields ρ̂i(ω = 0, k = 0) = ρ0+ ρi are separated

from the finite frequency quantum fluctuations ρ̂i(ω , 0, k) = ρ̃i(ω, k). The projec-
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tion P is applied to the fermionic fields to obtain the low-energy effective action

S =
∫
®k
Ψ†®k s0 ⊗ [−iωα0 + vFk · α + 2V2(ρ − ∆)σz ⊗ τ0 − 2V2(ρ + ∆/2)σz ⊗ τx]Ψ®k

+ 2V2

4∑
ab=1

6∑
i=1

∫
®k1®k2

Ψ†®k1a
Pais0P†ibΨ®k2b ρ̃®k1−®k2i + V2

6∑
i j=1

∫
®k
ρ̃−®kiU

−1
®ki j
ρ̃®k j . (3.65)

The fluctuation action is obtained by integrating out the fermions to quadratic order

in ρ̃

S̃ = V2

6∑
i j=1

∫
®q
ρ̃−®qi[U−1

®qi j + 2γV2NsΠ̃®qi j]ρ̃®q j, (3.66)

with the polarisation

Π̃®qi j =

4∑
abcd=1

∫
®k
P†iaG®k+®qabPbjP†jcG®kcdPdi . (3.67)

Further details on evaluating Π̃ are presented in Appendix A.2.

Apart from the more complicated and larger matrix structure, the fluctuation

action is of the same form as for bond order fluctuations. By integrating over the

charge fluctuations the corrections to the free energy are

δ f = tr log(Û−1 + 2γV2Ns
ˆ̃Π). (3.68)

The fluctuation corrections to the quadratic coefficient of the Landau expansion in ρ

(with ∆ = xρ, 0 ≤ x ≤ 1) are most easily obtained by expanding the polarisation to

quadratic order Π̃®q =
∑2

n=0 Π̃
(n)
®q (x)ρn, and then expanding the logarithm to quadratic

order in ρ, which results in

δα̃ = V2

∫
®q
tr

2γNsΠ̃
(2)
®q

U−1
q + 2γNsΠ̃

(0)
®q
. (3.69)

This can be evaluated analytically if the zeroth order approximation in q of the

Fourier transform matrix is taken, U−1
q ≈ U−1

0 . Further details are presented in
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Appendix A.3. Then it is found that

δα̃ =
8V2v2

πΩ̃

{
[
384(2 + x)2 + 8(28 − 68x + 31x2)Ω̃ + (12 − 20x + 11x2)Ω̃2

] arctan (√
Ω̃
4

)
4
√
Ω̃

+
16
3

[
− (1 − x)2Ω̃ − 9

2
(2 + x)2 + (62 − 635

2
x +

883
8

x2) log(2)

− 3
2
(1 + x)2

∑
σ=±1

Li2
(
σ
√
Ω̃(4 + Ω̃) − Ω̃

2

)
+ (2 − 5

2
x +

13
8

x2) log(2 − Ω̃) − 16(1 − 5x +
7
4

x2) log(16 + Ω̃)
]}
, (3.70)

where Ω̃ = 2πγNsv2 and Li2(z) =
∑∞

n=1 zn/n2 is the dilogarithm function. The

series expansion in v2 yields

δα̃ = − V2
γNs

∑
n≥0
(an − bnx + cnx2)(γNsv2)n+2, (3.71)

with the coefficients bn > an > cn ≥ 0 that monotonically increase with n.

3.6 Results
The main results are summarised in Fig. 3.7. For the spinless model the leading

instability at short-range (γ = 0) is to the topological QAH Mott insulator. Fluc-

tuations favour CDW3 order over the QAH state and are strong enough to cause

a continuous phase transition from the Dirac semimetal to the CDW3 phase for

γ & 0.62. This is precisely the nature of the transitions found within numerical

approaches [80, 82–84]. Similar fluctuation-driven changes of the ground state have

been recently discussed in terms of a fermionic quantum order-by-disorder mecha-

nism [99–102]. In the spinful model the transverse fluctuations in the QSH phase

stabilise the order, lifting the mean-field degeneracy of the QSH and QAH phases,

δαz
T < 0 < δαz

L = δα
0
T/L . The transverse fluctuations are not strong enough however

to suppress the CDW3 phase, which is the leading instability at mean-field. In the

presence of fluctuations the leading CDW3 instability remains as ∆ = 0, which is in



3.6. Results 63

CDW3 CDW3

QAHR
en

o
rm

al
iz

at
io

n
�

v2

?

MF

bare

(Q
A
H
)

(Q
S
H

)

spinfulspinless

Dirac
semimetal

Figure 3.7: Lines of critical-instability along the v2 =
Λ

4πvF V2 axis in the presence of
fluctuations, renormalised by the phenomenological parameter γ. The mean-
field instabilities are at γ = 0, the cut γ = 1 indicates the phase behaviour
without vertex renormalisation. While the critical interaction strengths depend
on the momentum cut-off Λ, the order of instabilities does not. In the regime
where the NN interactions are zero (V1 = 0), the CDW3 phases are gapless
(∆ = 0).

fact a gapless state with semi-Dirac fermionic quasiparticle excitations.

3.6.1 Semi-Dirac Excitations

In the absence of nearest neighbour repulsion, the favoured charge-ordered state

with ρ > 0 and ∆ = 0 describes a smectic order with gapless excitations. This

broken-symmetry state remains semimetallic, with one pair of bands opening a gap

and another pair remaining gapless, as shown in Fig. 3.8. From the hybridisation

of the down-folded Dirac valleys there is a condensation energy gain from the gap

± |2V2ρ|. This is to be compared with the topological Mott state with gaps ± |V2χ |
at the two Dirac points. The effective Hamiltonian matrix of the two gapless bands

in the CDW3 phase is

Ĥ(k) = vF kxτ
x + v2

F k2
y/(4V2ρ)τz, (3.72)

with energy spectrum |ε±(k)| = vF

√
k2

x + v
2
F k4

y/(4V2ρ)2. The quasiparticles are

semi-Dirac fermions, which disperse linearly (relativistically) along the x direction

and have a quadratic (non-relativistic) touching along the y axis. Those touching

points sit at the high symmetry Γ points of the folded Brillouin zone (see Fig. 3.8).
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Figure 3.8: Low energy bands of the CDW3 state, for α = 0, β = 0,∆ = 0, around the Γ
point. At half filling, the system is gapless, with semi-Dirac quasiparticles that
disperse linearly in the kydirection, but quadratically in the kx direction.

3.7 Discussion
The transition to the gapless CDW3 state (ρ > 0, ∆ = 0) is highly unconventional

since the ground state remains semimetallic with semi-Dirac quasiparticles. It does

not belong to the class of putative Dirac semimetal-to-insulator transitions, with

Gross-Neveu-Yukawa universality. This “hidden” charge order eluded previous nu-

merical studies [79–88] that identified phase transitions through the opening of a

Mott gap. The onset of semi-Dirac behaviour may be resolved in large-scale density

matrix renormalisation group simulations on infinite cylinders, which are now capa-

ble of extracting themomentum-dependent excitation spectra ofDirac systems [103].

In addition, with the recent advent of “designer Hamiltonian” methods [26, 104] in

quantum Monte Carlo it seems possible to engineer the unconventional self-energy

terms of the CDW3 state.

As was demonstrated, the hidden CDW3 order is stable against Gaussian fluc-

tuations. A small nearest neighbour repulsion V1 is expected to lead to finite ∆

when higher order and lattice terms are included in the free energy, and hence to the

opening of a Mott gap. Closer inspection shows that the semi-Dirac mode splits into

two massive Dirac cones along the quadratic touching direction. Unconventional

critical properties are still expected due to the proximity to the unusual critical point

at V1 = 0.

It has been suggested [88] that the regime of dominant V2 could become exper-
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imentally accessible by using silicon adatoms or ultracold atoms in double-layers of

triangular optical lattices. In the case of the optical lattice, the interaction strength

for charged fermionic molecules will depend only on the distance between the sites,

and so can be tuned to the V2 � V1 situation by spatially separating the layers.

In this case the next-nearest neighbours (intra-triangular layer) in the honeycomb

sense are spatially closer that the nearest neighbours (inter-triangular layer). The

hopping amplitudes depend on several parameters, and in principle can be tuned to

accommodate the layer separation.

In addition, it is interesting to note that a similar charge ordering has been

experimentally observed (below T ∼ 340K) in YbFe2O4 [105, 106]. Here the Fe are

AB stacked on triangular layers, and can be mapped to the honeycomb lattice with

comparable inter- and intra-layer distances implying V1 ∼ V2. However, in this case

the charge order is slightly incommensurate due to coupling between the bilayers in

the z direction. Also magnetic order sets in at T ∼ 280K [107].

Although the topological Mott insulator is not stable on the honeycomb lattice,

the notion that interactions can spontaneously break symmetry into topological

phases is still robust [58]. There are proposals to bias towards the topological

phases using RKKY interactions [108], or extended hoppings [87]. Similarly the

topological Mott insulator phase was also found at mean-field in the semimetallic

π-flux square lattice model [69], but again there is numerical evidence indicating

fluctuations stifle these states [109].

More promisingly, there is evidence to suggest that topologically non-trivial

phases can be induced by interactions when the touching point is quadratic [110–

112]. This is because interactions are marginally relevant in the renormalisation

group sense, indicating that the non-interacting quadratic point, such as for bilayer

graphene [113], will be gapped for weak interactions. These weak interactions

are not able to stabilise competing phases like the charge order considered here.

To this end, there is numerical evidence of stable topological Mott phases on the

kagome [114, 115] and checkerboard [116, 117] lattices. However, it has been

shown that if linear terms are allowed by symmetry, then they are always generated
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by the weak interactions under the renormalisation group flow [118, 119]. In the

process, the critical interaction strength is pushed back up to finite values. It is worth

noting that this argument does not hold for the present semi-Dirac case, where the

bare electron dispersion is already linear. Only because of the matrix structure of

the Yukawa coupling forV1 = 0, the symmetry breaking does not lead to the opening

of a gap but instead to a quadratic touching along the CDW3 order.

Motivated by the unconventional nature of the CDW3 broken symmetry state,

the critical properties are analysed in the next Chapter using the renormalisation

group.



Chapter 4

Novel Criticality of Dirac Fermions

from Lattice Symmetry Breaking

The role of spontaneous lattice symmetry breaking in strongly interacting two dimen-

sional Dirac systems is considered. The fermion induced quantum (multi-)criticality

is described by Dirac fermions coupled to a dynamical order parameter that is com-

posed of mass and emergent gauge fields. This is illustrated for the example of

translational and rotational symmetry breaking due to charge density wave order

on the honeycomb lattice. Using a renormalisation group analysis it is found that

the putative emergent Lorentz invariance is violated, resulting in unconventional

universal behaviour. Finally, it is identified that topological phase transitions are

well described by this effective field theory. The original work in this chapter was

made available as a preprint in Novel Criticality of Dirac Fermions from Lattice

Symmetry Breaking, E. Christou, F. de Juan, F. Krüger, arXiv:1906.03892 (2019)

[120].

4.1 Introduction
Interacting Dirac fermions exhibit perhaps the simplest example of fermionic quan-

tum criticality. In high energy physics this has been known for some time, and goes

under the guise of spontaneous fermion mass generation and chiral symmetry break-

ing in the Gross-Neveu-Yukawa (GNY) model [21, 22]. The prototypical condensed

matter examples are semimetal-insulator transitions on the half-filled honeycomb

https://arxiv.org/abs/1906.03892


4.1. Introduction 68

V1

V2

+⇢
�⇢

+⇢
�⇢

�(⇢ + �)

+(⇢ + �)

CDW3
<latexit sha1_base64="Ty71e/EV+RnALVztX/BCRvpuSFE=">AAAB9XicbZC7SgNBFIbPeo3xFrW0WQyCVdhVQQuLQCwsI5gLJGuYncwmQ2Zml5mzaljyHjYWitj6Lna+jZNLoYk/DHz85xzOmT9MBDfoed/O0vLK6tp6biO/ubW9s1vY26+bONWU1WgsYt0MiWGCK1ZDjoI1E82IDAVrhIPKuN54YNrwWN3hMGGBJD3FI04JWuu+jewJtcwq141R56xTKHolbyJ3EfwZFGGmaqfw1e7GNJVMIRXEmJbvJRhkRCOngo3y7dSwhNAB6bGWRUUkM0E2uXrkHlun60axtk+hO3F/T2REGjOUoe2UBPtmvjY2/6u1Uowug4yrJEWm6HRRlAoXY3ccgdvlmlEUQwuEam5vdWmfaELRBpW3IfjzX16E+mnJt3x7XixfzeLIwSEcwQn4cAFluIEq1ICChmd4hTfn0Xlx3p2PaeuSM5s5gD9yPn8AZlSSaA==</latexit><latexit sha1_base64="Ty71e/EV+RnALVztX/BCRvpuSFE=">AAAB9XicbZC7SgNBFIbPeo3xFrW0WQyCVdhVQQuLQCwsI5gLJGuYncwmQ2Zml5mzaljyHjYWitj6Lna+jZNLoYk/DHz85xzOmT9MBDfoed/O0vLK6tp6biO/ubW9s1vY26+bONWU1WgsYt0MiWGCK1ZDjoI1E82IDAVrhIPKuN54YNrwWN3hMGGBJD3FI04JWuu+jewJtcwq141R56xTKHolbyJ3EfwZFGGmaqfw1e7GNJVMIRXEmJbvJRhkRCOngo3y7dSwhNAB6bGWRUUkM0E2uXrkHlun60axtk+hO3F/T2REGjOUoe2UBPtmvjY2/6u1Uowug4yrJEWm6HRRlAoXY3ccgdvlmlEUQwuEam5vdWmfaELRBpW3IfjzX16E+mnJt3x7XixfzeLIwSEcwQn4cAFluIEq1ICChmd4hTfn0Xlx3p2PaeuSM5s5gD9yPn8AZlSSaA==</latexit><latexit sha1_base64="Ty71e/EV+RnALVztX/BCRvpuSFE=">AAAB9XicbZC7SgNBFIbPeo3xFrW0WQyCVdhVQQuLQCwsI5gLJGuYncwmQ2Zml5mzaljyHjYWitj6Lna+jZNLoYk/DHz85xzOmT9MBDfoed/O0vLK6tp6biO/ubW9s1vY26+bONWU1WgsYt0MiWGCK1ZDjoI1E82IDAVrhIPKuN54YNrwWN3hMGGBJD3FI04JWuu+jewJtcwq141R56xTKHolbyJ3EfwZFGGmaqfw1e7GNJVMIRXEmJbvJRhkRCOngo3y7dSwhNAB6bGWRUUkM0E2uXrkHlun60axtk+hO3F/T2REGjOUoe2UBPtmvjY2/6u1Uowug4yrJEWm6HRRlAoXY3ccgdvlmlEUQwuEam5vdWmfaELRBpW3IfjzX16E+mnJt3x7XixfzeLIwSEcwQn4cAFluIEq1ICChmd4hTfn0Xlx3p2PaeuSM5s5gD9yPn8AZlSSaA==</latexit><latexit sha1_base64="Ty71e/EV+RnALVztX/BCRvpuSFE=">AAAB9XicbZC7SgNBFIbPeo3xFrW0WQyCVdhVQQuLQCwsI5gLJGuYncwmQ2Zml5mzaljyHjYWitj6Lna+jZNLoYk/DHz85xzOmT9MBDfoed/O0vLK6tp6biO/ubW9s1vY26+bONWU1WgsYt0MiWGCK1ZDjoI1E82IDAVrhIPKuN54YNrwWN3hMGGBJD3FI04JWuu+jewJtcwq141R56xTKHolbyJ3EfwZFGGmaqfw1e7GNJVMIRXEmJbvJRhkRCOngo3y7dSwhNAB6bGWRUUkM0E2uXrkHlun60axtk+hO3F/T2REGjOUoe2UBPtmvjY2/6u1Uowug4yrJEWm6HRRlAoXY3ccgdvlmlEUQwuEam5vdWmfaELRBpW3IfjzX16E+mnJt3x7XixfzeLIwSEcwQn4cAFluIEq1ICChmd4hTfn0Xlx3p2PaeuSM5s5gD9yPn8AZlSSaA==</latexit>

CDW
<latexit sha1_base64="ybLhR8j+COgVImZM2UFaXT9snkY=">AAAB83icbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCMTCMoL5gNwR9jabZMne3rE7J4Yjf8PGQhFb/4yd/8ZNcoUmvrDw8M4MM/uGiRQGXffbKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadkBouheJNFCh5J9GcRqHk7XBcn9Xbj1wbEasHnCQ8iOhQiYFgFK3l+8ifUEdZ/bY97ZUrbtWdi6yCl0MFcjV65S+/H7M04gqZpMZ0PTfBIKMaBZN8WvJTwxPKxnTIuxYVjbgJsvnNU3JmnT4ZxNo+hWTu/p7IaGTMJAptZ0RxZJZrM/O/WjfFwXWQCZWkyBVbLBqkkmBMZgGQvtCcoZxYoEwLeythI6opQxtTyYbgLX95FVoXVc/y/WWldpPHUYQTOIVz8OAKanAHDWgCgwSe4RXenNR5cd6dj0VrwclnjuGPnM8fNPyRwg==</latexit><latexit sha1_base64="ybLhR8j+COgVImZM2UFaXT9snkY=">AAAB83icbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCMTCMoL5gNwR9jabZMne3rE7J4Yjf8PGQhFb/4yd/8ZNcoUmvrDw8M4MM/uGiRQGXffbKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadkBouheJNFCh5J9GcRqHk7XBcn9Xbj1wbEasHnCQ8iOhQiYFgFK3l+8ifUEdZ/bY97ZUrbtWdi6yCl0MFcjV65S+/H7M04gqZpMZ0PTfBIKMaBZN8WvJTwxPKxnTIuxYVjbgJsvnNU3JmnT4ZxNo+hWTu/p7IaGTMJAptZ0RxZJZrM/O/WjfFwXWQCZWkyBVbLBqkkmBMZgGQvtCcoZxYoEwLeythI6opQxtTyYbgLX95FVoXVc/y/WWldpPHUYQTOIVz8OAKanAHDWgCgwSe4RXenNR5cd6dj0VrwclnjuGPnM8fNPyRwg==</latexit><latexit sha1_base64="ybLhR8j+COgVImZM2UFaXT9snkY=">AAAB83icbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCMTCMoL5gNwR9jabZMne3rE7J4Yjf8PGQhFb/4yd/8ZNcoUmvrDw8M4MM/uGiRQGXffbKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadkBouheJNFCh5J9GcRqHk7XBcn9Xbj1wbEasHnCQ8iOhQiYFgFK3l+8ifUEdZ/bY97ZUrbtWdi6yCl0MFcjV65S+/H7M04gqZpMZ0PTfBIKMaBZN8WvJTwxPKxnTIuxYVjbgJsvnNU3JmnT4ZxNo+hWTu/p7IaGTMJAptZ0RxZJZrM/O/WjfFwXWQCZWkyBVbLBqkkmBMZgGQvtCcoZxYoEwLeythI6opQxtTyYbgLX95FVoXVc/y/WWldpPHUYQTOIVz8OAKanAHDWgCgwSe4RXenNR5cd6dj0VrwclnjuGPnM8fNPyRwg==</latexit><latexit sha1_base64="ybLhR8j+COgVImZM2UFaXT9snkY=">AAAB83icbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCMTCMoL5gNwR9jabZMne3rE7J4Yjf8PGQhFb/4yd/8ZNcoUmvrDw8M4MM/uGiRQGXffbKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadkBouheJNFCh5J9GcRqHk7XBcn9Xbj1wbEasHnCQ8iOhQiYFgFK3l+8ifUEdZ/bY97ZUrbtWdi6yCl0MFcjV65S+/H7M04gqZpMZ0PTfBIKMaBZN8WvJTwxPKxnTIuxYVjbgJsvnNU3JmnT4ZxNo+hWTu/p7IaGTMJAptZ0RxZJZrM/O/WjfFwXWQCZWkyBVbLBqkkmBMZgGQvtCcoZxYoEwLeythI6opQxtTyYbgLX95FVoXVc/y/WWldpPHUYQTOIVz8OAKanAHDWgCgwSe4RXenNR5cd6dj0VrwclnjuGPnM8fNPyRwg==</latexit>

Dirac
<latexit sha1_base64="0NxzPlMFodYz1L8Od1Usny9nNMA=">AAAB9XicbZBNS8NAEIYnftb6VfXoZbEInkoigj0W9OCxgv2ANpbNdtMu3WzC7kQtof/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzb5BIYdB1v52V1bX1jc3CVnF7Z3dvv3Rw2DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjK6m9dYD10bE6g7HCfcjOlAiFIyite67yJ9QR9m10JRNeqWyW3FnIsvg5VCGXPVe6avbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAOxYVjbjxs9nVE3JqnT4JY22fQjJzf09kNDJmHAW2M6I4NIu1qflfrZNiWPUzoZIUuWLzRWEqCcZkGgHpC80ZyrEFyrSwtxI2pDYAtEEVbQje4peXoXle8SzfXpRr1TyOAhzDCZyBB5dQgxuoQwMYaHiGV3hzHp0X5935mLeuOPnMEfyR8/kDFDGS1w==</latexit><latexit sha1_base64="0NxzPlMFodYz1L8Od1Usny9nNMA=">AAAB9XicbZBNS8NAEIYnftb6VfXoZbEInkoigj0W9OCxgv2ANpbNdtMu3WzC7kQtof/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzb5BIYdB1v52V1bX1jc3CVnF7Z3dvv3Rw2DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjK6m9dYD10bE6g7HCfcjOlAiFIyite67yJ9QR9m10JRNeqWyW3FnIsvg5VCGXPVe6avbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAOxYVjbjxs9nVE3JqnT4JY22fQjJzf09kNDJmHAW2M6I4NIu1qflfrZNiWPUzoZIUuWLzRWEqCcZkGgHpC80ZyrEFyrSwtxI2pDYAtEEVbQje4peXoXle8SzfXpRr1TyOAhzDCZyBB5dQgxuoQwMYaHiGV3hzHp0X5935mLeuOPnMEfyR8/kDFDGS1w==</latexit><latexit sha1_base64="0NxzPlMFodYz1L8Od1Usny9nNMA=">AAAB9XicbZBNS8NAEIYnftb6VfXoZbEInkoigj0W9OCxgv2ANpbNdtMu3WzC7kQtof/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzb5BIYdB1v52V1bX1jc3CVnF7Z3dvv3Rw2DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjK6m9dYD10bE6g7HCfcjOlAiFIyite67yJ9QR9m10JRNeqWyW3FnIsvg5VCGXPVe6avbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAOxYVjbjxs9nVE3JqnT4JY22fQjJzf09kNDJmHAW2M6I4NIu1qflfrZNiWPUzoZIUuWLzRWEqCcZkGgHpC80ZyrEFyrSwtxI2pDYAtEEVbQje4peXoXle8SzfXpRr1TyOAhzDCZyBB5dQgxuoQwMYaHiGV3hzHp0X5935mLeuOPnMEfyR8/kDFDGS1w==</latexit><latexit sha1_base64="0NxzPlMFodYz1L8Od1Usny9nNMA=">AAAB9XicbZBNS8NAEIYnftb6VfXoZbEInkoigj0W9OCxgv2ANpbNdtMu3WzC7kQtof/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzb5BIYdB1v52V1bX1jc3CVnF7Z3dvv3Rw2DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjK6m9dYD10bE6g7HCfcjOlAiFIyite67yJ9QR9m10JRNeqWyW3FnIsvg5VCGXPVe6avbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAOxYVjbjxs9nVE3JqnT4JY22fQjJzf09kNDJmHAW2M6I4NIu1qflfrZNiWPUzoZIUuWLzRWEqCcZkGgHpC80ZyrEFyrSwtxI2pDYAtEEVbQje4peXoXle8SzfXpRr1TyOAhzDCZyBB5dQgxuoQwMYaHiGV3hzHp0X5935mLeuOPnMEfyR8/kDFDGS1w==</latexit>

semimetal
<latexit sha1_base64="5Tq1nyUln106bHPjy8LiWlmFEXY=">AAAB+3icbZBNS8NAEIY39avWr1iPXoJF8FQSEeyx4MVjBfsBbSib7aRdupuE3Ym0hPwVLx4U8eof8ea/cdvmoK0vLDy8M8PMvkEiuEbX/bZKW9s7u3vl/crB4dHxiX1a7eg4VQzaLBax6gVUg+ARtJGjgF6igMpAQDeY3i3q3SdQmsfRI84T8CUdRzzkjKKxhnZ1gDBDJTMNkktAKvKhXXPr7lLOJngF1Eih1tD+GoxilkqIkAmqdd9zE/QzqpAzAXllkGpIKJvSMfQNRlSC9rPl7blzaZyRE8bKvAidpft7IqNS67kMTKekONHrtYX5X62fYtjwMx4lKULEVovCVDgYO4sgnBFXwFDMDVCmuLnVYROqKEMTV8WE4K1/eRM613XP8MNNrdko4iiTc3JBrohHbkmT3JMWaRNGZuSZvJI3K7derHfrY9VasoqZM/JH1ucPEFeVDg==</latexit><latexit sha1_base64="5Tq1nyUln106bHPjy8LiWlmFEXY=">AAAB+3icbZBNS8NAEIY39avWr1iPXoJF8FQSEeyx4MVjBfsBbSib7aRdupuE3Ym0hPwVLx4U8eof8ea/cdvmoK0vLDy8M8PMvkEiuEbX/bZKW9s7u3vl/crB4dHxiX1a7eg4VQzaLBax6gVUg+ARtJGjgF6igMpAQDeY3i3q3SdQmsfRI84T8CUdRzzkjKKxhnZ1gDBDJTMNkktAKvKhXXPr7lLOJngF1Eih1tD+GoxilkqIkAmqdd9zE/QzqpAzAXllkGpIKJvSMfQNRlSC9rPl7blzaZyRE8bKvAidpft7IqNS67kMTKekONHrtYX5X62fYtjwMx4lKULEVovCVDgYO4sgnBFXwFDMDVCmuLnVYROqKEMTV8WE4K1/eRM613XP8MNNrdko4iiTc3JBrohHbkmT3JMWaRNGZuSZvJI3K7derHfrY9VasoqZM/JH1ucPEFeVDg==</latexit><latexit sha1_base64="5Tq1nyUln106bHPjy8LiWlmFEXY=">AAAB+3icbZBNS8NAEIY39avWr1iPXoJF8FQSEeyx4MVjBfsBbSib7aRdupuE3Ym0hPwVLx4U8eof8ea/cdvmoK0vLDy8M8PMvkEiuEbX/bZKW9s7u3vl/crB4dHxiX1a7eg4VQzaLBax6gVUg+ARtJGjgF6igMpAQDeY3i3q3SdQmsfRI84T8CUdRzzkjKKxhnZ1gDBDJTMNkktAKvKhXXPr7lLOJngF1Eih1tD+GoxilkqIkAmqdd9zE/QzqpAzAXllkGpIKJvSMfQNRlSC9rPl7blzaZyRE8bKvAidpft7IqNS67kMTKekONHrtYX5X62fYtjwMx4lKULEVovCVDgYO4sgnBFXwFDMDVCmuLnVYROqKEMTV8WE4K1/eRM613XP8MNNrdko4iiTc3JBrohHbkmT3JMWaRNGZuSZvJI3K7derHfrY9VasoqZM/JH1ucPEFeVDg==</latexit><latexit sha1_base64="5Tq1nyUln106bHPjy8LiWlmFEXY=">AAAB+3icbZBNS8NAEIY39avWr1iPXoJF8FQSEeyx4MVjBfsBbSib7aRdupuE3Ym0hPwVLx4U8eof8ea/cdvmoK0vLDy8M8PMvkEiuEbX/bZKW9s7u3vl/crB4dHxiX1a7eg4VQzaLBax6gVUg+ARtJGjgF6igMpAQDeY3i3q3SdQmsfRI84T8CUdRzzkjKKxhnZ1gDBDJTMNkktAKvKhXXPr7lLOJngF1Eih1tD+GoxilkqIkAmqdd9zE/QzqpAzAXllkGpIKJvSMfQNRlSC9rPl7blzaZyRE8bKvAidpft7IqNS67kMTKekONHrtYX5X62fYtjwMx4lKULEVovCVDgYO4sgnBFXwFDMDVCmuLnVYROqKEMTV8WE4K1/eRM613XP8MNNrdko4iiTc3JBrohHbkmT3JMWaRNGZuSZvJI3K7derHfrY9VasoqZM/JH1ucPEFeVDg==</latexit>

Figure 4.1: Schematic phase diagram of Dirac fermions on the half-filled honeycomb lat-
tice with nearest and next-nearest neighbour repulsive interactions V1 and V2.
Charge modulation is shown relative to half-filling. The CDW breaks sublat-
tice inversion symmetry. The CDW3 translation, rotation, mirror and inversion
symmetries.

lattice [19, 20], which are driven by strong on-site and nearest neighbour repulsive

interactions. The low-energy excitations are well described by Dirac fermions [17],

which couple to the order-parameter fields and play a crucial role in determining the

universal behaviour [1, 9]. In recent years GNY models and sign-free lattice Quan-

tum Monte Carlo simulations have helped to push the understanding of fermionic

criticality beyond the Ginzburg-Landau-Wilson (GLW) paradigm [14, 23–32].

Strong parallels can be drawn between the high energy and condensed matter

settings. Remarkably, the quantum critical fixed point exhibits emergent Lorentz

invariance with a characteristic terminal velocity and dynamical exponent z = 1 [18,

121–123]. Also, the emergent chiral symmetry is spontaneously broken in the

ordered phase, opening a mass gap in the Dirac spectrum.

Yet it is precisely the reduction from Poincaré symmetry to the crystallographic

space groups that allows the solid-state to host exotic fermionic quasiparticles [124].

An example are the recently discovered multifolds that are higher spin generali-

sations of Weyl fermions with no elementary particle analogs [125, 126]. More

relevant to the current discussion are the semi-Dirac [45–47] fermions with rela-

tivistic and non-relativistic dynamics along orthogonal directions, which are known

to exist at the critical point of topological phase transitions in two and three spatial

dimensions [48].
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In this Chapter Lorentz violating quantum critical points in Dirac fermion

systems with spontaneously broken crystal symmetries are investigated. It is shown

that the effective field theories contain order parameter fields that couple to the

Dirac fermions as components of emergent gauge fields, in addition to the standard

mass fields. This is illustrated for the honeycomb lattice where strong next-nearest

neighbour repulsions induce charge density wave order (CDW3) with a three fold

increased unit cell [68, 70, 79–88] (see Fig. 4.1).

The fermion-induced (multi-)critical fixed point [23] is characterised using a

perturbative renormalisation-group (RG) analysis. The results show that the broken

symmetry state is in the vicinity of a topological critical point. This demonstrates

that topological phase transitions inDirac systems can be comprehensively described

by effective field theories containing mass- and non-Abelian gauge fields.

The rest of this Chapter is organised as follows. Section 4.2 derives the low-

energy theory of lattice symmetry breaking charge order on the honeycomb lattice.

Section 4.3 presents an introduction to the renormalisation group. Section 4.4

presents the scaling of the low-energy theory. Section 4.5 discusses in detail the

Gross-Neveu-Yukawa theory, which describes the sublattice CDW quantum critical

point. The renormalisation group equations are derived in detail, and the critical

properties of the ensuing non-trivial fixed point analysed. Section 4.6 presents

the renormalisation group analysis of the lattice symmetry breaking effective field

theory and the criticality is contrasted with Gross-Neveu-Yukawa theory. Section 4.7

analyses the broken symmetry state by minimising the free energy obtained from

integrating out the fermions. Section 4.8 ends the chapter with a discussion of the

results.

4.2 Lattice Symmetry Breaking Charge Order on the

Honeycomb Lattice
As a concrete example of the effects of lattice symmetry breaking on fermionic

quantumcriticality the honeycomb lattice at half-filling and zero temperature, subject

to nearest (V1) and next-nearest (V2) neighbour repulsive interactions are once more
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Figure 4.2: (Left) Honeycomb lattice with the primitive (a1,2) and plaquette (ã1,2) lattice
vectors, as well as the plaquette labelings A1, . . . , B3. (Right) Brillouin zone
corresponding to the A− B unit cell. Low-energy Dirac fermion excitations are
located at K±.

considered.

4.2.1 Dirac Fermions

In this discussion it is useful to highlight some algebraic properties of the effective

field theory of Dirac fermions [20]

LΨ = Ψ† [∂τ + ivFα · ∂]Ψ = Ψ† [(−ik0 + vFk · α]Ψ, (4.1)

where α = (σx ⊗ τz, σy ⊗ τ0) and ∂ = (∂x, ∂y). With αz = σz ⊗ τz, α form an

SU(2) pseudospin algebra [αi, α j] = 2i
∑z

k=x εi j kαk and {αi, α j} = 2δi jα0, with the

(implicit) identity α0 = σ0 ⊗ τ0. Here εi j k is the antisymmetric Levi-Civita tensor.

Eq. (4.1) is endowed with emergent intravalley spatial rotational symmetry

Ψ → eiθαz/2Ψ [k → (kx cos θ − ky sin θ, kx cos θ + ky sin θ)] and emergent global

SU(2) chiral/gauge symmetryΨ→ ei
∑3

a=1 θ
aTa
Ψ that is generated byT1 = −σy ⊗ τy,

T2 = σy ⊗ τx and T3 = σ0 ⊗ τz. (T1,T2,T3) also form a pseudospin algebra with

identity T0, and commute with αi. In addition, Eq. (4.1) has emergent pseudo-

relativistic invariance where the “speed of light” is vF . This Lorentz invariance is

exposed using the Dirac gamma matrices γ, in which covariant form is achieved,

LΨ =
∑
µ=τ,x,y(Ψ†γ0)γµ∂µΨ (temporarily setting vF = 1). The γ matrices are

defined in Section 4.4.
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4.2.2 Symmetries from the Honeycomb Lattice

The low-energy effective Hamiltonian

H =
∫ Λ

k
Ψ†

k
H(k)Ψk, with H(k) = vFk · α, (4.2)

also inherits the symmetries of the non-interacting honeycomb lattice Hamiltonian

Ht = −t
∑
〈i, j〉 c†i c j (and Eq. (2.3)) that was discussed in Section 2.2 [20, 127].

There are the reflection symmetries in the x and y planes, which respectively are

Rx = αxT3 = σx ⊗ τ0 [ky → −ky] and Ry = αyT2 = σ0 ⊗ τx [kx → −kx] such that

RxH(kx,−ky)R−1
x = H(kx, ky) and RyH(−kx, ky)R−1

y = H(kx, ky). (4.3)

Rx interchanges the sublattices, as can be seen from the lattice in Fig. 4.2. Ry

interchanges the Dirac valleys, as can be seen from the Brillouin zone in Fig. 4.2.

Together Rx Ry = αzT1 = σx ⊗ τx [k → −k] defines spatial inversion, equivalent
to a C2 π rotation. The honeycomb lattice also has three-fold rotational symmetry

C3 = e±2πiαz/3 [k → (−kx ∓
√

3ky,±
√

3kx − ky)/2], which is constructed such

that [127]: it is diagonal in valley and sublattice, (C3)3 = 1 (hence 2π/3), and it

commutes with C2. The translation symmetry under the primitive lattice vectors

a1 =
√

3
2 (1,
√

3), a2 =
√

3
2 (−1,

√
3) is enacted by ta1,2 = eiK+·a1,2T3

= e±2πiT3/3, where

Kτ = 4π/3√3(τ, 0) is the location of the Dirac points. That T3 = σ0 ⊗ τz is the

generator of translations follows from the action of a primitive translation on Ψ,

where it is clear it must be valley dependent. From the properties of Bloch waves it

is the case that under primitive translations ck → eik ·a1,2ck . It then follows that

(ψA+
k , ψA−

k , ψB+
k , ψB−

k ) → (eiK+·a1,2ψA+
k , eiK−·a1,2ψA−

k , eiK+·a1,2ψB+
k , eiK−·a1,2ψB−

k ),
(4.4)

where it is understood that ψστ
k
= ψσ(k + Kτ) is the small k expansion around the

Dirac point Kτ.

In addition, the theory has the discrete time reversal T , chiral S and particle-

hole C symmetries [93], XHX−1 = H for X = T ,S, C, and with TS = C. Time



4.2. Lattice Symmetry Breaking Charge Order on the Honeycomb Lattice 72

reversal is the antiunitary operation T = αyT2K = σ0 ⊗ τxK [k → −k], where K
is complex conjugation, from which it follows that TH∗(−k)T −1 = H(k). Also, it
is evident that T interchanges the Dirac valleys. Chiral symmetry S is a property

of any nearest neighbour hopping fermionic model on a bipartite lattice HAB =∑
〈i j〉 ti jc

†
i c j . It is the operation under which cA → c†B, cB → −c†A, or equivalently

(cA, cB) → σz(cA, cB)†, where theminus sign accounts for fermion anticommutation.

Following this, here the chiral operation S = αzT3 = σz ⊗ τ0, and is sometimes

known as the energy reflection symmetry because SH(k)S−1 = −H(k). Finally,

the particle-hole (or charge conjugation) operation is the combination of the two,

leading to C = αxT1K = −σz ⊗ τxK [k → −k], from which it follows that

CH∗(−k)C−1 = −H(k). Additional real hopping terms, such as the next-nearest

neighbour t2 would break the particle-hole symmetry, but particle-hole would still be

an emergent symmetry of the low-energy Dirac theory. In contrast, a finite chemical

potential that deviates from half-filling breaks the particle-hole symmetry.

4.2.3 Hubbard-Stratonovich Decoupling

Sufficiently strong V2 stabilises CDW3 order (Fig. 4.1). The steps discussed pre-

viously to obtain the general effective field theory of charge order are repeated for

clarity. (1) The interaction is decoupled in the charge channel with the Hubbard-

Stratonovich transformation

e−
∫
τ
(V1

∑
〈i, j 〉 n̂i n̂j+V2

∑
〈〈i, j 〉〉 n̂i n̂j )

=

∫
D[ρ] exp

{
−

∫
τ

∑
k

[ρ†
k
(τ) · Vk · ρk(τ) + 2n̂†

k
(τ) · Vk · ρk(τ)]

}
. (4.5)

This introduces six auxiliary charge fields ρ = (ρA1, ρA2, ρA3, ρB1, ρB2, ρB3), which
are conjugate to the density n̂ on each site of the plaquette. In addition, the transfor-
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mation matrix is introduced

Vk = −1
2

©­­­­­­­­­­­­­«

0 V2e1̄3 V2e1̄2 V1 V1 V1eik ·ã1̄

V2e13̄ 0 V2e23̄ V1 V1eik ·ã3̄ V1

V2e12̄ V2e2̄3 0 V1eik ·ã2̄ V1 V1

V1 V1 V1eik ·ã2 0 V2e23̄ V2e1̄2

V1 V1eik ·ã3 V1 V2e2̄3 0 V2e1̄3

V1eik ·ã1 V1 V1 V2e12̄ V2e13̄ 0

ª®®®®®®®®®®®®®¬
, (4.6)

with enm = 1 + eik ·ãn + eik ·ãm and ãn̄ = −ãn, n = 1, 2, 3. Here ã1 =
3
2 (
√

3, 1) and
ã2 =

3a
2 (−
√

3, 1) are the lattice vectors of the enlarged plaquette unit cell lattice. (2)
The high energy modes are integrated out, with the projection P. This obtains the
location interaction

LV = Ψ
†
{
(V2 − V1/2)[ρA1 + ρA2 + ρA3 − ρB1 − ρB2 − ρB3]αzT3

+
V2
4
[ρA1 − 2ρA2 + ρA3 − ρB1 + 2ρB2 − ρB3]αxT1

+

√
3V2
4
[−ρA1 + ρA3 − ρB1 + ρB3]αyT1

+

√
3V2
4
[−ρA1 + ρA3 + ρB1 − ρB3]αxT2

+
V2
4
[−ρA1 + 2ρA2 − ρA3 − ρB1 + 2ρB2 − ρB3]αyT2

+ (V2 + V1/2)[ρA1 + ρA2 + ρA3 + ρB1 + ρB2 + ρB3]α0T0
}
Ψ

+ V1(ρA1 + ρA2 + ρA3)(ρB1 + ρB2 + ρB3)
+ 3V2(ρA1ρA2 + ρA2ρA3 + ρA3ρA1 + ρB1ρB2 + ρB2ρB3 + ρB3ρB1), (4.7)

where the Yukawa coupling matrices between fermions and dynamical order param-

eter fields have been expressed in terms of the α and T matrices. Here the gradient

terms have been suppressed in the interest of brevity. The relevant gradient terms

are systematically included by the one-loop fermion bubbles, and are discussed in

more detail below. The half-filling condition is ρA1+ ρA2+ ρA3+ ρB1+ ρB2+ ρB3 = 0.
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4.2.4 Low-Energy Theory

To analyse the criticality the charge order symmetry must not be broken by hand,

as it was in Chapter 3. It is convenient to introduce the dynamical order parameter

fields ρ0, φ, A1 = (A1
x, A1

y), A2 = (A2
x, A2

y) with

©­­­­­­­­­­­­­«

ρ0

φ

A1
x

A1
y

A2
x

A2
y

ª®®®®®®®®®®®®®¬
=

1
6

©­­­­­­­­­­­­­«

√
6

√
6

√
6
√

6
√

6
√

6
√

6
√

6
√

6 −
√

6 −
√

6 −
√

6
√

3 −2
√

3
√

3 −√3 2
√

3 −√3

−3 0 3 3 0 −3

−3 0 3 −3 0 3

−√3 2
√

3 −√3 −√3 2
√

3 −√3

ª®®®®®®®®®®®®®¬

©­­­­­­­­­­­­­«

ρA1

ρA2

ρA3

ρB1

ρB2

ρB3

ª®®®®®®®®®®®®®¬
, (4.8)

and ρ0 = 0 at half-filling. The corresponding charge patterns on the hexagonal unit

cell that are induced by φ, A1,2 are shown in Fig. 4.3. In fact, the terms obtained are

precisely the irreducible representations of the point group C′′6v = (1 + ta1 + ta1)C6v

containing primitive translations ta1,2 [127, 128]. Here φ transforms as the B2

irreducible representation and (A1, A2) transform like the 4-components of G. The

components mix into each other under primitive translations Ψ → e±2πiT3/3Ψ,

thereby breaking the translational symmetry of C6v (the primitive unit cell). Also, it

is important to note that (A1
x, A1

y, A2
x, A2

y) are (even, odd, odd, even) under reflections
in the x axis (Rx), and (odd, even, odd, even) under reflections in the y axis (Ry).
This can be seen by inspection of Fig. 4.3 and distinguishes each of the components.

Finally, the effective local Yukawa Lagrangian that couples Dirac fermions and

dynamical order parameter fields has the compact form

Lg = Ψ
†
(
gφφαzT3 + gAα · AaTa

)
Ψ, (4.9)

where the summation over repeated a = 1, 2 is used throughout. The bare ef-

fective couplings are related to the lattice couplings (gφ)0 =
√

3/2(V1 − 2V2) and
(gA)0 =

√
3/2V2. Note that Lg preserves emergent spatial rotational and U(1) chiral

symmetry, but breaks breaks Lorentz invariance. In addition, the bare Hubbard-
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A2
x b= G(E2x)
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A2
y b= G(E2y)

<latexit sha1_base64="bNR3rokRbYc9jzi1F0cpIzYOFO0=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIdVOSIihUoSKiywr2Ak0Mk8m0HTq5MDNRQsjSja/ixoUibn0Ed76N0zYLbf1h4OM/53Dm/G7EqJCG8a3NzS8sLi0XVoqra+sbm/rWdkuEMcekiUMW8o6LBGE0IE1JJSOdiBPku4y03eHFqN6+J1zQMLiVSURsH/UD2qMYSWU5+t75XdVJoFWzHqhHBkimZ5lVg1flSyetJtmho5eMijEWnAUzhxLI1XD0L8sLceyTQGKGhOiaRiTtFHFJMSNZ0YoFiRAeoj7pKgyQT4Sdjg/J4IFyPNgLuXqBhGP390SKfCES31WdPpIDMV0bmf/VurHsndgpDaJYkgBPFvViBmUIR6lAj3KCJUsUIMyp+ivEA8QRliq7ogrBnD55FlrViqn45qhUP83jKIBdsA/KwATHoA6uQQM0AQaP4Bm8gjftSXvR3rWPSeucls/sgD/SPn8AacuYSA==</latexit><latexit sha1_base64="bNR3rokRbYc9jzi1F0cpIzYOFO0=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIdVOSIihUoSKiywr2Ak0Mk8m0HTq5MDNRQsjSja/ixoUibn0Ed76N0zYLbf1h4OM/53Dm/G7EqJCG8a3NzS8sLi0XVoqra+sbm/rWdkuEMcekiUMW8o6LBGE0IE1JJSOdiBPku4y03eHFqN6+J1zQMLiVSURsH/UD2qMYSWU5+t75XdVJoFWzHqhHBkimZ5lVg1flSyetJtmho5eMijEWnAUzhxLI1XD0L8sLceyTQGKGhOiaRiTtFHFJMSNZ0YoFiRAeoj7pKgyQT4Sdjg/J4IFyPNgLuXqBhGP390SKfCES31WdPpIDMV0bmf/VurHsndgpDaJYkgBPFvViBmUIR6lAj3KCJUsUIMyp+ivEA8QRliq7ogrBnD55FlrViqn45qhUP83jKIBdsA/KwATHoA6uQQM0AQaP4Bm8gjftSXvR3rWPSeucls/sgD/SPn8AacuYSA==</latexit><latexit sha1_base64="bNR3rokRbYc9jzi1F0cpIzYOFO0=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIdVOSIihUoSKiywr2Ak0Mk8m0HTq5MDNRQsjSja/ixoUibn0Ed76N0zYLbf1h4OM/53Dm/G7EqJCG8a3NzS8sLi0XVoqra+sbm/rWdkuEMcekiUMW8o6LBGE0IE1JJSOdiBPku4y03eHFqN6+J1zQMLiVSURsH/UD2qMYSWU5+t75XdVJoFWzHqhHBkimZ5lVg1flSyetJtmho5eMijEWnAUzhxLI1XD0L8sLceyTQGKGhOiaRiTtFHFJMSNZ0YoFiRAeoj7pKgyQT4Sdjg/J4IFyPNgLuXqBhGP390SKfCES31WdPpIDMV0bmf/VurHsndgpDaJYkgBPFvViBmUIR6lAj3KCJUsUIMyp+ivEA8QRliq7ogrBnD55FlrViqn45qhUP83jKIBdsA/KwATHoA6uQQM0AQaP4Bm8gjftSXvR3rWPSeucls/sgD/SPn8AacuYSA==</latexit><latexit sha1_base64="bNR3rokRbYc9jzi1F0cpIzYOFO0=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIdVOSIihUoSKiywr2Ak0Mk8m0HTq5MDNRQsjSja/ixoUibn0Ed76N0zYLbf1h4OM/53Dm/G7EqJCG8a3NzS8sLi0XVoqra+sbm/rWdkuEMcekiUMW8o6LBGE0IE1JJSOdiBPku4y03eHFqN6+J1zQMLiVSURsH/UD2qMYSWU5+t75XdVJoFWzHqhHBkimZ5lVg1flSyetJtmho5eMijEWnAUzhxLI1XD0L8sLceyTQGKGhOiaRiTtFHFJMSNZ0YoFiRAeoj7pKgyQT4Sdjg/J4IFyPNgLuXqBhGP390SKfCES31WdPpIDMV0bmf/VurHsndgpDaJYkgBPFvViBmUIR6lAj3KCJUsUIMyp+ivEA8QRliq7ogrBnD55FlrViqn45qhUP83jKIBdsA/KwATHoA6uQQM0AQaP4Bm8gjftSXvR3rWPSeucls/sgD/SPn8AacuYSA==</latexit>

� b= B2
<latexit sha1_base64="XCz/4mgssyMmNnvttvs0bvqXUV0=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBFclKYJCFYpuXFawF2hCmEwmzdDJJMxMlBLqxldx40IRt76FO9/GaZuFtv4w8PGfczhzfj9lVCrL+jZKS8srq2vl9crG5tb2jrm715FJJjBp44QloucjSRjlpK2oYqSXCoJin5GuP7ye1Lv3REia8Ds1SokbowGnIcVIacszD5w0otBpOA80IBFS+eXYacArr+6ZVatmTQUXwS6gCgq1PPPLCRKcxYQrzJCUfdtKlZsjoShmZFxxMklShIdoQPoaOYqJdPPpBWN4rJ0AhonQjys4dX9P5CiWchT7ujNGKpLztYn5X62fqfDczSlPM0U4ni0KMwZVAidxwIAKghUbaUBYUP1XiCMkEFY6tIoOwZ4/eRE69Zqt+fa02rwo4iiDQ3AEToANzkAT3IAWaAMMHsEzeAVvxpPxYrwbH7PWklHM7IM/Mj5/AAAOleo=</latexit><latexit sha1_base64="XCz/4mgssyMmNnvttvs0bvqXUV0=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBFclKYJCFYpuXFawF2hCmEwmzdDJJMxMlBLqxldx40IRt76FO9/GaZuFtv4w8PGfczhzfj9lVCrL+jZKS8srq2vl9crG5tb2jrm715FJJjBp44QloucjSRjlpK2oYqSXCoJin5GuP7ye1Lv3REia8Ds1SokbowGnIcVIacszD5w0otBpOA80IBFS+eXYacArr+6ZVatmTQUXwS6gCgq1PPPLCRKcxYQrzJCUfdtKlZsjoShmZFxxMklShIdoQPoaOYqJdPPpBWN4rJ0AhonQjys4dX9P5CiWchT7ujNGKpLztYn5X62fqfDczSlPM0U4ni0KMwZVAidxwIAKghUbaUBYUP1XiCMkEFY6tIoOwZ4/eRE69Zqt+fa02rwo4iiDQ3AEToANzkAT3IAWaAMMHsEzeAVvxpPxYrwbH7PWklHM7IM/Mj5/AAAOleo=</latexit><latexit sha1_base64="XCz/4mgssyMmNnvttvs0bvqXUV0=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBFclKYJCFYpuXFawF2hCmEwmzdDJJMxMlBLqxldx40IRt76FO9/GaZuFtv4w8PGfczhzfj9lVCrL+jZKS8srq2vl9crG5tb2jrm715FJJjBp44QloucjSRjlpK2oYqSXCoJin5GuP7ye1Lv3REia8Ds1SokbowGnIcVIacszD5w0otBpOA80IBFS+eXYacArr+6ZVatmTQUXwS6gCgq1PPPLCRKcxYQrzJCUfdtKlZsjoShmZFxxMklShIdoQPoaOYqJdPPpBWN4rJ0AhonQjys4dX9P5CiWchT7ujNGKpLztYn5X62fqfDczSlPM0U4ni0KMwZVAidxwIAKghUbaUBYUP1XiCMkEFY6tIoOwZ4/eRE69Zqt+fa02rwo4iiDQ3AEToANzkAT3IAWaAMMHsEzeAVvxpPxYrwbH7PWklHM7IM/Mj5/AAAOleo=</latexit><latexit sha1_base64="XCz/4mgssyMmNnvttvs0bvqXUV0=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBFclKYJCFYpuXFawF2hCmEwmzdDJJMxMlBLqxldx40IRt76FO9/GaZuFtv4w8PGfczhzfj9lVCrL+jZKS8srq2vl9crG5tb2jrm715FJJjBp44QloucjSRjlpK2oYqSXCoJin5GuP7ye1Lv3REia8Ds1SokbowGnIcVIacszD5w0otBpOA80IBFS+eXYacArr+6ZVatmTQUXwS6gCgq1PPPLCRKcxYQrzJCUfdtKlZsjoShmZFxxMklShIdoQPoaOYqJdPPpBWN4rJ0AhonQjys4dX9P5CiWchT7ujNGKpLztYn5X62fqfDczSlPM0U4ni0KMwZVAidxwIAKghUbaUBYUP1XiCMkEFY6tIoOwZ4/eRE69Zqt+fa02rwo4iiDQ3AEToANzkAT3IAWaAMMHsEzeAVvxpPxYrwbH7PWklHM7IM/Mj5/AAAOleo=</latexit>

A1
y b= G(E1x)

<latexit sha1_base64="n29o9sCmOh8CFXKy8hAgJFotBhU=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIdVMSERSqUBHRZQV7gSaGyWTaDp1cmJmoIWTpxldx40IRtz6CO9/GaZuFtv4w8PGfczhzfjdiVEjD+NZmZufmFxYLS8XlldW1dX1jsynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7uB8WG/dES5oGNzIJCK2j3oB7VKMpLIcfefs1nQSaFWte+qRPpLpaWZV4WX5wknNh2zf0UtGxRgJToOZQwnkqjv6l+WFOPZJIDFDQnRMI5J2irikmJGsaMWCRAgPUI90FAbIJ8JOR4dkcE85HuyGXL1AwpH7eyJFvhCJ76pOH8m+mKwNzf9qnVh2j+2UBlEsSYDHi7oxgzKEw1SgRznBkiUKEOZU/RXiPuIIS5VdUYVgTp48Dc2Diqn4+rBUO8njKIBtsAvKwARHoAauQB00AAaP4Bm8gjftSXvR3rWPceuMls9sgT/SPn8AZR6YRQ==</latexit><latexit sha1_base64="n29o9sCmOh8CFXKy8hAgJFotBhU=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIdVMSERSqUBHRZQV7gSaGyWTaDp1cmJmoIWTpxldx40IRtz6CO9/GaZuFtv4w8PGfczhzfjdiVEjD+NZmZufmFxYLS8XlldW1dX1jsynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7uB8WG/dES5oGNzIJCK2j3oB7VKMpLIcfefs1nQSaFWte+qRPpLpaWZV4WX5wknNh2zf0UtGxRgJToOZQwnkqjv6l+WFOPZJIDFDQnRMI5J2irikmJGsaMWCRAgPUI90FAbIJ8JOR4dkcE85HuyGXL1AwpH7eyJFvhCJ76pOH8m+mKwNzf9qnVh2j+2UBlEsSYDHi7oxgzKEw1SgRznBkiUKEOZU/RXiPuIIS5VdUYVgTp48Dc2Diqn4+rBUO8njKIBtsAvKwARHoAauQB00AAaP4Bm8gjftSXvR3rWPceuMls9sgT/SPn8AZR6YRQ==</latexit><latexit sha1_base64="n29o9sCmOh8CFXKy8hAgJFotBhU=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIdVMSERSqUBHRZQV7gSaGyWTaDp1cmJmoIWTpxldx40IRtz6CO9/GaZuFtv4w8PGfczhzfjdiVEjD+NZmZufmFxYLS8XlldW1dX1jsynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7uB8WG/dES5oGNzIJCK2j3oB7VKMpLIcfefs1nQSaFWte+qRPpLpaWZV4WX5wknNh2zf0UtGxRgJToOZQwnkqjv6l+WFOPZJIDFDQnRMI5J2irikmJGsaMWCRAgPUI90FAbIJ8JOR4dkcE85HuyGXL1AwpH7eyJFvhCJ76pOH8m+mKwNzf9qnVh2j+2UBlEsSYDHi7oxgzKEw1SgRznBkiUKEOZU/RXiPuIIS5VdUYVgTp48Dc2Diqn4+rBUO8njKIBtsAvKwARHoAauQB00AAaP4Bm8gjftSXvR3rWPceuMls9sgT/SPn8AZR6YRQ==</latexit><latexit sha1_base64="n29o9sCmOh8CFXKy8hAgJFotBhU=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIdVMSERSqUBHRZQV7gSaGyWTaDp1cmJmoIWTpxldx40IRtz6CO9/GaZuFtv4w8PGfczhzfjdiVEjD+NZmZufmFxYLS8XlldW1dX1jsynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7uB8WG/dES5oGNzIJCK2j3oB7VKMpLIcfefs1nQSaFWte+qRPpLpaWZV4WX5wknNh2zf0UtGxRgJToOZQwnkqjv6l+WFOPZJIDFDQnRMI5J2irikmJGsaMWCRAgPUI90FAbIJ8JOR4dkcE85HuyGXL1AwpH7eyJFvhCJ76pOH8m+mKwNzf9qnVh2j+2UBlEsSYDHi7oxgzKEw1SgRznBkiUKEOZU/RXiPuIIS5VdUYVgTp48Dc2Diqn4+rBUO8njKIBtsAvKwARHoAauQB00AAaP4Bm8gjftSXvR3rWPceuMls9sgT/SPn8AZR6YRQ==</latexit>

A1
x b= G(�E1y)

<latexit sha1_base64="lR5GVZj5cafMzHMqyjoj6hKPcVA=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxCXVgSERSqUBHRZQV7gSaGyWTaDp1cmJmoIWTrxldx40IRt76BO9/GaZuFtv4w8PGfczhzfjdiVEjD+NZmZufmFxYLS8XlldW1dX1jsynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7uB8WG/dES5oGNzIJCK2j3oB7VKMpLIcHZ7dms4DtKrWPfVIH8n0NLOq8LK8f+GkZpLtOXrJqBgjwWkwcyiBXHVH/7K8EMc+CSRmSIiOaUTSThGXFDOSFa1YkAjhAeqRjsIA+UTY6eiSDO4qx4PdkKsXSDhyf0+kyBci8V3V6SPZF5O1oflfrRPL7rGd0iCKJQnweFE3ZlCGcBgL9CgnWLJEAcKcqr9C3EccYanCK6oQzMmTp6F5UDEVXx+Waid5HAWwDXZAGZjgCNTAFaiDBsDgETyDV/CmPWkv2rv2MW6d0fKZLfBH2ucP16+YfA==</latexit><latexit sha1_base64="lR5GVZj5cafMzHMqyjoj6hKPcVA=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxCXVgSERSqUBHRZQV7gSaGyWTaDp1cmJmoIWTrxldx40IRt76BO9/GaZuFtv4w8PGfczhzfjdiVEjD+NZmZufmFxYLS8XlldW1dX1jsynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7uB8WG/dES5oGNzIJCK2j3oB7VKMpLIcHZ7dms4DtKrWPfVIH8n0NLOq8LK8f+GkZpLtOXrJqBgjwWkwcyiBXHVH/7K8EMc+CSRmSIiOaUTSThGXFDOSFa1YkAjhAeqRjsIA+UTY6eiSDO4qx4PdkKsXSDhyf0+kyBci8V3V6SPZF5O1oflfrRPL7rGd0iCKJQnweFE3ZlCGcBgL9CgnWLJEAcKcqr9C3EccYanCK6oQzMmTp6F5UDEVXx+Waid5HAWwDXZAGZjgCNTAFaiDBsDgETyDV/CmPWkv2rv2MW6d0fKZLfBH2ucP16+YfA==</latexit><latexit sha1_base64="lR5GVZj5cafMzHMqyjoj6hKPcVA=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxCXVgSERSqUBHRZQV7gSaGyWTaDp1cmJmoIWTrxldx40IRt76BO9/GaZuFtv4w8PGfczhzfjdiVEjD+NZmZufmFxYLS8XlldW1dX1jsynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7uB8WG/dES5oGNzIJCK2j3oB7VKMpLIcHZ7dms4DtKrWPfVIH8n0NLOq8LK8f+GkZpLtOXrJqBgjwWkwcyiBXHVH/7K8EMc+CSRmSIiOaUTSThGXFDOSFa1YkAjhAeqRjsIA+UTY6eiSDO4qx4PdkKsXSDhyf0+kyBci8V3V6SPZF5O1oflfrRPL7rGd0iCKJQnweFE3ZlCGcBgL9CgnWLJEAcKcqr9C3EccYanCK6oQzMmTp6F5UDEVXx+Waid5HAWwDXZAGZjgCNTAFaiDBsDgETyDV/CmPWkv2rv2MW6d0fKZLfBH2ucP16+YfA==</latexit><latexit sha1_base64="lR5GVZj5cafMzHMqyjoj6hKPcVA=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxCXVgSERSqUBHRZQV7gSaGyWTaDp1cmJmoIWTrxldx40IRt76BO9/GaZuFtv4w8PGfczhzfjdiVEjD+NZmZufmFxYLS8XlldW1dX1jsynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7uB8WG/dES5oGNzIJCK2j3oB7VKMpLIcHZ7dms4DtKrWPfVIH8n0NLOq8LK8f+GkZpLtOXrJqBgjwWkwcyiBXHVH/7K8EMc+CSRmSIiOaUTSThGXFDOSFa1YkAjhAeqRjsIA+UTY6eiSDO4qx4PdkKsXSDhyf0+kyBci8V3V6SPZF5O1oflfrRPL7rGd0iCKJQnweFE3ZlCGcBgL9CgnWLJEAcKcqr9C3EccYanCK6oQzMmTp6F5UDEVXx+Waid5HAWwDXZAGZjgCNTAFaiDBsDgETyDV/CmPWkv2rv2MW6d0fKZLfBH2ucP16+YfA==</latexit>
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⇥1

2<latexit sha1_base64="lqQ1fiUXEMt8qZSKtZalHmgo5Ws=">AAAB+nicbZBNS8NAEIYnftb6lerRS7AInkpSRD0WvHisYD+gDWWz3bRLN5uwO1FKzE/x4kERr/4Sb/4bt20O2vrCwsM7M8zsGySCa3Tdb2ttfWNza7u0U97d2z84tCtHbR2nirIWjUWsugHRTHDJWshRsG6iGIkCwTrB5GZW7zwwpXks73GaMD8iI8lDTgkaa2BX+sgjpvuhIjTz8qyeD+yqW3PnclbBK6AKhZoD+6s/jGkaMYlUEK17npugnxGFnAqWl/upZgmhEzJiPYOSmH1+Nj89d86MM3TCWJkn0Zm7vycyEmk9jQLTGREc6+XazPyv1ksxvPYzLpMUmaSLRWEqHIydWQ7OkCtGUUwNEKq4udWhY2JSQJNW2YTgLX95Fdr1mmf47qLauCziKMEJnMI5eHAFDbiFJrSAwiM8wyu8WU/Wi/VufSxa16xi5hj+yPr8AXRKlBI=</latexit><latexit sha1_base64="lqQ1fiUXEMt8qZSKtZalHmgo5Ws=">AAAB+nicbZBNS8NAEIYnftb6lerRS7AInkpSRD0WvHisYD+gDWWz3bRLN5uwO1FKzE/x4kERr/4Sb/4bt20O2vrCwsM7M8zsGySCa3Tdb2ttfWNza7u0U97d2z84tCtHbR2nirIWjUWsugHRTHDJWshRsG6iGIkCwTrB5GZW7zwwpXks73GaMD8iI8lDTgkaa2BX+sgjpvuhIjTz8qyeD+yqW3PnclbBK6AKhZoD+6s/jGkaMYlUEK17npugnxGFnAqWl/upZgmhEzJiPYOSmH1+Nj89d86MM3TCWJkn0Zm7vycyEmk9jQLTGREc6+XazPyv1ksxvPYzLpMUmaSLRWEqHIydWQ7OkCtGUUwNEKq4udWhY2JSQJNW2YTgLX95Fdr1mmf47qLauCziKMEJnMI5eHAFDbiFJrSAwiM8wyu8WU/Wi/VufSxa16xi5hj+yPr8AXRKlBI=</latexit><latexit sha1_base64="lqQ1fiUXEMt8qZSKtZalHmgo5Ws=">AAAB+nicbZBNS8NAEIYnftb6lerRS7AInkpSRD0WvHisYD+gDWWz3bRLN5uwO1FKzE/x4kERr/4Sb/4bt20O2vrCwsM7M8zsGySCa3Tdb2ttfWNza7u0U97d2z84tCtHbR2nirIWjUWsugHRTHDJWshRsG6iGIkCwTrB5GZW7zwwpXks73GaMD8iI8lDTgkaa2BX+sgjpvuhIjTz8qyeD+yqW3PnclbBK6AKhZoD+6s/jGkaMYlUEK17npugnxGFnAqWl/upZgmhEzJiPYOSmH1+Nj89d86MM3TCWJkn0Zm7vycyEmk9jQLTGREc6+XazPyv1ksxvPYzLpMUmaSLRWEqHIydWQ7OkCtGUUwNEKq4udWhY2JSQJNW2YTgLX95Fdr1mmf47qLauCziKMEJnMI5eHAFDbiFJrSAwiM8wyu8WU/Wi/VufSxa16xi5hj+yPr8AXRKlBI=</latexit><latexit sha1_base64="lqQ1fiUXEMt8qZSKtZalHmgo5Ws=">AAAB+nicbZBNS8NAEIYnftb6lerRS7AInkpSRD0WvHisYD+gDWWz3bRLN5uwO1FKzE/x4kERr/4Sb/4bt20O2vrCwsM7M8zsGySCa3Tdb2ttfWNza7u0U97d2z84tCtHbR2nirIWjUWsugHRTHDJWshRsG6iGIkCwTrB5GZW7zwwpXks73GaMD8iI8lDTgkaa2BX+sgjpvuhIjTz8qyeD+yqW3PnclbBK6AKhZoD+6s/jGkaMYlUEK17npugnxGFnAqWl/upZgmhEzJiPYOSmH1+Nj89d86MM3TCWJkn0Zm7vycyEmk9jQLTGREc6+XazPyv1ksxvPYzLpMUmaSLRWEqHIydWQ7OkCtGUUwNEKq4udWhY2JSQJNW2YTgLX95Fdr1mmf47qLauCziKMEJnMI5eHAFDbiFJrSAwiM8wyu8WU/Wi/VufSxa16xi5hj+yPr8AXRKlBI=</latexit>
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Figure 4.3: All possible charge instabilities in the 6-site unit cell on the half-filled honey-
comb lattice. Charge modulation is shown relative to half-filling. They are
labelled with the order parameter fields that couple to the Dirac fermions in
the effective field theory, as well as the corresponding elements in symmetry
groups C ′′6v and C6v in parentheses.

Stratonovich bosonic mass term is

LHS =
√

3/2(gφ)0φ2 +
√

3(gA)0 A2. (4.10)

4.2.4.1 Mass Sector

In the regime V1 � V2 the order parameter φ describes the quantum phase transition

from the semimetal into the CDW insulator that spontaneously breaks sublattice

exchange symmetry, Ψ → RxΨ, φ → −φ. This corresponds to Z2 chiral symmetry

breaking in the low energy effective field theory [129], where the dynamics of φ are

encapsulated by the Lagrangian

Lφ =
1
2
φ

(
−∂2

τ − c2
φ∂

2 + m2
φ

)
φ, (4.11)

with ∂2 = ∂2
x +∂

2
y . At the bare level of the Hubbard-Stratonovich (prior to integrating

out any fermionic or bosonic modes) the bosonic mass (m2
φ)0 = 3/2(V1 − 2V2). The

convention in this Thesis is to always redefine the bosonic order parameter masses by

their fixed point values m2
φ → m2

φ−(m2
φ)∗. Then the fermionic quantum critical point

m2
φ = 0 belongs to the Z2 GNY or chiral Ising universality class. The properties of

this critical fixed point have been intensively studied with a variety of techniques,

see Refs. [130, 131] for a review. The basic properties are discussed at length in

Section 4.5.
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The anticommutation {H0,Ψ
†αzT3Ψ} = 0 identifies φ as amass field that opens

a gap 〈gφφ〉 [132, 133]. All possible mass terms of 4-component Dirac fermions

are enumerated by M µαzT µ for µ = 0, 1, 2, 3. Only the sublattice CDW mass [17]

(M3 = φ) is considered here. The other terms arise from bond order 〈c†i c j〉 on the

honeycomb lattice. The Haldane quantum anomalous Hall mass M0αzT0 [37] was

discussed in Chapter 3. Additionally, (M1αzT1, M2αzT2) correspond to the mass

fields of the Kekulé valence bond solid phase (shown in Fig. 3.2(b)), which form an

XY order parameter [23, 24, 134].

4.2.4.2 Emergent Gauge Sector

In the low-energy A1,2 minimally couple as components of an emergent SU(2) non-
Abelian local gauge theory generated byTa. This is revealed by the local Lagrangian

LΨ + LgA = Ψ
† [∂τ + iα · (vF∂ − igAA

aTa)]Ψ, (4.12)

with ∂ = (∂x, ∂y). To avoid integrating over the emergent gauge redundancies, the

theory is gauge fixed in the Rξ gauge by following the Fadeev-Popov procedure,

which is discussed in further detail in Appendix B.1. The result is the gauge fixed

Lagrangian of the critical low-energy theory is

LA =
∑

i, j=x,y

1
2

Aa
i

(
−δi j(∂2

τ + ∂
2 + m2

A) −
1 − ξ
ξ

∂i∂j

)
Aa

j , (4.13)

which is invertible for all finite ξ. It is convenient to use the Feynman-’t Hooft gauge

ξ = 1, where the Lagrangian is isotropic

LA =
1
2
Aa ·

(
−∂2

τ − c2
A∂

2 + m2
A

)
Aa. (4.14)

The universal behaviour should not depend on the choice of gauge.

The bosonic mass m2
A is finite from the lattice Hubbard-Stratonovich transfor-

mation with the bare mass (m2
A)0 = 3/2V2. This implies that A1,2 can have finite

order parameter expectation values [135–137], which is expected from the lattice

model where A are linear combinations of charge order parameters. This is in
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contrast to the standard Yang-Mills theory, where m2
A = 0 is enforced by a Ward

identity.

4.2.4.3 Bosonic Self-Interactions

From symmetry considerations, or alternatively by integrating out high energy

fermionic modes, one obtains the bosonic self-interaction

Lλ = λφφ4 + λAA4 + λφAφ
2 A2 + λYM(A1 × A2)2, (4.15)

where A =
√
Aa · Aa. The Yang-Mills term λYM reflects the underlying emergent

non-Abelian gauge structure.

4.2.4.4 Bosonic Cubic Terms and Particle-Hole Symmetry

In the low-energy theory there is the symmetry allowed cubic term b̃φ(A1 × A2).
This is because A1 × A2 preserves the emergent global chiral symmetry Ψ →
eiθT3
Ψ, under which A1 → A1 cos θ − A2 sin θ and A2 → A1 sin θ + A2 cos θ.

Spatial rotational symmetry Ψ → eiθαzΨ is also preserved, under which Aa
x →

Aa
x cos θ − Aa

y sin θ and Aa
y → Aa

x sin θ + Aa
y cos θ. Note the useful double-complex

representation G = G1 + jG2 with Ga = Aa
x + iAa

y, in which spatial rotations are

implemented by eiθ and chiral transformations are implemented by e jθ . Yet, the

non-interacting theory is particle-hole symmetric, see Section 4.2.2, where as the

Yukawa terms in Lg, Eq. (4.9), are all particle-hole odd CLgC−1 = −Lg. Therefore

the cubic terms are forbidden as all loop corrections vanish by symmetry

〈Ψ†αzT3ΨΨ†αiTaΨΨ†α jT bΨ〉 → −〈Ψ†αzT3ΨΨ†αiTaΨΨ†α jT bΨ〉 = 0. (4.16)

This is in accordance with Furry’s theorem [9], which states that odd-legged fermion

loops that are odd under a discrete Z2 symmetry of the non-interacting theory must

vanish.

Similarly, the reduced lattice symmetry group C′′6v allows for the lattice cubic

term bIm[G3
2 − 3G2

1G2], where Ga = Aa
x + iAa

y. This term is not generated by

the Dirac fermion loops, as they possess the higher continuous spatial rotational
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symmetry, which is discrete on the lattice. One way to identify this term is using the

double complex representation. The cubic term is identified by first decomposing

G3 into the real (R) and imaginary (I) parts in complex i and j

G3 = (G3)RR + j(G3)IR + i(G3)RI + i j(G3)II. (4.17)

Each of the four terms is individually invariant under primitive translations G →
e j2π/3G and C3 rotations G→ ei2π/3G. However, only (G3)II = Im[G3

2 − 3G2
1G2] is

invariant under reflections Rx,y in x and y planes. This can be checked by inspecting

Im[G3
2 − 3G2

1G2] = −6A1
x A2

x A1
y + 3

[(A1
y)2 − (A1

x)2 + (A2
x)2

]
A2
y − (A2

y)3, (4.18)

where (A1
x, A1

y, A2
x, A2

y) transform as (+,−,−,+) in Rx and (−,+,−,+) and in Ry.

Repeating this type of analysis the symmetry allowed lattice quartic term is found

φG3 results in φRe[G3
1 − 3G1G2

2].

However, even if the particle-hole symmetry is relaxed, these analytic low-

energy and lattice cubic terms vanish at the fermionic critical point, which is an

example of fermion-induced quantum criticality [23]. These terms will be ne-

glected in the main renormalisation group analysis, but this topic is addressed in

Section 4.6.4.

Finally, an important clarification is in order, as it may appear that finite order

parameter expectation values are forbidden by this symmetry. This is of course

not the case. Instead it indicates that spontaneous symmetry breaking is a non-

perturbative effect, and that it requires expectation values to be self-consistently

calculated with respect to the broken symmetry state. This is achieved in Chapter’s 2

and 3with the saddle-point expansion where the order parameter explicitly enters the

fermionic self-energy, and is equivalent to an infinite order resummation of diagrams.

This feature is present but somewhat hidden in the coupled renormalisation group

equations.
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4.3 Introduction to the Renormalisation Group

Relevant aspects of the renormalisation group are introduced. A more complete

description can be found in the following selection of textbooks and review arti-

cles [1, 5, 8, 9, 138, 139]. Quantum (multi-)critical points are described by scale

invariant fixed points of the renormalisation group (RG) transformation k′i = kie`,

k′0 = k0ez`. Here z is the dynamical exponent indicating discrepancies in the scaling

of space x′ = x−` and imaginary time τ′ = τe−z`. This allows for a mapping of a

d-spatial dimensional quantum field theory to a d+ z classical field theory. Then the

perturbative Wilson momentum shell scheme [6] can be used to identify universal

features of the action S =
∫
τ,r

L, with

L = LΨ + Lφ + LA + Lg + Lλ. (4.19)

The Wilson momentum shell formulation of the renormalisation group is

essentially a three step procedure. (1) Integrate over the infinitesimal fraction

of “fast” modes in the momentum shell Λe−δ` ≤ |k | ≤ Λ (and all frequency

modes −∞ ≤ k0 ≤ ∞) corresponding to the highest energies. Here δ` is used

to emphasise the transformation is infinitesimal. (2) Rescale the “slow” modes

k → k′i = kieδ`, such that the resulting theory has the same integration re-

gion as the original theory
∫ Λe−δ`

k →
∫ Λ

k . (3) Identify the set of renormalised

coupling constants xi(` + δ`) = xi(`) + Fi({x j(`)})δ`, where Fi are the set of

renormalisation corrections that depend on the couplings. In the current case

xi = (g2
φ, g

2
A, λφ, λA, λYM, λφA,m2

φ,m
2
A). Steps (1-3) are repeated in a self-consistent

manner until no new couplings xi are generated. This iterative procedure is encapsu-

lated by the set of renormalisation group equations (coupled differential equations,

or recursion relations)
d
d`

xi(`) = Fi({x j(l)}). (4.20)

The solutions of Eq. (4.20) define scale invariant fixed points (xi)∗ in the

coupling parameter space. Scale invariance implies that there is no defining length

scale, as is the case at a critical point of a continuous phase transition where the
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correlation length diverges, ξ → ∞. Fixed points can be characterised by the

linearised RG flow in their vicinity

d
d`

xi =
∑

j

Mi j(x j − (x j)∗), (4.21)

with the stability matrix

Mi j =
∂

∂x j

d
d`

xi

����
xi=(xi)∗

. (4.22)

Negative eigenvalues of the stability matrix corresponds to eigendirections in the

parameter space whose couplings converge to their respective fixed point values

under the RG flow. These define irrelevant perturbations at the fixed point. In

contrast, positive eigenvalues correspond to eigendirections where the couplings

diverge from the fixed point values. These define relevant perturbations at the fixed

point.

A critical fixed point is defined by a single relevant eigenperturbation m2,

with θm2 the single positive eigenvalue of M , and which corresponds to the tuning

parameter of the continuous phase transition m2 ∼ |V − Vc |. This is related to the

correlation length exponent ν

ξ ∼ |V − Vc |−ν ⇒ ξ ∼
��m2��−ν . (4.23)

In addition, the correlation length is identified as the characteristic scale ξ = el∗

of the flow at which m2eθm2 l∗ = 1 [1]. Thus m2 = ξ−θm2 and therefore θm2 = 1/ν.
However, in the current context, there are two tuning parameters V1,V2 of the lattice

model, which defines a quantum multicritical point. These corresponds to the two

relevant perturbations of L which are the bosonic masses m2
φ,A.

The correlation length exponent ν, the dynamical exponent z, and the anoma-

lous dimension η can be extracted from RG analysis of the critical fixed point.

Assuming that the system satisfies hyperscaling, the standard scaling relations ob-

tain the remaining critical exponents [140]. The Josephson hyperscaling relation

2 − α = ν(d + z) gives the specific heat exponent C = −T∂2
T f ∼ |T − Tc |α. The
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Fisher scaling relation γ = ν(2 − η) gives the order parameter susceptibility expo-

nent χ = ∂2
h f ∼ (−m2)−γ, where h is the symmetry breaking field conjugate to

the order parameter φ0. The Rushbrooke scaling relation α + 2β + γ = 2 gives the

order parameter critical exponent φ0 = ∂h f ∼ (−m2)β. Finally, the Widom scaling

relation γ = β(δ − 1) gives the field exponent φ0 ∼ |h|1/δ.

4.3.1 Perturbative Renormalisation Group

In the following the renormalisation group equations of L will be obtained to one-

loop order, the (multi-)critical fixed points identified and their universal properties

analysed. The one-loop corrections are obtained to all one-particle irreducible

vertex functions. This procedure can be formulated with the cumulant expansion.

The action is split S = S0 + Sint into non-interacting S0 and interacting Sint parts

S0 =

∫
LΨ + Lφ + LA and Sint =

∫
Lg + Lλ. (4.24)

Each field is split into slow (Ψ<, φ<, A<) and fast (Ψ>, φ>, A>) fields where, for

example, φ< contains only the slow Fourier components 0 ≤ |k | ≤ Λe−δ`, whilst φ>

contains the fast Fourier components Λe−δ` ≤ |k | ≤ Λ. The cumulant expansion is

Z =
∫

D[Ψ†,Ψ, φ, A]e−(S0+Sint),

=

[∫
D[Ψ†,Ψ, φ, A]e−S0

]
<

[∫
D[Ψ†,Ψ, φ, A]e−S0

]
>

∞∑
n=0

(
−Sint

n!

)n

,

=

[∫
D[Ψ†,Ψ, φ, A]e−S0

]
<

〈 ∞∑
n=0

(
−Sint

n!

)n
〉
>

,

=

[∫
D[Ψ†,Ψ, φ, A]e−S0

]
<

e
〈∑∞

n=1

(
− Sint

n!

)n〉1PI, con
> . (4.25)

Here 〈· · · 〉> represents functional averages with respect to the fast modes of the

non-interacting action, and therefore only fields over fast modes can be contracted.

In the last line the linked-cluster theorem has been used to replace the logarithm

over all possible diagrams with the sum over connected diagrams. In addition,

the diagrams considered are restricted to the one-particle irreducible (1PI) vertex
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functions, as these correspond to the renormalisation corrections to the bare action.

In the following it assumed that all contractions are restricted to this variety, and

the notation "1PI, con" will be suppressed. At one-loop order the contributions are

from

−
〈 ∞∑

n=1

(
−Sint

n!

)n
〉
>

= 〈Sλ〉> − 1
2
〈S2

g〉> −
1
2
〈S2
λ〉> +

1
6
〈S3

g〉> −
1

24
〈S4

g〉> +O(two-loop).
(4.26)

4.3.2 Tree-Level Scaling of φ4 Theory

Before obtaining the one-loop corrections, the zeroth order is analysed, which is

also known as tree-level scaling. This procedure is illustrated in detail for the

d-dimensional generalisation of the non-interacting φ action

Sφ =
1
2

∫ ∞

−∞
dk0

∫ Λ

ddkφ(k2
0 + c2

φ |k |2 + m2
φ)φ, (4.27)

where k = (k1, . . . , kd) is the d-dimensional momentum vector. Integrating out the

high energy modes produces an unimportant multiplicative constant to the partition

function. What remains is the action of the slow modes

(Sφ)< = 1
2

∫ ∞

−∞
dk0

∫ Λe−δ`

ddkφ(k2
0 + c2

φ |k |2 + m2
φ)φ. (4.28)

Enacting the rescaling transformation ki → k′i = kieδ`, k0 → k′0 = k0ezδ`

(Sφ)< = 1
2

∫ ∞

−∞
dk′0

∫ Λ

ddk′e(d+z)δ`φ(k′02e2zδ` + c2
φ |k′|2 e2δ` + m2

φ)φ. (4.29)

The rescaling of the φ fields, φ→ φ′ = φe−
(d+3z)

2 δ`, ensures that the frequency term

k0 is scale invariant

(Sφ)< = 1
2

∫ ∞

−∞
dk′0

∫ Λ

ddk′φ′(k′02
+ c2

φ |k′|2 e2(1−z)δ` + m2
φe2zδ`)φ′. (4.30)

Clearly if z = 1 then cφ is dimensionless and an invariant of the flow, but the mass

term m′φ
2(`+δ`) = m2

φ(`)e2zδ` grows under the flow. The non-interacting (Gaussian)
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fixed point is situated at m2
φ = 0, and m2

φ is a relevant perturbation at the fixed point.

The role of dimensionality is important when considering interactions. This is

illustrated for the λφ term

λφ

∫
φ4 → λφe(d−3z)δ`

∫ ′
(φ′)4, (4.31)

and therefore λ′φ(` + δ`) = λφ(`)e(3z−d)δ`. Taking z = 1 at tree-level, such that the

non-interacting action is scale invariant, it is evident that λφ is relevant (grows) for

d < 3 at the non-interacting fixed point, but is irrelevant for d > 3. This defines d = 3

as the upper-critical dimension of the Lagrangian Lφ + λφ
∫
φ4, where λφ is scale

invariant. The implication is that interactions are important below the upper critical

dimension, and render the non-interacting fixed point at λφ = 0 unstable. Beyond

tree-level it is well understood that the system flows to the Wilson-Fisher fixed

point. Where as, above the upper critical dimension the non-interacting fixed point

is stable, and Landau mean-field theory exactly describes the universal behaviour.

The cumulant expansion truncated in the number of loops is an expansion

around the non-interacting fixed point - averages are all taken with respect to Sφ.

Below the upper critical dimension λφ grows

d
d`
λφ = (3 − d)λφ, (4.32)

and so this truncation cannot be controlled by assuming λφ � 1. Instead, analytic

control of quantum fluctuations can be obtained by expanding around the upper

critical dimension with the small parameter ε = 3−d. Here ε allows for a systematic

expansion in the number of loops.

4.4 Scaling of L in d = 3 − ε Spatial Dimensions
The scaling of the Lagrangian L = LΨ + Lφ + LA + Lg + Lλ is presented. Under the

spacetime rescaling the fermion and boson fields rescale as

Ψ′(k′) = Ψ(k)e−(2z+d−ηΨ) δ`2 (4.33)
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φ′(k′) = φ(k)e−(3z+d−ηφ) δ`2 (4.34)

Aa′(k′) = Aa(k)e−(3z+d−ηA) δ`2 (4.35)

where ηΨ,φ,A are the anomalous dimensions that account for the beyond tree-level

corrections to the field rescaling, and k = (k0, k) with the d-dimensional k. The

field rescalings impose scale invariance on the frequency components.

The non-interacting part of the action must be invariant under the spacetime

rescaling. At tree-level the velocities are invariant for z = 1

vF → vFe(z−1)δ`, c2
φ,A → c2

φ,Ae2(z−1)δ` (4.36)

Criticality is accessed by tuning the relevant bosonic masses with scaling m2
φ,A →

m2
φ,Ae2zδ`. The Yukawa and self-interactions are relevant perturbations at the non-

interacting fixed point for d < 3 spatial dimensions

(g2
φ,A, λφ,A,φA,YM) → e(3z−d)δ`(g2

φ,A, λφ,A,φA,YM). (4.37)

This motivates an ε = 3− d expansion. Further control is exerted by generalising to

a large number N of fermionic flavours

Ψ†Ψ→
N∑

n=1
Ψ†nΨn , (g2

φ,A, λφ,A,φA,YM) → 8π2Λε

N
(g2
φ,A, λφ,A,φA,YM), (4.38)

which is known to favourably reorganise the perturbative expansion, and also enables

perturbative RG directly in d = 2 [141]. Physically, N could be a generalisation of

the number of spin flavours, which works well for charge ordering.

The dimensional continuation to d = 3 − ε dimensions (for ε > 0 or d < 3) is

best formulated with the anticommuting Dirac γ matrices

γ0 = αzT3, γ1 = iγ0αx, γ2 = iγ0αy, γ3 = T1, γ5 = T2, γ35 = −iγ3γ5 = T3, (4.39)

with {γµ, γν} = 2δµ,να0 for µ, ν = 0, 1, 2, 3, 5. The Lagrangian in continuous d < 3
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spatial dimensions is

L =
N∑

n=1
Ψ̄n

[
∂τγ0 + vF∂iγi +

gφ√
Ñ
φ

− igA√
Ñ

(
γ1γ3 A1

x + γ2γ3 A1
y + γ1γ5 A2

x + γ2γ5 A2
y

) ]
Ψn

+
1
2
φ

(
−∂2

τ − c2
φ∂i∂i + m2

φ

)
φ +

1
2
Aa ·

(
−∂2

τ − c2
A∂i∂i + m2

A

)
Aa

+
1
Ñ

[
λφφ

4 + λAA4 + λφAφ
2 A2 + λYM(A1 × A2)2] , (4.40)

where Ψ̄ = Ψ†γ0 and the repeated summation over i = 1, . . . , d, such that trγiγi = 4d.

Also Ñ = N/8π2Λε is defined for brevity. Here and in the following the identity

matrix α0 is implicit Ψ̄Ψ = Ψ̄α0Ψ. Finally, the corresponding propagators are

GΨ(k0, k) = i(k0γ0 + vF kiγi)
k2

0 + v
2
F |k |2

and Gφ,A(k0, k) = 1
k2

0 + c2
φ,A |k |2 + m2

φ,A

. (4.41)

4.5 Gross-Neveu-Yukawa Theory and CDW Critical-

ity

In this and the following sections it will be demonstrated that the Yukawa couplings

gφ,A between Dirac fermions and dynamical order parameter bosons are relevant

perturbations at the putative Wilson-Fisher fixed points ({λi} , {0}, gφ,A = 0),
owing to the gapless nature of the fermion excitations. At the ensuing fermionic

critical fixed points ({λi, gφ,A} , {0}) both the boson ηφ,A and fermion ηΨ anomalous

dimensions are finite, which indicates the breakdown of the quasiparticle picture and

the onset of a non-Fermi liquid.

However, the coupling to a particular fluctuating order parameter field can

be rendered irrelevant if the related bosonic mass is tuned far from critical [22,

29]. In this case the bosonic field can be integrated out and the corresponding

fermion-fermion interaction, V ∼ O(g2/m2), will be vanishingly small. This is now

schematically demonstrated for the scenario m2
A � (m2

A)∗ and m2
φ = (m2

φ)∗. With no

loss of generality, in the following the linear shift m2
φ,A → m2

φ,A − (m2
φ,A)∗ is made
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such that (m2
φ,A)∗ = 0 by definition. Then in the large m2

A limit,

SA + SgA + Sλ =
∫ m2

A

2

[
2igA

m2
A

Ψ̄AΨ + A

(
1 − ∂2

m2
A

)
A + O

(
λ

m2
A

)]
=

∫
g2

A

m2
A

(Ψ̄Ψ)2 + m2
A

2


(
A +

igA

m2
A

)2

+ O
(
λ

m2
A

,
∂2

m2
A

) , (4.42)

where in the second line the square has been completed and the A fields can be

integrated out. The result is the Gross-Neveu model [22] with a vanishing four-

fermion interaction g2
A/m2

AΨ̄ΨΨ̄Ψ. This corresponds to V1 = (V1)c and V2 � (V2)c
of the lattice model, where the system undergoes a continuous phase transition into

the sublattice CDW phase with 〈φ〉 , 0.

The criticality is described by the the Gross-Neveu-Yukawa theory

LGNY =
N∑

n=1
Ψ̄n

(
∂τγ0 + vF∂iγi +

gφ√
Ñ
φ

)
Ψn

+
1
2
φ

(
−∂2

τ − c2
φ∂i∂i + m2

φ

)
φ +

λφ

Ñ
φ4, (4.43)

which more generally describes Dirac fermions coupled to a dynamical Ising order

parameter field, and has a non-trivial GNY or chiral Ising fermionic quantum critical

fixed point, outside of the GLW paradigm. Here the one-loop RG equations of the

GNY theory are calculated in detail, and the scaling properties of the fermionic

critical point are discussed. Following this, the full set of RG equations for L

defined in Eq. (4.40) are presented.

4.5.1 One-Loop Corrections

The one-loop corrections to the bare action

Ŝ<GNY = S<GNY + 〈Sλφ〉> −
1
2
〈S2

gφ
〉> − 1

2
〈S2
λφ
〉> + 1

6
〈S3

gφ
〉> − 1

24
〈S4

gφ
〉>, (4.44)

amount to calculating the diagrams displayed in Fig. 4.4. The fields are split into

slow and fast modes Ψ = Ψ< + Ψ>, φ = φ< + φ>, and the fast modes are integrated



4.5. Gross-Neveu-Yukawa Theory and CDW Criticality 87

(c) ⌃
<latexit sha1_base64="CU6xEusfLtjRS04ntjFAxMqXtGw="></latexit><latexit sha1_base64="CU6xEusfLtjRS04ntjFAxMqXtGw="></latexit><latexit sha1_base64="CU6xEusfLtjRS04ntjFAxMqXtGw="></latexit><latexit sha1_base64="CU6xEusfLtjRS04ntjFAxMqXtGw="></latexit>

(b) �
<latexit sha1_base64="zosOeqfXrwfi4HakTyzkQTzvAHc="></latexit><latexit sha1_base64="zosOeqfXrwfi4HakTyzkQTzvAHc="></latexit><latexit sha1_base64="zosOeqfXrwfi4HakTyzkQTzvAHc="></latexit><latexit sha1_base64="zosOeqfXrwfi4HakTyzkQTzvAHc="></latexit>

(a) ⇧
<latexit sha1_base64="1BkpLy7EYV6hyvZ7Dw1uf80Ov4k="></latexit><latexit sha1_base64="1BkpLy7EYV6hyvZ7Dw1uf80Ov4k="></latexit><latexit sha1_base64="1BkpLy7EYV6hyvZ7Dw1uf80Ov4k="></latexit><latexit sha1_base64="1BkpLy7EYV6hyvZ7Dw1uf80Ov4k="></latexit>

(d) ⌅
<latexit sha1_base64="m40+mWxsw1yGg/PVyUxYGVWDyjI="></latexit><latexit sha1_base64="m40+mWxsw1yGg/PVyUxYGVWDyjI="></latexit><latexit sha1_base64="m40+mWxsw1yGg/PVyUxYGVWDyjI="></latexit><latexit sha1_base64="m40+mWxsw1yGg/PVyUxYGVWDyjI="></latexit>

(e) ��
<latexit sha1_base64="BeTXFVnQufyA2YH28OCj7oH+GBY="></latexit><latexit sha1_base64="BeTXFVnQufyA2YH28OCj7oH+GBY="></latexit><latexit sha1_base64="BeTXFVnQufyA2YH28OCj7oH+GBY="></latexit><latexit sha1_base64="BeTXFVnQufyA2YH28OCj7oH+GBY="></latexit>

(f) �g
<latexit sha1_base64="4+fkvVvPL0WqfOvek7yQiITUvDA="></latexit><latexit sha1_base64="4+fkvVvPL0WqfOvek7yQiITUvDA="></latexit><latexit sha1_base64="4+fkvVvPL0WqfOvek7yQiITUvDA="></latexit><latexit sha1_base64="4+fkvVvPL0WqfOvek7yQiITUvDA="></latexit>

Figure 4.4: One-loop Feynman diagrams used to calculate the renormalisation group equa-
tions. Internal lines are contractions over fast modes. External lines are slow
modes. The fermion propagator is denoted by the arrowed line. The boson
propagators are denoted by the wavy line.

out.

4.5.1.1 Renormalisation to the Dynamical Order Parameter Field Sφ

The renormalisation to the φ propagator comes from contractionswith two remaining

external slow φ legs

Ŝ<φ = S<φ −
1
2
〈S2

gφ
〉> + 〈Sλφ〉>,

= S<φ +
1
2

∫ <

k
φ<(−k)[N

N
Π(k) + 1

N
∆]φ<(k). (4.45)

Here the factors of N have been extracted from the fermion loop diagrams Fig. 4.4(a)

and 4.4(e), as well as the g2
φ/N, λφ/N terms. This fermionic N is shown explicitly

for the fermion polarisation bubble/boson self-energy Π, shown in Fig. 4.4(a),

−〈S2
gφ
〉> = −

g2
φ

Ñ

∫ >

k1,k2,k4,k5

∫ <

k3,k6

δk1−k2−k3δk4−k5−k6×
N∑

n,m=1
〈Ψ̄>n (k1)Ψ>n (k2)φ<(k3)Ψ̄>m(k4)Ψ>m(k5)φ<(k6)〉>,

=
g2
φ

Ñ

∫ >

k1,k2,k4,k5

∫ <

k3,k6

δk1−k2−k3δk4−k5−k6×
N∑

n,m=1
〈Ψ>m(k5)Ψ̄>n (k1)〉>〈Ψ>n (k2)Ψ̄>m(k4)〉>φ<(k3)φ<(k6),

=
g2
φ

Ñ

∫ >

k1,k2,k4,k5

∫ <

k3,k6

δk1−k2−k3δk4−k5−k6×
N∑

n,m=1
δmnδk1−k5δk2−k4trGΨ(k1)GΨ(k2)φ<(k3)φ<(k6), (4.46)
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where 〈ΨnΨ̄m〉 = GΨδmn as the propagator is diagonal in the fermion flavour. It is

clear that an additional factor of N is obtained. In general, the loop contraction of

M Yukawa vertices, constrains M − 1 of the flavour sums, and the final free sum

produces the factor of N

〈
M∏

m=1

N∑
nm=1
Ψ̄nmΨnm〉 = −

(
M∏

m=1

N∑
nm=1

)
〈Ψn1Ψ̄n2〉〈Ψn2Ψ̄n3〉 · · · 〈ΨnM Ψ̄n1〉,

= −
(

M∏
m=1

N∑
nm=1

)
δn1n2δn2n3 · · · δnMn1trGM

Ψ ,

= −
N∑

n1=1
trGM

Ψ = −NtrGM
Ψ . (4.47)

Then the bubble is

Π(q) = 8π2Λεg2
φ

∫ >

k
trGΨ(k + q)GΨ(k),

= −32π2Λεg2
φ

∫ ∞

−∞

dk0
2π

∫ > ddk

(2π)d
(k0 + q0)k0 + v

2
F(k + q) · k

[(k0 + q0)2 + v2
F |k + q |2][k2

0 + v
2
F |k |2]

,

= Π0q2
0 + c2

φΠiq2
i + Πm2

φ
, (4.48)

where the identity trγiγ j = 4δi j is used. In the final line the expansion to quadratic

(relevant) order in q is made, such that

Π0 =
32πΛεg2

φ

(4π)d/2Γ(d/2)

∫ ∞

−∞
dk0

∫ Λ

Λe−δ`
d |k | |k |d−1 −k2

0 + v
2
F |k |2

(k2
0 + v

2
F |k |2)3

,

=
2
v3

F

g2
φδ`, (4.49)

Πi =
v2

F

c2
φ

32πΛεg2
φ

(4π)d/2Γ(d/2)

∫ ∞

−∞
dk0

∫ Λ

Λe−δ`
d |k | |k |d−1 k2

0 + v
2
F |k |2 (1 − 2

d )
(k2

0 + v
2
F |k |2)3

,

=
2

vFc2
φ

g2
φδ`, (4.50)

Πm2
φ
= −

32πΛεg2
φ

(4π)d/2Γ(d/2)

∫ ∞

−∞
dk0

∫ Λ

Λe−δ`
d |k | |k |d−1 1

k2
0 + v

2
F |k |2

,

= −8Λ2

vF
g2
φδ`. (4.51)
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Here the expansion to leading order in δ` � 1 and ε = 3−d is made. The k integral

is radially symmetric, in which case∫
ddkki k j f (|k |) = δi j

∫
ddk
|k |2
d

f (|k |), (4.52)∫ > ddk

(2π)d =
∫ Λ

Λe−δ`
d |k | |k |d−1 2

(4π)d/2Γ(d/2) . (4.53)

Here f (|k |) is an isotropic function of k, and 2πd/2/Γ(d/2) is the surface area of

a d-dimensional sphere. The identity ki k j → δi j |k |2 /d is obvious, but can be

determined systematically by conjecturing that ki k j = δi j |k |2 x based on symme-

try, where x is unknown. Then acting with δi j on both sides δi j ki k j = d |k |2 x

implying x = 1/d. This systematic approach is useful for dealing with higher order

numerators, for example∫
ddkkakbkckd f (|k |) =

∫
ddk

δabδcd + δacδbd + δadδbc

d(d + 2) |k |4 f (|k |). (4.54)

The δ’s in the numerator can be conjectured by symmetry, and following this the

d(d + 2) factor is found by acting on both sides with δi jδkl .

The tadpole diagram, shown in Fig. 4.4(b), is

∆ = 16π2Λελφ

∫ >

k
Gφ(k)

= 16π2Λελφ

∫ >

k

1
k2

0 + c2
φ |k |2 + m2

φ

= 16π2Λελφ

∫ >

k

1
k2

0 + c2
φ |k |2

−
m2
φ

(k2
0 + c2

φ |k |2)2
+ O(m4

φ)

=
2
c3
φ

(
2Λ2c2

φ − m2
φ

)
λφδ`. (4.55)

Note the combinatorial factor of 2. The linear shift of m2
φ such that (m2

φ)∗ = 0

amounts to neglecting the constant (m2
φ independent) contribution to Πm2

φ
and ∆.
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4.5.1.2 Renormalisation to the Dirac Fermions SΨ

The renormalisation to theΨ propagator comes from contractionswith the remaining

external slow Ψ̄Ψ legs

Ŝ<Ψ = S<Ψ −
1
2
〈S2

gφ
〉>,

= S<Ψ +
1
N

N∑
n=1

∫ <

k
Ψ̄<(k)Σ(k)Ψ<(k). (4.56)

The fermion self-energy Σ, shown in Fig. 4.4(c), is

Σ(q) = 8π2Λεg2
φ

∫ >

k
Gφ(k + q)GΨ(k),

= i(Σ0k0γ0 + vFΣi kiγi), (4.57)

Σ0 = −16π2Λεg2
φ

∫ >

k

k2
0

(k2
0 + c2

φ |k |2)2(k2
0 + v

2
F |k |2)

,

= − 2
cφ(cφ + vF)2

g2
φδ`, (4.58)

Σi = −16π2Λεg2
φ

∫ >

k

c2
φ |k |2 /d

(k2
0 + c2

φ |k |2)2(k2
0 + v

2
F |k |2)

,

= − 2(vF + 2c)
3vFcφ(cφ + vF)2

g2
φδ`. (4.59)

Note the combinatorial factor of 2. Here and in the proceeding calculations m2
φ =

(m2
φ)∗ = 0 such that the theory is tuned to the critical hypersurface. This is justified

when analysing the critical fixed points. However, to analyse the RG flow into the

broken symmetry state m2
φ corrections to all parameters would need to be accounted

for, but this is not done here.

4.5.1.3 Renormalisation to the Fermion-Boson Yukawa Vertex Sgφ

The renormalisation to the Yukawa vertex comes from contractions with the remain-

ing external slow Ψ̄Ψφ legs

1√
Ñ

Ŝ<gφ =
1√
Ñ

(
S<gφ +

1
6
〈S3

gφ
〉>

)
,
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=
1√
Ñ

(
S<gφ +

1
N

N∑
n=1

∫ <

r
Ψ̄nΞφΨn

)
, (4.60)

where the action has been represented in r = (τ, r) space where it is local. The

Yukawa vertex correction Ξ, shown in Fig. 4.4(d), is

Ξ = 8π2Λεg3
φ

∫ >

k
GΨ(k)GΨ(k)Gφ(k),

= −8π2Λεg3
φ

∫ >

k

1
(k2

0 + c2
φ |k |2)(k2

0 + v
2
F |k |2)

,

= − 2
vFcφ(vF + cφ)g

3
φδ`, (4.61)

where kiγi k jγ j = k2 is used. Note the combinatorial factor of 6.

4.5.1.4 Renormalisation to the Order Parameter Boson Self-

Interaction Sλφ

The renormalisation to the bosonic self-interaction vertex comes from contractions

with four remaining external slow φ legs

1
Ñ

Ŝ<λφ =
1
Ñ

[
S<λφ −

1
2
〈S2
λφ
〉> − 1

24
〈S4

gφ
〉>

]
,

=
1
Ñ

[
S<λφ +

∫ <

r

(
1
N
Γλφ +

N
N
Γgφ

)
φ4

]
. (4.62)

The self-interaction vertex correction Γλφ from the self-interaction, shown in

Fig. 4.4(e), is

Γλφ = 288π2Λελ2
φ

∫ >

k
Gφ(k)Gφ(k),

=
36
c3
φ

λ2
φδ`. (4.63)

Note the combinatorial factor of 2
(4
2
) (4

2
)
= 72. The self-interaction vertex correction

Γgφ from the fermion loop, shown in Fig. 4.4(f), is

Γgφ = 8π2Λεg4
φ

∫ >

k
trGΨ(k)GΨ(k)GΨ(k)GΨ(k),
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= g4
φδ`. (4.64)

Note the combinatorial factor of 6. The integration was simplified using the radial

integration identity discussed above

kakbkckd → δabδcd + δacδbd + δadδbc

d(d + 2) |k |4 , (4.65)

as well as the trace identity

tr γaγbγcγd = 4(δabδcd − δacδbd + δadδbd), (4.66)

which follows from the anticommuting properties of γ. In combination

tr (k0γ0 + vF kiγi)4 → 4(k2
0 + v

2
F |k |2)2. (4.67)

4.5.2 Gross-Neveu-Yukawa Renormalisation Group Equations

Enacting the final step in the RG procedure Ŝ<GNY → ŜGNY, the one-loop renor-

malised couplings are obtained

ŜΨ =
∫

k
iΨ̄

{[
1 − ηΨδ` + Σ0

N

]
k0γ0 + vF

[
1 + (z − 1 − ηΨ) δ` + Σi

N

]
kiγi

}
Ψ,

(4.68)

Ŝφ =
1
2

∫
k
φ

{[
1 − ηφδ` + Π0

]
k2

0 + c2
φ

[
1 +

(
2z − 2 − ηφ

)
δ` + Πi

]
k2

i

+
[
1 +

(
2z − ηφ

)
δ`

]
m2
φ + Πm2

φ
+
∆

N

}
φ, (4.69)

Ŝgφ =
1√
Ñ

{
gφ

[
1 +

1
2

(
3z − 3 + ε − 2ηΨ − ηφ

)
δ`

]
+
Ξ

N

} ∫
Ψ̄φΨ, (4.70)

Ŝλφ =
1
Ñ

{
λφ

[
1 +

(
3z − 3 + ε − 2ηφ

)
δ`

]
+
Γλφ

N
+ Γgφ

} ∫
φ4. (4.71)
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Following the tree-level procedure, the field rescalings (including anomalous di-

mensions ηφ,Ψ) ensure the frequency terms are scale invariant

ηΨ =
1
N
Σ0
δ`
, ηφ =

Π0
δ`
. (4.72)

The velocity RG equations are

d
d`

vF = vF

(
z − 1 − ηΨ + 1

N
Σi

δ`

)
= vF

(
z − 1 +

1
N
Σi − Σ0
δ`

)
, (4.73)

d
d`

c2
φ = c2

φ

(
2z − 2 − ηφ + Πi

δ`

)
= c2

φ

(
2z − 2 +

Πi − Π0
δ`

)
. (4.74)

These are solved for z = 1 and cφ = vF , as Σi−Σ0 ∝ (vF−cφ) andΠi−Π0 ∝ (vF−cφ).
This indicates that the putative critical fixed point is Lorentz invariant, with isotropic

space-time scaling indicated by the dynamical exponent z = 1, and a single velocity

scale set by vF . Units of the Fermi velocity are now used, vF = cφ = 1.

The RG equation for the Yukawa coupling is

d
d`

g2
φ = g2

φ(ε − ηφ − 2ηΨ) + 2
N
Ξ

δ`
,

= g2
φ

[
ε −

(
2 +

3
N

)
g2
φ

]
. (4.75)

This indicates the existence of a non-trivial fixed point at (g2
φ)∗ = ε/(2 + 3

N ), which
is perturbatively controlled in ε and N . The RG equation for the self-interaction is

d
d`
λφ = λφ(ε − 2ηφ) + 1

N

Γλφ

δ`
+
Γgφ

δ`
,

= λφ

(
ε − 4g2

φ

)
− 36

N
λ2
φ + g

4
φ. (4.76)

4.5.3 Wilson-Fisher and Gross-Neveu-Yukawa Fixed points

In the physical regime λφ > 0 there are two fixed points, which are shown

schematically in Fig. 4.5. The Wilson-Fisher (WF) fixed point, where the

fermions are decoupled (g2
φ)∗ = 0, is located at (λφ)∗ = εN/36 (note that this is

(λφ)∗ = ε/36 in the original λφ). Along with this there is the GNY fixed point at
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Relativistic Mott criticality in graphene
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We formulate the effective Gross-Neveu-Yukawa theory of the semimetal-insulator transitions on the hon-
eycomb lattice and compute its quantum critical behavior near three !spatial" dimensions. We find that at the
critical point Dirac fermions do not survive as coherent excitations and that the #1 /r tail of the weak Coulomb
interaction is an irrelevant coupling. The emergent Lorentz invariance near criticality implies a universal ratio
of the low-temperature specific heats of the metallic and the rotational-symmetry-broken insulating phase.
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I. INTRODUCTION

It is well known that the large overlap between the pz
orbitals from neighboring carbon atoms makes graphene an
excellent conductor.1 Nevertheless, one can conceive of situ-
ations in which the relative strength of the repulsive Cou-
lomb interaction between electrons would be higher so that
graphene would turn into a Mott insulator. A recent calcula-
tion suggests that just taking the graphene sheet away from
the substrate may gap out the Dirac points.2,3 If so, varying
the dielectric constant of the surrounding medium over a
sufficiently wide range could in principle be used to tune
through the metal-insulator !MI" transition in graphene. An-
other possibility would be stretching the sheet to reduce the
hopping between the pz orbitals. Such a quantum phase tran-
sition would be the analog of the Higgs mechanism for
gauge-neutral fermions in particle physics, with the Higgs
boson here as a composite field. It would represent maybe
the simplest example of fermionic quantum criticality, in
which the gapless fermions exist only near the isolated points
in the momentum space. A finite gap would also make
graphene more interesting for potential applications in
electronics.4

A unique feature of the Mott phase in graphene is that it
may come in several varieties: from the familiar Néel and
staggered-density phases,5,6 to the more exotic insulators that
break the time-reversal symmetry !TRS".7 There have been
several studies of the MI transition in graphene.2,6–12 Never-
theless, several fundamental questions still await answers.
Among these, the following qualitative issues seem particu-
larly pertinent: !1" what is the role of Dirac fermions in the
critical behavior, !2" how does the criticality depend on the
nature of the order parameter !OP" in the Mott insulator, !3"
what is the fate of fermions near the critical point, !4" is the
long-range tail of the Coulomb interaction relevant? Ques-
tions 1 and 3 echo some of the central themes of the wider
field of quantum critical phenomena,13,14 whereas the last
question, as we will argue, is related to the classic problem
of triviality of the continuum limit in nonasymptotically free-
field theories.

In this paper, we present an effective theory of the Mott
transition in graphene which allows us to address these and
related issues in a controlled and transparent way. Our action
contains both the self-interacting bosonic !or “Higgs”" OPs

and the Dirac fermions, coupled by Yukawa-like terms. It
represents a simple modification of the Gross-Neveu theory,
derived previously in the large-N limit,6 but with a crucial
feature: there is an upper critical !space" dimension in the
problem of three. This allows one to perform the !=3−d
expansion, with the Higgs and the fermionic fields at all
stages of the calculation treated on the same footing, thus
placing the Mott criticality in graphene at the same level of
rigor as the textbook "4 theory. We find the MI transition in
graphene to be of the second order, and to be governed by
the critical point laying at a finite Yukawa coupling !Fig. 1".
Although crucial for the critical behavior, Dirac fermions
acquire a small positive anomalous dimension, so that the
residue of the quasiparticle pole continuously vanishes as the
transition is approached from the metallic side. Whereas the
transition may be tuned by increasing the strength of Cou-
lomb repulsion, its #1 /r tail is in fact an irrelevant pertur-
bation to the leading order in !. We determine the depen-
dence of the critical exponents on the broken symmetry of
the Mott phase. Our analytical results compare favorably
with those of a recent numerical work.2 The emergent Lor-
entz symmetry near criticality implies the existence of a par-
ticular universal quantity: the ratio of the low-temperature
specific heats of the semimetal and of the rotationally non-
invariant insulator. Finally, possible analogies between the

�

�

�

!�"

#

FIG. 1. Schematic flow in the critical plane for Mott transitions
in graphene. For any positive bosonic quartic coupling # the tran-
sition is continuous and governed by the fermionic critical point F.
g is the Yukawa coupling between the OP and Dirac fermions. The
other marked fixed points are the Gaussian !G" and the Wilson-
Fisher !WF". The !unmarked" bicritical fixed point is unphysical, as
argued below.
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Figure 4.5: Schematic renormalisation group flow diagrams for d < 3 spatial dimensions.
The (renormalised) bosonic order parameter mass m2

φ tunes to the critical sur-
face at (m2

φ)∗ = 0, and is the relevant perturbation at the critical fixed points.
m2
φ < 0 is the broken symmetry region. The boson self-interaction λφ and

fermion-boson Yukawa interaction gφ are relevant perturbations at the non-
interacting Gaussian (G) fixed point for d < 3. (a) The purely bosonic Wilson-
Fisher (WF) diagram where the fermions are (artificially) decoupled gφ = 0.
(b) The fermionic criticality diagram, where the coupling to the fermions is a
relevant perturbation at the WF fixed point, and the flow is to the Gross-Neveu-
Yukawa (GNY) fixed point. Negative λφ corresponds to an unbounded action
and is unphysical. Figure (b) is adapted from Ref. [20].

(λφ)∗ ≈ ε(1− 9
N )/4. The RG flow in the region of theWF fixed point can be analysed

with the stability matrix, which is obtained by linearising around the fixed point,

(g2
φ, λφ) = ((g2

φ)∗ + δg2
φ, (λφ)∗ + δλφ),

d
d`

©­«
δg2

φ

δλφ

ª®¬ = ©­«
ε −Nε/9
0 −ε

ª®¬ ©­«
δg2

φ

δλφ

ª®¬ . (4.77)

The positive eigenvalue ε of the stability matrix indicates the Yukawa coupling to

the Dirac fermions is a relevant perturbation at the WF fixed point and cannot be

neglected, see Fig. 4.5(b). Hence, this is a simple example where the presence of

gapless fermionic excitations change the universal nature of the criticality from the

paradigmatic GLW φ4 theory. Instead, the system will flow to the GNY fixed point

about which gφ and λφ are irrelevant perturbations

d
d`

©­«
δg2

φ

δλφ

ª®¬ = ©­«
−ε 15ε/2N

0 −ε − 15ε/N
ª®¬ ©­«
δg2

φ

δλφ

ª®¬ . (4.78)
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This identifies the GNY point as a quantum critical fixed point, that is tuned to by

the relevant perturbation m2
φ

d
d`

m2
φ =

(
2z − ηφ

)
m2
φ +

∆

Nδ`
,

= 2(1 − g2
φ + 6λφ/N)m2

φ,

= (2 − ε − 3ε/2N)m2
φ. (4.79)

As discussed earlier, this single positive eigenvalue of the stability matrix defines

the correlation length exponent ν−1 = 2− ε −3ε/2N . In the context of the sublattice

CDW it is clear to identify m2
φ ∼ (V1)c − V1, and therefore ξ ∼

��m2
φ

��−ν. The finite

anomalous dimensions are

ηΨ = ε/4N, ηφ = ε(1 − 3/2N), (4.80)

which indicate the breakdown of the fermion and boson quasiparticle pictures at the

fermionic quantum critical point.

In two spatial dimensions ε = 1 and the large N limit ν = 1, ηφ = 1, and

ηΨ = 0. From these exponents, the order parameter exponent β = 1 is obtained

from the standard scaling relations α + 2β + γ = 2 (Rushbrooke), γ = (2 − ηφ)ν
(Fisher) by assuming hyperscaling α = 2− ν(z+ d), which typically holds below the

upper-critical dimension. Therefore, this limit is in good agreement with the Dirac

fermion mean-field discussed in Section 2.3.3.

This chiral Ising GNY model has been studied using a number of sophis-

ticated techniques [130, 131] (and references therein) including: four-loop per-

turbative RG, non-perturbative functional RG, conformal bootstrap and quantum

Monte Carlo. State of the art results for the spinful (N = 2) model using

field theoretic methods [131, 142–144] agree rather well: 1/ν ≈ 0.88 − 0.99,

ηφ ≈ 0.69−0.77 and ηΨ ≈ 0.02−0.08. The disparity to Monte Carlo [145] is larger

(1/ν, ηφ, ηΨ) = (1.2, 0.62, 0.38), which could be due to corrections to scaling when

comparing the lattice to field theories [131]. There are similarly extensive studies

of the chiral XY (relevant to Kekulé criticality) and chiral Heisenberg (relevant to
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antiferromagnetic criticality) GNY models [131].

4.5.3.1 Equivalence to the Gross-Neveu Model

It is noteworthy that there is good agreement at ε = 1 between the four-loop 3+1− ε
expansion [131] of the GNY model and the four-loop 1 + 1 + ε expansion [143] of

the original Gross-Neveu model (vF = 1)

LGN = Ψ̄∂µγµΨ +
V
N
(Ψ̄Ψ)2. (4.81)

The former is an expansion around the upper critical dimension, while the latter is

an expansion around the lower critical dimension. That both models describe the

same critical point was first conjectured some time ago by Zinn-Justin [22]. This

was based on a comparison of the the one-loop RG equations in large N , which for

Eq. (4.81) is
d
d`

V = −εV + V2/π. (4.82)

In the Gross-Neveu model the fermionic interaction is an irrelevant perturbation at

weak coupling, and will flow to the Gaussian fixed point of the the Dirac semimetal.

The phase transition occurs at the non-trivial critical fixed point (V)∗ = πε , and for

V > (V)∗ the system flows to the strong coupling broken symmetry state. Finally, by

integrating out φ from the GNY model in the region of the GNY fixed point (where

λφ is irrelevant), the equivalence V ∼ g2
φ/m2

φ can be seen [22]. This was already

evident from integrating out A in Eq. (4.42).

4.5.4 Correlations Functions and Scaling at Criticality

This discussion loosely follows chapters 4 and 7 of the textbook by Sachdev [1]. The

breakdownof the quasiparticle picture can be seen from the correlation functions [20]

〈Ψ̄(ω, k)Ψ(ω, k)〉 ∼ ωγ0 + ivF kiγi

(v2
F |k |2 − ω2) z+1−ηΨ

2

, (4.83)

〈φ†(ω, k)φ(ω, k)〉 ∼ 1

(c2
φ |k |2 − ω2)

2z−ηφ
2

, (4.84)
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where ω = −ik0 is the real frequency, following a Wick rotation from imaginary

to real time. The key feature is the absence of the well defined quasiparticle

excitations, which are otherwise seen from the pole structure away from criticality

where ηΨ,φ = 0. In contrast, at criticality this is replaced by a dissipative continuum

of excitations where ηΨ,φ > 0. This is indicated by the branch cuts of ∼ (k2 −ω2)−n

for non-integer n [1].

The scaling of the correlation functions follows directly from the scaling of the

fields, for example

〈Ψ̄′(k′)Ψ′(k′)〉 = 〈Ψ̄(k)Ψ(k)〉e−(z−ηΨ)` ⇒ 〈Ψ̄(k)Ψ(k)〉 ∼ kηΨ−z . (4.85)

More generally, the scaling in terms of the correlation length ξ = e(`)∗ (the charac-

teristic length scale) is

〈Ψ̄(ω, k)Ψ(ω, k)〉 = ξ z−ηΨFΨ±(ωξ z, kξ), (4.86)

〈φ†(ω, k)φ(ω, k)〉 = ξ2z−ηφFφ±(ωξ z, kξ), (4.87)

where FΨ,φ± are universal scaling functions above and below the critical point. Note

that ξ−z is the scale of the energy gap.

In addition, the quasiparticle residues vanish as power laws in the vicinity of

the critical point

ZΨ ∼ (m2
φ)νηΨ, Zφ ∼ (m2

φ)νηφ, (4.88)

where the residues are extracted from the scaling of the spectral density (the imag-

inary part of the correlation function). For example, the non-interacting bosonic

spectral density is

Im〈φ†φ〉 ∼ lim
θ→0+

Im
1

c2
φ |k |2 − (ω − iθ)2

,

∼ Zφ
2cφ |k | [δ(cφ |k | − ω) − δ(cφ |k | + ω)], (4.89)

with the non-interacting bosonic residue Zφ = 1. The imaginary part is extracted
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with the Dirac identity trick limθ→0+ Im(x − iθ)−1 = πδ(x), and partial fractions.

The comparison of Eq. (4.89) and Eq. (4.87) implies Zφ ∼ ξ−ηφ . Then, Eq. (4.88)
follows from ξ ∼ (m2

φ)−ν.

4.6 Criticality of Lattice Symmetry Breaking Charge

Order
Renormalisation group analysis of the full theory Eq. (4.40) with φ and A fields

is now presented. The methodology is simply an extension of the Gross-Neveu-

Yukawa theory. The renormalisation group equations are obtained to one-loop order

using the ε = 3 − d and large N expansions in the Wilson momentum shell scheme.

4.6.1 Lattice Cutoff and Ward-Takahashi Identities

Here it is demonstrated, using the Ward-Takahashi identity, that the emergent gauge

invariance implies the A bosonic mass m2
A = 0 in the low-energy theory. The

argument follows Ref. [137]. The conserved Noether currents ja
i of the infinitesimal

global chiral/gauge transformations Ψ→ eiθaTa
Ψ = Ψ + iθaTaΨ are [146]

θa ja
i =

∂L
∂(∂iΨ)iθ

aTaΨ = −iθaΨ†αiTaΨ, (4.90)

where there is no summation over a. The associatedWard-Takahashi identity asserts

that the insertion ∂i ja
i into any correlation function vanishes (up to contact terms)

∂i 〈 ja
i jb

j · · · j
f
p jgq 〉 = 0. The Ward-Takahashi identity for the two current correlator is

∂i 〈 ja
i jb

j 〉 = 0, where the two current correlators are precisely the Aa
i Ab

j self energies

Πab
i j . At one-loop Π

ab
i j = δi j(k2

0 + k
2+m2

A)− ki k j , prior to gauge fixing. The identity

∂iΠ
ab
i j = 0 implies, for example, kxΠ

ab
xx+ kyΠab

yx = 0, or kx(k2
0+ k2

y+m2
A) = ky(kx ky),

see Eq. (4.13). By dividing both sides by kx , it can therefore be seen that the mass

term is forbidden, limq0→0,q→0 m2
A = 0. This is expected to hold to infinite order for

the low-energy theory. Note that this argument is trivial in the Feynman-’t Hooft

gauge where Πi j,i = 0.

The hard-cutoff Λ scheme breaks the emergent gauge invariance of the low-

energy theory. The fermion bubble and tadpole diagrams generate constant correc-
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tions ofO(Λ2−ε ) to the bosonic massm2
A, and so (m2

A)∗ is finite at the non-trivial fixed
point. In doing so, theWard-Takahashi identity is violated. This is ultimately related

to the fact that the gauge structure is an emergent property of the continuum low-

energy field theory and not present on the lattice. In fact the lattice already breaks

the gauge invariance by generating a constant correction ∼ (V1−2V2)φ2+V2 A2 at the

level of the lattice Hubbard-Stratonovich transformation, see Eq. (4.10). What this

means is that the A fields can have finite expectation values from tuning the lattice

interactions past the critical point into the broken symmetry state [135, 136]. It is

natural that the cutoff has this effect, as it is related to the inverse lattice constant

Λ ∼ 1/a.

Apart from the constant corrections discussed, a consistent set of RG equations

are obtained using the gauge invariant minimal subtraction scheme [9]. More so,

regardless of these subtleties the coupling λφAφ
2 A2 in Eq. (4.15) implies that the

condensation of the mass field φwill dynamically generate a finite expectation value

for the emergent gauge fields, which is reminiscent of a Higgs mechanism. In any

case, in the following the mass terms are shifted such that (m2
φ,A)∗ = 0, and the

constant corrections suppressed in the RG equations, as was enacted in the GNY

theory.

4.6.2 Renormalisation Group Equations

The RG equations for the velocities are

d
d`

vF = (z − 1)vF +
4
N

(
g2
φ

(
cφ − vF

)
3cφ

(
cφ + vF

) 2 −
2g2

AvF

cA (cA + vF) 2

)
, (4.91)

d
d`

c2
φ = 2(z − 1)c2

φ +
2g2

φ

(
v2

F − c2
φ

)
v3

F

, (4.92)

d
d`

c2
A = 2(z − 1)c2

A +
4g2

A

(
v2

F − c2
A

)
3v3

F

. (4.93)
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Here the anomalous dimensions ηΨ,φ,A are determined by the scale invariance of the

∂τ terms. The RG equations for the Yukawa couplings are

d
d`

g2
φ = g2

φ

[
ε + 3(z − 1) −

2g2
φ

v3
F

− 4
N

(
g2
φ

(
cφ + 2vF

)
cφvF

(
cφ + vF

) 2 +
4g2

A (cA + 2vF)
cAvF (cA + vF) 2

)]
,

(4.94)

d
d`

g2
A = g2

A

[
ε + 3(z − 1) − 4g2

A

3v3
F

− 4
N

(
2g2

φ

(
cφ + 2vF

)
3cφvF

(
cφ + vF

) 2 +
4g2

A

cA (cA + vF) 2

)]
.

(4.95)

The RG equations for the boson order parameter field self-interactions are

d
d`
λφ = λφ

(
ε + 3(z − 1) −

4g2
φ

v3
F

)
+
g4
φ

v3
F

− 4
N

(
9λ2

φ

c3
φ

+
λ2
φA

c3
A

)
, (4.96)

d
d`
λA = λA

(
ε + 3(z − 1) − 8g2

A

3v3
F

)
− 4

N

(
12λ2

A

c3
A

+
λ2
YM

4c3
A

+
λ2
φA

4c3
φ

+
λAλYM

c3
A

)
, (4.97)

d
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λYM = λYM

(
ε + 3(z − 1) − 8g2

A

3v3
F

)
+

8g4
A

3v3
F

− 4
N

(
2λ2

YM

c3
A

+
12λAλYM

c3
A

)
, (4.98)

d
d`
λφA = λφA

(
ε + 3(z − 1) − 4g2

A

3v3
F

−
2g2

φ

v3
F

)
+

4g2
Ag

2
φ

v3
F

− 4
N

(
4λ2

φA

cAcφ
(
cA + cφ

) + 3λφλφA

c3
φ

+
6λAλφA

c3
A

+
λYMλφA

2c3
A

)
. (4.99)

The RG equations for the boson order parameter field masses are

d
d`

m2
φ = m2

φ

(
2z −

2g2
φ

v3
F

− 12λφ
Nc3

φ

)
− m2

A
8λφA

Nc3
A

, (4.100)
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m2
A = m2

A

(
2z − 4g2

A

3v3
F

− 2 (12λA + λYM)
Nc3

A

)
− m2

φ

2λφA

Nc3
φ

. (4.101)

The RG equations are solved to O(1/N) to leading order in ε as follows. First, z is

chosen to make vF scale invariant by solving Eq. (4.91). Then, the fixed points of

the boson velocities and Yukawa couplings are obtained simultaneously by solving

Eqs. (4.92 – 4.95). The boson self-interaction fixed points are then obtained by
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solving Eqs. (4.96 – 4.99).

The RG flow in the vicinity of the multicritical fixed point (m2
φ,A)∗ = 0 is

determined by linearisation in the couplings xi = (g2
φ, g

2
A, λφ, λA, λYM, λφA,m2

φ,m
2
A).

At the putative continuous phase transition, the two relevant (positive) eigenvalues of

the stability matrix Eq. (4.22) are the inverse correlation length exponents ν−1
1,2 = ν

−1.

4.6.3 CDW3 Multicritical Fixed Point

The CDW3 fixed point is at m2
φ = (m2

φ)∗ and m2
A = (m2

A)∗. At this multicritical fixed

point the Yukawa couplings take the values

(g2
φ)∗ = 2ε (1 − 6/N) , (gA)2∗ = 3ε (1 + 1/2N) (4.102)

The resulting critical exponents are collected in Tab. 4.1, and are contrasted with the

GNY universality. In addition, there is good agreement from analysis of the CDW3

fixed point directly in the physical spatial dimension d = 2, which is perturbatively

controlled by large N (RG equations in Appendix B.2). The spontaneous lattice

symmetry breaking (finite gA) results in the violation of Lorentz invariance with

z = 1 + (g2
A)∗/2N = 1 + 3ε/2N and cφ,A = vF(1 + 3/2N). This is in contrast

to the emergent Lorentz invariance of GNY fixed points with z = 1 and cφ = vF

to all orders in N . It is important to highlight that divergent anisotropic velocity

renormalisation, preempting a fixed point, is encountered if the independent spatial

rotational symmetries of A1 or A2 are artificially broken.

In N → ∞ the correlation length exponents decouple to ν1,2 = νA = νφ = 1.

By assuming hyperscaling, the scaling laws can be used to obtain the rest of the

critical exponents, as was discussed at the GNY fixed point. The finite anomalous

dimensions indicate the breakdown of the quasiparticle picture at the critical point.

4.6.4 Cubic Terms and Fermion-Induced Criticality

The RG analysis indicates the existence of a continuous quantum phase transition.

However, relaxing particle-hole symmetry the reduced lattice symmetry group C′′6v
allows for the cubic term bIm[G3

2 − 3G2
1G2], where Ga = Aa

x + iAa
y. If this is finite,

the Landau cubic criterion would imply a first order transition of the Landau free
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Exponent GNY (d = 3 − ε) CDW3 (d = 3 − ε) CDW3 (d = 2)
z − 1 0 3ε

2N
56
√

2−75
N

ηΨ
ε

4N
7ε
4N

54
√

2−72
N

ηφ ε
(
1 − 3

2N

)
ε
(
1 − 6

N

)
1 + 24

√
2−45
N

ηA ε
(
1 + 1

2N

)
1 + 64

√
2−87
N

2 − ν−1
1 ε (1 − 3/2N) ε

(
1 + 11+

√
745

4N

)
1 + 84−65

√
2+
√

1307−714
√

2
N

2 − ν−1
2 ε

(
1 + 11−

√
745

4N

)
1 + 84−65

√
2−
√

1307−714
√

2
N

Table 4.1: One-loop critical exponents at the GNY/Chiral Ising and CDW3 fixed points
to O(1/N2). The GNY fixed point describes the quantum critical point of the
semimetal-insulator transition into the sublattice CDW phase on the honeycomb
lattice. The CDW3 fixed point describes a new fixed point of interacting Dirac
fermions where lattice symmetries are spontaneously broken. For the CDW3
fixed point there is good agreement between the ε = 3 − d expansion and the
direct evaluation in the physical dimension d = 2 as N →∞.

energy fL ∼ m2−(b−bc)m3+m4. Naive tree-level scaling [b] = (5z−d)/2 suggests

that this is indeed the case. Yet, the large anomalous dimensions ηA ∝ g2
A render the

cubic term irrelevant at the d = 2 CDW3 critical point. Therefore the coupling to

gapless Dirac fermions induces a continuous transition [23].

To demonstrate this it is sufficient to calculate the leading order RG equation

d
d`

b2 = b2

[
ε + 5z − 3 − 4g2

A

v3
F

− 12
N

(
3λA

c3
A

+
λYM

c3
A

)]
+ O(b4), (4.103)

where the dimensionless coupling is b2 → 8π2Λε

N b2. This required calculating the

contractions of 〈SbSλ〉> with three slow bosonic legs. Crucially, lattice terms are no

directly renormalised by the Dirac fermions because of the higher continuous spatial

rotational symmetry. At the CDW3 fixed point Eq. (4.103) reduces to

d
d`

b2 = 2b2
[
1 − ε − 24ε

N

]
+ O(b4). (4.104)

Therefore, to this order b is an irrelevant perturbation for ε = 1 (d = 2), and the

fixed point value is (b)∗ = 0. In N → ∞, b is marginal to all loop orders [24].

Similar behaviour was found for the Potts clock term χ3 + χ∗3 ∼ |χ |3 cos(3ϕ) for of
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complex Kekulé XY order parameter χ coupled to Dirac fermions in d < 3 spatial

dimensions [23]. This highlights that fermion-induced critical points are inherently

different from Wilson-Fisher fixed points of conventional order-parameter theories.

Finally, notice that the same discussion applies to the low-energy b̃φ(A1 × A2)
term with the leading order RG equation

d
d`

b̃2 = b̃2

[
ε + 5z − 3 −

8g2
A + 6g2

φ

3v3
F

− 4
N

(
4λA

c3
A

+
3λYM

c3
A

+
8λφA

cφcA(cφ + cA)

)]
,

= 2b̃2
[
1 − ε − 59ε

4N

]
. (4.105)

4.7 CDW3 Broken Symmetry State

To analyse the nature of the CDW3 broken symmetry state, the free energy density

f (φ, A1, A2) must be minimised. Infinitesimally close to the multi-critical point,

f is obtained from integrating over the fermions for static order parameter fields

with finite expectation values [141]. Although the criticality is universal, the broken

symmetry state is not. Instead it depends on the lattice model and the concomitant

path taken through the critical surface (δφ, δA) = δ(cos θ, sin θ)with δφ,A = (m2
φ,A)∗−

m2
φ,A.

The analysis proceeds directly in d = 2 and is controlled with large N . In the

region of the critical surface it is assumed that the couplings are well approximated

by their fixed point values (m2
φ,A)∗ = 4Λ2, (g2

φ)∗ = 4πΛ/N , (g2
A)∗ = 2(g2

φ)∗, and
vF = 1. Integrating over the fermions obtains the Landau free energy density

f = −N
∫ ∞

−∞

dk0
2π

∫ Λ d2k

(2π)2 ln det
(
−ik0 + α · k +

(gφ)∗√
N
φαzT3 +

(gA)∗√
N
α · AaTa

)
+

m2
φ

2
φ2 +

m2
A

2
A2 + · · · . (4.106)

Here · · · indicate higher order terms that includes those depending on the lattice

model. The free energy is minimised for A1 × A2 = 0, as otherwise particle-hole

symmetry is broken, which is energetically unfavourable. Evaluating the frequency
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and momentum integrals by standard means

f (φ, A) = −δφ
2
φ2 − δA

2
A2 +

4 − π
4π
(gA)∗(g2

φ)∗Aφ2 + · · · , (4.107)

→ f (ρ, x) = −δ
3

(
(x − 1)2 cos θ + 2(x + 2)2 sin θ

)
ρ2

+
4 − π
3
√

3π
(x − 1)2(x + 2)(gA)∗(g2

φ)∗Aρ3 + · · · . (4.108)

To make connection to the lattice model the second line uses the CDW3 repre-

sentation

φ =
√

2/3(ρ − ∆), (A1, A2) = 4ρ + 2∆√
3
(CαCβ,CαSβ, SαCγ, SαSγ), (4.109)

with Cα = cosα, Sα = sinα, and parameterised ∆ = xρ for 1 ≥ x ≥ 0 and

(δφ, δA) = δ(cos θ, sin θ). This representation is necessary for V2 � V1 on the

honeycomb lattice, where unconstrained charge order has an ill-defined Hubbard-

Stratonovich transformation at tree-level. This is evident from the bare Hubbard-

Stratonovich bosonicmass Eq. (4.10) LHS =
√

3/2(gφ)0φ2+
√

3(gA)0 A2, with (gφ)0 =√
3/2(V1 − 2V2) and (gA)0 =

√
3/2V2. Therefore, it is expedient to constrain the

order parameter space to the physically valid CDW3 region. Numerical simulations

and semiclassical analysis [83] have identified the lattice ground state manifold

is restricted to β = γ and (α, β) = 2π
3 (n,m) for integers n,m = 0, 1, 2. Here

α encodes translations and β rotations, which together enumerate the 9 possible

charge configurations, displayed in Fig. 3.6. Naturally, the number of patterns is

doubled with charge inversion (ρ,∆ < 0).

The continuum free energy is independent of α, β, where A1 × A2 = 0 enforces

β = γ. Solving for ∂ f
∂ρ = 0 obtains the (partially) minimised free energy

f∗(x) = −
4π2 (

2(x + 2)2 sin θ + (x − 1)2 cos θ
)3

(gA)∗(g2
φ)∗27(π − 4)2(x − 1)4(x + 2)2 δ

3 + · · · . (4.110)

In general, the higher order, non-universal terms will select the minimizing value

of x or ∆ (subject to constraints), for a given path θ through the critical surface.
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<latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJxZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit><latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJxZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit><latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJxZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit><latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJxZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit>

� = A
<latexit sha1_base64="IqSebO82eATIsOK0lqlJGqyAqH4=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoBeh6sVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxnreNyqsrK6tbxQ3S1vbO7t75f2DplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4up36rSemDVfywY4TFsRkIHnEKbFOanaTIb+67pUrXtWbAS8TPycVyFHvlb+6fUXTmElLBTGm43uJDTKiLaeCTUrd1LCE0BEZsI6jksTMBNns2gk+cUofR0q7khbP1N8TGYmNGceh64yJHZpFbyr+53VSG10GGZdJapmk80VRKrBVePo67nPNqBVjRwjV3N2K6ZBoQq0LqORC8BdfXibNs6rvVf3780rtJo+jCEdwDKfgwwXU4A7q0AAKj/AMr/CGFHpB7+hj3lpA+cwh/AH6/AEf3I7R</latexit><latexit sha1_base64="IqSebO82eATIsOK0lqlJGqyAqH4=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoBeh6sVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxnreNyqsrK6tbxQ3S1vbO7t75f2DplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4up36rSemDVfywY4TFsRkIHnEKbFOanaTIb+67pUrXtWbAS8TPycVyFHvlb+6fUXTmElLBTGm43uJDTKiLaeCTUrd1LCE0BEZsI6jksTMBNns2gk+cUofR0q7khbP1N8TGYmNGceh64yJHZpFbyr+53VSG10GGZdJapmk80VRKrBVePo67nPNqBVjRwjV3N2K6ZBoQq0LqORC8BdfXibNs6rvVf3780rtJo+jCEdwDKfgwwXU4A7q0AAKj/AMr/CGFHpB7+hj3lpA+cwh/AH6/AEf3I7R</latexit><latexit sha1_base64="IqSebO82eATIsOK0lqlJGqyAqH4=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoBeh6sVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxnreNyqsrK6tbxQ3S1vbO7t75f2DplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4up36rSemDVfywY4TFsRkIHnEKbFOanaTIb+67pUrXtWbAS8TPycVyFHvlb+6fUXTmElLBTGm43uJDTKiLaeCTUrd1LCE0BEZsI6jksTMBNns2gk+cUofR0q7khbP1N8TGYmNGceh64yJHZpFbyr+53VSG10GGZdJapmk80VRKrBVePo67nPNqBVjRwjV3N2K6ZBoQq0LqORC8BdfXibNs6rvVf3780rtJo+jCEdwDKfgwwXU4A7q0AAKj/AMr/CGFHpB7+hj3lpA+cwh/AH6/AEf3I7R</latexit><latexit sha1_base64="IqSebO82eATIsOK0lqlJGqyAqH4=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoBeh6sVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxnreNyqsrK6tbxQ3S1vbO7t75f2DplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4up36rSemDVfywY4TFsRkIHnEKbFOanaTIb+67pUrXtWbAS8TPycVyFHvlb+6fUXTmElLBTGm43uJDTKiLaeCTUrd1LCE0BEZsI6jksTMBNns2gk+cUofR0q7khbP1N8TGYmNGceh64yJHZpFbyr+53VSG10GGZdJapmk80VRKrBVePo67nPNqBVjRwjV3N2K6ZBoQq0LqORC8BdfXibNs6rvVf3780rtJo+jCEdwDKfgwwXU4A7q0AAKj/AMr/CGFHpB7+hj3lpA+cwh/AH6/AEf3I7R</latexit>

"
<latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF262Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9IDQo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3xx8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybSzKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0lp5g5hT9wPn8Auc+Rhw==</latexit><latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF262Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9IDQo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3xx8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybSzKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0lp5g5hT9wPn8Auc+Rhw==</latexit><latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF262Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9IDQo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3xx8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybSzKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0lp5g5hT9wPn8Auc+Rhw==</latexit><latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF262Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9IDQo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3xx8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybSzKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0lp5g5hT9wPn8Auc+Rhw==</latexit>

kx
<latexit sha1_base64="WtMwmN+gvcv25G20B9/BrXKKEn0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+3H/qV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD236t1dVurXeRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBjfo3a</latexit><latexit sha1_base64="WtMwmN+gvcv25G20B9/BrXKKEn0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+3H/qV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD236t1dVurXeRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBjfo3a</latexit><latexit sha1_base64="WtMwmN+gvcv25G20B9/BrXKKEn0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+3H/qV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD236t1dVurXeRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBjfo3a</latexit><latexit sha1_base64="WtMwmN+gvcv25G20B9/BrXKKEn0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+3H/qV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD236t1dVurXeRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBjfo3a</latexit>

ky
<latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJxZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit><latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJxZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit><latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJxZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit><latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJxZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit>

� > A
<latexit sha1_base64="BOSQ/dmzOSTVW7zNGL4qbAOTY9o=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoCepevFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQorq2vrG8XN0tb2zu5eef+gaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqd+64lpw5V8sOOEBTEZSB5xSqyTmt1kyK+ue+WKV/VmwMvEz0kFctR75a9uX9E0ZtJSQYzp+F5ig4xoy6lgk1I3NSwhdEQGrOOoJDEzQTa7doJPnNLHkdKupMUz9fdERmJjxnHoOmNih2bRm4r/eZ3URpdBxmWSWibpfFGUCmwVnr6O+1wzasXYEUI1d7diOiSaUOsCKrkQ/MWXl0nzrOp7Vf/+vFK7yeMowhEcwyn4cAE1uIM6NIDCIzzDK7whhV7QO/qYtxZQPnMIf4A+fwAhYY7S</latexit><latexit sha1_base64="BOSQ/dmzOSTVW7zNGL4qbAOTY9o=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoCepevFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQorq2vrG8XN0tb2zu5eef+gaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqd+64lpw5V8sOOEBTEZSB5xSqyTmt1kyK+ue+WKV/VmwMvEz0kFctR75a9uX9E0ZtJSQYzp+F5ig4xoy6lgk1I3NSwhdEQGrOOoJDEzQTa7doJPnNLHkdKupMUz9fdERmJjxnHoOmNih2bRm4r/eZ3URpdBxmWSWibpfFGUCmwVnr6O+1wzasXYEUI1d7diOiSaUOsCKrkQ/MWXl0nzrOp7Vf/+vFK7yeMowhEcwyn4cAE1uIM6NIDCIzzDK7whhV7QO/qYtxZQPnMIf4A+fwAhYY7S</latexit><latexit sha1_base64="BOSQ/dmzOSTVW7zNGL4qbAOTY9o=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoCepevFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQorq2vrG8XN0tb2zu5eef+gaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqd+64lpw5V8sOOEBTEZSB5xSqyTmt1kyK+ue+WKV/VmwMvEz0kFctR75a9uX9E0ZtJSQYzp+F5ig4xoy6lgk1I3NSwhdEQGrOOoJDEzQTa7doJPnNLHkdKupMUz9fdERmJjxnHoOmNih2bRm4r/eZ3URpdBxmWSWibpfFGUCmwVnr6O+1wzasXYEUI1d7diOiSaUOsCKrkQ/MWXl0nzrOp7Vf/+vFK7yeMowhEcwyn4cAE1uIM6NIDCIzzDK7whhV7QO/qYtxZQPnMIf4A+fwAhYY7S</latexit><latexit sha1_base64="BOSQ/dmzOSTVW7zNGL4qbAOTY9o=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoCepevFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jQorq2vrG8XN0tb2zu5eef+gaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqd+64lpw5V8sOOEBTEZSB5xSqyTmt1kyK+ue+WKV/VmwMvEz0kFctR75a9uX9E0ZtJSQYzp+F5ig4xoy6lgk1I3NSwhdEQGrOOoJDEzQTa7doJPnNLHkdKupMUz9fdERmJjxnHoOmNih2bRm4r/eZ3URpdBxmWSWibpfFGUCmwVnr6O+1wzasXYEUI1d7diOiSaUOsCKrkQ/MWXl0nzrOp7Vf/+vFK7yeMowhEcwyn4cAE1uIM6NIDCIzzDK7whhV7QO/qYtxZQPnMIf4A+fwAhYY7S</latexit>

"
<latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF262Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9IDQo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3xx8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybSzKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0lp5g5hT9wPn8Auc+Rhw==</latexit><latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF262Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9IDQo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3xx8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybSzKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0lp5g5hT9wPn8Auc+Rhw==</latexit><latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF262Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9IDQo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3xx8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybSzKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0lp5g5hT9wPn8Auc+Rhw==</latexit><latexit sha1_base64="rld6jd05QhufWNRJJ69d1Vyob7g=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+wFpKJvtpF262Q27m0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJTFFtUcqm6EdHImcCWYYZjN1VIkohjJxrfz/3OBJVmUjyZaYphQoaCxYwSY6WgNyEKU824FP1qzat7C7jrxC9IDQo0+9Wv3kDSLEFhKCdaB76XmjAnyjDKcVbpZRpTQsdkiIGlgiSow3xx8sy9sMrAjaWyJYy7UH9P5CTReppEtjMhZqRXvbn4nxdkJr4NcybSzKCgy0Vxxl0j3fn/7oAppIZPLSFUMXurS0dEEWpsShUbgr/68jppX9V9r+4/Xtcad0UcZTiDc7gEH26gAQ/QhBZQkPAMr/DmGOfFeXc+lq0lp5g5hT9wPn8Auc+Rhw==</latexit>

kx
<latexit sha1_base64="WtMwmN+gvcv25G20B9/BrXKKEn0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+3H/qV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD236t1dVurXeRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBjfo3a</latexit><latexit sha1_base64="WtMwmN+gvcv25G20B9/BrXKKEn0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+3H/qV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD236t1dVurXeRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBjfo3a</latexit><latexit sha1_base64="WtMwmN+gvcv25G20B9/BrXKKEn0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+3H/qV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD236t1dVurXeRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBjfo3a</latexit><latexit sha1_base64="WtMwmN+gvcv25G20B9/BrXKKEn0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+3H/qV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophld+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVD236t1dVurXeRxFOIFTOAcPalCHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBjfo3a</latexit>

ky
<latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJxZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit><latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJxZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit><latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJxZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit><latexit sha1_base64="p84Zrnh3+1EhZbRu1uepb4RqSho=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7GyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/M7T6g0j+WjyRL0IzqSPOSMGis9TAbZoFpz6+4cZJV4BalBgeag+tUfxiyNUBomqNY9z02Mn1NlOBM4rfRTjQllEzrCnqWSRqj9fH7qlJxZZUjCWNmShszV3xM5jbTOosB2RtSM9bI3E//zeqkJr/2cyyQ1KNliUZgKYmIy+5sMuUJmRGYJZYrbWwkbU0WZselUbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb45wXpx352PRWnKKmWP4A+fzB2UCjds=</latexit>

� > A
<latexit sha1_base64="uTY0/Z+ieO9V3NZ1PE1+dPFqZW0=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXQhUnHjsoK9QDuUTJppYzPJkGSEMvQd3LhQxK3v4863MW1noa0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B02jUk1ZgyqhdDskhgkuWcNyK1g70YzEoWCtcHQ7rbeemDZcyQc7TlgQk4HkEafEOqvZTYb8+qZXrnhVbya8DH4OFchV75W/un1F05hJSwUxpuN7iQ0yoi2ngk1K3dSwhNARGbCOQ0liZoJstu0EnzinjyOl3ZMWz9zfExmJjRnHoeuMiR2axdrU/K/WSW10GWRcJqllks4/ilKBrcLT03Gfa0atGDsgVHO3K6ZDogm1LqCSC8FfPHkZmmdV3/H9eaV2lcdRhCM4hlPw4QJqcAd1aACFR3iGV3hDCr2gd/Qxby2gfOYQ/gh9/gAflY7M</latexit><latexit sha1_base64="uTY0/Z+ieO9V3NZ1PE1+dPFqZW0=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXQhUnHjsoK9QDuUTJppYzPJkGSEMvQd3LhQxK3v4863MW1noa0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B02jUk1ZgyqhdDskhgkuWcNyK1g70YzEoWCtcHQ7rbeemDZcyQc7TlgQk4HkEafEOqvZTYb8+qZXrnhVbya8DH4OFchV75W/un1F05hJSwUxpuN7iQ0yoi2ngk1K3dSwhNARGbCOQ0liZoJstu0EnzinjyOl3ZMWz9zfExmJjRnHoeuMiR2axdrU/K/WSW10GWRcJqllks4/ilKBrcLT03Gfa0atGDsgVHO3K6ZDogm1LqCSC8FfPHkZmmdV3/H9eaV2lcdRhCM4hlPw4QJqcAd1aACFR3iGV3hDCr2gd/Qxby2gfOYQ/gh9/gAflY7M</latexit><latexit sha1_base64="uTY0/Z+ieO9V3NZ1PE1+dPFqZW0=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXQhUnHjsoK9QDuUTJppYzPJkGSEMvQd3LhQxK3v4863MW1noa0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B02jUk1ZgyqhdDskhgkuWcNyK1g70YzEoWCtcHQ7rbeemDZcyQc7TlgQk4HkEafEOqvZTYb8+qZXrnhVbya8DH4OFchV75W/un1F05hJSwUxpuN7iQ0yoi2ngk1K3dSwhNARGbCOQ0liZoJstu0EnzinjyOl3ZMWz9zfExmJjRnHoeuMiR2axdrU/K/WSW10GWRcJqllks4/ilKBrcLT03Gfa0atGDsgVHO3K6ZDogm1LqCSC8FfPHkZmmdV3/H9eaV2lcdRhCM4hlPw4QJqcAd1aACFR3iGV3hDCr2gd/Qxby2gfOYQ/gh9/gAflY7M</latexit><latexit sha1_base64="uTY0/Z+ieO9V3NZ1PE1+dPFqZW0=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXQhUnHjsoK9QDuUTJppYzPJkGSEMvQd3LhQxK3v4863MW1noa0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B02jUk1ZgyqhdDskhgkuWcNyK1g70YzEoWCtcHQ7rbeemDZcyQc7TlgQk4HkEafEOqvZTYb8+qZXrnhVbya8DH4OFchV75W/un1F05hJSwUxpuN7iQ0yoi2ngk1K3dSwhNARGbCOQ0liZoJstu0EnzinjyOl3ZMWz9zfExmJjRnHoeuMiR2axdrU/K/WSW10GWRcJqllks4/ilKBrcLT03Gfa0atGDsgVHO3K6ZDogm1LqCSC8FfPHkZmmdV3/H9eaV2lcdRhCM4hlPw4QJqcAd1aACFR3iGV3hDCr2gd/Qxby2gfOYQ/gh9/gAflY7M</latexit>

� = A
<latexit sha1_base64="lHE6Ufl24MYVyhNWByLxKRiJQ+w=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXShUHHjsoK9QDuUTJppYzPJkGSEMvQd3LhQxK3v4863MW1noa0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B02jUk1ZgyqhdDskhgkuWcNyK1g70YzEoWCtcHQ7rbeemDZcyQc7TlgQk4HkEafEOqvZTYb8+qZXrnhVbya8DH4OFchV75W/un1F05hJSwUxpuN7iQ0yoi2ngk1K3dSwhNARGbCOQ0liZoJstu0EnzinjyOl3ZMWz9zfExmJjRnHoeuMiR2axdrU/K/WSW10GWRcJqllks4/ilKBrcLT03Gfa0atGDsgVHO3K6ZDogm1LqCSC8FfPHkZmmdV3/H9eaV2lcdRhCM4hlPw4QJqcAd1aACFR3iGV3hDCr2gd/Qxby2gfOYQ/gh9/gAeEI7L</latexit><latexit sha1_base64="lHE6Ufl24MYVyhNWByLxKRiJQ+w=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXShUHHjsoK9QDuUTJppYzPJkGSEMvQd3LhQxK3v4863MW1noa0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B02jUk1ZgyqhdDskhgkuWcNyK1g70YzEoWCtcHQ7rbeemDZcyQc7TlgQk4HkEafEOqvZTYb8+qZXrnhVbya8DH4OFchV75W/un1F05hJSwUxpuN7iQ0yoi2ngk1K3dSwhNARGbCOQ0liZoJstu0EnzinjyOl3ZMWz9zfExmJjRnHoeuMiR2axdrU/K/WSW10GWRcJqllks4/ilKBrcLT03Gfa0atGDsgVHO3K6ZDogm1LqCSC8FfPHkZmmdV3/H9eaV2lcdRhCM4hlPw4QJqcAd1aACFR3iGV3hDCr2gd/Qxby2gfOYQ/gh9/gAeEI7L</latexit><latexit sha1_base64="lHE6Ufl24MYVyhNWByLxKRiJQ+w=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXShUHHjsoK9QDuUTJppYzPJkGSEMvQd3LhQxK3v4863MW1noa0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B02jUk1ZgyqhdDskhgkuWcNyK1g70YzEoWCtcHQ7rbeemDZcyQc7TlgQk4HkEafEOqvZTYb8+qZXrnhVbya8DH4OFchV75W/un1F05hJSwUxpuN7iQ0yoi2ngk1K3dSwhNARGbCOQ0liZoJstu0EnzinjyOl3ZMWz9zfExmJjRnHoeuMiR2axdrU/K/WSW10GWRcJqllks4/ilKBrcLT03Gfa0atGDsgVHO3K6ZDogm1LqCSC8FfPHkZmmdV3/H9eaV2lcdRhCM4hlPw4QJqcAd1aACFR3iGV3hDCr2gd/Qxby2gfOYQ/gh9/gAeEI7L</latexit><latexit sha1_base64="lHE6Ufl24MYVyhNWByLxKRiJQ+w=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXShUHHjsoK9QDuUTJppYzPJkGSEMvQd3LhQxK3v4863MW1noa0/BD7+cw455w8TwY31vG9UWFldW98obpa2tnd298r7B02jUk1ZgyqhdDskhgkuWcNyK1g70YzEoWCtcHQ7rbeemDZcyQc7TlgQk4HkEafEOqvZTYb8+qZXrnhVbya8DH4OFchV75W/un1F05hJSwUxpuN7iQ0yoi2ngk1K3dSwhNARGbCOQ0liZoJstu0EnzinjyOl3ZMWz9zfExmJjRnHoeuMiR2axdrU/K/WSW10GWRcJqllks4/ilKBrcLT03Gfa0atGDsgVHO3K6ZDogm1LqCSC8FfPHkZmmdV3/H9eaV2lcdRhCM4hlPw4QJqcAd1aACFR3iGV3hDCr2gd/Qxby2gfOYQ/gh9/gAeEI7L</latexit>

� < A
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Figure 4.6: Topological phase transition between the Dirac semimetal (φ < A) and band
insulator (φ > A), tuned by complementary mass φ and non-Abelian gauge A
fields. The topological critical point (φ = A) hosts anisotropic excitations with
orthogonal relativistic and non-relativistic directions.

It is possible however to obtain the ground state in the limiting cases by assuming

generic bounding quartic terms. For θ → π/2− it is found that ∆/ρ → 1− and

φ → 0+. In the other limit, θ → 0+, it is found that ∆/ρ → 0+, φ → A+. In both

cases minimisation requires β = γ, which causes φ(A1 × A2) to vanish independent
of particle-hole symmetry. Moreover, the lattice conditions (α, β) = 2π

3 (n,m) are
determined by the vanishing of the lattice cubic term b, and the maximising of the

lattice quartic term φRe[G3
1 − 3G1G2

2].
The latter limit, θ → 0+, is precisely the condition for the broken symmetry

state to host the previously discussed gapless semi-Dirac [47, 48] excitations, which

disperse quadratically in the direction defined by the polar angle β and linearly

orthogonal to this. From the hybridisation of down-folded Dirac valleys there is

a condensation energy gain from the second set of bands that gap with ± |φ + A|.
In the previous chapter, such a metallic CDW3 state with semi-Dirac quasiparticle

excitations was found [68] for the case of the pure V2 interaction.

4.7.1 Topological Phase Transitions

The broken symmetry state with gapless semi-Dirac excitations (φ = A) can be

interpreted as the critical point of the topological Lifshitz phase transition [48]

between a semimetal (φ < A) and a topologically trivial band insulator (φ > A) (see
Fig. 4.6). This notion for the d = 2 topological critical point can be generalised to

the case of the three masses αz MaTa for a = 1, 2, 3 and additional emergent gauge

fields A1, A2, A3. This generalisation accounts for Kekulé masses (M1,2) and gauge



4.8. Discussion 106

fields A3, which may be induced by strain on the honeycomb lattice [147]. Implicit

summation over repeated indices a, b, c = 1, 2, 3 is used, and here M2 = MaMa and

A2 = Aa · Aa.

Assuming full global SU(2) gauge rotational symmetry the analytic part of the

Landau free energy takes the form (up to quartic order)

f = C1M2 + C2 A2 + C3ε
abcMaAb × Ac + C4M2 A2 + C5MaAa · MbAb

+ C6M4 + C7 A4 + C8(εabcAb × Ac)2 + C9A
a · AbAa · Ab, (4.111)

with unspecified coupling constantsCi. TheC3ε
abcMaAb×Ac andC5MaAa ·MbAb

termsmust vanish to describe topological transitions. Subject to this, the topological

critical point of the Hamiltonian

Ĥ = k · α + αz MaTa + α · AaTa, (4.112)

exists at |M | = |A|. A finite C3 terms breaks particle-hole symmetry. A finite C5

term induces a band gap for all finite M and A. These terms can also be identified

from the characteristic polynomial det(Ĥ − ε1̂). There are a number of obvious

extensions including spin, dimensionality and the number of quadratic directions.

4.8 Discussion
Here it was demonstrated that spontaneous lattice symmetry breaking in interacting

Dirac systems is described by effective field theories of Dirac fermions coupled to

a combination of dynamical mass and emergent gauge order parameter fields. This

is a departure from the common wisdom that mass channels solely dominate the

energetic landscape [20, 133], which is an expectation motivated by the energetic

gain upon condensing into an insulating state (mass fields are defined as those that

anticommute with the non-interacting Hamiltonian, thereby acting to open a band

gap). As a result, the ensuing criticality considered here is found to be beyond the

GNY universality classes. The unconventional dynamical exponent z > 1 indicates

that the putative emergent Lorentz invariance associated with GNY criticality is
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violated.

As a concrete example the lattice symmetry breaking due to CDW3 order

of Dirac fermions on the half-filled honeycomb lattice was analysed. However,

the resulting effective field theory with mass and gauge fields has much wider

applicability. The important role of emergent gauge fields has been recognised in

the context of the Ising nematic transition in d-wave superconductors [18, 135, 136,

148, 149], and there is indeed a close connection with the gauge sector of the field

theory presented here.

That z > 1 raises the possibility that the long-range Coulomb interactions [19]

n̂(r) e2

|r − r′| n̂(r
′) → −iΨ†a0Ψ +

1
2e2 a0 |q | a0, (4.113)

could be relevant and provide further non-trivial scaling at this novel critical

point [50]. The one-loop RG equation for the Coulomb coupling [20]

d
d`

e2 ≈ (z − 1)e2 − δd,3e4, (4.114)

demonstrates that z > 1 defines e as a relevant perturbation. At the new CDW3

fixed point it is expected that z ∼ 1+ (g2
A)∗ − xe2 (x > 0) suggesting such relevance.

In contrast, the Coulomb interaction is irrelevant at the d = 2 GNY fixed point

z = 1 − xe2 (x > 0) [19, 20].

This work shows that complementary combinations of mass and non-Abelian

gauge fields provide a natural playground for the study of topological quantum phase

transitions. Lifshitz transitions of merging Dirac cones are observed when tuning

through the broken-symmetry states close to the multi-critical point. These insights

could be relevant for a range of systems, including black phosphorus [150, 151],

optical honeycomb lattices [62, 152, 153], artificial graphene [63], TiO2/VO2 inter-

faces [47, 154], and α(BEDT-TTF)2I3 [155]. Additionally, there has been consider-

able recent interest in the properties of topological quantum critical points [42, 49–

56, 156], which in d = 2 are commonly described by effective Hamiltonians of

the semi-Dirac form Ĥ = k2
xσx + kyσy. Here anisotropic velocity renormalisation
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needs to be regulated with non-perturbative infrared loop resummations [56], which

is discussed in more detail in Chapter 5.

A related open question is whether there is a similar description of other exotic

Lorentz violating fermions, such as themultifolds in topological chiral crystals [124–

126], and what this means for their quantum critical properties [123, 157].



Chapter 5

Quantum Criticality of Semi-Dirac

Fermions in 2+1 Dimensions

Semi-Dirac fermions in two spatial dimensions are quasiparticles that disperse lin-

early in one direction and quadratically in the other. Strong short-range interactions

drive instabilities of semi-Dirac fermions. In this Chapter, the instabilities towards

staggered charge and spin, as well as superconducting orders are considered. The

critical properties of semi-Dirac fermions coupled to dynamical order parameter

fields are analysed using the renormalisation group (RG). The RG equations are ob-

tained to one-loop order and analytically controlled by a large number N f of fermion

flavours. The 1/N f corrections are surprisingly small, suggesting that the expan-

sion is well controlled in the physical dimension. The order-parameter correlations

inherit the electronic anisotropy of the semi-Dirac fermions, leading to correlation

lengths that diverge along the spatial directions with distinct exponents, even at the

mean-field level. It is natural to conjecture that the proximity to the critical point

may stabilise novel phases with modulated order. The original work in this chapter

was made available as a preprint in Quantum Criticality of Semi-Dirac Fermions in

2+1 Dimensions, M. Uryszek, E. Christou, A. Jaefari, F. Krüger, B. Uchoa Phys.

Rev. B 100, 155101 (2019) [158].

https://journals.aps.org/prb/abstract/10.1103/PhysRevB.100.155101
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.100.155101
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✏
<latexit sha1_base64="jrNw6U5+b3jixfAAhbvXjj+JEv4=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RbDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/UXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/WjezcS2ccplmFiVbfhRnglhF5seTAdfIrJg4oExztythI6opsy6ikgshWD15HVpX1cDx/XWlXsvjKMIZnMMlBHADdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fSdGQFg==</latexit><latexit sha1_base64="jrNw6U5+b3jixfAAhbvXjj+JEv4=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RbDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/UXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/WjezcS2ccplmFiVbfhRnglhF5seTAdfIrJg4oExztythI6opsy6ikgshWD15HVpX1cDx/XWlXsvjKMIZnMMlBHADdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fSdGQFg==</latexit><latexit sha1_base64="jrNw6U5+b3jixfAAhbvXjj+JEv4=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RbDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/UXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/WjezcS2ccplmFiVbfhRnglhF5seTAdfIrJg4oExztythI6opsy6ikgshWD15HVpX1cDx/XWlXsvjKMIZnMMlBHADdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fSdGQFg==</latexit><latexit sha1_base64="jrNw6U5+b3jixfAAhbvXjj+JEv4=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RbDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/UXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/WjezcS2ccplmFiVbfhRnglhF5seTAdfIrJg4oExztythI6opsy6ikgshWD15HVpX1cDx/XWlXsvjKMIZnMMlBHADdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fSdGQFg==</latexit>

kx
<latexit sha1_base64="la9FzIA3VNp37wH+XCv+CbQk5qo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEdpjwYvHivYD2lA220m7dLMJuxuxhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk5t5vfOISvNYPphpgn5ER5KHnFFjrfvJ4GlQrrhVdyGyDl4OFcjVHJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izKGmE2s8Wq87IhXWGJIyVfdKQhft7IqOR1tMosJ0RNWO9Wpub/9V6qQnrfsZlkhqUbPlRmApiYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN7qyevQvqp6lu+uK416HkcRzuAcLsGDGjTgFprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP2B+jdA=</latexit><latexit sha1_base64="la9FzIA3VNp37wH+XCv+CbQk5qo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEdpjwYvHivYD2lA220m7dLMJuxuxhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk5t5vfOISvNYPphpgn5ER5KHnFFjrfvJ4GlQrrhVdyGyDl4OFcjVHJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izKGmE2s8Wq87IhXWGJIyVfdKQhft7IqOR1tMosJ0RNWO9Wpub/9V6qQnrfsZlkhqUbPlRmApiYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN7qyevQvqp6lu+uK416HkcRzuAcLsGDGjTgFprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP2B+jdA=</latexit><latexit sha1_base64="la9FzIA3VNp37wH+XCv+CbQk5qo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEdpjwYvHivYD2lA220m7dLMJuxuxhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk5t5vfOISvNYPphpgn5ER5KHnFFjrfvJ4GlQrrhVdyGyDl4OFcjVHJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izKGmE2s8Wq87IhXWGJIyVfdKQhft7IqOR1tMosJ0RNWO9Wpub/9V6qQnrfsZlkhqUbPlRmApiYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN7qyevQvqp6lu+uK416HkcRzuAcLsGDGjTgFprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP2B+jdA=</latexit><latexit sha1_base64="la9FzIA3VNp37wH+XCv+CbQk5qo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEdpjwYvHivYD2lA220m7dLMJuxuxhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk5t5vfOISvNYPphpgn5ER5KHnFFjrfvJ4GlQrrhVdyGyDl4OFcjVHJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izKGmE2s8Wq87IhXWGJIyVfdKQhft7IqOR1tMosJ0RNWO9Wpub/9V6qQnrfsZlkhqUbPlRmApiYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN7qyevQvqp6lu+uK416HkcRzuAcLsGDGjTgFprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP2B+jdA=</latexit> ky

<latexit sha1_base64="3uO8Rj/V9M6g6cJg6aSbgHpGZz8=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjRfsBbSib7aZdutmE3YkQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTG/n9e4T10bE6hGzhPsRHSsRCkbRWg/TYTas1ty6uxBZB6+AGhRqDatfg1HM0ogrZJIa0/fcBP2cahRM8lllkBqeUDalY963qGjEjZ8vVp2RC+uMSBhr+xSShft7IqeRMVkU2M6I4sSs1ubmf7V+imHDz4VKUuSKLT8KU0kwJvO7yUhozlBmFijTwu5K2IRqytCmU7EheKsnr0Pnqu5Zvr+uNRtFHGU4g3O4BA9uoAl30II2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+yPn8AWICjdE=</latexit><latexit sha1_base64="3uO8Rj/V9M6g6cJg6aSbgHpGZz8=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjRfsBbSib7aZdutmE3YkQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTG/n9e4T10bE6hGzhPsRHSsRCkbRWg/TYTas1ty6uxBZB6+AGhRqDatfg1HM0ogrZJIa0/fcBP2cahRM8lllkBqeUDalY963qGjEjZ8vVp2RC+uMSBhr+xSShft7IqeRMVkU2M6I4sSs1ubmf7V+imHDz4VKUuSKLT8KU0kwJvO7yUhozlBmFijTwu5K2IRqytCmU7EheKsnr0Pnqu5Zvr+uNRtFHGU4g3O4BA9uoAl30II2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+yPn8AWICjdE=</latexit><latexit sha1_base64="3uO8Rj/V9M6g6cJg6aSbgHpGZz8=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjRfsBbSib7aZdutmE3YkQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTG/n9e4T10bE6hGzhPsRHSsRCkbRWg/TYTas1ty6uxBZB6+AGhRqDatfg1HM0ogrZJIa0/fcBP2cahRM8lllkBqeUDalY963qGjEjZ8vVp2RC+uMSBhr+xSShft7IqeRMVkU2M6I4sSs1ubmf7V+imHDz4VKUuSKLT8KU0kwJvO7yUhozlBmFijTwu5K2IRqytCmU7EheKsnr0Pnqu5Zvr+uNRtFHGU4g3O4BA9uoAl30II2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+yPn8AWICjdE=</latexit><latexit sha1_base64="3uO8Rj/V9M6g6cJg6aSbgHpGZz8=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjRfsBbSib7aZdutmE3YkQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTG/n9e4T10bE6hGzhPsRHSsRCkbRWg/TYTas1ty6uxBZB6+AGhRqDatfg1HM0ogrZJIa0/fcBP2cahRM8lllkBqeUDalY963qGjEjZ8vVp2RC+uMSBhr+xSShft7IqeRMVkU2M6I4sSs1ubmf7V+imHDz4VKUuSKLT8KU0kwJvO7yUhozlBmFijTwu5K2IRqytCmU7EheKsnr0Pnqu5Zvr+uNRtFHGU4g3O4BA9uoAl30II2MBjDM7zCmyOdF+fd+Vi2lpxi5hT+yPn8AWICjdE=</latexit>

✏
<latexit sha1_base64="jrNw6U5+b3jixfAAhbvXjj+JEv4=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RbDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/UXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/WjezcS2ccplmFiVbfhRnglhF5seTAdfIrJg4oExztythI6opsy6ikgshWD15HVpX1cDx/XWlXsvjKMIZnMMlBHADdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fSdGQFg==</latexit><latexit sha1_base64="jrNw6U5+b3jixfAAhbvXjj+JEv4=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RbDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/UXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/WjezcS2ccplmFiVbfhRnglhF5seTAdfIrJg4oExztythI6opsy6ikgshWD15HVpX1cDx/XWlXsvjKMIZnMMlBHADdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fSdGQFg==</latexit><latexit sha1_base64="jrNw6U5+b3jixfAAhbvXjj+JEv4=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RbDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/UXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/WjezcS2ccplmFiVbfhRnglhF5seTAdfIrJg4oExztythI6opsy6ikgshWD15HVpX1cDx/XWlXsvjKMIZnMMlBHADdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fSdGQFg==</latexit><latexit sha1_base64="jrNw6U5+b3jixfAAhbvXjj+JEv4=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RbDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/UXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/WjezcS2ccplmFiVbfhRnglhF5seTAdfIrJg4oExztythI6opsy6ikgshWD15HVpX1cDx/XWlXsvjKMIZnMMlBHADdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fSdGQFg==</latexit>

✏
<latexit sha1_base64="jrNw6U5+b3jixfAAhbvXjj+JEv4=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RbDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/UXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/WjezcS2ccplmFiVbfhRnglhF5seTAdfIrJg4oExztythI6opsy6ikgshWD15HVpX1cDx/XWlXsvjKMIZnMMlBHADdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fSdGQFg==</latexit><latexit sha1_base64="jrNw6U5+b3jixfAAhbvXjj+JEv4=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RbDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/UXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/WjezcS2ccplmFiVbfhRnglhF5seTAdfIrJg4oExztythI6opsy6ikgshWD15HVpX1cDx/XWlXsvjKMIZnMMlBHADdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fSdGQFg==</latexit><latexit sha1_base64="jrNw6U5+b3jixfAAhbvXjj+JEv4=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RbDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/UXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/WjezcS2ccplmFiVbfhRnglhF5seTAdfIrJg4oExztythI6opsy6ikgshWD15HVpX1cDx/XWlXsvjKMIZnMMlBHADdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fSdGQFg==</latexit><latexit sha1_base64="jrNw6U5+b3jixfAAhbvXjj+JEv4=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RbDHghePFewHtEvJprNtaDZZk6xQSv+EFw+KePXvePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVaYZNpoTSnYgaFFxi03IrsJNqpEkksB2Nb+f19hNqw5V8sJMUw4QOJY85o9ZZnR6mhgsl++WKX/UXIusQ5FCBXI1++as3UCxLUFomqDHdwE9tOKXaciZwVuplBlPKxnSIXYeSJmjC6WLfGblwzoDESrsnLVm4vyemNDFmkkSuM6F2ZFZrc/O/WjezcS2ccplmFiVbfhRnglhF5seTAdfIrJg4oExztythI6opsy6ikgshWD15HVpX1cDx/XWlXsvjKMIZnMMlBHADdbiDBjSBgYBneIU379F78d69j2VrwctnTuGPvM8fSdGQFg==</latexit>

✏
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Figure 5.1: Schematic phase diagram. As a function of the band tuning parameter ∆ the
system undergoes a topological Lifshitz transition between a Dirac semimetal
(with a pair of Dirac cones) and a band insulator. At the transition point
the system exhibits gapless “semi-Dirac" quasiparticle excitations. Sufficiently
strong short-range interactions leads to superconducting, or staggered charge or
spin orders, depending on the type of interaction. The symmetry breaking is
associated with the opening of a gap in the semi-Dirac spectrum.

5.1 Introduction

Dirac fermions generically describe quasiparticles with relativistic dispersion in

the vicinity of special points in the Brillouin zone [15, 36, 43]. In two spatial

dimensions (2D), the merging of two Dirac points results in a topological phase

transition separating the semi-metallic phase from a gapped insulating one [45,

46]. At the boundary between the two phases, the system exhibits gapless “semi-

Dirac” quasiparticle excitations [45, 47] that disperse relativistically (linearly) in

one direction and non-relativistically (quadratically) in the other, see Fig. 5.1.

Based on density-functional calculations, semi-Dirac quasiparticles were pre-

dicted to occur in single layers of black phosphorus under strain [159]. Following

this, the topological transition was observed by surfacing doping such black phos-

phorus [150, 151]. Semi-Dirac fermions have also been predicted to occur in α-

(BEDT-TTF)2I3 salt under pressure [160], VO2/TO2 heterostructures [154, 161], and

in strained honeycomb lattices [45]. As discussed in this Thesis, it has recently been

suggested [68, 120] that strong next-nearest neighbour repulsions between fermions

on the honeycomb lattice can lead to a charge ordered state that breaks lattice sym-
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metries and exhibits semi-Dirac quasiparticles excitations. In addition, semi-Dirac

fermions have strongly anisotropic hydrodynamic transport properties [52], for ex-

ample the electrical conductivity is metallic in one direction and insulating in the

other direction. Even more strikingly, one of the electronic sheer viscosity com-

ponents vanishes at zero temperature, leading to a generalisation of the previously

conjectured lower bound for the viscosity to entropy density ratio [52].

The non-trivial scaling of the quasiparticle kinetic energy gives rise to novel

universal behaviour [42, 48–50, 54–56, 162]. Moreover, it is expected that the in-

herent electronic anisotropy will be reflected in strongly anisotropic order parameter

correlations. This can have profound effects on the nature of broken-symmetry

states. For instance, in gapped superconducting phases, it has been suggested [51]

that an applied magnetic field may lead to the formation of a novel smectic phase

with a stripe pattern of flux domains near the quantum critical point. Accessing

the universal critical behaviour of 2D semi-Dirac fermions has proven difficult. Be-

cause of the different dispersion along the kx and ky directions, the generalisation to

arbitrary dimension and consecutive ε expansion below an upper critical dimension

is subtle and not uniquely defined. This is in contrast to the Dirac case discussed in

Chapter 4. For a model with dL linear and dQ > 0 quadratic momentum directions,

the interactions become marginal at 2dL + dQ = 4, suggesting that the universal

critical behaviour of 2D semi-Dirac fermions (dL = dQ = 1) could be accessible

within an ε-expansion with dL = 1 and dQ = 2 − ε [56]. This expansion results

in a non-analytic ∼ ε ln ε dependence of the anomalous dimensions of the fermion

and order-parameter fields [56]. The non-monotonic behaviour and vanishing of

the corrections at ε = 1, nevertheless, could indicate that the semi-Dirac case lies

outside the validity of the expansion.

In a complementary approach [42] generic short-range four-fermion interac-

tions were analysed in two spatial dimensions with a generalised dispersion k2n
y in

the non-relativistic direction. This construction allowed for a controlled ascent from

one dimension (n→ ∞). At finite n, fermionic interactions are rendered irrelevant

at weak coupling, but key aspects of one-dimensional physics such as spin-charge
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separation are preserved. Quantum fluctuations beyond 1D, controlled by ∼ 1/n,
enter the RG through loop integrations that involve the dispersion along ky.

In this Chapter the quantum criticality of semi-Dirac fermions directly in two

spatial dimensions is revisited. Universal critical properties are accessed by means

of the one-loop momentum-shell RG. Analytic control is achieved by introducing

a large number N f of fermionic flavours. The additional N f fermion flavours are

not involved in the symmetry breaking and remain degenerate across the quantum

phase transition. This complementary approach avoids tuning the dimensionality

or the form of the dispersion, and as such can act as an independent check to

the novel methods discussed above. A similar large N f procedure was used to

analyse the criticality of 2D and 3D semi-Dirac fermions subject to weak, long-range

Coulomb interactions [49, 50, 162]. Where as, here the focus is on strong short-range

interactions that drive charge, spin and superconducting instabilities. This study is

motivated by the leading order RG analysis of Ref. [42], which deemed these to be

the dominant instabilities in the context of an extended Hubbard model comprised

of on-site (attractive and repulsive) and nearest-neighbour repulsive interactions.

These broken symmetry phases possess a fully gapped quasiparticle spectrum and

hence maximise the condensation energy gain. The results can be readily compared

to the analogous two-loop large N f analysis of relativistic 2D Dirac fermions [19,

71, 163, 164], unravelling the effects of the peculiar form of the dispersion on the

universal behaviour.

It is found that the 1/N f corrections to critical exponents are very small and

considerably smaller than for the case of 2D Dirac fermions, suggesting that the

expansion is well controlled. The mean-field limit, N f → ∞, recovers the results

obtained from the dQ = 2 − ε expansion[56], evaluated at ε = 1 and N f → ∞.
However the 1/N f corrections differ, as they depend on the specific form of the

dimensional-dependent bosonic infrared (IR) propagator, which needs to be included

to regularise unphysical divergencies at the critical fixed point. As expected, it is

found that the order-parameter correlations inherit the intrinsic anisotropy of the

system, e.g. the correlation lengths along different spatial directions diverge with
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different powers. It is conjectured that this behaviour could help stabilise exotic

modulated ordered phases near the quantum critical point [56]. The N f → ∞
results are significantly different from the 2D Dirac case. This can be understood

by analysing the mean-field Ginzburg-Landau free energy, which is obtained from

integrating out the fermions in the broken symmetry state. Spatial anisotropies are

encoded in non-analytic gradient terms. It is found that the critical exponents derived

from the RG for N f → ∞ are in agreement with the exponents obtained from the

mean-field Ginzburg-Landau functional, suggesting that hyperscaling relations are

satisfied.

The rest of this Chapter is organised as follows. Section 5.2 motivates the

effective Yukawa actions for spin, charge and superconducting instabilities. Sec-

tion 5.3 discusses the Wilson RG procedure and the calculation of the RG equations

and critical exponents in the large N f limit. Section 5.4 presents the non-analytic

structure of the mean-field theory. Section 5.5 ends the chapter with a discussion of

the results.

5.2 Effective Semi-Dirac Field Theory

The effective low-energy field theory of 2D semi-Dirac fermions coupled to dynam-

ical order parameter fields is presented. The non-interacting fermionic action is

given by

SΨ =
Nf∑

n=1

∫
®k
Ψ†n(®k)s0 ⊗

[
−ik0σ0 + vkxσx +

(
k2
y

2m
+ ∆

)
σy

]
Ψn(®k), (5.1)

where ®k = (k0, k) = (k0, kx, ky), with k0 the zero temperature Matsubara frequency,

and
∫
®k =

∫ Λ d3®k
(2π)3 , which is subject to an ultraviolet cut-off Λ. Also, v is the

velocity in kx and m is the effective mass in ky. The Pauli spin si and pseudospin

σi matrices (i = 0 for identities) act on the 4-component fermionic spinor fields

Ψ = (ψ↑+, ψ↑−, ψ↓+, ψ↓−). The pesudospin is some relevant quantum number of the

parent lattice model. For example it could be any sublattice, valley, or orbital degree

of freedom. The action has been generalised to a large number N f of fermionic
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flavours Ψ†Ψ→ ∑Nf

n=1 Ψ
†
nΨn.

The poles of the (real frequency) fermionic propagator, or alternatively the

eigenvalues of the Hamiltonian H0(k) = s0 ⊗ [vkxσx + (k2
y/2m+∆)σy], provide the

electronic dispersion

ε(k) = ±

√√√
(vkx)2 +

(
k2
y

2m
+ ∆

)2

, (5.2)

which is degenerate in spin s =↑, ↓ and fermion flavour n. The effect of the tuning

parameter ∆ on the electron dispersion is illustrated in Fig. 5.1. For ∆ < 0 the

dispersion contains two relativistic Dirac points K± =
(
0,±

√
2m(−∆)

)
, while for

∆ > 0 the dispersion has an energy gap ∆. Hence ∆ tunes a transition between a

Dirac semimetal and a band insulator. At ∆ = 0, the system undergoes a topological

Lifshitz transition, corresponding to the merging of two Dirac points. At this point

the system exhibits the anisotropic semi-Dirac quasiparticle excitations.

The aim is to describe interaction-driven quantum phase transitions of semi-

Dirac fermions. Enforcing ∆ = 0 whilst increasing the strength of interactions

requires fine tuning. Depending on the experimental system, this may be achieved

with strain, pressure, or surface doping [150, 151, 154, 159–161].

5.2.1 Staggered Instabilities

Similar to Chapter 4, the critical theory is constructed from semi-Dirac fermions

coupled to a Ginzburg-Landau-Wilson dynamical order parameter theory via a

Yukawa coupling. Typically, a theory of this type can be obtained by performing

a Hubbard-Stratonovich decoupling of a generic strongly interacting four-fermion

interaction in the appropriate order parameter φ channel, which is schematically

(Ψ†Ψ)2 → φ2 + Ψ†φΨ. In contrast to the previous Chapters on the honeycomb

lattice, here the microscopic origins of this critical theory are not provided. Instead,

it is assumed there is a sufficiently strong fermionic interaction that spontaneously

stabilises the order of interest. Similarly, phase competition and multicriticality is

left for future investigation.
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The local Yukawa action is

Sg = g

Nf∑
n=1

Nb∑
i=1

∫
®r
Ψ†n(®r)Yiφi(®r)Ψ(®r), (5.3)

where ®r = (τ, r) is the imaginary time τ and position r vector. Here Nb is the number

of components of the bosonic order parameter field φ = (φ1, . . . , φNb
) For the case

of staggered charge order Nb = 1, and the Yukawa coupling matrix Y1 = s0 ⊗ σz.

In the instance that the pseudospin is a sublattice index, this would correspond to a

sublattice charge density wave (CDW). For convenience it will be referred to as CDW

order. Likewise, Nb = 3 has the natural interpretation as sublattice spin density wave

(SDW) order, with Yi = si ⊗ σz for i = 1, 2, 3 = x, y, z. Finally, Nb = 2 could be

interpreted as describing s-wave superconducting (SC) pairing with Yi = si ⊗ σ0

for i = 1, 2 = x, y. Naturally, this requires a redefinition of the spinor basis to the

reduced Nambu (particle-hole doubled) space Ψ̃ = (ψ↑+, ψ↓+, ψ†↓−, ψ
†
↑−) [165, 166].

In this case H̃0(k) = sz ⊗ [vkxσx + (k2
y/2m + ∆)σy]. These Yukawa terms describe

U(1) s-wave pairing with the complex order parameter

Φ = 〈cos ϕ(ψ↑−ψ↓+ + ψ↓−ψ↑+ + h.c.) + i sin ϕ(ψ↑−ψ↓+ + ψ↓−ψ↑+ − h.c.)〉, (5.4)

where φ = (ReΦ, ImΦ). It is natural to associate the flavour symmetry with time

reversed points in the Brillouin zone (similar to Dirac valleys), such that the Cooper

pair has zero total momentum. A concrete example of a time reversal symmetric

tight-binding Hamiltonian with a pair of semi-Dirac points can be found in Ref. [51].

In principle, what has been described is semi-Dirac fermions coupled to Ising

Z2 (Nb = 1), XY O(2) (Nb = 2) and Heisenberg O(3) (Nb = 3) order parameter

fields. In each instance, the order parameter fields couple like “masses” to the

fermions in the sense that they anticommute with H0(H̃0) and therefore induce an

insulating gap upon condensing (φ2 = φ · φ)

ε(k) = ±

√√√
(vkx)2 +

(
k2
y

2m
+ ∆

)2

+ (gφ)2, (5.5)
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which is independent of the basis. These instabilities were found [42] to be dominant

from renormalisation group analysis of an extended Hubbard model containing on-

site and nearest neighbour interactions. For superconductivity it is required that the

on-site interaction is attractive, in which case the textbook microscopic origin would

be electron-phonon coupling.

In addition to the φ2 = φ · φ term that arises from the Hubbard-Stratonovich

transformation, the successive elimination of high-energy fermion modes under the

renormalisation group will generate gradient terms, as well as a φ4 vertex and higher

order terms. However, φ4 and higher order terms turn out to be irrelevant in the

RG sense. For now the Ginzburg-Landau-Wilson functional for the order parameter

Sφ + Sλ is considered, with

Sφ =
1
2

∫
®q
φ( ®q) ·

(
c2

0q2
0 + c2

xq2
x + c2

yq2
y + m2

φ

)
φ( ®q), (5.6)

Sλ = λ

∫
®r
φ4(®r). (5.7)

As was the case for the Gross-Neveu-Yukawa type theories in Chapter 4, here the

order parameter mass term tunes through the putative quantum critical point, and

the convention m2
φ → m2

φ − (m2
φ)∗ is used.

To summarise, the effective field theory describing the criticality of semi-Dirac

fermions in 2+1 dimensions, to be considered in the following, is given by

S = SΨ + Sφ + Sg + Sλ. (5.8)

There is a caveat, however. As will be discussed in Section 5.3, the bosonic propa-

gator Gφ( ®q) develops an unphysical singularity under the RG scheme. It is therefore

necessary to regularise this divergence by including an infrared contribution in Sφ.

5.3 Renormalisation Group Analysis
In this Section, the universal critical behaviour of CDW, SDW and superconducting

instabilities in the presence of semi-Dirac fermions is analysed. To do so a similar

RG scheme to Chapter 4 is applied.
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5.3.1 Shell Procedure

In the following the RG flow is obtained by successively integrating out high-energy

modes from the infinitesimal 2+1 dimensional shell (defined for ∆ = 0)

Λe−zδ` <
√

k2
0 + ε

2(k) < Λ, (5.9)

followed by a rescaling of frequency and momenta at each step,

k0 → k′0 = k0ez δ`, kx → k′x = k′xez δ`, ky → k′y = k′yezy δ` . (5.10)

In the definitions of the 2+1 dimensional shell Eq. (5.9), and the rescaling Eq. (5.10),

the frequency k0 and the momentum along the relativistic direction kx are treated

on an equal footing, and are both rescaled with a dynamical exponent z relative to

the ky direction. This can be viewed as having one space-like (ky) and two time-like

(k0, kx) directions. For greater clarity, the scaling dimension zy of the momentum

ky has been introduced. Later it will be set to zy = 1. Under successive mode

decimation and rescaling, the cut-off Λ remains invariant if z = 2zy. The shell

integration is performed using the coordinate transformation

k0 = ε sin θ cos φ,

vkx = ε sin θ sin φ, (5.11)
k2
y

2m
= ε cos θ,

with ε ∈ [Λe−zδ`,Λ], θ ∈ [0, π2 ], and φ ∈ [0, 2π]. The Jacobian of the transformation

is

ρ(ε, θ, φ) =
√

2m
2v

sin θ√
cos θ

ε3/2. (5.12)

5.3.2 Tree-Level Scaling

Under the fermionic field rescaling

Ψ′(k′) = Ψ(k)e−(3z+zy−ηΨ) δ`2 , (5.13)
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SΨ is scale invariant. The velocity v is an invariant of the flow, as k0 and kx scale

in the same way, and so it is justified to work in units where v = 1. The anomalous

dimension ηΨ is chosen to ensure that the linear terms are scale invariant beyond

tree-level. Similarly, the effectivemassm associated with the quadratic ky dispersion

remains invariant at tree-level when z = 2zy. Beyond tree-level z will gain O(1/N f )
corrections, and is chosen to ensure m is scale invariant. Thus, it is also justified to

work in units where 2m = 1.

The distinct scaling of momenta, used to ensure the invariance of the cutoff and

the fermionic action, mean that the bosonic velocity c2
y in Sφ will scale differently

to c2
0 and c2

x . Under the bosonic field rescaling

φ′(k′) = φ(k)e−(2z+3zy−ηφ) δ`2 , (5.14)

c2
y is invariant at tree-level, and ηφ can ensure invariance beyond this, such that units

where c2
y = 1 are used. However, under this scaling the other bosonic velocities

are rendered strongly irrelevant at tree-level with scaling dimensions [c2
0] = [c2

x] =
−z. Therefore, even with loop corrections, both velocities will flow to zero and

are effectively omitted from the bare bosonic propagator. Surprisingly, this shell

integration has introduced the unphysical divergence in the IR limit qy → 0,where

there is now a pole in the bosonic propagator for all q0, qx . The resolution to this

problem involves regularisation from the IR bosonic self-energy, which is discussed

in Section 5.3.3.

Finally, the field rescalings indicate that the Yukawa coupling is a relevant

perturbation g → gezyδ`/2, but the bosonic self-interaction is strongly irrelevant

λ→ λe−zyδ`, and is therefore neglected in the following. It is natural to redefine the

Yukawa coupling , g2 → g2√Λ/2N f such that

Sg = g

√ √
Λ

2N f

Nf∑
n=1

Nb∑
i=1

∫
®r
Ψ†n(®r)Yiφi(®r)Ψn(®r). (5.15)
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FIG. 2: Polarization bubble diagram describing the IR
regulator of the bosonic propagator and the self-energy

correction of the bosons in the momentum shell.

where ⌥j is the Yukawa coupling for a given instability,
as defined in Eq. (6) and (9), and

G (k) = s0 ⌦ ik0�
0 + vkx�

x +
k2

y

2m�
y

k2
0 + (vkx)2 + k4

y/(2m)2
. (17)

is the fermionic propagator. The integral in Eq. (16) is
carried out with the help of the transformation

k0 = ✏ sin ✓ cos�, vkx = ✏ sin ✓ sin�,
k2

y

2m
= ✏ cos ✓,

(18)
where ✏ 2 [0,⇤], ✓ 2 [0, ⇡2 ], and � 2 [0, 2⇡], whose Jaco-
bian is

⇢(✏, ✓, �) =

p
2m

2v
✏3/2 sin ✓p

cos ✓
. (19)

The polarization diagram (16) is diagonal, ⇧µ⌫(q) =
⇧(q)�µ⌫ . In the limit of small q0, qy and at qy = 0, the
leading term is

⇧IR(q) = Nfg2

p
2m

v

✓
q2
0 + v2q2

x

◆ 1
4

, (20)

where Nf is the number of fermion flavours. This term
regularizes the bosonic propagator in the IR, which be-
comes G�1

�,ij(q) = G�1
� (q)�ij , with i, j the bosonic indexes

and

G�1
� (q) = Nfg2

p
2m

v

✓
q2
0 + v2q2

x

◆ 1
4

+ c2
y

q2
y

2m
. (21)

The IR regulator is marginal the tree level. Since it is
a non-analytic term, it will not be renormalized in the
RG flow. In contrast with other approaches, we calculate
the IR regulator at the physical dimension of the prob-
lem.CHANGE THIS?

B. Self-energy and vertex corrections

Using the propagators of the fermionic and bosonic
fields, we can now go beyond the tree level scaling and
extract one loop corrections to the Yukawa coupling. We
first concern ourselves with the one-loop renormalization
of the regularized bosonic propagator (20). The only
component that is of interest is in the qy direction as the
depedence on linear momentum and frequency directions

(a) (b)

FIG. 3: (a)Self-energy correction to the fermionic
propagator in one-loop. (b)Vertex correction diagram to the
Yukawa coupling. Bosonic propagator is represented by the
wavy line while the fermionic propagator by the straight line.

in the propagator comes from the IR, which is not renor-
malised under the RG. At a loop, the bosonic self-energy
depicted in Fig. 2, takes the form

⇧>(q)�ij =
g2

2
tr

Z >

k

⌥iG (k)⌥jG (k + q), (22)

where
R >

means integration over the fast modes within
the normalized energy shell d` = d(ln⇤). The lead-
ing terms of the self-energy have the form ⇧>(q) =
⇧0q

2
0 + ⇧xq2

x + ⇧yq2
y + ⇧m2

�
. Expanding the fermionic

propagator to second order in q, then performing the
coordinate transformation (18) and integrating over the
energy shell, we find the following renormalization

�(c2
y) = 2Nf

11

21⇡2

p
2m

v

g2

p
⇤

d` ⌘ ⇧yd`. (23)

Next we turn our attention to the fermionic self energy,
i.e. Fig. 3a. At one loop order it can be written in the
following form:

⌃̂(k) = �g2
NbX

j

Z >

q

G�(q)⌥jG (k + q)⌥j . (24)

The self-energy correction is a matrix of the form

⌃̂(k) = s0 ⌦ [⌃0(k0�0 + vkx�x) + ⌃yk2
y/(2m)�y], (25)

where

⌃0 =
Nb

2Nf
F1

✓
2Nf

p
2mg2

vc2
y

p
⇤

◆
(26)

⌃y =
Nb

2Nf
F2

✓
2Nf

p
2mg2

vc2
y

p
⇤

◆
, (27)

with

F1(x) =
1

4⇡2

Z ⇡
2

0

d✓
(cos ✓)

3
2 sin ✓

x�1 cos ✓ +
p

sin ✓
, (28)

F2(x) =
1

4⇡2

Z ⇡
2

0

d✓
cos 2✓ + 2 cos 4✓

x�1 cos ✓ +
p

sin ✓

sin ✓p
cos ✓

(29)

defined as integral functions.
The renormalization of the Yukawa term at one loop

order is described by the vertex correction �i(k, p) shown

(a) (b)
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. Expanding the fermionic
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Next we turn our attention to the fermionic self energy,
i.e. Fig. 3a. At one loop order it can be written in the
following form:
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defined as integral functions.
The renormalization of the Yukawa term at one loop

order is described by the vertex correction �i(k, p) shown

Π  /ΠIR
>

Figure 5.2: The one-loop fermion polarisation bubble diagram that describes the infrared
regulator of the bosonic propagator when modes outside of the Wilsonian
momentum shell are integrated out. Alternatively it describes the self-energy
correction of the bosons when the modes inside the shell are integrated out.
The fermion propagator is denoted by the arrowed line.

5.3.3 Infrared Regularisation

In order to regularise the unphysical divergence of the bosonic propagator in the

limit qy → 0, the IR contribution must be included. As pointed out before [50], in

2+1 dimensions the bosonic propagator has different asymptotic forms in the UV

and IR limits. Since the RG flow is generated by a successive integration of modes

from a shell near the UV cut-off, the IR (ε → 0) contribution is not generated or

renormalised under the RG. Instead the IR boson self-energy needs to be computed

separately by integrating the fermion polarisation (see Fig. 5.2) over the frequency

and momentum range outside of the infinitesimal shell [50],
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√
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where the fermionic propagator for the CDW and SDW channels is
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y
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The propagator in the SC channel is obtained by replacing s0 → sz. For the

multicomponent order parameters the polarisation is diagonal, Πi j( ®q) = Π( ®q)δi j ,

reflecting the underlying O(Nb) symmetry. It is possible to evaluate the integral in

Eq (5.16) analytically for qy → 0, resulting in

ΠIR( ®q) = g2√Λ
2
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q2
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x

) 1
4
. (5.18)
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The IR regulator is marginal the tree level. Since it is
a non-analytic term, it will not be renormalized in the
RG flow. In contrast with other approaches, we calculate
the IR regulator at the physical dimension of the prob-
lem.CHANGE THIS?

B. Self-energy and vertex corrections

Using the propagators of the fermionic and bosonic
fields, we can now go beyond the tree level scaling and
extract one loop corrections to the Yukawa coupling. We
first concern ourselves with the one-loop renormalization
of the regularized bosonic propagator (20). The only
component that is of interest is in the qy direction as the
depedence on linear momentum and frequency directions
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FIG. 3: (a)Self-energy correction to the fermionic
propagator in one-loop. (b)Vertex correction diagram to the
Yukawa coupling. Bosonic propagator is represented by the
wavy line while the fermionic propagator by the straight line.

in the propagator comes from the IR, which is not renor-
malised under the RG. At a loop, the bosonic self-energy
depicted in Fig. 2, takes the form

⇧>(q)�ij =
g2

2
tr

Z >

k

⌥iG (k)⌥jG (k + q), (22)

where
R >

means integration over the fast modes within
the normalized energy shell d` = d(ln⇤). The lead-
ing terms of the self-energy have the form ⇧>(q) =
⇧0q

2
0 + ⇧xq2

x + ⇧yq2
y + ⇧m2

�
. Expanding the fermionic

propagator to second order in q, then performing the
coordinate transformation (18) and integrating over the
energy shell, we find the following renormalization

�(c2
y) = 2Nf

11

21⇡2

p
2m

v

g2

p
⇤

d` ⌘ ⇧yd`. (23)

Next we turn our attention to the fermionic self energy,
i.e. Fig. 3a. At one loop order it can be written in the
following form:

⌃̂(k) = �g2
NbX

j

Z >

q

G�(q)⌥jG (k + q)⌥j . (24)

The self-energy correction is a matrix of the form

⌃̂(k) = s0 ⌦ [⌃0(k0�0 + vkx�x) + ⌃yk2
y/(2m)�y], (25)

where

⌃0 =
Nb

2Nf
F1

✓
2Nf

p
2mg2

vc2
y

p
⇤

◆
(26)

⌃y =
Nb

2Nf
F2

✓
2Nf

p
2mg2

vc2
y

p
⇤

◆
, (27)

with

F1(x) =
1

4⇡2

Z ⇡
2

0

d✓
(cos ✓)

3
2 sin ✓

x�1 cos ✓ +
p

sin ✓
, (28)

F2(x) =
1

4⇡2

Z ⇡
2

0

d✓
cos 2✓ + 2 cos 4✓

x�1 cos ✓ +
p

sin ✓

sin ✓p
cos ✓

(29)

defined as integral functions.
The renormalization of the Yukawa term at one loop

order is described by the vertex correction �i(k, p) shown

(a) (b)
4

FIG. 2: Polarization bubble diagram describing the IR
regulator of the bosonic propagator and the self-energy

correction of the bosons in the momentum shell.

where ⌥j is the Yukawa coupling for a given instability,
as defined in Eq. (6) and (9), and

G (k) = s0 ⌦ ik0�
0 + vkx�

x +
k2

y

2m�
y

k2
0 + (vkx)2 + k4

y/(2m)2
. (17)

is the fermionic propagator. The integral in Eq. (16) is
carried out with the help of the transformation

k0 = ✏ sin ✓ cos�, vkx = ✏ sin ✓ sin�,
k2

y

2m
= ✏ cos ✓,

(18)
where ✏ 2 [0,⇤], ✓ 2 [0, ⇡2 ], and � 2 [0, 2⇡], whose Jaco-
bian is

⇢(✏, ✓, �) =

p
2m

2v
✏3/2 sin ✓p

cos ✓
. (19)

The polarization diagram (16) is diagonal, ⇧µ⌫(q) =
⇧(q)�µ⌫ . In the limit of small q0, qy and at qy = 0, the
leading term is

⇧IR(q) = Nfg2

p
2m

v

✓
q2
0 + v2q2

x

◆ 1
4

, (20)
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The IR regulator is marginal the tree level. Since it is
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RG flow. In contrast with other approaches, we calculate
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B. Self-energy and vertex corrections

Using the propagators of the fermionic and bosonic
fields, we can now go beyond the tree level scaling and
extract one loop corrections to the Yukawa coupling. We
first concern ourselves with the one-loop renormalization
of the regularized bosonic propagator (20). The only
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depedence on linear momentum and frequency directions

(a) (b)

FIG. 3: (a)Self-energy correction to the fermionic
propagator in one-loop. (b)Vertex correction diagram to the
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RG flow. In contrast with other approaches, we calculate
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Using the propagators of the fermionic and bosonic
fields, we can now go beyond the tree level scaling and
extract one loop corrections to the Yukawa coupling. We
first concern ourselves with the one-loop renormalization
of the regularized bosonic propagator (20). The only
component that is of interest is in the qy direction as the
depedence on linear momentum and frequency directions

(a) (b)

FIG. 3: (a)Self-energy correction to the fermionic
propagator in one-loop. (b)Vertex correction diagram to the
Yukawa coupling. Bosonic propagator is represented by the
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defined as integral functions.
The renormalization of the Yukawa term at one loop

order is described by the vertex correction �i(k, p) shown
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Figure 5.3: The one-loop (a) fermion self-energy and (b) vertex correction to the Yukawa
coupling. The bosonic propagator is represented by the wavy line while the
fermionic propagator by the straight line. Internal lines are contractions over
high-energy shell mode. External lines are modes outside of the shell. The
fermion propagator is denoted by the arrowed line. The boson propagators are
denoted by the wavy line.

This is achieved using the procedures discussed in Appendix A.1, and an almost

identical calculation can be found in Ref. [50]. This IR self-energy contribution to

the kernel of Sφ regularises the bosonic propagator in the IR at the critical surface

(m2
φ = 0),

G−1
φ ( ®q) = q2

y +
g2√Λ

2

(
q2

0 + q2
x

) 1
4

. (5.19)

5.3.4 Self-Energy and Vertex Corrections

One-loop UV shell corrections are now calculated. The one-loop bosonic self-

energy is

Π>( ®q) = g2

2

√
Λ

2N f
tr

∫ >

®k
YiGΨ(®k)YjGΨ(®k + ®q), (5.20)

where
∫ >
®k indicates integration over the UVmodes within the frequency-momentum

shell defined in Eq. (5.9). The IR part is not renormalised under the RG. The

important corrections are in the qy direction and to the bosonic mass m2
φ. To leading

order Π>( ®q) ≈ Πyq2
y + Πm2

φ
m2
φ, and for ∆ = 0

Πy =
11

21π2g
2zδ`, Πm2

φ
= 0. (5.21)

The one-loop fermionic self-energy, shown in Fig. 5.3(a), is

Σ(®k) = −g2
√
Λ

2N f

Nb∑
i=1

∫ >

®q
YiGΨ(®k + ®q)YiGφ( ®q). (5.22)
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Integrating over the shell,

Σ(®k) = s0 ⊗ [Σ0(k0σ0 + kxσx) + (Σyk2
y + Σ∆∆)σy]zδ`, (5.23)

where for m2
φ = 0

Σ0 = Σx =
Nb

2N f
F1(g2)zδ`, Σy = Nb

2N f
F2(g2)zδ`, Σ∆ = 0, (5.24)

and the integral functions (see Fig. 5.4) are

F1(x) = 1
4π2

∫ π
2

0
dθ

(cos θ) 3
2 sin θ

x−1 cos θ +
√

sin θ
, (5.25)

F2(x) = 1
4π2

∫ π
2

0
dθ

cos 2θ + 2 cos 4θ
x−1 cos θ +

√
sin θ

sin θ√
cos θ

. (5.26)

Similarly, the one-loop correction to the Yukawa vertex, shown in Fig. 5.3(b),

is

g

√
Λ

2N f
ΞYi = g3

( √
Λ

2N f

) 3
2 Nb∑

j=1

∫ >

®q
Gφ( ®q)YjGΨ( ®q)YiGΨ( ®q)Yj, (5.27)

Ξ = −2 − Nb

2N f
F3

(
g2

)
zδ`, (5.28)

F3(x) = 1
4π2

∫ π
2

0
dθ

1
x−1 cos θ +

√
sin θ

sin θ√
cos θ

. (5.29)

Note that the vertex correction to the Yukawa coupling g has opposite sign for

the CDW (Nb = 1) and SDW (Nb = 3) instabilities and vanishes in the case of the

SC (Nb = 2), as reported in previous studies [56].

5.3.5 Renormalisation Group Equations

Following from the definitions set in Section 5.3.2

ηΨ =
Σ0
δ`
=

Nb

2N f
F1(g2)z, (5.30)

z = 2zy +
Σy

δ`
− ηΨ ⇒ z =

2zy
1 + Nb

2Nf
[F2(g2) − F1(g2)]

, (5.31)
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F2
<latexit sha1_base64="iZpFXDHwHr+UysZERZcJ148qAqI=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaSmpsuCIC4r2ge0oUymk3boZBJmJkIJ/QQ3LhRx6xe582+cPgQVPXDhcM693HtPmHKmtON8WCura+sbm4Wt4vbO7t5+6eCwpZJMEtokCU9kJ8SKciZoUzPNaSeVFMchp+1wfDnz2/dUKpaIOz1JaRDjoWARI1gb6faqX+mXyo5d86p+7QI5dtU7933PENd1Hc9Hru3MUYYlGv3Se2+QkCymQhOOleq6TqqDHEvNCKfTYi9TNMVkjIe0a6jAMVVBPj91ik6NMkBRIk0Jjebq94kcx0pN4tB0xliP1G9vJv7ldTMd1YKciTTTVJDFoijjSCdo9jcaMEmJ5hNDMJHM3IrICEtMtEmnaEL4+hT9T1oVE4vt3Hjlem0ZRwGO4QTOwAUf6nANDWgCgSE8wBM8W9x6tF6s10XrirWcOYIfsN4+ATV0jbc=</latexit><latexit sha1_base64="iZpFXDHwHr+UysZERZcJ148qAqI=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaSmpsuCIC4r2ge0oUymk3boZBJmJkIJ/QQ3LhRx6xe582+cPgQVPXDhcM693HtPmHKmtON8WCura+sbm4Wt4vbO7t5+6eCwpZJMEtokCU9kJ8SKciZoUzPNaSeVFMchp+1wfDnz2/dUKpaIOz1JaRDjoWARI1gb6faqX+mXyo5d86p+7QI5dtU7933PENd1Hc9Hru3MUYYlGv3Se2+QkCymQhOOleq6TqqDHEvNCKfTYi9TNMVkjIe0a6jAMVVBPj91ik6NMkBRIk0Jjebq94kcx0pN4tB0xliP1G9vJv7ldTMd1YKciTTTVJDFoijjSCdo9jcaMEmJ5hNDMJHM3IrICEtMtEmnaEL4+hT9T1oVE4vt3Hjlem0ZRwGO4QTOwAUf6nANDWgCgSE8wBM8W9x6tF6s10XrirWcOYIfsN4+ATV0jbc=</latexit><latexit sha1_base64="iZpFXDHwHr+UysZERZcJ148qAqI=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaSmpsuCIC4r2ge0oUymk3boZBJmJkIJ/QQ3LhRx6xe582+cPgQVPXDhcM693HtPmHKmtON8WCura+sbm4Wt4vbO7t5+6eCwpZJMEtokCU9kJ8SKciZoUzPNaSeVFMchp+1wfDnz2/dUKpaIOz1JaRDjoWARI1gb6faqX+mXyo5d86p+7QI5dtU7933PENd1Hc9Hru3MUYYlGv3Se2+QkCymQhOOleq6TqqDHEvNCKfTYi9TNMVkjIe0a6jAMVVBPj91ik6NMkBRIk0Jjebq94kcx0pN4tB0xliP1G9vJv7ldTMd1YKciTTTVJDFoijjSCdo9jcaMEmJ5hNDMJHM3IrICEtMtEmnaEL4+hT9T1oVE4vt3Hjlem0ZRwGO4QTOwAUf6nANDWgCgSE8wBM8W9x6tF6s10XrirWcOYIfsN4+ATV0jbc=</latexit><latexit sha1_base64="iZpFXDHwHr+UysZERZcJ148qAqI=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaSmpsuCIC4r2ge0oUymk3boZBJmJkIJ/QQ3LhRx6xe582+cPgQVPXDhcM693HtPmHKmtON8WCura+sbm4Wt4vbO7t5+6eCwpZJMEtokCU9kJ8SKciZoUzPNaSeVFMchp+1wfDnz2/dUKpaIOz1JaRDjoWARI1gb6faqX+mXyo5d86p+7QI5dtU7933PENd1Hc9Hru3MUYYlGv3Se2+QkCymQhOOleq6TqqDHEvNCKfTYi9TNMVkjIe0a6jAMVVBPj91ik6NMkBRIk0Jjebq94kcx0pN4tB0xliP1G9vJv7ldTMd1YKciTTTVJDFoijjSCdo9jcaMEmJ5hNDMJHM3IrICEtMtEmnaEL4+hT9T1oVE4vt3Hjlem0ZRwGO4QTOwAUf6nANDWgCgSE8wBM8W9x6tF6s10XrirWcOYIfsN4+ATV0jbc=</latexit>

F3
<latexit sha1_base64="GuvVEGv9sTQ8w8g4ZPTssYB5riI=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0jSVNtbQRCPFW0ttKFstpt26eaD3Y1QQn+CFw+KePUXefPfuGkrqOiDgcd7M8zM8xPOpLKsD6Owsrq2vlHcLG1t7+zulfcPOjJOBaFtEvNYdH0sKWcRbSumOO0mguLQ5/TOn1zk/t09FZLF0a2aJtQL8ShiASNYaenmclAdlCuW6TaqDaeKLPPMdd1aTuyaYzsNZJvWHBVYojUov/eHMUlDGinCsZQ920qUl2GhGOF0VuqnkiaYTPCI9jSNcEill81PnaETrQxREAtdkUJz9ftEhkMpp6GvO0OsxvK3l4t/eb1UBXUvY1GSKhqRxaIg5UjFKP8bDZmgRPGpJpgIpm9FZIwFJkqnU9IhfH2K/icdx7Q1v3YrzfoyjiIcwTGcgg3n0IQraEEbCIzgAZ7g2eDGo/FivC5aC8Zy5hB+wHj7BC3ljbI=</latexit><latexit sha1_base64="GuvVEGv9sTQ8w8g4ZPTssYB5riI=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0jSVNtbQRCPFW0ttKFstpt26eaD3Y1QQn+CFw+KePUXefPfuGkrqOiDgcd7M8zM8xPOpLKsD6Owsrq2vlHcLG1t7+zulfcPOjJOBaFtEvNYdH0sKWcRbSumOO0mguLQ5/TOn1zk/t09FZLF0a2aJtQL8ShiASNYaenmclAdlCuW6TaqDaeKLPPMdd1aTuyaYzsNZJvWHBVYojUov/eHMUlDGinCsZQ920qUl2GhGOF0VuqnkiaYTPCI9jSNcEill81PnaETrQxREAtdkUJz9ftEhkMpp6GvO0OsxvK3l4t/eb1UBXUvY1GSKhqRxaIg5UjFKP8bDZmgRPGpJpgIpm9FZIwFJkqnU9IhfH2K/icdx7Q1v3YrzfoyjiIcwTGcgg3n0IQraEEbCIzgAZ7g2eDGo/FivC5aC8Zy5hB+wHj7BC3ljbI=</latexit><latexit sha1_base64="GuvVEGv9sTQ8w8g4ZPTssYB5riI=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0jSVNtbQRCPFW0ttKFstpt26eaD3Y1QQn+CFw+KePUXefPfuGkrqOiDgcd7M8zM8xPOpLKsD6Owsrq2vlHcLG1t7+zulfcPOjJOBaFtEvNYdH0sKWcRbSumOO0mguLQ5/TOn1zk/t09FZLF0a2aJtQL8ShiASNYaenmclAdlCuW6TaqDaeKLPPMdd1aTuyaYzsNZJvWHBVYojUov/eHMUlDGinCsZQ920qUl2GhGOF0VuqnkiaYTPCI9jSNcEill81PnaETrQxREAtdkUJz9ftEhkMpp6GvO0OsxvK3l4t/eb1UBXUvY1GSKhqRxaIg5UjFKP8bDZmgRPGpJpgIpm9FZIwFJkqnU9IhfH2K/icdx7Q1v3YrzfoyjiIcwTGcgg3n0IQraEEbCIzgAZ7g2eDGo/FivC5aC8Zy5hB+wHj7BC3ljbI=</latexit><latexit sha1_base64="GuvVEGv9sTQ8w8g4ZPTssYB5riI=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0jSVNtbQRCPFW0ttKFstpt26eaD3Y1QQn+CFw+KePUXefPfuGkrqOiDgcd7M8zM8xPOpLKsD6Owsrq2vlHcLG1t7+zulfcPOjJOBaFtEvNYdH0sKWcRbSumOO0mguLQ5/TOn1zk/t09FZLF0a2aJtQL8ShiASNYaenmclAdlCuW6TaqDaeKLPPMdd1aTuyaYzsNZJvWHBVYojUov/eHMUlDGinCsZQ920qUl2GhGOF0VuqnkiaYTPCI9jSNcEill81PnaETrQxREAtdkUJz9ftEhkMpp6GvO0OsxvK3l4t/eb1UBXUvY1GSKhqRxaIg5UjFKP8bDZmgRPGpJpgIpm9FZIwFJkqnU9IhfH2K/icdx7Q1v3YrzfoyjiIcwTGcgg3n0IQraEEbCIzgAZ7g2eDGo/FivC5aC8Zy5hB+wHj7BC3ljbI=</latexit>

g̃2
<latexit sha1_base64="KKpm79d/tmFzTY+DE7KZxtnkxB0=">AAAB8nicbZBNS8NAEIYnftb6VfXoJVgETyUpgj0WvHisYD+gjWWz2bRLN7thdyKU0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0wFN+h5387G5tb2zm5pr7x/cHh0XDk57RiVacraVAmleyExTHDJ2shRsF6qGUlCwbrh5HZe7z4xbbiSDzhNWZCQkeQxpwSt1R8gFxHLR7PH+rBS9WreQu46+AVUoVBrWPkaRIpmCZNIBTGm73spBjnRyKlgs/IgMywldEJGrG9RkoSZIF+sPHMvrRO5sdL2SXQX7u+JnCTGTJPQdiYEx2a1Njf/q/UzjBtBzmWaIZN0+VGcCReVO7/fjbhmFMXUAqGa211dOiaaULQplW0I/urJ69Cp13zL99fVZqOIowTncAFX4MMNNOEOWtAGCgqe4RXeHHRenHfnY9m64RQzZ/BHzucPUrmROw==</latexit><latexit sha1_base64="KKpm79d/tmFzTY+DE7KZxtnkxB0=">AAAB8nicbZBNS8NAEIYnftb6VfXoJVgETyUpgj0WvHisYD+gjWWz2bRLN7thdyKU0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0wFN+h5387G5tb2zm5pr7x/cHh0XDk57RiVacraVAmleyExTHDJ2shRsF6qGUlCwbrh5HZe7z4xbbiSDzhNWZCQkeQxpwSt1R8gFxHLR7PH+rBS9WreQu46+AVUoVBrWPkaRIpmCZNIBTGm73spBjnRyKlgs/IgMywldEJGrG9RkoSZIF+sPHMvrRO5sdL2SXQX7u+JnCTGTJPQdiYEx2a1Njf/q/UzjBtBzmWaIZN0+VGcCReVO7/fjbhmFMXUAqGa211dOiaaULQplW0I/urJ69Cp13zL99fVZqOIowTncAFX4MMNNOEOWtAGCgqe4RXeHHRenHfnY9m64RQzZ/BHzucPUrmROw==</latexit><latexit sha1_base64="KKpm79d/tmFzTY+DE7KZxtnkxB0=">AAAB8nicbZBNS8NAEIYnftb6VfXoJVgETyUpgj0WvHisYD+gjWWz2bRLN7thdyKU0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0wFN+h5387G5tb2zm5pr7x/cHh0XDk57RiVacraVAmleyExTHDJ2shRsF6qGUlCwbrh5HZe7z4xbbiSDzhNWZCQkeQxpwSt1R8gFxHLR7PH+rBS9WreQu46+AVUoVBrWPkaRIpmCZNIBTGm73spBjnRyKlgs/IgMywldEJGrG9RkoSZIF+sPHMvrRO5sdL2SXQX7u+JnCTGTJPQdiYEx2a1Njf/q/UzjBtBzmWaIZN0+VGcCReVO7/fjbhmFMXUAqGa211dOiaaULQplW0I/urJ69Cp13zL99fVZqOIowTncAFX4MMNNOEOWtAGCgqe4RXeHHRenHfnY9m64RQzZ/BHzucPUrmROw==</latexit><latexit sha1_base64="KKpm79d/tmFzTY+DE7KZxtnkxB0=">AAAB8nicbZBNS8NAEIYnftb6VfXoJVgETyUpgj0WvHisYD+gjWWz2bRLN7thdyKU0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0wFN+h5387G5tb2zm5pr7x/cHh0XDk57RiVacraVAmleyExTHDJ2shRsF6qGUlCwbrh5HZe7z4xbbiSDzhNWZCQkeQxpwSt1R8gFxHLR7PH+rBS9WreQu46+AVUoVBrWPkaRIpmCZNIBTGm73spBjnRyKlgs/IgMywldEJGrG9RkoSZIF+sPHMvrRO5sdL2SXQX7u+JnCTGTJPQdiYEx2a1Njf/q/UzjBtBzmWaIZN0+VGcCReVO7/fjbhmFMXUAqGa211dOiaaULQplW0I/urJ69Cp13zL99fVZqOIowTncAFX4MMNNOEOWtAGCgqe4RXeHHRenHfnY9m64RQzZ/BHzucPUrmROw==</latexit>
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� g̃
2
�

<latexit sha1_base64="uBbcYQwjbeqvUq1hTghSotT+f8w=">AAACBHicbZDLSsNAFIYnXmu9RV12EyxC3ZSkCHZZEMRlBXuBJpbJ9KQdOrkwcyKU0IUbX8WNC0Xc+hDufBunbRba+sPAx3/O4cz5/URwhbb9baytb2xubRd2irt7+weH5tFxW8WpZNBisYhl16cKBI+ghRwFdBMJNPQFdPzx1azeeQCpeBzd4SQBL6TDiAecUdRW3yxd97krIMCKi1wMIBtO72uu5MMRnvfNsl2157JWwcmhTHI1++aXO4hZGkKETFCleo6doJdRiZwJmBbdVEFC2ZgOoacxoiEoL5sfMbXOtDOwgljqF6E1d39PZDRUahL6ujOkOFLLtZn5X62XYlD3Mh4lKULEFouCVFgYW7NErAGXwFBMNFAmuf6rxUZUUoY6t6IOwVk+eRXataqj+fai3KjncRRIiZySCnHIJWmQG9IkLcLII3kmr+TNeDJejHfjY9G6ZuQzJ+SPjM8fcwSX7A==</latexit><latexit sha1_base64="uBbcYQwjbeqvUq1hTghSotT+f8w=">AAACBHicbZDLSsNAFIYnXmu9RV12EyxC3ZSkCHZZEMRlBXuBJpbJ9KQdOrkwcyKU0IUbX8WNC0Xc+hDufBunbRba+sPAx3/O4cz5/URwhbb9baytb2xubRd2irt7+weH5tFxW8WpZNBisYhl16cKBI+ghRwFdBMJNPQFdPzx1azeeQCpeBzd4SQBL6TDiAecUdRW3yxd97krIMCKi1wMIBtO72uu5MMRnvfNsl2157JWwcmhTHI1++aXO4hZGkKETFCleo6doJdRiZwJmBbdVEFC2ZgOoacxoiEoL5sfMbXOtDOwgljqF6E1d39PZDRUahL6ujOkOFLLtZn5X62XYlD3Mh4lKULEFouCVFgYW7NErAGXwFBMNFAmuf6rxUZUUoY6t6IOwVk+eRXataqj+fai3KjncRRIiZySCnHIJWmQG9IkLcLII3kmr+TNeDJejHfjY9G6ZuQzJ+SPjM8fcwSX7A==</latexit><latexit sha1_base64="uBbcYQwjbeqvUq1hTghSotT+f8w=">AAACBHicbZDLSsNAFIYnXmu9RV12EyxC3ZSkCHZZEMRlBXuBJpbJ9KQdOrkwcyKU0IUbX8WNC0Xc+hDufBunbRba+sPAx3/O4cz5/URwhbb9baytb2xubRd2irt7+weH5tFxW8WpZNBisYhl16cKBI+ghRwFdBMJNPQFdPzx1azeeQCpeBzd4SQBL6TDiAecUdRW3yxd97krIMCKi1wMIBtO72uu5MMRnvfNsl2157JWwcmhTHI1++aXO4hZGkKETFCleo6doJdRiZwJmBbdVEFC2ZgOoacxoiEoL5sfMbXOtDOwgljqF6E1d39PZDRUahL6ujOkOFLLtZn5X62XYlD3Mh4lKULEFouCVFgYW7NErAGXwFBMNFAmuf6rxUZUUoY6t6IOwVk+eRXataqj+fai3KjncRRIiZySCnHIJWmQG9IkLcLII3kmr+TNeDJejHfjY9G6ZuQzJ+SPjM8fcwSX7A==</latexit><latexit sha1_base64="uBbcYQwjbeqvUq1hTghSotT+f8w=">AAACBHicbZDLSsNAFIYnXmu9RV12EyxC3ZSkCHZZEMRlBXuBJpbJ9KQdOrkwcyKU0IUbX8WNC0Xc+hDufBunbRba+sPAx3/O4cz5/URwhbb9baytb2xubRd2irt7+weH5tFxW8WpZNBisYhl16cKBI+ghRwFdBMJNPQFdPzx1azeeQCpeBzd4SQBL6TDiAecUdRW3yxd97krIMCKi1wMIBtO72uu5MMRnvfNsl2157JWwcmhTHI1++aXO4hZGkKETFCleo6doJdRiZwJmBbdVEFC2ZgOoacxoiEoL5sfMbXOtDOwgljqF6E1d39PZDRUahL6ujOkOFLLtZn5X62XYlD3Mh4lKULEFouCVFgYW7NErAGXwFBMNFAmuf6rxUZUUoY6t6IOwVk+eRXataqj+fai3KjncRRIiZySCnHIJWmQG9IkLcLII3kmr+TNeDJejHfjY9G6ZuQzJ+SPjM8fcwSX7A==</latexit>

F4
<latexit sha1_base64="A5bpXs0f1WnITy23JtW/mmoWRQk=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSS2mOwKgrisaB/QhjKZTtuhk0mYmQgl9BPcuFDErV/kzr9x+hBU9MCFwzn3cu89UcqZ0o7zYa2srq1vbBa2its7u3v7pYPDpkoySWiDJDyR7QgrypmgDc00p+1UUhxHnLai8eXMb91TqVgi7vQkpWGMh4INGMHaSLdXvUqvVHZsP/CCcwc5thd41YpriFsNfM9Fru3MUYYl6r3Se7efkCymQhOOleq4TqrDHEvNCKfTYjdTNMVkjIe0Y6jAMVVhPj91ik6N0keDRJoSGs3V7xM5jpWaxJHpjLEeqd/eTPzL62R64Ic5E2mmqSCLRYOMI52g2d+ozyQlmk8MwUQycysiIywx0Sadognh61P0P2l6tmv4TaVc85dxFOAYTuAMXLiAGlxDHRpAYAgP8ATPFrcerRfrddG6Yi1njuAHrLdPNSyNtw==</latexit><latexit sha1_base64="A5bpXs0f1WnITy23JtW/mmoWRQk=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSS2mOwKgrisaB/QhjKZTtuhk0mYmQgl9BPcuFDErV/kzr9x+hBU9MCFwzn3cu89UcqZ0o7zYa2srq1vbBa2its7u3v7pYPDpkoySWiDJDyR7QgrypmgDc00p+1UUhxHnLai8eXMb91TqVgi7vQkpWGMh4INGMHaSLdXvUqvVHZsP/CCcwc5thd41YpriFsNfM9Fru3MUYYl6r3Se7efkCymQhOOleq4TqrDHEvNCKfTYjdTNMVkjIe0Y6jAMVVhPj91ik6N0keDRJoSGs3V7xM5jpWaxJHpjLEeqd/eTPzL62R64Ic5E2mmqSCLRYOMI52g2d+ozyQlmk8MwUQycysiIywx0Sadognh61P0P2l6tmv4TaVc85dxFOAYTuAMXLiAGlxDHRpAYAgP8ATPFrcerRfrddG6Yi1njuAHrLdPNSyNtw==</latexit><latexit sha1_base64="A5bpXs0f1WnITy23JtW/mmoWRQk=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSS2mOwKgrisaB/QhjKZTtuhk0mYmQgl9BPcuFDErV/kzr9x+hBU9MCFwzn3cu89UcqZ0o7zYa2srq1vbBa2its7u3v7pYPDpkoySWiDJDyR7QgrypmgDc00p+1UUhxHnLai8eXMb91TqVgi7vQkpWGMh4INGMHaSLdXvUqvVHZsP/CCcwc5thd41YpriFsNfM9Fru3MUYYl6r3Se7efkCymQhOOleq4TqrDHEvNCKfTYjdTNMVkjIe0Y6jAMVVhPj91ik6N0keDRJoSGs3V7xM5jpWaxJHpjLEeqd/eTPzL62R64Ic5E2mmqSCLRYOMI52g2d+ozyQlmk8MwUQycysiIywx0Sadognh61P0P2l6tmv4TaVc85dxFOAYTuAMXLiAGlxDHRpAYAgP8ATPFrcerRfrddG6Yi1njuAHrLdPNSyNtw==</latexit><latexit sha1_base64="A5bpXs0f1WnITy23JtW/mmoWRQk=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSS2mOwKgrisaB/QhjKZTtuhk0mYmQgl9BPcuFDErV/kzr9x+hBU9MCFwzn3cu89UcqZ0o7zYa2srq1vbBa2its7u3v7pYPDpkoySWiDJDyR7QgrypmgDc00p+1UUhxHnLai8eXMb91TqVgi7vQkpWGMh4INGMHaSLdXvUqvVHZsP/CCcwc5thd41YpriFsNfM9Fru3MUYYl6r3Se7efkCymQhOOleq4TqrDHEvNCKfTYjdTNMVkjIe0Y6jAMVVhPj91ik6N0keDRJoSGs3V7xM5jpWaxJHpjLEeqd/eTPzL62R64Ic5E2mmqSCLRYOMI52g2d+ozyQlmk8MwUQycysiIywx0Sadognh61P0P2l6tmv4TaVc85dxFOAYTuAMXLiAGlxDHRpAYAgP8ATPFrcerRfrddG6Yi1njuAHrLdPNSyNtw==</latexit>
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Figure 5.4: The integrals Fi

(
g2) as a function of the dimensionless Yukawa coupling g.

To order 1/Nf , the critical exponents at one-loop order depend on the values
of Fi evaluated at the critical point in the Nf → ∞ limit, g2∞ = limN f→∞ g2∗ =
21π2/22.

ηφ =
Πy

δ`
=

11
21π2g

2z. (5.32)

Therefore, there is the single RG equation for the Yukawa coupling

dg2

d`
= g2

(
zy − 2ηψ − ηφ + 2

Ξ

δ`

)
,

= g2
(
zy − Nb

N f
F1(g2)z − 11

21π2g
2z − 2 − Nb

N f
F3

(
g2

))
. (5.33)

This depends on the integral functions Fi, which are smooth functions of g2, as

shown in Fig. 5.4.

5.3.6 Fixed Point and 1/N f Expansion

In the following zy = 1. The Yukawa RG equation and z are solved self-consistently

order by order in N f as follows. In N f → ∞, z = 2 and the fixed point is

(g2∞)∗ = 21π2/22. In order to obtain the leading 1/N f correction to the fixed point,

the ansatz (g2)∗ = (g2∞)∗ + δ
Nf
+ O(1/N2

f ), is made. To this order the approximation

αi = Fi
(
g2∞

)
is valid. Then to leading order in N f the following relations are

obtained for the non-trivial fixed point values

z = 2 +
Nb

N f
(α1 − α2), ηΨ =

Nb

N f
α1, ηφ =

g2∗
g2∞
, (5.34)
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g2∗
g2∞
= 1 − Nb

2N f
(5α1 − α2) − 2

2 − Nb

N f
α3. (5.35)

The above 1/N f corrections are small, and about an order of magnitude smaller

than for the purely relativistic case of Dirac fermions in 2+1 dimensions [71]. In

the latter case, the 1/N2
f corrections computed to two-loop order [163, 164] are

comparable to, or even larger than, the 1/N f corrections when N f = 1. Where as

for semi-Dirac fermions at one-loop order, the 1/N2
f corrections are proportional

to derivatives F′i
(
g2∞

) ' 10−4, and hence are approximately an order of magnitude

smaller than the 1/N f correction. This suggests that the 1/N f expansion at the

physical dimension is better controlled for the case of semi-Dirac fermions. However,

the evaluation of two-loop diagrams would be required to investigate this further.

5.3.7 Critical Exponents

It is easily verifiable that the critical fixed point at g∗ is stable along the g axis. Near

this multicritical point there are two relevant perturbations, ∆ and m2
φ, which are

the tuning parameters for the topological phase transition and the broken symmetry

state respectively.

Semi-Dirac quasiparticle excitations emerge in the semi-metallic phase when

∆ is fine tuned to zero. The case that ∆ remains equal to zero across the symmetry-

breaking phase transition is first considered. In this case the RG equation for m2
φ is

equal to
dm2

φ

d`
=

(
2 − ηφ

)
m2
φ = ν

−1m2
φ. (5.36)

Then to leading order

ν = 1 − Nb

2N f
(5α1 − α2) − 2

2 − Nb

N f
α3. (5.37)

The electronic dispersion of semi-Dirac fermions with linear and quadratic

directions is strongly anisotropic. Therefore it is expected that the order parameter

correlations inherit this anisotropy. For spatially isotropic systems, the correlation

length along the imaginary time direction diverges as a power of the spatial correla-
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tion length, ξτ = ξ z, where z is the dynamical exponent. For the choice zy = 1, the

dynamical exponent z sets the scaling dimension of length along the x direction, im-

plying that ξτ ' ξx ' ξ z
y . The spatial anisotropy of the order-parameter correlations

is therefore reflected in correlation length exponents νx = zν and νy = ν, along the

x and y directions, respectively. In the limit N f →∞ this gives νx = 2 and νy = 1.

Assuming that the system satisfies hyperscaling, the standard scaling relations

can be applied to obtain the remaining critical exponents. Josephson’s hyperscaling

relation yields the specific heat exponent,

α = 2 − ν(2z + 1),
≈ −3 +

Nb

2N f
(21α1 − α2) + 10

2 − Nb

N f
α3. (5.38)

Note that the effective dimension that enters in the hyperscaling relation is equal to

D = 2z + 1 corresponding to one space-like and two time-like directions. Fisher’s

scaling law gives the susceptibility exponent

γ =
(
2 − ηφ

)
ν = 1 + O(1/N2

f ). (5.39)

Rushbrooke’s scaling law α + 2β + γ = 2 is used to obtain the order-parameter

critical exponent

β = 1 − 1
2
(α + γ),

≈ 2 − Nb

4N f
(21α1 − α2) − 5

2 − Nb

N f
α3. (5.40)

Finally, from the Widom identity γ = β(δ − 1) the field exponent is computed

δ = 1 +
γ

β
,

≈ 3
2
+

Nb

16N f
(21α1 − α2) + 5

4
2 − Nb

N f
α3. (5.41)

A complete list of critical exponents with numerical values for the coefficients αi

can be found in Tab. 5.1.
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zy 1
z 2 + 0.0123 Nb

Nf

ηψ 0.0125 Nb

Nf

ηφ 1 − 0.0310 Nb

Nf
− 0.10692−Nb

Nf

ν 1 − 0.0310 Nb

Nf
− 0.10692−Nb

Nf

α −3 + 0.1307 Nb

Nf
+ 0.5345 2−Nb

Nf

γ 1
β 2 − 0.0653 Nb

Nf
− 0.2672 2−Nb

Nf

δ 3
2 + 0.0163 Nb

Nf
+ 0.0668 2−Nb

Nf

Table 5.1: Critical exponents for symmetry-breaking phase transitions of semi-Dirac
fermions in 2+1 dimensions, calculated at one-loop order and including 1/Nf

corrections in the number of fermion flavours. Nb is the number of order-
parameter components: Nb = 1 for the CDW, Nb = 2 for the superconducting
and Nb = 3 for the SDW instabilities.

5.3.8 Multicriticality

Section 5.3.7 summarised the universal critical behaviour of semi-Dirac fermions

associated with spontaneous symmetry breaking due to short-range interactions.

The semi-Dirac quasiparticle excitations in the disordered, semimetallic phase are

obtained by fine tuning the system to the point of a topological phase transition

between a Dirac semimetal with two separate relativistic Dirac points and a band

insulator. In the free-fermion action (5.1) the semi-Dirac point corresponds to

∆ = 0. Spontaneous symmetry breaking leads to the opening of a gap in the fermion

spectrum, making it challenging to ensure ∆ = 0 across the transition in any real

material.

Since the tuning parameters of the symmetry-breaking and topological phase

transitions, m2
φ and ∆, are both relevant perturbations at the fixed point (g = g∗,

∆ = m2
φ = 0), the fixed point should be viewed as multicritical. The coupled RG

equations for m2
φ and ∆ are

dm2
φ

d`
=

(
2 − ηφ

)
m2
φ + zΠm2

φ
, (5.42)

d∆
d`

= (2 − ηΨ)∆ + zΣ∆, (5.43)
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where the renormalisations Πm2
φ
and Σ∆ are coming from the bosonic self-energy

(Fig. 5.2) and fermionic self-energy (Fig. 5.3(a)) and are equal to

Πm2
φ
=

2
3π2g

2∆, (5.44)

Σ∆ =
Nb

2N f

[
F4

(
g2

)
∆ + F5

(
g2

)
m2
φ

]
. (5.45)

The additional integration functions

F4(x) = 1
π2

∫ π
2

0
dθ

cos 2θ
x−1 cos θ +

√
sin θ

sin θ√
cos θ

, (5.46)

F5(x) = 1
π2

∫ π
2

0
dθ

√
cos θ sin θ(

x−1 cos θ +
√

sin θ
)2 , (5.47)

are shown in Fig. 5.4. Linearising around the multicritical fixed point obtains the

stability matrix M , see Section 4.3. The two positive eigenvalues θ1 and θ2 of M are

inversely proportional to correlation length exponents, νi = 1/θi. These are found

to be

ν1 = 1 − Nb

2N f

(
5α1 − α2 − 28

11
α5

)
− 2

2 − Nb

N f
α3, (5.48)

ν2 =
1
2
+

Nb

4N f

(
α1 − α4 − 14

11
α5

)
. (5.49)

5.4 Mean-Field Analysis

The critical exponents are expected to recover the mean-field values in the limit

N f →∞. In this limit, the anomalous dimension of the fermion fields vanishes, ηΨ =

0, indicating that Fermi-liquid behaviour is recovered. However, the anomalous

dimension of the order parameter field (5.34) remains finite, ηφ = 1. This results

in a correlation length exponent ν = 1/(2 − ηφ) = 1 and an unusually large order-

parameter exponent β = 2, which are found by using the scaling relations. These

exponents are very different from the usual mean-field exponents (ηφ = 0, ν = β =
1
2 ). This unusual behaviour is a result of the appearance of non-analytic terms in

the mean-field free energy, which lead to unconventional quantum criticality and
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arise due to the unusual scaling of the density of states ρ(ε) ∼ √ε around the Fermi

points.

The mean-field free energy for a gapped phase of semi-Dirac fermions is equal

to [51]

fmf(φ0) = 1
g
φ2

0 −
∫

k2
x+k4

y≤Λ2

d2k

(2π)2
√

k2
x + k4

y + φ
2
0, (5.50)

fmf(φ0) = a(δg)φ2
0 + b|φ0 |

5
2 + O(φ4

0), (5.51)

where Λ is the UV energy cut-off, δg = (gc − g)/gc and a, b > 0. As in the case

of relativistic Dirac fermions, the mean-field free energy contains a non-analytic

term |φ0 | 52 , which arises from the evaluation of the integral in the k → 0 limit.

Minimising fmf(φ0) with respect to φ0 one obtains |φ0 | ∼ |δg |βmf with βmf = 2, in

agreement with the RG and scaling analysis in the N f → ∞ limit. In contrast, as

was discussed in Chapter 2, the density of states of Dirac fermions vanishes linearly,

ρ(ε) ∼ ε, resulting in the non-analytic cubic term |φ0 |3 and the mean-field exponent

βmf = 1.

The spatial anisotropy of the system, which appears in the anisotropic dis-

persion of the quasiparticles, also reflects in the form of the gradient terms in the

Ginzburg-Landau functional. These terms can be computed by allowing for small,

long-wavelength modulations of the order parameter. For a finite homogeneous

component φ0 one can expand in the momentum q of the modulation. This gives

rise to terms q2
x

√
|φ0 | and q2

y |φ0 | 32 [51], from which the estimations can be made for

the correlation lengths ξx and ξy along the x and y directions respectively. Since

ξ−2
x |φ0 |

1
2 ' ξ−2

y |φ0 |
3
2 ' |δg |φ2

0 (5.52)

by dimensional analysis, this leads to the quantum critical scaling

ξ2
x ∼ |φ0 |−

3
2 |δg |−1 ∼ |δg |−(1+ 3

2 βmf), (5.53)

ξ2
y ∼ |φ0 |−

1
2 |δg |−1 ∼ |δg |−(1+ 1

2 βmf). (5.54)
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Using βmf = 2, this simple scaling analysis of the mean-field free energy recovers

the correlation length exponents νx = 2 and νy = 1, in agreement with the RG result

in the limit N f →∞.
The anisotropic scaling of the correlation length along the x and y directions

could have very interesting implications for ordered phases in the vicinity of the

quantum critical point. In general, the order parameter becomes relatively softer

to spatial modulations along the direction where the quasiparticles have parabolic

dispersion, and more rigid in the other direction, permitting the emergence of

modulated order and stripe phases [51]. In the superconducting case, the system

may effectively respond to an external magnetic field as a type II superconductor

in one direction and as a type I in the other [51]. This unconventional state could

stabilise stripes of magnetic flux rather than conventional vortex lattices.

5.5 Discussion
The critical behaviour of quantum phase transitions in semi-Dirac fermion systems

that are driven by strong short-range interactions have been analysed. Here the focus

has been on the staggered charge and spin instabilities, as well as s-wave supercon-

ductivity. These fully gap the quasiparticle spectrum in the broken symmetry state,

making them energetically favourable.

This criticality was previously studied using an ε expansion in the number

of quadratically dispersing directions within the Yukawa formalism [56], and by

generalising the quadratic dispersion to k2n
y , facilitating a 1/n expansion in generic

four-fermion interactions around the one-dimensional limit [42]. In the complemen-

tary approach presented here, a large number N f of fermion flavours was introduced

to gain analytic control in two spatial dimensions. Using a one-loop RG analysis of

the effective Yukawa actions, the critical exponents have been computed up to order

1/N f .

The 1/N f corrections to critical exponents depend on the peculiar form of the

IR order-parameter propagator in 2+1 dimensions, G−1
φ ∼

(
q2

0 + q2
x

) 1
4
+ q2

y . This

IR contribution, which is not renormalised by integrating out electronic UV modes,
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needs to be incorporated to regularise unphysical divergencies [50, 56].

The frequency k0 and the momentum kx along the relativistic direction were

treated on an equal footing, and a single “dynamical” exponent z that describes the

scaling of k0, kx relative to the quadratically dispersing direction ky was introduced.

This can be viewed as having one space-like and two time-like directions.

It was found that the 1/N f corrections to critical exponents are smaller than for

the case of Dirac fermions, and seem to fall off more rapidly when increasing the

order of 1/N f . This suggests that the 1/N f expansion is well controlled even when

the number of flavours N f = O(1). However, calculations beyond one-loop order

are required to confirm this conjecture.

In the mean-field limit N f → ∞, the anomalous dimension ηψ of the fermion

fields vanishes, signalling a recovery of conventional Fermi-liquid behaviour. On the

other hand, the anomalous dimension of the order-parameter fields remains finite,

ηφ = 1. This has important consequences. It gives rise to a correlation length

exponent of ν = 1 instead of the conventional mean-field ν = 1/2. Since the y

direction was defined as the reference length (zy = 1, zx = z = 2), this corresponds

to νy = zyν = 1 and νx = zxν = 2 along the two spatial directions.

The atypical correlation length exponent and the unusually large order parame-

ter exponent β = 2+O(1/N f ) suggest that the mean-field order-parameter theory is

highly unusual [51]. As was discussed, the vanishing density of states at the Fermi

level gives rise to a non-analytic |φ0 |5/2 term in the Landau free energy. This results

in βMF = 2, in agreement with the RG result for N f → ∞. The highly anisotropic

order-parameter correlations correspond to different non-analytic gradient terms in

the mean-field theory.

It is interesting to compare to previous results in the literature [42, 56]. The

freedom in how to define the scaling dimensions in semi-Dirac systems explains the

apparent contradiction with Ref. [42] that reports ν = 2 at leading order, compared

to ν = 1 here and in Ref. [56]. A close inspection shows that in this work the

relativistic direction was used to define the reference length scale. In the notation

used here this corresponds to the choice z = zx = 1 and zy = 1/2, leading to the
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same correlation length exponents νx = 2 and νy = 1. Then to leading order there

is complete agreement on the correlation length exponent.

However, there is a strong disparity in the order parameter anomalous dimen-

sions found here ηφ = 1 + O(1/N f ), and in Ref. [56], ηφ ∼ 1
Nf
ε ln ε . Not only does

the latter vanish for ε = 1, but it is also O(1/N f ). As was discussed in Sec. 5.4,

our ηφ ≈ 1 gives rise to the same order parameter exponent β = 2 in N f → ∞ as

that from the non-analytic mean-field free energy. This acts as a consistency check

of our RG analysis. Likewise, the fermion anomalous dimension ηψ ∼ 1
Nf
ε ln ε

calculated in Ref. [56] vanishes at ε = 1, where as here it is finite ηψ = O(1/N f ).
These discrepancies may arise from the invalidity of the extrapolation of the novel

leading order ε expansion to ε = 1. At the leading one-loop order, it is not possible

to extract the anomalous dimensions from the RG analysis of the model containing

four-fermion interactions studied in Ref. [42]. In the future it will be interesting

to compare beyond leading order results for the critical exponents in this difficult

problem.

Semi-Dirac fermions correspond to an intermediate case between Dirac

fermions and ordinary metals in two spatial dimensions. The quadratic disper-

sion along one of the momentum directions leads to an increased density of states

at low energies as compared to Dirac fermions, making instabilities comparatively

easier due to the enlarged phase space for quantum fluctuations. An interesting ques-

tion for future studies is whether the enhanced electronic fluctuations near quantum

critical points combined with the anisotropy of the correlations could stabilise novel

phases such as modulated order.



Chapter 6

Closing Remarks

Here a summary of the results presented in this Thesis are provided. Detailed

discussions can be found at the end of each Chapter. Following this, future lines of

research are suggested.

6.1 Summary
In this Thesis the role of strong repulsive fermionic interactions to induce novel quan-

tum criticality, and exotic phases of matter, was investigated in two-dimensional

Dirac systems using analytical methods. The focus was on the following three

topics: (i) The impact of collective quantum fluctuations in determining the fate

of the interaction induced topological Mott insulator, which was predicted at the

level of mean-field theory. (ii) The novel fermionic quantum criticality that en-

sues when translational and rotational lattice symmetries are spontaneously broken,

corresponding to an effective field theory containing emergent gauge degrees of free-

dom. (iii) The interplay of topological and symmetry breaking continuous phase

transitions, resulting in a quantum multicritical point with anistropic semi-Dirac

quasiparticle excitations. A central theme throughout this work was the pivotal role

played by the gapless fermionic quasiparticles.

All three topics were motivated by considerations of the extended fermionic

Hubbard model on the honeycomb lattice, which is the prototypical Dirac semimetal

at half-filling. From these lattice models low-energy effective field theories of Dirac-

like fermions coupled to dynamical order parameter bosons could be derived. The
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energetics of the competing broken symmetry states considered in topic (i) were

calculated using a self-consistent path integral approach. Here the fermionic modes

were formally integrated out and the resulting Gaussian order parameter fluctuations

were accounted for. Complementary to this, the universal properties investigated in

topics (ii) and (iii) employed a renormalisation group scheme that treated the critical

fermions and order parameter bosons on an equal footing.

(i) In Chapter 3 the fate of the topological Mott insulator on the honeycomb

lattice was investigated. This phase was first found by a mean-field decoupling of

strong next-nearest neighbour repulsions in the bond order channel. The interac-

tions dynamically generate complex Haldane or Kane-Mele type hopping. Hence,

the condensation of the bond order parameter signifies the opening of a topolog-

ically non-trivial bulk insulating gap, and corresponding protected metallic edge

states. However, this phase competes with CDW3 charge order that extends beyond

the primitive unit cell, as well as spontaneously breaking the honeycomb rotational

symmetry. The self-consistent path integral approach employed here demonstrated

that beyond mean-field collective quantum fluctuations played a crucial part in de-

termining the phase diagram. It was found that fluctuations induce the charge order,

thereby stifling the possibility of topological Mott insulating phases. These analyt-

ical results were in agreement with the general consensus of the various numerical

techniques used to simulate interacting fermions on the lattice. Surprisingly it was

discovered that the low-energy quasiparticle excitations of the CDW3 state are de-

scribed by gapless semi-Dirac fermions that disperse linearly in one direction, and

quadratically in the other. This indicated that the transition was not of the putative

semimetal-insulator variety, and would display novel quantum critical properties.

(ii) In Chapter 4 the quantum critical properties of Dirac systems subject to

spontaneously broken lattice symmetries were investigated. The work in Chapter 3

provided a concrete lattice model of the semimetal-CDW3 transition. The universal

properties of this transition were analysed with the renormalisation group. The

derived critical theory was found to comprise of dynamical order parameters fields

that couple to Dirac fermions as mass and emergent gauge fields. Owing to the gap-
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less nature of the fermionic excitations, these couplings are relevant perturbations

to the paradigmatic Ginzburg-Landau-Wilson fluctuating order parameter theory.

As a result, the criticality of the mass sector coupled to Dirac fermions describes

the aforementioned semimetal-insulator transitions, and is known to belong to the

fermionic Gross-Neveu-Yukawa universality class. At the quantum critical point

the Landau quasiparticle picture breaks down, with the quasiparticle residue van-

ishing as a result of finite anomalous dimensions. An additional defining feature

is the emergent Lorentz invariance at the critical fixed point, which is categorised

by a single terminal velocity, and isotropic scaling of space and time with dynam-

ical exponent z = 1. In contrast, the CDW3 criticality is described by a novel

fixed point that violates Lorentz invariance, with z > 1, because of the coupling

to the emergent gauge fields. These fields are directly related to the spontaneous

breaking of translational and rotational lattice symmetries, and are believed to be

generic. In addition, this work showed that complementary combinations of mass

and non-Abelian gauge fields provide a natural playground for the study of topolog-

ical quantum phase transitions, and CDW3 broken symmetry states are germane to

host semi-Dirac excitations.

(iii) Following on from Chapters 3 and 4, in Chapter 5 the quantum multicrit-

icality of Dirac fermions at the intersection of topological and symmetry breaking

phase transitions was analysed. In two spatial dimensions the Dirac points of op-

posite chirality can annihilate, undergoing a topological phase transition to a band

insulator. The topological critical point hosts gapless semi-Dirac quasiparticle ex-

citations that disperse linearly in one direction and quadratically in the other. The

critical behaviour of quantum phase transitions in semi-Dirac fermion systems that

are driven by short-range interactionswere analysed using the renormalisation group.

Instabilities towards staggered charge and spin instabilities, as well as s-wave super-

conductivity, were considered. The universal behaviour, even at themean-field level,

was found to be strongly distinct from regular Dirac fermions. In addition, it was

found that the order parameter correlations inherit the anisotropy of the semi-Dirac

fermions.
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6.2 Future Research

The path integral approach employed here is a generic framework to self-consistently

include collective quantum fluctuations. For example, a similar approach was em-

ployed to look at metallic systems [99–102, 167–169]. In the context of Dirac

semimetals it has proven rather successful in comparison to the aggregated numeri-

cal lattice simulations. It can be seen as a complementary tool that does not suffer

from system size effects, and so is able to probe the region of the critical point. This

is particularly true when a problem is not accessible to sign-free quantum Monte

Carlo. Furthermore, it complements a renormalisation group study of the critical

point, as it can suggest what type of order is energetically favourable in the presence

of fluctuations.

Therefore, it is worth applying this method to other nodal systems. A first test

of the ability to predict fluctuation induced order would be the π-flux square lattice,

where the topological Mott phase that is stable at mean-field is outcompeted by

stripe charge order [69, 109]. Beyond this, the increased density of states of semi-

Dirac fermions implies an enlarged phase space for quantum fluctuations. These

enhanced fermionic fluctuations near quantum critical points combined with the

anisotropy of the correlations could stabilise novel phases such as modulated orders.

Additionally, it could be fruitful to look at systems with quadratic band touching

points on the kagome [114, 115] or checkerboard [116, 117] lattices. Also, it is

expected that there are interesting phases in the recently discovered topological

chiral crystals [124–126], with multiband touching points.

There are a number of follow up questions to the CDW3 charge order on the

honeycomb lattice. The infinite density matrix RG (iDRMG) simulations found that

the charge order was accompanied by bond order. It turns out that both orders couple

in the low-energy as Ai (in the notation of Chapter 4), and so the universal properties

are not changed. However, the lattice ground state may change from the additional

bond order, especially in the presence of finite nearest neighbour interactions.

The novel critical properties found in this Thesis relied on the identification

that dynamical order parameters can couple as both mass and emergent gauge fields
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to Dirac fermions. This is a departure from the common wisdom that mass channels

solely dominate the energetic landscape [20, 133]. Such wisdom is based on the

fact that the condensation of mass order parameter fields induces insulating band

gaps, which is energetically favourable in the simplest cases. This generically maps

the problem onto Gross-Neveu-Yukawa models. However, the important role of

emergent gauge fields has been previously recognised in the context of the Ising

nematic transition in d-wave superconductors [18, 135, 136], which are also Dirac

systems. Here the fourfold lattice rotational symmetry is spontaneously reduced to

twofold with an Ising order parameter. In the notation of Chapter 3 the effective

Yukawa coupling is AΨ†(αx + αy)T3Ψ. Similarly, on the π-flux lattice [69, 109],

sublattice (A1
xΨ
†αxT1Ψ) and stripe (A1

yΨ
†αxT2Ψ) charge order parameters both

couple as emergent gauge fields, but this has not been identified in the literature.

This case is interesting because topological Mott order couples as a mass field, but

is destabilised by beyond mean-field fluctuations. In both instances, the existence of

emergent gauge fields is tied to the breaking of lattice symmetries.

To test the predictions in this Thesis there are a number of avenues of study.

Naturally, higher loop RG and non-perturbative functional RG calculations are re-

quired. In addition, with the advent of “designer Hamiltonian” methods [26, 104] in

quantum Monte Carlo, it should be possible to engineer unconventional self-energy

terms that have complementary mass and gauge fields, such as for the CDW3 state.

Also, iDMRG simulations are now capable of extracting momentum-dependent

excitation spectra of Dirac systems [103].

In Chapter 5 it was discussed that critical theories of semi-Dirac fermions need

to be regularised in the vicinity of a critical fixed point. Perhaps this would not be

the case if the semi-Dirac point was studied by the complementary combinations of

mass and non-Abelian gauge fields identified in Chapter 4. It is conceivable that

the encountered divergence of semi-Dirac theories is associated with integrating out

some of the emergent gauge degrees of freedom in an uncontrolled manner.

Finally, a question that has not been addressed in the literature is the role of a

finite chemical potential on the critical properties of Dirac systems. The chemical
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potential is expected to be a relevant perturbation in the RG sense, indicating that

the system will flow to some metallic non-Fermi liquid scaling regime. It would be

interesting to understand the cross over from the Gross-Neveu-Yukawa criticality.

It is expected that there is a competition of energy scales between the chemical

potential and the condensation energy gain from spontaneous symmetry breaking.

The study of doped Dirac systems could shed new light on the problem of metallic

quantum criticality and non-Fermi liquid theory [33].



Appendix A

Appendix: The Fate of the

Topological Mott Insulator

A.1 Calculation of Massive Dirac Fermion Polarisa-

tion Bubbles
The techniques presenter here are general, but are illustrated for the specific case of

the free Dirac fermion propagator dressed with topological Mott broken symmetry

states

Gτs
σσ′(®k) =

iωσ0
σσ′ + vF[τkx(σx)σσ′ + ky(σy)σσ′] + τMs(σz)σσ′

k2 + M2
s

,

=
gτs
σσ′(®k)

k2 + M2 , (A.1)

where Ms =
3
√

3V2
2 χ0 or Ms = s 3

√
3V2
2 χz, M2

s = M2, ®k = (ω, vF kx, vF ky) and
k2 = ®k · ®k. The polarisation bubble components

Πss′
σσ′( ®q) =

∑
τ=±

∫
®p

Gτs
σσ′(®k + ®q)Gτs′

σ′σ(®k), (A.2)

can be calculated using standard field theoretic machinery [139] of Feynman param-

eters

1
AaBb =

Γ(a + b)
Γ(a)Γ(b)

∫ 1

0
dx

xa−1(1 − x)b−1

[xA + (1 − x)B]a+b, (A.3)
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and the integrals of dimensional regularisation∫
dDk
(2π)D

k2m

[k2 + M2]n =
1

(4π)D/2
Γ(D2 + m)
Γ(D2 )

Γ(n − m − D/2)
Γ(n) MD+2(m−n), (A.4)

with integer m ≥ 0 and where the Gamma function Γ(z+1) = zΓ(z), Γ(n) = (n−1)!
for positive integer n, and Γ(12 ) =

√
π. Note that odd powers of k in the numerator

vanish by symmetry.

The regulation of ultraviolet divergences Λ → ∞ is necessary for internal

diagram lines such as the polarisation bubble. The mean-field free energy terms are

technically ultraviolet divergent, but can be made cutoff independent by rescaling

the coupling V → V/Λ.
Application of the above machinery yields

Πss′
σσ′( ®q) =

∑
τ=±

∫ 1

0
dx

∫
®k

gτs
σσ′(®k + (1 − x) ®q)gτs′

σ′σ(®k − x ®q)
[k2 + (−x2 + x)q2 + M2]2 , (A.5)

where the linear transformation ®k → ®k − x ®q has been used to make the denominator

rotationally symmetric in ®k. Before applying (A.4) to (A.5), the spherical angular

averages are evaluated using the identity [170]

Γ(x)Γ(y)
Γ(x + y) = 2

∫ π
2

0
dθ sin2(x−1)(θ) cos2(y−1)(θ), (A.6)

or more specifically

∫
®k
ωnω knx

x kny
y f (k) = Γ(

nω+1
2 )Γ(nx+1

2 )Γ(
ny+1

2 )
2πΓ(nx+ny+nω+3

2 )

∫
®k

knω+nx+ny f (k), (A.7)

where f (k) is isotropic in ®k. Having evaluated themomentum integrals, the Feynman

parameter integrals of the general form∫ 1

0

xmdx

[−x2 + x + M2] 2n+1
2
, (A.8)

are evaluated with the help of the following recursion relations [170]. Note that
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the q dependence has been scaled out for brevity. For n ≥ 0, m > 0 (with R =

−x2 + x + M2)

I(n,m) =
∫

xmdx

[−x2 + x + M2] 2n+1
2
,

=


xm−1

(2n−m)R 2n−1
2
− 2m−2n−1

2(2n−m) I(n,m − 1) − (m−1)M2

2n−m I(n,m − 2), ∀m , 2n,

− x2n−1

(2n−1)R 2n−1
2
+ 1

2 I(n, 2n − 1) − I(n − 1, 2n − 2), ∀m = 2n,

I(n, 0) =
∫

dx

[−x2 + x + M2] 2n+1
2
,

=
2(2x − 1)

(2n − 1)(4M2 + 1)R 2n−1
2
×[

1 +
n−1∑
k=1

(
8R

4M2 + 1

) k ∏k
i=1(n − i)∏k

j=1 2(n − j − 1
2 )

]
, ∀ n ≥ 1,

I(0, 0) = −arcsin
(

1 − 2x√
4M2 + 1

)
.

Similarly, for n = −1, m > 0

I(−1,m) =
∫

dx xm
√
−x2 + x + M2,

=
xm−1R

3
2

m + 2
+

2m + 1
2(m + 2) I(−1,m − 1) + (m − 1)M2

m + 2
I(−1,m − 2),

I(−1, 0) = (2m − 1)√R
4

+
4M2 + 1

8
I(0, 0).

Finally, it is useful to express the polarisation in terms of the sublattice pseudospin

Pauli components Πss′( ®q) = ∑
µΠ

ss′
µ ( ®q)σµ where the sum is over µ = 0, x, y, z. The

polarisation components are

Πss′
0 ( ®q) =

1
4πv2

F

{
arctan

(
q

2 |M |

) [
q2 + ω̃2

4q
+ M2 q2 − ω̃2

q3 +
2
q

Ms Ms′

]
+ |M | q

2 + ω̃2

2q2

}
,

=
1

32v2
Fq

{
q2 + ω̃2 + 4M2 q2 − ω̃2

q2 + 8Ms Ms′ +O(M3)
}
, (A.9)
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Πss′
x ( ®q) = −

1
4πv2

F

{
arctan

(
q

2 |M |

) [2q2 + v2
F |q |2

4q
+ M2 v

2
F |q |2 − 2q2

q3

]
+ |M | 2q2 + v2

F |q |2
2q2

}
,

= − 1
32v2

Fq

{
2q2 + v2

F |q |2 + 4M2 v
2
F |q |2 − 2q2

q2 +O(M3)
}
, (A.10)

Πss′
y ( ®q) = 0,

Πss′
z ( ®q) = 0.

Notice that the quantum anomalous and spin Hall bubbles are distinguished by only

one term in Πss′
0 . Also

∑
s=± sΠss′

µ ( ®q) = 0 for s′ = ±s.

In addition, it can be demonstrated that γ will account for renormalisation of

the Fermi velocity. The general structure of the polarisation is

Π(q) ∼ 1
v2

Fq
(q2 + M2 +O(M3)).

Applying the rescaling ®Q = ®q/vFΛ to keep track of factors of vF , and noting that

any factor that can be scaled out of the integrand is negligible (as the logarithm is

taken), it is seen that

S̃ ∼ vFV2

∫
®Q
χ̃†

[
1 + γV2

1
vFQ

(
Q2 +

M2

v2
F

)
︸               ︷︷               ︸

Π(Q)

]
χ̃.

The internal factors of vF can be absorbed into the order parameter, and then it is clear

that Π ∝ 1/vF and so γ < 1 accounts for the increase of vF under renormalisation.
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A.2 Further Details of the CDW3 Polarisation Calcu-

lation

Here details are presented of the calculation of the CDW3 polarisation

Π̃®qi j =

4∑
abcd=1

∫
®k
P†iaG®k+®qabPbjP†jcG®kcdPdi . (A.11)

The spin diagonal fermionic propagator dressed with the charge order is

G®kab = s0[−iω + vFk · α + δ1σ
z ⊗ σ0 + δ2σz ⊗ τx]−1

ab, (A.12)

with δ1 = 2V2(ρ − ∆), δ2 = 2V2(ρ + ∆/2). To apply the field theoretic machinery

outlined in Section A.1 it is crucial to express the propagator in terms of massive

Dirac fermion propagators ∼ [p2 +M2]−1. Inverting G−1
®p and using partial fractions

G®kab =
g®kab

4δ2

√
v2

F k2
x + δ

2
1

∑
ν=±

ν

p2 + δ2
1 + δ

2
2 − ν[2δ2

√
v2

F k2
x + δ

2
1]
, (A.13)

where g®k is some complicated matrix that is polynomial in ®k and δi with combined

cubic order. Then expanding the denominator in the critical region, ρ, δi → 0,

the propagator can be expressed in terms of “higher order” massive Dirac fermion

propagators

G®kab =
g®kab

[k2 + δ2
1 + δ

2
2]2

Ñ∑
n=0


2δ2

√
v2

F k2
x + δ

2
1

k2 + δ2
1 + δ

2
2


2n

. (A.14)

Following the procedure in Section A.1, Π̃®q may be evaluated to arbitrary order in

Ñ . However, to obtain all terms up to quadratic order in ρ, it is only necessary to use

Ñ = 1. This procedure is achieved using computer algebra, such as Mathematica.

The exact form is too lengthy to show.



A.3. Further Details of the CDW3 Fluctuation Correction Calculation 142

A.3 Further Details of the CDW3 Fluctuation Cor-

rection Calculation

The fluctuation corrections to the quadratic coefficient are

δα̃ = V2

∫
®q
tr

2γNsΠ̃
(2)
®q

U−1
q + 2γNsΠ̃

(0)
®q
. (A.15)

The reduces to

δα̃ =
V2v2Ω

2π2

∫
d2 ®φ

∫ 1

0
dq q tr[(U−1

Λq +ΩqΠ̃(0)®φ )
−1Π̃

(2)
®φ ], (A.16)

where the rescaling ®q→ vFΛ®q is made, and the radial component of Π̃ is extracted

Π̃
(n)
®q = Ωq1−nΠ̃

(n)
®φ . Here ®φ = (φ1, φ2) are the azimuthal and polar angles respectively,

and Ω = 2πγNsv2.

The final difficulty involves inverting the 6 × 6 matrix. This turns out to be

possible in an analytically tractable manner if U−1
q is approximated by the zeroth

order expansion U−1
0 . This is justified via numerical analysis from which it is found

that the higher order terms in Λq do not qualitatively change the phase behaviour

over a large range of Λ, implying that the terms neglected are a small perturbation.

In terms of 3 × 3 blocks there are the following structures

U−1
0 =

©­«
AU 0

0 AU

ª®¬ , ΩqΠ̃(0) = ©­«
Ã0 B̃0

B̃T
0 Ã0

ª®¬ , Π̃(2) = ©­«
Ã2 B̃2

B̃T
2 D̃2

ª®¬ . (A.17)

The aim is to calculate the inverse of M = U−1
0 + ΩqΠ̃0, which can be rewritten as

M = M1M2 with

M1 =
©­«

AU + A0 0

0 AU + A0

ª®¬ , M2 =
©­«

1 B0

BT
0 1

ª®¬ , B0 = (AU + A0)−1B̃0. (A.18)
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Using (M1M2)−1 = M−1
2 M−1

1 and the properties of the inversion of block matrices

M−1
2 =

©­«
1 −B0

−BT
0 1

ª®¬ ©­«
(1 − B0BT

0 )−1 0

0 (1 − B0BT
0 )−1

ª®¬ , (A.19)

⇒ M−1 =
©­«

1 −B0

−BT
0 1

ª®¬ ©­«
M̃ 0

0 M̃

ª®¬ , (A.20)

where M̃ = (1 − B0BT
0 )−1(AU + A0)−1.

Then evaluating the trace over the block structure results in

δα =
V2v2Ω

2π2

∫
d2 ®φ

∫ 1

0
dq q tr{M̃(Ã2 + D̃2) − (B0M̃ B̃T

2 + BT
0 M̃ B̃2},

δα =
V2v2Ω

π2

∫
d2 ®φ

∫ 1

0
dq q tr{M̃ Ã2 − B0M̃ B̃T

2 }, (A.21)

where trM̃ Ã2 = trM̃D̃2. The final result is obtained by evaluating the integrals in

the order radial, azimuthal, polar, which yields the result quoted in the main text

δα̃ =
8V2v2

πΩ̃

{
[
384(2 + x)2 + 8(28 − 68x + 31x2)Ω̃ + (12 − 20x + 11x2)Ω̃2

] arctan (√
Ω̃
4

)
4
√
Ω̃

+
16
3

[
− (1 − x)2Ω̃ − 9

2
(2 + x)2 + (62 − 635

2
x +

883
8

x2) log(2)

− 3
2
(1 + x)2

∑
σ=±1

Li2
(
σ
√
Ω̃(4 + Ω̃) − Ω̃

2

)
+ (2 − 5

2
x +

13
8

x2) log(2 − Ω̃) − 16(1 − 5x +
7
4

x2) log(16 + Ω̃)
]}
. (A.22)
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Appendix: Novel Criticality of Dirac

Fermions from Lattice Symmetry

Breaking

B.1 Gauge Fixing the Emergent Gauge Sector
Here properties of the emergent gauge sector are further discussed, and details are

provided of the Fadeev-Popov gauge fixing procedure in the Rξ gauge [146, 171].

The action is invariant under the local spatial gauge transformation

U(r) = exp{−igA[θ1(r)T1 + θ2(r)T2 + θ3T3]}, (B.1)

where it is important to note that ∂iθ
3 = 0 for i = x, y, such that θa(r) =

(θ1(r), θ2(r), θ3). Therefore the theory does not posses a local SU(2) gauge struc-
ture, which is equivalent to the statement A3 = 0. In addition, ∂τθa = 0. The gauge

transformation can be built from the infinitesimal θ transformations

U(r) = α0 − igAθ
a(r)Ta. (B.2)

The gauge covariant derivative is

(D0,D) = (∂τα0, ∂ − i
gA

vF
AaTa). (B.3)
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Gauge invariance of the Lagrangian requires that under the transformationΨ→ UΨ,

Ψ† → Ψ†U†, the derivative transforms as D → UDU†. Using the infinitesimal

transformation it is clear that the gauge field transforms as

AaTa → UAaU† +
i
gA

U∂U†, (B.4)

∴ Aa → Aa − ∂θa − gA

3∑
b,c=1

εabcAbθc. (B.5)

This implies that there is an emergent gauge freedom or redundancy in the low-

energy theory for each choice of A1,2, as claimed. The issue is that for each physical

field configuration of D[A1,2] in the functional integration measure, there are an

infinite number of equivalent configurations given by the choice of θa(r). To avoid

integrating over the emergent infinite degeneracy, it is important to fix the gauge.

In the following it will be demonstrated that this is crucial to the path integral

definition of the low-energy effective theory. For brevity the spatial part of the

theory is considered, and the trivial imaginary time part is neglected. The A1,2

sector has the Yang-Mills structure

SF =
1
4

∫
trFi j Fji, (B.6)

where there are sums over repeated indices i, j = x, y. The action is defined in terms

of the gauge field strength

Fi j =
i
gA
[Di,D j] = ∂i Aa

j T
a − ∂j Aa

i Ta − igA[Aa
i Ta, Ab

jT
b]. (B.7)

Expanding this out and integrating the quadratic terms by parts

SF =
1
2

∫ [
Aa

i (−δi j∂
2 + ∂i∂j)Aa

j + 2g2
A(A1 × A2)2

]
. (B.8)

Note that both of these terms are also obtained from integrating over fermion modes

in Chapter 4. It is crucial to identify that the kinetic term signifies a non-invertible
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propagator, with the matrix structure

©­«
Aa

x

Aa
y

ª®¬
T ©­«

k · k − k2
x −kx ky

−kx ky k · k − k2
y

ª®¬ ©­«
Aa

x

Aa
y

ª®¬ , (B.9)

which is non-invertible with zero determinant of the kernel.

This is a manifestation of the gauge redundancy. The resolution presented here

loosely follows the standard treatment found in the textbooks of Srednicki [146] or

Peskin and Schroeder [171], where further technical details may be found.

The following simple example motivates the gauge fixing. The path integral is

considered

Z ∝
∫ ∞

−∞
dxdye−S(x), (B.10)

where y is a redundant variable that does not enter the action. The restriction of the

integration can be implemented with the delta function, which can be shifted by an

arbitrary function f (x)

Z =
∫

dxdyδ(y)e−S(x) =
∫

dxdyδ(y − f (x))e−S(x). (B.11)

Equivalently the function G(x, y) can be defined with G(x, y) = 0 to have a unique

solution at y = f (x) for fixed x. From the properties of the delta function

δ(G(x, y)) = δ(y − f (x))
∂G/∂y , (B.12)

where it is assumed ∂G/∂y > 0 at y = f (x). Then at y = f (x)

Z =
∫

dxdyδ(G)∂G
∂y

e−S(x). (B.13)

This motivates the Fadeev-Popov gauge fixing procedure. Here G is the gauge

fixing function

Ga(r) = ∂ · Aa(r) − wa(r), (B.14)

where wa is a fixed arbitrary function. The functional generalisation of Eq. (B.12)
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is

1 =
∫

D[θ]det
(
δG
δθ

)
δ(G), (B.15)

which is inserted into Z ∝
∫

D[A]e−SF to fix the functional integration over the

physical configuration. Under the gauge transformation Eq. (B.5)

δGa(r)
δθb(r′) = −δ

ab∂2δ(r − r′), (B.16)

which is crucially independent of θ, and so is a trivialmultiplicative constant to the Z .

The functional integral over A is now restricted by δG. The final step in the so-called

Rξ gauge fixing procedure is to introduce the Gaussian action Sw =
∫
wawa/2ξ, and

integrate over w

Z ∝
∫

D[A,w]δ(∂ · Aa − wa)e−Sw−SF,

∝
∫

D[A] exp
[
1
2

∫
Aa

i (δi j∂
2 +

1 − ξ
ξ

∂i∂j)Aa
j − 2g2

A(A1 × A2)2
]
. (B.17)

B.2 Renormalisation Group Equations in d = 2

The RG equations are calculated directly in the physical dimensions d = 2, control-

ling the expansion with large N

Ψ†Ψ→
N∑

n=1
Ψ†nΨn, (g2

φ,A, λi) → 8πΛ
N
(g2
φ,A, λi). (B.18)

The RG equations for the velocities are

d
d`

vF = vF

[
z − 1 +

1
N

(
g2
φ

(
cφ − 2vF

)
cφvF

(
cφ + vF

) 2 −
8g2

A

cA (cA + vF) 2

)]
, (B.19)

d
d`

c2
φ = 2(z − 1)c2

φ +
g2
φ

(
v2

F − 2c2
φ

)
v3

F

, (B.20)

d
d`

c2
A = 2(z − 1)c2

A +
g2

A

(
v2

F − 2c2
A

)
2v3

F

. (B.21)
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The RG equations for the Yukawa couplings are

d
d`

g2
φ = g2

φ

[
3z − 2 −

2g2
φ

v3
F

+
1
N

(
−16g2

A (cA + 2vF)
cAvF (cA + vF) 2 −

4g2
φ

(
cφ + 2vF

)
cφvF

(
cφ + vF

) 2

)]
, (B.22)

d
d`

g2
A = g2

A

[
3z − 2 − g2

A

v3
F

+
1
N

(
− 16g2

A

cA (cA + vF) 2 −
2g2

φ

(
cφ + 2vF

)
cφvF

(
cφ + vF

) 2

)]
. (B.23)

The RG equations for the boson order parameter field self-interactions are

d
d`
λφ = λφ

(
3z − 2 −

4g2
φ

v3
F

)
+
g4
φ

v3
F

+
1
N

(
−

4λ2
φA

c3
A

−
36λ2

φ

c3
φ

)
, (B.24)

d
d`
λA = λA

(
3z − 2 − 2g2

A

v3
F

)
− g4

A

8v3
F

+
1
N

(
−
λ2
φA

c3
φ

− 48λ2
A

c3
A

− 4λAλYM

c3
A

− λ
2
YM

c3
A

)
,

(B.25)

d
d`
λYM = λYM

(
3z − 2 − 2g2

A

v3
F

)
+

3g4
A

2v3
F

+
1
N

(
−8λ2

YM

c3
A

− 48λAλYM

c3
A

)
, (B.26)

d
d`
λφA = λφA

(
3z − 2 −

g2
A + 2g2

φ

v3
F

)
+

3g2
Ag

2
φ

v3
F

+
1
N

(
32λ2

φA

cAcφ
(
cA + cφ

) − 24λAλφA

c3
A

− 12λφλφA

c3
φ

− 2λYMλφA

c3
A

)
. (B.27)

The RG equations for the boson order parameter field masses are

d
d`

m2
φ = 2m2

φ

(
z −

g2
φ

v3
F

)
+

1
N

(
−

12λφm2
φ

c3
φ

− 8m2
AλφA

c3
A

+
8Λ2 (

3cAλφ + 2cφλφA
)

cAcφ

)
,

(B.28)

d
d`

m2
A = m2

A

(
2z − g2

A

v3
F

)
+

1
N

(
−

2m2
φλφA

c3
φ

− 2m2
A (12λA + λYM)

c3
A

+
4Λ2 (

cAλφA + cφ (12λA + λYM)
)

cAcφ

)
. (B.29)

The lattice allowed cubic term is also irrelevant in this treatment

d
d`

b2 = b2

[
5z − 2 − 3g2

A

v3
F

− 12 1
N (4λA + λYM)

c3
A

]
+ O(b4), (B.30)
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with the dimensionless coupling b2 → 8πΛ
N b2. At the CDW3 fixed point this reduces

to
d
d`

b2 = 2b2−57 + 32
√

2
N

+ O(b4). (B.31)

Therefore, to this order b is an irrelevant perturbation and the fixed point value is

b∗ = 0. In N →∞, b is marginal to all loop orders [24].
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