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Abstract— This paper details the use of objective sizing
techniques for a novel design of a residential solid oxide fuel cell
(SOFC) combined cooling, heat and electrical power (CCHP)
for UK market. The aim of the research is to determine the
objective sizing of parameters taking into account the aspects of
efficiency, economic and environmental impacts by the entropyweighting approach and grey relationship analysis. The
combination of these two approaches helps designers objectively
maximise efficiency of energy utilization and minimise emissions
and costs of the system that is examined. It is envisaged that
electrical demand is met by the fuel cell stacks while the most
efficient use is made of heat that is generated by the fuel cell
through waste heat recovery to satisfy domestic hot water,
freezers, space heating and space cooling. The demand of
conventional electric freezers is innovatively designed to be
fulfilled by heat exchangers and absorption chillers to further
increase the efficiency of heat use. Due to the particularity of
the energy demand of the domestic sector in the UK, the
proposed system structure, sizing values and control strategies supported by MATLAB R2018a/Simulink - are suited to the
residential energy demands of a single household.
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first three methods require large sample sizes which are not
usually available at the initial stage of system design [22]. In
comparison, grey system theory enables the analysis of data
from a smaller sample size [23]. Therefore, the entropyweighting approach and grey relationship analysis are
innovatively combined to determine the objective weighting
coefficients.
II. SYSTEM AND METHODOLOGY
A. Proposed CCHP system
The combined cooling, heating and power (CCHP) system
is designed for a single non-pensioner household in the UK.
The household electricity survey from Intertek [24] provides
the data of annual domestic electrical product usage. The time
series starts from December 2011 and ends in December 2012.
Since the sizing values of the system cannot be changed
during operation, the design process is conducted according to
the largest energy demands of the hottest and coldest days.
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I. INTRODUCTION
New dwellings in the domestic sector in the UK require
improved conservation measures to attain higher efficiencies
in heat use [1]. The adoption of a combined cooling, heating
and power (CCHP) system is an advanced method of making
the most efficient use of natural resources while reducing
demand on the national electricity grid. Considering the lower
heat-to-power ratio in the future that would result from a
higher degree of thermal insulation in homes [2], domestic
fuel cells become a very attractive option [3].
Studies pertaining to fuel cell-based CCHP systems are
still at the initial stage. The objectives are mainly related to the
performance of the system, namely efficiency, economic and
environmental impacts. Single-objective analysis, parametric
analysis [4], [5] & [6] and comparative analysis [7], [8], [9] &
[10] are the most commonly used approaches. For multiobjective analysis, evolutionary algorithms are applied to
solve sizing [11], [12] & [13] and operation strategy [14], [15]
& [16] problems. However, the subjective weight of different
objectives applied in these works is largely influenced by the
knowledge and experience of designers. In order to help
designers objectively maximize efficiency and minimize
emissions and costs, objective weighting is introduced in this
paper. There are several common methods: the variation
coefficient method [17], the principle component analysis [18],
the vector similarity measures [19], the grey relationship
analysis [20] and the entropy weighting approach [21]. The
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Fig. 1. The illustration of the proposed SOFC-CCHP system.

In Fig. 1, the system is composed of a solid oxide fuel cell
(SOFC) system with internal reforming units and heat
recovery systems. All the electrical demand is satisfied by the
SOFC power output. Heating and cooling demands are
fulfilled by a heat pump, heat exchangers and absorption
chillers using the waste heat of the SOFC exhaust.
It is assumed that natural gas is the fuel. Part of the exhaust
stream leaving the anode (node 5) is recirculated to the internal
reforming unit. The remainder - combined with cathodic
exhausts - passes through a catalytic after-burner (node 9).
The temperature of the exhaust gas is thereby further increased
to pre-heat the air inlet (node 3) through heat exchanger 1.
Heat exchanger 2 and absorption chiller 1 are used
together to fulfil freezer demand using the waste heat of the
exhaust. Domestic hot water demand is provided by heat

exchanger 3. A weather controller is set to adjust the usage of
gases for space heating and cooling. Considering the
characteristics of the relatively high heat to power ratio of the
coldest day in the UK, waste heat is unable to satisfy all the
heating demand when the SOFC is satisfying the electrical
load. Therefore, a heat pump, powered by the fuel cell, is
applied when necessary.
B. Assumptions
• Fuel cell modelling is 0-dimension [25], where the
current density in the axial direction of the tubular
SOFC is an average value taken as being constant. The
fuel cell works in steady state and start-up is not
considered.
• It is assumed that polarizations are mainly caused by
electrochemical activation barriers, ohmic resistance
and concentration polarizations [26].
• Fuel inlet is natural gas and all the methane is
consumed in the water gas shift reaction. Fuel
utilization factor is assumed to be 0.85 and the air
utilization factor is 0.15 [27].
• The effectiveness of the counter-flow heat exchangers
[28] and the coefficient of performance (COP) of the
absorption chillers [29] are assumed to be between 0.4
and 0.8. The COP of the heat pump is taken as 3 [30].
• It is assumed that there is no heat loss to the
surroundings. Thermophysical properties of fluids are
assumed constant throughout the heat exchangers.
C. Constraints and objective functions
The target sizing values in this project are obtained
following two steps: first, determine the number of cells in the
fuel cell and then detail the parameters of the heat recovery
system.
Step 1: The number of cells cannot be changed during
operation. Therefore, the appropriate number of cells is
evaluated when all the electrical power, heating and cooling
demands are provided by the SOFC electrical system power
output. There are four main criteria during the evaluation:
integrated efficiency (𝑓"## ), SOFC cost rate (𝑓$%&' ), fuel cost
rate (𝑓#(") ) and emission cost rate (𝑓"*+&&+%, ).
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The total cost rate of capital investment, operating and
maintenance for the SOFC, 𝑓$%&' is evaluated by the formula
below [31]:
U
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where 𝐴$")) and 𝑁$")) are the area and number of
cells. 𝑇$")) is the operating temperature of fuel cell, 𝑖] is the
interest rate (12%), ∅ denotes the maintenance factor,
assumed as 1.1, 𝑁 is the number of system operating hours
(8600/year) and 𝑛 is the system life (20 years) [31].

(3)

where 𝑐#(") is the specific cost per 1 kg fuel.
The pollution damage from the CO2 emissions is evaluated
by multiplying mass flow rate and unit damage cost [32]:
𝑓"*+&&+%, = 𝑐`ab × 𝑚̇#(") × 𝑟`a H

(4)

where 𝑐`ab is the specific damage cost per 1 kg 𝐶𝑂H , and
𝑟`a H is the mass flow rate of 𝐶𝑂H per 1 kg fuel inlet.
Step 2: The significant parameters of the heat recovery
system include the effectiveness of the heat exchangers and
the coefficient of performance (COP) of the absorption
chillers, the values of which have already been stated. As the
heating and cooling demands are satisfied by waste heat and
the heat pump, the integrated efficiency 𝑓``=f,"## is as
follows:
𝑓``=f,"## =
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where 𝑊̇")" , 𝑄̇no , 𝑄̇#]" and 𝑄̇&n/p$ are the electrical
power, hot water, freezer and space heating demands in
winter and summer, respectively.
The formulas for fuel and emission cost rates remain the
same. During the evaluation of the parameters of the heat
recovery system, the cost rate of the auxiliary components is
taken into consideration. It is the sum of the cost rates of the
heat exchangers (𝐶nq ) [33] and absorption chillers (𝐶Br$ )
[34].
𝑓B(q = ∑, 𝐶nq,, + ∑* 𝐶nq,*

(6)

where 𝑛 and 𝑚 are the numbers of heat exchangers and
absorption chillers.
𝐶nq = 8500 + 409 × 𝐴O.yz
nq
ḣ
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where 𝑊̇&'B$C is the power output of the SOFC stack,
𝑚̇#(") is the mass flow rate of fuel inlet and LHV is lower
heating value of the fuel (the amount of heat released from
combustion), and 𝑡 denotes the time slots of the chosen day.

𝑓$%&' =

For the SOFC, the fuel cost rate is another unavoidable
parameter that needs to be considered [32]:
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where 𝐴nq is the area of heat transfer and 𝑄̇Br$ is the total
energy provided by the absorption chillers. 𝐴nq can be
evaluated by two common approaches: logarithmic mean
temperature difference (LMTD) and effectiveness-number of
transfer units (ɛ-NTU) methods. LMTD is used when the inlet
and outlet temperatures of both hot and cold fluids are known,
which is not suitable for this project [35]. By comparison, in
this case, ɛ-NTU [36] can help determine the actual heat
transfer rate when only the inlet conditions of the hot and cold
fluids are given.
D. Weighting coefficients in system design
Grey relationship analysis is an important part of the grey
system theory. It quantitatively describes the interaction
between factors, of which those with the same trend of
development have a closer interconnection [20]. The entropyweighting approach is introduced to reduce the subjectivity
during the evaluation and calculation processes [21]. The

lower the information entropy of a factor, the greater the
amount of information that this factor provides, and thus a
higher effect on the whole system. The combination of these
two methods can help designers objectively determine the
importance and weighting coefficients of various factors.

valid expression when Y+† = 0. Therefore, Equation (13) is
added as a constraint condition.
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With the information entropy values of four columns, the
weighting coefficients 𝑤† can be calculated as follows [38]:
NM=ˆ

𝑤† = $M∑4
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(14)

The grey incidence coefficient 𝛾+† is regarded as the
proximity between the reference sequence 𝑅† and the
standardised matrix 𝑌+† [20].

Fig. 2. The flow chart of evaluation of the appropriate number of cells.

From Fig. 2, the evaluation of the appropriate number of
cells is done by maximising the integrated efficiency and
minimising cost rates, using the entropy-weighting approach
and grey relationship analysis. This process is influenced by
the four key factors discussed previously, namely by 𝑥+N to 𝑥+} .
A matrix ( 𝑟 × 𝑐 ) can be obtained with 𝑐 eigenvalues, as
below.
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where 𝜃 is the resolution coefficient to decrease the
$
]
distortion caused by the large value of 𝑚𝑖𝑛+•N
𝑚𝑖𝑛†•N
Š𝑌+† −
𝑅† ‹. The degree of distortion is normally taken as 0.5 [20]. The
reference sequence 𝑅† is the maximum of each column which
can be defined as:
𝑅† = max [𝑌N†, 𝑌H†, ⋯ , 𝑌+†, ⋯ , 𝑌$† ]

(16)

where 𝑥+† in Equation (9) denotes the value of the 𝑖'n row
representing the number of cells, the 𝑗'n column representing
key factors with 𝑐 being 4. The evaluation of parameters of the
heat recovery system follows a similar process with different
key factors, as discussed previously.

With the weighting coefficients and the grey incidence
coefficient calculated above, the overall priority 𝑝+ of the
different number of cells can be expressed as follows [20].

Since different evaluation criteria have various dimensions
and units, the matrix should be standardised [20]. For
integrated efficiency, the higher value is sought whilst the
lower value is better for cost rates. Therefore, for integrated
efficiency, it should be standardised as follows:

The highest priority value 𝑝+ indicates the best overall
performance of the system considering all the factors.

R
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In comparison, the standardisation of the three cost rates is
expressed as follows:
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where 𝑚𝑎𝑥+•N
Š𝑥+† ‹ and 𝑚𝑖𝑛+•N
(𝑥+† ) are the maximum
and minimum values from all the rows of the 𝑗'n column.

In this case, conditional entropy 𝐻† is the degree of
dispersion of the 𝑗'n factor conditioned on the discrete random
number of cells [37].
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where 𝐻† is the conditional entropy of the 𝑗'n column.
However, in this case, it is found that Equation (12) is not a

𝑝+ = ∑$†•N 𝑤† × 𝛾+†

(17)

The modeling and coding process follow the illustration
of the proposed system in Fig. 1. A tubular SOFC
electrochemical and thermal model is simulated using
MATLAB R2018a/Simulink. The model is validated with
experimental data [39] & [40] and verified based on energy
and mass balance. The simulation code for the evaluation of
appropriate sizing values is implemented in MATLAB
R2018a based on the SOFC model.
III. RESULTS AND DISCUSSIONS
This section presents the results of the system design
according to the theories discussed in Section II. Validation of
the fuel cell unit is conducted before sizing values are obtained.
The sizing values include the number of cells and the
parameters of the heat recovery system.
A. Validation of fuel cell unit
In order to validate the fuel cell modelling, the simulated
results are compared with two sets of experimental data [39]
& [40] under the same operating temperature of 1273K. The
voltage of a single cell is determined mainly by the structure
of the cell, material properties, molar fractions of fuel and
water, current density and operating temperatures. Due to the
limited available experimental data, data points within the

range from 150 mA/cm2 to 500 mA/cm2 [39] & [40] are
compared in Fig. 3.

Fig. 4. The illustration priority and the number of cells.
Fig. 3. Comparison of simulated results with experimental data [39] & [40].

In Fig. 3, with 89% 𝐻H and 11% 𝐻H 𝑂 (85% fuel
utilization) as fuel and air as oxidant at 1273K [39] & [40],
the relative error agreement is 6 to 8%. The choice of zerodimension modelling is thought to be one of the reasons for
this error. In practical experiments, the current density in the
axial direction of the tubular SOFC varies influencing the
over-voltage values. Another reason is that certain
parameters, including the running times of the experiments,
are not available. Overall, the model results shown in Fig. 3
corresponds well with the experimental data.
TABLE I.

TEMPERATURE AND MOLAR COMPOSITION OF GAES AT
NODE NO.1 TO NO.9 IN FIG. 1.

The priority value in Fig. 4 is an index concerning the
performance of the whole system based on multi-objective
functions. It first increases then decreases when the number of
cells grows. When all the factors are considered, while
matching the required power demand, the priority is the
highest and the integrated efficiency is 60.25% when the
number of cells is 71. This evaluation lays the foundation for
the SOFC-CCHP system.
C. Sizing of heat exchangers and absorption chillers
According to the demand on the coldest and hottest days
in the UK [24], the sizing values of heat exchangers and
absorption chillers are obtained based on the multi-objective
functions.

Molar composition (%)

No.

𝑻𝒄𝒆𝒍𝒍
(K)

𝑯𝟐

𝑪𝑯𝟒

𝑪𝑶

𝑪𝑶𝟐

𝑯𝟐 𝑶

𝑵𝟐

𝑶𝟐

1

298

/

98

/

/

/

2

/

2

1014

4.88

22.92

2.97

22.40

45.86

0.97

/

3

298

/

/

/

/

/

79

21

4
5

1066
1273

/
6.36

/
/

/
3.87

/
29.25

/
59.86

79
0.66

21
/

6

1273

6.36

/

3.87

29.25

59.86

0.66

/

7

1273

6.36

/

3.87

29.25

59.86

0.66

/

8

1273

/

/

/

/

/

81.57

18.43

9

1349

/

/

/

1.68

3.36

77.67

17.29

In TABLE I, based on energy and mass balances, the
molar compositions at nodes 1 to 9 in Fig. 1 can be obtained
along with the corresponding temperatures. These are used for
the evaluation of the sizing of the fuel cell unit and the heat
recovery system.
B. Sizing of fuel cell unit
The least number of cells is determined by the maximum
power demand divided by the maximum power output of a
single cell. Since the 24-hour power demand is a given value
[24], more cells result in less power output from a single cell.
A larger number of cells means higher efficiency and lower
fuel and emission cost rates, but higher SOFC cost rates.
Objective weights for the four main objectives – integrated
efficiency, SOFC cost rate, fuel cost rate and emission cost
rate – are 0.1210, 0.6576, 0.1108 and 0.1108. The weighting
coefficient of the SOFC cost rate is quite high mainly because
it has the strongest dependence on the number of cells.

Fig. 5. Priorities of different combination of effectiveness of heat exchangers
1 to 4 and COP of absorption chiller 1 in winter.

From Fig. 5, different combinations of effectiveness of
heat exchangers and COP of absorption chillers are evaluated
by multi-objective functions. The priority values vary due to
the changing effectiveness of the heat exchangers for the
freezer, hot water, air pre-heating for the SOFC and the space
heating. The weighting coefficients for system efficiency, fuel
and emission cost rates and auxiliary component cost rate are
0.2497, 0.2503, 0.2503 and 0.2497. According to the demand
on the coldest day, the effectiveness of heat exchangers 1 to 4
are 0.6004, 0.4000, 0.6000 and 0.7000, respectively. The COP
of absorption chiller 1 is 0.8000. The weighting coefficients
of objective functions are similar, representing equal
significance during the evaluation. The system efficiency
reaches 90.96%. Following the similar procedure as before,
the effectiveness of heat exchanger 5 and the COP of
absorption chiller 2 are 0.4 and 0.6. The system efficiency is
87.71%. The maximum system efficiency of the SOFC CCHP
system on the coldest day is slightly higher than the value

attained on the hottest day. This is partly because of the
characteristics of the mild climate in the UK. The high heating
demand on the coldest day results in a higher heat to power
demand ratio than on the hottest day. This leads to a higher
efficiency in the use of waste heat and a further increase in
overall system efficiency.
In this paper, this novel system is taken as a reference
system for future work. The system efficiency of the SOFC
CCHP system is higher than that of an SOFC electricity-only
system. This is mainly caused by exploitation of waste heat.
In the electricity-only situation, any heating and cooling needs
to be supplied from other sources. There will inevitably be
losses associated with these sources. As natural gas has been
selected, carbon dioxide is generated during the operation. In
the future work, bio natural gas will be used to improve the
sustainability and the environmental friendliness of the
proposed solution. Besides, the methods applied in this paper
could be further modified for various sizes of households
under different occupancy profiles considering the aging
demographic in the UK. When the system is extended to
multiple households, the physical sizes should also considered,
for instance as applied to heat exchangers [36].
IV. CONCLUSIONS
This paper aims to explain the design of a single household
fuel cell-based CCHP system using energy consumption data
in the UK. Objective weights of various objectives are
evaluated as it is a multi-objective design problem to avoid
inaccurate human judgement. The number of cells,
effectiveness of heat exchangers, COP of absorption chillers
are determined to objectively maximise system efficiency and
to minimise costs and emissions. The number of cells is set as
71. The effectiveness of 5 heat exchangers are 0.6004, 0.4000,
0.6000, 0.7000 and 0.4000. The COP of absorption chillers 1
and 2 are 0.8000 and 0.6000. The maximum efficiency of the
SOFC electrical-only system is 60.25%. The system
efficiency attains 90.96% and 87.71% on the coldest and
hottest days, respectively.
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