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Abstract

The last twenty years of force field development have shown that even well parame-

trized classical models need to at least approximate the dielectric response of molecular

systems—based e.g. on atomic polarizabilities—in order to correctly render their struc-

tural and dynamic properties. Yet, despite great advances most approaches tend to be

based on ad hoc assumptions and often insufficiently capture the dielectric response

of the system to external perturbations, such as e.g. charge carriers in semiconducting

materials. A possible remedy was recently introduced with the atom-condensed Kohn-

Sham density-functional theory approximated to second order (ACKS2), which is fully
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derived from first principles. Unfortunately, specifically its reliance on first-principles

derived parameters so far precluded the widespread adoption of ACKS2. Opening up

ACKS2 for general use, we here present a reformulation of the method in terms of

Gaussian basis functions, which allows us to determine many of the ACKS2 parame-

ters analytically. Two sets of parameters depending on exchange-correlation interac-

tions are still calculated numerically, but we show that they could be straightforwardly

parametrized owing to the smoothness of the new basis. Our approach exhibits three

crucial benefits for future applications in force fields, i) efficiency, ii) accuracy, and

iii) transferability. We numerically validate our Gaussian augmented ACKS2 model

for a set of small hydrocarbons which shows a very good agreement with density-

functional theory reference calculations. To further demonstrate the method’s accu-

racy and transferability for realistic systems, we calculate polarization responses and

energies of anthracene and tetracene, two major building blocks in organic semicon-

ductors.

1 Introduction

Owing to their novel materials properties and the vast chemical space they span, molecular

organic semiconductors (OS) have attracted the interest of both science and industry for

many years.1–5 In parallel to applied OS research, there is a vibrant community aiming

to understand the intrinsic electronic properties and fundamental mechanisms involved in

charge and energy transfer processes.6–12 To the theorist, an extensive toolbox of methods is

available to model these compounds, often involving molecular dynamics simulations as an

integral component to sample structures and responses to external perturbations.9,10,13

Since the dawn of molecular simulation, classical force fields (FF) have been used to

efficiently sample the phase space of systems too large to be tackled from first principles.14–17

Unfortunately, a correct dielectric response to external perturbation poses a severe challenge

for an effective FF treatment where electrostatic interactions are usually treated in terms of
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fixed charges or multipoles.18–22 A number of approaches have been put forward to tackle this

problem, typically based on an atom-centered expansion of classical multipoles.23–25 An early

and successful example of this is the electronegativity equalization method (EEM),26,27 where

a population of fluctuating atomic charges is applied to model the formation of molecular

bonds as well as rearrangements of the charge density upon perturbation (cf. Fig. 1).

Figure 1: Illustration of the perturbation of the charge density of a tetracene molecule
(black scaffold) upon responding to a point charge of +1 e on the right (black sphere).
Charge accumulation vs. ground state is depicted in blue (1× 10−3 e a0

−3) and reduction
(−1× 10−3 e a0

−3) in red density difference iso-surfaces. Calculated with FHI-aims and the
settings described in the text.

This simple representation is further refined in subsequently developed methods, like the

chemical potential equalization method28,29 or charge equilibration model.30 Later models,

like the atom-atom charge transfer theory31 and the split-charge equilibration scheme,32

tackle the more fundamental shortcomings of EEM, related to the overestimation of long

range charge transfer in dielectrics and vacuum. Yet, so far only ad hoc corrections em-

ploying inter-atomic charge constraints based on topological considerations alleviated these

limitations, while still manacled to daunting calibration procedures due to the nature of the

split-charge variable.33,34

Aspiring to eliminate the fundamental issues of previous methods, the atom-condensed

Kohn-Sham density-functional theory approximated to second order (ACKS2)34,35 has been

developed on the foundations of EEM. It is a linear electronic response theory derived entirely

from first principles and hence provides an exact ab initio many-body polarization correc-

tion to semi-empirical interaction potentials. Thereby, ACKS2 rests on an atom-projected

description of changes to charge density and Kohn-Sham potential due to external perturba-

tions such as applied electric fields or other molecules. It thus also bears some conceptional
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similarity to distributed polarizability approaches pioneered e.g. by Misquitta and Stone,36,37

where perturbative responses of molecules are separated into individual atomic contributions.

However, in terms of practical applications, the ACKS2 method has so far only been used

to complement more traditional EEM models,38 due to the fact that full ACKS2 response

calculations still rely on system dependent parameters derived from density functional the-

ory (DFT) calculations. For the same reasons, ACKS2 has to date never been applied to

the calculation of electronic polarization energies, to the best of our knowledge.

In this work we thus present an efficient implementation of the ACKS2 method allowing,

for the first time, the calculation of electronic polarization energies on top of the polar-

ization of the electronic density. In order to demonstrate its efficacy we then apply our

implementation to calculate the charge responses and energies of small and medium sized

organic molecules to several external fields. Following the original parametrization recipe,35

we choose a Gaussian representation of the electronic linear response, i.e. changes to the

electron density and Kohn-Sham potential, in which many of the ACKS2 energy terms can

be calculated analytically. This results in a formally exact description (up to second order)

of the electronic polarization response without the need for time consuming self-consistent

iteration of the electron density for each external perturbation, as e.g. in DFT. Yet, a few

parameters depending on exchange and correlation terms of the KS DFT remain. These

need to be parametrized from a single, unperturbed DFT calculation, which is facilitated

by the smoothness of our new basis. We demonstrate the accuracy of our approach by

calculating the electronic polarization energy of a set of hydrocarbons and π-conjugated

organic molecules forming crystalline semiconductors. Compared to DFT reference calcula-

tions, we obtain very small errors, while the computational cost currently exceeds standard

force field calculations—i.e. with fixed bonding topologies and either fixed- or variable charge

representations—due to the few parameters still dependent on electronic structure calcula-

tions. These will be discussed in detail below. Hence, this work lays the foundation for MD

simulations with rigorous and efficient ACKS2-based polarization responses.
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1.1 Theoretical Background of the ACKS2 Method

In order to determine the electronic response to an external perturbation regular Kohn-

Sham (KS) DFT offers two distinct approaches. First, one could perform self-consistent

DFT calculations of both perturbed and un-perturbed system state, to take their difference to

compute the changes to the electronic density, the KS potential, and thus the energy. Second,

for small perturbations, one could employ a linear response scheme, using density functional

perturbation theory (DFPT),39,40 to determine these properties in a single calculation.

The ACKS2 method follows the latter approach in that it is a simplified linear electronic

response model derived from regular KS DFT. At its heart lies a linear equation, derived using

the Euler-Lagrange formalism, which describes the response of the electron density to the

external perturbation vext, while a second coupled linear equation accounts for changes of the

auxiliary Kohn-Sham potential induced by the density changes. A third and final equation

adds a constraint on the total number of electrons for any density rearrangements. Note that

this formulation only considers induced changes of the electron density and KS potential and

hence cannot describe properties of the unperturbed system state. In order to provide an

efficient electronic response scheme for force field simulations, two crucial approximations are

introduced to the full KS linear response formalism to arrive at the ACKS2 method. First,

in analogy to linear DFPT,39 the functional derivatives of the energy terms are linearized.

This is a particularly important simplification of the KS DFT equations, as— in the limit of

a linear electronic response—it removes the necessity of a self-consistent iteration scheme.

Second, representations of density and potential response are chosen to be atom-condensed,

i.e. all basis sets and parameters are mapped to atom centers similar to previous equilibration

schemes like EEM, in order to provide transferability between different geometries.

Considering polarization models, the significant innovation of the ACKS2 approach over

e.g. the EEM method is now to not only account for the density change ∆ρ but also to

explicitly treat all induced changes to the auxiliary KS potential ∆vKS, both in mean-field

as well as xc components. To make them computationally accessible, both are expanded in
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a series of atom-centered basis functions,

∆ρ(r) =
N∑
i

ci gi(r), (1a)

∆vKS(r) =
M∑
j

dj hj(r), (1b)

where gi (hj) denote the N (M) basis functions while ci (dj) denote the expansion coefficients

of the induced density (potential) changes ∆ρ (∆vKS).

Given the atom-centered basis set expansions of eqs. 1, the parametrized form of the

KS-DFT linear response, i.e. the working equations of ACKS2, read:


[ηi,i]N,N [Oi,j]N,M [Di]N

[Oj,i]M,N [χj,j]M,M 0

[Di]N 0 0




[ci]N

[dj]M

∆µ̃

 =


[Vi]N

0

0

 . (2)

The matrix on the left hand side of eq. (2) contains the entire KS electronic structure-

dependent linear response information of the system and assigns parameters to each basis

function. Contrary to earlier schemes,28–30 the ACKS2 hardness sub-matrix ηN,N accounts

on a DFT level for both, changes of the Coulomb energy—which was accounted for in earlier

schemes—and of the exchange-correlation energies—which was either estimated empirically

or neglected. Both energy contributions described by ηN,N are thereby due to rearrangements

of the electron density. The non-interacting linear response kernel parameters χM,M , on the

other hand, incorporate changes of the KS energy induced by changes of the KS potential.

ηkl =

∫ ∫
gk(r)

(
1

|r− r′|
+

∂2Exc[ρ]

∂ρ(r)∂ρ(r′)

)
gl(r

′)drdr′, (3a)

χkl =

∫ ∫
hk(r)

(
∂2EKS[vKS]

∂vKS(r)∂vKS(r′)

)
hl(r

′)drdr′. (3b)

Energy changes due to concurrent perturbations of the charge density and KS potential are
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mediated through the basis set overlap integrals, Okl =
∫
gk(r)hl(r)dr. Additionally, the

last row of the left hand side working matrix (eq. (2)) contains the integrals of the density

basis functions, Dk =
∫
gk(r)dr, to establish a constraint on the total charge of the system.

In analogy to KS DFT the change in chemical potential ∆µ̃ thereby mediates the charge

constraint in the form of a Lagrange multiplier. The right hand side of eq. (2), introduces

external perturbations acting on the charge density, Vk =
∫
gk(r)∆vext(r)dr. Finally, the

ACKS2 based linear electronic response, represented by the expansion coefficients ci and dj,

is calculated by solving eq. (2).

In our reformulation of the ACKS2 approach, a subset of parameters (O, D, and the

Coulomb integral in η) can be calculated analytically, i.e. independently of the KS-DFT based

electronic structure, while the remainders (χ and the exchange and correlation contributions

to η) are evaluated exactly from a reference KS-DFT calculation. Hence, the ACKS2 method

theoretically reproduces the exact electronic response of the underlying DFT reference up to

second order in the limit of linear response and a complete basis set representation. While

the limitation to second order effects at first may seem overly restrictive, recent work e.g. by

Giese and York,41,42 has shown that carefully conducted second order expansions can yield

polarization responses and even geometries nearly indistinguishable from the full KS DFT

case. In section 2 we show ACKS2 to go even one step further, yielding excellent agreement

not only for the induced molecular dipole moments but also the polarization energy.

1.1.1 ACKS2 Energy Expression

To be useful in actual applications, ACKS2 needs to be able to reproduce a molecule’s

electronic response to an external potential. Here we focus on the induced dipole moment

and the energetic cost of that response known as the polarization energy. While the induced

dipole moment follows straightforwardly from the density response (eq. (1a)), the expression
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for the energy response expanded in a Taylor-series up to second order is more involved:35

∆E = Ev0+∆vext [ρ0 + ∆ρ, vKS,0 + ∆vKS]− Ev0 [ρ0, vKS,0]

≈
∫
ρ0(r)vext(r)dr +

1

2

N,N ′∑
i,i′

ciηi,i′ci′ +
1

2

M,M ′∑
j,j′

djχj,j′dj′ −
N,M∑
i,j

ciOi,jdj +
N∑
i

ciVi,

(4a)

∆Epol.
ACKS2 =

1

2

N,N ′∑
i,i′

ciηi,i′ci′ +
1

2

M,M ′∑
j,j′

djχj,j′dj′ −
N,M∑
i,j

ciOi,jdj +
N∑
i

ciVi, (4b)

∆Eintra
ACKS2 =

1

2

N,N ′∑
i,i′

ciηi,i′ci′ +
1

2

M,M ′∑
j,j′

djχj,j′dj′ −
N,M∑
i,j

ciOi,jdj, (4c)

∆Einter
ACKS2 =

N∑
i

ciVi. (4d)

The first term on the right hand side of eq. (4a) represents the interaction energy of the

unperturbed reference charge density (of both electrons and nuclei), ρ0, with the external

perturbation vext. The ACKS2 methodology does not account for this term, as it operates

in the space of the induced charge density ∆ρ and KS-potential ∆vKS only. Yet, it could

easily and efficiently be calculated e.g. from a static force field’s multipole representation

of the unperturbed charge density.19,21,22 The energy of induced charge and KS potential

polarization ∆Epol.
ACKS2 provide a static response correction accounting for induction effects.

The term ∆Eintra
ACKS2 describes the intramolecular polarization energy necessary to rearrange

the charge density of the reference state, while ∆Einter
ACKS2 is the interaction energy of the in-

duced charge density with the external perturbation. Evaluation of the ACKS2 polarization

energy, and hence the computational expense to be expected in its application are deter-

mined by the vector-matrix-vector multiplications and a single vector-vector scalar product,

c.f. eq. (4b). The induced dipole moment is then a simple scalar product of the density

expansion coefficients and density basis function times dipole operator integrals, which can
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simply be tabulated for a specific Gaussian type density basis set,

∆µACKS2 =
∑
i

ci

∫
gi(r)rdr. (5)

1.2 A Gaussian Basis for ACKS2

Inspired by the point charges in classical FFs, earlier studies expanded the response of the

electron density and KS potential in Fukui and Hirshfeld functions.34,35 While these imple-

mentations show a relatively high accuracy, they produce a large computational overhead

as the basis functions directly depend on the electronic structure of the molecule. In con-

trast, our implementation employs a set of primitive Cartesian Gaussian functions (GF)

centered at the atomic positions. Next to a greatly increased computational efficiency, this

choice of representation has the added advantages of a tunable accuracy and—even more

importantly—basis set transferability. Thereby, the accuracy of the ACKS2 representation

can straightforwardly be increased by adding higher angular momentum basis functions. As

will be made clear below, the (atom-centered) basis functions are solely element specific,

which ensures the transferability among different molecular structures.

By derivation, the ACKS2 parameters χM,M , ηM,M , DN , OM,N and VN in eq. (2) are

KS-DFT expectation values and need to be obtained from DFT calculations. In contrast to

earlier incarnations of ACKS2, our Gaussian representation allows many of the parameters

to be calculated analytically. Nevertheless, the evaluation of χM,M as well as exchange-

correlation contributions to ηM,M currently necessitates a KS-DFT electronic structure,

whereas coulomb-interaction portions of ηM,M as well as all terms in DN , OM,N , and VN

are obtained directly by recursive GF integration schemes. Hence, computational cost of

the analytically-derived parameters depends on the specific software implementation of the

recursion relations introduced in the supporting information. The software thereby used is

an in-house proof-of-concept Python package to be made available upon reasonable request.

With a view on the use of ACKS2 for force fields, preliminary studies indicate that the
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ACKS2 parameters that require explicit DFT calculation depend very smoothly on nuclear

geometry, see below. Hence, DFT calculations on only one or a few molecular geometries

should be sufficient for parametrization of an ACKS2-based force field and drastically im-

prove the computational cost, which in this case would then solely be due to the necessary

inversion of the ACKS2 response matrices.

2 Results

2.1 Fitting the New Basis Set

We illustrate our Gaussian basis set implementation of ACKS2 for carbon and hydrogen. We

choose a minimal basis of Cartesian s- and p-type Gaussian functions for both the electron

density and Kohn-Sham potential responses to balance good accuracy with high compu-

tational efficiency of the ACKS2 method as well as a manageable procedure for basis set

optimization. The s-type functions describe atom-atom charge transfer, whereas the p-type

functions account for intra-atomic dipole polarization. The latter are particularly important

for planar or linear molecular fragments often encountered, e.g. in organic semiconductor

materials and biochemical systems. Together, both types of functions can be expected to

cover the basic electronic response to external electrostatic perturbations, both in-plane and

perpendicular to the molecular plane.

An atomic species-dependent sp-GF basis set is generated independently for both carbon

and hydrogen by optimizing the width σ of the Gaussian functions:

fa,b,c(r, σ,RA) = (x−XA)a(y − YA)b(z − ZA)c × exp
(
− 1

2σ2
(r−RA)2

)
, (6)

where RA = {XA, YA, ZA} denotes the position of atom A and r = {x, y, z} is the position

vector. To find the optimal σ for each elementary s- and p-function, atomic dimers of

H and C are subjected individually to a set of external electrostatic perturbations. The
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basis sets are then optimized for the ACKS2 response to match the full KS-DFT reference

by variation of the width (or radial decay) σ of the Gaussian functions separately for the

representations of electron density and KS-potential response, respectively. The space of

possible perturbations is sampled by a radial and angular distribution of point charges (PC)

of +1e placed between 1.3 times and up to 3.5 times the van-der-Waals radii, complemented

by homogeneous electric field (HEF) potentials of similar strengths, yielding a total of 110

and 130 different perturbation potentials for carbon and hydrogen, respectively. A more

detailed description of our fitting set can be found in the supporting information.

The quality of the basis set is measured by the relative mean error (RME) of the ACKS2

response from the respective full KS-DFT reference,

RME =
1

Ndata

Ndata∑
i

∣∣xACKS2
i − xDFT

i

xDFT
i

∣∣, (7)

where x represents the property of interest, e.g. induced dipole moment, intramolecular

rearrangement energy ∆Eintra
ACKS2 (eq. (4c)) and intermolecular interaction energy ∆Einter

ACKS2

(eq. (4d)), respectively. Screening of the four-dimensional parameter space (σs and σp for the

electron density and KS potential response functions, respectively) exposed a great number

of local minima. Therefore, we applied a global particle swarm optimizer43 to select the

global minimum among several local minima with similar fitness scores, as shown in table 1.

For the present basis set representation, the radial decay matches the order of magnitude of

atomic valence shells. This is not surprising, given that the basis needs to represent changes

to the density and the potential, respectively. However, this being an atom-condensed ap-

proximation of these quantities, likely dependent on the angular momentum order of the

expansion, one should not expect a physical relevance of our σ values beyond the correct

order of magnitude.

The results obtained with the best basis set are shown in fig. 2. For H2 the relative mean

error of induced dipole moments and polarization energy are 4.4% and 4.1% with respect
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to KS-DFT, while they are 2.5% and 6.5% for C2, respectively. The optimized sp-GF basis

shows excellent agreement with DFT references for induced dipole moments (A, D) and for

the polarization energy (B, E) over three orders of magnitude, from 0.01 to 1.0 eV. In general,

ACKS2 predicts the response to HEF perturbations (blue) better than to PC perturbations

(red), in particular for the carbon dimer. A more detailed view of the differences in panels

(C, F) show deviations for HEF perturbations to follow a rather narrow distribution up to

5% , while distributions for PC perturbations exhibit a flat-bottomed tail up to 20% error.

An exemplary illustration of the density changes due to external perturbations is shown

in fig. 3. Here, a one-dimensional cut of the electronic response to a single HEF or PC along

the bond of a hydrogen dimer reveals the simplicity of the presented approach based on a

sp-GF minimal basis set. Evidently, the fine details of the density response around the nuclei

are not and cannot be resolved as the basis functions are not flexible enough. Nevertheless,

the very good agreement of integrated properties—i.e. energies and induced dipoles—with

respect to DFT demonstrate that only a sufficiently accurate averaged ACKS2 description of

charge and potential response is required. Our effective basis thus follows the spirit of other

effective methods such as e.g. pseudo-potentials, which are designed to reproduce orbital

energies without reproducing the nodal features of the orbitals close to the nucleus. A more

in-depth study of the convergence of the density response near the cores with basis set size

is beyond the scope of this work.

Table 1: Optimized radial parameters, i.e. Gaussian widths σ [a0] for an sp-type ACKS2
basis set for hydrogen and carbon. Note the different parameters for the density and the
potential basis, respecively.

σ
(s)
∆ρ σ

(p)
∆ρ σ

(s)
∆vKS

σ
(p)
∆vKS

H 0.608 0.863 0.490 1.000

C 0.446 1.174 0.637 5.652

12



10 1 100

DFT [eÅ]

10 1

100

AC
KS

2 [
eÅ

]

A H2

10 1 100

DFT [eÅ]

C2D

HEF
PC

10 2 10 1 100

Epol.
DFT  [eV]

10 2

10 1

100
Epo

l.
AC

KS
2 [

eV
]

B

10 2 10 1 100

Epol.
DFT  [eV]

E

0 20
rel. Error [%]

0.0

0.2

co
un

t [
%

] C

0 20
rel. Error [%]

F

Figure 2: Performance of the fitted sp-GF minimal basis for the hydrogen (A, B, C) and
carbon (D, E, F) training sets. Panel (A) and (D) illustrate the induced dipole moment, panel
(B) and (E) depict the polarization energy of the ACKS2 method, c.f. eq. (4a), compared to
the DFT reference. The relative error is summarized in panels (C) and (F).

2.2 Small Molecule Test-Set

To test the transferability of the Gaussian basis from H2 and C2 to more general CH-

containing molecules, we curated a set of ten small hydrocarbons. They were selected for

their different chemical features, i.e. four linear alkanes, three compounds containing single,

double and triple bonds C2H{2,4,6} and four unsaturated cyclic hydrocarbons, cf. table 2.

Similar to the training procedure, each molecule is separately exposed to a set of external

perturbations sampling the three-dimensional space by a radial and angular distribution of

HEF and PC potentials, yielding 30 data points per molecule and 300 data points in total

for the test set.
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Figure 3: One-dimensional cuts of the induced electron density rearrangements in H2. The
external perturbations are aligned with the molecular bond axis. The response to a PC with
center-of-mass distance of 2.0�A and single elemental charge and a homogeneous electric field
matching the PC potential, are illustrated.

10 1 100 101

Epol.
DFT  [eV]

10 1

100

101

Epo
l.

AC
KS

2 [
eV

]

B
HEF
PC

10 1 100 101

DFT [eÅ]

10 1

100

101

AC
KS

2 [
eÅ

]

A

0 10 20 30
0.0
0.1 linearC

0 10 20 30
0.0

0.1

co
un

t [
%

]

C2H{2, 4, 6}D

0 10 20 30
rel. Error [%]

0.0

0.1 cyclicE

Figure 4: Performance of the ACKS2 method in predicting induced dipole moment (A) and
polarization energy (B). The left column depicts the absolute induced dipole moment and
polarization energy, while the right column displays the relative errors of the linear one-dim.
alkanes (C), C2H{2,4,6} compounds (D) and cyclic molecules subsets (E).

Again, our ACKS2 implementation is capable to predict the DFT reference electronic

response properties over an order of magnitude with good accuracy, as illustrated in fig. 4.

The induced dipole moment, panel (A), and polarization energy, panel (B), match the DFT

reference data very well. The slight underestimation of both induced dipole and polarization
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energy can be attributed to a slight overestimation of the intramolecular polarization energy

contributions compared to the intermolecular interactions. We believe this to be a side effect

of the minimal basis set representation. To our knowledge, this is for the first time that the

polarization energy ∆Epol
ACKS2 has been determined solely within the ACKS2 framework. Our

results further show that atom-centered basis sets, though optimized for simple diatomics, are

transferable to other molecules with different chemical features (bonds between heteroatoms,

double, triple bond etc). Unfortunately, simple stacking of more basis functions does not

necessarily improve the basis set representation, as the ACKS2 method does not follow

the variational principle of KS-DFT due to the perturbative treatment of the KS response

matrix χ.34,35 Again, deviations are generally smaller for HEF perturbations (blue) compared

to external PCs (red) as illustrated by the distributions of relative errors given fig. 4 C, D,

and E.

The subset of linear alkanes exhibits narrow distributions in the 7-10% range, with a slight

tail towards larger errors for PC perturbations. Hence, accuracy slightly falls off compared

to the training set data averaging at relative errors of about 4.5%. Nevertheless, such small

errors provide evidence for the transferability of the simple GF basis set representation. A

more detailed view, given in table 2, indicates small increases in error with increasing chain

size except ethane, as it resembles the geometric structure of the carbon training dimer C2,

the closest in the present test set.

The C2H{2,4,6} compounds mimic the effect of different chemical bonding types and local

electronic structure. They display broader distributions of errors, fig. 4, with shallow tails

up to the 30% range, but are again centered at the 10% mark. A closer look reveals an

increased error with larger bond orders, table 2, due to enhanced non-linear response effects

in π-conjugated organic systems, in particular triple bonded carbon.

Finally, the set of cyclic unsaturated hydrocarbons, relevant for application in OS material

modeling, reproduces the DFT reference reasonably well. The distribution of errors, cf.

fig. 4, is again centered around the 10% mark. It closely resembles the deviations of the
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linear alkane chains, but exhibits a slightly enhanced tail up to the 30% mark, similar to the

C2H{2,4,6} molecules.

2.3 Acenes

Figure 5: Numerical validation for anthracene and tetracene polarization properties. In panel
(A), the induced dipole moment of the ACKS2 method is depicted vs. the DFT reference,
panel (B) shows the polarization energy defined in eq. (4a). RME gives the relative mean
error for each property.
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While the test-set comprised of simple molecules already demonstrates the efficacy of

ACKS2 for different chemical species and bonding situations, we now turn to two larger

molecules that form semiconducting organic crystals, anthracene and tetracene.44 The elec-

tronic response properties of these acenes are not trivial and exhibit complex effects as

illustrated in fig. 1. For a number of HEF and PC perturbations the ACKS2 response again

matches the DFT reference properties very well as depicted in fig. 5. Hence, the present

work provides a crucial first step towards an ACKS2-based electronic response function for

large, application-relevant molecules.
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2.4 Polarizability and Raman intensity

We now turn to the calculation of polarizability and the nuclear derivative of polarizability

determining the intensity of Raman spectra, where other effective polarization models often

struggle to yield accurate results.45,46

To this end, we compute the isotropic polarizability—i.e. the average of the diagonal of

the polarizability tensor, αiso = 1
3
(αxx + αyy + αzz) —and its dependence on the molecular

structure, by perturbing the equilibrium geometry of benzene along the symmetric ring-

breathing mode.

Here, the polarizability is calculated numerically by a finite electric field differentiation

of the total molecular dipole moment with a field strength of 0.01 V�A−1
. Figure 6 depicts

the isotropic polarizability for small displacements along the benzene breathing mode. Sep-

arately, fig. 6 highlights changes of αiso with respect to the polarizability in the vibrational

equilibrium geometry—∆αiso = αiso
vib − αiso

equ. The overall trend of total isotropic molecular

polarizabilities of benzene, relative mean error of 12.6%, matches the accuracy of previ-

ously introduced molecular test sets of small organic molecules and acenes, see figs. 4 and 5.

However, a closer look reveals a slight, albeit systematic growth of the relative error of the

isotropic molecular polarizabilities outside the equilibrium configuration. This is most likely

a consequence of the small basis set, fitted to yield a reasonable approximation of the overall

electronic response properties, but potentially too insensitive to capture quantitatively the

small changes in polarization response with nuclear displacements.

Finally, we point out that each of the distorted geometries still necessitated a full DFT

calculation to extract the ACKS2 response matrices as discussed in detail in the next section.

2.5 Non-analytic parameters of ACKS2

Envisioning the ACKS2 method as polarization correction to force fields, the current bot-

tleneck remains the evaluation of the Kohn-Sham DFT electronic structure dependent pa-
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Figure 6: Illustration of the isotropic polarizability and its relative changes for a benzene
symmetric breathing mode.

rameters, namely the exchange-correlation contributions to the hardness—ηxc
i,j—as well as

the non-interacting linear response kernel—χi,j. Our preliminary studies of those ACKS2

parameters indicate a smooth dependency on nuclear geometry due to our smooth Gaussian

representation of the response properties. We exemplify this on benzene, c.f. fig. 7a, where

we symmetrically alter the equilibrium distance of all C-H bonds (∆dbond
C,H = 1.09�A) over

a range of −0.075�A to 0.075�A by equally displacing the C atoms inwards (outwards) and

the H atoms outwards (inwards) for a bond expansion (contraction). This then also changes

the C-C distances in the ring, where the respective change of the pairwise distance between

two adjacent C atoms (ortho), two second-nearest C atoms (meta) and two third-nearest

C atoms (para) on the ring follows simple geomtric dependencies on the C-H bond length

(∆dortho
C,C =1.40�A, ∆dmeta

C,C = 2.42�A, ∆dpara
C,C = 2.79�A). As illustrated in fig. 7b, the corre-

sponding response matrix elements of the exchange-correlation contributions as well as the

non-interacting linear response kernel vary smoothly near the equilibrium interatomic posi-

tions. For the sake of simplicity we here focus on a pure s-basis for both density and potential

and plot carbon-carbon as well as bonded carbon-hydrogen interaction elements. Hydrogen-

hydrogen terms as well as hydrogen-carbon terms of atoms, that are not directly bonded,
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are not shown as we find them negligibly small. The exchange-correlation contributions

decay to zero rapidly with distance, as shown in the top graph of fig. 7b. Hence, same-

center contributions, depicted in fig. 7c, and off-center matrix elements of atoms partaking

in a bond are the most important features of ηxc
i,j and could be tabulated or interpolated

smoothly from a DFT reference. The elements of the non-interacting linear response kernel

χi,j generally decay less rapidly and involve considerable non-local contributions due to the

long-range effects of the Kohn-Sham potential changes. Nevertheless, they vary smoothly

with interatomic distances, which should allow for interpolation from a few DFT reference

calculations. Considering basis functions of higher angular momentum like p-type GF, the

ACKS2 model requires descriptors that are able to account for an angular resolution of the

latter response parameters as well compared to a simple interatomic distance metric of an

s-type representation, as illustrated here. One candidate for such a metric could e.g. be a

simple GF basis overlap, which naturally encodes distances and relative orientations of basis

functions. We found that both ηxc
i,j and χi,j still vary smoothly with the their respective

overlap matrix elements (see supporting information). Hence, for a given molecule or set

of molecules, a careful parametrization of an ACKS2 model from a set of a few DFT ref-

erence calculations should straightforwardly be possible, and greatly facilitate the method’s

application e.g. as a polarization correction in molecular dynamics calculations.

2.6 Comparison to Other Polarizeable Methods

Setting our results into perspective, even state of the art approximations to DFT such

as the semi-empirical modified neglect of differential overlap (MNDO) tend to struggle to

accurately reproduce polarization responses with relative mean errors (RME) for the induced

dipoles of 25%,47 compared to hybrid-level DFT. Similar failures can be found for straight-

forward applications of density functional tight binding DFTB2.42 Both of these can be

substantially improved though, by coupling the respective ground state electronic structures
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to carefully parametrized implementations of the chemical potential equalization (CPE). A

single post-processing step of CPE, for example, yields an RME of 12% and 3% for induced

dipole moments and molecular polarizabilties, respectively for MNDO,47 and 5% for molec-

ular polarizabilities in DFTB2.42 Using a careful parametrization, similar results—RME of

12% for induced dipole moments and RME of 4% for molecular isotropic polarizabilities—

can also be found for a direct application of CPE29 to a set of small organic molecules,

very similar to the set used here (cf. section 2.2). On the more empirical side, the popular

Drude oscillator model for example has been shown to yield polarizabilities down to 3%,48 if

carefully parametrized, albeit at the potential cost of a loss of transferability. Furthermore,

relying on fixed charges, such an approach could potentially struggle with polarizations along

conjugated bonds such as in the acenes discussed in section 2.3 above.

Additionally, we point out that these studies did not include any correction to the polar-

ization energy terms, which are conceptionally more involved (see section 1.1.1) to accurately

estimate and typically would require even more sophisticated parameter training. In ACKS2,

on the other hand, density response and polarization energy can be computed from the same

set of matrices. Finally, given that ACKS2 is parametrized directly from DFT, currently

without any empirical fitting, the accuracy of the model rests on a single parameter, the

quality of the basis set.

3 Discussion

In conclusion, we presented a highly efficient Gaussian basis set implementation of the

ACKS2 method, that is transferable from diatomics to general molecules and that shows

good accuracy when compared to reference DFT calculations. A new minimal GF basis set

has been developed for carbon and hydrogen species and consequent numerical validation

illustrated the power of the ACKS2 method despite the rather simplistic training procedure.

Employing the new Gaussian basis set for ACKS2 responses, we found it to yield ad-

mirable accuracies compared to DFT reference calculations. The electronic response prop-
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erties of small molecules such as alkanes, unsaturated cyclic hydrocarbons, as well as single,

double, and triple bonded compounds demonstrated the accuracy of ACKS2 for a large num-

ber of bonding perturbation scenarios. As observables, we thereby calculated induced dipole

moments and presented the first evaluation of the polarization energy within the ACKS2

formalism, which matches DFT energies to a remarkable degree. Although one-dimensional

cuts through the ACKS2 density and potential response show great differences to their

DFT counterparts, the observables nevertheless agree well due to error cancellations when

integrated over all space. Finally, we demonstrated the good performance of ACKS2 on

application-relevant molecules in organic semiconductor research, tetracene and anthracene.

Future work will focus on the improvement of basis sets, extension to further compounds,

and in particular the development of strategies for electronic structure free incorporation of

ACKS2 polarization energy in force field based molecular dynamics simulation. Due to the

Gaussian basis introduced in this work, most of the ACKS2 parameters can be determined

analytically, yet a few of them still rely on a full electronic structure evaluation. In the current

state, the exchange-correlation contributions to the hardness η and the KS non-interacting

linear response kernel χ are evaluated from the KS orbitals of the reference system. For an

application of the ACKS2 model in a force field this computational bottleneck needs to be

removed. We envision the elimination of the computationally expensive DFT parametriza-

tion process in a second step by geometric scaling or interpolation schemes, facilitated by the

smoothness of the ACKS2 parameters with respect to nuclear displacements, to finally ob-

tain linear electronic responses that only depend on nuclear geometry, and hence are ideally

suited for force fields. In such a framework, conventional inter-atomic potentials would ac-

count for the intramolecular interactions, permanent electrostatic interactions and dispersion

corrections, while the ACKS2 model provides static electronic polarization.
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4 Methods

Throughout this study, DFT reference calculations as well as the KS electronic structure

dependent ACKS2 parameter evaluations were carried out with the FHI-aims full potential

all electron DFT simulation package.49 We applied the PBE generalized gradient approxi-

mated density functional. Integrations were conducted using “tight” integration grids with

wave functions expanded in a tier 3 numeric atomic orbital basis, to ensure the numerical

convergence of our results.

While PBE certainly is not the perfect functional for both, the C2 dimer used in the basis

set parametrization, as well as the polarizability of acenes, the exact choice of functional

functional is not relevant. As shown earlier,49 even an imperfect description of the electronic

structure of elementary dimers seems sufficient to yield accurate and transferable basis sets

(cf. section 2.1). On the other hand, in our accuracy tests, ACKS2 shows itself able to very

well reproduce the DFT reference. We have no reason to suspect this not to hold for other,

modern DFT functionals such as the promising SCAN meta-GGA,50 that can be expected

to yield better polarization properties of molecules.
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Table 2: Linear response prediction for HEF and PC perturbations of hydrocarbon test set.
The relative errors of the ACKS2 polarization energy (RME(∆Epol.) [%]) and induced dipole
moment (RME(∆µ) [%]) compared to the DFT reference are listed.

alkanes RME(∆Epol.) RME(∆µ)

methane 10.2 10.5
ethane 8.5 9.0

propane 10.9 9.9
n-butane 11.9 10.7

C2H{2,4,6}

ethane 8.5 9.0
ethylene 13.1 11.3
acetylene 21.4 21.8

cyclic

cyclopropanene 12.4 11.2
cyclobutadiene 16.4 14.6
cyclopentadiene 14.8 13.2

benzene 18.4 16.4
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Figure 7: Illustration of pairwise distance dependency of KS-DFT derived ACKS2 parame-
ters for atomic s-type Gaussian basis functions for breathing mode of benzene.

(a) Benzene molecular motion and relative position of carbon atoms. The pairwise interatomic
distances are applied as metric for the ACKS2 parameters following the color coding scheme.

(b) Off-center KS-DFT parameters for symmetric breathing mode.
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(c) Same-center KS-DFT parameters for symmetric breathing mode.
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