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JOURNAL OF APPLIED PHYSICS VOLUME 30, NUMBER 7 JULY, 1959 

Paraxial Formulation of the Equations of Electrostatic Space-Charge Flow* 

P. T. KIRSTEIN 

Microwave Laboratory, W. W. Hansen Laboratories of Physics, Stanford University, Stanford, California 
(Received October 17, 1958) 

The equations of electrostatic irrotational space-charge flow are set up in a paraxial manner. Given an 
arbitr~ry trajectory, and the potential distribution along that trajectory, the variation of such quantities as 
potent~al. and ?eam convergence in the vicinity of the specified trajectory are investigated. A detailed 
analys1s 1S carned .out for beams from a space-charge-limited cathode in the form of a cone. The agreement 
between the parax1al theory and the exact theory for particular beams is investigated. Numerical results are 
presented for beams from a conical cathode which predict beams with a microperveance of about 15 and a 
very large area converg~nce. It is felt that by use of this method much higher perveances and beam con
vergences could be obtamed for hollow and sheet beams than have heretofore been possible. 

1. INTRODUCTION 

T HE subject of curvilinear, electrostatic electron 
beams in which space-charge effects cannot be 

neglected has been treated by many authors. Some 
authors, e.g., Meltzer1 and Walker,2 have tried to find a 
few particular solutions to the equations for electrostatic 
space-charge flow. Kirstein3,4 has found a more general, 
but still rather restricted, set of solutions for curvilinear 
flow in which the partial differential equations for the 
flow separated. While he was able to obtain many ex
amples of such flow from space-charge-limited cathodes, 
which are, of course, of particular interest in electron 
gun design, the number of such solutions which were 
discovered was small. A recent paper by Meltzer" sug
gested forming a coordinate system in which all the 
electrons flow along the level lines of two of the coordi
nates. In practice, such a coordinate system is very 
difficult to construct, and this procedure has not, to the 
author's knowledge, been followed except in some very 
simple instances. 

simpler coordinate system to construct, and Sturrock 
has obtained many useful examples of electrostatic and 
even electromagnetic flow using this system. In this 
paper we combine Meltzer's suggestion with Sturrock's 
formalism and develop the paraxial equations of irro
tational electrostatic space-charge flow, for axially sym
metric hollow beams and sheet beams. We then consider 
in detail the problem of axially symmetric hollow beams 
from a conical cathode, and develop the formalism for 
such beams. We state the equations for one higher order 
approximation, but do little to solve them. We merely 
use them to develop an expression for the current 
density variation at the cathode in terms of the initial 
curvature of the beam. We carry out some computations 
on beams from a conical cathode, and show graphically 
how the convergence is dependent on the potential 
distribution of the specified trajectory. We show that 
the theory predicts beams of high convergence with high 
perveance. As an illustration, we obtain a beam of 
microperveance 15 with a paraxially infinite conver
gence. It is to be realized, of course, that the higher 
order terms may greatly affect this convergence; since 
we are dealing with hollow beams, the convergence is 
both in thickness and in radius; hence, a convergence of 
about 10 or 20 with a microperveance of about 15 seems 
indicated by the theory for the particular solution 
presented. However, it would be possible to obtain much 
higher perveances from this theory by particular choice 
of potential distribution. We feel, however, that such 
effort would be wasted until it has been found by ex
periment that it is possible to construct the more modest 
beams predicted in this paper. 

One disadvantage of a paraxial formulation is that it 
is very difficult to predict how far the results are valid 
since higher order terms are neglected. To obtain som~ 

* T~e research repor!ed in this document has been sponsored by idea of the limitations of the paraxial formulation, we 
the A1r Force Cambndge Rese~rch Center, Air Research and h f 

The authors so far cited have sought exact solutions 
to the equations of irrotationallaminar flow. Sturrock,6 
on the other hand, has developed a very promising 
paraxial formulation to deal with the problems of beams 
in which the space-charge has small effect, or is con
stant over the beam cross section. He defines a certain 
trajectory, S, and specifies the potential distribution on 
S; he then forms a coordinate system based on S. He as
sumes that the electrons near this trajectory will flow 
more or less parallel to it, and makes paraxial predic
tions of such quantities as the convergence of the beam. 
This is rather similar to Meltzer's method of defining the 
coordinate system such that all electrons flow along level 
lines of two of the coordinates. However, it is a much 

Development Command, U. S. A1r Force. compare t e per ormance figures of a specific beam from 
~ B. Meltzer, Proc. Phys. Soc. (London) 62, 813 (1949). a conical cathode which has been obtained elsewhere by 
• G. B. W.alke~, Pr~. Phys. Soc. (London) 63, 1017 (1950). an exact solution.3,4 We show that for conical beams 

P. T. K1rstem, M1crowave Laboratory Stanford University 
Stanford, ~alifornia, Tech. Rept., M.L. R;pt. No. 440 (1958). ' found by the exact solution the variation of current 

• P. T. Kmtein and G. S. Kino, J. Appl. Phys. 27, 1758 (1958). density at the cathode agrees with that obtained in this 
5 B. Meltzer, J. Electronics 2, 118 (1956). 
6 P. A. Sturrock, Electron Optics (Cambridge University Press paper. We show that there is a very good agreement 

New York, 1955). ' between such quantities as convergence and potential at 
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AXIS 

FIG. 1. Diagram of the coordinate system for the 
paraxial formulation. 

the beam edge for results obtained by the paraxial and 
by the exact methods. This seems to indicate that the 
paraxial formulation developed in this paper should 
serve as a very useful basis for design of hollow electro
static or sheet electrostatic beams with arbitrary tra
jectories and arbitrary potential distribution on that 
trajectory. 

In Sec. 2 the coordinate system used is described. The 
expressions for important vector quantities such as V 
are developed. In Sec. 3 the equations of irrotational 
electrostatic flow are described, and they are reformu
lated in paraxial terms in the coordinate system of Sec. 
2. In Sec. 4 it is shown how this formulation is particu
larly convenient for the study of axially symmetric 
hollow beams from a conical cathode, and the relevant 
formulas are derived. In Sec. 5 a comparison is given 
between the results of an exact theory and those of the 
paraxial theory for conical beams. In Sec. 6 some 
computations of the paraxial theory are presented, 
showing the characteristics of beams from a conical 
cathode. In Sec. 7 the problem of electrode design is 
considered, and the conclusions which may be drawn 
from this paper are summarized. 

2. COORDINATE SYSTEM OF THE 
PARAXIAL FLOW 

In the paraxial method one defines a certain tra
jectory, and the potential along it, and considers how 
electrons near that specified trajectory will behave. 
Since the a priori information is given defined in terms 
of and along one trajectory, it seems reasonable to define 
our coordinate system such that one coordinate axis, 
which we will call the u axis, lies along this trajectory, 
while the orthogonal curves, u= const, are the normals 
to the trajectory. An orthogonal planar coordinate 
system is usually determined by the element of arc 
length and, in general, has the form 

(2.1) 

The coordinate system for the paraxial method is 
sketched in Fig. 1. Here Q is an arbitrary point (u,~). 
The normal to S from Q cuts S at P. The curvature at 
P is K, while the center of curvature is O. The distance 
QP is v. The specified trajectory S is v= O. The point Q' 
is (u+du, v), and the arc length QQ' is du'. The pro
jection of Q' on S from 0 is P'. Then P' is the point 
(u+du,O) and the arc length PP' is duo From the 
diagram, it is seen that the arc length QQ', du', is given 
by 

du'= (1/K-V)Kdu= (1-KV)du. (2.2) 

Hence, the coordinate system is defined by the ex
pression 

(2.3) 

Equation (2.3) defines a planar coordinate system, 
which has previously been given elsewhere. 6 We will, in 
most of this work, be interested in axially symmetric 
coordinate systems. Such a coordinate system is defined 
by 

dl2= (1-KV)2du2+dv2+r2dIJ2, (2.4) 

where IJ is the angle between the plane through P and 
the axis to some fixed plane through the axis, and r is 
the distance of Q from that axis. In that case, if the 
distance of P from the axis is R, the distance of Q from 
the axis is given by 

r=R+v cosl/;, (2.S) 

where I/; is the angle between the trajectory line Sand 
the axis. For convenience, we now define h by 

h=1-KV. (2.6) 

The expressions for the products of importance in the 
evaluation of the vector operators are then 

rh=R+v(cosl/;-KR)-V2K cosI/;} 
r/h=R+v(cosl/;+KR)+... . (2.7) 

For the problem we are considering in this paper, 
namely, that of axially symmetric electrostatic beams 
with no rotation, all scalars will be independent of IJ, and 
all vectors will have no component in the IJ direction; 
also, each component of a vector will be independent of 
IJ. In this case, if A 1 and A 2 are the components in the u 
and v directions of the vector A, and if vectors A and 
scalars a are of the sort we require, then the expressions 
for the gradient, divergence, and Laplacian of scalars 
and vectors are given by 

Va= (~ aa, aa, 0) 
h au av 

V'2a=~[~(~ aa)+~(rh aa)] 
rh au h au av av 

(2.8) 
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3. EQUATIONS OF SPACE-CHARGE FLOW 
AND THEIR PARAXIAL FORMULATION 

Many authors, e.g., Kirstein,3,4 have stated the equa
tions for irrotational space-charge flow. These equations 
are particularly appropriate for the problem we have in 
mind in this paper, namely, that of the formation of 
electrostatic beams under space-charge-limited condi
tions from a cathode neglecting thermal velocities. 
Under these conditions it is shown that the velocity may 
be derived from a scalar quantity W, called the action 
function, by 

V=vW. (3.1) 

Moreover, the usual Poisson's, conservation of energy, 
and continuity equations yield the relations between the 
potential <1>, the current density j, and the charge 
density p 

-2'Y1¢= P, 

V2q>= -pie, 

V·j=O. 

(3.2) 

(3.3) 
(3.4) 

Equations (3.1), (3.2), (3.3), and (3.4) could be com
bined into one fourth-order nonlinear partial differential 
equation as has been done.3,4 This equation is very 
difficult to solve. In the earlier reference this equation 
was solved by the method of separation of variables, and 
certain solutions were found. However, we will now find 
solutions valid near some trajectory S and will formu
late these in a paraxial manner. In this way we will find 
an alternative method of reducing the partial differ
ential equations of Eqs. (3.1) through (3.4) to ordinary 
differential equations. For this purpose, we take an 
action function defined by 

W=wO(U)+VWl(U)+V2W2(U)+tfW3(U)"', (3.5) 

where the coordinate line v= 0 is defined as some known 
trajectory with known curvature K and known slope if;. 
Now, if the action function has the form of (3.5), it is 
seen that the velocity is given, from Eq. (2.1), by 

V=[I/h(wo+vWl+V2W2+V3W3+'" ), 
wI+2vw2+3v2W3+' ", OJ, (3.6) 

where a dot denotes differentiation with respect to the 
arc length u. From Eq. (3.6) we see that, if the curve 
V=O is to be a trajectory, the velocity must lie along 
this curve, and, therefore, WI must be zero. In this case, 
from Eqs. (3.1) and (3.6) we obtain the formula for the 
potential 

(3.7) 
where 

(3.8) 

and 
Wo=a. (3.9) 

In Eq. (3.8), wo has been replaced by a to emphasize 
that a is a velocity previously determined on S. We have 
replaced h by the expressions given in the previous 
section. In a similar way to the derivation of Eqs. (3.7) 
and (3.8), we may show by some lengthy algebra that it 
is possible to derive from Eq. (3.3) and the equations of 
Sec. 2, the definition of j, the expressions 

27Jp/e=po+vPI+"" (3.10) 

27Jj/e= (jlO+vjn+"', Vj21+V2jz2+"', 0), (3.11) 

where 

1 d cf>1 
po=- -(Rcbo) + 2cf>2+-(cosif;-KR) , 

R d~t R 
(3.12) 

(KR-cosif;) 1 d 
PI po+--[Rcbl+(KR+cosif;)cboJ 

R Rdu 

2 
+-[3«t>sR+2(cosif;-KR)cf>2-K COSif;cf>lJ (3.13) 

R 
and 

l1o=poO! } 
~l1=KaPo+Pla . 

J21= 2W2PO 

(3.14) 

The detailed expressions of Eqs. (3.12) and (3.13) do 
not concern us yet; they are merely given for later 
reference. Finally, the equation of continuity (3.4) 
yields, using (3.14) and the equations of Sec. 2, 

[
Iv ] ---(COSif;-KR)+·· . 
R R2 

X{~[(R+V cosf) (jlO+Vjl1+ ... )J. 
au 

+~[RVjzl+" . J l =0. (3.15) 
av f 

From considering terms of different order in v, we may 
now obtain differential equations for W2, W3, etc. These 
soon become very complicated, and for the purpose of 
this paper the terms of lowest order will suffice. These 
yield the equation 

d 
-(RjlO)+Rjzl=O. 
du 

(3.16) 

Equation (3.16), with its defining equations, is the 
paraxial equation. The higher order equations describe 
the departure from paraxial conditions. 

It will be shown that Eq. (3.16) is sufficient to give 
most of the information we require for beam design, as 
long as we fulfill the paraxial conditions. In particular, 
we shall show that it allows us to predict the conver
gence of the beam. It does not, however, allow us to 
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predict the variation of current density across the 
cathode. This current variation requires, from Eq. 
(3.14), a knowledge of Pl. While, from Eq. (3.13), it is 
seen that PI depends on CPa, which in turn involves the 
third derivative of W, Wa, we will show later that a 
knowledge of Wa is not essential for a first-order pre
diction of PI near the cathode. 

We now derive an expression for the convergence of 
the beam. From the definition of the coordinate system, 
we see that if the edge of the beam is defined by 

(3.17) 

then the ratio VI (O)/VI (u) gives the thickness conver
gence of the beam, while R(O)VI(O)/R(u)VI(U) gives the 
area convergence. Now from Eq. (3.6), keeping only the 
lowest terms in v, it is seen that 

dVI Vv 2W2 
-=-=-Vl, 
du Vu a 

(3.18) 

using the definition of a of Eq. (3.19). From Eqs. (3.14) 
and (3.16), we see that 

d 2W2 
-(Rp~)= --(Rp~). 
du a 

(3.19) 

Defining 
z2=Rp~, (3.20) 

we see, from Eqs. (3.18) and (3.19), that 

so that the thickness convergence is given directly by 
Z2(U)/Z2(0). Hence we automatically obtain the con
vergence by solving the paraxial equation (3.16). It is 
to be noted that Z2(U) can become infinite, leading to a 
prediction of infinite convergence. This prediction might 
not really be valid, since in this case it would be neces
sary to consider higher order terms in the definition of 
convergence. However, it would indicate infinite Po, if it 
occurred at finite a. 

It still remains to consider the boundary conditions 
under which the equations must be solved, and then 
their actual solution. The latter can only, of course, be 
performed numerically, however we shall obtain both 
qualitative and quantitative results for the performance 
to be expected from electrostatic beams. 

One incidental but important fact should be men
tioned. The formalism of this section may be applied 
directly to sheet beams by two simplifications of the 
equations. For sheet beams, all terms involving cos1/; 
should be omitted, and R must be independent of u. 

4. ELECTROSTATIC HOLLOW BEAMS 
FROM A CONICAL CATHODE 

The formalism of the previous section could, it seems, 
be applied to the formation of all electrostatic beams 
under the assumption that thermal velocities are negli
gible, and the beams come from a space-charge-limited 

cathode, provided the paraxial conditions apply. This 
last proviso inhibits the application of the formalism to 
solid beams. For solid beams, it would be necessary to 
make the axis the fundamental trajectory S, v=O; and, 
in this case, the formalism would be so much simpler 
that it is unnecessary to use this approach. Moreover, it 
is particularly simple to apply boundary conditions if 
the cathode is conical. In this section we shall develop 
the paraxial theory of space-charge-limited beams from 
a conical cathode for numerical choice of potential; in 
Sec. 6 we will give detailed results. 

If the cathode is conical, it may be chosen as the curve 
u=o. Now we know that near a plane diode, under 
space-charge-limited conditions, the potential varies as 
u f . Similarly it has been shown3 that near a conical 
cathode the potential still varies as ut, so that Wi must 
all vary as u i , and Wi as US/B. While the Wi may not have 
variation as low as us/a, there are certainly no terms of 
lower degree. Moreover, it is the u 5/a variation which 
will be shown to affect the current density at the 
cathode. 

We therefore assume that the cathode is the cone of 
angle 1/;0+11/2, so that the initial slope of the trajectory 
is 1/;0. Then 

If the axial distance is Z, 

:i = cos1/; \ 
R= siny; f' 

(4.1) 

(4.2) 

For convenience, we choose the initial value of R as 
unity, so that 

R= sin1/;o+Ku cos1/;o+' .. , (4.3) 

R= 1 +u sin1/;0+tKu2 cos1/;o+' . '. (4.4) 

Since we wish space-charge limited emission, we shall 
define a as 

(4.5) 

To a certain extent, a may be defined arbitrarily; how
ever, if we consider flow from a planar diode and from 
the inside of a cylinder, we see that al is determined by 
the slope of the cathode. This will be demonstrated in 
this section. For the moment we shall consider al and a2 
arbitrary. 

As mentioned earlier, it is necessary for Wi to have a 
uSia variation, since the cathode is conical; hence, we 
define 

W2=U5/3(bo+bIU+.' .)} 
Wa=U5

/ 3 (co+"') . 
(4.6) 

It would be possible, of course, to assume a US variation 
to Wi. This has been done elsewhere,S and it was found 
that s was 5/3. The constants bi, Ci are unknown. They 
may be found from the equations of the previous section. 
In this section we shall find bo and show that the varia-
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tion of the current density at the cathode may be 
determined without knowledge of co. 

From Eqs. (3.19), (4.S), and (4.6), 

d 
-(Rpoa) = -2bo(Rpoa)u+ .. ·; (4.7) 
du 

hence, 
Rpoa=do(1-bou2+ ... ). 

Substitution of Eq. (4.8) into (3.12) now yields 

d 
do(1-bou2+ ... )=a-(2Raa) 

du 

(4.8) 

+a[2R4>2+4>1(COS,p-KR)]. (4.9) 

The first term on the right of Eg. (4.9) is of order unity; 
the second is, from Eq. (3.8), of order u2• Substituting 
Eqs. (3.8), (4.4), (4.S), and (4.6) into Eq. (4.9) and 
comparing different orders in u yields, from the coeffi
cient of uo, 

do= (4/9); (4.10) 

from the coefficient of u, 

(4/9)al+ (16/9) sin,po+ (S6/9)al =O} . (4.11) 
al = - (4/ lS) sin,po ' 

and, from the coefficient of u2, 

bo= (67/200) sin2ifo- (9/4)a2 
- (1/2)K cos,po- (9/16)K2. (4.12) 

Equations (4.10) through (4.12), in combination with 
Eqs. (4.6) and (4.8), now allow us to solve the paraxial 
equation (3.16). Before we do this, however, let us con
sider the variation of current density across the cathode. 
To find this variation, we require PI, which is, from Eq. 
(3.13), a formidable expression. However, only the first 
two terms contribute near the cathode, and it may be 
seen, almost by inspection of Eq. (3.13) and use of Eqs. 
(3.8), (4.6), and (4.8), that 

PICY.""'-'(K-cos,p+2K+K+COS,p)poa= 4KPoa. (4.13) 

Using Eqs. (3.14), (4.8), and (4.10), we now see 

ju= (20/9)K. (4.14) 

We thus come to some interesting conclusions. From 
Eqs. (3.11), (4.10), and (4.14), we see that the current 
density at the cathode is given by 

jcathode= (4/9) (1+5Kv). (4.15) 

To obtain high perveance beams, we wish to use as 
much cathode as possible. Hence, the initial curvature 
of the beam should be small. 

A paraxial theory is rather unconvincing unless it is 
possible to give some idea of the range of its validity. 
This problem will be discussed in some detail in the next 
section. 

5. COMPARISON BETWEEN THE PARAXIAL THEORY 
AND AN EXACT THEORY FOR BEAMS 

FROM A CONICAL CATHODE 

In recent reports3 •4 the electrostatic equations of 
space-charge flow were solved under a particular set of 
conditions, in which the equations could be separated. 
Since these solutions were valid for infinite beams, they 
did not predict very startling characteristics from the 
point of view of convergence and perveance. However, 
since the computations on these beams have been 
performed in great detail, it is possible to compare the 
performance predicted by the paraxial method with that 
obtained by the exact analysis. 

For this purpose, we shall first show that the relation 
between the variation of current density at the cathode 
and initial curvature is in agreement with the exact 
theory. In the reference quoted it was shown that the 
relevant variation of the physical quantities of the beam 
near the cathode are 

W= (-27])tJrm(80-0)"/3 

Vr = (- 27]) iJmrm- 1 (80-8)s/3 

Vo= (- 27]) trm- l (0-00) I 

<I>=r2m- 2(8-80)! 

jo= (2S/9),sm-S 

(S.l) 

where rand 0 are the usual variables of spherical polar 
coordinates, and 00 is the cone semiangle of the cathode. 
From these equations it can simply be deduced that the 
initial slope and curvature are given by 

1/;= [0- (1I/2)J+ (Vr/ve) =0- (11'/2) - Jm(8-00) t. (S.2) 

K=(1/r)(-1+Jm) f 
Expanding the current density variation of Eq. (S.1) at 
the cathode, it is seen from the first term of the binomial 
expansion that this agrees with the paraxial result of 
Eq. (4.15), namely, that the current density variation at 
the cathode is proportional to the product of five times 
the curvature and the distance from the trajectory. 
Moreover, the exact expression for the current density 
variation gives us a good idea of how far the paraxial 
result of Eq. (4.1S) is valid, and what modification we 
should make. If we take a cathode width of 0, we may 
compare (1+0)"" with l+SKo to find out how much of 
the cathode we may use. 

We have shown that the variation in current density 
of the cathode derived in the previous section agrees 
with that of the exact solution of beams from the conical 
cathode derived in the previous report. We shall now, in 
addition, compare the results of the paraxial and the 
exact methods for one particular beam. In this beam, 
m= -1, and the cone semiangle of the cathode is 11'/2, 
that is, ,po = 0°; the curvature and potential variation 
could only be given numerically. The comparison be
tween the theories is shown in Fig. 2. Here the dotted 
lines represent the exact theory for different beam 
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FIG. 2. Comparison of cross sections of the trajectories and 
potentials obtained for a beam from an annular cathode between 
exact and paraxial theories. Solid lines denote results of exact 
theory, broken lines the result of the paraxial theory for different 
beam thicknesses. The figures denote the percentage error in the 
potentials obtained by the paraxial method. 

thicknesses, while the solid lines represent the results of 
paraxial theory. It is seen that for a thickness of about 
0.1 or 0.2 of the original radius, the agreement is very 
good. The numbers at the edge of the beams show the 
percentage error of the potential as predicted by the 
exact and the paraxial methods. Here again the agree
ment is seen to be satisfactory for small thicknesses. It 
should be remembered that in the exact theory the 
potential in this beam varies as r-4, the current density 
as r-8, and the curvature is -1.6. Hence for a variation 
of current density at the cathode of two, one would only 
desire a v of ±O.OS. In this range the paraxial theory 
gives excellent agreement. The curves are principally 
shown to give an example of the agreement which can be 
expected by the paraxial method. 

These examples illustrate several points. First, that it 
is not necessary for the curvature of the specified 
trajectory S and the potential variation on S to be given 
in any algebraic way, except, of course, near the cathode. 
It is sufficient for this variation to begiven numerically. 
Secondly, although this is an isolated instance, the re
sult encourages us to hope that the paraxial theory may 

give good agreement with an exact theory over the 
range of interest for hollow beams. It is unfortunately 
very difficult to compare the paraxial with an exact 
method for curvilinear beams, in general, since very few 
exact curvilinear solutions with convergent beams exist 
in the literature. 

6. CONICAL CATHODE 

In Sec. 4 we developed the formalism for paraxial 
beams, from a conical cathode, for an arbitrary tra
jectory and an arbitrary potential distribution with 
specific variation along the specified trajectory S. In the 
last section we compared a solution obtained by exact 
method with a paraxial one. In this section we shall, for 
the sake of simplicity, consider only a circular trajectory. 
It would have been equally simple to consider any other 
form of trajectory, but the principles of the preceding 
section are adequately illustrated by this example. We 
first give the characteristics of the different beams in 
which S, the specified trajectory, is circular with the 
potential variation on S of the previous section. We then 
show that, if we slightly modify the potential variation, 
we are able to predict beams with much more desirable 
characteristics. While the electrodes required to produce 
these beams will not be shown, some discussion on the 
design' will be presented. 

For convenience, we choose our trajectory such that 
S is a circle. Since we are interested in trying to converge 
electron beams, we shall choose a circle such that the 
final radius is one-fifth of its initial radius. This choice is 
arbitrary, and is made because with this particular 
radius we predict beams with favorable characteristics. 
Of course, it may well be possible to obtain better beams 
with different choices of trajectory, certainly with 
different choices of the radius of the circle. 

If we choose the velocity variation of the previous 
section, namely, 

a=ul(1+alu+a2u2), (6.1) 

then it was shown that al was completely specified by the 
initial cone angle (n/2)+1/;0 of the cathode. Since we 
have restricted our trajectory to be the arc of a circle, 
and have chosen the ratio of its final radius, when it is 
parallel to the axis, to its initial radius as one-fifth, we 
have completely specified the trajectory except for its 
initial slope, \fo. Therefore, we are left with only two 
variable parameters, \fo and a2. For the same a2 we have 
carried out computations for different cone angles; we 
shall present in graphical form only those results ob
tained where the cathode is an annular disk, for which 
\fo= 0, and those in which the cathode is the inside of the 
cylinder, \fo= -7r/2. The results for intermediate cone 
angles can be interpolated between the two curves 
shown. Since the beams with the most desirable charac
teristics are those from a disk cathode, we discuss these 
in greater detail. 

The choice of a of Eq. (6.1) yields constant current 
density on S at the cathode for different a2 and 1/;0. 
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FIG. 3. The cross sections of 
beams from an annular cathode 
for different potential varia
tions az. The figures denote the 
potentials at the corresponding 
points on the specified tra
jectory. 
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Hence, comparison of potentials along the same beam 
and along different beams serves as a comparison for the 
perveance of the guns predicted. Our ideal will be, of 
course, to obtain highly convergent beams with a 
minimum possible potential. The beams which result 
with initial trajectory angle lfc=O are shown in Fig. 3, 
while those of the inside of the cylinder, lfo= -7r/2, are 
shown in Fig. 4. These figures show two things. First, as 

the potential variation along S is reduced, that is, as a2 
is made more negative, the convergence of the beam is 
drastically altered. For an a2 as large as -0.6, the beam 
still converges to a point. However, for a larger a2, -0.8, 
the beam converges for some distance, but then as the 
potential starts decreasing again the beam diverges 
rapidly. 

Second, a comparison of Figs. 3 and 4 shows that 
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FIG. 4. Cross sections of beams from a cylindrical cathode for different potential variations a2. The figures denote the potentials at 
the corresponding points on the specified trajectories. 

the linear variation of potential with distance along the 
curve has so much effect that the potential at corre
sponding points of the curve of Fig. 4 is much higher 
than those in Fig. 3. In the previous section we showed 
that the current density variation across the cathode 
was proportional to five times the curvature of the beam 
at the cathode. Sections of the curves of Figs. 3 and 4 
show that the curvature for the beam from the cylin
drical cathode is only half that of the beam from the 
disk cathode, and, therefore, twice as much cathode 
could probably be used in the second case. However, the 
potential variation in Fig. 4 is even more than twice 
that of Fig. 3, and so disk cathodes seem more useful. 

By suitable adjustment of potential variation at later 
points in the beam, it might be possible to obtain good 
characteristics even with beams from cylindrical cath
odes. However, these first results indicate that beams 
from a disk cathode are the more promising, and there
fore, the rest of the section will be concerned with such 
beams. It is seen in Fig. 3 that, for a beam with a2= - 0.6, 
the potential passes through a maximum. In high-power 
tubes, this could be an undesirable characteristic since 
it is usually best to have the final beam at a potential at 
least as high as at any intermediate points, if possible. 
Hence, we have performed additional computations for 
different potential variation; at the point at which the 
beam passes through a maximum, the potential varia
tion is changed so as to be constant the rest of the way. 
This results in no discontinuity in the field, but would 
predict a discontinuity in the charge density. We feel, 
however, that such a discontinuity would have a very 
small effect on the beam. In this case, the characteristics 
of two beams are shown in Fig. 5. On putting in num
bers, we see that t~e:pm;veance of the beam of the left 

curve of Fig. 5, as measured by a potential on S, is, 
from Eqs. (3.8) and (3.11), about 15, while paraxially it 
converges to a point. 

It seems clear that by suitable choices of potential 
variation and trajectory it would be possible to obtain 
beams with much better characteristics than these. In 
practice how reliable the paraxial theory may be can 
only be determined by experiment. The purpose of the 
numerical examples of this section is twofold. First, they 
serve as an illustration of the theory of Sec. 4. Second, 
they predict beams with characteristics considerably 
superior to those obtained in the past. However, the 
actual choice of trajectory and potential variation 
adopted in practice would depend on the application for 
which the gun was designed. 

7. PROBLEM OF BEAM DESIGN 
AND CONCLUSIONS 

A discussion of beams considering space-charge effects 
is incomplete without some consideration of the elec
trodes required to produce the beam. Several methods 
of designing electrodes, given the potential distribution 
at the edge of the beam, have been suggested. One 
method, by Picquendar,7 involves integrating out the 
space charge with its images in the cathode. This method 
would be very laborious for the cathode geometries and 
potential distributions described in this section. An
other, by Radley, 8 involves solving Laplace's equation 
under Cauchy conditions. This may lead to electrodes of 
very awkward shapes. Others, which employ the use of 

7 J. E. Picquendar et ai., Les Bffets de la charge d'espace dans les 
canons Ii electrons (Companie Fran<;aise de Thomson Houston, 
Paris, 1956). 

8 D. E. Radley, J. Electronics and Control 4, 125 (1958). 
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FIG. 5. Cross sections of 
beams from an annular cathode 
for different potential varia
tions a2 as long as the potential 
increases, and then constant 
potential. The figures denote 
the potentials at the corre
sponding points on the specified 
trajectories. 
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an electrolytic tank with current probes, would be very 
satisfactory if such were available. The method sug
gested by Cook9 could be readily employed. In this 
Cook replaced the edge of the beam by a resistive sheet 
in an electrolytic tanle The resistivity of the sheet is so 
adjusted that the potential on the sheet would cause 
currents to flow proportional to this resistivity; in this 
way, the analog of the appropriate ratio of normal to 
transverse fields of the boundary would be obtained. 

A further method which uses the paraxial nature of 
the flow might be possible. Knowing the potential 
distribution at the edge of the beam, one could continue 
it back to the specified trajectory, assuming a Laplacian 
field between the specified trajectory and the beam edge. 
In this way it might be possible to consider the space 
charge as being concentrated on the specified trajectory 
for the purpose of integrating out its effects. This 
method has not been investigated very carefully. 

One of the very important conclusions which can be 
drawn from the work described in this paper is that it is 
possible to use the methods of deflection focusing to 
obtain guns with desirable characteristics. By forcing 

9 E. J. Cook, Proc. Inst. Radio 'Engrs. 46, 497 (1958). 

the beams to curve in the gun region, they can be made 
to converge even at low potential. However, it is better 
for the curvature to commence not right at the cathode 
but shortly beyond it. In such a way the current density 
at the cathode could be kept fairly constant. The choice 
of trajectory and potential distribution could be so 
tailored as to fit into slalom flow10 or many other focus
ing systems. 

A further factor which may affect performance of guns 
designed by paraxial methods is the aberrations due to 
imperfection in the design of the electrode systems. This 
problem could be well examined using the formalism 
developed by Sturrock.6 The best method of verifying 
the results predicted by the theory presented in this 
paper is to build a gun. It is our intention to carryon an 
experimental investigation in the near future. 
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