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Abstract

My research concerns mathematical modelling of biochemical processes

that involve cell populations. During my first project we formulated an ODE

and SDE model to capture the behaviour of an existing agent-based model

of tumour cell reprogramming, a novel theory about cancer being exposed to

factors found during embryonic development, and applied it to optimization

of possible treatment as well as dosage sensitivity analysis. For certain val-

ues of the parameter space a close match between the equation-based and

agent-based models is achieved. The need for division of labour between

the two approaches is explored. For our second project two SDEs of two mi-

crobial populations in a chemostat competing over a single substrate were

developed with two types of noise and nonlinear growth term. We focused

on the parameter values where coexistence is present deterministically. A

large parameter in the nondimensionalised equations is used to perform an

asymptotic analysis leading to a reduced 2D system of equations describing

the dynamics of the populations on and close to a line of steady states and

allows the formulation of a spatially 2D Fokker-Planck equation that acts as

a crosscheck to the simulations of the SDEs. Contrary to previous sugges-

tions, one particular population survives at large times. Our third and final

project concerns the extension of chemostat competition in a more compli-

cated equations setting were integrodifferential equations are used instead

of ODEs. We use these equations to explore a novel scenario where two
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populations compete for a single substrate but one of them has an adaptive

response mechanism based on changing its division pattern. Depending on

whether delay is included or not in the adaptive response we find two differ-

ent types of steady states, one oscillatory and one non-oscillatory, explore

their stability and finally investigate the source of oscillations in the biomass

for the former.



Impact Statement

Cell population dynamics have been extensively investigated due to their

profound importance to our lives, either directly when dealing with popu-

lations inside our own bodies, whether indigenous or foreign, or indirectly

when dealing with populations usually grown for a specific purpose rang-

ing from medical and ecological to commercial. Despite the multitude of

attempts, spanning over many decades, to elucidate the dynamics of said

populations there is still a great deal of behaviour that remains a mystery

and is far from being understood and hence ultimately controlled. Although

we do not claim to have answered yet the main open questions of the field

we sincerely believe we have made a clear contribution which can be di-

rectly translatable inside academia and act as a stepping stone for future

work with an impact outside of it. Our first project concerned a novel the-

ory of cancer cell therapy through molecules found during embryonic de-

velopment. Our translation of the system from a computer-based model

to an equation-based one in the therapeutic regime can serve as a tool of

optimizing in-vitro treatment and consequently in-vivo of said therapy and

be the stepping stone for further academic, industrial and public health re-

search. Furthermore, connecting these types of models has been a par-

ticularly interesting challenge of the academic community and every suc-

cessful case is one more step towards understanding that connection. The

second project concerning the classic case of competition in a chemostat
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challenged a long-standing theory of survival under the influence of ran-

dom disturbances. We showed that certain populations have advantages

in cases that seem virtually even. The foremost impact of our work may

well be in the academic discipline of cell population growth in bioreactors

in biochemical engineering since our mathematical and numerical analysis

has not been performed before in the full system of two populations com-

peting for a single substrate with a nonlinear growth term. The results can

also have industrial and ecological implications as the competition and co-

existence of populations in confined environment of limited resources is an

important part of sewage and industrial wastewater treatment through acti-

vated sludge processes where a huge number of cell populations interacts

with a complicated network of dynamics. Understanding of these systems

can be achieved through first the understanding of simpler ones. Finally, the

third and final project offers a completely novel approach to the coexistence

of populations question using a more complicated model and through the

introduction of an adaptive response which can be explicitly captured be-

cause of the use of said models. Even though this project is currently far

from any practical application it could potentially have similar implications

to the previous one, but its main significance lies in the above-mentioned

academic discipline. Our fondest hopes are that it will turn the attention of

the interested academic community towards the use of population balance

models for the modelling of competing cell in a bioreactor. This approach

offers a completely new arsenal, freedom and complexity that could allow

the elucidation of the complex dynamics observed.
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Chapter 1
Introduction, Motivation & Aims

Biological systems have inherently a great amount of complexity. This fact

has made exploration and deep understanding of biological processes a

difficult task which cannot be tackled fully through experimentation alone.

The large number of parameters affecting a process as in the case of gene

networks and the patterns that arise from their interplay, the cost of individ-

ual experiments as in freeze-drying of pharmaceutical products, the amount

of time for some processes such as cancer progression or evolution, rang-

ing from several hours to years, as well as ethical considerations including

trying different treatment strategies for cancer or infectious diseases, have

tended to make the use of experiments as a means of investigating biolog-

ical systems inadequate and sometimes prohibiting. There is considerable

advantage to explore biological processes by creating a virtual laboratory

where time is speeded up, cost is minimal, and any type of testing has no

effect on living organisms. This can be possible through the use of math-

ematical and computational modelling. Mathematics provides a means of

translating real life phenomena into equations which can be analysed giving

insight into the phenomena themselves as well as guiding experimentalist

and theorists. The first attempts at mathematical modelling in biology can

be found as early as 1879 when Fritz Müller used the first mathematical

argument in the context of evolutionary biology, with plenty of pioneers fol-
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lowing and slowly establishing the field of mathematical biology, such as

D’Arcy Thompson, Nicola Rashevsky, Vico Volterra and Alan Turing [1], to

name a few. It became clear that mathematics could provide a way of peek-

ing deeper into the biological mechanisms acting as a new ”microscope”.

Nowadays, with the continual improvement of analytical techniques, numer-

ical techniques, algorithms as well as with increasing computational power

mathematical modelling of biological systems has become an integral part

of research throughout the globe, with applications perhaps as numerous as

the systems and having the highest of importance in understanding new dy-

namics, guiding experiments in the right direction and in some cases being

used in the public policy and governmental scale [2, 3, 4].

One of the biology related fields where modelling has been applied for

decades and with success, and the one on which this thesis work is mainly

focused, is that of biochemical engineering. That field comprises a wide va-

riety of different areas that are related to a practical translation of life-science

discoveries to processes involving biological organisms (usually cells) and

molecules that are scaled up. Examples of the different problems tackled in-

clude but are not limited to freeze-drying of pharmaceutical products, micro-

bial fermentation and bioreactor processes, purification of small and large

molecules and cell culture and growth. Biochemical engineering is, as a

result of its close relation to biology and biological products, a complexity

science where a vast number of factors need to be taken into account for

the design and optimization of a process especially over a large scale. Con-

sequently the need for modelling is clear and has become an integral part

of the field. Mathematical and computational modelling have been the main

agents with many different techniques and tools being used such as ordinary

differential equations (ODEs), partial differential equations (PDEs), integrod-

ifferential equations called population balance equations (PBEs), stochastic

differential equations (SDEs) as well as several computational techniques

that are mainly used for the numerical solution, simulation and optimization
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of the equation systems.

Modelling in the biochemical engineering world is almost as vast as the

field so from now on I will focus my attention on one of the most popular

applications and the theme that comprised the majority of my thesis, popu-

lations of cells. Perhaps the most common type of model used here is ODEs

which are preferred due to their simplicity, clarity and the arsenal of methods

available for their analysis and exploration. They are particularly useful in

the context of cell culture in bioreactors where it is convenient to introduce

compartmental ODEs to capture different cell populations and the different

interactions that occur between them. When the dynamics or the ques-

tions we need answering are too complicated PDEs and PBEs add another

level of complexity by modelling heterogeneity. These models drop the well-

mixed system assumptions of ODEs and capture variations due to move-

ment, mass, age or molecule concentrations inside the cells. Particularly

PBEs have been used extensively in many engineering related tasks other

than cell populations (crystallization, cell aggregation, agglomeration, stem

cell differentiation) and have been further developed and investigated in

depth with the seminal work of engineers such as Doraiswami Ramkrishna,

James M. Eakman, Arnold Gerhard Fredrickson, H.M. Tsuchiya, Nikolaos

Mantzaris [5, 6, 7, 8] to name a few. Of course both the stochastic and de-

terministic versions of the above mentioned models are used depending on

the premise of the problem at hand. Despite the evident advantages these

models have with respect to realism they are more difficult to solve and an-

alyze than ODEs. Specifically, PBEs have been largely avoided due to the

computational intensity of the simulations especially as the dimensions in-

crease. Fortunately, as computers have become more powerful and better

numerical techniques have been developed the interest in this type of model

has been increased. The models mentioned above form the main body of

the tools that are used in my thesis along with their stochastic analogues.

Despite the fact that modelling cell populations has been conducted for
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decades the richness of the dynamics and behaviours observed, the new

information and data becoming available from the advance of biology, the

complexity of the systems under investigation and the new modelling tools

being developed have made this a field of never-ending possibilities and

questions that remained open where any novel approach can potentially

have huge implications for real life applications. Our motivations primarily

arise from the following premises. While a large number of systems have

been exhaustively explored in a deterministic context little is usually known

for the effects of noise and that mainly in simplified cases. Moreover, rarely

have these systems been explored from an integrated/complexity standpoint

where different scales are taken into consideration. Finally, there is no rea-

son why the modelling techniques developed cannot be used in conjunction

to tackle these highly complex systems and while that seems to be the case

not many attempts have been made and most that did occurred recently. It

is common practice to try and use a one-fits-all solution but our experiences

tell us otherwise. Different model types have unique advantages and disad-

vantages and instead of trying to replace one with the other maybe, in this

complexity era, we should refocus our efforts to combining them effectively.

The work of my thesis is broken down into three sections, each with its

own introduction due to the fact that there is a number of different biological

systems and tools used. Again what we tried to introduce in the system we

explored is some element of stochasticity, by the inclusion of stochastic ver-

sions of the equations, or multiscale dynamics through either agent-based

modelling or population balance models that capture both intracell and in-

tercell dynamics.

The first project, titled Derivation of continuum models from an

agent-based cancer model:optimization and sensitivity analysis, con-

cerns the interaction of cancer cells with developmental factors extracted

during the embryonic development. According to a number of experiments

these factors, depending on the stage of development they were extracted
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from, can interact with cancer to reduce proliferation by potentially differ-

entiating the original cancer cell to a less malignant type and eventually to

a healthy cell. The idea that cancer has this hierarchical structure is not

new, perhaps first appearing in 1994 [9] and has been increasingly popular

over the years. On the other hand the idea that perhaps the cancer cells

can move on this differentiation landscape is quite unique and recent [10].

Based on this theory an agent-based model (ABM) was created to capture

the few available data and perform some basic optimization of a theoretical

in-vitro treatment. In our project we wanted to take that a step further. We

recognized the unique ability agent-based models have in capturing hetero-

geneity and local interactions and hence provide a realistic presentation of

the system but we wanted to see if we can capture some basic aspects of the

ABM model using some form of an equation-based model in order to answer

specific questions related to optimization of the dosage as well as sensitivity

analysis of missed doses. Here, our goal is not to completely replace the

ABM but rather translate it to an equation-based model for the analysis part

which could be handled and performed much easier. The equation-based

model would ideally fit the ABM well for the specific parameter space we are

interested in which is the cancer extinction parameter space. Formal con-

nections of ABM to equation-based models are very difficult and hence most

of the literature found on this subject is rare and usually focused on case by

case scenarios so any additional exploration may provide some insight in to

how these models can work best together.

The next two projects are focused on competition of microbial popu-

lations in a specific type of bioreactor called a chemostat but each with a

different approach. The first of these, which is the second project in gen-

eral, titled Stochastic analysis of a full system of two competing pop-

ulations in a chemostat, takes a different look at the classical example

of two populations competing over a single source of food when stochas-

tic effects are included. The paradigm so far has been that coexistence
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is only possible deterministically and not attainable stochastically. Opera-

tion of the chemostat in coexistence conditions would yield one population

surviving and the other becoming extinct but completely dependent on the

initial conditions [11]. Analysis of even this simple system with noise, without

simplifications and with the non-trivial Monod growth rates has not been per-

formed to our knowledge and can illuminate the underlying dynamics. We

want to approach that problem by solving the full system of three equations

(two for the microbial populations and one for the substrate) and with the

inclusion of a more general type of noise. Our aim is to formulate and solve

numerically the system of SDEs and try to validate our result by formulat-

ing a deterministic analogue of the stochastic dynamics, the Fokker-Planck

equation. In the original paper [11] any advection effects of the advection-

diffusion Fokker-Planck equation were ignored and considered insignificant

to the long-time dynamics. Hence, our goal is to check the validity of that

assumption while trying to understand the possible undesired or unexpected

effects simplifications may have on the simulations of the system and if in-

deed advection does play an important part to then identify the parameters

that play crucial role in the long-time dynamics of the system.

The third and finally project, titled Stability of two competing popula-

tions in chemostat with one exhibiting an adaptive response to com-

petition, extends the idea of coexistence of cells in a bioreactor with the use

of PBEs instead of ODEs. PBEs offer a platform for elucidating the effects of

heterogeneity on cell interactions. As mentioned, coexistence in the single

source case is unstable deterministically in models but has been observed

in real biological systems. So there have been attempts to understand what

factors could stabilize that coexistence. Efforts have been focused on either

inducing coexistence through manipulation of the chemostat operating con-

ditions (particularly the dilution rate) or by introducing delays, for example

due to nutrient cycle. These cases admit an oscillatory coexistence. We

wanted to see whether our limitation to attain coexistence without external
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intervention or few assumptions is a reflection of the model limitations, due

to the simplicity of ODEs. To this end we use PBEs to explore the stability

of two competitors competing for a single source of food with the addition of

a possible and realistic adaptive mechanism of one of the two populations,

that can only be captured using PBEs. The adaptive mechanism is based

on the idea that one of the populations can deploy an emergency response

to competition by simply changing the mean mass of division, meaning that

it divides faster creating more and smaller cells. The equations will be con-

sidered both with and without delay to investigate whether there are different

types of steady states that can be achieved. A major part would be to then

find the stability of these steady states. Since analytical techniques are

not usually fruitful in these complicated equations we aim to use parameter

sweeps and stochastic equations to determine the stability.



Chapter 2
Derivation of continuum models from

an agent-based cancer model:

optimization and sensitivity analysis

2.1 Introduction

2.1.1 Motivation

The research concerns a particular cancer-related clinical setting. The ba-

sic research aim was to formulate two different types of continuum mod-

els, ordinary differential equations (ODE) and stochastic differential equa-

tions (SDE), that could match the qualitative and quantitative behaviour

of an agent-based model (ABM) in that setting. Furthermore, connecting

these models parametrization-wise is not usually trivial but we will show the

parametrization we have done allows us to move from the agent-based to

the continuum view for optimization and sensitivity analysis. When a clin-

ically relevant setting is considered then each model has advantages and

disadvantages. Specifically ABMs provide more realistic results which can

be used by both the researcher and the clinician but systematic and rigor-

ous analysis of the system simulated by the ABM is very time-consuming.

Continuum models by contrast allow for complex analysis and exploration
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of the underlying system with the trade-off of realism and accuracy. Match-

ing between the two types of models would mean that one could use the

continuum model for analysis, such as optimization and sensitivity analysis.

These procedures could be extremely time-consuming if performed directly

in ABMs for two reasons. The first is that ABMs are in a way in-silico ex-

periments which have to be run a great number of times for each set of

parameter values in order to be able to draw a sensible conclusion. More-

over and specifically in the case of cell biology scenarios, realistic numbers

of cells in a system could reach the order of millions. Such numbers would

mean that huge computational power is needed to run simulations, in con-

trast to continuum equations which usually can be handled numerically very

fast. On the other hand, ABMs provide a more realistic representation of

the real system and can prove very valuable to clinicians. Hence the main

idea here is to move from an ABM to a continuum model for analysis and

understanding of the system and dynamics and then move back to the ABM

in order to use the conclusions of the analysis to obtain realistic data.

There have been attempts at connecting individual based models

(which include ABM) and population models in different ways. From at-

tempts to formally derive the continuum models directly from the individual-

based ones, to attempts at complementing one model using the other so as

to capture a small part of the system under investigation. In the second case

the population level models are usually derived from phenomenological ar-

guments rather than directly from the IBM. I briefly present some important

papers from both categories.

A formal derivation of an equation based model from an IBM has usu-

ally been done in a case by case scenario. In [12] the authors started with

something called an individual level model (ILM) which is between agent-

based models and microscopic physical models to derive a master equation

for a spatially distributed prey-predator system. This was then used to derive

a macroscopic deterministic model (PDE) that captures the mean behaviour
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and a mesoscopic (Langevin equations) model that captures the fluctuation

around the mean field approach but the individual nature of agents is lost,

hence mesoscopic. The advantage of this approach is that both models are

not derived on phenomenological grounds but rather based on the ILM and

their parameters can be directly related. Similarly, Fozard et al [13] derive a

continuum approximation (PBE and algebraic equations), for the large num-

ber of cells limit, from a one-dimensional IBM of epithelial cells. In this sys-

tem the dynamical progression occurs from the decrease in mechanical free

energy. Various mechanical processes contribute to the dissipation of that

energy where the main variable is the length of the cells. The rules are writ-

ten down as a system of difference equations in the limit of large cell number

and either slowly varying cell parameters or periodically varying ones. The

continuum models were able to capture well the behaviour of the IBM even

with a relatively small number of cells (5) and more importantly provided

a more solid formulation of continuum models that takes into account the

mechanical properties of cells and gives rise to a convective derivative term

which was often ignored in continuum models of cell tissue growth. Another

example of deriving a continuum model from an IBM comes from [14]. Here,

an IBM was set to capture the movement of the navigation of aquatic organ-

isms in the presence of some flow. Despite the usefulness of IBMs their

computational expensiveness does not allow for a full exploration of such

systems which evolves in large timescales. Hence, they used the IBM to

move to a mesoscopic model of the population density dependent on time,

space and velocity and used appropriate scaling to further convert that to

a macroscale model of the population density only dependent on time and

space. Their goal was to capture the distribution of the population and ex-

plore the effect of different movement types. Using the moment closure the

continuum population equations finally took the form of the drift-anisotropic

diffusion model. It was demonstrated that the statistics of the continuum

model agree very well with the IBM but they pointed out this was the case
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because of the macroscopic nature of the timescales and lengths involved

in the particular example of green turtles ”Chelonia mydas” they used. All

these have been examples creating a mathematical framework of IBM in

very specific systems and with the purpose of capturing population dynam-

ics and performing some sort of rigorous analysis, a task difficult in the IBM

context. On the other hand, in [15] the authors presented a more general

mathematical framework that could be used for the analysis and deeper un-

derstanding of ABMs, in this case. That framework takes the form of finite

dynamical systems. The agent is represented as a time-discrete dynamical

system with a finite state set. The main components of that formulation are

the agents, their dependency graph, local interaction functions and update

order and that gives rise to synchronous and asynchronous systems as well

as both deterministic and stochastic. The motivation behind such a formu-

lation is to provide a mapping from an agent to a mathematical object that

has enough tools available so as to derive some general results and perform

some analysis.

Attempts to connect agent-based models to continuum models and use

them as a complementary to each other have been made previously in a

number of different papers [16, 17, 18, 19], to name a few. More specifically,

Solovyev et al [18] modelled pressure ulcer formation in individuals with and

without spinal cord injury to identify the differences. In their paper the ABM

was used to model the tissue cells, blood vessels, macrophages and ulcer

formation whereas an ODE model was used to capture the blood flow in

the vessels and how it changes with pressure and ischaemia (inadequate

blood supply to a part of the body). Here there is a clear division of labour

as the ABM is used the capture the higher level, stochastic process that is

ulcer formation and the ODE for the low level process of blood flow where

a mean-field approximation works very well. That hybrid model showed a

prevalence in ulcer formation for people with spinal cord injury confirming

clinical data. [19] is another paper demonstrating the modelling capabili-
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ties of hybrid models by using the two types as complementary. Here, the

authors modelled the effects of the micro-environment on cancer growth,

including diffusible nutrient, space competition and the extracellular matrix

and the efficacy of a drug. The ABM was used for the cancer cells behaviour

(movement, growth) whereas PDEs were used for the diffusion of the nutri-

ents and drug. The combined model was able to explain the low efficacy of

the drug which was not well understood up until that point. Moving to the

next paper, in [16] the authors’ goal was to model the granulopoiesis pro-

cess in the bone marrow, in which white blood cells called granulocytes are

created by several differentiation stages of hematopoietic stem cells (HSC),

and the effects of chemotherapy. Due to studies demonstrating the effect

of cell cycle dependent drug toxicity, which cannot easily be captured by

traditional hierarchical ODE models that assume a homogeneous stem cell

population, the authors formulated an ABM that captures the dynamics of

HSCs in two micro-environments (a niche and a non-niche)that represent

functionally distinct signalling contexts. In the niche environment cells re-

main quiescent and regenerate while in the non-niche they proliferate, lose

niche affinity and are affected by chemotherapy. This hybrid model cap-

tured clinical data of four scenarios of conventional chemotherapies, with

and without growth factor treatment, successfully. Finally, in [17] a predator-

prey ABM was formulated to model rabbits and grass as well as the effect

of poison in controlling and optimizing the rabbit population. Performing

complicated, multi-objective optimization in an ABM can be very time con-

suming and challenging and hence the authors created two finite difference

models based on the ABM, one capturing different compartments of rabbits

based on energy levels and a simpler one capturing just the total population

of rabbits, in order to perform a Pareto optimization regarding the poison

schedule with respect to the number of rabbits alive and the total cost of

poison. The Pareto optimization in the context of ABMs is novel and in this

particular case was able to identify a number of different schedules that can
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be effective.

As seen from the papers mentioned, creating a rigorous connection be-

tween the two aforementioned types of models for a generic system is a

difficult task, depending on the system under consideration. Therefore, we

approach our main idea on a case-by-case basis. To this end we repro-

duce the agent-based model found in the recent paper by P.M. Biava et al.

[10] based on a recently developed tumour paradigm which is supported ex-

perimentally and we formulate a continuum analogue to capture part of its

aspects.

2.1.2 Cancer cell model

It is well accepted that there are some basic similarities between embry-

onic development and tumorigenesis since they share several regulatory

molecules and pathways [20]. Several experimental studies exploring the

interaction between a tumour and the embryonic micro-environment have

shown a delay or even stopping of the proliferation of different human can-

cer lines when development and more specifically organogenesis is at work

[21] . In 2002 the same group that developed the ABM model [10] showed

that factors taken from specific developmental stages of the zebrafish em-

bryo decreased or in some cases even stopped the proliferation of five

human cancer lines [22] and more specifically cells lines of glioblastoma,

melanoma, kidney adenocarcinoma and lymphoblastic leukemia. In addi-

tion to in-vitro, an in-vivo study revealed a slowdown of the Lewis lung can-

cer carcinoma in mice when administered with developmental factors [23].

The above experiments and the fact that the effect of molecular fac-

tors on cancer seemed to be similar to distinct tumour lines has led to the

development of a new tumour paradigm in which cancer is considered a

developmental deviation of normal undifferentiated cells [21]. Cancer cells

are viewed as undifferentiated cells that are stuck in the proliferative stage

between two differentiation stages. As a result the same molecular path-

ways and hence factors that differentiate cells during embryonic develop-
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ment could help the cancer differentiate and even become a healthy cell. A

less differentiated stem cell differs from a more differentiated one in the fact

that a greater number of genes are expressed in the latter and in reality all

the developmental factors have to work in a complete network to induce the

expression of many genes [21]. In this paradigm there are five malignancy

stages, from more to less malignant, in accordance with the five steps of a

stem cell, i.e. pluripotent (most malignant), multipotent, oligopotent, differ-

entiating and differentiated (healthy).

2.1.3 Aims

The aim of this chapter is to reproduce the ABM found in [10] and find the

appropriate continuum analogue that will allow a link between them for the

purposes of dosage optimization and sensitivity analysis of missed doses.

The rest of the chapter is divided into four main sections and some into fur-

ther subsections. Section 2 is material and methods. Initially we present

the ABM we developed which is very similar in nature to the model devel-

oped in [10]. We build on this model to explore dosage optimization and

sensitivity analysis. We explain how the model works, its agents as well as

the parameter values being derived from empirical and experimental data.

Following the development of the ABM we formulate two new models, an

ODE and a SDE to capture the dynamics of the ABM. We justify the form of

our models and explain the fitting to the ABM procedure. Then, we extend

the ODE to two more complex and realistic forms that will be used for further

analysis. Section 3 presents the results and discussion. Here we show

how well the two continuum models match the ABM and present the rest of

the analysis which is related to a hypothetical therapy based on the cancer

cell theory. Namely, we conduct an optimization of the dosage of molecular

factors as well as an analysis of a patient missing some dosages. Section 4

is the further discussion, where we raise possible issues, areas left unex-

plored and further paths towards making a more realistic agent-based and

continuum model. Finally, in section 5, the conclusion, we summarize our
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work and findings as well as directions for potential future work.

2.2 Material and methods

2.2.1 Agent-based model of cancer cell differentiation

2.2.1.1 Form of the agent-based model

Purpose. The purpose of the ABM is to simulate the temporal evolution of

the total population of five cancer-cells differentiation stages, going from

most malignant to healthy cells, induced by interaction with four distinct

types of molecular factors, found in embryonic development, each charac-

teristic to the differentiation stage. This model could potentially advise a

clinician on the progress of the cancer treated by administration of these

factors.

Grid, cells, temporal and spatial scale. The world is a rectangular grid

of discrete patches and it is also toroidal, meaning that both the horizontal

and vertical edges are wrapped. Spatial units are abstract. Since we do not

model volume-exclusion effects there can be many cells in the same patch;

that can be interpreted as patches being large compared to individual cells.

The time units (time-steps) are minutes since the therapy time-frame is days

and hence smaller times would require a huge simulation time. Simulation

occurs through the passing of discrete time-steps.

Cancer cells. As mentioned before there are five cancer stages named

after the respective stem-cell stages in order of malignancy: pluripotent,

multipotent, oligopotent, differentiating and differentiated (healthy) cells. At

each time step cells might grow according to a probability representing their

growth rate and interact (or not), depending upon fitness, with factors in the

same patch as the cells. To account for the fact that cancer cells are rela-

tively static and diffuse much slower than factors (1000 times slower [10]),

each cancer cell moves by a unit one (jumping to one of the 8 neighbour

patches) every 1000 time-steps.

Molecular factors. There are four types of factors each representing a
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different differentiation stage and affecting the corresponding cancer differ-

entiation stage. There are no factors for healthy cells. At every time-step

factors move a distance of one (one of the eight neighbour patches) and

interact with cells according to their fitness, which is characteristic of the

stage.

Dosage. Doses of factors are administered every 8 hours (480 min-

utes). Every dose includes 2000 factors of each type which are randomly

distributed in the ABM world. This dosage strategy is chosen as a simplistic

way of killing all malignant cancer cells.

Growth. At each time step each cell has a probability of dividing into

two daughters. The probability is given by the growth rate per minute of that

differentiation stage of cancer derived from empirical data. Daughters are

cancer cells of the same stage. We are not interested in the dynamics of

the healthy population and hence the growth rate of that population is kept

at zero.

Interaction. If a factor and a cell are in the same patch they might inter-

act with some probability called fitness. Fitness is a 4x4 matrix since factors

could potentially interact with all different malignant cancer stages but both

in the original ABM and here we consider a diagonal matrix where each

type of factor only interacts with cancer cells of the same differentiation-

stage type. If a factor interacts with a cell then that factor dies and the cell

moves to the next differentiation stage.

Initialization. The model is initialized with 1000 randomly distributed

pluripotent cancer cells and zero for the other four populations and 2000

factors of every type.

2.2.1.2 Parameters

Fitness values were taken from the original ABM paper [10] where they were

derived by fitting the simulation to experimental data from [22] . We derived

growth rates for each stage by fitting exponentials to the proliferation curves

of kidney adenocarcinoma cells found in [22] . The growth rates used in the
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original ABM might have been found by fitting to different cancer proliferation

curves from the same paper as there were many cancer lines and there was

no mention as to the specific ones used. The coefficients of the exponentials

correspond to the growth rates for each cancer stage and are used for all

three model types as we will see. Tables 2.1,2.2 show the values for both the

fitness and growth rates. Despite not knowing some specifics of the ABM

in [10] like the world dimensions, movement profiles of agents and exact

growth rates fitted and used we tried to reproduce the two plots of Figure

3 shown in [10] for the two dosing strategies mentioned in that paper. The

plots can be seen in the appendix.

Table 2.1: Fitness of molecular factors.

Stage I Stage II Stage III Stage IV
Pluripotent 4% 0 0 0
Multipotent 0 5% 0 0
Oligopotent 0 0 2.5% 0
Differentiating 0 0 0 1%

Table 2.2: Growth rates of cancer stages.

Stage Pluri. Multi. Oligo. Differ. Healthy
Growth rate (10−4min−1) 3.9 3.3 3.1 2.8 0

Figure 2.1 shows a stopped frame of a random run of the ABM after a

few thousand time-steps with the parameter values given in the aforemen-

tioned tables.

2.2.2 Deterministic continuum model

Despite the fact that the ABM provides a more realistic representation of

the real system, performing complex analysis and optimization can prove

extremely time-consuming as results may need to be obtained by running

the model several times with varying parameter values. Formulating and

solving numerically a continuum model that matches the ABM allows that

analysis to be done much faster and more rigorously. We do not need the
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Figure 2.1: Single frame of a random run of the ABM with the parameter values
found in Table 2.1 and 2.2. Big dots represent the cancer cells colour
coded depending on the cancer stage they belong to and smaller dots
the factors with the same colour coding to represent the cancer stage
they interact with.

continuum model to match every aspect of the ABM, only the parameter

space that is of interest.

As mentioned before, in [10] an ABM was formulated to represent the

biological system without any continuum analog. Here, we describe an or-

dinary differential equations system (ODE) to capture the main dynamics of

our ABM. The ODE has the form of coupled equations, identical to chemical

reaction kinetics with the addition of growth. This means that the interaction

of cells and factors is proportional to their concentration. This choice is justi-

fied by the form of the ABM where no exclusion phenomena are considered

and cells and factors are positioned randomly in the whole space, giving an

almost homogeneous mix.

In this ODE system each variable represents one of the five cell and four

factor populations represented by the initial letter of the type of cell or factor,

e.g. P for pluripotent cells and Fp for the factors. The model equations are

given below:
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Ṗ(t) = gpP(t)−βP(t)Fp(t) f1, (2.1a)

Ṁ(t) = gmM(t)−βM(t)Fm(t) f2 +βP(t)Fp(t) f1, (2.1b)

Ȯ(t) = goO(t)−βO(t)Fo(t) f3 +βM(t)Fm(t) f2, (2.1c)

Ḋ(t) = gdD(t)−βD(t)Fd(t) f4 +βO(t)Fo(t) f3, (2.1d)

Ḣ(t) = ghH(t)+βD(t)Fd(t) f4, (2.1e)

Ḟp(t) = Ds−βP(t)Fp(t) f1, (2.2a)

Ḟm(t) = Ds−βM(t)Fm(t) f2, (2.2b)

Ḟo(t) = Ds−βO(t)Fo(t) f3, (2.2c)

Ḟd(t) = Ds−βD(t)Fd(t) f4. (2.2d)

Here gi represents the growth rates of different cancer cell stages, where

i = {p,m,o,d,h}, and f j is the fitness, where j = {1,2,3,4}. The values for

these parameters are exactly the same as the ABM and are given by Tables

2.1 and Table 2.2 respectively. Ds is the dosage. In the ODE the dosage is

modelled by a constant value, instead of discrete steps. The value is given

by the size multiplied by the frequency. Hence,

Ds = Size× f = 2000/480 = 4.1666 f actors×min−1.

Moreover, it should be noted that the interaction term, i.e. β [C][F ] is the

same in both the cancer cell equations and the respective factor equations.

This can be understood again by taking as an example chemical reactions.

A typical reaction has the form:

a[A]+b[B]→ c[C].
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where a,b,c are called the stoichiometric coefficients. The reaction rate is

given by r = −1
a

d[A]
dt = −1

b
d[B]
dt = 1

c
d[C]
dt . In our case since one cell interacts

with one factor to produce one different type of cell we have a = b = c = 1;

hence the reaction rate, given by the reaction term, is the same for both cells

and factors.

In the ODE system there is an extra parameter, β , which is the rate of

interaction per cell per minute. This parameter is the same for all interaction

terms since it is dependent on external conditions such as the size of the

world or the diffusive speed of the cells and factors. According to [24] the

reaction (propensity) function of a chemical reaction system for reaction j

takes the form:

α = c jh j(X).

Here, h is the function that depends on the concentration of reactants and

hence the mass law whereas c jdt is the probability that a random pair will

have a reaction j at an infinitesimal time dt which is equal to the proba-

bility that randomly chosen reactant molecules will collide in the next dt,

multiplied by the probability that the colliding pair of reactant molecules will

actually react according to reaction j. It has been proven in [25] that the first

part which is the collision probability is proportional to the relative speed of

the pair and inversely proportional to the volume in which the particles are

enclosed. In our case that would be β whereas fi (fitness) represents the

second part, i.e. the probability of reaction after collision.

β is the most important parameter since it is the one that needs to be

calibrated in order for the two models to match. Its calibration is conducted

by the use of the NonLinearModelFit function found in Mathematica. To

produce the data set the ABM was run 100 times with the same parameter

values and a total time of 8000 minutes which allowed for all malignant cells

to die out. Then, the 100 runs were averaged to give mean population

evolution curves for each cell population.
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Following calibration, the ODE model will work as a stepping stone for

more complex models that will be used for our analysis. It is worth mention-

ing that β is the only fittable parameter as the growth parameters for all our

models are found from fitting exponential to cancer proliferation curves and

hence there is no doubt as to which model parameter corresponds to which

experimental parameter.

2.2.3 Stochastic continuum model

In addition to the deterministic ODE model used to describe the agent-based

model, a stochastic differential equations (SDE) model was also formulated.

Here we compare it to the deterministic model as well as the ABM.

The SDE model is of the Langevin kind and its derivation as well as

justification can be found in [24]. In Appendix A we include the basic theory

behind the derivation as well as the case-specific values that are used to

create our model. The equations for the cancer cell populations are:

Ṗ(t) = gpP−βPFp f1 +
√

gpPΓ1−
√

βPFp f1Γ10, (2.3a)

Ṁ(t)= gmM−βMFm f2+βPFp f1+
√

gmMΓ2+
√

βPFp f1Γ10−
√

βMFm f2Γ11,

(2.3b)

Ȯ(t)= goO−βOFo f3+βMFm f2+
√

goOΓ3+
√

βMFm f2Γ11−
√

βOFo f3Γ12,

(2.3c)

Ḋ(t)= gdD−βDFd f4+βOFo f3+
√

gdDΓ4+
√

βOFo f3Γ12−
√

βDFd f4Γ13,

(2.3d)

Ḣ(t) = ghH +βDFd f4 +
√

ghHΓ5 +
√

βDFd f4Γ13. (2.3e)

Here, both population variables (P,M,O,D,H) and Gaussian white (Γ1-Γ13)

noise are time-dependent see Appendix A, e.g. P means P(t).

The numerical simulation of the SDE model was conducted with Math-

ematica, using the Euler-Maruyama method found in [26].
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2.2.4 Extension of the ODE model

After calibration of our initial ODE system with the ABM, it can be used as

a cornerstone to build more complex models that can be used for further

analysis of the system of interest. Specifically, two new models were cre-

ated, both being different from the first in the dosage term and in the fact

that factors die out. The latter comes from the fact that an administered

drug is metabolised by the organism and after the passing of a few hours its

quantity drops exponentially. This provides a much more realistic system for

clinically relevant analysis since otherwise a single dose can last for many

days or even weeks until all factor molecules have interacted with the can-

cer. So in both of the following models the factors decay with a rate of 90%

decrease in 8 hours. The ODE for the factor population becomes:

Ḟi(t) = Di−βFi(t)Ci(t)− γFi(t)

where C is the respective cancer population, Di is the dosage specific to

that population and γ is the decay rate of factors due to metabolism with a

value of 4.8×10−3min−1.

2.2.4.1 Step doses

In the initial model the dosage is constant and all four doses are admin-

istered from the beginning of the simulation and are also given even after

the extinction of the respective cancer stage. This scenario is unsuitable

for clinical analysis; hence a new model was created where the doses were

given in a step-like manner, meaning that the dosing of a factor type starts

after the creation of the respective cancer type and stops immediately after

extinction. This is achieved by multiplying the initial dose term, Ds, by an

inverse tangent function as this gives a smooth transition from zero to Ds.

The function has the following form:

Di = Ds×arctan(100∗C)
2
π
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where C represents a cancer cell population. When C goes to zero the

dosage goes to zero and when C goes above zero the function increases

rapidly to a steady value which is given by Ds. The coefficient of 100 is used

to make the increase or decrease faster.

Now this model is used in order to explore how the time of complete

cancer extinction is affected by the increase of the dosing and what is the

best distribution of the total dosage for the four different doses. That is to

provide insight as to the importance of each of the four factors. The time

of cancer extinction is specified as the time when all numerical solutions for

the four malignant cancer populations go below 1. As in the ABM the initial

condition for the first factor population is 2000 but zero for the rest and 1000

for the pluripotent cancer cells and zero for the other populations.

2.2.4.2 δ function doses

In the second additional model doses are administered in a way similar to

the ABM, in the form of an injection. Here, doses are given in full every 8

hours. To achieve this we used a sum of Dirac delta functions multiplied

by the size of the dose (the total factor count). The dosage function is as

follows:

dosage = Size×
n−1

∑
i=1

αiδ (t− i∗480).

Here, n is the total number of dosages depending on the number of days of

the treatment and αi is the intake coefficient which takes the value of zero

or one depending on whether a particular dose was taken or missed by the

patient. The first dose is taken at time zero and it is given as initial condi-

tions for the factors-population ODE. That allows for a sensitivity analysis of

missed doses, concerning how the time of cancer extinction is affected by a

missed dose as well as the importance of the dose timing.
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Figure 2.2: Variation of the 100 ABM runs for the parameter values found in Table
2.1. Qualitative behaviour remains unchanged giving confidence to the
use of a mean-field approach.

2.3 Results and discussion

2.3.1 Fitting of ABM and ODE and comparison with SDE

Using NonLinearModelFit we found that the β which gives the best

match between the ABM and the initial ODE has the value 6.857 ×
10−6agent−1min−1. Figure 2.2 shows the variation of the populations for

100 runs of the ABM model, where it is clear that for the specific parameter

values chosen the qualitative behaviour remains the same with slight varia-

tions that increase as we move down the cell hierarchy, due to the increase

in number of cells between each progressive stage, and the biggest being in

the healthy cells. Hence there are no unexpected behaviours and for these

parameter values a mean approximation should work well. For subsequent

analysis the value was rounded to 6.9×10−6agent−1min−1.

Figure 2.3 demonstrates the comparison of the ODE with the β value

found above and the mean ABM proliferation curves for 100 runs of the

model.

The match of the two models for the specific, experimentally obtained,
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Figure 2.3: Comparison of the average of 100 runs of the ABM, with the parameter
values found in Table 2.1 and 2.2, and of the ODE with the same values
for the growth rates and dosage and a β = 6.9∗10−6agent−1min−1 . The
dashed lines are the populations of the ODE model and the full lines
are for the ABM.

parameter values is very close as can be seen in Figure 2.3. There is both

a qualitative and quantitative matching between the two which hints towards

using the continuum model for further analysis by extending it as mentioned

in the previous section.

Using the same β we plot the average of 50 SDE runs against the same

100-runs average of the ABM, as used in the ODE fitting; this gives us again

a very good fitting between the two models. The behaviour of the SDE is

almost indistinguishable from that of the ODE for these parameter values.

Figure 2.4 shows the comparison between the SDE and ABM.

Finally, Figure 2.5 shows the range of variation for the five populations

for these 50 runs of the SDE which closely matches the variation of the ABM

observed in Figure 2.2.

The healthy cell population shows a larger variation but this can be

accounted for by the variation of the differentiating cancer cell population

especially close to the turning point. So small variation throughout the simu-

lation can lead to significant differences in the total amount of cells (healthy
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Figure 2.4: Comparison of the average of 100 runs of the ABM, with the parameter
values found in Table 2.1 and 2.2, and of the SDE with the same values
for the growth rates and dosage and a β = 6.9∗10−6agent−1min−1 . The
dashed lines are the populations of the SDE model and the full lines
are for the ABM.

Figure 2.5: Range of variation of 50 runs for the five types of cells for the SDE
model with the parameter values found in Table 2.1 and 2.2 and β =
6.9∗10−6agent−1min−1.
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population) but without any other consequences. Due to the small variations

observed in both the ABM and the SDE for the parameter values used we

conclude that the dynamics of the system can be well approximated by a

mean field approach hence we will use the ODE for the subsequent analy-

sis.

2.3.2 Dosage optimization

Using the first of the additional models (step-like dosage) we can optimize

the treatment by administrating different doses for the four factors (scheme

1) and compare the results with the scheme where doses are the same

(scheme 2) which was used in [10].

2.3.2.1 Optimal distributions

To find the optimal distribution of the doses we first pick a total dosage,

representing the sum of the individual doses (Ds = Ds1+Ds2+Ds3+Ds4),

then we produce all the possible integer combinations of four numbers that

add up to Ds and from these we pick the one that gives the shortest time of

cancer extinction (ToCE). This procedure is repeated for other total dosage

values. The results are summed up in Table 2.3 and are illustrated in Figure

2.6.

Table 2.3: Optimal distribution of doses for a fixed total dosage.

Total dosage Stage I Stage II Stage III Stage IV ToCE (mins)
60 10 8 13 29 107280
70 11 9 16 34 64800
80 13 10 18 39 46368
90 14 12 20 44 36144
100 16 13 22 49 29520
110 18 14 24 54 25056
120 19 16 27 58 21600

Looking at the values we can see a pattern in how the dosage is dis-

tributed every time we add an extra 10. More specifically almost every time

five goes to the last dosage, except when going from 110 to 120 where the

increase is by four. So we have 40− 50% going to Ds4. We also have
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20− 30% going to Ds3 and the rest 20− 30% distributed at Ds1 and Ds2.

There was no case where we had 40% going to the first two doses. From

Table 2.3 we can see that the last dose is the most important in affecting

time of cancer extinction by far followed by the third dose, but then we see a

turnover where the first dose is more important than the second. That order

is evident in all total dosage values we selected.

To further explore this pattern of distribution we wanted to see whether

it is present if we move to the second and third best distributions. Tables

2.4 and 2.5 show the second and third best combinations respectively along

with the minutes of cancer extinction for each.

Table 2.4: Second optimal distribution of doses for a fixed total dosage.

Total dosage Stage I Stage II Stage III Stage IV ToCE (mins)
60 10 7 13 30 108144
70 12 9 15 34 64800
80 13 11 17 39 46656
90 15 12 20 43 36144
100 17 13 22 48 29664
110 18 15 24 53 25056
120 19 16 26 59 21600

Table 2.5: Third optimal distribution of doses for a fixed total dosage.

Total dosage Stage I Stage II Stage III Stage IV ToCE (mins)
60 10 7 14 29 109440
70 11 9 15 35 64944
80 13 10 17 40 46656
90 15 11 20 44 36288
100 16 13 23 48 29664
110 18 14 25 53 25056
120 20 16 26 58 21600

The first point we notice is that the ToCE is very slightly different be-

tween optimal distributions, one to three. The difference is only significant

in the smallest total dosage (60). Moreover, we can see again the same or-

dering as well as overall pattern. Again, the highest amount of dosing goes

to Ds4 then Ds3 then Ds1 and finally Ds2. When extra dosage is provided
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again the most of it goes to Ds4, this time 40−60%. 20−30% goes to Ds3

and 10−20% to Ds1,Ds2 individually. So, the overall pattern is preserved.

That gives an indication indeed of how a clinician could distribute not only

their initial total dosage but also any extra they administer.

To explore how changes in β might affect the pattern of optimal dosage

we performed the same optimization for β ′ = 2β and β ′′ = β/2. Other than

changes in the time of cancer extinction and the total dosage needed and

the patterns seemed to remain almost exactly the same.

Table 2.6: Optimal distribution of doses for a fixed total dosage and β ′ = 0.000014.

Total dosage Stage I Stage II Stage III Stage IV ToCE (mins)
60 10 8 13 29 21225
70 11 9 16 34 16708
80 12 11 18 39 13785
90 14 12 20 44 11719
100 16 13 22 49 10213
110 17 15 25 53 9044
120 19 16 27 58 8121

Table 2.7: Optimal distribution of doses for a fixed total dosage and β ′′= 0.0000035.

Total dosage Stage I Stage II Stage III Stage IV ToCE (mins)
120 20 15 26 59 101659
130 21 16 29 64 78444
140 23 18 31 68 63666
150 25 19 33 73 53496
160 26 21 35 78 46082

2.3.2.2 Comparison to Scheme 2

Now, we compare the optimal distribution to a scheme where all four dose

values are the same (total dosage divided by four), for the same total

dosage. These values are the square markers of Figure 2.6. There are

only three points as for the total dosage values of 90, 80, 70 and 60 the

cancer survived. In addition we can see a very big difference in the ToCE,

pointing towards the efficiency of the optimal distribution.

Finally, in scheme 1 we can see that increasing the total dosage results
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Figure 2.6: Total dosage versus time of cancer extinction for the optimal distribution
of doses (scheme 2) against the scheme with equal dosage between
all four (scheme 1).

in a plateau after some value, meaning that the further you increase the total

dosage the less benefit you get. This needs to be taken into consideration

for choosing the appropriate dosage by considering both the ToCE as well

as cost of dosing or side effects.

2.3.3 Missing doses sensitivity analysis

Using the discrete dosing model we can explore what happens when a pa-

tient misses some doses and how the results are affected by the timing of

those doses. To do that we first need to pick specific dosage size values

for the four doses as well as the number of days for administration. We can

make an informed decision using our previous analysis. Table 2.3 shows

that for a total dosage/frequency ratio of 120 cancer dies out at 21613 mins

or 15 days. To make sure that the cancer is dead a clinician would prob-

ably need to add one more day and not stop administration of drug at the

exact time predicted here. Furthermore, this optimum result is achieved by

distributing the dosage/frequency ratio in the four doses as {19,16,27,58}.
That gives size values of {9120,7680,12960,27840} for the four doses re-

spectively with a fixed frequency of 8 hours. Again this number is rounded up

to {10000,8000,13000,28000}. The error between the rounded up and the
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Figure 2.7: Time of cancer extinction with respect to the position of one missed
dose. The solid line is the ToCE when all 48 doses are taken normally.
We can see that the effect of missing the last three doses seems to
be similar to missing none whereas the effect of missing earlier doses
is clearly distinct from the none missed dose case but almost indistin-
guishable from one another.

exact values is less than 10% in all cases. That accuracy error is consistent

with the measurement accuracy of the concentration of complex biological

drugs (e.g. monoclonal antibodies). Hence a clinician could potentially in-

crease the actual dosage to make sure that even with the error difference

the doses remain close to the exact values.

In Figure 2.7 we see the results of missing one dose. Here 16 days

correspond to 48 doses and we explore the effect of missing either of them.

We observe that the later the missing dose is, the better it is for the patient

but the differences are small and there is no danger of the cancer surviving.

The continuous line is the ToCE when all doses are administered. We can

see that missing the last three doses has zero effect.

More interesting is the contour plot of two missed doses. In that case

we see that there is a area of the contour where if two doses are lost then

cancer survives. This is the white region of Figure 2.8 above the dotted line,

which shows how the plot should normally be. Figure 2.9 is the complete plot
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whereas in Figure 2.8 we have zoomed in the interesting area. Here we still

see that the best case scenario is when doses are missed close to the end of

the treatment period, which is as expected. This sort of sensitivity, although

very case specific, could potentially be an essential part of establishing the

safety limits of administering the drug and used as a means of investigating

possible measures to ensure extinction of cancer. For example increasing

the duration of the treatment period such that there is no blank region at

least for two doses. In our case adding one more day (three doses) gives

us a contour plot showing no cancer-surviving region, i.e. no white area

(Figure 2.10).

2.4 Further discussion

A crucial parameter to the ABM is the diffusivity, i.e. how fast factors and

cancer cells diffuse which is captured in the ABM by the how often and how

far agents move. According to [10] due to their size difference factors and

cells must have a diffusion speed difference of the order of 1000, mean-

ing that the factors diffuse 1000 times faster than cells. Of course that is

a relative difference and the actual speed in the ABM affects the results

significantly, as discussed below.

We initially tried the following scenario. Cells have unit speed, meaning

that they move randomly to one of their neighbour patches at each unit of

time and factors can move 1-1000 units of distance (patches). At each time

step a random integer number between 1-1000 is chosen for the distance

covered by factors. This scenario appears, for our world dimensions, well-

mixed (factors and cells are everywhere) and potentially better mixed than

the one we used. Although that gives a better match with our ODE, which is

expected since chemical-kinetics equations are mainly used for well-mixed

cases of chemicals, there are two issues with doing this. The first is that

factors simply jump that distance without having the chance to interact with

the cell in between. This is an unrealistic but necessary action as otherwise
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Figure 2.8: Contour plot of ToCE versus the position of two missed doses for 23040
mins or 16 days of treatment. White region above the dotted line indi-
cates region where cancer survives. (Cropped)

the computational time needed just for a single time step would be large and

additionally it doesn’t represent correctly the more static nature of cancer

cells.

The second scenario we tried instead, and the one we finally used, is

that factors move a distance one every time-step and cancer cells move

one every 1000 time steps. This has the following advantages: a) factors

can now interact in every time-step, b) the cancer is much more static and

grows out of its initialization position. That scenario also gives rise to a dif-

ferent phenomenon. Since factors move slower and cancer cells are almost



2.4. Further discussion 50

Figure 2.9: Contour plot of ToCE versus the position of two missed doses for 23040
mins or 16 days of treatment.(full)

static there appears to be a critical over-density phenomenon, meaning that

if the cancer cells in a single location exceeds a certain number then factors

cannot kill them and that local population keeps increasing. In the cases

where the over-density mentioned above appears in the ABM we wanted

to see whether the ODE can capture that behaviour; to that end we tried

changing the value for β , which gave a qualitative behaviour similar to the

ABM but not a close quantitative match, as seen in Figure 2.11. That ef-

fect cannot be captured correctly by the ODE model since the parameter β ,

although dependent on the agent speeds, cannot alone imitate the full dy-

namics introduced by diffusion which would require a spatial model. Despite
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Figure 2.10: Contour plot of ToCE versus the position of two missed doses for
24480 mins or 17 days of treatment.

the mismatch in that particular case if the malignant cancer dies out com-

pletely then the two models match well, meaning that if the parameters are

such that the over-density is never achieved we can see a good fit and that

is the case for which we fitted β and performed the all our analysis. For the

growth values found in Table 2.1 and an administration of 2000 factors ev-

ery 8 hours the over-density never occurred, all malignant cancer died and

the two models had both a qualitative and quantitative match as we saw in

Figure 2.3. That justified the use of an ODE model. For different parameter

values and more general exploration there is probably the need for an alter-

native model of the form of a PDE in order to capture spatial effects as well.
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Figure 2.11: Comparison of the average of 100 runs of the ABM, with the growth
parameter values found in Table 2.1 and 2.2, and of the ODE with the
same values for the growth rates and dosage of 1.25 (500 factors per
8 hours) and a β = 4.4∗10−6agent−1min−1 . The dashed lines are the
populations of the ODE model and the full lines are for the ABM.

Moreover, if exclusion effects are included then some of the over-densities

can be averted as cancer would be unable to grow without free space.

From the above it is clear that the ODE cannot capture the ABM in its

entirety, nor does it need to since we do not need a full description of the

ABM via an ODE: achieving that would be very hard due to the different

nature of these models. We only need them to be complementary and the

continuum model to capture just the features and parameter spaces we are

interested in further exploring [17]. As far as how changes in the speed

of agents will affect the model and the matching we conclude that higher

speeds, in either cells or factors, will increase the ”well-mixed” effect making

the ODE model an even better match whereas slower speeds in either will

make local interactions even more prominent and will increase the need for

a spatial model.

The growth parameters used were found using data for kidney adeno-

carcinoma cells although different cells lines from [22] can be used. There

are some difficulties when extending the model to different cancer lines. The
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first one concerns the particular structure for cancer cells used in [10] which

comes directly from an experimental study [22]. It is not easy to extend to

other cancer systems for which completely different models have been used

unless we have evidence of similar structure and behaviour when exposed

to differentiation factors. The second has to do with the fact that cancer

cell lines show different dynamics, deriving from a multitude of interactions

[27, 28, 29]. It would be hard to extend the current model without substan-

tial augmentation. Our goal has been to demonstrate quantitative linkages

between agent-based models, ordinary differential equations, and stochas-

tic differential equations; such connections are rare in the literature and we

have shown how by taking advantage of these linkages one can perform

optimization and sensitivity analysis.

1000 cells were selected for the simulation of the ABM. A moderate

increase or decrease of this number would not have significant effects to

the analysis performed, other than changes in the total dosage, as long as

we remain in the ”well-mixed” regime that the chemical kinetics-like ODE

captures well. So as long as we avoid very small numbers of cells which in

the ABM and SDE can lead to unexpected extinction or very large numbers

which can cause the overdensity mentioned above the analysis holds. Some

approximate ranges are the following. For up to and around 7000 initial

cancer cells the results will be similar and the match between the models

fair. As we increase the number and get further from 7000 we observe

that although some cancer lines will die out others down the hierarchy will

survive. For example for a few hundreds of cells above 7000 we can observe

that although pluripotent, multipotent and oligopotent lines died out, by the

time they did the differentiating line reached a very high population that kept

increasing. The more we increase the number of cells the more malignant

lines survive at the end. Moreover, the results seem to hold for as far down

as 100. The smaller you go the more noisy the results get, increasing the

chance of a random extinction which cannot be captured by the ODE. Of
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course these numbers depend on the choice of world dimension and speed

since that will affect greatly how often cells and factors interact.

The most important parameter in our continuous ODE model is β . It

is a parameter not controlled by the experimentalist/modeller that reflects

some intrinsic properties of the environment (size) and of the agents (speed,

reaction type) and needs to be calibrated according to the available data.

Changes in that parameter reflect how often cells and factors meet and

hence have a chance of interaction. As a result, an increase in β would keep

the qualitative behaviour the same as the one explored and the only differ-

ence would be shorter timescales due to the fact that increased β means

more factors interact with cancer cells per minute. That could potentially

lead to decreased total dosage or frequency of administration. On the other

hand decreasing β could even lead to cancer surviving in some cases de-

pending on the dosage, which would mean that there needs to be a higher

or a more frequent dosage in order to kill cancer. We believe that as long

as we are in the parameter regime where the ODE provides a sound ap-

proximation of the ABM, β does not affect the pattern of optimal dosage, as

evident by the distributions found for half and double the original value of β

used. That leads to the conclusion that the pattern is mainly dependent on

the growth rates and hierarchy of the cancer cells.

The SDE model provides a more realistic alternative and we observed

that it captures the variation observed in the ABM for the specific parameter

values. Despite the fact that there was some noticeable variation in the

healthy cell population, noise had little effect on the malignant populations

which are the important ones for the optimization and sensitivity analysis

performed. Due to that very narrow variation in these populations we are

confident that a mean field approach (ODE) provides a sound approximation

and would give very similar results to the SDE, on top of making numerical

simulations less challenging.

Dosage distribution optimization was conducted via exhaustive search
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of the possible dose combinations for a particular total dosage. This brute

force approach to optimizing the dosage was selected due to the fact that

we only have four different cases so the number of combinations for a spe-

cific total dosage is not very high in addition to assuming both in the ABM

and ODE no substrate limitations. This was the simplest optimization that

emphasized how much dosage was wasted in the initial approach of equal

dosing and how a redistribution of the doses can lead to very significant

results in a timely manner. In addition to determining optimum distribution,

which can potentially be used to reduce either ToCE or amount of dosage,

there can be further exploration in order to find both the best timing for ad-

ministration of each of the four doses as well as the best dosing scheme.

A dosing scheme would mean a varying dose size which would be a func-

tion of the respective cancer size rather than a constant dosage size as in

this project. This additional exploration was not conducted here as the main

aim of the chapter was to show that a connection between agent-based and

continuum models can be achieved in the cancer-related clinical setting and

to compare the new dosing scheme to the original found in [10].

2.5 Conclusion

Based on experimental evidence and a previously developed agent-based

model we built a very similar model which was used as our basis for at-

tempting a connection between discrete and continuous models. To this

end we formulated two continuous models, one ODE and one SDE, in or-

der to capture the behaviour of the ABM for specific, experimentally derived

parameters. The match between both models and the ABM was close both

qualitatively and quantitatively which allowed for an extension of the ODE so

that it can be used for more complex analysis, specifically optimization and

sensitivity analysis. Through dosage optimization the pattern of optimum

distribution for the four doses was found which shows significant gains in

comparison to equal distribution of the four doses. Finally, a sensitivity anal-
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ysis was conducted for a patient missing some doses which clearly demon-

strated that the position of the dosage in the course of therapy is important.

Future work can move in three directions, towards the development of a new

type of model (PDE) in order to capture the ABM better, towards developing

a more complex ABM (three dimensions, cell-cell interaction, drug resis-

tance, etc.) based on experimental data/observation and trying to find the

appropriate continuous analogue or towards more systematic optimization

of doses using the already derived ODE.



Appendix

2.A Comparison of original ABM to the one de-

veloped in this chapter
Here we present two plots, Figure 2.12 and Figure 2.13, similar to the ones

found in Figure 3 of [10] for the hypothetical case of 100% fitness. The

first figure is for a constant dosage of 1000 factors for all four doses and

a frequency of 8 hours whereas the second in for a dosage of 250 factors

for all four doses and the same frequency. The time unit here is minutes

whereas in the original plot it is days more specifically the plots range from

0 to 1.75 and 0 to 3.75 days which correspond to 0 to 1800 and 0 to 5400

respectively in our case.

2.B Langevin representation of reaction sys-

tems
According to Gillespie [24], in a system of chemical reactions we can use

the Master equation to describe its evolution. The Master Equation is an

ODE describing the probabilistic change of the state of the system. If two

conditions are satisfied then according to that paper the Master Equation

can be approximated by the Langevin equation, an SDE describing the evo-

lution of the reactants population due to deterministic and stochastic events.

The two conditions are:
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Figure 2.12: Simulation results for the hypothetical case of 100% factor fitness. For
the case where Fp = Fm = Fg = Fd = M(0) = 1000.

(A) We require that there exists an infinitesimal interval dt, such that the

change in the propensity. i.e,

α j(Xt′) = α j(Xt),

where t ′ = t + dt and α j(X) = c jh j(X). Here h(X) is equal to the product

of the concentration of the reactants in bimolecular reactions or equal to the

concentration of one reactant in monomolecular reactions.

(B) We require that this dt is large enough that the expected number of

interactions is large.
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Figure 2.13: Simulation results for the hypothetical case of 100% factor fitness. For
the case where Fp = Fm = Fg = Fd = 250.

These two conditions might seem contrasting but in the case of large

populations they are both satisfied as (i) more than one reaction will occur in

dt and (ii) the change of the populations in that interval will be insignificant

compared to the total population and hence the propensity will be almost

constant.

If these two conditions are satisfied then it can be shown that a random

variable K(X(t), t) can become a statistically independent Poisson variable

P(a(X(t)), t) and then a normal random variable N(a(X(t))dt,a(X(t))dt).

Following that one can use the linear combination theorem for normal ran-

dom variables,
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N(m,σ2) = m+σ ×N(0,1),

to write the normal random variable in the following form:

a(X(t))dt +(a(X(t))dt)1/2.

Using the procedure explained in [24] one can find the Langevin equa-

tion satisfying the system and that equation will be a good approximation of

the Master equation. Furthermore, one can find the Fokker-Plank equation

but here we concentrate on the Langevin. The general formulation is as

follows:

dXi

dt
= ∑

j=1
ν j,iα j(X(t))+ ∑

j=1
ν j,iα

1/2
j (X(t))Γ j(t),

Here, ν j,i describes the change in the population Xi due to reaction j and

Γ j is Gaussian white noise. The above formula was formulated by its

discretized version which we use to simulate the model in Mathematica.

The discretized version, which can be recognized as the Euler-Maruyama

method, is:

Xi(t +dt) = Xi(t)+ ∑
j=1

ν j,iα j(X(t))dt + ∑
j=1

ν j,iα
1/2
j (X(t))N j(0,1)dt1/2.

N(0,1) is a random number of a normal distribution with mean zero and unit

variance.

2.B.1 Application to present ABM

Let us consider our cells and factors reaction model. We have the following

reactions:
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1. five reproducitons of the form X → 2X with rates gp,gm,go,gd,gh re-

spectively

2. four productions /0→ Fi with rate D

3. four interactions of the form X +Fx→ /0 with rate β .

So in total there are thirteen reactions. That gives the following vector

and matrix for α and ν :

α = {gpP,gmM,goO,gdD,ghH,D,D,D,D,βPFp,βMFm,βOFo,βDFd},

ν =



1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0

0 0 0 0 1 0 0 0 0

1 0 0 0 0 1 0 0 0

1 0 0 0 0 0 1 0 0

1 0 0 0 0 0 0 1 0

1 0 0 0 0 0 0 0 1

−1 1 0 0 0 −1 0 0 0

0 −1 1 0 0 0 −1 0 0

0 0 −1 1 0 0 0 −1 0

0 0 0 −1 1 0 0 0 −1



.

We can then formulate the Langevin equations for the populations using the

formula mentioned above.



Chapter 3
Stochastic analysis of a full system of

two competing populations in a

chemostat

3.1 Introduction

3.1.1 Motivation

For decades the growth of bacterial/cell populations has been a subject

of great interest to modellers. The reason behind the popularity of these

systems is of course the industrial and ecological importance of competing

population, growth processes as well as the richness and complexity of the

dynamics arising from even simple systems of a few organisms. When ex-

ploring these systems, coexistence of the different populations is of great

significance. These dynamics are often explored in the context and using

data from populations grown in bioreactors such as batch cultures or CSTR

(continually stirred tank reactor). One of the most studied CSTRs and the

focus of our work is the chemostat. A chemostat is an automated bioreac-

tor in which spent medium which contains metabolic products, microorgan-

isms and left over nutrients is continuously removed while fresh medium is

added at the same rate to keep the volume constant [30]. That rate is called
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the dilution rate and in the case where it is smaller than the growth rate of

the micro-organism that micro-organism grows. The chemostat provides a

powerful means of systematically investigating how growth rate impacts pro-

cesses of the cells such as gene expression and metabolism and the regu-

latory networks that control the rate of cell growth. Moreover, cells grown in

chemostat for generations can be used to study their adaptive evolution in

environmental conditions that limit cell growth [31]. One of the most impor-

tant characteristics of the chemostat for multiple microorganism populations

competing over a single substrate is the Competitive Exclusion Principle

(CEP) [32, 33]. Per the CEP in the above scenario only one population will

survive, more specifically the one that has the lowest break-even concentra-

tion while the other will be led to extinction. The break-even concentration is

the concentration of the nutrient such that the specific growth of a microor-

ganism is equal to the dilution rate. It is useful to write the general equations

for populations competing in a chemostat over a single substrate:

S(t)
dt

= D(S f −S)−
N

∑
n=1

1
Yi

fi(S)xi,

xi(t)
dt

= xi fi(S)−Dixi

where, S is the substrate, xi are the microbial populations, fi are their growth

rate functions that depend on the substrate, S f is the substrate feed and Yi

is the yield coefficient.

A great number of papers have focused on proving the CEP for dif-

ferent growth function assumptions and removal rates. The first attempts

have been made in the deterministic case. Here I briefly present some of

the papers in chronological order. The first paper was [34] where the au-

thor proved the CEP for the case of Di = D, which means death rates are

ignored by being considered negligible compared to the dilution rate, and
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a Michaelis-Menten (Monod) growth function, fi, which is non-linear and

increasing. Following that, the first author of the previous paper published,

generalized and proved CEP for multiple competing populations with the use

of Lyapunov functions and without the assumption of Di = D which basically

allows for different population to have different death rates on top of the di-

lution rate elimination term [35]. One further important remark of that paper

which will be important for the analysis of this paper was that co-existence

is possible deterministically when Di = D = fi. Following this paper, the ex-

clusion principle was proven by [36] for the case of equal elimination rates

for all variables but a general monotone growth rate functions. Further gen-

eralization of the CEP was achieved in [37] for a more complex set of growth

functions that are monotone increasing for low to normal concentrations of

the substrate but include an inhibitory interaction for high concentration and

allow for the functions to take the same value at most twice. Again the

main assumption here remains Di = D. The first step towards dropping that

assumption was made by [38]. Here, despite the fact that a proof of the

CEP is presented for general functions similar to the previous cases and

for Di 6= D the proof is incomplete without the addition of an extra technical

assumption on the substrate feed, break-even concentrations and dilution

and death rates. A proof of the principle without the extra technical assump-

tion was made possible in the case of strictly monotone growth function and

Di−D' ε , where ε << 1 [39] for the case of n populations. This paper also

demonstrated the inclusion of small discrete time delays will not alter the re-

sult of the competition whereas large delays might. Finally, [40] extended

the principle to both monotone and non-monotone general growth rate func-

tions for n populations, with again Di−D being small and the addition of an

extra assumption that controls the difference between the dilution rate and

the specific death rates and is dependent on either the difference of the two

lowest break-even concentrations or a growth function-specific parameter.

Papers where the number of resources is greater or equal to the number of
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populations and with deterministic dynamics are excluded since there co-

existence is more easily attainable and they present different questions and

challenges.

It can be seen that most of the papers that tackled the CEP did so from

a deterministic perspective and while it was shown in the simpler cases

that coexistence is possible when the break-even concentrations are the

same for multiple populations, it seems that it might not be the case where

noise comes into play. In the presence of noise coexistence is a knife-edge

phenomenon where the extinction of one or the other population occurs if

the dilution rate diverges from the exact value that makes it equal to the

break-even concentrations [41]. Compared to the deterministic exploration

there have been few attempts to address what happens when stochasticity

is taken into account. One of the best known papers on analysis of co-

existence of competing populations is the paper by Stephanopoulos et al.

[11] where they explored the dynamics of two microbial populations com-

peting for a single substrate. The main result by Stephanopoulos et al. was

that extinction occurs due to the noise present in the control of the dilution

rate in every chemostat. The interesting conclusion was that either popula-

tion can become extinct depending on the value of the dilution rate and the

initial conditions. The next attempts mainly focused on either single micro-

bial population or more populations but with simpler (linear) growth rates.

Specifically, Imhof and Walcher [42] explored the difference between deter-

ministic and stochastic persistence of a single population with a general type

of environmental noise included in the stochastic case. They concluded that

addition of noise changes the behaviour showing elimination in cases where

the deterministic showed persistence and they established some conditions

for persistence of the stochastic model. Xu et al. [43, 44] investigated fur-

ther the one population one substrate system, first with dilution rate induced

noise and later on with more general noise where they managed to find

the stochastic analogue of the break-even concentration. The growth rate
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had the familiar Monod form. Moving from that the two main authors of the

previous papers extended their stochastic analogue of the break-even con-

centration to a system of two microbial populations competing over a single

substrate but with growth rates having a linear dependence on the substrate

concentration. Finally, in [45] we see the case of two substrates and one

population and the effects large stochastic disturbances have in destabiliz-

ing the system and hence being harmful for the growth of such an organism.

As can be seen there are few stochastic papers on the chemostat, com-

pared to the deterministic and even fewer when it comes to competition of

multiple species for a single substrate. So it seems that there is clearly a

large space left unexplored and a lot to understand about stochastic dy-

namics and competition in general. To our knowledge there is a lack of

investigation and a lot to be gained even from the simple two population one

substrate system with a nonlinear Monod growth function that takes into

account the full dynamics, which will be the focus of our work in this chapter.

To close this section, I briefly refer to the case of coexistence with vary-

ing dilution rate or time delays. It has been shown that coexistence can in-

deed be achieved in different cases and within a big parameter space when

one or the other event takes place. For example coexistence in the form of

a limit cycle is achieved in [46] for the competition of three populations over

a single substrate where the dilution rate oscillates periodically as well as in

[47] under cycling.

3.1.2 Aims

The aim of this chapter is to explore the idea of coexistence by simulating

the dynamics of the full equations for two microbial populations and one

substrate for non-linear Monod growth functions with general noise as well

as dilution rate induced noise as explored in [11]. The rest of the chapter is

divided into materials and methods, where we present the stochastic ver-

sion of the full model, for both cases, in the form of a set of three stochastic

differential equations (SDEs) of the Langevin type. An asymptotic analy-
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sis, which is performed for the case where the substrate feed is large to

aid our understanding of the system, shows an intricate structure within the

dynamics and provides a simplified two-dimensional version from which we

can derive and numerically solve the Fokker-Planck equation readily in or-

der to have a comparison of the stochastic simulations to their deterministic

analogue. Finally we examine the case were death rates are added to the

model solely for the dilution rate noise case as well as the case were the two

populations have the same growth function and the differences depending

on the type of noise. The next section after that is results and discussion.

Here, the equations are numerically solved and simulated for the parameter

values of the same two microbial populations used in [11]. Following the

results section, some important remarks are being made in further discus-

sion and finally, in the last section named conclusion our work and findings

are summarized as well as issues and possible extensions to it.

3.2 Materials and methods

For two populations in a chemostat competing over a single substrate the

dimensionless equations are given by:

dx
dt

= x( f (z)−θ), (3.1)

dy
dt

= y(g(z)−θ), (3.2)

dz
dt

= θ(z f − z)− x f (z)− yg(z). (3.3)

Here x,y are the two dimensionless variables representing the microbial

populations, θ is the dimensionless dilution rate, z f the dimensionless sub-

strate feed and f (z),g(z) are the dimensionless growth rates given by the

following equations:
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f (z) =
a1z

b1 + z
, (3.4)

g(z) =
a2z

b2 + z
. (3.5)

A list of the parameters and their definitions is given in Table 3.1.

Table 3.1: Parameters and their values for E. coli and Spirillum sp. respectively.

Parameter (dimensionless) Definition Value Reference
θ dilution rate varying -
z f substrate feed 15000 -
ai maximum growth rate 2.911, 1.636 [11]
bi half-saturation coefficient 1.911, 0.636 [11]
σ noise intensity varying our model
θ0 dilution rate mean 1 -

The non-dimensionalisation was performed around the break-even con-

centration of the substrate assuming that there is such. In the case of the

parameter values used in [11] which will also be used here, there is such a

point. In the dimensionless system the two growth rates break even when

z = 1 in which case f (z),g(z) are also equal to one. In order to have coexis-

tence of the two populations the value of the dimensionless dilution rate, θ ,

must be one. Then it can be shown using linear stability that there is a line

of steady states given by y = z f − x−1 [11].

Equations (3.1-3.3) were simplified in [11] and the system reduced to

one dimension before introducing the noise term in the dilution rate. In our

analysis, by contrast, the noise term is introduced in the full equations with-

out further simplifications, first, and computational studies are made; after-

wards a self-consistent asymptotic treatment is also applied to complement

the numerical approach and provide further comparisons.
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3.2.1 Stochastic Langevin equations

It was been show in [42] that in a chemostat system of the form (3.1-3.3)

stochastic effects can be added as follows:

dx = x( f (z)−θ0)dt +σ1xdW1(t), (3.6)

dy = y(g(z)−θ0)dt +σ2ydW2(t), (3.7)

dz =
[
θ0(z f − z)− x f (z)− yg(z)

]
dt +σ3zdW3(t). (3.8)

Here Wi are independent Wiener processes (Brownian motions) and σ1,2

are the noise intensities.

In the case of stochasticity being solely due to random fluctuation in the

dilution rate the equations are different. Here, the dilution rate θ fluctuates

around a mean value and so:

θ = θ0 +ζ (τ), (3.9)

Where, ζ (τ) is a Gaussian random noise. Substituting that back into (3.1-

3.3), a system of stochastic differential equations is found:

dx = x( f (z)−θ0)dt−σxdW (t), (3.10)

dy = y(g(z)−θ0)dt−σydW (t), (3.11)

dz =
[
θ0(z f − z)− x f (z)− yg(z)

]
dt +σ(z f − z)dW (t). (3.12)
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Here W is a Wiener process and the formal derivative of the Gaussian noise.

The Wiener process increments are the same in each of the equations be-

cause there is a unique source of noise, i.e. the variation in the dilution

rate.

3.2.2 Asymptotic analysis for large z f

According to [11] the half-saturation coefficient for most populations are of

the order of a few milligrams per litre, and as a result the break-even value

of the substrate concentration at which the two specific growth rate curves

intersect is of similar order. The concentration of the substrate in the feed

is of the order of several grams per litre, so that z f is of the order of sev-

eral thousands. That gives a natural large parameter in the system which

we can use to perform an asymptotic analysis. The large value of z f is of

great importance to the analysis of [11] since it is used to suggest that the

movement along the line of steady states is slow whereas the movement of

the system from any point close to the line towards the line itself is very fast.

Hence, according to this suggestion the behaviour of the system around the

line can be ignored and the system modelled on the line. The reason behind

the present analysis is to understand the system better close to the line of

steady states and determine whether we can justify the reduction of the sys-

tem to one dimension or not. In fact using the results from the asymptotic

analysis indicates we can only reduce the system to two dimensions near

the line of steady states and we then numerically solve the corresponding

Fokker-Planck PDE readily.

We can investigate what happens for x(0),y(0) of O(1) and larger: all

such cases are of some concern and validity, and they pass through a num-

ber of successive temporal stages. A central case however is found to occur

for specific combinations of the initial conditions on x,y, namely

x(0) = M1,y(0) = M2. (3.13)
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The initial values M1,M2 are considered later.

3.2.2.1 Stage 1

Since all variables start at order less than z f we can see from the system of

equations that in order to balance the equation we need to introduce a fast

time T = z f t. This will give us d
dt = z f × d

dT . Hence, expanding the variables

as:

x = x0 + εx1 + . . . ,

y = y0 + εy1 + . . . ,

z = z0 + εz1 + . . . ,

and taking the O(z f ) terms gives:

dx0

dT
= 0,

dY0

dT
= 0,

dz0

dT
= θ .

The above means that in the first stage x,y will remain constant while z

will increase linearly with time, z≈ z0 +θz f t for a period of O(1/z f ).

3.2.2.2 Stage 2

Stage 2 has t of O(1). After the end of Stage 1, z has been increased to

O(z f ) whereas x and y remained constant. In Stage 2, x,y grow exponen-

tially at order-unity rates while z saturates near the value z f at large t. Now

we can introduce a new expansion for z:

z = z f z̄+ . . . ,
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Furthermore we have constants bi ∼ O(1) and hence bi << z which

means that f (z) ∼ a1 and g(z) ∼ a2. Using these, the leading order equa-

tions are:

ẋ = x(a1−θ),

ẏ = y(a2−θ),

˙̄z = θ(1− z̄),

Thus the solutions are

x = x(0)e(a1−θ)t , (3.14)

y = y(0)e(a2−θ)t , (3.15)

z = z f (1−C0e−θ t), (3.16)

Figure 3.1 shows the evolution of the populations at Stage 2.

Since both x and y increase exponentially they will become large quickly

and start affecting z. We want as a central case both x and y to have an

almost equal contribution to the dynamics so we need to pick the appropriate

initial conditions for y, i.e. y(0). Namely, what we examine is x,y∼ z f at the

same time.

M1e(a1−θ)t ∼ z f ,M2e(a2−θ)t ∼ z f . (3.17)

3.2.2.3 Stage 3

In this stage x,y interact directly with z. This interactive stage has the form:

t = L+ t ′, (x,y,z) = z f (x′,y′,z′)+ . . . , (3.18)

where the primed quantities are of order unity and the large parameter L
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Figure 3.1: Plot of x,y,z for the second stage of the asymptotic analysis where
exponential growth of x,y occurs whereas z saturates.

satisfies

L = (a1−θ)−1 log(z f /M1) = (a2−θ)−1 log(z f /M2), (3.19)

owing to (3.17).

Given the expansion (3.18), the system (3.1)-(3.3) reduces to the linear

equations

dx′

dt
= x′(a1−θ), (3.20)

dy′

dt
= y′(a2−θ), (3.21)

dz′

dt
= θ(1− z′)− x′a1− y′a2, (3.22)

in Stage 3. The solution for x′,y′,z′ here yields, after matching with the
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Figure 3.2: Plot of x,y,z for third stage of the asymptotic analysis where exponential
growth of x,y continues whereas z decreases to O(1).

previous stages,

x′ = µ1e(a1−θ)t′, (3.23)

y′ = µ2e(a2−θ)t′, (3.24)

z′ = 1−C3e−θ t′−µ1e(a1−θ)t′−µ2e(a2−θ)t′, (3.25)

with the coefficients µ1,µ2 of the two growing exponentials being notable.

From matching with the previous stage we deduce that C3 = 0. As t in-

creases from −∞ the solution z′ increases monotonically at first but then at

a finite time z′ achieves a maximum value, after which z′ decreases mono-

tonically and reaches zero within a further finite time, say at t ′ = t ′0, as it can

be seen from Figure 3.2.

To find the coefficients µ1,µ2 as a function of M1,M2 we require the

following:
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M1e(a1−θ)L = µ1z f , (3.26)

M2e(a2−θ)L = µ2z f , (3.27)

which by fixing M1 and finding M2,L can admit the coefficients for Stage 3.

A significant condition for z′ to reach that zero comes straight from

(3.22), which implies that

θ − x′0a1− y′0a2 < 0. (3.28)

based on the assumption that z′ approaches zero from above at t ′ = t ′0−,

i.e. dz′/dt ′ must then be negative. The quantities x′0,y
′
0 in (3.28) are the

values of x′,y′ at t ′ = t ′0.

3.2.2.4 Stage 4

Stage 4 arises when z reduces to the order of unity. This is a rapid decrease

stage in which we have

t = L+ t ′0 + z−1
f T,(x,y,z) = (z f x′0,z f x′0,Z)+ . . . , (3.29)

Thus x,y remain constant to leading order. The governing system (3.1)-

(3.3) produces evolution equations for the perturbations in x,y, while for Z

we find that

dZ
dt

= θ − x′0 f (Z)− y′0g(Z), (3.30)

Here f (Z),g(Z) are non-trivial, being respectively a1Z/(b1 +Z), a2Z/(b2 +

Z). Matching with Stage 3 at large negative T we again find that condition

(3.28) needs to be satisfied in order for Z to decrease at the start of Stage

4. That leads to an evolution of Z towards the constant value Z∞ at large

positive T , see Figure 3.3. The constant satisfies:



3.2. Materials and methods 76

Figure 3.3: Plot of z for the fourth stage of the asymptotic analysis where x,y remain
constant whereas z quickly descents to its steady state value.

x′0 f (Z∞)+ y′0g(Z∞) = θ , (3.31)

due to (3.30).

We omitted the x,y plot as it is mostly trivial especially in the case of

θ = 1 where they reach the steady state by the end of Stage 4.

3.2.2.5 Stage 5

Stage 5 is the final stage. Here x,y are of O(z f ), whereas z is O(1) and the

typical time variation is of order unity. Hence

t = L+ t ′0 + t̄,(x,y,z) = (z f x̄,z f ȳ, z̄)+ . . . , (3.32)

The equations in this stage reduce to
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Figure 3.4: Plot of x,y for the fifth stage of the asymptotic analysis where x,y
change according to the original ODE equations and z is “slaved” to
them.

˙̄x = x̄( f (z̄)−θ), (3.33)

˙̄y = ȳ(g(z̄)−θ), (3.34)

θ = x̄ f (z̄)+ ȳg(z̄), (3.35)

where the growth terms f (z̄) = a1z̄/(b1+ z̄),g(z̄) = a2z̄/(b2+ z̄) are nontriv-

ial again. The initial conditions are:

(x̄(0), ȳ(0), z̄(0)) = (x′0,y
′
0,Z∞), (3.36)

from matching with the previous stage. We observe that the initial conditions

satisfy the restriction

x̄(0)a1 + ȳ(0)a2 > θ , (3.37)

in view of the requirement (3.28) in an earlier stage.
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(a) Quadratic solution 1. (b) Quadratic solution 2.

Figure 3.5: Contour plot of the two solutions for z from the quadratic equation de-
rived in Stage 4. One of the solution yields negative values that are
biologically unrealistic and the second solution yields positive realistic
results as long as the system is right of the line of singularities

In the differential-algebraic equations (DAEs) above z̄ is given by solving

the algebraic expression whereas x and y are given by the regular differential

equations of the full system. For the following analysis as well as the Fokker-

Planck equation we will use the variables x̄, ȳ and z̄.The equation for z̄ is

quadratic so we end up with two possible solutions for z̄. Figure 3.5 is the

contour plot of the solution for x̄, ȳ varying between 0 and 1 and we can see

that one solution yields only negative results so it can be dropped. Keeping

the other solution though yields a line of singularities given by:

ȳ =
θ

a2
− a1

a2
x̄, (3.38)

There is no physical significance to the line of singularities which is

simply a mathematical manifestation of reducing the ODE of the substrate

to an algebraic equation.

Hence, we need to solve the system from this line onwards. To do that we

first need to make sure that in Stage 5 the system is already far from that

line. This can be easily deduced from the fact that in Stage 5 the system

already starts away from the line of singularities due to (3.37).
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The asymptotic approach provides a firm basis for the deterministic

case but it also points towards use of the apparently self-consistent ap-

proximations in the present work in terms of increased understanding of

the stochastic differential and Fokker-Planck equations. As far as we know

no such basis exists as yet for the approximations in [11].

3.2.3 Fokker-Planck equation of Stage 5 Langevin equa-

tions

Deriving the Langevin equations for Stage 5 so as to find the respective

Fokker-Planck equations is trivial and identical to deriving the stochastic

equations for the full system. For the Fokker-Planck equations we use the

methodology shown in Appendix 3.A and we obtain two different equations

depending on the noise assumptions. More specifically in the case where

the Brownian motion increments are the same we gain an extra term. In

the process of deriving the Fokker-Planck equations we make a significant

assumption/simplification which is that the algebraic equation for z has no

noise. The only variation of z̄ due to noise comes from the variability of x̄, ȳ.

Without that assumption we cannot readily derive a compact Fokker-Planck

equation for Stage 5. We will show that this assumption makes z vary sig-

nificantly less than how much it would in the case of noise in the algebraic

equation. This doesn’t seem to affect the qualitative results and it provides

a compromise between no z variation in [11] and full z̄ stochastic variation

since from simulations of the stochastic equations for the full system we will

see that different levels of noise in the z equation do not seem to affect the

dynamics of x,y (Figure 3.11). Hence, this is similar to the limit of consider-

ing the noise intensity of equation (3.8 & 3.12) as zero and recover equation

(3.3). Which when close to the line of steady states will in turn be replaced

by (3.35) due to the asymptotic analysis.

That can also be understood directly from the nature and significance

of equations (3.33-3.35). As we have stated during stage 5 the substrate

has reached a steady state and its temporal evolution and consequently
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its time derivative has disappeared. As a result the ODE describing the

substrate has been replaced by an algebraic equations dependent on x̄, ȳ

hence “slaving” it to the changes of the microbial populations. As a result

we believe there is no need to introduce a noise term directly to the algebraic

equation as any stochastic effects in x̄, ȳ are reflected in z̄.

Using the general formula for the derivation of the Fokker-Planck equa-

tion from Appendix 3.A, the Fokker-Planck equations for the simplified 2D

system of the fifth stage, for the general noise and dilution rate noise re-

spectively, are found to be:
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∂

∂ t
p(x̄, ȳ, t|x̄0, ȳ0, t0) =−

∂

∂ x̄

[
x̄( f (x̄, ȳ)−θ0)p(x̄, ȳ, t|x̄0, ȳ0, t0)

]
− ∂

∂ ȳ

[
ȳ(g(x̄, ȳ)−θ0)p(x̄, ȳ, t|x̄0, ȳ0, t0)

]
+

σ2
1

2
∂ 2

∂ x̄2

[
x̄2 p(x̄, ȳ, t|x̄0, ȳ0, t0)

]
+

σ2
2

2
∂ 2

∂ ȳ2

[
ȳ2 p(x̄, ȳ, t|x̄0, ȳ0, t0)

]
,

(3.39)

∂

∂ t
p(x̄, ȳ, t|x̄0, ȳ0, t0) =−

∂

∂ x̄

[
x̄( f (x̄, ȳ)−θ0)p(x̄, ȳ, t|x̄0, ȳ0, t0)

]
− ∂

∂ ȳ

[
ȳ(g(x̄, ȳ)−θ0)p(x̄, ȳ, t|x̄0, ȳ0, t0)

]
+

σ2

2
∂ 2

∂ x̄2

[
x̄2 p(x̄, ȳ, t|x̄0, ȳ0, t0)

]
+

σ2

2
∂ 2

∂ ȳ2

[
ȳ2 p(x̄, ȳ, t|x̄0, ȳ0, t0)

]
+σ

2 ∂ 2

∂ x̄∂ ȳ

[
x̄ȳp(x̄, ȳ, t|x̄0, ȳ0, t0)

]
.

(3.40)

Here p(x̄, ȳ, t|x̄0, ȳ0, t0) is the probability density of the system being in state

x̄, ȳ at time t assuming that it started in state x̄0, ȳ0 at time t0. Moreover, σ is

the noise intensity.

3.2.3.1 Numerical solution formulation, boundary and initial

conditions

To simulate low noise intensity a very fine grid mesh was used in the polygon

areas created by cutting the corner below the line of singularities mentioned

in Stage 5 in 3.2.2.5 and extending the area as far x̄ = 3 and ȳ = 3 which

would correspond to x = y = 3z f . The corner cut is the area below the line

defined as:

y = 1/a2−a1x/a2 +10−2 (3.41)
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That is to avoid the numerical errors occurring by being too close to the line

of singularities.

Figure 3.6 shows the region of the solution with the mesh used for the

finite element method solution of the Fokker-Planck equations:

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.0

0.5

1.0

1.5

2.0

2.5

3.0

x

y

Figure 3.6: Region of solution of the Fokker-Planck equation which starts very
close to the line of singularities and extends to 3z f with mesh used
for the FEM overlaid.

The initial condition for the numerical solution of the Fokker-Planck

equation is a two dimensional Gaussian with means µ1 = µ2 = 0.5 and

standard deviations of σ1 = σ2 = 0.05:

p(x,y,0) =
1

2πσ1σ2
e
−1

2 (
(x−µ1)

2

σ2
1

+
(y−µ2)

2

σ2
2

)

,

The boundary conditions are such that the probability density is zero at

the x̄ = 3, ȳ = 3 boundary and there is no flux out of the region so that the

total probability remains equal to one. For the boundary at x = 3,y = 3 we
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impose p(3,y,0) = p(x,3,0) = 0 as well as ∂ p
∂x |x=3 = 0, ∂ p

∂y |y=3 = 0. For the

x̄= 0 or ȳ= 0 boundary we do not need to specify p= 0 boundary conditions

as the form of the Fokker-Planck equation at the boundary implies that if p

is initially zero there it will remain so. To see that we need only write down

(see below) the Fokker-Planck at the y = 0 boundary for one of the noise

cases as the other will admit something similar.

∂

∂ t
p(x̄,0, t|x0, ȳ0, t0) =−

∂

∂ x̄

[
x̄( f (x̄,0)−θ0)p(x̄,0, t|x̄0, ȳ0, t0)

]
− (g(x̄,0)−θ0)p(x̄,0, t|x̄0, ȳ0, t0)

+
σ2

2
∂ 2

∂ x̄2

[
x̄2 p(x̄,0, t|x̄0, ȳ0, t0)

]
+0σ

2 p(x̄,0, t|x̄0, ȳ0, t0)

+σ
2 ∂

∂ x̄

[
x̄p(x̄,0, t|x̄0, ȳ0, t0)

]
,

We can see that there is no contribution to the evolution of p on that bound-

ary from values of y 6= 0 and that if p = 0 initially it remains so as ∂ p
∂ t = 0.

Finally we require that p is zero on the diagonal line (3.38) and that the

flux at this line is also zero. To enforce that boundary condition we first need

to calculate the probability flux. This is given by:

∂t p+∇ ·J = 0, (3.42)

which from (3.39,3.40) admits:

J =

(
x̄( f (x̄, ȳ)−θ0)p− σ2

2
∂

∂ x̄

[
x̄2 p
]
,

ȳ(g(x̄, ȳ)−θ0)p− σ2

2
∂

∂ ȳ

[
ȳ2 p
])

,

(3.43)
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J =

(
x̄( f (x̄, ȳ)−θ0)p− σ2

2
∂

∂ x̄

[
x̄2 p
]
−σ

2 ∂

∂ ȳ

[
x̄ȳp
]
,

ȳ(g(x̄, ȳ)−θ0)p− σ2

2
∂

∂ ȳ

[
ȳ2 p
]
−σ

2 ∂

∂ x̄

[
x̄ȳp
])

,

(3.44)

The no flux or reflecting boundary conditions are then

n ·J = 0. (3.45)

where n is the outward normal to the surface. In our case this condition is

automatically satisfied at the x̄ = 0, ȳ = 0 boundaries and we only need to

impose it on the diagonal line as well as the x̄ = 3, ȳ = 3 boundaries.

3.2.4 Adding death rates to the model

To explore what happens in the case of adding death rates to the model

we first need to take a step back and present the dimensional system. The

growth rates for two microbial population are the combined growth rates,

given by the Monod model of uninhibited growth, minus the death rate (di)

which relates to the dimensional version of equations (3.1)-(3.3):

µ1(s) =
µ1

ms
K1

s + s
−d1 (3.46)

µ2(s) =
µ2

ms
K2

s + s
−d2 (3.47)

Here, µ i
m is the maximum specific growth rate, Ki

s is the half-saturation co-

efficient in the specific growth rate expression, d1,2 are the death rates plus

dilution rates and s is the substrate concentration.

We are interested in the points of intersection between these two

curves, which are always two since the equation µ1(s) = µ2(s) is quadratic

in s. In the absence of death rate it is easy to deduce that there can po-

tentially be two intersection points with one being always zero and the other
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for positive s and positive values of the growth rates. Instead of the positive

intersection point it is possible that we have one intersection point for neg-

ative value of the substrate and negative growth rates but this crossing is

no longer of any biological interest. So we have only two interesting cases,

(a) one intersection point at zero or (b) two points, one is zero and the other

somewhere in the upper right quadrant. For (b) it is trivial to find the re-

lations between the parameters of the two growth rates depending on the

assumption you make about the growth rates, i.e. which is largest as s→∞.

(a) Growth rates without death rate.

(b) Growth rates with death rate.

Figure 3.7: Plot of the dimensional growth rates with and without death rates for
different substrate values to demonstrate the possibility of having two
intersection points on the upper right quadrant for the case of death
rate inclusion.
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On the other hand, including two distinct death rates complicates the

situation. Now there are three biologically relevant cases which give very

different relations between the parameters, (a) both the intersection points

being at the upper right quadrant, (b) the first being at the lower right and the

second on the upper right and (c) the first being in the lower left quadrant

and the second in the upper right. In all the other cases both intersections

points occur at negative growth rate values.

First we will focus on (b) and (c) since they are the simplest cases and

admit only one interesting point of intersection. In the analysis that follows

it is always assumed that µ1(s)> µ2(s) as s→ ∞, and hence obtaining the

first relation:

µ
1
m−d1 > µ

2
m−d2 (3.48)

Moreover, we want the end-values of the growth rates to be positive

which gives the next two relations:

µ
1
m > d1 (3.49)

µ
2
m > d2 (3.50)

The simplest case is (b) where both intersection points are for s > 0 and

the first admits a negative growth rate whereas the second a positive. Let

us have a look at the additional conditions imposed by (b). The solutions to

the quadratic equation f (s) = g(s) are:

s1,2 =
−B∓

√
B2−4AC

2A

Where A, B and C are as follows:
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A = µ1−d1 +d2−µ2

B = K2(µ1−d1 +d2)−K1(µ2−d2 +d1)

C = K1K2(d2−d1)

In order for both s1,s2 to be positive we just need the smaller, s1, to

be positive. For that to happen we need the following conditions, (I) B < 0,

(II) C > 0 so that
√

B2−4AC <−B, since we already know from (3.48) that

A > 0, and finally (III) B2 > 4AC in order to have real solutions. From these

conditions only one is of immediate importance and that is (II) due to the

fact that (I) and (III) will be satisfied by another stronger condition we need

in order to have the desirable geometry (µ1(s2)> 0,µ1(s1)< 0). So, C > 0

implies:

d2 > d1 (3.51)

In addition if we also require µ1(s1) = µ2(s1)< 0 and µ1(s2) = µ2(s2)>

0 we get one final condition:

K1d1

µ1−d1
>

K2d2

µ2−d2
(3.52)

What that inequality says is that µ2 crosses the s-axes before µ1, mean-

ing that s1
0 > s2

0 where, µ1(s1
0) = µ2(s2

0) = 0. Using (3.48) and (3.51) another

condition is obtained which is weaker than (3.52), i.e. necessary but not

sufficient, but useful for the stability analysis that follows.

K1 > K2 (3.53)

Inequality (3.52) was found using Mathematica and we can again using

Mathematica show that if it is satisfied then B < 0 and B2−4AC≥ 0. Hence,

the only two conditions needed for case (b) are (3.51) and (3.52).
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Table 3.2: Stability analysis w/ death rate.

Steady-State Conditions for λ1 < 0 Conditions for λ2 < 0
x = y = 0 f (z f )> θ g(z f )> θ

x = 0,g(z) = θ g(z f )> θ θ < 1
y = 0, f (z) = θ f (z f )> θ θ > 1
f (z) = g(z) = θ z f > 1 AND θ = 1 NA λ2 = 0

The nondimensionalisation as well as the results of the stability analysis

are found in Appendix B. The linear stability is summed up in the Table 3.2

If now case (c) is considered, namely the case where one intersection

point is at the upper right quadrant and the other in the lower left, the exact

same stability analysis results are recovered as was expected. In case (c)

there is one condition opposite to (3.51) which, when combined with (3.48)

admits one extra condition:

d1 > d2 (3.54)

a1 > a2 (3.55)

Other than that the stability analysis remains the same as in Table 3.2.

As stated before this analysis is valid for cases (b) and (c) when there

is a single intersection point in the upper right quadrant. In case (a) where

there are two nondimensionalisation and linear stability analysis is much

more complicated and very difficult to perform. So instead we summarize

the stability of the system via numerical simulations in Figure 3.8.
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Figure 3.8: Stability of system with death rates and two intersection points in the
upper quadrant with initial populations being the same.

We can deduce that the stability seems to be exactly what we expected

according to the cases where we had one intersection point, i.e. the popu-

lation surviving in each segment of the parameter space is the one with the

highest growth rate.

3.3 Results and discussion

Due to the fact that z f is usually large we chose an arbitrarily large value

equal to 15000. Results for the full system are not affected by the value

of z f , except as regards numerical accuracy, while our asymptotic analysis

and further simulation of the simplified system and Fokker-Planck take z f

asymptotically large.

3.3.1 Simulation of Langevin equations for full system

without death

To simulate the dynamics of the full system close to the line of steady states

we use the Euler-Maruyama method on the system of SDEs (3.6-3.8) and

(3.10-3.12). The initial conditions for x,y are given by y = z f − x− 1 which

is the line of steady states and specifically we chose x = z f /2−1,y = z f /2.
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Moreover z always starts from the value of one so that the system is initiated

on the line of steady states.

The Euler-Maruyama method has a strong convergence of O(1/2). Al-

ternatively we can use the Milstein method with a strong convergence of

O(1) [26]. We noticed no difference in the numerical results from the two

approaches and hence we performed the simulations using the former. In

the following figures we present the evolution of the two populations for dif-

ferent values of θ and different noise intensities.

3.3.1.1 Evolution of microbial populations for general noise

For the simulation of the general noise case we initially picked the values of

the noise intensities such that they are at the same order as the ones we

used at the later case of dilution rate noise. Meaning that for σ3 we picked

high intensity to account for the fact that environmental stochasticity affects

z dramatically because of the z f term in the equation. In addition we in-

creased the values of σ1,σ2 to see if there is any qualitative difference to

the dynamics. We can do that since the noise terms are independent for x,y

and z. In the case of θ = 1 (Figure 3.9(a),(b)) we observe that x is the clear

winner of the competition for both low and high noise. For θ = 0.99 (Figure

3.10(a),(b)) deterministically we are in the region were y should survive and

x must vanish and with low noise we see that this is the case. However

as noise intensifies we can see that there is a longer competition between

the two populations. For particular values of θ ,σ we can create a situation

where both populations coexist for a very long period where a very extended

simulation needs to take place to determine which one will eventually sur-

vive. We do not observe something similar for θ = 1.01 (Figure 3.10(c),(d))

where it is again clear who the winner is and the results agree with the de-

terministic case. So we further see an advantage of the x population of the

y.

It is interesting to explore what happens to the case of high noise in x,y

and decreased noise in z
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(a) θ = 1,σ1 = 0.0006,σ2 = 0.0007,σ3 = 9.
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(b) θ = 1,σ1 = 0.05,σ2 = 0.07,σ3 = 9.
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(a) θ = 1.02,σ1 = 0.0006,σ2 = 0.0007,σ3 = 9.
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(b) θ = 1.02,σ1 = 0.05,σ2 = 0.07,σ3 = 9.
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(c) θ = 0.98,σ1 = 0.0006,σ2 = 0.0007,σ3 = 9.
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(d) θ = 0.98,σ1 = 0.05,σ2 = 0.07,σ3 = 9.

Figure 3.9: Plot of 10 runs of non-dimensional microbial populations versus non-
dimensional time for varying values of the dilution rate and noise in-
tensity. In (a),(c),(d),(e) x in red and y in green. In (b), (f) x in yellow,
orange and blue and y in green, magenta and light blue.
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(e) θ = 0.99,σ1 = 0.0006,σ2 = 0.0007,σ3 = 9.
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(f) θ = 0.99,σ1 = 0.05,σ2 = 0.07,σ3 = 9.
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(a) θ = 1.01,σ1 = 0.0006,σ2 = 0.0007,σ3 = 9.
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(b) θ = 1.01,σ1 = 0.05,σ2 = 0.07,σ3 = 9.

Figure 3.10: Plot of 3 runs of non-dimensional microbial populations versus non-
dimensional time for varying values of the dilution rate and noise in-
tensity. In (a),(c) x in red and y in green. In (b), (d) x in blue, orange
and yellow and y in magenta, green and light blue.
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(c) θ = 1,σ1 = 0.05,σ2 = 0.07,σ3 = 0.01.
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(d) θ = 1,σ1 = 0.05,σ2 = 0.07,σ3 = 0.00001.

Figure 3.11: Plot of 3 runs of non-dimensional microbial populations versus non-
dimensional time for varying values the σ3 noise intensity. In (a) and
(b) x in blue, orange and yellow and y in magenta, green and light
blue.
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The two plots of Figure 3.11 combined with Figure 3.9(b) show that the

variation of the dynamics of x,y are mainly affected by the stochasticity in

x,y and that noise in z, i.e. σ3, has little to no effect. Hence, we can justify

the replacement of the differential equation for z with the algebraic equation

found using the asymptotic analysis when the system is close to the line of

steady states.

3.3.1.2 Evolution of microbial populations for dilution rate in-

duced noise

The plots of Figure 3.12 and 3.13 show a clear dominance of the x popula-

tion for the case where the mean value of the dilution rate is one. We can

further see that higher noise favours the population with the highest maxi-

mum growth rate whereas lower favours the other. That can be seen clearly

from the contrasting effect of the noise intensity depending on which region

of θ values the system is in. If θ ≥ 1 then higher intensity drives the system

to a steady state faster (Figure 3.12(c),(d)) whereas if θ ≤ 1 higher intensity

has the opposite effect (Figure 3.13).

The plots for the case of θ = 1 for both types of noise are in contrast

to what was found in [11] where because of the fact that z was considered

constant, the drift term disappeared in the Fokker-Planck equation and the

evolution was purely stochastic. As a result both populations had similar

chances of survival if they had the same initial conditions. This is not the

case here.

3.3.2 Simulation of Differential-Algebraic system for gen-

eral noise

As we already mentioned we need a bridge with the results from [11]. In that

paper the authors explored what happened in the case where z is simply

assumed constant. In the present work, using the asymptotic analysis and

the algebraic equation for z we made a simplification that allows us to reduce

the system to 2D and derive a Fokker-Planck equation that is more readily
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(a) θ = 1,σ = 0.0006.
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(b) θ = 1,σ = 0.001.
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(a) θ = 1.02,σ = 0.0006.
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(b) θ = 1.02,σ = 0.001.

Figure 3.12: Plot of 10 runs of non-dimensional microbial populations versus non-
dimensional time for varying values of the dilution rate and noise in-
tensity. In (a)-(d) x in red and y in green.
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(c) θ = 0.98,σ = 0.0006.
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(d) θ = 0.98,σ = 0.001.
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(a) θ = 0.99,σ = 0.0006.

(b) θ = 0.99,σ = 0.001.

Figure 3.13: Plot of 10 runs of non-dimensional microbial populations versus non-
dimensional time for varying values of the dilution rate and noise in-
tensity. In (a)-(d) x in red and y in green.
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solvable. It is easy to show that for the same level of noise intensity the

variation of z in the case of (3.33-3.35) and (3.10-3.12) is very different. In

the former the variation is significantly smaller as evident from the Figure

3.14 below showing the different in the variation of z given by the algebraic

and differential equations respectively, but as we have already demonstrated

that plays little part in the overall dynamics.

Having justified the use of the reduced system for the case of general

noise we can use the derived Fokker-Planck equation (3.39) to simulate the

probability density function of the system. The advantage of using the DAE

system without noise in the algebraic equation is that if we solve for z as

mentioned in the previous section and substitute into the SDEs for x,y we

can then derive a Fokker-Planck equation in two ”spatial” dimensions and

time which allows us to explore the evolution of the system for low noise and

long times with much lower computational cost, higher accuracy and more

clarity. We may also refer to the spatially 3D Fokker-Planck system which

has a single derivative in t and double derivatives in x,y,z. This system also

involves a single z-derivative of the algebraic term in square brackets on the

right-hand side of equation (3.8). Our emphasis guided by the numerical

studies is on the solution of the system when the latter (algebraic) term is

zero. Setting that term to zero then creates a specific connection between

x,y,z derivatives. This allows any z derivative for example to be replaced by

a combination of x,y derivatives and that in turn leads to the Fokker-Planck

system becoming dependent in t,x,y only as in the present working.

For these simulations we have used a moderate noise intensity. The

reason for not wanting to use a noise intensity that is very low is the fact that

the smaller the noise intensity the smaller the diffusion term of the Fokker-

Planck equation and the finer the mesh needs to be to solve the equations

correctly. This 2D Fokker-Planck was numerically solved using the finite

element method (FEM) in Mathematica 11.

The system was initialized such that x,y have almost the same magni-
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Figure 3.14: Evolution of z using the algebraic equation without noise and the dif-
ferential equation with noise respectively. Notice how the fluctuation
of the non-dimensional substrate are much three orders of magnitude
smaller in the case where the algebraic equation is used.
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(a) FP equation for t = 1 (Green), t = 500 (Red), t = 10000 (Yellow), σ1 =
0.05 and σ2 = 0.07.

(b) FP equation for θ = 1.01, t = 250, σ1 = 0.05 and σ2 = 0.07.

Figure 3.15: Numerical solution of the Fokker-Planck equation for θ = 1,1.01 and
same noise intensities for both simulations, namely σ1 = 0.05,σ2 =
0.07.
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(a) FP equation for t = 1000, σ1 = 0.5 and σ2 = 0.07.

(b) FP equation for t = 1000 and σ1,2 = 0.03.

Figure 3.16: Numerical solution of the Fokker-Planck equation for θ = 0.99 and
high and low noise intensity respectively.

tude and such that the system starts on the line of steady states. In Figure

3.15 the evolution of the Fokker-Planck equation is seen for different times

represented by different colours for the case of θ = 1 and noise intensities

σ1 = 0.05,σ2 = 0.07. In plot (b) we have the same noise intensities but

θ = 1.01 to compare the stochastic with the deterministc case. It is clear

that for large time the system tends to y = 0 and centred a bit off x = 1 for

both cases of θ .

Figure 3.16(a) shows what happen in the case where θ = 0.99. As in
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the SDE case the probability density function implies that the system needs

a lot of time to settle to one steady state. It seems that y population has

a slight advantage here as we can also see in the numerical simulations

of the Langevin equations before. Unfortunately due to numerical errors

the solution of the Fokker-Planck dissipates so we are not able to properly

explore the very long time behaviour of the solution which should probably

be a peak around y = 1. On the other hand for lower noise we get exactly

what we would expect deterministically for the case of θ = 0.99 which is

only for y to survive (Fig 3.16b) which is the same as the result shown in the

previous subsection.

3.3.3 Simulation of Differential-Algebraic system for dilu-

tion rate induced noise

Again the system was initialized such that x,y have almost the same mag-

nitude and such that the system starts on the line of steady states. In Fig-

ure 3.17(a) the evolution of the Fokker-Planck equation is seen for different

times represented by different colours for the case of θ = 1. It is clear that

for large time the system tends to y= 0 centred a bit off x= 1. Figure 3.17(b)

demonstrates the case of θ = 1.01 which results in the same fate as the de-

terministic case where x survives and y dies out. Both plots are for low noise

intensity with value σ = 0.03.

Figure 3.18(a) demonstrates what happen in the case where θ = 0.99.

We can see that the result is exactly what we expect for the case of low

noise, i.e. y reaches a steady-state which is again slightly smaller than one

and x dies out. On the other hand 3.18(b) shows that in the presence of

high noise σ = 0.2 this result changes and the population with the highest

maximum growth rate is favoured.
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(a) FP equation for θ = 1, t = 1 (Green), t = 2500 (Red) and t = 7000
(Yellow).

(b) FP equation for t = 250 and θ = 1.01.

Figure 3.17: Numerical solution of the Fokker-Planck equation for θ = 1, θ = 1.01
and σ = 0.03.

3.3.4 Simulation of Langevin equations for full system

with death

To explore the case where death of the microbial populations is included we

picked some dummy values for the death rates such that there is a point

of intersection between the modified growth curves of the two populations

and such that the dominance for high values of z reverses. Meaning that as

z→ ∞ y has a greater growth rate than x which is given by a2− γ2. In this

case we have a2− γ2 > a1− γ1 and the relation between the parameter of
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(a) FP equation for t = 100 and σ = 0.03.

(b) FP equation for t = 300 and σ = 0.2.

Figure 3.18: Numerical solution of the Fokker-Planck equation for θ = 0.99 and low
and high noise intensity respectively.
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the growth rate is given by (3.67). The simulation values chosen are:

Table 3.3: Parameters and their values for the case of death rate.

Parameter (dimensionless) Definition Value
z f substrate feed 15000
ai maximum growth rate 2.512, 1.411
bi half-saturation coefficient 0.041, 0.204
γi death rate 1.41306, 0.171927

The following figures are for both general noise and dilution rate induced

noise respectively.

Figures 3.19, 3.20 imply that when death rate is included the quantity

that plays the most important role changes for the maximum growth rate (ai)

to that minus the death rate (ai− γi). In Figure 3.19(b) we can see that for

θ = 1 and higher noise intensity the competition persists but y (magenta,

light blue, green) is the winner over x (dark blue, orange, yellow). Other than

that the results seem to be qualitative very similar to the respective noise

cases without death.

3.4 Further discussion
Our work has been an investigation of coexistence and competitive exclu-

sion in the case of general, non-linear Monod growth rates for two popula-

tions in a chemostat with stochastic effects taken into account. Based on the

analysis and numerical simulation of two microbial populations competing

in a chemostat in [11] we wished to extend our understanding in two ways.

The first was exploring the differences of solving the full system rather than

a one-dimensional simplification and the second was adding a more general

type of noise. In the original paper the results for θ = 1 are independent of

noise intensity and suggest that either population has a probability of sur-

viving depending solely on the initial conditions on the line of steady state.

Interestingly keeping the nature of the noise the same as the original paper

but solving for the full system admits different results from the ones found in

the one-dimensional case but only when θ = 1. That seems to remain true
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(b) θ = 1,σ1 = 0.05, σ2 = 0.07 and σ3 = 9.

Figure 3.19: Plot of 6 runs of non-dimensional microbial populations versus non-
dimensional time for the full system with death rate and general noise.
In (a) y in green and x in red whereas in (b) y in magenta, light blue
and green and x in orange, yellow and dark blue.
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(b) θ = 0.98,σ = 0.03.

Figure 3.20: Plot of 6 runs of non-dimensional microbial populations (y in green
and x in red) versus non-dimensional time for the full system with
death rate and dilution rate induced noise.
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when we have general environmental noise.

Despite the fact that in the case of general noise and high intensity the

competition was more persistent something similar was not observed for low

noise. An important step was the derivation of the Fokker-Planck equation

for a reduced 2D system which can be used for more systematic exploration

and simulation of it as well as the inclusion of death rate.

A note is appropriate on the choice of noise intensities. As far as we

know there are no experimental values to justify our choice of noise intensi-

ties and any justification was made on the grounds of realistic mathematical

results. In the case of dilution induced noise the low intensity was selected

such that the substrate does not become negative which would result in un-

realistic results and the system eventually diverging. This of course is due

to the choice of a large substrate feed value. For the case of general noise

we made two choices. One similar to the previous case so that we have a

base for comparison and the other one has higher values which gave realis-

tic magnitude of oscillation around the deterministic steady state. The range

of noise values with which we simulated the general noise case is within the

range of values used in other papers with similar types of noise. A few can

be found in the table below:

Table 3.4: Noise intensity ranges in the literature.

Range Reference
(0.2,1.1) [48]
(0.08,1) [49]
(0.02,1.55) [43]
(0.2,1.8) [45]

Finally, it is worth mentioning the case where both populations have

exactly the same growth parameters. Here, what we found from the sim-

ulations found in appendix 3.C when we run the system with coexistence

operating conditions and with initial conditions on or close to the coexis-

tence line was the following: In the case of the dilution rate induced noise,

where the noise increments are the same for all populations due to the fact
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that the noise source is exactly the same, both populations stayed to the

initial condition value and oscillated around that value but there was minimal

movement up or down the line. This is to be expected as the two popula-

tions blend into one and hence any sense of competition is irrelevant. On

the other hand, in the general noise case where the increments are differ-

ent we see indeed that either population can survive and the probability is

initial condition dependent. That seems to be the equivalent of reducing the

system to 1D on the line of coexistence where the growth rates have the

same value. These simulations shine a light not only in the major difference

between the two types of noise but also in the effects of system reduction.

3.5 Conclusion

In this project we investigated the coexistence of two populations in a

chemostat competing over a single substrate under two distinct noise cases.

the first was general environmental noise and the second was noise due to

the fact that the chemostat dilution rate cannot be kept perfectly at a constant

value. Extending the classical deterministic equations for the chemostat we

included noise and formulated Itô type stochastic differential equations that

were simulated at the deterministic steady-state line where the two popula-

tions are supposed to coexist. In both noise cases we found no evidence of

coexistence and as always one population survived. In the dilution rate case

the population with the higher maximum growth rate was always benefited

independently of the noise intensity and in addition higher intensity seemed

to help that population even further. The most important result was that for

the dilution rate value where deterministically both populations would sur-

vive (θ = 1) only one did and it was always the same one. Similar results

were found in the general noise case. No case where either population can

survive was found as in [11] although there might be some combination of

σ1,2 in the general noise scenario when that could possibly be observed.

Following the results of the SDEs simulation an asymptotic analysis was
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performed which is valid when the dimensionless substrate feed is large.

That asymptotic analysis aided us in breaking the dynamics of the system

in five stages where the last stage, being the one of interest, represents

the approach of the system to the steady state and reduces the dimen-

sions of our system to two instead of three. That allows the formulation of a

2D Fokker-Planck equation which can be solved numerically. The resulting

Fokker-Planck equation is slightly different depending on the noise assump-

tions and in both cases the results agree with the simulations of the SDEs.

The benefit of formulating the Fokker-Planck equation is that if it is solved it

admits the fate of the system without the need for multiple simulations and

can clearly show the path of the system towards the final steady state.

Moreover, the effect of adding death rate was explored by first perform-

ing a linear stability analysis of the deterministic system in order to show

that it remains similar to the case without death rate. Following the stabil-

ity analysis we performed simulations of the SDEs with dummy death rates

such that the balance of the growth curves is reversed. Meaning that for

large substrate values the y population had the highest growth rate which

is given by the maximum growth rate minus the death rate as z→ ∞. Our

results shows no qualitative difference with the no death rate cases which

was expected since death rates only introduce a linear term which can be

assimilated by the dilution rate and result in a shift of the growth rate plots

to the right.

Of course there is plenty of room for future work and further improve-

ments. Currently our results are based on simulations of the respective

stochastic systems so one possible path will be to try and prove the ex-

istence of the stochastic steady states analytically as was done for simpler

linear growth rates [48] and potentially prove mathematically that in the case

were θ = 1 there exist one or two steady states (y = 0 or x = 0) depending

on the nature and intensity of the noise as well as the growth parameters.

Additionally, a lot of work can be done regarding the Fokker-Planck equation
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derived here. As mentioned before due to numerical errors some probability

density fluxed outwards of the domain leading to the total probability de-

creasing instead of staying constant at one. A more systematic numerical

solution of the equations could prevent that which would be useful in clarify-

ing their long time behaviour and whether there is a bimodal distribution in

the general noise case with θ = 0.99. Finally, one could explore the case

where death rate is included and there are two intersection points in the

upper right quadrant. It would be interesting to see how the fate of the sys-

tem is affected when the two points are close and the noise is such that the

dilution rate could potentially reach either value of the these two points.



Appendix

3.A Derivation of the Fokker-Planck equation

from the Langevin SDEs

Without loss of generality let us take the one-dimensional case and assume

that the evolution of the variable f (t) is due to a deterministic, G( f , t), and

a stochastic element with multiplicative Gaussian white noise, S( f , t)ζ (t),

such that E [ζ (t1)ζ (t2)] = σ2δ (t1− t2).

d f (t)
dt

= G( f , t)+S( f , t)ζ (t) (3.56)

The above equation can be written in the form:

d f (t) = G( f , t)dt +S( f , t)σdW (t) (3.57)

Where, dW (t) is a Wiener process increment.

To formulate the corresponding Fokker-Planck equation we need to find

the drift and diffusion terms, µ,D respectively. In order to achieve that we

have to compute the moments of variable f using the Langevin equation

[50]. The general formulas for the moments are:
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m(n)( f ′, t) =
1
n!

lim
dt→0

1
dt

∫
( f − f ′)n p( f , t +dt| f ′, t) (3.58)

=
1
n!

lim
dt→0

1
dt
E
[
( f (t +dt)− f (t))n| f (t) = f ′

]
(3.59)

Using the fact that in (3.59) f (t+dt)− f (t) = d f (t) is given by (3.57) as

well as the properties of the expectation of the Wiener process increments,

namely E [dW (t)] = 0,E
[
(dw(t))2]= dt, we get:

E
[
d f (t)| f (t) = f ′

]
= E

[
G( f , t)dt +S( f , t)σdW (t)| f (t) = f ′

]
= G( f ′, t)dt

E
[
(d f (t))2| f (t) = f ′

]
=E
[
G2( f , t)dt2 +S2( f , t)σ2dW 2(t)+2G( f , t)S( f , t)σdW (t)dt| f (t) = f ′

]
=S2( f ′, t)σ2dt +O((dt)2)

Now, the drift and diffusion terms can be found:

µ( f ′, t) = lim
dt→0

1
dt

∫
( f − f ′)p( f , t +dt| f ′, t)

= lim
dt→0

1
dt
E
[
( f (t +dt)− f (t))| f (t) = f ′

]
= G( f ′, t)

D( f ′, t) = lim
dt→0

1
2dt

∫
( f − f ′)2 p( f , t +dt| f ′, t)

= lim
dt→0

1
2dt

E
[
( f (t +dt)− f (t))2| f (t) = f ′

]
= S2( f ′, t)σ2

Hence, the corresponding Fokker-Planck is:
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∂

∂ t
p( f , t| f0, t0) =−

∂

∂ f

[
G( f , t)p( f , t| f0, t0)

]
+

σ2

2
∂ 2

∂ f 2

[
S2( f , t)p( f , t| f0, t0)

]

The general formula for the n-dimensional Fokker-Planck equation is

given by:

∂

∂ t
p( fff , t| fff 000, t0) =−∑

i

∂

∂ fi

[
µ( fff , t)p( fff , t| fff 000, t0)

]
+∑

i, j

∂ 2

∂ fi f j

[
Di, j( fff , t)p( fff , t| fff 000, t0)

]
(3.60)

It can been shown [51] that for a general N-dimensional Itō SDE system of

the form:

dXXX t = µµµ(XXX t , t)dt +σσσ(XXX t , t)dWWW t

Where, XXX t and µµµ(XXX t , t) are N-dimensional vectors, σσσ(XXX t , t) is an NxM ma-

trix and WWW t is an M-dimensional standard Wiener process.

The corresponding Fokker-Planck of the above system is:

∂ p(xxx, t)
∂ t

=−
N

∑
i=1

∂

∂xi

[
µi(xxx, t)p(xxx, t)

]
+

1
2

M

∑
j=1

N

∑
i=1

∂ 2

∂xi∂x j

[
Di, j(xxx, t)p(xxx, t)

]
(3.61)

Here, Di, j = ∑
M
k=1 σikσ jk or equivalently DDD(xxx, t) = σσσ ·σσσT .

3.A.1 Application to chemostat model

The SDEs governing the Stage 5 simplification of the chemostat model with

general noise are given by:
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dx̄ = x̄( f (x̄, ȳ)−θ0)dt +σ1x̄dW1(t),

dȳ = ȳ(g(x̄, ȳ)−θ0)dt +σ2ȳdW2(t).

Where, the dimensions of the system are equal to the dimensions of the

stochastic process (N = M = 2) and

µµµ(xxx, t) =
(
x̄( f (x̄, ȳ)−θ0), ȳ(g(x̄, ȳ)−θ0)

)
,

σi j =

 σ1x̄ 0

0 σ2ȳ

 ,

WWW t =
(
W1(t),W2(t)

)
.

Using the above it is trivial to find that the Fokker-Planck equation for

our 2D system is:

∂

∂ t
p(x̄, ȳ, t|x0, ȳ0, t0) =−

∂

∂ x̄

[
x̄( f (x̄, ȳ)−θ0)p(x̄, ȳ, t|x̄0, ȳ0, t0)

]
− ∂

∂ ȳ

[
ȳ(g(x̄, ȳ)−θ0)p(x̄, ȳ, t|x̄0, ȳ0, t0)

]
+

σ2
1

2
∂ 2

∂ x̄2

[
x̄2 p(x̄, ȳ, t|x̄0, ȳ0, t0)

]
+

σ2
2

2
∂ 2

∂ ȳ2

[
ȳ2 p(x̄, ȳ, t|x̄0, ȳ0, t0)

]
When noise originates from the dilution rate the increments and inten-

sity are the same so we instead have:

σi j =

 −σ x̄ 0

−σ ȳ 0

 ,
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WWW t =
(
W (t),W (t)

)
.

From which we gain an extra term by using the methodology explained

above:

∂

∂ t
p(x̄, ȳ, t|x0, ȳ0, t0) =−

∂

∂ x̄

[
x̄( f (x̄, ȳ)−θ0)p(x̄, ȳ, t|x̄0, ȳ0, t0)

]
− ∂

∂ ȳ

[
ȳ(g(x̄, ȳ)−θ0)p(x̄, ȳ, t|x̄0, ȳ0, t0)

]
+

σ2

2
∂ 2

∂ x̄2

[
x̄2 p(x̄, ȳ, t|x̄0, ȳ0, t0)

]
+

σ2

2
∂ 2

∂ ȳ2

[
ȳ2 p(x̄, ȳ, t|x̄0, ȳ0, t0)

]
+σ

2 ∂ 2

∂ x̄∂ ȳ

[
x̄ȳp(x̄, ȳ, t|x̄0, ȳ0, t0)

]

3.B Equations, nondimensionalisation and sta-

bility analusis of system with death rate
The system of coupled equations describing the evolution of the microbial popula-

tions and the concentration of the substrate is the following:

ẋ1 =−
qx1

V
+µ1(s)x1, (3.62)

ẋ2 =−
qx2

V
+µ2(s)x2, (3.63)

ṡ =
q(s f − s)

V
− 1

Y1
µ1(s)x1−

1
Y2

µ2(s)x2. (3.64)

Where, x1,2 are the microbial population concentrations, V is the volume of the

chemostat, µ1,2 are the growth rate functions and q is the dilution rate. It is more

convenient if equations (3.62-3.64) are nondimensionalised. Since the exploration

of the intersection points is our main aim, the characteristic measures used for the

nondimensionalisation will be the growth rate and the substrate values at the point

of intersection. The values for which the growth rate curves intersect is sc so that
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µ1(sc) = µ2(sc) = µc. The dimensionless variables are give below:

x =
x1

Y1sc
,y =

x2

Y2sc
,z =

s
sc
,z f =

s f

sc
,τ = µct,θ =

q
V µc

f (z) =
µ1(zsc)

µc
,g(z) =

µ2(zsc)

µc

By the definition of z and the dimensionless growth rates, at the intersection

point z = 1 and f (1) = g(1) = 1. The equations for the dimensionless growth rates

are:

f (z) =
a1z

b1 + z
− γ1 (3.65)

g(z) =
a2z

b2 + z
− γ2 (3.66)

Where, ai =
µ i

m
muc

,bi =
Ki

s
sc
,γi =

di
µc

. Furthermore, due to the relation at the intersection

point we obtain:

γi =
ai

bi +1
−1 (3.67)

Finally, the new set of equations is:

ẋ = x( f (z)−θ), (3.68)

ẏ = y(g(z)−θ), (3.69)

ż = θ(z f − z)− x f (z)− yg(z). (3.70)

3.B.1 Linear stability analysis

Before proceeding to the stability analysis, the dimensions of the system can be

reduced. Adding (3.68-3.70) admits:

ẋ+ ẏ+ ż = θ(z f − z− x− y)

In steady state,
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z = z f − x− y (3.71)

This steady state is reached if the system is initialized inside the triangular domain

defined by (3.71) [11]. Now there is a new system of equations where (3.70) is

replaced by (3.71). That system admits four steady states, (1) x = y = 0 where both

populations wash out, (2) x = 0 and g(z) = θ where x1 washes out and x2 grows, (3)

y = 0 and f (z) = θ where x2 washed out and x1 grows and finally (4) f (z) = g(z) = θ

where both populations coexist. The conditions for stability of these states will

be explored. All the conditions found in the first section hold for the new growth

parameters exactly as before.

Two more conditions need to be taken into account before the stability analysis

and those are the following:

γ2 > γ1 =⇒ a2

b2 +1
>

a1

b1 +1
(3.72)

γi > 0 =⇒ ai

bi +1
> 1 (3.73)

3.B.1.1 x = y = 0

Linearising around the (0,0) steady-state gives the Jacobian matrix which can be

used to find the eigenvalues. These are:

{
a2z f − (b2 + z f )(γ2 +θ)

b2 + z f
,
a1z f − (b1 + z f )(γ1 +θ)

b1 + z f

}

It is straightforward to show that these eigenvalues are negative when,

f (z f ),g(z f )< θ .

3.B.1.2 x = 0,g(z) = θ

Using the same approach of linearisation around the steady state we can find the

eigenvalues for the second steady-state. In this case we have x = 0 and we need to
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solve g(z) = θ to find the value for y. Specifically y = z f +b2
θ+γ2

θ+γ2−a2
. The eigenvalues

are:

{
−
(a2− γ2−θ)(a2z f − (b2 + z f )(γ2 +θ))

a2b2
,
(γ2 +θ)(a1b2 +(b1−b2)(γ1 +θ))−a2b1(γ1 +θ)

a2b1− (b1−b2)(γ2 +θ)

}

For the first eigenvalue to be negative two opposing conditions are found,

g(z f )> θ . The last means that θ is greater than the value of g(z) as z→∞.

The conditions for the second eigenvalue to be negative are θ < 1.

3.B.1.3 y = 0, f (z) = θ

Linearising around this steady state gives the eigenvalues,

{
−
(a1− γ1−θ)(a1z f − (b1 + z f )(γ1 +θ))

a1b1
,
(γ2 +θ)(b2(−a1 + γ1 +θ)−b1(γ1 +θ))+a2b1(γ1 +θ)

a1b2 +(b1−b2)(γ1 +θ)

}

Condition for the first eigenvalue to be negative are f (z f ) > θ . As for

the second eigenvalue the condition is simply θ > 1.

3.B.1.4 f (z) = g(z) = θ

In the final steady-state we have co-existence and the growth rates, the

dimensionless dilution (θ) rate as well as z are all equal to one. Here, there

is a line of fixed-points and not a single point. That line is given by the

equation y = z f − x− 1. Since the intersection points exists and is at the

positive quadrant the line must also be in the upper right (x,y) quadrant.

So, z f > 1, otherwise the line will never be in a region where both x,y > 0

which is the biologically relevant region. Linearising the system around an

arbitrary point (A,B) where B = z f −A−1, admits these eigenvalues:
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{
2a1b1(b2 +1)2(A− z f +1)−2Aa2(b1 +1)2b2

2(b1 +1)2(b2 +1)2 ,0}

Since A is part of the fixed-points line we know that A < z f −1 and we can

show that the first eigenvalue is always negative.

3.C Simulations of the system with equal

growth rate parameters for both popula-

tions
For the subsequent simulations we have a2 = a1 = 2.911 and b1 = b2 =

1.911. Figure 3.21 is for the case of dilution induced noise. The initial values

are such the populations start a bit lower than the line of coexistence. We

see that they quickly reach it and then stay therein due to the fact that the two

populations have merged to a single population due to being equal in every

aspect and having same noise increments which eliminates the element of

competition.

Figures 3.22 represents the general noise case and demonstrate that

there is no coexistence, in contrast to the dilution rate induced noise, and

that the dynamics are completely driven by stochasticity. Due to the fact

that the parameters are the same the non-random competition coming from

the growth rates is eliminated. The noise intensities as well as the initial

conditions are the same for both populations for these simulations.
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Figure 3.21: Plot of 3 runs of non-dimensional microbial populations versus non-
dimensional time for θ0 = 1 and σ = 0.001 for both populations (x in
green and y in red) with the same growth parameter values and same
noise increments
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(a) Case where both populations still per-
sist.
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(b) Case where population y wins the com-
petition.
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(c) Case where population x wins the com-
petition.

Figure 3.22: Plots of 3 runs of non-dimensional microbial populations versus non-
dimensional time for θ0 = 1 and σ1,2 = 0.03 for both populations (x in
green and y in red) with equal parameter values but different noise
increments.



Chapter 4
Stability of two competing populations

in chemostat with one exhibiting an

adaptive response to competition

4.1 Introduction

4.1.1 Motivation

Mathematical models of cell populations competing and coexisting in a

bioreactor are almost as old as the experiments themselves. Bioreactors

offer a unique opportunity to study phenomena associated with cell growth

and their dynamics are so rich they have been studied for decades with still

a lot of questions remaining unanswered. One of the most popular bioreac-

tors for such explorations is the chemostat which is an automated bioreactor

where spent medium which contains metabolic products, microorganisms

and left over nutrients is continuously removed while fresh medium is added

at the same rate to keep the volume constant [30].

As we have already mentioned in the previous chapter one of the most

important aspects of competing cells with vast practical implication (waste-

water treatment, ecology) is the coexistence of multiple populations. That

particular aspect is one of the most widely studied and there have been
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many attempts to understand it. The main theorem here is the competitive

exclusion principle (CEP) according to which when two or more populations

are competing for the same source only one will survive. Which one de-

pends on the break-even concentration defined as the concentration of the

substrate that makes the growth rate equal to the dilution rate. Hence, the

population with the smallest break-even concentration will win the competi-

tion. It has been shown that in the deterministic case populations that have

the same break-even concentration can coexist [35] but that coexistence is

unstable since when noise is included the system is driven to a steady-state

where only one population survives and the rest become extinct [11]. The

paper by Pavlou et. al. [47] is, to our knowledge, the only paper where two

competing populations over a single substrate achieve an oscillatory coex-

istence internally due to the delayed response of a cell population to the

fermentation environment. In the rest of the papers some form of external

control of the chemostat is needed such as a periodically varying dilution

rate [47] or substrate feed [52]. While mathematical models demonstrate

the CEP in a system of different populations competing for a single source

of food, nature has demonstrated cases where the CEP is violated and multi-

ple populations coexist with limiting resources without external inputs, which

makes this aspect even more interesting and perplexing. Perhaps the most

famous case is that of phytoplankton where it has been observed that a

striking number of different species survive simultaneously while competing

for the same resources which in many cases, particularly during summer,

are very limited [53].

One of the reasons why the commonly used mathematical models in

the chemostat might not be able to capture coexistence could be their sim-

plicity. More complex mathematical models could perhaps be the key to new

behaviours with as few as possible assumptions and external interventions.

Population balance equations (PBES) offer the ability to model heterogene-

ity and its effects readily, by explicitly modelling, the internal state of the
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cells, whether that is age, mass, protein, DNA concentration or any intrin-

sic cell quality. Differences in these internal states mean differences in the

behaviour of the cell and hence potentially richer and drastically different

dynamics than the mean field approaches. A characteristic example of the

effects of heterogeneity on microbial cell dynamics is that of budding yeast

and the very important, in bioindustry, microbial protein products. Research

has shown that depending on their position in the cell-cycle (age) they have

different rates of secretion of these proteins [54, 55] which is something that

cannot be captured with the classical assumption of a homogeneous mix-

ture of cells. While this could be captured partially by a compartmental ODE

system, an age-based PBE will offer a more natural approach where transi-

tion rates from one phase of the cycle to the other are age-dependent and

much more accurate than a constant value. PBE modelling has been used in

a very wide range of applications including astrophysics, molecular biology,

bioengineering, pharmaceutical and biomedical engineering and energy fu-

els, to name a few, with their use steadily increasing as can be seen from

the rising number of published articles and citations on population balances

[56]. Due to the vast number of applications, following a short introduction

to the beginnings of PBEs, I will focus on the bioengineering/cell population

aspect of these models.

Population balance equations usually refer to the temporal evolution of

a system of “particle”, where “particle” can have a different meaning depend-

ing on the system under consideration including atoms, molecules and cells

for instance, dispersed inside an environmental phase [5]. Individual parti-

cles exhibit behaviours which are dependent upon some internal variables

(internal state) which in turn can also take different forms as mentioned pre-

viously. A general form of PBEs is the following:

∂ f (x, t)
∂ t

+∇∇∇ ··· Ẋ(x,z, t) f (x, t) = b(x,z, t)

where f is the distribution of the number of particles with respect to the x,
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which accounts for both physical motion and internal coordinates, Ẋ is the

velocity field that accounts for their change, b represents the different ways

the number of particles changes and finally z is some dependence on the

external environment. For example in the case of cells z can represent the

dependence on the substrate.

While it is difficult to trace the emergence of population balance models

back to a single paper there are a few that started formulating and gen-

eralizing these models to their current form. Perhaps some of the more

notable efforts are from A. D. Randolph et. al. [57] who presented one of

the first generalized size distribution models and D. W. Behnken et. al. [58]

who generalized the idea of ”size” distribution to any internal property of the

particles that changes with time [59]. Regarding population balances of mi-

crobial cells, the first papers were by A. G. Fredrickson, H. M. Tsuchiya and

J. M. Eakman [60, 6] and presented the PBEs for the distribution of micro-

bial cells with respect to age and mass as well as the different assumptions

for the growth and reproduction rates of these cells.

Moving to PBEs in cell populations, here single cell growth and divi-

sion is modelled explicitly and the most common state variables are mass

and age. Hence PBEs are usually divided into age-structured or mass-

structured. Following that PBEs can be categorized as structured or un-

structured with regard to chemical structure [61]. This classification ac-

counts for the concentration of various chemical components such as DNA,

RNA, proteins and more, inside the individual cells in order to capture not

only the heterogeneity due to the different behaviour of individual cells but

also the heterogeneity due to the different chemical structure of the cells. A

further sub-categorization is into single-stage or multistage PBEs depend-

ing on whether the cell-cycle is modelled explicitly and how many stages

of the cell-cycle are included. One of the most influential papers was [62]

where the authors incorporated the different stages of the cell-cycle into the

PBE framework to create the first multistage PBE model where each stage



4.1. Introduction 131

is represented by a PBE and the internal variable is mass. It needs to be

mentioned that a lot of the modelling efforts of cell populations using PBEs

have been conducted in the context of bioreactors.

The majority of the models have so far focused on single state variable

dynamics using either mass or age as the main state variable and partic-

ular emphasis has been placed on explicitly modelling age and mass in

order to capture dynamics related to the passing of cells through the cell-

cycle. Moreover, a large portion of the research has been focused on the

dynamics of yeast cells due to its significance in brewing, baking and ge-

netic engineering [61]. A lot of cell-cycle related PBEs, with one of the first

being the age-based PBE by Hjortso et. al. [63], captured the oscillations

in the budding yeast populations that had been observed experimentally.

Y. Zhang and colleagues later used both age [64] and mass [65] to model

the cell-cycle-dependent oscillations of yeast cells and explored mathemati-

cally the different steady-states and parameter values at which these occur.

Emphasis has also been placed on the control of yeast dynamics for op-

timum metabolic products production as well as understanding its intricate

morphology. Characteristic cases are that of M.A. Henson and colleagues

who did a lot of work on feedback control of yeast populations in continuous

bioreactors which is summarized in [66] as well as that of C. Cipollina et. al.

[67] and C. Hatzis et. al. [68] who developed very detailed morphologically

structured PBE models of yeast based on the work of [69]. Of course there

are plenty of PBE models that deal with a wide range of different cell pop-

ulations with some interesting applications being on stem cells [70, 71, 72],

chondrocyte cells [73, 74] and of course microbial cells [62, 75, 63].

Finally, as mentioned before the majority of papers on PBEs include

a single state variable. One of the main reasons for that, apart from the

difficulty in measuring the distribution of cells with respect to many variables,

is the difficulty of numerically solving the system of equations due to their

integrodifferential nature. Hence, a lot of focus has been placed over the
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years on the numerical solutions of PBEs. Perhaps some of the most well

known papers on numerical solutions of PBEs are the series of papers by

Mantzaris et. al. [8, 76, 77] on the numerical solution of cell population

dynamics inside bioreactors with one, two or three state variables using finite

differences, spectral methods and finite elements. Apart from these there

are plenty of other numerical techniques that can be roughly divided into

Monte Carlo methods [78] and moment methods [79] with all their variants

[80].

4.1.2 Aims

The aim of this chapter is to investigate coexistence of two populations com-

peting in a chemostat using PBEs and introduce the assumption of an adap-

tive response. One of the ways organisms can become more competitive in

case of an imminent extinction is through changes in their behaviour. So

in our model we have one population whose behaviour remains fixed and

it is the one that under normal conditions out-competes and a second pop-

ulation that has a mechanism that allows it to change the mean division

mass after sensing its population’s biomass. This sensing could perhaps

be possible through a biomass dependent concentration of molecules that

are secreted by the organism and are used for communication and other

purposes. So in material and methods we present the equations for the

model as well as two variations to model the adaptive response effect. One

is mainly computational with a discrete change in the division rate and the

other is equation-based and continuous. These will be used with and with-

out delay in the sensing of the second organism. Additionally a stochastic

version of the PBE is formulated that will be used for a steady-state stabil-

ity investigation. In the results and discussion the equations are solved

numerically and simulated for both delay and non-delay cases and a param-

eter sweep is made to observe different steady-states. Moreover, numerical

simulations of the steady-state and stochastic equations are performed to

shed light on the coexistence steady-state. Finally, we attempt to explain
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the presence of oscillations in the biomass equations which are not explic-

itly dependent on the oscillating part (the division rate). Following the re-

sults section, we raise possible issues in the further discussion and in the

last section named conclusion we summarize our work and findings and

present possible extensions to our work.

4.2 Materials and methods

The model and parameters

Here we consider the case of two populations competing in a chemostat

using a distribution model (PBE) and a non-trivial growth rate. Non-trivial

growth rate refers to the use of a growth rate for the individual cells that

depends on mass nonlinearly and does not allow for an easy retrieval of an

ODE for the total biomass through the integration of the PBE model. The

model equations are:

∂x
∂ t

+
∂

∂m
( f (m,z)x) = 2

∫ 1

m
Γx(m′,z)p(m|m′)xdm′−Γx(m,z)x−Dx, (4.1)

∂y
∂ t

+
∂

∂m
(g(m,z)y) = 2

∫ 1

m
Γy(m′,z)p(m|m′)ydm′−Γy(m,z)y−Dy, (4.2)

dz
dt

= D(z f − z)− 1
Y1

∫ 1

0
f (m′,z)xdm′− 1

Y2

∫ 1

0
g(m′,z)ydm′. (4.3)

Here, we use the following notation; x,y are the cell distribution functions

for the two cell populations, z is the substrate (oxygen) concentration, Γ is

the division rate with the subscript defining which population it belongs to,

p is the partition function for the dividing cell given by an asymmetric beta

function to capture the asymmetrical division of cells. In practice the latter

is almost always taken to be the same for both populations especially when

dealing with similar cells (microbial in our case) as differences in division of

different cells are usually reflected by differences in the division probability

and rate. Finally f ,g are the growth rate functions for the individual cells.
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The parameters of the model are defined in the Tables 4.1 and 4.2 below.

This form of the growth rates was proposed by Eakman et. al [6].

f (m,z) =
(

36π

ρ2

)1/3
α1zm2/3

β1 + z
, (4.4)

g(m,z) =
(

36π

ρ2

)1/3
α2zm2/3

β2 + z
. (4.5)

This form of the growth rate is both realistic and allows for different dynamics

from the case where the PBE can be integrated back to the ODE for the

biomass. That is what from now on we will call the trivial case in which the

growth rate has the form:

αzm
β + z

. (4.6)

In that case it can be shown that if we multiply equations (4.1)-(4.2)

by m and integrate through the whole mass spectrum, the birth and death

terms cancel out and we are left with an ODE for the biomass Nx
b defined

as:

Nx
b =

∫ 1

0
xmdm. (4.7)

The biomass ODE is the familiar Chemostat ODE:

dNx
b

dt
= Nx

b(
α1z

β1 + z
−D), (4.8)

dNy
b

dt
= Ny

b(
α2z

β2 + z
−D), (4.9)

dz
dt

= D(z f − z)− 1
Y1

Nx
b

α1z
β1 + z

− 1
Y2

Ny
b

α2z
β2 + z

. (4.10)

In the table below we define the parameters for the PBE model and give

some experimental values as found in [73, 70] for cells absorbing oxygen
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converted to appropriate units.

Table 4.1: Parameters and their order of magnitude.

Parameter Definition Value
D dilution rate (h−1) varying O(10−1)
α max. rate of cell growth ng(cell mass)/mm2h−1 1.6×103

β half saturation constant mg(O2)/L 0.19
ρ density of cells ng(cell mass)/mm3 1.14×106

z f substrate feed mg(O2)/L 0.15
Y yield ng(cell mass)/mg(O2) 106

The next table summarises the parameters chosen for the numerical

simulations of two population competing. The parameters are realistic vari-

ations of the values referenced above and are chosen such that f ,g have

the following intersection, see Figure 4.1.

Table 4.2: Numerical simulation parameters.

Parameter Definition Value
D dilution rate (h−1) 0.31
α1 max. rate of cell growth ng(cell mass)/mm2h−1 of x 2000
α2 max. rate of cell growth ng(cell mass)/mm2h−1 of y 1280
β1 half saturation constant mg(O2)/L of x 0.2
β2 half saturation constant mg(O2)/L of y 0.12
ρ density of cells ng(cell mass)/mm3 1.14∗106

z f substrate feed mg(O2)/L 0.18
Y1,2 yield ng(cell mass)/mg(O2) 106

In the case of modelling the competition with ODEs the intersections

are distinct points whereas in this case it is a curve. Moreover the determin-

istic result for competition using an ODE is well explored and understood.

What we aim to do is see if we can achieve different dynamics using the

features only available in PBEs and not ODEs. We saw that there is only

a single case where the PBE can be integrated back to the classical ODE

with Monod kinetics for the competition of populations in a chemostat the

“trivial” case and for that the classical results of deterministic competition in

the chemostat can be retrieved [11].
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Figure 4.1: Intersection of the individual cell growth rate.

4.2.1 Changing the average mass of division as an emer-

gency mechanism

It is easy to show that simulating the PBE with the above parameters is not

very interesting on its own since only one population will survive and no co-

existence is observed. We want to explore whether some form of limit cycle

coexistence can only occur when using a PBE with as few assumptions as

possible and no external intervention. We postulate that the cells of popula-

tion x divide normally at a high average mass of 0.75ng whereas the cells of

population y have the ability to change the average mass of division accord-

ing to the changes of their total biomass. More specifically if the population

drops below a critical value the y population cells will start changing their

internal mechanism so they can divide at a lower average mass of 0.4ng but

if their biomass increases above that value they will return to the same aver-

age mass of division as the cells from population x. Furthermore we make

the simplifying assumption that cells can very quickly sense if their popula-

tion has crossed a critical value but from detection to response it takes seven
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days. Hence there is a delay since cells would possibly require some time

to change their internal mechanisms leading to a different average mass of

division than before. That difference of mean mass of division comes from

changing the value at the division probability found in the division rate Γy.

The division rate is given by:

Γy =
h(m)

1−
∫ m

0 h(m′)dm′
g(m,z), (4.11)

where, h(m) is a Gaussian representing the probability of division with

mean, m0, as the mean mass of division.

h(m) =
1√

2πσ2
e
− (m−m0)

2

2σ2 . (4.12)

Where σ is the standard deviation of the Gaussian.

Two models for this process were created that are exactly equivalent,

see Figure 4.2. Both are equation based but in the first the switching hap-

pens discretely between two different Γy functions for population y through

an IF statement and the delay is also implemented computationally. The

equations for the first model are (4.1)-(4.3). For the second model we made

the process continuous and the delay is built into the model. Equations for

x and z remain the same but the equation for y is altered by changing Γy to

the following:

Γy(m,z) =
[

1+
Yc−Yt−168√

K +(Yc−Yt−168)2

]
Γ1

y

2
+

[
1+

Yt−168−Yc√
K +(Yt−168−Yc)2

]
Γ2

y

2
.

(4.13)

Here, the superscript indicates the different division rate due to the different

mean mass of division and the rest is just a double sigmoidal function that

makes the first term dominate under the critical population denoted by Yc

and the second term dominate above. Yt−168 is the value of the y population

biomass sevenn days before time t. For the purposes of the delay we have
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assumed that the populations are kept at a constant concentration for the

first seven days.

The two models were solved numerically using finite differences and the

results were validated with the use of a different numerical method, namely

orthogonal collocations.

Finally, for the equation based model with the composite Γy, we explore

the case without the delay as well as its steady-state. In order to validate

the existence of the steady-state numerically and explore its stability we

solve numerically the steady-state model, by setting the time derivative in

(4.1,4.13,4.3) to zero, and formulate a stochastic PBE with general environ-

mental type of noise. The stochastic equations are given by:

dx = dt
(
− ∂

∂m
( f x)+2

∫ 1

m
Γx(m′,z)p(m|m′)xdm′−Γxx−Dx

)
+σ1xdW1,

(4.14)

dy = dt
(
− ∂

∂m
(gy)+2

∫ 1

m
Γy(m′,z)p(m|m′)ydm′−Γyy−Dy

)
+σ2ydW2,

(4.15)

dz = dt
(

D(z f − z)− 1
Y1

∫ 1

0
f xdm′− 1

Y2

∫ 1

0
gydm′

)
+σ3zdW3. (4.16)

where, dWi are the Wiener increments and σi are the noise intensities.

The steady equations were solved using finite differences and an it-

erative Newton-Raphson method whereas the stochastic equations were

solved by discretizing the mass derivative and then using the Euler-

Maruyama algorithm.

4.3 Results and discussion

Oscillatory steady state

Simulating the model for 100 days and with the parameters stated before

we obtain the behaviour seen in Figure 4.2 for the biomass of the two pop-
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Figure 4.2: Limit cycle of both the competing populations and the substrate for
equations (1)-(3).
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What we observe in Figure 4.2 is that the biomass of the two cell pop-

ulations for both formulated models exhibits an oscillatory behaviour which

seems to remain regular throughout the simulation and throughout longer

simulations not shown here. Hence we come to the conclusion that the sys-

tem has reached a limit cycle steady state. In addition to the cell biomass,

the concentration of the substrate is also admitting oscillations of the same

frequency. It can be seen clearly that the two models (discrete and continu-

ous) have almost identical dynamics with the exception of sharp transitions

in the case of the discrete mechanisms change. Hence for the subsequent

analysis we will use the discrete case as it is more computationally efficient.

To shed further light into the dynamics of our model we varied two key

parameters, the time of response and the dilution rate to see what are

the different dynamics obtained as well as determine whether the oscilla-

tory steady-state is robust to changes in these two parameters. An algo-

rithm was produced to classify the behaviour into four different categories.

These are extinction of both populations (dark blue), extinction of popula-

tion y and steady state for x (light blue), extinction of x and steady state for

y (light green) and finally coexistence through oscillations (yellow). Figure

4.3 shows the parameter space along with plots of the dynamics in different

areas of the parameter space.

From Figure 4.3 we notice that the limit cycle steady state occurs for

a range of different values and seems to be stable as a similar plot is ob-

tained for a different choice of growth parameters. This type of behaviour

has been observed before in the context of a chemostat as mentioned in

the introduction but the papers are limited and to the best of our knowledge

only one demonstrates this phenomenon only due to internal interactions.

What is unique about our system is that the same phenomenon is induced

completely internally, from the system itself, and in a way that can only be

captured with the use of PBEs that model division explicitly.
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Figure 4.3: Parameter space behaviour of the discrete model for varying values
of the dilution rate and response time. Different colours correspond to
different steady states with extinction of population y and steady state
for x (light blue), extinction of x and steady state for y (light green) and
finally coexistence through oscillations (yellow)
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Figure 4.4: Steady state of competing populations without delay in the sensing of
the biomass by population y where a non-oscillatory steady-state is
reached.

4.3.1 Non-oscillatory case

Although delays provide a more realistic approach it is interesting to explore

what happens when no delay is included and that is possible through the

continuum version of the model. The Γ function remains the same as that

defined previously but the sensing of the biomass happens without delay

for population y. Simulation of this system leads to a non-oscillatory steady

state, see Figure 4.4.

Solving numerically the steady-state version of equations (4.1)-(4.3)

yields a result that matches the full system very closely even when the initial

guess is far from the steady-state, see Figure 4.5.

As a result we end up with very similar biomass values for the two dif-

ferent solutions which leads us to believe that we are dealing with a true

steady-state. The next question is what is the stability of the steady-state

and hence how will it behave under noise. It is well documented that de-

terministically there can be a steady-state with both populations at a fixed
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Figure 4.5: Steady state distribution of competing populations x and y from numer-
ical solution of the steady-state form of equations (4.1)-(4.3) (zero time
derivative) in blue and from the numerical solution of the full system
of equations (4.1)-(4.3) in yellow and red respectively. For all simula-
tions we assume that there is no delay between change detection and
response

concentration in the chemostat [35] which turns out not to be stable under

the influence of noise [81]. So we set out to find whether that is the case

here. To that end we simulate the set of stochastic equations (4.14-4.16).

Since analysis of the steady state analytically is not readily done, we hoped

that the numerical simulations of the stochastic system would provide some

indication.

As you can see in Figure 4.6 with the addition of noise the system varies

around the steady-state but does not converge to a different one. Of course

that result might be dependent on the amount of noise as well as the spe-

cific form of Γy but for reasonable noise intensity levels it tends to make the

case that the steady state is indeed stable. The noise intensities were as-

sumed to be the same for both populations and substrate because there is

no apparent reason to believe it needs to be different.
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(a) σ1 = σ2 = σ3 = 0.05.
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(b) σ1 = σ2 = σ3 = 0.02.
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(c) σ1 = σ2 = σ3 = 0.1.

Figure 4.6: Stochastic dynamics of the biomass of the the two populations with
various noise intensity values.
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4.3.2 Source of oscillations in the biomass

It is very interesting to notice that when the oxygen oscillates it does not

cross the critical value where the individual growth rates of cells of popu-

lation y are greater than the one of cells of population x. That raises the

question as to what causes this oscillation and sustained competition be-

tween the two cell types. To this end let us first derive the equation for the

biomass and then the total number of cells. For the first we need the first

moment of equation (4.1) and for the second the zeroth moment. First we

define the biomass and total number of population x as:

Nx
b =

∫ 1

0
mx(m, t)dm, (4.17)

Nx
t =

∫ 1

0
x(m, t)dm, (4.18)

Then we find that the equations for these quantities are given by:

Ṅx
b =

∫ 1

0
f (m,z)xdm−DNx

b, (4.19)

Ṅx
t =

∫ 1

0

(
2
∫ 1

m
Γx(m′,z)p(m|m′)xdm′−Γx(m,z)x

)
dm−DNx

t . (4.20)

where to derive the above we used the fact that the total divisions and

births cancel out in the biomass equation and the containment condition,

i.e. f (m,z)x(m, t) = 0 at the boundaries, for the total number of cells.

Using equation (4.19) and inspired by the ODE equation (4.8) we define

the following functions which we will call the biomass growth rates:
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Figure 4.7: Biomass Growth Rate functions F,G with respect to time and oxygen
concentration. The values taken by these function during the simulation
are 1D paths along the 2D surface plotted here.

F =

∫ 1
0 f (m,z)xdm

Nx
b

, (4.21)

G =

∫ 1
0 g(m,z)ydm

Ny
b

. (4.22)

In the trivial case these are given by the Monod function shown in equations

(4.8)-(4.9) but in the non-trivial cases we cannot analytically derive them and

as a result they might not be just a function of the substrate. What we can

do is plot them numerically. The numerical simulation plot of these functions

can be seen in Figure 4.7.

In Figure 4.7 we calculated the functions F,G for different times during

the model and then plotted them for different values of oxygen concentra-

tion. It is very interesting to observe that function F has the same form

throughout the simulation whereas the function G changes its form as Γy is
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changed. Furthermore we can see that for the range of values where the

oxygen concentration oscillates either F or G is higher which could justify

the oscillations in the biomass. Moreover if we simulate the model again

but keeping the average mass of division fixed once at a value of 0.75 and

the other 0.4 for population y, i.e. the values between which it oscillates in

the original case, we find that G has a different form in each case which is

constant and corresponds to the upper and lower forms of the oscillatory

case (see Figure 4.8). In the first case y dies out and x survives whereas

the opposite happens in the second case as expected by the initial results.

All the above means that there is some dependence of the biomass

on the division rate Γi in the non-trivial case. That is counter-intuitive as

there is no explicit dependence in the equations. So the question is where

is that dependence coming from. What could help us understand this is

simulating and plotting the “biomass growth rates” for different powers of the

mass variable between zero and one. One is the trivial case were we can

retrieve the ODE. So we will vary n in the functions below:

fn(m,z) =
(

36π

ρ2

)1/3
α1zmn

β1 + z
, (4.23)

gn(m,z) =
(

36π

ρ2

)1/3
α2zmn

β2 + z
. (4.24)

Obviously for many values of n these growth function will not make

physical sense but we are just looking for a connection between the ap-

pearance of Γ dependence in the biomass equation (4.19) as we de-

part from the trivial case. So we simulate and plot five cases represent-

ing five different values of the exponent of the mass in the growth rate,

n = 1,n = 0.95,n = 0.5,n = 0.1,n = 0. In the first case we expect to see

no oscillations despite the changing of Γy since we can derive an analytical

formula for the biomass. Moreover we expect that when n is close to one

the oscillations are smaller and increase the further n is away from one until
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(a) Biomass growth rate for average mass of divison of both pop-
ulations at 0.75ng.
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(b) Biomass growth rate for average mass of divison 0.4ng for pop-
ulation y and 0.75ng for population x.

Figure 4.8: Biomass growth rates F,G for different average mass of division for
population y but without the adaptation mechanism and subsequent
oscillations.
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(b) Biomass growth rates for n = 0.95.

reaching a maximum range. To check whether or not there are oscillations

in the biomass growth rates we will force the average mass of division of

y and hence Γy to change automatically after seven days independent of

satisfying the biomass condition we have enforced in the initial simulation.

As expected, in Figure 4.9, we see no oscillations in the n = 1 case
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(b) Biomass growth rates for n = 0.1.

0

0

oxygen(mg/L)

1500 0.05

0.2

1000

time(h)

0.4

500

b
io

m
a
s
s
 g

ro
w

th
 r

a
te

(1
/h

)

0.6

0.10

0.8

1

F

G

(c) Biomass growth rates for n = 0.

Figure 4.9: Biomass growth rates F,G for different values of the power of the mass
variable, n, in the individual growth rate functions. The initial condi-
tions for these simulations are the original ones used throughout our
simulations.
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despite the oscillations in the average mass of division and as n decreases

the oscillations increase. Although we cannot derive a non-integral ODE for

the biomass in the cases where 0 < n < 1, we can in the case where n = 0.

Let us take the equations for the x population. The individual growth rate has

no dependence on m and so we can take it out of the integral in equation

(4.19) which just leaves the total number of cells due to (4.18).

Ṅx
b =

(
36π

ρ2

)1/3
α1z

β1 + z
Nx

t −DNx
b (4.25)

So, the biomass is dependent on the total number of cells whose equa-

tion is given by (4.20). The total number of cells depends explicitly on the

division rate and hence so does the biomass. Despite the fact that this is

true in the case of n = 0 it points us towards thinking that in the rest of

the cases where n < 1 we obtain some dependence of the biomass on the

total number of cells which explains the dependence on Γ and hence the

oscillations.

A formal answer as to why this dependence appears in the form of

fractional moments. Fractional moments are the non-integer moments and

an approximation was found in [82] that can relate them to integer moments

using the Weyl fractional derivative and the moments generating function.

It is known that the kth derivative of the moments generation function gives

the kth moment of a distribution. According to [82] a fractional moment can

be approximated as a sum of the N integer moments by the formula:

µα =
n

∑
i=0

(
α

i

)( i

∑
j=0

(−1)i+ j
(

i
j

)
Uα− j

µ j

)
, (4.26)

where, U is related to the mean and standard deviation of the distribution

through U = M+βσ , given by:

U =
µ1

µ0
+β

√
µ2 +µ0(

µ1

µ0
)2. (4.27)

The choice of β determines what part of the distribution we will use and
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represents the removal of the tail of the distribution [82] as with the above

approximation it is assumed:

µk =
∫

∞

0
mk f (m)dm≈

∫ U

0
mk f (m)dm. (4.28)

In our case we can see that due to the form of the growth rate and

equation (4.19) we have the following fractional moment:

µ
x
2/3 =

∫ 1

0
m2/3x(m, t)dm (4.29)

Similarly for y.

It follows from (4.26) that no matter how many moments we choose

to include in our approximation there will always be a dependence on the

zeroth moment and hence the number of cells which as stated is explicitly

dependent on the division rate. To confirm that this approximation is indeed

valid we have plotted the fractional moment a = 2/3, both directly from the

distribution function as well as equation (4.26) using only the zeroth, first and

second moments as seen in Figure 4.10. We have named them respectively

µ
y
2/3 and µ̂

y
2/3.

We observe in Figure 4.10 that for higher values of β the comparison is

good on average and with decreasing β the two plots are seemingly iden-

tical. Hence, the approximation is considered very good. Using that ap-

proximation we now have a clear connection of the biomass equations with

the number of cells which explains the connection of the biomass to the

oscillatory quantity and as a result the oscillations.

4.4 Further discussion

In this chapter we have taken a different angle of approach to the classical

two populations with one substrate in a chemostat system using population

balance equations instead of ODE. We wanted to investigate under which
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(d) Comparison of two solution for the fractional moment of
the y population with β = 0.1.
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(e) Comparison of two solution for the fractional moment of
the y population with β = 0.01.

Figure 4.10: Comparison of the µ2/3 fractional moment for population y derived
directly from (4.29) using the numerical solution of the number of cells
distribution of equations (4.1)-(4.3) and from the approximation as a
sum of integer moments (4.26).
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conditions can more complex models allow for a stable coexistence state

that would arise solely from internal interactions. From our work it seems

that one of the simplest cases where coexistence is stable is when an adap-

tive response to one of the populations in included. That response emerges

from the ability of one of the populations to sense their biomass and adapt

when it crosses some critical value by changing the mean mass of divi-

sion. By formulating two models for this adaptive response competition, one

semi-equation based and the other purely equation based whose dynamics

are very similar, we showed that two steady-states are possible depending

on whether or not there is any delay in the sensing. The stability of these

steady-states was explored through different means, namely stochastic sim-

ulations and parameters sweep. Finally, building on the work of Alexiadis et.

al. [82] we were able to explain how oscillations appears in biomass equa-

tions. To our knowledge this is the first time coexistnce is shown in that

setting (two populations, one substrate) using PBEs.

Our exploration of the steady-state in the more complicated setting of

PBE started with as few assumptions as possible. Our aim was to find

what is the simplest way in which we can find some stable coexistence. We

started with the simple simulation of the PBE model without any extra as-

sumptions where no coexistence was found. Moving from that we carefully

altered the parameters such that one population will have a higher growth

rate for low mass values and the other will have a higher growth rate for

higher mass values, hoping that coexistence will occur through the splitting

of the distribution of the two populations, meaning that one population would

gather in the lower mass spectrum and the other in the higher. That also

failed so in order to “aid” the populations in achieving that we proceeded

with giving them different mean masses of division. The cells that grew

faster for low mass would divide earlier into smaller cells and the cells that

grew faster for high mass would divide later into larger cells. Again that

failed due to the fact that the substrate would eventually stabilize in a value
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where there would be a clear winner. Our final failed attempt, and our first

move towards some sort of an adaptive response, was to introduce a divi-

sion probability for population y that was a double Gaussian and hence had

two peaks, one at the same mean mass of division as population x and the

other at a lower mean mass. These failed attempts made it clear that it was

not obvious how an adaptive response can be introduced without the cells

being able to detect and take into account changes in their total populations

(biomass). Hence the simplest case we came up with was the mechanism

deployed in this chapter.

As mentioned two steady-states were observed, one oscillatory and

one non-oscillatory depending on the inclusion or expulsion of delay. It

needs to be mentioned that although from a theoretical standpoint both are

interesting, from a biological one the inclusion of delay is much more real-

istic. An instant sensing of environment would be almost impossible espe-

cially when information needs to be gathered about the total population. In

addition a cell could not have been able to change its internal mechanisms

immediately and there would have been an intermediate interval of reaction

to the initial sensing. These two factors would contribute to the appearance

of a delay in the response of a cell to its changing environment.

In addition to being more realistic, the oscillatory case raises a lot of

interesting questions. One of them is how the oscillations appear in the

biomass which is seemingly independent of the division rate. This is for-

mally understood through the appearance of the fractional derivative in the

biomass which can be approximated by a formula that connects it to the divi-

sion rate through the number of cells. The biggest significance of this obser-

vation is perhaps that it highlights the limitations of the classical model for

the chemostat. If the trivial growth rate mass dependence was used these

oscillations would not have been possible and as a result neither would the

oscillatory coexistence of the populations. Any dependence other than the

trivial is not readily translatable from PBE to ODEs.
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In more complex models such as PBEs it is easy and natural to intro-

duce various mechanisms such as the adaptive response introduced here.

Since division and birth are explicitly modelled and number of different as-

sumptions can be made and their dynamics explored. That is in contrast

to simpler ODE models where further assumptions would need to be made

and the form of functions, that would produce a similar behaviour to PBEs,

needs to be intuitively guessed. We believe that this as well as the argument

in the previous paragraph make the case in favour of extending classical

problems through the use of more complex mathematical tools as a lot of

the phenomena observed in real life can only be captured by accounting for

the underlying complexity and multi-scale interactions.

It is important to mention some of the limitations of our work. Despite

the fact that different growth parameters were tested and very similar re-

sults were found, we did not perform a exhaustive sensitivity analysis based

on these parameters. Moreover, for the oscillatory case high growth rate

parameters are important as otherwise the oscillation will occur in a much

longer timescale which could be unrealistic. Additionally, bacteria parame-

ters were used, in order to simulate realistic chemostat conditions, despite

the fact that we would expect a more complex behaviour and an adaptive

response from eukaryotic cells. Finally, although a chemostat environment

might hinder such population-wide sensing mechanisms it is not a com-

pletely unrealistic setting as for lower dilution rate values it could capture

the effects of a steady environment where a limited source of food is replen-

ished at a specific rate and competing populations have very similar death

rates.

Finally, although we found no documented case of a one-celled organ-

ism with that specific or similar population-level adaptive response mech-

anism it is not completely unrealistic to assume that this sort of behaviour

might exist in similar form. For example it was hypothesized that under com-

petition the annual grass Bromus Madritensis might change the mean mass
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of its seedlings [83]: what was observed though was that the variation of

the seedling mass becomes narrower instead while the mean mass stays

the same. Despite the fact that this paper was dealing with multicellular or-

ganisms we can see a clear resemblance of the adaptive response, which

changes characteristics of the offspring as a response to competition. Addi-

tionally, the fact that bacterial cells can change their shape due to predators,

immune response and other threats [84] is well documented. The threat

more related to our project would be nutritional stress which is considered a

major reason of microbial cell shape changes [85]. A well documented case

is that of Actinomyces israelii which undergoes filamentation due to the lack

of essential nutrients and returns to its rod-like shape when the nutrients are

present [86].

4.5 Conclusion

Our work has been on the investigation of coexistence in a chemostat from a

different modelling aspect and an effort to identify the path of least assump-

tions to achieve that. That led to the use of PBE models and the assumption

of an adaptive response mechanism that only affects the mean mass of di-

vision of the cell population that deploys it. With that we were able to show

that coexistence is possible and stable and that depending on the biological

premises this can have different forms, an oscillatory and a non-oscillatory

form. The stability is proven through stochastic simulations and parame-

ter sweeps and we indeed observe that the steady states are reached for

a wide range of noise intensities as well as a wide range of two important

parameters, the dilution rate and response time.

We conclude this chapter by mentioning possible extensions to this

work. These can consist of performing an extended parameter sweep, in-

cluding more parameters, to detect when these steady-states are lost and

what are the conditions that make them appear, explore how the shape

of the division rate of population y affects the dynamics and how steeper
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or smoother transitions change the behaviour of the system and perhaps

explore more mechanisms which could induce a coexistence for the two

populations in the search for a potential coexistence through even fewer or

simpler assumptions.



Chapter 5
General Conclusions

My work has been clearly focused on cell population modelling using a quite

wide range of modelling techniques. Our goal was to take a perhaps uncon-

ventional approach to the conventional setting that is population modelling.

To that end, we combined agent-based models with equation-based mod-

els, challenged a well-accepted idea in cell competition in a bioreactor and

demonstrated how more complex tools have the potential to capture more

complicated dynamics.

More specifically, in our first project we effectively translated an ABM

to an ODE model for five hierarchical cancer populations and were able to

use the ODE model for optimization of a theoretical in-vitro treatment, based

on experimental evidence, and sensitivity analysis of a missed dosage. De-

spite the simplicity of the underlying biological paradigm such a connection

is not always trivial. ABMs are a very promising tool that has been used

very effectively in a number of different settings in cell population dynamics.

When using ABMs in this the context of disease modelling a lot of the focus

is placed on the therapeutic regime, the regime where the malignant popu-

lation will eventually go extinct. A clear assumption in that regime is that the

treatment agent is in sufficient supply so as to eliminate the malignant one.

That is also the condition under which our translation took place. Hence,

showing that a connection is, under these conditions, possible offers a great
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advantage in subsequent analysis of the system and understanding its tem-

poral evolution through the very flexible tool that is equation-based models.

Of course such a translation is not without its disadvantages. There needs

to be a clear understanding of the assumptions made, the limitations of each

model and the loss of realism through this translation. As long as these are

well comprehended, models can be a truly valuable, though limited, rep-

resentation of a real system. To quote George E.P. Box “all models are

wrong but some are useful” [87]. Our conclusion was that perhaps the

right question is not how can we replace one model with the other but rather

how can we use them cooperatively to achieve our goals and understand

the system under investigation in the best possible way. The success of

such a joint approach has been demonstrated in a number of cases and

a variety of settings and will hopefully become even clearer in the future

[18, 19, 88, 16, 89, 90, 91, 92].

In our second project we investigated the well studied case of two mi-

crobial populations competing in a bioreactor for a single source of food

(substrate) from a stochastic perspective extending the work that has been

done previously. We initially assumed no simplifications and used the full

system of three equations with non-linear Monod growth dynamics and with

both a general environmental noise and a specific dilution rate induced one.

The simulations of the SDEs describing the full system under coexistence

operating conditions demonstrated a clear advantage for the population with

the highest nondimensional maximum growth rate parameter. That was in

contrast to the well accepted paradigm that under such conditions either

population will survive with a probability that depends on the initial condi-

tions. In our model initial conditions seemed irrelevant, assuming of course

that neither of the populations had a concentration very close to zero. Ad-

ditionally, despite our best efforts to reduce the dimensions of the system

and try to arrive at a simplified system similar to [11], we only managed ra-

tionally to make a reduction from a three-dimensional to a two-dimensional
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phase space near the steady state. Deriving the Fokker-Planck equation for

the reduced system simplified simulations greatly and further confirmed our

initial finding. The fact that the system could not be reasonably reduced fur-

ther can act as an indication that further reductions could be unrealistic and

lead to loss of a significant part of the dynamics obscuring the underlying

mechanism of competition. Our conclusion was that the stochastic deviation

from the line of coexistence though fast seems to play a vital role in the end

result.

In the third and final project, we build upon the chemostat competition of

two populations for a single substrate but tackle it from a different modelling

perspective, that of population balance equations. Again, our goal here was

to capture some type of complexity, in the form of heterogeneity, where cells

behave differently according not only to their species but also to their mass.

With the introduction of a biologically realistic adaptive response of one of

the populations we showed that a stable coexistence is indeed possible, ei-

ther through a limit cycle when delay is included or through a steady biomass

for both populations when the adaptive response is considered instant. Due

to the lack of analytic potential for the PBEs we resorted to a stochastic

formulation of the equations to determine the stability of the non-oscillatory

steady state. For the oscillatory one a parameter sweep demonstrated a

persistence of the limit cycle for a wide range of parameters. Finally, by us-

ing an approximation of partial moments with integer moments as well as by

defining a new term named biomass growth rate we explained the source

of the oscillations in the biomass despite the fact that it is not explicitly de-

pendent on the oscillation quantity which is the division rate. This indicated

that for the non-trivial case of growth rates there is some dependence of the

total number of cells being introduced to the biomass equations which is not

usually the case in the simpler models.



5.1. Future directions & general remarks 163

5.1 Future directions & general remarks

Our projects have set and answered some interesting questions but as with

every research work they have raised further questions and paths that could

be followed to understand the underlying system better. In the first project

potential extensions and future work can include building a mathematical

model that would capture an even wider space of the ABM. Although, as we

mentioned, we do not feel that this should be a priority if the main interest is

the therapeutic regime, it might be a priority in the case where the cancer-

factor dynamics and interplay need to be understood better for a more gen-

eral setting and space heterogeneity needs to be taken into account. The

most appropriate candidate would be PDE models. There should be a clear

connection between the diffusion parameters and the speeds of the agents

that should eliminate the need for the β parameter we introduced. More-

over, there is a lot of work that can be performed towards the direction of

optimizing the doses. We explored a more static case where the dosages

remain the same throughout the treatment but there is a huge potential in

identifying both the right timing for the dose as well as how it can change

according to cancer progression or retreat. We would expect that significant

differences could potentially be observed in both the amount and efficacy if

such an investigation is performed. Including some possible cost or adverse

effects of the factors in the equation will add extra complexity in the opti-

mization process and potentially lead to a Pareto front which is not present

in the case where only dosage and benefit are taken into account which

have a clear relationship. It should also be mentioned that future work could

also focus on more complicated ABM models before moving to more compli-

cated continuous analogue. That would of course require further validation

of the biological background and extension of the experiments performed.

The logical experimental and modelling extension would be to see how dif-

ferent stage factors affect different stage cells. It would possibly require very

similar experiments to the ones performed and would lead to an immediate
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rise of the complexity of the system where the fitness matrix would have

off-diagonal terms as well.

Regarding the second project, there are again many potentially interest-

ing future directions. Starting from the simplest, a more accurate numerical

implementation of the 3D Fokker-Planck equation where the solution inte-

grates to one throughout the simulation (no outward flux loss) and for larger

times would bestow further confidence on the results. Higher confidence

in the long-time solutions of the reduced Fokker-Planck equation would al-

low the exploration of the persistence observed for θ = 0.99 in the general

noise case. We would expect that eventually one population will go extinct

but whether it would be diffusion or drift driven remains unknown. Moving to

more complicated explorations, we have shown that the excursions from the

line of steady-state seem to play a vital role in the long-time behaviour of the

system. Hence, a natural question would be how. We have also shown that

when the growth rate parameters are equal the dynamics are completely

stochastic. Hence, sensitivity analysis of the growth parameters could help

identify how the differences in the non-dimensional maximum growth rate

affect the competition and how we move from pure stochastic, in the case

of equal parameters, to convection driven in the case explored. Additionally,

analyzing the conditions under which the convection term in the Fokker-

Planck equation becomes greater than the diffusion can aid in answering

the same question. Additional related questions would be what is the time

spent on and off the line of steady-state and what is the average displace-

ment up and down the line in both cases. Combining the previous paths can

lead to another fascinating question. If indeed the shape of the probability

turns out to be bimodal for θ = 0.99 then the question is how is the value

of the dilution rate, that will induce a bimodal distribution, dependent on the

growth rate parameters. Finally, moving towards more formal results and

theoretical explorations, as it has been recently done in a simpler case [48],

a potential stochastic analogue of the break-even concentration for the more
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complicated case of Monod kinetics would go a long way in formalizing the

results.

Building on the work done in the third project there is a lot of potential

for future research. Starting again from the most basic competition system,

that of two populations competing for a single source of food, further realistic

assumptions of cell behaviour can be explored to determine whether they

can induce coexistence. That can include the case where cells detect the

gradient of their biomass rather than the exact biomass as in our project.

Hence, cells can detect whether their population is increasing or decreasing

and react accordingly. That would eliminate the need for a critical value of

behaviour shift, like the one we introduced, as well as errors regarding the

accuracy with which cells can “measure” the biomass which are not taken

into account here. Perhaps a different case would be competition through

a change in the shape. According to [6] different shapes admit different

growth rates for the individual cells. Changing shape is a known mechanism

of microbes in order to survive in a changing environment [84, 86, 85] so it

could provide yet another possible mechanism of coexistence. Regardless

of the sensing method chosen further parameter sweeps would be useful

in identifying not only the dilution rate and response parameter areas that

induce oscillations but also the variation in the growth parameters that would

allow it to happen. Moreover, a possible future plan can be to move away

from the steady-nutrient-stream environment of the chemostat and testing

these mechanisms in settings such as the batch reactors where nutrients

are provided less frequently, emulating a more realistic case. Moreover,

in a batch reactor there is also no stirring involved as in the case of the

chemostat which makes the use of eukaryotic cells prohibiting due to their

thinner cell walls.

Modelling and understanding cell populations can have huge applica-

tions and implications for many fields. These extend from within-host sys-

tems for the modelling of cancer, HIV, stem-cells differentiation, to name
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a few, to systems unrelated to humans directly such as waste-water treat-

ment. I hope that my thesis has made a clear case that these modelling

efforts can be aided with the introduction of complexity in the form of ran-

dom and multiscale effects as well as the cooperation of different models.

We firmly believe that as we face more complex systems and dynamics the

need for an integrated approach becomes more and more profound. Our

approaches were aimed at introducing to classical problems at least one

of the complexity effects mentioned. The effects of stochasticity are not

always well understood or easily predicted. It can be a useful tool in assess-

ing the robustness or lack thereof of a state of a given system and cause

a significant divergence from the deterministic results, proving to have ma-

jor implications for the system at hand. Additionally, multiscale interactions

and dynamics offer a new degree of freedom to a system. Particularly in

cell populations it is difficult to disentangle the effects single-cell behaviour

has in the cell-population. Functions such as division and birth are usually

lost within a constant parameter in classical ODE population models. More

complex models allow the explicit formulation of these terms which in turn

could allow for a wide range of new dynamics that emerge from different as-

sumptions on these basic functions. These are assumptions which cannot

be readily captured or modelled through simpler models.
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