A SZEGO LIMIT THEOREM
FOR TRANSLATION-INVARIANT OPERATORS ON POLYGONS

BERNHARD PFIRSCH

ABSTRACT. We prove Szeg6-type trace asymptotics for translation-invariant operators on poly-
gons. More precisely, consider a Fourier multiplier A = F*¢F on L2(R2) with a sufficiently
decaying, smooth symbol ¢ : C — C. Let P C R? be the interior of a polygon and, for L > 1,
define its scaled version Pr, := L - P. Then we study the spectral asymptotics for the operator
Ap, = xp,Axp,, the spatial restriction of A onto Pr: for entire functions h with h(0) = 0
we provide a complete asymptotic expansion of tr h(Ap, ) as L — co. These trace asymptotics
consist of three terms that reflect the geometry of the polygon. If P is replaced by a domain with
smooth boundary, a complete asymptotic expansion of the trace has been known for more than
30 years. However, for polygons the formula for the constant order term in the asymptotics is
new. In particular, we show that each corner of the polygon produces an extra contribution; as a
consequence, the constant order term exhibits an anomaly similar to the heat trace asymptotics
for the Dirichlet Laplacian.

1. INTRODUCTION

Let A be a bounded and translation-invariant operator on L2(R?). In other words, consider a
Fourier multiplier

A=A(o)=F0cF

with a bounded, complex-valued symbol o € L>(R?). Here, the Fourier transform J is chosen
to be unitary on L?(R?). For any measurable set Q C R?, introduce the spatial restriction of
the operator A onto €2,

Aq = AQ(O’) = XQ?*USFXQa

where xq denotes the characteristic function for the set 2 and both yq and o are interpreted
as multiplication operators on L?(R%). In analogy to the one-dimensional case, we refer to such
an operator Ag as (multidimensional) truncated Wiener-Hopf operator. Throughout this paper,
the variable L > 1 is used as a scaling parameter and

Qp:=L-Q

denotes the scaled version of the set Q. For the sake of discussion, assume that the set Q C R? is
bounded and the symbol ¢ of A belongs to the class of smooth and rapidly decreasing functions,
i.e. 0 € 8(RY). Moreover, let h : C — C be an entire function with h(0) = 0. Under these
assumptions, it is well-known that the operator h(Aq) is trace class and the function h is also
called test function. If in addition 0 is smooth, then [4I] provides a complete asymptotic
expansion of

trh(Aq, ) (1.1)
as L — oo. More precisely, for any K > —d there exist constants B; = B;(2, h, o) such that

d
trh(Ag,) = > LIBj+o(L™5), (1.2)
j=—K
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as L — oo. These trace asymptotics for truncated Wiener-Hopf operators can be seen as a
continuous multi-dimensional analogue of Szegd’s famous limit theorem for Toeplitz matrices,
see [35]. While

9
Ba = iz [ 6 (hoo)(© (13)

R4

only depends on 2 through its volume ||, the coefficients B; for j < d — 1 contain geometric
information on the boundary 90€2: B,_1 arises from a hyperplane approximation at each point of
00 and By_o contains the curvature and the second fundamental form of 02, see also [26]. As
a general principle, the coefficient Bg_j, depends on C*-attributes of €; more precise formulae
in terms of the geometric content are collected in [27].

The asymptotics of have also been intensively studied for non-smooth symbols o, even
though, for d > 2, only two terms are known in this situation: for a symbol with a jump
discontinuity, the leading order term in remains unaffected, whereas the sub-leading term
gets enhanced to order log(L) L. The one-dimensional case is covered in [15] [39] and the works
[30-H33] provide the extension to any dimension. An interdisciplinary interest in originates
in its relation to the bipartite entanglement entropy for a non-interacting Fermi gas, see [10, 11
16, [17]. In this context, recent literature contains asymptotic formulae for a generalised version
of the trace : the operator A is replaced by a(H) where H = —A + V' is a Schrédinger
operator with a real-valued potential V and ¢ : R — R is a bounded function, for instance a
step function. Here, the focus lies on (random) ergodic potentials in [7, 9], 13 22] and periodic
potentials in [23].

We are interested in the asymptotic behaviour of for smooth symbols o but for a set 2
with non-smooth boundary. As before, assume that o € §(R%) and that A is an entire function
with ~(0) = 0. In [37] the author dealt with polytopes © and proved a two-term asymptotic
expansion of the trace (|1.1)). Recently, this result was extended to a larger class of domains,
see [34]. Namely, let Q be a bounded Lipschitz region with piecewise C!'-boundary. Then [34]
contains the asymptotics

trh(Aq,) = LBy + L4 By 1 4 o(L4Y), (1.4)

as L — oo, where the coefficients B; = B;(Q, h,0), j = d,d— 1, are given via the same formulas
as in the smooth boundary case. The coefficient B, agrees with and a formula for B,_1
can be found, for instance, in [26, Thm. 1.1]. In particular, one observes that the edges (or if
d = 2 the corners) of  do not enter the trace asymptotics up to order L1, In the special case
of cubes Q, [7, Thm. 2.2] actually implies complete asymptotics for , consisting of d + 1
terms. However, the latter result is established in the more general framework of Z%-ergodic
operators. This entails an exclusively abstract formulation of the asymptotic coefficients, which
makes it difficult to relate them to the smooth boundary case. In addition, [7, Thm. 2.2] makes
for the Wiener-Hopf case unnecessary symmetry assumptions; for instance, it is applicable to
radially symmetric symbols ¢. Within the context of our discussion, let us also mention the
works [19] [20], which identify the limits of norms of inverses and the limits of pseudospectra for
Wiener-Hopf operators on convex polytopes €27, as L — oo.

Similar results have been obtained in the discrete setting, where Agq, is replaced by the
doubly-infinite d-dimensional Toeplitz matrix T restricted to a scaled lattice subset A;, C Z,
see [3, 4] for an introduction to Toeplitz matrices. For polytopes A, the work [8] provides a
two-term asymptotic formula for tr h(T}, ), analogous to the result in [37]. When A is a cuboid,
the authors of [28] and [36] proved a (d + 1)-term asymptotic formula for tr h(T}y, ), under the
additional assumption that the symbol of the Toeplitz matrix allows a specific factorisation.
In [12] these results were recovered and further insights were given on the inverses of Toeplitz

matrices on convex polytopes. Moreover, the recent work [25] treats triangles A C Z? and
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provides a two-term asymptotic formula for trT', ! with a new formula for the sub-leading
coeflicient.

In this paper, our objective is to investigate further the term of order L2 in . We
restrict ourselves to dimension two and deal with the case that Q = P C R? is the interior of
a polygon. By the latter we mean that P is bounded and 0P is the finite disjoint union of
piecewise linear, closed curves; we do not require that P be (simply) connected or convex. In
particular, and in contrast to all previous works on the complete asymptotics of , we shall
deal with corners of any angle. With h as above and slightly relaxed assumptions on o we obtain
complete asymptotics for tr h(Ap, ), consisting of three terms, see Theorem More precisely,
we provide constants ¢; = ¢;j(P, h, o) such that

trh(Ap,) = L?cy + Ley + o + O(L™°), (1.5)

as L — oo. As it can be inferred from formula , the coefficient ¢y incorporates the area
of the polygon P and c¢; depends on the lengths of its edges and their directions. However,
our main focus lies on the constant order coefficient ¢y, which contains contributions from each
corner of the polygon. In Theorem [2.1] we provide a formula for ¢y given in terms of abstract
traces, similarly to [7, Thm. 2.2]. Yet, in the polygon case ¢y includes additional terms due
to the presence of non-parallel edges. Furthermore, we compute ¢y explicitly as a function of
the polygon’s interior angles for radially symmetric symbols ¢ and quadratic test functions h,
see Theorem As a consequence, one can compare ¢y with the corresponding coefficient in
the smooth boundary case and we obtain the following result: for a two-dimensional domain
), one can determine from the constant order term of the trace asymptotics whether 2
has a smooth boundary or it is a polygon, see Corollary In addition, the coefficient ¢( for
the polygon P can not be obtained from ({1.2)) via approximation of P by domains with smooth
boundary. This anomaly resembles the analogous result for the constant order term in the heat
trace asymptotics for the Dirichlet Laplacian on a two-dimensional domain with corners, see [21].

A few remarks on the structure of the paper are in order. We start by formulating our
main results: Theorems and state the asymptotics with various formulae for the
coefficients c¢; and Theorem deals with the radially symmetric case. The trace norm estimates
that enter the proofs of Theorems [2.1] and [2.3] are collected in Section [3] In Section [4] we apply
these trace norm bounds to extract the leading order term of the asymptotics . Moreover,
we reduce the remaining part to individual corner contributions, which only depend on the
corner angle and the lengths and directions of the enclosing edges. The trace asymptotics
corresponding to a single corner of the polygon are provided in Section [5, which completes the
proof of Theorem The proofs of Theorems [2.3] and [2.5] can be found in Sections [6] and [7]

To conclude the introduction, we fix some general notation that will be applied throughout
the paper. If f, g are non-negative functions, we write f < g or g 2 f if f < Cg for some
constant C' > 0. This constant will always be independent of the scaling parameter L, but it
might depend on the test function h, the symbol o, and the geometry of the polygon P. We
will comment on its explicit dependence whenever necessary. For z € R?, we use the notation
(x) := (1+]z]?)'/2, where || is the standard Euclidean norm. Moreover, @, denotes the (closed)
unit cube centred at z and B, (x) is the (closed) unit ball of radius r > 0 around z (with respect
to | - ).

Acknowledgement. The author is very grateful to Adrian Dietlein and Alexander V. Sobolev
for illuminating discussions on the topic of this paper and for valuable comments on the manu-
script.

2. REsuLTS

Let h : C — C be an entire function with h(0) = 0 and consider a symbol o € W°!(R?),

see (3.5)) for the definition. These assumptions will be sufficient to obtain the asymptotic trace
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formula ([1.5) with well-defined coefficients ¢; = ¢;(P, h,o). In order to write out the formulas
for the coefficients we need to fix some notation for the polygon P.

2.1. Notation for the polygon P and coefficients in the asymptotics. Let =(P) C R?
denote the set of vertices of P and &(P) the set of edges of P. In the following we specify the
contribution of each edge E € &(P) and each corner at X € Z(P) to the asymptotics (1.5).

First, fix an edge F € £(P). Let vy be its inward pointing unit normal vector and let 75 be
the unit tangent vector such that the frame (7g,vg) has the standard orientation in R2. This
induces an orientation on dP. Introduce the half-space

Hg:={yecR?*:y-vg >0}, (2.1)

and the semi-infinite strip of unit width,
Sk :={atg +bvg : (a,b) € [0,1] x [0,00)} C Hp. (2.2)
We also label the interior angles between F and its adjacent edges by 'yg) and 'yg). For definite-
ness the enumeration is chosen in accordance with the orientation of 0P. However, the latter

is not of much relevance as we will mainly be interested in a symmetric function of the angles,

F:&P) =R,
F(E):=— cot(vg)) — cot(vg)). (2.3)
Note that F(E) = 0 if and only if 'yg) + 7}3) € {m,2m,3r}, i.e. if and only if the edges adjacent
to E are parallel. Defining also the function
hi(z) == h(z) — zh'(0), (2.4)

we introduce the following coefficients corresponding to the edge F, which are finite under our
assumptions on h and o, see also Theorem We set

ar1(v) = tr (xsp [P (Am,) — a(A)]). (2.5)

with Sg and Hg as in , (2.2). Note that the strip Sg on the right-hand side of (2.5) may
actually be shifted along the edge E, leaving the value of a;(vg) unchanged since the operator
hi1(Am,) — hi1(A) is translation-invariant in the direction 7. Similarly, we define the coefficient

ao(ve) = tr (xsp M (2 - vg) [h(An,) — hi(A)]), (2.6)
where M (x - vg) is the multiplication operator
[(M(z - vp)fl(z) = (x - ve)f(2), (2.7)

for any function f : R — C. Clearly, also the operator M (z - vg) |[h1(Ap,,) — hi(A)] is invariant
with respect to translations along the edge E.

Fix now a vertex X € Z(P). Its adjacent edges are named E(M(X) and E?(X), where the
enumeration is again chosen according to the orientation of 9P. Corresponding to the vertex X
we have the two half-spaces

HY9(X) := Hyi)xy, §=1,2, (2.8)
compare with (2.1). Moreover, let vx € (0,7) U (7, 27) denote the interior angle at X. In the

following, we distinguish convex and concave corners of the polygon, employing the notation

E<(P):={X € 2(P) :vyx S}

=

Define the semi-infinite sector modelling the corner at X € Z(P) by

O(x) = {H<1>(X) NHO(X), X e=(P),

HY(X)uH?(X), X cZ-(P). (2.9)

If X € E-(P), the corner at X € Z(P) or equivalently the sector C'(X) is conver, otherwise we

call it concave. We are now ready to introduce coefficients corresponding to vertices X € Z(P).
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If X € E4(P), we define
bo(X) = tr (xex) [Pr(Acx)) — h(Aga (x)) — i(Age(x)) + hi(A)]), (2.10)
with C'(X) and HU)(X), j = 1,2, defined in and (2.8), respectively.
If X € E5(P), we set
bo(X) = tr (X g xonme (x) [ (Acx)) = hi(A)]) +tr (Xoonam oo [ (Acen) = (Agexn)])

+tr (XC(X)\H(Q)(X) [ (Acix)) — hl(AH(l)(X)])' (2.11)

2.2. Main result. Our first and main theorem provides a complete asymptotic expansion of
trh(Ap,) and contains formulas for all the coefficients in (|1.5)).

Theorem 2.1. Assume that o € W1 (R?), see (3.5), and let h : C — C be an entire function
with h(0) = 0. Then we have the asymptotic formula

trh(Ap,) = L*cy + Ley + co + O(L7°°), (2.12)
as L — oo, with coefficients

|P|

2=y [ dehoo)(e)
RQ

c= Y |Elai(vg),

Ee&(P)
Co — Z F( (IQ I/E Z bo

Ec&(P) X€eE(P)

In particular, for all E € E(P) and X € Z(P), the coefficients a1(vg), ao(ve), and bo(X) are
well-defined, see Subsection[2.1] for their definition.

Remark 2.2. (1) The super-polynomial error in is a consequence of both the smooth-
ness of the symbol o and the piecewise-straight boundary of P. That a smooth symbol
leads to the absence of all but two terms in the trace asymptotics for one-dimensional
truncated Wiener-Hopf or Toeplitz operators has been known for a long time, see [2] p.
120].

(2) Formula implies that the corners of the polygon do not affect the two leading
coefficients in the asymptotics compared to the smooth boundary case. However, the
above formula for ¢y shows that the corners do enter the trace asymptotics at the constant
order.

(3) An edge E € E(P) does not contribute to the coefficient ¢y if F(E) = 0, i.e. if the edges
adjacent to F are parallel, see also . In particular, all contributions from the edges
to ¢ vanish if, for instance, P is a parallelogram. As it becomes clear from the proof of
the theorem, the edge contributions to ¢g are in fact aggregated local contributions from
corners of P.

(4) We emphasise that the coefficients by(X) are defined by the two distinct formulas
and , depending on the type of the corner at X € Z(P).

The coefficients a;(vg) and ag(vg), which only depend on the half-space operators h(Ap,,)
and the full-space operator h(A), may be rewritten in terms of one-dimensional Wiener-Hopf
operators. This is the content of the next theorem. Here, we use the popular notation

W(U) = A[O,oo) (J)v

for o € L*°(R). As anticipated, the formula ([2.16|) for ¢; reduces the corresponding formula from

the smooth boundary case, see [38, Thm.].
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Theorem 2.3. Let 0 € WL(R?) and let h : C — C be an entire function with h(0) = 0.
Define, for E € E(P) and t € R, the family of one-dimensional symbols

R> ¢ op(§) =0t + EvE). (2.13)
Then, for all E € &(P), the coefficients a1(vg) and ao(vg) in Theorem [2.1) may be rewritten as
1
a1(vg) = o /dt tr [R{W (ops)} —W(hoogy)], (2.14)
R
1
an(v) = 5 / dt tr (M(2) [h{W (05.0)} — W(hoops)]), (2.15)
R

where M (x) denotes multiplication by x on L*(R). In particular, we have that

= Z |2E7T|/dt tr [h{W(og)} — W(hoopy)]. (2.16)
Ec&(P)

Remark 2.4. The advantage of formulas (2.14]) and (2.15)) lies in the fact that explicit formulas
for the traces of one-dimensional Wiener-Hopf operators are known. Assuming for simplicity
that o € §(R?), [41, Prop. 5.4] implies that

(0E4(£1)) — h(op4(£2)) 04 (&2)
a(ve) = 83 /dt/d§1/d€ opt(&1) —opi(&2) L —&

where the integral over & is interpreted as a Cauchy principal value. Referring to the same
proposition, one similarly gets that

an(v) = 642/dt/d§h"0Et ) (€)?

> 0 (&2) 0,4(83)
324/dt/d51/d52/d53{k2 —o(@)}}@—él GG

2.3. The radially symmetric case. In contrast to the above, the coefficients by(X), see
and , can naturally not be transformed into integrals over traces of one-dimensional fibre
operators since they incorporate the truly two-dimensional sector operators h(AC( X)). This
makes their explicit calculation rather involved. However, we manage to compute the coeffi-
cients by(X) in the special case when h is a quadratic polynomial and the symbol o is radially
symmetric. By the latter we mean that, for any orthogonal matrix O € R?*2 and for all £ € R?,

() = o(0F).

Define
F(2) = @)~ 2T ) (x) = (2m) / de 57 (), (2.17)

Rd
for functions f € L'(R%), so that the operator A has the difference kernel
A(.ﬁ,y) = 6'(1’ - y)7 T,y € Rd'

If o is radially symmetric, so is & and we shall write, slightly abusing notation,

a([¢]) = a (&), a(|z]) = (),

for all z,& € R2. In the following theorem all coefficients ¢; in the asymptotics (L.5) are
computed explicitly for such symbols ¢ and quadratic test functions h. Again, our focus lies on
the coeflicient ¢y since the formulas for ¢y and ¢; are known to be the same as in the smooth

boundary case.
6



Theorem 2.5. Suppose that ¢ € W(R?) is radially symmetric and let h(z) = 2% + bz for
some b € C. Then we have that
trh(Ap,) = L*cy + Ley + co + O(L7°),

as L — oo, with

e ’P’/dRR (hoo)(R),
c1 = —2|0P| /dTT25'(T)2,

o0
co = Z %[1+(W—7X ) cot vx /d
Xe=Z(P) 0
Remark 2.6. (1) As in Theorem the coefficients ¢; and ¢p only depend on the test
function h via the function hq(z) = 22.
(2) Notice that, due to the radial symmetry of o, the dependence of the coefficients c;,
7 =0,1,2, on the geometry of P separates from their dependence on the symbol o.
(3) Interestingly, the contribution of convex corners and concave corners to ¢y are obtained

via the same formula, in contrast to the two distinct formulas (2.10)), (2.11]).

The explicit formula for the coefficient ¢y given in Theorem allows us to compare it with
the corresponding coefficient By from the smooth boundary case, see ([1.2]). As in the theorem let
h be a quadratic test function and assume that o € W°!(R?) is radially symmetric. Applying
[26, Thm. 1.1], one gets that, for any bounded €2 C R? with smooth boundary,

BO = Bo(Q, h,O’) =0. (218)

To our knowledge, this surprising fact has not been noted explicitly before and it even holds
without the radial symmetry of o. For the reader’s convenience we provide a proof of (2.18) in
an appendix to this paper, see Lemma In contrast to the above, the function

f(y) =1+ (7 =) cot(y) (2.19)
is positive on (0,7) U (m,27). This yields the following corollary.

Corollary 2.7. Let h(z) = 2% + bz and suppose that the symbol 0 # o € W1(R?) is real-valued
and radially symmetric. Moreover, assume that P is a polygon and @ C R? is a bounded set
with smooth boundary. Then one has that

co(P,h,o) >0,
while
Bo(2, hyo) =0,
where ¢y and By are the constant order coefficients from (1.5) and .
Remark 2.8. The corollary implies the following: consider a bounded set A C R? with either

smooth or piecewise linear boundary. Then the type of the boundary can be determined from
the spectral asymptotics of Ay, , as L — oo.

As a consequence of Corollary the constant order coefficient in the trace asymptotics
exhibits an anomaly, similarly to the heat trace asymptotics for the Dirichlet Laplacian on two-
dimensional domains with corners, see e.g. [I8, 21I]. Any approximation of a polygon P by a
sequence of smooth domains {€2,} can not recover the coefficient cy: for functions h and o as
in the corollary, one gets that

Bo(Qn, hyo) =0 -+ co(P, h,o),
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asn — 00. On the other hand, the approximation of domains with smooth boundary by polygons
works fine. As a simple but representative example consider a disc 2 and let {P,,} be a sequence
of inscribed regular n-gons, approximating (2. As the function f, see (2.19)), vanishes to second
order at v = m, one easily checks that

CO(Pn) ha U) 0= ‘BO(Qa h,O’),

as n — 0o.

We also point out that one may apply Theorem to compute the particle number fluctu-
ation (PNF) of a free Fermi gas at positive temperature with respect to the spatial bipartition
R? = P, UR?\ Pr. Namely, the PNF is given by

tr h(ApL),

with
2 _
W) = (1 — 2), o(€) = [1+exp (¢ i

see [14]. Here, u € R is the chemical potential and 7' > 0 denotes temperature. Corollary
allows us to compare the PNF for a scaled polygon P;, with the PNF for a scaled set £2; with
smooth boundary: if P and §2 have the same area and perimeter, then the PNF for the polygon
Py, is strictly larger than the PNF for Q, as L — oo.

2.4. Strategy of the proofs. Let us comment on the basic ideas for the proofs of Theorems|2.1

and (23
The strategy of the proof of Theorem is as follows. The leading order term in the

asymptotics originates from approximating the operator h(Ap,) by its bulk approximation
xp,h(A)xp,, which is a very familiar idea. Indeed, one easily computes that

tr (xp, h(A)xp,) = /d:z h(A)(z,x) = |Pr|(ho 05/(0) = L%cy. (2.20)
P,
Subtracting the latter from tr h(Ap, ) leaves a remainder that is independent of the linear part

of h, hence we may replace h by the function h;(z) = h(z) — zh/(0):
tr (XPL [h(APL) — h(A)] XPL) = tr (XPL [hl (APL) — hl(A)] XPL)' (2.21)

For the following steps we mainly rely on the locality of the operator A: due to the assumptions
on the symbol o, the kernel A(z,y) = &(x—y) decays super-polynomially away from the diagonal,
see Lemma As a first consequence, we can prove that the operator xp, [hl(A r.) —hl(A)] Xry
is concentrated on the boundary 9P;. More precisely, defining for small but fixed € > 0 the
(unscaled) one-sided e-neighbourhood of 9P,

V=V = {y e PUHP : dist(y, OP) < €}, (2.22)
we show that

tr (xp, [ (Ap,) = (A)]) = tr (ev, [ (Ap,) = ha(A)]) + O(L7), (2.23)

as L — oo. It is convenient to partition V into corner neighbourhoods N(X), X € Z(P), that
extend along half of the edges EM(X) and E®)(X), see Figure [1| below. This reduces the
problem to computing the asymptotics of

tr (o (x) [P1(Ap,) = ha(A)]), (2.24)

for a fixed vertex X € Z(P). In view of the translation-invariance of A we may assume that
X = 0, hence the sector C(X) models the corner at X € Z(P), see and Figure [1. Again
the locality of the operator A implies that one can replace the operator hi(Ap,) in by
the L-independent sector operator hi(A¢(x)):

tr (X, (x) [71(Ap) = 7(A)]) = tr (xvg 0 [ (Aox)) — hi(A)]) +O(L™). (2.25)
8



FIGURE 1. The sector C(X), the one-sided boundary neighbourhood V, and the
corner neighbourhood N(X)

Thus, we have completely localised the problem to the corner at X € Z(P). It remains to
prove that the right-hand side of exhibits a two-term asymptotic expansion with super-
polynomial error: the leading order term, linear in L, results from the parts of N(X) near an
edge EW(X) or E?)(X), whereas its constant order correction is solely produced by the fraction
of N(X) close to the vertex X. In order to extract these two terms we provide a trace-class
regularisation of the operator hy (AC( X)), see Proposition This part of the proof shows some
commonalities with the analysis in [7] for the case of cubes. Summing up the contributions from
all X € Z(P) finishes the proof of Theorem [2.1

Theorem is deduced from Theorem Here, the key observation is that, for a fixed edge
E € &(P), the operator h(Ap,) — h(A) is invariant with respect to translations along E. As a
consequence, it is unitarily equivalent to a direct integral over one-dimensional fibre operators
that are parametrised by the tangential coordinate. Not surprisingly, these fibre operators can
be rewritten in terms of one-dimensional Wiener-Hopf operators, which results in the formulas
(2.14) and for the coefficients a1 (vg) and ag(vg).

The proof of Theorem requires the evaluation of all the coefficients ¢;, j = 0,1,2, from
Theorem[2.1] To compute a1 (vg) and ag(vg) for all E € E(P) we apply Theorem [2.3] Moreover,
the specific choice of the function h allows us to evaluate bg(X) for each X € Z(P) via a
straightforward calculation. Here, the radial symmetry of the symbol o is essential to extract
the dependence of by(X) on the interior angle vx.

3. TRACE NORM ESTIMATES

In this section we collect the trace norm estimates that will be sufficient to prove Theorems

2.1 and 2231

3.1. Schatten-von Neumann classes. We introduce the standard notation for Schatten-von
Neumann classes &, for p > 0, see e.g. [1], [29]. A compact operator 7' is an element of &, iff
its singular values {s4(7")}32, are p-summable, i.e.

o

|75 =) " si(T)P < 0.
k=1

We shall often make use of Holder’s inequality
[T Tl < [IT1llp[IT2llq, (3.1)
for T € 6,15 € &, and p,q > 0 such that % + % = 1. Notice also the interpolation inequality

1715 < ITIP= 1T, (3.2)
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which holds if T'€ &4, 0 < ¢ < p.

3.2. Finite volume truncations of the operator A. We recall the notation
A= A(o) =F07,
and
Aq = Ag(0) = xaF 0cFxa,

where Q0 C R? is a measurable subset and o : R? — C is the symbol of the operator A, acting on
L? (Rd). The dependence of A on ¢ will be mostly suppressed, unless we consider the dimension-
reduced symbol as in Section [6] Let us also remind the reader of the following general notation,
which was introduced in the introduction: If f,g are non-negative functions, we write f < g
or g 2 fif f < Cg for some constant C' > 0. This constant will always be independent of
the scaling parameter L, but it might depend on the test function h, the symbol o, and the
geometry of the polygon P.

The next lemma shows that, under mild assumptions on the symbol o, the operator Aq is
trace class if Q € R? is bounded. Even though this is well-known, see [4, Subsec. 10.83] for the
one-dimensional case, we provide a proof for the reader’s convenience. Having the application
to the polygon P in mind, one deduces from below that

Ih(PL)]lx < L2|P,

if o € L1(R?) N L*>®(R?), and h : C — C is an entire function such that h(0) = 0. Here, the
implied constant depends on h and o.

Lemma 3.1. Let o € L}(RY) and assume that Q, A C R? are bounded sets. Then one has the
bound

Ixadxalls S [AI2Q1Y2 o]l ga) (3-3)

with implied constant independent of o, A, and €.
If in addition o € L®°(R?) and h : C — C is an entire function with h(0) = 0, then also the
estimate

Ih(AQ)[l1 < (€ (34)
holds, with implied constant only depending on h and o.

Proof. We start by proving the estimate (3.3]). Without loss of generality, we may assume that
o > 0 since the symbol can be decomposed as 0 = o1 — 09 + i(03 — g4) for suitable functions
oj > 0. We have that

xaAxq = Bi1Ba,
where By and By are the operators on L?(RY) with kernels
Bi(x,€) := (2m)”xa ()™ /o (&)
By(&,y) := (2m) 2V o()e xaly).
Hence, yields
Ixadxalli < [1Billzl|Bzllz = (2m) A0 oL gy,

which proves (3.3)).
Let us now assume that o € L'(RY)NL>°(R?) and that  is as in the formulation of the lemma.
The boundedness of o implies the (uniform) operator norm bound

[Aall < Al < llofl oo (rey-
It follows that

(A1 < llAally,
10



with implied constant depending only on h and [|o| o« (gay. In view of (3.3) this finishes the
proof of the lemma. 0

3.3. Symbol estimates. Introduce, for N > 0, the Sobolev spaces
WNLRY) = {f e LYRY) : 6°f € LY(R?) for all « € N, |a| < N},
with corresponding norms
1Fllx =D 0% f I oy
|| <N

Moreover, set

[e.e]
Woo,l(Rd) — m WN’l(Rd).
N=0
In view of [6, Thm. 2.31 (2)] we note that
Wl (RY) € C2(RY),

ie.

Wool(RY) = {f € C°(RY) : 9°f € LY(RY) for all a € NZ}. (3.5)
The next lemma recalls the standard fact that, for a symbol o € W1 (R?), its (inverse) Fourier
transform &, see (2.17)), decays super-polynomially at infinity. Moreover, it provides some infor-
mation on the dimension-reduced symbol, which will be useful when proving Theorem
Lemma 3.2. Let 0 € WL(RY). Then the following statements hold true.

(i) For all N € Ny, one has the bound

|5 (2)] < llolln (=)=,

with implied constants only depending on N.
(i) Assume that d > 2 and define, fort € R, the reduced symbol

R 5 & oi(&) = 0(t,§).

Then we have that oy € WL (RY=Y) | for all t € R. Moreover, for every N € Ny, it holds
that (t = oy) € L1 (R, WN1(RI1)) 0 C(R, WNH(RE)).

Proof. Using the fact that ¢ € W1 (R%) and integrating by parts we get that

(@) < | / dé o (€)|
\Y% .
_\/dga 1f25} eié|

1 V

N
S llolln{z) =,
where the implied constants only depend on N. For the proof of the second part of the statement

notice that, since o € L!(RY), there is some to € R such that oy, € L!(R9~1). This in turn implies

that
t

sup [|o¢| L1 ra-1y < [ sup |o¢|[| L1 (ra-1) = / d¢ sup Ut0(§)+/d58508(£)’
teR teR J o er /
-

< loto I a1y + [[0¢0 || L1 (may < 00, (3.6)

i.e. oy € LY(R41) for all £. Moreover, the fact that o € L'(R?) N C(R?) and the uniform bound
(3-6) ensure that (t — o) € L'(R,LY(R4"1)) N C(R, L} (R?"1)). The analogous statements for

derivatives of o, follow along the same lines. This finishes the proof of the lemma. O
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For ¢ € W H(R?), the off-diagonal decay of the kernel A(z,y) = &(z — y), see Lemma
and the continuity of & imply the following lemma. Its rather technical proof is omitted.

Lemma 3.3. Let 0 € W(RY) and let h : C — C be an entire function with h(0) = 0. Then
for any open set G C R? the operator kernel

(x7y)'__> h(A(ﬁ($,y)
s a continuous function on G X G.
3.4. Localisation estimates. Throughout this subsection, let o € W*!(R?%) and let h : C — C
be an entire function that vanishes to second order at z = 0. One of the main tools for proving

Theorem is the next proposition. It is of similar spirit as [7, Thm. 2.5], which was recently
established in the context of ergodic Schrodinger operators.

Proposition 3.4. Suppose that A C Q C R? and let a,b € R%. Then, for any N € N, there
exists a constant Cy o n > 0 such that

IX@una [h(Ar) = P(AQ)]X@,ll1 < Cho v {dist(a, @\ A))~ ¥ (dist(b, 2\ A)) " (a —0)™". (3.7)

[e.°]

More precisely, if h is given by the power series h(z) = 3. apz*, then the constant Ch,o,N Mmay
k=2
be bounded as
= k
Chon S klar| [Cxllollansadr2] (3.8)

k=2

for some constant Cy > 0 and implied constant only depending on N.

Remark 3.5. (1) Unlike in [7, Thm. 2.5], we do not require convexity of the set Q.

(2) In [7] the author deduced their result with the help of an a-priori Schatten quasi-norm
bound in &, for some ¢ < 1, see [7, Eq. (2.3)]. In the special case of Wiener-Hopf-
operators, this a-priori bound reduces to

sup [[Xq. AXQ,llq < o0 (3.9)
a,beRd
This estimate holds if, in addition to o € W>!(R?), we suppose that o € LP(R?) for
some p € (0,q), see [I, Ch. 11, Thm. 13]. However, we prefer not to assume any
additional decay on o. Instead, we exploit the basic Hilbert Schmidt bound on
unit cubes from Lemma [3.6] below.
(3) The mild decay assumptions on the symbol o are compensated by assuming that the

test function h vanishes to second order at z = 0. This assumption is sufficient to prove
Theorem we will exclusively apply Proposition to the function hy, see (2.4).

Proposition follows from approximation of the test function h by polynomials and the
next lemma.

Lemma 3.6. Let a,b € RY. Then, for all N € N, there exists constants ¢y > én > 0 such that

IX@.AxQ, || < IX@uAxQyll2 < Enllolln(a — b)Y, (3.10)
and such that, for all k € N\ {1}, p € {1,2},
k _
sup [[xQ. [Acl*xaullp < [enllollvrai] (@ — o). (3.11)
GCR4

Proof. The estimate (3.10]) is a direct consequence of Lemma To prove (3.11]) define, for all
N > 1, the constants

ino = > [10%0 |1 (ra),
lal<N
12



and set

¢ = sup Z (y+ )" < 0. (3.12)
|x|§1y€Zd

Let N €N, k>2 GCR? and M := N +d+ 1. Then (3.10) implies that, for p € {1,2} and
for all a,b € R?,

k
IxQu[Acl xaulln < D IXQuAxQy, ll2llXQy, AXQy, |l <+ - IXQr_2AXQy, _, llIXQy,_, AXq,ll2
YLy Yk—1€LE
<0 Z (@—y1) ™My —go) ™Mo (We—2 = Y1) (e — b)
Y1, Yk—1 €ELL
~ k—1 _
<&k 2V a— b)Y, (3.13)

Here we have used Peetre’s inequality,
(@ =)y —2)N > 27N — )N, for x,y,z € RY,

and the definition of ¢}, see (3.12)). Setting

CN (= EMQN/zczl,

(3.11]) follows and the proof of the lemma is complete. O
o0

Proof of Proposition[3.4. Let h be an entire function of the form h(z) = Y azz®. Then
k=2

Lemma [3.6| implies that

IX@una [A(Ar) = P(AQ)]x@, 1 < C g nla— b)Y, (3.14)

where

k
Ci/z,o,N = QZ |ak|[CNHU”N+d+1] )
k>2

and cpy is the constant in Lemma As we may interpolate with (3.14)), it suffices to show
that

Ixura [A(Ax) = h(A0)]xq, 1 < CF 5 v (dist(a, @\ A)) ¥ (dist (b, 2\ A)) =7, (3.15)

for an appropriate constant C}/ . Again, we first prove (3.15]) for monomials h(z) = 2k k> 2.
Defining for m,n € Ny the operators

Tmn = XQq [AA]mXAAXQ\A [AQ]RXQM
one gets that

k—1

X@ana ([Aa]" = [Aal*)x@, = Y xQura[Aa) 7 (Ax — 4q)[4al'xq,
=0

k-1
= —XA Z Th—1—1,- (3.16)
1=0

Fix the numbers M and M’, depending on N and d:
M:=N+d+1, M :=N+2d+2=M+d+1.

Moreover, define for any set G C R? the corresponding lattice point neighbourhood

Gy :={yeZ:Q,NnG #0}. (3.17)
13



We apply Lemma and estimate as in (3.13) to deduce that, for m,n € N,

Irmalli < > IxQu[Aa]"x0. l2llxa. Axa, llxe, [4a] " xo, Iz
£B€A+
ye(Q\A)+

< 3 [emllollar]™ ™ o —a2) M@ — )My — b))
]JEA+
yE(@\A) ¢

< [earllollar]™ ™ (dist(a, @\ A)) N (dist(b, 2\ A))~N. (3.18)
Here, the implied constants only depend on NN. Similarly, we estimate for n > 1,

Ironll < 7 IIxe.Axa, ll2lixe, [Ae]"xq, 12

yE(Q\A)+
< > emlol ] a—y) My —pM
YyE(N\A)+
< [CMHJHM/]TLH@ist(a, Q\ A)"N(dist(b, 2\ A)) V. (3.19)

In case @, N Q\ A = 0 one has that 7,,0 = 0, hence combining (3.16)), (3.18)), and (3.19) gives
k4. _ . —
Ix@ara ([Ael® = [Aa]%)xq, It S klearllollar]™ (dist(a, @\ A)) " (dist(b, 2\ A))~N,  (3.20)
with implied constants only depending on N. If Q, N Q\ A # 0, we estimate

ITmollt < [IxQ. [A]" X2 AXQ, 11

< > IxQ.[AAI™xq. I2lxa. Axa, |12
e

< N [eumllollar]™ Ha — 2) ™M (z — b))

J?EA+

< [earllollar] ™ (dist(a, 2\ A)) N,

which together with (3.16)), (3.18)), and (3.19) again implies (3.20). The extension of Estimate
oo

(3-20)) to entire functions h of the form h(z) = 3 axz¥, and an interpolation with (3.14)) finishes
k=2

the proof of the proposition. O

Proposition implies two corollaries, which will be useful in applications. For example, it
follows from Corollary [3.7| that the coefficient a;(vg), see (2.5)), is well-defined.

Corollary 3.7. Suppose that the sets M, A, Q C R? satisfy
MCANQ.
Moreover, assume that there exists B > 0 and a constant Cg > 0 such that, for all r >0,
#{x € My : dist(z, AAQ) <7} < Cy(r)?, (3.21)

where the set My C Z% is defined in (3.17).
Then we have that

xm[h(An) — h(4q)] € &1.

Proof. An application of the triangle inequality shows that we may restrict ourselves to the case

that A C Q. Applying Proposition for N =d+ 5+ 1 and the assumption M C A, one gets
14



that
e [A(Ax) = (A, < D [[x@ura [M(4n) — h(40)]xa, [,

aeEM
bezd
< 3 (dist(a, 2\ AP (g - p)d!
acEM
bezd
< S (dist(a, @\ A)) P
GGM+
< >
k=0 GEM+
k<dist(a,Q\A)<k+1
S Calk+ 1) (k)07 < o, (3.22)
k=0

where the implied constants depend on 3, h, and . This finishes the proof of the corollary. [

The next corollary treats L-dependent sets M, A, and 2. Here, the dependence on L does not
need to be linear, unlike for scaled sets. The corollary gives sufficient conditions under which the
spatial restriction of the operator h(A,) to M may be replaced by the corresponding restriction
of h(Aq), with a super-polynomially small error in trace norm, as L — oo.

Corollary 3.8. Let M, A,Q C RY be sets that all possibly depend on the parameter L > 1.
Suppose that

MCANQ and dist(M,AAQ) 2 L. (3.23)

Moreover, assume that there exists some 3 > 0 and a constant Cg > 0, independent of L, such
that at least one of the following conditions is satisfied:

(i) My < CgLP.
(ii) Estimate (3.21]) holds.
Then one has that
[xm[~(Ar) = h(Ag)][|, = O(L™),
as L — oo.

Proof. As in the proof of Corollary we may assume that A C ). Moreover, similarly as in
(3.22), an application of Proposition yields

xm [A(Ax) = R(AQ)][l, S D (dist(a, 2\ 4)) 7Y,
aEM
with implied constant depending on h, o, and N > d + 1. If the estimate holds, then one
easily concludes with (3.23|) that
xm[A(Ax) = h(AQ)] |, S L77F,
with implied constant depending on 3, N, h, and o. Assuming instead, we obtain as in the
proof of Corollary [3.7] that

X [A(An) = h(AQ)][l, S L2 )~ (dist(a, 2\ A))~/2

aeEM
<LV

where we chose N > 2(d + 8+ 1) and the implied constants depend on N, 3, h, o, and the

constant in (3.21]). This finishes the proof of the corollary. O
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4. PROOF OF THEOREM 2.1} LOCALISATION TO THE CORNERS OF P

Fix € > 0 to be chosen later and recall the definition of V = V) the one-sided e
neighbourhood of OP. As indicated in Subsection we split V into (almost) disjoint sets
N(X), X € E(P), such that N(X) contains the part of V close to the vertex X, see Figure 1| on
page [9] This induces a corresponding partition of V;, = L - V.

4.1. Partition of V. Fix a vertex X € E(P) and recall that its adjacent edges are named
EMW(X) and E®(X), see Subsection It will be convenient to introduce the following two
choices for the unit normal and the unit tangent vector at X:

(Tg(l), 1/&1)) = (=Te0) (x) VEO (X))

2) (2
(T)((), V§<)) = (TE(Q)(X)7 ’/E(Z)(X))-

(4.1)

This definition ensures that T)(g ) and T§(2 ), considered as vectors at X, point into the direction

of the edges EM(X) and E?)(X), respectively. For j = 1,2, define the tubes

TO(X): = {ard + 0 : (a,b) € [0, E2EN] « [0, ]}, (4.2)
and set
N(X) := [TW(X) U TP (X) U B.(0)] N C(X), (4.3)

see Figure [2| below. Then N(X) is a corner-neighbourhood of 0 € Z(P — X) and we define the
corresponding neighbourhood at X € Z(P) by

N(X) := X + N(X). (4.4)
Combining the scaled neighbourhoods N (X) = L - N(X), we arrive at the partition
V= |J Nu(X). (4.5)
Xe=(P)

At this point we choose € > 0 small enough such that the union (4.5)) is disjoint up to sets of
zero two-dimensional Lebesgue measure.

4.2. Reduction to individual corner contributions. As in the formulation of Theorem [2.1]
let 0 € W>1(R?) and assume that h is an entire function with h(0) = 0. Notice that due to
Lemma 3.1)the operators h(Ap, ) and xp, h(A)xp, are trace class, the trace of the latter operator
being computed in . This gives us the leading order term in the asymptotics :

tr h(APL) = LZC? +tr (XPL [h(APL) - h(A)]XPL)' (46)

> /EQ)//Q

‘/\\\7’(2)((17

FIGURE 2. The neighbourhood N(X) for a vertex X € 25 (P)
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Moreover, it follows from Corollary [3.7] that
xpy [M(Ap,) — hi(A)] € &y,

where we recall the definition of the function hq(z) = h(z) — zh/(0). By construction, we have
that
dist(Pr \ Vi, R*\ Pp) 2 L,
hence Corollary with Assumption ({ij) implies that
tr (xp, [h(Ap,) = B(A)]xp,) = tr (xp, [1(Ap,) = h(A)])
= tr (xv, [l (Ap,) — h(A)]) + O(L™).

In particular, we may from now on assume that h vanishes to second order at z = 0, such that
h1 = h. Also, we have reduced the proof of Theorem to computing the asymptotics of

tr (xv, [A(Ap,) —h(D)]) = D tr (g0 [h(Ap,) — A(A)]),
X€eE(P)

employing (4.5)) for the latter equality. For fixed X € Z(P), the translation-invariance of the
operator A implies that

tr (v, 00 [P(Ap) = B(A)]) = tr (en, (0 [R(Ap—x),) = h(A)]),
with N(X) = N(X) — X, see (4.4). Moreover, it is not difficult to see that
dist (NL(X), C(X)A(P - X)) Z L.
Hence, Corollary with Assumption (fil) yields that

tr (xn, () [MAp—x),) — R(A)]) = tr (xn, 0 [R(Acix)) — R(A)]) + O(L™).
We emphasise that the trace

tr (xn, (x) [M(Ac(x)) — h(4)]) (4.7)
depends on the polygon P only via the directions T)((j), j = 1,2, and the length of the edges
adjacent to X. To compute its asymptotics for each X € Z(P) is the object of the next section.

5. PROOF OF THEOREM 2.1k ASYMPTOTICS FOR A FIXED CORNER OF P

Throughout this section we fix a vertex X € Z(P). In particular, we shall omit all arguments,
sub- and superscripts “(X)”; for instance, we will write C' = C(X) and N, = N1 (X). As before,
let o € W1(R?) and assume that h = hq is an entire function that vanishes to second order at
z = 0. The main purpose of this section is to obtain an asymptotic formula for , which will
complete the proof of Theorem [2.1

5.1. The L-term in the asymptotics. In the smooth boundary case, the sub-leading order
term in the asymptotics is (at least morally) obtained via approximation of the operator
h(Agq, ) by half-space operators: around z € 0y, the operator h(Aq, ) is replaced by h(Ap,)
where H, is the half-space approximation of 7, at z. Similarly, the half-spaces H() and H?),
see , locally model the sector C' in , as long as one stays away from the apex of the
sector. Thus, to get a first-order approximation to , the strategy is to replace the sector C
by the half-space HY), j = 1,2, on the part of Nz, close to HU) N dC. This philosophy was
used for right-angled cones in [36] and [7]. In the course of this section we will thus prove that

tr (xn, [(Ac) — h(4)]) = Ztr (XTéﬂ [M(Agm)) = h(A)]) +0(1), (5.1)

as L — oo, see (4.2)) and Figure |2/ above for the definition of TG, Here, the O(1)-term contains
the corner contribution at X to the coefficient ¢y and a super-polynomial error in L. The

approximation (5.1)) is useful since the invariance of the operator h(A;)) — h(A) with respect
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to translations along the edge EU) can be applied to scale out the length of the tube Téj ). This
is demonstrated in the next lemma, which hence provides the L-term in the asymptotics of (4.7)).

Lemma 5.1. Let j € {1,2} and set SU) := Spu), compare with (2.2)). Then one has that

tr (XTén [h(Ape) — h(A)]) = L‘E;j)‘ tr (xgo [R(Ape) — h(A)]) + O(L™).

Proof. Fix j € {1,2} and omit the superscript “(j)” for the duration of the proof. Moreover,
we may assume after a suitable rotation that H = R x [0,00) and S = [0, 1] x [0,00). Then it
follows from Corollary [3.8] that

b (xcr, [W(A) = W(AY]) = b (i [PCA) = B(A)) + O(E7)

Here, the trace on the right-hand side is well-defined due to Corollary Also, the invariance
of the operator h(Ap) — h(A) with respect to translations in the z;-direction implies that, for
all x = (z1,72) € R?,
(h(AH) — h(A))(acl, To;,1, xg) = (h(AH) — h(A))(O, 9, 0, xg).

Thus, a change of coordinates in the xi-variable finishes the proof of the lemma. (I
5.2. Regularisation of sector operators. The key to finding the constant order term in
the asymptotics of (4.7) is a trace-class regularisation of the sector operator h(A¢) with the
help of the half-space operators h(Ap;)), 7 = 1,2, and the full-space operator h(A). This
regularisation is given in the next proposition. For its proof we consider spatial restrictions
of h(Ac) to different parts of the sector C' and then compare these to the operators h(Ay)),
j =1,2, or h(A), depending on which part of the sector we localise to. In that respect we follow
the ideas of [7]. However, instead of only looking at a right-angled convex cone, we tackle sectors
of any angle; in particular, we also deal with concave sectors. Moreover, our regularisation for

convex sectors C| see ([5.2]), does not require a partition of C'. At the same time, it is independent
of the scaling parameter L, in contrast to the ones given in [7, Thm. 2.2].

Proposition 5.2. Let L > 1. If X € Z-(P), then the operator
Z = xc[MAc) — h(Aza) — M(Age) + h(A)] (5.2)
s trace class with

IXr2\BL(0)Z]l1 = O(L™°), (5.3)

as L — oo.

If X € =< (P), then the operators
Z1 = XgAH® [h(Ac) h(A)],
Zy := Xonuw [M(Ac) = M(Agxe)],
Zy = X\ [MAc) = h(Ayw)]

Y

are trace class and, for every j =1,2,3, one has that

Ixr2\B,, (0)Zjll1 = O(L™),

as L — oo.

Proof. As in the statement of the proposition we treat convex and concave corners separately.
Convex corners, i.e. X € Z2-(P): we divide the semi-infinite sector C' into two halves,

Cr={yeC:y-(?-1vM)>0},

Cri={yeC:y W -v®) >0},
18



where we recall the definition (4.1]) for vU) = ygg). Then one can write

Z = xc [h(Ac) — M(Agm)] + xc, [M(Ac) — h(Agxe)]
+ xc; [R(A) = h(Age)] + xc, [R(A) — h(Ago)].

Thus, Corollary implies that the operator Z is trace class since the estimate with
B =1 is easily checked for all involved sets. Moreover, applying the same splitting for Z, the
bound follows from Corollary

Concave corners, i.e. X € E~(P): in the concave case we may directly apply Corollaries
and to the operators Z;, j = 1,2, 3; no further partition is required. The claim follows as in
the convex case, which finishes the proof of the proposition. O

5.3. Contributions from non-right-angled corners. In the next subsection we will apply
the regularisation for the sector operator h(A¢) from Proposition to find the asymptotics
of the trace . As it turns out during this process, non-perpendicular edges E® and E@
generate an extra term of constant order. Technically, this relies on the fact that the tubes T,
which are responsible for the L-term in the asymptotics, see Lemma [5.1] are rectangles. In this
sense, they are not compatible with interior angles v ¢ {7, 37” .

For the fixed vertex X € Z(P), introduce the following sectors, which depend on j € {1, 2},
see Figure [3] below:

(5.4)

6 .— {CLT(]:) + bv(J:) : 0<a<cot(y)b}, ~e(0,5]U (7;, 3,
{ar@D + 609 ¢ cot(y)b<a <0}, ~v€[Z,7) U, 2n).

We will see in Subsectiontha‘c non-perpendicular edges (1 and E® contribute the constants

tr (xro [R(Agw) —h(4)]), 1=1,2, (5.5)
to the asymptotics of (4.7). These traces are well-defined in view of Corollary and the
following lemma provides an alternative characterisation of (5.5]).

Lemma 5.3. Let X € Z(P) be a vertex of P and let '), j =1,2, be the sectors introduced in
(5.4). Moreover, let SU) be the strip of unit width defined in Lemma . Then we have that,
for 3 =1,2,

tr (Xr(ﬂ(x) [h(AH(J')) - h(A)D = | cot(y)| tr (XS(J‘)M(55 : VH(J‘)> [h(AHU)) - h(A)])

Proof. Fix X € Z(P). Without loss of generality suppose that v € (0,7/2] and j = 2, and, for
the matter of readability, omit the superscript “(2)”. The other cases can be reduced to this one
via a symmetry argument. After a suitable rotation we may also assume that H = R x [0, c0),

FIGURE 3. The sector I'® for v € (5,m)
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I' ={(x1,22) € H:0 <z <cot(y)xra}, and S = [0, 1] x [0,00). Splitting the strip S into unit
cubes, one easily gets from Proposition that the operator

XsM(w2) [h(An) — h(A)]
is trace-class. In view of Corollary we likewise have that
XT [h(AH) — h(A)] € 6. (5.6)

Furthermore, as in the proof of Lemma the invariance of the operator h(Ag) — h(A) with
respect to translations in the x1-direction implies that, for all = (z1,z2) € R?,

(h(An) — h(A))(z1, 22521, 22) = (M(An) — h(A))(0, 22; 0, x2).
By Lemma this kernel is continuous on I' x I' € H x H, so [5, Thm. 3.5] and (5.6)) ensure

that it is integrable on I' x I'. Hence, we may apply Fubini’s theorem to arrive at

tr (xr[h(An) — h(A)]) = /dxld@ (h(Am) — h(A))(0,22;0,z2)
I

) cot(y)za
:/d@ /dacl (h(Ag) — h(A))(0, 22: 0, z5)
0 0

~ cot(y) / ds 75 (h(Ag) — h(A))(0, 290, 22)

[e.e]

1
= cot(ry /d:nl/dxg x9 (h(Ag) — h(A))(0,22;0, x2)
0

= cot(y) tr (XsM(.’L‘Q) [h(Ag) — h(A)]).
This finishes the proof of the lemma. O

5.4. Complete asymptotics. Equipped with Proposition [5.2] and Lemmas [5.1] and [5.3] we are
now ready to extract the asymptotics from (4.7] . As the regularisation for the sector operators
in Proposition [5.2| depends on the type of the sector, we naturally have to distinguish convex
and concave corners of the polygon Pr. Propositions @ and [5.5] contain the respective results.

Proposition 5.4 (Convex corners). Let X € E-(P). Then we have that

2 .
tr (xng [P(Ao) = h(A)]) =L Y E 2 b (xso [M(A ) — h(A)])
j=1
+ tr (XC [h(Ac) —h(Ayw) —h(Age) + h(A)])

— cot

”M”

r (xs» M(x - vyo) [MAxm) — h(A)]) + O(L™),

as L — oo.
Proof. We write
tr (xn, [2(Ac) = h(A)]) = tr (xn, [M(Ac) = MAgo) = h(Age) + h(A)])

2
+ Dt (o [(Ag) = h(A)]). (5.7)

Proposition implies that the operator

xc[MAc) — h(Aga)) — h(Age) + h(A)]
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is trace class with
tr (xe\n, [h(Ac) — MApga) — h(Age) + h(A)]) = O(L™°),

since dist(0,C' \ Nz) 2 L. Thus it remains to find the asymptotics for

tr (xng [M(Agm) = h(A)]), §=1,2.
Recall the definition of the sectors I'¥) and define its finite sections

PO ] :={y e TW .y <}, j=1,2, r>0.
Applying the definition of N, see , and Corollary we get that
tr (xng [2(Ago) — h(A)]) = tr (XTg? [M(Agm) — h(A)])

+sgn(y — §) tr (Xpwyer) [P(Ag) — M(A)]) + O(L™).

Furthermore, Lemma and another application of Corollary yield that
tr (e, [M(Ago) — h(A)]) = HE b (vgo [M(Age)) — h(A)])
+sgn(y — 3) tr (xpo) [M(Age) — R(A)]) + O(L™).

Hence, the claim follows from Lemma and .

Proposition 5.5 (Concave corners). Let X € =< (Pr). Then we have that

2 ]
tr (g [h(Ac) = () = L3 i (vgon [h(Age) — h(A)])
j=1
+tr (Xgmnge [R(Ac) — h(A)])

+t1 (xenam [MAC) — M(Age)])

+ tr (Xc\H(2) [h(AC’) - h(AH(U])
2

— cot(7) Z tr(xgi M(z - vy [M(Age) — h(A)]) + O(L™).
j=1

as L — oo.
Proof. The proof is analogous to the convex case. We write
tr (xn, [h(Ac) — h(A)]) =m (L) +mn2(L),
with
m(L) = tr (Xn,nronme [M(Ac) = h(A)]) + tr (Xn,ne\ro [M(Ac) — H(Age)])
+tr (Xnpnovmae [P(Ac) — R(Ago)]),
and
m2(L) = tr (Xnynevmo [P(Age) = h(A)] +tr (Xn, novge [M(Aga) — R(A)].
Proposition implies that
m(L) = tr (xgonme [M(Ac) = h(A)]) +tr (xeygo [M(Ac) — MAgze)])

+ tr (XC\H(2) [h(Ac) - h(AH(l))]) + O(L™™).
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Moreover, we notice that the sectors C'\ H, j = 1,2, have an interior angle of v — 7 € (0, 7).
This and the fact that cot(y — m) = cot(y) explains why the contribution of 79(L) to the
asymptotics is the same as in the convex case. Alternatively, one easily gets that, for instance,

tr (XNLOC\H<1) [h(AH@)) — h(A)]) =tr (XT£2> [h(AH(z)) — h(A)])

+ sgn(y — 37”) tr (XNLmF<2) [h(AH(2)) - h(A)])

Thus, as in the convex case the claim follows from Corollaries [3.7] and and Lemmas [5.1] and
5.3l O

The proof of Theorem [2.1]is now complete:
Proof of Theorem [2.1. Subsection implies that for h = hy,

tr (xp, [M(Ap,) = B(A)]xp) = D tr (xnuex) [M(Acex)) — h(A)]) +O(L7).
X€=(P)

Hence, it follows from Propositions [5.4] and [5.5] that
tr (XPL [h(ApL) — h(A)] XPL) =Lcy +¢o+ O(L_Oo).
In view of (4.6)), this finishes the proof of the theorem. O

6. PROOF OF THEOREM [2.3]
o0
It suffices to prove the theorem for test functions h of the form h(z) = > axz
k=2
sides of (2.14)) and (2.15)) vanish for linear functions h. Moreover, we may assume after a suitable

rotation that Hgp = H = R x [0,00), i.e. Sg =5 =[0,1] x [0,00). Thus, we have that
op(€) = o(t,&) =t 0u(€), (t,€) € R
Define, for a € {0,1} and fixed ¢ € R, the operator
Ba(t) = M(@®) [b{W (00)} — W(ho o)),

k since both

which acts on L2(R). Proposition implies that, for a € {0,1} and ¢ € R,

| Ba()]l; <D 1M (2®)X (1,0 [M{Ap,00)(01)} = H{A(01)}] X[0.00) [,
n=1
< DM @) X1 [ Xtn- 10 [A{ A 00y (00)} = B{A(0)}] ]
n=1

< Z n®(n —1)73 Z kla| [C3||Ut||12]k
n=1 k=2

o0

< Hagl[Cslloe)z)* < o.
k=2

Hence, in view of Lemma [3.2] we have that (t — || B, ()||1) € L'(R) N L®(R). In particular, the
right-hand sides of (2.14) and (2.15]) are well-defined under our assumptions on h and o.
Introduce the unitary (identification) map

J:L2(R?) — L2(R,L*(R)), (JF)(t) == f(t, -).

Moreover, define the partial Fourier transforms 1, 5 on L?(IR?) that only act on the first and
second variable, respectively. To obtain the identities ([2.14]) and (2.15)), we first prove that

M (25) [h(An) — Xirh(A)xir] = 577" BoJ 51, (6.1)
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where B, := ?dt B, (t) acts on L?(R,L*(R)). For an introduction to direct integral operators
see for examplﬁe [24]. To verify (6.1), notice that
Fixa = xu,
hence
A = xuF1F30F:F1xn = FixaFsoFoxuFi.
Moreover, the definition of J yields that

(&)
i FsoFax = J* / dt W (o) J,
R

implying that

@ o
h(Ag) = ?{J*h(/dtW(o—t))Jfﬂ = ff{J*/dt h{W (0¢)}JTF7. (6.2)
R R
Similarly, one gets that
®
xuah(A)xg = Ag(hoo) —CT"}‘J*/dtW(hoat) JI1. (6.3)
R

Thus, combining (6.2)) and (6.3)) gives

@ @
M (z8)xH [M(Ar) — h(A)|xH :M(ﬂﬁ%)ﬁj*/dtBo(t)J?l :?{J*/dtBa(t) JF1,
R R

which proves (6.1]).

As a consequence of (6.1)), the coefficients a1(vg) and ag(vg) are given by the traces of the
operators xsBaxs, @« = 0,1, where

B = FrJ*BaJF,.

In order to calculate these traces, we evaluate the quadratic form of B, on product states.
Namely, for ¢, € L?(R), we have that

(0@ ¥, Ba(9 @ %)) 22y = (J((FP) @ ¥), BaT(FO) @ U)) 2 12(m))
= [ @t (E0)00. T OBal) e

R
— [ @t|EOOP . Balt)v)iage). (6.4
R
Choose now an orthonormal basis {1, }nen of L2(R), such that {n®Ym }nmen is an orthonormal

basis of L2(R?). Then (6.4) implies that
tr (XSBaXS) = Z {(Vn ® Ym, XSBaXS¢n ® ¢m>L2(R2)

n,meN
= 3 [ @) OF (s Bl
n,mGNR
As we have the estimate
Z ‘<wmaB(t)1/}m>L2(]R)‘ < HBa(t)Hl € LOO(R)7

meN
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we may apply Fubini’s theorem to get that

tr(xsBaxs) = 3 / 0t 1 (X 0,110 (8)? 02 Ba(t)
nENR

= (0, X0,y F t Bal ) FX(0,11%n) L2(R)-

neN

Hence, employing the fact that tr B,(-) € L1(R), we arrive at

tr(xsBaxs) = tr (X[o,l]ff* tr Bo( - )ffX[o,l]) (trB /dt tr Ba(

This finishes the proof of Theorem

7. RADIALLY SYMMETRIC SYMBOLS — PROOF OF THEOREM [2.5]

As in the statement of Theorem assume that the symbol ¢ is radially symmetric and the
test function h is a quadratic polynomial, i.e. h(z) = z? + bz for some b € C. The coefficient
co = ca(P, h,0) is easily computed from Theorem Recall also that the linear part of h does
not contribute to the coefficients ¢; and ¢y, so we may assume in the following that h(z) = 22.
To compute ¢; and ao(vg), E € E(P), we apply Theorem This is done in the next lemma.

Lemma 7.1. Let h(z) = 2% and assume that o € W1(R?) is radially symmetric. Then the
coefficients c1, ag(vg) in Theorem satisfy the equations

c1 = —2|0P] /dr 25 (r)?,

Z F(E)ay(vg) = —cot (vx /d 3(r
Bee(P) Xeg( P) 9

Proof. We first notice that the radial symmetry of the symbol implies that o (§) = o(t,§) =
o1(€) for all E € E(P), and t,& € R. Furthermore, we make use of the formulas (2.14) and (2.15))
in Theorem Similarly as in [40], one calculates that, for o € {0,1}, t € R,
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Parseval’s identity in the ¢t-variable and the radial symmetry of & imply that

_217r/dt tr (M (z®) [W(oy)? — /dt/ ’a+1 Y)ot(—y)
R

a+1
Y2
/dy /dy 2l | (—y1,92)0 (Y1, —¥y2)

oz—i—l
/dr /d@""SIDJ & (r)?
(0%

Qfdrra (r)?,  a=0,
0

o0
T [drris(r)?, a=1.
0

Hence, the claim follows from Theorem and the definition of F(E), see . O

It remains to compute the coefficients by(X), X € Z(P), from formulas and (2.11)).
This calculation is performed in the next lemma.

Lemma 7.2. Let h(z) = 2? and assume that the symbol o € W(R2) is radially symmetric.
Then for every X € Z(P) the formula

1-— t( T
bo(X) = VXCO () / drr (7.1)
0
holds.

Proof. Fix X € E(P) and omit the subscript or argument “(X)” for the duration of the proof.
As usual, we treat the cases of convex and concave corners separately.
First, let X € E-(P). Then, due to the radial symmetry of o, we may assume that

C ={(rcos(0),rsin(@)) : >0, 0 €[0,7]}, (7.2)
with v € (0, 7). From one gets that
bo = tr [xc([Ac)® — [Ago)® — [Age]® + A%)] = tr (xcAx—cAxc), (7.3)

and evaluating the trace gives

boz/dx/dyff(w—y)ZZ/dw/dyé(y)QZ/dyﬁ(yfl(y—c’)ﬁc’l-
C -C

C z+C C

For the last equality we have used the fact that x € C' and y € x + C is equivalent to y € C and
z € (y—C)NC. Applying (7.2) and the assumption that v € (0, 7), one easily computes that,
for y € C,

[(y — C)NC| = y1y2 — cot(v)ys.

Hence, the radial symmetry of o yields

/ dy5(y)?|(y — C)NC| = / dr 35 (r)?
C

and the claim follows for X € =-(P).
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Secondly, let X € =5 (P). Then we get from (2.11)) that

bo = tr [xgwnme ([Acl® — A%)] +tr [xo\mo ([Ac)® = [Age]?)]
+ tr [XC\H<2> ([AC]2 - [AH(l)]2)]

2
= —tr (X rE@ AX_HOAE® AXgOnE®) + Dt (Xov im0 AX _o\io AXova )
j=1

Note that HO N H® and C \ HW W, j =1,2, are convex sectors with interior angles 2 — ~ and
~v — m, respectively. Thus, the formulas (7.3) and (7.1]) for X € E.(P) yield

1— (27— 2m — 7
boZ [_ ( ™ '7)2C0t( ™ 'Y) +1—(’y—7T)COt(’y—7T)} /dTT35'(T)2
0
1-— t T
= 7750 () /dr 36 (r)2.
0
This finishes the proof of the lemma. O

Theorem [2.5] follows now from combining Lemmas [7.1] and [7.2]

APPENDIX

The purpose of this appendix is to provide a proof of the following result.

Lemma A.l. Suppose that d > 2 and let Q C R? be a bounded set with smooth boundary.
Moreover, assume that o € WoY(R?) and let h(z) = 22 + bz for some b € C. Then the

coefficient By_o = By_2(Q, h,o) in (1.2)) vanishes:
Bd_Q(Q, h, J) =0.

For ¢ and € as in the lemma and (general) entire test functions h with h(0) = 0, a formula for
By_o is contained, for instance, in [26]. In order to write it down, we need to fix some notation.
Let d¥ denote the surface measure on 92 and write v, for the inwards pointing unit normal
vector at x € 9€). Consider the canonical volume element dX = d¥d¢ on T*(9€2) where d€ is the
Lebesgue measure on {v,}*. Moreover, let L denote the second fundamental form on 9Q with
respect to the unit normal v and write H for (d — 1) times the mean curvature on 9f2. Finally,
introduce for a vector w € R? its orthogonal projection wr, = wr, a0) onto T (0Q) = {v,}+.

In view of |26, Thm. 1.1] the coefficient By_o = By_2(2, h, o) is given by

3

B 1 dés dés h(o (€ + &)
Ba-2=- 2(2m)d+2 /dX/d&/fl 52/51 53{2 H[U(fﬂLka)—U(f‘i‘ij)}}

T+ (09) R j#k
x {L|(Vo)r (€ + &), (Vo)r(€ + &v)| — H[v - (Vo)E+&)] [v- (Vo) €+ &v)] }, (A1)

where the integrals over & and &3 are interpreted as Cauchy principal values. Equipped with
this formula, we are ready to prove the lemma.

Proof of Lemma[A.1 Note that, for the given function h, one has that

3
o(§+ &v)) _
; 5+£w)—o(£+§g V)]

j# k:

)
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for all £, € R? and &1, &, €3 € R. Thus, as the Hilbert transform

COMR)NLAR) > f f;  f(t):= 71rh\n‘% /ds
|[s—t|>€

extends to a unitary operator on L?(R), the formula (A.1)) for B, o simplifies to

_8(217r)d /dX/dC{L[(VU)T(H@),(VU)T(£+<V)} —H[u-(va)(@r(u)}z}. (A.2)
R

T*(0Q)

f(s)

t—s’

To see that this expression vanishes identically we repeat an argument from [26], p. 600]. Writing
out the volume element dX = d¥Xd¢ and combining the £- and (-integration in (A.2)), one arrives
at

“amyi) 0 [ 46 { LT O, (Vo] - el (Vo€

o0 Rd

By =

Hence, the lemma follows from Fubini’s theorem and the identity

o0
which holds for any w € R?, see [26, Eq. (4.16)]. O
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