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Abstract

We survey the known existence and non-existence results for G2-instantons

on non-compact cohomogeneity-1 G2-manifolds and their consequences, in-

cluding an explicit example of a family of G2-instantons where bubbling,

removable singularities and conservation of energy phenomena occur. We

also describe several open problems for future research.
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1 Introduction

A G2-instanton is a special kind of Yang–Mills connection on a Riemannian 7-

manifold with holonomy group contained in G2 (a so-called G2-manifold). One
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can think of G2-instantons as analogues of anti-self-dual connections in 4 dimen-

sions. This analogy motivates the hope of using G2-instantons to construct enu-

merative invariants of G2-manifolds. In this review article we shall be focusing

on G2-manifolds and G2-instantons constructed using symmetry techniques. It is

important to note that, using the fact that G2-manifolds are Ricci flat, one sees

that holonomy G2-manifolds1 admitting continuous symmetries must be noncom-

pact. Symmetry techniques thus have a somewhat limited scope of applicability,

but they do lead to simplifications which make hard problems in the field tractable

in this special setting, giving in several cases explicit non-trivial examples as well

as significant results which may be useful in the general theory. Here, we shall

summarize the known existence and non-existence results for G2-instantons in the

symmetric setting, as well as their consequences. For example, we shall see an

explicit example of a family of G2-instantons for which bubbling and removable

singularities phenomena happen. We shall also describe several important open

problems for future research.

Background

Let (X7, ϕ) be a G2-manifold2, which implies that the 7-manifold X7 is endowed

with a 3-form ϕwhich is closed and determines a Riemannian metric g with respect

to which ϕ is also coclosed. We shall denote ∗ϕ by ψ for convenience. Let P → X
be a principal bundle with structure group G which we suppose to be a compact

and semisimple Lie group. A connection A on P is said to be a G2-instanton if

(1.1) FA ∧ ψ = 0.

Equivalently, G2-instantons satisfy the following G2-analogue of the “anti-self-

dual” condition:

(1.2) FA ∧ ϕ = − ∗ FA.

As far as the authors are aware, the first time G2-instantons appeared in the litera-

ture was in [CDFN83]. This reference investigates generalizations of the anti-self-

dual gauge equations, in dimension greater than 4, and G2-instantons appear there

as an example.

More recently, the study of G2-instantons has gained a special interest, primarily

due to Donaldson–Thomas’ suggestion [DT98] that it may be possible to use G2-

instantons to define invariants for G2-manifolds, inspired by Donaldson’s pioneer-

ing work on anti-self-dual connections on 4-manifolds. Later Donaldson–Segal

1Those G2-manifolds whose holonomy is exactly G2 will be referred to as holonomy G2-

manifolds.
2For further background on G2-manifolds, the reader may wish to consult Joyce’s book [Joy00].
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[DS11], Haydys [Hay12], and Haydys–Walpuski [HW15] gave further insights re-

garding this possibility.

On a compact holonomy G2-manifold (X7, ϕ) any harmonic 2-form is “anti-self-

dual” as in (1.2), hence any complex line bundle L on X admits a G2-instanton,

namely that whose curvature is the harmonic representative of c1(L). However,

the construction of non-abelian G2-instantons on compact G2-manifolds is much

more involved. In the compact case, the first such examples were constructed by

Walpuski [Wal13], over Joyce’s G2-manifolds (see [Joy00]). Sá Earp and Wal-

puski’s work [SEW15,Wal16] gives an abstract construction of G2-instantons, and

currently one example, on the other known class of compact G2-manifolds, namely

“twisted connected sums” (see [Kov03,CHNP15]). More recently, Ménet–Sá Earp–

Nordström constructed other examples of G2-instantons on twisted connected sum

G2-manifolds [MNSE15].

On complete, noncompact, holonomy G2-manifolds, the first examples of G2-

instantons where found by Clarke in [Cla14], and further examples were given

by the second author in [Oli14a] and by both authors in [LO18]. We shall describe

these examples in this article, and discuss natural open problems which arise from

their study.
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on a previous version of this manuscript.

2 Preliminaries

In this section we shall be considering manifolds that (in a dense open set) can be

written as X7 = It×M6 with It ⊂ R an interval with coordinate t ∈ R. Then, we

will write the G2-instanton conditions as evolution equations in the t coordinate

and make some observations about these equations.

Evolution equations

Before turning to G2-instantons, we recall here how to write the equations for a

torsion-free G2-structure on X as evolution equations. This requires the notion of

an SU(3)-structure on an almost complex 6-manifold (M,J), which consists of a

pair (ω, γ2) of a real (1, 1)-form and a real 3-form respectively, such that

ω ∧ γ2 = 0, ω3 =
3

2
γ1 ∧ γ2,
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where γ1 = −Jγ2. Now let (ω(t), γ2(t)) be a 1-parameter family of SU(3)-
structures, parametrized by the coordinate t ∈ It, and consider the G2-structure

on X given by

(2.1) ϕ = dt ∧ ω(t) + γ1(t), ψ =
ω2(t)

2
− dt ∧ γ2(t).

The equations dϕ = 0 and dψ = 0, for the G2-structure to be torsion-free, turn

into the following evolution equations for the SU(3)-structures (ω(t), γ2(t)):

(2.2) γ̇1 = dω, ω ∧ ω̇ = −dγ2,

subject to the constraints dγ1 = 0 = dω2 for all t. These evolution equations are

the so-called “Hitchin flow”3 and the constraint dγ1 = 0 = dω2 is usually called

the half-flat4 condition. In fact, this constraint is compatible with the Hitchin flow

(2.2), meaning that if one imposes the half-flat condition on the SU(3)-structure

at some t0 ∈ It, the evolution equations (2.2) will preserve it for all t ∈ It. See

[MS13] for more on half-flat SU(3)-structures in a case relevant to some of the

works reviewed in this article.

The G2-structure ϕ onX obtained from solving the Hitchin flow induces the metric

g = dt2+gt, where gt is the metric on {t}×M compatible with the SU(3)-structure

(ω(t), γ2(t)). For example, if we take (ω, γ2) to be nearly Kähler on M , i.e.

dω = 3γ1, dγ2 = −2ω2,

and gM is the nearly Kähler metric on M , then the G2-structure ϕ given by solving

(2.2) is

(2.3) ϕ = t2dt ∧ ω + t3γ1, ψ = t4ω2/2− t3dt ∧ γ2,

which gives a conical metric g = dt2 + t2gM on X.

Now let us consider a principal G-bundle P on X pulled back from M . There is

no loss of generality in assuming this, as well as in working in temporal gauge, i.e.

in setting the connection on P over X to be of the form A = a(t), where a(t) is a

1-parameter family of connections on P , now seen as a vector bundle over M . The

curvature of A is given by FA = dt ∧ ȧ + Fa(t), where Fa(t) is the curvature of

a(t) as a connection on P over M . Then, the G2-instanton equation (1.1) for A,

turns into the following evolution equation for a(t):

(2.4) ȧ ∧ ω2

2
− Fa ∧ γ2 = 0, Fa ∧

ω2

2
= 0.

3The nomenclature “Hitchin flow” may be misleading. Indeed, the system (2.2) is not parabolic

and does not satisfy the usual regularity properties of geometric flows [Bry10].
4The name “half-flat” comes from the fact that the condition implies the vanishing of exactly half

of the torsion components of (ω, γ2) as an SU(3)-structure.
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Applying ∗t, the Hodge-∗ of the metric gt, to both sides of (2.4) we have

Jtȧ = − ∗t (Fa ∧ γ2) ,(2.5)

ΛtFa = 0,(2.6)

with Λt denoting the metric dual of the operation of wedging with ω(t). As for the

Hitchin flow, the evolution equation (2.5) is compatible with the constraint (2.6).

The discussion above and this claim can be formally stated as follows.

Lemma 1. LetX = It×M be equipped with a G2-structure ϕ as in (2.1) satisfying

ω∧dω = 0 and ω∧ω̇ = −dγ2, which is equivalent to dψ = 0. Then, G2-instantons

A for ϕ are in one-to-one correspondence with 1-parameter families of connections

{a(t)}t∈It solving the evolution equation

(2.7) Jtȧ = − ∗t (Fa ∧ γ2) ,

subject to the constraint ΛtFa = 0. Moreover, this constraint is compatible with

the evolution: more precisely, if it holds for some t0 ∈ It, then it holds for all

t ∈ It.

Proof. Both the evolution equation and constraint follow immediately from the

previous discussion, more precisely equations (2.5) and (2.6). The proof that the

constraint is preserved by the evolution follows from computing

d

dt

(

Fa ∧ ω2
)

= daȧ ∧ ω2 + Fa ∧
d

dt
ω2 = da(ȧ ∧ ω2)− 2Fa ∧ dγ2

= 2da(Fa ∧ γ2)− 2Fa ∧ dγ2 = 0,

where we used (2.2), (2.4), (2.7) and the Bianchi identity daFa = 0.

Proposition 1. In the setting of Lemma 1, suppose that the family of SU(3)-structures

(ω(t), γ2(t)) depends real analytically on t, and let a(0) be a real analytic connec-

tion on P such that Λ0Fa(0) = 0. Then there is ε > 0 and a G2-instanton A on

(−ε, ε)×M6 with A|{0}×M6 = a(0).

Proof. This is immediate from applying the Cauchy-Kovalevskaya theorem to (2.7).

Remark 1. We can similarly derive evolution equations defining G2-monopoles,

i.e. pairs (A,Φ) where A is a connection on P and Φ is a section of the adjoint

bundle, gP , satisfying

∗∇AΦ = FA ∧ ψ.
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In this setting we can write A = a(t) in temporal gauge as before and Φ = φ(t) ∈
Ω0(It,Ω

0(M, gP )) as a 1-parameter family of Higgs fields over M . Then, the fam-

ily (a(t), φ(t)) of connections and Higgs fields on M gives rise to a G2-monopole

if and only if they satisfy:

Jtȧ = −daφ− ∗t (Fa ∧ γ2) and φ̇ = ΛtFa.

The analysis of these equations for the Bryant–Salamon G2-manifolds [BS89] is

carried out in [Oli14a].

Hamiltonian flow

We now turn to a more formal aspect of the theory, which has not yet been used in

applications, but which we have decided to point out here in case it may be of use

in the future. On each slice Mt = {t} ×M , we may define a functional Ft on A,

the space of connections a on P , by

Ft(a) =
1

2

∫

Mt

〈Fa ∧ Fa〉 ∧ η(t),

where η(t) =
∫ t
ω(s)ds and the 〈·, ·〉 stands for an Ad-invariant inner product

on gP , here applied to the gP components of the curvature in both entries. Then,

given this 1-parameter family of functionals Ft, which we may also interpret as a

single time-dependent functional, we may compute its gradient with respect to the

time-dependent L2-inner product induced by gt. We see that

d

ds

∣

∣

s=0
Ft(a+ sb) =

∫

Mt

〈dab ∧ Fa〉 ∧ η(t)

=

∫

Mt

d(〈b ∧ Fa〉 ∧ η(t)) + 〈b ∧ Fa〉 ∧ dη(t)

=

∫

Mt

〈b ∧ Fa〉 ∧ dη(t),(2.8)

by Stokes’ theorem. Moreover, using Hitchin’s flow equations (2.2),

dη(t) =

∫ t

dω(s)ds =

∫ t ∂γ1
ds

ds = γ1(t),

and so the outcome of the computation (2.8) is that the gradient of Ft, with respect

to the time-dependent L2-inner product induced by gt on A, is

∇Ft = ∗t(Fa ∧ γ1(t)).
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At this point it is convenient to equip the space of connections on P over each Mt

with a time-dependent (almost)-symplectic form given by

ωA
t (b1, b2) = 〈Jtb1, b2〉L2(gt),

for b1, b2 two gP -valued 1-forms. Then, the Hamiltonian flow of Ft is −Jt∇Ft

and we can regard the flow equation (2.7) for G2-instantons as the Hamiltonian

flow of the time-dependent Hamiltonian Ft. Thus, define the space of connections

whose curvature in orthogonal to ωt by

At = {a ∈ A | ΛtFa = 0}.

We have shown in proposition 1 that the flow equation 2.7 starting at a connection

in A0 always lies in At. Putting this together with the discussion above, we have

shown the following.

Proposition 2. On It ×M , G2-instantons are the solutions to the time-dependent

Hamiltonian flow of Ft on (A, ωA
t ) starting at time t = 0 in A0.

3 Asymptotically conical (AC) G2-manifolds

In this section, we survey the known results on G2-instantons on G2-manifolds X
which are asymptotically conical (AC); i.e. X is complete with one5 non-compact

end where the G2-structure is asymptotic to a conical G2-structure on R
+×M , as

given in (2.3), for some nearly Kähler structure (ω, γ2) on M .

It follows from Proposition 3 in [Oli14a] (or easily from (2.5)-(2.6)) that on an

AC G2-manifold, a G2-instanton whose curvature is decaying pointwise at infinity

will have as a limit (if it exists) a pseudo-Hermitian–Yang–Mills connection a (or

nearly Kähler instanton) on M : i.e. the curvature Fa of a satisfies

Fa ∧ ω2 = 0 and Fa ∧ γ2 = 0.

The known explicit examples of AC G2-holonomy metrics (up to scale) are due

to Bryant–Salamon [BS89]. These metrics are either defined on the total space

of the bundle of anti-self-dual 2-forms on a self-dual Einstein 4-manifold with

positive scalar curvature, or on R
4×S3 (viewed as the spinor bundle of S3). These

examples are cohomogeneity-1, and thus have a lot of symmetry, and so it is natural

to look for G2-instantons with symmetries on these AC G2-manifolds.

In this section, we describe results from [Oli14a, LO18] which provide examples

5A complete non-compact Ricci-flat manifold, which is not an isometric product, can only have

one end due to the Cheeger–Gromoll splitting theorem.
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of G2-instantons on the explicitly known AC G2-manifolds. We also review the

results from [LO18] about the properties of the moduli space of G2-instantons

constructed on R
4 × S3. This forms the content of §3.1–3.2. We conclude the

section, in §3.3, with some open problems we believe are worthy of investigation

concerning G2-instantons in this AC setting.

3.1 On the Bryant–Salamon manifolds Λ2
−(N

4)

Let (N4, gN ) be a self-dual Einstein 4-manifold with positive scalar curvature.

Then N is either S4 or CP2 with gN being respectively either the round or Fubini–

Study metric. The AC Bryant–Salamon metric on the total space of the bun-

dle of anti-self-dual 2-forms X = Λ2
−(N) on N is such that the zero section

N ⊂ Λ2
−(N) is the unique compact coassociative submanifold in X (in fact, any

compact minimal submanifold in X is contained in N by Theorem 5.5 in [TW18]).

If π : Λ2
−(N) → N denotes the projection (this is the radially extended twistor

projection, as the unit sphere bundle in Λ2
−(N) can be identified with the twistor

space of N ), then the Bryant–Salamon metric can be written as

g = f2(s)gR3 + f−2(s)π∗gN ,

where gR3 is the Euclidean metric along the fibers,

f(s) = (1 + s2)−1/4

and s is the Euclidean distance along the fibers to the zero section. The geodesic

distance to the zero section in the metric g is t(s) =
∫ s
0 f(u)du and using it we can

write the metric as

g = dt2 + s2(t)f2(s(t))gS2 + f−2(s(t))π∗gN ,

where gS2 is the round metric in the unit normal spheres to N (the twistor spheres).

3.1.1 N = S4

There is a cohomogeneity-1 action of Sp(2) on Λ2
−(S

4) whose principal orbits are

the distance sphere bundles over S4, which are diffeomorphic to the twistor space

CP
3 = Sp(2)/(Sp(1)×U(1)).

We shall fix a reductive splitting

sp(2) = h⊕m,
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as follows. Start by writing sp(2) = m1 ⊕ sp1(1) ⊕ sp2(1) and introduce a basis

for the dual sp(2)∗ with

(3.1) m∗
1 = 〈e1, e2, e3, e4〉 , sp∗1(1) = 〈η1, η2, η3〉 , sp∗2(1) = 〈ω1, ω2, ω3〉,

where the ηi, ωi form a standard dual basis for sp(1) ∼= su(2). Using the notation

e12 = e1 ∧ e2, define the 2-forms:

Ω1 = e12 − e34 , Ω2 = e13 − e42 , Ω3 = e14 − e23 ;

Ω1 = e12 + e34 , Ω2 = e13 + e42 , Ω3 = e14 + e23 .
(3.2)

The Maurer–Cartan relations yield

dωi = −2ωjk +
1

2
Ωi , dηi = −2ηjk − 1

2
Ωi,(3.3)

for i = 1, 2, 3 and (i, j, k) denoting a cyclic permutation of (1, 2, 3). Furthermore,

the Maurer–Cartan relations for the de’s can be used to compute

(3.4) dΩi = 2εijk

(

Ωj ∧ ωk − Ωk ∧ ωj
)

,

for i ∈ {1, 2, 3}. Then, we pick the reductive decomposition sp(2) = h⊕m, such

that

m∗ = m1 ⊕m2 = m1 ⊕ R〈ω2, ω3〉(3.5)

h∗ = sp1(1)⊕ R〈ω1〉.(3.6)

Upon fixing the identifications m ∼= TpCP
3 and m1

∼= Tπ(p)S
4. The 2-forms Ωi

(resp. Ωi) form a basis for the anti-self-dual (resp. self-dual) 2-forms at π(p).

In the complement of the zero section Λ2
−(S

4)\S4 ∼= R
+ × CP

3, the G2-

holonomy metric can be written as

g̃ = dt⊗ dt+ a2(t)
(

ω2 ⊗ ω2 + ω3 ⊗ ω3
)

+ b2(t)

(

4
∑

i=1

ei ⊗ ei

)

,

where a(s) = 2sf(s2) and b(s) =
√
2f−1(s2). A G2-structure giving rise to this

metric can be written as

ϕ = dt ∧
(

a2ω23 + b2Ω1

)

+ ab2
(

ω3 ∧ Ω2 − ω2 ∧ Ω3

)

,

and

(3.7) ψ = b4e1234 − a2b2ω23 ∧ Ω1 − ab2dt ∧
(

ω2 ∧ Ω2 + ω3 ∧ Ω3

)

.
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We now consider the bundle

Pλ = Sp(2)×(λ,Sp(1)×U(1)) SU(2),

where λ : Sp(1) × U(1) → SU(2) is given by λ(g, eiθ) = diag(eilθ, e−ilθ), for

some l ∈ Z and (g, eiθ) ∈ SU1(2)×U2(1). There is a canonical invariant connec-

tion, which as a 1-form in Sp(2) with values in su(2) can be written as

Ac = ω1 ⊗ T1,

where T1, T2, T3 is a standard basis for su(2). Then, one can prove that (up to an

invariant gauge transformation) any other connection A ∈ Ω1(Sp(2), su(2)) can

be written as A = Ac + (A−Ac) with

(3.8) A−Ac = a
(

T2 ⊗ ω2 + T3 ⊗ ω3
)

,

with a ∈ R.

Now we consider the bundle P pulled back to Λ2
−S

4\S4 ∼= R
+ × CP

3 and

equip it with an invariant connection A ∈ Ω1(R+
t × Sp(2), su(2)) in radial gauge,

i.e. A(∂s) = 0. Thus A must be a 1-parameter family of connections as above.

This is determined by a which is now a real-valued function of t ∈ R
+, as it must

be constant along any Sp(2) orbit. A straightforward computation yields that the

curvature FA of the connection A satisfies the G2-instanton equation FA ∧ ψ = 0
if and only if

s2f4 = 1− a2,
da

ds
= −sf−4a.

In terms of t(s) =
∫ s
0 f(l

2)dl =
∫ s
0

(

1 + l2
)− 1

4 dl, the second of these is

(3.9)
da

dt
= −sf−3a.

Moreover, solving the first equation, which is algebraic, yields

a(t) = ±f2(s(t)),

which one can check does provide a solution of the ODE (3.9). This proves the

following result.

Theorem 1. The SU(2) connection

A = Ac ± (1 + s2)−
1

2

(

T2 ⊗ ω2 + T3 ⊗ ω3
)
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on P → Λ2
−(S

4) is an irreducible G2-instanton, with curvature given by

FA =

(

Ω1

2
− 2s2

1 + s2
ω23

)

⊗ T1 ±
1

2
√
1 + s2

(Ω2 ⊗ T2 +Ω3 ⊗ T3)

∓ s

1 + s2
(

ds ∧ ω2 ⊗ T2 + ds ∧ ω3 ⊗ T3
)

.

Remark 2. These instantons are asymptotic to the canonical invariant connec-

tion Ac. This is a t-independent reducible connection which is in fact pseudo-

Hermitian–Yang–Mills with respect to the standard nearly Kähler structure on

CP
3.

The Levi-Civita connection of the round metric induces a self-dual connection

in the Spin bundle over S4. Lifting this to Λ2
−(S

4) also gives rise to a G2-instanton.

To prove this we must construct the Spin bundle

Q = Sp(2)×(µ,Sp(1)×U(1)) Sp(1),

where µ : Sp(1) × U(1) → Sp(1) ∼= SU(2) is simply the projection on the first

component. The canonical invariant connection in Q is the Spin connection and is

given by

θ = η1 ⊗ T1 + η2 ⊗ T2 + η3 ⊗ T3.

Using the Maurer–Cartan relations (3.3) one can compute the curvature to be

Fθ = dθ +
1

2
[θ ∧ θ]

= 2η23 ⊗ T1 + 2η31 ⊗ T2 + 2η12 ⊗ T3

−
(

2η23 +
1

2
Ω1

)

⊗ T1 −
(

2η31 +
1

2
Ω2

)

⊗ T2 −
(

2η12 +
1

2
Ω3

)

⊗ T3.

We shall state this as follows.

Proposition 3. The lift of the Spin connection θ on S4 to Λ2
−(S

4) is a G2-instanton

with curvature

Fθ = −1

2
Ω1 ⊗ T1 −

1

2
Ω2 ⊗ T2 −

1

2
Ω3 ⊗ T3.

Remark 3. Proposition 3 is a consequence of a more general phenomena. Indeed,

for N either CP
2 or S4, the pullback of any self-dual connection on N gives rise

to a G2-instanton on the Bryant-Salamon G2-manifolds Λ2
−(N). This can be seen

immediately from the calibrating 4-form ψ in equation 3.7 as noticed in [Oli14a].

11



3.1.2 N = CP
2

As already remarked above, the sphere bundle in Λ2
−(CP

2) is the twistor space of

CP
2, which is the flag manifold F2. This is homogeneous and SU(3) acts transi-

tively with isotropy the maximal torus U(1)2. The Serre spectral sequence for the

fibration SU(3) → F2 gives H2(F2,Z) ∼= H1(U(1)2,Z), which we can further

identify with the integral weight lattice in (u(1)2)∗. An explicit way to make the

identification is as follows. Given an integral weight α ∈ (u(1)2)∗ we construct

the line bundle on F2

Lα = SU(3)×(eα,U(1)2) C.

Now let 1 ∈ SU(3) be the identity and m ⊂ su(3) be a reductive complement

to the Cartan subalgebra generated by the isotropy, i.e. su(3) = u(1)2 ⊕ m with

[u(1)2,m] ⊂ m (for example, we can let m be the real part of the root spaces).

Then, we extend α, first to su(3)∗ by letting it vanish on m, and secondly to

Ω1(SU(3), iR) by left translations. It is now easy to see that α equips Lα with

a connection and so its first Chern class i
2π [dα] ∈ H2(F2,Z) gives the correspond-

ing element in the second cohomology induced by α. The connection α is usually

called the canonical invariant connection on Lα and is uniquely determined by m.

We shall now turn to the construction of SO(3)-bundles over F2, carrying interest-

ing invariant connections. These are constructed by composing the homomorphism

eα : U(1)2 → U(1) with the embedding of U(1) →֒ SO(3) as the maximal torus,

then setting

Pα = SU(3)×(eα,U(1)2) SO(3).

These SO(3)-bundles are in fact reducible to the circle bundles inducing Lα and

can be equipped with the induced connections α ∈ Ω1(SU(3), so(3)) viewed as

left invariant 1-forms in SU(3) with values in so(3) by embedding iR →֒ so(3).
These induced connections are also SU(3)-invariant and it follows from Wang’s

theorem, [Wan58], that other invariant connections are in 1-to-1 correspondence

with morphisms of U(1)2-representations

Λ : (m,Ad) → (so(3),Ad ◦ eα).

Decompose these into irreducible components m ∼= Cα1
⊕ Cα2

⊕ Cα3
, where

α1, α2, α3 are the positive roots of SU(3), while so(3) ∼= R0 ⊕ Cα. Hence it

follows from Schur’s lemma that such morphisms of representations exist if and

only if α is one of the roots, in which case Λ restricts to the corresponding root

space as an isomorphism onto Cα ⊂ so(3) and vanishes in all other components.

If α = αi we shall denote these by Λi. Then, notice that fixing a basis of m and a

basis of so(3) (i.e. a gauge) each Λi is determined up to a constant.

The problem of constructing instantons on the bundles Pα was analysed in [Oli14a].
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The first point to settle is that the bundle Pα on which one is solving the instanton

equations must extend to a bundle over all of Λ2
−(CP

2), i.e. across the zero section.

It turns out that there is only one such α, say α = α2, which can be characterized

by being in the image of the map

(π2)
∗ : H2(CP2,Z2) → H2(F2,Z

2),

where π2 : F2 → CP
2 is the twistor projection. Thus, take α = α2, and extend the

bundle and the connection to the whole of Λ2
−(CP

2). Now the connection

A = α+ Λ2(r)

can be seen as an element of Ω1(R+ × SU(3), so(3)). Then, in [Oli14a] the invari-

ant instanton equations for A are computed, very much in the same way as the case

of Λ2
−(S

4) above. They appear as an ODE and an algebraic equation for |Λ2|, with

the ODE being implied by the algebraic equation which is

2s2(r)f−2(r)|Λ2|2 = 1.

In order to explicitly write this connection we fix a standard basis {T1, T2, T3} of

so(3) so that the image of α is parallel to T1. Then, the complement Cα ⊂ so(3) is

generated by T2, T3, and there are left-invariant 1-forms ν1, ν2 on SU(3) such that

the restriction to the tangent space to the identity of the map

ν1 ⊗ T2 + ν2 ⊗ T3|Cα2
: Cα2

⊂ m ⊂ su(3) → Cα ⊂ so(3),

is an isomorphism. Furthermore, as in the case of Λ2
−(S

4) we fix Ω1,Ω2,Ω3 a

universal basis for the anti-self-dual 2-forms on CP
2. These are chosen so that

∑3
i=1

scal
24 Ωi ⊗ Ti is the curvature of the Levi-Civita induced connection on Λ2

−.

Then, we can write the G2-instanton A as in the following result.

Theorem 2. The connection on Pα2
over Λ2

−(CP
2) given by

A = α± (1 + s2)−
1

2 (ν1 ⊗ T2 + ν2 ⊗ T3)

is an irreducible G2-instanton with curvature

FA =
2s2

s2 + 1
ν12 ⊗ T1 +Ω1 ⊗ T1 ±

1√
s2 + 1

(Ω2 ⊗ T2 +Ω3 ⊗ T3)

∓ s

(1 + s2)
3

2

(ds ∧ ν1 ⊗ T2 + ds ∧ ν2 ⊗ T3) .

13



Remark 4. This instanton converges (at a polynomial rate) to the canonical invari-

ant connection α, which is the pullback to the cone on F2 of a reducible pseudo-

Hermitian–Yang–Mills connection on F2 equipped with its standard nearly Kähler

structure.

In [Oli14a] irreducible G2-instantons with gauge group G = SU(3) in this

setting are also investigated. For this we consider the bundle

Q = SU(3)×U(1)2 SU(3),

where U(1)2 acts diagonally on both SU(3) factors by fixing a maximal torus. As

before we decompose su(3) into irreducible u(1)2 representations, as

su(3) = u(1)2 ⊕ Cα1
⊕ Cα2

⊕ Cα3
.

Then, we fix certain isomorphisms l : u(1)2 → u(1)2 and λi : Ci → Ci , which

we interpret as being left-invariant maps from (subspaces of) T1SU(3) ∼= su(3) →
su(3) ∼= g, i.e. as left-invariant 1-forms on SU(3) with values in the Lie algebra of

the gauge group G = SU(3). Then, Theorem 9 in [Oli14a] can be written in the

following way.

Theorem 3. There are two real 1-parameter families of irreducible G2-instantons

on Q parametrized by c ≥ 0. These are given by

A = l − uc(s)√
1 + s2

λ2 ∓
√

u2c(s)− 1

s
(λ3 − λ1)

and

A = l +
uc(s)√
1 + s2

λ2 ∓
√

u2c(s)− 1

s
(λ3 + λ1) ,

where

uc(s) = 1− 2c
s2

s2(1 + c) + 2
(√

1 + s2 + 1
) .

In particular, the case c = −1 gives flat connections.

3.2 On the Bryant–Salamon R4 × S3

The Bryant–Salamon metric on R
4 × S3 [BS89] is SU(2)2 × U(1)-invariant and

so we are motivated to study G2-instantons with the same symmetry: in fact, the

metric is SU(2)3-invariant, but it convenient to take the SU(2)2 × U(1)-invariant

point of view for later study.
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3.2.1 SU(2)2 ×U(1)-symmetry

We begin with some preparation for studying SU(2)2-invariant holonomy G2-metrics

and instantons. Split the Lie algebra su(2) ⊕ su(2) as su+ ⊕ su−, as follows. If

{Ti}3i=1 is a basis for su(2) such that [Ti, Tj ] = 2εijkTk, then T+
i = (Ti, Ti) and

T−
i = (Ti,−Ti) for i = 1, 2, 3 give a basis for su+ and su− respectively. (Thus

su+ and su− are diagonal and anti-diagonal copies of su(2) in su(2)⊕ su(2).) We

shall let {η+i }3i=1 and {η−i }3i=1 be dual bases to {T+
i }3i=1 and {T−

i }3i=1 respectively.

The Maurer–Cartan relations in this case give

dη+i = −εijk
(

η+j ∧ η+k + η−j ∧ η−k
)

,(3.10)

dη−i = −2εijkη
−
j ∧ η+k .(3.11)

The complement of the singular orbit can be written as R+
t ×M , where M denotes

a principal orbit, which is a finite quotient of S3 × S3 (for the Bryant–Salamon

metric, it will simply be S3 × S3). The SU(2)× SU(2)-invariant SU(3)-structure

on the principal orbit {t} ×M is given by ([MS13])

ω = 4

3
∑

i=1

AiBiη
−
i ∧ η+i ,(3.12)

γ1 = 8B1B2B3η
−
123 − 4

∑

i,j,k

εijkAiAjBkη
+
i ∧ η+j ∧ η−k ,(3.13)

γ2 = −8A1A2A3η
+
123 + 4

∑

i,j,k

εijkBiBjAkη
−
i ∧ η−j ∧ η+k ,(3.14)

for real-valued functions Ai, Bi of t ∈ R
+, where η±123 denotes η±1 ∧ η±2 ∧ η±3 . The

compatible metric determined by this SU(3) structure on {t} ×M is ([MS13])

(3.15) gt =

3
∑

i=1

(2Ai)
2η+i ⊗ η+i + (2Bi)

2η−i ⊗ η−i ,

and the resulting metric on Rt ×M , compatible with the G2-structure ϕ = dt ∧
ω + γ1, is given by g = dt2 + gt. Recall also that this metric has holonomy in G2

if and only if the SU(3)-structure above solves the Hitchin flow equations (2.2).

All known complete SU(2)2-invariant holonomy G2 metrics have an extra U(1)-
symmetry: this U(1) acts diagonally on S3 × S3 with infinitesimal generator T+

1 .

As a consequence, we have A2 = A3 and B2 = B3 and (2.2) becomes (as in
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[BB13]):

Ȧ1 =
1

2

(

A2
1

A2
2

− A2
1

B2
2

)

,(3.16)

Ȧ2 =
1

2

(

B2
1 +B2

2 −A2
2

B1B2
− A1

A2

)

,(3.17)

Ḃ1 =
A2

2 +B2
2 −B2

1

A2B2
,(3.18)

Ḃ2 =
1

2

(

A2
2 +B2

1 −B2
2

A2B1
+
A1

B2

)

.(3.19)

3.2.2 The Bryant–Salamon metric

As we stated above, the Bryant–Salamon metric on R
4 × S3 is actually SU(2)3-

invariant: the principal orbits are SU(2)3/SU(2) ∼= S3 × S3 and the (unique) sin-

gular orbit is SU(2)3/SU(2)2 ∼= S3. (Here, the SU(2) in SU(2)3 is the subgroup

SU(2)3 = 1×1×SU(2), and SU(2)2 ⊂ SU(2)3 is the subgroup ∆SU(2)×SU(2),
where ∆SU(2) ⊂ SU(2)2 is the diagonal.)

In this case the extra symmetry means that A1 = A2 = A3 and B1 = B2 = B3

and the equations (3.16)-(3.19) reduce to:

(3.20) Ȧ1 =
1

2

(

1− A2
1

B2
1

)

and Ḃ1 =
A1

B1
.

Setting B1 = s and A1 = sC(s) we see that (3.20) becomes d
ds(sC) = 1−C2

2C

which we can easily solve as C(s) =
√

1−c3s−3

3 , so that, for c > 0 and s ≥ c,

(3.21) A1(s) =
s√
3

√

1− c3s−3 and B1(s) = s.

In particular, choosing c = 1 and using t, the arc length parameter along the

geodesic parametrized by s, we define a coordinate r ∈ [1,∞) implicitly by

(3.22) t(r) =

∫ r

1

ds√
1− s−3

,

and solve (3.20) as follows:

(3.23) A1 = A2 = A3 =
r

3

√

1− r−3 and B1 = B2 = B3 =
r√
3
.

It is easy to verify that the geometry at infinity is asymptotically conical to the

standard holonomy G2-cone on S3 × S3. In fact, we see from (3.21) that one
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obtains a one-parameter family6 of solutions to (3.20), equivalent up to scaling,

whose limit with c = 0 is the conical solution. Moreover, the torsion-free G2-

structure has a unique compact associative submanifold which is the singular orbit

S3.

3.2.3 Examples of G2-instantons

It is straightforward to write down the evolution equation (2.7) for SU(2)2-invariant

G2-instantons on a U(1)-bundle over the Bryant–Salamon R
4×S3. One can solve

this equation explicitly and obtain the following result.

Proposition 4. Any SU(2)2-invariant G2-instanton A with gauge group U(1) over

the Bryant–Salamon R
4 × S3 can be written as

A =
r3 − 1

r

3
∑

i=1

xiη
+
i

for some x1, x2, x3 ∈ R, where r ∈ [1,+∞) is determined by (3.22).

We therefore wish to turn to a non-abelian gauge group, namely SU(2). The

only possible homogeneous SU(2)-bundle P on the principal orbits S3 × S3 is

P = SU(2)2×SU(2), i.e. the trivial SU(2)-bundle. We therefore consider connec-

tions on this bundle with the SU(2)3-symmetry existent in the underlying Bryant–

Salamon geometry, and derive the following evolution equations for invariant G2-

instantons in this setting from (2.7) (after some work).

Proposition 5. Let A be an SU(2)3-invariant G2-instanton with gauge group

SU(2) on R
+ × SU(2)2 ∼= R

+ × SU(2)3/∆SU(2). There is a standard basis

{Ti} of su(2), i.e. with [Ti, Tj ] = 2εijkTk, such that (up to an invariant gauge

transformation) we can write

(3.24) A = A1x

(

3
∑

i=1

Ti ⊗ η+i

)

+B1y

(

3
∑

i=1

Ti ⊗ η−i

)

,

with x, y : R+ → R satisfying

ẋ =
Ȧ1

A1
x+ y2 − x2 =

1

2A1

(

1− A2
1

B2
1

)

x+ y2 − x2,(3.25)

ẏ =
2Ȧ1 − 3

A1
y + 2xy = − 1

A1

(

2 +
A2

1

B2
1

)

y + 2xy.(3.26)

6There are, in fact, distinct SU(2)3-invariant torsion-free G2-structures on R
4 ×S3 inducing the

same asymptotially conical Bryant–Salamon metric, determined by their image in H3(S3 × S3).
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Next we must determine the initial conditions in order for an SU(2)3-invariant G2-

instanton A, given by a solution to the ODEs in Proposition 5, to extend smoothly

over the singular orbit S3 = SU(2)2/∆SU(2). For that we need to first extend

the bundle over the singular orbit. Up to an isomorphism of homogeneous bundles,

there are two possibilities: these are

(3.27) Pλ = SU(2)2 ×(∆SU(2),λ) SU(2),

with the homomorphism λ : SU(2) → SU(2) being either the trivial one (which

we denote by 1) or the identity id. Depending on the choice of λ, the conditions

for the connection A to extend are different, as we show in the following lemma.

Lemma 2. The connection A in (3.24) extends smoothly over the singular orbit S3

if x(t) is odd, y(t) is even, and their Taylor expansions around t = 0 are

• either x(t) = x1t+ x3t
3 + . . . , y(t) = y2t

2 + . . ., in which case A extends

smoothly as a connection on P1;

• or x(t) = 2
t + x1t+ . . . , y(t) = y0 + y2t

2 + . . ., in which case A extends

smoothly as a connection on Pid.

If we set y = 0 in the notation of Proposition 5, the ODEs there become the single

ODE:

(3.28) ẋ =
Ȧ1

A1
x− x2.

Writing this equation as

(3.29)
d

dt

(

x

A1

)

= −A1

(

x

A1

)2

makes it separable. Since B1Ḃ1 = A1 by (3.20) and B2
1(0) = 1

3 , (3.29) can be

readily integrated to show that

(3.30) x(t) =
2x1A1(t)

1 + x1(B2
1(t)− 1

3)
.

We can explicitly see from Lemma 2 that the connection A extends smoothly over

S3 as a connection on P1. This is precisely the one-parameter family of SU(2)3-

invariant G2-instantons on the Bryant–Salamon R
4 × S3 constructed by Clarke

[Cla14], and the parameter can be interpreted as how concentrated the instanton is

around the associative S3.

In fact, it is shown in [LO18] that these are the only irreducible SU(2)2 × U(1)-
invariant G2-instantons on P1: in particular, this shows that all irreducible SU(2)2×
U(1)-invariant G2-instantons on P1 on the Bryant–Salamon R

4 × S3 are actually

SU(2)3-invariant.
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Theorem 4. The moduli space MBS
P1

of irreducible SU(2)2 ×U(1)-invariant G2-

instantons with gauge group SU(2) defined on P1 on the Bryant–Salamon R
4×S3

is parametrized by the open interval (0,+∞).
Specifically, let A be an SU(2)2 × U(1)-invariant G2-instanton with gauge group

SU(2) on the Bryant–Salamon R4 ×S3, which extends smoothly over the singular

orbit on P1.

(a) If A is irreducible, then it is one of Clarke’s examples [Cla14], in which

case it is SU(2)3-invariant and there is x1 ∈ R such that, in the notation of

Proposition 5,

x(r) =
2x1r

√
1− r−3

3 + x1(r2 − 1)
and y(r) = 0,

where r ∈ [1,+∞) is determined by (3.22). That is, A can be written as

Ax1 =
2x1(r

3 − 1)

3r
(

3 + x1(r2 − 1)
)

(

3
∑

i=1

Ti ⊗ η+i

)

.

Observe that Ax1 is defined globally on R
4 × S3 if and only if x1 ≥ 0 and

that A0 is the trivial flat connection.

(b) If A is reducible, it has gauge group U(1) and is given in Proposition 4 with

x2 = x3 = 0, i.e.

A =
r3 − 1

r
x1η

+
1

for some x1 ∈ R, where r ∈ [1,+∞) is as in (3.22).

We now turn to SU(2)2 × U(1)-invariant G2-instantons defined on Pid, for which

we have a local existence result for a 1-parameter family of such G2-instantons.

Proposition 6. Let S3 be the singular orbit in the Bryant–Salamon R
4×S3. There

is a one-parameter family of SU(2)2 × U(1)-invariant G2-instantons, with gauge

group SU(2), defined in a neighbourhood of S3 and smoothly extending over S3

on Pid. The instantons are actually SU(2)3-invariant and parametrized by y0 ∈ R

satisfying, in the notation of Proposition 5,

x(t) =
2

t
+
y20 − 1

4
t+O(t3), y(t) = y0 +

y0
2

(

y20
2

− 3

)

t2 +O(t4).

If we set y = 0, which corresponds to taking y0 = 0 in Proposition 6, we can again

integrate the ODE (3.28) (or equivalently (3.29)) and obtain:

x(t) =
A1(t)

1
2(B

2
1(t)− 1

3)
.
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From Proposition 6 we see that the corresponding instanton extends smoothly over

S3 on Pid, and hence we find another G2-instanton on the Bryant–Salamon R
4 ×

S3.

Theorem 5. The G2-instanton Alim arising from the case when y0 = 0 in Proposi-

tion 6 is given by

Alim =
2(r3 − 1)

3r(r2 − 1)

(

3
∑

i=1

Ti ⊗ η+i

)

.

Moreover,Alim extends as a SU(2)3-invariant G2-instanton to the Bryant–Salamon

R
4 × S3.

It is straightforward to compute the curvature of Ax1 and Alim and see that they

decay at infinity but that their curvatures do not lie in L2.

3.2.4 The moduli space

We have seen from Theorem 4 that we have a moduli space MBS
P1

of irreducible

SU(2)2 × U(1)-invariant G2-instantons on P1 which is parameterized by x1 ∈
(0,+∞). Therefore, this moduli space is clearly non-compact. A natural question

is whether it can be compactified and, if so, what the compactification is: it is clear

what happens at x1 = 0, since we just take the trivial flat connections, but we need

to understand what happens as x1 → +∞. In [LO18] it is shown that MBS
P1

can

be compactified to the closed interval: it is demonstrated that Alim is, in a certain

precise sense, the limit of the Ax1 as x1 → +∞. The result, stated below, confirms

expectations from [Tia00, TT04].

To state the result we now introduce some notation for the re-scaling we wish to

perform: for p ∈ S3 and δ > 0 we define the map spδ from the unit ball B1 ⊆ R
4

by

spδ : B1 ⊆ R
4 → Bδ × {p} ⊆ R

4 × S3, x 7→ (δx, p).

Recall that if we view R
4 \ {0} = R

+
t × S3 then the basic ASD instanton on R

4

with scale λ > 0 can be written as

(3.31) AASD
λ =

λt2

1 + λt2

3
∑

i=1

Ti ⊗ η+i .

Theorem 6. Let {Ax1} be a sequence of Clarke’s G2-instantons from Theorem 4

with x1 → +∞.

(a) After a suitable rescaling, the family {Ax1} bubbles off a basic anti-self-dual

instanton transversely to the associative S3 = {0} × S3.
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More precisely, given any λ > 0, there is a sequence of positive real numbers

δ = δ(x1, λ) → 0 as x1 → +∞ such that: for all p ∈ S3, (spδ)
∗Ax1

converges uniformly with all derivatives to the basic ASD instanton AASD
λ on

B1 ⊆ R
4 as in (3.31).

(b) The connections Ax1 converge uniformly with all derivatives to Alim, given

in Theorem 5, on every compact subset of (R4 \ {0}) × S3 as x1 → +∞.

(c) The function |FAx1 |2 − |FAlim
|2 is integrable for all x1 > 0. Moreover, as

x1 → +∞ it converges to 8π2δ{0}×S3 as a current, i.e. for all compactly

supported functions f we have

lim
x1→+∞

∫

R4×S3

f(|FAx1 |2−|FAlim
|2) dvolg = 8π2

∫

{0}×S3

f dvolg|{0}×S3
.

Whilst (a) gives the familiar “bubbling” behaviour of sequences of instantons, with

curvature concentrating on an associative S3 by (c), we can interpret (b) as a “re-

movable singularity” phenomenon since Alim is a smooth connection on R
4 × S3.

In proving Theorem 6, we show that as {Ax1} bubbles along the associative S3 one

obtains a Fueter section, as in [DS11, Hay12, Wal17]. Here this is just a constant

map from S3 to the moduli space of anti-self dual connections on R
4 (thought of

as a fibre of the normal bundle), taking value at the basic instanton on R
4. Since

8π2 is the Yang–Mills energy of the basic instanton, we can also view (c) as the

expected “conservation of energy”.

It is also worth observing that all of the G2-instantons Ax1 for x1 > 0 and Alim

are asymptotic to the canonical pseudo-Hermitian–Yang–Mills connection on the

standard nearly Kähler S3 × S3 given by:

(3.32) a∞ =
2

3

3
∑

i=1

Ti ⊗ η+i .

Proposition 7. Let a∞ be the canonical pseudo-Hermitian–Yang–Mills connection

on S3 × S3 given in (3.32).

(a) If A = Ax1 for some x1 ∈ R
+, then for t≫ 1

|Ax1 − a∞| ≤ c

x1t3
,

where c > 0 is some constant independent of x1;

(b) If A = Alim, then for t≫ 1, |Alim − a∞| = O(t−4).
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3.3 Open problems

There are several natural open problems which arise for G2-instantons in the asymp-

totically conical setting.

(a) Recently, infinitely many new examples of AC G2-manifolds X have been

found [FHN18]. These examples are cohomogeneity-1 for an action of

SU(2) × SU(2) × U(1) and so the theory of G2-instantons with these sym-

metries developed in [LO18] applies. Therefore, the local existence of G2-

instantons near the singular orbit inX is guaranteed, and the open question is

how many of these local solutions extend globally onX. Once one has classi-

fied the global solutions and has a non-trivial family, one can then ask about

global properties of the moduli space of solutions, such as those discussed

above. This would be specially interesting for the family D7 of [FHN18], as

this was not considered in [LO18].

(b) As we have seen, G2-instantons on AC G2-manifolds naturally have limits

at infinity which are pseudo-Hermitian–Yang–Mills (also known as nearly

Kähler instantons) on the nearly Kähler link of the asymptotic cone at in-

finity. There are very few examples of such connections on nearly Kähler

6-manifolds, and it is an important open problem to try to construct some

examples on the known nearly Kähler 6-manifolds which arise as links of

asymptotic cones of AC G2-manifolds: that is, S6, CP3, S3 × S3 (and finite

quotients thereof) and the flag F2. Given these examples of nearly Kähler in-

stantons, one can then ask if they arise as limits of G2-instantons on AC G2-

manifolds. If they do arise, it is then natural to ask how many G2-instantons

have the given nearly Kähler instanton as their limits at infinity.

(c) An obvious problem in this context is to understand the local geometry of

the moduli space of G2-instantons on AC G2-manifolds; i.e. the deforma-

tion theory of such G2-instantons. This is currently being investigated by Joe

Driscoll (a PhD student of Derek Harland) and would potentially help solve

several interesting questions. For example, can one prove a uniqueness result

for the “basic” G2-instanton on R
7 [GN95] (which has gauge group G2)?

Do deformations of G2-instantons with symmetries on AC G2-manifolds

also have symmetries? A positive answer to the latter question would mean

that we could describe (at least a component) of the moduli space of G2-

instantons on AC G2-manifolds with a cohomogeneity-1 action via the tech-

niques and results described in this survey. There will also be a natural

projection map in this context from the moduli space of G2-instantons to

the moduli space of nearly Kähler instantons (studied in [CH16]), and so it
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would be interesting to understand the properties of this map, e.g. whether it

is surjective.

(d) What is the limit as c→ +∞ of the G2-instantons in Theorem 3?

(e) We have seen that the local G2-instanton defined on Pid given by Proposition

6 for y0 = 0 extends globally to the Bryant–Salamon R
4 × S3 by Theorem

5. A concrete question is whether any of the other local G2-instantons from

Theorem 3. 6 for y0 6= 0 extend globally or not. Some numerical investiga-

tion suggests that if they do, their curvature is unbounded at infinity.

4 Asymptotically locally conical (ALC) G2-manifolds

A noncompact G2-manifold is said to be asymptotically locally conical (ALC), if it

is asymptotic (at infinity) to a circle bundle over a 6-dimensional cone. The central

part of this section is to summarize the results of [LO18], where the authors’ stud-

ied G2-instantons on the so-called BGGG G2-manifold: this is an ALC holonomy

G2-metric on R
4 × S3 constructed in [BGGG01], and coming in a 1-parameter

family of torsion-free G2-structures found a posteriori in [Bog13]. In fact, the au-

thors construction of instantons on the BGGG extends to give instantons for any

holonomy G2-metric in this whole 1-parameter family, see Remark 13 in [LO18].

This section is organized as follows. In §4.1 we present some general structure

results on ALC G2-manifolds, for example we describe the induced structure on

the asymptotic circle bundle over a cone, since this asymptotic geometry is less

familiar. Then, in §4.2 we characterise the limits of G2-instantons with pointwise

decaying curvature at infinity. Finally, in §4.3 we summarize the results of [LO18]

and present some open problems in §4.4.

4.1 The G2-structure

A noncompact G2-manifold (X,ϕ) is said to be ALC if there is:

• a U(1)-bundle π : Σ6 → Γ5 and a U(1)-invariant G2-structure ϕ∞ on

(1,+∞)× Σ, whose associated metric is

gϕ∞ = dr2 +m2η2∞ + r2π∗g5,

where m ∈ R
+, η∞ is a connection on Σ and g5 a metric on Γ;

• a compact set K ⊂ X and (up to a double cover)7 a diffeomorphism p :
(1,+∞)r × Σ → X\K ,

7The possible need for the double cover is because X may only be asymptotic to an S1-bundle,

but we can get a principal bundle by taking a double cover.
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such that if ∇ denotes the Levi-Civita connection of gϕ∞ then

(4.1) |∇j(ϕ∞ − p∗ϕ|X\K)|gϕ∞
= O(rν−j) as r → +∞,

for some ν < 0 and j = 0, 1.

Our next result describes the structure on (1,+∞) × Σ induced from the torsion-

free G2-structure ϕ on X and limits the range of rates ν to consider.

Proposition 8. Let (X,ϕ) be an ALC G2-manifold and use the notation above.

(a) If ν < 0, the metric g5 is induced by a Sasaki–Einstein SU(2)-structure on

Γ given by (α, ω1, ω2, ω3) satisfying

(4.2) dα = −2ω1, dω2 = 3α ∧ ω3, dω3 = −3α ∧ ω2.

Hence, the cone metric dr2 + r2g5 on (1,+∞)r × Γ is Calabi–Yau.

(b) If ν < −1, then dη∞ = 0, and thus the connection is flat.

Now we know from Proposition 8 that the asymptotic cone for an ALCG2-manifold

is Calabi–Yau, we can impose a further condition on the connection η∞ for the

definition of an ALC G2-manifold: namely, that η∞ is Hermitian–Yang–Mills,

i.e. dη∞ ∧ ω2 = 0 and dη∞ ∧ Ω2 = 0.

We now give the example of the standard Sasaki-Einstein structure on S2 × S3

in terms of the framework above. We shall see that is the most important for our

study.

Let S2 × S3 = SU(2)2/∆U(1) and let {η+i , η−i }3i=1 be as in §3.2. We can equip

S3×S3 → S2×S3 with a connection such that η+2 , η
+
3 , η

−
1 , η

−
2 , η

−
3 is a horizontal

coframing. We define:

η∞ = 2η+1 , α = −4

3
η−1 , ω1 =

4

3

(

η+2 ∧ η−3 + η−2 ∧ η+3
)

,

ω2 =
4

3

(

η+2 ∧ η+3 − η−2 ∧ η−3
)

, ω3 =
4

3

(

η+2 ∧ η−2 + η+3 ∧ η−3
)

.

The forms α, ω1, ω2, ω3 are basic for the ∆U(1)-action and equip S2 × S3 with

an SU(2)-structure. We can check that (4.2) holds and so this is the standard ho-

mogeneous Sasaki–Einstein structure on S2 × S3. The conical Calabi–Yau metric

arising from this Sasaki–Einstein structure on S2 × S3 is known as the conifold or

3-dimensional ordinary double point.

We also see that η∞ is a connection form on S3 × S3 such that

dη∞ = −4
(

η+2 ∧ η+3 + η−2 ∧ η−3
)

is basic anti-self-dual: i.e. dη∞ ∧ ωi = 0 for i = 1, 2, 3. This implies that η∞ is

Hermitian–Yang–Mills.
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4.2 G2-instantons

We now study the asymptotic behaviour of G2-instantons on ALC G2-manifolds,

and begin by examining the G2-instanton condition on the asymptotic U(1)-bundle

over a Calabi–Yau cone. We shall use the notation of the previous subsection.

Let π : (1,+∞)r ×Σ → (1,+∞)r ×Γ be a U(1)-bundle over a Calabi–Yau cone,

equipped with the G2-structure

ϕ∞ = mη∞ ∧ ω +Ω1,

as above. Let P be the pullback to (1,+∞) × Σ of a bundle over M . If A∞ is a

connection on P , then without loss of generality we can write it as

(4.3) A∞ = a+mΦ⊗ η∞,

for a connection a pulled back from (1,+∞)× Γ and Φ ∈ Ω0((1,+∞)×Σ, gP ).
In our case we will be investigating G2-instantons that are invariant under the

U(1)-action on the end of X; that is, we take a lift of the U(1)-action to the to-

tal space and the connection is invariant under the lifted action. If we assume η∞
is Hermitian–Yang–Mills, then the conditions for a U(1)-invariant connection A∞

as in (4.3) to be a G2-instanton are then

(4.4) Fa ∧ Ω2 = −1

2
daΦ ∧ ω2, Fa ∧ ω2 = 0.

These are the equations for a Calabi–Yau monopole (a,Φ) on (1,+∞)×Γ equipped

with the conical torsion-free SU(3)-structure (ω,Ω2).
These observations lead to the following.

Proposition 9. Let A be a G2-instanton on an ALC G2-manifold (X,ϕ) and use

the notation from the start of §4.1. Suppose there exists a U(1)-invariant connec-

tion A∞ = a+mΦ⊗η∞ as in (4.3) such that p∗FA|X\K is asymptotic at infinity to

FA∞ . Then (a,Φ) is a Calabi–Yau monopole on the Calabi–Yau cone (1,+∞)×Γ.

4.3 On the BGGG-Bogoyavlenskaya R4 × S3

On R
4 × S3, as well as the Bryant–Salamon metric, there is another explicit

complete G2-holonomy metric constructed by Brandhuber and collaborators in

[BGGG01], which we will abbreviate to BGGG. The BGGG metric is a member

of a family of complete SU(2)2×U(1)-invariant, cohomogeneity-1, G2-holonomy

metrics on R
4 × S3 found in [Bog13].
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4.3.1 The BGGG metric

To derive the BGGG example, we return to the setting of SU(2)2×U(1)-symmetry

in §3.2.1: in particular we recall the functions A1, A2, B1, B2 defining the metric,

satisfying (3.16)–(3.19). One can choose c > 0, set B1 = s and

A1 = c
ds

dt
= c

A2
2 +B2

2 − s2

A2B2

from (3.18). Letting C± = A2
2 ±B2

2 the equations (3.17) and (3.19) yield

d

ds
C+ =

s2C+ − C2
−

s(C+ − s2)
and

d

ds
C− = −C−

s
− 2c.

The second equation is easily integrated and so we are able to find solutions

C+(s) =
3s2 − c2

2
and C−(s) = −cs.

We thus obtain a one-parameter family of solutions to (3.16)-(3.19):

A1(s) = 2c

√

s2 − c2

9s2 − c2
, A2(s) =

1

2

√

(3s + c)(s− c),(4.5)

B1(s) = s, B2(s) =
1

2

√

(3s− c)(s + c),(4.6)

defined for s ≥ c > 0. These solutions give holonomy G2 metrics on R
4 × S3.

We can further scale the metric from g to λ2g and the resulting fields scale as

Aλ
i (s) = λAi(s/λ), B

λ
i (s) = λBi(s/λ). These give the following family of

solution to the ODEs (3.16)-(3.19) above:

Aλ
1 (s) = 2cλ

√

s2 − c2λ2

9s2 − c2λ2
, Aλ

2 (s) =
1

2

√

(3s+ cλ)(s − cλ),

Bλ
1 (s) = s, Bλ

2 (s) =
1

2

√

(3s − cλ)(s+ cλ).

We see that under the scaling we have c 7→ cλ, so we can always scale so that

c = 1. In particular, one can set λ = 3/2, c = 1 and as in [BGGG01] define the

coordinate r ∈ [9/4,+∞) implicitly by

(4.7) t(r) =

∫ r

9/4

√

(s − 3/4)(s + 3/4)
√

(s − 9/4)(s + 9/4)
ds
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and find that

A1 =

√

(r − 9/4)(r + 9/4)
√

(r − 3/4)(r + 3/4)
, A2 = A3 =

√

(r − 9/4)(r + 3/4)

3
,

B1 =
2r

3
, B2 = B3 =

√

(r − 3/4)(r + 9/4)

3

solve (3.16)-(3.19). We see in this BGGG case that the principal orbits are again

S3 × S3 and the singular orbit {0} × S3 is associative.

It is straightforward to see that the BGGG is ALC with rate ν = −1 and m = 1:

in fact, the metric is asymptotic to

h = dt2 + 4(η+1 )
2 +

4t2

3

(

(η+2 )
2 + (η+3 )

2
)

+
16t2

9
(η−1 )

2 +
4t2

3

(

(η−2 )
2 + (η−3 )

2
)

,

which is a circle bundle over the Calabi–Yau cone over the standard homogeneous

Sasaki–Einstein structure on S2×S3 described in §4.1. This is in particular shows

that Proposition 8(b) is sharp.

In [Bog13], Bogoyavlenskaya constructed a 1-parameter family (up to scaling) of

SU(2)2 × U(1)-invariant, cohomogeneity-1, G2-holonomy metrics on R
4 × S3,

obtained by continuously deforming the BGGG metric. With these metrics, one

can independently vary the size of the circle at infinity and the associative S3, and

thus, in particular, obtain the BS metric as a limit of the family. The BGGG metric

is the only one from [Bog13] which is explicitly known.

4.3.2 Examples of G2-instantons

It is again straightforward to write down the evolution equation (2.7) for SU(2)2-

invariant G2-instantons on a U(1)-bundle over the Bogoyavlenskaya metrics on

R
4 × S3. One can solve this equation explicitly in the BGGG case and obtain the

following result.

Proposition 10. Any SU(2)2-invariant G2-instanton A with gauge group U(1)
over the BGGG R

4 × S3 can be written as

A =
(r − 9/4)(r + 9/4)

(r − 3/4)(r + 3/4)
x1η

+
1 +

(r − 9/4)er√
r(r + 9/4)2

(x2η
+
2 + x3η

+
3 )

for some x1, x2, x3 ∈ R, where r ∈ [9/4,+∞) is given by (4.7). When x2 = x3 =
0, A is a multiple of the harmonic 1-form dual to the Killing field generating the

U(1)-action.
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We already observe a marked difference in the behaviour of G2-instantons on the

BS and BGGG R
4 × S3 in this simple abelian setting. In particular, the instantons

in the BS case all have bounded curvature, whereas those in the BGGG case have

bounded curvature only when x2 = x3 = 0, in which case the curvature also

decays to 0 as r → ∞.

We now turn to gauge group SU(2) and begin by simplifying the ODEs (2.7) in the

SU(2)2 ×U(1)-invariant setting.

Proposition 11. Let A be an SU(2)2 × U(1)-invariant G2-instanton on R
+ ×

SU(2)2 ∼= R
+ × (SU(2)2 × U(1)/∆U(1)) with gauge group SU(2). There is a

standard basis {Ti}3i=1 of su(2), i.e. with [Ti, Tj ] = 2εijkTk, such that (up to an

invariant gauge transformation) we can write

A = A1f
+T1 ⊗ η+1 +A2g

+(T2 ⊗ η+2 + T3 ⊗ η+3 )(4.8)

+B1f
−T1 ⊗ η−1 +B2g

−(T2 ⊗ η−2 + T3 ⊗ η−3 ),

with f±, g± : R+ → R satisfying

ḟ+ +
1

2

(

A1

B2
2

− A1

A2
2

)

f+ = (g−)2 − (g+)2,(4.9)

ġ+ +
1

2

(

A2
2 +B2

1 +B2
2

A2B1B2
− A2

1 + 2A2
2

A1A
2
2

)

g+ = f−g− − f+g+,(4.10)

ḟ− +

(

A2
2 +B2

1 +B2
2

A2B1B2

)

f− = 2g−g+,(4.11)

ġ− +
1

2

(

A2
2 +B2

1 +B2
2

A2B1B2
+
A2

1 + 2B2
2

A1B2
2

)

g− = g−f+ + g+f−.(4.12)

We can then determine the local conditions for these connections to extend over

the singular orbit.

Lemma 3. The connection A in (4.8) extends smoothly over the singular orbit S3

if and only if f+ and g+ are odd, f− and g− are even, and their Taylor expansions

around t = 0 are:

• either

f− = f−2 t
2 +O(t4), g− = g−2 t

2 +O(t4),

f+ = f+1 t+O(t3), g+ = g+1 t+O(t3),

in which case A extends smoothly as a connection on P1;
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• or

f− = b−0 + b−2 t
2 +O(t4), g− = b−0 + b−2 t

2 +O(t4),

f+ =
2

t
+ (b+2 − 2

3

...
A1(0))t +O(t3), g+ =

2

t
+ (b+2 − 2

3

...
A2(0))t+O(t3),

in which case A extends smoothly as a connection on Pid.

We can now answer the question of how many G2-instantons there are defined

near the singular orbit on any SU(2)2×U(1)-invariant G2-manifold, which extend

smoothly on P1.

Proposition 12. Let X ⊂ R
4 × S3 contain the singular orbit {0} × S3 of the

SU(2)2 × U(1) action and be equipped with an SU(2)2 × U(1)-invariant holon-

omy G2-metric. There is a 2-parameter family of SU(2)2 × U(1)-invariant G2-

instantons A with gauge group SU(2) in a neighbourhood of the singular orbit in

X smoothly extending on P1.

The BS, BGGG and Bogoyavlenskaya G2-metrics all have SU(2)2×U(1)-symmetry

and so Proposition 12 yields a 2-parameter family of G2-instantons in these cases.

In the BS case, we already stated in Theorem 4 that only a 1-parameter family ex-

tends globally. In contrast, we see in the BGGG case that there is a 2-parameter

family of local G2-instantons which extends globally with bounded curvature and

another 2-parameter family which cannot be extended so as to have bounded cur-

vature.

Theorem 7. The moduli space MBGGG
P1

of irreducible SU(2)2 × U(1)-invariant

G2-instantons with gauge group SU(2) on the BGGG metric, smoothly extending

on P1, contains a nonempty (and unbounded) open set which is parametrised by

U ⊂ R
2.

Specifically, let A be a SU(2)2 × U(1)-invariant G2-instanton with gauge group

SU(2) defined in a neighbourhood of {0} × S3 on the BGGG R
4 × S3 smoothly

extending over P1 as given by Proposition 12.

(a) If f+1 ≤ 1
2 , or g+1 ≥ 0 with g+1 ≥ f+1 , then A extends globally to R

4 × S3

with bounded curvature if and only if A has gauge group U(1) and is given

in Proposition 10 with x2 = x3 = 0; i.e. we must have g+1 = 0 and for some

x1 ∈ R,

A =
(r − 9/4)(r + 9/4)

(r − 3/4)(r + 3/4)
x1η

+
1 .

(b) If f+1 ≥ 1
2 + g+1 > 1

2 , then A is irreducible and extends globally to R
4 × S3

with bounded curvature.

29



We also have the following interesting observations.

Theorem 8. In the setting of Theorem 7 the following holds.

(a) The instantons parametrised by U have quadratically decaying curvature.

(b) The map Hol∞ : U → U(1) ⊂ SU(2), which evaluates the holonomy of the

G2-instanton along the finite size circle at +∞, is surjective.

We can now also ask about Pid and we see even the local existence theory is differ-

ent to the P1 case.

Proposition 13. Let X ⊂ R
4 × S3 contain the singular orbit {0} × S3 of the

SU(2)2 × U(1) action and be equipped with an SU(2)2 × U(1)-invariant holon-

omy G2-metric. There is a 1-parameter family of SU(2)2 × U(1)-invariant G2-

instantons A with gauge group SU(2) in a neighbourhood of the singular orbit in

X smoothly extending over Pid.

In this setting, unfortunately, we cannot yet find any global solutions on the BGGG

manifold which extend smoothly on Pid.

4.4 Open problems

There are several natural open problems which present themselves for G2-instantons

on ALC G2-manifolds.

(a) Proposition 9 shows that the natural limits of G2-instantons on ALC G2-

manifolds (if they exist) are Calabi–Yau monopoles on Calabi–Yau cones.

These observations further motivate the study of Calabi–Yau monopoles on

cones or AC Calabi–Yau 3-folds. See [Oli14b] and [Oli16] for some exam-

ples and results on Calabi–Yau monopoles in the AC and conical settings.

(b) It has been shown that [FHN17] there are many ALC G2-manifolds which

are close to the degenerate Calabi–Yau cone limit, and the typically example

will only be U(1)-invariant. It is therefore interesting to attempt to construct

G2-instantons on these ALC G2-manifolds which are, in a sense, close to

Calabi–Yau monopoles on the cone. The authors of this article are actively

pursuing this problem.

(c) As in the AC case, it would be good to have a deformation theory for G2-

instantons on ALC G2-manifolds. This would have obvious relations to the

deformation theory of Calabi–Yau monopoles on AC Calabi–Yau 3-folds,

which also needs to be developed. In particular, one can ask about the image
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of the projection map from the moduli space of G2-instantons on an ALC

G2-manifold to the space of Calabi–Yau monopoles on the Calabi–Yau cone

which appears at the end of the ALC G2-manifold.

(d) On the BGGG G2-manifold R
4 × S3, we have shown non-existence for ir-

reducible SU(2)2 × U(1)-invariant G2-instantons with gauge group SU(2)
and bounded curvature for g+1 > 0 and f+1 ≤ 1

2 or g+1 ≥ f+1 , and ex-

istence for f+1 ≥ 1
2 + g+1 > 1

2 . This currently leaves open the region

where 0 < f+1 − 1
2 < g+1 < f+1 , which should be investigated so as to

describe the full moduli space MBGGG
P1

. Some numerical investigation in-

dicates that some of these initial conditions may lead to globally defined

instantons with bounded curvature and some may not. Some of the existence

and non-existence results for instantons for the BGGG metric extend, with

suitable modifications, to all of the Bogoyavlenskaya metrics, but some do

not, so it would be good to address this gap.

(e) An interesting problem is to investigate the behaviour of G2-instantons as

the underlying metric is deformed. For instance, we have G2-instantons on

all of the Bogoyavlenskaya G2-manifolds, and we would want to analyse

these instantons as the size of the circle at infinity gets very large or small.

When it gets very large we expect them to resemble G2-instantons for the

Bryant–Salamon metric in R
4×S3. When it gets very small, there may be a

relation with Calabi–Yau monopoles on the deformed conifold (as in [Oli16]

or problem (b) above).

(f) Even if we can describe the moduli space MBGGG
P1

, it will be non-compact

so, just as in the Bryant–Salamon case, we will want to compactify it. It is

therefore certainly an interesting problem to investigate the behaviour of the

family of instantons from Theorem 7 when one or both of f+1 and g+1 go

to infinity. We would expect bubbling phenomena as in the Bryant–Salamon

case in Theorem 6, with possible relationship to the ASD instantons on Taub–

NUT found in [EH01]. The lack of an explicit formula for our instantons

makes the bubbling analysis more difficult, but it should clearly be explored.
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