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Abstract— Despite internal complexity, algae and bacteria
have coexisted since the early stages of evolution. This co-
evolution follows relatively simple laws that can be clearly
expressed using mathematical models. This paper performs a
quantitative analysis, motivated from the perspective of control
theory, of a classical model from the literature. The model
has been developed using data from an in vivo experimental
two-species system where the bacterium Mesorhizobium loti
supplies the vitamin Bi> required for growth to the freshwater
green alga Lobomonas rostrata and where the action of the B2
riboswitch is known to be a determinant of system behaviour.
Analysis of the model both before and after the add-back of
nutrients is carried out. A focus is exploring the robustness
of the system. The paper first describes a simple model of
algal-bacterial growth and analysis is undertaken. The effect
of system parameters and control mechanisms is quantified.
Motivated by the inherent switching action within the biology,
a sliding mode interpretation of the control mechanisms is
hypothesized based on knowledge of the maximum carrying
capacities for each growth. The results of a range of experiments
reported in the literature are used to validate the assertions.

I. INTRODUCTION

The co-evolution between algae and bacteria has revolu-
tionized life on earth. Several studies have shown that algae
and bacteria synergistically affect each other’s physiology
and metabolism. Amin et al. [1] studied the interaction
and signalling between a cosmopolitan phytoplankton and
associated bacteria and they proved the linkage in growth
between the two populations. A study performed by Croft et
al. [2] investigated how algae acquire vitamin Bjo through
a symbiotic relationship with bacteria. It is important to
understand these interactions from an evolutionary and eco-
logical standpoint. Bacterial and algal growth have the same
growth phases and both contain parameters that affect mutual
growth. Many studies have shown that algal and bacterial
growth are coupled. Rhee et al. [3] showed that the growth
of Scenedesmus algae increases exponentially, hitting a sat-
uration level of 40 x 10% when growing alone without Pseu-
domonas bacteria. When Pseudomonas bacteria is added, the
steady-state population of algae reduces to 15 x 10%. This
is because the population of the bacteria is determined by
the number of bacteria required to reach half the maximum
carrying capacity. Haines et. al [4] experimentally measured
the algal growth with and without bacteria. The algal growth
without bacteria was 5 x 10* and the algal growth increased
to 10% with bacteria added. The most important parameters
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regulating algal and bacterial growth are nutrient quantity and
quality, light, pH, turbulence, salinity and temperature [5].

The interaction between bacteria and algae is complex [6].
For growth, bacteria require nutrient supply and organic mat-
ter which are produced by plants and algae. In comparison,
the stoichiometry of plants and algae is more flexible [7]. Al-
gae take up nutrients such as phosphorus and nitrogen from
water, thus growing in open water, and capture their energy
from sunlight. To maintain energy and carbon, dissolved or-
ganic carbon (DOC) is essential for bacteria and are provided
by algae. In exchange, over 50% of microalgae are dependent
on a vitamin synthesized by bacteria only for growth — an
exogenous source of cobalamin [8]. Systems models are
required to associate the inputs’ effects on these complex
biological systems, as well as capture the factors that affect
the final products’ quality. A recent survey paper [10] has
emphasized the importance of developing such models which
can contribute to understanding eco systems as varied as
oceans to lichens as well as processes in biotechnology. The
interaction between algae and bacteria is often considered
as contamination during commercialization but some recent
studies have shown that bacteria not only enhance algal
growth but also help in flocculation, both essential processes
underpinning algal biotechnology.

Algal [11], bacterial [12] and coculture algal-bacterial
growth mathematical models in the literature include Kaza-
mia et. al’s [8] model describing the L. rostrata / M.
Loti cocultures behaviour, with that of the Bjs riboswitch
being described as a determinant of system behaviours.
Riboswitches are naturally occurring RNA-based regulatory
components with two functional domains. First, they sense
essential cofactors, amino acids and nucleotides. Then, they
regulate the expression level of proteins in the corresponding
metabolic pathways. Because different regulatory activities
are associated with each pathway, the increase of ligand
concentrations either lead to an increase (ON behaviour)
or a decrease (OFF behaviour) of gene expression. This is
dependent on the conformation that contains the formed ap-
tamer [13]. As the vitamin B;, riboswitch changes between
ON and OFF behaviours, the output will be stabilized, thus
influencing the vitamin Bio concentration. Therefore, in this
case, depending on the switching mechanisms, the supply of
bacteria for algal growth will be determined. This reliance
on switching mechanisms motivates the work presented in
this paper which begins to consider the control process from
the point of view of discontinuous control.

Sliding mode control is a particular type of variable
structure system [14]. A sliding mode control is typically



composed of feedback control laws and a decision rule.
The decision rule, termed the switching function, has as
its input some measure of the current system performance
and determines the particular feedback controller, which
should be used at that time. In sliding mode control, the
control is designed to drive and then constrain the system
to lie within a neighbourhood of the switching function.
The design thus comprises two steps; the first determines
the switching function by solving the so-called existence
problem and the second prescribes a control which makes
the switching function attractive by solving the reachability
problem. A great advantage of the paradigm is that the
dynamic behaviour of the system is directly tailored by the
choice of switching function. In addition, the closed-loop
response becomes insensitive to a particular class of system
uncertainty called matched uncertainty. The novelty of this
paper is the use of the Variable Structure Control (VSC)
paradigm to explain the robustness of the system.

The organisation of the paper is as follows: first, a prelim-
inary analysis for the model of the algal and bacterial growth
before and after the add-back of nutrients is conducted. Next,
the analytical analysis of a sliding mode control perspective
is presented.

II. MODEL OF ALGAL AND BACTERIAL GROWTH
A. Before the add-back of nutrients

This section will consider the algal and the bacterial
growth equations before the add-back of nutrients such as
vitamin Bjs and carbon, which is the first step towards
analysis of the feedback control mechanisms inherent in
the biology. The model of Kazamia et. al [8] is considered
which describes the behaviour of the L. rostrata/ M. loti co-
cultures. A model containing a minimal set of terms, which
will elucidate the main processes is described as:

a:““{lfa(bi{ibb)_l}’ M
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where a and b denote the L. rostrata algal population
and M. loti bacterial population, respectively. The biological
meaning of the parameters in (1) - (2) are shown in Table I.

The values in Table I were taken from the literature where
possible [8], with the remainder being established to achieve
a satisfactory qualitative fit to experimental data [16]. From
(1) and (2), it is seen that the algal growth is affected by K,
and bcﬁ The bacterial growth is affected by K and ac‘fm.
The switches present in the system are ﬁib and a“ﬁ In
biological terminology, the switch represents a positive or a
negative feedback depending on the system conditions. If the
switch corresponds to increasing the value of the output, it
is denoted as positive feedback with:
X ()

S X(0) )

TABLE I: Parameters in the mathematical model (1) - (2)

H Symbol Biological Meaning Value H
« Growth rate of L. rostrata 1.5 log2 days—!
Kq Maximum number of algae
that the bacteria can support 4 x 10 m1—1
be Number of bacteria required
to reach half K, 104 m1—?
da Fractional decrease in carbon
production by algae when vitamin
B2 is provided externally 0.4
K, Maximum number of algae when
vitamin Bjs is provided externally 4 x 10% m1—!
B Growth rate of M. loti 4 log2 days—T
Ky Maximum number of bacteria
that the algae can support 107 mi—!
ac Number of algae required
to reach half Kj 5 x 103 ml—!
o Fractional decrease in vitamin
Bj2 production by bacteria when
carbon is provided externally 0.9
K. Maximum number of bacteria
if carbon is provided externally 2 x 108 mlI—!

where ¢ is a constant value. This switch will increase the

value of the output and it will enforce a steady state value
depending on the value of ¢ and X (¢). The corresponding
negative feedback is given by :

o

X(0) + 0 @

where § is a constant value. By increasing the value of X (),
the output of the switch will go to zero, and this switch
decreases the value of the desired output. In the algal and
bacterial growth equations, X (¢) may be the value of b and
a and the corresponding value of § is b. and a. respectively.
Robustness is the ability of the closed loop system to be
insensitive to component variations and/or disturbances. It
is one of the most useful properties of feedback and it is
helpful to understand robustness properties of systems. From
(1) and (2), the system is affected by two different types of
parameters. These may be characterised by those parameters
that are included in the control and those that are not. The
parameters that determine the control are K3, K, a. and b,
and the parameters that impact on the remaining dynamics
are o and f3, the algal and bacterial growth rate respectively.
The algal growth rate has been determined experimentally
in many studies and in different algae. Fundamental exper-
imental conditions frequently differ in the work reported
across the literature. To enable comparison, work that has
applied conditions corresponding to a temperature of 25 °C
and light intensity of 2500 Lux is considered here. Harris
et. al [17] experimentally found the L. rostrata growth rate
to be 1.03 divisions per day and under the same conditions,
Fogg et. al [18] found the growth rate of Xanthophyceae
Monodus subterraneus and Bacillariophyceae Asterionella
japonica to be 0.3 and 0.52 respectively. As the variation
in the algal growth rate appears in the same channel as
the switched control, the effect of such changes on the
dynamics can be expected to be small by appealing to well
known robustness properties of switched control systems in
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Fig. 1: The algal and bacterial growth curve when varying
« and 3 where a(0) = 10° and b(0) = 10°.

engineering [19]. This is verified in Fig. 1a where L. rostrata
has the same growth when o = 0.3 and o = 0.52. The
bacterial growth rate has been determined experimentally in
many studies and in different bacteria. Mason [20] made a
comparison of the maximal growth rates of various bacteria
under optimal conditions showing that the bacterial growth
rate of Streptococcus Liquefaciens to be equal to 1.54 and
the bacterial growth rate of Escherichia communior to be
equal to 2.6. Harris et. al [17] experimentally found the M.
loti growth rate to be 2.7726 divisions per day. The effect of
the bacterial growth rate is shown to be small in Fig. 1b as
expected.

B. Following the add-back of nutrients

This section will consider the algal and bacterial growth
equations including the add-back of nutrients. The nutrients
that have been used in this paper are vitamin Bj;s and
carbon. The mathematical model that describes the algal and
bacterial growth after the add-back of nutrients is assumed
as follows [8]:

azaa{l—a<Kab(1b:f(ch>6b) Kv)_l]7 )
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The values and the biologicAal meanings of K,, K., J, and
dp are shown in Table T and H is the Heaviside step function:

() = { 0 x<0 (7
1 x>0 (8)

Previous work in the literature [16] has considered these
values to be constant. Models are available [8] relating
the concentration of vitamin Bjs with bacterial growth, so
changing the concentration of vitamin Bjo will change the
value of K. Kazamia et al. [16] experimentally showed that
the interactions between vitamin Bjs-dependent algae and
heterotrophic bacteria exhibit regulation. The experiments
prove that by increasing the amount of vitamin B, the over-
all growth will increase. Moreover, Cole [21] experimentally
validated the impact of adding vitamin Bi5 to Thallasiosira
pseudonanna algal growth. The Thallasiosira pseudonanna
algal growth before adding vitamin Bis was 9 x 103 and
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Fig. 2: Algal and bacterial growth before and after the add-
back of nutrinets where a(0) = 10° and b(0) = 106.

after adding vitamin By became 2 x 106. Fig. 2 shows a
comparison of both algal and bacterial growth before and
after the add-back of nutrients, using the parameter values
in Table I and the system model (5) and (6).

III. A SLIDING MODE CONTROL PERSPECTIVE

In this section, the algal and bacterial growth will be
studied from the perspective of sliding mode control both
before and after the add back of nutrients. This paradigm is
used to explain the robustness of the system.

A. Analysis with no add back of nutrients

The simulation results shown in Fig. la-1b indicate that
the system may exhibit a natural sliding mode. Consider the
corresponding candidate switching functions for the algal and
bacterial growth before the add back of nutrients:

Si=a-K, ©))

So=b— K, (10)

where S is the sliding surface for the algal growth and S5
is the sliding surface for the bacterial growth. It is clear that
surfaces S; and S5 will become zero when the values of a
and b are equal to the values of K, and K, respectively,
and thus reach the carrying capacity.

When in the sliding mode, it follows that S; = 0 and
So = 0 and, if the sliding mode is to be maintained, the
following must also hold: Sl =0 and 52 = (. The system
dynamics in the sliding mode satisfy the following:

Slzd:aa{l—%}zo, (11)
1
SQbﬂb[leeq}O' (12)

where U7 and Ujs? represent the corresponding equivalent
control signals required to maintain sliding. Note that these
are not the control signals applied to the system but represent,



on average, the control action experienced by the plant.
Solving for U;? and U5? from (11) and (12) yields

Ui = a

Uil = b (13)

To ensure a sliding mode is attained, the so-called reaching
condition [19] must be satisfied, which is given by

S8 <0 (14)

where S is the switching function. Application of the reach-
ability condition (14) shows that the sliding surfaces are
reached if:

Rlzsl(aa[lfUil])<O (15)
b
RQ:SQ(ﬁb[u@}Ko. (16)

where R; is the reachability condition corresponding to the
algal sliding surface, Ry is the reachability condition for the
bacterial sliding surface, U; =

k) and U, = (£2)
are the applied control signals.
Consider first S; in (9). As a is a population, it will be
positive and, given the set-point, is the carrying capacity
of the population. It follows that ¢ < K, and thus S;
is negative. As « is a positive parameter, the reachability
condition (15) is satisfied if the following holds:

a
1—— 17
i >0 17

1
whereby U; > a if the system is to satisfy the reachability
condition and attain a sliding mode. As previously defined,
Ko b
bet b
the sliding condition to be attained, it follows that

Kb

be+b
Performing the same computation for the reachability con-
dition in (16) yields:

the applied control signal is given by U; = ( ) and for

(18)

>a

K pa

a.+a
If the conditions (18) and (19) are satisfied, and a sliding
mode is exhibited, then the system will be insensitive to
parameter variations. Simulations have been performed with
different values of the algal and bacterial growth rate o and
[ to test this hypothesis and the results are shown in Fig. 3.
Fig. 3A shows the algal sliding surface S; from equation
(9) when varying the algal growth rate o between log?2
and 10log 2. It is seen that a sliding mode is exhibited and
as previously asserted the dynamics of the sliding mode is
insensitive to variations in the the algal growth rate. The
same test is carried out for the bacterial sliding surface S; in
(10) and the results are shown in Fig. 3B. Here the bacterial
growth rate 3 is varied between log 2 and 15log 2. Fig. 3C
and Fig. 3D show the sliding surfaces (9), (10) when varying
b, between 5 x 10% and 108 and a. between 5 x 10% and
10° respectively. Both figures show that varying a. and b,
affect the ability of the system to attain a sliding mode.

>b (19)
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Fig. 3: Time evolution of the sliding surface S; (9) and S
(10) when varying the parameters «, 3, be, a.

Equation (18) shows that the reachability condition R; in
(15) depends on the value of b. and the value of b. that
breaks the reachability condition is as follows:
K,
be>b(— —1)

a

(20)

Once the sliding condition ceases to hold, the system be-
comes sensitive to all parameter variations. Performing the
same computation for the bacterial reachability condition Ry
in (16) shows that the reachability condition is broken when:

g, > a(% ~1) @1

Simulations have been performed with different values of
b. to find the exact value of b, that breaks the reachability
condition (15). The results in Fig. 4 show that the value that
breaks the reachability condition is b, = 3 x 106,

b_=3'10° " b_=10°

****

Fig. 4: Time evolution of the elements of (18) when varying
b. between 10° and 10® to determine the value of b, that
breaks sliding

Fig. 4 shows the time evolution of the condition (18) when
varying b, between 10° and 10%. It is clear from Fig. 4C that
when b, = 3 x 106, the value of a(t) will become bigger

than blc( il;((?) which means the sliding mode will no longer be




exhibited. Fig. 4D shows the simulation when b, = 108; this
demonstrates that blfiii((tt)) is bigger than a(t). The simulation
results in Fig. 4 tie in with the analytical results presented in
equation (20) using the parameter values provided in Table
I. Corresponding results for the condition in (19) with the
sliding surface (10) are obtained by varying a. between 10°
and 108, In Fig. 5 it is seen that a, = 9 x 10% will break
the condition (19). This is also supported by the analytical
results presented in (21) using the parameter values provided
in Table 1.
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=z ey
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Magnitude

9
Magnitude

Fig. 5: Time evolution of the elements of (19) when varying
a. between 10° and 108 to determine the value of a. that
breaks sliding.

B. Analysis with add back of nutrients

Consider the following switching functions for the algal
and bacterial growth after the add back of nutrients:

S3=a *(K (1* ( )5b)+Kv)
Sy =b — (Ky(1 — H(K.)s,) + K.)

Note that add back of nutrients effectively modifies the
carrying capacity. The surfaces S35 (22) and Sy (23) will
become zero when the values of a and b are equal to the
new carrying capacities. When in the sliding mode, it follows
that S3 = 0 and S; = 0 and, if the sliding mode is to be
maintained, S5 = 0 and Sy = 0. From (22) and (23), a and
b are the only variables that vary with time if K, and K are
assumed constant. This yields S5 = a and Sy = b. Going
back to (5) and (6), and denoting Us = M

N betb ’
U, = %JF(GK)‘S) so that they are considered to be

control signals within the closed loop system (5) - (6), the
system dynamics in the sliding mode satisfies the following:

(22)
(23)

nga:aa{l—Ui;q} (24)
&zbzﬁb[l—Uqu}. (25)

where U;? and U7 represents the corresponding equivalent
control signals required to maintain sliding. Solving for Us?
and U;? from equations (24) and (25) yields

Us? = a

Us = b (26)

Note that the value of S3 and S, will be different if the
amount of vitamin Bj, and carbon varies with time as the
derivative of S3 and S, will involve the derivative of K,
and K .. Application of the reachability condition (14) shows
that the sliding surfaces after the add back of nutrients are
reached if:

R3:Sg(aa[1—UiJ)<O 27)
b
R4_s4(5b[1—a})<o (28)

Consider first (27). As a is a population, it will be positive
and, given the set-point is the maximum number of cells
following the add back of nutrients, it follows that a <
(Ko(1 — H(K.)dp) + K,) and thus Sz in (27) is negative.
As « is a positive parameter, the reachability condition (27)
is satisfied if the following holds:

1—f>0
Us

so that Us > a if the system is to satisfy the reachability con-

dition and attain a sliding mode. As previously defined, the
Kob (1_151(](6)517) _|_
bt b

(29)

applied control signal is given by Us =
KU) and it follows that

K.b(1— H(K
b+ b

for the sliding condition to be attained. Performing the same
computation for the reachability condition in (28) yields:

Kya(1— H(K,)d,)
a. + a

c)ob)

+K,>a (30)

+K:.>0b €1y

If a sliding mode is reached, the dynamic behaviour will be
independent of variations in the algal and bacterial growth
rate « and 5. Equations (30) and (31) show that reachability
after the add back of nutrients is affected by more parameters
than in the case before the add back (18),(19). Note that
when K, = K. = §, = d, = 0, the reachability conditions
before and after the add back of nutrients will be the same,
as expected.
First consider (30). The parameters that affect reachability
are 0, and K. Note that the value of J, is between 0 and
1 [8]. The values of b, that break the reachability condition
R satisty:

bc >b (M _ 1)

P (32)

The system then becomes sensitive to all parameter vari-
ations. Performing the same computation for the bacterial
reachability condition R, (28) yields that the values of a,
that break the reachability condition satisfy:

Kp (1 —0,)

¢ -1 33
ac. > a( - ) (33)
The value of K, that breaks R3 is as follows
K,b(1-96
K, <a- (M) (34)

b.+b



Performing the same computation for the bacterial reacha-
bility condition (31) show that the values of a. that break
the reachability condition satisfy:

Kba(l - 6@)

K.<b— ( v ta

) (35)

Performing the same analysis on (30), K, = 0.604 x 105 is
the value where the sliding condition fails. The results of the
simulations are shown in Fig. 6. These results tie in with the
analytical results presented in (34) using the same parameter
values provided in Table 1.
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Fig. 6: Time evolution of the elements of condition (30) when
varying K, between 0.4 x 10% and 4 x 10° to determine the
conditions where sliding fails

IV. CONCLUSIONS

In this paper, mathematical models for growth of L. ros-
trata algae and M. loti bacteria have been studied both before
and after the add back of nutrients. The specific nutrients
studied are vitamin B15 and carbon. The physical limitations
on the parameters have been identified and simulations show
how the growth saturates. Sliding mode analysis has been
carried out to quantify explicitly the action of the control
mechanisms and the system robustness.

Models of the vitamin B;5 riboswitch at a cellular level are
currently under development and the longer term objective of
this work is to establish a dynamic model linking the action
of the riboswitch at the cellular level to the cell population
level. This will be the subject of future study.
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