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We would like to thank Dr. A. Mehrabian and Professor Y. Abousleiman for their interest regarding our paper. 

In their correspondence with the editor, they highlighted three main areas that require further clarification with 

regards to the publication by (Chou et al., 2016). These are: (i) the omission of cross-porosity storage effects; (ii) 

the constitutive relation allied to fluid content; and (iii) concerning the constraints on the numerical values for 

the Biot-Willis effective stress coefficient. Our aim in this letter is to respond to the aforementioned points raised 

by Mehrabian and Abousleiman, in addition to providing some further insight into the rationale behind the 

assumptions adopted in (Chou et al., 2016). For clarity, we provide the numbered list of equations given by 

Mehrabian and Abousleiman that are relevant to the discussion: 
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We commence the discussion by outlining the need to perceive the multiple-network poroelasticity model 

outlined in (Chou et al., 2016) from a physiological point of view. Defining a subject-specific formulation for the 

MPET system is currently in its nascent stages of development. Some of the aspects outlined by the 
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aforementioned authors are a reflection of this evolution. The paper extends on the quasi-steady formulation 

adopted in previous work (Tully and Ventikos, 2010, Vardakis et al., 2016, Vardakis et al., 2014), by exploring the 

ability of the MPET template to cope with additional inertial terms.  

There is great uncertainty regarding the properties and even the nature of the base constitutive 

equation, regarding the parenchyma solid matrix, in multiphasic models or any other paradigm. Parenchyma 

does not fall within the well-defined categories of fractured media (fractured, totally-fractured or partially 

fractured). Therefore, given this uncertainty, we have opted for a casting of the equations that is as simple, 

mechanically, as possible, while attempting to maintain and incorporate physiology elements and mechanisms 

that are important. We believe it is more useful (at this stage) to outline the definition of the perfused 

parenchymal tissue using a composite Barenblatt diffusion-type system (quadruple-diffusion model) (Barenblatt 

et al., 1960), as this harnesses the classical description of diffusion in the medium. In this way, one may introduce 

pressure dependent variations due to the four compartments through a sufficiently large representative 

elementary volume (REV). This is important since we need to be able to account for the arterial and venous 

compartments, for the reasons described below. There are numerous sources of Barenblatt-Biot systems 

representing double diffusion in poroelastic media that have been described in the literature (Aifantis, 1980, 

Beskos and Aifantis, 1986, Wilson and Aifantis, 1982, Showalter, 2000, Showalter, 2002, Showalter and Momken, 

2002, Khaled et al., 1984), and these form a basis to develop a framework in which we can initiate a formal 

discussion on the intricate nature of CSF/ISF transport.  We note that a generic representation of the cerebral 

parenchyma is adequately defined by using just two compartments in the MPET system, namely the capillary 

and CSF/ISF network. In this way, established fluid exchange mechanisms of interest (such as the blood–brain 

barrier, which is a diffusion barrier essential for the normal function of the central nervous system) would occur 

between these two distinct compartments. In the MPET models that have used four compartments (Chou et al., 

2016, Vardakis et al., 2016, Vardakis et al., 2014, Tully and Ventikos, 2010), we make the assumption that the 

proximity between this dual-compartment (capillary-CSF/ISF) and an artery or a vein is small enough for these 

two larger vessels to be incorporated within a REV of parenchymal tissue. This is an important assumption, as 

the conceptualisation of the recently discovered glymphatic pathway (Iliff et al., 2012) must be catered for in 

any ensuing discussion revolving around CSF transport.  

The physiology, velocity scales and time scales of relevance in this class of problems indicate that 

compressibility effects have minimal influence, if any. The adopted formulation essentially excludes wave 

motion in the fluid phases by virtue of the fact that the fluid acceleration relative to the solid matrix (including 

the convective acceleration terms) is omitted in the formulation of equations 9a-e from from (Chou et al., 2016). 

This is clearly stated in the description of the formulation. We revisit these equations by defining them below: 
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From equation 8a, the additional inertial term is 𝜌
𝜕2𝐮

𝜕𝑡2, whilst in equations 8 b-e, it is 
𝑘𝑖𝜌𝑖

𝜇𝑖

𝜕2

𝜕𝑡2
(∇ ∙ 𝐮), where 𝑖 =

𝑎, 𝑒, 𝑐, 𝑣. This is the u-p formulation presented in (Zienkiewicz and Shiomi, 1984), and the physiologically relevant 

form was outlined in (Tully and Ventikos, 2010). As stated in (Zienkiewicz and Shiomi, 1984), with the exception 

of gas flow, storage increase (a measure of the compressibility of the pore and fissure system) is negligible under 

these conditions. The same authors clearly state it is safe to assume that 𝑆𝜀
𝑖 → 0. Considering that all fluids 



 

 

percolating the solid matrix in such a physiological setting are incompressible, it is theoretically valid to assume 

𝑆𝜀
𝑖 → 0.  For instance, this has already been stipulated by (Miga et al., 2000a, Miga et al., 2000b), who assumed 

the corresponding CSF/ISF fluid is incompressible (𝑆𝜀
𝑒 = 0). In the assumption of incompressibility, this would 

also theoretically imply αe = 1, and that the Poisson’s ratio ν = 0.5, in order for the parenchyma to experience 

the strongest poroelastic effects (Detournay and Cheng, 1993). In the work conducted by (Li et al., 2013), a value 

of  𝑆𝜀
𝑒 =  0.447 𝜇𝑃𝑎−1  was used to conduct a parametric study. In their work, the importance of 𝑆𝜀

𝑒 was 

highlighted (dominant parameter that influences the infusion process). In the work of (Chou et al., 2016), this 

value was used throughout all compartments for simplicity, and in the absence of valid alternatives for the 

arterial (a), capillary (c) and venous (v) compartments. This assumption (of equal 𝑆𝜀
𝑖, in addition to the cross-

storage terms possessing the same value as 𝑆𝜀
𝑖) has been used by (Khalili, 2003), when considering pore-fluid 

and fissure-fluid incompressibility. 𝑆𝜀
𝑒 could have also been calculated from the values in Table 1 from (Chou et 

al., 2016), which would have provided 𝑆𝜀
𝑒 ≈ 22 𝜇𝑃𝑎−1. The resultant variation in ventriculomegaly and CSF/ISF 

pressure was negligible. Specifically, the relative error (between 𝑆𝜀
𝑒 = 0.447 𝜇𝑃𝑎−1 and 22 𝜇𝑃𝑎−1) for 

ventricular displacement and ventricular CSF/ISF pore pressure fell from a peak of 0.007% and 0.003% at 𝑡 = 0 

hours, to negligible values after 18 hours of simulation time. We therefore opted to use 𝑆𝜀
𝑒 = 0.447  𝜇𝑃𝑎−1, as 

it was derived under more stringent physiological criteria.  

We agree with Mehrabian and Abousleiman in that the constant strain cross-storage effects are 

required for completeness, however, the usefulness of their inclusion in our model is debatable. As mentioned 

in (Lewallen and Wang, 1998), neglecting the cross-storage coefficient in a double porosity medium yields a 

small underestimation in fracture pressure, and a rather pronounced underestimation of the matrix pressure 

during very early simulation times. (Khalili, 2003) also outlines the influence of neglecting the microscopic 

coupling effects in a double porosity medium. In the latter, the response of the system during the initial period 

was deemed to be a function of the microscopic coupling between pore and fissure volumetric deformations. 

Neglecting the cross-coupling terms clearly resulted in a sudden and discontinuous drop in the fissure fluid 

pressure, and a discontinuous rise in the fluid pressure in the clay matrix. However, the response for the two 

final stages of the consolidation response in the fissured medium did not follow this development, as the results 

show very similar trends between coupled (incorporating cross-coupling terms) and uncoupled responses. These 

rely on the compressibility contrast and the transfer coefficients scaling the flow between networks (defined by 

ωij in (Chou et al., 2016)), prior to the consolidation behaviour of the system approaching that of the equivalent 

single compartment medium. All of the simulations conducted in the four network model are conducted with 

long time scales in mind (gradual aqueductal stenosis severity).   

The additional coupling terms per compartment are also prone to individual scrutiny. To make this 

clear, we outline the extended version of equation 8b, which takes into account the proposed cross-coupling 

storage terms proposed by Mehrabian and Abousleiman: 

   
2

2

2
ˆ

a
a a ac ae av a aa a

c e v a c

a a

k k
S p S p S p S p p s

t t
   




 


 
            

u u
    (9)

 

In equation 9 above, the additional terms relating cross-coupling storage effects are given in square brackets. 

The additional material constants are 𝑆𝜀
𝑎𝑐, 𝑆𝜀

𝑎𝑒 and 𝑆𝜀
𝑎𝑣. In a similar fashion, for the capillary, CSF/ISF and venous 

compartment we have the additional constants:  𝑆𝜀
𝑐𝑒, 𝑆𝜀

𝑐𝑣and 𝑆𝜀
𝑣𝑒. These can also be identified from the off 

diagonal terms in equation 4. The general form of such multiple porosity and multiple permeability systems has 

been highlighted in recent work by Mehrabian and Abousleiman (Mehrabian and Abousleiman, 2015, Mehrabian 

and Abousleiman, 2014). From this list, it is evident that 𝑆𝜀
𝑎𝑣 has no meaning in our system, as the physiological 

relevance to this term is questionable: An artery and a vein are not directly interconnected, as it is well 

established that a capillary network must mediate this fluid communication (unless we consider arteriovenous 

malformations of course) in parenchymal tissue. A refined approach to account for the storage terms has been 

made, and it takes into account an extended MPET model that incorporates the glymphatic hypothesis of 

cerebral waste elimination. As one would expect, this has implications for equations 2 and 3. Once cross-coupling 

storage effects are taken into account, this equation is extended to reflect the form given by the aforementioned 

equations.  



 

 

Regarding the Biot-Willis effective stress coefficients, Mehrabian and Abousleiman touch upon an 

interesting topic. The global Biot-Willis constant should not exceed unity under the constraints of equation 7. 

The underlying reason why this is the case is a blend of numerical template simplicity and physiological realism 

necessary at the compartmental level. As discussed by (Levine, 2000, Levine, 1999), blood is incompressible, 

however it flows through vessels that possess flexible walls, which advises a degree of pseudo-compressibility 

be apparent in the relevant blood compartment (instantaneous compressibility in response to a mechanical 

compressive stress). In addition to vessel compressibility, the parenchymal displacement is assumed positive in 

the radial direction in addition to allowing for ventricle expansion. (Levine, 2000) also makes the case for αblood > 

1 in the proposed dual compartment formulation, where under the influence of a compressive stress, the 

resulting negative (towards the ependymal surface) parenchymal tissue displacement translates to vessel 

dilation and reduced cerebroventricular compression.  (Wirth and Sobey, 2006) also used this approach in 

describing the influence this had on idiopathic intracranial hypertension (with respect to varying CSF outflow 

resistance). The work of (Tully and Ventikos, 2010) proposed a means by which this conceptual framework 

extended to the CSF/ISF and blood (arterial, capillary and venous) compartments, treating each compartment in 

its own right (yet still allowing for a degree of communication allocated by the intercompartmental fluxes), and 

satisfying the special case of incompressibility for all the fluid networks (𝑆𝜀
𝑖 = 0, αi = 1). As discussed earlier, the 

strongest poroelastic effects to be imposed upon the parenchymal tissue are assigned when ν = 0.5, in addition 

to 𝑆𝜀
𝑖 = 0 and αi = 1. In the work of (Chou et al., 2016), a widely used value of ν = 0.35 was used instead, as the 

compressible effects allow for changes in fluid to be sustained with the value of Young’s modulus adopted (see 

(Kaczmarek et al., 1997)). The Biot-Willis coefficient of 0.9955 was used, as it matched the baseline model values 

of (Li et al., 2013). The global effective Biot-Willis coefficient (α = 3.982) for the quadruple-porosity material 

defined by equation 7 did not adversely influence ventriculomegaly, as the influence of the intercompartmental 

flux variations (which in turn are also driven by the boundary conditions of the MPET model) also play an 

important role. It should be noted that considering the model proposed by (Chou et al., 2016) incorporated the 

constraint of a rigid skull, and that the outer surface of the brain is tethered to the dura. This implies that the 

subarachnoid space cannot expand; certainly an assumption that needs further exploring. The cumulative 

vascular response of the parenchymal tissue is largely expressed by the global effective Biot-Willis coefficient of 

the quadruple-porosity model. Ventricular enlargement depends on the extent of the compressibility imposed 

by the intertwined vasculature, in addition to the degree of tethering between dura and cortical surface. In 

(Chou et al., 2016), these are assumed to be fused. Considering ∑ 𝛼𝑖 > 1, one would expect to observe an overall 

parenchymal expansion through a simultaneous reduction in cerebroventricular size, in line with observations 

from (Levine, 2000, Wirth and Sobey, 2006). However, as the parenchyma is constrained from moving inwards 

(towards the ventricles) by virtue of the imposed fixed boundary condition at the skull, the ventricles are forced 

to expand. This intrinsically implies that as each compartment possesses a small degree of compressibility (𝛼𝑖 =

0.9955), the perfused parenchymal tissue yields a consolidated vasodilatory effect. This is physiologically 

plausible, and described extensively by (Levine, 2000, Levine, 1999). As described in the latter, although the 

caliber of the capillaries and veins may be maintained, the arteries may expand, especially under the influence 

of an isotropic compressive stress or an increase in interstitial fluid pressure (decreased contractile tension of 

the arterial wall). It is therefore important to be able to accommodate this scenario within the MPET framework, 

as it is a requirement for modelling personalisation.  

We believe that omitting the cross-storage effects and depicting the perfused parenchymal tissue as a 

Barenblatt-Biot systems is a reasonable simplification and approximation for dealing with the problem in 

question, especially if we further consider the fact that the boundary conditions of each compartment provide 

intercompartmental flux variations that impose themselves in a significant way when considering the 

parenchymal tissue displacement. Subject-specific boundary conditions (such as arterial flow profiles arising 

from the internal carotid and vertebral arteries) that would drive the fluid exchange of the MPET system are 

realistically applied at the arterial compartment. Being able to account for the potential differentiation in caliber 

between blood vessels, in addition to the CSF/ISF space is therefore essential when attempting to personalise 

the MPET system for clinical requirements. The latter point (i.e. clinical relevance) has invariably been an 

important consideration of ours when constructing this model and deciding upon the appropriate levels of 

complexity/simplification. 
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