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s1, . . . , sk
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⟨a → д → i⟩ ⟨b → h → j⟩
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G =
(V ,E, , ) : E → Z+ (x ,y)

⟨ → → ⟩

(x ,y) : E → R+

x y
(x ,y, 1) (x ,y, 2)

V n
E m x ∈ V (G)
N−(G,x) = {y ∈ V (G) | (y,x) ∈ E(G)} N+(G,x) = {y ∈

V (G) | (x ,y) ∈ E(G)}

f ⊆ E(G) G \ f
f G G1 ∪ G2 = (V (G1) ∪

V (G2),E(G1) ∪ E(G2)) G1 ∩G2 = (V (G1) ∩V (G2),E(G1) ∩
E(G2)) G = ∅ E(G) = ∅

p = (v1, . . . ,vr ) G (p) =∑r−1
i=1 (vi ,vi+1) s t

p s t
(p)

x ∈ V (G) (x)
x y

(x ,y) f ⊆ E(G)
(x ,y, f ) x

y G \ f

k s t p⃗ = ⟨x1 →
x2 → . . . → xk−1 → xk ⟩ xi ∈ V (G) x1 = s
xk = t p⃗, q⃗, . . .

p,q, . . . G

⟨ → → ⟩
⟨ → → ⟩ ( , , ) ( , , )

( , , )

x y (x ,y)

p⃗ = ⟨x1 → . . . → xk ⟩
p⃗

x1 xk G



( → → )
( → → )

x1, . . . ,xk (p⃗)
(x → y) = (x ,y)

(x1 → . . . → xk ) =
⋃k−1
i=1 (xi → xi+1)

⟨⟩

p⃗1
(p⃗1)

p⃗1 p⃗2

(p⃗1) ∩ (p⃗2) = ∅
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F f F
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G \ f f ∈ F

F = {{e} | e ∈ E(G)} = E
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p⃗ = ⟨x1 → . . . → xk ⟩

(p⃗, f ) =
k−1⋃

i=1

(xi → xi+1, f ) =
k−1⋃

i=1

(xi ,xi+1, f ).

p⃗1 = ⟨x1 → . . . → xk ⟩ p⃗2 =
⟨y1 → . . . → yr ⟩

p⃗1 p⃗2

(p⃗1) ∩ (p⃗2) = ∅
p⃗1 p⃗2 G \ f f ∈ F

∀f ∈ F (p⃗1, f ) ∩ (p⃗2, f ) = ∅

F

p⃗

(p⃗) = { (q) | q s t (p⃗)}.

G = (V ,E, , ) s1, s2 ∈ V (G)
t1, t2 ∈ V (G) F K

p⃗1 = ⟨s1 = x1 → . . . → xk = t1⟩
p⃗2 = ⟨s2 = y1 → . . . → yr = t2⟩ k, r ≤ K

( (p⃗1), (p⃗2))

G s1, s2, t1, t2
s1

s2 t1 t2



G = (V ,E) s1, s2, t1, t2

H = (V ,E ′, , ) E ′ = {(x ,y, 1), (x ,y, 2) | (x ,y) ∈ E}
≡ 1 ≡ 0 K = n F = E ′

s1, s2, t1, t2

x ,y ∈ V (x → y) = (x → y)
H

!

K
K

K O(nK−2)
K

K
K

K n2(K−2)

F

O(n2(K−2)K |F |mloд(n)) n m
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O(|F |)
(x ,y, f ) x ,y ∈

V f ∈ F

p⃗1, p⃗2
p⃗1 p⃗2 f ∈ F

(p⃗1, f ) = (p⃗1) (p⃗2, f ) = (p⃗2)

(p⃗1)
⋃
f ∈F (p⃗2, f ) (p⃗2)⋃

f ∈F (p⃗1, f )

(p⃗) =
⋃
f ∈F (p⃗)

p⃗1 p⃗2

p⃗1 p⃗2

(p⃗1) ∩ (p⃗2) = ∅

p⃗2
p⃗2 p⃗1 (p⃗1) ∩ (p⃗2) = ∅

p⃗1
p⃗1 p⃗2 (p⃗1) ∩ (p⃗2) = ∅

w−
w

p⃗1 = ⟨x1 → . . . → xk ⟩
p⃗2 = ⟨y1 → . . . → yr ⟩ w
i = 1, . . . ,k−1 j = 1, . . . , r −1 (xi → xi+1)∩ (yj →
yj+1) = (xi → xi+1)∩ (yj → yj+1) = (xi → xi+1)∩

(yj → yj+1) = ∅

(p⃗1)∩ (p⃗2) ! ∅
∃i, j : (xi → xi+1) ∩ (yj → yj+1) ! ∅

(p⃗1) ∩ (p⃗2) ! ∅ ⇔
∃e : e ∈ (p⃗1) ∩ (p⃗2)⇔

∃e : e ∈ (p⃗1) ∧ e ∈ (p⃗2)⇔
∃e, i, j : e ∈ (xi → xi+1) ∧ e ∈ (yj → yj+1)⇔

∃i, j : (xi → xi+1) ∩ (yj → yj+1) ! ∅

(p⃗2) =
⋃r−1
i=1 (yi → yi+1)

(p⃗1) (p⃗1) (p⃗2)
(p⃗2) !



(x ,y)
x ,y ∈ V

w

w

p⃗1, p⃗2 w
f ∈ F f ∩ (p⃗1) = ∅ f ∩ (p⃗2) = ∅ p⃗1, p⃗2

p⃗1, p⃗2
f (p⃗1, f ) ∩ (p⃗2, f ) ! ∅
f ∩ (p⃗1) = ∅ f ∩ (p⃗2) = ∅

f ∩ (p⃗1) = ∅ (p⃗1) ∩ (p⃗2, f ) =
(p⃗1, f ) ∩ (p⃗2, f ) ! ∅ (p⃗2, f ) ⊆ (p⃗2)

(p⃗1) ∩ (p⃗2) ! ∅
p⃗1, p⃗2 w !

w

F = E p⃗1, p⃗2 w

p⃗1, p⃗2 w
f ∈ F = E

p⃗1, p⃗2
w

!

w

w

O(n2(K−2))
O(nK−2) p⃗1
p⃗2 w

p⃗1
p⃗1

p⃗2

G =
(V ,E, , ) F

p⃗ s1 t1

s2 t2 K
w p⃗

(i,x)
s2 x i
p⃗ minlat(K , t2)

(1, s2) = 0 (1,x) = ∞ x ! s2
1 s2 ⟨s2⟩ x

N (x , p⃗) y ⟨y → x⟩ w
p⃗ p⃗1

y ∈ N (x , p⃗)

(y → x) ∩ (p⃗) = (y → x) ∩ (p⃗)

= (y → x) ∩ (p⃗) = ∅

F (p⃗1) ∩ F (p⃗2) = ∅.
F (p⃗) fi ∈ F
(p⃗)

x i
i−1

y ∈ N (x , p⃗)
i − 1 x

(i,x) =
⎧⎪⎪⎨⎪⎪⎩

(i − 1,x)

y∈N (x,p⃗)
(i − 1,y) + (y,x)

O(n2 · K + n2 ·m))
O(n2 · K) N (x , p⃗)

x O(n2 ·m)

N

( (p⃗1), (p⃗2))
w

L n×n L(x ,y)
x y G L

G

p⃗1
p⃗2

p⃗1 p⃗1
x p⃗2

p⃗1 ⟨x⟩
p⃗2

p⃗1 x
p⃗1



(p⃗, s, t ,K)

p⃗
s
t
K

s t p⃗
K

⊥

[i ][x ]← +∞ i = 1, . . . , K x ∈ V (G)
[i ][x ]← ⊥ i = 1, . . . , K x ∈ V (G)
[1][s ]← 0

x ∈ V (G)
N−(x, p⃗)← ∅

y ∈ V (G)
(y → x)∩ (p⃗) = (y → x)∩ (p⃗) = (y →

x) ∩ (p⃗) = F (p⃗) ∩ F (⟨x, y⟩) = ∅
N−(x, p⃗)← N−(x, p⃗) ∪ {y }

i = 2 K
x ∈ V (G)

[i ][x ] = [i − 1][x ]
y ∈ N−(x, p⃗)

[i − 1][y] + (y, x) < [i ][x ]
[i ][x ] = [i − 1][y] + (y, x)
[i ][x ] = y

[k ][t ] = ∞
⊥

q⃗ ← ⟨⟩ ci ← K cx ← t
cx ! ⊥

q⃗ ← cx + q⃗
cx ← parent [ci ][cx ]
ci ← ci − 1

q⃗

p⃗1 = ⟨x1 → . . . → xi ⟩

(p⃗∗1, p⃗
∗
2) p⃗1

(p⃗1) + L(xi , t1)
p⃗1 t1

L(xi , t1)
G L(x ,y)

(x → y)

( (p⃗1) + L(xi , t1), (p⃗2)) ≥ ( (p⃗∗1), (p⃗∗2))

1
p⃗∗1, p⃗

∗
2

p⃗1
p⃗1 8 (i)

(ii)
t1

p⃗1 11 p⃗2
p⃗2 13

15

(s1, s2, t1, t2)

s1, s2, t1, t2
s1 t1 s2

t2 ( (p⃗∗1), (p⃗∗2))
p⃗∗1 = p⃗∗2 = ⊥

p⃗1 = ⟨⟩
p⃗2 =

(
p⃗1, s2, t2, K

)

p⃗∗1 ← ⊥
p⃗∗2 ← ⊥

(G, p⃗1, p⃗2, , , w, , s1, s2, t1, t2, k, p⃗∗1, p⃗
∗
2)

p⃗∗1, p⃗
∗
2

(
p⃗1, p⃗2, p⃗∗1, p⃗

∗
2

)

p⃗1
p⃗2 p⃗1
p⃗∗1, p⃗

∗
2

p⃗∗1 ! ⊥ ( (p⃗1) + L(xi , t1), (p⃗2)) ≥
( (p⃗∗1), (p⃗∗2))

p⃗1 = t1
p⃗∗1 ← p⃗1
p⃗∗2 ← p⃗2

x ∈ V (G)
x " p⃗1 ( |p⃗1 | ! k − 1 x = t1)
p⃗1 (x)

(p⃗1) ∩ wp⃗2) = (p⃗1) ∩ (p⃗2) = (p⃗1) ∩
(p⃗2) = F (p⃗1) ∩ F (p⃗2) = ∅

(p⃗1, p⃗2, p⃗∗1, p⃗
∗
2)

p⃗′2 ←
(
p⃗1, s2, t2, K

)

p⃗′2 ! ⊥
(p⃗1, p⃗′2, p⃗

∗
1, p⃗

∗
2)

p⃗1

w

(p⃗∗∗1 , p⃗
∗∗
2 ) w

ℓ∗ = ( (p⃗∗∗1 ), (p⃗∗∗2 )) p⃗∗∗ = (s1 =
x1, . . . ,xk = t1)

p⃗1 = p⃗∗∗1
ℓ∗ 2

p⃗1 (s1 = x1, . . . ,xi ) p⃗∗∗1

(p⃗1) + L(xi , t1) =
i−1∑

j=0

(x j ,x j+1) + L(xi , t1)

L(xi , t1) ≤
n−1∑

j=i
(x j ,x j+1)



(p⃗1) + L(xi , t1) ≤
i−1∑

j=0

(x j ,x j+1) +
n−1∑

j=i
(x j ,x j+1)

=
n−1∑

j=0

(x j ,x j+1) = (p⃗∗∗1 )

p∗∗2 w p⃗∗∗1
w p⃗1 p⃗1 p⃗∗∗1

w
p⃗1 (p⃗2) ≤ (p⃗∗∗2 )

( (p⃗1)+L(xi , t1), (p⃗2)) ≥ ( (p⃗∗1), (p⃗∗2))

( (p⃗∗∗1 ), (p⃗∗∗2 )) ≥ ( (p⃗1) + L(xi , t1), (p⃗2))

≥ ( (p⃗∗1), (p⃗∗2))

w
10

p⃗1 = p⃗∗∗1 p⃗2
p⃗1 !

G
F

(x → y)
x y

x
(x)

x ∈ G x y
(x)

y (x)
x1, . . . ,xn

xi
x j j < i (x ,x1) = ∅ x1 = x

xi x xi
x y xi

(y,xi ) i > 1

(x ,xi ) =
⋃

y∈N −( (x),xi )
( (x ,y) ∪ {(y,xi )}).

0 m − 1

m

64

x f ∈ F (x , f )
(x ,y, f )

y (G,x ,y)

≈ ≈
≈ ≈
≈ ≈

(x ,y, f )

≈

• F = E = {{e} | e ∈ E(G)}
• F m
{e1, e2, e3} e1, e2, e3
m
• F = {{e1, e2} | e1, e2 ∈ E(G)}

(s1, s2, t1, t2)
s1, s2 t1, t2 s1 s2
t1 t2

s1 t1 s2
t2



F

s = 1, . . . , 6
100 s
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F F

F = E

k − 1 k ≤ 5 k






