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Abstract: The nonlinear metamaterials have been shown to provide nonlinear properties with
high nonlinear conversion efficiency and in a myriad of light manipulation. Here we study
terahertz generation from nonlinear metasurface consisting of single layer nanoscale split-ring
resonator array. The terahertz generation due to optical rectification by the second-order
nonlinearity of the split-ring resonator is investigated by a time-domain implementation of the
hydrodynamic model for electron dynamics in metal. The results show that the nonlinear
metasurface enables us to generate broadband terahertz radiation and free from quasi-phasematching conditions. The proposed scheme provides a new concept of broadband THz source
and designing nonlinear plasmonic metamaterials.
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1. Introduction
Metamaterials are artificial materials in which subwavelength units are the basic elements
interacting with the electromagnetic field. They have been reported to be adept at providing a
myriad of unconventional properties. These properties give potential applications of
plasmonic metasurfaces, including nanoantennas, sensing, lasing and plasmonic devices [1–
5]. The fields of metamaterials have made spectacular progress in recent years. Meanwhile,
nonlinear phenomena in metamaterials have been actively reported. For instance,
metamaterials composed of split-ring resonators (SRRs) have been found to have a strong
second-harmonic generation (SHG) when it was excited resonantly, in comparison to other
metallic nanostructures [6,7]. This is due to the resonant nonlinearity and strong local field
enhancement from non-centrosymmetric SRRs. Furthermore, optical third-harmonic
generation (THG) has been studied in fishnet metamaterials, resulting from natural harmonic
emission of the electric dipole [8–10]. The nonlinear properties in plasmonic metamaterials
arise from the intrinsic nonlinearities of metals which relate to the complex dynamics of free
electrons. These works broaden the scope of nonlinear metamaterials.
Meanwhile, the interest in terahertz frequencies grew strongly due to the advances in
terahertz generation and detection [11,12]. One of the challenge and research directions in
terahertz technologies is to generate broadband terahertz radiation. In regard to the problem,
using optical rectification in nonlinear crystals such as GaAs/GaP/GaSe/LiNbO3/ZnTe is the
most common solution [13–17]. However, all of these nonlinear crystals have undesired gaps
in the terahertz region and require quasi-phase-matching conditions.
In this paper, we investigate a single-layer metasurface THz emitter consisting of splitring resonators (SRRs) with 50 nm thickness. Terahertz signals can be generated from the
SRRs by exciting their magnetic-dipole modes at the infrared frequencies. To reveal the
mechanism of THz generation from the metasurface, a time-domain implementation of the
hydrodynamic model for electron dynamics in metals is used. Both linear and nonlinear
dynamics of the electrons in metamaterials are fully considered. The rigorous method allows
us to study the nonlinear processes from plasmonic metamaterials. The metasurface is a single
layer and its thickness is thousand times thinner than optimal nonlinear crystals but free from
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the quasi-phase-matching conditions. Moreover, the generated terahertz emission spectrum is
continuous and the metasurface THz emitter can easily be scaled to arbitrary operation
frequencies by optimizing the dimensions of the SRR unit. Our results open unique
opportunities for designing nonlinear metamaterials and terahertz emitters.
2. Theoretical Models
The interaction of electromagnetic fields E and H with metal can be described by Maxwell’s
equations and hydrodynamic model.

∇ × H = ε0

∂E ∂P
+
,
∂t ∂t

(1)

∂H
,
∂t

(2)

∇ × E = − μ0

∂v
∇p
e
+ v ⋅∇v = − (E + μ0 v × H ) − γ v −
,
∂t
m
n

(3)

∂n
= −∇ ⋅ (nv ).
∂t

(4)

Here ε0, μ0, m, e, and γ are the vacuum permittivity, vacuum permeability, electron mass,
electron charge and electron collision rate, respectively. n(r, t ) and v (r, t ) are the time- and
position-dependent electron density and velocity. p in Eq. (3) is the electron pressure and
evaluated by the Thomas-Fermi model p = (3π 2 ) 2/3 ( / 5)n5/3 [18]. The polarization P of
materials in Eq. (1) can be related to the hydrodynamic variables by
P = J = −env,

(5)

ρ = e(ne − n0 ).

(6)

Equations (1)-(5) provide a self-consistent description of the electron gas in metals. For
numerical analyses of nonlinear responses in metals, the set of Eqs. (1)-(5) of the
multiphysics model can be implemented with the help of classic electromagnetic
computational methods [19–23]. Here, we transform the microscopic hydrodynamic
description into the classic electromagnetic frame. By substituting (5) and (6) into (3) and (4),
we have


∂J
e
1
JJ 
= ε 0ωp2 E − γ J + ( ρ E − J × B) + ∇ ⋅ 
2


∂t
m
 ρ +ε 0 mωp / e 

(7)

∂ρ
− ∇ ⋅ J = 0,
∂t

(8)

where ωp = e 2 n 0 / ε 0 m is the plasma frequency. Finally, Eqs. (7) and (8) can be reduced
to one equation by substituting ρ = ε 0 ∇ ⋅ E into them
∂J
e
= ε 0ωp2 E − γ J + [ε 0 (∇ ⋅ E)E − J × B ] .
∂t
m


1
JJ
+ ∇ ⋅
 ε (∇ ⋅ E)+ε mω 2 / e 
0
p
 0


(9)

Vol. 26, No. 11 | 28 May 2018 | OPTICS EXPRESS 14244

In order to avoid solving a large matrix with an implicit difference method, Eq. (9) is
solved by two-step splitting scheme [24]. The coupled Maxwell-hydrodynamic system of
Eqs. (1), (2) and (9) are numerically solved with the finite-difference time-domain (FDTD)
method. A computational grid based on the standard staggered Yee cells is proposed, as
shown in Fig. 1. The spatial-temporal dependent E, H, and J are nodally uncollocated in
space and staggered in time. The electric field E is defined at the time step l + 1/2 and is
located at the cell face center. Both current density J and magnetic field H are defined at the
time level l and are located at the cell face centers and the edges, respectively. This grid
arrangement captures the properties of fields and charges as well as the cross-coupling effects
between free electrons and electromagnetic fields.

Fig. 1. The Yee grids for the Maxwell-Hydrodynamic system

3. Results and Discussion
3.1 Metasurface THz emitter

To investigate the mechanism of THz generation from optical metamaterials, we consider an
optical metasurface comprising a single layer of SRR array as shown in Fig. 2(a). The
thickness of the SRR is 40 nm with a square periodicity of 382 nm. The dimensions of the
SRRs are chosen as shown in Fig. 2(b), for which the magnetic dipole can be excited around
200 THz frequency (see the spectra in Fig. 2(c)). The metasurface is placed on a 500-nmthick glass substrate with the relative permittivity of 2.25. Parameters for gold SRRs are set as
n0 = 5.92 × 1028 m−3, γ = 10.68 × 1013 rad/s. An x-polarized infrared laser pulse propagating in
the z-direction is introduced by using the total-field and scattered-field (TF/SF) technique
[20]. We describe the pump laser by a Gaussian pulse of the
form E (t ) = E0 exp  −2 ln 2(t − t0 ) 2 / τ 2  cos(ωt ) . Here, the driving frequency, temporal width

and peak amplitude are chosen as ω = 1.257 × 1015 rad/s, τ = 140 fs and E0 = 2 × 107 V/m,
respectively. PMLs are applied in the z-direction and periodic boundaries are employed in
both the x- and y- directions. The temporal evolutions of the transmitted fields were recorded
in the total field region. Uniform spatial steps Δx = Δy = Δz = 2 nm and time step Δt = 3 ×
10‒18 s are adopted in the simulation.
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Fig. 2. (a) Schematic of THz generation by illuminating a metasurface with an infrared laser.
(b) The feature size of a unit cell. (c) Transmittance T, reflectance R, and absorptance A
spectra.

3.2 Linear and Nonlinear Responses of Metasurface

Due to the symmetry breaking of SRR, we measure the transmitted electric field E for
showing the linear response; and for the second-order nonlinear signal, we record the Ey
component. Figures 3(a) and (b) show the incident electric field and nonlinear signal in the
time domain. The nonlinear signal is Fourier transformed in the frequency domain exhibiting
second-order nonlinear spectra with the two peaks (Fig. 3(c)): the sum-frequency generation
has a peak around 400 THz and difference-frequency generation spectrum shows a peak
around 0 THz. Here, a femtosecond laser pulse is used to generate THz waves from the SRRs
via the optical rectification. Because a femtosecond pulse contains many frequency
components, any two frequency components contribute to the difference frequency, and the
overall result is the weighted sum of all the contributions. One femtosecond laser pulse is
enough to produce the optical-rectification radiation for the THz generation. From the
amplitudes of calculated second harmonic and incident pulse, one can roughly estimate the
effective
nonlinear
susceptibility
of
the
metasurface
to
be
(2)
(1) | E 2ω |
-12
2
(1)
=1.72 × 10 m / V , where χ 2ω is the linear electric susceptibility of gold
χSRR = χ 2ω
| E inc |2
(2)
value is consistent with the experimental value ~1.6 × 10‒12 m2/v
at 2ω . The calculated χSRR
in Ref [25]. In order to extract the THz signal in time domain, the specific frequencies
ranging from 0~15 THz are selected and then we inverse Fourier transformed the episode
signal back into its time domain counterpart. The extracted THz signal from Fig. 3(b) is
plotted in Fig. 3(d) showing a typical time-domain THz trace.
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Fig. 3. Electric field of incident pulse Einc (a) and transmitted nonlinear signal Ex (b). (c) Semilog plot of the Fourier transform of the nonlinear signal in (b). (d) time-domain trace of THz
field filtered from the signal in (b).

3.3 Broadband THz generation

The single layer metasurface is made of gold and glass, which makes it have very low
absorption in the THz frequency region. Thus, the metasurface can be used to generate
broadband THz signals. To validate this concept, we first predict the generated THz wave
from the metasurface by omitting the thickness of the metasurface since its thickness is just
40 nm, and then comparing the predicted results with the simulation results. The generated
THz field ETHz ( z , t ) can be described by the wave equation in a nonlinear medium with the
second-order nonlinear susceptibility χ (2) propagation in the z-axis
2
(2)
∂ 2 ETHz ( z, t ) nTHz
∂ 2 ETHz ( z, t )
( z, t ) χ (2) ∂ 2 | E0 ( z , t ) |2
1 ∂ 2 PTHz
− 2
=
= 2
,
2
2
2
2
ε 0c
∂z
c
∂t
∂t
c
∂t 2

(10)

where n is the medium refractive index at the THz frequencies, c is the speed of light,
(2)
PTHz
( z , t ) the THz polarization which is proportional to the power of the pump laser
| E0 ( z, t ) |2

.

The

pump

laser

is

considered
1
− σ 2t 2
2

as

a

temporal

Gaussian
ω2
− 2
2σ

⇔ gσ (ω ) = ( 2π / σ )e
is a
pulse E0 (t ) = cos(ω0 t + φ ) gσ (t ) . Here gσ (t ) = e
Gaussian envelope. ω0 is the center frequency of the pump pulse and φ is a phase delay. The
pump
Full width at half maximum (FWHM) of the pump pulse is Δf FWHM
≈ 2.335σ . THz
generation from the infinitesimal thin nonlinear metasurface can be expressed as
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P (2) (t ) ~ E 2 (t ) = cos(2ω0 t + 2φ ) gσ2 (t ) + gσ2 (t ) ⇔ .
P (2) (ω ) ~ e 2iφ g

1

(ω − 2ω0 ) + e −2iφ g

2σ

1

(−ω − 2ω0 ) + g

2σ

1

(ω )

(11)

2σ

We can see the first two terms are the SHG with a center frequency 2ω0; the last term is the
origin of the THz emission; thus, the THz emission only depends on the temporal Gaussian
envelope. Consequently, the emitted THz field can be written as
E (THz ) (ω ) ~ χ (2) (−iω ) 2 g

1

(ω ) = χ (2)ω 2 e

−

ω2
4σ 2

⇔.

2σ

E

(THz )

(t ) ~ − χ ∂ g
(2)

2
t

(t ) = χ σ (1 − 2σ t )e
(2)

2σ

2

2 2

(12)

−σ 2 t 2

As shown in Fig. 2(c), the metasurface THz emitter resonance is very wide compared to the
incident wave bandwidth. Consequently, the effect of the absorption spectrum of metasurface
on the THz emission is insignificant. From the Eq. (12), we can see and the bandwidth of THz
emission is limited mainly by the duration of the incident pulse. The THz emission has a peak
THz
frequency at f 0THz = 2σ and a bandwidth Δf FWHM
= 2.31σ . We can theoretically estimate the
peak frequency and bandwidth of the THz emission by the bandwidth of pump pulse, i.e.
THz
pump
pump
Δf FWHM
≈ 0.98Δf FWHM
and f 0THz ≈ 0.85Δf FWHM
. The bandwidth of the generated THz spectrum
can be tuned by changing the duration of the incident Gaussian pulse. The control of the
central frequency and bandwidth of THz emission spectra by varying the bandwidth of
incident pulse is shown in Fig. 4. Figure 4(c) compares the THz emission bandwidth Δf THz
and central frequency f 0THz from the metasurface versus the incident pulse bandwidth
Δf inc ≈ 0.44 / τ . One can see that, THz emission bandwidth and central frequency scale
linearly with the pump pulse bandwidth. Comparing with the nonlinear crystals, the single
layer metasurface emitter is free from the limitation of the Reststrahlen region [26] and can
achieve tunable THz bandwidth by changing the pump pulse duration. Moreover, the
fundamental pumping frequency of the metasurface THz emitter is flexible and can easily be
scaled to arbitrary operation frequencies by optimizing the dimensions of the SRR unit.
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Fig. 4. Comparisons of pump durations and measured spectral bandwidths. (a,b) The THz
pulse traces and corresponding normalized spectral amplitudes measured at several pumping
durations (100 fs-180 fs). (c) The FWHM of pump pulse versus the generated THz spectral
bandwidth (red dots) and peak frequency (blue dots). The straight lines are the predicted
analytical results.

3.4. Polarization Dependence of the metasurface THz emitter

To further investigate the nature of the metasurface THz emitter, the polarization dependence
of the THz amplitude by rotating the pumping polarization is shown in Fig. 5(a). We define
the polarization angle to be 0 degrees when the incident pulse is polarized along the xdirection (See Fig. 2(a)). Figure 5(a) shows the time-domain THz electric fields for 4 different
polarization angles from 0 to 90 degrees. Figure 5(b) shows the polar plot of the peak-to-peak
amplitude of THz signals versus the polarization angle. It should be noted that the simulated
result can be well fitted with a cos 2 (θ ) function satisfying Lambert's cosine law.
Additionally, this polarization control also works for the SHG reported previously [27].
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Fig. 5. Polarization dependence of THz generation from the SRRs metasurface. (a) THz signals
for different polarization angles. (b) Polar plot of the peak-to-peak amplitude of THz emission
as a function of the polarization angle. (c-f) Perpendicular components of the surface electric
field (color scale) and current density (arrows) of the unit cell irradiated by the infrared pulse.
The current distributions are shown temporally π/2 phase shifted against the charge
distribution.

The THz emission originating from optical rectification is induced by the symmetry
breaking in the second-order nonlinear current distribution. The convective acceleration term
v ⋅ Δv is the key contribution to the second-order nonlinearities [28]. This term behaves like
linear current multiplied by linear accumulated density, i.e. j ρ . Consequently, the THz
nonlinear current is parallel or antiparallel to the linear current. The charge and current
distributions at the frequencies of 4 THz and 200 THz were plotted in Figs. 5(c-f). Figure 5(c)
shows the fundamental magnetic dipole resonance for the normal incidence to the SRR with
the electric field breaking the symmetry of the SRR. When the polarization of the incident
wave is parallel to the gap of SRRs (along the x-direction), the nonlinear currents in both
arms are parallel along the y-direction and thus strong radiate fields can be observed in the far
field as depicted in Fig. 5(e). Conversely, due to the symmetry dependent selection rule, the
far field from the nonlinear currents flowing along the x-direction is canceled. Differently,
when the polarization is perpendicular to the gap of SRRs as shown in Fig. 5(d), the nonlinear
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currents show reverse flow directions along the y-direction, leading to a vanishing radiation in
the far field as shown in Fig. 5(f).
4. Conclusion

In conclusion, we demonstrated a new concept of THz emitter based on a single-layer
nonlinear metasurface of nanoscale thickness, representing a new platform for revealing
artificial magnetism-induced THz generation. The novel THz generation mechanism is
numerically investigated by the self-consistent time-domain implementation of the
hydrodynamic model. Our numerical results conclude that the nonlinearity arises from the
excited magnetic dipole resonance of SRRs and the metasurface shows a high second-order
nonlinear susceptibility. The results also suggest that the THz generation scheme is free from
phonon limitation and quasi-phase-matching conditions. The generated THz bandwidth can
be arbitrarily tuned by the time duration of the excitation pulse. Moreover, the metasurface
THz emitter can easily be scaled to arbitrary operation frequencies by optimizing the
dimensions of the SRR unit.
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