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Abstract

We develop a stabilized cut finite element method for the convection problem on a
surface based on continuous piecewise linear approximation and gradient jump stabi-
lization terms. The discrete piecewise linear surface cuts through a background mesh
consisting of tetrahedra in an arbitrary way and the finite element space consists of
piecewise linear continuous functions defined on the background mesh. The varia-
tional form involves integrals on the surface and the gradient jump stabilization term
is defined on the full faces of the tetrahedra. The stabilization term serves two purposes:
first the method is stabilized and secondly the resulting linear system of equations is
algebraically stable. We establish stability results that are analogous to the standard
meshed flat case and prove 43/? order convergence in the natural norm associated with
the method and that the full gradient enjoys 4>/# order of convergence in L>. We also
show that the condition number of the stiffness matrix is bounded by /2. Finally, our
results are verified by numerical examples.
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1 Introduction

In this contribution we develop a stabilized cut finite element for stationary convection
on a surface embedded in R3. The method is based on a three dimensional background
mesh consisting of tetrahedra and a piecewise linear approximation of the surface. The
finite element space is the continuous piecewise linear functions on the background
mesh and the bilinear form defining the method only involves integrals on the surface.
In addition we add a consistent stabilization term which involves the normal gradient
jump on the full faces of the background mesh. In the case of the Laplace—Beltrami
operator the idea of using the restriction of a finite element space to the surface was
developed in [23], and a stabilized version was proposed and analyzed in [6].

We show that for the convection problem the properties of cut finite element method
completely reflects the properties of the corresponding method on standard triangles
or tetrahedra, see the analysis for the latter in [3]. In particular, we prove discrete
stability estimates in the natural energy norm, involving the L? norm of the solution
and h!/2 times the L2 norm of the streamline derivative where / is the meshsize, and
corresponding optimal a priori error estimates of order 4%/, Furthermore, we also
show an error estimate of order /3/4 for the error in the full gradient which is also
in line with [3]. The stabilization term is key to the proof of the discrete stability
estimates and enables us to work in the natural norms corresponding to those used
in the standard analysis on triangles or tetrahedra. The analysis utilizes a covering
argument first developed in [6], which essentially localizes the analysis to sets of
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Stabilized CutFEM for the convection problem on surfaces 105

elements, with a uniformly bounded number of elements, that together has properties
similar to standard finite elements. The stabilization term also leads to an algebraically
stable linear system of equations and we prove that the condition number is bounded
by h 2.

We note that similar stabilization terms have recently been used for stabilization
of cut finite element methods for time dependent problems in [20], bulk domain
problems involving standard boundary and interface conditions [4,5,18,21], and for
coupled bulk—surface problems involving the Laplace—Beltrami operator on the sur-
face in [8]. We also mention [7] where a discontinuous cut finite element method
for the Laplace—Beltrami operator was developed. None of these references consider
the convection problem on the surface. For convection problems streamline diffu-
sion stabilization was used in [9,25]. Methods on evolving surfaces were studied in
[20,22,24].

An advantage of the proposed stabilization method is that it is straightforward to
extend the method to a time dependent problem on a stationary surface. Indeed any
A-stable finite difference discretization of the time derivative leads to a stable scheme
with the accuracy of the truncation error [2]. Runge—Kutta methods of second and
third orders are also stable and accurate and also explicit up to the inversion of the
mass matrix [1]. In the explicit case the mass matrix is stabilized using a scaled version
of the normal gradient jump term. For time-dependent domains on the other hand it
may be more convenient to use the aforementioned space—time finite elements for
a consistent tracking of the surface displacement [20,22] or a combination with the
characteristic approach developed in [19].

Finally, we refer to [10,13—15] for general background on finite element methods
for partial differential equations on surfaces.

The outline of the remainder of this paper is as follows: In Sect. 2 we formulate the
model problem; in Sect. 3 we define the discrete surface, its approximation properties,
and the finite element method; in Sect. 4 we summarize some preliminary results
involving lifting of functions from the discrete surface to the continuous surface;
in Sect. 5 we first derive some technical lemmas essentially quantifying the stability
induced by the stabilization term, and then we derive the key discrete stability estimate;
in Sect. 6 we prove a priori estimates; in Sect. 7 we prove an estimate of the condition
number; and finally in Sect. 8, we present some numerical examples illustrating the
theoretical results.

2 The convection problem on a surface
2.1 The surface

Let I be a smooth surface embedded in R? with signed distance function p such that
the exterior unit normal to the surface is given by n = Vp. We let p : R> — T be the
closest point mapping. Then there is a §p > 0 such that p maps each point in Us,(I")
to precisely one point on I', where Us(I') = {x € R3 : |p(x)| < 8} is the open tubular
neighborhood of I" of thickness §.
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106 E. Burman et al.

2.2 Tangential calculus

For each function u on I' we let the extension u® to the neighborhood Us,(I") be
defined by the pull back u® = u o p. For a function # : ' — R we then define the
tangential gradient

Vru = PrvVu® 2.1

where Pr = I —n®n, withn = n(x), x € I, in the projection onto the tangent plane
T, (I"). We also define the surface divergence

divpr (1) = tr(u ® Vr) = tr(u® ® VPr) 2.2)

where (u® ® V);; = 9djuf. It can be shown that the tangential derivative does not
depend on the particular choice of extension.

2.3 The convection problemon I

The strong form of the convection problem on I" takes the form: find u : I' — R such
that

B-Vru+oau=f onI" 2.3)

where B : ' — R is a given tangential vector field, @ : T — Rand f : I — R are
given functions.

Assumption The coefficients @ € C(I") and 8 € C'(I") satisfy
. L
0<C <inf <a(x) - —dlvrﬂ(x)) 2.4
xel 2

for a positive constant C.

We introduce the Hilbertspace V = {v : ' - R : ||v||%, = ||v||12~+||,B~Vv||% < 00}
and the operator L : V 3 v > - Vrv + av € L*(I"). We note that using Green’s
formula and assumption (2.4) we have the estimate

(Lv,v)r = <<(x — %divrﬂ> v, v) > C||v||12~ 2.5)
r

Proposition 2.1 If the coefficients o and B satisfy assumption (2.4), then there is a
unique u € V such that Lu = f for each f € L*(I).

Proof The essential idea in the proof is to consider the corresponding time dependent
problem with a smooth right hand side and show that the solution exists and converges
to a solution to the stationary problem as time tends to infinity. Then we use a density
argument to handle a right hand side in L.
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Stabilized CutFEM for the convection problem on surfaces 107

Smooth right hand side For any 0 < T < oo consider the time dependent problem:
findu : [0, T] x I’ — R, such that

ur+B-Vru+au=g on(0,7T] xT, u(0) =0 onT (2.6)

Consider first a smooth right hand side g, which does not depend on time. Using
characteristic coordinates we conclude that there is smooth solution u(t) to (2.6).
Next taking the time derivative of Eq. (2.6) we find that the solution satisfies the
equation

gy + B - Vruy +au; =0 2.7

where we used the fact that «, 8, and g, do not depend on time. Multiplying (2.7) by
u; and integrating over I we get

d .
Enu,n% + (2o — divrB)us, u)r =0 (2.8)
Using (2.4) we obtain
d
Enu,n%ucuutn% <0 (2.9)
which implies
d
(Il npeer) <o (2.10)

Integrating over [e, T],0 < € < T, we get
s (T Ie < flur(e)[pe 2T (2.11)
Letting € — 0T and using the smoothness of u we find, using the Eq. (2.6), that

u;(€) =g—pB-Vrou(e) —au(e) - g — - Vru(0) — au(0) = g since u(0) = 0 and
therefore also Vru(0) = 0. We thus conclude that

lue(T) I < llglire" (2.12)
Using (2.12) we have
T )
lu(T2) —u(T)|r = II/ ur(s)ds|r Sf llus(s)lrds (2.13)
T T
T
< / lglire™Cds < @C) ™ e72T (14 2T g S 72671 g
T
(2.14)
for 0 < T} < T» < oo. Using the time dependent Eq. (2.6) we have
B - Vu(T) —u(Tr) = u(T1) — u(T2) + a(u(Tr) — u(T2)) (2.15)
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108 E. Burman et al.

and therefore, using the fact that ||| ooy < 1, we have the estimate

1B -Vu(Tz) —u(T))lIr S llu(THIr + llu () e + u(T2) — u(T) |- (2.16)
Se Mgl 2.17)

where we used (2.12) and (2.14) in the last step. Together, (2.14) and (2.17) leads to
the estimate
lu(T2) —u(T)lly S e *Mglr. 0<TI <1, (2.18)

Thus we conclude that for each € > 0 thereis T, suchthat ||u(T)) —u(T3)||y < € forall
T1, T» > T.. We can then pick a sequence u, = u(T,) withT,, = n,n =1,2,3, ...
and conclude from (2.18) that the sequence is Cauchy in V and therefore it converges
to a limit u, € V. We then have

ILug — gllr < |Lug — Luyllr + || Luy — gllr
< llug — unlly + lus (Tl < e Tr)glr (2.19)

and thus the limit u is a solution to the stationary problem in the sense of L? and
from (2.18) with 77 = 0, we have the stability estimate

luglly < llglir (2.20)
Right hand side in L*(T") For f € L*(T") we pick a sequence of smooth functions f,

that converges to f in L2(I"). Then for each f;, thereis a solutionu, € V to Lu, = f,
and we note that L(u, — u,,) = f, — fm and therefore it follows from (2.20) that

lun = wmllv S N fu = fulir (2.21)

and thus {u,} is a Cauchy sequence since { f,} is a Cauchy sequence. Denoting the
limit of u,, by u we have

[Lu— fllr = 1L —u)lle + 1 fu — fllr = lu —wunllv + 1 fn — fllr - (222)
which tends to zero as n tends to infinity and thus # € V is a solution to Lu = f in
the sense of L. O
3 The finite element method
3.1 The discrete surface
Let Qo be a polygonal domain that contains Us,(I") and let {Zo 4, h € (0, hol} be
a family of quasiuniform partitions of €2 into shape regular tetrahedra with mesh

parameter i. Let I'), C Qg be a connected surface such that ', N T is a subset of some
hyperplane for each T' € 7, and let nj, be the piecewise constant unit normal to I'j,.
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Stabilized CutFEM for the convection problem on surfaces 109

Geometric approximation property The family {T';, : h € (0, ho]} approximates I" in
the following sense:

o I'y C Usy(I'), Vi € (0, hol, and the closest point mapping p : I', — T'is a
bijection.
e The following estimates hold

ol SH% ln—nnliem,) Sh (3.D

We introduce the following notation for the geometric entities involved in the mesh

'ﬂl:{TG'E,’():TﬂFh # (0} (3.2)
Fpn={F =T NTH\IT1NT2):T1,T» € Tp} (3.3)
Kn={K=TnNT,:TeT)U{FeF,: FCTly} 3.4
En={E=0K|NJKy: K, Kr e Ky} 3.5)

We also use the notation o' = {p(x) € ' : x € w C [}, in particular, Kl = {K':
K e ICﬁl} is a partition of T".

Remark 3.1 The assumption that 7}, is quasiuniform can be relaxed to locally qua-
siuniform meshes since all our arguments are local in the sense that elementwise
or patchwise, with patches consisting of a uniformly bounded number of elements,
estimates are used.

3.2 The finite element method

We let V, be the space of continuous piecewise linear functions defined on 7. The
finite element method takes the form: find u;, € Vj, such that

Ap(up,v) =1(v) Yv eV, 3.6)

Here the forms are defined by

Ap(v,w) =ap(v, w) + jrv,w), L) =(f,v)r, 3.7

and
ap(v, w) = (Br - Vr,v, wr, + (apv, wr, (3.8)
Jh,w) = cph([np - V], [np - Vuwl gz, (3.9)

where Vi, v = Pr, Vv = (I —n, ®ny)Vu is the elementwise defined tangent gradient

on I'y, cF is a positive stabilization parameter, o5, and f, are discrete approximations

of « and B. The jump at a face F shared by two elements 7 and T~ is defined by
[np-Vvl=n} Vvt +ny Vo~ (3.10)
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110 E. Burman et al.

where n% is the exterior unit normal of the face F and element 7% and v+ = v|7=.

In our forthcoming analysis we will need certain properties of the coefficients oy,
Bn, and the right hand side fj, in Sect. 5.2 we formulate the assumptions necessary for
the stability analysis and in Sect. 6.1 we formulate the assumptions necessary for the
a priori error estimates, and finally in Sect. 6.4 we provide a construction of discrete
coefficients that satisfy all the assumptions.

4 Preliminary results
4.1 Norms

We let ||v]|,, denote the L norm over the set w equipped with the appropriate Lebesgue
measure. Furthermore, we introduce the scalar products

w.wz =Y wr. @Wwg, = Y @©wg .1
TeT, Keky,
Wz =Y Wwr @wg =Y ©wE 4.2)
FeFy Ee&,
with corresponding L? norms denoted by || - l7, II - llxc,,» Il - l7,, and || - ||, Note
that || - Ix, = Il - lIr, and that the following scaling relations hold
DITI~h Y UK~ Y IFI~1, Y |E|~h7" (43)
TeT, Kek), FeFy, Ecé&y
Finally, we introduce the energy type norms
vl = 1vlll, + AllvlllE, 4.4)
Ilvlll%, = AlBn - Ve vlik, + vk, 4.5)
Ivll%, = lling - Volli%, (4.6)

4.2 Inverse estimates

LetT €7,, K =T, NT,E € & and E C 0K, then the following inverse estimates
hold

hvlE < IvllE Yv e V(F) (4.7)
hvlE S w3 Yv e W(T) (4.8)
Al < vl Yo e W(T) (4.9)

with constants independent of the position of the intersection of I';, and 7. Note
that the second inequality is the standard element to face inverse inequality. Here
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Stabilized CutFEM for the convection problem on surfaces 1m

V(F) = Vo XF (W(T) = Wo Xr ) where V (W) isa ﬁmte dimensional space on
the reference triangle F (reference tetrahedron T) and Xr : :F > F (X7 : T —>T )
an affine bijection.

4.3 Extension and lifting of functions

In this section we summarize basic results concerning extension and liftings of func-
tions. We refer to [6,11] for further details.

Extension Recalling the definition of the extension and using the chain rule we obtain
the identity
Vr,v* = BT Vru (4.10)

where
B=Pr(I — pH)Pr, : T:(K) = Tpu)(I) 4.11)

and H = V ® Vp. Here H is a I"-tangential tensor, which equals the curvature tensor
on I', and for small enough § > 0, there is a constant such that

1M Lo sy S 1 4.12)

Furthermore, B : T (K) — T, (I') is invertible for 4 € (0, ho] with ¢y small
enough, i.e. there is B~ : Ty (I') — Ty (K) such that

BB '=P, B 'B=r, (4.13)

See [17] for further details.
Lifting The lifting w' of a function w defined on I';, to I" is defined as the push forward

WwHe=wop=w only (4.14)

and we have the identity
Vrw! = BTVr,w (4.15)

Estimates related to B Using the uniform bound |||z sy S 1, for § > 0 small
enough, it follows that

IBllzeay S 1, 1B ey S 1, I1(Pr — B)Pr, I, < 7 (4.16)

Next consider the surface measure dI" = |B|d[j,, where | B] is the absolute value of
the determinant of [B&; B&; n¢] and {&1, &} is an orthonormal basis in 7y (K). We
have the following estimates

11— 1By S A% WBlewy ST IBI T rem,) S 1 (4.17)

In view of these bounds and the identities (4.10) and (4.15) we obtain the following
equivalences

I 12y ~ vllz2yys Iolzay ~ 1962, (4.18)
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112 E. Burman et al.

and
||VFUI||L2(F) ~ ||VFhU||L2(rh): ||VFU||L2(F) ~ ||VFhUe||L2(rh) (4.19)
4.4 Interpolation

Let 7, : LZ(’]},) — Vj, be the Clément interpolant. Then we have the following
standard estimate

v —mnvllamay S 0wy, m<s<2 m=0,1 (4.20)
where N'(T) C 7y, is the set of neighboring elements of 7. In particular, we have the

L? stability estimate
lmnvlir S Wliarery YT €Ty (4.21)

and as a consequence 7y : L2(’Z},) — V}, is uniformly bounded and we have the
estimate

lnvllz, < vl (4.22)

Using the trace inequality
IIFar, S A7 IIF + AIVYIF (4.23)
where the constant is independent of the position of the intersection between I'j, and
T, see [16] for a proof, the interpolation inequality (4.20), and finally the stability of
the extension operator
vl sy S 82 Ivlmay  0<8<d (4.24)
with § ~ h, we obtain the interpolation error estimate
lv—mvllamigc,y SP " wlgsqey m<s<2, m=0,1 (4.25)
Using (4.25) and the definition of the energy norm (4.5) we obtain

v = mavlllic, S A2l g2 (4.26)

and using a standard trace inequality on tetrahedra, the interpolation estimate (4.20),
and the stability (4.24) of the extension, we have

v = mavlllz, < hllvllg2ry (4.27)
Combining these two estimates we get

v — 7avéllln < B2 10l g2y (4.28)
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5 Stability estimates
5.1 Coverings

In this section we begin by recalling a construction of coverings of 7;, developed in
[6], Sect. 4.1. The number of tetrahedra in the covering sets are uniformly bounded
and the area of their intersection with Iy, is equivalent to h2. See also [12] for related
results. Then we formulate two useful lemmas.

Families of coverings of T, Let x be apointon I' and let Bs(x) = {y e R : |[y—x| <
8} and Dg(x) = Bs(x) N T'. We define the sets of elements

Ksx=1{KeKp:K NDsx)#£W0), Tsx=I{TeT:TNTheKss) 5.1)

With § ~ & we use the notation Kp, , and 7}, . For each 7y, h € (0, ho] there is a set
of points A, on I' such that {Kj «, x € A} and {7}, ,, x € A}} are coverings of 7j,
and /C;, with the following properties:

e The number of sets containing a given point y is uniformly bounded

#HxeX,:yeT,)<1 VyeR? (5.2)

for all & € (0, hg] with ko small enough.
e The number of elements in the sets 7}, , is uniformly bounded

<1 Vxed, (5.3)

~

#Tx

for all 4 € (0, ho] with ko small enough, and each element in 7j_, share at least
one face with another element in 7, .
e Vh € (0, ho] and Vx € A&}, 3T, € Tj, « that has a large intersection with I', in the
sense that
IT. N Th| = |Ky| ~ h> Vx € X, (5.4)

for all & € (0, ho] with ko small enough.

We first recall a Lemma from [6] and then we prove alemma tailored to the particular
demands of this paper.

Lemma 5.1 It holds

Il < h(Ivl, + i) Yo e Vi (5.5)

forall h € (0, ho] with hg small enough.
Proof See Lemma 4.5 in [6]. O

Lemma 5.2 It holds
hllvllg, S Wvllk, + A2l Yo eV, (5.6)
forall h € (0, ho] with hg small enough.
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Proof Consider an arbitrary set in the covering described above. Then we shall prove
that we have the estimate

hllvlig, , S Wik,  + 2 ne - Volli%, | (5.7)

where Fj, . is the set of interior faces in 7j .. Let vy : 7y, — R be the first order
polynomial that satisfies vy = v|r,, where T is the element with a large intersection
K. Adding and subtracting v, we get

hllvliz, < hllv—velg,  +hlodlz,  =1+11 (5.8)
Term I We have

hllv = vellg, S A7 v —odlF; S A2, (5.9)
where we used the inverse estimates (4.7) and (4.8) to pass from &, to 7, the inequality

lwiZ, | S lwly, + 2 lwll%, Yo e Vilg, (5.10)

with w = v — v, = 0 on Ty, and finally the fact that [np - Vuv,] = 0.

Verification of (5.10) Considering a pair of elements 71, 7> € 7, that share a face
F, with center of gravity xr, we have the identity

wa(x) = wi(x) + [nF - Vwll(x —xf) - np, xeThUT (5.11)

where w is a continuous piecewise linear polynomial on 77 U 7> and w; the linear
polynomial on 77 U T5 such that w; |7, = w|7;, i = 1, 2. Integrating over T, gives

lwalf, S lwillf, + InF - Vwlly, (x = xp) - nrl7, (5.12)
N ——’
1 I
< 2 40 -Vuwl]|3 5.13
S llwillg, + A7 Mne - Vwlliz (5.13)

To estimate /7 we used the inverse inequality
lwillz, S llwilln (5.14)

which we may prove by letting G| : R?> — R3 be the affine mapping which maps
the reference tetrahedron 7 onto Tj. We note using shape regularity that there is a
ball Br(x7) of radius R < 1 centered at the center of gravity X7 of T such that
Gfl (T2) C Br (ff). Changing domain of integration and using an inverse bound on
the reference configuration we obtain
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Stabilized CutFEM for the convection problem on surfaces 115

||v||%2=/ 1 |voG1|2|DGl|sf lvo G1I*|DG| (5.15)
Gy (T

Br(x7)

§/A|voGl|2|DGl|=/ _ WPIDGIDGT!| = |vlF, (5.16)
T Gi(T)

where | DG | is the absolute value of the determinant of the derivative of G| which is
constant since G is affine.

To estimate I» we used the facts that [ng - Vv] is constant on F and that z =
(x — xF) - nr is the signed distance from x to F which satisfies |z| < Ch. We then
have

Ch
||[nF-Vw]uF(x—xF)-nFn%zsff g - Vwlly, P22 < Blnr - Vool
FJO
(5.17)

Finally, iterating (5.13) and using the fact that the number of elements in 7 , is
uniformly bounded (5.10) follows.

Term II We first split vy, into one term vy . which is constant in the direction normal to
K, and a reminder term vy — vy, = tny - Vv, where ny = ny |k, and ¢ is the signed
distance to the hyperplane in which K is contained, as follows
Uy = Uy, +tny - Vuy (5.18)
Using the triangle inequality we obtain
2 2 2
hlslE, | S hlleclg,, + Al Vol =1h+1h (519
Term I1; We have
2 —1 2 —1 2 2 2
I =hllveeld, S h Mol S h  oreld, S loeelk, < 0l (5:20)
where we used the inverse estimates (4.7) and (4.8) to pass from &, to 7, an inverse

estimate using the fact that v, . is a polynomial on 7}, finally an inverse inequality
which holds since vy . is constant in the normal direction.

Term I I, We have

2 2 5 2
1h S s, e - Vold, < IV,

SPNVudlz, S kv, S Allvliz; | (5.21)
where we used Holder’s inequality, the bound
£l s, S h* (5.22)

the inverse estimates (4.7) and (4.8) to pass from &, to 7y, an inverse inequality to
pass from H'to L%, and finally the fact that vy, = von Ty € Tj 4.
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Verification of (5.22) We note that each point y € K , can be connected to a point
z € K, usingapiecewise linear curve in K,  consisting of a finite number of segments,
each residing in a facet K; € K «, of the form

N
y=z+) sia (5.23)
i=1

where 0 < s; < & is the arclength parameter of each segment, ¢; € T (K;) is a unit
direction vector in the tangent space 7 (K;) to K;, and N is uniformly bounded. Then
t(y) = ny - (y — z) and we have the estimate

N N N

2

EN =Y il e - ail <D Isil [ = nag) -ail <D Isil Ine — niil S h
i=1 i=1 i=1

(5.24)
where nj,; is the normal to the facet in which the i:th segment reside and we used the
estimate |ny — ny ;| < h, which follows from the fact that at each edge E shared by
two facets K1, K2 € Kp , with normals ny, 1 and nj » we have the estimate

np1 —np2l < |np1—nl+n—npo| Sh (5.25)

and thus we obtain the bound since the number of elements in K  is uniformly
bounded.

Conclusion Collecting the estimates we obtain
hvlig,  ST+1H+16h S ol +RlllE,  + kvl (5.26)
gh,x ~ 1 2 Kh.x fh,x IZ;t.x :

Summing over the covering and using Lemma 5.1 gives

hlvlg, S ik, + A2, +2lvli, (5.27)

< Wl + R, + 72 (1ol + i) (5.28)

< Ivllg, + AN, (5.29)

which concludes the proof. O

5.2 Assumptions on the coefficients for the stability estimates

In order to prove the stability estimates we make the following assumptions on the
coefficients.

Assumption We assume that the discrete coefficients «j, and g, are uniformly bounded
and satisfy:
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e There is a constant such that

0<C < inf (ah(x) - %divrh /Sh(x)) (5.30)

xely
e For x € A}, there is a constant vector field B  : [Cp » — R3 such that

1B — Bh.xllLeicy, ) < Ch (5.31)

where the constant is independent of x € &j,.
e There is a constant such that

Ing - Bullloog,) < Ch? (5.32)

for all i € (0, ho] with hg small enough. The jump at an edge E shared by two surface
elements K is defined by

[ng - Bul =ng - B +ng - By (5.33)
where n 7 1s the unit exterior conormal to K + associated with edge E i.e. the unique

unit vector that is normal to E and tangent and exterior to K *, and ,3 = Bilk=-

We return to a construction of ¢, and Bj, in Sect. 6.4. Anticipating the forthcoming
analysis we mention that a sufficent condition for the construction of o, and g, satis-
fying (5.30-5.32) as well as the necessary data approximation estimates, see Sect. 6.1,
isthate € C%(I') and B € C(I).

5.3 Technical lemmas

Lemma 5.3 There is a constant such that

I =) B Vey0)lik, S Mol + I, YveVi (534
forall h € (0, ho] with hg small enough.

Proof We use a covering {7, » : x € A&)} as described above and we introduced the
notation

N(Thx) = N(Thx) (5.35)

for the set of elements T € 7, that are neighbors to an element in 7}, . i.e. share at
least one vertex with an element in 7j, , and F;,(N'(7j.,)) for the set of interior faces
in N (7). The larger set N/ (7, ) naturally occurs when we employ the L? stability
(4.21) of the interpolation operator. We then have
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R = 7)) (Br - V0%,
S =) Bh - V)i, (5.36)
SN =) B YOI, + 1T =) (B — Br) - VOIT, . (5.37)
Shlllne - Vol oz o) + 188 = Brxllie v VOl (5:38)
S hlllnr - Vol oz, o) + 1015z, (5.39)
where we used the following estimates. (5.36): An inverse bound to pass from /C, x
to 7p, . (5.37): Added and subtracted the constant vector field B, ., defined in (5.31),
and used the triangle inequality. (5.38): The second term on the right hand side of

(5.37) is estimated using L? stability (4.21) of 7z, and Hélder’s inequality and for the
first term we used the following Poincaré inequality

I = mwlz, S kIwllE g Yo € DPOWN (Thx)) (5.40)

where D Py(N (7j,.x)) is the space of piecewise constant functions on N (7}, ), fol-
lowed by the estimate [[[Bx,x - VVIllF < |Bnx Lo p) I[VVIIF S lllnF-VolllF. (5.39):
The bound (5.31) followed by an inverse estimate to remove the gradient.

Verification of (5.40) For each element T € 7}, ., we shall prove that

I = mywliF S NwlliF, v, (5.41)

Let wr be the constant function on A/(T) such that wr |7 = w|r, then we have
(I —mpwllr = I —mp)(w —wp)lr S llw—wr Iljzvm (5.42)

where we used L2 stability (4.21) of mrj,. Now for any element T’ € N(T) there is
finite chain of elements from T to T that are face neighbors and we clearly have the
estimate

lw —wrlF S ”IwIIE, vy (5.43)

since w — w7 = 0 on 7. Summing over all elements 7’ € N (T), estimate (5.42)
gives
I = mwlir S w = wr iy S AW o, (5.44)

Finally, summing over all T € 7}, ., estimate (5.44) gives the desired estimate (5.40).

Conclusion Finally, summing over the covering sets and using Lemma 5.1 we obtain

Rl = 70) By - Vo, o)l < I0l7, + hlllng - Volli%, (5.45)
S hlvllg, + Rl - VallF, (5.46)
which concludes the proof. O
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Lemma 5.4 There is a constant such that
1Bn - Ve, vllg S hllvllk, + 218 Vo,vlik, +hlllvlE — Yoe Vi (547)

forall h € (0, ho] with hg small enough.

Proof We again consider an arbitrary set 7, , in the covering. Adding and subtracting
Bn.x, that satisfies the estimate (5.31), and using the triangle inequality we get

1B - Vr,ol7, < 1Bnx - Ve, ollZ, 4+ 1Br — Bux) - Vi, vl (5.48)

S (huﬂh,x Vol + h|||v|||2f,lvx) +RVlZ, (549

S (huﬂh,x -Vl + h|||v|||§:h,x) +llvli7; (5.50)

Here we used the following estimates: (5.49): Again using an argument, similar to the
verification of (5.40), we conclude that

lwlZ, | S lwlif +2lwllE,  Yw e DPy(Th) (5.51)

for any T € 7j, . Now taking T = Ty, the element with a large intersection 7 N Iy,
we also have the inverse estimate ||w ||2T¥ < hlw ||%<X since w is constant on 7. (5.50):
Follows directly from the fact that K, € Kh.x.

Summing over the sets in the covering gives

1Bn - Ve, vllg S hllBw - Vvl + Bl + 0% (5.52)
and using Lemma 5.1 we can bound the last term and arrive at
1Br - Ve, vllZ S hllBn - Vryvlik, + Rl + Rlvik, (5.53)
which concludes the proof. O
5.4 Stability estimates
Lemma 5.5 There is a positive constant mq such that
mo(||v||,2Ch +h|||v|||§fh) < Apv.v) YveV, (5.54)
forall h € (0, ho] with hg small enough.
Proof Integrating by parts elementwise over the surface mesh K, we obtain the identity

2(Bn - Vryv, v, = ([ng - Bulv, v)g, — ((Vr, - Br)v, )k, (5.55)
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The first term on the right hand side may be estimated as follows

(e - Bulv. v)g, = e - Bulll ey IVIIZ, (5.56)
SRl (5.57)
< hllvllg, + 21l (5.58)

where we used Holder’s inequality, the assumption (5.32) on fj,, and at last Lemma 5.2.
Thus we arrive at the estimate

(g - Bulv. g, | = Cah (101, + 201, ) (5.59)
We now have

Ap(v,v) = (Bn - Vr,v, )1y, + (@nv, V)1, + (crhlnp - Vvl [nF - Vol g, (5.60)
= ((ap — 27 Ndivr, Bn)v, V)1,
+2 N ([ng - Bulv. v)g, + (crphlng - Vo), [np - Vo)), (5.61)
> inf(e — 2 divr, B lvll,

- 2—‘c*h(||v||,%h + h2|||v|||2ﬂ) +crhllvlll, (5.62)
> inf(ay — 27 'divr, By — 27 Cub) v,
+min(cp — 27 CAORII1F, (5.63)

where we used the identity (5.55), the estimate (5.59), and then we collected the terms.
Thus we find that
ik, +hllng - Volll%, < An(v, v) (5.64)

for cr > 0 and & € (0, ho] with hp small enough. O

Lemma 5.6 There are positive constants m| and mo such that
mih| By - Vr,vlli, —m2An, v) < Ap(v, hmp(By - Vr,v)) v eV, (5.65)

forall h € (0, ho] with hg small enough.

Proof We have

Apu, hp (B - Vr,v) = (Br - Vr,v, hBn - Vr,v),
—(Bn - Vr,v, h(I — 1) (B - Vr,v)i,
I
+(apv, hmp(Br - Vr,v)k,

11
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+.]h (Uv hnh (ﬂ/’l : Vrh U) (566)
111
> hlln - Vryli, =11+ 11+ 111] (5.67)
We now have the estimate
[I+ 11+ 111 <Ci(S +8’])Ah(v, v) + C28h|| By - VFhU”%C,, (5.68)

for § > 0. Thus taking § small enough the desired estimate follows directly by com-
bining (5.67) and (5.68).

Verification of (5.68) The estimate follows by combining the following estimates of
Terms I —I11.

Term I. It holds

[ < 8RBw - Ve, vlik, + 87 AIU = m)Bn - Vv, (5.69)

S 8RBy - Vr,vlik, + 6—1h(||v||,2c,1 + |||v|||§sh) (5.70)

where we used the inequality Cauchy—Schwarz, the arithmetic-geometric mean
inequality with parameter § > 0, and Lemma 5.3.

Term II 1t holds
111 S el e vl Bl (Br - Vi, 0) Ik, (5.71)
S8 ik, + Shlmn(Br - Vo, ik, (5.72)
S8 vk, + 8lmn(Bn - Vr,v)lIF (5.73)
S8 hlvlix, +81Bn - Ve, vliz (5.74)
< 57 vl +n(Ivlk, + 18r - Vi,ulk, +1lvi,) (5.75)
S 67"+ Ohllvllk, + shlllvlli%, + hllBn - Vr,vlk, (5.76)

where we used Holder’s inequality, the arithmetic-geometric mean inequality with
parameter § > 0, the inverse estimate (4.9) to pass from /Cj, to 73, the boundedness
(4.22) of j, on L%(73,), Lemma 5.4, and finally we rearranged the terms.

Term I1I It holds
1111 S hlllvllz, By - Vo), (5.77)
< 87 mlll%, + 8h3llmn(Ba - Vo)III%, (5.78)
< 67 hllill%, + 8h2 1V By - Vo) I, (5.79)
< 87 hlllvllF, +dllmn By - Vo)lIF, (5.80)
S8 Rl + 8118w - VoIl (5.81)
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S8 vl +6h(||v||,2ch +1Bn - Vvl + |||v|||§r,1) (5.82)
Sohlvlik, + 6+ OhlvlE, + 8hlln - Vr,vik, (5.83)

where we used the Cauchy—Schwarz inequality, the arithmetic-geometric mean
inequality with parameter § > 0, the inverse estimate (4.8) to pass from F}, to 7j, an
inverse inequality to remove the gradient, the boundedness (4.22) of 7;, on L3(T3),
Lemma 5.4, and finally we rearranged the terms. O

Proposition 5.1 There is a positive constant ms such that

Ap(v, w)
mallolllh < sup 2 VueV, (5.84)
wevp\(o)  lTwllln

forall h € (0, ho] with hg small enough.

Proof Setting w = v + yhwp(By - Vr,v), for some positive parameter y, we get

An(, w) = Ay (v, v) + Y A, k(B - Vi, v)) (5.85)
> Ap(,v) + ymih| By - Vr,vlli, — ym2An(v, v) (5.86)
= (1 = ym2)Ap(v, v) + ymihl| By - Vi, vll, (5.87)
= (1 — ymy)mo(vlk, + hlllng - Voll%,) + ymihlBy - Vr,vllk,
(5.88)
> i3 |l[vlll; (5.89)

where we used Lemmas 5.5, 5.6, and choose 0 < y small enough. Using the bound
Nwllln < Clllvllia (5.90)

the desired estimate follows with ms = ni3/C.

Verification of (5.90) Using the triangle inequality
v + yhra (B - Ve, 0l S vl + 2 e, By - Vi, )11l (5.91)

where the second term takes the form

lh7n(Bi - Ve, )l = > lmn(Bu - Vi),
+ 03B Ve, (Br - V),
+ B3l (Br - Vel (5.92)
=I+I11+1II (5.93)
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Term I It holds
I =1l (B - Vo), (5.94)
<kl (Br - V)i, (5.95)
S hlBw - Y olg, (5.96)
Sk, + 118k - Veyvllk, + Rl (5.97)

where we used the inverse estimate (4.9) to pass from Kj, to 7, the boundedness
(4.22) of 7, on L2(73), and at last Lemma 5.4.

Term II 1t holds
R \1Bn - Ve, (B - Vo, 0)llx, S 218w - Ve, (B - Vi, v)lI7 (5.98)
S B - Vv, (5.99)
S Bk - Vr,vliz (5.100)

S hllvllg, + 2B - Vo,vlik, +hlllvll%, — (5.101)

where we used the inverse estimate (4.9) to pass from Cj, to 7j, an inverse estimate to
remove the transport derivative, the boundedness (4.22) of m;, on L*(Tp,), and finally
we used Lemma 5.4.

Term III Tt holds
W llmcn B - Ve, )l < K21V B - Ve, 017, (5.102)
S lmn (B - Vo013, (5.103)
S Bk - Y, olg, (5.104)

S hlvllg, + k1B - Vool +hllvlE — (5.105)
where we used the inverse inequality (4.8) to pass from F}, to 7, an inverse estimate

to remove the gradient, the boundedness (4.22) of 7, on Lz(’ﬁl), and finally we used
Lemma 5.4.

Conclusion of verification of (5.90) Combining the estimates of Terms I — 111 we
get

1Az (Bn - Ve, )l S Rllvlik, + 218 - Vr,olik, + AlllvlE S il (5.106)

and therefore, in view of (5.91), we conclude that (5.90) holds. m|

Proposition 5.2 It holds
RVl Sl Yo e Vy (5.107)
forall h € (0, ho] with hg small enough.

@ Springer



124 E. Burman et al.

Proof Using partial integration followed by Cauchy—Schwarz we have

IVr,vll%, = (Vr,v, Vr,v)x, (5.108)
= —(,[ng - Volg, (5.109)
< lvllg, llne - Vvllg, (5.110)

1 11

Term I Using Lemma 5.2 we directly obtain
loig, S h" (10l + R0l ) S h~ i, + il (5.111)
and we conclude that
hllvlig, < Wvllk, + P20, S vl (5.112)

Term II We have the estimates

Itng - Volllz, <A Hing - Vol %, (5.113)
S Mgl (Vo) lF, +h 7 I nE) - [Vl (5.114)
ShRVIE, + R ng) - nplng - VoI, (5.115)
Sh2RVIE, + B g - Vol (5.116)
Sh2 g +h e - Volli%, (5.117)

S h—z(h||v||;2ch + hlllnr - w]||§fh) +h Mg - Voll%, (5.118)

< h (I, + e - 90113, (5.119)

Here we used the inverse inequality (4.7) to pass from &, to Fy, the identity [ab] =
[al(b) + (a)[b], where (a) = (a* 4+ a~)/2 is the average of a discontinuous function,
the fact that the tangent gradient is continuous at a face, the inverse inequality (4.8) to
pass from Fj, to 7j, in the first term and a direct estimate for the second, Lemma 5.1
for the first term, and finally we collected the terms. We conclude that

h (g - Volllg, S vl (5.120)

Conclusion Combining (5.110) with the estimates (5.112) and (5.120) we obtain
W (Vrlig, S hlvlig, ke - Veolliz, S vl (5.121)
which concludes the proof. O
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6 Error estimates
6.1 Assumptions on the coefficients for the error estimates

In addition to the assumptions on the coefficients used in the stability estimates, see
Sect. 5.2, we here formulate further assumptions needed in the error analysis. In
Sect. 6.4 we verify these assumptions.

Assumption Let 8, ay, and fj, be elementwise linear polynomial approximations of
|B|B~'B, | Bl and | B| f. Assume that there are constants such that

I1BIB™'B = Bull ook, < Cph?, 6.1)
l1Ble — aplle i,y < Cuh?, (6.2)
IBIf — fallLeowc,) < Crh? (6.3)
6.2 Strang’s Lemma
Define the forms
a(,w) = (B-Vrv,w)r + (av, w)r, I(v) =(f,vr (6.4)

Then the exact solution u to the convection problem (2.3), see Proposition 2.1, satisfies
a(u,v) =1v) Vve L) (6.5)

We then have the following Strang Lemma.

Lemma 6.1 Let u be the solution to (2.3), uj, the finite element approximation defined
by (3.6), then the following estimate holds

3/2
€ — wnllln S 2l g2y

a((mpu®)’, vy — ap(mpul, v)

+ sup
veVR\0 lvllln
1) = 1 (v
+ sup (v') : 1 (V) 6.6)
vevino VK

Remark 6.1 We return to the construction of S, that satisfies (6.2) in the following
section. In fact, we will see that we need a stronger assumption on fj in order to
guarantee optimal order convergence.

Proof Adding and subtracting an interpolant 7,1, and then using the triangle inequal-
ity we obtain

Mu® — unllln < Ille — 7aullln + llwnu® — unllln (6.7)
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S Bl gaery + lmnu — unllln (6.8)

where we used the interpolation estimate (4.26) to estimate the first term. Proceeding
with the second term we employ the inf-sup estimate in Proposition 5.1 to get the

bound A )
rtp — uUp, v
Mmpul —upllln < sup ——— (6.9)
veVy\{0) Hvlllx

Adding and subtracting the exact solution, and using Galerkin orthogonality (3.6) the
numerator may be written in the following form

Ap(mpu’ —up, v) = Ap(mpu’, v) — 1 (V) (6.10)
= Ap(mpu’, v) — a((Gru®), v

+a((pu) = u, v + 10" = [ (v) (6.11)

= ap(mpu’, v) — a((pu)’, v') + j (T, v)

1 11
+ a((rpu®) — u, v + 1) — I, (v) (6.12)
111 1V

=1 +I11+1I1+1V (6.13)

Here terms [ and IV gives rise to the second and third terms on the right hand side in
(6.6) and 11 and 111 can be estimated as follows

(LI + LTS P2 ull gy ol (6.14)

which together with (6.9) yields (6.6). It remains to verify (6.14).

Term II This term is immediately estimated using (4.27) as follows

11| = |jn(rpu’ — u’, v)| (6.15)
< hlllpul — ulll g vl 7, (6.16)
S ull g2y llvlla (6.17)

Term 111 Using Green’s formula and changing domain of integration from I" to I'j, we
obtain

a((mpu®) —u, vy = (B - Vr((mpu®) — u), v)r

+ (@ ((rpu®) —u), vhr (6.18)
= —((mpu®) —u, B - Vroh)r

+ (e — dive B) ((mpu®)! — u), v)r (6.19)
=1L+ 1] (6.20)

@ Springer



Stabilized CutFEM for the convection problem on surfaces 127

Changing domain of integration from I to I'j, and using the identity (4.15) we obtain

111 = —((mpu®) —u, B - Vroh)r 6.21)
= —(mpu® —u®,|B|p - B~ Vr,v)r, (6.22)
= —(mpu® —u, |B|B~'B - Vr,v)r, (6.23)
= —(mpu’® —u®, By - Vr,v)r,
— (mpu —u®, (IBIB~'B— B1) - Vr,v)r, (6.24)
< lmpu® —u®llr, lI1Br - Vr,vlr,
+ llrpu’ — ul I, 11BIB™' B = Bull o I Vi vlir, (6.25)
= % (6.26)

where we added and subtracted B, and used the Cauchy—Schwarz inequality. Next
using an inverse estimate followed by Lemma 5.1 we obtain

IVrvli, S B IVIE, S A Ivlg, S A7 (i, + Rz S A
(6.27)
and using the interpolation estimate (4.25) and assumption (6.1) we have
* S h Y2l — ullle, k2B - Vvl

Sl 2 Sl

+ llmaul — ulir, 11BIB™'B — Bulloery Bl (6.28)
Sl 2 ey <cph?

< W32+ Cgh® ) ull g2y M 1l (6.29)

To estimate /1 I; we change domain of integration from I" to I'j, and use the inter-
polation estimate

111 = ((@ — divp B)°|B|(mpu’ — u®), v)r, (6.30)
S lla = dive Bl ey llmpu® — uliv, v, (6.31)
S PPull g2y vl (6.32)

Together the bounds (6.29) and (6.32) give the desired estimate
(1T S WPl gy vl (6.33)
O
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6.3 Quadrature error estimates
Lemma 6.2 If (6.1-6.3) hold then

la((rpu), v') — an((rput), v)| < (Cp + Ca)h* ull iy llwllln Yo € Vi (6.34)
L") — ()| S Crh?|vllr, Yv eV, (6.35)

Proof Changing domain of integration to I'j, and using the identity (4.15) for the
tangential derivative of a lifted function we obtain

(B - Vr(mu®), wh e = (B - Vi, (), wi,

= (IBI(B - Vr (pu®))* — B - (Vr, (mpu)), w)ic, (6.36)
= (IBI(B - B~TVr, (muu))® — By - Vr, (), )k, (6.37)
= ((IBIB™'B = Bp) - Vi, (mau®), w)K, (6.38)
= IBIB™'B — Bull oo IV, (rau) N1, 1wl c, (6.39)
= 1BIB™'B — Bull oo lluell 1.y I, (6.40)

where at last we used the H' stability of the interpolant to conclude that

IV, Gonu)lg, S B Ve, au) g, S IVel, S lulljpg, (641

Using the same approach and (6.2) we have

@) V) — (@n (). v)ic, | = 1((Ble” — o) rau), v)c, | (642)
< 1IBla® — anll ooy llauc lic, v,

(6.43)

S Bl — ooy lulrliviig, (6.44)

< W2 ullrllvlll (6.45)

which together with (6.40) yield (6.34).
Finally, (6.35) follows using (6.3),

1 v = Ui v, | = 1UBLSS = fins v)i | (6.46)
< WBLSC = fullzey Il (6:47)

<h ik, (6.48)

O

Remark 6.2 Note that the fact that 7,u¢ and (7r,u®)! appear in the first slots in the
bilinear forms in (6.34) is crucial since we get L2 control over the full tangent gradient
Vr, (pu), ie. | Vr, (mau)lir, S llull g1, using stability of the interpolant, while
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the corresponding control of the discrete solution u;, provided by Proposition 5.2 is
A C e . .
only 234V, unllic, < Nunllln < supyey, 26802 < | fi |, indicating a higher

e vl
demand on the accuracy of 8, in order to achieve optimal order of convergence.

Remark 6.3 Note that we do not have to take |B| into account in (6.1-6.3) since
[|B| — 1| ~ h2. Thus we could instead use the simplified assumptions

IB7'B—Bullreuc, S B2 lla—anllege,) S ILf — fullieoae,) S h* (6.49)

Furthermore, B~! = Pr, Pr + O(hz), see (4.12) in [17], and thus we may simplify
the assumption on S even further and assume that

I Pr, B — Bullooic,) S h? (6.50)

Remark 6.4 The mapping 8 — |B|B~'B is in fact a Piola mapping which maps
tangent vectors on I" onto tangent vectors on I'j.

6.4 Construction of the discrete coefficients

Here we provide a concrete construction of coefficients that satisfy our assumptions.
In order to handle the fact that a surface element K € K can be arbitrarily small
and is not in general shape regular we interpolate the coefficients over a larger shape
regular triangle K. More precisely, given K € K, we may construct a shape regular
triangle K in the hyperplane defined by K such that K C K and diam(K ) < h. We
can then define

Bn=TnPxp° € PIK),  Bulx = Bulx (6.51)
where P is the tangent projection associated with K and Ih is the linear Lagrange

interpolant associated with the triangle K. Assuming that 8 € C?(I') we have

1Pk B — Bullwyxy S NI — In) P Bl (&) < hZ_mHﬂHWgo(El), m=0,1
(6.52)
since Pk is constant. Similar constructions can be done for «;, and fj,.

Lemma 6.3 Assuming that B, o, f are all in C3(D), Bn, an, and fy, satisfy all the
assumptions (5.31), (5.30-5.32), needed for the stability analysis, and the assumptions
(6.1-6.3) needed in the quadrature error estimates, for all h € (0, ho] with ho small
enough.

Proof (5.30). Adding and subtracting (o — %divr B)¢ we obtain

ld' B = ( ld' B)*
— —di = (a — =div
B VI, Ph o ) r
1
+oap —af — E(diVFhlgh — (divpB)©) (6.53)

1
> o — —=di
za—3 ivrf
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1 . .
— llop — a®lloo(ry,) — Elllerhﬁh — (divr B)°llLoory,)  (6.54)
> Cy — Cah (6.55)

where we used (2.4) and the bounds
lan — alloeryy < A%, lIdive, Br — (diveB)ell ey < b (6.56)
To verify the second bound in (6.56) we first note that
divp, B¢ = divr, (Pr, B + np(np - B)) = divr, (Pr, B°) (6.57)
which holds since divr, (ny (nj, - ) = (nj, - B)tr(ny, @ Vr,) +ny - Vr, (ny, - ) = 0
and we used the facts that nj, is piecewise constant and orthogonal to Vr, (1, - B°).

Next subtracting divr, (Pr, 8¢) and adding divr, B¢ and using the triangle inequality
we obtain

Idivy, Br — (divr B)°|l Lo (ry,) = lldivr, B — divr, (Pr, B | Loy
+ ||divr, B¢ — (divrB)¢ Il L (ry) (6.58)

—I+11 (6.59)
Term I For K € Kj,,

ldivr, By — divr, Pr, B¢l L= k) = ||dinh((1~h — D) Pr, B) |l L=(k) (6.60)

SIn — DPr, B @ Vi, ey (6.61)

S h”ﬂ”wgc([?l) (6.62)

where we used (6.52).
Term II Using the definition of the surface divergence operators we have
lIdivr, B¢ — (divr B)¢|lLoor,) = [Itr(B° ® Vr,) — (tr(B ® Vr)llLery,)  (6.63)

= [tr(B ® VrB) —tr(B ® Vr)°llLoo(ry) (6.64)
= ltr(BTVr ® B) — tr(Vr ® B)°llLo,)  (6.65)

SIBT"VE® B — (Vi @ B Il (6.66)
=|B"Vr ® B — PrVr ® Bl (6.67)
= (B — Pr)Vr ® Bl (6.68)
< hlBllw, (6.69)

Here, for x € 'y, we interpret Pr as an operator
Pr: Tpoy(RY) 3 & > (Pr|pwé)° € Te(R?) (6.70)
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i.e. the operator that first projects onto the tangent plane 7),(,)(I") and then translates
the tangent vector to a vector at x. We also recall that the transpose of B is an operator
BT : Ty () 3 & > BTE € T (I'y) C T (R?). Thus we can write

B®Vr)=BQVrPr (6.71)
We then have the identities
B" — Pr = Pr,(I — pH)Pr — Pp 6.72)
= (Pr, — Pr)Pr — pPr,HPr (6.73)
= (Qr — Or,)Pr — pPr,HPr (6.74)
= —np @ (Pr(np —np)) — pPr,HPr (6.75)

where Or =1 — Pr and Qr, = I — Pr,. We thus have the estimate

IBT — Prllpeo,) < lnn ® (Pr(ng —m)llzewy) + 1o Pry HPr |l Lo, (6.76)
< |lnp — nllLeeyy + llollLoe @y IH I Lo (ry) (6.77)
Sh+h? (6.78)

where we at last used (3.1) and (4.12).
(5.31). Adding and subtracting Pr, ¢ we have

1Bn = BuxllLoogc,o < 1Bn — Pry,BCllLeeicy ) + 1Py B — BuxllLeuc,,y (6.79)
< 1Bn = Pr, Bk, ) + 1Py, — Pr)BClILoe (k)0

+ 1B = Brxllec, o (6.80)

<h>+h+h (6.81)

where we used (6.52) to estimate the first term on the right hand side of (6.80) and
for the second term we used the fact that 8 = Pr S since S is tangential, and the third
term is estimated using Taylor’s formula.

(5.32). Splitting the jump by adding and subtracting 8 we get

Ine - BulllLeey < l(ne - (B — BN T Il (k)
+ (g - Br — B)) ey + lnel - BllreE)  (6.82)
— [ II+111 (6.83)

Terms I and 11 We consider [ since these terms are of the same form. Using the fact
that n'},:' is a tangent vector to K and definition of 8;, we obtain

Ink - (B = B) ey = Ing - (B — Pg+B) k) (6.84)
<8 — Px+B°llL=(E) (6.85)
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= |(Tn = D) P+ Bl oo+ (6.86)
<2 —

S 1Bly, 5, (6.87)
Term III Since f is a smooth tangent vector field on I we have

[ng - B1=I[nel- B¢ =Ingl -ty ltg - B¢ (6.88)

where tg € Tpx)(I') is the unit tangent vector at p(x) to the exact surface that is
orthogonal to edge E. Thus it remains to estimate [ng] - t7,. We have the identity

[ngl- 15 = (nk1x eg) - (n x ep) = [ng1-n~h* (6.89)
where eg is the unit vector along E directed in such a way that ng+ X eg = njg,
ng =nplg ,[nx] =ng+ —ng-, and we used the identity n - n, = 1 + O (h?).

(6.1-6.3). We obtain (6.1) by combining Remark 6.3 and (6.52). (6.2-6.3) follows in
the same way. O

6.5 Error estimates

Theorem 6.1 Let u be the solution to (2.3) and uy, the finite element approximation
defined by (3.6), then the following estimate holds

Mu® = wnllln S B2 ull g2y + (Cp + Codh* Nl iy + C b (6.90)
forall h € (0, ho] with hg small enough.
Proof Adding and subtracting an interpolant
Mu® —unllln < Mllu® — maullln + Wwau® — upllln (6.91)
Here the first term is estimated using the interpolation error estimate (4.28) and for the

second we apply the Strang Lemma 6.1 together with the quadrature error estimates
in Lemma 6.2. O

Theorem 6.2 Let u be the solution to (2.3) and uy, the finite element approximation
defined by (3.6), then the following estimate holds

IV, € = up)llic, S0 ull g2y + (Cp + COR™Hlull gy + Crh>* (6.92)

forall h € (0, ho] with hg small enough.

Proof We have the estimates

IV, = un)llic, S IV, @ — mpu) i, + IV, (Taul — un)lx, (6.93)
SANVE, W = mpu) i, +h ™ llmnus — upllln (6.94)
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2 ¢ —3/4
SV, @ — mpu) i, +h 3 llmus — ulllln

+ B3 — unllln (6.95)

S hllull go oy + 03403 ull g2y (6.96)
+h WP ull g2y 4+ (Cp + C)R? ull g1y + Cph®)
(6.97)

< E ¥ ull oy + (Cp + Cdl™ el gy + Crh%* - (6.98)

Here we added and subtracted an interpolant and used the triangle inequality, used
the stability estimate in Proposition 5.2, added and subtracted an interpolant in the
second term and used the triangle inequality, used interpolation error estimates (4.25)
and (4.28) to estimate the first and the second term and finally Theorem 6.1 to estimate
the third term, which conclude the proof of the desired estimate. O

Remark 6.5 We note that these two error estimates are completely analogous to the
estimates obtained in [3] for the corresponding method on standard triangular meshes
in the plane.

7 Condition number estimate

Let {¢;} ,N: | be the standard piecewise linear basis functions associated with the nodes
in 7, and let A be the stiffness matrix with elements a;; = A (¢;, ¢;). We recall that
the condition number is defined by

kn(A) == |Algn | A gy (7.1)

Using the ideas introduced in [6], we may prove the following bound on the condition
number of the matrix.

Theorem 7.1 The condition number of the stiffness matrix A satisfies the estimate
kn(A) Sh™? (7.2)

forall h € (0, ho] with hg small enough.
Proof First we note that if v = vazl Vigi and {g;};_, is the usual nodal basis on Th
then the following well known estimates hold

ch™Plvllg, < IVIpy < Ch= |l (7.3)
It follows from the definition (7.1) of the condition number that we need to estimate
| Ay and | A~ pw.
Estimate of | Algry We have

W, AV
|AVIgy = sup W, AVign (7.4)
WeRN\0 |Wlgny
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A ’
= sup M (7.5)
wev\o | Wirn
S hA2|V | (7.6)

Here we used the following continuity of A (-, -)

An, w) S 1By - Vol Il + Bllvllz vl .7
12, 172

< (RBn - vl + hlllos, ) (i, + Allwii, ) 78)

ShV Iy | W gy (7.9)

In the last step we used the estimates

hlIBw - Vol + RlllvllE, S 1Bk - Vo,vlg + IVl3,
Sh2lg SOV IRy (7.10)

where we used the inverse estimates (4.9) and (4.8) to pass from K, and Fj, to 7y, an
inverse estimate to remove the gradient, and finally the equivalence (7.3); and

—1 2 2 -2 2 2 -2 2 d—2 1712
W wld, +rllwlliE, S 2 wld + 1VwliE < a2 wld < AW,

(7.11)
where we used the same sequence of estimates. It follows that
|Algy < h472 (7.12)
Estimate of | A~ |rv We note that using (7.3) and Lemma 5.1 we have
W Vigy S vl S h(nvu%ch + |||v|||2f,l) < ol (7.13)

where in the last step we used the fact that 7 € (0, ho] and the definition (4.4) of
Il - llln- Starting from (7.13) and using the inf-sup condition (5.84) we obtain

Ano,
Viey <420l S 42 sup 2RO (7.14)
wevp\o)  wllln

5 sup hfd/z |-AV|]RN|W|]RN

ShAVigy  (7.15)
WeRN\(0) W2 |W gy :

Here we used (7.13), h%2|Wgn < [[lw]||n, to replace |||w]||; by h¥/?|W|gn in the
denominator. Setting V = A 1X, X e RN , we obtain
A gy S (7.16)

Conclusion The claim follows by using the bounds (7.12) and (7.16) in the definition
(7.1). O
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Fig. 1 The vector field 8 on the torus
0.5
-0.5
Fig.2 The triangulation of 'y, for » = 0.2

Hl2 _RYyHI/Z _p withR =1

+((x2 +y

We consider an example where the surface I is a torus given by the zero level set of
2

the the signed distance function p = (z

Fig.3 The solution uy for h = 0.2
8 Numerical results
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Error

107 107" 10°

Fig. 4 Convergence of uy,. Circles represent the error measured in the L2 norm (lu® —uplxc h) and stars
represent the error in the energy norm (|[|u® — uy|||). The dashed lines are proportional to h? and h3/2

10’

[V, (u® = un) I,

107 107 10
Fig.5 Convergence of | Vr, W€ —up)|| Kp- The dashed line is proportional to n3/4
andr = 1/2. We choose o = 1,

2 3
B = Pr(x“yz,x,yz")

and f such that the exact solution is

u=(0.5x+ (x —1)2+05y + (y — 1)e*&=D=r0=1)
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10°

L>°-error

10-6 2 1 0
10° 10° 10
h
Fig.6 Convergence of ||u® — uy, l Loo(xc,)- The dashed line is y = n?
10°
10°}
10} 1
3
10 ‘
107 107 10’

Fig.7 The condition number of the matrix versus mesh size. The dashed lines are proportional to h~!and
h72

The vector field g is shown in Fig. 1. A structured mesh 7y j, consisting of tetrahedra
on the domain [—1.6, 1.6] x [—1.6, 1.6] x [—0.6, 0.6] is generated independently of
the position of the torus. The mesh size parameter is defined as & = hy = hy = h;. An
approximate distance function pj, is constructed using the nodal interpolant 750 on
the background mesh and I'j, is the zero levelset of p;, and nj, is the piecewise constant
unit normal to I'j,. The triangulation of I', is shown in Fig. 2. We use the proposed
method with the stabilization parameter chosen as cr = 1072, A direct solver was
used to solve the linear systems. The solution uj, for & = 0.2 is shown in Fig. 3.
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8.1 Convergence study

We compare our approximation u; with the exact solution u given in Eq. (8.2). The
convergence of iy, in the L?-norm and the energy norm are shown in Fig. 4. We observe
second order convergence in the L?-norm and as expected a convergence order of 1.5
in the energy norm. The error in the gradient || Vr, (u® — up)| x, versus mesh size is
shown in Fig. 5 and the observed convergence order is slightly better than 3 /4 for the
finest meshes. Our analysis does not cover the L°°-convergence but in Fig. 6 we show
the L*-errors versus mesh size and observe around second order convergence.

8.2 Condition number study

We compute the condition number of the stiffness matrix for a sequence of uniformly
refined meshes and different values of the stabilization parameter cr. We find that
the asymptotic behavior as the meshsize tend to zero is O (h~2) as expected from the
analysis, while on coarser meshes for larger values of cr the behavior is closer to
O(h™"), see Fig. 7.
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