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Für meine Eltern...

Abstract
Cell polarity is a fundamental phenomenon underlying processes such as asymmetric cell division, tissue homeostasis and directed cell migration. In metazoans, the
conserved PAR (-titioning defective) protein network polarizes cells with different
shapes and sizes. Here, I investigate whether cell size influences the polarity pattern
set up by the PARs.
PAR polarity is typically achieved by localizing different sets of antagonizing
proteins to opposing membrane domains. Antagonism ensures that mixing of the
two species is restricted to a region between the two domains. Theoretically, this can
be described using reaction-diffusion models, in which abstract biochemical agents
are able to exchange between membrane and cytosol, and are subjected to cytosolic
and membrane diffusion. Under suitable conditions, their interactions give rise to a
stable pattern.
In such a system, the interplay between diffusion and reaction rates determines
the pattern by setting key length scales, for example, the extent of the boundary
region between the two opposing domains.
Using computer simulations, I first show that current reaction-diffusion models
fail to adapt such pattern length scales to cell size. Second, this results in pattern
breakdown below a certain minimum size, producing completely uniform protein
distributions across the membrane. We term this size critical polarizable system size
(CPSS).
To test the first prediction - failure to adapt to cell size - I measured kinetic
parameters and the resulting pattern length scales in differently sized cells, using the
early C. elegans embryo as a model. The results suggest a moderate, if any, adaptation
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to cell size, prompting me to examine the second prediction - failure to maintain
polarity at small sizes.
By combining novel computational methods for 3D membrane reconstruction
with cell size mutants, I then show that small cells are indeed unable to maintain
polarity, thus establishing a lower size limit for polarity in vivo.

Impact statement
Cell polarity plays a key role in establishing a cellular sense of direction. To this end,
a common strategy in many biological systems is to set up two distinct membrane
domains. Across the animal kingdom, PAR proteins play a key role in establishing
and maintaining cell polarity in cell types of varying size and shape.
In this work I investigated whether the polar pattern established by PAR proteins in the C. elegans zygote can adapt to cell size. This question was initially
triggered by reaction-diffusion models, a mathematical description heavily used to
explain patterning phenomena in biology and elsewhere.
These models often exhibit a critical dependence on system size. Thus, a model
that works for one cell type might not work for another, differently sized cell type,
unless ways have evolved to adapt the protein network to system size.
My work suggests that PAR polarity only exhibits a limited, if any, adaptability
to cell size. Using theoretical modelling based on in vivo measurements, I showed
that this results in a size threshold such that cells below a critical size cannot maintain
a polarized membrane pattern. I then used an embryonic cell lineage to confirm
these results in vivo.
Together with other work from our lab, this suggests a fundamental influence
of cell size on whether cell-autonomous patterning is possible in a given biological
system. While this is the first time such a limit has been shown in vivo, quantitative
work in other model organisms does not contradict but rather strengthens our
hypothesis. My work also lends further support to the general idea of using reactiondiffusion systems to describe intracellular patterning.
While, from a theoretical, evolutionary and developmental point of view a

lower size limit to patterning mechanisms is intriguing, in practice this work can
influence for example in vitro reconstitution experiments that are trying to rebuild
and improve upon biological systems and have to take into account fundamental
physical limits.
During this project, I established several new techniques in the lab, including
single-molecule imaging and analysis, and a code base for efficient cell membrane
segmentation and 3D analysis of protein distributions. These are currently being
put to use and will continue to be employed within the lab. Upon publication of my
work the software will be made open source, which will significantly reduce set-up
time for labs undertaking similar projects in the future.
As a first step towards making these techniques more available to the scientific
community, I spent several weeks at the University of Santa Barbara, California,
teaching other PhD students and postdocs how to perform C. elegans single-molecule
experiments and analysis in the context of a summer school on quantitative biology.
Furthermore, I have been part of several projects that attempted to convey the
scientific ideas investigated in our lab to the general public and in particular to the
next generation of potential scientists.
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Chapter 1
Introduction
In a large textbook of zoology before me I find no indication that the eagle is
larger than the sparrow, or the hippopotamus bigger than the hare, though some
grudging admissions are made in the case of the mouse and the whale. [...] For
every type of animal there is a most convenient size, and a large change in size
inevitably carries with it a change of form.
- J. B. S. Haldane, On Being the Right Size (1926)
How patterns take shape in nature has been an important question ever since
the beginnings of science and even before then in philosophical and religious debates
(Balaguer 2016). Patterns give structure to a world that would otherwise be quite
boring (whether or not a uniform world could be called patterned shall be left to the
philosophers).
Intimately related to the question of patterning is the one about size: mechanisms to support patterning on one length scale might be very different from the
ones needed to support a similar pattern on a different scale (Haldane 1926).
Patterns are of such abundance in our world that we often fail to see them, which
is in part also due to the fact that in nature patterns are mostly only approximate. For
example, no two leaves are the same, even if they belong to the same tree. However,
they are all strikingly similar. Those similarities make them function in the same,
predictable way.
It was by combining careful observation of such natural phenomena with fascinating mathematical ideas as well as concepts from physics that the first modern
research in pattern formation was carried out. In this way, studying patterns has
always been an interdisciplinary science, which can partly explain why apart from
some early pioneers (D’Arcy Thompson, Turing 1952), work on patterning processes
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Figure 1.1: Transients of pattern establishment in a Turing system.
(A) Initially the system is macroscopically uniform with only microscopic concentration fluctuations.
(B) Microscopic fluctuations are amplified. (C) A macroscopic pattern is emerging, the typical spacing
becomes visible. (D) Fully established pattern with regular spacing between peaks of activation.
High activator concentration in red, low in green. Pattern created using ’Ready’ software (Hutton
et al. n.d.).

in biology has only started to receive more widespread attention in the past few
decades. Interestingly, similar mathematical approaches can be used to describe animate and inanimate patterns, emphasising the power of these tools. Early examples
of inanimate phenomena are mostly found in the field of fluid dynamics, e.g. work
by Russell, Navier and Stokes in the mid-19th century on the regularity of water
waves (e.g. Stokes Mathematical and physical papers Vol 1) or Rayleigh-Bénard
convection, the effect by which a thin fluid layer between two plates of different
temperatures forms a pattern of regular cells1 . Problems of this kind are still the
focus of intense research today from both, an experimental and theoretical point of
view. In fact, whether the Navier-Stokes equation, which describes flow of a viscous
fluid, always has a well-defined solution is considered one of the most fundamental
problems in modern-day mathematics - important enough to be part of the seven
Millenium Prize problems of the Clay mathematics institute.
Another ’wave-like’ patterning phenomenon that captured scientific interest in
the earlier days of the field were sand dunes, studied experimentally on a large scale
by Ralph Bagnold, first in the Libyan desert prior to World War II and later using
a more controlled wind tunnel in England. The regularity seen in these patterns
(height of waves, spacing between dunes, etc.) have analogues also in living matter,
even though the mathematical parallels were only appreciated later.
At approximately the same time as Bagnold worked on dunes, Alan Turing
published his extraordinary paper ’The chemical basis of morphogenesis’ (1952)
which is seen by many as the foundation of modern day patterning research in
1 The often performed kitchen-experiment in which oil is heated up in a pan and thus open to
air from the top, forms a similar pattern, however, this phenomenon is called Bénard-Marangoni
convection and is dominated by effects of surface tension.
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Figure 1.2: Establishment of a stripe pattern in P. semicirculatus.
Since publication of this work in 1995, the mechanism of patterning in this system has been found to
be more complicated. (A-C) Growth of Pomacanthus semicirculatus and concurrent establishment
of pigment stripes. (D) Increasing system size allows for formation of more stripes in simulations.
Adapted from Kondo and Asai 1995.

biology. Turing’s idea was compelling: he showed that the only ingredients needed
to form a pattern from an unstructured and noisy environment are two chemicals
that react with each other in a specific way and exhibit differential diffusion kinetics
(see section 1.1.2 and fig. 1.1). This feat was particularly impressive given that
by 1952 the structure of DNA and the central dogma of biology, which states that
DNA is transcribed to RNA which is translated to protein, had not been established
(Watson 1953; Crick 1958).
In the 1970s, with the help of more modern computers, Alfred Gierer and
Hans Meinhardt, who were initially unaware of Turing’s work, systematized and
generalized his theory (Gierer and Meinhardt 1972; Gordon et al. 2006). They also
suggested the existence of ’pre-patterns’ that would be able to reliably initiate growth
of a particular principal pattern. Additionally, they raised a simple idea of how
approximate scaling of a pattern to system size could be reached, which can be an
attractive property in biological systems (Werner et al. 2015).
Even though the theoretical foundations had been laid between the 1950s and
1970s, experimental evidence remained scarce until much later. An early example
of a biological pattern described convincingly by using a Turing-like system, was
stripe formation in Pomacanthus semicirculatus (fig. 1.2). However, this work also
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highlights a pitfall in using reaction-diffusion models to explain patterns in nature:
there is no one-to-one relationship between a reaction-diffusion system and the
pattern it results in. One network can produce multiple patterns and one pattern can
arise from multiple networks (also see section 1.2). Consequently, since publication
of the original work, the picture of stripe formation has changed substantially, even
though the problem appeared to have been solved (Watanabe and Kondo 2015).
Other, more recent work has implicated a Turing-like mechanism in limb development (Raspopovic et al. 2014). This work is particularly remarkable, because the
key molecular players were found and the system’s adaptation to perturbation was
correctly predicted, a necessity to try and avoid the afore-mentioned ambiguity.
Many of the parallels between biological or chemical systems and the corresponding work in fluid dynamics and its connection to deterministic chaos have
been drawn out by Michael Cross and Pierre Hohenberg in their monumental piece
of work ’Pattern formation outside of equilibrium’ (Cross and Hohenberg 1993).
With the advance of microscopy techniques towards the end of the 20th century,
patterns on ever smaller length scales became accessible experimentally. In particular, observation of intracellular patterning was very limited before the advent of
fluorescent protein-labelling techniques, more specifically, the first reported cloning
of green fluorescent protein (GFP) (Prasher et al. 1992) and the following host of
applications found in biological imaging.
Other milestones include the invention of fluorescence recovery after photobleaching (FRAP) and fluorescence correlation spectroscopy (FCS) (Axelrod et al.
1976; Magde et al. 1972) in the 1970s. However, use in biological system was limited
until the discovery of GFP and new labelling techniques allowed live cell imaging.

1.1

Patterning based on reaction-diffusion mechanisms

While there is still a debate about which systems are truly Turing-like from a mathematical point of view (Halatek et al. 2018), there is no doubt that both his notion of
a morphogen specifying fate, as well as the general concept of a reaction-diffusion
system have been highly influential on the field of pattern formation in general and
in particular on biology (Cross and Hohenberg 1993). In the following, I will briefly
review key concepts and two specific intracellular patterning mechanisms that have
been proposed to account for cell polarity within the last decade.
Cell polarity is the phenomenon whereby cells create biochemically distinct,
opposing regions within themselves. For example, this can be achieved by accu-
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mulating a particular protein in one region. In this case the polarity axis is defined
between the regions of high and low concentrations. An example for such a mechanism is found in budding yeast (Saccharomyces cerevisiae), where Cdc42 accumulates
either at the bud scar, or in the case of certain mutations at a random location within
the cell, thus defining an axis of polarity (Chant and Herskowitz 1991; Johnson 1999).
Alternatively, direction can be specified by two opposing membrane regions,
each occupied by different protein species, as is the case with PAR (partitioningdefective) proteins in animals (Goldstein and Macara 2007; Johnston 2018).
The theories reviewed here are by no means exhaustive, omitting, for example,
a detailed description of LEGI (local-excitation-global-inhibition, Levchenko and
Iglesias 2002) and more generally patterning mechanisms in tissues, apart from
Turing’s original work. I will instead focus on the concepts necessary to understand
current models for PAR polarity, such as mass action, differential diffusion and the
notion and consequences of limiting protein pools.

1.1.1

Rate equations and the law of mass action

Much of the mathematical modelling in biological systems is based on rate equations,
which describe at what rate biochemical reactions take place. They can be derived
from the law of mass action, which was found during the second half of the 19th
century by Cato Maximilian Guldberg and Peter Waage (Waage and Guldberg 1864)
and was independently rediscovered by Jacobus Henricus van’t Hoff in 1877 (van
’t Hoff 1877). The relationship between reactant concentrations and reaction rates
which is stated here, cannot perfectly reflect the biochemistry but represents a useful
approximation. More specifically, the rates measured in biophysical experiments
are not usually elementary reactions (one chemical directly reacting with a second
chemical without intermediate steps), but some average of a more complicated
reaction pathway.
The order of a reaction depends on how many of the reacting species are
concentration-limited. The case where none of the species are limiting, but some
external factor like a catalyst is needed to drive the reaction, is said to be of zeroth
order, resulting in a constant production of the product (depending only on the
external factor and therefore being constant)
k

0/ −
→C
When one of the reactants is limiting, i.e. used up during the reaction, e.g. if the
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amount of A is finite in
A→C ,
the change in total reaction rate (how many molecules react per second) follows
dA(t)
= −kA(t)
dt
and, as C is produced when A is destroyed
dC(t)
= +kA(t) .
dt
This is called a first order reaction and is mathematically equivalent to a simple
(radioactive) decay process, for which it is obvious that the more material there is,
the more likely some of it will decay during a given period of time.
This can be generalized to higher order reactions, e.g.
k

A+B −
→C .
resulting in
dA(t)
= −kA(t)B(t)
dt
dB(t)
= −kA(t)B(t)
dt
dC(t)
= +kA(t)B(t) .
dt
Similar kinetics are thought to also apply for molecules exchanging between
a membrane-bound and a cytoplasmic state in living cells: during a molecule’s
collision with the plasma membrane there is a certain probability of the molecule
binding to the membrane, which is represented again by a rate constant. Similarly,
molecules already bound to the membrane can randomly detach over time, resulting
in a first order reaction (also see sections 1.1.3 and 1.1.4).

1.1.2 Turing patterns
In his 1952 paper, Alan Turing proposed a model for morphogenesis in a ring of
cells or a ’continuous ring of tissue’ (§7 in his paper). The mechanism he devised
was able to break symmetry from microscopic stochastic fluctuations and give rise
to a macroscopic pattern (Turing 1952, see fig. 1.1 for a 2D version). Using only
linear stability analysis (see Box) and very early computational methods he showed
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Linear stability analysis tries to predict whether a pattern can emerge from
a uniform state when a small perturbation is applied. The system of reactiondiffusion equations, e.g.
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u0

u(x)

small perturbation

λ>0

u0

∂ ui (x,t)
∂ 2 ui (x,t)
u(x)
= Di
+ f (u1 (x,t), ..., ui (x,t))
∂t
∂x
is linearised, meaning that the equations are now simpler but only valid
for small changes around the steady
state:

x

λ<0
u0

u(x)
x

x

L

∂ ui (x,t)
∂ 2 ui (x,t)
= Di
+ai1 u1 (x,t)+· · ·+ai j ui (x,t))
∂t
∂x
A (general) Ansatz, e.g.
ui (t, x) = ui,0 ∗ eλit+iqi x
for the perturbation is introduced, which leads to an eigenvalue problem. By
solving this, values of q and λ are identified for which the Ansatz solves the
equations. For each q (a so-called ’mode’) it depends on the corresponding value
of λ whether the mode can grow (if lambda is positive) or whether it decays.
The values q for which lambda is positive need to be able to fit the boundary
conditions posed for the problem, which is only true for the subset
qn =

2π n
.
L

Thus, system size partly determines whether a pattern can form for a given set
of reaction-diffusion parameters. For example, if system size is too small, all
of the values q derived from the linear stability analysis (LSA) might be too
small to fit inside the system, which makes every perturbation decay. Thus
the system would simply be too small for a pattern so emerge via this type of
mechanism. Interestingly, diffusion is the only spatial effect in this type of system,
thus rescaling diffusion coefficients can always rescue a change in system size
(Jilkine and Edelstein-Keshet 2011). Note, that linear stability analysis is only valid
for small perturbations and can thus not predict the shape of the final pattern.

that a system of two interacting chemicals can give rise to interesting patterning
phenomena, provided certain parameter relationships are met (see below for details).
On the one hand, Turing made many assumptions which are still regarded as
valid, like diffusible proteins (which he called ’genes’), diffusion barriers when cell
walls or membranes have to be overcome, or the law of mass action for biochemical
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reactions. He even mentions the source of noise and gives precise estimates based
on cell volumes and molecule numbers, which are taken as the only source of noise
in his simulations (§10).
On the other hand it is also clear that the way how ’genes’, ’hormones’ and
’chromosomes’ are linked and act together was unclear at the time. For example he
writes: ’The effect of the genes is presumably achieved almost entirely by catalysis.
They are certainly not permanently used up in the reactions.’ (Turing 1952), a statement which would be regarded as invalid now - proteins, which are the main players
in biological reaction-diffusion systems, are obviously subject to production and
degradation, even though often on longer time scales than relevant for patterning.
Turing did not yet emphasise long range inhibition versus short range activation, as Gierer and Meinhardt would do two decades later (Gierer and Meinhardt
1972; Gordon et al. 2006), which eventually significantly simplified intuitive understanding.
Governing equations
Following Turing’s original notation (Turing 1952, in particular referring to §6,8) one
can write
dXr
dt
dYr
dt

)
= f (Xr ,Yr ) + µ (Xr+1 − 2Xr + Xr−1 )
= g(Xr ,Yr ) + ν (Yr+1 − 2Yr +Yr−1 )

r = 1...N

(1.1)

where X and Y refer to the concentrations of the two interacting chemicals, f and
g are reaction terms describing interactions and self-interactions between X and
Y, and µ and ν are the diffusivities of the two species. The ring consists of N
cells (compartments) and boundary conditions are periodic, such that X0 = XN etc..
Here, Turing uses a discretized way of describing diffusion, where chemicals can
diffuse between neighbouring cells, but the concentration within each cell is uniform.
Simplifying the reaction terms by assuming f and g to be linear (in other words not
deviating too far from equilibrium), one can write:
Xr = h + xr

(1.2)

Yr = k + yr

(1.3)

and therefore, since at equilibrium reaction rates are 0
f (Xr ,Yr ) = ax + by

(1.4)

g(Xr ,Yr ) = cx + dy

(1.5)
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which leads to
dxr
= ax + by + µ (xr+1 − 2xr + xr−1 )
dt
dyr
= cx + dy + ν (yr+1 − 2yr + yr−1 ) .
dt

(1.6)
(1.7)

By changing coordinates these equations can be cast in a form where r0 . . . rN−1
are spatially separated, which makes them analytically solvable. After solving,
back-substituting and replacing variables the solutions can be written as
N

0

Xr = h + ∑ (As e pst + Bs e pst )e2π irs/N
s=1
N

0

Yr = k + ∑ (Cs e pst + Ds e pst )e2π irs/N

(1.8)
(1.9)

s=1

where As , Bs , Cs and, Ds are constants related to a, b, c and d and p and p’ were
found during the steps omitted here. Again following Turing, for different sets of
parameters six distinct possibilities of the dynamics around equilibrium can evolve:
1. A Stationary pattern with extremely long wave-length
2. An Oscillatory pattern with extremely long wave-length
3. Stationary waves with extremely short wave-length
4. Stationary waves of finite wave-length
5. An Oscillatory pattern with a finite wave-length
6. An Oscillatory pattern with extremely short wave-length
Which type of pattern emerges depends largely on the ratio of reaction and diffusion
rates.
Turing considers the case of a stationary pattern of finite wave-length the most
important because being static is an attractive property for body patterning during
animal or plant development, which, however, is unsuitable for systems that have to
react to varying external stimuli to adapt to their environment (Jilkine and EdelsteinKeshet 2011).
To intuitively understand how reacting chemicals can establish patterns, it is
useful to introduce work on activator-inhibitor systems by Alfred Gierer and Hans
Meinhardt (Gierer and Meinhardt 1972), who generalized Turing’s work within a
biological framework by making use of three key assumptions:
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• Short range activation (slow diffusion of activator)
• Long range inhibition (fast diffusion of inhibitor)
• Sources are distinct from substances
Within this framework pattern formation can be explained as follows: Suppose
a spatially extended system of two chemicals is initially homogeneous, apart from
small, random fluctuations around its equilibrium. Also assume that the two chemicals diffuse at different rates. If the system parameters are such that one of the two
chemicals positively regulates its own production and the production of the other
species, then the concentration of both will rise to infinity if mass is not conserved.
If now an interaction is introduced, whereby the second chemical inhibits the
first, and also the second chemical diffuses much faster than the first, a pattern can
form.
This can be seen by considering any small area where the concentration of the
first species (termed ’activator’) is higher than in its immediate vicinity. If this is the
case, the activator will tend to produce more of itself, locally, and at the same time
also produce more inhibitor. Due to the difference in diffusivities, the inhibitor will
diffuse away quickly, preventing further peaks in the vicinity of the one that just
formed, while the activator peak continues to grow, limited spatially mainly by its
own diffusion rate and the concentration of its inhibitor.
Relationship between stability and system size
Turing coined the term ’chemical wavelength’, for the ’true’ pattern wave-length
for the difference between neighbouring intensity peaks and troughs in an infinite
system (Turing 1952 §8). For an illustration see the regular spacing in fig. 1.1 (D). In
this infinite case, the periodicity is entirely dependent on the chemical parameters
and diffusion rates. However, in a real system, the wavelength will also depend
on the ring diameter, giving rise to an ’intermediate chemical wavelength’, because
boundary conditions need to be satisfied. Thus, in a Turing system, increasing
system size increases the number of peaks and troughs.
At the other end of the scale, at very small sizes, a Turing system might not be
linearly unstable, depending on the parameters. Thus, for spontaneous symmetry
breaking to happen, the system needs a minimum size (Weiss 2003; Halatek et al.
2018).
This dependence of the pattern on system size also shows that a Turing mechanism could theoretically account for cell polarity: if the system is sufficiently small,
such that exactly one area of activation exists, the cell has two biochemically distinct
regions and is thus polarized. However, in practice, other models have been more
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useful to describe cell polarity (Jilkine and Edelstein-Keshet 2011).

1.1.3

Wave pinning

A particularly tractable theoretical reaction-diffusion system that can also give rise
to a polarized pattern was described as ’wave-pinning’ in Mori et al. 2008, which
is interesting to study in addition to the mutually antagonistic PAR network (see
section 1.1.4), because wave-pinning shares many fundamental features, such as
a highly diffusible cytoplasmic pool and mass conservation, while still relying
on a very different mechanism for maintaining asymmetry. Here, only a single
protein cycles between an active state on the membrane and an inactive state in
the cytoplasm. As often, cytoplasmic concentration can be treated as uniform if it
is sufficiently fast compared to membrane diffusion, which further simplifies the
mathematical analysis.
If a transient stimulus is applied in a small membrane area, the cytosolic form
of the protein is recruited to this membrane region. Subsequently, due to positive
feedback, the protein enhances its own recruitment to this region. Due to membrane
diffusion, the region starts to spread, forming a unique wave-front. This wavefront stalls once the cytoplasmic pool has been depleted sufficiently, such that net
association and dissociation are balanced.
Due to its simplicity and conceptual similarities with the PAR system described
later, wave-pinning (WP) is of particular interest here. Whether for a given system
size a polarized state is stable in time and can tolerate stochastic perturbations
depends crucially on features that are shared between the current models of the PAR
system and Wave-Pinning: the extent of the boundary between regions of high and
low protein concentrations as well as its position relative to the system boundaries,
which is dependant on dosage (also see chapter 2 for simulations).
There are also a number of essential differences to the Turing system, such as
two spatial compartments (membrane and cytoplasm) and mass conservation of
each species.
Initially, it was also thought that wave-pinning is different from a Turing mechanism in that symmetry would not be broken spontaneously. However, this was
shown to be parameter-specific in subsequent work (Mori et al. 2008; Trong et al.
2014). Consequently, there are regimes in which wave-pinning is linearly unstable.
Governing equations
Following the original notation in Mori et al. 2008, one can write for the concentration
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of the single species a:

∂t a = Da ∂x2 a + b


k0 +

γ a2
K 2 + a2


−δa .

Here, b is the concentration of the inactive (fast-diffusing species) and shall be
replaced with the average value of b across the system (case Da << Db ), see section
’Mathematical basis of wave-pinning’ in the original paper. k0 is a concentrationindependent conversion rate between inactive and active form, δ is the reverse
reaction rate (active to inactive), and positive feedback is implemented as a Hill
function with saturation K and maximum rate γ .
By setting the time derivative to zero and ignoring space, it is obvious that the
system is bistable due to the Hill term being non-linear. In a spatially extended
system, this bistability allows regions with high and low concentration of a to exist
simultaneously. They are connected by a smooth boundary gradient, the extent of
which depends on the chosen parameters. This becomes particularly obvious if all
parameters are kept constant except Da (e.g. see simulations in fig. 2.1).
Relationship between stability and system size
WP is usually initiated with a transient stimulus. However it was found that establishing a stable wave-front is impossible if system size is below a certain threshold
compared with diffusion length (Jilkine and Edelstein-Keshet 2011). However, it remains unclear, whether the pattern would be stable if a different initial cue was used.
Interestingly and similar to a Turing system, a larger system size can accommodate
more than one wave front, which are resolved if the system evolves for long times
(Jilkine and Edelstein-Keshet 2011).
The pattern stability of WP also depends on dosage. Due to the limiting protein
pool in the cytoplasm (each particle that binds to the membrane is lost in the cytoplasm), the wave-front only stalls once the cytoplasm is sufficiently depleted and
membrane dissocation and association are balanced. However, if the system is too
small, the wave does not stall before reaching the system boundary, thus resulting in
a uniform distribution.

1.1.4 Mutual antagonism - The PAR system
Before starting to discuss models that try to capture real biological systems it is
useful to introduce one last simplified model that comes close to the ’real’ PAR
system used for modelling throughout this thesis. This simplified model captures
the essentials of mutual antagonism, yet is symmetric in the two species, A and P,
allowing for simpler mathematical treatment. Similar to the wave-pinning model,
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each protein can exchange between a uniform cytoplasmic pool and the plasma
membrane, which, under certain conditions, can exhibit non-uniform patterns.
Governing equations
The RD system is captured by the following equations:

∂A
∂ 2A
= DA 2 + kon,A Acyto − ko f f ,A A − kAP P2 A
∂t
∂x
∂P
∂ 2P
= DP 2 + kon,P Pcyto − ko f f ,P P − kPA A2 P ,
∂t
∂x

(1.10)
(1.11)

where DA and DP are diffusion rates, kon,A and kon,P are binding rates from the
uniform cytoplasmic pool to the membrane, koff,A and koff,P are detachment rates
from the membrane to the cytoplasm and kAP and kPA govern mutual antagonism,
by which each protein species tends to drive the other species off the membrane.
This set of equations, together with the conservation laws
Pcyto = ρP − ψ P̄

(1.12)

Acyto = ρA − ψ Ā

(1.13)

was first described in Goehring, Trong, et al. 2011 and further analysed by the same
group in Trong et al. 2014.
Relationship between stability and system size
As shown above, in a Turing mechanism, the mode with the largest eigenvalue will
dominate the system, which is not necessarily the first mode fitting system size
(Turing 1952). Due to infinite (or in any case very rapid) cytoplasmic diffusion in the
PAR system, linear stability analysis shows that even for large systems, the mode
that fits system size will be dominant, dividing the system in two, which is a desired
property in cell polarity models (Trong et al. 2014).
Regarding a lower system size limit for symmetry breaking, the same arguments
as seen before can be made for the PAR system: the modes that can be unstable are
found from linear stability analysis. However, only if system size allows any of these
modes to actually grow, the system is unstable (Trong et al. 2014).

1.1.5

Scaling mechanisms for reaction-diffusion systems

From the descriptions above it is clear that system size has an important influence
on the pattern, e.g. by setting the number of peaks or determining whether a pattern
can be formed at all. Several possibilities to let a pattern adapt to system size have
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been described.
Approximate scaling of patterns was already mentioned in Gierer and Meinhardt 1972. However, true scaling requires adaptation of the key length scales to
system size, which was not proposed in this early work. To achieve scaling, there
must be an ’expander mechanism’ to extend pattern length scales if system size
increases. This has been shown to allow precise scaling across size changes of several
orders of magnitude (Werner et al. 2015).
Biological examples include yeast, where a pattern is scaled based on the geometry of the cell and the cytoskeleton, rather than on the reaction diffusion system
(Bonazzi et al. 2015). In this work, it was shown that membrane curvature plays a
key role in establishing domain size of Cdc42 in budding yeast (see section 1.2.2 for
mechanism of polarity establishment). If local curvature is low domain size is larger
and vice versa, indicating that in a larger cell, where curvature is lower, domains
size would increase.

1.1.6 Influence of system geometry on reaction-diffusion systems
Cellular systems come in complex and irregular geometries. Examples include
migrating cells, which exhibit leading and trailing edges (Petrie and Yamada 2012),
or neurons, with a characteristic axon and cell body (Tahirovic and Bradke 2009;
Ramirez et al. 2015). However, due to computational or time constraints, many
biologically relevant reaction-diffusion systems are studied in very simple geometries such as a 1D line or a square. This represents a significant simplification of
reality, but can in many cases be justified by symmetries in the system, e.g. radial
symmetry in budding yeast (Altschuler et al. 2008) or azimuthal symmetry in C.
elegans (Goehring, Trong, et al. 2011). In these cases a two-dimensional membrane
can be simplified to a one-dimensional line.
Another complication comes about by having to treat particle exchange between different compartments, such as between filament-bound and non-bound
or cytoplasmic and membranous particles. This can oftentimes be overcome by
two assumptions. First, cytoplasmic diffusion is often fast, compared to membrane
diffusion, and thus the cytoplasmic pool can be treated as uniform, because no
significant concentration gradients can build up (Goehring, Trong, et al. 2011; Mori
et al. 2008; Altschuler et al. 2008). However, this assumption has to be verified
experimentally, as not all cytoplasmic proteins diffuse fast (Arata, Hiroshima, et al.
2016; Goehring, Trong, et al. 2011). In fact, differential diffusion between different
cytosolic regions seems to be the underlying reason for cytoplasmic gradients of
some proteins. Second, different dimensionality of the compartments (2D mem-
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brane versus 3D cytoplasm) has to be taken into account. This can be treated by
introducing the system’s surface-area-to-volume ratio (S/V) and thus being able to
include different contributions of membrane and cytoplasm to overall concentration
of particles in the cell.
However, these simplified systems still have several drawbacks. For example,
they are lacking the ability to fully take into account curvature-dependent effects,
such as changes in local surface-area-to-volume ratio (S/V) in cells with irregular
shapes, which ultimately requires solving the full system in 3D, e.g. using finite
element methods Thalmeier et al. 2016. One previous study has investigated the
influence of local surface-area-to-volume ratio on gradient formation along the
membrane (Rangamani et al. 2013). Depending on the initial protein distributions
inside a cell, transient gradients in membrane concentration can arise. However, the
time scale of decay typically decreases when cells become smaller.
A similar mechanism has been found to increase phophorylation-rates of Cdc42
in fibroblasts in areas of high S/V, such as protrusions and the leading edge. Thus,
cell size and cell shape can regulate phosphorylation levels (Meyers et al. 2006).
On a much more detailed level, molecular dynamics simulations have shown
that physical interactions between molecules can lead to an effective layering of
molecules with respect to the cell wall. However, since many theoretical models
work well without taking into account this complexity, the practical implications of
such layering remain to be tested (Chow and Skolnick 2015).

1.2

Biological reaction-diffusion systems across different length scales

From the theoretical examples above one can see that system size can determine
the final state of patterns (e.g. number of peaks in a Turing system), and in many
cases dictates if a pattern can be established or whether the system rests in a uniform
steady state. Many of the core principles, like double-negative or positive feedback,
and spatial coupling via diffusion are universally applicable across many domains
of biology. However the precise mechanisms as well as many molecular players
remain elusive (Watanabe and Kondo 2015).
In many examples reaction-diffusion networks have been proposed to account
for pattern formation but it remains challenging to rule out other mechanisms. The
only way forward is to find the key molecular players, because one of the main
problems in modelling reaction-diffusion networks is that no one-to-one relationship
between a pattern and its underlying network exists. In fact, very nearly the same
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pattern can result from various reaction-diffusion mechanisms and the same reaction
network can give rise to multiple patterns depending on boundary conditions,
parameters or time delays in the circuit.
Often, at least in simulations, those networks will look somewhat different in
terms of transients during pattern establishment, or slight variations in the final
shape. However, when compared to biological data, which is mostly very noisy, it is
often easy to find a network giving rise to this pattern, but whether this is truly the
mechanism at work still remains questionable.
Thus, simply observing how a pattern forms and analysing the final state is
not enough. A prime example for this type of problem is the stripe formation of
the marine angelfish. In their highly-cited 1995 paper ’A reaction-diffusion wave
on the skin of the marine angelfish Pomacanthus’ Kondo and Asai suggest a very
simple (two-component) RD system to be responsible for stripe formation in two
species of Pomacanthus (Kondo and Asai 1995). More recent evidence still supports
the notion of a reaction-diffusion system, yet, the mechanism at work seems much
more complicated (Watanabe and Kondo 2015).
It is an interesting question how much value purely theoretical studies can bring
to our understanding of the underlying mechanism of any pattern. While they often
extend our repertoire of possible solutions to obtain a pattern, they cannot rule out
other mechanisms without relying on genetic perturbation experiments. Thus, it
has been suggested to judge models by their biological usefulness, rather than being
fully descriptive (Mogilner et al. 2012).
Similar rules as in tissues apply to intracellular patterning. Two examples of
sub-cellular systems will be described in the following: Min patterning in E. coli and
Cdc42 polarity in budding yeast. This puts the focus on a single cell level, ignoring
larger systems like skin patterning.
The PAR proteins, which are important for this work, will be discussed separately in section 1.3.

1.2.1 The Min system
Z-ring assembly in E. coli is essential for cytokinesis and must thus be tightly regulated in time and space to ensure the cytokinesis at its centre. The three Min
proteins MinC, MinD and MinE are involved in restricting the Z-ring to the cell
centre. Among these, MinC negatively regulates Z-ring assembly. Thus MinC must
be excluded from the cell centre. This is achieved by oscillation of the Min proteins
between the poles, such that on average the membrane concentration in the cell
middle is lowest (Raskin and Boer 1999; Halatek et al. 2018). MinC is localized by
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Figure 1.3: Min and Cdc42 reaction-diffusion models.
(A) Min proteins oscillate between cell poles based on negative regulation of MinD by MinE and a
resulting time lag of the two proteins cycling between opposite ends of the cell. (B) Cdc42 polarity in
budding yeast is based on positive feedback of Cdc42 on its binding partner Bem1 which feeds back
on Cdc42 recruitment. Adapted from Halatek et al. 2018.

MinD and thus its localization is regulated by MinD and MinE which provide spatial
information.
The reaction diffusion network is thought to act as follows: MinD promotes its
own membrane association and also, once bound to the membrane, recruits MinE
into a complex. MinE, on the other hand, negatively regulates membrane binding
of the MinDE complex, and both dissociate into the cytoplasm, where they assume
separate states again (fig. 1.3 (A)). Due to a lag between association of MinD to one
pole and subsequent recruitment of MinE this leads to oscillations with a typical
period of one minute.
Thus, Min proteins constitute a special case of a dynamic patterning system,
which specifies the cell mid-plane by oscillating between the cell poles. Quantitative
models have been able to recapitulate the essential features of this system. Particularly attractive from a modelling perspective is the fact that this system has been
reconstituted in vivo, giving rise to rich behaviour like travelling waves and different
numbers of stripes in differently sized compartments, in this respect being similar to
a Turing mechanism (Zieske and Schwille 2014).

1.2.2

Cell polarity in budding yeast

Cell division in Saccharomyces cerevisiae is asymmetric and relies on establishing a
polarized cap of Cdc42-GTP prior to cell division (Mogilner et al. 2012; Halatek et al.
2018). Normally, this cap is associated with the so-called bud scar, which consists of
remnants from the previous division. However, removal of bud scar determinants
results in random orientation of polarity, indicating that polarity can be established
without spatial cues (Chant and Herskowitz 1991; Wedlich-Soldner et al. 2003).
Cdc42 has been shown to reach the plasma membrane via two redundant pathways: either by cytoplasmic diffusion or via actin-based vesicle transport (WedlichSoldner et al. 2003; Slaughter et al. 2009), the relative importance if which is still
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controversial (Woods et al. 2015). As already mentioned above (section 1.1.5), the
actin-based pathway provides a means of scaling domain size to cell size, presumably by actin sensing the local membrane curvature (Bonazzi et al. 2015). In a
second pathway, positive feedback Cdc42 and Cdc24 seems to amplify concentration
differences and locally enrich Cdc42.
A simplified scheme of this well-studied mechanism is shown in fig. 1.3. Briefly,
active membrane-bound Cdc42-GTP recruits Bem1 from the cytoplasm. Bem1, once
in a complex with the sole Cdc42-GEF Cdc24, recruits more Cdc24 and also recruits
inactive GDP-bound Cdc42 from the cytoplasm.
Theoretical models of yeast polarity mainly rely on positive feedback and a
limiting pool, which limits the size of the Cdc42 domain (Wedlich-Soldner et al. 2003;
Altschuler et al. 2008, reviewed in Mogilner et al. 2012).

1.3

PAR polarity

The biological function of cell polarity is to maintain spatially opposing regions
within a cell that differ in function or molecular constituents. This is most often
achieved by establishing a polarized pattern on the plasma membrane, which is thus
divided into distinct regions. These regions can then provide signals, to pattern the
cytoplasm (Griffin 2015). Examples of polarized cells are found in cell migration,
asymmetric cell division (ACD), and tissue homeostasis. Clearly, each of these cases
has very different requirements for polarity: while migrating cells might need to
adapt the position of their front to extracellular chemical signals (chemotaxis), in
epithelial tissues more emphasis lies on maintaining pattern integrity. Consequently,
different mechanisms must be at work to either allow for maximum flexibility or
stable polarity.
For the third example, asymmetric cell division, precise timing relative to cell
cycle events is key. For example, in the first division of the C. elegans embryo,
polarity is tightly coupled to extracellular events and the cell cycle (McNally et al.
2012; Bienkowska and Cowan 2012; Cuenca et al. 2003, Jake Reich (unpublished
data)). As a second example serves the fly neuroblast, which shows a dependence of
polarity establishment on the cell cycle via Aurora-A (Wirtz-Peitz et al. 2008)
Polarity in the early C. elegans embryo is dependent on the PAR (par-titioning
defective) proteins, which are conserved across the animal kingdom. They were
originally discovered in C. elegans during genetic screens by Ken Kemphues and
colleagues, using ingenious, novel screening techniques (Kemphues et al. 1988;
Morton et al. 1992; Watts et al. 1996). Animals mutant for one of the PAR genes
either failed to produce two differently-sized daughter cells in the first embryonic
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cleavage or showed aberrant division timing of sister cells and improper localization
of germline granules in later divisions. Since then, subsets of the PARs have been
found to regulate a wide variety of polarity phenomena in different contexts in
concert with other, more system-specific regulators (reviewed in Goldstein and
Macara 2007; Hoege and Hyman 2013; Johnston 2018).
The early C. elegans zygote remains one of the most attractive model organisms to study cell polarity, due to convenient sample preparation, straight-forward
genetics and a host of available imaging techniques. In recent years, biophysical
tools have allowed robust estimation of key physical parameters such as membrane
turnover and diffusion rates via FRAP (Goehring, Hoege, et al. 2011) and by using
single-molecule techniques (Robin et al. 2014; Tokunaga et al. 2008; Sako 2006). This
presents a key step forward, towards quantitatively explaining polarity and thus
gaining a systems level understanding via mathematical modelling (see Goehring
2014 for a recent review). However, a model trying to take into account the full
complexity of the PAR network with all known interactions remains elusive.
For the work presented here another main advantage of the C. elegans system
is the fact that egg size can be changed genetically (Geles and Adam 2001; Arata,
Takagi, et al. 2014). This allows us to quantify PAR polarity at different sizes while
keeping the same developmental stage. At the same time, differently sized PARpolarized cells also occur naturally in the so-called P lineage. Together, this enables
us to examine PAR polarity in cells that differ by an order of magnitude in diameter.

1.3.1

Zygotic polarity establishment and maintenance in C. elegans

In the C. elegans zygote, PAR polarity is generally thought to be mediated by crossinhibition of two different protein species: anterior PARs (aPARs) and posterior
PARs (pPARs). Key features of anterior and posterior PAR members are shown in
table 1.1. Importantly, anterior and posterior species both contain kinases, PKC-3 (anterior) and PAR-1 (posterior) respectively, which are thought to regulate membrane
dissociation rates of the opposing complex.
Prior to polarity onset, all PARs are distributed uniformly across the cell. The
anterior complex localizes to both, plasma membrane and cytosol, while the posterior
complex only occupies the cytosol. Symmetry is then broken at the cortex, close to
the male centrosome (Goldstein and Hird 1996; Munro and Bowerman 2009) by two
semi-redundant triggers, establishing opposing membrane domains.
First, the male centrosome, normally localized in the posterior, decreases actomyosin contractility in its vicinity. The cue originating from the centrosome is still
unknown. It has been suggested to decrease the concentration of the guanine ex-
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Symmetry breaking

Pronuclear meeting

B

D

Pseudocleavage/Pronuclear migration

Maintenance phase

Figure 1.4: Polarity establishment in the C. elegans zygote.
Cortical flows and movement of pronuclei are shown with black arrows. Anterior PARs on the
membrane are shown in red, posterior PARs in blue. Positive and negative regulation are shown as
green arrows. (A) Initially uniformly membrane-bound anterior PARs are advected by cortical flows.
Flows are generated by asymmetric contractility of the actomyosin cortex due to local downregulation
(green arrow) of RhoA (yellow dashed line) by an unknown cue originating at the sperm-donated
centrosome (small black dot on larger ring). (B) Flows advect anterior PARs, at the same time a
posterior domain is established. Pro-nuclei move towards each other (black rings). (C) Pro-nuclei
meet, usually slightly posteriorly. (D) The mitotic spindle is displaced towards the posterior, giving
rise to a size asymmetry of daughter cells. Mutual antagonism maintains membrane domains, which
segregate germline markers such as P granules (orange dots) via cytoplasmic polarity mediators such
as the MEX proteins (not shown). Anterior to the left.
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Name

Description

Localization

Conserved?

PAR-1
PAR-2
PAR-3
PAR-4
PAR-5
PAR-6
PKC-3
CDC-42
CHIN-1
LGL-1

Kinase
RING protein
Scaffold protein
Kinase
14-3-3 protein
Adaptor protein
Kinase
Small GTPase
Putative Rho GAP
Tumor suppressor

Posterior cortex
Posterior cortex
Anterior cortex
Uniform
Uniform
Anterior cortex
Anterior cortex
Anterior cortex
Posterior cortex
Posterior cortex

Yes
No
Yes
Yes
Yes
Yes
Yes
Yes
Yes
Yes

Table 1.1: Key properties of PAR proteins.
Adapted from Lang and Munro 2017.

change factor (GEF) ECT-2 (Motegi and Sugimoto 2006; Schonegg and Hyman 2006).
ECT-2 is a positive regulator of RhoA, which in turn increases contractility. Loss of
ECT-2 from the region close to the centrosome thus decreases active RhoA (fig. 1.4
A, orange dashed line), therefore decreasing actomyosin contractility (Zonies et al.
2010). The resulting contractile asymmetry between anterior and posterior cortical
regions causes cortical flows away from the posterior (fig. 1.4 A, arrows), enriching
aPARs in the anterior (Mayer et al. 2010; Munro, Nance, et al. 2004; Goehring, Trong,
et al. 2011; Rodriguez et al. 2017).
Transport of PAR-3 (aPAR) is facilitated by clustering, which is achieved by
PAR-3 oligomerisation via its conserved CR1 domain (fig. 1.5 A, top left). Clustered
PAR-3 is advected much more efficiently than monomeric PAR-3. The PAR-6/PKC3 complex binds to PAR-3 and is efficiently segregated only if PAR-3 can cluster
(Dickinson et al. 2017; Rodriguez et al. 2017; Wang, Low, et al. 2017). The low
concentrations of aPARs in the posterior are thought to allow pPARs to bind to the
posterior membrane without being antagonized by the kinase activity of PKC-3.
A second independent cue is provided by microtubules originating at the spermdonated centrosome, which help local binding of pPARs to the posterior cortex
(fig. 1.4 B, green arrows). Here, PAR-2 binds and promotes loading of PAR-1 (Motegi,
Zonies, et al. 2011). If cortical flows are disrupted, this second pathway can rescue
cell polarity. However, domains do not reach wild-type size before the start of
cytokinesis and polarity establishment is significantly delayed (~40 mins versus
~10-15 mins).
Once large scale cortical flows cease, two double-negative feedback loops between anterior and posterior proteins maintain polarity (fig. 1.5 B). The first negative
feedback loop includes aPARs PAR-3, CDC-42 and their binding partners PAR6/PKC-3, which are mutually exclusive with PAR-1, PAR-2 and Lgl (pPARs). The
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second loop also contains the CDC-42 GAP Chin-1, which negatively regulates
CDC-42 activity (discussed below).
The first circuit is thought to be mediated by cross-phosphorylation. PKC-3
(aPAR) can phosphorylate PAR-1, PAR-2 and LGL (pPARs, see fig. 1.5 (B)) and
appears to be increasing their dissociation constants (Bao et al. 2006; Hurov et al.
2004; Arata, Lee, et al. 2010; Lang and Munro 2017). This conclusion is based on the
assumption that an asymmetric dynamic membrane equilibrium can in principle be
maintained by one of three mechanisms. First, similar to the mechanism described
above for establishment phase (fig. 1.4 A), constantly advecting proteins in one
direction can enrich one species in a specific region. There is some evidence that
small effects of this nature also act during maintenance phase (see below and Sailer
et al. 2015). Second, association rates could be different in different membrane
regions. For example, if association is high in one area and low in another, while
dissociation is constant, the area with higher association rates will accumulate higher
protein concentrations. Third, dissociation rates might be different between different
regions, leading to a similar asymmetry.
For PAR-2, we and others have shown that dissociation during maintenance
phase is asymmetric, indicating that phosphorylation by PKC-3 could indeed be
responsible for differential concentrations in anterior and posterior membrane areas
(Arata, Hiroshima, et al. 2016, this work, fig. 3.8). Arata and colleagues furthermore
suggest that PAR-2 forms clusters by direct binding and that its dissociation rate
depends on cluster size, with larger clusters exhibiting slower turn over. They
propose that the mechanism of action of PKC-3 is by phosphorylating PAR-2, thereby
hindering binding, and thus limiting cluster size in areas where PKC-3 concentration
is high. Dissociation rates of other posterior PAR proteins have not been investigated.
For anterior PARs the situation seems more complex. PAR-6 has been shown
to have similar dissociation rates in anterior and posterior (Robin et al. 2014, also
compare this work fig. 3.8), suggesting that asymmetric membrane loading instead
of dissociation is key to maintain PAR-6/PKC-3 asymmetry. Asymmetric association
could be attributed to non-uniform distribution of PAR-3 which serves as binding site
for PAR-6/PKC-3 in different systems (Renschler et al. 2018; Beers and Kemphues
2006). How PAR-3 levels are kept asymmetric remains unclear. PAR-1 (pPAR) is
known to be able to phosphorylate PAR-3 (Motegi, Zonies, et al. 2011) which could
mediate posterior antagonism to aPARs.
However, further investigation of association and dissociation of PAR-3 is hampered because it has been shown to exist in a clustered and diffuse state at the same
time. Unfortunately, current methods are unable to distinguish between dissociation
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Figure 1.5: Molecular properties of PAR proteins and their functions within the reactiondiffusion system.
(A) Important protein domains for anterior and posterior PARs. Direct binding is marked with solid
lines, while dashed lines indicate phosphorylation or GAP activity. (B) Schematic view of the PAR
network and actions of each protein within the reaction-diffusion network. Adapted from Lang and
Munro 2017.

rates of these two states rendering a judgement about differential dissociation rates
in anterior and posterior regions impossible.
However, recent work has started to shed light on PAR-3 clustering by combining novel biochemical tools with single-molecule imaging (Dickinson et al. 2017). In
this work, PAR-3 oligomerization was shown to depend on PLK-1 phosphorylation,
which negatively regulates clustering and conveys a cell cycle dependence to PAR-3
cluster formation, reducing clusters during maintenance phase.
It has been shown that PAR-6/PKC-3 can exist in two states, a PAR-3-bound
state (see previous paragraph) and a CDC-42 bound state (Beers and Kemphues
2006). Recent work has established that PKC-3 appears to be inactive when bound
to PAR-3 and active once bound to CDC-42 (Rodriguez et al. 2017). The same line of
evidence suggests a temporal order for the complex to become functional: loading
of PAR-6/PKC-3 onto the membrane happens via PAR-3 and subsequently the
PKC-3 containing complex is gated towards association with CDC-42 to become

48

Chapter 1. Introduction

active (Sailer et al. 2015; Rodriguez et al. 2017). The molecular details of this gating
mechanism, however, remain elusive.
The second negative feedback loop again involves the anterior proteins PAR6/PKC-3 with their binding partner CDC-42, opposing the posteriorly localized
Chin-1 a GTPase activating protein (GAP) of CDC-42 (fig. 1.5 B, Kumfer et al. 2010;
Sailer et al. 2015). GAPs negatively regulate GTPases, thus CDC-42 activity is low
where Chin-1 concentration is high (Kumfer et al. 2010). Chin-1 can form clusters
when attached to the cortex, which track cortical flows. Their growth or shrinkage
shows an ultrasensitive dependence on PAR-6/PKC-3 concentrations (Sailer et al.
2015), and thus on CDC-42, because association with CDC-42 is required for PKC-3
activity. CDC-42 in turn is regulated by Chin-1. This closes the second feedback loop
(fig. 1.5 B).
Interestingly, both negative feedback loops appear to be insufficient to stabilize two opposing domains during maintenance phase. In par-2 mutant embryos
enhanced cortical flows towards the posterior lead to a substantial broadening of the
anterior domain between the end of pseudocleavage (fig. 1.4 C) and maintenance
phase (fig. 1.4 D). If flows during maintenance phase are suppressed by mrck-1
(RNAi), this domain broadening vanishes. MRCK-1 is a CDC-42-dependent kinase
and has been shown to regulate actomyosin contractility also in other biological
systems (Zihni et al. 2017). Unlike the similar mechanism in establishment phase,
this process does not depend RhoA (Kumfer et al. 2010).
Thus, during maintenance phase PAR-2 acts mostly by restricting cortical flows
to maintain the boundary position between aPARs and pPARs.

1.3.2 PAR proteins orchestrate asymmetric cell division
The PAR proteins organize asymmetric cell division by interacting with other cellular
modules, such as the mitotic spindle and cytoplasmic gradients of fate determinants.
Similar mechanisms act across a variety of systems, including flies, some molluscs,
vertebrates and worms (reviewed in Strome and Updike 2015 and Bergstralh et al.
2017). Again, due to easy experimental access this has been particularly well studied
in the one-cell C. elegans embryo.
Fate markers are primarily segregated by reaction-diffusion processes and
liquid-liquid phase separation (Griffin 2015; Han et al. 2018). A number of proteins,
collectively called germ plasm are enriched at the side of the future P cell prior to
division of P0, P1, P2 and P3. Examples include PIE-1 and POS-1. How asymmetric
distribution of these factors is achieved has only begun to be elucidated recently by
linking them to MEX-5/6. These two very similar and partially redundant proteins
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MEX-5
POS-1
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POS-1

POS-1

Dynein motor

Figure 1.6: Generation of pulling forces and cytoplasmic gradients in the one-cell embryo.
(A) Working model for establishment of a cytoplasmic POS-1 gradient. Adapted from Han et al. 2018.
(B) Model for spindle position asymmetry. Pulling forces are established by GPR-1/2 dependent
linking of the cortex with dynein and astral microtubules. GPR-1/2 and LIN-5 are thought to be
asymmetrically distributed across the cortex, likely inducing differential pulling forces (Rose and
Gonczy 2014).

exhibit a well-studied cytoplasmic gradient in C. elegans. MEX-5/6 act downstream
of the PAR proteins. High levels of fluorescently tagged MEX-5/6 are visible in the
anterior and lower levels are seen in the posterior.
The mechanism by which this cytoplasmic gradient is established has been
termed ’counter-diffusion’ (Daniels et al. 2009; Griffin 2015). It has been shown that
MEX-5 can be dephosphorylated by the phosphatase PP2A (Griffin et al. 2011), which
is uniformly distributed in the cytoplasm (Schlaitz et al. 2007). At the same time, PAR1 phosphorylates MEX-5 (Griffin et al. 2011) which is thought to increase its mobility
(see fig. 1.6 (A)). Since PAR-1 is asymmetrically localized in the embryo, with higher
concentrations in the posterior, this is primarily where MEX-5 mobility increases.
Computational models have confirmed that this mechanism can induce patterning
based on in vivo measurements (Griffin 2015). Interestingly, mutant embryos, in
which PAR-1 is unable to bind to the membrane, still exhibit a cytoplasmic gradient,
indicating that PAR-1 might act through the cytoplasm on the MEX proteins (Griffin
et al. 2011).
Very recently, asymmetries in MEX-5 have been linked molecularly to the abovementioned P lineage fate marker POS-1 (see fig. 1.6 (A) and Han et al. 2018 for
reference). Briefly, MEX-5/6-mediated asymmmetry of polo-like kinase 1 (PLK-1)
inhibits POS-1 binding to mRNA, keeping POS-1 in a fast diffusing state. Thus,
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again, asymmetry relies on different mobilities in different regions of the cytoplasm.
Similarly, phosphorlyation of PIE-1, has also been shown to depend on PLK-1/2
(Nishi et al. 2008) and to exhibit differential diffusion in anterior and posterior
(Daniels et al. 2009). Thus, its segregation is potentially achieved by a similar
mechanism.
Another hallmark of germ line establishment is the segregation of P granules
towards the P daughter at each P lineage division (Strome and Wood 1983). Initially,
it was thought that P granules serve as a fate marker for the new germ line founding
cells, however, relatively recent work has shown that P granule asymmetry is not
needed to establish healthy adult worms (Gallo et al. 2010). Temperature stress
tolerance, however, was markedly reduced in animals without proper segregation
of P granules.
It has been shown experimentally and theoretically, that a weak cytoplasmic
gradient interplaying with a liquid-liquid phase separation can account for sharp
partitioning of P granules (Brangwynne et al. 2009; Lee et al. 2013; Hyman et al.
2014).
Recently, such a gradient, in form of the MEX proteins discussed above, has
been linked molecularly to P granule asymmetry. It was shown that MEX-5 competes
with PGL-3, a P granule component, for mRNA binding, which is required for PGL-3
to assemble into granules. Thus, in areas of high MEX-5 concentration, less mRNA
is available to bind with PGL-3, decreasing its affinity to assemble into P granules
(Saha et al. 2016). A similar mechanism seems to restrict MEG-3, another P granule
component to the posterior, fostering granule assembly (Smith et al. 2016). Thus, in
summary, liquid-liquid phase separation and reaction diffusion dynamics influenced
by polarized distribution of the PAR proteins establish cytoplasmic asymmetries of
fate markers.
Cellular size asymmetry, by contrast, relies heavily on mechanical forces and
the cytoskeleton, and is induced by spindle displacement via mechanical pulling
forces anchored to the cortex. The directionality of the net force acting on the spindle
is also regulated by the PAR proteins (Gönczy and Hyman 1996; Grill, Gönczy, et al.
2001; Grill, Howard, et al. 2003; Rose and Gonczy 2014). Briefly, a complex involving
Gα , GPR-1/2 and LIN-5 binds dynein motor proteins that can exert pulling forces on
astral microtubules (fig. 1.6 (B)). GPR-1/2 asymmetry, in turn, relies on PAR proteins,
thus linking cell polarity and asymmetric spindle positioning. Thus, patterning,
which is primarily chemical, induces force asymmetry, which in turn shifts the plane
of division away from the cell centre.
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Figure 1.7: Localization of PAR-2 (blue) and PAR-6 (red) during P lineage divisions.
(A) P0 has given rise to two unequal daughters, AB and P1, that differ in cell volume and protein
content. (B) AB and P1 rotate and then divide asynchronously. (C) The two daughters of P1, P2
and EMS come to lie next to each other. Due to SRC/MES signalling between both cells the polarity
domains reorient, with the PAR-2 domain next to EMS (Arata, Lee, et al. 2010). (D) EMS has cleaved
unequally, giving rise to E and MS. P2 divides and the smaller daughter, P3, localizes towards E. (E)
P3 keeps the same orientation of polarity domains as P2 and divides asymmetrically into P4 and D.
(F) P4 divides symmetrically, after a substantial increase in cell cycle time. Anterior to the left.

1.3.3

Beyond P0: establishing cellular diversity in the embryo

After the one-cell stage, asymmetric division plays an essential role in establishing
cellular diversity of the adult worm. In the germline-founding P lineage (P0 through
P4), PAR proteins were found to show behaviour similar to P0, with clearly asymmetric distributions along the division axis prior to cytokinesis (Etemad-Moghadam
et al. 1995; Guo and Kemphues 1995; Hung and Kemphues 1999; Rose and Gonczy
2014). P1 to P3 divide asymmetrically, with pPARs localizing to the daughter that
becomes the next P-cell (fig. 1.7). Cytoplasmic asymmetries are also similar to the
one-cell stage, e.g. PIE-1 and P granules localize to the germline daughter. However,
whether the mechanisms found in the zygote to describe fate marker segregation
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are also applicable throughout the P lineage remains to be shown (Griffin 2015).
Eventually, P4 divides symmetrically.
Again similar to P0, there is a pronounced size asymmetry at each P division
until P4 (Fickentscher and Weiss 2017), with the P cell always being the smaller
daughter. The surrounding egg shell prevents overall growth of the embryo before
hatching. In conjunction with the size asymmetry of P divisions this leads to a
particularly severe decrease in cell size throughout the P lineage (Fickentscher and
Weiss 2017).
These asymmetric P lineage divisions are the first of two mechanisms of fate
specification that have been distinguished in C. elegans: each asymmetric division
of a P cell gives rise to one daughter that maintains germ line fate, and another
daughter that founds a different lineage (AB, EMS, C and D). During this first phase,
segregation of fate determinants is thought to be cell autonomous. This means,
taken out of their embryonic context P cells still divide asymmetrically with proper
differential cell cycle timing of daughter cells and stereotypic orientations (Arata,
Lee, et al. 2010; Laufer et al. 1980; Schierenberg 1987).
In a second specification step, the lineage founder cells (bold in fig. 1.7) develop
into different organs and tissues, further specified by their intrinsic potentials and
extrinsic cues (Labouesse et al. 1999; Maduro 2010). This second step of diversification has been termed ’binary cell fate specification’ (Kaletta et al. 1997; Munro and
Bowerman 2009) due to the switch-like induction of different cell fates depending on
the external signals received. A few examples of this second step will be discussed
below.
Resulting from this binary fate specification, three of the founding lineages diversify again into fundamentally different tissues (AB: epidermis, neurons, pharynx,
muscle; MS: pharynx, muscle; C: muscle, epidermis). The other three only produce
one type (E: gut; D: muscle; P: germline).
Interestingly, cell fate specification in C. elegans exhibits two seemingly counteracting phenomena. First, lineages are mosaic (Laufer et al. 1980). If a cell is killed (e.g.
by laser ablation), its role in development is not replaced by another cell. However,
at the same time, development is very plastic, for example, ectopic expression of
HLH-1 (also discussed below) can change the fate of most cells to body wall muscle
type (Fukushige and Krause 2005). Thus, changing a single factor lets cells assume
entirely different fates, which should in theory allow for very simple replacement of
lacking cells by their neighbours.
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1.3.3.1 P lineage divisions: establishing the founding cells
How PAR polarity is established in each P-cell up to P3 is unknown, but mechanisms
similar to the zygote, relying on cortical flows, have been implicated in symmetry
breaking of P1 (Munro, Nance, et al. 2004; Munro and Bowerman 2009). Cytoplasmic
asymmetries are established in the P lineage similar to P0, however, whether this
happens via the same or similar mechanisms is unclear (Griffin 2015). In any case,
germ line fate is determined by germ plasm determinants. For example, the zincfinger protein PIE-1 has been shown to inhibit transcription onset, a process thought
to maintain germ cell identity in each P cell.
It has long been appreciated that ACD in the P lineage is a cell-autonomous
feature, while asymmetric divisions in other lineages depend on neighbouring cells.
Elegant extrusion experiments performed in the 1980s showed that asymmetric division of EMS depends on cell contact with P2. P2 itself reverses the polarity inherited
from P1, a process that was initially thought to be cell-autonomous (Schierenberg
1987; Goldstein 1995). However, even more elegant extrusion and blastomere recombination experiments recently showed that this was likely due to experimental
limitations. Now, SRC-1/MES-1 signalling has been reported to play a role not only
in orienting the spindle of EMS but also in orienting the axis of polarity in P2 and P3
cells (Arata, Lee, et al. 2010).
This signalling pathway could potentially also help in re-establishing asymmetry after cytokinesis in P2 and P3 cells in addition to serving as a directional cue
but this remains to be tested. Results obtained from blastomere isolation indicate
that polarity can be established without prior asymmetries of PAR-2 in completely
isolated cells (Arata, Lee, et al. 2010). However, this does not exclude the possibility
of a different asymmetrically distributed polarity determinant.

1.3.3.2 Binary fate specification as paradigm for tissue diversification
As mentioned above, binary fate specification relies on cells with the same developmental potential (resulting from a symmetric division) receiving different extracellular signals and thus differentiating into different fates. Differential signalling in C.
elegans often results from the anterior-posterior direction of cytokinesis, placing one
daughter cell closer to the posterior lying germ cell progenitor (Sulston and Horvitz
1977; Sulston, Schierenberg, et al. 1983).
Several prominent examples of fate-inducing pathways have been identified
with varying degrees of similarity to higher organisms. Some examples can be seen
in fig. 1.8. Two examples will be briefly discussed below.
First, Wnt signalling components have been studied in C. elegans at differ-
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Figure 1.8: Binary fate specification in the early embryo.
Delta-Notch: The earliest identified Delta-Notch interaction is between ABp and P2. The APX-1
(Notch) signal is received by the transmembrane protein GLP-1 (Notch). This initiates signalling
via REF family proteins that results in regulation of transcription of target genes in the nucleus.
Wnt/β -catenin, MAPK, SRC: Canonical and non-canonical Wnt signalling has been implicated in
a variety of fate specifications in C. elegans. Via the β -catenin WRM-1, MAP kinase signalling has
been linked to the Wnt pathway in some cases (Yang et al. 2015). Two early examples for lineage
specifications are E and MS fates as well as diversification of the C lineage. In both cases POP-1 is
regulated. Regulated cells are in green, regulating cells are in blue.

ent stages of development. In later development, canonical wnt-signalling appears to play an important role, while in early embryos primarily non-canonical
Wnt/β catenin signalling seems to be important (Sawa and Korswagen 2013).
For example, Wnt signalling plays a crucial role in establishing the fates of
the EMS daughters, E and MS, around the eight-cell stage. The signal for fate
specification is thought to come from P2 (see fig. 1.8) from which EMS receives a
MOM-2 (wnt) signal (Thorpe et al. 1997; Rocheleau et al. 1997). This induces a fate
switch via the two opposingly acting β -catenins SYS-1 and WRM-1.
While SYS-1 binds to POS-1 to initiate transcription of target genes, WRM-1
appears to act on POS-1 via the MAP kinase LIT-1. However, mechanistic details
are only beginning to emerge (Kaletta et al. 1997; Yang et al. 2015). In terms of wntinduced fate choices, it has been shown that the base state of E and MS is MS-like,
because if the Wnt signal is blocked, both cells develop an MS-like fate (Kaletta et al.
1997; Rocheleau et al. 1997; Thorpe et al. 1997).
Additionally, Wnt signalling is required for proper spindle orientation in EMS
and P2 and seems to work in conjunction with Src/Mes signalling via dynactin
(Zhang, Skop, et al. 2008; Arata, Lee, et al. 2010). In this context, MES-1 has been
shown to be required in both, P2 and EMS for proper spindle orientation of EMS,
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while SRC-1 is only required in EMS (Bei et al. 2002). Interestingly, Src/Mes signalling has also been implicated in nuclear positioning within EMS (Sugioka and
Sawa 2010).
Furthermore, Wnt signalling is also important in establishing fate choices in the
C lineage, which originates with at birth of C during the P3 division and gives rise
to muscle tissue and epidermis in the adult animal. The distinction between these
muscle and epidermal fate relies on PAL-1 activation of HLH-1 and other specific
transcription factors in a subset of C descendants, which also depends on the Wnt
pathway (Fukushige and Krause 2005; Lei et al. 2009). In principal, P3 is capable of
inducing a wnt-signal (Park and Priess 2003), however, to my knowledge it has not
been shown directly to influence to C lineage (fig. 1.8).
Recently, using genome-wide methods like ChIP-seq (Araya et al. 2014 and
a novel approach called sci-RNA-seq (Cao et al. 2017), further insights have been
gained into how specific cell fates arise by transcriptional regulation, however, a
detailed analysis of this and other more recent work would be beyond the scope of
this introduction.
As a second binary fate specification mechanism, Delta-Notch signalling plays
a crucial role in establishing cell fates. Already at the four cell stage it helps distinguishing ABa from ABp by the cell-cell contact between ABp and P2, and the
ensuing signal mediated by the transmembrane protein GLP-1 (similar to Notch)
and the Delta-like ligand APX-1 (Mango et al. 1994; Mello et al. 1994; Priess 2005;
Schnabel and Priess 1997).
ABa and ABp are initially equivalent but seem to receive different amounts of
signalling from the posterior. This early distinction between AB fates influences
later lateral asymmetry of neurons in the adult worm (Poole and Hobert 2006).
Initially, both, ABp and ABa express GLP-1 (Notch) (Evans et al. 1994), however,
only ABp has a cell contact with P2, which contains APX-1 (Delta) and thus initiates
the Notch pathway. This has been shown to activate REF-family proteins which act
on transcription to establish muscle fate in the ABp lineage. Later Notch interactions
can also be mediated by non-P cells for example by MS (Priess 2005).

1.3.4

Approaches to modelling PAR polarity

Many molecular details about consequences of PAR protein interactions and lack
thereof have been revealed over the past decades. To ensure that our understanding
of this protein network is not misguided, mathematical models that rely on measured
parameters must be built.
Prior to the PAR proteins, other types of cell polarity have been investigated
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Figure 1.9: PAR protein reaction diffusion system.
(A) Key coarse-grain model features. (B) Protein interactions of the PAR-3 - PAR-6/aPKC - CDC42 cycle, antagonising pPARs. Interactions within the posterior species are not well established.
Phosphorylation by PAR-1 is thought to inhibit PAR-3 clustering and potentially increase membrane
dissociation rates. (C) Schematic model output for a potential three species model, taking into account
slow movement of PAR-3 clusters (sharp gradient). Anterior to the left.

theoretically (Jilkine and Edelstein-Keshet 2011). For example the paradigm of localexcitation-global-inhibition was introduced for modelling chemotaxis (Levchenko
and Iglesias 2002). Another important prototype model, also employed in this thesis,
consists of so-called ’wave-pinning’. Originally this model was conceived to explain
RhoGTPase polarity. Here, positive feedback in conjunction with a limiting protein
pool allow for robust polarization. The emerging pattern can adapt to external cues,
but stays polarized even in their absence (Mori et al. 2008; Jilkine and EdelsteinKeshet 2011).
In this model, initially, a small perturbation grows to form a wave-front, which
is fed by adding new cytoplasmic material due to positive feedback. However, the
limited number of molecules in the cytoplasm cause this wave to ’pin’, leaving the
membrane divided into two domains ’before’ and ’behind’ the wave-front. The
concept of a limiting pool can explain a variety of phenomena in biology (Reber and
Goehring 2015; Goehring and Hyman 2012) and is an essential feature in all the PAR
models described below.
Mathematical models of PAR polarity in C. elegans have thus far almost exclusively relied on the one-cell embryo, owing to feasibility of biophysical measurements and manipulations. The governing equations have already been introduced
in section 1.1.4, I will thus not reiterate them here, but instead focus on conceptual
developments over the past ten years.
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Two fundamental physical processes have to be described: first, gaining insight into reaction kinetics between proteins has provided relatively predictive, if
somewhat coarse-grain, models of polarity maintenance (Beers and Kemphues 2006;
Goehring, Trong, et al. 2011; Sailer et al. 2015; Tostevin and Howard 2008; Rodriguez
et al. 2017). Second, integrating the role of physical forces generated by active
processes in the cortex has proven very fruitful to describe polarity establishment
(Munro, Nance, et al. 2004; Goehring, Trong, et al. 2011; Bois et al. 2011; Mayer et al.
2010). All mathematical models of PAR polarity published to date share some key
features, which are shown schematically in fig. 1.9 (A).
The first such model of C. elegans PAR polarity (Tostevin and Howard 2008)
integrated biologically observed PAR membrane distributions (Cuenca et al. 2003;
Cheeks et al. 2004) as well as cortical flows (Munro, Nance, et al. 2004) to account for
the most prominent features of the PAR system: establishment of membrane domains
upon a centrosome-derived cue based on cortical flows, and maintenance of PAR
polarity via mutual inhibition of anterior and posterior species. This model lacks
bistability, thus, left on their own, anterior and posterior species cannot maintain two
separate domains. Polarity maintenance in this model is derived from asymmetries
in the actin cytoskeleton acting on anterior PARs, however, it was shown in Goehring,
Hoege, et al. 2011 that polarity maintenance does not depend on the actin network.
To account for bistability, purely based on mutual antagonism between aPARs
and pPARs, a non-linearity had to be introduced into the reaction-diffusion system
(Goehring, Trong, et al. 2011). Biochemically, this can be explained for example based
on clustering and other types of non-linear reaction kinetics (Dawes and Munro
2011; Rodriguez et al. 2017; Dickinson et al. 2017; Sailer et al. 2015; Ha and Ferrell
2016). This bistable scheme allows for polarity maintenance in the absence of any
asymmetry in the underlying system.
Additionally, exploration of the model’s parameter space and FRAP-based
measurements of membrane kinetics as well as estimating cytoplasmic diffusion via
fluorescence correlation spectroscopy (FCS) showed for the first time that pattern
formation based on the proposed reaction diffusion mechanism was physically
possible (Goehring, Hoege, et al. 2011; Goehring, Trong, et al. 2011; Trong et al. 2014).
At approximately the same time, theoretical and experimental work established
how cortical flows can arise from actomyosin dynamics in the framework of active
fluid theory (Bois et al. 2011; Mayer et al. 2010).
Taken together, reaction-diffusion kinetics and active-fluid theory suggest a
mechanochemical patterning paradigm in C. elegans, which can potentially be generalized to other systems (Goehring and Grill 2013; Zihni et al. 2017).
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In recent years, more details regarding the precise reaction pathways and biochemistry haven been uncovered, giving rise to several partial models that can
explain specific phenomena. Notable is an approach taking into account a second
negative feedback loop, involving CDC-42 and its putative GAP CHIN-1 to account
for proper model behaviour during maintenance phase in the absence of PAR-2
(Sailer et al. 2015). Another recent study describes a potential clustering mechanism
for PAR-2 (Arata, Hiroshima, et al. 2016), which gives rise to differential dissociation
rates of PAR-2 along the anterior-posterior axis. Based only on these measurements,
PAR-2 asymmetry can be explained in a parameter free way (Arata, Hiroshima, et al.
2016). However, the extent of the gradient region between anterior and posterior
domains is not faithfully captured, suggesting more work is needed to account for
in vivo protein distributions.
To date, no model has been able to take into account biochemical interaction
data or measured reaction rates, either between or within anterior and posterior
species. All published models thus far rely on effective association and dissociation
rates between membrane and cytoplasm. Future biological studies will thus have
to elucidate more detailed molecular pathways, which can describe for example
clustering of molecules or antagonism by phosphorylation in a more quantitative
manner.
Some steps towards this goal have been taken, for example, clustering of PAR-3,
CHIN-1 and PAR-2 has recently received attention (Dickinson et al. 2017; Rodriguez
et al. 2017; Sailer et al. 2015; Arata, Hiroshima, et al. 2016).
Future models will have to take into account many of the complexities discussed
here. For example, a model with two anterior species with differential diffusion (one
for clustered PAR-3, slowly diffusing, and another one for CDC-42, fast diffusing)
could explain the different sharpness in boundary gradients between PAR-3 and
PAR-6/PKC-3 (see fig. 1.9 (B), for reference see Rodriguez et al. 2017).

Chapter 2
Polarity models: Wave-Pinning and
the symmetric PAR system
The two types of cell polarity models introduced before, WP and the PAR system,
will be discussed here, with the aim of highlighting analogies between different
types of patterning systems with regard to changes in system parameters such as
turnover rates and system size.
When cytoplasmic diffusion is considered infinite, WP is governed by

∂t a = Da ∂x2 a + b


k0 +

γ a2
K 2 + a2


−δa ,

(2.1)

where a is membrane concentration and b is cytoplasmic concentration, which in
this case is considered uniform. Da signifies membrane diffusion, k0 is a uniform
association rate converting the cytoplasmic species to membrane bound, γ and K
describe positive feedback, and δ regulates membrane dissociation.
Polarity is established by a transient local cue which promotes membrane
association of the cytoplasmic species. Once bound to the membrane, positive
feedback induced by the Hill function in eq. (2.1) governs pattern evolution. The
wave-front grows until it has reached a steady state where membrane association
and dissociation are equal. Steady state examples for different values of D can be
seen in fig. 2.1 (C).
For the PAR system, it is useful to use a symmetrized version similar to the one
used in Trong et al. 2014, only with slightly different parameter values. Thus, the
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parameters that govern anterior and posterior species are equal:

∂A
∂ 2A
= D 2 + kon Acyto − ko f f A − kant P2 A
∂t
∂x
∂P
∂ 2P
= D 2 + kon Pcyto − ko f f P − kant A2 P
∂t
∂x
Pcyto = ρP − ψ P̄

(2.2)

Acyto = ρA − ψ Ā; ,
where D is a diffusion coefficient, kon and ko f f are membrane binding and unbinding
rates and kant mediates mutual antagonism. In the conservation equations, the
cytoplasmic amount is set as the difference between total protein number ρ and the
average membrane concentration scaled by surface-area-to-volume ratio ψ . The fact
that all parameters are the same for both species results in concentration profiles
that are symmetric about the domain boundary (see for example fig. 2.1 (A)) This
approach produces qualitatively similar results to the full system, discussed in
chapter 5, however, some relationships, which are only approximate in the more
realistic case, can be shown to hold exactly for the symmetric version.
To further simplify analysis computations are performed on a one-dimensional
lattice. The effects of curvature have been considered in Goehring, Trong, et al. 2011
and were found to be negligible as long as reaction kinetics do not depend on local
curvature, an assumption which has not been verified experimentally.
Effects of varying local surface-area-to-volume ratio introduced by membrane
curvature could potentially impact on local reaction kinetics, however, full analysis of
this phenomenon lies beyond the scope of this work. Importantly one-dimensional
models have been highly successful in describing the PAR pattern in C. elegans
(Tostevin and Howard 2008; Goehring, Trong, et al. 2011; Dawes and Munro 2011),
indicating a small if at all significant role for curvature.

2.1

The Boundary Gradient as a Measure of Diffusion
Length

In a one component system like WP the boundary gradient between regions of
high and low membrane intensity (see for example (fig. 2.1 (C)) can be intuitively
understood to be a measure for diffusion length. Membrane loading is high on
the left side (high concentration) due to positive feedback. Proteins then diffuse
away with a net flux on the membrane towards the region of lower concentration.
How sharp the transition zone is depends on an interplay between diffusion and
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the reaction parameters. Generally, this length scale will be determined by how
far a molecule can diffuse within the time it stays on the membrane, this expected
distance is given by
p
λ ∼ Dτo f f
(2.3)
where D is the diffusion coefficient and τo f f the expected time for a molecule to stay
on the membrane, which is determined by an interplay of all membrane dissociation
rates of the system. In the case of WP there is only one dissociation rate, δ , and with
τ ∼ 1/δ , eq. (2.3) becomes
r
D
λ∼
(2.4)
δ
This gives an approximate measure for the distance necessary to bridge between
regions of high and low concentrations. If the two extreme concentrations are known,
then their difference ∆C and the length scale λ define a slope
m=

∆C
λ

(2.5)

If ∆C is kept constant then m can serve as a measure for λ . m can be directly
measured from simulated curves. By inferring λ using eq. (2.5) one can then test
eqs. (2.3) and (2.6). To measure slopes reliably at the same position in different parameter regimes, the following model quantifications rely on finding the maximum
slope of the boundary and use this as a proxy for λ .
In the case of the PAR system where antagonism and basal dissociation rate ko f f
give rise to an effective dissociation rate ko f f ,e f f , eq. (2.4) becomes
s

λ∼

D
ko f f ,e f f

.

(2.6)

Antagonism is not uniform across space, due to its dependence on the opposing
species, which is generally not uniform. Thus, diffusion length is also not uniform
across space, making a precise measure difficult. However, slopes can still be
assessed in a similar manner as indicated for WP above and again provide a proxy
for λ , bearing in mind the approximation made.
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α

D

2

0.1

kant
µ m2
s

1

µ m4
s

ko f f

kon

0.005 s−1

0.006

µm
s

Ctot

A
P

L

1 µ m−3

1

30 µ m

(a) Parameters used for simulating a symmetric PAR system.

D
0.1

µ m2
s

k0

γ

K

δ

L

0.067 s−1

1 s−1

1

1 s−1

40 µ m

(b) Parameters used for simulating the wave pinning system.
Table 2.1: Simulation parameters

2.2

Gradient dependence on parameters in WP and
PAR systems

The parameters used for simulations can be found in table 2.1. As my interest is
mainly in polarity maintenance, initial conditions are chosen such that the system
is fully polarized at the start of the simulation. Dirichlet boundary conditions are
used such that derivatives at the system boundaries are zero. Model integration
in this chapter is performed by stepping in time using a Runge Kutta scheme after
Dormand/Prince (1980) (DOPRI5) and a simple Euler discretisation in space (also
see section 8.6.1).

2.2.1 Diffusion determines the extent of the domain boundary.
In order to determine the influence of diffusion on the wave pinning and PAR
patterns, simulations were run for different diffusion coefficients (fig. 2.1 (a), (b)).
For the PAR system, parameters are changed symmetrically, thus DA an DP are kept
equal. The boundary region with intermediate concentrations becomes broader with
increasing D. This can be seen from the reaction-diffusion equations: the diffusive
part is the only non-local term, therefore rescaling diffusion is equivalent to rescaling
system size. Conversely, if system size is constant, changing D changes the ratio
between gradient length scale and system size, thus sharpening or broadening the
gradient.
Diffusion length behaves as expected from eq. (2.6): the extent of the gradient
between regions of high and low membrane concentration in both models increases
with the square root of membrane diffusion (fig. 2.1 (C), (D)), indicating a linear
relationship between diffusion length as identified in eq. (2.6) and gradient length.
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Figure 2.1: Influence of diffusion on WP and PAR system.
PAR system: (A) The region between the anterior and posterior domains becomes broader with
increasing diffusivity. All√other parameters are as in table 2.1. (B) Gradient extent as a measure of
diffusion length. Fit to A · D with A as a free scaling parameter.
Wave pinning: (C) The region between membrane areas of high and low intensity becomes more
√
shallow as diffusion increases. (D) Gradient extent as a measure of diffusion length. Fit to A · D)
with A as a free scaling parameter. Where not indicated otherwise parameters are as in 2.1

In fig. 2.1 (A) and (C) one can also appreciate the effect of the boundary conditions on the PAR pattern. In an infinitely large system the maximum concentrations
are set independently of D by
kon
Cmax =
,
(2.7)
ko f f
provided that the concentration of the opposing PAR species is negligible in each
domain. This can be seen by ignoring the diffusive terms in eq. (2.2) (which is valid
because in the plateau region concentrations are nearly uniform) and considering
the steady state. Thus, the peak intensity at the system boundaries should be similar
for different values of D. However, this is not possible for finite systems, because the
system has to satisfy the zero-derivative boundary conditions.
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Figure 2.2: Influence of dissociation rate and antagonism rate on the PAR system.
(A) kant (see legend) influences primarily the overlap area of the two domains. (B) Concentration
profiles from (A) normalised. (C) ko f f influences the peak concentrations in the domains. (D)
Concentration profiles from (C) normalised. Where not indicated otherwise, all parameters are as in
table 2.1.

2.2.2 Off rates and antagonism rates shape the domain boundary
differently
Next, I investigated the interplay of antagonism (kant ) and basal dissociation rates
(ko f f ) on shaping the domain boundary in the PAR model.
From fig. 2.2 (A) one can see that the specific choice of kant is not important for
the main features of the model: varying kant across three orders of magnitude only
impinges moderately on how defined the domains are, or on the absolute difference
between high and low concentrations. From the normalized curves in fig. 2.2 (B) it is
evident that the most significant effect on the profile shape is where the two proteins
encounter one another at the bottom half of the curve, whereas the top parts of the
curves change only minimally.
Conversely, changing dissociation rates has a clear effect on the overall pattern.
A high dissociation rate lowers the expected steady state concentration (see eq. (2.7)),
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Figure 2.3: Influence of on rate on the PAR system.
(A) On rates are changed as indicated in the panel legend. All other parameters are as in table 2.1.
(B) Normalised profiles from (A). The shape only changes marginally with increasing on rates. C
Changing on rates and adapting antagonism at the inverse rate (see text for details). Note the
difference in the crossover region compared to (A). D Normalised profiles of (C), perfect overlap.

shown in fig. 2.2 (C). Normalising to the maximum intensity shows a slight change
of the boundary region when changing ko f f (fig. 2.2 (D)).

2.2.3

On rates have little influence on the domain boundary

Acting antagonistically to dissociation rates, association rates are responsible for
setting the ratio between membrane associated and cytoplasmic protein amounts.
As seen from eq. (2.7) they directly set the steady state membrane concentration.
Since the cytoplasm is not patterned, and the total association rate, given by kon · Acyto
and kon · Pcyto , is thus uniform, association rates have no strong influence on the
membrane pattern itself. This can be seen from the normalized graphs in fig. 2.3 (B).
However, there is some influence on the boundary due to association rates
indirectly feeding back into the antagonism of the two proteins by setting the total
amount of protein on the membrane. Consequently, if association rates are higher,
antagonism increases, which leads to a slight steepening of the gradient, seen in
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fig. 2.3 (B). This can be countered by decreasing antagonism rates accordingly, leading
to overlap of the curves, seen in fig. 2.3 (C) and (D). This becomes clear by making
the system non-dimensional. Starting from

∂A
∂ 2A
= D 2 + kon Acyto − ko f f A − kant P2 A
∂t
∂x

(2.8)

we can introduce scales for all relevant variables:
A = A0 Ã ,

P = A0 P̃ ,

t = τ t˜

x = l x̃ ,

(2.9)

with

τ = 1/ko f f ,

l=

q

D/ko f f

(2.10)

leading to
ko f f A0

ko f f ∂ 2 Ã
∂ Ã
=D
A0 2 + kon Acyto − ko f f A0 Ã − kant A30 P̃2 Ã
∂ t˜
D
∂ x̃

(2.11)

which can be simplified to

∂ Ã ∂ 2 Ã kon Acyto
kant 2 2
= 2+
− Ã −
A P̃ Ã
∂ t˜
∂ x̃
ko f f A0
ko f f 0

(2.12)

From this, we can see that a change in kon in the cytoplasmic term can be countered
by scaling A0 , the scale for membrane concentration. However, if A0 is scaled, this has
to be propagated to the antagonism term, which again has to be countered by scaling
kant , this time by the square of the scaling factor of kon , due to the second power on
A0 . In conclusion, changing kon and kant simultaneously in opposite directions keeps
the normalised pattern constant, leading to perfect overlap in fig. 2.3 (D).

2.2.4 Scaling of reaction terms is equivalent to changing diffusion
For the following discussion it is useful to split eq. (2.2) into reaction and diffusion
terms
∂A
∂ 2A
= D 2 + f (A, P)
(2.13)
∂t
∂x
with the reaction part
f (A, P) = kon Acyto − ko f f A − kant P2 A

(2.14)
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Figure 2.4: Influence of scaling reaction terms on the WP and PAR systems.
(A) Increasing δ , the membrane off-rate in the WP system, sharpens the boundary between areas
of high and low concentrations. (B) Gradient length measured via steepest slope (see text) as a
function of δ . (C) Multiplying all reaction rates in the PAR equations with Ratio (indicated in legend)
is equivalent to changing diffusion (see fig. 2.1 (A)). (D) Gradient extent as a measure of diffusion
length, Fit to √AD with A as a free scaling parameter. Where not indicated otherwise, all parameters
are as in table 2.1. Parameters in panel (C) were scaled by the ratio indicated in the panel legends.

and similarly for species P. From previous considerations we have seen that scaling
diffusion amounts to scaling system size (section 2.2.1). Here, we can see that time
and space are intricately linked in the equations: rescaling the reaction terms, also
amounts to rescaling system time, which is linked to system size via parameter D.
Thus if reactions are slowed down compared to diffusion (Ratio 0.05 in fig. 2.4 (C)),
the gradient becomes more shallow.
Therefore, if ko f f is changed in unison with all other parameters, the gradient
length adapts like a square root function (fig. 2.4 (D))
The same results hold for WP if δ is scaled (fig. 2.4 (A-B)). Due to the fact that
there is only one membrane species and no cross talk between two proteins, other
rate parameters in WP do not have to be scaled in order to obtain a good square root
fit (fig. 2.4 (B)).
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steady state concentrations the same surface-area-to-volume ratio was left unchanged at 0.174. (B)
Influence of varying dosage ratio on domain size. Graphs are normalized to one for each species. (C)
The same system as in (A) but with unequal dosage ratio 1.01, favouring the anterior (red) species. (D)
Phase space indicating the system’s ability to polarize depending on the concentration ratio between
A and P as well as system size. A system is defined as unpolarised if at the end of a simulation one
species has a higher concentration than the other species everywhere on the membrane. Where not
indicated otherwise, all parameters are as in table 2.1.

2.3

Pattern maintenance depends on system size

All reaction diffusion systems seen in the introduction showed a size limit, below
which they were linearly stable, and therefore would not break symmetry spontaneously (see section 1.1). Cell polarity is typically initiated through a spatial cue,
hence, a natural question to ask is whether such a limit exists only for spontaneous
symmetry breaking, or whether this statement can be made more general by also
considering pre-patterned systems and their ability to maintain rather than establish a
pattern.
In the specific cases of WP and the PAR system, we are starting from fully
polarized initial conditions with the membrane divided exactly into halves. At
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different cell sizes one can look for steady states with two distinct domains. Such
a system must support two different membrane states, which are connected by
the boundary gradient. One could expect that system size has an effect on pattern
stability if decreased below the typical boundary gradient length.
Effects of size on the pattern can be seen in fig. 2.5. First, in fig. 2.5 (A), the
system is kept completely symmetric. As size is varied, the gradient starts to be
influenced by the system boundaries, resulting in smaller differences between high
and low membrane states. By definition, this system will never be uniform in either
species, due to the initial conditions and the completely symmetric set-up, even
though for small system sizes a uniform steady state seems to be the outcome at
infinite times.
Since a completely equal dosage is not physiologically possible, I investigated
the influence of varying protein amounts. If the dosage ratio between A and P is
changed from 1:1 to a different value, this changes the boundary position (fig. 2.5
(B)).
Fascinatingly, if dosage is changed in a small system, even a slight dosage
asymmetry of Atot = 1.01 · Ptot suffices to change the behaviour dramatically. Below a
threshold size, which we term critical polarisable system size (CPSS) the steady state
is dominated by species A, which now has a slight dosage advantage. Larger system
sizes, however, are completely unaffected by this small alteration in dosage (fig. 2.5
(C)). Evidently, since the system is symmetric apart from A:P ratio, this works for
both A and P (fig. 2.5 (D)).
From fig. 2.5 (A) and (C) it is also clear that for systems larger than the gradient
region, the shape of the gradient is not influenced by overall size, the larger patterns
fall on top of one another.
However, it was shown before that the gradient is influenced by reaction and
diffusion parameters (sections 2.2.1 and 2.2.2). Thus, if the above statement is correct
and gradient length is related to CPSS there should be a direct relationship between
CPSS and diffusion. This is exemplified in fig. 2.6 for the PAR system and WP.
Moreover, if CPSS and system size are linearly related then the relationship between
D and CPSS should follow a square root (see eq. (2.6)), which holds true for both
systems, as seen by the fitted curves.
A brief mention shall be made on the effects of surface-area to volume ratio ψ .
When changing the size of a realistic cell and keeping its shape constant the amount
of volume per surface area is changed. Smaller cells have relatively more surface.
This leads to a change in the on-rate term of eq. (2.2), effectively decreasing kon as ψ
gets larger. Thus, it is necessary to keep ψ constant when comparing different system
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Figure 2.6: Influence of diffusion on pattern breakdown.
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Where

sizes (like figs. 2.5 and 2.6), in order to avoid effects purely based on geometry and
not on membrane length. However, when comparing simulations to in vivo data this
could potentially play a role and will be taken into account (chapter 5).

2.3.1 CPSS depends on ratio of diffusion coefficients.
In biological systems, diffusion coefficients of membrane-bound particles can vary
dramatically. For example, in the PAR system clusters of PAR-3 show very little diffusive motion (Rodriguez et al. 2017), whereas other membrane associated proteins
like PAR-2 and PAR-6 (chapter 3 and references Goehring, Hoege, et al. 2011; Robin
et al. 2014; Arata, Hiroshima, et al. 2016) move much more rapidly. In order to test
the influence of a slow species on the ability of the reaction diffusion network to
maintain a pattern, here, a system is simulated that is completely symmetric, except
for diffusion coefficients DA and DP . One could speculate, that in such a system
the interplay between the two gradients is much more complex, since the shape of
each curve influences the shape of the other via antagonism. Indeed it appears to
be impossible to obtain any analytical prediction of how gradient lengths or CPSS
evolve if one diffusion coefficient is fixed and the other is varied.
An additional problem can be seen from fig. 2.7 (A), where the two diffusion
coefficients are such that the system is close to breakdown. At this point in parameter
space slight variations of dosage can have large effects on domain size and steady
state profiles. To ensure that breakdown is due to small cell size and not a dosage
artefact, I performed a parameter sweep to find the minimum and maximum dosage
ratios at each cell size that allow for a polarized steady state (fig. 2.7 (B), also see
methods section 8.6.1). From the phase space diagram in fig. 2.7 (B) we can see that

2.3. Pattern maintenance depends on system size
A

B

1.1

1.0

Unpolarized (slow wins)

r
r
r
r

0.6
0.4

A/P ratio [µm]

Concentration [a.u.]

1.0
0.8

= 0.99
= 0.98
= 0.96
= 0.93

0.2

−20

−10

1.0

Unpolarized (fast wins)

0

10

0.6

20

x [µm]

20

30

D

0.4

50

20
Simulated for 6000 s
Simulated for 120000 s

15

0.6

40

system size [µm]

CPSS [µm]

DA
0.3 µm2 /s

0.8

PAR system
Perfect scaling

0.8

10

5

0.2
0.0

Polarized

0.9

0.7

0.0

C

71

0

5

10

15

20

25

0

0

20

system size

40

60

k AP [µm4 /s]

80

100

Figure 2.7: Influence of differential diffusion and antagonism on pattern breakdown.
(A) Different dosage ratios between the two proteins can shift the boundary significantly when the
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system is close to breakdown. Diffusion coefficients: DA = 0.0 µ ms ; DP = 1.1 µ ms (B) Parameter space
2

2

sweep for different system sizes and dosage ratios at diffusion coeffients DA = 0.1 µ ms ; DP = 1.1 µ ms (C)
2

Diffusion coeffients: DP = 0.3 µ ms (D) Dependence of CPSS on kant (here called kAP ) for two different
simulation times. Note that for longer times the left hand tail becomes shorter. Where not indicated
otherwise, all parameters are as in table 2.1.

below approximately 30 µ m system size, very small changes in dosage can shift an
initially polarized system between two unpatterned steady states: one in which the
slow species dominates the membrane and one in which the fast species takes over
the membrane.
To investigate more systematically how one very slow species changes CPSS,
let us assume DP to be constant while DA is decreased. If a phase space plot like the
one in fig. 2.7 (B) is obtained and breakdown size is defined as the size at which a 3%
difference in dosage changes the system from A dominant to P dominant, then we
can find the CPSS for any given ratio of diffusion coefficients (fig. 2.7 (C)). Clearly,
if both diffusion coefficients are of a similar order of magnitude, decreasing one
of them only has a small influence on CPSS. This influence becomes progressively
larger as DA is decreased, resulting in a terminal system size of around 7.5 µ m below
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which polarity is not stable even at DA = 0.
Thus, even if one of the two species does not show any membrane mobility,
there is a CPSS.

2.3.2 CPSS is largely independent of antagonism
In order to test the influence of antagonism on CPSS, simulations were run for
kant ranging between 0.1 µ 4 /s and 100 µ 4 /s. The minimum CPSS is obtained at
approximately kant ∼ 1µ 4 /s and CPSS increases above or below this value (fig. 2.7
(D)). It might seem counter-intuitive that CPSS increases, albeit only modestly, with
increasing antagonism. However, this can be explained intuitively by considering
that the overlap between the two domains shrinks when antagonism is increased.
This leaves less space to accommodate each domain, leading to higher CPSS.
Thus, as we decrease kant , CPSS decreases slightly due to increasing overlap
between domains until a limit is reached at about kant ∼ 1µ 4 /s. Below this, reduction
in antagonism destablizes the system due to increasing inability of the PARs to
exclude each other.
When simulation time is increased twentyfold, the numerical values change
slightly, however, qualitatively the graphs are similar (fig. 2.7 (D), green (long simulations) as opposed to yellow (short simulations)). Taken together, these simulations
suggest that kant only has a small influence on CPSS, which is likely mostly due to
changing overlap between domains.

2.4

Conclusions

In the general introduction (section 1.1) I have discussed known length scales in
reaction-diffusion systems. At the beginning of this first results chapter I have now
shown that the length scale identified for the PAR system
s

λ∼

D
ko f f ,e f f

√
is related to the interface area between the two protein domains as predicted: λ ∼ D
(fig. 2.1 (B) and (D)).
Thus, changing D or effective dissociation rates influences the boundary shape
of the pattern.
Next, I showed that antagonism, kant , mostly influences the overlap region
between the two domains, while association and dissociation rates set the steady
state concentrations in the plateau region of each domain (figs. 2.2 and 2.3). If all
reaction terms are scaled equally this is equivalent to changing the time scale on
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which the reactions happen. It is thus equivalent to changing diffusion rates. In this
case the gradient between the domains was shown to change with ko f f ,e f f according
to a square root relationship (fig. 2.4), again as expected from the above equation.
Next, motivated by results obtained previously by linear stability analysis,
for example, in Turing systems, I investigated the influence of cell size on pattern
stability and identified a critical polarizable system size (CPSS) below which polarity
maintenance is lost (fig. 2.5). Not surprisingly, CPSS depends on D via a square root
relationship (fig. 2.6), which shows the link between the intrinsic pattern length scale
λ and CPSS.
To quantify the influence of dosage on CPSS, I varied dosage ratio while at the
same time changing system size. This results in a funnel-like area in parameter space
which allows for a polarized system (fig. 2.7). For small sizes, maintaining polarity
becomes impossible.
Finally, I showed that CPSS is determined by an interplay of diffusion coefficients DA and DP . If one of the two is lowered while the other is kept constant CPSS
decreases.
Interestingly, the results obtained for the PAR system were directly translatable
to wave-pinning (WP), which shows the general nature of these relationships and
their independence of the specific model. However, at this point it is unclear whether
the CPSS identified here for both models has any relevance in vivo. If, for example,
membrane dissociation or diffusion rates were dependent on system size, the pattern
might be able to adapt to smaller sizes by scaling λ . For this reason the next chapter
focuses on measuring key parameters across different cell sizes in vivo.

Chapter 3
Characterization of protein dynamics
at the cell membrane
In section 2.1 we have seen that one of the crucial pattern length scales - the width
of the boundary gradient - depends to a large extent on membrane kinetics, with a
broader boundary resulting from faster diffusion, or slower dissociation rates (and
vice versa). As the model does not inherently scale with cell size (fig. 2.5), any size
adaptation must come from changes of parameters such D, ko f f and kant . In order
to establish whether the PAR model predicts adaptation to cell size it is therefore
necessary to obtain measurements of D and ko f f for different sizes.
Chapter 2 concludes with the prediction of a critical polarizable system size
(CPSS), quantifying the ability of a cell to maintain polarity depending on size, in
two different prototypic models for cell polarity. Similar to the boundary gradient
it was shown that CPSS depends on membrane diffusion and turnover. To find
out whether the predicted size limits are physiologically relevant, i.e. could occur
at cell sizes seen in vivo, it is thus necessary to inform our model with measured
values for D and ko f f for different cell sizes. To this end, I performed single-molecule
measurements across three different cell size conditions:
1. ima-3(feeding RNA interference (fRNAi)) embryos exhibit abnormally small
one-cell embryos (down to 25 µ m diameter).
2. wt embryos reliably measure around 50 µ m along the long axis
3. C27D9.1 embryos carry allele tm5009 for the gene C27D9.1 and exhibit abnormally large embryos (up to 75 µ m along the long axis.)
Both ima-3 and C27D9.1 have been used previously to alter embryo size (Hara
and Kimura 2009). ima-3 is part of a family of nuclear importers and has been

76

Chapter 3. Characterization of protein dynamics at the cell membrane

implicated in meiotic progression and larval development. Full knock-down causes
severe defects in morphology and sterility (Geles and Adam 2001). C27D9.1 is
not characterized but has been noted to change egg morphology (Sönnichsen et al.
2005; Hara and Kimura 2009; Yamamoto and Kimura 2017). Neither ima-3 nor
C27D9.1 embryos have been reported in the literature to exhibit any phenotypes
associated with PAR-polarity, which we confirmed during initial assessment of their
phenotypes. We did not see abnormal behaviour of PAR polarity in a size range
of approximately 35 µ m to 75 µ m during early embryonic stages up to P3. Only
embryos smaller than 35 µ m showed signs of abnormal cell packing even during the
earliest stages of development. Thus, these genes appear to be good candidates to
induce different cell sizes.
An independent way of exploring potential changes of kinetics at different
cell sizes was to investigate the P-lineage of the early embryo, with the caveat of
taking measurements in cells with an identity different from the zygote. Due to
single molecule measurements requiring a minimum membrane area to be analysed,
P-lineage measurements could only be performed in P1 of C27D9.1 embryos.
The first measurements of D and ko f f in C. elegans were carried out using FRAP
(Goehring, Chowdhury, et al. 2010; Goehring, Hoege, et al. 2011). These dissociation
rates and the ratio between cytoplasmic and membrane fluorescence were then used
to infer on rates (Goehring, Trong, et al. 2011). Using FRAP has several disadvantages
compared to more recent techniques, such as only being able to assess bulk behaviour,
requiring a relatively large membrane surface close to the coverslip for imaging, and
being very sensitive to background fluorescence.
Recently, single-molecule techniques have allowed for a more direct measurement of diffusive behaviour, further highlighting significant complexity, such as
sub-populations of molecules diffusing at apparently different rates and oligomerisation of proteins on the membrane (Robin et al. 2014; Arata, Hiroshima, et al. 2016;
Sailer et al. 2015; Dickinson et al. 2017). Traditional single-molecule methods used
in C. elegans have some major drawbacks. For example, photobleaching is used to
bleach a large fraction of the GFP-tagged protein pool, in order to achieve membrane
fluorescence levels that allow for detection of individual proteins (see for example
fig. 3.1). This usually results in embryo death prior to the first round of cytokinesis
due to phototoxicity, which hampers interpretation of the results because it is unclear
whether the observed behaviour is real or due to light-induced artefacts. A second
problem is more subtle and often underappreciated: If a protein exists in different
states on the membrane (e.g. a long-lived and a short-lived state, consequently exhibiting different unbinding rates) these two proteins will not be influenced equally
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by the photobleaching step. If only the membrane is bleached and the cytoplasmic
pool is left unaltered (for example by bleaching in HiLo mode, see section 8.2), the
species with the longer turnover time will be depleted more from the visible pool,
because it is not replenished as often as the short-lived one. This either skews the
relative number of observed events towards the short-lived species or makes observation of the long-lived species impossible altogether. If bleaching is performed in
widefield mode this artefact is reduced, because all species, including cytoplasmic
ones, are bleached at a similar rate. However, the membrane touching the coverslip
is still bleached more than the cytoplasm due to loss of intensity as light penetrates
the sample, and accordingly lower bleaching rates in the cytoplasm.
A recent major improvement of these methods was introduced in Robin et al.
2014: if an embryo expresses the wild-type copy of a gene and also a GFP-tagged
copy, the latter one can be depleted by fRNAi to levels at which no or only very
little bleaching is necessary to obtain membrane protein densities that allow for
observation of single molecules. At the same time the presence of the wild-type copy
ensures a healthy embryo, even if the GFP-copy is only present at very low levels.
This avoids embryo death and also alleviates the disbalance between potential longand short-lived species mentioned above.
Use of this fRNAi depletion technique also allows for measuring dissociation
rates with the same apparatus as measuring diffusion, only using a slightly different imaging regime. Therefore this method is used throughout this thesis (see
section 8.2).

3.1

Estimating Membrane Diffusion Coefficients

In order to investigate whether there is a size dependence of diffusion on the plasma
membrane, I acquired HiLo images at the cortex, approximately at nuclear envelope
breakdown (NEBD), after depleting embryos of most of their GFP-tagged molecules
by xfp(fRNAi). Sample images of the resulting protein density on the membrane
can be seen in fig. 3.1. If depletion was too weak, the embryos were subjected to
bleaching in widefield-mode at full laser power for 10s or less and subsequently
imaged. Bleaching for longer periods increases the chances of embryo death, and
was avoided. In order to prevent imaging artefacts due to death, embryos were
followed until completion of their first round of cytokinesis. From fig. 3.1 it is clear
that different proteins yield very similar signal-to-noise ratios, which is expected as
this is mostly defined by the fluorescence yield of single GFP proteins, which is the
same for all proteins, and the cytoplasmic background, which is reduced due to the
HiLo imaging conditions. From these images one can also appreciate the asymmetric
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A

GFP::PAR-6

B

GFP::PAR-2

C

PAR-3::GFP

D

GFP::PH-PLCΔ1

Figure 3.1: Single molecule images for different proteins (diffusion conditions).
(A-B) Representative cortical HiLo images of GFP::PAR-6 (A) and GFP::PAR-2 (B) during maintenance
phase. Note the asymmetric distribution of molecules in both images. (C) Representative cortical
HiLo image of GFP::PAR-3 during establishment phase. (D) Representative cortical HiLo image of
GFP::PH during maintenance phase. Image in panel (D) by Rukshala Illukkumbura, Anterior is to
the left Scale bar, 10 µ m.

distribution of the PAR proteins on the membrane, whereas GFP::PH (fig. 3.1 (D))
is uniform. Among the PAR proteins shown here, PAR-3 appears least asymmetric,
because this particular image was taken at establishment phase, when PAR-3 was
not yet fully segregated to the anterior.
There are many different ways of assessing diffusive behaviour in different
contexts in- and outside of biology. Some of the most common ones are assessing
individual or average mean square displacement (MSD) of trajectories or fitting
step size distributions either directly or cumulatively. All of these methods have
drawbacks, for example due to assumptions they make about how uniform the
behaviour of agents across a population is (e.g. assuming that all PAR-6 molecules
behave in exactly the same way once bound to the membrane) or due to their need
for very long tracks, which are hard to obtain experimentally, in order to reliably
assess an individual molecule’s mobility (Burnecki et al. 2015; Yin et al. 2017; Martin
et al. 2002).
Here, we are first interested in whether or not dynamics change across different
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Figure 3.2: Step sizes across different size phenotypes.
(A) Step size distribution of PAR-6 molecules for different size phenotypes. PH − PLC∆1wt is shown
for comparison. (B) Same as (A) for PAR-2. (C) Cumulative step size distribution of PAR-6 molecules
for different size phe notypes. PH − PLC∆1wt is shown for comparison. (D) Same as (C) for PAR-2.
(E) Mean step size per size phenotype for PAR-6. Colored data points correspond to averages across
individual embryos. (F) Same as (E) for PAR-2.
Time interval between steps is 80 ms for all graphs. Images for PH − PLC∆1wt in panel (A)-(D) were
acquired by Rukshala Illukkumbura. Error bars represent 95% confidence intervals.
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cell sizes. This can be assessed in a ’parameter-free’ way by only analysing raw step
size distributions and comparing how similar they are at different sizes (see fig. 3.2).
Second, to inform our model we need to find a robust absolute measure of diffusion
which can be used in our quantitative predictions (see figs. 3.3 and 3.4).
After tracking particles (described in section 8.2.1) step size can be measured
directly from the resulting tracks by calculating the distance a particle has travelled
between two time points. Summary histograms for PAR-6 and PAR-2 can be seen in
fig. 3.2 (A) and (B), respectively. Images were acquired every 80 ms. For comparison
step sizes from a single embryo with GFP-tagged PH − PLC∆1 is shown (acquired
by Rukshala Illukkumbura). PH − PLC∆1 has been shown to diffuse an order of
magnitude faster than typical PAR proteins (Goehring, Chowdhury, et al. 2010;
Goehring, Hoege, et al. 2011) in C. elegans, which is consistent with the much longer
steps seen here, compared to both PAR-2 and PAR-6. While the data for one-cell
embryos overlap almost perfectly, it can be seen that mobility of both, PAR-2 and
PAR-6, is shifted to slightly higher step sizes in C27D9.1 P1 cells, which is particularly
obvious for PAR-2 (purple, fig. 3.2 (B)) and becomes more evident in the cumulative
step size distributions in fig. 3.2 (C) and (D). Also note that almost no molecules
of PAR-2 or PAR-6 cross a distance larger than 1 µ in the 80 ms interval, whereas
PH − PLC∆1 molecules can travel further (cut off here by axis limits for visual clarity).
This results in the cumulative step size distribution not reaching full probability
within the displayed axes for PH − PLC∆1.
In fig. 3.2 (E) and (F) the mean step sizes from panels (A) and (B) are shown
for the different size phenotypes. There is a striking similarity between PAR-6
and PAR-2 when comparing the relative values across phenotypes, with wild-type
embryos showing the lowest and C27D9.1 two-cell embryos the longest step sizes.
This could either result from a biological change due to changes induced by the
genetic differences or stem from systematic measurement errors enforced by the
experimental conditions, such as varying bead size and therefore changing embryo
morphology between conditions (see section 8.2). The fact that large and small
one-cell embryos have almost identical step sizes lends support to the hypothesis
that membrane diffusion does not depend on cell size.
In order to obtain a quantitative estimate for diffusion coefficients to inform our
modelling, I compared several ways of obtaining D. First, one can calculate the MSD
for individual tracks in every embryo and average across each embryo. Fitting
MSD = 4Dt

(3.1)
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Figure 3.3: Different ways of measuring diffusion across size phenotypes.
(A) Diffusion coefficients obtained for PAR-6 by fitting average MSD per embryo. (B) Same as
(A) for PAR-2. (C) Diffusion coefficients obtained for PAR-6 by fitting individual trajectories to
MSD = 4Dt α in log-log space, only keeping trajectories with 0.9 < α < 1.2 and averaging per embryo
(see also section 8.2.1 and Robin et al. 2014) (D) Same as in (C) for PAR-2. (E) Average mean square
displacement for different size phenotypes for PAR-6. All trajectories of all embryos that passed the
minimum track length criteria (see section 8.2.1) detected are taken into account. (F) Same as in (E)
for PAR-2. Error bars represent 95% confidence intervals.

82

B

PAR-6

0.5
0.4

0.4

0.3

0.3

0.2

0.2

RPear = −0.341
p = 0.052

0.1
0.0

PAR-2

0.5

Dres

Dres

A

Chapter 3. Characterization of protein dynamics at the cell membrane

RPear = −0.256
p = 0.138

0.1

0

50

100

Circumference

150

0.0

0

50

100

150

Circumference

Figure 3.4: Diffusive behaviour of PAR-2 and PAR-6 shows no strong size dependence.
(A) Dres for PAR-6 weakly correlates with decreasing system size. The measure for diffusion is the
same as in fig. 3.3 (C). (B) Same as in (A) for PAR-2. Note that for PAR-2 size circumference and
diffusion are virtually uncorrelated. Confidence bounds are 95%.

to the average MSD gives a value for D in each embryo. This is shown in fig. 3.3
(A) and (B) for PAR-6 and PAR-2, respectively. Each data point corresponds to a
different embryo.
A second method, following Robin and colleagues (Robin et al. 2014), consists of
fitting each track within each embryo to the above equation and also attempting to
take into account anomalous diffusion (also see section 8.2.1) by adding an exponent
α:
MSD = 4Dt α .
(3.2)
The diffusion coefficients resulting from this method are markedly faster than the
ones obtained from fitting the average MSD per embryo. This results from the fact
that under the given imaging conditions of 80 ms intervals between frames there is
a strong correlation between α and D, which is potentially an artefact of imaging
noise (also see Robin et al. 2014).
Lastly, I fit the average MSD of all embryos per experimental condition to
eq. (3.1), resulting in fig. 3.3 panels (E) and (F).
Interestingly the pattern between phenotypes in fig. 3.3 is very similar compared
to fig. 3.2 (E) and (F), indicating that all methods quantify similar features of mobility.
In order to analyse whether there is a direct relationship between cell size and
diffusive behaviour of PAR-2 and PAR-6, I measured cell size for each cell by tracing
the membrane outline in a mid-plane DIC image. The diffusion coefficients found in
fig. 3.3 (C) and (D) are shown with their respective cell circumference in fig. 3.4. No
strong size dependence is seen in either protein. Diffusion values can be extracted
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Figure 3.5: Single molecule images for different proteins (dissociation rate conditions).
(A-B) Representative cortical HiLo image of GFP::PAR-6 (A) and GFP::PAR-2 (B) (C) Representative
cortical HiLo image of GFP::PAR-6 (par-3). Note the uniform distribution of molecules across the
embryo due to PAR-3(fRNAi). (D) Representative cortical HiLo image of GFP::PH. Note the slightly
blurrier signal of individual molecules, presumably due to more motion blur resulting from faster
membrane diffusion. Embryos in all images have been subjected to xfp(fRNAi). Anterior is to the left,
Scale bar, 10 µ m.

from this fit for each cell circumference and used for modelling (see chapter 5).

3.2

Estimating Membrane Turnover Rates

The second set of parameters that was shown in chapter 2 to have a large influence
on the pattern (and therefore also on CPSS) is a combination of the reaction terms
in eqs. (2.13) and (2.14). A combination of antagonism and dissociation rates can
be measured using single- molecule photobleaching relaxation to steady state (smPReSS) (see section 8.2.2 and Robin et al. 2014 for reference). This method again relies
on single molecule imaging, and has several advantages when compared with measuring dissociation rates by FRAP, such as being robust to cytoplasmic fluorescence
changes, due to the fact that no absolute intensities are measured but quantification
relies solely on counting particles (Robin et al. 2014), providing spatial resolution
within one and the same embryo, as well as the ability to measure dissociation rates
in areas of very low membrane intensity (e.g. of PAR-2 at the anterior cortex). Similar
to FRAP, smPReSS also relies on photobleaching, in contrast to the method presented
by Arata and colleagues in Arata, Hiroshima, et al. 2016, which relies on residence
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time of individual particles at the membrane. However, FRAP relies on instantaneous
bleaching, which can be another caveat, if not taken into account mathematically
(Goehring, Chowdhury, et al. 2010).
Example images for smPReSS experiments can be seen in fig. 3.5. Imaging
conditions are different from the diffusion measurements in section 3.1, because
no tracking is necessary, since this method relies only on providing an accurate
account of the number of molecules bound to the plasma membrane at each time
point. The imaging and fitting procedure is described in section 8.2.2. Dissociation
rates were measured at NEBD and can be assessed in worms of different size by
making use of ima-3(fRNAi) (small embryos) and strains carrying the allele tm5009
(C27D9.1), similar to the case above for diffusion. While membrane diffusivity can
also be measured at the two-cell stage, this is not possible for dissociation rates due
to rotation of the P1 cell prior to cytokinesis, which starts at approximately the same
time as NEBD.
There are different ways of fitting the intensity data obtained from smPReSS.
For a detailed description, advantages and disadvantages of each method refer
to section 8.2.2 and Robin et al. 2014. Following the notation in Robin et al. 2014,
membrane intensity after start of imaging can be described by
dN
= kapp − (ko f f + k ph )N ,
dt

(3.3)

where N is the number of molecules at the membrane, ko f f is the dissociation rate to
be measured, k ph is the photobleaching rate and kapp describes binding of molecules
from the cytoplasm to the membrane. If the cytoplasmic pool is considered to be
infinite, kapp is constant. If depletion of the cytoplasm is taken into account, kapp
depends on time. Examples for N(t) averaged across different embryos can be seen
in fig. 3.6 (E) and (F).
Measured dissociation rates for PAR-2 and PAR-6 appear to be of the same order
of magnitude across the range of different embryo sizes obtained from C27D9.1
and ima-3(fRNAi) (fig. 3.6 (A)/(B) and (C)/(D)). Taking into account cytoplasmic
depletion increases the measured ko f f (compare fig. 3.6 (A)/(C) and (B)/(D)) and
also increases noise substantially.
Among the measured dissociation rates, PAR-6 (infinite pool) shows the tightest
range for every phenotype and a comparatively higher dissociation rate for small
embryos (ima-3(fRNAi)). This is consistent with different average bleaching profiles
of ima-3 embryos compared with wild-type and C27D9.1 embryos (fig. 3.6 (E)). The
larger dissociation rate is reflected by a higher steady state reached during imaging
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Figure 3.6: Different ways of measuring turnover across size phenotypes.
(A-B) Off rate measurements for PAR-6 (A) and PAR-2 (B) using a fitting model that assumes an
infinite cytoplasmic pool. (C-D) Off rate measurements for PAR-6 (C) and PAR-2 (D), using a fitting
model that takes into account cytoplasmic diffusion. (E-F) Mean fluorescence intensity for each size
condition normalised to N(0) for PAR-6 (E) and PAR-2 (F). Note the very different shape of the ima-3
embryo profile in PAR-6 (E) and the virtually overlaying graphs for all size conditions in PAR-2 (F).
Error bars represent 95% confidence intervals.
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Figure 3.7: Off rates in P0 across different embryo sizes.
(A) Measured turnover rates for PAR-6 decrease slightly with size. (B) Measured turnover rates for
PAR-2 increase slightly with size. Confidence bounds are 95%.

of ima-3 (panel (E), right tail of curve). This can be seen as follows: The unobserved
steady state at t = 0 is set by
kapp
Nss,0 =
,
ko f f
the steady state reached during long-term imaging is set by
Nss,1 =

kapp
.
ko f f + k ph

Normalisation in fig. 3.6 (E) and (F) is equivalent to dividing by Nss,0 , thus the
expected normalised steady state reached during imaging is given by
Nss,1,norm =

ko f f
ko f f
kapp
·
=
.
ko f f + k ph kapp ko f f + k ph

(3.4)

Since laser intensities, exposure times and imaging intervals are kept constant, k ph is
the same across all conditions. This means an increase in Nss,1,norm between wildtype
and ima-3 directly reflects an increase in dissociation rate for PAR-6 (fig. 3.6 (E)).
Conversely, PAR-2 dissociation does not seem to depend on size. This is consistent
with the near-perfect overlap of bleaching curves and very similar Nss,1,norm (see
fig. 3.6 (F)).
To see whether dissociation rates depend on cell size, I determined the circumference of each cell by tracing the membrane outline in mid-plane DIC. PAR-6 shows
a moderate dependence on size, resulting in about 50% higher dissociation rates
when circumference is halved from 180 µ m to 90 µ m (fig. 3.7 (A)). PAR-2 shows
an opposing trend (fig. 3.7 (B)), however, given the poor confidence intervals and
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Figure 3.8: Anterior and posterior membrane dissociation rates compared.
Insets show position of measurement. (A) PAR-2 dissociation rates measured at the anterior, note the
steep initial drop, particularly evident for wt and C27D9.1. (B) PAR-2 dissociation rates measured
at the posterior, note the difference in shape of the initial drop compared with panel (A). (C) PAR-6
dissociation rates measured at the anterior. (D) PAR-6 dissociation rates measured at the posterior.
Note the much more similar shape of curves in panels (C) and (D) compared to the difference in (A)
and (B).

complete overlap of bleaching curves seen before (fig. 3.6 (F)), it is more likely that
PAR-2 has no strong size dependence.
As mentioned before, smPReSS provides a measure for bulk dissociation rates
that takes into account basal turnover (not dependent on opposing species) and any
potential antagonism. Most modelling approaches so far have made the implicit
assumption of direct cross-inhibition of the active complexes of aPARs and pPARs,
resulting in a simple double-negative feedback model (Tostevin and Howard 2008;
Goehring, Trong, et al. 2011).
However, evidence has emerged that this might only be true in one direction
(PKC-3 inhibiting posterior PARs, discussed in Arata, Hiroshima, et al. 2016) but
not in the other direction. Posterior PARs do not seem to feed back directly on
PAR-6/aPKC, but rather on PAR-3, which in turn facilitates membrane binding
for PAR-6/aPKC (Robin et al. 2014; Sailer et al. 2015; Rodriguez et al. 2017). Thus,
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asymmetric association rather than asymmetric dissociation seems to be responsible
for asymmetry of PAR-6.
The data acquired for figs. 3.6 and 3.7 can be analyzed for differences in dissociation rates between anterior and posterior. Due to asymmetric distribution of the
marker and the resulting low concentration of molecules either in the posterior (for
PAR-6) or anterior (for PAR-2) averages have to be taken across all embryos to create
a smooth bleach profile that can be used for fitting. Before averaging, profiles are
normalized to the mean particle count of the first two imaging frames.
PAR-2 molecule numbers in the anterior exhibit a sharp drop during the first
10-15 s of imaging and then transition to a regime of steady decrease, which is likely
due to cytoplasmic depletion (fig. 3.8). Due to the steady decrease in intensity none
of the three phenotype averages in fig. 2.4 (A) were fit well by a model with infinite
cytoplasmic pool. Conversely, when taking into account cytoplasmic depletion
the fit results are excellent. Thus, for reasons of consistency, all bleach curves in
fig. 3.8 were fit to this type of model. All fits support the hypothesis of relatively
uniform dissocation rates of PAR-6 (previously shown using a similar method in
Robin et al. 2014) and non-uniform dissociation rates for PAR-2 (previously shown
in Arata, Hiroshima, et al. 2016 using a different method, not previously reported
with smPReSS).
While it is tempting to speculate on reasons for why the ratio of dissociation
rates between anterior and posterior for PAR-2 varies so strongly between size
phenotypes, it is very likely that this is at least in part due to measurement and
fitting errors, partly caused by low n. Another potential caveat is the relatively larger
extent of the boundary region compared to embryo size for small embryos. This
would amplify the effect of potentially mixed behaviour at the boundary on the
measurements. However, it is probably fair to say that dissociation rates vary by
roughly an order of magnitude for PAR-2 and are relatively uniform for PAR-6.

3.3

Conclusions

To obtain realistic predictions for adaptations of the PAR pattern to cell size and to
predict whether the critical polarizable system size (CPSS) identified in section 2.3 can
occur in a physiological setting, I performed measurements of membrane diffusion
and turnover in differently sized embryos. These experiments cover a two-fold size
range between 90 µ m and 180 µ m cell circumference.
Diffusion does not seem to depend strongly on size (fig. 3.4). This was consistent
for various analysis methods (fig. 3.3). For example, when step size is taken as a
proxy measure for diffusivity results are identical, indicating robustness of the
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quantification methods used to measure diffusivity.
These results are in qualitative agreement with FRAP measurements previously
published (PAR-2: Dres = 0.23 ± 0.03, DFRAP = 0.15 ± 0.03 and PAR-6: Dres = 0.16 ±
0.07, DFRAP = 0.28 ± 0.05, all ± STD, Goehring, Hoege, et al. 2011). Deviations are
likely due to different methodologies used.
I then turned to measuring membrane dissociation rates following a method
established in Robin et al. 2014. Initially I tested two different fit models: one,
which ignores cytoplasmic depletion and another one, which allows the cytosol to be
depleted. Due to lower noise, I used the first method for measuring size correlations,
however qualitatively both methods agree well.
Assuming an infinite cytoplasmic pool yields values comparable with previous
FRAP measurements, however, with substantially less noise (PAR-2: ko f f = 0.006 ±
0.002, kFRAP = 0.007 ± 0.006 and PAR-6: ko f f = 0.004 ± 0.0007, kFRAP = 0.005 ± 0.005,
all ± STD, Goehring, Hoege, et al. 2011).
For PAR-6, dissociation showed a significant, albeit shallow, dependence on
cell size (fig. 3.7 (A)). PAR-2 dissociation does not show a significant correlation
with size, however, measurements were much noisier, potentially masking a shallow
correlation (fig. 3.7 (B) and fig. 3.6 (F)).
Next, I investigated whether dissociation rates vary across the anterior-posterior
axis. I was able to confirm previous measurements that showed a relatively uniform
dissociation rate of PAR-6 along the anterior/posterior axis (fig. 3.8 (C)/(D)). This
casts doubt on the current model of only two species antagonizing each other. If
the PAR-6/PKC-3 complex were directly antagonized by pPARs, dissociation rates
should be higher in the posterior than in the anterior. Therefore, antagonism likely
happens via a third species, likely PAR-3, which in turn influences membrane
distribution of PAR-6 but not its dissociation (Rodriguez et al. 2017).
For PAR-2, position-dependence of dissociation has also been investigated
previously, using a different technique , and I was also able to qualitatively confirm
the outcome: PAR-2 dissociation appears to be an order of magnitude higher in the
anterior than in the posterior (fig. 3.8 and Arata, Hiroshima, et al. 2016).
Crucially, the size correlations found in figs. 3.4 and 3.7 provide a key input for
the PAR model in order to make quantitative predictions of membrane patterning
across different cell sizes as well as for investigating CPSS.

Chapter 4
Size dependence of polarity in the
early C. elegans embryo
Current models of polarity (chapter 2) predict that important features of cell polarity
patterns are invariant when system size is changed and other parameters are left
constant.
One such length scale, identified in section 2.1, is the width of the boundary
region between anterior and posterior domains (fig. 4.3 and fig. 2.1 (A)). According
to the models used here, this width is a function of rate parameters and diffusion
coefficients, but not system size. Therefore, measuring the width of the boundary
region experimentally is an important validity check for the previously presented
modelling. In order to measure this gradient region, the membrane concentration
profile of GFP-tagged proteins is quantified.
Two members of the core PAR circuit are particularly interesting and suitable
due to relatively bright fluorescence. First, PAR-2 is a posterior membrane-binding
protein that contains a ring domain and is essential for proper polarity maintenance
and daughter cell fate specification (Boyd et al. 1996). Second, PAR-6 is an adaptor
protein and is found as a heterodimer with the atypical kinase PKC-3 which is
thought to mediate mutual antagonism by modifying membrane unbinding rates
of posterior PARs (Rodriguez et al. 2017; Sailer et al. 2015; Arata, Hiroshima, et al.
2016).
Thus, quantification of PAR-2 and PAR-6 fluorescence levels at the membrane
will be used to assess potential changes in diffusion length and patterning properties
in PAR-polarized cells of different sizes. Importantly, for PAR-2, quantification of
P lineage cells is possible, which can complement the kinetics measurements in
chapter 3, which are mostly only possible for different sizes of P0, not for the P
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lineage.

4.1

Measuring the boundary gradient

The protein gradient along the anterior-posterior direction can be quantified in
different ways. Some of the key challenges are obtaining an acceptable signalto-noise ratio to reliably detect protein enrichment over background, as well as
embryo-to-embryo and within-embryo variability due to membrane folds, dosage
variations and other factors that are often unknown.
Fluorescence profiles are obtained by segmenting the cell membrane, straightening and subsequent maximum intensity projection of the three brightest pixels
perpendicular to the membrane (also see section 8.4).
Once fluorescence profiles have been quantified, gradient width has to be
assessed. Details are described in section 8.3. Both PAR-2 and PAR-6 profiles in
P0 are fit well by an error function. However, while this can capture many PAR-2
profiles almost perfectly due to their apparent symmetry between the upper and
lower parts of the curve, PAR-6 profiles are only captured approximately, with
significant systematic deviations in particular at the top and bottom of each profile
(see fig. 8.3). Hence, size dependence of PAR-6 gradients is assessed using a different
method and relies on fitting an exponential profile (for methods see section 8.3, for
results see section 4.3).

4.2

PAR-2 polarity in P0

PAR-2 profiles were measured for ima-3 (small), wild-type, C27D9.1 (large) embryos
(sections 8.5.1 and 8.5.2) between NEBD and the first visible membrane invagination
of cytokinesis. Images were captured every 20 s in a regime that avoids excessive
bleaching and optimizes signal-to-noise ratio at the same time (fig. 4.1). In order to
exclude artefacts due to worm-line-specific issues and tagging-strategies, different
worm lines were quantified. For each condition, time courses were taken for at least
6 embryos. In each embryo, two gradients can be quantified, increasing the number
of gradient measurements to at least 12 per condition. Averages were obtained as
follows: first, each gradient was fit with an error function (fig. 8.3), which defines
a floor and ceiling of the intensity and also provides the centre of the gradient.
These values were used to normalise and align individual profiles which were then
averaged and smoothed using a Savitzky-Golay filter, which performs better than a
moving average in keeping the signal to noise ratio.
All conditions show a clear steepening of the gradient as the cell approaches cytokinesis (fig. 4.1 (B-F)). This seems particularly pronounced for NWG0025 (C27D9.1)
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Figure 4.1: PAR-2 gradient steepens as P0 approaches cytokinesis. (A) Representative mid-plane
images for GFP::PAR-2 (C27D9.1) and mCherry::PAR-2 (wt and ima-3). Note the pronounced difference in egg size. (B) Small embryos (ima-3) show a pronounced steepening of the boundary
gradient of PAR-2 towards cytokinesis. Color code from blue to black indicates progression towards
cytokinesis. Averages of n = 6 embryos for each line. The same alignment procedure was used as in
fig. 4.3. (C) Same as (B) for wild-type embryos (NWG0026). (D) Same as (B) for wild-type embryos
(KK1273, CRISPR/cas-9 endogenously tagged). (E) Same as (B) for wild-type embryos (TH120) (F)
Same as (B) for C27D9.1 embryos (NWG0025). Scale bar, 10 µ m.
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embryos (fig. 4.1 (F)) and least pronounced for NWG0026 (wt). One explanation for
this gradient steepening could be provided by cortical flows towards the prospective
cleavage furrow as the embryo approaches cytokinesis (Schenk et al. 2010; Reymann
et al. 2016; Goehring, Trong, et al. 2011).
To compare different worm lines and fluorescent tags, average P0 profiles were
aligned by the middle position found in the individual fits described above. Steepness can then first be assessed visually. At NEBD gradients in C27D9.1 (NWG0025,
GFP-tagged) animals are longest, followed by wild-type sized embryos expressing PAR-2 endogenously tagged with GFP by CRISPR/Cas9 (KK1273). Two other
wild-type sized embryos (NWG0026 (mCherry::PAR-2), TH120 (GFP::PAR-2)) and
small ima-3 animals show overlapping gradients (fig. 4.2 (A)). The same picture
persists until cytokinesis, however, as seen in fig. 4.1 (B) gradients in all conditions
are substantially steeper.
The models used in this work (chapter 2) do not take into account cortical
movement or any other mechanism that could explain the gradient steepening
seen here. It is therefore essential to find a time window when the gradients are
at steady state and not influenced by cortical movements, in order to compare
different conditions. PAR-2 gradients in P0 are fit extremely well by an error function
(section 8.3), which provides a fitting parameter that can account for different widths
of the boundary. Fitting individual gradient profiles over time and averaging all
embryos of one condition for each time point provides a time-course of gradient
steepening, which is consistently seen across all conditions (fig. 4.2 (C)). Gradients
steepen by about 30% from NEBD to cytokinesis. The magnitude of steepening
was seen to be very different between conditions in fig. 4.1. This is found again
here, C27D9.1 embryos show the highest difference between NEBD and cytokinesis,
reducing gradient length scale by almost 50%, while NWG0026 (wild-type size) only
adapt by approximately 25%.
Interestingly, significant steepening is not detectable until approximately two
minutes after NEBD. This provides a large enough time window to obtain reliable
measurements of the gradients in each embryo at a stage when the PAR pattern does
not seem to undergo substantial changes based on the fluorescence measurements
taken here (shaded area in fig. 4.2 (C)).
For the following analysis each gradient is fit by an error function over time and
subsequently length scales from three time points are averaged (t = 180 s, 200 s, 220
s prior to cytokinesis, shaded area in fig. 4.2 (C)). Gradients from different embryo
sides are considered to be independent, which is supported by a near-zero correlation
and very shallow linear dependence when gradients are plotted pairwise per embryo
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Figure 4.2: PAR-2 gradients across different conditions at maintenance phase and cytokinesis
onset. (A) Average gradients for different P0 conditions at NEBD. For alignment procedure see text
and section 8.3. Note that C27D9.1 (NWG0025) and wild-type sized KK1273 embryos show the
longest gradients. All other P0 conditions (wild-type sized and small ima-3 embryos) overlay well.
(B) Same as (A) for cytokinesis. Note the pronounced steepening compared to (A). (C) Time course
of average gradient length assessed by fitting individual P0 gradients with an error function (see
section 8.3) (D) Box plots for each phenotype, crosses mark outliers (further from mean than +/2.7 SD). (E) Gradient length dependent on cell circumference with regressions for all data points
(red) and data points only including ima-3 and wild-type measurements (black). (F) Correlation of
gradients within one and the same embryo.
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Group 1
ima-3
ima-3
ima-3
ima-3
wt (GFP)
wt (GFP)
wt (GFP)
wt (mCherry)
wt (mCherry)
wt (GFP CRISPR)

Group 2
lower limit ! mean upper limit
wt (GFP)
-6.7106
-1.595
3.5205
wt (mCherry)
-5.7164
-1.3501
3.0161
wt (GFP CRISPR)
-7.2713
-2.3056
2.6602
C27D9.1
(GFP)
big-1
(GFP)
-10.438
-5.6902
-0.94197
wt (mCherry)
-3.8844
0.24492
4.3742
wt (GFP CRISPR)
-5.4693 -0.71053
4.0482
big-1
(GFP)
-8.6264
-4.0951
0.43614
C27D9.1
(GFP)
wt (GFP CRISPR)
-4.8977 -0.95545
2.9868
big-1
(GFP)
-8.0044
-4.34
-0.67566
C27D9.1
(GFP)
big-1
(GFP)
-7.7461
-3.3846
0.97689
C27D9.1
(GFP)

p value
0.8999
0.90259
0.67938
0.011725
0.99981
0.99294
0.093611
0.9576
0.013067
0.19583

Table 4.1: Tukey’s honest significance test for P0 gradient length. Significant differences are found
between C27D9.1 embryos and ima-3 as well as between C27D9.1 (NWG0025, GFP) and wt (NWG0026,
mCherry) measurements.

(fig. 4.2) (F). This also suggests that the large variance in gradient length seen across
all conditions is not due to experimental variation but an inherent property of the
PAR system in C. elegans.
From fig. 4.2 (A-D) it seems relatively obvious that C27D9.1 embryos are substantially longer than gradients in any other condition. To judge whether differences
seen in gradient length across phenotypes are significant I performed a one-way
analysis of variance (ANOVA) for all P0 gradient measurements, clustered by size
and worm line on the data displayed in fig. 4.2 (D). This yiels a p-value of 0.0079.
Since a one-way ANOVA makes a statement only about whether any group
means are significantly different from each other, but does not make any statement
about which groups are significantly different, I employed Tukey’s honest significance
test to test pairs of conditions for significant differences. Compared to simple t-tests,
this criterion is more conservative, taking into account the fact that comparing
many groups increases the likelihood of finding significant differences by chance.
Here, differences between small (ima-3) and C27D9.1 embryos as well between wt
(mCherry, NWG0026) and C27D9.1 embryos are significant (table 4.1). The fact that
the differences between wild-type-sized conditions and small ima-3 embryos are not
significant seems to argue against a size dependence.
To further investigate whether there is a size dependence of gradients, I measured embryo membrane circumference in mid-plane confocal images. The size
range obtained varies between approximately 90µ m (smallest ima-3) and 160µ m
(largest C27D9.1 (NWG0025)). When all data are taken into consideration, fitting
suggests that an increase in embryo circumference is associated with a strong increase in gradient length (fig. 4.2 (E), red fit line). Due to large noise only a medium
correlation of 0.49 is found.
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From previous considerations it is clear that C27D9.1 embryos are most significantly different from all other conditions. In a second round of analysis, I thus
excluded C27D9.1 (NWG0025) embryos from the analysis and refit the remaining
data (fig. 4.2 (E), black line). This decreases the correlation to R = 0.35 and also
flattens the slope of the fit substantially, suggesting that the strong size dependence
found when all data are used, might be an artefact of C27D9.1 embryos. However, even when only wild-type and small embryos are considered there is still a
correlation between circumference and gradient length.
Thus, in contrast to our diffusion measurements and model predictions, we do
see evidence for some degree of adaptation of the boundary gradient. However, the
correlation observed does not seem consistent with scaling.

4.3

PAR-6 polarity in P0

Superficially PAR-6 profiles in confocal images appear to be very similar to PAR-2
(fig. 4.3 (A)). Membrane intensity can again be fit by an error function (section 8.3)
to reliably determine the middle position of the gradient. This can be used to align
individual profiles and obtain averages (fig. 4.3 (B), NEBD).
However, the fact that PAR-6 gradients show significant systematic deviations
from the sigmoid profile of an error function (fig. 4.3 (B)) makes an assessment of
gradient length with this fit inherently unreliable. It is unclear how embryo size
affects in particular the top part of the curve, which is heavily influenced by the
distribution of PAR-3 (Rodriguez et al. 2017). This might introduce fitting artefacts
that cannot be corrected for. Another disadvantage of the error function is the lack
of analytical support for this type of fit.
For PAR-6, however, an analytical expression can be obtained. We and others
have found no difference in dissociation rates between anterior and posterior, arguing for a model with asymmetric association rates. This is supported by the idea that
PAR-3 clusters serve as binding islands for PAR-6/PKC-3 (Lang and Munro 2017;
Sailer et al. 2015; Rodriguez et al. 2017). This model enables us to calculate the shape
of the PAR-6 profile away from the PAR-3 domain (approximately lower half) by
assuming a source of PAR-6 on one side (PAR-3 domain) and a uniform dissociation
rate for particles spreading towards the posterior. The diffusion equation at steady
state becomes
0 = D∂x2 A(x) − ko f f A(x)
where D describes diffusion and ko f f a uniform dissociation rate. This can be solved
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Figure 4.3: PAR-6 gradient across different P0 sizes. (A) Representative mid-plane images for
mCherry::PAR-6 (C27D9.1) and GFP::PAR-6 (wt and ima-3). Note the pronounced difference in egg
size. (B) Average PAR-6 profiles at NEBD. Averages were obtained by fitting an error function
(section 8.3) to PAR-6 profiles of individual embryos and then aligning by the centre of the fit. (C)
Averaged lower part of PAR-6 profile (towards posterior) with fit to I = a · e−x/s + c. Lower part
consists of bottom 40% as obtained from error function. 95% c. i. for fitted length scales deviate less
than 4% from mean. (D) Averages from (C) aligned by fitting parameters from (C). (E) Time-course of
gradient length obtained from individual embryo profiles (lower 40% as obtained from error function)
fit to I = a · e−x/s + c. (F) Correlation of embryo size, as measured by circumference, and gradient
length. Scale bar, 10 µ m.
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Figure 4.4: P lineage divisions in wild-type and laser-dissected embryos. (A) Representative confocal midsection images of P lineage divisions in TH129 (GFP::PAR-2). Red arrow tips indicate gradient
area. (B) Representative time course of P1 division in embryo with extruded AB cell. Time indicated
is relative to cytokinesis. Scale bar, 10 µ m.

by
A(x) = Bex/λ
q
with length scale λ = koDf f . The lower part of the PAR-6 profile (< 40% above
background) is fit very well by this solution (fig. 4.3 (C)) if an offset is added, to
account for background fluorescence. The length scales obtained from fitting are in
excellent agreement with predictions from figs. 3.4 and 3.7. With ko f f ∼ 0.05/s and
D ∼ 0.25µ m2 /s
λ pred ∼ 7.07 .
Length scales do not differ substantially between small (ima-3), wild-type and
large (C27D9.1) embryos at NEBD. If profiles are normalised to the prefactors obtained by fitting in panel (C) perfect overlay is seen between phenotypes fig. 4.3
(D).
A time course can be obtained similar to PAR-2 by applying exponential fits
to each individual gradient over time. No sharpening of the gradient between
NEBD and cytokinesis is seen fig. 4.3 (E). For consistency, previously discussed
measurements of PAR-6 were taken at NEBD.
In order to directly assess the relationship between cell size and gradient length,
I measured cell membrane circumference in a confocal midsection for each embryo.
No correlation is seen between circumference and gradient length (fig. 4.3 F).
Thus, the analysis presented here indicates no scaling of the PAR-6 gradient.
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Figure 4.5: 3D orientation of P cells influences gradient profile. (A) View of a simulated cell, with
axis of polarity parallel to imaging plane. (B) Same as in (A), tilted by 45ř. Axis of polarity and
confocal plane are not parallel. (C) Gradient as obtained from simulated confocal midsection in (A).
(D) Same as (C) for tilted geometry. Note the difference in gradient steepness. Upper and lower
ceiling are not clearly defined.

4.4

PAR-2 polarity in the P-lineage

To obtain a more complete picture of PAR polarity across different cell sizes I turned
to the early embryonic P lineage. P cells are polarised up to P3 (fig. 4.4 (A)), P4
divides symmetrically (see for example fig. 6.1).
Around NEBD P1 starts to rotate and undergoes elongation prior to cytokinesis.
This dramatic remodelling of the cell geometry hinders accurate gradient measurements, as effects of cortical flows and membrane movements cannot be taken into
account when analysing gradients. In order to still allow for a reliable measurement
of P1 profiles I employed laser dissection, inducing a hole in the eggshell at the anterior pole (section 8.1.2.1). If eggshell and plasma membrane of AB are cut, cytoplasm
from AB is extruded from the embryo, which frees P1 from geometric constraints on
the anterior side. The cell then undergoes normal cell division, keeping the plane of
polarity, while rotation is avoided, making gradient analysis more robust.
Under normal experimental conditions, embryos are somewhat flattened be-
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tween coverslip and glass slide, which induces reliably oriented P0 and P1 division
that always divide in the same confocal plane. However, as embryos undergo the
third round of cell division, orientation becomes more random. Often, P2 and P3
cells divide ’out-of-plane’, with polarity oriented at an angle to the confocal midsection (fig. 4.5 (A-B)). This can lead to an apparent stretching of the gradient, as the
cell is imaged in the wrong plane (fig. 4.5 (C-D)).
In order to judge orientation of P2 and P3 cells prior to cytokinesis, I changed
the imaging regime used in P0 and P1 and also acquired z-stacks every two minutes,
in addition to cell-midplane images obtained every 20 s. Z-stacks were acquired at a
lower duty ratio, to provide information in the third dimension without inducing
substantial bleaching. Embryos were then reconstructed in 3D using purpose-built
analysis software written in MATLAB (see section 8.4).
Even with 3D reconstructed data it remains challenging to extract precise rotation angles because laser power decreases with penetration depth (seen as a decrease
of intensity from bottom to top of cells in fig. 4.6). Therefore, profiles obtained from
P2 can serve as an indication but not as a precise measurement. To determine which
cells are suitable for analysis, a combination of elongation axis prior to cytokinesis,
and 3D-reconstructed membrane pattern was used to select for the right cells by eye.
3D reconstructions were obtained between two and four minutes prior to cytokinesis.
All cells selected for analysis can be seen in fig. 4.6.
For a reason unknown to us, P3 is oriented more reliably in parallel to the
imaging plane than P2 (judged by axis of division). This could be due to geometric
constraints induced by the confinement of the embryo by coverslip and glass slide.
Subsequently gradients have to be compared between different P cells. P0
PAR-2 profiles are fit well by an error function. Robustness of this fit is ensured by
two clear plateaus at the top and bottom end of each profile (high concentration in
the posterior, low in the anterior, see fig. 4.2 (A)). During each round of cell division
the next P cell contains less than half the volume of the parental P cell, due to the
size asymmetry of the P lineage divisions (Fickentscher and Weiss 2017). This results
in smaller domains. Problematically, P2 and P3 cells are of such small size that top
and bottom plateaus cannot be identified reliably (fig. 4.4 (A) and fig. 4.7 (D-E)). For
this reason, the fitting procedure used in P0, which relies strongly on constraining
floor and ceiling of the fit to the appropriate parts of the raw data does not work
accurately in P2 and P3.
Alternatively, size adaptations can be assessed by judging the relative area that
gradients take up within a cell. In P0 and P1 cells, midsection confocal images
indicate two clearly distinct regions of the plasma membrane, one with high and one
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Figure 4.6: Orientation of P2 division relative to confocal planes of cells selected for analysis.
Cell orientation is visually assessed after 3D reconstruction of the membrane pattern. Due to light
scattering, in most embryos shown here, the plane closest to the coverslip (bottom) shows high
intensities while the plane furthest away from the coverslip (top) shows low intensities. Axis units
are in microns.
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Figure 4.7: PAR-2 concentration profiles relative to cell circumference. (A) P0 PAR-2 profiles
(NWG0026) aligned by their minimum and stretched to equal length. (B) Same as (A) for P1 cells
(NWG0026). (C) NWG0026 Same as (B) but AB cells were extruded from the embryo by inducing a
gap within egg shell, membrane and vitellar envelope. This leads to cells fully rounding up prior to
cytokinesis. (D) Same as (A) for P2 cells (NWG0026). (E) Same as (A) for P3 cells (NWG0026). (F)
Averages (A-E) overlayed.
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with low PAR-2 concentration, which are separated by the boundary gradient (fig. 4.4
(A) left panels). For P2 and P3 the extent of the boundary gradient seems to increase
relative to cell size (fig. 4.4 (A), right panels). To obtain a more quantitative view,
cells can be clustered by developmental stage and profiles can then be averaged. The
circumference of different cells varies due to natural variability and depending on
the focal plane, which poses the problem of how to align profiles of different lengths.
Since size variation between conditions is much larger than within conditions I chose
to stretch all profiles of one condition to the same length and align curves by their
minimum as described previously in this chapter.
P0 shows a low degree of variability in the gradient region compared to all other
cells with two pronounced flat regions where the anterior and posterior domains are
found (fig. 4.7 (A)). A similar picture is seen in P1, however, dissected cells show a
much cleaner alignment and generally less variability (fig. 4.7 (B-C)). Also clearly
visible is a slight increase of PAR-2 intensity in the middle of the anterior domain
(for a confocal image of this phenomenon also see P1 cell in fig. 4.4 (A)). With our
current understanding of the PAR system this cannot be explained. PAR-2 profiles
of dissected P1 cells are visually indistinguishable from P0 apart from the slight
increase of PAR-2 intensity in the anterior domain. Thus, the length scale of the
gradient relative to cell size has not changed between P0 and P1, indicating a shorter
absolute gradient in P1. As pointed out before, the picture seems to change in P2
and P3 cells (fig. 4.7 (D-E)). Here, the gradient clearly takes up a larger area relative
to cell size, indicating that the boundary region does not scale with size. This is
particularly evident when average profiles are compared (fig. 4.7 (F)).
It is unclear why P1 cells show such a sharp gradient which seems to adapt to
cell size perfectly. One plausible explanation is the very steep gradient of PAR-6
which colocalizes with the (former) AB-P1 cell-cell boundary (see for example fig. 4.4
(B, t = -160 s). However, further investigation is necessary to find out whether PAR-6
is actually influenced by the AB-P1 boundary.
Instead of comparing gradient size relative to cell circumference, average gradients can be matched computationally to see whether there is a good agreement
in boundary shape between P cells (fig. 4.8). Gradients can be stretched in the yaxis (intensity), because fluorescence is not an absolute measure of concentration.
Additionally translations in x and y axes are possible, to reach the best attainable
overlap. For a fair comparison it is necessary to cut P1, P2 and P3 gradient profiles
to the same length. This is due to the fact that an optimisation procedure relying on
distance between the curves will be differentially sensitive to linear and non-linear
regions of the gradient. Since P3 has relatively small non-linear regions it is vital
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Figure 4.8: Time course of PAR-2 gradients prior to cytokinesis for different P cells. (A) Gradients
of PAR-2 with best overlay. (B) Same as (A) for t = -140 s (C) Same as (A) for t = -80 s (D) Same as (A)
for t = -20 s.

to cut P1 and P2 cells to the same length. Otherwise, particularly the P1 fit will be
artificially steep, due to the algorithm trying to fit the highly non-linear top and
bottom regions.
Since there are only three free parameters per fit, which can be constrained
relatively well, it is most straightforward to use an exhaustive search for finding the
best match between P0 and any of the other P cells.
All gradients can be aligned well with P0, however, there are substantial differences in the degree of overlap. P3 overlaps almost perfectly with P0 at all time
points. Stronger deviations are only found at the very top just prior to cytokinesis. P2 alignment is not as good. The P2 gradient intersects twice with P0 and is
more shallow. This difference between P2 and P3 could be due to the previously
mentioned orientation artefacts. P2 cells are less likely to divide in parallel to the
imaging plane than P3, which can induce gradient lengthening (already discussed in
fig. 4.5). Finally, P1 shows deviations at the top and bottom of the curve and seems
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overall steeper than P0 as was expected from the average profiles in (fig. 4.7).

4.5

Conclusions

Here, I investigated whether cell size influences the boundary gradient between
anterior and posterior domains. I first measured the gradient length of PAR-2, using
an error function for fitting. This provides a length scale for the region bridging
between high and low intensities.
In all size conditions PAR-2 shows a consistent gradient steepening towards
cytokinesis. This could be due to cortical rearrangements or flows as the cell approaches cytokinesis.
Between three and four minutes prior to cytokinesis the gradient length seemed
most stable in all conditions and yields a clear correlation with cell size (fig. 4.2).
However, this correlation is strongly influenced by C27D9.1 data, and flattens substantially if these are neglected. This casts doubt on a scaling relationship between
cell size and gradient length. More data will be needed, to make a final judgement,
however in any case there seems to be at least a shallow size dependence of PAR-2
gradient length.
PAR-6 is fit using a different approach, due to its shape, which is not captured
well by an error function. Instead, an exponential functions fits extremely well. This
lends support to the idea that PAR-6 diffuses away from a ’source’ in the anterior
and is not inhibited when diffusing into the posterior domain. Instead, inhibition is
likely to act on the PAR-6 ’source’. As discussed in section 1.3 and section 3.3, likely,
PAR-3 is a good candidate for this.
Based on the exponential fit, the PAR-6 length scale does not show a size
dependence. Interestingly, compared to PAR-2, no gradient sharpening is observed
as the cell approaches cytokinesis. However, this could be due to the fact that
the error function, used for PAR-2, takes into account the whole curve, while the
exponential is only fit to the lower 40% of the curve, which might not be sensitive to
sharpening.
The decay length scale in the source-degradation model can be directly related
to the measured values for D and ko f f . The value fitted for PAR-6 agrees extremely
well with the one calculated from the kinetics in chapter 3, further supporting the
idea of a source-degradation mechanism.
Since PAR-2 seemed to adapt and PAR-6 does not seem to adapt it was essential
to obtain a larger size range for PAR-2, in order to assess whether scaling is really
true for small cell sizes. Therefore, I turned to the P lineage which exhibits PAR
polarity in smaller cells. Qualitative data indicate that in small cells the gradient
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takes up a larger region compared to cell size (fig. 4.7). This casts further doubt on a
systematic adaptation of PAR-2 profiles to cell size.

Chapter 5
Predictions of in vivo cell size limits
for polarity maintenance
In chapter 2, I explored an idealised model of PAR polarity for potential adaptation
to changes in rate parameters, mobilities and cell size. Simulations showed that
changing system size does not induce isometric scaling of the gradient region between anterior and posterior domains. This lack of adaptation to overall size resulted
in a size limit, termed the critical polarizable system size (CPSS). Cells below this
critical size were unable to maintain polarity in simulations. In order to obtain a
realistic prediction for CPSS in vivo several complications have to be overcome.
First, the model I used previously was symmetric in all parameters for the two
protein species to allow for quantification of important length scales like the gradient
between the domains. The real system is not symmetric in its parameters for anterior
and posterior proteins. For this reason the more complex case of different parameters
is treated here:

∂A
∂ 2A
= DA 2 + kon,A Acyto − ko f f ,A A − kAP PA
∂t
∂x
∂P
∂ 2P
= DP 2 + kon,P Pcyto − ko f f ,P P − kPA A2 P
∂t
∂x
Pcyto = ρP − ψ P̄

(5.1)

Acyto = ρA − ψ Ā; ,
Note, that compared to eq. (2.2) the non-linearity for antagonism of P towards A
has been dropped and that diffusion, dissociation and association rates are now
dependent on each species, following Goehring, Trong, et al. 2011. Association rates
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found in this previous work are also used here.
Second, the rates important for CPSS, diffusion and membrane dissociation,
need not be fixed in real cells of different sizes. This was explored for the available
size range in chapter 3, which suggested some modest changes in parameter with
size. The measurements obtained in different cell sizes can now be used to inform
the more realistic model with asymmetric parameters. This way it is possible to
explore potential size adaptations of the pattern that might result from parameter
changes due to cell size and their influence on CPSS.
Third, in the deterministic model introduced above, effects of stochasticity are
neglected. In some applications, using a stochastic model that takes into account the
discrete nature of individual particles can introduce qualitatively different solutions,
uncovering behaviour that cannot be found in a deterministic solution (Erban et al.
2007). It is not unreasonable to imagine this possibility for the PAR system at small
cell sizes, in particular because particle numbers are such that a mean-field approach
might not be justified. For this reason, I also implemented a stochastic version of the
PAR model, based on the same equations but using a Gillespie-algorithm.

5.1

Conversion of the PAR reaction diffusion equations from a continuous to a particle-based model

The PDE system eqs. (1.10) and (1.11) is based on a continuum description that
describes concentrations of two protein species, not discrete particles (Goehring, Trong,
et al. 2011). For a stochastic description using a Gillespie algorithm, concentrations
need to be converted to particle numbers. For simplicity, the derivation is only
shown for one equation. We start from

∂t [A] = DA ∂x2 [A] + kon,A [Acyto ] − ko f f ,A [A] − kAP [P]α [A]

(5.2)

defining membrane concentrations of species A and B as [A] and [B] and cytoplasmic
concentration of A as [Acyto ]. We apply finite differences to solve on a grid of length
K compartments

∂t [Ai ] =

DA
([Ai−1 ] − 2[Ai ] + [Ai+1 ]) + kon,A [Acyto ] − ko f f ,A [Ai ] − kAP [Pi ]α [Ai ] .
h2

(5.3)

Multiplying with the surface area of a single membrane compartment Si = h · w
(where w is the width of each compartment) and substituting dA = DA /h2 yields

∂t Ai = dA (Ai−1 − 2Ai + Ai+1 ) + kon,A Si [Acyto ] − ko f f ,A Ai − kAP [Pi ]α Ai .

(5.4)

5.2. Stochastic and deterministic models predict physiologically relevant CPSS111
Here, membrane concentrations [A] and [B] have been converted to total protein
counts A and B in each compartment. To also obtain a number of molecules instead
of the cytoplasmic concentration we multiply by V /V and the cytoplasmic term
reads
kon,A ψ
V
Si
∗
kon,A Si [Acyto ] · = kon,A
Acyto =
Acyto = kon,A
Acyto ,
(5.5)
V
K ·Vi
K
where we have defined ψ as the system’s S/V. Similarly, for the antagonistic term
we obtain
kAP
∗
kAP [Pi ]α Ai = α Piα Ai = kAP
Piα Ai .
(5.6)
Si
The final result then reads
∗
∗
∂t Ai = dA (Ai−1 − 2Ai + Ai+1 ) + kon,A
Acyto − ko f f ,A Ai − kAP
Piα Ai ,

(5.7)

∗ . This can now be used to simulate the
with the newly defined rates dA , k∗AP and kon
PAR system with a Gillespie algorithm (see section 8.6.3 for method and appendix B
for code).

5.2

Stochastic and deterministic models predict physiologically relevant CPSS

Boundary conditions have to be imposed on both types of models, deterministic
and stochastic. In the stochastic model, reflective boundary conditions are used, i.e.
particles that hit the boundary are reflected back into the domain. The deterministic
model uses Neumann boundary conditions, setting the derivative at the boundary
to zero. During initial testing, neither model showed a different behaviour when
periodic boundary conditions were used. The choice was then made to use reflective/Neumann conditions because they are less computationally expensive, only
simulating half of the embryo perimeter.
In both types of models, simulations are carried out on a one-dimensional line,
along the plasma membrane, making use of the rotational symmetry along the A-P
axis in the cells. To convert between concentrations and total protein numbers in
the stochastic model, I chose to simulate a line of two micron thickness around the
embryo perimeter, which was divided into bins of one micron length. This results
in a bin area of Si = 2µ m2 in the derivation in section 5.1. The choice of bin size and
thickness is relatively arbitrary, however, chosen too thin the effects of stochasticity
are overestimated, while choosing a very broad strip pushes the system towards the
deterministic limit, masking potential effects introduced by randomness.
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Figure 5.1: Gradient length of stochastic simulations for different cell sizes, using rate parameters
from chapter 3. (A) Representative wild-type P0 gradient profile, normalized to maximum intensity.
Intensity is binned such that each bin represents one micron perimeter, to compare with simulations
in (D). To calculate σmov , the domain is divided into adjacent, equal-sized bins of 5 microns, for which
the standard deviation is calculated. Subsequently all measurements are averaged. (B) Representative
individual simulation for posterior species. σmov calculated as in (C). To be able to compare with the
imaging volume for one bin in (C), a 2 µ m strip around the cell perimeter was simulated, which is
of the same order of magnitude as the height of the microscope’s point spread function (PSF). (C)
PAR-6 gradient length determined by fitting an error function to individual profiles (see chapter 4
and section 8.3 for details). Error bars indicate standard deviation. (D) Same as (A) for PAR-2.

5.2.1 Gradient length is invariant across cell size
As a first test for the stochastic model derived above I simulated a system with
Lsys = 134.6 µ m (full system length) and compared to a representative wild-type
profile (fig. 5.1 (A), (B)). The two graphs show a strong overall resemblance.
Bin length in the stochastic model is 1 µ m, while experimental pixel size was
0.124µ m. For better comparison, experimental values were binned such that each
bin reflects 1 µ m embryo perimeter. Bin width in the simulation is 2 µ m, which is
close to the typical height of a PSF. Thus both, bin height and width are of similar
magnitude between experiments and simulations. Therefore, particle number per
bin should also agree between model and experiment.

5.2. Stochastic and deterministic models predict physiologically relevant CPSS113
To quantify noise levels in both graphs, local standard deviation was calculated
by dividing the domain into segments of five bins and averaging standard deviations
of all segments. This results in quantitatively very similar noise levels (σmov in fig. 5.1
(A), (B)), indicating that fluctuations seen experimentally result to a large degree
from stochastic fluctuations and not imaging induced artefacts.
In chapter 4 we have have explored the potential influence of cell size on PAR
boundary gradients. PAR-2 was found to have long gradients for large P0 cells and
shorter gradients for intermediate and small P0 cells (fig. 4.2), but failed to achieve
isometric scaling. Adaptation to cell size in the P lineage seemed limited, if present
at all (fig. 4.7). No size trend was seen for PAR-6 (fig. 4.3) in P0. Measurements in
the P lineage are impossible for PAR-6 due to experimental limitations.
Experimental profiles for PAR-2 and PAR-6 were analysed differently due to
their different presumed loading and detachment mechanisms. The analysis applied
to PAR-2, fitting an error function, can now be applied directly to individual stochastic simulations for both, anterior and posterior species. It is not necessary to use
different analysis regimes for anterior and posterior species in the theoretical model,
because both rely on asymmetric dissociation and uniform loading.
This analysis shows that adapting parameters to cell size according to chapter 3
does not result in different gradient lengths for different cell sizes (fig. 5.1 (C), (D)).

5.2.2

Polarity is lost in small cells

To investigate how pattern maintenance depends on cell size in the stochastic model,
simulations were carried for sizes smaller than wild-type P3 cells (CP3,wt ∼ 45 µ m).
Representative interpolated kymographs of individual stochastic simulations are
shown in fig. 5.2. Starting from perfectly polarised initial conditions, with each
species occupying half of the simulated space, a gradient area between the domains
is established within less than 100 s. Subsequently, the boundary position adapts.
For larger system sizes (fig. 5.2, lower panels) a steady state is reached quickly and
maintained over time. For small cell sizes (fig. 5.2, top panels) domain stability is
unclear, with the posterior species (blue) taking over a larger fraction of the system
at longer times.
To test whether stochastic modelling reproduces behaviour seen in the deterministic approach (chapter 2) again different system sizes were simulated, this time
for the stochastic and the deterministic model with the same parameters (fig. 5.3).
For better comparison, the Gillespie algorithm was run eight times for each condition and then averaged (fig. 5.3 (A), solid lines). Both models agree well for all
sizes, however, a slight difference is seen in boundary position. The ratio of plateau
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L = 36 µm

L = 40 µm

L = 60 µm

L = 134.6 µm

Figure 5.2: Kymographs of individual stochastic simulations for different cell sizes, using rate
parameters from chapter 3. Simulations are initiated with the domain boundary at the cell middle.
Parameters are taken from measurements for PAR-2 (blue) and PAR-6 (red) in chapter 3. While large
system sizes (bottom panels) allow maintenance of a stable boundary position, smaller system sizes
show a gradual loss of asymmetry. While at L = 40 µ m there is still a pronounced asymmetry at
t=1000 s (upper right), the simulated area is almost completely taken over by the posterior species in
a system of 36 µ m. Sizes indicated are for the full perimeter, used to calculate S/V.

concentrations between anterior and posterior agrees very well among both models.
As expected for small cell sizes (L=32 µ m, fig. 5.3 top left), polarity is lost rapidly.
At t = 1000 s there is still a pronounced asymmetry in systems of length L = 40 µ m
while polarity has been lost in systems of length L = 36 µ m. Thus, CPSS occurs
approximately at L = 38 µ m.
Experimentally, the most robust way of obtaining a size measurement for a
single cell is by first estimating the cell’s volume and calculating an effective length
scale by taking the third root. To get a comparable measure for the simulations,
total cell volume can be calculated by assuming that aspect ratio between long and
short axis of the prolate spheroid geometry does not change when cell size changes.
Assuming an aspect ratio of 27 µ m / 15 µ m the volume of a prolate spheroid with
the longest circumference C = 38 µ m equates to V = 572 µ m3 . With this volume we
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Figure 5.3: Stochastic and deterministic simulations for different cell sizes, using rate parameters
from chapter 3. Stochastically (solid lines) and deterministically (dashed lines) simulated two-species
model (blue: PAR-2, red: PAR-6) for different cell sizes. Parameters were taken from chapter 3.
Simulations were run for t = 1000 s. Boundary conditions are reflective (stochastic model) and
Neumann, derivative set to zero (deterministic). Sizes indicated are for the full perimeter, used to
calculate S/V. Concentrations of the deterministic model were normalized to the average particle
number of the five rightmost bins of the posterior species. Units are as follows: [L] = µ m, [D] = µ m2 /s,
[ko f f ] = 1/s.

obtain an effective CPSS of
LCPSS = 8.3 µ m
by taking the third root of the volume. This can be compared with experiments in
chapter 6.

5.3

Confidence bounds for the theoretical size limit

The regressions used for obtaining parameters Di and ko f f ,i have an error associated with them which decreases our confidence in the prediction of CPSS. It is
important to estimate confidence intervals for lCPSS , to make a judgement whether
the measurement-induced uncertainties are relatively small or whether the value
obtained for lCPSS is only on the right order of magnitude by chance.
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From our theoretical considerations we know that the breakdown size σ depends on diffusion coefficients and off rates as follows:
√
σ (Di ) = Ai · Di
q
σ (ko f fi ) = Bi · 1/ko f f ,i .

(5.8)
(5.9)

where for each equation the influence of other parameters has been absorbed into
constants Ai and Bi . This is justified because in the following parameters are treated
independently. Using standard error propagation we obtain
s
err =

∂σ
∂ DP2

2

∆D2P2 +



∂σ
∂ DP6

2

∆D2P6 +



∂σ
∂ ko f fP2

2

∆ko2 f fP2 +



∂σ
∂ ko f fP6

2

∆ko2 f fP6 .

(5.10)
Ai and Bi can be calculated from the theoretical breakdown size, by setting σ =
LCPSS . Di and ko f f ,i are obtained by linearly extrapolating their respective regression
(figs. 3.4 and 3.7) to LCPSS . The error estimates ∆ko f f ,i and ∆Di are calculated using
the 95% linear regression confidence intervals at LCPSS = 38 µ m:
∆DP2 = 0.0650 µ m2 /s

(5.11)

∆DP6 = 0.1000 µ m2 /s

(5.12)

∆ko f f ,P2 = 0.0045 1/s

(5.13)

∆ko f f ,P6 = 0.0020 1/s .

(5.14)

With
AP2 = 69.2 µ m2 /s

(5.15)

AP6 = 68.3 µ m2 /s

(5.16)

BP2 = 2.5 · 1/s

(5.17)

BP6 = 3.3 · 1/s .

(5.18)

a 95 % confidence interval can be obtained as
LCPSS = 8.3 ± 4.9 µ m .

(5.19)

5.4. Conclusions
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Conclusions

The aim of this chapter was to combine the full asymmetric PAR model with the
rate parameters obtained in chapter 3 to investigate whether the CPSS identified in
chapter 2 is physiologically relevant. I also implemented a stochastic PAR model,
based on the same equations as the mean-field approach, but using the Gillespie
algorithm, to ensure that there are no qualitative differences if the system is simulated
using a more realistic, particle-based method.
By using this agent-based modelling approach, I showed that a large proportion
of the noise seen in my data can be explained as purely stochastic fluctuations (fig. 5.1
(A) and (B)).
Next, I measured gradient length in stochastic simulations of different cell sizes
using the same fit function as for PAR-2 in vivo data. The trends for PAR-2 in vivo and
in silico are opposite, however, for wild-type sizes, which are the most reliable, the
model predicts a gradient length of 15.8 µ m, which is similar to the gradient length
seen in fig. 4.2, which lies between 12 and 13 µ m. This demonstrates that at least
in principle, diffusion length as measured by D and ko f f can explain the gradient
extent.
For PAR-6, the model cannot be compared directly to the data, due to the
observed difference in mechanism, already discussed in section 4.5 and section 3.3.
I then showed that stochastic and deterministic modelling predict the same
breakdown length scale,
LCPSS = 8.3 ± 4.9 µ m ,
indicating that stochasticity has no significant influence on CPSS.
This prediction is close to the size of wild-type P3 cells in vivo, thus I will
next investigate whether P3 in small mutant embryos shows defects in maintaining
polarity.

Chapter 6
Polarity breakdown at small cell sizes
Using theoretical modelling and in vivo measurements of key model parameters I
have shown that the PAR model exhibits a critical polarizable system size (CPSS) of
LCPSS = 8.3 ± 4.9 µ m,
below which polarity is not stably maintained for longer periods of time.
This is an interesting number because it is around the size at which P lineage
cells undergo a switch between asymmetric and symmetric divisions.
√
This length scale was calculated as LCPSS = 3 Vcrit where Vcrit is the volume of
a cell with aspect ratio 15/27 and the longest circumference C = 38 µ m, which was
found to be the critical one-dimensional system length at which polarity cannot be
maintained (fig. 5.3). Thus, below this size, polarity maintenance is theoretically
impossible, provided the general paradigm of mutual antagonism is a realistic
description for the PAR system and parameter values obtained in measurements are
not fundamentally flawed.
The C. elegans P lineage is an ideal system to study this potential size limit in
vivo. Embryos do not start to grow in size until hatching, well beyond the P lineage
divisions. Thus, on average, daughter cells contain half the volume of their mothers
after each round of division. In fact, due to the pronounced size asymmetry of each
P cell and its somatic sibling, P cells show an even stronger decrease in volume
(Fickentscher and Weiss 2017). Interestingly, this results in the last two P lineage
divisions, P3 and P4, being close to the theoretical size limit. In wild-type animals
the P3 division is strongly asymmetric, while P4 divides symmetrically.
A potential size limit can be investigated by inducing small P3 cells and looking
for defects in asymmetric cell division. This is possible by reducing egg size, using
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fRNAi. Two knock downs are known for particularly small eggs: ima-3 and ani-2. The
latter is involved in maintenance of gonad morphology and proper oocyte formation
Maddox et al. 2005. The small zygote phenotype seems to be a direct consequence
of this. ani-2 (fRNAi) has also been shown to be able to rescue contractility defects
in PAR-4 mutants (Chartier et al. 2011). ima-3, on the other hand, has not been
implicated in cell polarity maintenance or establishment (also see chapter 3). Both
fRNAis are embryonic lethal in a severe knock-down.
The aim of this chapter is to probe the smallest possible P3 cells for defects in
asymmetric division. At the same time, because cell-cell signalling has been shown
to orient domains (introduced in section 1.3.3), it is important to assess division
timing and orientation of neighbouring cells to ensure that any phenotypes are not
due to aberrant signalling.

6.1

PAR-2 asymmetry during the P lineage

How PAR polarity is established during each round of division throughout the
P lineage is not fully understood. In P1, cortical flows have been implicated in
symmetry breaking because flows of PAR-3 towards the anterior have been observed
(Munro, Nance, et al. 2004), which could potentially hint at a mechanism similar to
the one seen in P0 (Rose and Gonczy 2014). However, data from our lab suggest that
PAR-2 symmetry is broken prior to onset of cortical flows in P1, leaving the question
open of how PAR-2 asymmetry is induced in the first place.
Another potential mechanism for symmetry breaking is provided by cell-cell
signalling. For example, P2 cells show a phenomenon termed ’polarity reversal’:
while P1 and P2 lie clearly posteriorly of their somatic siblings, this is not the case
for P3 and P4 (see schematic in fig. 6.1 (A)). Thus, the axis of polarity seems to be
reoriented reliably with the posterior domain facing EMS (P2) and E (P3). This was
first found based on elegant laser ablation experiments with partial extrusion of
specific regions of the cytoplasm from the embryo (Schierenberg 1987) and later
confirmed by delicate blastomere isolation and manual reshuffling of the cells outside
of the egg shell (Arata, Lee, et al. 2010).
These experiments suggest a signal between EMS and P2 and between E and
P3, which orients the PAR-2 domain. Such a mechanism of re-orientation can be
explained for example by an increase of on rates induced by the signal (Lee 2016).
This could not only help in reorienting polarity but also in establishing a posterior
domain in the first place. However, similar experiments have also shown that P2 cells
are able to polarize independently from prolonged cell-cell contacts, casting doubt
on a mechanism of symmetry breaking that purely relies on signalling. Thus, despite
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P3
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Figure 6.1: GFP::PAR-2 localization during P-lineage division.
(A) Schematic of PAR-2 (blue) and PAR-6 (red) localization during P lineage division (adapted from
wormbook.org). (B) Representative single plane light-sheet and confocal images of C27D9.1 P-lineage
divisions. There is a pronounced asymmetry of PAR-2 during each division up to P4, which divides
symmetrically. Note the different scale bars for P0 and P1. (C) Same as (B) for wild-type. (D) Same as
(B) for ani-2. Some P3 divisions appear symmetric, some are asymmetric (bottom panels). (E) Same as
(B) for ima-3. In embryos with a pronounced size phenotype most P3 divisions appear to be relatively
symmetric. Anterior is to the left. Scale bars, 10 µ m.

the cell autonomous nature of symmetry-breaking, the details can vary between P
lineage cells.
By contrast, polarity maintenance seems to follow similar rules throughout the
P lineage, with anterior and posterior PAR proteins localizing to opposite ends of
the cell. Due to experimental limitations, so far, the paradigm of mutual inhibition
has not been thoroughly tested in the P cells beyond P0. However, using a novel
PKC-3 inhibitor - CRT0103390 (CRT90) - Florent Péglion in our lab showed that
mutual antagonism is still active in the P lineage (unpublished data). Acute CRT-90mediated inhibition of PKC-3 prior to P1, P2 and P3 divisions results in a symmetric
distribution of PAR-2. Therefore, PAR polarity seems to still be maintained by
mutual antagonism in this cell lineage. Thus, it is during maintenance that the
reaction-diffusion mechanisms take over and it is here where we would expect to
observe defects due to changes in system size.
To test whether embryo size has an influence on polarity in the P lineage, animals
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were subjected to ima-3 and ani-2 fRNAi to induce small embryos. A strain carrying
a mutation in C27D9.1 was used to examine larger eggs. Within the quantified size
range (long axis L & 30 µ m), divisions appeared normal in all size conditions up to
P2 (fig. 6.2 and fig. 6.1 (B-E), top three panels). C27D9.1 embryos also give rise to
normal P3 and P4 cells (fig. 6.1 (B)). However, small embryos often show defective
P3 divisions which result in a symmetric divisions. This is particularly striking in
ima-3 (fRNAi) embryos, while animals subjected to ani-2 (fRNAi) show a mixed
phenotype with some embryos also dividing asymmetrically (fig. 6.1 (D), bottom).
Next, I sought to assess whether division timing and cell packing in C27D9.1,
ima-3 and ani-2 embryos resemble wild-type animals. Division timing in the founding lineages of C. elegans has been described to follow a power law relationship with
cell volume. At the same time, loss-of-function size mutants like ima-3 (small eggs)
fRNAi and ptp-2 mutants (large eggs) seem to give rise to a general slow down, at
least in the AB lineage (Arata, Takagi, et al. 2014).
I obtained similar results comparing the timing between C/E/P3 divisions in
wild-type and small embryos. ima-3 and ani-2 embryos divide at a slower rate than
wild-type and C27D9.1 (table 6.1). Timing is also more variable for small embryos.
Most divisions in ani-2 and ima-3 embryos follow the wild-type pattern with proper
division sequence and cell-cell orientation (table A.1). For larger embryos, timings
generally speed up, consistent with previous reports on division timing in differently
sized cells (Johnston et al. 1977; Jorgensen and Tyers 2004; Wang, Hayden, et al.
2000). This contradicts results found by Arata and colleagues for large eggs in ptp-2
mutants (Arata, Takagi, et al. 2014). However, given that the embryos used in their
study are not viable, it seems likely that division timing is altered, whereas we have
seen no viability defects in C27D9.1 mutants. I thus conclude that packing seems
intact in a wide size range of embryos, rendering signalling artefacts and subsequent
polarity phenotypes due to aberrant or lack of signalling unlikely.

6.2

Polarity is lost in small mutant P3 cells.

Genetic knock-downs that induce small cell size seem to be associated with more
symmetric divisions (fig. 6.1), indicating that the theoretical size limit predicted in
chapter 5 might also be relevant in vivo.
Maximum intensity projections along the z-axis (fig. 6.3) show the same phenomenon as observed in midplane (fig. 6.1): In small P3 cells, polarity is first established and clearly oriented towards E (fig. 6.3, (E) leftmost column) and then
progressively lost, leading to a symmetric division. Conversely, C27D9.1 and wt
embryos show the opposite trend, appearing more polarized at cytokinesis.
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E
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GFP::PAR-2
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- 18 min
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Figure 6.2: Division patterns and relative timing up to P3.
Maximum intensity projections of embryos expressing GFP::PAR-2. (A-D) Wild type division of E,
C and P3. (A) E has rounded up prior to division. (B) Cytokinesis furrow for E is visible, C has
rounded up. (C) C has elongated with the furrow visible (white arrow). (D) P3 is dividing with a
clean, asymmetric localisation of PAR-2 to the posterior. (E-H) Same as (A-D) but for ima-3. Note
the approximately twofold delay in division timing compared to wild type. Also note the relatively
symmetric distribution of PAR-2 along the membrane in (H). Anterior is to the left. Scale bar, 10 µ m.
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worm strain
NWG0025(C27D9.1)
(big-1)
NWG0079 (wt)
TH120 (ima-3)
NWG0079 (ima-3))
NWG0079 (ani-2)

n
4
6
4
3
7

E>C
5.25
4.00
8.00
12.67
7.57

STD
2.75
1.41
1.83
8.33
1.99

C>P
4.00
8.17
12.60
7.67
17.00

STD
1.82
1.94
2.19
12.66
10.58

E > P3
9.25
12.17
19.75
20.33
24.57

STD
0.96
0.98
3.35
7.51
11.82

P3 > P4
64.67
73.00
NED
NED
NED

STD
7.37
7.78
NED
NED
NED

Table 6.1: Average division timing prior to P3 division.
Timing between indicated divisions in minutes. Cytokinesis is scored at first visible invagination
after rounding up of dividing cells. Also compare fig. 6.2. n values for P3 > P4 are different from the
rest, due to experimental time constraints, see table A.1 for details.

A

B

C

D

E

-5 min

-4 min

-3 min

-2 min

-1 min

0 min

+1 min

+2 min

C27D9.1

wt

ani-2 (asymmetric)

ani-2 (symmetric)

ima-3

Figure 6.3: P3 division for different size conditions.
Maximum intensity z-projections. All strains express GFP::PAR-2. Fire look-up-table: bright yellow
and dark blue indicate high and low fluorescence, respectively. (A) C27D9.1 embryos carrying allele
tm5009 for the gene C27D9.1 produce larger eggs and therefore larger P3 cells. Division is always
asymmetric. (B) P3 in wild type embryos always divides asymmetrically. (C) Some ani-2 (fRNAi)
embryos exhibit wild-type-like P3 divisions. (D) ani-2 (fRNAi) P3 dividing symmetrically. (E) P3 in
embryos subject to ima-3 (fRNAi) reliably divides more symmetrically than wild type P3. Anterior is
to the bottom. Embryo posterior to the top. Scale bar, 10 µ m.

6.2. Polarity is lost in small mutant P3 cells.
A

B

C

D

125

Figure 6.4: Cell asymmetry quantification in 3D.
(A) Cells are segmented in 3D (methods see section 8.4) and then rotated in 3D until the plane is
found that divides the cell into its two most different parts (shaded blue). This plane is forced to
intersect with the centre of mass of the cell. Here, a wt P3 cell is shown. (B) Each histogram represents
intensities on one side of the cutting plane from (A) (arrows). The shaded plane in (A) is rotated to
find the two histograms with the minimum overlap area (dark region between histograms in (B)). (C)
Same as in A for a P4 cell. (D) Same as in (B) for P4 cell from panel (C). Note the increased overlap
between the two histograms, because the fluorescence is distributed relatively evenly across the cell.

To accurately quantify membrane asymmetry, cells need to be reconstructed in
3D to avoid artefacts due to out-of-plane orientation of the polarity domains (similar
to the ones seen in chapter 4, fig. 4.5). The software tool developed for this purpose
is described in section 8.4.2.
To avoid photo-bleaching and obtain a high resolution along the axial dimension,
images were acquired using a 3i Marianas Light Sheet Microscope (henceforth
generically referred to as selective plane illumination microscopy (SPIM). While
this microscope is technically capable of imaging from two angles and subsequent
software-based image fusion, I chose to only use one angle for illumination to avoid
bleaching and achieve better time resolution. Image stacks were taken once every
minute, typically using 1 µ m step size.
Once cells have been reconstructed, asymmetry needs to be assessed (also

126

Chapter 6. Polarity breakdown at small cell sizes

see section 8.4.3). Briefly, a plane intersecting with the centre of mass of a cell is
chosen, and the histogram of membrane intensity values on either side of the plane
is measured. Subsequently the plane is rotated in 3D in small steps around all three
axes, always intersecting the centre of mass. At each step the histograms on both
sides are calculated. The plane of least overlap between the two histograms defines
the axis of maximum polarity (fig. 6.4). This results in an asymmetry score of 0 for
perfect polarity (no overlap between histograms) and an asymmetry score of 1 for a
uniform cell (complete overlap). Wild-type P3 cells thus show little overlap (fig. 6.4
(B)), while P4 cells typically show a larger overlap (fig. 6.4 (D)).
This approach is agnostic to orientation of the polarity domain with respect to a
cell’s geometry. Since the main interest of these experiments is to establish whether
any polarity axis can be found in small cells, it is not sufficient to judge polarity
along the axis of cell division. While in terms of cell neighbours and relative timing,
most divisions appear to be wild-type, packing artefacts cannot be completely ruled
out and might induce signalling from non-wild-type locations, which can lead to
polarity not aligning with the axis of cell division (Arata, Lee, et al. 2010). The same
study showed that if P2 is provided with two competing cues, it always chooses one.
The nature of the above method always finds the maximum axis of polarity,
thus the asymmetry score can never approach 1, unless the cell membrane signal is
perfectly uniform.
I first investigated membrane asymmetry one minute prior to cytokinesis
(fig. 6.5). Quantification shows that in wild-type embryos, asymmetry stays relatively constant across the P lineage between P0, P2 and P3 (fig. 6.5 and table 6.2 for
numbers). P1 cells appear to be less asymmetric, however, this can be explained by
their shape. They typically have a slightly concave geometry prior to cytokinesis (e.g.
fig. 6.1 (B), second panel). This makes the algorithm described above less suitable for
polarity quantification, as the concave shape moves the centre of mass in a way that
does not allow cutting the cell in perfect halves. All other stages exhibit a convex
shape which allows for proper quantification.
While P3 cells in wild-type and C27D9.1 mutant embryos show asymmetry
scores very similar to wild-type P0 and P2 scores (green and purple scatters), small
mutant embryos show a clear shift towards more symmetric divisions (orange and
yellow scatters). Here, in particular ima-3 embryos show a distribution very similar
to P4 cells in wild-type and C27D9.1 mutant embryos (brown and blue circles). ani-2
embryos show a more intermediate phenotype, strikingly, however, the two largest
ani-2 embryos exhibit wild-type asymmetry.
From time-lapse imaging it appears that asymmetry is lost gradually in many
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Figure 6.5: Asymmetry
0.4prior to cytokinesis for different developmental stages and cell sizes.
Asymmetry was quantified as described in fig. 6.4 and section 8.4. 0 means highly asymmetric (no
histogram overlap), 1 means complete histogram overlap and therefore completely symmetric. A
value of 1 cannot be 0.2
reached in practice because the method used to quantify asymmetry tries to
minimize histogram overlap and can thus always find a manner in which the cell can be cut to appear
asymmetric, unless intensity is entirely uniform. Inset: Average asymmetry scores with selected
0.0
scores of Welch’s t-test.

wt P0

wt P1

wt P2

wt P3

C27D9.1
big-1 P3P3 ani-2 P3 > 9.8

ani-2 P3 < 9.8

ima-3 P3

comb. P4

Number of values

5

3

6

7

5

2

7

13

7

Mean

0.15

0.32

0.2

0.17

0.21

0.18

0.35

0.55

0.54

Std. Error of Mean

0.043

0.017

0.036

0.047

0.053

0.078

0.053

0.038

0.037

Lower 95% CI of mean

0.033

0.25

0.11

0.057

0.065

-0.8

0.22

0.47

0.45

Std. Deviation

Upper 95% CI of mean

0.096

0.27

0.029

0.39

0.088

0.3

0.12

0.29

0.12

0.36

0.11

1.2

0.14

0.48

Table 6.2: Asymmetry scores prior to cytokinesis.
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0.097
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Figure 6.6: Time course of asymmetry leading up to cytokinesis.
Asymmetry was quantified as described in fig. 6.4 and section 8.4. For each time point all embryos of
one condition were clustered. Two cells of ani-2 fell closer to wild type and are also more asymmetric
than the average of the other ani-2 cells (data shown in fig. 6.5), and were thus treated separately
(labelled ani-2 above threshold). Error bars indicate SEM.

ima-3 embryos, indicating that polarity establishment takes place (fig. 6.3) but that
polarity maintenance is severely compromised. I thus quantified asymmetry levels
over time. Large and wild-type-sized embryos show a slight decrease of asymmetry
scores towards cytokinesis, indicating an increase in asymmetry (fig. 6.6). By contrast, small ima-3 embryos show a strong decrease of asymmetry during the same
time interval. To account for a relatively large variability in embryo size for ani-2
mutant embryos, I divided the dataset into wild-type-sized cells (n=2) and small
cells (n=7, yellow dots at L < 10 µ m). The larger set maintains a high asymmetry
until cytokinesis, starting out even more asymmetric than wild-type. The smaller set
has an overall reduced asymmetry (orange dots) with a slight decrease in asymmetry
over time, suggesting that polarity is compromised in small cells also for ani-2.
Next, I measured size asymmetry of the two P3 daughters immediately after
the cleavage furrow had closed. Wild-type and C27D9.1 embryos exhibited pronouncedly asymmetric volume ratios of 0.43 ± 0.1 and 0.54 ± 0.06 respectively. The
volume ratio of ani-2 embryos was intermediate at 0.62 ± 0.16 for embryos < 10 µ m
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and 0.49 for embryos larger than 10 µ m, while ima-3 P3 cells divided almost symmetrically on average with a mean ratio of 0.87 ± 0.08 (± STD throughout). Taken
together these results suggest a cell size limit to stable polarity maintenance between
9 - 10 µ m, in agreement with the theoretical prediction of LCPSS = 8.3 ± 4.9 µ m.

6.3

Conclusions

In order to investigate a potential CPSS in vivo, I turned to ima-3 (fRNAi) and ani-2
(fRNAi), which exhibit P3 cell sizes between wild-type P4 (divides symmetrically)
and wild-type P3 cells (divides asymmetrically) (fig. 6.5).
Aberrant signalling between EMS/P2 and E/P3 has been shown to reorient
polarity domains and cause apparent symmetric divisions in the P lineage (Arata,
Lee, et al. 2010). Therefore, I compared timing and orientation of the above size
mutants with wild-type and C27D9.1 development. Division timing was generally
delayed in small P3/C/E cells, and slightly sped up in their larger counterparts,
which is in agreement with previous reports in a variety of organisms (Arata, Takagi,
et al. 2014; Johnston et al. 1977; Jorgensen and Tyers 2004). Orientations appeared
mostly similar to wild-type (tables 6.1 and A.1) in SPIM images. In cells where
polarity was clearly visible, orientation was almost always towards E.
I then quantified PAR-2 membrane intensity by 3D-reconstruction of P3 cell
membranes based on fluorescent images (section 8.4.2). Subsequently I quantified
asymmetry by finding the axis of maximal polarity based on minimizing fluorescence
histogram overlap between two cell sides (fig. 6.4). This method robustly detects
polarity in P0, P1, P2 and P3 cells, in agreement with previous reports (e.g. Boyd
et al. 1996). By contrast, P4 cells in both, C27D9.1 and wild-type embryos, show a
markedly reduced asymmetry consistent with symmetric division of P4 reported
previously (e.g. Sulston, Schierenberg, et al. 1983). Hence, this method can serve as
an indicator whether a given division displays symmetric or asymmetric membrane
protein distributions.
When applied to differently sized cells, this method reveals a sharp decrease
of asymmetry scores when effective cell size drops below 9-10 µ m. Wild-type and
ima-3 asymmetry scores are 0.17 and 0.55 respectively, while ani-2 cells below the
threshold show an intermediate value of 0.35. Interestingly, two ani-2 cells with
close-to-wild-type sizes, show normal polarity (fig. 6.5).
Similar results are obtained if instead of PAR-2 asymmetry, volumetric asymmetry of the two daughter cells is compared.
In ima-3 embryos visual inspection of images often seemed to show gradual loss
of asymmetry while the cell approaches cytokinesis. I thus quantified asymmetry
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scores over time (fig. 6.6). As expected, P3 cells in wild-type and C27D9.1 stayed
asymmetric and even showed a slight increase of asymmetry towards cytokinesis.
This is likely due to cortical-flow-driven domain correction, which would tend to
sharpen boundaries (Schenk et al. 2010). By contrast, asymmetry in ima-3 decreases,
and ani-2 showed an intermediate phenotype. Thus, polarity seems to be unstable in
small cells.
Several mechanisms are conceivable for why polarity in small cells is first
established and then lost. First, results from the one-cell embryo have shown
that polarity establishment and maintenance follow different rules, with different
molecular players being important at different times. For example, in the zygote,
PAR-3 is clustered during establishment, favouring advective transport and reducing
effective diffusive mobility on the cortex. During maintenance phase, however, PAR3 clusters dissolve, giving way to a more diffusive species. If a similar mechanism
acts in P3, the system could be tipped from a stable state with clustered PAR-3 to
an unstable state with diffusive PAR-3 as it approaches cytokinesis. Theoretically, I
have shown that increasing diffusion of one species in the two-component reactiondiffusion system discussed before, increases CPSS (fig. 2.7). Increasing diffusion, if
PAR-3 becomes more mobile, could thus change the system from stable to unstable,
resulting in polarity loss.
Second the role of signalling during polarity establishment in the P lineage has
not been explored. It is clear from experimental results that mes-1/src-1 signalling
can orient polarity domains. A signal that attracts a domain must exhibit some form
of positive feedback on the polarity machinery. Whether this is sufficient to trigger
symmetry breaking remains to be seen. Also whether a signal is necessary in P3 to
break symmetry is not clear. P2 cells, for example, are able to break symmetry from
a uniform PAR-2 state (Arata, Lee, et al. 2010).
Interestingly, the signal responsible for orientating PAR-2 in P2 has been shown
to only actively influence the P2 division during a restricted time window. If contact
between P2 and EMS was made more than two minutes after birth, division axes
randomized (Arata, Lee, et al. 2010). This raises the interesting possibility that a
polarity reinforcing signal might only be active during a certain time window. A
decrease in asymmetry could then be explained by a loss of the signal.
In normal P3 cells, asymmetric division leads to birth of D and P4, where P4
divides after a delay into Z2 and Z3, giving rise to the two germ line founding
cells. In these cells distribution of PAR-2 and several fate markers as well as size are
symmetric, indicating a symmetric cell division.
A compelling hypothesis would be that P4 cannot divide asymmetrically, due
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to size limitations, even if there was a transient polarizing cue from neighbouring
cells, thus ensuring that P4 always gives rise to two equal daughter cells. Testing
this hypothesis would require producing larger-than-wild-type P4 cells and being
able to manipulate potential polarity cues from neighbouring cells. However, as
polarity establishment in the P lineage is not understood, experiments to investigate
this hypothesis are currently not feasible.

Chapter 7
Discussion
The wise man regulates his conduct by the theories both of religion and
science. But he regards these theories not as statements of ultimate fact but as
art-forms.
- J. B. S. Haldane, Possible worlds (1927)
PAR proteins are a well-conserved polarity machinery, acting across metazoa in
different contexts. While in each case molecular mechanisms have adapted to
specific needs, a core feature is mutual antagonism between conserved key players,
such as PAR-3/Bazooka, PAR-6, aPKC and LGL-1.
The incredible diversity of cells that use the PAR system to polarize also entails
a variety of cell shapes and sizes. For example, oocytes in D. melanogaster are
approximately 100 µ m in length (Pellettieri 2002), while in the same organism,
epithelial cells are on the order of 10 µ m or below (Banerjee et al. 2017). In this work,
I set out to determine how the PAR network and its capacity to polarize is influenced
by cell size.
Previous results show that mathematical models of patterning processes are
sensitive to cell size (Jilkine and Edelstein-Keshet 2011), indicating that patterns
might only be stable beyond a certain minimal system size. Additionally, mechanisms of how scaling could be achieved have been investigated theoretically (Werner
et al. 2015). Yet, experimentally, the link between size and polarity has not been
investigated to the best of my knowledge. Clearly, at some level the PAR system
can operate across a range of sizes (see above). However, whether it is capable of
adaptation or scaling or alternatively breaks down at upper or lower limits has not
been explored.
The early C. elegans embryo presents an ideal model to study this process of
polar patterning in differently-sized cells. First, the PAR system is employed for
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cell polarity maintenance in a sequence of early embryonic asymmetric cell divisions called the P lineage. Until hatching cells do not grow between divisions. In
conjunction with the size asymmetry at each P division, this results in an approximately three-fold reduction in cell length between P0 and P3, the last asymmetrically
dividing cell of the P lineage.
Second, readily available mutant animals exhibiting different egg sizes can
extend this to a four-to-five-fold range (chapter 6, also see Fickentscher and Weiss
2017). Furthermore, easy imaging as well as a host of available biophysical techniques such as FRAP, ablation and single-molecule techniques allow for quantitative
measurements that can provide inputs for mathematical modelling (Mayer et al.
2010; Goehring, Hoege, et al. 2011; Robin et al. 2014).
Using quantitative modelling I have established a theoretical size limit, termed
critical polarizable system size (CPSS), below which polarity maintenance is not
possible. In combination with quantitative biophyiscal methods I went on to show
that this size limit is likely also relevant in vivo. Finally, using size mutants and the P
lineage, I showed that polarity maintenance is severely compromised in small cells,
indicating physiological relevance for the CPSS in vivo.

7.1

Polarity models exhibit CPSS

First, I investigated how theoretical models of polarity react to system size changes.
Several models have been established to describe cell polarity. Here, I focused on two
existing systems: the current mathematical framework for PAR polarity, established
in Goehring, Trong, et al. 2011 and Trong et al. 2014, as well so-called wave-pinning
(WP), first described in Mori et al. 2008.
Many of the core features, like membrane-cytoplasmic exchange, slow membrane diffusion versus fast cytoplasmic diffusion as well as a limiting protein pool
are well established biologically (Goehring, Hoege, et al. 2011; Blanchoud, Busso,
et al. 2015). Other features, such as the precise chemical reaction kinetics are only
beginning to emerge and the possible polarity mechanisms can thus not be captured
by only one model at this point.
For this reason, I chose WP as an alternative mechanism to investigate the
relationship between size and polarity. WP is qualitatively different from the PAR
system: instead of double-negative feedback, positive feedback establishes and
maintains two distinct membrane domains. In brief, WP can emerge in a uniform
system by amplification of small random perturbations via positive feedback. The
perturbation grows and takes over a progressively larger region of the cell membrane.
Due to mass conservation, the cytoplasmic protein pool is depleted, halting domain
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growth once an equilibrium between membrane binding and unbinding has been
reached.
The PAR model, by contrast, relies on double-negative feedback. Membrane
domains are maintained by two species enhancing each other’s dissociation rate.
Similar to WP, the PAR system shows a dependence of domain size on protein
amount. However, in this case the competition between two species regulates their
respective domain size, rendering the ratio of their total amounts more important
than total concentration. This has been verified experimentally: depletion of either
PAR-2 or PAR-6 changes the membrane area occupied by the two proteins, however,
quantitative predictions of this have not been attempted to date, an important goal
for future studies (Goehring, Trong, et al. 2011).
Apart from protein dosage and its influence on domain size, another interesting
characteristic of both models is the length scale of the boundary gradient between
domains. To study this is in detail, I turned to a symmetric version of the PAR
system, because an asymmetry in antagonism and rate parameters introduces effects
that mask fundamental relationships, for example between diffusion and boundary
gradient length. For the two models discussed here, I found that gradient length
depends on diffusion and reaction rates in a reciprocal manner. Faster diffusion
increases gradient length, while higher reaction rates shorten the boundary area.
From a particle centred point of view, this can be understood simply by imagining a change in clock speed if reaction terms are changed or a change in length
measure if diffusion is changed. A particle that experiences high turnover rates
cannot diffuse far into the opposing domain before dissociating. Thus gradient
length is shorter for higher turnover. On the other hand, a particle that experiences
high mobility on the membrane can travel further into the opposing domain before
being turned over, resulting in an increased gradient length. To quantify gradient
length in my simulationes, I measured maximum slopes for different parameters.
The inverse of these slopes yields a characteristic length scale, which appears to
follow
r
D
λ∼
.
k
Thus, the gradient is a read-out of the relative influence of diffusion and reaction
rates on the reaction-diffusion system.
A detailed analysis of the PAR and WP reaction-diffusion systems suggested
that system size and gradient length are not naturally coupled in these systems, a
prediction we explored in vivo (chapter 4).
I therefore turned to investigating the initial question of how cell size influences
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the reaction diffusion system. Consistent with the above arguments, boundary
gradients generally did not vary with system size. Strikingly, if set up with a small
dosage asymmetry, simulations below a certain system size did not stay polarized
for long times, but instead became uniform. The system size below which stable
polarity was not possible was termed critical polarizable system size (CPSS). I then
showed that CPSS depends on diffusion by
LCPSS ∼

√
D,

thus
LCPSS ∼ λ .
The above mentioned dependence of both models on dosage prompted me to
investigate its influence on CPSS. Simulations close to CPSS showed that dosage
can play a critical role in tipping a symmetric system to either an aPAR or pPAR
dominant state, depending on which concentration is higher.

7.2

Protein kinetics predict in vivo CPSS

Theoretical considerations in chapter 2 predict no inherent size adaptability, resulting
in pattern breakdown for small systems. However, I have shown that both the CPSS
and the related gradient length have been depend on diffusion and reaction rates.
Conceivably, mechanisms could have evolved to keep the system in a polarizable
state at small sizes by changing these rates.
Membrane diffusion and dissociation rates have been measured using FRAP
and single-molecule methods for PAR-2 and PAR-6 (Goehring, Hoege, et al. 2011;
Robin et al. 2014; Arata, Hiroshima, et al. 2016), yielding comparable but different
results.
PAR-6 diffusion measurements by FRAP yielded D = 0.28 µ m2 /s, whereas particle tracking at single-molecule resolution resulted in slower diffusion at D = 0.17
µ m2 /s. I followed the method described in Robin et al. 2014. My results yield
intermediate values ∼ 0.16 - 0.27 µ m2 /s, depending on the genetic or developmental background. Interestingly, wt/one-cell measurements close to the previously
measured values in wild-type (section 3.1), whereas all other measured conditions
resulted in higher diffusivities.
This could either result from a number of technical differences (e.g. different bead sizes used as spacers between cover slip and glass slide in different size
conditions and resulting differences in curvature) or be a real phenotypic differ-
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ence. More rigorous testing of different experimental conditions would be needed
to establish the underlying reason. Importantly, however, only a weak correlation
between embryo size and diffusion was seen, with larger-than-wild-type and smallerthan-wild-type cells both exhibiting faster diffusion than wild-type, indicating that
diffusion does not strongly depend on cell size.
Importantly, the single-molecule analysis suggested by Robin and colleagues
ignores some slow particles which appear to diffuse anomalously (also see section 8.2.1). Thus, measurements based on average MSD of all embryos per conditions
gave comparable but slower results (DMSD = 0.1 µ m2 /s), due to the fact that all particles were taken into account (fig. 3.3). Interestingly, the average MSD appeared linear
for all conditions, indicating that on average diffusion doe not appear anomalous.
PAR-2 diffusion had previously not been measured with the same singlemolecule methods but only using FRAP (Goehring, Trong, et al. 2011) and MSD of
tracked particles (Arata, Hiroshima, et al. 2016). The FRAP values are again comparable to my measurements, if slightly lower (DFRAP = 0.15 µ m2 /s vs DSM = 0.23 µ m2 /s).
Diffusion coefficients obtained from average MSD are comparable to FRAP (DMSD =
0.15 µ m2 /s). The measurements obtained by Arata et al. are significantly lower
(DMSD = 0.05 µ m2 /s). Several differences in experimental set-up exist between their
study and ours. For example, instead of depleting the GFP-tagged protein pool by
fRNAi, their method relies entirely on bleaching by exposing embryos to high laser
intensities for long periods of time. In my hands this method almost always results in
cytokinesis failure, suggesting low diffusion rates may be an artifact of cell damage.
Secondly, bleaching non-uniformly for long time periods depletes cytoplasmic and
membrane pools, even if performed in wide-field mode, due to a decrease of laser
intensity with penetration depth. Thus, different protein populations might have
been subject to imaging.
Dissociation rates have also been measured by Goehring et al. by FRAP in
the same study, with PAR-2 and PAR-6 respectively yielding ko f f ,P2 = 0.0073/s and
ko f f ,P6 = 0.0054/s. Using smPress (Robin et al. 2014) I obtained ko f f ,P2 = 0.0062/s
and ko f f ,P6 = 0.0044/s, respectively. For PAR-6 Robin et al. measured a substantially
faster turnover of ko f f ,P6 = 0.0074/s. However, this difference is likely caused by
taking into account cytoplasmic depletion in their study. I decided against this, for
reasons discussed in section 3.3.
Across different cell sizes a weak but significant correlation is seen for PAR-6
dissociation rate, which seems to increase for smaller cell sizes (fig. 3.7). PAR-2
measurements are substantially more noisy, however, no significant size correlation
was found.
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Figure 7.1: Current theoretical model and potential additions. (A) Model used in this thesis with
double-negative feedback between two protein species. (B) Potential model based on a hypothesised
gating mechanism of PAR-6/PKC-3 between a CDC-42-bound and a PAR-3-bound state. Additionally,
PAR-2 might promote its own recruitment. Key references are indicated.

Together with the diffusion data discussed above this information can be used
to inform the full PAR model. Therefore in chapter 5 I used two different methods
to simulate the PAR system: first, the deterministic approach already employed in
chapter 2 and second, a stochastic version of this model, using the Gillespie algorithm.
This second technique ensures that the influence of randomness, inherent to any
particle-based system, is taken into account. Both methods agree well, predicting
the same CPSS of LCPSS = 8.3 µ m.
All correlations between size and diffusion or dissociation rates are associated with uncertainties, owing to noisy measurements. To estimate their potential
influence on the prediction of CPSS I used standard error propagation with 95%
confidence bounds and obtained a prediction of
LCPSS = 8.3 ± 4.9 µ m .
We already know from many previous studies, that a two-species model is a
relatively strong simplification, and belies significant complexity (Goehring 2014;
Lang and Munro 2017). An important question is thus, whether the size limit
prediction is robust to changes in the specific details of the model, such as wiring of
the network.
I qualitatively investigated two important mechanisms, that could potentially
give rise to different behaviour.
First, recent results suggest that PAR-3 clusters act as binding islands for PAR6/PKC-3 (Rodriguez et al. 2017). A two-step model for PAR-6/PKC-3 activity was
suggested, where the complex first binds from the cytoplasm to PAR-3 and then
transitions to membrane-bound CDC-42, where PKC-3 becomes able to antagonize
posterior PARs (fig. 7.1 (B)). PAR-3 clusters have a significantly reduced mobility
when in a clustered state, and while these partially dissolve during maintenance
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phase in favor of a more diffuse species, exactly how this influences PAR-6/PKC-3
mobility is unclear (Dickinson et al. 2017; Rodriguez et al. 2017; Wang, Low, et al.
2017).
Therefore, I investigated the influence of a slow species in an otherwise symmetric system (fig. 2.7). In this setting, reducing one diffusion coefficient by half,
changed CPSS by approximately 20%. Further reduction resulted in a stronger
decrease, however, even if one were to completely suppress diffusion of one species,
breakdown would still be predicted, albeit at a somewhat lower limit (∼ 8 µ m).
I have not examined the precise behavior of this limit in a more complex model
incorporating both PAR-3 and CDC-42 associated complexes, but it would certainly
yield a CPSS above the case of an immobile PAR-3 explored here.
In recent years, several additions have been made to the PAR model, in particular suggesting a role for positive feedback of both anterior and posterior PARs
(Dickinson et al. 2017; Motegi, Zonies, et al. 2011; Arata, Hiroshima, et al. 2016), even
though quantitative evidence remains scarce.
Thus I next examined WP, and showed that pattern breakdown at small sizes
is not a result of the specific wiring of the PAR model. Rather, WP, which relies on
positive feedback, also breaks down. It shows the same qualitative behaviour as
double-negative feedback, namely a square root relationship of D with CPSS.
While coupling positive to double-negative feedback increases robustness in
polarity networks (Chau et al. 2012; Fletcher et al. 2012) it is not clear whether
this influences the critical length scales in the system and would confer a higher
robustness to size changes. Simulating a model based on more recent circuit-level
findings (fig. 7.1) is currently not feasible, because this entails a number of unknown
parameters which are impossible to constrain to a meaningful range without further
experiments.
The next generation model will possibly include two anterior species. A key
step to include a second species will be to experimentally constrain transition rates
of PAR-6/PKC-3 from a PAR-3 to a CDC-42 state as well as understanding PAR-3
clustering. The latter might not be necessary, initially, if at least an experimental
distinction can be made between PAR-3 and a CDC-42-bound states of PAR-6/PKC3.
A model with two anterior species could potentially explain several recent
observations, such as overlapping domains during PKC-3 inhibition (Rodriguez
et al. 2017) and the exponential gradient shape found in section 4.3. This gradient
shape likely reflects a non-uniform PAR-6 association rate, high in the anterior region
where PAR-3 is prevalent and a uniform dissociation rate, measured in this work
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(section 8.2.2) and previously in Robin et al. 2014. In this picture, PAR-6 binds
to PAR-3 in the anterior and then penetrates the posterior domain without being
directly antagonized by PAR-1/PAR-2. Instead pPAR antagonism would target
aPARs via PAR-3, by PAR-1 phosphorylation (Motegi, Zonies, et al. 2011).
To adapt a pattern to system size, rate constants must be changed, depending
on size, to adjust the characteristic length scales, such as diffusion length of each
protein (Werner et al. 2015). Given our current knowledge, it is thus unlikely that a
new model would predict a significantly different CPSS.
In conclusion, the core assumptions of our model still hold true, even though
more recent data suggest an indirect double negative feedback with two anterior
species. Importantly, rate parameters only adapt weakly to cell size, if at all. I was
thus able to constrain the predicted CPSS to a biologically meaningful range which
can be tested experimentally.

7.3

Embryonic polarity changes partly with cell size

The previously discussed membrane dynamics were a direct experimental verification of some key assumptions made in our model. However, while these measurements are necessary, taken out of context they present relatively little evidence for
the emergent patterning behaviour our model attempts to explain.
A second model verification would thus be to directly measure the length scales
in our model and compare their behaviour across cell size to predictions made by
measurement-based modelling. Two such length scales are directly accessible: the
gradients length of PAR-2 and PAR-6, which I have theoretically shown to be directly
dependent on rate parameters.
The upper and lower part of PAR-2 concentration profiles in P0 cells are relatively symmetric. This renders an error-function useful for fitting to obtain the
gradient length scale, because one of its parameters is a direct measure of the extent
of the boundary region between high and low intensities, without directly depending
on absolute membrane or background intensities.
The gradient length extracted for PAR-2 in wild-type-sized embryos agrees well
with the value obtained from stochastic simulations (12-13 µ m compared to 15.8
µ m). However, the trends of adaptation to cell size are opposite between model and
theory, which suggests an unappreciated complexity in the system.
PAR-6, by contrast is not fit well by an error function, due to its long tail. Based
on current insights into the mechanism of aPAR action, we thought an exponential
function might provide a better fit, because PAR-6 seems to bind in the anterior and
diffuse uninhibited towards the posterior. This is reminiscent of a simple source-
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degradation model, which can be analytically solved and leads to an exponential
profile.
Indeed, the lower part of PAR-6 intensity profiles is fit remarkably well by an
exponential, lending further support to this way of thinking. Interestingly, the fitted
length scale of wt PAR-6 profiles also fits remarkably well with the prediction made
by measured diffusion and dissociation constants, supporting the idea that at least
the ratio of D and ko f f which is important for
PAR-6 gradients show a very weak correlation with cell size across an almost
two-fold size range, indicating that cell size does not influence the diffusion length
of PAR-6. Interestingly, and contrarily to PAR-2, PAR-6 does not show any gradient
steepening towards cytokinesis. However, only the lower part of the gradient was
examined during the exponential fitting, thus limiting my ability to compare with
PAR-2.
The theoretically predicted CPSS is too small to be verified in the one-cell embryo. I thus turned to the P lineage, a developmental lineage in C. elegans that exhibits
PAR polarity on increasingly small length scales. To the best of my knowledge, PAR
polarity in the P lineage has not been quantified.
Due to generally low fluorescence of PAR-6 in the P lineage as well as confounding fluorescence from neighbouring cells, I restricted myself to analysing PAR-2. A
second problem is changing 3D orientation of cells between embryos. While wt onecell embryo always align their axis of polarity along the long embryo axis and thus
in parallel to the plane of imaging, this is not the case beyond the P1 division. I thus
developed a software tool to reconstruct embryos in 3D from spinning disk or SPIM
images. This enabled me to select embryos that visually appeared well-oriented
with respect to the imaging plane for quantification. Due to a general decrease
of fluorescence intensity in deeper layers inside the sample, a quantitative way of
selecting the right embryos was not reliable enough.
Particularly useful were quantifications of P2 and P3 cells, due to artefacts in P1,
seemingly induced by contact with AB. By quantifying average membrane intensities
it is obvious that gradients between areas of high and low PAR-2 concentrations
take up a larger area of the membrane in P2 and particularly P3 cells, compared to
P0. Thus, the gradient does not seem to scale with cell size, indicating that diffusion
length also does not adapt in a 1:1 relationship with size.
In conclusion, neither PAR-2 nor PAR-6 boundary gradients were found to scale
with cell size, as expected from my theoretical analysis and kinetics measurements.
However, PAR-2 shows a pronounced change of gradient length across a range of
P0 sizes, indicating that our modelling cannot capture some of the details of the
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posterior PAR distributions.

7.4

Polarity breaks down at small cell sizes

After establishing that PAR polarity does not show a strong dependence on system
size, I turned to light-sheet microscopy in order to obtain quantitative data on PAR-2
distributions in small cells. In particular, I was interested in imaging P3 and P4 cells
in different genetic backgrounds that each exhibit a size phenotype. For small cells,
we expect defects in polarity maintenance and potentially also during establishment
due to the previously established CPSS.
For the purpose of this section asymmetric cell division is primarily defined by
two features: first, asymmetric PAR-2 distribution at the cell cortex, and second, size
asymmetry of the resulting daughter cells after cell division. The P lineage has been
shown to exhibit a pronounced size asymmetry prior to division, which is due to the
influence of PAR proteins on membrane-associated microtubules (Fickentscher and
Weiss 2017; Rose and Gonczy 2014; Redemann et al. 2010; Labbé et al. 2004).
The precise mechanisms of polarity establishment in the P lineage are not known
(see section 1.3.3). Thus far, no evidence suggests that cells in the P lineage break
symmetry spontaneously, instead symmetry breaking mechanisms similar to P0
have been suggested (e.g. Munro, Nance, et al. 2004). Therefore, at this point, my
hypothesis is that cells break symmetry, either autonomously or triggered by external
cues. For example, we know that cell-cell contacts play a crucial role in orienting
polarity domains, since polarity reversal in P2 has been shown to depend on a signal
from EMS, depending on MES-1 and SRC-1 (Arata, Hiroshima, et al. 2016).
To quantify polarity phenotypes I devised a method to assess asymmetry on
cellular membranes in 3D. Briefly, this is based on dividing the cell in half in such
a way that the two resulting parts of the cell are most different. As expected, P0
through P3 are highly polarized, while P4 is significantly more symmetric, in both
wt and C27D9.1 (large) embryos (fig. 6.5).
Timelapse 3D reconstructions of P3 in different size conditions revealed that
polarity is maintained and even slightly sharpened in normal and C27D9.1 P3 cells,
from five minutes prior to cytokinesis until cytokinesis onset. These cells exhibit cell
sizes above 10 µ m. By contrast, in ima-3 and ani-2 P3 cells (smaller than wt, below 10
µ m), polarity gradually decreases over time, resulting in a PAR-2 distribution very
similar to P4 (fig. 6.6).
Interestingly, ani-2 P3 cells show a marked decrease in asymmetry, but their
phenotype is not as strong as ima-3, in particular, their polarity does not seem to
decrease, but rather stay relatively constant at a low level, compared to wt.
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This difference can possibly be explained in a number of ways. While ima-3
has not been implicated in polarity pathways, ani-2 has been shown to mitigate
par-4-induced defects in acto-myosin contractility in the one-cell embryo. If ani-2
is implicated in cortical organization, this could, for example, lead to decreased
mobility at the cortex, resulting in a more stable reaction-diffusion system. Alternatively, stronger cortical flows could maintain polarity, however, these possibilities
are purely speculative and would have to be tested.
An alternative way of obtaining small cells is by physically decreasing cell size
by partial extrusion and thus physical size reduction of cells from the egg. This
was for example used in Schierenberg 1987 to examine the mechanism of polarity
reversal in P2. Preliminary results, obtained by Nate Goehring based on a similar
method, so far suggest that small extruded cells indeed give rise to symmetric P3
divisions.
I thus conclude that polarity establishment seems normal in all ima-3 P3 cells,
but that cells below ∼9.8 µ m are unable to maintain polarity, confirming my theoretical prediction of polarity breakdown around ∼8.3 µ m from chapter 5. ani-2 embryos
also show a clear size phenotype with substantially reduced asymmetry below the
size limit, however, their time course of polarity loss is less clear.
What are the implications of these results for C. elegans early development?
Clearly, egg size must be scaled appropriately to the number of necessary asymmetric
divisions. Interestingly, some other nematode species seem to exhibit an asymmetric
division of P4 (e.g. Tobrilus (Epitobrilus stefanskii), Prionchulus (Schulze and
Schierenberg 2011)). These animals appear to exhibit a larger size of P4 than C.
elegans (personal communication between N.W. Goehring and E. Schierenberg),
however no careful measurements have been conducted to determine cell size.
Conversely, cell size could be used in development to restrict the number of
asymmetric divisions. For example, C. elegans P4 needs to divide symmetrically
to allow proper germ line development, even though it might have the ability to
polarize if only it was large enough. Thus, one could speculate that size acts as a fate
switch among other mechanisms.

7.5

Applicability in other systems

Generally, system size must be tightly coupled to patterning length scales in any
organism. This is a particularly important issue in development where cell and tissue
size changes over time, for example due to growth. For example, patterning of the
neural tube in chick and mouse has been shown to rely on two opposing gradients,
which together specify positional information for differentiation. However, because
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the gradient length scale of neither protein is significantly adapted during tissue
growth this mechanism has been shown to only allow precise patterning up until 30
hrs of development, thus restricting initial differentiation to a time period, when the
tissue is not too large (Zagorski et al. 2017).
The opposite case has been investigated here, where cell divisions without
intervening growth reduce system size. I have shown theoretically that current
reaction-diffusion models exhibit a critical polarizable system size (CPSS), below
which polarity becomes unstable. Thus, also in intracellular patterning it must be
ensured that diffusion length matches system size and I have shown here that this is
the case for the PAR system, where the experimental CPSS is close to the theoretically
predicted one.
Interestingly, other organisms show adaptations that could explain why they
can polarize at small cell sizes. For example, in yeast, diffusion coefficients have
been estimated by FRAP to be 1-2 orders of magnitude slower than in C. elegans,
which would prevent polarity breakdown even in much smaller cells, provided
turn-over rates are similar to the ones measured in C. elegans (Valdez-Taubas and
Pelham 2003).
Another much studied polarity system is the D. melanogaster follicle cell epithelium, which also relies on PAR proteins. In Drosophila epithelia many molecular
details of polarity maintenance have been studied (Thompson 2013), however kinetic data, such as dissociation and diffusion rates, are not readily available. For my
work this system is interesting due to its small size. If the same parameters as in
the C. elegans PAR system were used for modelling, this system should be close to
breaking down. However, one reason for stable homeostasis might be tight junctions,
acting as diffusion barriers against the effect of domain mixing between apical and
baso-lateral domains (Günzel and Yu 2013).
A quantitative model not taking the role of junctions into account was proposed
in Fletcher et al. 2012, combining positive feedback with mutual antagonism similar
to the C. elegans PAR model. Polarity maintenance was possible both in a mechanism
purely relying on positive feedback and a mechanism combining positive with
negative feedback. However, to constrain diffusion and reaction parameters, this
work relied on values found in yeast (Altschuler et al. 2008). While the cell size
between the two systems is similar, membrane diffusivity is significantly slower
in yeast cells than in animal cells, as mentioned above (Valdez-Taubas and Pelham
2003). Thus, likely, a model for epithelia with more realistic rate parameters would
not be stable without additional mechanisms, for example tight junctions, acting as
diffusion barriers.

7.6. Outlook
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Drosophila neuroblasts also use a variant of the PAR system to polarize prior
to asymmetric cell division, by establishing opposing domains of aPKC and Miranda. These cells can be cultured, and exhibit cell sizes similar to C. elegans P2/P3
(Hannaford et al. 2018). Interestingly, before division cells undergo a period of
Notch-mediated regrowth (Homem and Knoblich 2012), which could in part be a necessity to re-establish stable polarity. Therefore, it would be interesting to investigate
protein mobility and turnover in this system, to see whether a mechanism similar to
the one established in my work could be relevant.

7.6

Outlook

We are only beginning to understand the implications of physical constraints on
biological systems (Gilbert 2006; Spencer et al. 2017; Mohapatra et al. 2017).
While the physical size limit revealed in this work emerges due to length scales
that underlie the reaction-diffusion mechanism of PAR polarity, other biological
fields are affected and restricted by length scales which also are a result of molecular
properties, e.g. in the actomyosin cortex (Mayer et al. 2010) or the mitotic spindle
(Good et al. 2013; Hazel et al. 2013).
As such, this work has established the existence of another constraint on biological evolution, in addition, to many that are known already (Haldane 1926; Gilbert
2006).
Within the C. elegans zygote PAR system, many key questions remain unanswered. First, how polarity is established beyond the P0 stage is not known. Several
processes have been implicated, such as cell-cell signalling (Arata, Lee, et al. 2010)
and actomyosin flows (Munro, Nance, et al. 2004), however, any mechanistic model
based on biophysical measurements remains elusive and it is unclear whether the
proposed mechanisms can account for symmetry breaking as seen in vivo.
Second, mobility measurements obtained previously, as well as my own data,
suggest that protein diffusion is heterogeneous. Together with the known ability
of several key players to form clusters on the plasma membrane (Rodriguez et al.
2017; Dickinson et al. 2017; Arata, Hiroshima, et al. 2016; Wang, Low, et al. 2017),
this suggests a regulatory and kinetic complexity not currently reflected in models.
Third, while many of the key players in polarity have been identified, we are
still lacking a systems-level understanding (Goehring 2014; Lang and Munro 2017).
Future modelling will likely evolve in several steps. Currently two areas are
being investigated, which could evolve somewhat independently, owing to the
anterior-posterior modularity of the PAR system. First, regarding posterior proteins,
key questions are when, where and how do pPARs interact, and are PAR-1 phos-
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phorylation and Chin-1 GAP-activity the only interactions mediating antagonism
towards aPARs.
Second, from an anterior perspective, it is known that the PAR-6/PKC-3 complex associates with both CDC-42 and PAR-3. The interdependence of these two
states as well as their functional differences are only beginning to emerge (Beers
and Kemphues 2006; Rodriguez et al. 2017; Wang, Low, et al. 2017). Thus, a next
modelling step could be to include a second anterior species (also see fig. 1.9).
Interestingly, my work indicates that the results obtained here are relatively
independent of the explicit model features, as long as a few key conditions are met.
For example, my modelling assumes that kinetic parameters are not subject to size
scaling, which is supported by the kinetic data also measured in this thesis. Thus,
while future models might provide more insight into polarity establishment and
maintenance, the principal dynamics of pattern breakdown predicted here will likely
remain valid.
An obvious next step would be to test the idea of a CPSS in systems other
than the early C. elegans embryo, such as the fly neuroblast. Other organisms,
such as yeast, which are genetically even more amenable, could be used to further
investigate the role of cell size in polarity maintenance. Interesting work has for
example shown that suppression of multiple Cdc42 caps in yeast relies on both
positive and, previously unappreciated, negative feedback (Howell, Savage, et al.
2009; Howell, Jin, et al. 2012).
In C. elegans a related question would be whether more than two domains could
be stable if cell size is increased, thus inverting the question I asked in this thesis. In
larger systems, cytoplasmic depletion cannot be considered infinite and will thus
not inhibit domain formation at larger distances.
In recent years in vitro reconstitution has been an interesting trend, shown
for example in the E. coli Min system (Zieske and Schwille 2014). While PARs are
more complex, it would be interesting to see a bottom-up approach for in vitro
polarity establishment. If successful this should provide another confirmation of our
CPSS-concept.
In conclusion, the size limit I established here, imposed by the reaction-diffusion
kinetics of the PAR proteins, likely has applications and analogues in many other
systems.

Chapter 8
Materials and Methods
8.1
8.1.1

Microscopy
HiLo/Near-TIRF

For single-particle imaging HiLo/near-TIRF microscopy was used (Tokunaga et al.
2008). Briefly, by performing TIRF slightly above the critical angle, a light sheet is
produced, which illuminates a relatively thin slice of the embryo, close and almost in
parallel to the cover slip. This substantially decreases background from cytoplasmic
fluorescence as well as photo-bleaching.
All single-molecule imaging was performed on a Nikon TiE with 100x N.A. 1.49
objective, with an iLAS TIRF unit built by Roper, a custom-made field stop, which
significantly improved signal-to-noise ratio, a 488 nm fiber-coupled diode laser
(Obis) and an Evolve Delta camera (Photometrics). This microscope was controlled
using Metamorph (Molecular Devices) and initially configured by Cairn Research
(Kent, UK).
Samples were mounted between a cover-slip (No. 1.5H) and glass slide. 15, 18
or 20 µ m polystyrene beads were used as spacer to avoid compression of embryos,
depending on embryo size. Embryos were imaged using M9 buffer prepared by the
Crick media kitchen (3 g KH2PO4, 6 g NaHPO4 and 5 g NaCl to 1 l H2O, autoclave
and sterilize. Add 100 µ l 1 M MgSO4 per 100 ml M9 Buffer before using).

8.1.1.1 Conditions for particle tracking
Exposure time was 20 ms, images were taken every 80 ms to decrease bleaching
compared to continuous imaging. For PAR-2 and PAR-6 diffusion coefficients are
such that within 80 ms at typical particle densities, particles can still be reliably
assigned to tracks.
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8.1.1.2 Conditions for dissociation rate measurements
Duty ratio between exposure time and laser power was initially varied incrementally,
such that bleaching rates were on a similar order of magnitude as dissociation rates.
Typically, images were taken once every second or every two seconds.

8.1.2 Spinning disk
All spinning disk imaging was performed on a Nikon TiE with 63x or 100x objectives
and an optional two-fold magnifaction built into the disk unit, which is a custom
X-Light V1 spinning disk system (CrestOptics, S.p.A.) with 50 µ m slits, 488 nm, 561
nm fiber-coupled diode lasers (Obis) and an Evolve Delta camera (Photometrics)).
This microscope was controlled using Metamorph (Molecular Devices) and initially
configured by Cairn Research (Kent, UK).
Samples were mounted using Agarose pads or 21 µ m polystyrene beads for
laser extrusion of AB cells. In this case Shelton’s growth medium (SGM, Shelton and
Bowerman 1996) buffer was used.
SGM is prepared as follows:
• Make Inulin (5 mg/ml) 0.01 g / 2 ml H2O, Dissolve @ 100◦ C on heat block.
Cool to RT.
• Make PVP (50 mg/ml) 0.1 g / 2 ml Schneiders Drosophila Medium. Add
powder to liquid, vortex.
• Mix the following: 8 ml Schneiders Drosophila Medium, 1 ml 5 mg/ml, Inulin
(above), 1 ml 50 mg/ml PVP (above), 100 µ l BME Vitamins, 100 µ l Lipid
Concentrate, 50 µ l Pen-Strep. Filter Sterilize Store @4◦ C for up to several
weeks.
• Add 35% FCS to SGM(-FCS). e.g. 175 µ l FCS + 325 µ l SGM(-FCS). For immediate use, do not store.

8.1.2.1 Laser dissection/extrusion of AB
To obtain images of round P1 cells, AB blastomeres were extruded from two-cell
embryos by using a pulsed UV laser to perforate egg-shell and membrane in the
anterior. If a sufficiently large hole was generated this leads to extrusion of AB from
the egg shell due to the slight compression exhibited by cover slip and glass slide.
Two avoid heat build-up repeated short pulses were used.

8.1.2.2 Conditions for gradient measurements
Images were acquired every 20 s, adjusting the duty ratio such that almost no
bleaching was visible at cytokinesis. Imaging was started at NEBD or before, but not
prior to pseudo-cleavage.

8.2. Single Molecule Analysis

8.1.3
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SPIM

SPIM imaging was performed on a Marianas Light Sheet Microscope (3i), equipped
with 488 nm and 561 nm lasers, running different experimental versions of SlideBook
(3i). This scope was equipped with two 40x, 0.8 NA objectives to perform diSPIM
imaging from two angles, however, in most cases only one angle illumination was
used, to minimize photo-bleaching. Therefore, all 3D reconstructions are based on
one channel. Samples were mounted in a water bath on a cover-slip manually coated
with polylysine drops to keep embryos in place.

8.1.3.1 Conditions for SPIM imaging
Images were acquired once every minute with one micron spacing between z planes.
Duty ratio was adjusted such that only little bleaching was visible within an hour of
imaging. In many cases, in particular for wt measurements, embryos were followed
from P0. Between divisions, only the 561 nm channel was used, to follow cell
membranes, increasing interval times to 3 minutes.

8.2
8.2.1

Single Molecule Analysis
Measuring membrane diffusion rates

Particle tracking for diffusion measurements was performed in Python, using
the trackpy package, which improves on the well known Crocker-Grier algorithm (Crocker and Grier 1996). The package can be found at github.com/softmatter/trackpy. Particles often seem to drift out of focus for a few frames. Different
strategies can be used to deal with this problem. Robin and colleagues use a memory parameter to remember particles for up to five frames if it has vanished from
the imaging plane. If within five frames the particle reappears close to its original
position tracking will be continued.
I employed a different strategy: using rather loose thresholding, particles out of
focus should still be detected, if not completely detached from the membrane. To
ensure that false positives are disregarded a minimum track length of at least eleven
frames for each particle was used, without using a memory effect.
Robin et al. used 33 ms exposure times with continuous imaging. To obtain
more and potentially longer tracks, I reduced exposure to 20 ms with 80 ms intervals.
Membrane diffusion rates were measured using different methods, indicated in the
main text.
First mobility of individual particles can be determined according to Robin
et al. 2014. Briefly, MSD was fit to MSD = 4Dt α for the first ten lag times of
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Figure 8.1: Particle tracking and calculation of diffusive mobilities.
(A) Particle detection in a representative HiLo image. Thresholding was performed loosely, to take
into account particles drifting outside the focal plane. (B) Tracking was performed in trackpy with no
memory for vanished particles. (C) MSD graphs of individual particles overlayed for one embryo.
(D) Typical output of fitting MSD = 4Dt α and plotting α versus D.

each particle. To obtain Dres , e.g. in fig. 3.3, I obtained mean values of D by
only taking into account particle with 0.9 < α < 1.2. This ignores a slow population (fig. 8.1 (D), α < 0.9), hence values obtained using this method are generally
faster than fitting an average MSD of all particles to MSD = 4Dt. All data analysis performed for single-particle-tracking used custom Python scripts, available at
https://github.com/lhcgeneva/SPT.

8.2.2 Measuring membrane dissociation rates
Dissociation rates were determined as described in Robin et al. 2014. Particle
detection was performed in Python using the trackpy package (github.com/softmatter/trackpy). Contrary to the tracking method above, it is more important to not
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Figure 8.2: Particle detection and fitting of dissociation rates.
(A) Typical thresholds for particle detection are chosen much more conservatively for dissociation
rate measurements than for particle tracking (compare fig. 8.1 (A)). (B) Low particles numbers in
subregions of an embryo still allow for quantification, particularly when averaging several embryos.
(C) Fit function not taking into account cytoplasmic bleaching. (D) Fit function that takes into account
cytoplasmic bleaching. Refer to Robin et al. 2014 for details.

detect false particles, thus the threshold is set more conservatively (compare fig. 8.2
(A) and fig. 8.1 (A). Low particle numbers are sufficient for fitting, thus areas within
the same embryo can be selected and fit to compare dissociation rates in different
regions (anterior vs posterior, see fig. 8.2 (B)).
To avoid fitting artefacts due to different time scales of bleaching and dissociation rates, bleaching rates were adjusted such that a plateau was reached after ∼ 100
s. Robin et al. suggested two different fitting regimes shown in fig. 8.2 (A) and (B).
The first method considers an infinite cytoplasmic pool while the second one also
considers cytoplasmic depletion. Due to fewer fit parameters, the first regime yields
more consistent results. I decided to use the first method to obtain more reliable size
correlations with limited data. Fitting was performed in python using custom code
available at github.com/lhcgeneva/SPT.
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B

A

Figure 8.3: Gradient extraction by fitting an error function.
An error function has many desirable properties for describing PAR-2 (and to some extent also
PAR-6) gradients. The function has plateaus at the bottom and the top (set by a and a+b respectively).
Importantly it also defines a length scale s for the boundary region between the two regions of
maximum and minimum intensity, independently of the signal amplitude (shaded area). Parameter c
defines an offset in x-direction, centring the fit on the gradient. This is used to align different curves
to obtain averages (e.g. fig. 4.8).

8.3

Gradient Fitting

PAR-2 gradients were fit using an error function (fig. 8.3 (A)). The fitting parameter
s is a direct measure of boundary length (shaded area).
Fitting was performed in two rounds. First, an error function was fit to the
profiles as obtained from straightened membrane outlines. Then, a second error
function was fit to a region of ±20 µ m around the centre of the first fit.
PAR-6 gradients were fit by an error function initially, to determine floor and
ceiling for each gradient profile. Subsequently, the profile was fit from 40% intensity
downwards (see fig. 8.3 (B)), using an exponential function with off set: A(x) =
A40 ex/λ + B.

8.4

Cell Membrane Segmentation

In order to accurately determine the membrane concentration of polarity markers
throughout the P-lineage in time and three spatial dimensions, it is necessary to
segment up to 150 image frames per cell of interest, depending on the performed
experiment. To speed up this process, I devised a method that first automatically
segments a stack of images and then lets the user correct parts of the automatically
found segmentation if necessary.

8.4. Cell Membrane Segmentation

A

C

Combine available imaging channels.

Identify membrane position based on maximum
intensity or maximum slope.

B

Rotate in small steps. For each angle find
membrane along green line.

D

Manually correct potential errors using
custom GUI.
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Slope method

Position

Figure 8.4: Segmentation workflow.
A Imaging can be combined if multiple colors are available, this is particularly useful if complementary membrane markers are available, here exemplified by PAR-6 (blue) and PAR-2 (red). B At each
time point the merged image is rotated in small steps and the intensity along a straight line from
the centre to the outside of the embryo is obtained. C If a membrane staining is visible, finding the
maximum is the most robust way of establishing the membrane position. If no membrane staining
is available, the steepest slope at the edge between embryo cytoplasm and media still provides a
good reference to determine position. D. Using a custom-built GUI allow for straightforward manual
curation of automatic segmentations.
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8.4.1 Automated finding of the plasma membrane
Many methods exist to segment cellular membranes in different contexts (for C.
elegans one-cell embryos see for example Blanchoud, Budirahardja, et al. 2010 (based
on DIC) or Zhang, Lim, et al. 2017 (fluorescence based)). However, these approaches
usually only work for specific cells or if the fluorescence signal is sufficiently high
around the entire cortex. For example during P lineage divisions, often data quality
did not allow for completely automated quantification, due to lack of membrane
signal, e.g. if worm strains were imaged that did not express a membrane marker.
In many of these cases, reliable segmentation by hand is still possible based on
experience and features that are not easily quantified computationally. Thus, an
approach was needed that allows for automatic segmentation in differently stages
embryos and at the same time permits easy manual curation.
To find the cell membrane all available fluorescence channels are combined
(fig. 8.4 (A)) and the cell centre is determined manually. Then, the maximum intensity
is found along a ray that points outwards from the centre (green line in fig. 8.4 (B, C)).
Alternatively, if maxima cannot be found reliably, membrane position is quantified
based on maximum slope. This is the case if no membrane fluorescence is visible.
Subsequently, a graphical user interface allows for easy manual curation.
To obtain cortical intensity profiles, first, the cortex needs to be straightened.
This is achieved by interfacing with ImageJ via Miji (Sage et al. 2012, EPFL) and
using ImageJ’s straightening functionality. Subsequently, straightened files are backtransferred to Matlab. To obtain one-dimensional intensity profiles, the three largest
pixel values of each line perpendicular to the straightened image were averaged.
Code is available at github.com/lhcgeneva/PARDynamics.

8.4.2 3D Reconstruction of cell membranes
If the segmentation algorithm is applied to a z-stack, the cell can be reconstructed
as a point cloud (compare for example reconstructions shown in fig. 4.6 or fig. 6.4).
To assign intensities to each point, a median filter (medfilt2) was applied using
an 8x8 neighbourhood of each point. Subsequently, triangulation is performed,
using the MyRobustCrust function by Giaccari Luigi, to close the surface. Each
triangle is assigned the mean intensity value of its vertices. Code is available at
github.com/lhcgeneva/PARDynamics.

8.4.3 3D asymmetry index
This method was described in the main text in fig. 6.4. Briefly, a plane is rotated
through the centre of mass of the cell and at each rotation position the intensity
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histogram on both sides of the plane is calculated. Subsequently, the position
with the least histogram overlap between the two sides is chosen as the plane of
maximum polarity. Rotation is performed isotropically, using brute-force, due to a
limited number of possible angles and to avoid convergence in a local minimum.
Importantly, histograms must be normalized to have unit area before overlap is
calculated.
To obtain a robust measure of cell size I used the third root of cell volume as a
proxy for system size which can be compared to theoretical predictions.
Code is available at github.com/lhcgeneva/PARDynamics.

8.5

C. elegans methods

8.5.1

Nematode maintenance

C. elegans strain
KK1228
KK1248
KK1273
KK972
N2
NWG0025
NWG0026
NWG0055
NWG0061
NWG0079
OD58
TH120
TH129
TH411
TH415

Genotype
pkc-3(it309 [gfp::pkc-3]) II
par-6(it310[par-6::gfp]) I
par-2 (it328[gfp::par-2])
itIs168 [Ppar-3::par-3 CR1 delta(69-82), unc-119(+)]; unc-119(ed4) III

Source
K. Kemphues
K. Kemphues
K. Kemphues
K. Kemphues
J. Hodgkin

C27D9.1(tm5009) unc-119(ed3) III; ddIs26[mCherry::T26E3.3 (par-6) +
unc-119(+)]; ddIs25[pie-1::GFP::par-2[RNAi res. SacI/MluI])b + unc-119]
unc-119 (ed3) III ?; ddls31[pie-1p::mCherry::par-2;unc-119(+)]; par-6(it310[par-6::gfp]) I
unc-119(ed3)III;ddIs26[mCherry::T26E3.3;unc-199(+)]; par-6(it310[par-6::gfp]) I
C27D9.1(tm5009) unc-119(ed3)III; ddIs8[pie-1p::GFP::par-6(cDNA)];
ddIs31[pie-1p::mCherry::par-2;unc-119(+)]
unc-119(ed3) III; ltIs44pAA173; [pie-1p-mCherry::PH(PLC1delta1) +unc-119(+)] V.;
ddIs25[GFP::F58B6.3;unc-119(+)]
unc-119(ed3) III; ltIs38[pAA1; pie-1::GFP::PH(PLC1delta1) + unc-119(+)].
K. Oegema
unc-119(ed3) III; ddIs25; ddIs26[mCherry::T26E3.3 (par-6) + unc-119(+)]
unc-119(ed3) III; ddIs25[pie-1::GFP::par-2[RNAi res. SacI/MluI])b + unc-119]
Hyman lab
unc-119(ed3)III; ddIs8[pie-1p::GFP::par-6(cDNA); ddIs31[pie-1p::mCherry::par-2;unc-119(+)]
Hyman lab
unc-119(ed3) III; par-2(ok1723); ddIs239[pie-1::GFP::par-2(CAI 0.6) + unc-119(+)]
Hyman lab

Table 8.1: Worm strains used in this work.

C. elegans animals were maintained on NGM (nematode growth media) prepared by Crick cell services (3 g NaCl, 17 g Agar and 2.5 g Peptone add H2O up to
1 l and autoclave to sterilize). Worms fed on OP50 bacteria, under conditions first
described in Brenner 1974 at 20◦ C. All strains used in this work are listed in table 8.1.

8.5.2

Feeding RNAi

fRNAi was performed as described in Kamath et al. 2003. Over-night (ON) cultures
were grown in LB liquid culture with carbenicillin (10 µ g/ml) at 37◦ C, in a shaking
incubator, induced with IPTG (5 mM) and then spread on 60 mm LB agar plates
( 1 mM IPTG, 10 mg/ml carbenicillin). Subsequently, worms of different stages,
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RNAi feeding clone
ctrl
ima-3
XFP
src-1
ani-2

Bacterial strain
HT115
HT115
HT115
HT115
HT115

Source
lab
Ahringer library
C. Eckmann
lab
Ahringer library

Sensitivity
Amp Tet
Amp Tet
Amp Tet
Amp Tet
Amp Tet

Typ. time
N.A.
20 hrs
6-20 hrs
48 hrs
20-25 hrs

Table 8.2: RNAi strains used in this work.

A

Time (RKDP)
y’(t) = f(t, y(t))

y(t)
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HT115
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B
or bacterial strain name (if home made)
First derivative set to zero
plasmid name
at the boundaries.
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∙
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Figure 8.5: Schematic depiction of the PDE solver implemented for model integration.
(A) DOPRI5 is used to step in time. (B) Integration in space is performed by an Euler algorithm. (C)
For each compartment in space errors between the fourth and fifth order are calculated and their
maximum is chosen as the overall error used to calculate the length of the next time step.

depending on desired RNAi time (see table 8.2) were transferred to plates such that
gravid adults could be imaged.
For single molecule methods, often two clones had to be mixed to achieve, for
example, a GFP and ani-2 knockdown at the same time. In this case, cultures were
grown individually ON and mixed at induction in varying ratios, depending on the
expression levels of individual worm lines.

8.6

Theory

All code used in this section is available at github.com/lhcgeneva/PARmodelling.

8.6.1 Deterministic model of the PAR system
To quickly assess qualitative behavior of the PAR network upon changing parameters, I numerically solved the governing partial differential equation (PDE) system,
using an adaptive Runge-Kutta scheme introduced by Dormand and Prince in 1980

8.6. Theory
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Figure 8.6: Stochastic and deterministic simulation techniques compared.
(A) Outcome of mean-field/deterministic approach. (B) Outcome of stochastic approach. Note that
while mean intensity distributions across the system are comparable, the stochastic model by virtue
of its nature takes into account noise.

(Dormand and Prince 1980). Using a deterministic approach to compute solutions
to the PDE system brings the advantage of faster computation compared to our
stochastic approach while still capturing the qualitative behavior of the system.
An adaptive timestep algorithm changes the timestep used to calculate the next
step depending on an error estimate of the current step. A scheme describing the
DOPRI5 can be found in fig. 8.5.
Simulations were initialized with two opposing domains with a sharp boundary
and were run until t = 1200s for gradient inspection and for longer times (see below)
when sampling parameter space for breakdown.
A simulation was said to break down within the time limit if the concentration
of one species was larger than the other across the entire domain.

8.6.2

Sampling dosage/size parameter space

Sampling the parameter space spanned by dosage ratio and breakdown size was
performed using the method described above on the Crick cluster, which uses the
slurm workload manager. To ensure robustness, simulations were run for longer
times, typically greater than 7000 s.

8.6.3

Stochastic modelling using Gillespie algorithm

Modelling individual particles instead of using the mean-field approach discussed
in 8.6.1 provides the advantage of a realistic depiction of noise, which can be particularly important in low-particle-number regimes. A great introduction to the
underlying mathematics of the Gillespie algorithm can be found in Erban et al. 2007.
Here, I will briefly state the core steps of simulating the state of the reaction
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diffusion system through time. The spatial domain to be simulated is divided into n
bins and initial condition are set (where each bin number receives a certain number
of molecules). Then the system is evolved following the steps outlined below, based
on the governing reaction-diffusion equations. The left-hand-side (LHS) of each
equation gives the rate of change for a particular protein species. The goal of each
step is to choose when the next process is going to happen (choosing a time step)
and which process is going to happen. If the system evolves slowly, meaning all
the LHS are low, the algorithm takes long time steps, if it evolves fast, shorter time
steps are taken, making more reactions possible, accounting for the high reaction
rates. Which reaction will happen is then decided by considering the individual rates
(called propensities) for each reaction, e.g. if there are large, non-linear gradients in
the system, diffusion might be more imminent then an off- or on-rate step.
1. Determine rate of system change
2. Calculate random time step according to overall rate of change
3. Randomly pick which reaction happens (biased by propensities)
4. Update system, restart
Ultimately, the behaviour of the system at each time step is random, because any of
the reactions could be chosen to happen, however, some are more likely than others
to be picked, based on the magnitude of their propensity.

Appendix A
Relative division timing of E, C and P3

Date
Emb. #
23/08/2017
1
23/08/2017
3
24/08/2017
1
24/08/2017
2
24/08/2017
3

Strain
E>C
NWG0025 (C27D9.1)
(big-1)
NWG0025 (big-1)
(C27D9.1) 4
NWG0025 (C27D9.1)
(big-1)
2
NWG0025 (C27D9.1)
(big-1)
8
NWG0025 (C27D9.1)
(big-1)
7

C>P
6
5
6
2
3

E > P3
14
8
10
10

P3 > P4
Not followed
62
Not followed
59
73

Comments
NED, TNC, ONC
TWT, OWT
TWT?, OWT?
TWT, OWT
TWT?, OWT?

10/08/2017
06/09/2017
06/09/2017
06/09/2017
07/09/2017
07/09/2017

2
1
3
4
1
2

NWG0079 (wt)
NWG0079 (wt)
NWG0079 (wt)
NWG0079 (wt)
NWG0079 (wt)
NWG0079 (wt)

2
4
5
6
4
3

11
7
8
6
7
10

13
11
13
12
11
13

Not followed
75
81
60
75
74

TWT, OWT
TWT, OWT
TWT, OWT
TWT, OWT
TWT, OWT
TWT, OWT

17/08/2017
17/08/2017
17/08/2017
15/08/2017
15/08/2017
14/08/2017
14/08/2017

1
2
3
1
3
1
3

TH120 (ima-3)
TH120 (ima-3)
TH120 (ima-3)
TH120 (ima-3)
TH120 (ima-3)
TH120 (ima-3)
TH120 (ima-3)

6
9

12
12

18
21

>18
>35

7

10
16
13

17

11/08/2017
08/08/2017
08/08/2017
08/08/2017
21/12/2017

1
1
2
3
1

NWG0079 (ima-3 ) >12?
NWG0079 (ima-3 ) 10
NWG0079 (ima-3 )
NWG0079 (ima-3 ) 22
NWG0079 (ima-3)
6

26?
19

>38?
29

-6
10

16
16

14/12/2017
14/12/2017
15/12/2017
15/12/2017
17/12/2017
19/12/2017
19/12/2017
20/12/2017
21/12/2017

2
4
1
2
1
2
3
1
2

NWG0079 (ani-2)
NWG0079 (ani-2)
NWG0079 (ani-2)
NWG0079 (ani-2)
NWG0079 (ani-2)
NWG0079 (ani-2)
NWG0079 (ani-2)
NWG0079 (ani-2)
NWG0079 (ani-2)

4
7

8
13

12
20

7
9
10
7
9

11
40
17
14
16

18
49
27
21
25

10

23
25

TWT, OWT
TWT, OWT
NED
>34
TWT, OWT
P41 t=58, P42 t=67 NED, TNC, ONC
>61
TWT, OWT
>26
TNC, ONC
Divisions unclear
>19
1. 66, 2. >77
P4 >176, D=119
Not followed

TNC, ONC
TWT, OWT?
NED
TNWT, ONC
TWT, OWT

Not followed
Not followed
Not followed
Not followed
Not followed
Not followed
Not followed
Not followed
Not followed

TWT, OWT
TWT, OWT
TNC, ONWT?
NED
TWT, OWT
TWT, OWT
TWT, OWT
TWT, ONWT?
TWT, OWT

Table A.1: Table of division timings for E, C and P3 cells. Reference time point of each division
was the first visible membrane invagination. Image stacks were taken once every minute. Time
between divisions is in minutes. The following abbreviations were used: NED - Not enough data.
TNC - Timing not clear from available data. TWT - Timing wild-type. This means E and C are
clearly identified by their position, relative timing and often by following cells from the EMS/P2
divisions. TNWT - Timing not wild-type. If clearly identified E/C divide in the wrong order. OWT Orientation wild-type. This means an initial PAR-2 asymmetry is oriented towards E cells and in case
of asymmetric division P4 divides away from C. ONC - Orientation not clear. This means orientation
cannot be judged from available data. ONWT - Orientation not wild-type. If PAR-2 domain is not
oriented properly with respect to clearly identified E and C cells.

Appendix B
Modelling Code
Listing B.1: Adaptive Step Size PDE integration scheme using Dormand Prince coefficients for RK45.
The code in its entirety, including instructions on installation and running can be found on Github.
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166

def neu (An, Pn ) :
’’’
Von Neumann c o n d i t i o n s , s e t t i n g t h e d e r i v a t i v e a t t h e
boundaries t o zero .
’’’
delA = laplacianNEU (An, s e l f . dx )
delP = laplacianNEU ( Pn , s e l f . dx )
Acy = s e l f . Atot − s e l f . StoV * sum ( f l i p u d (An) , 0 ) / s e l f . g r i d _ s i z e
Pcy = s e l f . P t o t − s e l f . StoV * sum ( Pn , 0 ) / s e l f . g r i d _ s i z e
# Tracer ( ) ( )
# D e f i n i n g Ra and Rp s e p a r a t e l y i s n e c e s s a r y i n order t o not
# update An b e f o r e Pn ( which would then have an e f f e c t on Pn
# i n t h e same i t e r a t i o n , making t h e system asymmetric )
Ra = ( s e l f . dA * delA−s e l f . koffA * An[1: −1]+ s e l f . konA * Acy −
s e l f . kAP * Pn [ 1 : − 1 ] * * s e l f . alpha * An[ 1 : − 1 ] )
Rp = ( s e l f . dP * delP−s e l f . k o f f P * Pn [1: −1]+ s e l f . konP * Pcy −
s e l f . kPA * An[ 1 : − 1 ] * * s e l f . b e t a * Pn [ 1 : − 1 ] )
# Return a r r a y s with f i r s t and l a s t two elements equal
# r e s p e c i t v e l y , t o impose zero d e r i v a t i v e s
r e t u r n r _ [ Ra [ 0 ] , Ra , Ra [ − 1 ] ] , r _ [ Rp [ 0 ] , Rp , Rp[ − 1 ] ]
# Adaptive s t e p s i z e parameters
atol = 0.000001
r t o l = 0.000001
# 5TH ORDER RK COEFFICIENTS f o r Dormand−P r i n c e
a21 , a31 , a32 , a41 , a42 , a43 = 1/5 , 3/40 , 9/40 , 44/45 , −56/15 , 32/9
a51 , a52 , a53 , a54 = 19372/6561 , −25360/2187 , 64448/6561 , −212/729
a61 , a62 , a63 = 9017/3168 , −355/33 , 46732/5247
a64 , a65 = 49/176 , −5103/18656
a71 , a72 , a73 , a74 = 35/384 , 0 , 500/1113 , 125/192
a75 , a76 = −2187/6784 , 11/84
b1 , b2 , b3 , b4 , b5 = 35/384 , 0 , 500/1113 , 125/192 , −2187/6784
b6 , b7 = 11/84 , 0
bs1 , bs2 , bs3 , bs4 = 5179/57600 , 0 , 7571/16695 , 393/640
bs5 , bs6 , bs7 = −92097/339200 , 187/2100 , 1/40
c2 , c3 , c4 , c5 , c6 , c7 = 1/5 , 3/10 , 4/5 , 8/9 , 1 , 1
# Set i n i t i a l p r o f i l e
# ###############################################################
self . set_init_profile ()
# se lf . set_init_profile_wave_pin ( )
A0 = s e l f .A [ : , 0 ]
P0 = s e l f . P [ : , 0 ]
self . t = [0]
s e l f . t_stored = [0]
tnext = 0
i = 1
# self . totalerror = [0]
# s e l f . errRatio = [ ]
self . reject = 0
self . no_reject = 0
while s e l f . t [ −1] < s e l f . T :
# C a l c u l a t e i n c r e m e n t s f o r RK45
i f ( s e l f . t [ −1] == 0 ) or not ( Pn_new == P0 [ 1 ] ) . any ( ) :
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Appendix B. Modelling Code
A1 , P1 = neu ( A0 , P0 )
else :
A1 , P1 = A7 , P7
A2 , P2 = neu ( A0+ s e l f . dt * ( a21 * A1 ) , P0+ s e l f . dt * ( a21 * P1 ) )
A3 , P3 = neu ( A0+ s e l f . dt * ( a31 * A1+a32 * A2 ) ,
P0+ s e l f . dt * ( a31 * P1+a32 * P2 ) )
A4 , P4 = neu ( A0+ s e l f . dt * ( a41 * A1+a42 * A2+a43 * A3 ) ,
P0+ s e l f . dt * ( a41 * P1+a42 * P2+a43 * P3 ) )
A5 , P5 = neu ( A0+ s e l f . dt * ( a51 * A1+a52 * A2+a53 * A3+a54 * A4 ) ,
P0+ s e l f . dt * ( a51 * P1+a52 * P2+a53 * P3+a54 * P4 ) )
A6 , P6 = neu ( A0+ s e l f . dt * ( a61 * A1+a62 * A2+a63 * A3+a64 * A4+a65 * A5 ) ,
P0+ s e l f . dt * ( a61 * P1+a62 * P2+a63 * P3+a64 * P4+a65 * P5 ) )
A7 , P7 = neu ( A0+ s e l f . dt * ( a71 * A1+a73 * A3+a74 * A4+a75 * A5+a76 * A6 ) ,
P0+ s e l f . dt * ( a71 * P1+a73 * P3+a74 * P4+a75 * P5+a76 * P6 ) )
# Update c o n c e n t r a t i o n s using A1−A6 and P1−P6 , c o e f f i c i e n t f o r
# A7 and P7 i s 0 .
An_new = A0+ s e l f . dt * ( b1 * A1+b3 * A3+b4 * A4+b5 * A5+b6 * A6 ) # b2/7=0
Pn_new = P0+ s e l f . dt * ( b1 * P1+b3 * P3+b4 * P4+b5 * P5+b6 * P6 ) # b2/7=0
# Compute d i f f e r e n c e between f o u r t h and f i f t h order
d e l t a A n e r r = max ( abs ( ( b1−bs1 ) * A1+( b3−bs3 ) * A3+( b4−bs4 ) * A4 +
( b5−bs5 ) * A5+( b6−bs6 ) * A6−bs7 * A7 ) ) # b7 i s zero
d e l t a P n e r r = max ( abs ( ( b1−bs1 ) * P1 +( b3−bs3 ) * P3 +( b4−bs4 ) * P4 +
( b5−bs5 ) * P5 +( b6−bs6 ) * P6−bs7 * P7 ) ) # b7 i s zero
# Get maximum c o n c e n t r a t i o n s f o r An and Pn
yAn = maximum( max ( abs ( An_new ) ) , max ( abs ( A0 ) ) )
yPn = maximum( max ( abs ( Pn_new ) ) , max ( abs ( P0 ) ) )
# Get e r r o r s c a l e , combining r e l a t i v e and a b s o l u t e e r r o r
scaleAn = a t o l +yAn * r t o l
s c a l e P n = a t o l +yPn * r t o l
# Compute t o t a l e r r o r as norm o f maximum e r r o r s f o r each
# s p e c i e s s c a l e d by t h e e r r o r s c a l e
t o t a l e r r o r = s q r t ( 1 / 2 * ( ( d e l t a A n e r r /scaleAn ) * * 2 +
( deltaPnerr/scalePn ) * * 2 ) )
# Compute new t i m e s t e p
dtnew = 0 . 8 * s e l f . dt * abs (1/ t o t a l e r r o r ) * * ( 1 / 5 )
# Upper and lower bound f o r t i m e s t e p t o avoid changing too f a s t
i f dtnew > 1 0 * s e l f . dt :
dtnew = 1 0 * s e l f . dt
e l i f dtnew < s e l f . dt / 5 :
dtnew = s e l f . dt /5
# S e t t i m e s t e p f o r next round
s e l f . dt = dtnew
# Accept s t e p i f e r r o r i s on t h e order o f e r r o r s c a l e or below
if totalerror < 1:
s e l f . t . append ( s e l f . t [ −1]+ s e l f . dt )
# s e l f . e r r R a t i o . append ( max ( A0/An_new ) )
# s e l f . t o t a l e r r o r . append ( t o t a l e r r o r )
i f s e l f . t [ −1] > t n e x t :
s e l f .A [ : , i ] = An_new
s e l f . P [ : , i ] = Pn_new
s e l f . t _ s t o r e d . append ( s e l f . t [ − 1 ] )
i += 1
tnext = tnext + s e l f . store_interval
# Break i f t h i n g s change by l e s s than 0.1% over
# t h e c o u r s e o f 1 min or maximum d i f f e r e n c e between
# c o n c e n t r a t i o n o f a s p e c i e s i s l e s s than 5%.
# i f ( ( max ( An_new ) /min ( An_new ) < 1 . 0 5 ) and
#
( max ( Pn_new ) /min ( Pn_new ) < 1 . 0 5 ) ) :
#
p r i n t ( ’ Unpolarized , not n e c e s s a r i l y c l o s e t o SS ! ’ )
#
s e l f . finished_in_time = 1
#
break
# e l i f ( max ( max ( abs ( A0/An_new ) ) * * ( 6 0 / dtnew ) ,
#
max ( abs ( P0/Pn_new ) ) * * ( 6 0 / dtnew ) ) ) < s e l f . s s _ p r e c :
#
p r i n t ( ’ Steady s t a t e reached . ’ )
#
s e l f . finished_in_time = 2
#
break
A0 = An_new
P0 = Pn_new
s e l f . n o _ r e j e c t += 1
else :
s e l f . r e j e c t += 1
i f ( An_new [ 0 ] < Pn_new [ 0 ] ) or ( Pn_new[ −1] < An_new[ − 1 ] ) :
break
s e l f .A [ : , i ] = An_new
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s e l f . P [ : , i ] = Pn_new
s e l f . t _ s t o r e d . append ( s e l f . t [ − 1 ] )
# Cut A and P t o not i n c l u d e any z e r o s from p r e a l l o c a t i o n
s e l f .A = s e l f .A [ : , ~ a l l ( s e l f .A == 1 , a x i s =0) ]
s e l f . P = s e l f . P [ : , ~ a l l ( s e l f . P == 1 , a x i s =0) ]
i f ( s e l f .A[ 0 , −1] < s e l f . P [ 0 , −1]) :
s e l f . finished_in_time = 0
e l i f ( s e l f . P[ −1 , −1] < s e l f .A[ −1 , −1]) :
s e l f . finished_in_time = 1
else :
s e l f . finished_in_time = 2
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Appendix B. Modelling Code

Listing B.2: Stochastic model for PAR reaction diffusion system. The code in its entirety, including
instructions on installation and running can be found on Github.
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72

f u n c t i o n S i m u l a t i o n = PARsRDv1_0 ( name , numDom, BoundaryC , simparams , params )
%
%
%
%
%
%
%
%

S t o c h a s t i c RD model based on t h e PAR RD system d e s c r i b e d i n Goehring e t
al (2011) .
L a s t updated 4 NOV 2014
This v e r s i o n responds as expected t o changes i n bin and p r o t e i n amounts .
Accounts f o r n o r m a l i s a t i o n f a c t o r J ( i . e . r e v e r s e n o r m a l i s a t i o n o f RhoP =
1 used i n t h e paper ) and c o n v e r s i o n from c o n c e n t r a t i o n s t o N.

i f nargin > 3
t o t a l T = simparams . t o t a l T ;
%
E i t h e r v a r i a b l e or f i x bin s i z e
%
i f ke ep Bi nS iz e
%
b i n s = params . L/1;%1 micron/bin
%
boundPos = round ( b i n s /2) ;
%
else
%
b i n s = simparams . b i n s ;
%
simparams . boundPos ;
%
end
bins
= params . b i n s ;
boundPos= round ( b i n s /2) ;
L
= params . L ;
psi
= params . p s i ;
J
= params . J ;
Bconc
= params . Bconc ;
DA
= params .DA;
DB
= params . DB ;
alpha
= params . alpha ;
beta
= params . b e t a ;
koffA
= params . koffA ; % A > cytoA
konA
= params . konA ; % cytoA > A
koffB
= params . k o f f B ; % B > cytoB
konB
= params . konB ; % cytoB > B
kcA
= params . kcA ; % A + alpha * B > Acyto + alpha * B
kcB
= params . kcB ; % B + b e t a *A > Bcyto + b e t a *A
p
= params . p ; % P e r c e n t a g e o f membrane taken by B i n beginning
ratioAB = params . ratioAB ;
else
t o t a l T = 1 0 0 0 ; % T o t a l s i m u l a t i o n time
bins = 26; % D i s c r e t i z a t i o n bins
boundPos = round ( b i n s /2) ; % I n i t i a l boundary p o s i t i o n i n bin #
L
=
psi =
psi =
J
=
Bconc

1 3 4 . 6 / 4 ; %P0 : L = 1 3 4 . 6 / 2 ; % Length o f system i n um
0 . 1 7 4 ; % S/V r a t i o n from Goehring e t a l ( 2 0 1 1 ) .
0 . 7 % L/4
79;
= 7 9 ; % i n nM

%% asymmetric system
DA
= 0.28;
DB
= 0.15;
alpha
= 1;
beta
= 2;
koffA
= 0 . 0 0 5 4 ; % A > cytoA
konA
= 0 . 0 0 8 5 8 ; % cytoA > A
koffB
= 0 . 0 0 7 3 ; % B > cytoB
konB
= 0 . 0 4 7 4 ; % cytoB > B
kcA
= 0 . 1 9 ; % A + alpha * B > Acyto + alpha * B
kcB
= 2 ; % B + b e t a *A > Bcyto + b e t a *A
p
= 0 ; % P e r c e n t a g e o f membrane taken by B i n beginning
ratioAB = 1 . 5 6 ;
%
%
%
%
%
%
%

%% symmetric system
DA
= 0.1;
DB
= 0.1;
alpha
= 2;
beta
= 2;
koffA
= 0 . 0 1 3 ; % A > cytoA
konA
= 0 . 0 1 7 4 ; % cytoA > A
koffB
= 0 . 0 1 3 ; % B > cytoB
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104
105
106
107
108
109
110
111
112
113
114
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%
%
%
%
%
end

konB
kcA
kcB
p
ratioAB

=
=
=
=
=

0 . 0 1 7 4 ; % cytoB > B
2 ; % A + alpha * B > Acyto + alpha * B
2 ; % B + b e t a *A > Bcyto + b e t a *A
0 ; % P e r c e n t a g e o f membrane taken by B i n beginning
1.0;

%
J = J * 0 . 6 0 2 2 1 4 1 3 ; % Normalisation f a c t o r equal [PAR−2] i n N / um^3
Bconc = Bconc * 0 . 6 0 2 2 1 4 1 3 ; % nM t o N / um^3
Aconc = Bconc * ratioAB ; % Aconc c a l c u l a t e d from PAR2/6 r a t i o
% Parameter ad j us t me n ts and c a l c u l a t i o n s
h = L/ b i n s ; % Bin l e n g t h
w = 2 ; % Bin width
% w = h ; % Bin width
S i = h *w; % Area o f bin
t o t a l S = Si * bins ; % Total surface area
t o t a l V = t o t a l S / p s i ; % T o t a l volume
dA = DA/h ^ 2 ;
dB = DB/h ^ 2 ;
% The below adjustment f o r t h e on r a t e i s per compartment . Check out how on
% r a t e i s summed f o r every compartment below , i f i n doubt about S/V
% conversion
konA = konA * S i / t o t a l V ; % Adjust f o r c o n c e n t r a t i o n t o N c o n v e r s i o n
konB = konB * S i / t o t a l V ; % Adjust f o r c o n c e n t r a t i o n t o N c o n v e r s i o n
kcA = kcA / J ^alpha / S i ^alpha ; % Adjust f o r c o n c e n t r a t i o n t o N c o n v e r s i o n
kcB = kcB / J ^ b e t a / S i ^ b e t a ; % Adjust f o r c o n c e n t r a t i o n t o N c o n v e r s i o n
% I n i t i a l conditions
% P l o t i n t e r v a l d e f i n i t i o n and c o u n t e r
k = 1;
p l o t I n t = t o t a l T /10;
plotInts = 0: plotInt : totalT ;
% I n i t i a t e time v a r i a b l e
t = 0;
plotTime ( 1 ) = t ;
% C a l c u l a t e t o t a l amounts
A0 = t o t a l V * Aconc ; % T o t a l A
B0 = t o t a l V * Bconc ; % T o t a l B
% I n i t i a l i z e A and B d i s t r i b u t i o n s
A ( : , 1 ) = z e r o s ( bins , 1 ) ;
B ( : , 1 ) = z e r o s ( bins , 1 ) ;
%%% I n i t i a l c o n d i t i o n s
i f numDom == 2
A( 1 : boundPos , 1 ) = 1 * f l o o r ( konA * A0 / ( konA * b i n s +koffA ) ) ; % I n i t d i s t r i b u t i o n
B ( boundPos + 1 : end , 1 ) = 1 * f l o o r ( konB * B0 / ( konB * b i n s +k o f f B ) ) ;
e l s e i f numDom == 4
% Init distribution
A( 1 : f l o o r ( boundPos /2) , 1 ) = 1 * f l o o r ( konA * A0 / ( konA * b i n s +koffA ) ) ;
B ( f l o o r ( boundPos /2) + 1 : 2 * f l o o r ( boundPos /2) , 1 ) = 1 * f l o o r ( konB * B0 / ( konB * b i n s +k o f f B ) )
;
A( 2 * f l o o r ( boundPos /2)+ 1 : 3 * f l o o r ( boundPos /2) , 1 ) = 1 * f l o o r ( konA * A0 / ( konA * b i n s +
koffA ) ) ;
B ( 3 * f l o o r ( boundPos /2) + 1 : end , 1 ) = 1 * f l o o r ( konB * B0 / ( konB * b i n s +k o f f B ) ) ;
e l s e i f numDom == 3
A( f l o o r ( p * b i n s ) + 1 : f l o o r ( ( 0 . 5 + p ) * b i n s ) , 1 ) = 1 * f l o o r ( konA * A0 / ( konA * b i n s +koffA )
);
B ( 1 : f l o o r ( p * b i n s ) , 1 ) = 1 * f l o o r ( konB * B0 / ( konB * b i n s +k o f f B ) ) ;
B ( f l o o r ( ( 0 . 5 + p ) * b i n s ) + 1 : end , 1 ) = 1 * f l o o r ( konB * B0 / ( konB * b i n s +k o f f B ) ) ;
e l s e disp ( ’Number of domains not supported’ ) ;
end
% Define i n i t i a l v a l u e s f o r s p e c i e s A, cytoA , B , cytoB
cytoA = A0 − sum (A ( : , 1 ) ) ;
cytoB = B0 − sum ( B ( : , 1 ) ) ;
nowA = A ( : , 1 ) ;
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Appendix B. Modelling Code

nowB = B ( : , 1 ) ;
temp = z e r o s ( 8 , b i n s ) ;
% %%%% ONLY DIFFUSION , NO REACTIONS, COMMENT OUT FOR NORMAL RUNS %%%%%%%%%%%%%%%%%
%
koffA
= 0 . 0 0 ; % A > cytoA
%
konA
= 0 . 0 0 ; % cytoA > A
%
koffB
= 0 . 0 0 ; % B > cytoB
%
konB
= 0 . 0 0 ; % cytoB > B
%
kcA
= 0 . 0 0 ; % A + alpha * B > Acyto + alpha * B
%
kcB
= 0 . 0 0 ; % B + b e t a *A > Bcyto + b e t a *A
% %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
aa_t = 0 ;
bb_t = 0 ;
cc_t = 0;
dd_t = 0 ;
aa_c = 0 ;
bb_c = 0 ;
cc_c = 0 ;
dd_c = 0 ;
% Simulation
while t < t o t a l T
% S e l e c t 2 random numbers
randA = rand ;
randB = rand ;
% C a l c u l a t e exchange p r o b a b i l i t i e s
offA = nowA . * ( koffA + kcA * nowB. ^ alpha ) ;
o f f B = nowB . * ( k o f f B + kcB * nowA. ^ b e t a ) ;
onA = ones ( bins , 1 ) * konA * cytoA ;
onB = ones ( bins , 1 ) * konB * cytoB ;
% Calculate diffusion probabilities
difA = nowA . * dA ;
d i f B = nowB . * dB ;
% Cummulative p r o p e n s i t i e s
offAsum = cumsum( offA ) ;
offBsum = cumsum( o f f B ) ;
onAsum = cumsum( onA ) ;
onBsum = cumsum( onB ) ;
%%%PERIODIC OR REFLECTIVE BOUNDARY CONDITIONS%%%
i f strcmp ( BoundaryC , ’PER’ )
difAR = cumsum( difA ( 1 : end ) ) ;
difAL = cumsum( difA ( 1 : end ) ) ;
difBR = cumsum( d i f B ( 1 : end ) ) ;
difBL = cumsum( d i f B ( 1 : end ) ) ;
e l s e i f strcmp ( BoundaryC , ’REF’ )
difAR = cumsum( difA ( 1 : end−1) ) ;
difAL = cumsum( difA ( 2 : end ) ) ;
difBR = cumsum( d i f B ( 1 : end−1) ) ;
difBL = cumsum( d i f B ( 2 : end ) ) ;
else
disp ( ’Boundary condition type not supported’ ) ;
end
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%C a l c u l a t e p r o b a b i l i t y v a r i a b l e s
a0 = offAsum ( end ) + offBsum ( end ) + onAsum ( end ) + onBsum ( end ) . . .
+ difAR ( end ) + difAL ( end ) + difBR ( end ) + difBL ( end ) ;
offAP = offAsum ( end ) / a0 ;
offBP = offBsum ( end ) / a0 ;
onAP = onAsum ( end ) / a0 ;
onBP = onBsum ( end ) / a0 ;
difARP = difAR ( end ) / a0 ;
difALP = difAL ( end ) / a0 ;
difBRP = difBR ( end ) / a0 ;
difBLP = difBL ( end ) / a0 ;
% Find next t i m e s t e p
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tau = 1 / a0 * l o g (1/ randA ) ;
%%%%%%%%%%%%%%%%
Choose p r o c e s s
%%%%%%%%%%%%%%%%%%%
i f randB < offAP
probMatrix = offAsum/a0 ;
j = f i n d ( probMatrix >= randB , 1 , ’first’ ) ;
nowA( j ) = nowA( j ) − 1 ;
cytoA = cytoA + 1 ;
e l s e i f randB < offAP + offBP
probMatrix = offBsum/a0 + offAP ;
j = f i n d ( probMatrix >= randB , 1 , ’first’ ) ;
nowB( j ) = nowB( j ) − 1 ;
cytoB = cytoB + 1 ;
e l s e i f randB < offAP + offBP + onAP
probMatrix = onAsum/a0 + offAP + offBP ;
j = f i n d ( probMatrix >= randB , 1 , ’first’ ) ;
nowA( j ) = nowA( j ) + 1 ;
cytoA = cytoA − 1 ;
e l s e i f randB < offAP + offBP + onAP + onBP
probMatrix = onBsum/a0 + offAP + offBP + onAP ;
j = f i n d ( probMatrix >= randB , 1 , ’first’ ) ;
nowB( j ) = nowB( j ) + 1 ;
cytoB = cytoB − 1 ;
%DIFFUSION
e l s e i f randB >= offAP + offBP + onAP + onBP
i f strcmp ( ’REF’ , BoundaryC )
i f randB < offAP + offBP + onAP + onBP + difARP
probMatrix = difAR/a0 + offAP + offBP + onAP + onBP ;
j = f i n d ( probMatrix >= randB , 1 , ’first’ ) ;
nowA( j ) = nowA( j ) − 1 ;
nowA( j +1) = nowA( j +1) + 1 ;
aa_t = aa_t + 1 ;
e l s e i f randB < offAP + offBP + onAP + onBP + difARP + difALP
probMatrix = difAL/a0 + offAP + offBP + onAP + onBP + difARP ;
j = f i n d ( probMatrix >= randB , 1 , ’first’ ) ;
j = j +1;
nowA( j ) = nowA( j ) − 1 ;
nowA( j −1) = nowA( j −1) + 1 ;
bb_t = bb_t + 1 ;
e l s e i f randB < offAP + offBP + onAP + onBP + difARP + difALP + difBRP
probMatrix = difBR/a0 + offAP + offBP + onAP + onBP + difARP + difALP ;
j = f i n d ( probMatrix >= randB , 1 , ’first’ ) ;
nowB( j ) = nowB( j ) − 1 ;
nowB( j +1) = nowB( j +1) + 1 ;
cc_t = cc_t + 1;
e l s e i f randB <= 1
probMatrix = difBL/a0 + offAP + offBP + onAP + onBP + difARP + difALP +
difBRP ;
j = f i n d ( probMatrix >= randB , 1 , ’first’ ) ;
j = j +1;
nowB( j ) = nowB( j ) − 1 ;
nowB( j −1) = nowB( j −1) + 1 ;
dd_t = dd_t + 1 ;
end
e l s e i f strcmp ( ’PER’ , BoundaryC )
i f randB < offAP + offBP + onAP + onBP + difARP
probMatrix = difAR/a0 + offAP + offBP + onAP + onBP ;
j = f i n d ( probMatrix >= randB , 1 , ’first’ ) ;
nowA( j ) = nowA( j ) − 1 ;
try
nowA( j +1) = nowA( j +1) + 1 ;
aa_t = aa_t + 1 ;
catch
nowA( 1 ) = nowA( 1 ) + 1 ;
aa_c = aa_c + 1 ;
end
e l s e i f randB < offAP + offBP + onAP + onBP + difARP + difALP
probMatrix = difAL/a0 + offAP + offBP + onAP + onBP + difARP ;
j = f i n d ( probMatrix >= randB , 1 , ’first’ ) ;
nowA( j ) = nowA( j ) − 1 ;
try
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nowA( j −1) = nowA( j −1) + 1 ;
bb_t = bb_t + 1 ;
catch
nowA( end ) = nowA( end ) + 1 ;
bb_c = bb_c + 1 ;
end
e l s e i f randB < offAP + offBP + onAP + onBP + difARP + difALP + difBRP
probMatrix = difBR/a0 + offAP + offBP + onAP + onBP + difARP + difALP ;
j = f i n d ( probMatrix >= randB , 1 , ’first’ ) ;
nowB( j ) = nowB( j ) − 1 ;
try
nowB( j +1) = nowB( j +1) + 1 ;
cc_t = cc_t + 1;
catch
nowB ( 1 ) = nowB ( 1 ) + 1 ;
cc_c = cc_c + 1 ;
end
e l s e i f randB <= 1
probMatrix = difBL/a0 + offAP + offBP + onAP + onBP + difARP + difALP +
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difBRP ;
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j = f i n d ( probMatrix >= randB , 1 , ’first’ ) ;
nowB( j ) = nowB( j ) − 1 ;
try
nowB( j −1) = nowB( j −1) + 1 ;
dd_t = dd_t + 1 ;
catch
nowB( end ) = nowB( end ) + 1 ;
dd_c = dd_c + 1 ;
end
end
end
end
%%%%%%%%%%%%%%
Update time , output s e l e c t t i m e p o i n t s
t = t + tau ;

%

if t > plotInts (k)
k = k + 1;
A ( : , k ) = nowA ;
B ( : , k ) = nowB ;
plotTime ( k ) = t ;
disp ( [ ’ s i m u l a t i o n time :
end

’ , num2str ( t ) ] ) ;

%%%%%%%%%%%%%%%%%%
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