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In 1991, Baker and Harman proved, under the assumption of
the generalized Riemann hypothesis, that

0 3/4+5_
Jnax > un)e(nd)| < =

n<x

The purpose of this note is to deduce an analogous bound
in the context of polynomials over a finite field using
Weil’s Riemann Hypothesis for curves over a finite field.
Our approach is based on the work of Hayes who studied
exponential sums over irreducible polynomials.
© 2018 The Author. Published by Elsevier Inc. This is an
open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Let p be the Mobius function and write e(f) = €27, Baker and Harman [1] proved

under the assumption of the generalized Riemann hypothesis that for all € > 0,

0)| < zite. 1
Jmax Z;u(n)e(n )| e (1)
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It is conjecture that (1) holds for all € > 0 with § replaced by % The best unconditional
result is due to Davenport [3] who showed that for all A>0

(nd)
S |2 Hend)| <a

x
(logz)4”

The purpose of this note is to deduce an analogue of (1) for the polynomial ring F,[t].
First, let us go through some definitions required to state the result. The function field
analogue of the real numbers is the completion of the field of fractions of Fy[t] with
respect to the norm defined by

B qdeg f—degg if f # 0
\f/9l = {o

otherwise.

This completion is naturally identified with the ring of formal Laurent series F,((1/t)) =
{Zigj z;t' : x; € F,, j € Z}. The norm defined above is extended to x = doi< zitt €

F,((1/t)) by setting |z| = ¢/ Where Jj is the largest index with x; # 0. The analogue of
the unit interval is T := {>°, _xit" : z; € Fg}, and is a subring of F,((1/1)).

Define the additive character ¢ :Fqg — C* by ¢(z) = e(tr(z)/p), where tr : F; — F),
is the usual trace map and p is the characteristic of ;. Define also the exponential map
eq : Fq((1/t)) = C* by eq(x) = ¢(z_1).

Now let u(f) denote the Mébius function on the ring F,[t], defined as (—1)* if f is
the product of k distinct irreducibles and 0 otherwise and let ¢(f) be the size of the
unit group (Fy[t]/(f))*, that is | f[]], (1 —1/|w]), where the product is over all monic
irreducibles dividing f. All sums over polynomials are sums over monic polynomials.

Theorem 1. Suppose n > 3. Then

1 (¥)n

Remark. It follows that for all ¢ > 0 and ¢ large enough with respect to € we have

max | > u(f)eg(f0)| <4gT

0€T
deg f=n

max| > p(f)eq(f0)| < qliTom,

0eT
deg f=n

Our proof of Theorem 1 will follow the strategy of Hayes employed in his study of the

exponential sum

Z eq(wh).

deg w=n
w irreducible
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Recently, Bienvenu and Lé have independently derived a similar result to Theorem 1
in [2]. Their Theorem 9 corresponds to our Lemma 1 and their Theorem 11 closely
resembles our Theorem 1.

2. Lemmas

Let F4[t]* be the multiplicative monoid of monic polynomials in F,[t]. Whilst inves-
tigating the distribution of irreducible polynomials over F,, Hayes [4] introduced certain
congruences classes on Fy[t]* defined as follows. Let s > 0 be an integer and g € F,[t].
We define an equivalence relation R 4, on F,[t]* by

a b
tdega B tdegb

1

a =bmod R, 4 < g divides a — b and —
qS

It is easy to check that this is indeed an equivalence relation and that for all ¢ € Fy[t]*,

a=bmod R,y = ac=bc mod R,

so we can define the quotient monoid F,[t]* /R 4. Hayes showed that an element of I, ]
is invertible modulo R 4 if and only if it is coprime to g and that the units of this quotient
monoid form an abelian group of order ¢°¢(g) which we denote R} , = (I, [t]*/Rsg) "
Given a character (group homomorphism) x : R, — C we can lift this to a character
of Fg[t]* by setting x(f) = 0 if f is not invertible modulo R, 4. Associated to each such
character is the L-function L(u,x) defined for v € C with |u| < 1/q by

Liux) = Y x(Hute! =1 - x(wyutee)™

fER[t]* w

where the product is over all monic irreducibles. When Yy is a non-trivial character it can
be shown that L(u, x) is a polynomial which factorises as

d(x)

L(u,x) = [T (1 = ai(x)u)

=1

for some d(x) < s+ degg — 1 and each o;(x) satisfies |a;(x)| = 1 or /g. This follows
from Weil’s Riemann Hypothesis and appears to have been first proved by Rhin in [7].
When x = xo is the trivial character we have

Lluxo) = 3 wisl= 37wt/ [J(1 —uts) = 1 —1qu [T —udes).

fe]Fq[t]X JEF[t]* wlg
(f.9)=1
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Lemma 1. Let x be a character modulo R , and degg < n/2. Then

n+s+deg g—2\ n/2 .
> uHx)| < {< Febdesa 22 iy # g

deg f=n (T @+ if X = Xo

where r is the number of distinct irreducible divisors of g.

Remark. The bound x is smaller than the one for x # xo when n > 3 because deg g is
an upper bound for r and for n > 3

n+degg—1 n+degg—2\ ,
(q+1)< f ><< ng )q/2~

Proof. Suppose first that x # xo. Then

d(x)

Do x(Nu(fute! = Liu, )™ = [T - aiuw)™
s

=1

d(x)

= Z Z H a; ()™ | u™.

n=0 \ rit-ran=n i=1
o<r; <n

Comparing coefficients and using the triangle inequality we get

d(x)
r n+d(x)—1\ ,
S o= JJao g( . <)><>1 >q/2
deg f=n TiF T =n i=1 X
o<ri<n
< n+s+degg—2 n/2
s+ degg —2

When x = xo is the principal character

L(u,XO)*l :(1_qu)H(1+udcgw+u2dcgw_’_”_).
wlg

If we write wy, wo, . . ., w, for the distinct irreducible divisors of g then we get, by equating
coefficients again,

> xo(Huh)| < > 1+¢ > 1

deg f=n a;€Lxo a;€Lx0
Zlgigr a; degw;=n Zlgigr a; degw;=n—1
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<(g+1) Z 1
bi€Zx0
Zlgigr bi=n

:(q+1)<n+r—1>.

r—1

Lemma 2. For each 8 € T there exist unique coprime polynomials a,g € Fy[t] with g
monic and dega < deg g < n/2 such that

1

< q%+degg'

=
g

Proof. See Lemma 3 from [6]. O

Lemma 3. Let 0 € T and let a, g be the unique polynomials defined as in Lemma 2 with
respect to 0 and n. Set s =n — [§] —degg. For any f1, fa € Fy[t]*
fi = fa mod Rs 4 we have

of degree n such that

eq(f10) = e4(f20).
Proof. See Lemma 5.2 from [5]. O

Lemma 4. Suppose g € Fy[t] is square-free. Then

1 log(d
Z degd S (1+ & egg))e.
o7 aE log ¢

lg

Proof. Order the monic irreducibles wy,ws, . ..,w, dividing g and the monic irreducibles
P, ... in Fy[t] in order of degree (and those of the same degree arbitrarily). Let w(k)
be the number of monic irreducibles of degree k and define N by > deg P<N—14eg P <
degg < 3 4eq p<y deg P. Then g has at most 3, 7(IV) irreducible factors. There-
fore, since deg P; < degw;, we have

U (i) - L) R
Z qdegd - H + qdegw = H + qdegP - H + q_k ’
dlg wlg deg PXN

k

Using 7(k) < 4 this is bounded by

1\ % ,
1+ —) < e* L eltloeN — Ne.
I (1+5) < 1I

1<k<N

Now we bound N in terms of degg as follows
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— _ N-1
deg g > E degp = E m(k)k > E m(k)k =q
deg P<N—-1 1<kSKN -1 kIN—-1

by the prime number theorem in F,[¢]. This gives N < 1+ % which completes the
proof of the Lemma. O

3. Proof of Theorem 1

Let 8 € T and choose g and s as in Lemma 3. We start by giving an explicit description
of a set a representatives for the equivalence relation R 4. It is not hard to show that

g = {t[%]gbl + by | degby = s,b; monic,degby < degg}

is such a set. Furthermore,
Sig= {t131gby + by | degby = s, by monic, degby < degg, (ba, g) = 1}

defines a set of reduced representatives modulo R 4. See [5] Lemma 7.1 for details.
Then by Lemma 3 and the orthogonality of characters modulo R ;& we can write

S ulf)eq(f0)

deg f=n

= Z Z 1(f)eq(f0)

beS; 4 deg f=n
f=b mod Rs 4

=X D .0 Y )

dlg bESs,4 deg f=n

(g,b)=d f=bmod R 4
S Y et Y
dlg bESs g/a deg f=n—degd
(g/d,b):l f=bmod Ry 4/4a
1 —
=2 >0 eldd) 3T oo > XOX(Hulfd).
dlg beS? a/d deg f=n—degd x mod R:’g/d

Notice that p(fd) = p(f)u(d)xa(f) where xq4(f) is the trivial character modulo R7 ;.
We can therefore rewrite the above as

% 3 S ey (bdf)X(b) S uh)xxalf)

1
s d
dlg q (b(g x mod RY beS? g/d deg f=n—degd

Now x is a character modulo RS 9/d and xq is a character modulo R ;. Therefore,
XXd s a character modulo R ,, and so using the triangle inequality and Lemma 1 we
can bound this in absolute value by
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n 1 n —degd+ s+ degg —2
Y ( g g9 >

E qstdesd/2¢(qg/d) s+degg—2

g square-free

x>y D eq(bdo)x(b)] .

x mod R_’;g/d bES; 4/4a

We bound the Gauss sum over x mod R} 9/d in the standard way using the Cauchy—
Schwarz inequality and Parseval’s identity as follows

> > eq(bdd)x(b)

x mod R:’g/d b€$5,g/d

N

> o1y 3" ey (bd0)X(b)

x mod R} ,, xmod R bES; g/4a

= a"dlg/d) D egldbr—b)0) > X(bi)x(b2)

b1,b2€Ss 4/4a x mod R .

1/2

= | (¢®olg/d)® D eq((br—b2)6)

b1=b2€S}

s,g/d
(@°9(g/d))*>.

Recall that s +degg = n — [§] > n/2 so that

n —degd+ s+ degg —2 < 2n —[5] -2
s+ degg—2 S\n-[3]-2)

We can bound this binomial coefficient using the fact that for all positive integers k,
Verkitee Rt < gl < \2rkEtae Ft o,

This precise form of Stirling’s formula is due to Robbins [8]. It follows that if k& = [F]
then

_[n] _ 3k+3
(2TL [g] 2) < <3k) < 1 6ﬁ*12k1+1*24k1+1 (31k) ? - < 1 (%)Qk_
n—[51-2) " \k) " Vor KRR (2K)REE T Amk/3

Putting it all together with ¢(g/d) < ¢¥°897492¢4 and Lemma 4 we get
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n s /
Y (el 0)] < " (38) " Y WA D)

deg fen 2r(n—1)/3 o qdeg d/2
logn
< b o) (25)"
o2r(n—1)/3 \ ?

and Theorem 1 easily follows after a short numerical calculation.
Acknowledgments

We are very grateful to Pierre Bienvenu for pointing out a mistake in an earlier version
of our proof of Theorem 1. We are also grateful to Andrew Granville for pointing out how
to strengthen an earlier version of Theorem 1. Previously, we required both n and ¢ to
be large with respect to e for the remark that follows Theorem 1 to hold. This work was
supported by the Engineering and Physical Sciences Research Council EP/1.015234/1
via the EPSRC Centre for Doctoral Training in Geometry and Number Theory (The
London School of Geometry and Number Theory), University College London.

References

[1] R.C. Baker, G. Harman, Exponential sums formed with the Mébius function, J. Lond. Math. Soc.
(2) 43 (2) (1991) 193-198.

[2] P.-Y. Bienvenu, T.H. Lé, Linear and quadratic uniformity of the Mébius function over F,[t], preprint,
arXiv:1711.05358.

[3] H. Davenport, On some infinite series involving arithmetical functions (II), Q. J. Math. 8 (1) (1937)
313-320.

[4] D.R. Hayes, The distribution of irreducibles in GF[q, ]|, Trans. Am. Math. Soc. 117 (1965) 101-127.

[5] D.R. Hayes, The expression of a polynomial as a sum of three irreducibles, Acta Arith. 11 (1966)
461-488.

[6] P. Pollack, Irreducible polynomials with several prescribed coefficients, Finite Fields Appl. 22 (2013)
70-78.

[7] G. Rhin, Répartition modulo 1 dans un corps de séries formelles sur un corps fini, Diss. Math. 95
(1972) 75.

[8] H. Robbins, A remark on Stirling’s formula, Am. Math. Mon. 62 (1955) 26-29.


http://refhub.elsevier.com/S1071-5797(18)30023-6/bib4261486172s1
http://refhub.elsevier.com/S1071-5797(18)30023-6/bib4261486172s1
http://refhub.elsevier.com/S1071-5797(18)30023-6/bib5069486Fs1
http://refhub.elsevier.com/S1071-5797(18)30023-6/bib5069486Fs1
http://refhub.elsevier.com/S1071-5797(18)30023-6/bib446176s1
http://refhub.elsevier.com/S1071-5797(18)30023-6/bib446176s1
http://refhub.elsevier.com/S1071-5797(18)30023-6/bib48617931s1
http://refhub.elsevier.com/S1071-5797(18)30023-6/bib48617932s1
http://refhub.elsevier.com/S1071-5797(18)30023-6/bib48617932s1
http://refhub.elsevier.com/S1071-5797(18)30023-6/bib506F6Cs1
http://refhub.elsevier.com/S1071-5797(18)30023-6/bib506F6Cs1
http://refhub.elsevier.com/S1071-5797(18)30023-6/bib5268696Es1
http://refhub.elsevier.com/S1071-5797(18)30023-6/bib5268696Es1
http://refhub.elsevier.com/S1071-5797(18)30023-6/bib526F62s1

	A note on exponential-Möbius sums over Fq[t]
	1 Introduction
	2 Lemmas
	3 Proof of Theorem 1
	Acknowledgments
	References


