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Abstract

The paper proposes a decentralized state estimation method for the control of
network systems, where a cooperative objective has to be achieved. The nodes
of the network are partitioned into independent nodes, providing the control in-
puts, and dependent nodes, controlled by local interaction laws. The proposed
state estimation algorithm allows the independent nodes to estimate the state
of the dependent nodes in a completely decentralized way. To do that, it is nec-
essary for each independent node of the network to estimate the control input
components computed by the other independent nodes, without requiring com-
munication among the independent nodes. The decentralized state estimator,
including an input estimator, is developed and the convergence properties are
studied. Simulation results show the effectiveness of the proposed approach.

Keywords: Network Systems, Multi-Agent, Decentralized State Estimation,

Cooperative behavior.

1. Introduction

The paper considers the control of network systems problem, where the goal

is to achieve some desired dynamic cooperative behavior. Network systems
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include, as example, sensor networks |2], networks of autonomous agents (such
as robots and UAVs) [3], biological networks [4], transportation networks [5],
microgrids [6], social [7] and economic networks.

Decentralized control of network systems has been widely addressed in the
last few years, mainly in the application fields of multi-robot systems [3], dis-
tributed sensor networks |2], and interconnected manufacturing equipments [§].
Controllability issues of network systems are analyzed in [9].

Generally speaking, the aim of decentralized control strategies is implement-
ing local interaction rules to regulate the state of the overall system to some
desired configuration. In fact, mainly investigated coordinated behaviors in-
clude aggregation, swarming, formation control, coverage and synchronization
[10, 11, 12, 13, [13, [14, [15]. While they constitute fundamental basic low level
objectives to be achieved in multi-agent systems, these coordinated behaviors
are still far away from several interesting real world applications.

In this paper, we consider heterogeneous networks, composed of nodes that
are assigned with different roles. In particular, the nodes are partitioned into
independent nodes, providing control inputs, and dependent nodes, controlled
through local interaction. In this paper, in order to control the state of the
entire network, we propose a decentralized estimation method to let the inde-
pendent nodes estimate the state of the dependent nodes. In particular, both
the estimation and the control phases are computed locally at each node in a
decentralized way.

As a motivating example, consider the problem analyzed in [16, [17], where a
team of mobile robots is controled to implement a cooperative dynamic behav-
ior, modeled as the cooperative tracking of desired periodic trajectories. The
motivation behind this work was to provide a model for cooperative operations,
similar to those performed by groups of human operators, such as the produc-
tion cycle for a certain object, or the construction of a building. The team of
robots was partitioned into two groups: a (small) set of independent robots was
used as control inputs for the (large) set of dependent robots, evolving according

to local interaction. In order to achieve such a cooperative behavior, the input
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for the system depends on the state of the entire team.

Another example is represented by microgrids [6] for energy production and
delivery. In these systems, distributed generators adapt their production rate
(i.e. the input for the system) based on the need of the loads (i.e. the state of
the system), which are connected by means of a network. Efficient management
of microgrids requires knowledge of the state of the entire network.

In these application examples, independent nodes (i.e. the input points for
the network system) have usually access only to a subset of the state variables
of the system: namely, they can only measure the state of their neighboring
nodes. It is worth noting that, if a connected communication network exists
among the control nodes, information can be shared among them. However,
this is not always feasible, nor reliable, and can cause drawbacks. In particu-
lar, when considering static nodes (e.g. the generators in a microgrid) having
a connected communication network to exchange information among the nodes
requires significant infrastructure, which may not be feasible, and may raise
security and privacy issues. On the other hand, when considering mobile nodes
(e.g. mobile robots), several strategies exist in the literature to guarantee con-
nectivity preservation [18[19, 120, 21/, [22], but they introduce constraints on the
admissible trajectories of the nodes, that may be undesirable.

To address this kind of problems, in this paper we introduce a completely de-
centralized estimation procedure: without requiring any communication among
the independent nodes, the proposed method provides a reliable estimation of
the entire state of the network system that can be used for control purposes.

The paper is organized as follows. A review of the relevant literature and
the main contributions of the paper are provided in Section 2l In Section [3]
the notation used throughout the paper is presented. The considered problem
is introduced in Section Ml In Section [ the decentralized state estimator is
designed and the related estimation error is analyzed in Section [l Then, some
convergence conditions are derived in Section [l The effectiveness of the pro-
posed method is shown in simulation in Section Some final remarks can be

found in Section [0l
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2. Related work

The research on distributed and decentralized state estimation is a fertile
and extensive field, with a lot of remarkable contributions. For a survey on
distributed estimation see, for example, [23]. Decentralized estimation is often
exploited for control purposes, since it allows the implementation of control
strategies based on global quantities relying only on locally available infor-
mation [24, 25]. Two main different approaches have been proposed in the
state of the art to the problem of distributed state estimation: the diffusion
mechanism |26, 27], where the diffusion of the local estimations in neighbors
is obtained after incremental update, and the consensus strategies [28], applied
to obtain average observations or estimations at each iteration. Moreover, an
important branch of research on distributed estimation is represented by dis-
tributed Kalman filters |29] and their combination with the diffusion mecha-
nism [30, 131]. See [32] for a survey. An interesting new field is the link between
distributed /decentralized estimation and distributed monitoring (see as example
[33], |34] and [35]).

The contribution of the paper is the design of a decentralized state estimation
method to control network systems. The proposed estimation method allows
each independent node to estimate the state of the dependent nodes. Local
conditions on the filter matrix of the state estimator are derived to guarantee
the convergence of the estimation error to zero. The main novelty of this paper is
the lack of information available at each independent node, which is not able to
communicate to the other independent nodes: in this manner, it is not necessary
to assume the presence of any direct communication among the independent
nodes. Moreover, each independent node not only needs to estimate the state
of the other nodes, but also the control input components computed by the
other independent nodes. The considered problem represents therefore a more
challenging scenario than previous works. In this paper, we extend the results
obtained in [1] for multi-agent systems controlled by consensus interactions,

to the general framework of network systems. Furthermore, in this paper i)
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we provide extended proofs of the theoretical results; ii) we describe several
simulations performed in different scenarios; and iii) we analyze the effects of
the measurement noise and of the lack of communication between independent
nodes on the performance of the proposed estimation and control schemes.

A similar estimation problem is considered in [36] for multi-robot systems,
where an observer-controller scheme is presented for fault diagnosis, but differ-
ently from our proposed method, the observer uses information communicated
from neighbours in a distributed way and the convergence proof uses the strongly
connected communication graph assumption.

Many works in the literature consider single-leader networks (see [37] as
example), while here the leaders can be many and have to cooperate without
communication.

In [38], the problem of estimating the state of a multi-agent system based on
asynchronous and noisy measurements is considered, but the estimation task is

not carried out by the agents.

3. Notation and mathematical operators

In this section we define some symbols that will be used throughout the
paper.

The symbol I, will be used to indicate the identity matrix in R?*#, while
the symbols O, and O, , will be used to indicate a square and a rectangular
zero matrix in R?*? and in RP*7, respectively.

Moreover, we will use v; to denote the i—th component of vector v, and ¥,
to denote the i—th block of a block diagonal matrix W.

Given a list of vectors x; € R?, i = 1,...,0, we use the symbol col(:) to

denote the vector y € RP?, namely

x =col(x;,i=1,...,0)

that is obtained stacking all the vectors x;, i =1,...,0.
The symbol -® - will be used throughout the paper to indicate the Kronecker
product. This operator exhibits the following mized product property |39]:
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Property 1. Let A, B, C, D be matrices of opportune dimension, defined in
such a way that AC and BD exist. Then,

(A® B)(C®D) = AC® BD (1)

Given a random variable ¢ € R, we will denote with E) its expected value.

4. Problem formulation

Consider a set V of N nodes, whose interconnection is modeled by means of
a connected undirected graph G.

Let z; € R™ be the state of the i—th node and consider the following single-
integrator kinematic model:

Ty = fi; (2)
where p; € R™ is each node’s control input.

In order to keep the notation simple, in the following we will consider the
scalar case, thus assuming x; € R and that the results can be extended to the
multi-dimensional case, considering each component separately.

Let us now divide the nodes into two sets: a (small) set V; C V of independent
nodes, to whom it is possible to inject an external control action, and a set
Vp = V\V; of dependent nodes, whose state evolves according to a local control
action, based on the state of the neighboring nodes. Let Ny be the number
of independent nodes, and Np = N — N; be the number of dependent nodes.
We consider the challenging scenario where there is no communication between
independent nodes.

Let 2 € RY be the state of the network system, collecting the nodes* states
zi, t = 1,..., N, ordered putting first the Np dependent nodes and then the
Ny independent nodes. We will hereafter consider the nodes interconnected in

such a way that the dynamics of the network system can be written as follows:

A B (0)
T = T+ NoNr, (3)
@NLND @NLNI I[NI
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where v € RV is the input vector, A € R¥NP*Np represents the interconnection
among the dependent nodes, and B € RVNP*N1 represents the interconnection
among dependent and independent nodes. This represents a generic intercon-
nection among the nodes: for instance, as shown in [40)], it can be obtained from
the consensus interconnection.

Define now zp = [z1,...,2n,] " € RVP as the state vector of the dependent
nodes, and x; = [TN, 41, - - ,ZL’N]T € RN as the state vector of the independent
nodes. According to (@), the dynamics of the independent nodes can be written

as the following single-integrator model:
i’] =V (4)

We introduce now v € RM as the desired input that we would like to
introduce into the system by means of the independent nodes, in order to achieve

some cooperative objective. For this purpose, we define the input v as follows:
v=1u—H(x; —u) (5)

with H € RN1XN1 | Tt is possible to show that, for any choice of H > 0, under the
control law (@), the dynamics of the independent nodes exponentially converge
to the desired input w. In particular, matrix H can be designed for making such
a convergence arbitrarily fast. Hence, in order to keep the notation simple, we
will hereafter assume that the independent nodes are controlled in such a way
that

Ty = U (6)
If, for instance, nodes are represented by mobile robots whose state is the po-
sition, this corresponds to imposing a sufficiently fast and accurate position
control.

Hence, from (@) and (@), the dynamics of the dependent nodes can be written

as follows:
tp = Axzp + Bu (7)
Each independent node is then used to inject the control input u;, i = 1,..., Ny,

at different points of the network according to matrix B. To achieve this objec-
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tive, we assume that each independent node is able to measure the state of the

dependent nodes it is connected with, according to matrix BT .
y=B'ap, (8)

where y € RM is the output vector, that is the vector containing the state
variables measured by the independent nodes, where each independent node
can measure only its corresponding components of the output y. Therefore, the

output equation for each i—th independent node can be rewritten as:
yi =bj zp (9)

for each component i = 1,..., Ny, being b, the i—th row of B'.
The interconnection between the N nodes can be modeled by means of a

connected undirected graph G. We will hereafter make the following assumption:

Assumption 1. G is a connected undirected graph.

Furthermore, in the scenario we are considering there is no communication
between independent nodes, that is, no edge exists among the independent
nodes. Namely, information can be shared among the robots, and each inde-
pendent node is connected to one (or more) dependent nodes. The graph then
includes connections among the dependent nodes, while no exchange of infor-
mation occurs among the independent nodes.

Furthermore, we make the following additional assumption:
Assumption 2. The pair (A, B) is controllable.

According to (B]), matrices A, B are related to the interconnection structure.
Controllability is typically guaranteed, for connected networks, under mild as-
sumptions [41].

The goal is to control the state of the network system to achieve some co-

operative objective. For this purpose, we design the control law as follows:

u=Fzp+( (10)
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where the first term Fxp is a stabilizing term, being F' € RYN1*Np defined so
that (A+ BF) is Hurwitz stable, and ( is a general vector, an exogenous signal,
known by the independent nodes, designed based on the cooperative objective
we want to achieve.

Since the state xp is not completely available to the independent nodes, we
derive a decentralized state observer, so that the following control law can be
implemented

w=F&p+¢ (11)

where Zp is an estimate of the state zp, and we demonstrate that the state of

the system converges to the desired configuration.

5. The decentralized state observer

In order to allow each independent node to implement the control strategy
in (II) exploiting only locally available information, it is necessary to derive a
state estimator of the network system state xp. Moreover, since each indepen-
dent node is not able to communicate to other independent nodes, it is necessary
to estimate the control input components computed by the other independent
nodes.

We assume that all the matrices (system and regulator matrices) are known
and constant. Hence, each independent node i estimates the input vector using

its own state estimate CZZ of the state xp as:
a; = Fd; + ¢, (12)
where the state estimate d; dynamics are computed as:
d; = Ad; + By — K, (y; — b; d;) (13)

with K; € RN¥p*! being a matrix containing the weights related to the i—th
node of the filter matrix K that will be defined in the following sections to
guarantee the desired convergence properties. In fact, it is worth noting that

the estimation scheme (3] is implemented by each independent node based only
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on locally available data, that is without knowledge of the other independent
nodes’ state estimates. For this reason, standard estimation schemes cannot be
adopted in this case.

6. Estimation error analysis

For analysis purposes, we consider an extended formulation of the state
vector estimate Zpg, collecting the state estimates of the independent robots,

that is

L%E = COl(di,i = 17...,N[).

The dynamics of the extended estimator can be described as:
ip = Apip + Bpip — Kp(y — Dpig), (14)

where Agp = Iy, ® A is a block matrix having non-null blocks only on the
diagonal, equal to A; Bg = Iy, ® B is defined in an analogous way; 4z can be

computed similarly to Tg as
fLE = COl(fLi,i = 1,. .. 7]\/v[)7

Kpg is a N;Np x Ny block matrix having on the diagonal the column vectors
k;; similarly, Dg is a Ny x Ny Np block matrix having on the diagonal the rows

b . Since (IZ) can be rewritten in the extended form
g = Fgtp + Qg, (15)

where Fp = Iy, ® F is a diagonal block matrix having the matrix F' repeated

on the diagonal and Qp = Iy, ® ¢, (@) becomes
Define now the extended estimation error € € RN1Np a5 follows:

GZLZ’EfﬂjE (17)

10



where xg is a vector collecting Ny times the state vector xp. We now analyze
the dynamics of the extended estimation error ¢ = &g — @, using ([I8) and the
extended version of ([):

ig = Agxg + Brug (18)

with
UE:FE.YA?E+QE, (19)

where Fp is a block matrix, where each (i, j)—th block (with i,j = 1,..., Nj)
is a null matrix except from the j—th row of matrix F. An example of F, Fig
and Ffg is provided in Appendix.
The dynamics of the extended estimation error are given by:
€ = (AE + BpFg + KEDE)fiE + BpQg — KEy — ApxE
— BpFrpip — BpQg. (20)
We can observe that the output can be rewritten using extended vectors as
y=Dgzg. (21)
Moreover, since FExE — Fgxg =0, it holds
BpFpip—BpFrip = Bp(Fp—Fg)ip = Bp|Fpip—Fpip—Fprp+ Fpop)
= Bg[Fg — Fgle. (22)
So we have
¢ = (Ap + Bg(Fg — Fg) + KpDg)e. (23)

Matrix KgDp is a block diagonal matrix where each block on the diagonal

is based on the outer product kib: . Matrix Fi can be computed as:
Fp = IpFg,

where I is a Nym x Nym block matrix, each block (4, 7) having one single ele-
ment different from 0 in correspondence to the (7, j) diagonal element. There-

fore, (23)) can be rewritten as

¢ =(Ag + KgDg + Bp(In,m — Ig)Fg)e = (A + BFp)e, (24)

11
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where A = Ag+ KgDg is a block diagonal matrix, being each i—th block equal
to A + kzb;r, and B = BE(HNIm — fE)

7. Convergence analysis

In this section we analyze the convergence properties of the proposed esti-
mation scheme. In particular, the following Theorem provides a methodology
to locally define matrix K; in ([3)) in such a way that the estimation error

asymptotically converges to zero.

Theorem 1. Consider the state estimation scheme defined in (I3), and let
Nismin be the minimum eigenvalue of A + k;b] + BF, Vi = 1,...,N;. If,
Vi,..., Ny, k; is defined so that the following holds

Nimin < = || (I, @ B) Fs|, (25)
then the estimation error ([24) converges asymptotically to zero.

PROOF. We need to prove the asymptotically stability of the system described
by @4]). More specifically, we have that:

e A, B and related matrices are defined by the system topology;

e [ and related matrices are defined by the control law, in order to ensure

the desired convergence performances.

We define matrix K in order to guarantee the convergence of the estimation

error. Let us consider the Lyapunov function
V=_ee. (26)

To guarantee that the estimation error € goes to zero, we need to ensure that

the derivative of the Lyapunov function is negative (semi)definite, namely

. o0V, 4,
= ——€ = <
Vv 9 e €<0 (27)

12



Let us consider (24)) and let matrix ¥ be defined as follows:
U =A+Iy, @ (BF). (28)

Then, it is possible to rewrite ([24)) as:

¢= (\11 — (Iy, ® B) FE) e (29)
by noting that
BpFrp = Iy, ®B)(In, ® F) (30)
can be rewritten as
BrFg :HNI ®(BF) (31)

according to () (Property ). It is worth noting that matrix ¥ is a block

diagonal matrix, whose i—th block ¥[i] is equal to
U[i{]= A+ BF + K;D; (32)
Let us now consider the Lyapunov derivative (21): it can be rewritten as
V=e (\Ile — (In, ® B) FEE)
=¢ We—¢! ((HNI ®B)FE)6 (33)
<e'We+ H(]INI ® B) FEH ele

It is worth noting that the value of
H(]IN, ® B) FEH

can be computed, once B and F have been defined.
In order to prove the theorem, it is therefore necessary to define K so that
the following holds:

€ We < _H(HN1®B) Fplle'e (34)

From standard matrix theory [42], it holds for a symmetric matrix A = AT:

z Az < )\mm(A)me,

13
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being Apmin(A) the minimum eigenvalue of A; moreover, x' Az = x ' ((A +

AT)/2)z. Then we can write:
T We=ec"(T+T")/2)e < Apin((U +TT)/2)e"e. (35)
Since Apin (¥ 4+ U 1) /2) < A\ppin(¥) [43], we have the following condition
€T We < \pin€ ' €, (36)
with Ay the minimum eigenvalue of ¥. We can rewrite condition ([B4) as

Armin€ € < — H(]INI ® B) Fg| e (37)

Then, we obtain

Amin < — H(HNI ® B)FEH (38)

that can be computed locally since W is a block diagonal matrix: we have, Vi,
Xiymin < — H(HN, ® B) FEH ;

being A; ;in the minimum eigenvalue of A + K;D; + BF. Therefore, K; has to
be designed so that (25]) holds.

Remark. It is worth noting that matrix K; can be locally computing, only
assuming that each independent node knows matrices F' and B. In the following,
we show a constructive algorithm to design matrix K so that the condition in

Theorem [ holds.

7.1. Constructive algorithm

In this section we provide a constructive method to define k; so that (23]
is satisfied, while guaranteeing that (A 4+ BF') is Hurwitz stable: this ensures
both that the estimation error vanishes, and that the state has the desired
convergence properties.

Let (A, B) be a controllable pair and let b; be a non null column of B. In
order to find k; satisfying (28] we can use pole placement techniques. It is

possible to demonstrate that there always exists k; such that A+ k;b; + BF has

14
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Algorithm 1 Constructive algorithm for node ¢ to find &;
1: Given (A, B) controllable

2: Heymann’s lemma:
find F = (A + BF,b;) controllable
3: if (A + BF) is Hurwitz stable then
4: Pole placement:
find k] = Aimin < — H(HNI ® B)FEH @)

5: end

the desired set of eigenvalues. In order to guarantee that this problem is feasible,

we have to check controllability of the couple ((A +BF)T, bi), by noting that
eiglA+ kbl + BF] = eig[(A + BF)" + bk ].

Since (A, B) is controllable by assumption, using the results in Heymann’s
Lemma [44], it is always possible to find a matrix F such that the pair (4 +
BF,b;) is controllable. Consequently, it is always possible to find a row k;r such
that the matrix A+ BF + k;b, has the desired set of eigenvalues. Controllabil-
ity is a structural property for LTI systems and, therefore, it is invariant with
respect to static feedback. Thus, the pair (A + BF + k;b,,b;) is controllable.
We can always write bik;r = BK,; where all the rows of K; are null but the
i—th one, which is equal to k. Setting K = F + K;, we have that the pair
(A+ BK,b;) is controllable and A + BK has the desired spectrum. The final
step is to check that (A + BF'), with the obtained matrix F', is Hurwitz stable.

The constructive algorithm is summarized in Algorithm [l

Remark 1. Defining matriz F as in Line [Q of Algorithm [, that is, accord-
ing to the Heymann’s Lemma, does not formally guarantee Hurwitz stability of
matriz (A + BF). Therefore, it is necessary to check this condition, as defined
in Line [] Algorithm [ In the case that the obtained matriz F does not sat-
1sfy this requirement, other procedures have to be followed. In all the developed

simulation examples the obtained matriz F satisfies the required condition. ¢

15
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8. Measurement noise

For a more complete analysis, it is possible to consider the presence of mea-
surement noises, by including an additive term in the output equation ([@), thus
obtaining:

where ni] is a random noise for the i-th node with mean value equal to 7;, and
standard deviation equal to &;. Therefore, we can rewrite the output equation
using the extended formulation and we obtain: y = Dgxp + 71, where 7 is a
vector collecting all the components of n[i], i = 1,..., Ny, ordered according to

their index. The dynamics of the extended estimation error (I7) becomes
We have the following results.

Proposition 1. If the measurement noise is a zero-mean noise, then the esti-

mation error mean CONveErges to zero.

PROOF. The mean of the estimation error can be described by the following

dynamic model:
Fe = (Ag + Bg(Fg — Fg) + KpDg)Ee — KpEny,
Since, by assumption, we consider a zero-mean measurement noise, then
Fe = (Ag + Be(Fg — Fg) + KgDg)Ee,
that converges to zero, thanks to the result in Theorem [l

Proposition 2. Given 7 the mean of the measurement noise, different from

zero, then the estimation error mean converges to a bounded value.

PROOF. The mean of the estimation error can be described in this case by the

following equation:

Ee = (Ap + Be(Fp — FE) + KgDg)Ee — KgEf,

16
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which converges to a bounded value, since it represents an asymptotically stable

linear system with bounded input.

In the case that the measurement noise mean is known, we can trivially consider

it in the estimator formulation.

9. Simulation results

9.1. The considered problem

As a case study, we consider a multi-agent system composed of N intercon-
nected mobile robots, partitioned into two groups: a small group of independent
robots, and a large group of dependent robots. The objective of the system is
to solve a tracking problem: namely, a set of periodic setpoint trajectories is
designed, and the independent robots are controlled in such a way that the
dependent robots asymptotically track those trajectories.

For this purpose, we consider the following interconnection:

T;=— Zwij(xi—xj) if1€Vp
JEN; (40)
T = Up if h e Vy
where x; represents the position of the i-th robot, w;; > 0 are the edge weights,
and N; is the set of the neighbors of the i—th robot, that is the set of the robots
that are interconnected to the i—th one. Moreover, define v}, € R™ as a control
input. It is worth noting that the dependent robots are interconnected with their
neighbors with the standard, well known, (weighted) consensus protocol [28].
Without loss of generality, in the following we will consider the scalar case, thus
assuming z; € R. It is possible to extend all the results to the multi-dimensional
case, considering each component separately.
Define £(G) as the Laplacian matrix associated to the graph G. Therefore,

as shown in [40], it is possible to decompose the Laplacian matrix £(G) as:

A B
LG) = - ; (41)
BT C

17
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where A = AT € R¥p*Np represents the interconnection among the dependent
robots, and B € RV XN1 represents the interconnection among dependent and
independent robots. The dynamics of the dependent robots can be written
as in ([7), namely

tp = Axzp + Bu

We would like to note that this equation represents the standard model of a
LTI system: standard linear control techniques, based on the Francis’ regulator
equations, were exploited in [16] for solving the tracking problem.

In particular, periodic setpoints are defined for each independent agent by
means of an exosystem, as the linear combination of n harmonics, that is a

linear combination of the elements of the following vector:

-
&) = [1 sin (Q%t) cos (?t) ... sin (n?t) cos (n%rt)] :
(42)

A periodic setpoint can then be defined as a linear combination of the com-

ponents of £, defining a matrix J € RVN2X™ such that
zs (t) = TE(t) (43)

where n = (2n + 1).

It is possible to define a linear exosystem

£(t) =GE) (44)

where G € R™ ™ is an opportunely defined marginally stable matrix [16], that,
initialized with

€(0)=[1,0,1,...,1]"

yields ([@2) as a solution.

The input u was then defined as follows:

u=Fzp+ (' — FII)¢ (45)

18
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where I' € RV and IT € RVPX™ are obtained as the solution of the regulator

equations that, in this example, can be written as follows:

AIl + BT’ G
H_j == @ND,ﬁ

Matrix F' € RN7XNp s chosen in such a way that (A 4+ BF) is Hurwitz stable.

(46)

It is worth remarking that, as known from basic linear control theory, I', IT, F’
can always be found if the pair (A4, B) is controllable. As shown in [|41], given
a connected undirected graph G, utilizing randomly chosen edge weights, it is
possible to ensure controllability of the pair (A, B) with probability one.

The control strategy (@3] requires the full knowledge of the state vector z p,
which is a centralized quantity. In [16], the presence of a communication graph
among the independent robots was assumed, and a state observer was then
designed, based on information exchange among the independent robots.

According to the considered problem, here we assume that no communica-
tion exists among the independent robots.  An example of interconnection
topology defined with no communication among the independent nodes is de-
picted in Fig. [l In the picture, independent nodes are highlighted with red
dashed ellipses, while dependent nodes are highlighted with green solid ellipses:
black lines represent interconnections among the nodes.

Exploiting the procedure introduced in this paper, it is possible to design
a decentralized state estimation system, that does not require communication
among the independent nodes. Subsequently, the control law (@3] can be im-

plemented in a decentralized manner, as follows:
u; = o Fd; + (I — FII)¢ (47)

where a;'— selects the component related to agent i.

In the simulations we consider single integrator agents moving in a three
dimensional environment, namely z; € R3, Vi =1,...,N. Let (x,y,z) repre-
sent the global reference frame. The results presented in the previous sections
are easily extended to this multi-dimensional case, considering each component

separately.
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285

290

Figure 1: Independent nodes are highlighted with red dashed ellipses, while dependent nodes
are highlighted with green solid ellipses. Black lines represent interconnections among the

nodes: in the considered scenario, no edge exist among the independent nodes.

9.2. FEstimation procedure

Several simulations have been carried out in order to evaluate the perfor-
mance of the proposed control strategy. The results of some remarkable exam-
ples are summarized in Figs. B [l and @ for different network topologies and
different numbers of dependent and independent robots.

The interconnection topology among the robots is depicted in Figs.
and In the pictures, Di indicates the i-th dependent robot, and Ij indi-
cates the j-th independent robot. Red and green lines are used to represent
dependent-dependent and independent-dependent robots interconnections, re-
spectively.

The three-dimensional setpoint trajectories x (¢) are represented in Figs.|2(b)}

205 [3(b)| and each colored line represents the setpoint for one of the depen-

dent robots. The objective of the control system is then to make each dependent
robot track one of the setpoint trajectories. This is obtained by means of the
independent robots, that act as the control input for the system.

In order to evaluate the performance of the proposed estimation and control

strategy, we computed both the estimation error €(¢) defined in (7)) and the
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tracking error e(t) defined as follows:
e(t)=ap(t) -z (t) (48)

where the setpoint x4 (t) is computed as in [{A3]).

Specifically, Figs. 2(c)} 3(c)| and 4(c)| show the evolution of the estimation
error €(t), while Figs. [2(d)] [3(d)| and [4(d)| show the evolution of the tracking

error e(t). Due to space limitations, the plot depicts only the components along
the x-axis, and only the estimation error for the first independent agent. Similar
results are obtained in the other cases.

As expected, the estimation error asymptotically vanishes, and as a result
the dependent robots correctly track the desired setpoint trajectories.

As expected, the estimation error quickly goes to zero and, subsequently,

the tracking error goes to zero as well.

9.8. Analysis of the effect of the lack of communication among independent

robots

Simulations have been carried out in order to assess the degradation of the
performance introduced by the decentralized estimation scheme proposed in
this paper due to the fact that no communication exists between independent
nodes. For comparison purposes, we considered the estimation scheme originally
proposed in [16], in which communication among the independent robots was
assumed: in particular, each independent robot had access to the entire output
vector, and was then able to implement a standard Luenberger state observer.
We consider as a representative example the case described in Fig. Bl considering
Np =9 dependent robots and N; = 3 independent robots. Fig. [f] shows the
evolution of the tracking error (along the x-axis) in the two cases: considering
communication among the independent robots, and utilizing the decentralized
observer introduced in this paper (see Figs. and respectively). It is
worth noting that the performance of the system is very similar, in the two

cases: hence, it is possible to conclude that, in practical cases, utilizing the
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(d) Tracking error e (t), x component, defined as in (@8]

Figure 2: Simulation performed with Np = 10 dependent robots, and N; = 5 independent

robots
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Figure 3: Simulation performed with Np = 9 dependent robots, and N; = 3 independent

robots
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Figure 4: Simulation performed with Np = 14 dependent robots, and N; = 6 independent

robots
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decentralized estimation scheme proposed in this paper has a negligible effect

on the system, and does not significantly degrade the performance.

9.4. Measurement noise

The presence of measurement noise has been considered as well. In particu-
lar, as described in Section [§] a Gaussian measurement noise has been consid-
ered, with mean value equal to 7, and standard deviation equal to &.

Results are reported for one representative example, corresponding to the
interconnection topology depicted in Fig. including Np = 14 dependent
robots, controlled by N; = 6 dependent robots having the objective to imple-
ment the setpoint trajectories depicted in Fig.

Two different measurement noises were considered: Fig. [6] considers a zero-
mean Gaussian noise, while Fig. [[] considers a Gaussian measurement noise with
mean value 77 = 10. In both cases, the standard deviation is ¢ = 1.

As expected, in the zero-mean case, both the estimation error (depicted in

Fig.[6(a)) and the tracking error (depicted in Fig.|6(b)) asymptotically converge

to zero, while they converge to a bounded value in the non-zero-mean case (see

Figs. and respectively).

10. Conclusions

This paper proposes a decentralized state estimation method. The purpose
is the control of network systems in order to track arbitrary setpoint trajectories.
The proposed state estimation algorithm is designed allowing each independent
node to estimate the input of the other independent nodes and the state of
the dependent nodes, without requiring communication among the indepen-
dent nodes. Conditions are derived to formally guarantee that estimation error
asymptotically converges to zero. The presence of measurement noises has been
investigated as well.

The proposed estimation method has been exploited in [45] to implement a
decentralized fault diagnosis scheme, allowing to detect and isolate faults in the

considered multi-agent systems.
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(a) Tracking error e (t), x component, defined as in (@), achieved considering communication
among the independent robots.
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(b) Tracking error e (t), x component, defined as in (@), achieved utilizing the decentralized

estimation scheme introduced in this paper

Figure 5: Simulation performed with Np = 9 dependent robots, and N;y = 3 independent

robots
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Figure 6: Simulation performed with Np = 14 dependent robots, and N; = 6 independent

robots, with measurement noise (mean 7 = 0, standard deviation & = 1)

As a future work, we would like to analyze the scenario where the network

topology may change over time.
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Appendix

In the appendix we show an example that clarifies the structure of matrices
FE and FE
Consider, as an example, the case where Ny = 2 and Np = 3. In this case,

we have F' € RN1XNp  defined as follows:

F F; F;
P 1w Fi2 Fis (19)
Iy Fyy I
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Matrix Fg = Iy, ® F is then defined as follows:

Fiy Fy Fiz| O 0 0
Py — Fyr Foy Foz | O 0 0 (50)
0 0 0 F11 F12 F13
0 0 0 Fy1  Foy Fos

Matrix Fj is defined as a block matrix, where each (4,5)—th block (with

i,7 =1,..., Np) is a null matrix except from the j—th row of matrix F'. Namely:

Fin Fio Fig 0 0 0

. 0 0 0 | Fon Foo Fos

Fin Fiz Fis 0 0 0

0 0 0 | Fo Fa Iy
Let o = [xg xm—r, where zp = [z1 22 SCg]T. Then, the following equality

holds:
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