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Abstract

For a certain family of ordinary differential equations, Nevanlinna theory is used
to find all solutions in a special class. A differential equation is said to possess the
(strong) Painlevé property if all solutions have only poles as movable singularities.
The solutions of such equations are particularly well behaved and the Painlevé prop-
erty is closely associated with integrability. In this thesis, we extend the idea of using
singularity structure to find all special solutions with good singularity structure, even
when the general solution is badly behaved. We begin by finding solutions that are
meromorphic in the complex plane and more complicated than the coefficients in the
equation in a sense made precise by Nevanlinna theory. Such meromorphic solutions
are called admissible and include all non-rational meromorphic solutions of an equa-
tion with rational coefficients. The use of Nevanlinna theory in the entire complex
plane does not allow the solutions to be branched at fixed singularities, which seems
more natural from the perspective of the Painlevé property. Motivated by this, we
consider an extension of Nevanlinna theory to a large sector-like region with a deleted

disc to allow for such branching and apply this theory to differential equations.

This thesis was completed under the supervision of Professor Rod Halburd.
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Chapter 1

Introduction

When one encounters a particular differential equation, it is natural to ask whether
it has any explicit solutions. There are some ad hoc methods that work for very spe-
cific equations, such as looking for solutions of a very special form, however, there are
only two widely-used general methods for identifying equations that can be solved in
some sense explicitly. The first is Lie’s symmetry method. Effectively, if an ordinary
differential equation has a sufficiently rich group of symmetries, then it can be solved
by quadrature. The second method uses the singularity structure of solutions in the
complex domain as an indicator of whether the equation is integrable. The work

reported in this thesis is an extension of the second approach.

Kowalevskaya [21] was the first to use singularity structure to identify a new
integrable class of equations. The equations of motion for a spinning top contain a
number of parameters. Kowalevskaya noticed that for each of the previously known
choices of parameters for which the equations could be solved, the general solution
was meromorphic, so she went on to determine which choices of parameters led to a
meromorphic general solution. She found one new case which she subsequently solved
using theta functions. This is the last case of these equations to be solved in 128

years. Subsequently Picard posed the problem of classifying all differential equations
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of a certain form such that the solution is single-valued about all singularities apart
from certain singularities that are fixed by the form of the equation. Such equations
are now said to possess the Painlevé property. Painlevé and his colleagues [35]
classified all equations with the Painlevé property of the form y” = R(z,y,y’), where
R is rational in y and 3 and analytic in z on some open set. Six new equations,
the Painlevé equations, were found. All other equations in the class could either
be solved in terms of previously known functions or in terms of solutions of the
Painlevé equations. The solutions of the Painlevé equations are now considered to
be important functions of mathematical physics in their own right and have many

remarkable properties.

For the purposes of this thesis, we will refer to a slightly stronger version of the
property. An ordinary differential equation is said to possess the (strong) Painlevé
property if all movable singularities are poles. A movable singularity is one that
occurs at a value of the independent variable for which the equation is not singular
in some sense for generic values of the dependent variable. Such singularities are

called movable because their locations change as we vary the initial conditions.

The standard so called Painlevé test, which is actually closer to the procedure
originally used by Kowalevskaya rather than that used by Painlevé, involves the
substitution into the equation of a formal Laurent series expansion of a solution
about a movable singularity. In order to have a sufficiently rich class of such solutions
one demands that a sufficiently large number of the coefficients in the expansion are
arbitrary. This results in a number of resonance conditions that relate the values
of various coefficients in the equation to their derivatives evaluated at the movable
singularity. We want these conditions to hold at all movable singularities of all
solutions, so these conditions ultimately become differential equations that are solved

to determine the final form of the equation.

The main idea behind the present thesis is to extend the idea of using the sin-
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gularity structure of solutions to find differential equations that are integrable, i.e.,
equations for which we can in some sense nicely characterise the general solution, to
the use of singularity structure to find well behaved solutions, regardless of whether
the general solution is well behaved. To this extent a natural problem would be to
find all solutions of a given equation such that the only movable singularities of the
solution are poles. At the moment this problem is too difficult. In particular, we are
not able to prove that we have found all such solutions. However, if we know that
in some sense we have enough movable singularities then we can still use series type
methods such as those used in Painlevé analysis to answer the question. This leads

us to Nevanlinna’s theory on the value distribution of meromorphic functions.

In this thesis, Nevanlinna theory will be used to show that we have sufficiently
many movable singularities to be able to use series methods. These methods go
well beyond ideas in Painlevé analysis as in many cases we do not have resonance
conditions at all or we do not know if we have resonance conditions (without doing
a lot more analysis). Nevertheless, in order to use Nevanlinna theory we add two
assumptions to the original statement of our problem. First, we require the solutions
to be meromorphic. This means that not only are the movable singularities poles,
but the fixed ones are as well. This is somewhat artificial from the point of view of
the Painlevé property. Also, in order to extract information about the coefficients we
assume that they are simpler than the solution we are considering in a sense made
precise by Nevanlinna theory. In particular, if the coefficients are rational functions,
we can only perform our analysis on non-rational meromorphic solutions. In the
case of more general meromorphic coefficients, we talk about admissible solutions,
a concept that often arises in the application of Nevanlinna theory to differential

equations.

Chapter 2 contains a brief introduction to classical Nevanlinna theory, which de-

scribes the complexity and value distribution of a function meromorphic on the entire



Chapter 1. Introduction 10

complex plane in terms of the growth of several real-valued functions. The chapter
also contains an overview of the Painlevé property, fixed and movable singularities

and a standard example of Painlevé analysis.

Chapter 3 discusses some applications of Nevanlinna theory to differential equa-
tions. The study of differential equations in the complex domain, with the aid of
Nevanlinna theory, is an active field of research. The first such application was due to
the Japanese mathematician Yosida [52] who used Nevanlinna theory to present an
alternative proof of Malmquist’s theorem: if R is a rational function of its arguments,
and ¥ = R(z,y) is a differential equation which has a transcendental meromorphic
solution, then R must be a polynomial in y of degree at most 2. If R has degree 1
then the equation is linear and solvable by quadrature. If the degree of R is two then
the differential equation is called a Riccati equation. It is well know that any Riccati
equation can be solved in terms of an appropriate second-order linear differential
equation. This theorem shows that if a solution has simple singularity structure (i.e.
that the solution be meromorphic) then it can be expressed in terms of solutions of

a linear differential equation and is in some sense integrable.

Many studies still attempt to generalise Malmquist’s theorem to characterising
the forms of equations of higher order. Otherwise, many studies in the field of
complex differential equations, which use Nevanlinna theory, have focussed on the
rates of growth of meromorphic solutions of linear or non-linear differential equations

(see [24, and references therein]).

Apart from the previous studies cited, there is still a lack of research that inves-
tigates the impact of Nevanlinna theory on the existence of meromorphic solutions
to differential equations. So far, however, a few studies have discussed this problem
(see |5], [12], [42], |43] and [44]). Halburd and Wang [12] used local series analysis
with the aid of Nevanlinna theory to obtain all admissible meromorphic solutions of

an ordinary differential equation, even when the general solution is not meromorphic.
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These methods are extended in chapter 3 to give an explicit characterisation of all

admissible meromorphic solutions of equations of the form

N

N2
w
w” = E mj—( ) + a(z),
- w — (lj
J=1
where « is a non-zero meromorphic function and aq, . . ., ay are distinct constants. All

such solutions are shown to be either polynomials, elliptic functions, or expressible
in terms of solutions of the first or second Painlevé equations. This is the main result
of this thesis and is to be published in [3]. A fundamental difference between this
work and that of Halburd and Wang is that we must consider an arbitrary number
of different types of movable singularities for which w(zp) = a; for some j as well as

the fact that some solutions can have poles.

As was the case in the work of Halburd and Wang, as part of our proof we find
a number of explicit “well behaved” solutions that we must discard because they
do not satisfy either the assumption that the solution is meromorphic or that it is
admissible. In the cases where a solution fails to be meromorphic it is because it is
branched at one or more fixed singularities. This underlines the fact that demanding

that the solutions be meromorphic at fixed singularities is artificial.

Chapter 4 contains an initial attempt to address the problem of the possible
branching of solutions at fixed singularities by extending Nevanlinna theory to a
large sector-like region outside a disc centred at the origin. This is based directly
on Tsuji’s version of Nevanlinna theory for functions meromorphic on the half-plane.
This chapter contains a self-contained introduction to the Tsuji characteristic. We
follow standard derivations but we use the right half-plane instead of the upper
half-plane as the formulas are more symmetrical when we transform to sectors. This
derivation is merely a rewriting of the standard derivation included for completeness.

The standard formulas can be recovered by a rotation in the complex plane by /2.
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After some well-known introduction of Tsuji theory, we establish analogous tools of
Nevanlinna theory for meromorphic functions in a sectorial domain type using Tsuji’s
theory to the extent that we will need it for applications to differential equations.
This allows us to extend various results about meromorphic solutions of differential
equations to solutions whose only movable singularities are poles. However, in this

context admissibility becomes more problematic.



Chapter 2

Preliminaries

This chapter contains some essential background material on Nevanlinna theory
as well as a brief introduction to the Painlevé property and the Painlevé equations.
A key idea in Nevanlinna theory is to consider certain quantities of a meromorphic
function on a disc of radius r, such as the number of poles, and then study the
asymptotic behaviour of these quantities, which are real-valued functions of r, as
r tends to infinity. These real-valued functions will be introduced in section
together with a number of useful inequalities. Beyond these inequalities, the main
tools from Nevanlinna theory that we will use in this thesis are the first main theorem
and the lemma on the logarithmic derivative. We will introduce the Painlevé property
in section and give a standard example of a series-based procedure, known as the
Painlevé test, for checking necessary conditions for an equation to have this property.
The distinction between fixed and movable singularities plays an essential role here

and will be referred to repeatedly throughout the thesis.

13
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2.1 Nevanlinna theory

Nevanlinna theory was created to provide a quantitative measure of the value
distribution of a meromorphic function. This theory originated over ninety years ago
[14]. Tt has many applications in different areas of mathematics, such as differential
equations [6},9,/17,24], difference equations [38,49] and number theory [37,/47]. The
literature on Nevanlinna theory is very large. Comprehensive surveys of Nevanlinna
theory can be found in [13] and [25]. There are also good accounts on the development

of the theory in [4,|8]|14],24].

The origins of the value distribution theory of entire functions cover many classical
theorems, for instance the fundamental theorem of algebra and Picard’s theorem. In
the late nineteenth and early twenteth centuries, the theory of the value distribution
of entire functions was developed by various French mathematical schools such as
those of Hadamard, Borel and Valiron. Studies therein characterised the order of
entire functions by

o(f) = Tim loglogM(r,f)7 (2.1)

=00 log r

where M (r, f) = max|;—.| f(2)|. However, this does not work for meromorphic func-
tions. Since a meromorphic function can have a pole on the circle |z|= r, where the
maximum modulus M (r, f) would be infinite, the growth of the function f cannot
be defined using M (r, f). Studies related to the behaviour of a meromorphic func-
tion with regard to the distribution of its zeros and poles was built in the 1920s by
the Finnish mathematician Rolf Nevanlinna, partly in collaboration with his brother
Frithiof, through a series of publications in 1919-1980 |14, and references therein].
These publications provided an insight into the value distribution of meromorphic

functions.

Nevanlinna used three auxiliary real valued functions related to a meromorphic
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function f which are defined on [0,00), and he investigated how these functions
characterise the growth and the behaviour of the function f. In the following, precise

definitions [8}|13},24] of these functions will be given.

For any meromorphic function f in the complex plane C, the proximity function

m(r, f) is defined as the integral

2w
mirf) = 5= [ ol a0,

where log" 2 = max(0,logz) for all x > 0. The proximity function measures how
close f is, on average, to infinity on the circle of radius r centred at the origin. In
addition, the growth of the function m(r,a) = m(r,a, f) = m(r,1/(f — a)) relates
to the closeness of the values of f(z) to the point a € C: the closer the values of f

are to the point a on average on the circle |z|= r, the larger the function m(r,a) is.

The counting function N(r, f) is defined by

N(r, f) = /O n(t. f) ; 0. 5) 4 4 n(0, f)logr,

where n(t, f) denotes the number of poles of f(z) inside the closed disc of radius ¢
centred at the origin, each pole counted with its multiplicity. In particular, n(0, f)
is the order of the pole of the function f at z = 0. In addition, consider the number
of a-points, i.e. the number of roots of the equation f(z) = a, counting multiplicity
in |z|< t which is denoted by n(r,a), then the counting function N(r,1/(f — a))
counts the number of a-points of f(z) in the closed disc |z|< r. For brevity we write

N(r,1/(f —a)) = N(r,a).

The Nevanlinna characteristic function of f(z) is defined by

T(r, f) =m(r, f) + N(r, ).
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The function T'(r, f) plays a significant role in the growth of meromorphic func-
tions. Nevanlinna presented [34] a natural approach to determining the order of a

meromorphic function f as

p(f) = lim M_

r—oo  logr

It is noted that the order p(f) is defined by replacing log M (r, f) in (2.1)) by T'(r, f).

One of the most important results in Nevanlinna theory is the first main theorem

[13]. Nevanlinna derived this theorem from Jensen’s formula, namely

1 2 ; a; b,
log|f(0)|= —/ log|f(re")| do + ) log|r—| — ) log |T—J| (2.2)
0

2T
\ai|<7“ |bj‘<’r‘

where f is a meromorphic function such that f(0) # 0 or oo, and ay, as, ... ( by, be, ...)
denote its zeros (poles, respectively), each taken into account according to its multi-

plicity. With the above notation, Jensen’s formula ([2.2) becomes

log! F(0)}=m(r. f) —m(r. %) F NG - N (n %)

On applying this result to f(z) —a instead of f(z), we see that N(r, f) is unchanged

and m(r, f) differs by at most log*|a|+log2. Hence we have
m(r, a) + N(T, CL) = m(r, f) + N<T7 f) + 10g|f<0) - a|_€<a>7

where |¢(a)|< log™|al+log2, and f(a) # 0 or co. If r varies, then for every value a,

finite or infinite, the first main theorem can be written simply as follows.

Theorem 2.1.1 Let f be a meromorphic function and let a € C. Then

T(r,a) =m(r, f)+ N(r, f) + O(1). (2.3)
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From relation ([2.3)), it can be observed that T'(r, f) has almost the same sum of terms
m(r,a) and N(r,a) for any value a € @, except for a bounded term independent of
r. In loose terms, the first fundamental theorem implies that if a function f takes
on a certain point a relatively fewer times than the point b, then the values of f(z)

are ‘closer’ to the point a on a large part of the complex plane.

Let us now consider the following example where f(z) = e? to illustrate the above

point.
Example 2.1.1

For the function e*, we have

N

rcos 6df = z.

- T

1 I 4 —petf 1 o + —rcos@ 1
m(r,0) = o log™|e ™| df = o log" e df = —5-
N 0 N 0 T %

Furthermore, N(r,0) = 0 since the function e* never assumes the value 0. Likewise,
m(r, f) =r/m and N(r, f) = 0. On the other hand, if a # 0 or co and 2 is a root of
the equation e*® = qa, then it can be seen that all other roots are of the form zy+ 2k,
for all k& € Z. This means that the function e* attains the value a regularly. A more

delicate analysis will show that if a # 0 or co, then
m(r,a) = O(1), and N(r,a) = — + O(1).
™

In this instance, the first fundamental theorem says that the values of the function e*
are close to 0 or co on large part of the circle |z|= r while the values of the function

e® approach to the value a # 0 or oo on a very small arc of each large circle.

We now give some elementary properties for the functions m(r, f), N(r, f) and

T(r, f), which can be found in [13] and [24].
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Proposition 2.1.2 Let fi, fo,..., fn be meromorphic functions on C. Then

3
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T(r, f™) =mT(r, f), meN.

In Nevanlinna theory we often deal with quantities that grow slower than the
Nevanlinna characteristic of a meromorphic function f at the rate o(T(r, f)) as r
tends to infinity outside of a possible exceptional set E of real values satisfying

fE dt < 0o, i.e. E has finite linear measure.

Definition 2.1.1 Let f and g be meromorphic functions. Then it is said that ¢ is

small compared to f if
T(r,g) =o(T(r, f)), r— o0,
possibly outside of an exceptional set of r-values with finite measure, and we use the

notation

There is a significant property in Nevanlinna theory which is an estimate of the

proximity function of the logarithmic derivative, which we give below.
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Lemma 2.1.3 Let f be a meromorphic function and k > 1 be an integer. If f is of

infinite order of growth then

o (n ﬂ) =50, f) (2.4)

and if f is of finite order of growth, then

m(r, $> = O(log ). (2.5)

For k = 1, this lemma is called the lemma of the logarithmic derivative. Using this

lemma and the properties of m above, it is straightforward [24] to show that
m(r, fP) <m(r, f) + S(r, ). (2.6)

Furthermore, if a meromorphic function f has a pole of order s at a point 2y, say,

then the function f(k) has a pole of order s + k < (k + 1)s at 2, and hence

N(r, f®) < (k+1)N(r, f). (2.7)

The following result for the rational function R(z, f) is due to Valiron [46] and
generalised by Mohon’ko [31] which has many applications in the analytic theory of

differential and difference equations [11].

Theorem 2.1.4 Let f be a meromorphic function and R(z, f) be an irreducible ra-
tional function of f with meromorphic coefficients ay(z) such that T'(r,ay) = S(r, f),

for all X. Then

T(r, R(z, f)) = deg;(R(z, [))T(r, f) + S(r, f),
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where deg; the degree of R(z, f) as a rational function in f.

The second fundamental theorem is widely regarded as the most significant result
of the value distribution theory of meromorphic functions. In particular, it implies

Picard’s Theorem.

Theorem 2.1.5 (Second Main Theorem) Let f be a non-constant meromorphic func-

tion in |z|<r, and ay, ag, ...,a, € C be distinct points, where ¢ > 2. Then
q
m(’m .f) + Zm(r, ai) S QT(T, f) - Nl(/ra f) + S(T, f)a (28)
i=1
where Ni(r, f) = 2N(r, f) = N(r, f') + N(r, 1/ f").
The quantity Ni(r, f) is a non-negative quantity measuring the total number of a-

points of the function f in the disc of radius r and centred at the origin, where an

a-point of order n is counted n — 1 times.

Adding N(r, f) + >, N(r,a;) to both side of inequality (2.8) we obtain

> T(ra) < N0 )+ N<r, ; ! aé) FT(r ) = Na(r, f) + S(r, ).

Using the first fundamental Theorem we have T'(r,a;) = T(r, f) + O(1), and

hence the above equation becomes

(=T ) < NG 1)+ Y N(r, f%) SN 450, (29)

which gives another version of the second fundamental Theorem [2.1.5] It can be
noted that the expression (2.8)) of the second fundamental theorem shows that in

general the term m(r, a) is small compared with T'(r, f) and so N(r,a) comes close

to T'(r, f).

In summary, Nevanlinna’s first fundamental theorem implies that the equality
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is satisfied for each value a, so the sum m(r,a) + N(r,a) does not depend
heavily on the value a. On the other hand, the second fundamental theorem shows
that the contribution to this sum from each of the terms m(r,a) and N(r,a) may
depend explicity on the value a, and for the ‘majority’ of the values of a, the term

N(r,a) is dominant.

In order to determine the deviation from regular value distribution more precisely,

Nevanlinna defined the deficiency of the value a as

d(a) =d(a, f) = lim

It is clear that 0 < d(a) <1 forall a € C, and the value a is called a deficient value
of the function f if 6(a) > 0. The quantity d(a) is positive only if there are relatively

few a-points.

Nevanlinna also defined the ramification index

Bl ) = lim N(t,a) — N(t,a)
0(a> - 0( 7f) rl—>_oo T(T, f) )

where N(r,a) is the integrated counting function for the a-points of f(z), ignoring

multiplicities which is given as

N(r,a) = N(r, ﬂ+) _ /O ") =n0.9) 450 0 logr,

r

and every a-point in 7i(t,a) is counted only once independently of the multiplicity.
The point a € C is called a ramified value of the function f if the quantity 6(a) is

positive. Clearly, 6(a) > 0 if there are relatively many multiple roots at the point a.

From the second fundamental theorem, we have the following result of Nevanlinna

on deficient values |13]. For any meromorphic function f the set of the value a such
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that d(a, f) > 0 or O(a, f) > 0 is countable, and moreover

> _(8(a, f) +O(a, )) < 2.
aE@
The point a € C is a totally ramified value of f if all a-points of f have multiplicity
two or higher. Relation (2.9) implies that a non-constant meromorphic function f

admits at most four completely ramified values.

2.2 The Painlevé property

Singularities of a differential equation are of two kinds: fixed and movable. The
term ‘fixed’ refers to the independence of their location on the differential equation’s
initial conditions, while a singularity of a solution to a differential equation is mov-
able if its position depends on the initial conditions. Extensive discussions on these
kind of singularities can be found in [1], [2] and |17]. To provide a more precise
mathematically rigorous definition involves the introduction of a lot of mathematical
machinery that is not needed for the examples that we consider but can be found
in [20] and [32]. Essentially, fixed singularities are singularities of a solution that

occur at a point where the equation is in some sense singular.

The first-order nonlinear differential equation

dw 1,
— = ——W
dz z

(2.10)
has a singular point at z = 0. The general solution to ([2.10]),

!
- log(z/c)’

w

has both fixed and movable singularities. z = 0 is a fixed logarithmic branch point
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and z = ¢ is a movable pole since its position depends on ¢, where c is a constant of

integration, which depends on the initial condition.

The second-order nonlinear differential equation
ww' —w'+1=0 (2.11)

has general solution

w=(z—a)log(z —a) + bz — a),
which has a logarithmic branch point at z = a; the location of this point varies with
the initial conditions, so it is a movable singularity.
The work in this thesis is motivated by the following property.

Definition 2.2.1 A differential equation is said to possess the (strong) Painlevé

property if all movable singularities of all solutions are poles.

This is slightly stronger than the now more standard definition which only requires
that all solutions are single-valued around all movable singularities. The stronger

definition does not permit movable essential singularities.

The Painlevé test is one of two procedures which are widely used to determine
whether a differential equation possesses the Painlevé property based on the singu-
larity structure of the general solutions of the equation. A more detailed explanation

can be found in [1], [2] and [22].

Consider the second order differential equation

d*w dw
= F (w, E’Z) , (2.12)

where F' is rational in w and dw/dz and its coefficients are locally analytic. Painlevé

and his coworkers identified equations of the form (2.12) possessing the Painlevé
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property. They found that each such equation could be transformed to one of fifty
canonical forms [18]. There are six equations known as Painlevé equations. The first

two are

Py =6y + 2, (2.13)

Py =20+ 2y +7, (2.14)

where v is a constant. The remaining forty-four equations can be either solved in
terms of previously known functions or solutions of second-order linear equations or

reducible to one of the six Painlevé equations.

The Painlevé test is a method that provides necessary conditions for the Painlevé
property to hold. However, it is well known that this does not imply that the equation
possesses the Painlevé property. Here we present an illustrative example to describe

this technique.

Example 2.2.1

Consider the differential equation

y' = 6y* + f(2), (2.15)

where f(z) is an analytic function.

Since the right hand side of will be well behaved, analytic, at the initial con-
dition when y and 3/ are finite, then Cauchy’s theorem guarantees the existence of a
unique solution of , i.e. analytic in a neighbourhood of the initial point. Hence
checking the existence of local series expansions will only provide information regard-
ing expansions about the pole. Therefore, we look for a Laurent series expansion of

a solution of equation (2.15)) about a movable singularity zo:

y(2) = ao(z — 20)? + O((z — 2)"™), (2.16)
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where ag # 0 and p < 0. Substituting (2.16)) into (2.15]), we have
p(p— Daog(z — 20)P 2+ O((z — 20)P 1) = 6a2(z — 20)* + O((z — z)**h).  (2.17)

Equation (2.17)) is balanced if p = —2 and hence ag = 1, for which the series expansion

of the solution is necessarily of the form

y(z) = Zak(z —2)"2% g =1 (2.18)

Substituting equation (2.18) in the differential equation (2.15) and equating the

coefficients shows that a; = as = a3 = 0, and the recurrence relation is

k-1
(k+1)(k—6)ar =6 Z A Q—m +

m=1

1
(k — 4)!

FED (). (2.19)

If £ = 6 in the above equation, then the right side of this equation must vanish, which
is a nontrivial constraint on f. This implies that ag is an arbitrary coefficient. The
index of the free coefficient, ag, is called a resonance. Thus k£ = 6 is the resonance.
Therefore, from equation (2.19), we have f”(z) = 0. Since z is arbitrary, we get
the resonance condition f” = 0. Hence the function f must be linear and equation

(2.15) has the form
y" = 6y> + az + b, (2.20)

where a and b are constants. The general solution of equation (2.20) can be written
in terms of the Weierstrass elliptic function or its degenerations, provided a = 0.
Otherwise, a rescaling of y and z along with a translation in z shows that the general

solution of equation ([2.20)) is given in terms of solutions of the first Painlevé equation

@.13).

The Painlevé test provides very strong constraints on an equation. In practice
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these are often enough to reduce the equation to one of Painlevé type. However, as
in the previous example, if the equation cannot be solved explicitly it then requires
another argument to show that it does indeed have the Painlevé property. The
Painlevé test is based on the fact that if the resonance condition is not satisfied then
the Laurent series expansion can be modified to include logarithmic terms and one
has found a solution with a movable branch point. Initially, the resonance condition
holds at just one point, 2y, but then one argues, as above, that in order to avoid a

movable branch point in any solution, the resonance condition must hold for all zj.

In this thesis, we will be looking for special solutions with movable poles. In this
case we cannot use the fact that there may be other solutions with movable branch
points in order to discard an equation. Instead we argue that a given, sufficiently
nontrivial (e.g. admissible meromorphic) solution must have sufficiently many mov-
able singularities that the resonance condition must hold everywhere. In the example
above, it would be sufficient if we restrict f to be a rational function and if we know
that y has an infinite number of poles. It is in concluding the latter statement that

Nevanlinna theory proves to be a very power tool.



Chapter 3

Application of Nevanlinna theory

to differential equations

We present a brief survey of some applications of Nevanlinna theory to differential
equations in section 3.1} Then we introduce a certain class of non-linear second-order
ordinary differential equations in section [3.2] Initially, we shall find all complicated
meromorphic solutions of this class by considering the singularity structure with the
aid of Nevanlinna theory. We show all solutions can be found in terms of classical
special functions such as elliptic functions and two remaining cases are transformed
to the first and second Painlevé equations. The results of section will appear

in [3].

3.1 Nevanlinna theory and differential equa-
tions

A considerable amount of literature has described the properties of solutions

of complex differential equations using Nevanlinna theory. On the other hand, a

27
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limited amount of literature has been concerned with the existence of solutions of a
differential equation with the aid of Nevanlinna theory. This theory provides many
of the concepts to deal with meromorphic functions. We proceed by presenting an
overview of some applications of Nevanlinna theory to meromorphic solutions of

differential equations.

The first important application was made by Yosida [52]. In 1933, he [52] gave an
alternative proof of Malmquist’s theorem via Nevanlinna theory. Indeed, Malmquist’s
theorem was published in 1913 [30] and is presented here (Theorem [3.1.1)) for com-

pleteness.

Theorem 3.1.1 Let R(z,y) be a rational function in y with coefficients a(z) which

are rational functions in z. If the equation

y' = R(z,y) (3.1)

admits a non-rational meromorphic solution y(z), then equation has the form

Y = co(2) +aa(2)y + ea(2)y’ (3:2)

with rational coefficients.

If ¢ = 0 equation (3.2)) is a linear equation. If ¢y # 0 the general solution can be
given in terms of the general solution of a second order linear equation. We will refer
to equations of the form as Riccati equations, even when ¢, = 0.

Proof. Let R(z,y) be an irreducible rational function, then equation , can be

written as

y' = R(z,y) =

(3.3)

where P(z,y) and Q(z,y) are polynomials in y with rational coefficients. Then by
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Theorem [2.1.4] we have
T(r,y') = deg,(R(z,y)T(r,y) + S(r,y). (3.4)

Applying the lemma of logarithmic derivative (2.4)) and using inequality (2.7]), we

obtain

T(r,y) = N(r,y') +m(r,y)

< N(r,y) +m(r,y) +m(r, %)

< N(r,y) +m(r,y) + S(r,y)
<2N(r,y) +m(r,y) + S(r,y)

< 2T(r,y) + S(r,y)- (3.5)
Therefore by combining (3.4) and (3.5)), we have
deg, (R(z,y)) < 2.

Hence both of the polynomials P(z,y) and Q(z,y) have degree less than or equal to

two. Therefore, these polynomials can be written as
P(z,y) = ao(2) + ar(2)y(2) + a2(2)y*(2),

Q(z,y) = bo(2) + bi(2)y(2) + ba2(2)y* (2).

Without loss of generality, we assume that ag(z) # 0. Now the function y = 1/y is

a solution of the equation

~

PPt @it ee) Bl
bo(2) +0i(2)g +ba(2) Q=)
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where P(z,7) = —i° <a0(2)@7+a1(z)§+a2(z)> = —y'P(2,3), and Q(z,7) = bo(2)72+
b1(2)¥ + ba(2) = 5?Q(2, 7). Using the first fundamental theorem in equation (2.3),
we have T'(r,a;) = T'(r,b;) = S(r,y). Likewise, equation has the same general
form as equation , and so degg(ﬁ(z,@) < 2. Since degg(ﬁ(z,@) = 4 and
degg(@(z,@) = 2, then CNQ must divide P. Since P and @ are co-prime, it follows
that P(z,7) = —§*P(2,1/7) and Q(z,7) = 7*Q(z,1/7) are also co-prime. Therefore

Q(z,y) must divide 3%, which is only possible if b; = by = 0. O

Malmquist’s theorem has been extended to the case of rational functions R(z,y)
with meromorphic coefficients, and several forms of non-linear algebraic differential
equations of the first order (see |17,[24, and references therein|, and [6]). Steinmetz

[42] identified, in his thesis, all birational cases of

(¥)" = R(zy) (3.7)

that admit transcendental meromorphic solutions. A number of papers due to Laine
[23], Rieth [36] and Yuzan and Laine [16] were published, which generalised the case

(3.7) to meromorphic coefficients (see also Laine [24]).

Theorem 3.1.2 24/ (Malmquist-Yosida) Let R(z,y) be a rational function in y
with coefficients ay(z) which are meromorphic functions in z. If the equation
admits a transcendental meromorphic solution y(z) such that T(r,ay) = S(r,y) for

all X, then R(z,y) reduces to a polynomial in y of degree at most 2n.

On the other hand, many systematic studies used Nevanlinna theory to reduce
second order algebraic differential equations which have a class of transcendental
meromorphic solutions to standard forms of differential equations. Actually Laine

[24, p. 251] conjectured that if there exists a transcendental meromorphic solution
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for a differential equation

y' = R(z,y,vy), (3.8)

where R is rational in z, y and y' then (3.8)) has the form

y' = L(z,y) )+ M(z,y) ¥ + N(z,y), (3.9)

where L, M, and N are birational functions.

Several studies have determined necessary conditions for some classes of equa-
tions of the form to admit transcendental meromorphic solutions (see |24, and
references therein|, |1928,29,43]). For example, Steinmetz [43| considered the equa-
tion

y' = M(z,y) v + N(z,y), (3.10)

where M, and N are polynomials in y with rational coefficients. He showed that if

y is a transcendental meromorphic solution of (3.10f), then

1. either y satisfies a Riccati differential equation with rational coefficients or,

2. deg,(M(z,y)) <1, and deg,(N(z,y)) < 3.
In the second case, equation (|3.10)) reduces to

7

y" = po(2) + p1(2)y + p2(2)y° + p3(2)y° + @ (2)y + au(2)y v/,

with rational coefficients. Steinmetz also [44] considered all second-order differential

equations

y'=L(zy) ()" (3.11)

where L is rational in all its arguments. If y is a transcendental meromorphic solution

of equation (3.11)), then either y satisfies a Riccati differential equation with rational
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coefficients, or a differential equation of the form (y')" = R(y) where R is rational

and m € {2, 3, 4, 6}.

In fact, Laine’s expectation was proved if the transcendental meromorphic solu-

tions of (3.9) have infinite order, by Liao et al. [29)].

Theorem 3.1.3 If the algebraic differential equation (@ admits a meromorphic
solution y of infinite order, then y satisfies a second order algebraic differential equa-

tion of the form , where L, M, and N are rational coefficients.

However, this expectation is not true if the meromorphic solution has a finite order,

for example, y = 1/(z — z) is a solution of the equation

v+ 2y = (v + )%

Another direction is taken by many studies on Nevanlinna theory that have fo-
cused on whether the solutions of particular non-linear differential equations have
finite or infinite order (see |24] and references therein). On the other hand, few
attempts have been made to find explicit meromorphic solutions of a differential

equation (see e.g. [5,/12]).

Hayman [15] considered the differential equation

FI =2 = ko + kof + kof + K f” (3.12)

and conjectured that all entire solutions of (3.12]) have a finite order where the k;
are rational functions. Chiang and Halburd [5] considered the constant coefficients

case and used the transformation f = w + k3 with (3.12]) which gives

ww” —w” = aw + fu’ + 7, (3.13)
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where o = k1, § = ko, and v = ko + k1k3 are constants. Chiang and Halburd found
all meromorphic solutions of equation (3.13]) and showed that they are either poly-
nomials or linear combinations of exponential functions and constants. Moreover,
they proved that Hayman’s conjecture is indeed correct in the constant coefficients

case.

An interesting method was used by Halburd and Wang [12] to find all admissible
meromorphic solutions, via Nevanlinna theory, of the Hayman’s differential equation
(3.13), where o, [, and v are meromorphic functions. Intuitively, a meromorphic
solution is admissible [12] if it is more complicated than the coefficients that appear
in the equation. In particular, if the coefficients are constants, then any non-constant
meromorphic solution is admissible. If the coefficients are rational functions, then
any transcendental (i.e. non-rational) meromorphic solution is admissible. More

precisely, w is an admissible meromorphic solution of (3.13]) if it satisfies

T(r,a)+T(r,B)+T(r,y) = S(r,w).

Halburd and Wang used local series analysis with Nevanlinna tools to obtain all ad-
missible meromorphic solutions of , regardless of whether the general solution
is meromorphic. In summary, a series expansion of the solution w of the equation
(3.13)) is considered on a region €2 which does not contain the zeros and poles of the
coefficients «, 3, and . Next, they use the first two terms of the series expansion
to construct a meromorphic function, f, in terms of w, w’, the coefficients and their
derivatives that is analytic on Q and satisfies T'(r, f) = S(r,w). Then differentiating
f and using equation to eliminate the derivative w”, the function f is calcu-
lated. In this way, w is shown to be an admissible solution of a first order differential
equation. This method will be used and discussed in more detail for a certain class

of differential equations in the next section.
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3.2 Admissible meromorphic solutions of
a differential equation in the complex
plane

The main purpose of this section is to find or at least identify all admissible

meromorphic solutions of the differential equation

N
w” — Z N w? = a(z), (3.14)

w— a;
j=1 J

where the constants x; are non-zero, the constants a; are distinct and « is a non-zero

meromorphic function satisfying
T(r,a) = S(r,w). (3.15)

The method to derive all these solutions of equation is two-fold. We first use an
approach based on the first few terms of the series expansion of the solution combined
with Nevanlinna theory to construct a small function (in sense of Nevanlinna) in
terms of w and w’ with small coefficients. In so doing, we show that the solution w is
an admissible meromorphic solution of a first-order polynomial differential equation.
This approach was used by Halburd and Wang in [12] in their work on equation
, however the situation is more complicated in our case. The only movable
singularities of are zeros of w. However, equation is singular when
w=a; fori =1,..., N and may also have movable poles. Ultimately we show that
each such solution can be expressed in terms of an admissible solution of either a

Riccati equation or an equation of the form

(u')? = P(u), (3.16)
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possibly after a change of independent variable, where P is a polynomial of degree
at most four with constant coefficients. If P has degree zero or one then u is a
polynomial. If P has degree two then w is an exponential or trigonometric function.
If P has degree three or four then w is an elliptic function or one of their degenerations
(trigonometric, exponential or rational). We do not explicitly write down the forms
of u in our theorems as there are many subclasses depending on the structure of P

but it is elementary to do so in any given case.

The second step is to use resonance conditions (as in Painlevé analysis) for the
remaining cases of to identify admissible meromorphic solutions by obtaining
necessary conditions on the coefficient a. We subsequently show that these remaining
cases can be transformed to either the first or the second Painlevé equations, however
the question of whether these solutions are ultimately admissible meromorphic is left
open. The Painlevé transcendents (the solutions of the Painlevé equations) are now
generally considered to be “special functions” (indeed they appear in the Digital
Library of Mathematical Functions) and it is with this in mind that we claim to

have found a list containing all admissible meromorphic solutions.

The case a = 0 in ([3.14) is a special case of the equation (3.11)), where L(z,w) =

Z;.V:l k;/(w — a;), which was studied by Steinmetz [44].

The main result of this section is the following.

Theorem 3.2.1 Let w(z) be a meromorphic solution of , where SN Ky # 2
for N > 1 and the meromorphic coefficient o satisfies . Then k; # 1/2 for all
i={1,...,N} and one of the following statements is true. In the following, oy # 0

and d; are constants.

(i) N=1, a =a«ap and
20&0
2/€1 —1

(w')? +

(w—ay) =0. (3.17)
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(ii)) N=1, ki =1, a =ag and
(w')? = dy(w — a1)? — 2ap(w — ay). (3.18)
(iii) N =1, k1 =5/4, a = ay and w = a; — dy /u?, where u satisfies
n2_ @ 4
(u') 3d1u 1Y
(iv) N =1, k; =3/4, a = oy and w = a; + u?, where u satisfies
(u)? = dyu — ay.
(v) N =1, k1 =3/2 and
1120 — 192a0%0" + 3600 + 5402a/a® — 90’ = 0. (3.19)
(vi) N=1, k1 =2 and
d 2 d 3 4 ai\n 37 nIN\2
{6 (208'8")" - 8°8") | = 0. (3.20)
where o = 6/3°.
(vii) N =2, k1 + ke =1, a = ap and
(w)? + 20w —a)w =az) (3.21)

(1 —2k1)(as — ay)

(viii) N =2, k1 = kg = 3/4, a = o and either
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1- w s a solution of
= ———(w —a1)(w —a2) (2w — (a1 + az)),

or

2- w = (a3 — a1u?®) /(1 — v?) and u is a solution of

2a
4’&/2:(&2—&1) (1—u2) dl U—i‘m(l—i—uQ)],

where dy # 0.
(ixr) N =2, k1 + ko =3/2, a = ap and

2&0 ( )
w—ay) — <
2k — 1 Y (26 — 1)y

(w')*+

where ay = as — ay.

(r) N =2, 5 =T/4, ke = —1/4, a = ap and w = ay — dy /u*, where d; # 0 and u

is a solution of

. 4&0 4 40(0 u2 _ dlu _ 8d10&0

4 N2 _ v v -
W) =50, * Blay —a) 15(as — a1)?

(ri) N =3, k1+ Ko+ ks =3/2, (2ke —1)(ag —a1) + (263 — 1)(az —a1) =0, a = oy

and
(W) + 20 w — a1)(w — as)(w — ag) = 0
(26 — 1)(az — a1)(az — aq)
(zii) w—a; = —d1/(62—u?) where 6; # 0 and 65 are meromorphic functions satisfying

T(r,0p) = S(r,w) for k = 1,2 and u is an admissible solution of a Riccati

equation.
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The case k = 1 was solved as a special case of the equation considered by Halburd
and Wang in [12]. Before we present the proof of main result, we put forth required

definitions and lemmas for completeness.

Let @ be the set of all zeros and poles of the function o and 2 = C \®. Any

singularity of w in ® will be fixed and any singularity of w in €2 will be movable.

The counting functions which count the poles of any meromorphic function f in
the set ® are denoted by Ng(r, f) and Ng(r, f), with and without multiplicities, re-
spectively. In particular, if w is analytic on Q2 then N(r, w) = Ng(r, w). Furthermore,
for any meromorphic function f, Ng(r, f) < Ng(r,a) + Ng(r,1/a) = S(r,w). Also,
if v is a rational function, then ® is a finite set, and hence Ng(r,w) = S(r,w). We

denote by Nq(r, f) the counting function of the poles of f in Q with multiplicities.

Equation (3.14)) is singular when w = a; for some ¢ € {1,...,N} or w = oc.
Suppose that w(zy) = a; for some zy € ©Q and some ¢ € {1,..., N}. Then w has a

Taylor series expansion of the form
w(z) = a; + Z cmCm T, (3.22)
m=0

where ( = z — zp, ¢ is a positive integer and ¢y # 0. Substituting (3.22) in (3.14)

gives

q([1 = kilg = DealT™ 2 + -+ = afz0) + - - (3.23)

If [1—k;]g—1 = 0 then the leading order term on the left side of is proportional
to (972t where v is a positive integer. This must balance the leading order term
a(zp) (which is non-zero since zo € ) on the right side, giving ¢ = 2 — v. Since
q and v are both positive integers we must have ¢ = 1. However, this contradicts
the assumption [1 — k;]g — 1 = 0 since k; # 0. Therefore [1 — k;]g — 1 # 0 and the
leading order term on the left side is proportional to (¢~2. Equating this term with

a(zp) gives ¢ = 2, k; # 1/2 and ¢y = a(z)/[2(1 — 2k;)]. So all a;-points of w in 2
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are double.

So around any a;-point zy € §2, we have

It follows that

w = 2coC + -+ (m+ 2™ -

and hence
w? = 43¢ 4 -+ [A(m 4 2)cocm + pm(cos - - s Cm1)]C™ TR+
where p,, is a polynomial in its arguments. Also

el el (14 Cmemz, )7
(w—a;)" =cg ¢ (1+—=C+-+—=C""+...
Co Co
Cm m—
:CEIC_2<1+"'+[—C—WLCIm(CO;-‘-?Cm—l)}C 2+...>
0

= g e €Oy e )IC T A

where ¢, and r, are polynomials in their arguments divided by a power of c¢.

Therefore

2
w'

W — a; =dco+ -+ [Am 4 1)em + gm(co, - oy cm-1)]¢C" + -,

and similarly for j # i

2
w’ Aeg?

== C2+"'+hm<CD>-"7cm—1)<m+”'7
w—a; (a;— a;)

where g, and h,, are polynomials in their arguments divided by a power of ¢5. We
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also have the Taylor series

Substituting these expressions in equation (3.14]) and equating the coefficients of (™
gives

™ ()

m)!

)

(mA+1)(m+2)cn = KilA(m+1)em+gm(Co, -, Cm1)]+ Y Kilm(Co, ., Cmor)+
J#i

which can be rearranged to give the recurrence relation

o™ ()

(m+1)(m+2—4k)cm = Gl(co, ...y Cme1) + p

where G,,, = Kigm + Z#i Kjhp. In particular, for m = 1 we have
2(3 — 4k;)er = o'(20).

Therefore, if k; = 3/4 then o/(29) = 0. Otherwise if k; # 3/4 then ¢; = a/(2)/(2(3 —
4k;)). More generally, if for some positive integer M, k; # (m +2)/4 for all m €

{0, ..., M}, then the coefficients cy, . . ., ¢y are uniquely determined. If k; = (m + 2)/4

alm) (20)

—= = 0 must be satisfied.

then the resonance condition G,,(co, ..., Cmn_1) +

We have proved the following two lemmas.

Lemma 3.2.2 Let w be a solution of equation analytic in a neighbourhood of

2o € Q such that w(zy) = a; for somei € {1,...,N}. Then

1. ki #£1/2.

2. If k; = 3/4 then o/ (z) = 0.
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Lemma 3.2.3 Let M > 0 and N > 0 be integers and suppose that for some i €

{1,...,N}, K; # mTJ’Z for allm € {0,...,M}. Then there are unique functions

where each C, is a polynomial in its arguments divided by a power of a(z), such
that if w is a solution of equation analytic in a neighbourhood of zy € ) where

w(zo) = a; then
w(z) = a; + co(20) (2 — 20)2 + -+ enm(20)(2 — ZO)M+2 + 0 ((z — zO)M+3) . (3.24)

In particular,

co(2) = % and if K; #3/4 then «¢(z)= %. (3.25)

The main idea behind the proof of Theorem [3.2.1] is to show that, in all but a
small number of cases, we can use the first few terms in the series expansions around
singularities to prove that w necessarily satisfies a first-order equation. In this way
we avoid the explicit consideration of cases in which the resonances occur for large
positive integers. Resonance conditions are used to characterise solutions of the few

remaining equations.

We begin with a lemma that guarantees that there are a lot of a;-points in €.

Lemma 3.2.4 Let w be a meromorphic solution of equation satisfying T'(r, o) =

S(r,w). Then

1. m(r,(w—a;)"") = S(r,w) forall j €{1,...,N}.

2. No(r,(w—a;)™) = S(r,w) forallj € {1,...,N}.
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3. kj #1/2 forallj e {1,...,N}.
Proof.

1. Choose i € {1,...,N}. Equation (3.14) can be written as

1 1 w o\’ v\ s K w?
= — ! . 3.26
w—a; oz) (w—ai>+(w—ai> Z;w—ajw—ai (3:26)

j=

Taking the proximity function of both sides and then employing relations (2.6)),
(3.15) and using elementary properties as well as the lemma on the logarithmic

derivative yields

w — a; — w—ajw—ai
7=1
w/ N w/ /
§3m<r, )—1—2{771(7", >+m(r, >}+S(r,w)
w — a; = w— a; w — a;

2. Taking the counting function of both sides of (3.26) and using elementary
properties with relations (2.7)), (3.15) we get
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<4+ N){Nq,(r,w —a;) +Nq><7"7

=)

)} + S(r,w)

a;

N
+ Z {Nq)(r,w — Clj) -+ Ncp <T‘,
j=1

< 2(54+ N){Ng(r,a) + No(r,1/a)} + S(r,w)
<45+ N)T(r,a) + S(r,w)

= S(r,w).

3. It follows that N(r,(w — a;)™') # Ne(r, (w — a;)~1), since otherwise

1 1 1
T(T, ) :m(r, ) —|—N<r, )
w — a; w — a; w — a;

1 1
o) ol
w — ay w — ay

J

= S('r7 w)7 (327)

which is impossible, so there exists zy € €2 such that w(zy) = a;. It follows

from Lemma that x; # 1/2. O

The main idea in showing that, in most cases, w is an admissible solution of a

first-order polynomial differential equation is to find a rational function of w and w’
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with small coefficients (in the sense of Nevanlinna) that is itself small. To this end
we begin by constructing a meromorphic function F; satisfying m(r, F;) = S(r,w)
that is analytic in 2 apart from at poles of w. For any i € {1,..., N}, we know that
m(r,w'/(w—a;)) = S(r,w) and m(r,1/(w —a;)) = S(r,w). Furthermore apart
from at poles of w, the functions w'/(w — @;) and 1/(w — a;) only have poles at
2o € Q if w(zy) = a;, in which case w'/(w — a;) has a simple pole and 1/(w — a;)
has a double pole. From Lemma we have seen that x; # 1/2. If furthermore

ki # 3/4 then we have

w(z) — a; = co(20)* + e1(20)¢* + O (¢Y)

where ¢y and ¢; are given by (3.25)). This means that we can calculate the principal
parts of the Laurent expansions of 1/(w — a) and (w’)*/(w — a)?, so we can find a
linear combination such that the double poles cancel, leaving at most a simple pole

of known residue, which we can remove by subtracting a multiple of w'/(w —a;). We

have
! 1y alz)
w(z) —a; CO(ZO)< 00(20)2C +0)
_201-2) ., 201-2m)° &'(=)
~ a(2) ¢ 3 — 4k, a(zo)2< +0(),
w'(2) 1, alz)
w(z) —a; 207+ co(zo) +0(¢)
o1, 1= 2k0(20)
=% 3 —4r; a(z) 0(¢)
and
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Hence

(w’(z) )2 () 1 _ 4 Gy g

wz)—a;)  1—2mw(z)—a;  3—4r; a(z)
Which leads us to the following.

Lemma 3.2.5 Let

w' 2 2 o U 20y 1
Fi(2) := — — , 3.28
(2) (w—ai) +3—4/~£iaw—ai 1— 2K, w—a; ( )

where w is a meromorphic solution of equation satisfying T(r,a) = S(r,w)

and k; # 3/4 for somei € {1,...,N}. Then

1. m(r, F;) = S(r,w).

2. If F; has a pole at some zy € €2 then it is a double pole and w also has a pole

at 2.

3. No(r, F;) = S(r,w).
Proof.

1. Taking the proximity function of (3.28)) and using relation (3.15)) with Lemmas

[2.1.3and [3.2.4] , we obtain

m(r, F;) = 3m (r, w%/ai) +m (r, ” i m) +m <r%> +m(r,a)+0(1)
= S(r,w).

2. It follows from the definition (3.28) that F; can only have a pole at zy € 2

if zy is either a pole or an a;-point of w. However, the calculation before the
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statement of the lemma shows that, by construction, F; is regular at the a;-
points of w in €. Furthermore, if w has a pole at zy €  then w'/(w — a;) has

a simple pole and 1/(w — a;) has a zero at z.

3. Taking the counting function of both sides of (3.28)) we obtain

w’ o 1
No(r, F;) < 3Ng |, + No(7r,— ) + No (r,a) + Ng | 1,
o w — a;

w — a;

w/

< 3Ny (r, ) + S(r,w)

w — a;

S?){Nq)(r,w—aj)%—Nq)(r, )}+S(r,w)

w — a;
where we have used (3.15)) and Lemma [3.2.4] Hence
No(r. 1) < 6{Na(r,a) + No(r,1/a) } + S(r,w)

< 12T (r, ) + S(r,w)

= S(r,w).

The proof of Lemma [3.2.5| is completed. O

Lemma 3.2.6 Letw be a solution of equation with a pole of ordern at zy € ).

Then

Proof. Substituting w(z) = >~ b, ™, where ( = z — 2, by # 0 and n > 0, in
(3.14]) gives

n(1+[1 — koo]n)bol ™" oo = ag(20) + - - -

Now ¢~("*2) cannot be the leading order term on the left side as it cannot balance

with the leading order on the right side, so 1 + [1 — koo|n = 0. O



Chapter 3.  Application of Nevanlinna theory to differential equations 47

In what follow we will show that if there is a small function g compared to the
solution of equation (3.14) (in the sense of Nevanlinna) and it is equal to zero at

a;-points, then the function g vanishes identically.

Lemma 3.2.7 Let w be a meromorphic solution of equation satisfying T'(r, o) =
S(r,w). Then if there is a meromorphic function g such that T(r,g) = S(r,w) and

that at every point zy € Q such that w(zy) = a;, we have g(z9) = 0, then g(z) = 0.

Proof. Assume that there is a non-zero meromorphic function g such that T'(r,g) =
S(r,w) and that at every point 2z, € 2 such that w(zy) = a;, we have g(zy) = 0.

Applying the first fundamental theorem ([2.3) and Lemma (1) and (2), we obtain

S
=
E

~

/N
=
—_
SN—

+
S
=

g
|
&

—_

|
3
=

/N
g
|
£
N—— —

g
|
&

Il
=

=

Il
5

=
N—
+
5
/N
=

Il
5

/N N
g
|
£

=
~—
+
nn
=
£

I
b
=
2
—~
=
g
|
8
—
+
nn
=
&

=3
QI Q|+~
~—
+
=
3
E

which is a contradiction. Therefore, g(z) = 0. O

In the following lemma, we use the function F; defined by (3.28]) to construct
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small meromorphic functions of z that are rational functions of w and w’ with small
coefficients. We can calculate the small coefficient functions explicitly from the series
expansion of w at a;-points however this is not necessary as we only require
the general forms of the equations at this stage. It is sufficient to keep track of
the restrictions on x; to ensure that we have enough terms in the series expansion
that are uniquely determined by the evaluation at z; of some functions of

c1(2),...,cn(2), a(z) and their derivatives.

Lemma 3.2.8 Letw be a meromorphic solution of equation satisfying T'(r, o) =

S(r,w) and let F; be given by equation (3.28).

(i) If Ko # (n+ 1)/n, for all positive integer n and k; # 3/4 for some i €
{1,...,N}, or if ko = (n+1)/n for some integer n > 5 and k; ¢ {3/4,1} for

some i € {1,...,N}, then T(r, ;) = S(r,w).

(ii) If koo = 5/4 and r; & {3/4,1} for some i € {1,..., N} then there exist mero-
morphic functions By and By satisfying T(r, ) = S(r,w) for k = 1,2, such
that

(Fi(2) = B1(2))” = Bal2) (w(2) — ai). (3.29)

(111) If Koo = 4/3 0T Koo = 3/2 and furthermore k; & {3/4,1,5/4,3/2} for some i €
{1,..., N} then either there exist meromorphic functions 51 and [y satisfying

T(r,Bx) = S(r,w) for k =1,2, such that

Fi(2) = Bi(z) = Ba(2)(w(z) — ai) (3.30)

or there exist meromorphic functions i, ...,vs satisfying T(r,v) = S(r,w)

fork=1,....4, with v3 # 0, such that

(E(z) - 7;(‘2)): 7 (2) (Fi(z) - 71(2)) n w%s(z)w +(z) = 0. (3.31)

w(z) — a;
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Proof.

(i) If koo # (n 4 1)/n for all positive integer n then it follows from Lemma [3.2.6]
that w is analytic on € and therefore by Lemma |[3.2.5, F; is analytic on (2, so

Nq(r, F;) = 0. Therefore, from Lemma [3.2.5

T(r, F;) = m(r, F;) + No(r, F;) + Na(r, F})

= S(r,w).

Now suppose that x; ¢ {3/4,1} for some i € {1,...,N}. Then from Lemma
there are functions ¢y, ¢; and ¢o such T'(r, ¢;) = S(r,w), j =0,1,2, ¢g Z 0

and that at every point zg €  such that w(z9) = a;, we have

w(z) = a; + co(20)¢* + e1(20)¢* + ea(20)¢* + O (¢°)

where ( = z — 2p. We saw in the calculation preceding Lemma that
knowledge of ¢y and ¢; alone was enough to show that Fj(z) = O(() as z —
2o (i.e. as ¢ — 0). Therefore, since we know w to the next order in its
series expansion, we see that there is a meromorphic function f;(z) that is a
polynomial in ¢y, ¢; and ¢y divided by a power of ¢y, which in turn means
that f;1(z) is a polynomial in «, o' and «” divided by a power of a, such that
Fi(z) = B1(20) + O(C) at all a;-points of w in 2. It follows that (;(z) is analytic
on Q and T(r,51) = S(r,w). If ke = (n + 1)/n for some integer n > 5 then

if F; has a pole at zy € Q) then by Lemmas [3.2.5| and [3.2.6 it must be of order

2 and w must have a pole of order n at zy, respectively. Now consider the

function

(Fi(2) = ()"

(w — a;)?

9i1(2) =

From Lemmas and [3.2.5] we see that m(r, g1) = S(r,w) and Ng(r,g1) =
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(i)

S(r,w). The only possible ways in which ¢; can have a pole at z; € Q is if either
w(29) = a; or w has a pole (of order n) at 2. If w(z) = a; then (F;(2)—f1(2))°
has a zero of order at least five while (w(z) — a;)? has a zero of order exactly
four. Therefore g1(zy) = 0 at all a;-points of w. If w has a pole at zy € €, then
F; has a pole of order exactly two at zp, so (Fj(z) — 31(z))° has a pole of order
10, on the other hand, (w(z) — a;)? will have a pole of order 2n > 10 at zg, so
g1 will be analytic there. Therefore Nqo(r,g1) = 0 and so T'(r,g1) = S(r,w).
However, g; vanishes at all the a;-points of w in €2, so by Lemma g1 =0,

giving F;(z) = f1(2), which in turn shows that T'(r, F;) = T'(r, p1) = S(r,w).

Suppose that k. = 5/4, k; € {3/4,1} for some i € {1,..., N} and let 5; be

defined as above. Consider the function

(Fi(2) = Bu(2))”

92(2) = w—a

Clearly m(r, g2) = S(r,w) and Ng(r,go) = S(r,w). The only possible poles of
g2 in € must occur at either a;-points or poles of w. However, if z5 € €2 is an
a;-point of w then w — a; has a double zero and (Fj(z) — B1(2))? has a zero
of multiplicity at least two at zg, so zy is a regular point of g;. On the other
hand, if zy €  is a pole of w then from Lemma [3.2.6] it is a pole of order 4
(since koo = (n + 1)/n, where n = 4). Therefore w — a; and (Fj(z) — f1(2))?
both have poles of order 4. It follows go is analytic on 2, so T'(r, g2) = S(r, w).

Writing Sy = g gives the desired result.

Since x; & {3/4,1,5/4,3/2} for some i € {1,..., N}, we know two more func-

tions c3(z) and ¢4(z) such that near any a;-point zy € Q of w, we have

w(z) = a; + co(20)C* + 1(20)C° + c2(20)¢* + ¢3(20)¢° + €a(20)¢° 4+ O (¢7) .
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The fact that c3 is a fixed function satisfying T'(r,c3) = S(r,w) means that
there is a meromorphic function gs, which is a polynomial in «, o/, o’ and o

divided by a power of «, such that
Fi(2) = B1(2) = g3(20)(z — 20) + O ((z — 20)?) .

Again we have that g3 is analytic on Q and T'(r, g3) = S(r, w).

Let

ga(z) = Fi(z) — /31(2).

w — a;

Now if g3 = 0 then at any a;-point of w in 2, the function F;(z) — f1(z) has a
zero of multiplicity at least two and w — a; has a zero of multiplicity exactly
two, so g4 is analytic there. If ko, = 4/3 or Ko = 3/2 then any pole of w in 2
has order three or two respectively, while F; has a double pole. Therefore we

see that g4 is analytic on Q and so T'(r,g4) = S(r,w). Setting [y = g4 gives
equation ((3.30)).
Now suppose that g3 # 0. It follows that

Fi(z) — Bi(2)

w — a;

— 95(20) (z—20)"" +O(1).

9a(2) =

Once again it is clear that m(r,g4) = S(r,w). Recall that the coefficients in

the expansion of w(z) at an a;-point 2y € € are fixed up to c4(2p), which is the

coefficient of (z — 2¢)°.

This means that we can determine the next term in
the expansion of g4 at zy. So there is a meromorphic function gs(z) satisfying

T(r,g5) = S(r,w) and analytic on 2 such that

Fi(z) — Bi(2)

w — a;

94(2) =
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= B ) gu(a) + O (2 = ).
It follows that
94(2)* — g3(2) 1 ge(z0) +0(1),

co(z) w(z) —a; 22—z

where the meromorphic function g is analytic on Q and satisfies T'(r, gs) =

S(r,w). Let

g3(2)? 1  gs(2)eo(z) )
co(2) w(z) — a; () 4(2). (3.32)

Then m(r, g;) = S(r,w) and Nq(r,g;) = 0, so T(r,g7) = S(r,w). Equation

(3.32) is an equation of the form (3.31)). a

Lemma 3.2.9 Ifw is a meromorphic solution of equation satisfying T'(r, ) =

S(r,w) then one of the following is true.

(i) For somei € {1,..., N}, the function W = w — a; satisfies an equation of the

form
(W2 + u()WW + ()W + p(2)W? + o(2)W? =0, (3.33)
where
2 ! 2
pE) =g Ve =g T =8W)  (334)

and T'(r,o) = S(r,W).

(i) For some i € {1,...,N}, the function w satisfies which corresponds
to an equation of the form where u, v and p satisfy , 0(z) =
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v2(2)/2 — u(z) and w is a meromorphic function such that

V3

W= ——:,
V5 — u?

(3.35)

where v3 Z 0, T(r,v2) = S(r,W), T(r,v3) = S(r,W) and T(r,~v5) = S(r,W).
(11i) o = v is a a non-zero constant and either

1- N=1, kg =3/4 and W = w — a; satisfies
{(W? + 4agWPW =3 = &, (3.36)

where d is a constant or

2- N =2, k1 = kg = 3/4 and w satisfies

{ (w— CES/(); —ay) (a14—a(;2)2 (w - ; ag) }2 = di(w—ar)(w—as),
(3.37)

where d; is a constant
(iv) N=1 and W = w — a; satisfies

3(W/)2
n_ <
W 2 W

+ af2). (3.38)

(V) Koo = 2.

Proof. The conclusion of each part of Lemma is that w satisfies a first-order
differential equation. We will show that each of these equations is a special case of
the equations listed in parts (i) and (7i) of Lemma [3.2.9] We will then consider the
equations that do not satisfy the assumptions of any of the parts of Lemma|3.2.8| and

show that such equations either have no admissible meromorphic solutions or that w
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still satisfies an equation of the form (3.33)) or that one of the remaining conclusions
(i) (v) of Lemma holds.

Referring to Lemma , we note that the conclusion in part and the first
conclusion of part (i.e., equation ) is that W = w — a; satisfies an equation
of the form (3.33)), where p, v and p satisfy and T'(r,0) = S(r,w). Next we
consider equation in part of Lemma[3.2.8. If 5 = 0 then the conclusion is
the same as that of part (i) of Lemma , which we have just discussed. If S # 0
then equation ([3.29) is a special case of in part corresponding to v = [,
v3 = —f2 and 5 = 0 = 4. So it only remains to analyse equation , which can

be written as

(M 1 ﬁ)z = y5(2) — _mslz) (3.39)

w(z) — a; 2 w(z) —a;’

where v5 = (72/2)? — v4. Let the meromorphic function u be defined by

 E(2) —m(z) | 7

Then equation (3.39) becomes (3.35)) and so (3.40) becomes (3.33|) where p and v
are given by (3.34) and p = —y; and 0 = (12/2) — w.

Next we consider all equations of the form that are not considered in
the assumptions of Lemma None of the cases in which x; = 3/4 for all
j € {1,...,N} are considered in Lemma [3.2.8 It follows by Lemma that
a'(z0) = 0 at all a;-points of w in €2, and then from Lemma it follows that
a = ap, a non-zero constant and 2 = C. Each a;-point of w is totally ramified. A
meromorphic function can have at most four totally ramified points, so N < 4. For
N =3 and N =4 we have k, = 9/4 and k., = 3 respectively. Since neither of these
values is of the form (n + 1)/n for some positive integer n it follows from Lemma

that any meromorphic solution is in fact entire and can therefore have at most
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two totally ramified values, which is a contradiction. So we are left with the equation

N
3 (w')?
"o
w' =7 E -+ ao, (3.41)

with N =1or N =2. For N =1, W satisfies

3"
4 W

W/I + Oé[)

where W = w — a;. The above equation can be written as
2AW'W 3 (W'W =3/4) = 200(W'W ~3/2)
and the first integral of the above equation yields
(W'W=3/")?2 = —4agW 2 4+ 4.

which is equivalent to equation (3.36]).

For N = 2, we have k; = ky = 3/4 and equation (3.41)) can be written as
2
(w' H(w —(3/4 ) = ap H 3/4
j=1

and the first integral is

2

(w’H(w a;) 3/4) = QQO/H =32 dz.
j=1

Therefore, integrating the right side of the above equation gives the first-order equa-

tion (i3.37)).

The other case to consider from parts|(z) and of Lemma is when Ko, =

(n 4+ 1)/n for some integer n > 4 and for all j € {1,...,N}, k; = 3/4 or k; = 1.
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Clearly N # 1. If N > 1 then ko = (n+1)/n < 5/4 < 3/2 = 3/4 + 3/4 for all

n > 4. So there are no cases to consider here.

If Koo = (n + 1)/n for some positive integer n < 4 then ko = 4/3, koo = 3/2
OF Koo = 2. If Koo = 4/3 or ke = 3/2 and for all j € {1,..., N} we have r; €
{3/4,1,5/4,3/2}, then either N = 1 and x; = 3/2, which corresponds to equation
(3.38), or N = 2 and k; = Ky = 3/4, which corresponds to equation with
N = 2. Otherwise, if ko, = 4/3 or ks = 3/2, then w solves an equation of the form

(3.31)) which corresponds to the part (i) of Lemma O

The following lemma shows that if a solution (not necessary admissible) of a
second-order differential equation satisfies a differential equation of first-order and

second degree, then again it satisfies a first-order linear differential equation.

Lemma 3.2.10 Let w be a solution of the second-order equation

w” = L(z,w)(w)* + M(z,w)w + N(z,w) (3.42)

and also the first-order equation

(w')? + Az, w)w' + B(z,w) = 0, (3.43)

where L, M, N, A and B are meromorphic functions of there arguments. Then

G(z,w)w"+ H(z,w) =0, (3.44)

where

G(z,w)=2N+{LA-M - A,} A+ A, —2LB + B,
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and

H(z,w)=NA+{LA—-2M — A,} B+ B..

Proof. Let w be a solution of equations (3.42) and (3.43)). Differentiating (3.43])

and then using the derivative of equation (3.42)) to eliminate the second derivative

term w” we obtain
20w + (2M + AL + Ay)w'”® + (2N + AM + A, + B,)w' + AN + B, = 0.

Using ((3.43)) again to eliminate powers of w’ greater than one leads to equation (3.44)).

O

Proof of Theorem (3.2.1. Let W be a (not necessarily admissible) solution of
(3.33)) such that w = a;+ W solves (3.14). From Lemma|3.2.10, then W also satisfies

equation (3.44)), where

G(z,X) = (2a+v) + (1 — p? +2p) X + 30 X?

—X (20 + [2p — 21X +20X2) 3| e (3.45)
and

H(z,X)= (V' +a—v]p)X + (o — pp)X? + (0’ — po) X?

+uX (v + pX + 0 X)) et (3.46)
where @; = a; — a;.

(I) Equation (|3.33))

Consider the case, described in part (i) of Lemma [3.2.9, in which W is an

admissible solution of equation (3.33]). Now either G(z,W) =0 = H(z,W) or
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W is an admissible solution of the first-order first-degree differential equa-
tion W' = —H(z,W)/G(z,W). Now if W is an admissible solution of a
first-order first-degree equation, then by the Malmquist-Yosida Theorem [3.1.2]
W' = P(2) + Q(2)W + R(2)W?, where P, Q and R are small compared to W.
Furthermore, if R # 0 then m(r,W) = S(r,W). But in this case any pole of
W in 2 must be simple, which according to Lemma [3.2.6| means that k., = 2.
So if Koo # 2 then R = 0 and hence W’ = P(z) + Q(z)W. However, a simple
calculation shows that w = a; + W cannot simultaneously be be an admissible
solution of and W' = P(z) + Q(2)W.

We will now study the cases in which G(z, W(z)) and H(z, W(z)) vanish iden-
tically. Now GG and H are rational functions of W with coefficients that are
S(r,W). Soif G(z,W(z)) and H(z, W(z)) vanish identically, then G(z, X') and
H(z,X) vanish identically as functions of the two independent variables z and

X.

Lemma 3.2.11 Let G and H be defined by , where k; # 1/2 for
all j € {1,...,N}. Furthermore, suppose that if N =1 then ks # 3/2. Then

both G(z,X) and H(z, X) vanish identically as rational functions of X if and

only if one of the following holds:

(i) N=1,0 =0, ay and 2o are constants, v(z) = 2a(z)/(2k — 1) where

K= K] = Koo and

(a) k =1, a = agexp(—poz/2), p = o, p = po, where py and py are
constants.

(b) k#1, a=ay, p=0, p=0.

(c) K 7£ 1; o = ao(z — 200)7(4“*3)/(2[“*1})7 W= ﬁ 1 p = 0.

Z—Zoo

(@) 5 # 1, @ = agl[z = 2 = )R/, gy — L 2

(z—200)%2—d?”

1 1
P = (k—1)2 (2—200)2—d? "
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(ii)) N > 1. Without loss of generality we take i = 1. Then o = ag is a

constant, =0, v = 209/ (2k1 — 1) and

(a) N=2, koo =1, p=—v/as, 0 = 0.

(b)) N=2, ko =3/2, p= —22V_ o =

v
(2r2—1)az’ (2k2—1)asz "

(c) N=3, koo =3/2, p= —%1/, o =v/(ayaz) and
(2/12 — 1)62 + (2%3 - 1)53 =0.

Note that N = 1, k = 3/2 corresponds to part (iv) of Lemma [3.2.9,

Proof.

The case N = 1. Now

G(2,X) = 2a+[1-2xv) + (1 + [2p — p][1 — ])X + 0(3 — 2r) X?

and

H(z, X) = (V/ + e+ [k — J0)X + (0 = (1= ))up) X + (0’ — [1 — ko) X°.

Setting the coefficient of X° in G and the coefficient of X! in H to zero, we

recover (13.34)). The remaining equations are

(3 = 2K) =0, (3.47)

o' — 1 — Kluo =0, (3.48)
#4220 — p?)[1 = K] = 0, (3.49)
P — (1= r)up=0. (3.50)

Recall that  # 3/2 so (3.47)) shows that o = 0 and (3.48)) is satisfied identically.
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e If kK = 1 then by and we obtain ¢/ = 0 and p/ = 0, respec-
tively. Hence, u = po and p = pg are constants. Therefore equation (|3.34)
gives —2(a’/a) = pp and hence a = ag exp(—p0z/2).

o Ifx # 1andp=0thenbyeither,u:()or,uséo. In the case pu # 0,

equation ([3.49)) gives u'/u? = (1 — k) and hence p = [(k — 1)(z — 200)] 7,
where 2, is a constant. Therefore, by equation (|3.34)) either
2 o 1

/
“ 3 4ka (k—1)(z — 2o0)

Solving the above equations we obtain o = gy when p = 0 which corre-
sponds to the part (i-b) of Lemma/|3.2.11|and a = a(z — 2o ) ~(4#—3)/Clr=1)

when p # 0 which corresponds to the part (i-¢) of Lemma [3.2.11]

o If K # 1 and p # 0 then (3.50) gives

(1—=r)""/p) (3.51)

1

and (3.49) becomes (p~2p')'+2(k—1)? = 0, which yields p = (k—1)2[(2—
Zoo)? — d?]71. Using (3.51)) and the function p we obtain u corresponds to
the part (i-d). Finally equation ({3.34) and the function p imply that

o 4k=3 2(2— 2x)
a  2(k—1)(z— 20)2 —d?

Hence solving the above differential equation gives « in part (i-d) of

Lemma B.2.17]

The case N > 1. Note that a; = 0 if and only if j = i. Setting the residues of

the (apparent) simple poles of G and H, viewed as rational functions of X, to

zero shows that for all j € {1,..., N}, j # i, we have pu(v + pa; +oa;) = 0 and
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2(v + pa; +oa;) = p*ay. It follows that 1 = 0 (so a is a nonzero constant) and
v+ pa; +oa; = 0. (3.52)

Since the a;s are distinct, we see that N < 3. Using (3.52)), the expressions for

G and H simplify to
G(z,X)=2 ([1 — Koolp — UZHjﬁj) X + (3 —2K4)0X?
J#i
and

H(z,X)=pX*+ X3,

where we have used the definition of v. From H we see that p and o are

constants (as are p and «). From G we see that either o = 0 or ko, = 3/2.

o If 0 = 0. then we see from (3.52)) that p # 0, N = 2 and v = —a,p.
The final constraint comes from setting the coefficient of X in GG to zero,

which yields ko, = 1.
e If 0 # 0 then ky = 3/2. Setting the coefficient of X in G to zero gives
p = —20'0 Z Iijaj. (353)
J#

If N = 2 then p = —2koa200. So (3.52)) gives (2ky — 1)6{2200 =v. If
N = 3 then ay and a3 are distinct roots of (3.52), so p = —(ay + a3)o and

v = asazo. Equation (3.53]) becomes 2(koay + Kk3a3) = s + as. O

We now consider the first-order equations (3.33) corresponding to each of the

cases in Lemma B.2.11]

(a) N=1
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In all of the following cases we have o = 0.

. k=1, a=apexp(—poz/2), L = po, p = po and W satisfies
(W2 4+ poWW' + 2 a(2)W + poW? = 0.
Letting W = exp(—poz/2)v(z), then the above equation becomes
12
(v')? = <—0 — po) v® — 20a90. (3.54)

ii. Kk #1, a=ag, 4 =0, p=0and W satisfies

2
(W2 + %W ~ 0. (3.55)
i, £ £ 1, a = ag(z — 260) " W3/CR=1D -y = ﬁz . p=0and W
satisfies
2
(W2 4+ u(z)WW' + %W =0.
Iﬁ; —

Letting W = (2 — 2o0)~/@F= 1Dy, then the above equation becomes

()2 (2 — 20) 2 (23(? v L 1)21}2) ~0. (356)

iv. £ # 1 = ag[z — 200 — d?) "W/ CETD) = L BEme)

p= (5—11)2 (z—zoj)z—d2 and W satisfies

2O‘—(Z>W + p(z)W? = 0.

N\ 2 !/
(W) + p(2)WW' + Z2

Letting W = {(z — 200)? — &}~ YEEID Y, then the above equation
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becomes

() + {(z — 20)? = d?} (25‘? e f 1)2112) —0. (3.57)

(b) N > 1.
In all of the following cases we have o = « is a constant, u = 0 and

i. N =2, ke =1, p=—v/a;, c =0. Setting k = k; and @ = a; # 0,
j # 1, we see that non-constant solutions of the equation

20[0

(W% + 207 (W? —aW) =0, (3.58)

are also solutions of the equation

1 _

i, f N =2, koo =3/2, p= —22l_ ¢ z we see that any

(2k2—1)az’ T (2k2—1)a3’

non-constant solution of the equation

2av 2K 1
N2 0 i 2 2 3)
<W) + 2:%1 —1 (W (2/%2 — 1)52W * (2%2 — 1)52W ) 07

(3.59)

where k1 + kg = 3/2, is a also a solution of

" o__ ﬂ K2 N2
wW" = <W+W_52)(W) + ap.

iii. If N = 3, koo = 3/2, p = —(az + a3)v, 0 = axazv we see that all

non-constant solutions of the equation

2050

W+ e

W(W — @) (W —a3) = 0, (3.60)
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where (2k9 — 1)ag + (23 — 1)as = 0, are also solutions of the equation

K K9 K3
W//: v _ _ W/2 )
(W+W—a2+W—a3)( ) +a

(II) Equation (|3.31))

Now we consider the conclusion of part (i) of Lemma [3.2.9] which corresponds
to the case in which w is an admissible meromorphic solution of an equation
of the form (3.31)). Note that in this case, W is a meromorphic solution of the
equation , which has meromorphic coefficients, but it is not an admissible
solution because the u-dependence of o implies that T'(r, o) = (1/2)T(r, W) +

S(r,W).

Nevertheless, we still have that G(z, W)W’ + H(z, W) = 0, where G and H

are given by ([3.45) and (3.46|). Rewriting this to make the u-dependence more

explicit, we have

(Go(z, W) + uGi(2,W))u' + (Ho(z, W) + uH, (2, W)) = 0, (3.61)

where Gy, G1, Hy and H; are rational functions in W (with small coefficients)

given by
Gy = W? 2(1—EW) (3 -2k )+§:M —1
Vs = = W —a; 7

212 3

Gi = = {(2a )+ (1 = = 20)W 4 5
3
2 2 = Kj
—W (20— 2+ @)W+ W?) Y it
PRSI
1

Hy = (V' +pla=v))W + (pn = )W? + 5 (35 — pya) W7

N
K 1
I (u—fylW—l—%VW) > e+ o (05— %) G,
i=1
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o) (5]

Now the condition that G; = 0 = H, is exactly the same as the condition that
G =0 = H using equations ([3.45)) and (3.46) with p = —v; and o = ,/2.

The case N = 1. In this case

GO:W3{2 <1—%W) (3—2500)—1}

and again we assume that k., # 3/2. Setting Gy = 0 we see that if v5 # 0,

then W = (v3/75)(1 — 1/(6 — 4k )) and hence we have T'(r, W) = T(r,v3) +
T(r,vs) + S(r,WW) = S(r,W), which is a contradiction. It follows that v5 = 0

and Ko = 5/4. Therefore

Setting H; = 0 gives

Bs=o. (3.62)

/
’Ys+2

Substituting W = —q3/u? in (3.40) and using (3.62)) shows that u satisfies

2
@) = Lt (o ) e 2 (363

Setting G; and Hj to zero and using Lemma [3.2.11] as described above, we see

that there are three possibilities corresponding to x = 5/4, namely

e a=aqap, p=0,v=4a/3, 1 =0, 7o = 0. Equation (3.62)) shows that 73

is a nonzero constant. Then W = —~3/u?, where u satisfies

"2 Qo 4 N
=—u" — —=-u. .64
(u') 33u i (3.64)
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o a=ap(z—20), p =4z — 20)7", v = (da/3) (2 — 200)"H, 11 = 0,

Yo =0. 73 =C(2 — 256) 2 # 0. Then
W =—C/H(z = 2o)u(2)}?,
where v satisfies
4(u')? = (2 — 200) 2 (%u + 4u? — C’u) : (3.65)

o a=aollz =z =) p = e v = (ao/3)([ - 2l — &)

"= —%; Y2 =0. 93 =C{(2 — 200)* = @’} > # 0. Then
W =—C/{l(z — 20)* — dJu(2)}*,

where u satisfies

4(u)? = ([z — 200 — d*) 72 (%u4 + 16d%u? — C’u) ) (3.66)

The case N > 1. On setting Gy = 0 and considering the residue of the apparent

pole at W = ay we see that N = 2 and 3 = ay7y5. G then takes the form

Go=W3{2(1=a;' W) (3= 2%u0) — (4 + 1)},

giving koo = 3/2, ko = —1/4 and therefore k1 = 7/4. It follows from Lemma

3.2.11{ that © = 0 and therefore

—2n20y (YW — 95)W?
H, =

3 W —ay 7

so 73 and 75 are non-zero constants. From Lemma [3.2.11| with N = 2 and



Chapter 3.  Application of Nevanlinna theory to differential equations 67

(I11)

Koo = 3/2 we see that v = 4ay/5, 71 = 4ag/(15a2) and vy = —160y/(15a3).
Hence the conclusion in this case is that W = ~3/u?, where 73 is a non-zero

constant and wu is a solution of

4 4 8
:ﬁu‘l—i— Oﬁ)u2—fygu— 733420'
973 15a, 15a3

4(u')? (3.67)

Now if Go(z, W) + uG1(z, W) # 0, then (3.61) becomes

o Ho(z, W) + uH;(z, W)
© Go(z, W) +uGyi (2, W)’

Using we can rewrite the above equation as v’ = R(z,u), where R(z,u)
is a rational function in u and the coefficients are small compared to u since
T(r,u) = (1/2)T(r,w) + S(r,w). If u is an admissible solution of the above
equation then by Malmquist-Yosida Theorem [3.1.2| v must be a solution of a

Riccati differential equation

u' = po(2) + pr(2)u + pa(2)u?,

where T'(r, p;) = S(r,w) for 1 = 1,2, 3. Setting §; = 73, o = 75 and W = 66—1

—u2)

then the conclusion in this case corresponds to the part (zii) of Theorem

B.2.11

The case k; =3/4 for all j=1,...,N and N =1 or 2

This case is the conclusion of part (iii) of Lemma which corresponds to
the case in which a = a4 is a constant and w is an admissible meromorphic

solution of the equations of the form (3.36)) for N =1 and (3.37)) for N = 2.

For N = 2, setting W = w —ay, a = ay — ay, 3 = 20p/a? and y = d;, equation
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68
(3.37) becomes
(w2 F
—B0OW —-a)\ = -a
Ltz — W =} =wov -2
which is equivalent to
w2 1 a\’ (W —a)
— ) ——-02—-= =y 3.68
{(W) W —a) 5( W)} 7w (3.68)
If v =0, then W satisfies
W’ = BW(W —a) (2W —a). (3.69)
If v # 0, then let
Wi\z 1 a
= () — —B(2- ). :
T (W) (W —a) ﬂ( W) (370

Then equation ([3.68)) becomes u? = (W — @)/W and hence

a , W
Wzl_—uz, QUU,:CZW2.

Equation (3.71]) implies that

W’_ 2uu’
W1 —u?

Furthermore, using equations (3.70) and (3.71]) we obtain

() =B s -]

= 1_u2[7u+5(1—|—u2)]

(3.71)

(3.72)

(3.73)
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Therefore, using equations (3.72)) and (3.73)) we get

4u'2:5(1—u2)[yu+ﬁ(1+u2)] (3.74)

Admissible meromorphic solution

In all cases covered by parts (I), (ITI) and (III) the conclusion is that the solu-
tions of equation can be written in terms of an admissible meromorphic
solution of either a Riccati equation or a first-order differential equation of the
form u'? = Q(z,u), where @ is a polynomial of degree at most four and the
coefficients are not necessarily constants. In what follows we will determine

whether the solutions so obtained really are meromorphic and admissible.

We first consider the first-order differential equations (3.54H3.60)) corresponding

to each of the cases in part (I).

The case N =1

Looking back at the equation (3.54)), we see that if (u3/4) — po = 0, this gives
(v)? = —2aqv, so the solution v is a polynomial of degree 2. If (12/4) — pg # 0,
then the solution v of (3.54) is a trigonometric function. When po # 0, we

have

a = agexp(—poz/2)

and T'(r, W) = T(r,a) + S(r, W) = S(r, W), which is a contradiction. There-
fore, pp = 0, so @ = g is a constant and W = v is admissible meromorphic
solution of (3.54)), which corresponds to part (i) of Theorem This

case was solved by Halburd and Wang [12].

For the equation (3.55) the solution W is a polynomial of degree 2. Since

a = «qq is a constant, this gives W = w — a; is an admissible meromorphic
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solution of ([3.55)), which corresponds to part (i) of Theorem [3.2.1]

For the equation (3.56)), we have o = (2 — 250 )~ #*~3)/Clx=1D) I this instance

equation (3.56|) can be written as

dv
\/((Av B2 - B2>

where A =1/(2(k—1)) and B = (2(k—1)ap)/(2k —1). Therefore, the solution

= (2 — 200) 'dz,

of the above equation is given by

4(k —1)2
v = %{ cosh log [dy(z — Zoo)l/@[ﬁ—l])] +1},
/i p—

Ak — 1)2a0{(d1(z — 250) YD 4 (dy (2 — ZOO)1/(2[H_1]))—1 .\ 1}
N 2k —1 2 )

20k — 1) a0 ~1/(2ls—1)) s 2
= 7 (2 — 2y S (dy (2 — 20)/C=1D) 4 g

bR —T1) ) (i (2 = 2e0) +1)7,

where d; # 0 is an arbitrary constant. Furthermore, the function a(z) is
meromorphic only if K = (n + 1)/n and |n| is an even number excluding the
values n = —4 or n = —2 since kK # 3/4 or 1/2, respectively. Hence, the

solution w is given by

2(k — 1)«

= anot 2 D z — 2) 4 1°

S =200 V(s — 2) ) 1) (3.75)
n(n + 2)dy ’

which is a meromorphic function but it is not admissible since T'(r,w) =

O(T(r,a)).

Recall that in equation (3.57) we have a(z) = ag([z — 2e0)? — d?)~(4x=3)/Cle=1D),

In a similar manner to the previous case the solution of equation (3.57)) is given
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by

ok —1)2 (2 — 2o)? — d? e
vzo—{1+coshlogel< > ) }

d?*(1 — 2k) [z — 200)2 + &2
—1/(2[x—1]) 1/(2[r—1]) 2
_aoln =1 (oo (P
T2\ P \FouFr e

where ey = d?e; and e, is a constant. Furthermore, o is meromorphic function

only if Kk = (n 4+ 1)/n and |n| is an even number excluding the values n = —4

or n = —2. Therefore, the solution w is given by

w=a;+ {(z — 200)” — dQ}fl/(z[nfl]) v

(n/2) vy s
(2 — 20| + d? e o2\ ™
| ) (Y

- 2eon(n + 2) <[Z — 22— dz)” [z — 200)? + d?

which is not admissible solution.

The case N > 1

In this case we have the first-order differential equations (3.5843.60) with con-
stant coefficients and o = « is a constant. Since the degree of W is two in
equation ([3.58)), then this equation can be solved in terms of an exponential or

trigonometric function, so the solution W is admissible. This gives part (vii)

of Theorem As for the equations (3.59) and ([3.60)), they can be solved

in terms of elliptic functions or one of their degenerations, so the solution W
is admissible, which corresponds to parts (iz) and (zi) of Theorem [3.2.1]

respectively.

Next we consider the first-order equations (3.64H3.66)) for N =1 and ([3.67]) for

N > 1 corresponding to each of the cases in part (II).

The case N =1
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Notice that equations (3.64), (3.65) and (3.66)) can all be solved in terms of

elliptic functions or their degenerations. In the case of equation the
coefficients are constant and o = oy is a constant, so that w = a; —d; /u?, where
d; = 73 is an admissible meromorphic solution which corresponds to part (iii)
of Theorem “ In the case of equations and (| - however, a
change of independent variable is required first to make the equation constant
coefficient. In the case of equation a suitable new independent variable
is Z =log(z — 2s), in terms of which can be written as

4(3—;)2 _ 200y 4 au(2)? - cu(Z),

For equation (3.66) a suitable variable is Z = (1/2d) log % ifd#0

and Z = 1/(z — z) if d = 0 imply that (3.66]) can be written as

du 4oy v 9 9
4(@) Sout + 16d%" = Cu.

The solution of the above equation is an elliptic function or one of their degen-
erations. Unfortunately in these cases w fails to be a meromorphic function
because of the transformations, so these solutions do not appear in the final
theorem. It is important to observe however that these solutions fail to be
meromorphic only at fixed singularities of the solutions (because of the forms

of a).

The case N > 1

In this case N = 2 and we have the first-order differential equation (3.67)) with
constant coefficients and o = «q is a constant. This equation can be solved
in terms of elliptic functions or their degenerations, so w = a; + d; /u?, where
d; = 73 is a non-zero constant, is an admissible meromorphic solution, which

corresponds to part(z) of Theorem [3.2.1]
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Recall that in part (IIT) we have for N = 1 the first-order differential equation

3.36) and o = o is a constant. Taking u = W'/2, then this equation becomes
g

U = dyu — o). (3.76)

where d; = —d/(4) is a constant. If d; = 0, then u* = —aq. If dy # 0, then

integrating the above equation we obtain

u =

1 (d%ao

_ 2
7\ (2 + dy) +1>.

In both cases w = a; + u? is a polynomial which is an admissible solution
of equation (3.76]), which corresponds to the part (iv) of Theorem [3.2.1]
Furthermore, when N = 2 we have the equations if v =0 and if
v # 0, which can be solved in terms of elliptic functions or their degenerations.
Since o = «p and the coefficients of and are constants, then w

is admissible meromorphic solution, which corresponds to the part (viii) of

Theorem [3.2.11

The case N =1 and K =3/2 or kK =2
Now, we consider the cases x = 3/2 or 2 for N = 1, described in part (iv) and

part (v) of Lemma in which W is an admissible solution of equation
WW" — kW = a(z)W (3.77)

where W = w — a;. In these cases we use the resonance conditions (as in
Painlevé analysis) to obtain necessary conditions on the form of equation (3.77)).

Let zy € ) be a double zero of an admissible non-zero meromorphic solution



Chapter 3.  Application of Nevanlinna theory to differential equations 74

W of the equation (3.77)) which has series expansion of the form

W)=ayC+ - 4a; P+, (=2—2. (3.78)

a(zo)
2(1-2k)

Substituting the expansion (3.78]) into (3.77) we obtain ay = and a

recurrence relation of the form

(] + 1)(] + 2 — 4/’{)&0aj = Pj(ao, A1y .., Cljfl,Oé(j)),

where P; is rational function in its arguments. The left side of the above
equation vanishes when j = —1 or j = 4k — 2. When k = 3/2 there is a
positive integer resonance at j = 4 and when x = 2 there is a positive integer

resonance at j = 6.

For the values k = 3/2 or 2, we proceed by obtaining the resonance conditions
which are in terms of the coefficient v and its derivatives to identify admissible

meromorphic solutions of the equation (3.77)).

Lemma 3.2.12 Let w be a meromorphic solution of equation satisfy-

ng for the values k = 3/2 or 2. Then the coefficient o satisfies the

differential equations (3.19) or (3.20), respectively.

Proof. Consider the case kK = 3/2. Then the resonance at j = 4 implies

that the coefficient a4 is free, provided the resonance condition is satisfied.

Substituting the expansion (3.78)) into (3.77)), and then equating coefficients of

(2 —a'?( a(zp)a (z
like powers of (, we get ay = —a(zo), a; = —O‘(ﬁo), ay = (03,)22(;0)0) (z0)
3at  15d%as 6a? 1
0 X — il § 1 _ 2 - 4)
“ 2 a} 2a2 ao(20) 24 (20)

140/4(20) B 80/2(20)04”(20> I O/’2<ZO) + a’(Zo)a(?’)(ZO) N ia(4)(20)

T 2703(z) 9a2(zp) 6a(zp) da(zp) 24
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Since the right hand side of the above equation vanishes at all the a;-points
of win Q and T'(r,a) = S(r,w), so by Lemma the condition (3.19)) is

verified. Similarly, we obtain the conditions (3.20) for k = 2. O

The results of the parts (v) and (vi) of Theorem follow immediately
from Lemma 3.2.12

The proof of Theorem |3.2.1] is completed. a

In what follow we will show that in the cases kK = 3/2 or 2, the existence of
an admissible meromorphic solution implies that equation (3.14]) with N = 1 can

be transformed to a special case of the second or first Painlevé equation or their

autonomous version, respectively, by using the conditions (3.19)) or (3.20)).

Theorem 3.2.13 FEquation with kK = 3/2 can be transformed to the second

Painlevé equation if the coefficient o satisfies the condition .
Proof. Define a function Z(z) by the equation

iz

= —V(2)?
— = V(2),

where a(z) = —4V(Z)®. Note that Z and V are not necessarily meromorphic. The

condition ((3.19) becomes
(@) =0,
V') sz

Vzz = (aZ + D)V, (3.79)

which is equivalent to

where a and b are arbitrary constants. Now define U(Z) such that W (z) = V(2)?/U(Z)2.

Then W solves equation ({3.77), x = 3/2 subject to (3.19)) if and only if U satisfies

Uzz =2U° + (aZ + b)U. (3.80)
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Note that if a # 0 then by rescaling variables equation and equation
can be transformed to the Airy equation V;z = ZV and a special case of the second
Painlevé equation Uzz = 2U° + ZU. If a = 0 then equation is a constant
coefficient equation solved by exponentials or an affine function of Z and equation
is solved by elliptic functions. If a = b = 0, then solving the equation (|3.79)

gives V = ¢1Z + ¢» and equation ([3.80|) can be solved in terms of elliptic functions.

Remark 3.2.14 Notice that from the proof of Theorem ifa=0=0 then

from equation we have Uzyz = 2U3, so either U = +1/(z — C) for some

constant C' or U is an elliptic function and a(z) = —4(c1Z + ¢3)®. Furthermore, we
have

dZ

5 = (ch -+ CQ>2.

If ¢, =0, then a = «yq is a constant while if ¢; # 0, then solving the above equation
gives Z = (1 + c1c92)/(c22), so a(z) is a rational function. Therefore, in the case
a = ag and U is an elliptic function the solution w = a1 + V(Z)*/U(Z)* is an

admissible meromorphic solution of .

Theorem 3.2.15 FEquation with kK = 2 can be transformed to the first Painlevé

equation if the coefficient o satisfies the condition )

Proof. In this case equation (3.77) with k = 2 can be written as

(3{2)’ - % (3.81)

Let w = 1/W, then the above equation becomes
v’ = —au®. (3.82)

The above equation has been considered previously by Wyman [51] and Halburd [10].
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Since the coefficient « satisfies condition (3.20)), then the general solution u is given

in terms of solutions of the first Painlevé equation or its autonomous versions. [

Remark 3.2.16 If « = «q is a non-zero constant, then equation can be
integrated to

12 2

u

3
= —50ou” + C,

3

which has elliptic function solutions if ¢; # 0. Therefore, w = a1 + 1/u is an

admissible meromorphic solution of .

The results obtained in this section were proved by using singularity structure
with the concepts of Nevanlinna theory. We extended the approach of Halburd and
Wang [12] to characterise all admissible meromorphic solutions of equation ((3.14]).
However, we discarded many nice solutions because these solutions grow like the
coefficients e.g. the solution or they are not meromorphic e.g. . Indeed,
many solutions of the Hayman equation have the form [ ¢(z)e*dz, where ¢(z)
is a rational function, were also discarded in [12] since they are branched at fixed

singularities when ¢(z) is not polynomial.

Motivated by this, in the next chapter these techniques will be extended to allow

solutions to be branched around fixed singularities.



Chapter 4

Application of Nevanlinna theory
in a sectorial domain to differential

equations

In section we present a brief introduction of Tsuji’s approach to the value
distribution theory of meromorphic functions in the half-plane [§]. We introduce
Levin’s formula which is used to derive analogues of the counting, proximity and
characteristic functions in the half plane. Some of their properties are presented as
well as some analogous results of Nevanlinna theory for the half plane, e.g. the first
main theorem and the lemma on the logarithmic derivative. In section |4.2| we define
the characteristic function of a sectorial domain by the use of value distribution
theory in the half-plane as well as analogous results of these in the half plane to
the extent that we will need it for applications to complex differential equations in
section We also present a proof of Malmquist-Yosida and Wittich’s theorems
in the sectorial domain and employ the technique presented in the previous chapter
to find all solutions of a differential equation for which all movable singularities are

poles, i.e. the solutions can be branched at fixed singularities.

78
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4.1 Nevanlinna theory in the half-plane

Nevanlinna theory in the half-plane has two independent origins due to Nevan-
linna [33] and Tsuji [45]. In this section we will follow the second approach since the
central result: the lemma on the logarithmic derivative, is not true in general in the
first approach. In fact, Nevanlinna [33] stated a conjecture regarding this lemma in
the context of the first approach but Goldberg [7] later disproved it by a counterex-
ample. A concrete treatment and development of Tsuji’s approach has been offered
by Levin, Ostrovskii and Goldberg (see, e.g., [§], [26], and [27]). The basic definitions
and relevant proof of the results presented in this section can be found in [8]. For
convenience, we follow Tsuji’s approach to study meromorphic functions in the right

half-plane instead of the upper half-plane which was presented in [g].
Nevanlinna theory in the right half-plane is based on Levin’s formula [48], given

in Theorem [4.1.1] below.

Theorem 4.1.1 Let f be a meromorphic function in the closed half plane Re z > 0.

Then for 0 < Ry < R, we have

S n) X (5w

™ T'm Pn
1 arccos(RogR™1) . A6
= — log| f (R cos fe” O(1), (4.1
2m —arccos(RoR™1) Og|f( e )l Rcos®d i ( )’ ( )

where rp,e'm are zeros and p,e® are poles of the function f(z) in the domain

D ={|z—&|< & |2|> Ry}, listed according to multiplicity.

Remark 4.1.2 Levin’s formula was first proved by Levin [26] (see also [8]) and an
alternative, stronger proof was given by Wang [48]. Indeed, Wang assumes that f is
meromorphic in the half plane Re z > 0, while Levin requires f(z) to be meromorphic

in the disc {|z|< Ro} as well as the half plane since his proof is based on Green’s
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formula. Wang’s proof on the other hand relies on Cauchy’s integral formula applied
to the function log f(2)/z* on the contour

L

R le -ZZO
= — > : = — — ——
| , 2] RO}U{Z |z|= Ry, — arccos < ) < arg z < arccos ( )},

C={z: |2—

where f s meromorphic in the half plane Re z > 0. He proved that the integral along

the arc

{z . |z|= Ry, — arccos (%) < argz < arccos <%>}

18 bounded but this is not necessarily true if we have an accumulation point on the
imaginary line Rez = 0. However, we shall assume that f is meromorphic in the

closed half plane Re z > 0.

Let f(z) be a non-constant meromorphic function in the closed half-plane H =
{# : Rez > 0}. We introduce several real-valued functions which characterise the
behaviour of f(z) in H. The number of poles of f(z) in D = {|z — §|< 5, [2[> 1}
will be denoted by n(r, f) where each pole is counted according to its multiplicity.
The counting function in the right half-plane is defined by

sﬁ(r,f)z/lTMdt, 1 <r<oo.

t2

Let 2, = p,e? denote the poles of the function f(z) in H. It is to be noted that
the function n(¢, f) is a step function with steps at the points ¢t = p,,/cos,, and the

values of the jumps are equal to the number of poles of f(z) lying on the circular arc

tt
A 1}.
{’Z 2‘ 5 141>
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Thus, we have

mmﬁzlwwﬂﬁ

t2
p1/cos b1 0 p2/cos b2 1 p3/cos b3 2 r
—/ 3ﬁ+/ 3ﬁ+/ 3ﬁ+m+/j 2t
1 t p1/cos 01 i p2/cos b2 13 pn/cos O t

1<pn<rcosf

Hence, Levin’s formula given by (4.1)) can be written in the form

K(r)
’ﬂ(r, l) —N(r, f) = l/ log| f(r cos Be)| 40 + O(1), (4.2)

2 J_win) rcos? 0

where Ry = 1 and «(r) = arccos(1/r).

The analogue of the proximity function is given by

1 [r0) ,
m(r, f) = —/ log™| f(r cos@e’e)| 40

21 J i) rcos? 6’

and the Tsuji characteristic function is defined by

L, f) = m(r, f) + R0, f).

For any point a € C, the functions m(r,1/(f — a)), n(r,1/(f —a)), N(r,1/(f — a))
and T(r,1/(f — a)) will be denoted by m(r,a), n(r,a), M(r,a) and T(r,a), respec-

tively.

The analogue of the first main theorem follows from equation (4.2)).

Theorem 4.1.3 Let f(z) be a non-constant meromorphic function in the right half-

plane, H. Then for a # oo

T(r,a) =Z(r, f) + O(1), l1<r<oo. (4.3)
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Proof. Applying Levin’s formula in the form (4.2) to f(z) — a, we get

k()
—> —N(r, f —a) = i/ log| f(r cos 0e®) — a| — 4+ 0(1). (4.4)
a T )

(1) r cos? 6
Using the equality log|z|= log™|x|—log™ |1/z| yields

1 [0 , do
— 1 fet? =
21 J i) og|f(r cos ™) r cos? 6

m(r,f—a)—m(r,fia>

and hence relation (4.4) can be rewritten in the form

m(r ﬁ) o, ﬁ) —wm(r, )N, P+ mlr, f—a)—m(r, )+ O(1). (45)

Using the inequality [8, p. 14]
log™* |21 ]|—log™|zs]|< log |21 — xo|+1og 2,

we obtain

(log™|al+log 2) /"(T) do Vr2—1
—a) — < ———— = (log™ log 2 :
Im(r,f —a) —mir, )i CEGERES [ = ool og2)
(4.6)

Hence, using equations (4.5) and (4.6]) we get (4.3)) with

log™ |a|+ log 2

m(r.f — a) — mr, )< WELEED) o)

as r — 00. U

We proceed with some basic, elementary relations.

Proposition 4.1.4 Let fi, fa,..., f, be meromorphic functions in the half-plane
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H. Then

T(r, f™) =mZ(r, f), meN.

Remark 4.1.5 Goldberg and Ostrovskii (8] proved that there ezists a continuous

non-decreasing function ‘OZ(T, f) such that

T(r, f) = <(r, f) + O(1), (4.7)

where

/ 0
2>1 (Cofe a %) (%)2 dt do.

This function plays a pivotal role in the proof of the lemma on the logarithmic deriva-

tive.

Definition 4.1.1 Let f be a meromorphic function in H. The order of function f

is given by

r—00 log r
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Definition 4.1.2 If f and g are meromorphic functions in H, then we say ¢ is small

compared to f if

o

T(r,g) = 0(%(7“, f)) as r— oo,

outside of a possible exceptional set of finite linear measure, and we use the notation
T(r.g) = Q. f).

We get the following analogue of the Valiron Mohon’ko theorem.

Theorem 4.1.6 If R(z, f) is a rational function in f and of degree d with meromor-
phic coefficients a;(z) in H such that (r,a;) = Q(r, ), and if f is a meromorphic

function in H, then the characteristic function of R(z, f) satisfies

T(r,R(z, f)) =dZ(r, f) + Q(r, f).

The proof of Theorem can be deduced by similar arguments to those used in

the proof of the Valiron Mohon’ko theorem in the complex plane in [24, p. 29].

We now turn to analogues of the lemma on the logarithmic derivative for mero-

morphic functions in H.

Theorem 4.1.7 Let f be a meromorphic function in H. Then

/!

m(r, f7) = O(logr)

if fis of finite order and

if fis of infinite order.

We need the following lemmas to prove Theorem [£.1.7]
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Lemma 4.1.8 [, p. 7] Let f(z) be a non-identically zero meromorphic function in

the disc {|z|< R}. Then

i 27 2R 0 ] do
f(Z) _/O (R—€210g|f<Rez€>| el

f(2) et — z) 27
_ - (4.9)
am, 1 b, 1
+ Z (R2—6m2+z—am> B Z <R2—bnz+z—bn>’
|am|<R |bn|<R
where ay, ..., a, the zeros of f(z) and by, ..., b, are the poles.

Lemma 4.1.9 /8 p. 87] Let f(z) and g(x) be non-negative measurable functions

on [a,b], and let

b
A= / g(x)dx > 0.

Then

%/a {log" f(x)} g(x) dz < log* {%/a f(x)g(x)dx} + log 2.

Lemma 4.1.10 /8, p. 90] Let u(r) be a continuous, non-decreasing function on
[0, 00|, tending to 400 as r — oo. Let 1(u) be a continuous positive non-increasing

function on [ug, 00), ug = u(rg), having zero limit as u — oo and satisfying

/uoo Y(u)du < oo.

Then for all r > rq except, possibly, a set of finite measure,

u{r +Y(u(r)} <u(r)+1.

Proof of Theorem m First we use Lemma for any z in the disc |z|< §
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and the function f(z + s/2), and then setting ¢ = z + s/2 we get

1 1 27 ] ip

76 o) el G )l e

f(Q) T Jo (gei“’—CﬂL%)

s2 [
(4.10)

"> (% 3¢ —31) (¢ — an)

lam—31<3
S Tl — 5P [P
Hes (-3 - 3) (€= b) 2
lbn—31<5 \ 4 n T 3 2 n

where a,, are the zeros of f(z) and b, are its poles. In what follows, let = r cos fe'?,

—k(r) <0 < k(r), k(r) = arccos  and s = S(R +r) where 2 < 7 < R < oo. These

assumptions imply that

7’200529(1 — ;) < <1 — ;),

and hence, we get the inequality

. S S
6m(’r‘) . _‘ 1

S - S
_ S« m(r)__‘:
‘C 2‘ < ‘Tcosm(r)e 5

Thus we have
s s s [ s s (s—7)
—— (- = — /1l ==+ — ) 4.11
2 ‘C 2’>2 r+4> sr ( )
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Writing {c,} = {an} U {b,}, then inequality

(4.11) implies

s e

1 2m
< —
21 J

og (37 + 3|

1 [ s s
<or ) sl (5 +3)]
=7 LG AT

53 7,2 1 2m
< 2 -
“(s—1r)? 27r/0

= ®(()

and

1 [ s S
5 ), el 3)
27r/0 o8|/(3¢"+3 (_
2

dy

. S 2
ew —(+ 5)
s e
‘ 3
(37 —¢+3)
s

(5|3

de

S S
log| f(Sei® 4 2 ’d
ol S + 2)lag

s?/4

s?/4

Using (4.12) and (4.13]), then (4.10]) implies

f'(r cos Be?)
f(rcos fei?)

f’(C)‘
f(¢)

| < B0+ 2a(0)

de

(4.12)

(4.13)

(4.14)
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Therefore
m(r2) < L [t o) + i) -2
r, = — 0
T2 & 1% 2S5 cos2 6
w(r) de 1 [ do
< — log™ ® — log™ @5 () ————
21 °8 1(07"00829 27 /H(T) ©8 2<o7“c0820
log 2 /“W do
21 J_ ) T COS? 0
log 2
=L+ 1+ tan k(r)
r
log 2 1
— L+ L+ 2221 -
T r
where
e d
L =— log™ @, () ———
=5 O
and
1) df
I =— log™ @5 () ————.
T on /_m(r) % 2<C)Tcos29

Now we estimate the integrals [; and I5 in the above inequality. By K we denote
positive constants independent of r and R. For ®; we take [—m, 7] as the interval of
integration instead of [0, 27] and let ¢ = 27. Thus we have

(s —r)m

[ME]

s . s
10g|f(§em + 5)\‘d7

[NERCIE

3

s3r? 1 ) . _
= GG_1Pr log| f(s(cos T—|—ZCOSTSlHT))|’dT
s—r)?m J_

B 53 12 1/
(s—1)T =

3 ,.2 1 K(s) ‘
— L{—/ 5 cos*T ‘log|f(scos7'e”)]

(8 - T)2 m K(s)
L1
+
- r(s)

us
2

[SERCTE

log|f (s cos Te”)|‘d7

dr

s cos?T

1 .
+— ‘log|f(scosm”)|)d7}
T

< (SS_TT)Q{ [2 s(m(s, 0) + m(s, oo))] + K}.
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Using Theorem and relation (4.7]), we obtain
RS o
o < K—[%(R 1
1(6) (R—T')2[ ( ’f)+ ]7
and thus we have
o 1
I < K{ log" S(R, f) +log" = +log R+ 1}. (4.15)
Following a similar procedure for I, we have
1 e do
Ih = — log™ ®
>Tor —k(r) ©8 (Orcos2 0
1 e s?r 1 de
= — log" | ——
21 J i) (S =T §< ¢ — cq|> rcos? 6
I R® 1 df
< - log* [ ——
21 o8 (R— ‘ Z< |§—cq|>r60826
cq—3
= 1
<L+ K(log s + log R) (4.16)
where
;1 w(r) g (3 1 o
= — o
*Tor () & |¢ —¢q4] ) rcos?f
mr leg—31<3
2 /W) ( 1 ) d6
< — log™ :
T —k(r) |cq§<; |C — Cq|% r COS2 9
Applying Lemma [4.1.9) for the non-negative function f(f) = Z = 1 ] and
leg—51<5 157
9(0) = —255 on [—k(r), k(r)] with A = f K(T 0)df = 4tan“(T) , we obtain

_ 4tank [0 r 1 1
I, < — log" do
2= ar /—/i(r) 2 tan k(r) 8 <| Z |g_cq|i>7rrcos26

313
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4tan Kk [ ~(r) 1 do
< logt | ——— log 2
- qr { % 1 9%tan K(r) /,{(r) <| Z — cq]411> rcos? log }

a—351<5

4tan K [ e 1 do r
< log* logt ——— 4+ log 2
- { o8 /_ < Z —c |i>r00829] +log 2 tan k() log }
LR N Jeg—31<3 q
~(r) 1 df
<K logJr / E T 5 +1
—r(r) leg—5|<3 |<_CQ|4 rcos* 0
<K

P [ it

Ties ) [ Cq|4

SEN

k(r)
K{logr—i—log [ Z / deo
leg—

9|<7 |C_cq|4

+1}.

We now estimate the integral in the square bracket above. If ¢, = arg c,, then

k(r) 1 w(r) 1
/ e / - df
—r(r) [ — gl =R 1y cos Pei(0—tba) — |cql ’
r(r) 1
< / - df
=) |1 cos B sin (0 —1y) '

3 1
§/2 T db
4

rcosfsin (6 — 1,)

(VAN
Y
—

INE]
—
=
QU
<>
|
I
[S—y
oY
<>
N———
-
~
)

Using the above we have

I, < K { logr + log™ /
’ { s & |CZ COSQ }
<K {logrjtlogJr Z 1+1}

lea—31<3

K { logr + log™* (n(s, 0) + n(s, f)) + 1}. (4.17)
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Since s < R, then
En(t,a)
N(R,a) = / " dt
1
“n(t,a) En(t,a)
= /1 n dt + /s 2 dt
R
> / n(t,a) gt
s
i1
> n(s,a) / t_th
R—s
= n(s,a)
Thus
R2
n(s,a) < —— S‘JI(R, a). (4.18)
In view of the first main theorem and relations (4.7)) and (4.18)), we have
R2
<
n(s,0) + n(s. f) < =—{MN(R.0) + N(R, )}
R2
<
<5 (2®rn+0W)
R? o
= =—— (2%(&.H+0)
R? .
< .
Ko (2 T(R, f) + 0(1)>
From relations (4.16)) and (4.17)) with the above , we have
I, <K{log+‘§(R f)+10g+;+logR+1}. (4.19)
- ’ R—r
Now, (L15) and (L19) yield
m(r Ll) < K(log+ ‘I(R f) +log" b + log R + 1). (4.20)
) ’ R—r

To complete the proof we distinguish two cases.
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Case (i). If S(r, f) is of finite order, then log<(r, f) = O(logr) and taking R = 2r
in (4.20)) we obtain

m(r, f%) < K(log2r + log™ % + log 2r + 1) = O(logT).

Case (ii). If €(r, f) is of infinite order, then taking R = r + {Z(r, f)} 2 < 2r in

(4.20), we get, by Lemma [4.1.10} that the inequality
T(R, f) =T +{T(r, )} % ) < T f) + 1

holds everywhere except, possibly, a set of finite measure. From (4.20]) and the above

inequality, (4.21]) is satisfied. O

Theorem and the elementary properties of the proximity function lead im-

mediately to the following corollary.

Corollary 4.1.11 Let f(z) be a meromorphic function in H and let k > 1 be an

integer. Then

m(r, ﬁ) = O(logr)

if fis of finite order and
)
m(r, =) =0 /) (4.21)

if f s of infinite order.
Many analogous results of Nevanlinna theory, e.g. Clunie’s theorem [39] is valid

also for the version of this theory in the half plane (see also [8], and [53]). Tsuji’s

approach has been modified for sectors by [39], [40], [41] and [4§].
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4.2 Characteristic function of a sectorial
domain

In this section, we will set up an analogous machinery of Nevanlinna tools in a
sectorial domain. We are essentially motivated by properties of a differential equa-
tion, extending the technique that was used in section to allow solutions to be
branched at fixed singularities, i.e. we want to develop similar tools as introduced in
Nevanlinna theory when we have a solution which is branched at a finite number of
values. The main idea here is to take all these values inside a disc, D, of fixed radius,
and then investigate solutions in a domain outside D which can be branched in this
domain. Hence, this domain would be modified to the universal cover, which leads
us to consider a sectorial domain 2* outside the disc D on the universal covering of
C\{0} (see Figure [4.1a). Thereafter we use a transformation which maps Q* to a
domain that contains the closed real half plane H (see Figure . Then we use this
transformation along with Nevanlinna theory in the half plane to obtain analogous
tools of Nevanlinna theory in a sectorial domain contained in 2*. In that instance,
we will apply a similar method that we used in section with some modification

so as to allow for branching at fixed singularities.

For given real numbers 1 > 0 and 0 < p < 1, let f(z) be a meromorphic function

in the sector

X (w,p) ={z: |argz[< p,|2[= p}

on the universal covering of C\{0}, which is the image of a domain containing the
closed real half plane H under the conformal mapping z = (¢ —i—p’\)%, where A = 7/2u

and we take a suitable branch cut in the left half-plane. Under this transformation
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(a)

Figure 4.1

we also consider the image of {( : Re{ >0, |(|> 1} as
QA p) = {z:2=(C+p)3, ReC 20, [¢]>1}

on the universal covering of C\{0}. Note that for each € > 0, there exists a number

pe > 1 satistying

{z: Jargz|<p—e |2[> pe} C QA p) C{z: [argz[< p, [2[> p}-

Let f(z) be a meromorphic function in Q*(y, p). Then let Fy\(¢) = f((¢ 4 p*)3)
represents f(z) in (A, p). Note that since the function Fy(({) is meromorphic in H,
then it is sufficient to define the Tsuji functions for meromorphic functions in Q(A, p)
by employing value distribution theory in the half plane. Furthermore, since the
function F) is meromorphic at ¢ = 0, then the lemma on the logarithmic derivative
can be deduced for any meromorphic function f in Q(\, p) by way of the transformed
function Fy. Broadly speaking, we can derive (by means of this transformation) a

version of Nevanlinna theory for functions meromorphic in Q(\, p).

We are motivated by the wish to study solutions of a differential equation that are
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branched at fixed singularities. Thus we take all these singularities in a disc of radius
p centred at the origin, and then the solutions whose only movable singularities are
poles will be meromorphic in (A, p). One could use a shifted version of the half
plane to be away from the disc but for our purposes that is not good enough. For
example, if the solution is an exponential function, then the characteristic function of
the solution does not grow fast enough to get a useful estimate for the lemma on the
logarithmic derivative. Indeed, the proximity function of the logarithmic derivative
of the exponential function has the same order of as the growth of the function itself
in the half plane. Note that the sectorial domain (A, p) has the advantage that
there is no restriction imposed on the opening angle p which implies that we can

have an extra growth for functions as the exponential function at least.

Counsider the domain

QN p,r) ={z:2=(C+pN7, |~

which is the image of {|¢ — 7*/2|< r*/2, |¢|> 1} under the transformation z =
(¢ +p’\)§ and contained in (), p). Taking these facts into consideration we introduce,

for r > 1, the sectorial counting function in (A, p) given by

Mo(r, f) = N, Fy) :/j @dtﬂ[ m(t, )

t1+)\

where ny (¢, f) denotes the number of poles of f(2) in Q(\, p,t), each counted accord-

ing to its multiplicity. Furthermore, we define the sectorial proximity function

m)\(ra f) = m(rA, F)\)
1 [ : dao
- loct|F A A LAY
27 /_H(TA) og | F3 (1" cos e r* cos? 0
A

I : df
= 2—/ log™ ‘f((r)‘ cos Be” + p’\)%> ‘
™ —k(r})

rA cos? 6’
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and the sectorial characteristic function

Tu(r, f) =T, Fy) = ma(r, f) + Na(r, ).

Remark 4.2.1 Shimomura defined a sectorial domain type in [39]. Indeed, our
domain Q(\, p) is similar to that of Shimomura since there is no restriction imposed

on the opening angle of these sectorial domains.

Proposition 4.2.2 Let fi, fa,..., f; be meromorphic functions in Q(X, p). Then

(-
(

D(r, f™) =mD(r, f), méeN,

i=1 i=1
D 7Hf7’
i=1

) < D(T‘,fz‘),
i=1

where D(r, f) represents the sectorial functions my(r, ), DMa(r, f) and Tx(r, f).

Similarly, by (4.7) and the function F\(z), the sectorial Tsuji characteristic
Ta(r, f) differs from a non-decreasing continuous function ‘Zoi',\(r, f) by a bounded

additive term

T, f) = alr, f) + O(1).

With the customary convention for the meaning of the symbols my (¢, a), M\ (¢, a),
Ta(t,a), £x(f), and Q,, the following results on the sectorial domain (A, p) can be

deduced from section .11

For a non-constant meromorphic function f in Q(\,p) and any a # oo the first
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fundamental theorem is given by

T(r,a) =%\(r, f)+0(1), 1<r<oo. (4.22)

We can also obtain a Valiron Mohon’ko type result for the sectorial characteristic.

Theorem 4.2.3 Let f be a meromorphic function in Q(X, p) and R(z, f) be a ratio-
nal function in f of order d with meromorphic coefficients a;(z) such that Ty(r,a;) =
Qu(r, f). Then

A R(z, f)) = dEaA(r, f) +Qu(r, f).
Example 4.2.1

For f(z) = 2", we have

1Y . df
my(r, 2") = —/ log | f(r* cos Be + p*)|

27 J o) r* cos? 0
1 e , n do

- loo™ A 0 0 A\ X
21 J_wrny og"|(r" cosfet + p7)| r cos? 0

1 K(r™) N IO)\ ) p2)\ 25 do
— + n 3 2
=5 o log (r |cos 6] > ((1 + T_A) + >y tan 9> vy

Setting n = (1 + f—i) - if—i tan § and noting that since |f|< x(r?), it follows that

1 N
|cos 6]> X and |tanf|<r 1_7“7/\'

Thus

A
1< (1+5)
T

>3

< r"cos B> |n|* < r”((l +

)ﬁ < (4.23)
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whence

n(r>‘) AL 2 2\ 21,\ do
n 1
ma(r; 2") = 2 / () o8 <T|0059|A (<1 * 7/:‘) /732’\ tax® 9) ) ™ cos? 6

and

n 1 I N 1
O<H 1—mlog(1+r—)\><m>\(r,z)<; 1—mlogr

Therefore, my(r, 2") = O(logr). Since f has no poles in Q(\, p,7), then Ty(r, f) =
O(logr). However, using implies that 1/(r"|cos@|* |n|X) < 1, we have
my(r,1/f) = 0. Thus, using we obtain 9,\(r, 1/f) = Zx(r,1/f) = Za(r, ) +
O(1) = O(logr).

Based on Theorems |4.1.7] and [4.1.11] the lemma on logarithmic derivative for the

meromorphic functions in the sectorial domain is given as

Theorem 4.2.4 Suppose that f(z) is a meromorphic function in Q(\, p). If k > 1

1s an integer and [ is of finite order, then

my (r, #) = O(logr),

and if f is of infinite order, then

f(k)

7 ) = 0, (r, f).

my <7’

where function meromorphic in QA p).

Example 4.2.2
In order to estimate T,(r,e*), we will consider T)(r, f), where f(z) = 1/(e* — 1).
Note that the poles of f are all simple and occur at the points z = 2kmxi, where k is

an integer. So ny(t, f) is the number of integers k satisfying 2kni = ({ + p*)"/* such
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that |¢|> 1 and
)
- < —. 4.24
-3 <5 (4.24)
We begin by considering the case £ > 0. In this case we have
C _ <2k7r))\ei)\7r/2 . p)\
and equation (4.24) becomes
2k \* AT
| Scos—+ Bil(t), (4.25)

where
B0 = (20055~ (5) ) 2= (=)

Let us estimate the number of integer values of k satisfying (4.25)) such that k& > ¢*

for some fixed a > 0. First, note that for k > t¢,

A AT [ e W PN -X
IEu(D)|< p (20057+<2ma> )t +<%> —0 (™).

Also, the number of integer k£ > 0 satisfying & < t* is clearly at most t*, therefore,

the number of positive integers k satisfying (4.25)) is

e (w2 w07 o +om - 4 (c0s%) 0w + o)

Choosing A < 1 and @ < 1 — A, this becomes

1/A
% (cos )\%) + 0 (tlf)‘) .

There is only a finite number of k corresponding to the condition |(|> 1, so noting
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that ny(¢, f) counts negative as well as positive k, we have
ny(t, f) = t <cos A—J) i +0 (tl‘k)
So we have
Ma(r, f) = )\/lr n;g\ﬁlf)dt = )\/17’ {(cos )\2—7T>i + 0(1)};& - ﬁ oS )\;7“1_’\+0(7“1_’\).

Also note that f'/f = e*/(e*—1) = f+1, so by the sectorial lemma on the logarithmic
derivative we have

my(r, f) = m,y (r, f?/ — 1) < m,y ( ,fY,) + O(1) = O(logr).

Therefore

Ta(r,e®) =Z(r, )+ 0(1) = —71'(1/\— N oS %rlA + o(rt™).

So when A < 1 (i.e., when the sectorial region is wider than a half-plane), the
characteristic function of the exponential grows like a power of r and is therefore

large compared to the error term in the Lemma on the Logarithmic Derivative.

4.3 Applications of differential equations
in the sectorial domain (), p)

The aim of this section is to present a number of applications of differential equa-
tions in the sectorial domain Q(\, p). We will prove Malmquist-Yosida and Wittich’s
theorems in Q(\, p). As noted earlier, we are interested in finding all solutions whose

movable singularities are poles. We will explain how we use the singularity structure
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and Q(A, p) to allow the solutions to be branched at fixed singularities.
For a differential equation in y we set the disc
Dy={z: |s|<p}. (4.26)

which contains the zeros and poles of all meromorphic coeflicients a, in (X, p)
satisfying T,(r,a,) = O(logr) as r — oo. If p > 1, then rescaling z gives radius less
than one. For convenience, from now on we take p < 1. Consider also the domain
Q(X, p) that we defined in section [4.2] In this way, we take all fixed singularities of a
differential equation outside the domain Q(\, p). Indeed, it follows that 9, (r, a,) = 0

for all coefficients a,, and hence Ty(r, a,) = my(r, a,).

Suppose that a meromorphic function f in Q(\, p) has finite order. If f is a

rational function

where a; and b; are constants, then m,(r, f'/f) is bounded because

= 1 T
I e Srerrind
1= j=0

as z — oo for any rational function f. Note that by Theorem and Example

[4.2.1] we obtain

Ta(r, f) = deg;(f(2))Ta(r, 2) + Qa(r, z) = O(log ).

Thus
m)\(T, f//f)

—————— = 0as r — 0. (4.27)

‘IA(T7 f)
On the other hand, if f is a non-rational function, then my(r, f'/f) = O(logr) by

Theoreom and the characteristic function of f could be close to logr, i.e the
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growth of f is not big enough to obtain a useful estimate for my(r, f'/f), which is

not sufficient in our applications to differential equation. However, if we assume that

log r
rz}\(r’ f)

— 0as r— oo, (4.28)

then the relation (4.27)) is satisfied by Theorem [4.2.4] Broadly speaking, suppose that
a meromorphic function f in Q(\, p) has finite or infinite order. If f is a rational or

non-rational function and satisfies (4.28)), then my(r, f'/f) = o(T(r, f)), i.e.

/

my <7“, f7) — O.(r, ). (4.29)

We will now proceed to present and prove an analogue of the Malmquist-Yosida
theorem in (A, p). The proof of this theorem is somewhat similar to classical case

in the complex plane [24] with some modifications.

Theorem 4.3.1 Let R(z,y) be a rational function in y with coefficients a, which are
meromorphic in Q(X, p) and satisfy Tx(r,a,) = O(logr) asr — oco. If the differential
equation of the form

(v)" = R(z,y) (4.30)

admits a meromorphic solution y in Q(X, p) such that logr/%\(r,y) — 0 as r — oo,

then equation reduces into
W) =) =)y, (4.31)

where at least one of the coefficients ¢;(z) does not vanish and Tx(r,c;) = O(logr).

Proof. Let R(z,y) be an irreducible rational function of degree d in y, then equation
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([4.30)), can be written as
P(z,y)
nn 9
y)' = R(zy) = : 4.32
W) =R=9 =56 (432)

where P(z,y) and Q(z,y) are polynomials in y with meromorphic coefficients in
Q(A, p). Since logr /T (r,y) — 0, and a, is meromorphic function for all o satisfying
Ta(r,a,) = O(logr), then Ty(r,a,) = Qx(r,y). Taking the sectorial characteristic
function of both sides of equation and then by Theorem and the lemma

on the logarithmic derivative with (4.29) we have

dg)\(ﬁ y) + DA(T? y) =%\ (T, (y/)n)
=n Tx(r,y)
=nmy(r,y) +n NM(r,y)

/

< nmy <T, 2> +n m)\<T7 y) +2n mA<T7 y)
Yy

<nmy(r,y) +2n M(r,y) + Q(r,v)

< 2n Ty(r,y) + Qa(r,y).

Therefore , we have d < 2n. Hence both of the polynomials P(z,y) and Q(z,y) have

degree less than or equal to 2n and these polynomials can be written as

p

P(z,y) =) ai(2) ¥,

1=0

q

Qz,y) =D bi(2) v,

J=0
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where d = deg, (R(z,y)) is at most 2n. Let n € C such that
];:0 ai<z) 77Z % 07
(4.33)
o bi(z) m' # 0.
Substituting y = (y —n) ! into (4.32)), we have
~2n p i
ni~nm Y io@i(z) (n+1/y
(1@ = Logumotile) (1 L/5) (134)
§=0 bj(2) (n+1/y)
Case 1: If p — 2n > ¢, then the above equation can be written as
(1) (F) = im0 i(2) B (5 + 1)
D j—obi(2) P2 (ny + 1)
Iz
_ b=y (4.35)

Q(z,79)

where P (z,7) and @(z, y) are polynomials in y. Using the first fundamental theorem,
we have T)(r,a;) = Tx(r,b;) = Qu(r,y). Likewise, equation has the same
general form as equation , ie. R(z,9) = P(2,7)/Q(z 7). By , we see that
the polynomials ﬁ(z, y) and @(z, y) are of degree p and p—2n in g, respectively. The
rational function E(z,@ is irreducible, since otherwise R(z,y) would be reducible.

Hence we get degg(]t’;(z, y)) < 2n and

hence ¢ = 0.

Case 2: If p — 2n < ¢, then (4.34]) can be written as

S ae) (1)
GO = S @ T g+ 1
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and again we get ¢ + 2n < 2n, hence ¢ = 0.
Thus both cases imply that @) is of degree zero and hence the rational function R(z,y)

must be a polynomial of the form (4.31). |

The following theorem is regarded as version in the sectorial domain (A, p) of

result due to Wittich for the whole complex plane [50].

Theorem 4.3.2 Let y be a meromorphic solution in (X, p) of equation
y' = 6y* + f, (4.36)

such that logr/Tx(r,y) — 0 as r — oo and the coefficient f is meromorphic in
Q(A, p) satisfying T\(r, f) = O(logr) as r — oo. Then my(r,y) = Qx(r,y) and

furthermore f = az 4+ b, where a and b are constants.
Proof. Equation (4.36)) can be written as

21

W = (4.37)

Y

Since logr /T, (r,y) — 0 and f satisfies T,(r, f) = O(logr) as r — oo, then

zA(Ta f) = Q)\(T’, y)

Taking the sectorial proximity function of both sides of (4.37)), and then using the

above equation, the lemma on the logarithmic derivative and (4.29) we find that

W 1)

< ma(r g ) G )+ ()

21’1’1)\(7’, y) = m,\(r, y2) =my (’l“,

|
<

7

Yy
< m)\(T', y) + my (Ta ?) + Q)\(Tu y)
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=my(r,y) +Q(ry),

so my(r,y) = Qa(r,y). Now, suppose that the solution has a pole at zg € Q(A, p).
Thus a Laurent series expansion of the solution about the movable singularity z = 2z

is necessarily of the form

y(z) = Z ar(z — 20)" 72, ag = 1. (4.38)

Following the calculation in Example , we obtain the recurrence relation .
Therefore there is a resonance at k& = 6 and the corresponding resonance condition
is f"(z0) = 0. Since Tx(r, f) = Qx(r,y) and f vanishes at all poles 2z of y in Q(A, p),
this implies f” = 0. That is, f = az + b, where a and b are constants. As we
illustrated in Example [2.2.1} if a = 0, then the solution of can be written in
terms of the Weierstrass elliptic function or its degenerations. Otherwise, a rescaling
of y and z along with a translation in z shows that the solution of is given in

terms of solutions of the first Painlevé equation (2.13)). |

Having studied a certain class of second order differential equations in section (3.2
in the complex plane using Nevanlinna theory we now continue with some special
cases of this class in Q(\, p) under some considerations for which we show that the

solutions can be branched at fixed singularities.

If we look back at what we did before in section , we considered equation ({3.14])
and used Nevanlinna theory to show that a certain rational function, defined in terms
of the solution and its first derivative, is small. Basically we used the lemma on the
logarithmic derivative and some elementary properties. In the sectorial domain those
arguments run essentially the same with some modifications. In addition to Nevan-

linna tools, we use series expansion of the solutions around movable singularities,
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which is exactly the same as before.

Firstly, we explain how we can apply this method in Q(\, p) without repeating

all steps for the differential equation

WW" — kW' = a(2)W, (4.39)

for the case k # 3/4, 1 such that W = w — a; is a meromorphic solution in (X, p)
satisfying

logr/T\(r,W) —0 as r — oo (4.40)

and the coefficient « is meromorphic in Q(\, p) satisfying

Ta(r,a) = O(logr) as r — oo. (4.41)

Consider the series expansion of the solution W in ([3.22)) with ¢ = 2. Since k # 3/4

we construct the function F' = F; in (3.28)) as follows

Flo) = W’ 2+ 2 oW 20 1
=\ w 3_drna W  1—2=W’

Furthermore, x # (n + 1)/n implies that F is analytic in Q(), p), and hence, My (7, f) =
0. Using our assumptions on W in (4.40)) with Theorem and « in (4.41)) we
obtain my(r, W' /W) = Q,(r, W) and T)(r, o) = Qx(r, W), respectively. Now taking
the sectorial proximity function of both sides of the above equation and then using
(3.26)) with N =1 we get

) +my(r, —) + my(r, o) + my(r, %) + O(1)

() o () )
"
w
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- QA(T, W)

Therefore Ty (r, F') = Qu(r, W). Hence, in this case W satisfies the first order differ-
ential equation

(W2 4+ () WW +v(2)W + p(2)W? =0, (4.42)

where
2 o 200
= -, V(Z) = _—,
3 — 4k « 1 -2k

p(z) Talr, p) = Qa(r, W).

In a similar manner of the proof of Theorem we will analyse equation (4.42)).

Hence we now consider the first-order equations (4.42)) corresponding to each of the

cases in Lemma [3.2.11for N =1, k # 1.

(1) o = « is a constant, u = 0, p = 0 and W satisfies (3.55) where the solution

W is a polynomial of degree two which is admissible in Q(\, p).

(2) a = ag(z — 250) "W =3/C=1D is meromorphic in Q(A, p), u = ﬁz_lzoo, p=0

and W = (z — 24) /@~y satisfies (3.56) where the solution w is given by

2(,% — 1)2a0

) 7 ) T 2V 1) (443)

w=ay+
which is meromorphic function in (A, p) but it is not admissible since T'(r, w) =
O(T(r,)).

(3) a= ao([Z_ZOO]Q_Cﬂ)(4"6—3)/(2[“—1}) is meromorphic in Q(A, p), p = ﬁ%,

p = — Lo and W = {(z — 2.0)* — dz}_l/(z[n_l]) v satisfies (3.57

("—1)? (s=200)

where the solution w is given by

—1/([s—1])
ao(k — 1)2 <[Z — Zoo]” — d2)
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which is again meromorphic solution in Q(\, p) but it is not admissible.

So the solutions in the cases (1-3) do not appear in the final statement of the
theorem because the condition of the admissibility. Observe that the solutions in the

cases (2) and (3) are branched at fixed singularities.

We now turn to the Hayman equation (3.13]). The following theorem is somewhat
similar to the results of Halburd and Wang [12] in the complex plane, the proof,

however, requires some modifications.

Theorem 4.3.3 Let w be a meromorphic solution in Q(\, p) of equation sat-

1sfying the condition
logr

_ 0 4.44
‘Z,\(r,w)_) as r — 00, ( )

and the coefficients o, B and v are meromorphic in Q (X, p) and satisfy
(3:)\ (Tv Oé) + i{)\(ra 5) + T/\(7“7 ’7) - O(lOg T)' (445)

Then w is one of the solutions described in the following list, where c¢; and co are

constants.

1. Ifa=03=7v=0, then w(z) = cee?.

2. If B=~=0, then d; = a # 0 is a constant and w = % {1 + cosh(c;z + c2)}
1

orw=—%(z+ )%
3. Ify=0,8+#0 and d, = —a/B is a constant, then w(z) = c;e?.

4. Ify=0and o+ B =0, then

w(z) = e {02 _ / B(Z)eqzdz} | (4.46)
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5. If v # 0 and there is a constant dy and a meromorphic function h satisfying

h?+ Bh+~ =0 and h' —dih = o+ d 3, then
w = eh* (01 + /h(z)edlzdz) : (4.47)

6. Suppose that v # 0 and A = w is a constant.

(a) If A =0 and there are nonzero constants dy and ds such that

2_1 1 / 2 ﬂQ
=g tam o ()}

then w = +ds cosh(dyz + ¢1) + %.
1

2 (gA*W*QO‘)Q ~
(b) If di = *——— is a nonzero constant then

— 4 dd1)z 1 /p
w:cle< 2 1) —Td%(gA—ﬁ/—QOz).

(c) If gA—ﬁ’— 20 =0, then

w = e 42 {d101 — / ge‘%ﬂdz} : (4.48)

where 32/4 — v =0
Proof. A straightforward calculation shows that for « = f = v = 0, we have
w(z) = ce?. From now we take at least one of o, 3, 7 to be nonzero.

Consider a Laurent series expansion of the solution w around zy € Q(A, p), which

is either a zero or a pole of w
w(z) = a; ¢, (=z—z, (4.49)

=0

where ag # 0, 290 € Q and p € Z" is the leading power that needs to be found.
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Substituting the expansion (4.49) into the equation (3.13) gives
—pag P = alz)(ag P ) +B(20) (a0 p P )+ (9(20) F- ). (4:50)

Hence, if § =~ =0, then p = 2. Otherwise p = 1.

Recall that all zeros and the poles of the coefficients «, 3 and v are in the disc D,
given by , i.e. they are outside the domain (A, p). The main ideas for the proof
are taken from the paper by Halburd and Wang paper [12], but the arguments due
to Nevanlinna theory regarding the growth of the solutions are replaced by sectorial
theoretic arguments with slight modifications. It suffices to write down a brief proof
of the cases § # 0.

The case f #0, y=0:

Substituting w(z) = aoC + a1¢? + O(¢?) in equation (3.13) we get ag = —f and
a(z0) + B8'(20) = 0.

Hence, a(zy) + f'(z0) = 0 for every zero z; of w in Q(\, p). Now we have two cases:
Case 1: a+ ' #0.

Consider f = w'/w. If 2, is a pole of w then zy € D,. If 2, is a zero of w, then either
2o € D, or a(zg) + B'(20) = 0 Thus the function f has a pole in Q(X, p) only if z is

a zero of w and a(zg) + f'(20) = 0. Hence, it follows that

Ma(r, f) =N, (7“, %’)

:ﬁk(’f} a—}l—ﬁ/)
<X ra+ﬁ>—|—£h(rw)
< <T7 Ot) +S>\( )—f-Q)\(T,w)

T
(1, w),
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and by the lemma on the logarithmic derivative and (4.44]) we have

/

ma(r, f) = my (r, %) = 0,(r, f).

So Ta(r, f) = Qa(r, f). Substituting w’ = fw and w” = (f'+ f*)w in equation (3.13)

with v = 0 yields
flw=a+ fB.

Since the coefficients of the different powers of w are all Q,(r, f), we must have
f'=a+ fB8=0. Hence, f(z) =d; and a(z) = —d;3(z). Therefore, w(z) = c;e®*
Case 2: a+ 3 =0.

Equation can be written as ((w’ + 3)/w)" = 0. Thus we conclude that the

general solution as given by (4.46)). O

Remark 4.3.4 Indeed, the solutions given by when B # 0 and ,

when v # 0 were obtained in [12] using Nevanlinaa theory. If B or -~y or h are non-
polynomial rational functions, then in general these solutions are not meromorphic
in the complex plane because they are branched at fized singularities while they are
meromorphic in Q(X, p) as well as admissible if X < 1. In other words, we could

allow for the solutions to be branched at fized singularities.



Chapter 5

Conclusion

This thesis has been motivated by the desire to extend the idea of using the
simple singularity structure of solutions as a way of finding integrable equations,
to the use of singularity structure as a tool for finding all particular solutions with
simple singularity structure, even for non-integrable equations. Based on the success
of the Painlevé property, perhaps the first guess for an appropriate class of solutions
that one might reasonably expect to be able to find is the class of solutions with only
poles as movable singularities. The main difficulty in working with this class is in
proving that all such solutions have been found. In the case of the Painlevé property
it is enough to show that an equation has a single solution with branching around
a movable singularity in order to remove the equation from further consideration.
This can often be done using series methods alone. When dealing with individual
solutions the situation is much more delicate. In this case, in order to use series
methods, we need to address the question of whether a solution takes a particular
value often or has many poles. This kind of question is naturally addressed in
Nevanlinna’s theory of the value distribution of meromorphic functions. In order to
use the classical theory we have to make two further assumptions about our solutions:

they need to be globally meromorphic (i.e., not only are their movable singularities

113
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poles, but so are any fixed singularities) and they must be admissible in the sense
that the Nevanlinna characteristic of the solution must grow faster than that of the

the coefficients.

The original work in chapter 3 of this thesis was directed at finding all admissible
meromorphic solutions of equation . In most cases we were able to show that
any such solution must also solve a first-order equation that ultimately could be
transformed to either a linear equation, a Riccati equation or an equation of the
form (u')*> = P(u), where P is a polynomial of degree at most four, possible after a
change of variables. The remaining cases were studied using resonance conditions and
were related to the first and second Painlevé equations. Some of the solutions that we
were led to in our proof Theorem failed to be admissible or even meromorphic.
Interestingly, all of the solutions that failed to be meromorphic did so purely because
of non-pole fixed singularities. This further confirms the original intuition that one

should allow solutions to be branched at fixed singularities.

Chapter 4 was a first attempt at constructing a theory that would allow us to
consider solutions that are branched at fixed singularities. We started with a self-
contained introduction to the Tsuji version of Nevanlinna theory for functions mero-
morphic in the half-plane. This was then extended to functions meromorphic in a
larger sector outside a disc centred at the origin. We then applied this theory to
differential equations in which all fixed singularities were contained in the deleted
disc. In this way, we were able to consider solutions with branching at the fixed
singularities. After deriving some simple analogues of some classical theorems, we
returned to our main equation as well as some solutions to equation consid-
ered in the work of Halburd and Wang. We were able to keep some, but not all,
of the previously discovered solutions as some solutions did not satisfy the required

admissibility assumptions. We hope to address this problem in future work.
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