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1 Introduction

We investigate one-dimensional model of motion for a barotropic compressible fluid.
The model is described in the Lagrangian mass coordinates (z,t) by the system of
equations

v+ (€ = (TV) g

gt_v$:0a

where v-the velocity and &-the specific volume (£71(z,t) = o(x,t)- the density) are
unknown functions; y is a positive constant viscosity coefficient and p = p(0) = p(£71)
describes the pressure of fluid as a function of density.

By conservation of total mass and after normalising the total initial mass to 1 the free
boundaries become fixed (z € [0, 1]) in terms of Lagrangian coordinates [1] and our
system may by supplied with the Neumann boundary condition given as follows

(1)

M(TU):B - p(g_l) = N(Tv)x - p(é_l) = —P, (2)

x=0 r=1



where P stands for the constant external pressure.
We assume constitutive equation as for isentropic processes

p(0) = ap” with constants v > 3 and a > 0, (3)

additionally we introduce a function G(p) = %9%1.
The initial conditions are v(x,0) = vo(z), &(z,0) = &(z), and they satisfy

fol vo(z)dr =0, 0<&- <&(x) <&t <00, &(0) =E(1), (4)

for some positive constants &y_, &y .

From the physical point of view the assumption v > 3 is not satisfactory, since for
most gases the heat capacity ratio is about % On the other hand, it allows for simpli-
fication while we show the upper bound on a density for approximative system. This
is just a technical assumption often used for the sake of simplicity and transparency
of the proof [11] and there are some well known techniques extending the results for
v > 1 for the similar type of equations [7], [9]. It seems that for our model the case
1 <~ < 3 can also be studied, as far as strong convergence and local existence results
are concerned, and we shall come back to this problem in a future publication.

On the r.h.s. of first equation of system (1) we find a pseudo-differential operator
acting on the velocity function v, being a modification of the standard Laplacian. Its
definition is based on the properties of space of weak solutions to (1)+(2) which is the
Neumann-boundary problem. We immerse a space of weak solutions in Ls(0,1) - the
closure of linear combinations of smooth functions that form a standard base for the
Neumann-boundary problem:

(2) cos(mkz) E—01
wi(x) = =0,1,....
’ [ cos(mk )| 2 (0,1)

Thus, we may describe any function f € L(0,1) as f(z) = > -, frwk(x). Staying
within above notation we define an operator

T: Ly(0,1) = Ly(0,1), Tf(x)= Y frwk(x),

k=R+1

where we assume that R is a positive fixed natural number.

The operator T is thus a projector which omits first R modes of the function. This
feature causes that the dissipation of energy appears (see Lemma 4) only for high
fluctuations and does not involve low modes (lower than R).

If the system exhibits only low modes, the right hand side of the first equation in (1)
disappears, thus the equations have features of the Euler’s system for compressible
inviscid flow; for modes grater than R we have Navier-Stokes type equations with the
dissipation of energy proportional to a degenerate viscosity coefficient p > 0.

For one-dimensional Navier-Stokes system with external force it has been proved (see
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[14],]10]) that the global solutions exist, and that any solution tends to the stationary
solution [8|. Similar results exist for system with density-dependent viscosity [3|. There
are also some attempts developing this theory for descriptions of heat-conducting gases
undergoing dynamic combustion [6] or/and including radiative and self-gravitation
effects [4]. These models arise from astrophysical hydrodynamics and are usable to
describe how the matter behaves inside a viscous gaseous star [13], [5]. Our system
may be treated as a simple mathematical model of a single layer of star’s atmosphere
bounded by an external pressure P, if the star is spherically symmetrical and the radius
is suitable large to justify passing over the influence of curvature.

The objective of this paper is to show an existence of regular solutions to the problem
(1)-+(2). To obtain a global in time existence we need first a local in time existence
and then some information about solutions uniformly in time. Local existence for the
Navier-Stokes equations in a general three-space dimensional case has been recognized
alike for the homogenous Dirichlet problem [7]| as well as for the Neumann condition
given on a free boundary [12|. Nevertheless, the method presented here is an application
of other technique, introduced by Kazhikhov (see [14]), after noticing that on the level
of the Galerkin approximations the first equation of (1) may be stated as follows

Ut +p(§_1)x = UUzqy — N((l - T)U)m, (5)

where (1 — T)v,, is an analytic function, since R is a fixed positive number, and its
norm is controlled by the norm of v due to the energy equality, thus it may be treated
as given one as an external force f. This approach causes that all the constants that
appear throughout the paper are highly dependent on R, but we are not interested in
knowing the precise expression for this dependence as we assumed R to be a constant,
positive parameter of the system.

To find the regular solutions to the problem (1), we should validate its well posedness
in the classical sense. To avoid such difficulties we will work with weak solutions to
(1)-+(2), although the final regularity allows us to call them regular.

Definition (Weak solutions). We say a pair of functions
v e Wy ((0,1) x (0,T)) and & € Loo(0,T; H'(0,1))

is a weak solution to the problem (1)+(2) provided:
1. for each ¢ € C'(0,T;H(0,1)), fol o(x,t)dx = 0, the equalities

(ve,9) = (P(67) = Prpa) + (T, 02) = 0 (6)
& —v,=0

are fulfilled in the sense of distributions on time interval [0,T] and
2. v(z,0) = vy, £(z,0) = &.

This definition, as the only in this paper, will be simply referred to as "the Defini-
tion" in the further part, and the system (6) as "the weak formulation".
We require from v regularity, which is not optimal to the weak formulation, however



such high smoothness will be necessary to show uniqueness of the solution defined
above.
The local existence of solutions is provided due to theorem

Theorem A (Local in time existence). Assuming (3), (4), R is a fized positive
number and that vy, & € H(0,1), there exists Ty > 0 such that there exists unique so-
lution to the problem (1)+(2) in the sense of Definition on time interval [0,T], T < Tp.
Moreover, £ is strictly positive on time interval [0, T].

The proof is based on the Galerkin approximations and an additional energy esti-
mate that enables to control the norm of nonlinear term.

Our principal result reads as follows

Theorem B (Global in time existence). Assuming (3), (4), p < 1, R is a

fized positive number and that vo,& € H'(0,1), there exists global in time solution to
problem (1)+(2) such that

CA= W22(’l10c)((0’ 1) X (07 OO))’ £ € LOO(O, 00; H1(07 1))7

and 0<& <&(n,t) <& < oo,

for all (x,t) € (0,1) x [0,00), where {—, & are strictly positive constants.

The main difficulty in proof of Theorem B is to show uniformly boundedness of the
density o(x,t) > £_. The idea comes from P. B. Mucha [2] and requires an assump-
tion of smallness of viscosity coefficient p, which is the most interesting case from the
physical point of view. For a sake of Neumann-boundary condition we have a global
existence without assumption of smallness of initial data. In case of Dirichlet boundary
condition, smallness of data is required, but it depends only on 7 [10].

In the following section we investigate behaviour of solution to (1) on the boundary in
classical sense, to introduce a suitable form of approximate solutions in the Galerkin
method.

Section 3 is devoted to the proof of Theorem A. We start with energy equality and
estimate, from which we obtain a sufficient information to pass to weak limit and jus-
tify the local existence of solutions. However, to show uniqueness, there is a need to
improve regularity of v.

In Section 4, we present the proof of Theorem B. Global in time estimates for v, G(§71)
and the upper bound on £ enable to justify that & belongs to L. (0, 00; H'(0,1)) and,
as a consequence, separation of ¢ from zero, globally in time.

Notations:

1

0

a_i_aaf_faa (fag)_/fgdxa
0

2 1
1wz o yxoy = 2 105 F a0 <o) + D 108 Fll o< 0m)-
k=0 k=0
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2 An estimate of the solution on the boundary

The first equation of (1) together with boundary and initial conditions lead to a con-
clusion that fol v(x,t)dx = 0, thus it is reasonable to look for function v(z,t) of the
structure

vz t) =Y Ae(t)wi(z), (7)

where the A (t) are at least of class C'(0, 00).

Lemma 1. Assume (4). Then for all t > 0 there exists a C1(0,t) function £*(t) being
a unique solution to (2), i.e.

€(O>t) = S(Lt) = 5*(t)

Moreover B B
0<& <& (1) <& < o0,

where £_ and &, are independent of t.

Proof. According to definition of the operator T and to the structure of function v we
get ((1— T)v)x‘(b n =70 for b € {0,1}. Therefore, one can reduce (2) to an ODE

pe= g =P ®)
subject to the initial condition &£(z,0) = &y(z). From the classical theory, there exists
a unique solution with continuous first time derivative that may be extended to the
whole half line.
Since £(0) = &y(1), we see that we have £(0,t) = £(1,t), for all ¢ € [0,
function £*(¢) is a unique solution of (8) with the initial condition £*(0)
Note, that for ¢ — oo

00). Thus the
=&0(0).
tlgglof*(t) - (%)W ’

Indeed, as we may construct the appropriate Lyapunov function for the equation (8)

V(€) € CQ), where @ = {€: | (8)7 — & < | (2)" — &},

2
a
Now, since VV - & < 0 for £ € Q\{(%)%} we get, by the Lyapunov Stability Theorem,

1
that (%) 7 is an asymptotically stable fixed point of (8). And thus the limit in question
exists. Moreover, there are exactly three possibilities for £*(¢) to be bounded depending
on the sign of its time derivative given by (8)

2=

o if {4 < (%) , then £*(t) is increasing and 0 < &, < £*(t) < (1%)% < 00,
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1

e if & = (%) then £*(t) is constant,

2=

o if & > (%)%, then £*(t) is decreasing and 0 < (%)7 < £*(t) < & < oo.
0

Define function 6(z,t) as an extension of £*(¢) to the whole region [0, 1] x [0,00) by
constancy along each straight line x = C"

O(z,t) = 0(t) := £*(t). 9)

3 Proof of Theorem A

In order to prove Theorem A we first construct a finite-dimensional approximation of
solutions to (1), and then pass to the limit. This is called Galerkin’s method.

3.1 Galerkin approximations

Define the spaces:

W= {p € C'0,T; H'(0,1)) - /gp(m)dm 0} —

={peC0,T;H'(0,1)) : o = Y _ an(thwy},

k=1

WY = {p e (0, T; H(0,1)) Zak Jwy. },
Whe = {p e CY0,T; H*(0,1)) Zak W }

For fixed integer N, we shall look for the functions vy, &y of the form:

oy (z,t) = 0,(t) (a: — %)N + Zag(t)wk(x) En(z,t) =6(t) 1y, + Zﬁ,ﬁv(t)wk,x,

(10)
where oy, ¢n. denote a projection of function ¢ on W& WM respectively, such
that for all k = 1,... N the coefficients ad (¢), B2 (t) satisfy

oy (0) = (vo — (z — %)Net(o);wk>7 B (0) = ﬁ(fo —0(0)- 1Nz, Wha), (11)



5ww=ﬁwm+/@w@@, (12)

and

(UN,ta wk) ( P Wi :v) + M(TUN zy Wk :v) =0 (13>

3

in the sense of distributions on time interval [0, 7.

Theorem 2 (Construction of approximate solutions). For N sufficiently large there
exists the unique pair of functions vy, &y of the form (10) satisfying (11), (12) and
(13) in the sense of distributions on time interval [0,T].

For the proof see Appendix A.
In consequence, the pair of functions vy, &y fulfils weak formulation in sense of the
Definition for each o € W,

Remark 3. The assumption & > 0 is equivalent to initial density oo(z) = &;* greater
than 0 for all x € (0,1). Therefore the classical solution of second equation of (1)
satisfies

E(z,t) >0 V(x,t) €(0,1) x (0,7).

Indeed, as & = —%, thus @—; = —ov,, and hence

5*@@=M%®:mwwm—/wwﬂ>0

This property may be transcribed into {x(x,t) (for N sufficiently large) by an analogous
argument, since we observe that for N sufficiently large &y (z,0) > 0.

3.2 Energy estimates

To obtain local existence of weak solutions we need uniform estimates.

Lemma 4 (The energy equality). Let vy, &y satisfy weak formulation in the sense of
the Definition for each ¢ € WY, then

1

/(%UN@ T) + G631 e, T)) dz + PV(T +u//|Tva| dedt =

j( B Glesh) ) e+ PV

holds for any T < Tj.



Proof. Putting ¢ = vy € W¥ into the Definition, we get

a
(UN,t)UN> - (_ - P7 UN,:I:) + ,LL(TUN@) UN,:I:) - 0 (14)

3"
Since T is the projector, we have

1

1
/JJ/TUN,xUN,xdx:/|TUN,x’2dxa
0 0

also by the definition of function G(-)

1 1

- [ e oo == [ bl ewads = 5 / (€31)d

0 0 0

P /1 Enadr = / ¢dr = —PV (1),
0

where V (t) is the volume of fluid in the Eulerian coordinates. After these transforma-
tions we obtain an equation

1
d

dt
0

(1UN+G<5N Nz +-Lpve +M/|TUM| dz = 0, (15)

dt

integrating from 0 to T" we get the thesis.

0
Later on we will need another form of (15) which is a consequence of formula (5)
d / 1
& [ G+ ey + PV + / ovaide = = [ fowds, (1)

0 0
where we denote fy = (1 — T)vy 0 = ,quR:l al () w2z ().

Remark 5. Above lemma yields an estimate on the norm of vx in Lo (0,T; L2(0, 1)),
which in turn implies a suitable estimate on || fn|| L. (0,1:L5(0,1))-

Lemma 6 (The energy estimate). There exists a constant C, depending on a, P, u,
and T, such that for any T < Ty holds

sup [|Ex ()l a0,1) + llowll Loz 00y < C
te[0,T]



Proof. This time we take as a test function &y . (z,t) € WV

(Unt EN ) — ( — P ¢Naz) + 1(TUN 2, ENza) = 0.

¥

Note, that transforming respective elements of this equation we get

1 1 1 1 1

d d
/UN,th,xdl' = a/UNfN,xdx_ /UNfN,md$ = E/UNfN,xdf‘F/UJQV,xd%

0 0 0 0 0

1 1

—/(5 —P)medahLu/TUN,ng,mdx =

l

1 1
= / (%)x Enzdr — M/gN,xth,md:c + /(1 — T)vnzeln o dx

0
1

0
= —v/gwfm 2dt/§Na:dx+/fN€Nxdx

0

altogether leads to equality

p 1 1 e 1 1
dt ( fo UN§N$> dr + va/gNﬁdx = /v?\,’mdm + /foN,ngx. (17)
0 0 0

N

Now we multiply (16) by the constant B = ﬁ, and then add to equation (17), to find

1
d B
% / (%5]2\/@ + 5”12\[ - UNSN,OC + BG(&;I)) dx + BPV(t) +

0

1

1
/ 7+1d:c—|— (Bp—1) /U LAz
0

0

1

= /(foN,x — Bfyvy)dz. (18)

0

Employing to the r.h.s. of above equation Holder’s and Cauchy’s inequalities and
taking into account that %fol Gy >0, %PV(t) > (0 we get

i 2 4 4 / &, h
m _
T / <§§12v:n + ;U]QV — UNENe + ;G(fzvl)) dx + ;PV(U "’7@/ €7+1da7+3/2’12v,zdx
0 0 0

N

1
< Sl + [ (56t 20k~ oxtiva + 26D ) do 4 1PV, (19
0



Denote:

1
oo 2, 4 1 4

= — —Vy — s+ — d —PV (1),

/(2§N,z+ MUN ONEN + MG<§N )) T+ ,u V(t)

0

5
X(t) = ;Hfzv\liz(o,l)-

Using again Cauchy’s inequality we deduce

1

n(t) = / (’f&?v + %v%v + %G(g;)) dz + %PV(t) > 0.

0

Hence, according to our denotations, inequality (19) reads

' (t) < n(t) + x(t).

Using the Gronwall inequality we get the following estimates:

sup ||§N(t)||§{1(0,1) S (77 _||fN||L2 (0,T5L2(0, 1))>
te[0,7
sup ||UN(75)||%2(0,1) < pe’ <77 —||fN||L2 (0,T5L2(0, 1)))
t€[0,T
sup V(1) < Le® (10)+ 2B )
0<t<T 4P M ? :

and

1

1
4 4
sup —/G (x,t)dx = sup —a)/f}vfy(x,t)dx—
1
0

t€[0,T] telo,T] & (v—1 /

= sup

)
g 2 geT( 0) + =l fnllZ o ) 20
i M(’Y )H N ()HLQ(O,I) n(0) MH NHLQ(O,T,LQ(OJ)) (20)

Moreover, integrating (19) with respect to ¢ in the interval [0, 7] we obtain

Tel +1 )
HUN,x”%Q(D,T;LQ(O,l)) = “€N7tH%Q(O7T;L2(O71)) < 9 <77<O> + ;HfN”%Q(QT;LQ(Q’l))) s
and
T1 £ T1 )
Nz) 4’ya 1y
v [ S = [ [(67) ) -
00
dva

1y )
= WHfﬁ | Ta0.r 01y < (Teh +1) <77(0) + p”fNH%Q(O,T;Lg(O,l))) :
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Remark 7. From the energy equality fn is bounded in Lo (0,T; Ly(0,1)), in particular

1 N1E 072001y < C
where C' is a constant, that depends on P, a, p, v and initial data, but it does not
depend on T'.

With this remark we complete the proof of the energy estimate.

O
Till now we have proved the following inclusions:
Ex € Loo(0,T; HY(0,1)), €37 € Loo(0,T; Lo(0,1)), vy € Luc(0, T; Ly (0, 1)), (21)
Eni € Lo(0,T7; Ly(0, 1)), 51? € Ly(0,T; H(0,1)), wy € Lo(0,T; H(0,1)).(22)
At the beginning of this subsection we substantiated that for N sufficiently large,
En(z,t) > 0, now we will prove that it is indeed separated from zero.
Lemma 8. There exists a positive constant K, such that for N sufficiently large
En(z,t) > K >0 for (x,t) €]0,1] x [0,T].

1| (e—a 1 —(a :
Proof. Let o > 0, then sup,cpo 7y i | (63%), | = subiepory fo €] (@) |¢€y.4]. Employing
the Cauchy-Schwarz inequality we obtain that for any ¢ € [0, T]

2

1 1
/ x| enal < sup [lEnallzzon / |2
J o<t<T ;

From (21) we deduce that SX,(O‘H) € Lo(0,T;Ly(0,1)), iff —2( +1) = 1 — 1, and
v > 3. Observe, that by the Theorem 2, {y(x,t) are continuous positive functions,
moreover

X" € Loo(0,T;WH(0,1)) C Loo(0,T;C°0,1]).
The norm ||{y*|| L. 0,7:c00,1)) < M for some constant M and o > 0, therefore we have
that

1 . —a -1
0< 7 < esstel(réfT) 1E87 ()l cojo,y

and recalling that every {y(x,t) is positive and continuous we obtain the existence of
a positive constant K, such that

5]\[(.%‘,25) > K > 0.
Let us underline that K depends on M and is highly depending on 7.

Now we shall estimate the norm of pressure

IPEN ) Lao s 0.1)) < Crall (€7), La0.:L20.1))

—+1

1y 1y
I (5N2 )m La0,mi2200,0)) < CraK ™2 (€ [lr20,m5m1 (0,1)),
where Cp is a constant from the Poincare inequality. According to (22) we arrive at
p(EN") € La(0, T3 H'(0,1)). (23)

41

< CPCLK72
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3.3 Existence

The estimates from the previous subsection imply

tS[%PT}(HUN(t)||L2(0,1)+||5N(75)||H1(0,1))+||UN||L2(0,T;H1(0,1))+||p(51§1)||L2(0,T;H1(0,1)) <C
€10,

for some constant C' depending on p, P, v, a, initial data and T'. As a result we may
estimate |[un ¢ 1, 0,7:1-1(0,1)), where H=1(0,1) = W™,

Now we pass to limits as N — oo to obtain a weak solution to our problem in the sense
of Definition.

Theorem 9. There exists a weak solution to (1)+(2).

Proof. Since the sequence {vy}3_; is bounded in Ly(0,T; H'(0,1)), and {vn,}3_; is
bounded in Ly(0,T; H1(0,1)), there exists a subsequence {vy, }3°; C {un}F_q, s. t.

ow, = v € Ly(0,T; HY(0, 1)),
Nt — v € Lo(0, T H=(0,1)).

With the same manner we conclude that

é-le — g E LOO(OaTa H1(07 1))7
(6w, =6 1n,0) = € € Loo(0, T HY(0, 1),

o0
for some function £* and some subsequence {5 le} C {&n,},5,- Starting from here
k=1

we will be calling this subsequence &y, vy.
By virtue of (21) and (22) we see that &y € H'((0,1) x (0,7)), hence, by the Rellich-

Kondrachov Compactness Theorem, we obtain strong convergence of a subsequence

(ST SRR (31 5o
gN — f € L2((O’ 1) X (07T))

Next, observe that since p(¢5') is bounded in Ly(0,T; H'(0,1)) there exists a weakly

convergent subsequence {fN }k C {&n, 1,2, to some function in Ly(0,7; H'(0,1))
1

p (&) = pET) € Lo(0,T; H'(0, 1),

Lemma 10. Providing p(§7') is a continuous function of & and that with an accuracy
to subsequence

En, — & strongly in Lo((0,1) x (0,7)),
p(&h) = pET) weakly in Ly(0,T; H'(0,1)),

then p(€=1) = p(&71) holds a.e. in (0,1) x [0, 7.

12



The Proof of this Lemma follows easily from Egoroft’s Theorem.
Similarly, since {SNTW} is bounded in L. (0,7 L2(0, 1)), we may choose such sub-
N=1

1—v [e.e] 1— o0
sequence {fo }1—1 - {ENQ }N—l that

1—y 1—
€Nl2 ¥ fT’Y c LOO(O,T, L2(07 1))

and by the same argument prove SI_TW = 51_77 a.e. in (0,1) x [0,T].
Repeating the procedure from proof of Lemma 8 for {(x,t) we validate

E(x,t) >C >0 for (z,t) € (0,1) x [0,T7.

Next, by the definition of the operator T we know that fy are analytic functions. More-
over the energy estimate implies that || fx ||z, 0,701 0,1)) < C(R)||vn|| o018 0,1)) < C
thus at least for some subsequence

.fNL - ? Weakly* in Loo<0a T; L2(07 1))

Since (1 — T) is a linear, compact operator we have that f = u[(1 — T)v].. = f.
According to our previous remarks, it is possible to pass to limits in the weak formu-
lation, and by the density argument, equality

(v 0) = (P(E71) = Popa) + vz, 02) + (£,40) = 0
holds for each ¢ € W in the sense of distributions on time interval [0, 7], moreover
valet) = &2, ) on (0,1) x [0,7]. (24)

In order to prove v(z,0) = vy(x), it suffices to choose for a test function such ¢ € W
that ¢(x,T) = 0 and pass to weak limits recalling vy, (z,0) — vo(x) in L2(0,1). The
equation (24) enables to show a proper initial condition for &(x, ).

To complete the proof of existence of weak solutions there is a need to improve regu-
larity of v.

Lemma 11.
v e W ((0,1) x (0,7)).

Proof. Multiply equation (13) by oy, and sum over k = 1,..., N, to find
(Nt One) — (PERY) — Py Ona) + (TUN 2, Onge) = 0,

where y(z,6) = 0L, af (Hun(a).
Let u(z,t) = et(t + 20:(t), ug(x,t) € WV, thus it satisfies

(UN,ta ut) - (p(f]:/'l) - Pa utx) + M(TUN@, uta;‘) = O
Adding these two equalities and using the formula (5) we get

1

1 1 1
Joxoias = [ ot wide == [ o6, om0~ n [(1= Towavns, @29
0 0

0 0
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since vy(z,t) = u(z,t) + 0(z,t), in particular vy o = Un4e. Now employ Caychy’s
inequality and integrate by parts to find

1
UN d
| t||L201) H—/UNz dr + p | ON U
2d |
0

3p°
Ip (SN) ||%2(0,1)+ 4 ||(1_T)UN,J:J:||3:2(0,1)-

Axloo O\H

Note, |0nq|L0,7:2200,0) < 1UN o071 0,1)) and wg, = O € Ly(0, T Lo(0, 1)), there-
fore integrating with respect to t in the interval [0, 7] we conclude

on € L2(0,T; Ly(0, 1)).
Finally, by (25) and Cauchy-Schwarz inequality, we get that also
UNzz € La(0,T; Lo(0,1)).

As N approaches infinity we obtain required smoothness of v and the proof of existence
is complete.

O

3.4 Uniqueness

Theorem 12. The weak solution to (1)+(2) is unique.

Proof. Assume there are two weak solutions (vq,&;) and (ve, &) of the system (1) in
sense of the Definition.

Denote w = v; — v9, ¥ = & — & and subtract the weak formulations for the pairs
(v1,&) and (vg, &) with v and v, as a test functions, respectively, then we get

(wew) + (P& ) = p(& 1), w) = (U(Tw)ee, w).

Employing formula h(61) —h(&) = (&1 — &) Jy H'(s&1 + (1= s)é)ds, for h(€) = p(¢7),
integrating by parts and replacing w, by vy, we arrive at

1

1

2 2

di/ % - %/h’(sﬁl +(1— 8)&)ds | dv =
0 0

S

1

1 1
2
= [ [ 16+ 0 - estde - [(mar
0 0 0

1
2

< COIEOlnon [ o

0
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where C(t) = || fol R (861 + (1 = 8)€2)ds(t)]| Loc(0,1)s SUDsejo ) C(t) < 00. Due to result
from previous subsection & € Lo(0,T; H*(0,1)) C L1(0,T; Loo(0,1)).
Since h(§) = 5% is monotonically decreasing function, its derivative is negative, thus

Let ¢(t) = C(t)[|&(t)]| oo 0,1), note ¢ € L1(0,T), then by Gronwall’s inequality and the
initial conditions w(z,0) =0, 1(z,0) =0

1

1
2 2
/ . %/h’(s& +(1—s)&)ds | dz <0,
0 0

therefore ¢(x,t) = w(x,t) =0 a.e.

4 Proof of Theorem B

To obtain a global in time existence in case when the local existence has been already
proved we only have to show uniform in time estimates for solutions of (1).

Lemma 13. For a solution of (1) + (2) we have

/1 (%vz(a:,t) + G(ﬁ_l)(x,t)> dx + PV (t) + M/t/1 T, |*dzds =

= /1 (%U(Q) + G({gl)> dx 4+ PV (0).

Proof. Multiplying the first equation of (1) by v, integrating over [0, 1] and repeating
the proof of Lemma 4 we arrive at

1 1
% (%qﬂ + G(g—l)) dz + %PV(t) + u/ | Tv,|*dz = 0, (26)
0 0

integrating over [0, ¢] we get thesis.

0
As a result:

v € Ly(0,00; Ly(0,1)), Tv, € Ly(0,00; L2(0, 1)), (27)
G(§7Y) € Loo(0,00; L1(0,1)),  V(t) € Loo(0, 00). (28)

Now we will show that for & holds & € L. (0, 00; H'(0,1)).

15



Lemma 14 (The upper bound on &). [f% is sufficiently large, then

1 1 P
E(x,t) < max < Emin, sup (& + —U(x,0 —My —t—
(@:1) mE(O,l)( ° o (z,0)) + " v 4

for t € [0, Thaz) and a constant &pin, where Tpa, is the maximal time of existence of
solution in sense of the Definition.

Proof. Define a function U(x,t) fo ds. Since fol v(z,t)dr = 0, we have
U(0,t) =U(1,t) =0, and consequently

(Ut,QO) = (Uxtagp) = _(Utasox)'

Therefore we may rewrite the weak formulation in the form

(6= 2000e) = (0™ = P+ (1= D) (29)

I

Note, that by (27), U € Ly (0,00; H3(0,1)) C Lso((0,00) x (0,1)), moreover by prop-
erties of the operator T, we see that (1 — T)v, € Lo((0,00) x (0,1)). In particular,
the following bounds are true

||U||Loo((0,oo)x(0,1)) < My, (1= T)&”Loo((O,oo)X(O,l)) <C

The constant C is independent of i, thus we choose p sufficiently small to keep

_p _
—+(1-T) < —.
F1-Ta <y

Let F(§) = 5% and &,,;, be a minimal positive constant which satisfies F'(,5) < %
since F'(§) is a continuous decreasing function it can be done for any case, and for such
é-min holds

1 L P —

" I "7
Next, define a set N = {(:p,t) DE(x,t) — iU(x,t) > Emin — flLMU}
By this definition, remembering that F'(£) is decreasing, we see that

Since we require only that ¢ € W, i.e. fol (z,t) = 0, hence there is no restriction on
¢, which appears in (29). Choosing ¢ such that supp ¢, C N, we obtain a point wise

inequality: 5 X p
il i <
ot (£ ,uU> ‘N ~ du (30)

Then there are two possibilities:
L If sup,eqq(6o(r) — iU(a:, 0)) < &min — }%MU, then if there was

1 1
sup (&(x,t) — =U(z,1)) > &Enin — — My, (31)
(@,)€(0,1) % (0, Taz) 0 m
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it would exist a point (xg, to) s.t. &(xo,to) — l%U(xo, to) = Emin— /%MU, since the function
E(x,t) — iU(m,t) is continuous for (x,t) € (0,1) X (0, T},4.). But, by virtue of (30) the
function &(x,t) — l—iU (x,t) is monotonically decreasing in (xo, to)

0 1 —P
z to) — ~Ulzoty) | < ——
ot (f(iUo, 0) Iy (o, 0)) = 4y
and this is a contradiction to (31). Thus, the following condition is fulfilled

sup (S(Ivt) - lU(l’,t)) < gmin - l]WU

(2,t)€(0,1)x(0,Tinaz) H H
and since U(z,t) € Loo((0,1) x (0,00)) the function &(x,t) is bounded for all (z,t) €
(0,1) x (0, 00).
2. If sup,eq(6o(r) — ;U( 2,0)) > Enin — I%MU, then, by the continuity and mono-
tonicity of function &(z,t) — * 2U(, 1) for (z,t) € N (see the condition (30)) there exists
Tonin 8. t. for t € [0, Tpnin) the function &(x,t) — U (x,t) decreases monotically until it

reaches the value &,,;, — ;MU. We may compute Tonin from the condition (30)

um 1 1
Toin = — | sup (&9 — —U(x,0)) — &Enin + —My | -
P( (6= U(.0) : )

z€(0,1)

Thus for ¢ € [0, T1,in] we have

and for t € (T,,in, 00) the bound from previous case remains valid.
Combining these two case we complete the proof.

0
Recapitulating, here exists a constant &, s. t. &(x,t) < &, for all (z,¢) € (0,1) %[0, 00).

Lemma 15. For u < ;% there exists a constant K depending on P,a, ~ and the
+

miatial data, such that

sup [[][mo) < K.
te[0,00)

Proof. Multiplying the first equation of (1) by &,, integrating over x € [0, 1] and rear-
ranging it the same way we did proving Lemma 6, we find

1 1

1 1 1

d 2

pr 5 —vgm d:c + 7a /§7+1 = /vxd:c + /fgxda: — Ht/vmd:c, (32)
0 0 0 0

0

where f(z,t) = (1l — T)vg, € Loo(0,00; Ly(0,1)) and the presence of the last term is
a result of integrating v:&, over x € [0, 1] by parts.

17



Now we multiply equation (26) by /% and add to (32), then recalling the formula
,ufol |Tv,|?dx = ufol v, [2dx + fol fudz, we get

1

1 1
d 4 2
at /( Be2y v —vﬁx-i‘MG(f )) dﬂ?—l—;PV(t) —i—”ya/@ildaﬁ%—B/ 2de =

0 0 0
1 1

_ / (f&, — % fo)de — 6, / ved. (33)

0 0

It follows from the previous lemma that

/ > / &

0

Since p < 5w+1 by the Poincare’s (with a constant Cp) and Cauchy’s (ab < ea® + 2 )

inequalities we obtain

1

d Popa | 2 9 4

0
1 A 1 1
S/(fgx——fv)dx+1]9t|2 1 /U2dx+/ ——5 + v2dx—v§x dz.
W 4 Cs
0 0 0

Employing again the Cauchy’s inequality we can transform the right hand side of the
above expression into

1

1
i [ (36 oo s (56t
7 ()/(25334—”11 v+ GE) ) dot ZPV(D) +0/ &=ty ) da

1
5 1 12
25 210,12 2 2dr. (34

Denoting:

o0 = [ (bg+ 20 e+ 261 dor Vi),

the inequality (34) reads

S0+ 0(0) < 2SI, + 710 + (3———)/“mx+/i0@1Mx+vaw-

1
0

18



By virtue of (27), (28), the r.h.s. of this inequality is bounded in L. (0, 00) by some
constant M,. Due to the Gronwall inequality the following estimate holds

n(t) < n(0)e™ + Mye™ + M,,
thus
sup (t) < n(0) + 2M,.

t€[0,00)

Finally, by Cauchy’s inequality n(t) > fol (%fﬁ + in + %G(§_1)> dx + %PV(t), there-
fore we truly have £ € L. (0,00; H'(0,1)).

0
Remark 16. The inclusion (28) is equivalent to ¢ e Lo (0,005 Ly(0,1)).  Since
€ € Loo(0,00; HY(0,1)), we may repeat an argument from Lemma 8 to obtain the

existence of a constant & >0 s. t. £(x,t) > & >0 for all (z,t) € (0,1) x [0,00).

By the Theorem A solution may be extended to the whole half line t € [0, 00), with
this observation the proof of global in time existence is complete.

A Proof of Theorem 2

Since (wy, w;) = 0x;, thus for k =1,..., N we have

(e = afilt) =0 (2= 3) o)

(608): Ly + 0 [BY(0) + Jy aff ()ds]| wis)

where 6(t) is a differentiable function defined in the Section 2, 3 (0) = (£, —7(0), w )
and

( - P7 wk,m) - ( - P7 wk‘,x)u

a
3%

_ 0 (v, wie) + o (Weey W) i B> R+ 1
(ToN &) W) = {0 itk<R+1°

Thus, to prove the theorem we should show that there exists unique solution to a
system of ODE

(35)
for the time interval ¢ € [0,7;), where

a(t) = (oq'(t),..., o (1))
U@ ) RS RY, Y= (N (@), Y (@, 1))
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and

() t) = ((G(t) oot ij:l [5,?[(0) N fot o/k,v(s)ds] wk’z)v — Pwyz)

1 0:(t) ANz, Wr o) + o (Whay Wi o) ifk>R+1
_et@)((x_é)N’w’“)_{o ifk<R+1"

Note, that since the initial value belongs to H*(0,1) C C[0,1] and &(z,0) > &_ > 0,
we have that for sufficiently large N the orthogonal projection of the function &(x,0)
on a subspace spanned by the first N vectors from the base {wy . }32, is also separated
from 0, i.e. En(2,0) > & — € > 0, where e — 0 for N — 0.

From the energy equality we have the a priori bound |aN (t)] < C(T).

Now, by the continuity of fot ol (s)ds and by the continuity and positiveness of function

0(z,t) = 0(t) we deduce that there exists T > ¥(N) > 0 such that {y(z,t) > % >0
for ¢t € [0, 7).
Consider a set

Q={t.a"):te0,0], |o" —ad| <5},

on which f¥(a?,t) is a continuous function, thus achieves its bounds, assume

sup [V (™ 1)) = M.
(t,aN)eQ

Employing Banach Fixed Point Theorem we will show that the following map

F(a™)(t) :ozév—l—/fN(S,aN(s))ds

has exactly one fixed point, which is indeed a local solution to the system (35).
Establish £ > R + 1, and take a™', o™? € S, where

S = {aN(t):aN(O) =al,te|0,7], | —af §5}

is a closed subset of metric space of continuous functions, thus complete metric space,
with 7 < min{d, 2}.
Denote

t

N
Evalt) = 00 T + 30 [ 8Y(0) + / oi(s)ds | weas i=1,2,
k=1

0
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then the following sequence of inequalities is valid

N(@MI(0),1) = FY (@V3(0), 1)

|1 (GRalert) — €4 1
O/)wk gNlejt?;gNz(glt ‘d:ch) t) —ap? ‘O/w 2 do

IN

a

1
a

< —(50__)27 / ‘wk,x (57\[,2(%75) — 5]7\1,1@7,15)) ‘d;p + ‘afk\ﬂl@) B a]kV,Q(t)‘ /wivzaﬁ
2 ] J

2 akr

& llcos(mkz) | Lo,

/‘&mx 1) — Exa (2, 1) )dx+k2 2

where L., is a Lipschitz constant for a function f(£) =&Y on S.

t

/‘sz:ct lext‘dx—/‘Z / ds—/ apt(s)ds | wy

— ozk ‘ds

dx

< /\
||cos( k:m; M La(0,1) —

< T sup
[|cos( lmr:c HL201) 1 telo,T]

02(1) - ) (1)

FY maps S into itself because

sup |[FN(a™)(t) — o] < sup / Y (0N (s), 5)|ds
tel0,7] te(0,7]
t

< sup/sup\fN(aN(s),s)]dngrgd

t€(0,7] J s€[0,t]

21
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One more thing needed to show is that F'V is a contraction

sup [FN(a™Y)(t) — F¥(a¥2)(8)] < sup / Y @) (s) — £ (@N2)(s)|ds

te(0,7] te(0,7]

<3 s / £ (@¥)(s) = £ (0™2)(s)lds

1 te[0,7]
N t
N/ N, N/ N2
<3 s [ sup [N ) - 1 (@ )(o)lds
1 t€[0,7] 4 s€[0,t]
N
<73 sup [FY(@)(1) — Y (@) 0,
=1 t€[0,7]

from the previous calculations it follows that

sup [/ (@™)(1) = £ (a™%)(2)]

tel0,7]

227 k2 2
a L ZT sup

oM N2
> y Qy (t)— Qg ()],
& eosthra)lB0n " el

02 (0) — a (0)] + sup K
te(0,7]

summing over k = 1,..., N we arrive at

sup [FY(a™)(t) — F¥(a™?)(1)]

te[0,7]
ak*mw*N al
<rT L T sup
Z <C2’7H003 k7rx)H2 (0,1) 7) (; t€[0,7]

N

+ sup TZk‘Q 2
telo,r] T

0 (1) - ) 1<t>\)

0 (1) = (1)

N
< Z sup Z‘ M) —aé\m(t)‘ < ZN sup
tel0,7] te[0,7]

oV (t) — ozN’Q(t)’.

Now we take sufficiently small 7 in order to have ZN < 1 and referring to the Banach
Theorem we get existence and uniqueness of solution to the system (35) on the time
interval ¢t € [0, 7].

Recalling that &y (z,t) is separated from zero and ¥ (t) is bounded by a constant for
all t < Tp, we may extend the local solution to the whole interval [0, 7).
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