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Abstract. In this paper, we study the residual-based a posteriori error estimation for
the nonconforming linear finite element approximation to the interface problem. We
introduce a new and direct approach, without using the Helmholtz decomposition, to
analyze the reliability of the estimator. It is proved that a slightly modified estimator
is reliable with the constant independent of the jump of the interfaces, without the
assumption that the diffusion coefficient is quasi-monotone. Numerical results for a
test problem with intersecting interfaces are also presented.

1 Introduction.

During the past decade, the construction, analysis, and implementation of robust a pos-
teriori error estimators for various finite element approximations to partial differential
equations with parameters have been one of the focuses of research in the field of the a
posteriori error estimation. For the elliptic interface problem, various robust estimators
have been constructed, analyzed, and implemented (see, e.g., [4, 23, 22 8, 9] 11, 26| 12 13]
for conforming elements, [Il 20} [10] for nonconforming elements, [10] for mixed elements,
and [7] for discontinuous elements). The robustness for residual based estimator in the
reliability bound is established theoretically under the assumption of the quasi-monotone
distribution of the diffusion coefficients, see [4] for more details. However, numerical re-
sults by many researchers including ours strongly suggest that those estimators are robust
even when the diffusion coefficients are not quasi-monotone. In this paper, we provide
a theoretical evidence for the nonconforming linear element without the quasi-monotone
assumption.

One of the key steps in obtaining the robust reliability bound of classical residual
based estimator is to construct a modified Clément-type interpolation operator such that
it satisfies specific approximation and stability properties in the energy norm (see [4]
for details). For the conforming element, the degrees of freedom are the nodal values
at vertices of triangles. The nodal value of the modified Clément-type interpolation is
defined by the average value of the function over connected elements whose corresponding
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diffusion coefficients are the greatest. Under the quasi-monotone assumption, Bernardi
and Verfiirth [4] are able to establish the required properties of the interpolation operator
to guarantee the robust reliability bound. A key advantage for the nonconforming linear
element is that its degrees of freedom are nodal values at the middle points of edges of
triangles and that each middle point is shared by at most two triangles. Hence, we are
able to construct a modified Clément-type interpolation satisfying the desired properties
(see Section 4).

The a posteriori error estimation for the nonconforming elements has been studied by
many researchers. Due to the lack of the error equation, Dari, Duran, Padra, and Vampa
[15] established the reliability bound of the residual-based error estimator for the Poisson
equation through the Helmholtz decomposition of the true error. Their analysis is widely
used by other researchers (see, e.g., [14, /5, [1,16]), and the Helmholtz decomposition becomes
a necessary tool for obtaining the reliability bound for the nonconforming elements. This
approach has also been applied to the mixed finite element method [21] and discontinuous
Garlerkin finite element method [3, 2 [7]. It is obvious that application of their analysis
to the interface problem will lead to the same distribution assumption as the conforming
elements in [4].

Ainsworth [I] constructed an equilibrated estimator without using the Clément type
interpolation but the error bounds depend on the jump of diffusion constants. Despite
the main trend of using Helmholtz decomposition in the nonconforming finite element
analysis, there are several other interesting papers that approached differently. Hoppe and
Wohlmuth [I8] constructed two a posteriori error estimators by using the hierarchical basis
under the saturation assumption. Schieweck [24] constructed a two-sided bound of the
energy error using the analysis of conforming case with some simple additional arguments.
Nevertheless, conforming Clément type interpolation was applied in this paper hence again
impose the assumption of quasi-monotonicity.

In this paper, we present a new and direct analysis, which does not involve the
Helmholtz decomposition, for estimating the reliability bound with the aim of remov-
ing the quasi-monotone assumption. To do so, our analysis makes use of (a) our newly
developed the error equation for the nonconforming finite element approximation in [7] and
(b) the fundamental orthogonality of the nonconforming elements. Combining with our
observation on the modified Clément-type interpolation for the nonconforming elements,
we are able to bound both the element residuals and the numerical flux jumps uniformly
without the quasi-monotonicity. This is also done for a slightly modified numerical solution
jumps of the a posteriori error estimator.

The outline of the paper is as follows. The interface problem and its nonconforming
finite element approximation are introduced in Section 2 as well as the L? representation
of the true error in the (broken) energy norm. The indicator and the estimators are
presented in Section 3. The modified Clément-type interpolation operator is defined and
its approximation properties are proved in Section 4. Robust local efficiency and global
reliability bounds are established in Sections 5 and 6, respectively. Finally, we provide
some numerical results in Section 7.



2 Nonconforming linear element approximation to interface
problem.

2.1 Interface problem.

For simplicity of the presentation, we consider only two dimensions. Extension of the
results in this paper to three dimensions is straightforward. Let €2 be a bounded, open,
connected subset of 2 with a Lipschitz continuous boundary 9. Denote by n = (ny, ng)?
the outward unit vector normal to the boundary. We partition the boundary of the domain
Q) into two open subsets I'p and 'y such that 9Q = T'p UT y and that T'p NT'y = (). For
simplicity, we assume that I'p is not empty (i.e., mes (I'p) # 0). Consider the following
elliptic interface problem

V- (a(x)Vu)=f inQ (2.1)

with boundary conditions
u=gp onI'p and n-(aVu)=gny on Iy, (2.2)

where V- and V are the divergence and gradient operators, respectively; f, gp, and gy

are given scalar-valued functions; and the diffusion coefficient o > 0 is piecewise constant
n

with respect to a partition of the domain Q = |J ;. Here the subdomain ©; is open and
i=1

polygonal. The jump of the o across interfaces (subdomain boundaries) are possibly very

large. For simplicity, assume that f, gp, and gy are piecewise linear functions.

We use the standard notations and definitions for the Sobolev spaces H*(2) and
H?®(0Q) for s > 0. The standard associated inner products are denoted by (-, -)s o and
(-, -)s,00, and their respective norms are denoted by || - ||so and || - ||s00. (We omit the
subscript €2 from the inner product and norm designation when there is no risk of confu-
sion.) For s = 0, H*(f2) coincides with L?(€). In this case, the inner product and norm
will be denoted by || - || and (-, -), respectively. Let

H‘;,D(Q) = {'U € Hl(Q) PV =g¢gp on PD}

The corresponding variational formulation of problem 1'1' is to find u € Hg{ p(Q)
such that

a(u,v) = f(v), Vwve H&}D(Q), (2.3)
where the bilinear and linear forms are defined by

a(u,v) = (a(z)Vu, Vo) and  f(v) = (f,v)a + (9n, v)ry-

2.2 Nonconforming finite element approximation.

Let 7;, be a triangulation of the domain 2. Assume that 7 is regular; i.e., for all K € Ty,
there exist a positive constant s such that

hK < R PK,



where h denotes the diameter of the element K and pg the diameter of the largest circle
that may be inscribed in K. Note that the assumption of the mesh regularity does not
exclude highly, locally refined meshes. Let

Ny =NPUNBUNE and & =¢&rughuel,

where N (1) is the set of all interior vertices (edges) in Ty, and N (ER) and N (EF)
are the respective sets of all vertices (edges) on I'p and I'y. For each e € &, denote by
me the mid-point of the edge e. Furthermore, assume that interfaces

F:{aQiuaﬁj ci,j=1,---n}

do not cut through any element K € T,. Denote by N the set of all interface intersecting
points. Then the assumption implies

NF CNh.

Let Py(K) be the space of polynomials of degree less than or equal to k£ on the ele-
ment K. Denote the conforming piecewise linear finite element space associated with the
triangulation 7y by

U= {ve H(Q): v|lg € PI(K), VK € Ty}

and its subset by
C (&
op={veU :v=gponTp}.

Denote the nonconforming piecewise linear finite element space, the Crouzeix-Raviart
element [17], associated with the triangulation 7; by

U™ ={veL*Q):v|xg € P(K), VK € Tj,, and v is continuous at m, for all e € £}
and its subset by
m = {0 €U™ : v(m,) = gplme), Ve € EB}.

Let
HY(Ty) = {ve L*(Q) :v|x € HY(K), YK €T}
For any v, w € H'(T}), denote the (broken) bilinear form by
CLh(U, ’LU) = Z (OZVU, Vw)K
KeTy,
and the (broken) energy norm by
1/2

Iolle = Van@, o) = | 3 290
KeTy,

2
0,K

The nonconforming finite element approximation is to find uy € D such that

ap(un,v) = f(v), Vv € Uyp. (2.4)



2.3 L’ represetation of the error.

For each edge e € &, denote by h. the length of e; denote by n. a unit vector normal to
e. Whene e & 1}5 U 8}{,, denote by K¢ the boundary element with the edge e, and assume
that n, is the unit outward normal vector of K¢. For any e € £ ?, let K¢ and K€ be the
two elements sharing the common edge e assuming that

aj = ake > Qe = Q,

and that n, coincides with the unit outward normal vector of K¢. Denote by v|% and v|®,
respectively, the traces of the double valued function v over e restricted on K¢ and K°€.
For any v € H'(T},), denote the normal flux jump over edge e € &, by

(aVv-n.)|s — (aVv-n.)|, e€é&p,
v
- h
[[a%]]e T 07 e G ((:D,
(aVv-ng)|S - gn, ec &l
and the value jump over edge e € &, by
v|$ —vle, e€é&r,
[[v]]ez ’U|i_ — 9D, eeg?)a
0, ee€&h.
The arithmetic average over edge e € &, is denoted by

v +v|®

{v}e = 2 7

v|%, ecEhUER.

ec &

A simple calculation leads to the following identity:

[uv]e = {u}e[v]e + [u]e{v}e, Vec &P (2.5)

For any v € Uy}, it is well known that the following orthogonality property holds

/[[v]]ds:O,Veeg?Ué’]}f, and /vds:O,VeESg. (2.6)

€

Let u and wy, be the solutions of (2.3) and (2.4]), respectively. It is shown in [7] that

ap(u,vp) = / — [vn] ds + Z /avh ds, Yup € UyD- (2.7)

ecEh ecEh

Denote the true error by
E=u—uyp.
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Difference of (2.7]) and (| @ yields the following error equation:
n(E,vp) Z/a [vn] ds + Z /avhds Vop € Uy'D- (2.8)
eegh ¢

Introducing the element residual, the numerical flux jump, and the numerical solution
jump

TK = (f—i—V'(OéVuh))‘K, VK €Ty,

ou )
Joe = [[0487;]]6 and  jye = [unle, Ve € &p,

respectively, then the true error in the (broken) energy norm may be expressed in terms
of those quantities.

Lemma 2.1. Let E, € Uy}, be an interpolation of E, then we have the following L?
representation of the error E in the (broken) energy norm:

an(E,E) =Y (r,E—Ep)x— Y /joe{E Eptds— ) /{aaE}jueds (2.9)

KeT, ecghugh © € ecghugh  °

ou
Proof. First note that aa—h‘e is a constant for every e € &, and that Ej € U)}. The
n b
orthogonality in ( @ ) leads to

/{aauh}ﬂEh]] ds=0, Veec&l and /aEh ds=0, Ve c&p. (2.10)

It follows from integration by parts, -, the continuities of the normal component of
the flux ¢ = —aVu and the solution u, and (2.10)) that

an(E, E—Ep) = Y _ (aVE,V(E - Ey))
KeTy

= > (k. E—Ek+ ) [[a—(E Ep)lds+ > /aE Ep) ds

KeTh ecer”© eeehugh €

= Z (rg, E—Ep)i + Z [[047]] {E - Ep}ds+ Z {ag—f} ([[E]] - [[Eh]]) ds

KeTh ec€Eh € ecEh €
OF
— (F — Ep)d
DI L -CEAE
ecEhuER
oF
= Z(TK,E Epi Z /]Ue{E Ep}ds — Z /{a }Jueds
KeThn ecerugh € ecgrugh "¢
=Y [apetmlds— 3 [aS Bds,
eceh € cegh "



which, together with the error equation in (2.8) with v, = Ej,, yields

an(E,E) = au(E, E— Ey) +an(E, Ey)
= Z (rg, E—Ep)i Z /]Ue {E — Ep}ds— Z /{a } Ju,e ds.
KeTh ecghugh © ¢ ecghugh  °
This completes the proof of the lemma. O

3 Indicator and estimators.

In this section, based on Lemma 2.1, we first introduce the standard indicator and es-
timator. Since the reliability bound of this estimator was established under the quasi-
monotonicity assumption on the distribution of the coefficient, to avoid such an assump-
tion we introduce a new estimator which is slightly bigger than the standard estimator.

For any K € Ty, denote by N h and &N w, respectively, the sets of three vertices and
three edges of K. Let

2
2 K 2
=2 |r
Ry K o | K”o,K,
Ui,KZ Z ||]Ue||(]e+ Z |]Ue||Oev and
eEEIh{OSh ecEh msh
Qe .
Pk Y e Y 2,
ecehneh ¢ ecelnel ¢

Then the indicator associated with K € T}, is defined by

1/2
NK = (7712%f,K +n7, K+ 77?@,}() ) (3.1)
and the estimator by
1/2
n=1> | - (3.2)
KeTy,

By the standard argument [4], it is shown in section [5] that the indicator 7y is efficient
uniformly with respect to the jump of the diffusion coefficient. By using the Helmholtz
decomposition and the modified Clément-type interpolation, one can also prove that the
estimator 7 is reliable. Moreover, the reliability constant is independent of the jump of
a(z) provided that the distribution of a(x) is quasi-monotone [23]. In order to remove
this assumption, we present a new analysis for estimating the reliability bound without
using the Helmholtz decomposition. The analysis will make use of the structure of the
nonconforming element in two-dimensions, and it enables us to bound both the element
residual and the numerical flux jump uniformly without the quasi-monotonicity. Unfortu-
nately, we are unable to do the same for the numerical solution jump, and hence it needs
to be modified.



To this end, for each vertex z € A}, denote by w” and £, respectively, the sets of all
elements K € Ty and all edges e € &, having z as a common vertex. Let

= {K cwh: ag = max ag} C Wl
K'ewl

be the set of all elements in w” such that the corresponding diffusion coefficients are the
greatest. For any interface intersecting point z € N C Ny, the vertex patch w” is called
quasi-monotone (see [23]) if for each K € w’, there exists a subset u?? x of wh such that

the union of elements in 12)?7 i 1s a Lipschitz domain and that
o If z € N}, \ WP, then {K} Ul Cw r and ax < ag, VK’ szK;
o if z € N}, then K € o 1, O(Ugreqn JK')NTp # 0 and ax < ag, VK" € Wl g
Denote by
Ny={2€Np: w? is not quasi-monotone } C Np C N},

the set of all interface intersecting points whose vertex patches are not quasi-monotone.
For each element K € 7T, subdivide it into four sub-triangles by connecting three
mid-points of edges of K, and denote by 7y, the refined triangulation. Let

Nija = NPPUNFPONY? and &,y = )7 UEN? L EN?

where N}h/Z (5?/2), Ng/Q(Eg/Q), and N]}\L/Q (/\/']}\l/z) are the sets of all interior vertices (edges)
of Tj, /2, all boundary vertices (edges) on I'p and T'yy , respectively. Let

U;/g’c ={veH'(Q): v|lxeP(K), VKE T2 and vr, = gp},

which is the continuous piecewise linear finite element space associated with the triangu-
lation Ty, /o.

h/2c

Next, we introduce an interpolation operator, Ij /3 : D — Z/{ , from the noncon-

forming finite element space on 7 to the conforming ﬁmte element space on T /o. For a

given v € Uy}, the nodal values of I}, v € Z/{ / are defined as follows:

(i) set
(Ins2)(2) = gp(2), Yz €N

(ii) set
(Ih/2v)(me) = v(me)a Ve € &p;

(iii) for z € (NP UNE)\ Ny, set
(%/2”)(2’) = v|k. (2),

where K, is chosen to be one element in d)?;



(iv) for z € Nas \ VB, set
Ty20)(2) = — 3 wlk(2),

z Kewh

z

Y. axv|k(z)

Kewh

> ak

Kewlh

or

(Ih/zv)(z) =

h

where n, is the number of triangles in w?.

For each vertex z € N, denote by w?m and 52/2 the sets of all elements K € Tj, /5
and all edges e € &}, /» having 2 as a common vertex. For each K € &, denote by th(/ % the

set of all sub-edges on £ ;‘( For the element K € T; with at least one vertex in N}y, the
numerical solution jump 77, k is modified as follows:

_ af Qe .
773“,K = Z Z TheHJmeH%,e'*' Z f”]u,eug,e

e
2ENE\WNM \ ecel?nep/*nel? el ?nel2nel/?

+ Z haiKHIh/Quh—uh
ZG/\/‘[}%QNJW K,z

2
0,07k (3.3)

where Ty , = w?/ >N K. The modified estimator is then given by

1/2

a=1 > 7k

KeT,

In adaptive local mesh refinement algorithms, the indicator ng is used for local mesh
refinement, and the estimator 7 is used for global error control.

Remark 3.1. In the case that Ny = 0; i.e., the distribution of the diffusion coefficient
is quasi-monotone, then 1y, k = 17, Kk for all K € Ty,.

4 The modified Clément-type interpolation.

In this section, following the idea in [4} [16], we introduce the modified Clément-type inter-
polation operator for the nonconforming linear element and establish its approximation
property.

Denote by



the mean value of a given function v on a given measurable set w in R? with positive
2-dimensional Lebesgue measure meas(w). With this convention, set

ﬂe(v)—]{( vdr, Veeb&,.

e
+

The modified Clément interpolation operator Z; : L%(Q) — U™ is defined by

Ih(v) = Z (71'@2))(25@, (4.1)

ecéy

where ¢, is the nodal basis function of U™ which takes value 1 at m,. and takes 0 at
mid-points of other edges.

For any K € T, let Ak be the union of elements in 7 sharing an edge with K. For
any e € &, let /A, be the union of elements in 7; having the common edge e.

Lemma 4.1. For any function v € H'(Ty), then the modified Clément interpolation
satisfies the following approximation properties:

h e\ /2
o= Tclox $ 255 | 5 Mo+ X (5) IRl ) vEEeT @2

YK \K'elk ecEll

and
he 1/2
Hv\i — WEUHO,e S (ae> |||2)W07Kj_, Ve e gh' (43)
_l’_

Here and thereafter, we use the a < b notation to indicate that a < ¢b for a further
not speficified constant ¢, which depends only on the shape regularity of 75, but not on
the data of the underlying problems, in particular, the jump of the diffusion coefficient.
Unlike the modified Clément interpolation for the conforming elements, there is an extra
jump term in the approximation property in which is due to the discontinuity of the
function v across the edges of K.

Proof. For any K € Tj, since the nodal basis functions form a partition of the unity, the
triangle inequality gives

o= Znvlloc = || D dew =mev)llg i < 3 6w = mev)lg i < 3 llv = mevlox
eec‘:}h{ eEc‘:Ih{ 365}1{

Hence, to show the validity of (4.2)), it suffices to prove that

hK O[(i 1/2 h
o= mellone $ 285 | 0 Mo+ () Mol | veesk @)
O \K'€Ae €
Since the set A, contains at most two elements, it is obvious that K = K¢ or K¢. If
K = K¢, then (4.4) is a direct consequence of the Poincaré inequality:

v — Tevlo,x = Hv N ]ivdx”o,f( < hKal_{l/vamK'

10



In the case that K = K¢, the triangle and the Poincaré inequalities imply

< — d + ][ d —][ d
o= vdalye+ ] f viz—f vdaly,

+

< hwar! Plollx + byl (f vde —v‘i) + (v\i —f vdm) = [l
K K¢

hKO‘K/ lvllx + h1/2 H vdr — U|€—”o ot H vdr — Uﬁ”o et H[[U]]HOe :
K 9 Ke b b
+

Next, we bound the three terms above. It follows from the trace theorem and the Poincaré
inequality that

lv — e

IA

WP e ol o, £ fvde = el ot ol . vie =], S oo PRl

Similarly, we have
1/2
B f, vz = vl S s el (45)
K5
Note that o = ag < « K¢, combining above three inequalities gives

e

h e \ 1/2
o= mevlose S 225 (5 ol + () el |

A \K'eA.

which proves the validity of (4.4) when K = K€¢. (4.3]) is a direct consequence of (4.5)).
This completes the proof of the lemma. O

5 Local efficiency bound.

It is standard to obtain the local efficiency bound for the residual-based a posteriori error
estimator by using local edge and element bubble functions, 1. and ¥ (see [25] for
their definitions and properties). By properly weighting terms in the indicator by the
diffusion coefficient, one can show that the local efficiency bound is robust (see [4]). For
the convenience of readers, we only sketch the proof in this section.

Theorem 5.1. (Local Efficiency) Assuming that w € H'™¢(Q) and uy, are the solutions
of (12.3)) and (2.4)), respectively, then the indicator ni satisfies the following local efficiency
bound:

kS Y IElk, VEET. (5.1)
K'eAk

11



Proof. For any K € Ty, it follows from the properties of ¥, integration by parts, and the
Cauchy-Schwarz inequality that

Irkllg xS /K(f + V- (aVuy)) rgyk de = /KCVV(U —up) - V(rgyi) dx

1/2 1/2, —
< ol — wnllx lrivorc g < o Phy

which implies
1/2

o
Iricloe S G5l = unlle, ¥ € T (5.2

For any e € E}L, by using the properties of 1, integration by parts, the Cauchy-
Schwartz inequality, and (5.2]), we have

. oup . .
lirelBe 5 [ Tyt T dmetbeds =
e

-y /M Jaewe ds

Kel,

e N 1/2
_ Z <_ /I( aV(u o Uh) . V(ja,e¢6) dx + /I(TK jo‘,ed)e dl’) 5 ((:LJF)

KeA, e

1/2
where || E|a, = (ZKeAe |||E|||%() . Together with a similar bound for e € E8 U EL| it

implies

e 1/2
) o
lineloe < (55) " 1Bla. Yee s (5.3

For any e € &, let n, = (nl, ny), then 7. = (—ng, ny) is the unit vector tangent to

the edge e. Denote by j; . = II ]]e the jump of the tangential derivative of the numerical

solution uy, along the edge e. By the continuity of uj at the midpoint m., we have

G, Vee&h (5.4)

1
e — \/ﬁ (&
For any e € £P, it follows from the properties of 1., integration by parts, and the Cauchy-
Schwartz inequality that

, 0
||j7'7€||(%,e 5 /[[ Uh]]]Teq/]edS—_ Z / ]Te/l/}tfds

KelA,

= = 3 [ V)V G da S 3 il wll el

KeA. Kel,

~1/2 _ . —-1/2 ‘
S > o Pl = unlli BT irelloe S (0% he) P 1B lirelloe,
KeA,
which, tegoether with (5.4)) and a similar bound for e € £ f) U 5]}\1,, yields
o\ 12
liueloe S (22) " 1B, vees. (5.5

12




Now, the efficiency bound in (j5.1)) is a direct consequence of the bounds in (5.2)), (5.3)),
and (5.5)). This completes the proof of the theorem. O

6 Global reliability bound.

Let
L2 . 1/2
N ~ K
s = —1 3 Hnjoun — unllox  and i, = > 7 Mny2un = unllpx
hi KeTy

Lemma 6.1. Let uy, be the solution of (2.4) and I}, /5 be the interpolation operator defined
in Section [3|, then the jump of the numemcal solution has the following upper bound:

> [0 dueds S i 1Bl 6.1)

ecghugh ' °

Proof. Since the integral over edge segment e € 0K on the left-hand side of inequality
may be only regarded as the duality pair between H~1/2(9K) and H'/?*~%(0K) for
an arbitrarily small § > 0, we are not able to bound this integral directly. To overcome
this difficulty, we express them in terms of integrals along the boundary of elements. To
this end, first note that

[112ur]e =0 and [aVu-ne]. =0, Vee En.

By (2.5) and the fact that I}, ou, = gp on I'p, we have

/{a }]u e ds
ecghugh ¢

= Z {a}ﬂ:[h/QUh—Uh]]dS+Z/ (9p — up) ds

eegh”© ecEh
= Z / a— (Inj2un — up) ds — Z /[[a]] {In2un — up}ds
KeT;, 79K ec&h
- > / (Tnj2un —un)ds + Y / (9p — un) ds
ecEBUER € ecel €
= Z / Ih/guh—uh)ds—i- Z /jge{fh/guh—uh}d8_11+12
KeTh oK ecEhUER €

The I; may be bounded above by using the definition of the dual norm, the trace theorem

13



(see, e.g., [7]), the inverse inequality, and (5.2)) as follows:

oF
I < Z HO‘%Hq/zaKHIh/?uh_uhH1/2,aK
KeTy,

< ¥ a?”(uavmo,x+hKurKHo,K) ik SinlEla. (62)

KeTy

To bound the I, first note that
/jg,e [[Ih/2uh — uh]] ds = 0, Vece 5?,
e

which is a consequence of the orthogonality property in (2.6) and the facts that j, . is a
constant and that [I; pup]e = 0 for all e € £}. Hence,

‘ . 1 [,
/]a,e{fh/zuh —uptds = /Ja,e{fh/zuh —up}ds+ 3 /jg7e[[Ih/QUh —up] ds
= /ja,e(Ih/2uh - Uh’j.) d57 Ve € 5?
Now, it follows from the Cauchy-Schwartz inequality and (5.3) that

L = Z /ja,e(lh/2uh —upl$)ds

e

eGS?US]’{,
1/2 1/2
al h
+ 2 . 2
< Z T 15 /2un — un| S5 Z 076 Joello e
ecEMUER ¢ ecErUER +
1/2
ai 2 N
S > T Mhpzun —unlilioe | I1Ele < 0o 12l (6.3)
cechugh °

(6.1)) is then a consequence of (6.2)) and (6.3)). This completes the proof of the lemma. [J

Since up, — Iy, jpup vanishes on all boundary edges of w,,;/ % for all z € Ny, we have

[6777¢ ar
Z T”Ih/2uh —unl§ o = Z Z T“Ih/2uh — unlp o7
Kerp, K €N pe? | L

Lemma 6.2. Let uy, be the solution of (2.4) and I}, /5 be the interpolation operator defined

in Section . For any vertex z € Ny, if the vertex patch wZ/Z s quasi-monotone, then

(e %y af 2
Z o l|un — Ih/2uh||(2),8T S Z T H[[“h]]Ho,e' (6.4)
Tew? 4 ecElPneh/? ¢
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Proof. To show the validity of (6.4)), it suffices to prove that

o = Dygnlior < X o llmlle, YTeud” (65)

h
el ?neh/?
To this end, let K, € & be the element such that I joun(z) = up|k. (2), and let
T, = K. Nwh2

For any T € wQ/Q, it ' =T, then up — I}, )oup, = 0 in T,. Hence, () holds.
In the case that T' is adjacent to T, let e = 0T'NOT;, then T'=T¢ and T, = T. For

simplicity, assume that all edges in Ezh /? have the same length. A direct calculation gives

ar 2arh 2aep
E |un — Ih/QUhH(%,BT = WTG [[Uh]]g(z) = ﬁ ||[[Uh]]||g,e,

which, together with the fact that ar < ag,, yields .

In the case that T" and T, are not adjacent, by the quasi-monotonicity, there exists
a connected path from T to T, such that the diffusion coefficient « is monotonically
increasing. Then follows from the same argument above applying to each pair of
two adjacent elements in the path and the triangle inequality. This completes the proof

of (6.5) and, hence, the lemma. O

Theorem 6.1. (Global Reliability) Let w and uj be the solutions of (2.3) and (2.4),
respectively. Then the estimator 1 satisfies the following global reliability bound:

IElle < - (6.6)

Proof. Let Z;, be the modified Clément interpolation operator defined in Section 4. Then
(2.9) with Ej, = Z, E becomes

. OE |
an(B,E) = > (rg,E-TE)x— Y /]‘,,e {E - T,E}ds — > /{aan}]u,eds
KeTy, ecerugh ¢ ecepugh €
= L+L+13 (6.7)

The first term in (6.7) may be bounded by the Cauchy-Schwartz inequality, Lemma
and (5.5)) as follows:

ot \ /2
hos Y IwloxlE-TBlox S 5 e 1Blosx+ 3 (5) Murllos
KeTy KeTy ecgh €

1/2

S | X kx| 1Bl (6.8)
KeTh
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To bound the second term in (6.7)), first notice that
[E —IhE]e = —[un + ThE]e, Ve <€ &}

Since up, + ZpE € U™ and the the fact that j, . is a constant for all e € &, , (2.6 yields

/jg,e [E— Ey]ds =0, Veeé&).

Hence,

1
/{E—IhE}eds+2/[[E—IhE]]eds :/(E—JhEm ds :/(E|i—7reE) ds, Ve &l (6.9)

€ €

The last equality comes from the property of the nonconforming nodal basis functions:
fei ¢e; = 0ij. It then follows from , the Cauchy-Schwartz inequality, and Lemma
that

b= Y [l -mBls< Y lineloc| B - mEl,

e

ecEhuEl ccellEn
h 1/2 1/2
€ .
> <a> I3, o S| X B | NEle (6.10)
ecchugh ~ T KeT
Now, 1@) is a direct consequence of 7 , (6.10)), Lemma and Lemma This
completes the proof of the theorem. -

7 Numerical experiments.

In this section, we report some numerical results for an interface problem with intersecting
interfaces used by many authors (see, e.g., [19, [8, 10, [7, 12, [13]), which is considered as a
benchmark test problem. Let = (—1,1)? and

u(r,8) = r7p(9)

in the polar coordinates at the origin with

cos((m/2 —o)B) -cos((0 —m/2+p)B) if 0<60<m/2,

cos(pp) - cos((0 — 7+ o)) if 7/2<6<m,
p() = .

cos(af3) - cos((0 —m — p)B) if m<6<3m/2,

cos((m/2 — p)B) - cos((0 —3n/2 —0)B) if 3m/2 <6< 2m,

where o and p are numbers. The function u(r,#) satisfies the interface problem in ([2.1)
with 'y =0, f =0, and

R in (0,1)2U(-1,0)2,
{ 1 in Q\ ([0,1]2U[-1,0]?).
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The numbers 8, R, o, and p satisfy some nonlinear relations. For example, when 8 = 0.1,
then

R ~ 161.4476387975881, p=m7/4, and o~ —14.92256510455152.
Note that when g = 0.1, this is a difficult problem for computation.

Remark 7.1. This problem does not satisfy Hypothesis 2.7 in [4] as the quasi-monotonicity
s not satisfied about the origin.

Started with a coarse triangulation, a sequence of mesh is generated by using a standard
adaptive meshing algorithm that adopts the L? strategy: (i) mark the elements such that
Nk is among the first 20 percent of L? norm of the total error, and (ii) refine the marked
triangles by bisection. The stopping criteria is

llv = wullo
llulle

is used, and numerical results with tol = 0.1 is reported. Mesh generated by tol = 0.1 is
in Figure 1. Refinements are centered at origin as expected.

rel-err := < tol

Energy error

10° L P

e llu=ul, -
-—-- N—0.5 <

2 eta ~
<4 tilde eta ) -

10 10° 10

Figure 1: mesh generated with relative er-

ror j 0.1 Figure 2: 7 vs 7.

As shown in Figure 2, the slope for the log (number of unknowns)-log (energy error)
is about —1/2 which indicates the optimal decay of the error with respect to the number
of unknowns. The efficiency index,

off-index — estimator ,
v — unlle

for n is about 2.2, and for 7 is about 3.3.
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