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KINETIC THEORY OF PARTICLE INTERACTIONS MEDIATED
BY DYNAMICAL NETWORKS*
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Abstract. We provide a detailed multiscale analysis of a system of particles interacting through
a dynamical network of links. Starting from a microscopic model, via the mean field limit, we for-
mally derive coupled kinetic equations for the particle and link densities, following the approach of
[P. Degond, F. Delebecque, and D. Peurichard, Math. Models Methods Appl. Sci., 26 (2016), pp.
269-318]. Assuming that the process of remodeling the network is very fast, we simplify the de-
scription to a macroscopic model taking the form of a single aggregation-diffusion equation for the
density of particles. We analyze qualitatively this equation, addressing the stability of a homoge-
neous distribution of particles for a general potential. For the Hookean potential we obtain a precise
condition for the phase transition, and, using the central manifold reduction, we characterize the
type of bifurcation at the instability onset.
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1. Introduction. Cellular materials [20], mucins [7], polymers [6, 3], and social
networks [17, 1] are only a few of the numerous examples of systems involving highly
dynamical networks. A detailed modeling of these systems would require understand-
ing complex chemical, biological, or social phenomena that are difficult to probe.
Nevertheless, one common feature of these systems is the strong coupling between the
dynamical evolution of the individual agents (cells or monomers, for instance) with
that of the network mediating their interactions. The mathematical modeling of this
strongly coupled dynamics is a challenging task (see, for example, [26]) but it is a
necessary step toward building more complete models of complex biological or social
phenomena.

The purpose of this paper is to provide a detailed multiscale analysis—from a
microscopic model to a macroscopic description, and its qualitative analysis—of a
system of particles interacting through a dynamical network, in a particularly simple
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setting: the basic entities are just point particles with local cross-links modeled by
springs that are randomly created and destructed. In the mean field limit, assuming a
large number of particles and links as well as propagation of chaos, we derive coupled
kinetic equations for the particle and link densities. The link density distribution
provides a statistical description of the network connectivity which turns out to be
quite flexible and easily generalizable to other types of complex networks. See, e.g.,
another application of this methodology to networks of interacting fibers in [16]. A
distinctive feature of our modeling is that the agents interact only through the net-
work, which is described explicitly; this is an important difference with the opinion
dynamics model in [1], where agents may “meet” (i.e., interact) even when they are
not connected through the network.

We focus on the regime where the network evolution triggered by the linking
and unlinking processes happens on a very short time scale. In other words we are
interested in observing dynamical networks on a long time scale compared with the
typical remodeling time scale. In this regime the link density distribution becomes a
local function of the particle distribution density. The latter evolves on the slow time
scale through an effective equation which takes the form of an aggregation-diffusion
equation, known also as the McKean—Vlasov equation [23, 14]. The applications
of such an equation with different types of diffusion range from models of collective
behavior of animals through granular media and chemotaxis models to self-assembly of
nanoparticles; see [28, 22, 24, 9] and the references therein. In contrast to many of the
aggregation-diffusion equations studied in the literature [5, 18, 13, 4] the model derived
here features a compactly supported potential. This model yields a very rich behavior,
depending on two main parameters describing the interaction range and the stiffness
of the connecting links, that we investigate using both linear and nonlinear techniques.
In particular, we identify the parameter ranges for the linear stability /instability of
the spatially homogeneous steady states. Moreover, the nonlinear analysis based
on the central manifold reduction [21] provides us with a characterization of the
type of bifurcation that appears at the instability onset. Such bifurcations were
previously studied in [14] from a “thermodynamical” point of view, i.e., by looking
at the minimizers of the free energy functional; we present here a dynamical point
of view and make the connection with the thermodynamical approach. In the case
without diffusion, this free energy functional reduces to the interaction energy, whose
minimizers have been studied in [8, 28, 12]; for numerical studies in this direction we
refer to [11]. In particular, global minimizers exist provided the associated potential is
H-unstable, a classical notion in statistical mechanics linked to the phase transitions in
the system [19, 27]. Moreover, it was shown in [8] that the minimizers are compactly
supported for potentials with certain growth conditions at infinity. Generalization of
these results to the case of compactly supported attraction-repulsion potential and
linear diffusion, as in the system derived here, is a purpose of future work.

The outline of the paper is the following. In the preliminaries of section 2 we
introduce an individual-based model for the point particles and the network, with
rules for particles dynamics and network evolution. Then, in subsection 2.2, we de-
rive kinetic equations in a formal way following the approach from [16] developed for
systems of interacting fibers, when the number of particles N and the number of links
K tend to infinity. In particular, we will assume that the ratio K/N converges to
some fixed positive limit £ that might be interpreted as an averaged number of links
per particle. At the level of derivation of these equations, the precise character of
particle interactions is not used and so the limit equations hold for a wide range of
symmetric and integrable potentials. In section 3, we further simplify the description
by assuming that the process of creating/destroying links is very fast. This enables
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us to derive a macroscopic model involving only the particle density, which takes
the form of an aggregation-diffusion equation. In section 4, we analyze qualitatively
this macroscopic equation, addressing the stability of a homogeneous distribution of
particles for a general potential, and in section 5 we address the same question for
the Hookean potential, for which we obtain a precise condition for the bifurcation.
Finally, in section 6 we investigate via nonlinear analysis the character of the bi-
furcation, both for a rectangular (nondegenerate unstable eigenvalue) and a square
(degenerate unstable eigenvalue) domain. In the last part of the paper, we illustrate
the criterion distinguishing between supercritical and subcritical bifurcations for the
Hookean potential and make connections with the very different approach by Chayes
and Panferov in [14]. Our model is intended to provide a comprehensive treatment
of a dynamical interaction network in a simple setting, and it does not allow for any
meaningful quantitative comparison with real systems yet. Nevertheless, it does have
some qualitative implications, which we will briefly discuss.

2. Modeling framework.

2.1. Preliminaries. The link between two particles located at the points X; and
X can be formed if their distance is less than a given radius of interaction R. If this
condition is met the link is created in a Poisson process with probability V}V ; it can
also be destroyed with the probability Vév ; both of them depend on N—the number
of the particles in the whole system. This means that within a small time interval At,
if two particles are located sufficiently close to each other (the distance between them
is less than R), the link can be created with probability V}V At. If the two particles
are already connected, the link between them can be destroyed with the probability
I/l]iv At (independently of the distance between the particles). The Poisson hypothesis
is chosen for the sake of simplicity. When cross-linked, the particles interact with each
other subject to a pairwise potential

(1) V(Xi, X5) = U (|Xi = X;).-

For the moment we do not specify the character of interactions between the particles,
trying to keep our derivation on a maximally general level.

We will first characterize the system of fixed number of particles, denoted by N,
and fixed number of links, denoted by K. The equation of motion for each individual
particle in the so-called overdamped regime, between two linking/unlinking events, is

2) dX; = —uNVx,Wdt + V2DdB;, i=1,...,N.
Above, B; is a two-dimensional Brownian motion B; = (B}, B?) with a positive

diffusion coefficient D > 0, p > 0 is the mobility coefficient, and W denotes the
energy related to the maintenance of the links related to the potential V' as follows:

K
W ="V (X, Xjx))
k=1

where i(k), j(k) denote the indexes of particles connected by the link k. Plugging this
definition into expression (2), we obtain

K
(B) dXi=-p > [VaV(Xi), Xjo) + Va, V(Xir), X)) dt + V2DdB;
k=1:i(k)=i

K
1Y [0y (D Vi V(X X i) + 850 (D) Ve V(X Xy )] et
k=1

+V2DdB;.
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Our ultimate aim is to describe the systems of large numbers of particles. From
the point of view of numerical simulations, the system of N SDEs (2) for large N,
although fundamental, is too complex and thus costly to handle; it is also difficult to
get a qualitative understanding of the behavior of particles from (2). Therefore, in
the next section we look for a “kinetic” description using probability distribution of
particles and links rather than certain positions of each of the particles and links at
a given time.

2.2. Derivation of the kinetic model. We introduce the empirical distribu-
tions of the particles fV(z,t) and of the links g* (1, x9,t), when the numbers of
particles and links are finite and equal N and K, respectively. They are equal to

N
1
N _ .
K
9" (w1, 20, 1) = K Z (000,00 (15, 22) + 0, )Xo (21, T2)]
k=1

where the symbol dx, (x) is the Dirac delta centered at X;(¢), with a similar definition
for the two-point distribution. The above measures contain the full information about
the positions of particles and links at time ¢.

Remark 2.1. g% is directly related to the adjacency matrix of the underlying

network (Ag;);_,, through the equation

N
1
K
g (z1,22,1) = 9K Z A;jo(z1 — X;)0(z2 — Xj).
i,j=1
For the sake of completeness we also introduce the two-particle empirical
distribution

(5) hN(xl,xQ,t) = !

NN -1 > ., (@1, 72):

i#]
Obviously, the two distributions A"V and ¢’ are different, because not every pair of
points is connected by a link.

The first part of this article is concerned with the derivation of the kinetic model
obtained from (2) in the mean-field limit. This process is roughly speaking a derivation
of equations for the limit distributions f and g, obtained from f~ and g, by letting
N and K to infinity, i.e.,

f(l‘,t) = lim fN(xat)7 g(l‘l,l‘g,t): lim gK(mlax%t)'
N—o0 K—o0

The purpose of this section is to derive the equations for evolutions of particle
and links distributions f and g in the limit of large number of particles and fibers.
We have the following formal theorem.

THEOREM 2.2. The kinetic system
8tf(x7t) = DAwf(-ra t) + 2M§vm : F(J?,t),
atg(xl7x2>t) =D (Arlg(xthut) + Ang(mlnyat))
g(w1,72) ) (9(9?1,332) ))
+2 Vo - | =—2F(x1,t) | + Vg, - | == F(x2,t
(Vo (ZF e Fan) )

14
(6) + ?éh(xl,wz,t)xmm\SR — vag(z1,x2,1),
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where
F(z,t) = /g(w,yvt)VnV(x,y)dy,
and
fat) = Jim Y1),
N—oo
g(x1,29,t) = lim gK(ajl,scg,t), h(xy,22,t) = lim hN<.’IJ1,$2,t),
K—o0 K—o0

1 N 1 N
o = i -1 v i

is a formal limit of the particle system (2) as N, K — oo, provided that

. K
K}\lfrgoo N a f > 0.

Proof. The strategy of the proof is to first derive the equations for distribution of
the particles fV(x,t) and of the links g% (1, 22,t) in the situation when the number
of each is finite and equal to N and K. This happens between two linking/unlinking
events in the time interval (¢, + At). We will consider the behavior of the system in
this interval first and come back to the issue of creation of the new and destruction
of the old links in the end of the proof.

Step 1. Let us first introduce the notation that will allow us to identify both f
and g with certain distributions. Following [16, Appendix A] we first introduce the
one-particle and two-particle compactly supported observable functions, ®(z) and
WU (z1, x2), respectively, and the corresponding weak formulations (f(x,t), ®(z)) and
(g% (z1,29,1),¥(z1,12))) for equations of fV and g (4).

Step 2. We derive the equation for the distribution of particles. Taking the time
derivative of (fN(xz,t), ®(x)) we get

<fN$t ii
:d

We expand this equation using (3) and Itd’s formula. Since dB;’s are pairwise inde-
pendent and are independent of V,®(X;(t)), thus assuming, for instance, that the
test functions have bounded derivatives, we obtain for large N

N
<fot - %sz@

K
XD [0 (D Var VI(Xithys X)) + 6508 () Ve V(X X))
k=1
N

1

Exchanging the order of the sums with respect to ¢ and k, using the symmetry of
potential V| and integration by parts we get
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% (fN (1), ®(x)) = % ((Vay - (9% (21, 22) Vo, V(x1,22)) , ®(21)))
DAY, 8))

2uK
= MT/VQH . </gK(l‘hIg)leV(xl,;Q)de) ®(z1)dxy

(7) +D/Aﬂugymmm.
Letting N, K to infinity, assuming that % — & and that there exist the limits

1 N d lim ¢¥ =
N AT =g and i g =g,
we obtain (after change of variables x1 — x, x5 — 2’) a distributional formulation of
equation for f. The differential form of this equation is

(8) O, f(2.1) = 20€V, - F(2,1) + DAY, 1«m¢)=/yumx%wvmvuh@yml

Step 3. After deriving the equation for distribution of particles f we want to derive
the equation for g in the analogous way. We remark that the noise in (3) transforms
directly into a linear diffusion term for f, and all other contributions vanish in the
large N limit. It is not difficult to see that the same simplification takes place for g%
in the K — oo limit. Thus, to reduce the computations we will first use (3) without
noise and reintroduce the diffusion term in the end.

Taking the time derivative of ((g¥(x1,z2,t), ¥(z1,72))), we obtain

O) 5 (5 (02,0, W, 2)))

K
1 d d
:MZPWWW%MduWWﬂMwMWﬁx4

k=1
1 & d d
— w2 V(X X X; 22U (X0 X)) - X
+2Kk1hﬂ( 0> Xjm) - 7 X + Vaa WX, Kiw) - o wJ
= E| + Es.

We now present how to treat Ey; Es can be handled analogously. We first use (3)
(without noise) and transformations similar to the ones used in Step 2 to obtain

K K
—u '
(10) By =5 {vx1V(Xi(lc’)an(k’)) XY [Giany (i(k)) Ve, U ( Xy X))
k'=1 k=1
+MMHDWﬂ(MﬂWW@
—u K K
* 9K > {VMV( 50y X)) X D 6500 (1(0) Ve U (X, X))
k'=1 k=1

+MmHDWﬂ(MWWW@~
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We see that the first sum with respect to k in (10), i.e

K

(11) [8i0e) (0(B)) Vs U (X k), Xjiry) + Gigrery (G(R)) Vay ¥ (X ) Xiry)] 5
k=1

does not vanish if either i(k) = i(k") or j(k) = i(k’). To understand it better let us
look at the link number &’. Its beginning is i(k¥’) and it is a certain fixed particle, as
was the link.

If we now compute the above sum neglecting the Kronecker symbols we get 2K
different elements. But for the Kronecker symbols included we act in the following
way: we take the first link £ = 1 and check if (1) = i(¥’); if yes, then definitely

J(1) # (k") and thus the first element of the sum is equal to V,, ¥(X;(1), X;(1)), but

if i(1) # i(k'), then we check if j(1) = i(k’), and if yes the first element of the sum
equals Vu, W(Xj1), X(1y). Finally, if i(k") # i(1) and (k') # j(1), the above sum
reduces to the subset &k > 2. Hence the maximal number of elements of the above
sum is K, but in fact it will be equal to the number of links connected to i(k’) and it
may be less than the number of all links K.

We now introduce a number of links connected to i(k'),

Cigry = #{k [ i(k) = i(K) or j(k) =i(k')}.
Thus, dividing (11) by Cj(y and letting K — oo gives rise to a certain probability

associated with i(k’), we have

02

K
Z )V, O(Xigrys X)) + iy (5(R) Vi, O (X (k) Xiry)]
k=

= 2/<V11‘I’P)(X¢(k/),$2)d$2,

where
9(Xirry, v2)

P(Xiwy, z2) = T 9(Xowry, @2)dzs

is a conditional probability of finding a link, provided one of its ends is at Xj;).
We can also estimate the limit of the mean number of links per particle when
N, K — o0, % — & more directly. Around the point X we have

ng kf),$2)d902

C’i n =
k) = NfN( Z(k/))
therefore
: J 9(Xikry, z2)dao
13 lim Cixy =& .
(13) K\ N—soo, £ g ) F(Xigr)

Combining (12) and (13), we obtain

K

I Sik 061 Vi W( Xy + iyt Vs U (X 1), X
N’Kﬁg%%;[ ®),5(8) Vo W (Xitkys Xiky) + 0irr)ith) Var O (Xiry> Xicr)]

2€

= W/(Vzlq’g)(Xi(k/)7$2)d$2,
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thus the limit of (10) reads

K
i i 23 I (Va, U9)(Xirr), x2)ds
1 E: 1 — VmVXz //7X4 o/ .
Koo Koe L Ko K kz:_l{ (Xicrrys Xj(rr) ey
f(v$1\llg)(Xj(k')7x2)dx2:|
Y V(X s X)) -
(X, Xirr)) o)
Vo, Ug) (21, 20)d
= 2p’£<<gvvz1v(x17x2) : f( ! g)(xl $2) x2>> .
f(371)

Now, coming back to (9) and performing the same procedure for Ey we obtain

d Vo, ¥g) (21, z2)d
S ot 2,0, W, m2))) = 2 ( (909 Vin, ) LT 00022100
dt f(x1)
J (Va, V) (22, x1)dzy
_9 i . .
I3 <<g, Vi,V (1, 22) F@)
Integrating by parts, changing the variables and order of integrals we easily obtain

d

% <<g(x17 Ta, t), \I/(l‘la 1‘2)>>

e (T (105 [ 15 i i) ¥ )
+2,u§<<VI2 ‘ (g(;(l;:;) /ngV(xQ,xl)dxl) ,\Il(xl,xg)>>.

Therefore, the differential form of equation for g reads

(14) Og(z1,2,t) = D (Ag, g(x1, 22, 1) + Ay, g(x1, 22, 1))
g(ivhmz)
AN (mn”m)
g(w1,22)
+ Zﬂ'gvmz : ( f(xz) F(ant)> )

where we have reintroduced the diffusion terms due to the noise in (3), and F(x1) is
the same one as defined as in (8); recall

F(xy,t) = /9(1‘1,3027?5)V11V(l‘1,$2)d$27

F(xo,t) = /g(xg,J;l,t)Vxl‘/(mg,xl)dxl.

Step 4. Equations (8) and (14) do not take into account the phenomena of creation
and destruction of links. According to the description at the beginning of this paper,
our model describes a process of creation of links with the probability V}V , provided
the two particles are sufficiently close to each other. Surely, the number of new links
will be proportional to the number of couples of the particles such that one of them is
close to x1 and the other one is close to x5, whose distance is less than R, this number
is equal to

N(N - 1)

3 h(z1,72,t)X |2 —2s|<r dT1 d2 dt,

© 2017 STAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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where h(z1,29,t) = limy_,o0 b and AN = bV (2, 25,t) is the two-particle distribu-
tion defined in (5). This number has to be decreased by the number of couples that
are already connected by existing links:

Kg(x1,22,t) dry das dt.

Therefore, the number of the new links created during the time interval [¢,¢ + dt]
between two points 1 and x5 is equal to

N(N -1

V}V ( ( 5 )h($17x27t)X|$1*$2‘SR — Kg(x17x27t)> dzy dza dt.

Dividing this expression by K used for normalization of function g and letting N, K —
0o so that % — £ and I/}V(N — 1) — vy we obtain the probability of creation of the
new link equal to

vy

—h

2¢
Similarly, the probability that the existing link will be destroyed in the same time
interval [¢,t + dt[ is equal to

(1,22, 1) X |2y —ao|<R-

Vdg(xlaw27t)a
where we used v4 = limy o ). If we now include these source terms in (14), we get

(15) Org(x1,ma,t) = D (Ay, g(21,22,8) + Asryg(21, 22, 1))
20 (Vo (2 Pa10) + 9 (152 (e )

f(z1) f(@2)
v
+ %h(ﬂﬁh T2, 1) X |2y —wa|<r — Va9 (T1, T2, 1).
This together with (8) gives the system (6). Theorem 2.2 is proved. ad

Note that system (6) is not closed, since all the three distributions f, g, and h
are a priori unknown. In order to close this system we will have to introduce some
closure assumption; this will be done in the next section.

3. Derivation of the macroscopic equations. The equations of distributions
of particles and links in the form introduced in Theorem 2.2 do not reveal anything
more than relations between certain mechanisms leading to evolution in time of f and
g. To get somehow deeper insight into the behavior of the system we introduce the
characteristic values of the physical quantities appearing in the system. We denote by
to the unit of time and by x( the unit of space. A straightforward scaling argument
allows us to interpret (8) and (15) obtained in the previous section as scaled equations.
Upon choosing time and space units, we can also interpret the coefficients as scaled
coefficients in these units. From now on we will use time and space units such that

pw=1 and D=1.

The next step is to introduce the macroscopic scaling for these units using small
parameter € << 1: xf =&~ '/2xq, t§ = e 'ty. Then the new variables and unknowns
are
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2 = 51/2x, " = et f”(x”) = 571f(x),

gz ah) = e 2g(wr,20), h'(z],2h) = e 2h(xy, 12).

Then, we also introduce the scaling of the potential (1). This time, we assume a small
intensity of interactions, therefore V (1, z2) = V' (2, 24), and moreover,

VoV (w1, 22) = e /2V 0 V' (2, 2),
Vi F(x1) =V, | g(x1,22)Va, V(21, 22)dxs
—61/2V / 2 1 l,/l/?x2 1/2V ”V//( // ) 71d$
— EQVz’l’F,/(xll/),

so when we compare the terms of order €2 in expansion of f in (8) with u, D =1, we
basically get the same equation for f”,

(16) Dy [ = Dy f' + 26V - P,

Our basic assumption is that the diffusion and the Hookean force time scales are long
compared to the network remodeling time scale. A good biological example for this
kind of assumption would be the process of growth of adipose tissue studied in [26].
It takes about 100 days for a nascent adipocyte to grow to its maximum size, while
for the extracellular matrix complete remodeling takes up to 15 days. Bearing this
example in mind we take

Vi = vy, vl =y,
and noticing that X|u, —z,|<r = X|2/—ay|<r, We have

(17) €30mg” = 3Ag"
+2¢ |2V 0 - 9" 32 F" ()
Ty €f”(a§’1’) 1

1/2 52 " £3/2

14
+¢e? <22h”><|z1 | <R’ — Vd9”>

1 "
3 A " + 2 |:v:r// . < g F// x// > + vx// . ( g F/ (EI/ >:|>
(a0 v (i) + - (lagy e
]///
<2§h X|ay ~a§ | <R/~ V&’g”> :

Our purpose now is to let € to zero in (16) and (17). Assuming again that f”, ¢”, and
h'" exist we denote f. = f”, g. = ¢, h. = h'’; we then have the following proposition.

PROPOSITION 3.1. Assume that he(x1,22) = fo(21) fe(x2) and that V(X;, X;) =
U(|X; — X;|); then provided the limits

1

f=1lm f.,, g¢g:=limg.
e—0 e—=0
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exist, they formally satisfy

(18a) Of(t,x) = Apf(t,) + Z—j;vx (f(t,2)Va(V % )t 7)),

(18b) g(t,x,y) = f(t?x)f(tvy)X|x7y|§R

i
2€Vd
for some compactly supported potential 1% specified below.

Proof. Let us start with the limit equation for the distribution of links. From
(17), using the assumption on small correlations we obtain

v
%fe(m .’L')fg(t, y)X\z—y|§R - l/dgs(t7 z, y) = 0(53)'

Letting e — 0 in the above formula, we formally obtain (18b), which is an explicit
formula for g. Therefore, plugging this relation into (16) and dropping the tildes again
we obtain the equation for f:

0f =B+, F P =) / SV (@ )Xoyl < -

Taking into account the form of the potential, we can rewrite the above equation in
slightly different form,

(19) uf = 8af + 29, (1) [ 9V - )y

g

for some V such that
ViV(z) = U'(|z])X|e|<rEis i=1,2,

which gives (18a). ad

Remark 3.2. The assumption h.(z1,22) = fe(x1)f(x2) amounts to neglecting
spatial correlations for particles; this is a reasonable assumption if each particle in-
teracts with many others. The link distribution described by (18b) looks like that of
a random geometric graph, where particles are linked whenever they are distant less
than a certain threshold [25]; in this case, particles distant less than R are actually
linked only with a certain probability.

Remark 3.3. Equation (19) is an example of an aggregation-diffusion equation
with attractive-repulsive potential V. It is difficult to calibrate this equation against
any particular phenomena. Let us mention, however, that swarming models often
make use of attractive-repulsive potentials such as the one obtained here in the macro-
scopic description; see, e.g., [10, 15, 29].

4. Analysis of the macroscopic equation: General potential.

4.1. Remark about the free energy. The above system, particularly (18a),
is well known in the literature as an aggregation-diffusion equation and as a McKean—
Vlasov equation. For analytical and numerical results devoted to solvability and
asymptotic analysis of solutions, depending on the shape of the potential V, see,
for instance, [14, 9]. Concerning the steady states, an exhaustive analysis of this
problem would require finding the minima of the following energy functional associated
with (18a):
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(20) #) = [ (e s+ 3250 0))

It is easy to check that F(t) is dissipated in time:

d

ZF = / (atflogf O+ LoV f)> da

-/ (Aflogf LY (9T P)log ] + (7 = )AS

Va

+ (f)v PV = )V f))dx

d

-/ <Vf'2 ; (2”) V(W f)-VE+ (Z;)Q FIV(V f)l2> da

f Vi
2
_/(;%4§Zﬂﬂvw*ﬂ>dm§&

4.2. Constant steady states. In this note, we want to focus only on the con-
stant steady states, i.e., fx = const, which, on bounded domains, have an interpreta-
tion as probability measures. It turns out that the stability or instability of the steady
states for (18a) is related to the notion of H-stability of the potential V. According to
the definitions from classical statistical mechanics, the compactly supported potential
V is H-stable provided the integral Jge V () dx is positive; otherwise it is not H-stable
(unstable) [27]. For the H-stable potentials, the aggregation part of (18a) acts as dif-
fusion, so, any initial perturbation is smoothed infinitely fast. For potentials that are
not H-stable, the asymptotical behavior of the solution is much more interesting. For
our system in its general form we only prove the following criterion for instability of
the constant steady states.

LEMMA 4.1. Let the potential V be integrable and let

M = V(x)dx < 0.
R2
Then the constant steady state f, is unstable if
-1 Vq
21 > ——.
(21) 5> 300,

Proof. In order to check the stability of the constant steady state f, > 0, we
linearize (18a) around f,. We assume that f is a small perturbation of f, (f << f)
and thus f satisfies

1% ~
(22) Ouf(t,) = Baf () + fu LAV 5 f)(1,)).
Then we apply the Fourier transform in space to both sides of (22); we obtain

(23) 0 f(ty) = —v*f(ty) - 2wf*j—§y2§f<t,y>.

The Taylor expansion around zero of the Fourier transform of V is equal to
2 1 ~ M
V) = 5 [ V(@)do+00) = 5 + 0.
R

T om 2
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Plugging it into (23) we obtain

(24) 3 log f(t,y) = — (1 + f*ZZM) y2 4+ O0(y?),

and so, for negative M, we can always find sufficiently large f, leading to instability
of the steady state f.. More precisely, for (21) the right-hand side (r.h.s.) of (24) for
sufficiently small y is larger than some positive constant ¢; thus

f(t) > foe = 00 for t— oo,
and so the steady state f, is unstable. 0
5. Analysis of the macroscopic equation: Hookean potential.

5.1. Preliminaries. Until this moment, the exact form of potential (1) did not
play any role and we could work assuming only its symmetricity and integrability. Let
us now focus on a particular form. If we imagine that the links between the particles
act like springs, the interaction potential is given by the Hooke law

K
V(erxz) = 5 (jon = 22 = lo)*,

where [y denotes the rest length of the spring and the intensity parameter s is a
positive number, characteristic of the spring. We then have

r—y
/f(y)x‘y,ﬂSRVxV(x,y)dy = /f(l/)f‘«'(|33 -yl - lO)HX|x—y\§Rd?J-
We now want to find V such that the equation for f is in the form (19). In our case
V(z) satisfies V;V (2) = k(x| — lo)X|2|<r€;, where € R?, moreover V(z) = 0 for
|z] > R. First, it is easy to see that V(z) is a radially symmetric function, and thus
we can introduce U(|z|) = V(x); second, since the potential U(r) vanishes for r > R
we have
K

R
U2R) - U(r) = / (s —lg)ds = 5 [(R—10)*— (r—1p)7].

Therefore, U(r) = % [(r — lp)* = (R — lp)?], and so

K

x| —1p)? — —1p)? or |x
25) Py | 2 e =07 = (BR=lP] o |al <R,

2
0 for |z| > R;

see Figure 1. }
Let us now compute the integral of our potential V' given in (25). We have

K

/]Rz V(z)de = 5 /]R2 (1] = 10)* = (R —10)*] Xjaj<r dz

R
= 77&/0 [(r—10)* = (R—1o)*] rdr

Il
3
N
7N
‘ﬁ
B
|
)
=
w
‘o“
I
Iay)
n
<
[\v]
+
=
=)
3
[\v]
~_

0
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* 2
2R IO—R

—Uum

0 |
(R )21 N R

0

Fi1G. 1. Potential U(r) with k = 2 for Hookean interacations; lo denotes the rest length of the
spring and R is the radius of interactions.

therefore, according to the definition given above, V is H-stable if the condition
lop > % is satisfied. Lemma 4.1 provided a special criterion for the constant steady
state to be unstable, and this is basically all the information we can get for the whole
space case. However, if we now consider the same problem on the space periodic
domain the criteria obtained in Lemma 4.1 will have to include the size of the do-
main. Moreover, it can happen that even if unstable, the steady state might be only
weakly unstable, meaning that only one mode from a countable set of modes will be
unstable, while the rest of them will be stable. The intention of the linear analysis in
the whole space case presented below is to provide some intuition on the behavior of
the potential, so that it is more intuitive how to “select” the unstable modes in the
second part of this section.

5.2. Linear analysis in the whole space. To understand the behavior of the
solutions close to the stability/instability threshold (21) we come back to (23) and we
compute the Fourier transform of V' given by (25),

2 1 ) ~
V = — _1x'yV d .
) = 57 [ eV ia) da

Due to the radial symmetry of V, our transform gives radially symmetric function
V(y) = V(s), where s = |y|, that satisfies

2 1 2w poo -
(26) V(s)=— / e~ 57 oSOV (1) dr df
2T 0 0

[ vwatnrar = [* l(h ) - 10)2] i) an

_ k(2lo— R)R /sR
= 5 hJo(h) dh

2 0
1 sR sR
@/ h2Jo(h) dh+i4/ 13 Jo(h) dh,
0 25% Jo

-
where Jy is the Bessel function of the first kind of order 0. In order to compute
integrals of the type fOH h®Jo(h) dh for a = 1,2, 3, we recall the Maclaurin series for
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the Bessel function of order i,

LSy qayee
M= 3 o ()

and for the Struve functions of order 1,

B o (-1)™ 2\ 2mtitl
Hi(z) = %F(m+3/2)F(m+i+3/2) (5) '
Using this notation (26) gives
V(s) = (JO(SR)]; AU %io 1 (sR) Ho(sR) — JO(sR)Hl(sR)]> .

Therefore, the general equation (23) now has the following form:

. v 2R
0108 f(t,y) = " 2 L (Jo(lyI VR — Byl B)

|yl
ﬂ;lo [J1(ly|R)Ho(|y|R) — Jo(ly\R)Hl(lle)])

We now write an explicit form of the solution emanating from the initial data f(0)=fo,
f(t,y) = foly)e W1,
where the exponent G = G(y, R, ly, &, V¢, Vg, fi) is given by
2R

R e C L ok

11yl R) Ho (| R) — Jo(|y|R)H1(|yR)]> |

_|_

7TRZO
2
From Lemma 4.1 we know exactly when G ceases to be nonnegative close to y = 0.

Let us now see what happens slightly further from the origin. To this purpose, we
rewrite (27) in the following form:

+

l
G =2+ 2nf, L1 (T8 1)) — D) - 2.
d
where z = |y|R. To investigate the minima of G(z) we check the minima of another

function, namely,

T
(08)  F(2) =GR = 2+ 8 (S () Holz) — ()i (2)] ~ (2))
where the parameters «, 5 > 0 are related to R,lo, K, vy, Vg, f« in the following way:

lo 2k fovys R*
(29) a=z 8= o .

The interesting range for parameter « is [0,1] and for the parameter 8 we take
[0,00). In Figure 2, we present the graphs of the two functions 7 [J1(2)Ho(z) — Jo(2)
H,(z)] and —Jy(z) that are included in the definition of F*#(z) from (28). Note
that from (28) it is clear that F*#(0) = 0 for all values of o, 3. On the other hand,
the picture above suggests that changing the values of parameters «, § may cause
that F'*# will achieve negative values. In particular, by choosing a sufficiently small
value for parameter o we would get a negative value of %*[Jy Hy — JoH1] — Jo close
to zero. This is nothing other than rephrasing the criterion from Lemma 4.1 in terms
of o and .
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0.8

—/2[J,(2)H,(2)-Jy(@H, (2)]
06l ---d,(2) |

04} ]

0.2

-0.2F Y

04 N\ ]

-0.6

FIG. 2. The graph of functions 5 [J1(2)Ho(z) — Jo(2)H1(2)] and —J2(2). Decreasing the value
of parameter o in (28) decreases the amplitude of the oscillations marked with the continuous line
which leads to negative value of F*P(2) close to z = 0.

PROPOSITION 5.1. Let « and 8 be given as in (29); then if (o, 8) € Uz, where

URQZ{(OZ,B)E[O,HX[O,OO)ZO{<i, ﬁ>32440[}7

the steady state fy is unstable, and otherwise it is stable.

Proof. Instability of the steady state follows as previously from expansion of
F*8(%) in the neighborhood of z = 0. After lengthy but straightforward calcula-
tions we obtain

2a 1 2\ 2
Foi(s) = (4455 -85 ) (5) +06Y.
0= (1455 -53) (5) + 0
Finally, we see that taking o < % we can always find sufficiently large 3 (i.e., 8 >
BEia), so that the first term is negative and hence, for small enough z, the whole

F*P(2) is negative as well. The fact that for parameters (o, 3) ¢ Uz, the steady state
is stable is shown numerically. In Figure 3, we present the minimum of F®? with
respect to z, i.e.,

30 FP — min F*P(z ,

(30) wh = min FOE)

as a function of parameters a, 3. The flat region corresponds to the parameter con-

figuration that causes the minimum of F®7(2) to be attained at z = 0 and is equal
to 0. |

Remark 5.2. Proposition 5.1 provides some qualitative insight into the behav-
ior of the physical or biological systems that could be modeled by such dynamical
networks. The connectivity of the network appears through the parameter vy/vg:
instability of homogeneous states is favored by a strongly connected network. The «
parameter measures the relative importance of the repulsive and attractive parts of
the interaction; a more attractive interaction favors instability.

Remark 5.3. Once f is known, (18b) allows us to make a connection with the
distribution of links of the underlying network. It follows, in particular, that in the
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min

Fic. 3. Graph of the minimum of F®P(z) defined in (30) for variable parameters a € [0,1]
and B € [0,40]. The flat region corresponds to the configuration of parameters for which the steady
state fi is stable.

case when distribution of the particles is homogeneous, so is the distribution of the
links. Moreover, when the density distribution develops spatial inhomogeneities, so
does the link distribution.

5.3. Linear analysis in the spatially periodic case. Let us now investigate
the same equation (22) but in the case of the space periodic domain. We will check
an influence of the size of the domain on the stability of stationary solutions. The
analysis of what happens with the solution in the unstable regime, but close to the
instability threshold, will be presented in the next section.

We start by expanding our solution f(z) for x = (z1,22) € [—L1, L1] X [—La, Lo]
into the Fourier series. Introducing the shorthand notation for the Fourier modes

. ki1 koxo
1 =
(31) €ky ky = EXP [m( I + T )],

we may write

f(xla‘r?): Z fkhkzekl,kzv

k1,k2€Z
where the Fourier coefficients fj, », are given by

1
4Ly Lo

R Lo L1
Srer ko = / flz1, z2)e—k,,—k, dz1 dxs.
—Lo L1y

Recall that we have the properties for the Fourier coefficients of the derivatives of
functions

.k ko

aglfkl,kz = <_7’Ll) fk17k27 a£2fk1,k2 = (_’LL2> fkl,kz
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and of the convolution of functions

f*gkl ko — l/ f xr — ) (y) dz;| = 4L1L2fk1,k2gk1,k’2'

k1,ko
Therefore, multiplying both sides of linearized system (22) by ﬁe_kh_;€2 and
integrating over [—Lq, L1] X [—L2, Ls], we obtain

(32)  Oifry by = —7 ki+ k3 Frr ok f*ﬁﬂ.Q ki_,_ké 4L1L2‘:/k o Fes -
1,R2 L% L% 1,R2 I/d L% L% 1,R2 1,R2

This time f, can be interpreted as a probability measure; thus from now on, we will
take f, = ﬁ, which on the rectangle [—Ly, Lq] X [—La, Lo| integrates to one, and
so, for any ki, ke € Z, we obtain

Frr ko () = fo(ber, ko)e™Crrat,

where

k‘2 k v k k
Gk1,k2 = (L2 + L22) + £7r2 (L12 + L22> Vkl,kz

To compute Vi, &, in the case when R < min{L;, Ly} we write

2 1 2 R —im ﬁ ﬁTCOSG~
Viey ko = 7/ / e VT V(r)rdrdf
’ 4L1L2 0 0

R [12
T - k1 ks
=301, /0 V(r)Jo ( L2 + L2r> rdr

and the last integral can be computed exactly as in the previous section so that we get

2 KT 7R3l
(33) Vkl,kz = ( 2 4 [Jl(zkth)HO(zkl;kQ) - JO(Zkhkz)Hl(Zkl,kz)]

2L1L2 2Zk1,k2
R4
- J2(2k17k2)2> ;
ki1,k2
where we denoted
/{:2 k2
(34) Zky ke = TR L2 + L27

and so
Fo‘ﬁ(zkl,kQ) = Gkhszz = Z£17k2
+ ( [J1 (21 k2 ) Ho (211 k) — J0 (201 ko ) H1 (281 0)] — J2(Zk1,lc2>) ;
for parameters a and § such that

lo nrvs R

a:E7 ﬁ: 2I/dL1L2.
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1
1L,Lo

tion F*? has the same form as in the whole space case (28) but is evaluated only
at the discrete set of points zj, x, k1,k2 € Z. We know already that for continuous
arguments z € [0, 00) there is a phase transition curve f(a) = 325—. The proof of
this fact was based on finding a negative value of F*#(z) sufficiently close to z = 0.
Here, however, the discrete variable zj, 1, depends on the size of the domain and it
may happen that F®?(z, ,) for all k1, ks € Z is always positive even if F*#(z) does

attain negative value. Indeed, we have the following proposition.

Note that these are the same parameters as in (29) with f, = . Moreover, func-

PROPOSITION 5.4. For a nonempty subset of parameters («, ) € Ugz, there exist
L1, Ly € [R,00) such that f, = ﬁ is a stable solution of (18a).

Proof. The proof of this fact is again numerical. Figure 4 illustrates the function
FO‘B(Z) in the unstable range of «, 3. Note that if 2; o, 20,1 are larger than zp = 0,63
the steady state f, will not be affected by the unsteady modes. In Figure 5 we present

z€[0,10] z€[0,1]
1.4 0.06
_F0.5‘25(Z) _F0.5,25(Z)
124 i ]
1t
0.8+
0.6
04+
021 | i
0 s 2 Z
2 T 0 %06 :
-0.2 -0.01

FIG. 4. Left: the function F®3(z) for a = 0.5,3 = 25; right: the zoom of the graph in the
neighborhood of z = 0; zmin denotes the point where the minimum of F"‘fg(z) is attained, while zo
denotes the first zero of the function F®8(z) for z > 0.

FIG. 5. Left: the positions of minima of function F®PB(2), zmin(a, B); right: the positions of
zero of F4B(2), zo(a, B) for variable parameters o € [0,1] and 8 € [0,40].
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the positions of minima of function F®#(z), 2 (a, ) and the positions of zero of
FoB(2), 20(a, ). We see in particular that zy(a,-) is a monotonically increasing
function, while z(+, ) is monotonically decreasing. However, from (34) we get

™R < q i _
210=— and 291 = — ;
1,0 I, = m 0,1 Ly = 5
therefore, the statement can be fulfilled, for example, for Ly = Ly = R and o*, 3*
such that

(35) zo(a™, B") < m;

since |zo(, B)] > |2min (v, B)|, the pair of parameters (a*, 3*) € Ugz. O
The condition (35) can be rephrased as

FP(ar, %) (m) > 0,

which gives 5*(0.7332a* — 0.4854) > —9.8696. This means in particular that a* €
(0.5499,0.75) and any §* € [0, 00) the stationary solution f, = ﬁ is a stable solution
to (18a) on a periodic box [—R, R]?.

Using the same argument, we can also show the reverse statement to
Proposition 5.4.

PROPOSITION 5.5. For every L1, Ly € [R,00), there exists a nonempty subset of
parameters (a, ) € Ugz such that f, = ﬁ is a stable solution of (18a).

6. Nonlinear stability analysis of the steady state.

6.1. Preliminaries. The purpose of this section is to investigate the qualitative
behavior of the model beyond the linear level. We will choose the parameters «, § in
the unstable regime, but close to the stability /instability threshold. In particular, the
instability will be associated only with the first nontrivial modes, and the instability
rate will be assumed small. As we saw in the previous section this can be guaranteed
by the appropriate choice of the size of periodic domain.

The analysis will be made for periodic domains of two types: the rectangular
periodic domain and the square periodic domain. As we will see below, in the case
when one side of the periodic domain is larger than the other, we may select only one
unstable mode and reduce the analysis to a one-dimensional problem. For the case of
a square box, the extra symmetry induces a degeneracy of the unstable mode. In both
cases we give precise conditions for continuous and discontinuous phase transitions.
In the end of this section we also provide numerical verification of these conditions
for the Hooke potential. Computations with other domains are in principle possible
but would be more complicated and/or less explicit. Nevertheless, we expect that in
absence of special symmetries, the picture for a generic domain would look like the
one for a periodic rectangle.

Our analysis allows us to identify two types of steady states for the density dis-
tribution in the macroscopic model: the homogeneous steady state f, and the inho-
mogeneous steady states in the unstable regime. Concerning the network, it is never
constant since links are created and destroyed continuously, but the regions of high
particle density are regions of high connectivity. It follows from (18b) that if f settles
into a stationary state, the network becomes stationary in a probabilistic sense. If a
homogeneous f, is unstable, then the network also develops spatial inhomogeneities;
see Remark 5.3.
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We would like to emphasize that the theoretical results presented in this section
are applicable to a much wider class of potentials under mild assumptions on the
Fourier coefficients as stated in Theorems 6.1 and 6.3 for the rectangular and the
square case, respectively. The Hookean potential should be treated only as an example
for which the more explicit computations and numerical verification are possible. Our
starting point is (18a), which we recall here for convenience:

(36) Ohf =Af+V-(fV(V )
with v = Z—Z

6.2. The rectangular case for general potential—mondegenerate. We
start our analysis from the simpler case when the periodic domain is rectangular,

(.131,.%‘2) < [—Ll,Ll] X [—LQ,LQ] such that Ly > Lo

and that only the modes (+1,0) are unstable; all the others are stable. Having in
mind the argument from the previous section, this is possible for some (a*, 3*) € U2
provided

21,0 < Zo(a*,ﬁ*) < 22,0 and 20,1 > Zo(a*,ﬂ*).

Looking at the problem from the perspective of stable and unstable modes, we see that
an analogous condition can be deduced directly from (32). Namely, the eigenvalue
associated with the first mode in the direction x; should be the only positive one.
This results in the conditions

2

e 2
(37&) A= >\:|:1.,0 =—— 1+ ’YVI,O > 0,
7z (1+7%0)
o (KK 5
(BTD)  Aewe =72 (1o + 13 (1 +fyvk1,k2) <0 for (ki k) # (£1,0).
1 2

Recalling notation (31), the unstable modes are then

imay —imxy

etp=ef1 and e_jp=e 1

We now want to check what happens with the constant steady state after passing
the instability threshold. We could, for example, think of fixing the parameter «
according to Proposition 5.5 and slowly increase parameter 8 by changing the value
of R. Alternatively, one can identify the instability threshold with changing the sign
of A—this is the standard strategy in bifurcation theory and the one we follow here.

After crossing the instability threshold, one expects that the solution to the non-
linear problem behaves for a short time like the linearized solution, that is, an expo-
nential in time times the unstable mode:

f = f* + A(t)el’() —+ A* (t)€170 with A(t) o 6)\t.
Then, if A(t) remains small, one can hope to expand the solution into power series
of A(t),
f=f+A{t)e1 o+ A% (t)e1 o + O(A(t)?).

The goal is then to find a reduced equation for A(t) that would allow us to understand
the dynamics of the solution just by analyzing an ODE for A(¢) (central manifold
reduction). The unstable eigenvalue is real, and the system is translation-symmetric.
Hence we expect a pitchfork bifurcation when A changes sign from “—” to “+4,” with
two possible scenarios:
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e a supercritical bifurcation: A(t) first grows exponentially, but then f tends to
an almost homogeneous stationary state;

e a subcritical bifurcation: A(t) grows exponentially until it leaves the pertur-
bative regime, then the final state may be very far from the original homoge-
neous state.

Instead of adopting a dynamical approach as done here, bifurcations for systems
such as (36) can be studied from a “thermodynamical” point of view, i.e., by looking
at the minimizers of (20). This has been done in particular in [14]. The second order
phase transition in [14] corresponds to the supercritical scenario described above, while
the first order phase transition corresponds to the subcritical scenario. However, one
should note that the dynamical bifurcation point (where A changes sign) does not
coincide with the first order phase transition parameters; the dynamical bifurcation
would rather be called a spinodal point in thermodynamics, the language of [14].

The main result of this section provides a criterion allowing us to distinguish these
two cases.

THEOREM 6.1. Assume that A > 0 and that A, k, <0 for any (ki1, k2) # (£1,0).
Then, there are two possz’bz’lities:

o for 2\7270 — ‘7_170 > 0 the steady state exhibits a supercritical bifurcation,
o for 2\72’0 — \7,1’0 < 0 the steady state exhibits a subcritical bifurcation.

Proof. We now want to investigate the evolution of the perturbation g of the
constant steady state f,. Hence, the solution to (18a) has the form f = f, + 7.
We denote the operator associated with the linearized equation (22) by L(f); more
precisely,

am(t,x) = Apn(t, z) + 7 A (V x0)(t,2)) == L(n).

Note that £(n) with periodic boundary conditions is a self-adjoint operator. Next, we
also distinguish the nonlinear part of (18a) and we denote it by A/ (n); this gives

(38) om = L(n) +N(n),
where

N(n) = Q(n,n), Q(m,m2) =9V - (nlv(f/ * 772))

with v = Z—; In what follows we will need to compute the action of £ and Q on the

Fourier basis. We have

k2 k2 ~
(39) 'C’(ekl,kQ) = |:_7T2 <le + L22> (1 + ’kalka):| Cky,ky = >\k1,k2€k1,k27
1 2

2 li(ky +1 lo(ko +1
(40) Q(ekhkwell,lz) = _4L1L2’77T2Vvll712 ( 1( 1L2 1) + 2( 2L2 2)> €ki+11,ka+1o
1 2

As mentioned above, at a linear order, 7 moves on a vector space spanned by ej o, €_1 0,
n(t,z) = A(t)er,o + A™(t)e—1,0-

Furthermore, if the equation were linear, the solution emanating from any initial
condition would be quickly attracted toward this vector space. This follows from the
fact that all the other modes of motion are stable. For the nonlinear system, we
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expect that span(e1 ,e_1,0) will be deformed into some manifold. This manifold is
tangent to span(ej g,e_1,) close to n = 0 and can be parametrized by the projection
of 1 on this space,

(41) 77(t7 JL‘) = A(t)eLo + A* (t)€_170 + H[A, A*](:C),
with H such that
(42)  H[A, A*] = O(A%, AA* (A")?) and (e, H) = (e_1.0,H) = 0.

Furthermore, from translation invariance we can write, using Lemma 6.2 (see below),

H[A, A =Y AM Dy, o(0)er, 0+ Y (AY) ™ hy, o(0)e, o,

k1>0 k1 <0
where
2 1
o=|AP and hpo=hio+0ohLo+--.

The conditions (42) imply that hy o = h_1,0 = 0. Moreover, h%hO =0 for k1 =0, £1;
otherwise H[A, A*] would contain zero and first order terms in A, A*. Hence, at the
leading order, only the modes (+2,0) remain; more precisely

(43) HIA, A*] = A%hj gez,o + (A")*h25 ge—2,0 + O((4, A")%).
Then, plugging (41) and (43) into the definitions of £(n) and N (n) we obtain
(44) L(n) = AL(e1,0) + A" L(e-1,0)

+ A%RY o L(e2,0) + (A*)*h% 5 o L{e—20) + O((A, A*)?)

(45) N () = A2Q(e1,0,€1,0) + (A")*Q(e—1,0,¢-1,0)
+ A%hY  [Q(e1,0, e2,0) + Qlea,o, €1,0)]
+ A2 Ahg o [Qe—1,0, €2,0) + Q(ez,0,€-1,0)]
+ (A*)?h2 5 o [Q(e—1,0,€-2,0) + Qle—2,0,€-1,0)]
T ARAR 5, [Qerone20) + Qle—sonero)]
+ O((A,A*)4).

Therefore, the full dynamics of 1 can be obtained by substituting the above formulas
for £(n) and N (n) into (38). On the other hand, differentiating (41) with respect to
time, and using (43), we have

(46) Oy = Aer o+ Are_10+ 244RY ez 0 + 247 A*hY, ge_a0 + O, O((A, A")?).

We now equate expressions 0;n = (44) + (45) and (46) and compare Fourier mode by
Fourier mode, and order in A by order in A. We start with the mode e; . Taking
the scalar product of the r.h.s. of (44) and (45) with e; o, we get

(e1,0,£(n)) = Ale1,0, L(e1,0))
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and

(e1.0,N(n)) = |AI>AhS ofer,0, Qle—1,0,e20) + Q(ez0,e-1,0)) + O((4, A,
where (u,v) = 1/(4L1L>) fLZ Ll
the projection of (46) on ey o we obtain
(47) Alero,e1,0) = Aler0, L(e1,0))

+ \A|2Ahg7o(€1,0, Q(e—1,0,€2,0) + Qlean,e—1,0)) + O((A, A*)*).

So, using (39) and (40) we obtain

u*vdzry dre. Comparing these expressions with

. 41, 2 S
A= AN+ |APAR gy 2 (Voo = 2Va0) + O((A,47)).

The terms of the leading order in A yield the linearized dynamics. To investigate
the behavior of A at the nonlinear level we need first to compute h3 ;: we do this by
equating the Fourier coefficient (2,0) in 0yn = (44) + (45) and (46); we obtain

2AAhg,0€2,o = A2)\2,0hgyo€2,0 + A?Q(e1,0, €1,0) + O((4, A*)Y),

so, using (39) and (40) together with the linear equation for A, i.e., A = \A, we
obtain

_Am 2 872l =
2)\th —5 (1+’YV2 0) hzo 2'le.,()a
’ L L1
and finally, since Ay < 0, for A — 07 we formally get
W —2L L27V1 0
2,0 =
1+ 7V2 0
The reduced equation for A (47) then reads
i 2272 ‘71,0 > > 2
(48) A=A +8272 0210 (21/270 - V_LO) |A]2A.

1+’}/V20

From the assumptions of Theorem 6.1 and (37a) it follows that V1 0 1s negative,

so if 2V2 0— V 1,0 > 0 the coefficient in front of the third order term is negative. This
means that A(t ) first grows exponentially, but then it saturates when the r.h.s. of
(48) is equal to zero. This happens for

\5 1+’YV20

|A| = :
2/2mLa\| Vol (2V20 = Vo10)

Therefore, if the last factor is bounded, |A| is of order VA, so taking X sufficiently
small we ensure that A(t) remains small at the level of saturation, which justifies the
validity of expansion (41).

When 217250 — ‘771,0 < 0 the term of order A3 does not bring any saturation. The
growth thus goes on until A(t) leaves the perturbative regime, and at this point the
approach breaks down.

This yields the hypothesis of Theorem 6.1. In order to conclude, we still need to
justify that the manifold H can be represented by (43); we will prove the following
lemma.
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LEMMA 6.2. Let H = H[A, A*](x) be as specified above in (41); then Hoo[A, A*] =
0, Hi10[A, A*] = 0 and the other Fourier coefficients of H are of the form

Akl hkl,O(U) fO’I“ k?l > 0, k‘g = 0,
Hy, 1[4, A = (A%) " Fhy, (o) for Ky <0, ky =0,
0 for ko #£0,

for some unknown functions hy, o = hg, o(0), with o = AA*.

Proof. From the definition I;TO,O =0, and ﬁil,o = 0 since (e1,0, H) = (e_1,0, H) =
0. Next, (38) as well as the unstable manifold are invariant under translation 7,0 :
x — 2+ 2Y that act on functions as

(o0 - f)(2) = f (x = 2°),
where = (z1, x3), 2° = (29,29). Therefore, for any A, there exists A such that
Tp0 - (Ae1 g+ A%e_1 0+ H[A, A*]) = Aey g + A*e_1 0 + H[A, A*],

meaning that

Ae_”ﬁem + A*e”ﬁe_Lo + H[A, A*](x — x0)
= 1216170 + A*G_LQ + H[/L A*](I)

29
Comparing the terms with e; o we conclude that A = Ae” T and subsequently

H [Ae—”?i,A*e”?i} (z) = H[A, A*](z — x0).

In terms of Fourier coefficients, the last equality reads

20 29 m(kw‘fﬁzw%)
. et o —im (L 222 )
(49) Hp, ks {Ae le,A*e”Ll] =e ! * J Hy, gy |A, A",
Let us now expand Hy, , in a Taylor series: Hy, x,[2,2"] = 32 1,50 ey 1,2 (27
then (49) reads
20 - ((kpaf k2m2>
a1, — —im| g+
Yo At (AT TR TR e (5% Y At (A",
11,1220 l1,I22>0

The uniqueness of the expansion implies that ¢;, ;, = 0 unless Iy —ly = ki, k2 = 0.
Thus

HkhO[Aﬂ A*] = Al Z ck1+12,lz|A‘2l2°

1,>0

This finishes the proof of Theorem 6.1. ]
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6.3. The square case for general potential—degenerate eigenvalues. In
this section we study a particular case of domain—a periodic box; thus L; = Ly =
L. For simplicity, we take L = % Again, the result is much more general and
might be applied to a much wider class of functionals than the Hooke potential from
section 5.3, provided one can select finitely many unstable modes. Here, due to the
square symmetry, and assuming that the potential is isotropic, there will generically

be one unstable mode in each direction denoted by

€10 = 2™ and eo,1 =e

29T I
El 7

together with their conjugates, associated with the same eigenvalue,
A= —471'2 (1 + ’}/‘7170) .

Our results in this case can be summarized as follows.

THEOREM 6.3. Assume that A > 0 and that 1 + 7‘2/;61’;@2 > 0 for any ki, ko such
that |k1| + |k2| > 1. Then, for

Vi0(2Vao — Vo1,0) -_
1 +7‘~/2,0

ViV
PRLARISE!
1+9V1a

(50)

the steady state exhibits a supercritical bifurcation. If the inequality is opposite, the
steady state exhibits a subcritical bifurcation.

Proof. Following the same strategy as for the one-dimensional case we expand
the perturbation n on the unstable manifold:

n(t,z,y) = A(t)er0 + A*(t)e_10 + B(t)eo1 + B*(t)eo,—1 + H[A, A", B, B*|(z,y);
therefore
om(t,x,y) = Aer g+ A*e_1 o+ Begy + B*eg 1 + O H[A, A*, B, B*](z,y).
Like in Lemma 6.2, we can deduce that H has the following structure:

(51)  H = A’hggea,0 + (A*)*h_g0e_20 + B*ho2€0.2 + (B*)*ho,—2€0,—2
+ ABhye11 + A*Bh_11e_11+ AB*hy _1e1, 1+ A*B*h_q,_1e_1,_1
+O((A, A", B, B*)*).
We compute now the nonlinear term A (n) at order A%, B2 (we use here the properties
of ‘7: thb = thf;@ = kal)]w = ng,kl):
N(’f]) = — 8’}/71'2‘71)0 [A2€210 + 326072 =+ AB@171 + A*BeL_l + C.C.]
+ 0 ((A, A%, B,B*)%).

The procedure is the same as before. The leading order for the dynamics of A, B is
the linear evolution:

A=) A+0((A,B)*), B=AB+O0((A B)y?>).

We expand in powers of o4 = |A|?, 05 = |B|? the hy; coefficients that appear in (51)
and keep only the leading order h%l, which are some constants to be computed. From
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comparison of (2,0), (1,1), and (1, —1) modes, respectively, order (A4, B)? yields the
equations for h%, g, h87i2, h(j:Lil:

(2)\ — )\Q’O)hg’o = —8’771’2‘71’0,
(2)\ — )\1’1)]1(1)71 = —8’}/71'2‘7170,
(2)\ - Al,—l)h(l),—l = 78’Y7T2‘7170.

Solving the above equations, and letting A — 0, we obtain

%
Mo=——T— R =

2(1 +~Vay0)

7‘71,0

7‘71,0
14+ ’7‘71’1

z ) h?—lz_
1++Via

The other relevant h?,j coefficients in (51) are obtained by complex conjugation. Fi-
nally, including the terms of order (A, B)? for the Fourier modes (1,0) and (0,1) we
obtain the sought reduced equations for evolution of A and B, namely,

A=)A+ |A[? AR o(e1,0, Qle—1,0,€2,0) + Q(e2,0,e-1,0))
+|BI2ARY _1(e1,0, Qeo,1,e1,-1) + Qle1,—1,€0,1))
+|BI?ARY 1 (e1,0, Q(e1,1, €0,-1) + Qeo,—1,€1,1)) + O((A, A*, B, B*)*),
B = A\B +|B*)Bh{ 5(e0,1, Q(eo,-1, €0,2) + Q€ 2, €0,-1))
+|AI?BhY | 1 {e0,1, Qer,0,e—1,1) + Qle—1,1,€1,0))
+[APBRY 1(e0,1, Qle—10,e1,1) + Qler1,e-1.0)) + O((A, A%, B, B*)"),

or equivalently
A= M\A+c|APA+d|BJ?A,

(52) .
B = \B+c|B|?B +d|A*B,

where we denoted

Vio (2‘72,0 — ‘71,0>

V1oV,
= d=8727r2L}’1.
1+9Vap

(53) c = 2y*n? =
1+ ’}/V1,1

3

The analysis of the two-dimensional system requires slightly more effort than the
analysis of the one-dimensional case from the previous section. The steady states of
the system (52) are determined by

A+ AP +d|BH)A=0 and (\+¢|B]*+d|A*)B=0.

If ¢ < 0, there are steady states with A = 0 or B = 0; it is easy to see that they
are unstable. If ¢ + d < 0, there are other steady states, with A = Ay # 0 and
B = By # 0. The modulus of Ay and By is fixed, but their phase is undetermined:

A

Au| = [Ba| = (] —2—.
| t‘ ‘ tl —(C-l—d)

In order to check stability of the above steady states, we investigate the linearization
of system (52), around (Ag, Bst). We take for simplicity Ay and By real in the
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following; by translation symmetry the result does not depend on the phases we
choose. Furthermore, one checks easily that the linearized equations for the imaginary
parts of A and B decouple from the real parts and are neutrally stable. We are left
with the following linear equation for the real parts:

_ 1 3c+d 2d
Al A B Cc+d c+d
|: B :| —M(AstaBst) |: B :|v M(Astht)—)\ 2d . 30—|—d

c+d c+d

The eigenvalues of M (Ag, Bst) are equal to & = —2, & = 2?;(37 and so the steady
state is stable if ¢ < d. This, together with the condition ¢ + d < 0, implies that
the system (52) possesses a stable steady state provided ¢ < —|d| as assumed in (50).

Otherwise, the steady state is unstable. a

6.4. Numerical tests for the Hookean potential. We now compute the val-
ues of parameters ¢ and d (53) for various values of parameters o and 3 corresponding
to the slightly unstable case (close to the instability threshold). For simplicity we con-
sider the case of unit periodic box, i.e., L1 = Ly = L = %, so that (33) gives

2 2nR* /T
Vk17k2 = Zzi (? [J1(2k17k2)H0(Zk1,k2) - J0(2k17k2)H1 (Zkl,kz)] - JQ(Zkl,kz)) )
k1,k2

where g, g, = 2nR\/j2 + k?, a = %9. Since we are in the periodic box, we know from
Proposition 5.5 that the instability appears for larger values of parameter § than in
the whole space case, i.e., for § > (. = 33211&.

The assumptions of Theorem 6.3 are met if

140 =1+ (ZwﬂR)Q (5 11 (2mR) Ho(2nR) — Jo(2m R) Ha (2 )]

- J2(27rR)) <0

and

LaVig =1+ 2(2%)2 (% [Jl(zﬂwR)Ho(z\wiR) - Jo(2\f27rR)H1(2ﬁ7rR)]

- J2(2f27rR)) > 0.

Note that according to the definition of function F®# (28) the above conditions are
equivalent to

F*P(2rR) <0, F*?(2v2rR) >0,

and from the proof of Proposition 5.4 we know that the rest of the eigenvalues in the
assumption of Theorem 6.3 will have a good sign as well.

We will now present computations of coefficients ¢ and d defined in (53) that
are used in Theorem 6.3 to determine the condition for the type of bifurcation (50).
To this purpose we choose parameter « in the unstable regime, where o = %, and
for several values of R < L = % we first find the critical value of parameter (3, for
which the bifurcation occurs. Having this parameter we compute ¢ and d using the
expressions (53) in which we take v = zfﬁv then criterion (50) to identify the type

of bifurcation. Our results are summarized in Table 1.

© 2017 STAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 01/12/18 to 128.41.61.199. Redistribution subject to CCBY license

1322 JULIEN BARRE, PIERRE DEGOND, AND EWELINA ZATORSKA

TABLE 1
The numerical results for the rectangular domain [—1/2,1/2] x [=1/2,1/2] for three different
values of interaction radius R. The corresponding critical values of the parameter 3 from the second
column are computed using the condition A = 0. The character of the bifurcation in the third column
is identified using criterion (50).

R Be Type of transition
1

3 83.0 continuous

1 . .

1 31.1 discontinuous

1 . .

3 25.5 discontinuous

These computations are in line with the analysis in [14], according to which for
short-range potentials (when R/L is small), the transition tends to become discontin-
uous (first order), which corresponds to the subcritical dynamical scenario. Note that
the present bifurcation analysis provides a precise criterion for the boundary between
the first order/subcritical and second order/supercritical cases.

Numerical results addressing the comparison between the microscopic and macro-
scopic approach can be found in recent work [2].
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