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DISCONTINUOUS FINITE ELEMENT METHODS FOR
INTERFACE PROBLEMS: ROBUST A PRIORI AND A POSTERIORI
ERROR ESTIMATES*

ZHIQIANG CAIf, CUIYU HE', AND SHUN ZHANGH

Abstract. For elliptic interface problems in two and three dimensions, this paper studies a
priori and residual-based a posteriori error estimations for the Crouzeix—Raviart nonconforming and
the discontinuous Galerkin finite element approximations. It is shown that both the a priori and the
a posteriori error estimates are robust with respect to the diffusion coefficient, i.e., constants in the
error bounds are independent of the jump of the diffusion coefficient. The a priori estimates are also
optimal with respect to local regularity of the solution. Moreover, we obtained these estimates with
no assumption on the distribution of the diffusion coefficient.
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1. Introduction. As a prototype of problems with interface singularities, this
paper studies a priori and a posteriori error estimations of various finite element meth-
ods for the following interface problem (i.e., the diffusion problem with discontinuous
coefficients):

(1.1) -V (a(z)Vu)=f inQ
with homogeneous Dirichlet boundary conditions (for simplicity)
(1.2) =0 on 01,

where Q is a bounded polygonal domain in R? with d = 2 or 3; f € L%(Q) is a given
function; and diffusion coeflicient () is positive and piecewise constant with possible
large jumps across subdomain boundaries (interfaces):

a(xr)=a; >0 in Q; fori=1,...,n.

Here, {Q;}", is a partition of the domain Q with §; being an open polygonal domain.
The variational formulation for the interface problem in (1.1) and (1.2) is to find
u € H}(Q) such that

(1.3) (aVu, Vo) = (f,v) Yov e H} Q).
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It is well known that the solution u of problem (1.3) belongs to H!*(2) with possibly
very small s > 0 (see, e.g., [22]).

Let T = {K} be a regular triangulation of the domain Q (see, e.g., [13]). Denote
by hx the diameter of the element K. Assume that interfaces {02; N0 : i,j =
1, ..., n} do not cut through any element K € 7. For any element K € T, denote
by Py (K) the space of polynomials on K with total degree less than or equal to k.
Denote the continuous finite element space on the triangulation 7 by

Vi={ve H}(Q) :v|g € P(K)VK € T}.
Then the conforming finite element method is to find uj € Vj such that
(1.4) (aVuyg, Vv) = (f,v) Vv e V.

1.1. A priori error estimate. The following a priori error estimate was estab-
lished in [5]:

1/2
(1.5) |2V (u—uf) o = inf [a/?V(u-v)loe<C | Y h¥ax|Vullx | .
veEVE KeT

where ag = alk is the restriction of the a on element K. Here and thereafter, we use
C with or without subscripts to denote a generic positive constant that is independent
of the mesh parameter and the jump of a(z) but that may depend on the domain €.

The estimate in (1.5) is robust with respect to «, i.e., the constant C' in (1.5)
is independent of a. However, estimate (1.5) is not optimal with respect to the
local regularity since s is a global exponent. This kind of a priori error estimate is
not satisfactory. For example, for the well-known Kellogg’s example of the interface
problem in [22, 9], the solution has low regularity at the elements attached to the
origin but is very smooth away from the origin.

By Sobolev’s embedding theorem (see, e.g., [20]), H!T%(Q), with s > 0 for two
dimensions and s > 1/2 for three dimensions, is embedded in C°(Q) and, hence,
the nodal interpolation of the solution u is well-defined. In [16], it is proved that if
v € H'$(K) with s > 0 in two dimensions, then for 0 < t < s, the following estimate
holds for the linear nodal interpolation I:

(1.6) ||U—IKU||07K S Ch1+t|Vv|t,K.

Under the local regularity assumption that the restriction of the solution u of problem
(1.5) on element K belongs to H' 5% (K) for all K € T, (1.6) implies the following a
priori error estimate (see section 3.3 of [27] in two dimensions):

1/2
(1.7) ||041/2V(U—UZ)||079SC<Z hi‘“l“{’“’SK}aK|w|zK7K> :
KeT

This estimate is not only robust with respect to the jump of a but also optimal with
respect to the local regularity.

In three dimensions, in the case that s > 1/2, using the technique of [16], one may
prove the validity of estimate (1.6) that, in turn, implies the a priori error estimate
in (1.7). When s is only in (0, 1/2] in three dimensions, to obtain estimate (1.7) (see
[12]), we need an additional assumption on the distribution of the coefficient a(x) (see
[28] for details).



402 ZHIQIANG CAI, CUIYU HE, AND SHUN ZHANG

QUASI-MONOTONICITY ASSUMPTION. Assume that any two different subdomains
Q and Qj, which share at least one point, have a connected path passing from Q; to
Qj through adjacent subdomains such that the diffusion coefficient o(x) is monotone
along this path.

This assumption is very restrictive but is needed for a priori and a posteriori
error estimations to be robust with respect to the diffusion coefficient a(z) (see, e.g.,
[5, 8, 9, 10, 11, 28]). It also appeared in the convergence analysis of the domain
decomposition method in [15].

The a priori error estimate using local regularity in (1.7) is the base for adaptive
finite element methods to achieve equal discretization error distribution (see [26] for
examples in both one and two dimensions). The first purpose of this paper is to derive
a priori estimates of this type for the Crouzeix—Raviart (CR) nonconforming and the
discontinuous Galerkin finite element approximations, when the solution of (1.3) has
low global regularity, i.e., s € (0, 1/2] in three dimensions, and the distribution of the
coefficient does not satisfy the quasi-monotonicity assumption (QMA).

Derivation of such estimates for the nonconforming and the discontinuous ele-
ments is nontrivial. To do so, we first prove a robust Céa’s lemma type of result for
the CR nonconforming and the discontinuous Galerkin finite element approximations.
Besides making use of both analytical approaches developed recently in [8] and [21],
respectively, we also need to establish new trace inequalities (see Lemmas 2.3 and
2.4), which play an important role in the a posteriori error estimates as well.

Standard a priori error estimates for the nonconforming and the discontinuous
elements (see, e.g., [3, 30]) require the underlying problem to be sufficiently smooth,
i.e., at least piecewise H3/2t¢ so that there is an error equation. For problems
with low regularity, by carefully defining duality pairs on element interfaces, in [8]
we developed a nonstandard variational formulation that, in turn, leads to an error
equation and then an a priori error estimate. The estimate in [8] is robust with
respect to a without the QMA but not locally optimal due to the use of a continuous
approximation in our analysis. An alternative approach was developed by Gudi [21]
for the Poisson equation. His approach compares the discontinuous solution with the
continuous solution and makes use of the efficiency bound of the a posteriori error
estimation. Moreover, it is applicable to problems with low regularity. Its application
to interface problems with the Oswald interpolation analyzed in [8] would yield an a
priori error estimate that is robust under the QMA.

1.2. A posteriori error estimate. For the conforming finite element approx-
imation in (1.4), by using the diffusion coefficient to properly weight the element
residual and the edge flux jump, Bernardi and Verfiirth in [5] (see also [28]) showed
that the resulting residual based error estimator is locally efficient and globally reli-
able with the efficiency constant independent of the jump of the diffusion coefficient.
Moreover, under the QMA, the reliability constant is proved to be uniform with re-
spect to the jump as well. Since then, various robust a posteriori error estimators
have been constructed, analyzed, and implemented (see, e.g., [24, 9, 31] for the con-
forming elements, [1, 10] for the nonconforming elements, [2, 23, 10, 14] for the mixed
elements, and [8, 18, 19] for the discontinuous elements). The robustness for those
estimators was theoretically established again under the QMA. However, numerical
results by many researchers including ours strongly suggest that those estimators are
robust even when the diffusion coefficients are not quasi-monotone.

The second purpose of this paper is to theoretically establish robust reliabil-
ity bounds of the residual estimators without the QMA for the nonconforming and
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the discontinuous elements. The QMA is imposed to guarantee the desired approx-
imation and stability properties of the Clément type interpolation (see [5] for de-
tails), which is one of the key steps in obtaining the reliability bound of the residual
based estimator. For the conforming elements, this type of interpolation is defined
on vertex patches through averaging and, hence, the QMA is required. For the non-
conforming and the discontinuous elements, one may construct a modified Clément
interpolation satisfying the desired properties without the QMA (see [7]). Due to
the lack of the error equation, the reliability bound for discontinuous approxima-
tions is commonly analyzed through the Helmholtz decomposition of the true er-
ror. Application of the Helmholtz decomposition, in turn, leads to establishment of
the reliability bound for conforming approximations and, hence, the requirement of
the QMA.

In [7], we introduced a new and direct analysis that does not involve the Helmholtz
decomposition for two-dimensional nonconforming elements. In particular, we derived
an L? representation of the error in the energy norm that naturally contains three
terms: the element residual, the face flux jump, and the face solution jump. Due to
a technical difficulty, the solution jump was modified at elements where the QMA is
not satisfied. The modified estimator was proved to be robustly reliable without the
QMA. Unfortunately, robustness of local efficiency of the modified indicator requires
the QMA.

With the help of our newly developed trace inequality (Lemmas 2.3 and 2.4),
we are able to bound the solution jump without any modification. Moreover, in-
stead of using the nonconforming Clément type interpolation as in [7], we use the
standard nonconforming interpolation and the piecewise constant projection for the
respective nonconforming and discontinuous elements, which fully takes advantage
of the local feature of the element itself. Both the approximations are element-
wisely defined. Thus, without the QMA, we are able to prove the robustness in
both two and three dimensions for the CR nonconforming and the discontinuous
elements.

The paper is organized as follows. Section 2 introduces Sobolev spaces of frac-
tional order and establishes some new trace inequalities that play an important role in
both the a priori and a posteriori error estimates. The a priori and a posteriori error
estimates for the nonconforming and discontinuous Galerkin finite element methods
are derived in sections 3 and 4, respectively.

2. Sobolev space and preliminaries. This section introduces Sobolev space
of fractional order and establishes new trace inequalities.

2.1. Sobolev space of fractional order. Let 2 be a nonempty open set in
RY. We use the standard notation and definitions for the Sobolev spaces H™(2)? and
H™(09)? with integer m > 0; the standard associated inner products are denoted
by (-, )m,o and (-, -)m,a0, and their respective norms (seminorms) are denoted by
|- I, and || - [[m,00 (| |m,o and |- |m.00). We suppress the superscript d because
their dependence on dimension will be clear by context. We also omit the subscript
Q) from the inner product and norm designations when there is no risk of confusion.
For m = 0, H™(Q)? coincides with L2()?. In this case, the inner product and norm
will be denoted by || - || and (-, -), respectively.

For ¢t € (0, 1), the seminorm

1/2
v(z) —v(y)l?
|U|t,Q = (/Q o dedy , 0<t<l,
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is used to define Sobolev spaces of fractional order. For integer m > 0, Sobolev space
H*(Q) with s = m + t is equipped with the norm

1/2

o= X [1omePdetoBo]
Q

la|<m

(2.1) |lv

where |v]s.o is a seminorm defined by

1/2

(2.2) oo = D 10%[ig

|a]=m

Sobolev spaces with negative indices are defined through duality.

Another way to define Sobolev spaces of fractional order is by the method of
interpolation. To this end, let By C By be Banach spaces. For t > 0 and u € By,
define the K-functional by

: 2 2 2 \1/2
K(tu) = inf (vl + 2 oll3,) V2.

For 0 < 6 < 1, the interpolation space By = [By, B1]p is a Banach space equipped
with the norm

R Ldt\ '
(2.3 e A A

where Ny > 0 is a normalization factor.
For any real numbers sg < s1, let s =m 4+t = (1 —0)so+ 0s; with 6 € (0, 1). It
was shown (see Theorem B.8 in [25]) that

[H™ (), H* ()] = H*()

and that the norms defined in (2.1) and (2.3) are identical if the normalization factor is

chosen to be Ny = 25%(”9) Moreover, for v € H*1(1), it was shown (see Theorem
B.1 in [25]) that

sin(m6) 1-0 1,110
(2.4) vlls,0 < =001 —0) [vl55.0 IVls, 0

LEMMA 2.1. Let s > 0,t €0, s), and K € T. Assume that v is a given function
in H*(K). For any given ¢ > 0, there exists a small 6 € (0, s — t), depending on v,
such that
(2.5) [olle+ac < (14 €) [ollex-

Proof. Obviously, (2.5) holds for v = 0. Assume that v # 0. For any § € (0, s—t),
we have

H™(K) = [HY(K),H*(K)]p with § = d -,

5 —
which, together with (2.4), implies

lollsssc < sin(70) sin(70) <||v|

0
1-0 .16 _ s, K
S ol 1ol = | S ) Iolle

[oll¢, 5
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Now, (2.5) is a consequence of the fact that

. 0
lim sin(m0) <|v||57K) 1

0—0 \| 701 —0) \||v|ls,x

This completes the proof of the lemma. ]

Remark 2.2. Since ||v||¢,x < ||v||t45,5, Lemma 2.1 implies that
li = .
Jim [olles = ol

Note that this continuity is not uniform with respect to v.

2.2. Trace inequalities. For any K € 7 and some « > 0, let
VHYK)={ve H"(K) : Ave L*(K)}.

LEMMA 2.3. Let F be a face of K € T and let s > 0. Assume that v is a given
function in VIT$(K). Then there exists a small 0 < § < min{s, 1/2}, depending on
v, and a positive constant C independent of § such that

(2.6) Vv nls_1/2r < C ([[Vvllo,x + hi||Av]ox) -

Proof. For any v € VT$(K), it was shown in [4, 8] that for all 0 < § <
min{s, 1/2}, we have

[Vv-nls_1/2,r < C (|[Vv]lsx + h}r(_(SHAUHO,K) ;
which, together with Lemma 2.1 with ¢ = 0 and the fact that h;{‘s < 2 for sufficiently

small §, implies the validity of (2.6). This completes the proof of the lemma. |

LEMMA 2.4. Let F be a face of K € T, np the unit vector normal to F, and
s > 0. Assume that v is a given function in V1T5(K). For any wy, € P,(K), we have

/F<Vv “np) wyds < Ch " |wnllo.r (IV0]lo,x + hicl|Av]o,x)
(2.7) < C htlwnllo,re (IVllo,x + hrc[|[Av]lo,x) -

Proof. The second inequality in (2.7) follows from the inverse inequality. To show
the validity of the first inequality in (2.7), as discussed in [8], [, (Vv - np) wy, ds may
be viewed as a duality pairing between H°~'/2(F) and H'/?27%(F) for all 0 < § <
min{s, 1/2}. Tt follows from the definition of the dual norm, the inverse inequality,
and (2.6) for sufficiently small ¢ that

/ (Vo np) whds < [Vo - nlls_1jo.r lwnlljosr
F

< Ch P lwnllo.r (IV0llo,x + | Av]lo i)
< C B fwnllo,r (IV0]lo,x + hicl| Avllo,x) -

This completes the proof of the first inequality in (2.7) and, hence, the lemma. 0

Remark 2.5. Generalizations of the above results to 7 € {7 € H*(K)? : V-1 ¢
L?(K)} are obvious.
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3. Nonconforming finite element method. This section establishes the a
priori and the residual based a posteriori error estimates for the CR nonconforming
finite element approximation. To this end, let A/ be the set of vertices of the triangu-
lation 7 and Np be the collection of the vertices on the Dirichlet boundary. Denote
by Ex the set of faces of element K € 7. In this paper, face means edge/face in
two/three dimensions. Denote the set of all faces of the triangulation 7 by

£:=E UE,,

where £, and £, are the respective sets of all interior and boundary faces. For each
F € &£, denote by hp the diameter of the face F' and by np a unit vector normal to
F. For each interior face F' € &,, let K5 and K}' be the two elements sharing the
common face F' such that the unit outward normal vector of K, coincides with ng.
When F € £,, np is the unit outward normal vector of 9€2 and denote the element
by K. For any F € £, denote by v| and v|;, respectively, the traces of a function
v over F. Define jumps over faces by

vlp — v, Feé&,
[vlp =9
v g, Feg,.

Denote the CR linear nonconforming finite element space by
ver = {v € L*(Q):v|lg € P(K)VK € T,/ [v]ds = 0VF € 5} .
F

Then the nonconforming finite element method is to find u“" € V" such that
(3.1) (@Vu, Vyv) = (f,v) VoeVeT,

where V}, is the discrete gradient operator defined elementwisely.

3.1. A priori error estimate. Let
W T)={ve L*(Q) : v|g e WHY(K) VK € T}
and W(T) = {v e WhH(T) : /[[U]]ds =0VFe 5}.
F

Denote by 0r(x) the nodal basis function of V" associated with the face F € &, i.e.,

1

T GF(X)dszépF/ VF’E(‘E,
|| J

where dpp: is the Kronecker delta. The local and global CR interpolants are defined
respectively by

o) (71 fp)
Iy = — [ vds )| 0p(x) and I v = — [ vds ) Op(x
R F§K(|F| P4 ) or ) 2 i [ vis ) o0

for the respective v € WH1(K) and v € W(T). It was shown (see, e.g., Theorem
1.103 and Example 1.106(ii) of [17]) that for v € HT!(K) with 0 <t <1

(3.2) v — IZv]lo.x + hi|| V(v —IZv)|o.x < Chitt Vol k.
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Let fo be piecewise constant such that its restriction on K € 7 is the average of f on
K. Define local and global weighted oscillations by

1/2
osc1,q(f, K) = ;O%Ilf — follo,x and oscio(f,T) = <Z osc1,a(/f, K)2> ,
KeT

respectively.

THEOREM 3.1. Let u be the solution of (1.3) and ug be its restriction on K € T.
Assume that u € H1T5(Q) N VITS(T) for some s > 0 and that u|x € H' 7% (K) with
elementwise defined sg > 0 for all K € T. Let u® € V° be the nonconforming
finite element approximation in (3.1). For both two and three dimensions, the error
estimates

a2V, (u — u)|lo < C (vér‘l/fcr a2V}, (u — v)|lo + 0sc1.a(f, T))

1/2
(3.3) <C (Z hQKmin{l,SK}a1/2vu|§K’K> +osc1a(f,T)

KeT

hold, where C' is a positive constant independent of the jump of the diffusion coeffi-
cient .

Proof. The second inequality in (3.3) is an immediate consequence of the first
inequality in (3.3) and the approximation property in (3.2). By Strang’s lemma, to
show the validity of the first inequality in (3.3), it suffices to prove

(3.4)
|(f7 w) - (aVu, Vhw)| : 1/2
< f / - al\J>» .
20 arvln SC (A1 Ta = Dloo +oserals, )

To this end, for any w € V" and any F € £, by the fact that [.[w]ds = 0, the
mean value of w over F is single-valued constant, i.e.,

_ 1 / 1
Wp = = | w +ds:—/w| - ds,
\F| Jp \F| Jp Kr

where K}' and K are two elements sharing the common face F'. Moreover, wr = 0
for F' € £p. Hence, by the continuity of the flux n - aVu across face F' € £, we have

(3.5) Z Z / (n-aVu) wpds = Z/[[(n-aVu) wg]ds = 0.
KeT Feox reg’F

Now, it follows from (3.1), integration by parts, (3.5), the fact that (np - aVv|g)p is
a constant, and (2.7) that for all v € V"

(aVu, Vyw) — (f, w)

_ Z/E)K(n~onu)wds: S /F(n~aVu)(w7@F)ds

KeT KeT FeEOK

:Z Z /F(n-aV(u—v))(w—wF)ds

KeT FedK
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<03 Y 1w —wpllor (JaViu—o)

KeT FeoK

<03 Y (Ia2V (= o)l +hrai | lo.x) o> Tulox.
KeT FedK

)

The last inequality is due to the fact that ||w — Wrllo,r < Ch}(/ZHVwH(LK. Now, the
Cauchy—Schwarz inequality gives

1/2
[(aVu, Vyw) = (f, w)| .
< f /2 _ 1

lat/2V w0 s¢ vé%cr [l =V (u —v)ljo + KEEThKaK I1£115 &

for all w € V°'. Without the QMA, we have the efficiency bound (see (3.11))

hicar | flloc < € (a2 Fnu = v)loa +oscralf. k)

for all v € V" and all K € T, where Ak is a local patch of elements containing K.
Combining the above two inequalities implies the validity of (3.4). This completes
the proof of the theorem. 0

Since the linear conforming finite element solution u{ belongs to V", we have

inf [la"/2V5(u = 0)llo < [la?Vh(u = uf)llo,0;
vevVer
which, together with Theorem 3.1, implies the following robust comparison result
between the linear conforming finite element and the CR nonconforming finite element
approximations.

COROLLARY 3.2. Without the QMA, there exists a positive constant C indepen-
dent of the jump of the diffusion coefficient such that

0295 — ) o.0 < © (|0 2T — ) o2 + 0e1.a(£,T))

2. Residual-based a posteriori error estimator. This section first de-
scribes local indicator and global estimator for the CR nonconforming finite element
approximation. The estimator for the nonconforming elements introduced in [7] is
more accurate than the existing estimators (see, e.g., [1, 8]) and differs in replacing
the face tangential derivative jumps by the face solution jumps. The local indicator
and the global estimator are then shown to be efficient and reliable, respectively.

3.2.1. Error indicator and estimator. For each F' € &, let tr be the unit
vector tangent to F' for d = 2, and let np be the unit vector normal to F'. Denote a
tangential component of a vector field 7 on F' by

T~tF, d:2,
Vr(T) =
TXnp, d=3.

To this end, let w}, and wy be weights defined on F satisfying w (z) +wz(z) = 1,
and introduce the following weighted averages:

wpvp +wavh, F €&, { wivy +wpvh, F €&y,

{v(@)} :{ oz, Fee, and {v(z)}5 = 0, Fee,
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for all F' € £. A simple calculation leads to the following identity:

(3.6) [wolp = {v}¥ [ulF + {u}y, [v]r

For any F' € &}, denote by a} and o the diffusion coefficients on K; and K,
respectively. Denote the arithmetic and the harmonic averages of « on F' € £ by

+ - +.—
o’ + o 207«
£ £ Feg&, % Feg&,
Op = 2 and ap , = ol +a
a, Fef&, a, Fef&,,

respectively, which are equivalent to the respective maximum and minimum of «:
(3.7)

_ _ . _ 1 . _
5max{a:,ozF}SaFMSmaX{a:,aF} and mln{aﬁ,aF}SoanSi min{a, o, }.

In order to guarantee the robustness of the error estimate with respect to «,, we choose
harmonic weights in this paper:

q:

o
3.8 wh=—2%2
(38) F a;-i—a;?

It is easy to show that

1 - 1
(3.9) wiat < Vata, ,, and —F_ < [~
\/CT aFA + ap A
F F

Denote the element residuals and the corresponding indicators by

ri = folx and e = Irillox VK eT,

hK
Vax
respectively. Denote the respective face flux and tangential derivative jumps by
Inp = [aVru -n]p VF €& and Jir = [vF(Vru)]r VFe€&

and the indicators corresponding to the face flux, tangential derivative, and solution
jumps by

hr
UJC',Tn,F = a, . ”j ”0 F, 77],tF V X hp ||.7t FHO F;
F
and gl =/ ]

respectively, where hp is the diameter of the face F'. Then the local indicator of the
residual type for the nonconforming elements, introduced in [7] and to be studied in
this paper, is given by

1/2
cTr Ccr 2 cr 2 cTr 2 CcT 2
Nk = ((WK) + Z (5r)” + Z (n5hr)” + Z (Wuf)) .

Fefxné&r FeExNEr FeExNEp

N —
DN | =

Now the global estimator for the nonconforming elements is given by

1/2 1/2
ncr=<Z(n%)2> =<Z(n§fTK)2+Z )+ (0 ) ) :

KeT KeT Fe&; Feg
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LEMMA 3.3. Let F € &;. For any v" € V| we have

_ 1
(3.10) 1o Uor 4 VP2
S hF ||[[VUCT X nF]]”O,F Zfd =3.

he [V -tr]llor ifd=2,

Proof. The equality in (3.10) is proved in [7] by a direct calculation. To show
the validity of the inequality in (3.10), for any v € V| without loss of generality,
assume that the face F' lies in the zy plane and that the centroid of F' is at the origin.
Then there exist constants a and b such that

[v¥lF = ax + by and [Vv“ xnp]p = (b, —a, 0).

Since hy is the diameter of the circumcircle of F, we have that 2 + y? < h2 for all
(z, y) € F. Now, it follows the Cauchy—Schwartz inequality that

i

2 2
:// (azx +by)? dedy<(a® +b?) // (*+y?) dwdy=h3 H[[Vv”’ X nF]]H )
0,F F F 0,F

This completes the proof of the lemma. 0

Remark 3.4. Instead of the face solution jumps, existing residual based error esti-
mators for the nonconforming elements use the face tangential derivative jumps 7{" 5.
Lemma 3.3 indicates that

N, p < Mot P
Thus, our estimator 7, is less than the existing estimator and, hence, it is more
accurate (see Figure 6 in [7]).

Without the QMA, the following robust local efficiency bound
(3.11) ni <O (la!/2V(w—u)ay +o0scralf. Ax))

can be found in Theorem 6.8 of [10] and Theorem 5.1 of [7]. The key idea of the proof
on (3.11) is to use either element or edge bubble functions in order to localize the
error as well as to simplify the boundary conditions.

3.2.2. Reliability bound. Without the QMA, the robust reliability bound for
the nonconforming elements was first established in [7] for a slight modification of the
estimator 7., in two dimensions. The modification is due to the failure of bounding
the solution jump term. This difficulty may be overcome by using the trace inequality
introduced in section 2.

THEOREM 3.5. Let u and u® be the solutions of (1.3) and (3.1), respectively.
Without the QMA in both two and three dimensions, the estimator 1., for the non-
conforming elements satisfies the following robust reliability bound:

(3.12) a2V h(u = u) o < C (her + 05€1,0(f))

where C' is a positive constant independent of «.
Proof. Let

e =u—u" and ef =I"u—u" =17e".
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Then we have the following L? representation of the true error in the (broken) energy
norm (see Lemma 2.1 of [7]):

0! 29I = Y (e =i = 3 [ e e — ey mas

KeT Fe&r
- Z / {aVe -n}, [u“] ds.
ree’F

The first two terms of the above equality may be bounded in a similar fashion as that
in [7]. That is, it follows from the Cauchy—Schwarz and triangle or trace inequalities,
(3.2), and (3.9) that

(3.13) (f, e —ef )k <C (nf'x +osc1a(f, K)) [aY?Vhe o YK ET

and
/ijfp{e — e} ds < Ol pllo.r {w T ll(e = ef") i llor + w™ [[(e = €7") et llo.r }

hr

(3.14) < O\ =i plor 102V e r - VE € Er.

FrA

To bound the third term on the solution jump, the key is the inequality in (2.7), which
together with (3.9) and the local efficiency bound of the element residual, yields

(3.15)
/ {aVe -np}t, [u] ds
F
- / [u] (W (@t Ve )|+ +w™ (a” Ve n)|x-) ds
F
~ _
<O\ Tlor Y. (I0M2Ve ok + hica? 1 + V- (@Vu) o,k )

h
F KeTr

<Citr > (10290 ok +oscralf K)) ¥ FeEE.
KeTr

Summing (3.13) over K € T, (3.14) over F € &, and (3.15) over F' € £ implies the
validity of (3.12). This completes the proof of the theorem. d

4. Discontinuous Galerkin finite element method. This section establishes
the a priori and the residual based a posteriori error estimates for the discontinuous
Galerkin finite element approximation.

For s > 0, let

H™(T)={veL*Q) :v|x e HT(K)VK € T}
and V(T) ={ve H'™(K) : (Av)|x € L*(K)VK € T}.

In [8] we introduced the following variational formulation for the interface problem in
(1.1) and (1.2): find u € VT¢(T) with € > 0 such that

(4.1) agg(u, v) = (f,v) YveVH(T),
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where the bilinear form aq4(-, -) is given by

adg(u,v) = (aVyu, Vyv) + Z/ FH[[ 1[v] ds

Feg

_Z/{ONU np}w lds — Z/{ONU HF}w[[ lds

Fe& Fe€&

The v is a positive constant only depending on the shape of elements.
Denote the discontinuous finite element space on the triangulation 7 by

D ={vel*9):v|lgecP(K)VKcT};
the discontinuous Galerkin finite element method is then to seek uzg € Dy, such that
(4.2) adg(uk ,v)=(f,v) Vve Dy
The difference between (4.1) and (4.2) leads to the following error equation:
(4.3) agg(u —ul, v) =0 Yve Dy.

For simplicity, we consider only this symmetric version of the interior penalty discon-
tinuous Galerkin finite element method since its extension to other versions of discon-
tinuous Galerkin approximations is straightforward. Define the jump seminorm and
the DG norm by

1/2
«
lollae = /2 ellop  and ||v|||dg<||a1/2vhv||8,9+2||v%,F) ,

Fe&

respectively, for all v € H(T). It was shown in [8] that there exists a positive constant
C independent of the jump of « such that

(4.4) C H|v|\|3g < agg(v,v) Yv € Dy.

4.1. A priori error estimate. Let f; be the L? projection of f onto Dj, for
k > 0. Define local and global weighted oscillations by

1/2

h

OSCk,a(va):\/OIj—Hf fri—illox  and  oscra(f, T (Zosckafa ) )
KeT

respectively. To handle the case that local regularity 1 4+ sx of u may be larger than
2, we also use the following notation:

osc1,o(f, K) if0<sg <1,

(4.5) appa(f, K) = in{k
hr]r(un{ ’SK}O[}(/Q‘VU‘SK,K if SK > 1.

THEOREM 4.1. Let u be the solution of (1.3) and u|x be its restriction on K € T.
Assume that u € HY5(Q) N VIFS(T) with s > 0 and that u|x € H'T*x(K) with
elementwise defined sk > 0 for all K € T. Let uzg € Dy, be the discontinuous
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Galerkin finite element approzimation in (4.2). In both two and three dimensions, we
have the following error estimates:

d .
u - ul¥)ay < ( inf Ju— vllag + o5 k.alf, T))
vEDy,

1/2
(4.6) <C <Z hE< (a2 Vul?, k + appa(f, K)2> :

KeT
where C' is a positive constant independent of the jump of the diffusion coefficient a.

Proof. For any F € &, it follows from the trace inequality and (3.7) that for all
v E Dy

/P [0 = Vo, < /g /e (1100 = 0) et o + 11 = 0)] - o )

=C Z (Picklla2(w = )lo.scz + a2 ¥ (= v)lo.x; ) -

Since u|g € H'*x (K) with sx > 1, then f|x = —aAu|x € Hx"1(K). It is easy
to show that
osc k7a(f7 ) < hmm{k SK} 1/2|VU|SK7

Now, the second inequality in (4.6) is a direct consequence of the first inequality in
(4.6) and the elementwise approximation property of discontinuous piecewise polyno-
mials. By the triangle inequality, we have

d d
b = g < = vllag + a2 — vllag Vv € Dy
To show the validity of the first inequality in (4.6), it suffices to prove that
d
(4.7) luy,” = vllag < C (lu — vllag + 0sck,a(f,T)) Vv € Dy.
To this end, for any v € Dy, let
e=u—v and ek:uzg—v.

It follows from the coercivity in (4.4), the error equation in (4.3), the Cauchy—Schwarz
inequality, the fact that [u]r = 0 for all F € £, and the first inequality in (2.7) that

CllerllZy < adgler, ex) = aagle, ex)

= (aVe, Vier) + Z/ ’yaF’H[[eMek Z/{aVek n} . [e]ds

Fe& Fe&
- Z / {aVe - n}Eex]ds
Fee
<C {|||€|||dg lexllag + > Ilelllo.rll{aVex - n}f o
Fee
—1/2 K K
+Y hp Zlllerlllo,r > wia ([Velloxg + hillAeloxs) }
Fe& K=—,+

EO(Il+IQ+13)
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By the triangle, trace, and inverse inequalities, we have that

I{aVer -n}y

—1/2 _1/2
or SC D wh hK;/ O‘K/; o2 exlo,rc.-
K=—,+

With the choice of the weights in (3.8), a simple calculation shows that
aft V2

K F
w —— < —
-2

A\l o for Kk = —, +.

FyH

Together with the Cauchy—Schwarz inequality, we have

L<CY lellsr D la'*Verlloxy < Cllellag llexllag
Fe& K=—,+

<Oy Medlor Y. (a2 Vel + hucg a2 Acllo.i )
Freé K=—,+

1/2
< Cllellag | Nlellag + (Z h%aerllﬁ,K>
KT

Combining those inequalities gives that

1/2
lexllag < C | llellag + <Z hiaKllAelé,K>
KeT

Now, (4.7) is a direct consequence of the following efficiency bound (see (4.8), or
Lemma 5.2 in [8] for the linear case):

hicail* el < C (Jla2Vello.an +0scralf. Ax))
where A is a local patch of elements containing K. This completes the proof of the

inequality in (4.7) and, hence, the theorem. |

4.2. Residual-based a posteriori error estimator. This section describes
the local indicator and global estimator for the discontinuous Galerkin finite element
approximations and establishes the local efficiency and the global reliability bounds.

4.2.1. Error indicator and estimator. Denote the element residuals and the
corresponding indicators by

h
r%’ = fr14+ V- (aVu?) and nto. = K Ir¥lox VK €T,

’I“,K - \/(K

respectively. Denote the respective face flux and solution jumps by
jZ?F = [aVpul? n]p VF e& and jZ?F —[uP]vVFe&E
and the indicators corresponding to the face flux and solution jumps by

hr

(0%
or and 0l p= 5 ([,

d .d
U (ks

Fy,A
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respectively. Then the local indicator of the residual type for the discontinuous ele-
ments is given [8] by

2 1 2 1 2
d, d d d
’7Kg<(7’r»gf<) Y e+ X 5 ()

Fe&Exnér FeExnNér

N\ 12
+ Z (ﬂ?i,F)) :

FeExNEp

Now the global estimator for the discontinuous elements is given by

o= (3 0)) = (s Do o)

KeT KeT Fe&r Fe&

The local efficiency bound of n?f for all K € T was established without the
QMA. For example, it is proved in [8, Lemma 5.2 and Theorem 5.3] for the linear
approximation that for any K € 7T, there exists a positive constant C' independent of
« and hg such that

(4.8) g < C (Jlu—whglla +o0scralf,Or))

where Ak is a local neighborhood of K. The generalization to the higher degree
approximation is trivial.

4.2.2. Reliability bound. Without the QMA, the robust reliability bound for
the discontinuous Galerkin finite element method may be obtained in a similar fashion
as that for the nonconforming elements. Again, the key steps are the L? representation
of the true error and the inequality (2.7) to bound the solution jump. Moreover, we
simply use the local constant average of the error instead of the modified Clément
interpolation due to the complete local feature of the discontinuous elements.

Let uw and uzg be the solutions of (1.3) and (4.2), respectively. Denote the true
error by

e =y — qu_
Let &% be piecewise constant on 7 with %9, being the average of e% on K € T. It
is well known that

(4.9) e —e¥|ox <Chg ||[VeW|ox VKET,

where C only depends on the regularity of T.

LEMMA 4.2. The true error of the discontinuous finite element approrimation in
the broken energy norm has the following error representation:

lat/2V e = 3" (4 V- (@Vui?), e — &) Z/{Wedg n}y [uy’] ds

KeT Fe&

(4.10) — Z /[[onudg n] {e® — g9} ds—Z/ Zrn [u9] [e%] ds.

Feg&g Fe€&
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Proof. Tt follows from the error equation in (4.3), integrations by parts, (3.6), the
continuities of the solution v and the normal component of the flux —aV u across any
face F' € &7, and the homogeneous Dirichlet boundary condition that

/29 e} = (Ve Va(et - &)

Z (f + V- (aVuf9), et — édg) +/ (aVe® - n)(e? — &%9) ds
K Jok

KeT
= Z (f +V- (aVugg), eds — éd-")K — Z /{aVedg ‘Dt [[uzg + &%) ds
KeT reg U F
- Z / [aVu® - n] {e — &9} ds — Z /(aVedg . n)(uig + &%) ds.
reg ' F Feep’F

On the other hand, the fact that adg(ezg, €%9) = 0 implies

> [ A% e elas - Y [ (et no el

Fe& Feé&r

— Z / (aVe® . n)e® ds = 0.
F

Fe&Ep

Combining the above two equalities gives (4.10). This completes the proof of the
lemma. 0

THEOREM 4.3. Let u and ng be the solution of (1.3) and (4.2), respectively.
Without the QMA in both two and three dimensions, the estimator ngg for the discon-
tinuous element approrimation satisfies the following robust reliability bound:

(4.11) llu = willag < C (nag + osera(f, T)).

where C' is a positive constant independent of c.

Proof. By the definition of the DG norm || - |44, to prove the validity of (4.11), it
suffices to show that

(4.12) 102V}, (u = uf9)|lo < C (1ag + 05ch.a(f, T)) -

To this end, denote the estimators corresponding to the element residual, the face
flux jump, and the solution jump by

1/2 1/2
d, dg 2 dg dg 2
= Z (WK) v e = Z (”j,n,F) ’

KeT Fe&;
)\ /2
dg dg
and 1, = (Z (njm,F) > v
Fe&

respectively. Denote four terms in Lemma 4.2 by Iy, Is, I3, and Iy, respectively.
Hence,
@2V, (u— w2 =1 + I + I3 + L.
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In a similar fashion as the proof of Theorem 3.5, the I, for i = 1, 2, 3 may be bounded
as follows:

L <C (nf +oscralf,T)) /> Vh e,
I < €, (ad/2V), %o + 05 pal£,T) )
and I3 < C’nj a2V, e¥|,.

To bound 1y, for all F' € &£, it follows from the triangle and the Cauchy—Schwartz
inequalities, the continuity of the solution u, the trace inequality, and (4.9) that

[ S ey ds < [ Se gy (1o + 16 = o r) ds

hr
2 2
d d Qp, d
< (ute) + e[ e = el r < (u )
+ O g o'V el k.
KeTr

Summing over all faces F' € £ and using the Cauchy—Schwarz inequality give

=y Y [ fe pyenas <o () + ot 1020 ).

Fee

Combining the bounds for all I; and using the Cauchy—Schwarz inequality, we have
o'/, e¥|[5 < C (nfg + 099, + 0%, + osc palf, T)) a2V, %]
dg 2 2
+C ((n) +osenalf, T
which, together with the inequality 2ab < a? + b2, implies

a2 Vh %l < C (g + 08¢ k(£ T)) -

This proves the validity of (4.12) and, hence, the theorem. This completes the proof
of the theorem. 0
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