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Entanglement of Two Impurities through Electron Scattering
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We study how two magnetic impurities embedded in a solid can be entangled by an injected
electron scattering between them and by subsequent measurement of the electron’s state. We start
by investigating an ideal case where only the electronic spin interacts successively through the same
unitary operation with the spins of the two impurities. In this case, high (but not maximal) entan-
glement can be generated with a significant success probability. We then consider a more realistic
description which includes both the forward and back scattering amplitudes. In this scenario, we
obtain the entanglement between the impurities as a function of the interaction strength of the
electron-impurity coupling. We find that our scheme allows us to entangle the impurities maximally
with a significant probability.

PACS numbers: 03.67.Lx, 05.50.+q, 73.23.Ad, 85.35.Ds

Recently there has been an increasing interest on
the generation of entanglement among spins in meso-
scopic solid state structures [1, 2, 3, 4, 5, 6, 7, 8, 9].
While there are several schemes for entangling adja-

cent stationary spins through a direct quantum gate be-
tween them [1, 2, 3], there is an unfortunate dearth of
schemes for entangling well separated stationary spins in
such structures. An overwhelming majority of the pro-
posed schemes in which one obtains a reasonable separa-
tion between the entangled spins are for mobile entities
[4, 5, 6, 7, 8, 9]. Entangling well separated stationary
spins is practically important because they can be con-
stituents (qubits) of distinct quantum computers. Es-
tablishing entanglement between them is equivalent to
linking these computers. Even if they themselves are
not parts of quantum computers, they can each have a
switchable interaction with static spin qubits of well sep-
arated quantum computers. In absence of a method of
entangling well separated stationary spins, one has to de-
sign a scheme to either stop mobile spins after they have
traversed a distance, or find a scheme for mapping their
state on to stationary spins. In addition to the above
pragmatic application, such entangled stationary spins
will also enable one to test Bell’s inequalities with mas-
sive particles, which is yet to be done for a significant
separation [10]. Of course, mobile entangled electrons
can also enable such tests with the individual spins be-
ing measured by spin filters or spin selective detectors
[11, 12]. There are also proposals for Bell’s inequality
measurements using the orbital or path, as opposed to
the spin, degree of freedom of mobile entities [9, 13, 14].
However, quite a few of the proposals for the measure-
ment of a single spin, such as those based on scanning

tunnelling microscopy or magnetic resonant force mi-
croscopy are specific to stationary spins [15]. These spin
measurement methods could be used in a Bell inequality
experiment if one were able to entangle well separated
stationary spins.

With the above motivations is mind, in this article we
propose a scheme to entangle two magnetic impurities
(stationary spins 1/2) embedded in a solid state system.
The main idea is to use a ballistic electron as an agent
which scatters off the two impurities in succession and
entangles them. Being a scattering based scheme, it re-
quires no control over the ability to switch interactions on
and off between entities in a solid, as is required by many
existing entangling proposals [4]. Moreover, even in com-
parison to other reduced control proposals, such as those
based on scattering or two particle interference [5, 6], our
current scheme has the simplicity that it involves only
one mobile entity, namely the ballistic electron, and does
away with the difficulty of having to make two electrons
coincide at the same place at the same time.

We comment first on the geometry of the system. Since
entanglement generation depends on a conduction elec-
tron interacting with both impurities, it is most conve-
nient to make the system’s cross section as small as pos-
sible. In this spirit, and for the sake of simplicity, we
consider a one-dimensional metallic atomic chain (of non-
magnetic atoms), with two embedded (substitutional)
spin-1/2 magnetic impurities. This is shown in Fig. 1.

We know that in an ideal case, where a mediating agent
is allowed to interact with two systems through distinct
unitary operations, it can then perfectly entangle them.
The first of these unitaries perfectly entangles the first
system with the agent, and then the second operation
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FIG. 1: Setup for our scheme to entangle two magnetic im-
purities of spin 1/2 in a solid through electron scattering. We
consider the simple case of a one-dimensional metallic atomic
chain (of non-magnetic atoms) where the two impurities are
embedded. The electron flies along the chain and its spin in-
teracts with the spins of the impurities, scattering the electron
off and entangling the two impurities.

swaps the state of the agent with that of the second
system. This technique has, for example, been used in
proposals for entangling the state of cavities using fly-
ing atoms [16]. The different unitaries are implemented
by different interaction times or strengths between the
agent and each of the systems. Such a technique obvi-
ously requires either a great control over the motion of
the agent, or the non-trivial engineering of different in-
teraction strengths of the agent with the systems. Under
these circumstances, it becomes interesting to investigate
the reduced control situation where an agent interacts
with both systems through the same unitary operation.
How well can the systems be entangled under these cir-
cumstances? In the context of quantum optics, one can
think of this as an atom having the same flight time and
interaction strength with two cavities through which it
flies in succession. An analog of this scenario in solid
state systems would be to have an electron flying past
two identical impurities with the same velocity, inter-
acting magnetically with them successively without any
scattering. We first consider this simplified case, just in
order to investigate how much entanglement can be es-
tablished between two impurities, even when the electron
interacts with them through the same unitary. We find
that a significant entanglement can be established with a
significant probability as long as we can make an appro-
priate measurement of the state of the electron after its
successive interaction with the two impurities. This case
may not be realistic from the solid state scattering sce-
nario, but it is an interesting precursor to the case when
spatial scattering is involved. Moreover, it can be real-
ized in a quantum optics setting where the electronic spin
states are replaced by the atomic internal states and im-
purity states are replaced by zero and one photon states
in the cavities. We then proceed to the realistic case
of the electron being spatially scattered by the interac-
tion with the impurities. Interestingly, in this case, we
find that the electron can entangle the two impurities
near perfectly (conditional on a favorable outcome of a
measurement of the electron’s spin). Moreover, the prob-

ability of this favorable outcome is significant (above 40
percent), which means that on average one should be able
to perfectly entangle the impurities with three attempts.

We begin by considering the ideal scenario where the
electron’s spin interacts in succession with each of the
impurity spins through the Hamiltonian

H = J
−→
S .−→σ , (1)

where −→σ refers to the Pauli operators of the electronic
spin,

−→
S refers to Pauli operators for the impurity spins

and J is the coupling constant between the spins. We
now assume that the electron interacts with the two im-
purities in succession for equal intervals of time, so that
with both impurities the same unitary operation is im-
plemented. The joint unitary operation between the elec-
tron and impurity ι (with ι = 1, 2) as a function of the
interaction time t is given by (expressing the unitary op-
eration in terms of its eigenstates):

Ueι(t) = e−itH

= ei3Jt|Ψ−〉〈Ψ−|eι

+ e−iJt (|↑↑〉〈↑↑ | + |↓↓〉〈↓↓ |)eι

+ e−iJt|Ψ+〉〈Ψ+|eι, (2)

where

|Ψ±〉eι =
1√
2

(|↑↓〉eι ± |↓↑〉eι) . (3)

Let us consider the following initial state where the im-
purity spins are aligned, and the electron’s spin is anti-
aligned with them

|ψ0〉 = |↑〉e|↓〉1|↓〉2. (4)

The final state is then given by

|ψf 〉 = Ue2(t)Ue1(t)|ψ0〉 = (5)

e−i2Jt

2
(α|↑〉e|↓〉1|↓〉2 + β|↓〉e|↑〉1|↓〉2 + γ|↓〉e|↓〉1|↑〉2) ,

where α = (1 + ei4Jt)2/2, β = 1 − ei4Jt and γ =
(1 − ei8Jt)/2. Each interaction either leaves the direc-
tion of the spins unchanged, either flips the interacting
pair. Note that if we now measure the spin of the elec-
tron and observe the state |↓〉e, the impurities will be left
in the entangled state β|↑〉1|↓〉2 + γ|↓〉1|↑〉2. In Fig. 2
we present the probability of this outcome (dashed line),
as well as the resulting amount of entanglement quan-
tified by the entanglement of formation [17] (solid line)
between the two impurities, both as a function of Jt, the
product of the interaction strength and the interaction
time. We study the probability and the entanglement
as a function of Jt in the interval [0, π/2] as they are
periodic functions, and observe that in this ideal model
maximal entanglement is generated only with zero prob-
ability. This, however, does not rule out the possibility of
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obtaining a high amount of entanglement with a signif-
icant probability: for example, an entanglement of 0.99
with a probability of 0.41, or an entanglement of 0.84
with a probability of 0.86 as seen from Fig. 2.
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FIG. 2: Ideal case — Plots of the probability of success P
(dashed line) of detecting the transmitted electron in the spin
down state, and the entanglement E (solid line) obtained be-
tween the impurity spins in that case, as a function of Jt, for
the ideal scenario where the electron successively interacts
with the two impurities through the same unitary operation.
It is clear that one can obtain a high amount of entanglement
with a significant probability: for example, an entanglement
of 0.99 with a probability of 0.41, or an entanglement of 0.84
with a probability of 0.86.

Let us now move to a more realistic scattering scenario.
Magnetic impurities embedded in a conduction electron
sea are traditionally modelled by a s-d Hamiltonian [18].
In this model the magnetic impurities are localized spins
interacting with the conduction electrons via an exchange
term. The full hamiltonian of a system with one impurity
reads

H =
∑

k,σ

εka
†
kσakσ +

∑

kk′

Jkk′
~S.~skk′ , (6)

where ~S is the impurity spin operator, a†kσ creates an
electron with wavevector k and spin σ and

~skk′ = â†~σâ , (7)

with â =

(

ak↑

ak↓

)

. The s-d Hamiltonian is actually de-

rived from the more fundamental Anderson Hamiltonian
through the Schrieffer-Wolff transformation. As a con-
sequence, the interaction strength J is related to the
strength of the Coulomb interaction between electrons
and the hybridization of narrow and conduction bands
[18]. In our calculation we will adopt the usual assump-
tion that J is independent of k, k′.

We want to find out how much entanglement may be
generated by a conduction electron that is injected in
the system and interacts with both magnetic impurities.
One may determine the system’s final state by calculat-
ing the scattering matrix associated with each impurity
and combining them together. The result is a sequence of
(infinitely many) scattering processes, in which the out-
put of a scattering event is the input of the subsequent
one. The result of each individual scattering process is
determined by use of Fermi’s golden rule. The relevant
T -matrix is calculated to first order in the interaction.

If we consider that the conduction electron is being
injected under low bias, its energy and wavevector will
be the Fermi energy and Fermi wavevector of the system,
respectively. We thus assume a initial state of the form

|ψin〉 = |kF , ↑〉e|↓↓〉12 , (8)

that represents a conduction electron with positive Fermi
wavevector kF and spin ↑ along the quantization axis
(z, for instance) propagating towards the two impurities,
whose spins are both ↓ along the z-axis.

As a result of the multiple scatterings of the conduction
electron by the two impurities, a final state is generated
which is a superposition of states in which the conduction
electron has been reflected (r) or transmitted (t),

|ψout〉 = |ψr
out〉 + |ψt

out〉 , (9)

and the transmitted component reads

|ψt
out〉 = (10)

A|kF , ↑〉e|↓↓〉12 +B|kF , ↓〉e|↑↓〉12 + C|kF , ↓〉e|↓↑〉12 .
The coefficients A, B and C may be expressed as an
infinite sum of powers of the product Jρ(εF ), which, ac-
cording to our estimates [5], is of the order of unit. We
verified numerically that the series converges rapidly for
Jρ(εF ) ∈ [0, 2]. Below we present the series up to sixth
order in Jρ(εF ) (corresponding to three iterations of the
scattering matrix),

A(3) =
1

N
(t2 + t2λ2 − 8tλ3 + 16λ6 − 7t2λ4)

B(3) =
1

N
(−2λt+ 2tλ3 − 2t2λ2 + 6tλ5 + 8t2λ4)

C(3) =
1

N
(−2λt+ 8λ4 − 2tλ3 + 2t2λ2 + 6tλ5) , (11)

where λ = πiJρ(εF )/2, t = 1 − λ and 1
N

=
√

|A(3)|2 + |B(3)|2 + |C(3)|2.
We now proceed to calculate the amount of entangle-

ment (as quantified by the entanglement of formation)
generated conditional on an electron being transmitted,
which is the entanglement contained in the state |ψt

out〉.
Notice that if the transmitted electron has spin up the
final state has zero entanglement. Thus we will only eval-
uate the entanglement of the state in which the transmit-
ted electron has spin down. Fig. 3 shows the entangle-
ment in this state (solid line) and the probability P of
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observing a transmitted electron with spin up (dashed
line). One may notice that there is some entanglement
for most of the range 0 < Jρ(εF ) < 2, and the probabil-
ity P is also considerable. Moreover, there are values of
Jρ(εF ) for which the entanglement is maximum, and P is
significant (0.41). It is somewhat interesting to note that
although in the ideal case one cannot prepare the impuri-
ties in a maximally entangled state with a non-vanishing
probability, one can do so in the realistic case.
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FIG. 3: Realistic case — Plots of the probability P (dashed
line) of detecting the transmitted electron in the spin down
state, and the amount of entanglement E (solid line) obtained
between the impurity spins in that case, as a function of the
interaction strength Jρ(ǫF ), for the realistic scenario of the
electron successively scattering off the two impurities. It is
clear that at certain values of Jρ(ǫF ), as shown by the dotted
vertical line, the impurities can be projected on to a maxi-
mally entangled state with a significant (0.41) probability of
success.

In this article, we have presented a scheme for entan-
gling two magnetic impurities in a solid through the scat-
tering of a single ballistic electron. While much work has
been done on entangling spins in mesoscopic solid state
systems, this is the first proposal for entangling distant
stationary spins without the aid of an array of intervening
spins. An immediate consequence will be in testing Bell’s
inequalities with well separated stationary spins in a solid
(of course, we still have to measure the spin of a mobile
electron, but not when testing Bell’s inequalities). A
more far reaching and more significant consequence will
be in interfacing distant spin quantum computers. Our
work shows that maximal entanglement can be obtained
between the distant stationary spins with a significant
probability. The scheme should be implementable using
the same systems as those used to study Kondo physics
[19]. In the future, it will be interesting to explore the

types of multi-particle entangled states that can be ob-
tained by the scattering of a single electron from a series
of such impurities.
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