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8 Online Appendix 1

8.1 Proof of Propositions 1, 2 and 3

The proof is by induction. In what follows we show that the claims in the propositions hold in the
terminal period 7. Then we establish the inductive step. To start, substitute the terminal payoffs

Tr41 = Un,7+1 = U,7+1 = 0 into (3), (4) and (5) to obtain

1—2p (Qh,f,T +’Il,f,T)

Uh7f7T = Ul7f7T = qh,f,T+ql,f,T (1 - Tf7T)
_ 1—z0(gnpr+asT)
Ul’b7T o Gh,b, 7416, T (1 - Tb7T)

Unpr = U1 + 20 (qhpr + Qo) (o0 — yr +€) .

A high type buyer requests negotiations if y7 < r, 7 4 ¢. This requires 6 to be large enough, which
we assume to be the case for now. The fact that yr < 7,7 + ¢ implies that Uy, 7 > Uppr. At
fixed price firms, on the other hand, we have Uy, ;1 = U; s 7. It follows that Uh’T > UI’T. Similarly,

substituting 7741 = 0 into profit functions (7) and (8) and re-arranging yields

Oyr = 1—20(qnrr +a,51) — ahrUngsr — a,prU s, (8.1)
Iy

1 — 20 (qnp,r + Qo) — Qo Unpr — Qo rUnp,r + Qupr20 (qupr + apr) e (8.2)

Lemma 2 In a competitive search equilibrium all flexible firms post the same list price vy 7 and
cater to high type buyers only. Similarly, fived price firms post the same list price vy, but their
customer base depends on €. If ¢ < 0 then they cater to both types of customers but if € > 0 then

they cater to low types only.



The Lemma establishes how customer demographics would look like if a competitive search
equilibrium were to exist (it does not prove existence). These results greatly facilitate the charac-
terization of the equilibrium, which we accomplish subsequently.

Proof of Lemma 2. The proof consists of the following steps.

Step 1. Flexible firms cannot attract both types of customers; they attract either the high
types (hagglers) or the low types (non-hagglers).

Step 2. Flexible firms attract high types only.

Step 3. Fixed price firms cannot attract high types only; they attract either both types or
just the low types.

Step 4a. If ¢ < 0 then fixed price firms attract both types of customers.

Step 4b. If € > 0 then fixed price firms attract low types only.

Step 5. All flexible firms post the same list price r, 7 and all fixed price firms post the same

list price ry .

Step 1. We prove that flexible firms cannot attract both types of customers. By contradiction,
suppose they do, i.e. consider a flexible firm where expected demands g, ;7 and ¢ 7 are both
positive. This means that Uy, = [7th and Uy = Ul,T- Recall that Upp 7 > Uppr. It follows

that Uhj > UI,T. The seller’s profit equals to

Oy =1—20 (qup,r + @p,r) — Qb Unpr — Qo rUip,r + ahp, 20 (hpr + Q) €

=1—20(qnpr + apr) — (oo + apr) Upr — A,

where A := qp 720 (qhp 7 + @ p,7) (16,7 — yr + €) . Note that A is positive as 7,7 — yr +¢ > 0.
Now suppose that this seller keeps his price intact at r = 7, 7 but changes the rule from ‘flexible’
to ‘fixed’. We claim that the seller loses all high type customers (gp 7 = 0) but gains new low
type customers one-for-one, so that his new expected demand q; ¢ equals to his previous expected

demand g, 5 7 + q1p7- Recall that Uy s = U; s 7. Since Uth > ULT there are two possibilities:

o Upyr = Uh,T and therefore Uy 7 > Ul,T~ This case is impossible since, Uj ¢, by definition,

cannot exceed the market utility U, 7.



o U sr = Uy and therefore Uy s < Upp. This means that g s r is positive and satisfies

Uyrr = UI,T while qp, r 7 = 0 since Uy, s < Uhg«. This scenario is possible.

Since Uy s = Upp and Uy = Upr (from above) we have Uy = Uy . This implies that

1—Z0(¢1h,b,T+CIz,b,T) - 1_Z0(q1,f,T)
Qn,b, 7 +a1b,T (1 - T) - a,f, 7 (1 - T)
and therefore q; s 7 = qnp 1 + Qb7 SO, by switching to fixed pricing, the seller indeed keeps his

total demand intact. The seller now earns

Oyr=1—20(q,r7) — @170 17

Using the equality q; 57 = qnp,7 + qup,7 it is easy to show that II; 7 —1I; 7 = A > 0, i.e. the seller

earns more than he did before; hence the initial outcome could not be an equilibrium.

Step 2. We now show that flexible firms attract high types only. Suppose the opposite is true
i.e. they attract low types only (the third scenario where they attract both types is ruled out in
Step 1). This means that U, = UZ,T and Up 1 < Uh,T therefore g, 7 > 0 and gp, 57 = 0. Recall
that Uy 1 > Uppr. It follows that Uy 7 > U 1. According to our conjecture high types stay away
from flexible firms, so they must be shopping at fixed price firms. This means that Uj, 1 = Uh,T.
Recall, however, that Uy, s 7 = U, r 7, which implies U; r 7 > Ijl,T; a contradiction since Uy 1 < ﬁl,T

by definition.

Step 3. Suppose there is a fixed price firm that caters just to high types. This implies U s 7 <
Ul,T and Uh,f,T = Uh,T~ Recall that Uth’T = Ul,f,T- It follows that Uh,T < Ul,T; a contradiction

since Uh,T > UZ,T.

Step 4a. We will show that if ¢ < 0 then fixed price firms attract both types of customers. The
previous step established that fixed price firms serve either both types of customers or low types
only. Below we rule out the second alternative.

By contradiction suppose fixed price firms indeed attract low types only, i.e. suppose that
qi,r,r > 0 and gp, r 7 = 0. This implies that Uy, 7 < UhyT and Uy pr = U'l,T. Recall that Uy, s =

Uy, pr; hence ULT < Uhj. From Step 2 we know that flexible firms attract high types only, i.e.



qnpr > 0 and g 57 = 0. This implies that Uy 1 = Upr and Uppr < Upp. A fixed price firm solves

maxg, ek, 1= 20 (qpr) = @prUnpr st Uppr =Upr.

The first order condition (FOC) implies that

20 (qpr) =Ur = Upp=1—20(q 1) — 21 (@f7)-

Similarly a flexible firm solves

maxg, , reRy 1 — 20(qnp,r) — Qo rUnpr + 21 (qupr) e st Uppr = Upr.

The FOC is given by

20 (qh,b,T) + [ZO (Qh,b,T) —Z1 (Qh,b,T)] €= Uh,T-

Thus

My =1— 20 (qnpr) — 21 (Qrp,) + qup21 (Qnp,T) €.

Suppose € = 0. Then the equal profit condition II; 7 = Il 7 implies that g; ;7 = qp »,7. Substituting
this into the FOCs above we have Uh’T = UZ,T; a contradiction since ljlj < Uh,T. Now Suppose
e < 0. The equal profit condition implies that g ;7 < gnp7. To see why fix some gp, ;7 and note
that ITy 7 > Il 7 even when ¢,y 7 = qnp 7 because € < 0. The function II; 7 falls if ¢; 7 decreases,
so if q; s 7 exceeds qpp 1 then IIy 7 further exceeds Il 7. It follows that for equal profits we must
have q; r 7 < qnpr- Recall that Uy 7 > U; 7. This requires

< ZO(Ql,f,T)—ZO(Qh,b,T) .
c 20(qnp,7) (1=an.b,1) it

S GhbT-

Hence, there are two scenarios:

z0(q,5.0)—20(anb,1)
Zo(Qh,b,T)(lftIh,b,T)
20 (g p,7) which in turn implies that € > 0; a contradiction since ¢ < 0.

o 1>gqpyrand e > : Recall that ¢ ¢ < gnp 7. It follows that 2o (g, r7) >

z0(q,¢.0)—20(qnb.1)
20 (an.b,7) (1=an.p,1)
note that the equal profit condition II; 7 = II; 7 implies that

: This case, too, produces a contradiction. To see why

o 1 <qgupr and € <

e=[(14 anpr) 20 (anpy) — (1 + a,p7) 20 (a,5,1)] /Gy 7



Substituting this into the inequality above we need

20 (qnp,r) — 20 (a1,£,7) > (ahp 1 — a,57) 20 (@, 51) (Qrpr — 1) -

Since q;. 77 < qup,r and 1 —gpp 7 < 0 the left hand side of the inequality is negative whereas

the right hand side is positive; a contradiction.

Step 4b. We show that if ¢ > 0 then fixed price firms cater to low types only. Step 3 establishes
that fixed price firms cannot be catering to high types only. This leaves two possibilities: either
they serve both types or they serve low types only. Below we rule out the first alternative, which
means that if an equilibrium exists where some sellers compete with fixed pricing, then those sellers
must be catering to low types only.

To start, suppose, by contradiction, that there is a fixed price seller who attracts both types
of customers, i.e. suppose that g, yr and g, s are both positive and satisfy Uy, ;7 = Uh,T and
Ut = UZ,T- Recall that Uy, s = Uy y . It follows that ﬁl,T = U'h,T. Letting g7 := qn, 7 + @515

a fixed price seller solves

maxg, rer, 7 = maxg, per, 1= 20 (457) = 457Un e st Unypr = Unr

After substituting the constraint into the objective function, the FOC is given by

20 (qpr) = Unr = Uypr =1 — 20 (qr7) — 21 (q5.7) - (8.3)

We argue that this seller would earn more if he were to switch to flexible pricing. Note that after
such a switch he would attract high types only (Steps 1 and 2), i.e. gpp 7 > 0 and ¢ 57 = 0. He

solves

maxg, , rer, Upr = maxg, , rer, 1 — 20 (qnp,1r) — o, rUnpr + 21 (ahpr) e st. Unpr = Un.
The FOC is given by
20 (qnp.1) + [20 (qnpr) — 21 (gnpr) € = Unr (8.4)

and therefore

Oy =1— 20 (qnp,r) — 21 (Ghp1) + Qhp, 721 (Ghp) €.



We can now compare expected profits and show that the deviation is profitable, i.e. I, 7 > Ilf .

To start note that expressions (8.3) and (8.4) together imply that

_ #o(apr)—20(ans.1)
20(qnp,r) (1=anp,1)

Recall that ¢ is positive; thus gy 7 # ¢y 1, so we have either gy 7 < gup1 OF ¢r7 > Q7

e Suppose gy < qppr. Under this specification we have Ily 7 < II, 7. To see why, fix some
qnp,7 and note that Iy 7 < II, 7 even when gy = g5 7. The function Iy decreases as g1

decreases, so if gy falls below g, ;7 then 117 7 falls further below II; 7.

e Suppose gy > qpp7- Let A := I, 7 — Il 7. We will show that A is positive. Substitute ¢
into II; 7, and use the fact that 21 (¢) = gzo (¢) to obtain

20(qn,p,7)—20(as.1)
qn,b,7—1 '

A = (qrr — anp,1) 20 (05,7) +

Since qr7 > qnp,r the first expression on the right hand side is positive. The inequality
qrT > qup,r implies that zg (gupr) > 20 (qf,7). For € to be positive the denominator must
be negative, hence we have g, ;7 > 1. It follows that the second expression, too, is positive.

Hence A is positive, which means that the deviation is profitable, i.e. I, 7 > Il .

Step 5. Recall from Step 3 that flexible firms cater to high types only; so, consider such a firm

with price r, 7 and expected demand gj, 7. From Step 4b we know that its FOC is given by

20 (qnor) [L+ € —eqnpr) = Unr

Solving Upp 1 = 20 (qnp,r) [1 + € — €qnp 7] for the list price 7, 7 we have

Ao Zl(Qh,b,T)(yT*Eq;hb’T) .
TbyT 1_Z0(qhsva)_Z1(qh,b,T)

Now consider another flexible firm with price 7} , and expected demand ¢; .. His FOC is given by

20 (qu,b,T)[l +e— EQ;L[,’T] = 0h,T-

Combining both FOCs we have ¢, , 7+ = qnp, 7. This, in turn, implies that 7} . = 73 7 as the price

function above is one-to-one. Going through similar steps one can show that fixed price firms, too,



post identical prices. This completes the proof of Lemma 2. H

Now we can start characterizing the equilibria. There are three cases.

8.1.1 Case 1: ¢ =0.

Per Lemma 2 if ¢ = 0 then flexible firms attract high types, i.e. we have Uy = Uhj and
Upr < Uy and therefore gppr > 0 and g7 = 0. Substituting e = 0 and ¢, = 0 into (8.2)
yields

Iy =1 — 20 (qnp,1) — qhb,7Unp-

The seller’s problem is maxg, , rer, 1 — 20(qnp.1) — GhpUnp 1 subject to Uppr = Unr. After
substituting the constraint into the objective function, the first order condition (FOC) is given
by 2o (qgnp1) = Uh’T. The second order condition is trivial, hence the solution corresponds to a

maximum. Substituting the FOC into I, 7 yields

Oy =1—20(qnp,r) — 21 (hp1) - (8.5)

Now consider a fixed price seller. If ¢ = 0 then fixed price sellers attract both types of customers, i.e.
qn,r,r and q; 7 are both positive and satisfy Uj, yr = Uh,T and Uy s = Ul,T- Since Uyt = Uy r.1
we have ULT = Uh,T. Letting q¢ 1 := qn, 7 + q, ;7 denote the total demand, the fixed price seller

solves

maxy, per, U =maxg, per, 1= 20 (ap.0) = aprUngr st Ungr=Unr.
The FOC is given by 2 (¢51) = Up. The seller’s profit, therefore, is equal to
Oy =1—2z0(qrr) — 21 (ap,r)- (8.6)

Both FOCs together imply that gy, r7+q ;7 = qup 1, i-e. expected demands at a fixed and flexible
firm must be identical. Substituting this equality into the feasibility conditions in (13) and using

the fact that ¢;; 7 = 0 one obtains

Qo = ATy qQn 1 = Ar(Prr — 1)/ and q T = Arne/ O,



where ¢% p denotes the fraction of fixed price firms. Note that for any ¢%, € [n7, 1] expected
demands g, s and gy are both positive and satisfy the relationship above. This means that
@},T is indeterminate, so we have a continuum of equilibria where go?T can be anywhere in between
np and 1. Furthermore, in any given equilibrium flexible sellers and fixed price sellers have the
same expected demand \p.

Now we can obtain equilibrium payoffs and list prices. Recall that Ul,T = Uh,T = 20 (qnp,1) -
Since gnpr = A7 we have ur = 2o (Ar). Similarly substituting gnpr = qrr = Ar into (8.5)
and (8.6) yields sellers’ equilibrium profit Iy = Il = mp = 1 — 29 (A7) — 21 (A7) . Given that
ur = 29 (Ar) one can obtain the equilibrium fixed price by solving Uy, .7 = zo (Ar) for 747 and the
equilibrium flexible price by solving Uy, 17 = 20 (A1) for 7, 7. We have

y 21 (A * 21 (Ar)(1-0
T (Ap)=1- % and s (Ap) =1-— %

Finally substituting ¢ = 0 and w741 = 0 into (1) yields the equilibrium bargained price y}. =
1 — 0. Observe that expressions for r}yT, rl’;T, yp, ™r and up can be obtained by substituting
ury1 = mry1 = 0 into expressions (14), (15), (16), (17) and (18) on display in Proposition 1,
confirming the validity of the Proposition for the terminal period 7'

So far we assumed that high type buyers are sufficiently skilled in bargaining. Now we can put
some structure behind this assumption. A buyer negotiates if yr < rj , which, after substituting
for 7} 7 and re-arranging, is equivalent to 6 > 0 (A1), where 8 (A1) := 21 (A7) /[1 — 20 (Ar)]. So,
high types negotiate if their bargaining power exceeds threshold # and purchase at the list price
otherwise. Straightforward algebra reveals that if 6 > 0 (A7) then ror (A1) > 150 (Ar) > yr, Le.
flexible firms advertise higher prices than fixed price firms.

The case § < (A7) is trivial. Since even hagglers do not find it worthwhile to negotiate the list
price, the availability of bargaining becomes immaterial and the model collapses to a fixed price
setting. Technically this is equivalent to the outcome where ¢f = 1, i.e. where all firms trade via
fixed pricing, post r?T and serve both types of customers. The total demand at each firm equals to

Ar, whereas the equilibrium payoffs are still given by upr = 2o (Ar) and 7p = 1 — 29 (Ap) — 21 (A7) .

8.1.2 Case 2: ¢ <0.

In what follows we will show that if ¢ < 0 then no firm adopts flexible pricing. The proof is by

contradiction, i.e. suppose that an equilibrium exists where at least one firm adopts flexible pricing.



We will show that this firm earns less than its fixed price competitors. To start recall that if € < 0
then a flexible firm attracts high types only while low types stay away (Lemma 2) i.e. Up 1 = Uhg«

and U1 < ﬁl,T hence gpp 7 > 0 and ¢, 7 = 0. The flexible firm solves

maxg, , reRy 1 — 20(qnp,r) — Ghp7Unpr + 21 (qnpr) e st Uppr = Unr -

The first order condition is given by

20 (qnp,1) + [20 (anp 1) — 21 (anpr)] € = Unr.

It follows that

My =1— 20 (qnpr) — 21 (1) + Qhp 121 (Qup,T) €-

Now consider fixed price firms. Per Lemma 2 they attract both types of customers i.e. g 7 >0
and ¢ ¢ > 0 and satisfy Uy, yr = 0h,T and U rr = Ul,T- Recall that Uy yr = U yr. It follows

that UZ,T = Uh,T- Letting g7 := qn, ;7 + @51, 2 fixed price seller solves

maxy, vy 1 — 20 (qr7) — 45,0Un s 8t Unyr = Unr.

The FOC is given by 2 (qf1) = Uh,T; therefore

Hpr=1-20(qrr) — 21 (q51) -

We will show Il 7 > II, 7. First note that the FOCs together imply that

20(qf,1)—20(qn,1)
Zo(Qh,b,T) (1—Qh,b,T) '

20 (qnp,1) + [20 (anp1) — 21 (hp,r)] € = 20 (qp7) = € =

The fact that ¢ < 0 implies that either we have (i) ¢rr < gnpr and gupr > 1 or we have (ii)
qr,7 > qup,r and gnp 7 < 1. Now we can compare profits. Let A =1IIyr — II; 7. We will show that
A > 0. Note that

A = 2 (qupr) — 20 (ar7) + 21 (@npr) — 21 (a5,70) — Ghp 121 (Ghpr) €

_ Z0 (qh,b,T)*ZO (qf,T) — 20 (qf,T) (qf’T o qh7b’T)

1—qn b1




The first step follows after substituting for Il and II, r whereas the second step is obtained after
substituting for e and noting that z1 (¢) = gz¢ (¢). Observe that under condition (i) both terms
of A are positive; hence A > 0. Under condition (ii) the first term is positive but the second one
is negative so we need a closer inspection. Fix gj, 57 < 1 and note that A falls in gy 7 under the
restrictions of (ii). It follows that A reaches a minimum when g¢7 \, gnp 1 (recall that under (ii)
we have s 7 > qnp 7). Note that limquT\qhyb’T A = 0; thus A > 0 when (ii) holds.

The inequality A > 0 implies that if fixed and flexible sellers compete in the same market then
fixed price sellers earn more than flexible sellers; so there cannot be an equilibrium where flexible
pricing is adopted by any firm. The implication is that if € < 0 then the only possible outcome is

where all sellers trade via fixed pricing, which we have already characterized in Case 1.

8.1.3 Case 3: £ > 0.

Per Lemma 2 if ¢ > 0 then flexible stores attract high types only i.e. gnp7 > 0 and g7 = 0

satisfying Uy, p 17 = Up.r and Uipr < ULT. Substitute g, 7 = 0 into the expression of Il 7 to obtain

Oy =1— 20 (anp,r) — qhp7Unpr + 21 (qnp,1) €.

The seller’s problem is

max g, , reR, 1 = 20(qnp,1) = Ghp,rUnpr + 21 (qnpr) € st Unpr = Unr.

The FOC is given by

20 (qnp1r) + [20 (qhp1) — 21 (gnp1)) € = Upr. (8.7)

The second order condition is satisfied if

—20 (qnp,1) — 20 (qhp 1) [2 — anprl € <O. (8.8)

If gnpr < 2 then the inequality is satisfied irrespective of e. If g, 7 > 2 then we need e <
1/(gnp7 — 2). The right hand side is positive. Since ¢ is assumed to be positive but small, the
inequality is satisfied; hence the the solution of the FOC yields a maximum.

Substituting (8.7) into II, 1 yields

My =1— 20 (qnpr) — 21 (@hpT) + ahp 121 (Qup,T) €- (8.9)

10



Now consider fixed price sellers. They attract low types only (Lemma 2), i.e. g, 7 = 0 and
qrr > 0 satisfying Up, yr < Uh;p and Uy yr = UZ7T~ Recall that Uy s = Uy 7. It follows that

ﬁh,T > Ul,T- Substituting gy, r,7 = 0 into the expression of Iy 7 yields

Hyr=1—z0(q,rr) — arrUpr (8.10)

The seller solves

1—zo(qsr) — qrrUssr st. U pr=Upr.

The FOC implies

20 (q,r,1) = ULT and therefore Iy 7 =1 — 2o (q1,£,7) — 21 (@1,£,7) - (8.11)

Recall that ¢, denotes the fraction of sellers who compete with fixed pricing. Substituting

qn.f,r = qp,7 = 0 into the feasibility conditions in (13) yields

ayr =nrAr/epr and qupr = (1 —np) A/ (1—¢pr) .

We will show that there exists a unique cp?T € (0,7m7) satisfying the equal profit condition IT;p =
Iy, proving the equilibrium exists and it is unique. Let A(¢; ) =17 — Iy 7. Combining (8.9)
and (8.11) it is easy to show that

A (@f,T) = 20(q s.0) + 21(q 1) — 20(@hp 1) — 21(@hp.r) + Ghp 721 (T T)E-

Note that A rises in ¢ 3 7, which in turn rises in ¢ £ and that A falls in ¢; s 7, which in turn falls
in ;7. It follows that dA/dp s > 0. Furthermore note that A (ny) > 0, whereas A (0) < 0 if € is
small. To see why, note that A (0) = —z¢(q) — z1(q) + ¢z1(q)e, thus A (0) < 0 if

e < (1+q)/¢* where ¢ = (1 —ng)Ap. (8.12)

The expression on the right hand side is positive. Since ¢ is assumed to be positive but sufficiently
small, the inequality is satisfied. The Intermediate Value Theorem implies that there exists a unique
¢ € (0,m7) satisfying A(¢% ) = 0. Since ¢} 7 < np we have g; , 7 < Ar < ¢j ; r i.e. fixed price

firms are more crowded than flexible firms.

11



The equilibrium payoffs are immediate from the first order conditions (8.7) and (8.11). We have

Unh,T = ZO(QZ,b,T) + [ZO(qz,b,T) - zl(qZ,b,T)] g wr= ZO(Ql*,f,T)’ mr=1-— ZO(Ql*,f,T) - Zl(‘]l*,f,T)'

Given that high and low type buyers earn, respectively, uj, v and u; 7 one can obtain the equilibrium
flexible price by solving Uy, 7 = up, 1 for 7, 7 and the equilibrium fixed price by solving U r 7 = w;

for r¢ . We have

* 21(q3, ,.)(1—0)

r N 21 (ql*,f,t)
bT 1=z0(q}, 5 ,)—21 (Qh,b,t)

1_20(qf7f7t) ’

14e— q?{f’és and 5y =1-
Finally substituting 7741 = up, 41 = 0 into (1) yields the bargained price y;. = (1 —6) (1 +¢).
Observe that expressions for T?,Tv TZ’T7 yr, ©r, upr and u;r can be obtained by substituting
up 41 = U1 = Tr41 = 0 into (20), (21), (22), (23), (24) and (25) in Proposition 3, confirming
the validity of the Proposition for the terminal period T'.

A high type buyer negotiates if y7. < rj ,+¢. After substituting for r; - and y7 and re-arranging

this condition is equivalent to

~ z iy EZ * iy
20 = P~ G T
If § < 07 then even hagglers do not find it worthwhile to negotiate the list price. The availabil-
ity of bargaining becomes immaterial and the model collapses to a fixed price setting which was
characterized earlier in Case 1.
This completes the proof of the terminal period T'. Going through a similar analytical process
one can establish the inductive step as well. As the analysis is largely the same the inductive step

is relegated to the Online Appendix 2.

8.2 Other Proofs

Proof of Proposition 4. In what follows we prove that dm;/de > 0 and du;;/de < 0, where 7; is
given by (23) and w; is given by (25). The proof is by induction, where we start with the terminal
period T'. Substituting the terminal payoffs w711 = 7741 = 0 into (23) and (25) yields

T =1-— ZO(Ql*,f,T) - Zl(qu,T) and wr = ZO(Ql*,f,T)a
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and therefore

drp _

dq; fT dupr 4 ¢, r
= =g fT) and

de —_Zo(ql*,f,T) de

Our goal is to show that the first derivative is positive and the second one is negative. Notice that
both relationships hold if dqz f,T/ de > 0, so below we establish that this is indeed the case. Let
Ar = Iy — ¢, where II, 7 is given by (8.9) and Iy is given by (8.10), and note that the
expected demand ¢ IXs satisfies Ap = 0. By the implicit function theorem we have

daf jr _ OA7/Oe
de 8AT/8ql*’f’T ’

Note that Ap rises in ¢ and falls in a g 1t follows that dg; AT /de > 0. This proves the claim for
period T Now for the inductive step suppose that dm¢y1/de > 0 and du;¢11/de < 0. We will show
that dm;/de > 0 and du;;/de < 0. Notice that

dmy

duz t+1
T B

1—z0(q;sy) — 21(q) ) +4 “a Blzo(a] 1) + 21(07 1)
1— N * dql*,f;t
+ (1 = Bur1 — Bresr) 21(q] ) =3

The first line is positive due to the inductive step. Hence, in order to establish dmr;/de > 0 it suffices
to show that dq;‘ft/de > 0. Let Ay =1y — IIy;, where ITy; is given by (9.9) and I, is given by
(9.11), and note that g} ,, satisfies Ay = 0. By the implicit function theorem we have

dq;if,t — OA/0e
de 980G,

Note that A; rises in € and falls in qu,tQ thus dql*’f’t/de > (. This proves the claim dm;/de > 0. The

other claim can be proved by going through similar steps. l

Proof of Proposition 5. Consider Eq-PS first. Along this equilibrium path the expected
demand at any store at time ¢t —1 is equal to \;_1, so each seller trades with probability 1—zp (A¢—1).
The law of large numbers implies that s;—1(1 — 2o (A;—1)) sellers trade and exit the market. Each
transaction involves one seller and one buyer, so the total number of buyers who trade and exit is
also s¢—1(1—29 (A\¢—1)). The number of sellers present in period ¢ is, then, s = s7“+s;_120 (A¢—1) ,
whereas the number of buyers is by = b + b;—1 — s4—1(1 — 29 (A¢—1)).

Now turn to the proportions of hagglers and non hagglers. In period ¢ — 1 the total demand

at any fixed price firm equals to A\;—1 of which A\,_17m,_;/ @?,t—l are non-hagglers and )\t—l(W},tq —
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M—1)/ go}ﬁl are hagglers (Proposition 1). Since buyers are equally likely to be selected at the point
of transaction, the probability that the purchasing customer is going to be a low type equals to
M1/ ap}’t_l. There are 80}7t_15t—1 fixed price firms present in the market, each seller trades with
probability 1 — zp (\;—1) and each transaction involves one buyer and one seller; so, the number of
non-haggler customers who trade and exit equals to

Np—1

@},tﬂst—l X (1 =20 (M\t—1)) x Pt = n_15¢-1(1 — 20 (Me—1)).

Remaining buyers move to period ¢. The number of non-hagglers present in period ¢, given by 7,b;,

equals to

— prewpnew
- Yt

bt Ny 4+ b—1mp—g — M—15e-1(1 — 20 (M\t))-

It follows that 7, is given by expression (27), on display in Proposition 5. This completes the
discussion on Eq-PS. Along Eq-FP, as in Eq-PS, the expected demand at any store at time ¢t — 1
is equal to Ay—1 so by and s; evolve as in (26). The proportion of hagglers, too, evolves as in (27),
but this is rather irrelevant because along Eq-FP buyers do not negotiate anyway.

Now consider the final scenario, Eq-FS, where non hagglers shop at fixed price stores and
hagglers shop at flexible stores. The number of fixed price sellers trading and exiting the market at
time ¢ — 1 is equal to s;—19%, (1 — 20(q}, 1)) = li-1 whereas the number flexible sellers trading
and exiting the market is equal to s;—1 (1 — ¢}, 1)(1—20(q}, ;1)) = hi—1. Each transaction involves
one buyer and one seller; thus s; = s;—1 — (li—1 + hy—1) + s and by = by—1 — (l4—1 + hy—1) + bF™.
Finally note that there are b;_17,_; non-hagglers in the market at t—1, of which l;_; exit the market
while the rest move to period t. Therefore 1, = [by_11;_; — li—1 + 03 b¢*] /by. This completes the
proof.H

Proof of Remark 6. If ¢ < 0 then r},;, m and w, are given by (14), (17) and (18). Letting

xy = 1 — Puy — B these expressions can be re-written as follows:

= 1 —Bugyr — [20 (M) + 21 (M\)] o1

u = Puirr + 20 (M) T

z1(A
1= fugpr — Tea 1,1;[)(3\)0

*
Tft
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Letting Ar;‘% =7}, — 1} and noting that z, =1 — 3 + 21(A\¢)Bri+1 we have

Aty = (1= 8) | 25 — Bupsa | + me [200001) 4 g2 () — (200

Our goal is to show that limg_,; Ar;‘}t = 0. It is clear that if 3 — 1 then the first term, which is
a multiplicative of 1 — g3, will vanish; however the second term, which is a multiplicative of x4
needs some inspection. The equation x; = 1 — 3+ z1(\¢)Bx41 pins down the relationship between

x¢ and x41. Iteration on ¢ yields

s—1 % s
v =1=8) x [14+) B[]z i) | + 8 [] 21 M) X mrgas,
j=1

i=1  j=1

O(s)

where s € N, is an arbitrary integer. The terms z; (Ai4;) are all strictly less than 1. Since T is

large, one can pick s large enough to ensure that O (s) &~ 0; hence

s—1 i
T~ (1=-0) x |1+ Zﬁi Hzl (At+5)
=1 j=1

Consequently we have limg_,1 2441 = 0; and therefore limg_,; Ar;t = 0. This completes the proof

for Ar}i ;- The remaining cases pertaining Ay; and Ar}, can be proved similarly. H
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9 Online Appendix 2

9.1 Inductive Step

Our goal in this section is to establish that the claims in Propositions 1, 2 and 3 hold true in

period t, assuming they are true in period t + 1. We start by re-arranging the expected payoffs for

oo zn(q) _ 1-20(q)

buyers and sellers. Noting that ) >~ = =} 7

, the expression for U; ;, given by (3), can be

re-written as

Uit = TRTETTR (L —=7rpp — Bujpsr) + Bug 1. (9.1)
Similarly we have
U, o 1*Z0(l1h,b,t+fﬂ,b,t) (1 — s — Bu )—i—/Bu
Wbt = T atdies bt 141 141
(9.2)

1*ZO(Qh,b,t+Ql,b,t)

RNEET (L —=rps — Bungsr) + 20 (qupe + Qpe) (To +€ = yi) + Bun i1

Unpt =
Note that

1*ZO(Qh,b,t+q1,b,t)

qh,b,t+q1,b,t /8 (uh,t+1 - U:l7t+1) .

Unpt = Uips + 20 (hps + @pe) (rog —ye +€) + |1 —
9.3)

Using these expressions we can now rewrite IIy; and II; ;. Equation (9.1) implies that

(1 =20 (anpe + @)l 70 = [1 =20 (ah, g6 + @,p0)] (1= Buiier) + Buiger = (Gn,ge + aupe) Ui g
Substituting this relationship into (7) yields

O =1— 20 (qnpe +ap0) (1= Bresr) — (qnoge + ape) Uipe — Buieyr)
(9.4)

—[1 =20 (an,f.t + @,.)] B g1

Similarly combining (9.2), (9.3) with (8) yields

Oy =1 — Bupie1 — 20 (@upe + Q) (1= Brers — Bungr) — Qo (Unps — Bungist)

1- +an,
= @t (Urpt = Burgr) + anpio (anpt + Qpt) € + %ql,b,tﬁ (Un,t+1 — ut41)
(9.5)

We can now start characterizing the equilibria. There are three cases: € =0, ¢ < 0 and € > 0.
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9.1.1 Case 1: ¢ =0.

Per the inductive assumption we have up 11 = w41 = wp1. Substituting up 41 = w4 into (1)
yields the expression for the bargained price y;, which is on display in Proposition 1 (equation
(16)). For now we assume that y; < 1, which requires 6 to be sufficiently large. Furthermore we
conjecture that players prefer to transact immediately rather than waiting (verified below).

One can show that flexible firms post the same list price 7, ; and cater to high types while fixed
price firms post the same list price r¢; and cater to both types if ¢ < 0 and cater to low types if
€ > 0. In other words, Lemma 2, which was valid in the terminal period 7', is also valid in period
t. The proof is almost identical to the proof of Lemma 2; hence it is skipped here.

Since up 41 = ui+1 we have Uy gy = Uy In addition Upypy > Uy since 15 > 3. Now
consider a flexible firm. Since flexible firms attract high types only we have Up 4+ (1) = ﬁhi and

Uipt (1) < Upy, and thus g ps > 0 and g5 = 0. Substituting these into (9.5) we have

Oy = 1= Busrr — 20 (qupe) (1 — Brerr — Buss1) — anpe (Unpt — Bunis1)

A flexible firm solves maxg, , ,er, Hps s.t. Uppy (ro4) = Up+. The FOC is given by

20 (Qh,b,t) [1 — Bugyr — 57Tt+1] = Uh,t — Bugy1. (9~6)

The SOC is trivial, hence the solution to the FOC yields a maximum.
Fixed price firms attract both types of customers, i.e. Uy r4 (1) = Upy and Uy gy (154) = Uy
thus qp rr > 0 and g, r¢ > 0. Note that up 11 = w41 = urp1 and that Uy ¢y = Uy g Thus Iy,

given by the expression in (9.4), becomes

Hpy =1 — Pugyr — 20 (qn, g + q,p,0) (1= Brerr — Bugr1) — (an,pe + aipt) Unyp — Bugsr)

A fixed price firms solves max,, . g eR2 ey st Uppe(rpe) = Uh,t and U gt (rse) = Ul,t- (Tt
appears that the seller faces two separate constraints, one for high types and one for low types.
Recall, however, that Uy s = Uy r, which, in turn, implies that Uy = Uh,t; thus both constraints

are identical.) The FOC implies that

20 (qnft + aip0) [1 — Bugsr — Briga] = Upyp — Bussa. (9.7)
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FOCs (9.6) and (9.7) together imply that gn s+ + @7t = qnps, i-e. expected demands at all firms,
fixed or flexible, should be identical. Substitute ¢+ = 0 into the feasibility constraint (13) and

use the fact that gn r¢ + @7+ = qnp,¢ to obtain

Qnpt = My Gh g = M(PFe = 10)/OFe and @ g = Neny /P4

Note that, cp}’t is indeterminate and can take any value within [n,, 1] ; hence, there is a continuum
of equilibria where any fraction ‘P},t > 1, of sellers compete via fixed pricing while the rest compete
via flexible pricing. In addition, note that in any equilibrium the total expected demand at each
firm equals to A;.

Now we can characterize prices. Combining the FOC (9.6) with indifference constraint Uy, p ¢ (73,¢)
Uh,t yields

20 (M) [1 = Bugsr — Bregr] = Unp (1) — Bugyt,

where Uj ¢ is given by (9.2). Solving this equality for ry; yields expression (15), on display in
Proposition 1. Similarly the FOC (9.7) along with Uy, ¢4 (rf:) = Up implies

20 (M) [1 = Bug1r — Brigr] = Un,po (1y0) — Bugya,

where Up, 54 is given by (9.1). Solving this equality for 7, yields expression (14), on display in
Proposition 1. High type buyers negotiate if Ty = Yi, which, after substituting for ry¢ and yr, is
equivalent to 6 > 0; = 21 (\) /[1 — 20 (\)] . Given the expressions for r}, and rj, one can verify
that the equilibrium payoffs 7; and u; are indeed as in Proposition 1 (equations (17) and (18)). In
addition note that if > 6, then rZ’t > T}“c’t > Y.

If & < 6; then Ty¢ < Yt; thus no bargaining takes place as the list price ry, falls below the
bargained price y;. In this parameter region the model collapses to a fixed-price setting where
¢} =1, i.e. where all sellers trade via fixed pricing and post T;k‘,t serving both types of customers.
The equilibrium demand at each firm is A; and the expected payoffs for buyers and sellers remain

the same as in (17) and (18).

Transact Now or Wait? The inequality in prices raises the issue of whether players should
keep searching for better deals. Below we prove that they are better off trading immediately instead
of waiting. There are two cases: (i) 6 > 6; and (i) 0 < 0;.

Eq-PS: If § > 6, then fixed and flexible stores coexist in the same market and prices satisfy
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The > r;‘i’t > y;. The worst case scenario for a buyer is buying at the highest price r;, whereas the
worst case scenario for a seller is selling at the lowest price y;. If players transact at these prices
then they clearly would transact at more favorable prices.

Consider a buyer who contemplates trading at ry,. He purchases if 1 — 77, > Susqq, Le. if the
immediate surplus is greater than the present value of search in the next period. After substituting
for 77, the inequality is satisfied if 1 — Sus41 — Bme1 > 0. One can verify that the expression on
the left hand side is positive. To see why use the expressions for u; and 7; to obtain x; =1 — 5 +
Bz1 (M) X441, where z = 1 — 8 (ug + m¢) . We want to show that x; is positive for all t = 1,2,...T.
Note that if 441 > 0 then x; > 0. Substituting the terminal conditions ury; = w1 = 0 yields
x7 = 1, which, of course, is positive. Hence z; is positive for all ¢ < T. Since the expression is
positive, the buyer is better off purchasing at r;’t rather than waiting. Since the buyer is willing to
transact in this worst case scenario, it is clear that he is ready to transact at lower prices T}t and
yi as well.

Now consider a seller. The worst case scenario for him is to sell at y;. He agrees to transact if
y; > Pmiy1, which, after substituting for yf, is equivalent to 1 — Busr1 — Smer1 > 0. We know this
inequality holds, so the seller, too, wishes to sell instead of walking away. Since he is willing to sell
at yf, it is clear that he is ready to sell at higher prices r;i,t and 7’;)‘7,; as well.

Eq-FP: If § > 0, then all sellers compete via fixed pricing and post T;,t' A buyer transacts if

1-— r}t > Pug41, which after substituting for r;‘ct is equivalent to

(1 — Bugr1 — Bﬂt+1) X 21()\15)/[1 — ZO()\t)] > 0.

Since the term 1 — Pugy1 — Pmyqq is positive the inequality holds. Similarly the seller transacts if

r}t > fBmy+1, which is equivalent to

(1 = Bugpr = Brga) x [ = 2z1(M)/[1 = z0(Ae)]] > 0
Both expressions inside the parentheses are positive hence the inequality holds.

9.1.2 Case 2: ¢ <0.

As in the terminal period, we will show that if € < 0 then there cannot be an equilibrium where
firms adopt flexible pricing. The proof is by contradiction, i.e. suppose that there is an equilibrium

where a firm adopts flexible pricing. We will show that this firm earns less than its fixed price
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competitors. Recall that if € < 0 then a flexible firm attracts high types only while low types stay
away i.e. Upp; = Uh,t and Upp; < Uht hence g > 0 and ¢, = 0. Substituting ¢;; = 0 along

with the fact that up 11 = w441 = w41 (inductive step) into expression (9.5) we have

My, = 1= Bugrr — 20 (qnpe) (1 — Bresr — Buss1) — anpr (Unpr — Bugsrr) + 21 (qrpe) €

A flexible firm solves maxg, , eRy s s.t. Uppt = Uh,t- The FOC is given by

20 (qnpt) (1 — Brig1 — Bugr) + [20 (qhpe) — 21 (qnpe)] € = Uny — Bugsa.

The second order condition is trivial since € < 0. It follows that

Oy =1 — Busrr — (20 (qnpt) + 21 (Qnpt)) (1 = Breer — Bussr) + qrpez1 (Groe) €

Now consider fixed price firms. They attract both types of customers i.e. gy r; > 0 and g 7; > 0
and satisfy Uy r; = Uhﬂg and Uy sy = Ul,t- Since up 41 = Up 41 = U1 we have Uy ry = Up p4; and

therefore Ulﬂg = Uh,t. It follows that Iy, given by (9.4), becomes

Oy =1~ Pugrr — 20 (qn,pt + a,pe) (1 — Breer — Bugy1) — (ange + i) Unype — Buesr),

Letting qr: = qn,rt + @7, @ fixed price firm solves maxg, er, fe st Up gt (ree) = Uh,t- The
FOC implies that

20 (qre) (1 = Bugsr — Brigr) = Upy — Buggr.

Hence

sy =1—Bugrr — (20 (Qf,t) + 21 (qm)) (1= Bmier — Pugy) -

We will show IIf; > Il ;. First note that the FOCs together imply that

o ZO(Qf,z)—ZO(Qh,b,t) 1— _
o Zo(qh,b,t)(]-fmt,b,t) ( BUt+1 67Tt+1) '

Observe that 1 — Pugy1; — Bmeqq is positive; thus the inequality € < 0 implies that either we have

(1) a7t < qnp,e and gupe > 1 or we have (ii) gz > gpps and gppe < 1.
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Now, let A =11y — II; ;. We will show that A > 0. Note that

A = [z (qnpe) — 20 (qr,e) + 21 (npe) — 21 (qp,e)] (1 = Bugrr — Bre1) — qnpez1 (Qnpt) €

= {ZO(thfZ;ji(qf’t) — 20 (q7,) (g7 — qh,b,t)} (1 = Bugr — Bmey)

The first step follows after substituting for 11, and Il ; whereas the second step is obtained after
substituting for € and noting that z1 (¢) = qz0 (q). The term 1 — fuy1 — Bmyyq is positive; thus
focus on the expression inside the curly brackets (call it €2). Under condition (i) both terms of
are positive; hence A > 0. Under condition (ii) the first term of € is positive but the second one
is negative so it needs a closer inspection. Fix g5, < 1 and note that €2 falls in gs; under the
restrictions of (ii). It follows that ) reaches a minimum when g, ™\, gnp, (recall that under (ii)
we have g > qn ). Note that liran’t\qhm5 Q = 0. Hence © > 0 and therefore A > 0 in the region
qft > dhbit-

The fact that A > 0 implies that fixed price sellers earn more than flexible sellers; hence there
cannot be an equilibrium where flexible pricing is adopted. The implication is that if € < 0 then
the only possible outcome is the one where all sellers adopt fixed pricing (Eq-FP), which we have

already characterized in Case 1.

9.1.3 Case 3: ¢ > 0.

If € > 0 then flexible firms cater to high types only i.e. Upp(rp+) = Uh,t and Uppy (1) < Ul,t
thus gppe > 0 and g = 0. Substitute g, = 0 into I, given by (9.5), and use the fact that

21 (¢) = qz0 (q) to obtain
My =1 — Bungg1 — 20 (qhpe) (1 — Bungrr — Bri1) — anpt (Unpt — Bungt1) + 21 (hpet) €
A flexible firm’s problem is maxg, , ,er, Ips s.t. Upps (1p4) = Up+. The FOC is given by
20 (qnpt) (1 — Bupgrr — Briga) + [20 (anpt) — 21 (qnpe)] € = Unpt — Bungsr (9.8)
The second order condition is satisfied if

=20 (qnpt) [1 — Bungs1 — Bregr] — € 220 (qnpe) — 21 (qnp,e)] < 0.
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If 220 (ghpt) > 21 (qupt), ie. if 2 > gpp+ then the inequality is satisfied irrespective of e. If
2 < qppt then we need € < (1 — fupyi1 — Bmes1) / (qnpe — 2) . The expression on the right hand
side is positive. Since ¢ is assumed to be positive but sufficiently small the inequality is satisfied;

hence the SOC holds.
It follows that

Oy =1 = Bupger — [20 (npe) + 21 (qnpe)] (1= Bungsr — Bregt) + anpizt (Qnpe) € (9.9)

Now consider fixed price sellers. Recall that they attract low types only, i.e. Uy ¢ < Up+ and Uy, fit =
Us; hence qp ¢+ = 0 and g, 74 > 0. Substituting gp, s+ = 0 into I;4, given by (9.4), yields

Oy =1— Puggsr — 20 (@) [1 — Burgsr — Brer] — ape (Unpe — Bugesr)

The seller solves maxy, , er, Wy s.t. Uppy(1p1) = Uit. The FOC is given by

20 (@) [1 — Bugisr — Bres1] = Uppe — Bug s (9.10)

The SOC is trivial; hence the solution corresponds to a maximum. It follows that

iy =1— Burrr — [20 (q,.0) + 21 (@, 1.0)] (1 — Bugspr — Bresr) (9.11)

Recall that ¢, denotes the fraction of sellers who compete with fixed pricing. Substituting gp f+ =

qip+ = 0 into the feasibility conditions in (13) yields

Qi = mA/epe and qupe = (1—n) A/ (1—0p4) -

We will show that there exists a unique <p}¢ € (0, n,) satisfying the equal profit condition IT¢; = IIp 4,
proving the equilibrium exists and it is unique. Let A(ps,) = Il — Iy, and note that A rises
in gpp¢, which in turn rises in ¢ ,, and that A falls in g f¢, which in turn falls in ¢ ,. It follows
that dA/dps, > 0. Furthermore note that A (n;) > 0 as up 41 > w41 (from the inductive step)

whereas A (0) < 0 if € is small. To see why, note that A (0) < 0 if ¢ < &, where

_ B —u
€ % + % 1 — Bupty1 — Brega), and g = (1 — ;) Av. (9.12)
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The expression for & is positive. Since ¢ is positive but sufficiently small the inequality ¢ < € holds.
Since A (0) < 0, A(n;) >0 and A is rising in ¢, by the Intermediate Value Theorem there exits
a unique @}, € (0,m,) satisfying A(cp;i’t) = 0. Since ¢}, <n; we have qj , < A < g, ie. fixed
price firms are more crowded than flexible firms.

Now we can obtain equilibrium prices and payoffs. Substituting ql*7b7t = 0 into the expression

for Upp.¢, given by (9.2), yields

1—20(qp, 4,4)
Unpt = —
h,b,t

(1 =7 = Bungsr) + 20(qhp0) (Toe +€ = yt) + Bunir-

Solving Upp = (_]M, where Uh,t is given by (9.8), for ry; yields the expression for rlf’t, which is
on display in Proposition 3 (equation ((21))). Similarly substituting g}, ;, = 0 into Uy s, given
by (9.2), and solving the equation U s, = Uy, where Uy, is given by (9.10), for rs; yields the
expression for r}, (equation (20)). Equilibrium payoffs 7, up; and u;; are immediate from the
first order conditions (9.8) and (9.10). Finally the equilibrium bargained price y; is obtained by
substituting w41 into (1).

High type buyers bargain if y/ <7}, +¢. After substituting for rj, and y; and re-arranging this
condition is equivalent to

A,y 10k
1=20(q5 1) [1-z20(af, )[1—Bun,tr1—Brir1+e]’

0> 0,

If < 0, then even high types would not opt for bargaining; thus the availability of bargaining

becomes immaterial and the model collapses to a fixed price setting, characterized earlier (Eq-FP).

Transact Now or Wait? We have already established that players are better off trading imme-
diately along Eq-FP (see Case 1 above). What remains to be done is to establish this claim for the
other outcome, i.e. Eq-FS. Along this equilibrium high types shop at flexible stores and low types
shop at fixed price stores. Start with flexible stores. The worst case scenario for a high type buyer
is to purchase at r;, (the alternative is buying at the bargained price y;, which is less than r;t).
The buyer purchases if 1 — 7, > Bup41. After substituting for ry,+ the condition is equivalent to

€ < @, where

— 1-6
Q= (1 - Buh,t+1 - 57Tt+1) W

Notice that @) is positive. To see why, note that the numerator is positive, but the sign of the

denominator, ¢; , , — 1 + 0, needs inspection. Recall that along Eq-FS we have 0 > 6, and note
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that 6, > z1(dj,p.4)/[1 = 20(q}, 4)]- The expression g}, ,, — 14 0 is increasing in ¢; thus in order to
show that it is positive it suffices to show that gj, ,, — 1+ z1(q}, ;) /[1 — 20(q}, 5,,)] > 0. It is easy to
verify that this inequality holds true for all values of @} p¢» Which means that gj ,, —1+ 0 is also
positive; thus @ is positive. Since ¢ is positive but small the inequality ¢ < @ holds; hence the
buyer is better off purchasing instead of waiting. (One can show that @ > &, where € is given by
(9.12); thus ¢ < ) as long as ¢ < &.)

Now consider the seller, whose worst case scenario is selling at y;. The seller agrees to trade if
y; > Bm1. Substituting for y; the condition is equivalent to (1 — 0) [1 — Bup, 441 — Brer1 +¢€] > 0.
Both expressions are positive; thus the inequality holds.

Now consider a fixed price firms, where low types shop. A low type buyer purchases if 1 — r?t >

Buy 1. After substituting for rjf’t the condition is equivalent to
(1= Bupgrr — Bregr) X 21(q 7.4)/[1 = 20(q; f4)] > 0.
Since 1 — Bug 441 — Bme41 > 0 the inequality holds. Similarly the seller trades if 7‘% > By, ie. if

(1= Bugprr — Brpr) X [1—21(q 7.0)/[1 — 20(q g 1)]] >0

Expressions inside the brackets are positive; hence the inequality holds. This completes the proof.
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9.2 Model with N > 2 Types of Buyers

In the main text buyers are divided into two types according to their bargaining abilities. Here
we consider a setting with NV types, where type 1 buyers are the the least skilled in bargaining
("non-hagglers) and type N buyers are the most skilled. Our goal is to check if the results in the
main text remain robust to this variation. As this exercise is a robustness check, rather than a
full blown analysis, we focus on the one shot game with ¢ = 0 and then elaborate on what would
happen if ¢ < 0 or £ > 0.

The Outcome of Bargaining. Letting 6; € [0,1) denote the bargaining power of type
1 =1,2,..N buyers, we fix 1 = 0 and assume that negotiation skills increase in ¢, that is 6,41 > 6;.
As in the benchmark, bargaining may ensue only if there is a single customer at the store. If two
or more customers are present then the item is necessarily sold at the list price. Furthermore we
assume that a buyer’s negotiation skill manifests itself at the bargaining table, i.e. once negotiations
start the seller can tell how skilled his customer is and correctly identify the parameter 6;. Notice
that identifying who is the most/least skilled among multiple customers is not an issue as the item
is sold at the posted price under that contingency. Consider the negotiation process between a
seller and a type 7 buyer. The bargained price y; can be found as the solution to the following
maximization problem:
—0,

0; 1
max (1 —wy;) " y;
yiem( i)' Y;

The solution yields y; = 1 — 6;. Since 0;41 > 0; we have y;11 < y;, i.e. higher types bargain
lower prices. Since 1 = 0, type 1 never bargains. We assume that 09 is sufficiently large to ensure
that r, > w9, i.e. type 2 buyers are skilled enough to obtain a lower price than the posted price.
(Otherwise the model collapses to a setting with N — 1 types, where type 1 and type 2 buyers are
the non-hagglers.) Clearly, if type 2 is skilled enough to ask for bargaining then the higher types
(3,4,..,N) are more than capable of doing so.

Expected Payoffs. Let g;,, denote the expected demand consisting of type ¢ buyers at a store

trading via rule m and let
N
Gm = Zqi’m, where m = f,band i =1,2,.., N
i=1

denote the total demand at that store. It follows that the expected utility of a type i buyer at a
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fixed price store is given by

1_
Umv:ﬂ(l_w),fo”':1,2,..,N.
ar

At a flexible store, on the other hand, we have

1
Uy = 20 (90) (1—-7p) and
Qv
> Zn (Qb)
= 11—y 1—mr), i=2,3..N
Uip 20 (av) ( y)+n§:1 n+1( ), 1 3

The first line is the expected utility of a type 1 buyer (they never negotiate), whereas the second
line is the expected utility of a type ¢ buyer, who would negotiate if he is the sole customer at
the store. These expressions are similar to their counterparts in the baseline model and can be

interpreted similarly. Basic algebra reveals that
Uip=Urp+20 (@) (ro —yi) and  Uiy1p = Uip + 20 (@) (Yi — yiy1) fori=2,3,.N  (9.13)

Since 1 > y2 and y; > ;41 we have U;11p > U;p. Now turn to sellers. A fixed price seller expects

to earn

Iy = [1— 20 (qp)] 7y

The expression for II; is the same as its counterpart in the benchmark model; however flexible
sellers’ expected profit is slightly more cumbersome, because they face the prospect of meeting all

types of customers and each type negotiates a different price. We have

N N N [e's)
I, =>" JI 20(a0) 21 (@p)vi + [] 20 (@0) 21 (q10) + > 20 () | 7
j=1,ji j=2 n—2

1=2j

N
To understand the first term note that with probability H 20 (qjp) 21 (gip) the seller gets exactly

=1
one type i customer, in which case he charges the bargained price y; (recall that the seller can

identify the type of the customer during the negotiation process). To account for all types, the
expression needs to be summed over all 4, but the summation starts from 7 = 2 because type 1
customers never negotiate. The second expression inside the brackets represent the probability of

getting exactly one type 1 customer or getting more than one customer, regardless of the type.
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N

In either case the seller charges the posted price r,. Noting that H 20 (¢jp) = 20 (q») and that
j=1

xzo () = z1 (x) one can show that

N
I, =1—2 (Qm) - Zqi,mUi,ma where m = f, b.
i=1

Now we can state the main result of this section.

Proposition 7 If Oy > 0 = 21 (\) /[1 — 20 (\)] then there exists a continuum of equilibria, where
an indeterminate fraction ¢* > max{ny, Ny, ....,nx} of sellers trade via fixed pricing and remaining
sellers trade via flexible pricing. The equilibria are characterized by partial segmentation: FEveryone
but type N customers shop exclusively at fixed price firms whereas type N customers shop anywhere.

The expected demand at each store equals to . Fixed and flexible price sellers post, respectively

z1 ()
1—20(N)

21(N)(1—6n)
1—20(\)—2z1 ()

e (A) =1~ and 15 (N\) =1-—
The equilibria are payoff-equivalent: in any realized equilibrium sellers and buyers earn m = 1 —
20 (A) =21 (A) and u = 29 (\) no matter which rule sellers compete with and no matter which seller’s
rule buyers join in. If On < 0, i.e. if type N customers are not skilled enough in negotiations
then the availability of flexible pricing becomes immaterial and fixed pricing emerges as the unique

equilibrium.

The proposition largely resembles its counterpart in the main text (Proposition 1), which in-
dicates that the results remain rather robust. The key insight in here is that competition among
sellers dictates bargaining deals to be designated for the most skilled type, which is why in equilib-
rium only the most skilled negotiators hunt for bargaining deals and everyone else shops at fixed
price venues. An outcome where a firm attracts two different types of customers fails to exist, be-
cause along that scenario the lower type ends up with a lower market utility, which is incompatible
with profit maximization under competition. An outcome where a firm caters exclusively to a lesser
type fails to exist for similar reasons.

In what follows we prove the proposition. Steps 1, 2 and 3, reminiscent of Lemma 2 in the main
text, establish how customer demographics pan out along a competitive search equilibrium. We,

then, characterize the equilibrium.

e Step 1. A flexible store cannot attract two (or more) different types of customers at the same
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time. It must be attracting a single type only.

We will show that the store cannot attract two different types at the same time. The fact that
it cannot attract more than two types is a corollary. To start, suppose, by contradiction, a flexible
store attracts types k and k + 1, i.e. suppose that g and g1 are both positive whereas ¢;, = 0
for all 7 # k,k + 1. The fact that ¢ ; and gi415 are both positive implies that Uy = Ui and
Ukt1p = Ugs1. Recall that Ukt1, > Upp. It follows that Upr1 > Ug. In addition the fact that
qr+j = 0, where j > 2, implies that Uy, < Uk+j. Since Ugyjp > Uy = Ui, we have Uk+j > Up.
In words all types who are better negotiators than type k& must have a higher market utility than

type k. The seller’s profit equals to

Oy =1 — 20 (qkp + Qrt1,0) — e pUrkp — Ger1,6Uk10

=1—20(qrp+ qr1) — (@b + Gt1) Unp — A,

where A 1= qi11520 (kb + Grtr1,6) (Y — Y1) > 0. The second line follows from (9.13) and note
that A is positive because yp > Ygi1-

Below we show that if this seller switches from flexible pricing to fixed pricing and provides
his customers with market utility Uy then he could keep his expected demand intact yet he would
earn higher profits, rendering the above outcome a non-equilibrium. To start, note that if the
seller switches to fixed pricing then all buyers, regardless of their bargaining ability, earn the same

expected payoff
1 — 20 (qy)

U p—
! as

(1—rp)

at his firm. If the seller provides customers with market utility Uy, then types k + 1 and above will
not visit that store because Ugy; > Uy for all j > 1 (see above). It follows that the seller will be
visited by types k or below. The fact that the seller provides his customers with market utility Uy
implies that Uy = Up. Recall that Ukp = Us. It follows Up = Uy, ie

A:l_zio(qf)(lfrf)fl_zio(%)(

1—mp) — 20 (qp) (76 — =0.
” ” b) — 20 (av) (16 — k)

Fix r, and ¢, and note that, per the Intermediate Value Theorem, there exits a unique 7 € (0, 1)
ensuring that ¢y = ¢, while satisfying A = 0. In words if the seller posts 7y then he can provide his
customers with market utility U, while keeping his expected demand intact. Recall that his prior

expected demand was gp; by posting 7y the seller ensures that his new expected demand ¢y is the
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same as gp.
The seller’s expected profit under fixed pricing is equal to ITy = 1— 2y (¢f) — qUy. Since g, = g5
it is easy to show that II; —II;, = A > 0, i.e. the seller earns higher profits than he did before;
hence the initial outcome could not be an equilibrium. This completes the proof. B
Step 1 establishes that a flexible store can only attract a single type. This raises the question
of whether a flexible store attracts, say, type k while another flexible store attracts type k + 1. Le.
whether a separating equilibrium where different flexible stores attract different types could exist.

Below we rule out this possibility.

e Step 2. There cannot be an outcome where different flexible stores attract different types of

customers. All flexible stores must attract the same type.

Consider two flexible stores, say store A and B. Suppose store A attracts type k only store B
attracts type k + 1 only (Step 1 ruled out the possibility of a store attracting more than one type).
So for store A we have q,‘;‘ > 0 and q;-A = 0 for all 7 # k and for store B we have q,]fH > 0 and
q? =0foralli#k+1.

Note that type k 4+ 1 could shop at store A and obtain a better deal than type k as they are
more skilled, but the fact that they stay away from store A indicates that their market utility is
higher, i.e. Uy41 > Uy. Technically at store A we have U, ,éb = Uy. The fact that q,‘;‘ﬂ = 0 indicates
that Uf, , < Ury1. Recall that U, > Uiy Tt follows that Uyyy > Uy

Store A solves

A A A 77A A 7
max I = max 1— 2 (%,b) = @GepUpp st Uiy = Ui
qk7b€R+ qk,b€R+

The FOC implies zo(q,‘:b) = Uy; hence
I =1 — 20 (a) — 21 (aics)
Store B’s problem is similar, thus
07 =1— 20 (¢ 15) — 21 (Ghr1s) -

Stores must earn equal profits; thus I = HbB . This implies that q,?b = q}? ' 15> Which in turn implies

that Uy, = Uj41; a contradiction. H
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e Step 3. Flexible stores must be attracting type N only.

Suppose they attract some other type, say type k < N. The fact that type k buyers visit
flexible stores while type N buyers stay away indicates that Uyy < Uy and Ugp = Ug. Recall
that Unp > Ugp, thus Uy > Uy. Since type N buyers stay away from flexible firms, they must be
shopping at fixed price firms. This means that Uy, ; = Un. Recall however that Ui, is the same for
all 7, thus Uy y = Uy . It follows that Uy ; > Uy; a contradiction since by definition Uy, s cannot
exceed the market utility U;,. W

Characterization of Equilibrium. Flexible stores attract no one but type NV, i.e. gnp > 0 and

gip = 0 for all ¢ # N. It follows that

Iy =1 -2 (gnp) — avpUnp

A flexible seller solves

max 1—zo(gnp) —anvpUnp st. Unp = Uy
qNbpERY

The FOC implies 2o (qnp) = Un; hence

Iy =1 — 20 (gnp) — 21 (gnp) -

The fact that flexible stores attract no one but type N indicates that types 1,2,..., N — 1 must be
shopping at fixed price stores. So, let gy = Zfil qi,r denote the total demand of a fixed price store

consisting of type 1,2,..., N — 1, and possibly of type N, customers. The fixed price seller solves

max 1 — 2z (qr) —qsUy st Uy = U,
qrERY

where U is a generic level or market utility (as it turns out this will be equal to Uy). The FOC is

given by zo (qf) = U. The seller’s profit, therefore, is equal to

Oy =1-20(qr) — 21 (qy)-

Both sellers must earn equal profits; i.e. II; = II;. This indicates that gy, = gy, i.e. expected

demands at fixed and flexible stores must be identical. This means that U = U, indicating that

30



all buyers must earn the same market utility and that type IV, too, may shop at fixed price stores
Le. gy may indeed be positive. Letting ¢, denote the fraction of fixed price sellers and 7; the

fraction of type ¢ buyers in the market, with Zﬁl n; = 1, we have

SOfQZ,f + (1 - Sof)ql,b = )‘77@ for ¢ = 1727 7N

The feasibility condition is similar to its counterpart in the main text (compare with (13)). Noting

that g;, = 0 for 7 < N we have

N N
‘/’fz Gig+ (1—¢p)anp = )\Zm =\
=1 i=1
=qy

Recall that qr = qnp; hence

Note that for any ¢} > max {n1,m9, -, nn} = 7 expected demands q; y are positive and satisfy the
relationship above. This means that cp} is indeterminate and we have a continuum of equilibria
where ¢} € [7,1]. Note that if ¢} = 7 then Zfil 4 s = dy, = A, ie. in any given equilibrium
flexible sellers and fixed price sellers have the same expected demand A. To complete the proof
we need to pin down the equilibrium payoffs and prices; but this is a rather mechanic task and it
can be accomplished by going through the steps outlined in the proof of Proposition 1; hence it is
skipped here. B

What if € # 07 First, if € < 0 then, as in the benchmark, no seller would offer flexible pricing.
To see why, notice that if € = 0 then sellers are indifferent between fixed and flexible pricing. If,
however, ¢ falls below zero then this indifference would no longer hold because the negative ¢ would
filter into flexible sellers’ profits causing them to earn less than fixed price stores. Sellers can avoid
this negative effect by switching to fixed pricing. This claim can be proved by repeating the steps
in the proof of Proposition 2 because the key in that proof is the fact that a negative ¢ hurts
flexible sellers’ profits, which would remain true irrespective of whether there are two or N types
of customers.

If ¢ > 0 then we expect Proposition 3 to go through with the above caveat—that flexible stores

attract type N customers and that everyone else shops at fixed price stores. To establish this claim
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one needs to prove Steps that are analogous to Step 1, 2 and 3 above. A close look at their proofs
reveals that the key factor driving the results is the inequality U;; 1 > U;p—the fact that higher
types earn more at a bargaining store than lower types. With € > 0 expected utilities U; ;, would
have different closed form expressions, but, nevertheless the inequality U; 13 > U;p would remain
as the parameter ¢ is orthogonal to the bargaining ability 6;. As such, the claims in Steps 1, 2
and 3 would go through even if € > 0. Once customer demographics are settled (that flexible stores
attract type N customers and fixed price stores attract everyone else), the characterization of the
equilibrium can, then, be accomplished by virtually repeating the same steps as in the proof of

Proposition 3.
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9.3 Second Round Matching

In the main text buyers who are unable to get an offer from, a firm or firms who are unable to receive
a customer need to wait until the next trading period before they can try again. Here we study a
variation where unmatched players may be costlessly re-matched with trading counterparts before
moving to the next period—a process to which we refer as second round matching. In what follows
we reconstruct the equilibria under this modification and show that the results of the benchmark
model remain unchanged, subject to a modification in outside options. Since this exercise is a
robustness check rather than a full blown analysis, we analyze the case ¢ = 0 in detail and then
elaborate on what would happen if e < 0 or € > 0.

We assume that in each trading period two rounds of meetings take place. The first one is the
matching process in the benchmark model. At the end of this round, inevitably, some buyers and
sellers remain unmatched, so these players costlessly enter into a second round, where they are
randomly matched with one another. One can specify a number of ways on how this may work, but
to keep things simple and tractable we remain agnostic about the matching process, and simply
assume that each buyer, regardless of his type, gets to trade with probability wp; whereas each
seller, regardless of whether he was fixed or flexible with the list price, gets to trade with probability
wg¢. The key observation is that, even in the second round players are not guaranteed to trade,
i.e. the matching function may assign multiple buyers to a seller, in which case some buyers will be
unable to buy, or it may assign no buyers to a seller, in which case the seller will have no choice but
to wait for the next period. For now we take wp; and wg; as given, but at the end of this section
we show how they might be tied to the fundamentals of the model, for example, via a standard
urn-ball matching function.

Another issue that needs to be addressed is how the transaction in the second round is settled.
This can be done in a number of ways, e.g. a fifty-fifty split, trading at the initially posted price and
so on. Again, we remain agnostic about this mechanism, and instead assume that after a transaction
in the second round the seller obtains payoff p; € [Qt,ﬁt] and the buyer obtains 1 — p;. For now we

take the boundaries of p; as given but subsequently they will be pinned down endogenously.

Proposition 8 Fiz some p; € [Bmiy1,1 — Bugs1]. If 0 > 0; then there ewists a continuum of

equilibria, where an indeterminate fraction cp’;ﬁt > n, of sellers trade via fived pricing and remaining
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sellers trade via flexible pricing. Sellers post

* 21 ()‘t)

/rf,t = 1- ,UJBJ - 1— 20 ()\t) (1 - :u’B,t - :u’S,t)
. z1 (M) (1—0)
Tb,t /’LB,t 1 — 20 (>\t) — ()\t) ( /’LB,t MS,t)

where

ppr=wpt(l—=p) + (1 —wpy)Burr and pgy = wspr + (1 —wsy) B

In case negotiations ensue transaction occurs at price

yr =1—pp,—0 (1 — KBt~ Ms,t)

The expected demand at each store equals to ¢, however the equilibria are characterized by partial
segmentation of customers: non-hagglers shop exclusively at fixed price firms whereas hagglers shop

anywhere. In any equilibrium sellers and buyers earn

T = L—ppy—[20 (M) + 21 (M) (1 ~HBr— MS,t)

ug = 20 (M) [1 — KBt — Ns,t] T 1B

If 0 < 0; then fized pricing emerges as the unique equilibrium: all sellers post r}yt and serve both
types of customers. The total demand at each firm equals to Ay and the equilibrium payoffs remain

the same as above.

In the main text a buyer’s outside option is Su41, which is the present value of his expected
payoff in the next period. With the prospect of second round meetings, his outside option is pp;, =
wpyt (1 —pr) + (1 —wpy) Pug41, which is a weighted average: with probability wp,; the buyer gets
to trade in the second round and obtains 1 —p; and with the complementary probability 1 —wp  he
is unable to trade even in the second round, so he walks away with Susy1. Sellers’ outside option
sy can be interpreted similarly. A comparison between this proposition and its counterpart in the
main text, Proposition 1, reveals that they are virtually identical if one updates the outside options
with their current form in here, which indicates that the results remain robust.

The second round meeting gives customers and firms another chance to transact without incur-
ring additional costs, as such, it diminishes trade frictions and improves everyone’s outside options

(one can show that pp; > Bugy1 and pug, > Bmrr). This effect is similar to raising the discount

34



factor in the benchmark model. Indeed in the benchmark model fu;11 and 8741 can be improved
simultaneously by raising 8, which lowers waiting costs for everyone and renders trade frictions less
biting.

An important question is whether players would like to trade immediately rather than waiting.
Although we address this issue more technically in the proof of the proposition, the answer is yes—
both in the first round as well as in the second round players are better off transacting whenever
they have an opportunity to do so. Recall that in the second round buyers get payoff 1 — p; and
sellers get p;. The fact that p; € [Bmi41,1 — Bugy1] ensures that both the firms and their customers
are willing to trade during the second round meetings instead of waiting for the next period. If p;
falls outside these boundaries then either the firm or the customer will walk away, rendering second
round meetings immaterial and causing the model to collapses to its version in the main text.
The crucial question is, then, whether players would want to transact in the first round instead
of waiting for the second round. The answer is, still yes. Trade frictions may be lessened by the
prospect of second round meetings, but they are not completely wiped out as no one is guaranteed
to a sure trade, and therefore players are better off trading immediately instead of waiting. It is
worth pointing out that the prospect of second round meetings filters into the equilibrium objects,
i.e. the prices and payoffs are determined taking into consideration the the new version of outside
options, which convinces buyers and sellers to trade at those prices instead of waiting.

As mentioned above, the analysis is based on the case ¢ = 0; however given the results so far
we can speculate on what would happen if ¢ > 0 or € < 0. A detailed comparison between the
proof of Proposition 8 and the proof of its counterpart in the main text, Proposition 1, reveals that
both proofs follow virtually identical steps if one replaces the outside options in the benchmark
with their current form. The parameter ¢ is orthogonal to the determination of outside options, as
such we expect Propositions 2 and 3 , which correspond to cases € < 0 and € > 0, to go through in

similar fashion.

Proof of Proposition 8. The proof is by induction; however the analysis of the terminal
period is quite similar to the analysis of the inductive step; hence skipping it we directly analyze

the inductive step pertaining period ¢.

Bargaining. The Nash product in this version of the model is given by

0 1-6
yg%ﬁ] (1 — Y — uBﬂg) (yt - ﬂs,t)
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The solution yields

ye=1—pp;—0 (1 ~ KBt _Ms,t)-

We assume that y; < rp;, which requires ¢ to be sufficiently large, i.e. hagglers have sufficient

bargaining power to negotiate the list price.

Ezxpected payoff. We construct an equilibrium under the conjecture that non hagglers shop at
fixed price stores whereas hagglers shop at both types of stores. Furthermore we conjecture that
players transact immediately instead of waiting. We will verify both of these conjectures once we
pin down equilibrium prices and payoffs. Along our conjecture, the expected utility of a high type

buyer, who shops at a best offer store, is given by

1 — 20 (qn,p,t) — 21 (qnp,t) (1= rpy) + dbt = 14 2o <Qh,b,t)uB (9.14)
, e (0.

dh,b,t qh,b,t

Unpt = 20 (qnpe) (1 —ye) +

With probability 2z (gnp,:) the buyer is alone at the store and purchases the item through nego-
tiations at price y;. With probability z, (gnp¢) he encounters n = 1,2,.. other buyers, and his

probability of being able to buy is

(e.¢]

Z Zn (npt) _ 1= 20 (Gnoe) = 21 (Gno)
= ntl Ah,b,t

If he manages to purchase, then he pays the list price ;. Finally with the complementary prob-
ability he is unable to buy in the first round, so he obtains pp,. A flexible seller’s profit is given
by

Uyt = 21 (qnpe) ye + [1 — 20 (qnpt) — 21 (@npe) ot + 20 (Qnpt) 1y

If there is a single customer then the transaction occurs at price ¥, if there are more than one
customer then the transaction occurs at 7,; and if the seller does not get a customer then he

obtains pg,. Given the expression for Upp+ we can rewrite the profit function as follows

Myt =1~ 20 (qnpt) — qmbtUnp + [anpe — 1+ 20 (qnpe)] 5t + 20 (Qnpt) frg-

Now consider a fixed price store. Letting q¢; = qn, s+ + 1,5+ denote the total expected demand,
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both types of buyers obtain the same expected utility at the fixed price store, where

Lorolgpe) gy ezt o0 (@), (9-15)

qft af.t

Untt =Ulsr =Ufsp =

The expression is similar to Uy p; except for the fact that the transaction occurs at the fixed price

7 even if there is a single customer at the store. A fixed price seller’s profit is equal to

Hye = [1—20(qre)] 70+ 20 (qrt) thses

which can be rewritten as

Hpe=1—20(art) = araUse +[are — 1+ 20 (ar.) gy + 20 (1) pg -

Characterization of the Equilibrium. Recall that non hagglers shop at fixed price stores whereas
hagglers shop at both types of stores. This means that Uj ;; = U'l,t and Up pp = Uppt = Uh,t- Since
Un,ti = Upps we have Uh’t = Ul,t = U,;. A flexible seller maximizes ITy; subject to Upps = U,.

Substituting the constraint into the objective function, the first order condition is given by
20 (qnpt) — Ut + [1 = 20 (qnpe)] i — 20 (qnypt) prsy = O
It follows that
Hpy =1~ 20(qnpe) — 21 (qnpe) — [1— 20 (qnpt) — 21 (@) g s + [20 (Qnpt) + 21 (anpe)] g4

Similarly a fixed price seller maximizes Il ; subject to Uy = U;. The first order condition is given
by

20 (qre) = U+ [1 = 20 (qr.0)) e — 20 (a5.) sy = 0,

which implies that

Oy =1—20(qse) — 21 (qre) — [ — 20 (qp) — 21 (qp,0)] g e + [20 (qr,e) + 21 (qr,0)] s

In equilibrium sellers must earn equal profits, i.e. Il;; = Il ;; thus gup: = qre = qn, e + @5 1t
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follows that

Aot = My Qhfi = (P — 1) /P and @ g = Mny/ 04,

where cp’;cﬂf denotes the equilibrium fraction of fixed price sellers. Note that, (10},1? is indeterminate in
that any value within [r,, 1] satisfies the equalities above; hence, there is a continuum of equilibria
where any fraction Ot = of sellers compete via fixed pricing while the rest compete via flexible
pricing. Notice, however, in any equilibrium, the total expected demand at each firm equals to A;.

Now we can obtain expressions for equilibrium prices. Combining the first order condition of

flexible sellers with indifference constraint Uy, = Uy yields

20 (M) +[1 =20 (M) gy — 20 (M) rsy = Unpots

where Uy, ., is given by (9.14). Solving this equality for 7, ; yields the expression for 7+ in the body
of the proposition. The equilibrium fixed price ’I“;Zt is obtained likewise. The first order condition

of fixed price sellers along with the indifference constraint Uy ; = Uh,t implies

20 (At) + [1 =20 (M)l gy — 20 (M) sy = Uy

where Uy, is given by (9.15). Solving this equality for rf; yields the expression for T},t in the body
of the proposition. High type buyers negotiate if 7“;)‘7t > yy, which, after substituting for Tz;,t and yf,
is equivalent to 6 > 6; = 21 (A¢) / [1 — 20 (A¢)] . Given the expressions for 7}, and rj, one can verify
that the equilibrium payoffs are as follows Il ; = II;; = 7y and Uy ¢ = Uy = uy, where m; and uy
are given in the body of the proposition.

If < 6; then Ty < Yi; thus no bargaining takes place as the list price 7";‘7t is already below the
bargained price y;. As in the benchmark model, in this parameter region, the model collapses to a

fixed-price setting.

Proof of Conjecture 1: Players transact immediately rather than waiting.

If py € [Bmis1, 1 — Pugsq] then sellers and buyers would be willing to trade in the second round
instead of waiting for the next period. Indeed if p; > 71 then the seller is better off transacting
at p; instead of waiting for period ¢ + 1 and obtaining Smy41. Similarly if p, <1 — Su4q then the
buyer is better off purchasing instead of waiting for the next period and getting Su;1.

Now consider the first round. It is straightforward to show that if # > 6; then The > Thy > yr-

From a sellers’ perspective the worst case scenario is transacting at y;, which is the lowest price.
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Similarly for a buyer the worst case scenario is purchasing at r;,. If they agree to transact under
these worst case scenarios then they would agree to transact under more favorable prices.

Consider a buyer who contemplates buying at rj,. He would transact if 1 —r;, > up,, ie. if
his immediate surplus 1 — ry, exceeds his outside option pp, associated with walking away at the
end of of round 1. Basic algebra reveals that this inequality is satisfied if

z1(A\¢)(1-6)
a0 a0 (L= kps — psy) > 0.

The left hand side is positive; hence the inequality holds. Now consider a seller, whose worst case
scenario is selling at y;. The seller transacts if y; > ug,, i.e. if his immediate surplus y; exceeds
his outside option pg, associated with walking away at the end of round 1. Basic algebra reveals

that this inequality is satisfied if

(1=6) (1 =y — nsy) > 0.
Again, both expressions are positive; hence the seller, too, is willing to transact immediately.

Proof of Conjecture 2. Low types strictly prefer fixed price stores and high types are indifferent.

A low type’s expected utility at a best offer store is given by

1—zo(A At —1+2z0(A
U = 53000 (1= rp, ) 4 2ol

Substituting for TZ,t it is easy to show if 6 > 0; then U;;; < us; confirming indeed that low types
are better off staying away from best offer stores. To show that high types are indifferent between
fixed and flexible stores we need to show that along the equilibrium path we have Up ;¢ = Uy;.
Substituting r;, and ’I“;t it is a matter of basic algebra to verify that indeed this equality holds,

confirming the validity of the conjecture. This completes the proof of the proposition. B

Matching Function. Here we show how wg; and wp; may derived from the fundamentals
of the model if one assumes that second round meetings are governed by "urn-ball matching",
where all unmatched buyers (balls) and all unmatched sellers (urns) enter into a random matching
process (see Petrongolo and Pissarides (2001)). Matching frictions are due to the random nature
of the process—some urns receive several balls and others none. Given the process one can pin

down the probabilities wp; and wg as follows. Along the equilibrium outlined in the Proposition,
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at the end of the first round s; (1 — zo (A¢)) sellers are matched. Players transact immediately and
each transaction takes one buyer and one seller. This implies that by — s¢ (1 — 29 (A¢)) buyers and

stzo (A¢) sellers are not matched.'® The buyer-seller ratio in the second round is equal to

bt — S¢ (]. — 20 ()\t)) N )\t -1 + 20 ()\t)

N — —
! 5120 (Ar) 20 (A¢)

The second equation follows from the fact that s; = b;\;. An unmatched seller’s chance of being

able to transact, wg, is equal to the probability of meeting at least a buyer, i.e.
wst=1—2 ()\2) .

Similarly, an unmatched buyer’s chance of transacting in the second round is equal to

n+1 Ay

o = i 2z (N)  1—20(N) '

n=0

With probability z, ()\Q) he encounters n = 0,1,2,... other buyers there (recall that due to ran-
domness of the process a seller may get more than one buyer), in which case he has a probability

of n%rl obtaining the item (each buyer has an equal chance). The second equality follows from the

facts that 2,11 (z) = wflj_(f) and that Y2 2z, (z) = 1. Notice that if A} > 1 then wg; > wpy, Le. if
there are more buyers in the pool than sellers, then a seller is more likely to meet a trading partner

than a buyer. The opposite is true if \} < 1.

9.4 Sellers’ Implementation Cost of Bargaining

In our model firms do not incur any implementation costs to sell via bargaining. However given
the results on how the nature of equilibria respond to € we can predict what would happen if sellers
were to incur such a cost. Recall that if € = 0 then both pricing rules are payoff equivalent and
sellers are indifferent to pick either fixed pricing or flexible pricing. If, however, € turns negative
then the payoff equivalence breaks down and fixed pricing emerges as the unique outcome. From
sellers’ point of view the negative ¢ is an indirect cost. It is incurred by buyers, but nevertheless

it bleeds into the sellers’ profit functions and thereby induces them to switch to fixed pricing. The

8The payoff in the second round is the same for all buyers, thus we do not need to keep track of high and low
types during this process. As an aside, note that along the equilibrium in Proposition 8 high and low types trade at
the same rate; thus, the ratio of high types to low types remains intact among unmatched buyers. (See the analysis
in the main text for a formal proof for this argument.)
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implication is that if an indirect cost can disturb the payoff equivalence between fixed and flexible
pricing then a direct cost will result in the same outcome, i.e. introducing a cost of implementing
bargaining into the setting ¢ = 0 would cause flexible sellers to earn less, and thereby, lead to a
fixed price equilibrium. Needless to say, introducing such a cost into a setting with £ < 0 will only
reinforce the fixed price outcome.

If, however, € > 0 then the outcome is less clear because along Eq-FS sellers are able to
convert the positive € into higher prices and, thereby, earn higher profits compared to a fixed
price equilibrium. So, if one inserts an implementation cost into the framework with € > 0 then
whether or not sellers would revert back to fixed pricing depends on how this cost compares with the
difference in profits. If the cost is prohibitively large then we would expect a fixed price equilibrium
to emerge and if the cost is sufficiently small then Eq-FS should survive, albeit with fewer flexible

stores (compared to the benchmark model with no cost).

9.5 Game with Infinite Horizon

In our model the market runs for a finite number of periods, i.e. T" < oo. Under this specifica-
tion one can solve the model recursively by substituting the terminal payoffs upry1 = 7wy = 0
into the equilibrium conditions to obtain payoffs for period 7', which then can be substituted to
obtain payoffs for period T'— 1, and so on. The method is straightforward, but more importantly,
one does not need to worry about how market demand fluctuates over time, driven by the tuple
{bpem, spe, mper sy

If T = oo then one can prove existence of equilibrium and analytically characterize a solution if
the market exhibits some cyclicality, i.e. if agents face the same outlook, say, every k periods. The
cyclical nature of the model would allow us to prove analogous versions of Propositions 1, 2 and
3 using induction and then, again, exploiting cyclicality we can pin down equilibrium payoffs and
prices. As an example focus on the setting with € = 0 and consider the simplest possible scenario
where the environment is fully stationary in that outgoing agents are replaced by incoming agents
one for one. With perfect replacement the number of buyers and sellers, and therefore the expected
demand )\, remains constant at all times. Since players face the same market outlook irrespective
of the calendar time, equilibrium payoffs m; and wu;, and thereby, equilibrium prices are also time
independent, which allows us to solve the model analytically. (To prove existence of the equilibrium

one needs to virtually repeat the steps outlined in the proof of Proposition 1). Dropping the time

41



subscripts from equations (17) and (18), we have

m=1—-pu—[20N)+21(N)](1—Pu—pPr) and u=zp(\) [l — fu— pr]+ Pu.

This is a simple system with two equations and two unknowns (7 and u), which can be solved
easily. Once 7 and v are pinned down, the equilibrium prices and probabilities readily follow. This
solution concept is rather straightforward, but as A; starts to fluctuate the system of equations
grows rapidly. For instance if )\; is high in even periods and low in odd periods then we would have
a system of four equations and four unknowns (7,44, Teven, Uodds Ueven) t0 deal with. In general if
the cycles lasts k periods then one needs to solve a system of 2k equations and unknowns. Needless
to say, as k grows large an analytic solution becomes elusive.

If the model cannot be solved analytically, then one can fix T" at some large value and pick some
arbitrary values for terminal payoffs ury; and 7741 and solve the model via the aforementioned
recursive method. The solution will be accurate for ¢ << T' because, due to discounting, the impact
of terminal payoffs vanishes if ¢ is sufficiently far away from 7. Our simulations seemed to confirm
this insight. We fixed T' = 360, § = 0.95 and ran simulations for a number of arbitrary values of
ur+1 € [0,1] and wpyy € [0,1] and saw no impact of the terminal payoffs on equilibrium objects
(prices and payoffs) for ¢t < 350 or so. Needless to say, the accuracy can be extended by picking a

larger T" or a smaller f3.
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9.6 Endogenous separation of hagglers and non-hagglers

Suppose that buyers are identical in terms of their bargaining skills but they differ in terms of their
enjoyment for the bargaining experience, proxied by the parameter €. Imagine that € varies in an
interval [g,&], where ¢ < 0 and € > 0, and that buyers are divided into N separate groups, where
the fraction of group i is given by n;, with ZZ]\LI n; = 1. Furthermore, suppose that group 1 has the

lowest € and group N has the highest, that is
E=eg1 << ... <eny=c¢E.

The following proposition presents the main result along this variation.

Proposition 9 The nature of the equilibria depends on the upper bound en. There are two cases:

1. If ey = 0 then there exists a continuum of payoff-equivalent equilibria, where an indetermi-
nate fraction ¢* > 1 —ny of firms trade via fized pricing and remaining firms trade via flexible
pricing. The equilibria exhibit partial segmentation in customer demographics: types 1,2,.., N — 1
shop exclusively at fixed price firms whereas type N customers shop anywhere.

2. Ifen > 0 and if the gap en —en_1 18 sufficiently large then there exists an equilibrium where
a fraction ©* < 1—ny of firms trade via fixed pricing and remaining firms trade via flexible pricing.
The equilibrium exhibits full segmentation of customers: types 1,2,.., N —1 shop exclusively at fized

price firms whereas type N customers shop at flexible firms.

The equilibrium in item 1 is largely identical to Eq-PS in the main text, which emerges when
¢ = 0. Similarly, the equilibrium in item 2 is similar to Eq-FS, which exists when € > 0. The
similarities indicate that the results of the main text remain robust under this variation; however
there are some subtleties that we need to point out.

First, sellers designate the bargaining deals only for the most enthusiastic type (type ), which
is why in equilibrium only type N customers hunt for such deals while everyone else shops at fixed
price venues. To see why, note that unlike the main text, lower types in here can negotiate a deal
if they are alone at a flexible store. But, if they are not alone, then they must pay the inflated list
price. As hinted above, the list price is designated for the most enthusiastic type, so it is too high
for everyone else. For lower types, the enjoyment they might get from negotiating a deal (proxied
by their €) is simply not enough to counter-balance the prospect of paying such a high price. Thus,

lower types are better off shopping at fixed price venues.
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Second, if ey > 0 then the existence of the equilibrium hinges on the condition of there being a
large enough gap between €5 and ex_1. This is to ensure that type N — 1 stays away from flexible
stores (if type N — 1 stays away, then all other types will stay away). In the main text we did not
need such a condition—Eq’'m FS would go through as long as € was positive. The reason is that
in the main text low types were not able to bargain anyway (due to the lack of their bargaining
skills), so we did not need a separate condition on their ¢ to keep them away from flexible stores.

Third, unlike the main text, customers in this setting are identical in their bargaining skills, yet
the division of hagglers vs. non-hagglers still emerges as an endogenous phenomenon. Indeed, in
equilibrium customers who enjoy bargaining the most, shop at flexible stores and haggle over the
sale price whereas remaining customers shop at fixed price stores and do not haggle at all. This
observation suggests that one can potentially do away with the exogenous haggler vs. non-haggler
distinction in the main text, and instead start from a primitive of heterogenous ¢ and still obtain
qualitatively similar results.

The endogenous separation of hagglers vs. non-hagglers is indeed appealing. However, from
an analytical point of view, the setup in the main text with the exogenous distinction of hagglers
vs. non hagglers, has its advantages. First, the setup in the main text allows us to prove existence
and uniqueness of the equilibrium. In here, unfortunately, the proof of uniqueness remains elusive.
(The proposition above claims existence but it does not rule out other scenarios.)

Second, the existence of equilibrium along the current variation hinges on the condition of there
being a large gap between £ and ey_1. If we solve this model in a dynamic setting, then there will
be T similar and recursively related conditions. Analytically characterizing that many conditions
would be impractical and, therefore, it will be down to numerical simulations to confirm whether
an equilibrium exists for a given parameter set.

The rest of this section is devoted to the proof of the proposition. (We focus on a one shot

game, where the search market operates only once, i.e. T = 1.)

Proof of Proposition 9. The proof consists of three steps.
Step 1. Preliminaries. Let g; ,, denote the expected demand consisting of type ¢ buyers at a store

trading via rule m and let

N
Gm = Z%m’ where m = f,band i =1,2,.., N
i=1
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denote the total demand. The expected utility of a type ¢ buyer at a flexible store is given by

Zn, (Qb)

o0
Ui,b:ZO(Qb)(l_y+€i)+Z 1

n=1

(1_”))7

where y is the bargained price and 7 is the flexible list price. Notice that since buyers are equally
skilled in bargaining, they negotiate the same price y when dealing with a flexible seller. For the
purpose of the proposition we do not need a closed form solution for y—we simply assume that
buyers’ bargaining power, which pins down the bargained price, is high enough for them to take
advantage of flexible deals (else, the model collapses to a fixed price setting.)

Basic algebra reveals that
Ui,b = Uva — 29 (qb) (EN —¢g;) fori=1,.,.N
Since €41 > €i41 we have U1 > U; . Now turn to sellers. Flexible sellers expect to earn

Iy = [1— 20 (@) — 21 (@)] 6 + 21 (@) Y-

Basic algebra reveals that

N N
My =1—20(q) — Y aisUin+ 20 (@) Y qi05i-
i=1 i=1

At fixed price stores, things are the same as in the main text, i.e.

1—20((1f)(

U =
! a5

1—7ry) and Iy =1-2(qr) — qsUy.

Step 2. Case: ey =0 (item 1 in the Proposition)
Consider fixed price firms. Along our conjecture (to be verified later) types 1 through N shop at
at fixed price firms, i.e. g; 5 > 0 for all 7 = 1,..N. Recall that all buyers earn the same expected

payoff at fixed price firms, that is U; y = Uy for all ¢. The fixed price firm solves

max 1 — zg (Qf) —qpUy st Uy = U,
qfERy
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where U is the market utility offered by the fixed price firm. The FOC is given by U = z (qr);

thus the firm earns

My =1-20(qr) — 21(qy)-

Per our conjecture, flexible firms attract type N only, i.e. gy >0 and ¢, =0 fori=1,..,N — 1.

Substituting these into the expression for I, yields

Iy =1 — 20 (gnp) — anpUnp.

The problem of a flexible seller is given by

max 1 — 2o (QN,b) — QN,bUN,b s.t. UN,b = Uy,
N pERY

where Uy is the market utility promised to type N customers. The FOC is given by Uy = zo (qn ) ;

thus, the firm earns

Iy =1 — 20 (gnp) — 21 (anp) -

In equilibrium, sellers must earn equal profits. The equality II; = II; yields qnp = qf. Let ¢
denote the fraction of fixed price firms and recall that n; denotes the fraction of type ¢ buyers. The

feasibility condition, analogous to the one in the main text requires
©gi,f + (1 —¢)gip=mAfori=1,..,N
Noting that ¢;;, = 0 for i = 1..N — 1, we have
gij = %/\, fori=1,.,N — 1.

We know gy = qn . In addition, recall that q; = Zfil qi,r- Thus

N-1
A A
=N mitang =ave = 5 (=) +ans = ave.

n=1

For type N, we have

oqn. g+ (1 = @)anp = Ny A
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Substituting for gy from above

an,y = —[p— (1 —nn)]-

€[>

It follows that gy, = gy = A. Note that, the equilibrium value of ¢, denoted by ¢*, is indeterminate
and can take any value within [1 — 7y, 1], hence, there is a continuum of equilibria where an
indeterminate fraction ¢* > 1 — iy of sellers compete via fixed pricing while the rest compete via
flexible pricing. Notice, however, in any equilibrium, the total expected demand at each firm equals

to A. Along this equilibria buyers and sellers earn
Uf ZUNbeZ()()\) and HfZHbZ 1—Z0(/\)—21(/\).

The final task is to verify the conjectures made above. First, the fact that Uy = Uy = 20 (A) implies
that type N customers are indifferent between fixed and flexible stores; thus, as we conjectured,
they can shop at both types of stores. The second conjecture pertains types 1,..,N — 1 staying
away from flexible stores. At fixed price stores they earn Uy = 2o (A) . If they were to visit flexible
stores, they would earn

Uip =Unp—20 () (en —€i)

which is less than Uy because ey > ¢; and Uy = Uy; hence they are justified to stay way. This

completes the proof of item 1 in the proposition.

Step 3. Case: ey >0 (item 2 in the Proposition)

Consider fixed price firms. Along our conjecture (to be verified later) types 1 through N — 1 shop
at at fixed price firms, i.e. ¢; ; > 0 for all i = 1,..N — 1. Type N, on the other hand, stays away,
i.e. qn,s = 0; thus ¢y = Zfi _11 gi,r- Recall that all buyers earn the same expected payoff at fixed
price firms, that is U; = Uy for all i = 1,.., N — 1. A fixed price firm solves

max 1 —zo(qf) — qUs st. Up=U,
a5 €R+

where U is the market utility of all types but type N. The FOC is given by U = 2y (qf) ; thus the

firm earns

My =1—20(qr) — 21(qr)-
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Per our conjecture, flexible firms attract type IV only, i.e. qnp > 0 whereas ¢;, = Ofori =1,.., N—1.
Substituting these equalities into the expression for II, (and noting that ey > 0), a flexible firm’s

expected profit becomes

Iy =1 —20(qnp) — anpUnp + 20 (anp) aNpEN-

The flexible seller solves

max 1 — 2o (qnp) — anpUnp + 20 (anp) anpen st Uny = U,
IN,beR,

where Uy is the market utility of type N customers. The FOC is given by

Un = 20 (qnp) + [20 (anvp) — 21 (avp)l en
thus, the firm earns
Iy =1 — 20 (gnp) — 21 (qnvp) + anvp21 (qnNp) EN-

Let ¢ denote the fraction of fixed price firms and recall that n,; denotes the fraction of type ¢ buyers.
Feasibility requires

0gif+ (1 —9)gp=nAfori=1,.., N.

Noting that ¢;, = 0 for i = 1..N — 1, we have

N-1
. -
Gig=0x fori=1,.,N-1 = ¢ =3 qg;=—1N\
v ; ¥
=1

In addition, since gy, ; = 0 we have

ANy = 17771\1)\.
— @

In equilibrium sellers must earn equal profits, i.e. A (¢) =1I; —II; = 0. Note that II; rises in gy,
which itself rises in ¢ and that II; rises in gy, which in turn falls in ¢. It follows that A rises in ¢.
In addition, note that A (1 —ny) > 0 since ey > 0 and that A (0) < 0. The Intermediate Value

Theorem guarantees existence of a unique p* < 1 — such that A (¢*) = 0.
2 NN 2
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Since ¢* < 1 —ny we have gy < X < qy. Solving Unyp = 20 (qnvp) + [20 (avp) — 21 (avp)] en

and Uy = 2o (qf) for 7y and 7y, yields equilibrium list prices:

21 (qnp) Y — anpz1 (aNp) EN

£ 1 Z1 (Qf)
1 — 20 (qnp) — 21 (gnp)

ry=1-— and ry =1—
! 1 — 20 (qp) ’

Observe that, as in the main text, the flexible list price r; increases in ¢y, which indicates that
flexible sellers pass type N’s enthusiasm about getting a deal on to their prices (which explains
why lower types may want to stay away from a flexible store).

To complete the proof, we need to verify the conjectures made earlier. First, we need to show

that, at the margin, type N buyers stay away from fixed price stores. At flexible firms they earn

Unyp = 20 (anp) + [20 (anvp) — 21 (anp)] env-

At fixed price firms they earn Uy = 29 (¢f) . The equal profit condition gives us

20 (qnp) + 21 (avp) — 20 (a7) — 21 (Qf)'

EN =
gN,b21 (QN,b)

Our conjecture would hold if Uy, > Uy, i.e. if

20 (q7) — 20 (qnp)
20 ()

(1 — QN,b) EN >

Recall that gy > gqnp. Thus 20 (¢f) < 20 (gnp) , implying that the right hand side is negative. If

1 —gnp > 0 then we are done; so suppose that 1 — gy < 0. The inequality holds if

20 (Qf) — 20 (qN,b)
20 (qN,b) (1 - QN,b)'

EN

Substituting for ¢ from above, we need

20 (N p)

2
>qnpy+1—aqnp+ar —qrany
20 (Qf) Nb / /

We know gy < qy; thus a sufficient condition is

20 (qnp)

>1—qgnp+qr & eV >1— (g —qnp)
ZO(Qf) ! (f )
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Let z = qy — qnp > 0. The question is whether e +x —1 > 0. The expression on the left is positive
for all > 0; hence the inequality holds. This verifies the conjecture that type N buyers strictly
prefer to shop at flexible stores.

The second conjecture pertains remaining types, i.e. we need to show that types 1,.., N — 1,

would not want to shop at flexible stores. For that we need Uy > U; ;. Recall that

Uip = Unp — 20 (anp) (eN —€i) -

Thus, we need

Uf > UNyb_Z(] (qN,b) (é:“N—Ei).

We already know that Uy > Uy. Thus, for the above inequality to go through, the gap ey — ¢;
must be sufficiently large. Since ¢; rises in i, the gap is the smallest for type N — 1 customers, so
pick i = N — 1. In what follows we will show that if ex_; is smaller than a threshold, which itself

is smaller than ey, then the inequality holds. To start, recall that

Unp = 20 (qnp) + [20 (anp) — 21 (avp)] en and Uy = 20 (qy)

and keep in mind that g5 > gy, s0 20 (¢f) < 20 (gn) - The inequality holds if

21 (anp) N — 20 (avp) EN—1 > 20 (qnp) — 20 (qf)

Note that: (i) if ey—1 = en then the inequality is the other way around (from above) and (ii)
if ey—1 = 0 then the inequality holds (this step can be proved by substituting for ey and going
through the same steps as above). Thus, by the Intermediate Value Theorem, there exists some
En—1 € (0,en), such that if exy_1 < €ny_1 then the inequality holds. This verifies the second

conjecture and completes the proof. B
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