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Chapter 1
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The essence of linear algebra over a field resides in the fact that every vector
space is free; that is, has a spanning set of linearly independent vectors. The
study of linear algebra over more general rings attempts to approximate this
situation by the method of free resolutions. When a module M is not free we
make a first approximation to its being free by taking a surjective homomor-
phism € : Fg — M where Fp is free to obtain an exact sequence

0—J1 —» Fy 5 M—0.

Repeating the construction we approximate J; in turn by a free module to
obtain an exact sequence 0 — Jo — Fy — J1 — 0. Iterating and splicing we
obtain a free resolution of M in the sense of Hilbert [2]

On+1 On—1 o)) o1 Fo € M0

Fn 4“ Fn—l

N NI

We study the relationship between the intermediate modules J,,, the so-called
syzygies of M, and those free resolutions of M which are in some sense minimal.

1. Introduction:

The notion of free resolution has its origin in the classical theory of invari-
ants [2] and the study of graded modules over polynomial rings F[z1, . .., 2]
where F is a field. In this context there is a well defined notion of min-
imal free resolution. Such minimal resolutions have a strong uniqueness
property; not only are they themselves unique up to isomorphism but in
addition any other free resolution is a direct sum of the minimal free resolu-
tion with a free acyclic complex. In [1], Eilenberg gave an extension of this
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uniqueness property by essentially formal arguments. However, despite the
elegance of Eilenberg’s approach, its scope remains relatively narrow.

The main technical limitation of Eilenberg’s theory arises from his defi-
nition of minimality. This places so strong a restriction on the class of rings
to which it may be applied as to render it a priori inapplicable to many
cases of interest. Consequently we are forced to reformulate matters in a
rather more general context.

Our primary notion is that of a special class G of projectives in an
abelian category 2l; the precise formulation is given in §6. Suffice to say
here that & plays a role analogous to that of finitely generated stably free
modules over a ring. For an object M € 2 we consider &-resolutions of M,
that is, exact sequences in 2 of the form

Onitig O g B s s M 5 0)

S = (-
where each S, € &. To such a resolution we may add a &-resolution of 0
T=( -—>T,— - —>T —Ty—0)
to obtain another G-resolution S & T of M thus
ST =(-—>S, T, = =507 = SodTy > M —0).

S is said to be minimal when, for any G-resolution S’ there exists a com-
mutative diagram

6/ 1 ’ ’

T S A S VAN
©n 4 o 4 ARIhY;

T SRS A oS S M 0

where each ¢, is epimorphic. When they exist, minimal resolutions are
unique in the following sense:

Theorem A : Let S and S be &-resolutions of M ; if S~is minimal then
S=SaeT for some G-resolution T of 0. In particular, if S is also minimal
then S = S.

In applications the requirement that M has an G-resolution is usually a very
strong restriction. We may relax it by considering partial G-resolutions or
n-stems. Thus an n-stem over M is an exact sequence in 2 of the form
a )
S = (S, 3-—8 =8 —M-—=0)
where each S, € &. The n-stem S is minimal when, for any n-stem S
there exists a commutative diagram

page 2
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gn % """ g §() i M —0
Pn %o Lda
S, & NSy S5 M =0

in which each ¢, is epimorphic. For n-stems, Theorem A is modified to:

Theorem B : If S(™), S are n-stems over M and S(™ is minimal then
S(r=1) =, 8= g T(=1 for some (n-1)-stem T~ over 0.

If S = (s, O S1 L\ So — M — 0) is an n-stem its syzygies are
the intermediate objects (J;)1<r<y, Obtained via the canonical decomposi-
tion of d, as the composition of a monomorphism ¢, and an epimorphism

- thus:
p S, R S.
]N / '
Jr

Minimality also implies a relation amongst syzygies. If J, J €A we say
that J splits over J when J = J @ T for some T € &; we will prove:

Theorem g : Let S™ and S™ be n-stems over M hazing syzygies

(Jr)i<r<n (Jr)i<r<n respectively; if S(™ is minimal then J, splits over
Jp for 1 <r<n-—1.

2. Some categorical preliminaries :

We assume familiarity with the notions of category and functor ([5]). We
denote by Ab the category of abelian groups and homomorphisms. In what
follows we shall work with subcategories 20 of Ab which satisfy certain
tameness conditions. These are defined formally below. However, it is
instructive to consider them as they relate to two basic examples; thus
suppose that A is a ring and consider

Mod, : the category of right A-modules and A-homomorphisms:

By a graded A-module we mean a A-module M given as a direct sum

M = @ M,, where each M, is a A-submodule. A graded homomorphism
n>0

f+ M — N between two such graded modules is then a A-homomorphism

satisfying f(M,) C N, for each n and we may form

G(A) : the category of graded right A-modules and A-homomorphisms.
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Observe that Moda may be regarded as the subcategory of G(A) consisting
of graded modules in which M,, = 0 for » > 0. In turn, G(A) may be
regarded as a subcategory of Ab by forgetting both the grading and the
A-structure. In the above examples the following notions are well defined;

(i) Zero ; (ii) Kernels; (iii) Images; (iv) Exact sequences;(v) Quotients.

In either case the nature of ‘zero’ should be obvious. Any module has a
zero and hence a zero submodule. When f : M — N is a A-homomorphism

Ker(f) = {xe M| f(x) = 0} ; Im(f) = {f(x) |xe M}.
Then Ker(f) is a submodule of M and Im(f) a submodule of N. Moreover
if f is a graded homomorphism then Ker(f) and Im(f) are graded by

Ker(f), = Ker(f)NM, ; Im(f), = Im(f) N N,.

A sequence of morphisms A; =% A, 3B ... gt A, 3 A,y is said to
be exact when Ker(a,41) = Im(e,.) for 1 <r<n-1. If K C Misa A-
submodule the quotient group M/K admits a natural A-module structure.
Moreover, if K is a graded submodule of the graded module M then M /K
is graded by (M/K), = M,/K,. One may also construct

(vi) Pullbacks ; (vii) Direct products ; (viii) Pushouts ; (ix) Direct sums
We first recall the definitions. If 2 is a category and f; : M; — N are
morphisms in 2 (¢ = 1,2) then by a pullback for f1, fo we mean an object
l(iLn(fl, f2) in 2 together with morphisms ; : l(iLn(fl, f2) = M; such that
fiom = fa0ms which possess the following universal property:

If a; : X — M; are morphisms in A such that f1 oa; = fooas then
there exists a unique morphism o : X — @(fl,fg) making the following
diagram commute

X
~J
PR
@(fl,fz)LM2
e5)
T f2
M, h N

When @( f1, f2) exists the uniqueness condition on « guarantees that
@(fl, f2) is unique up to isomorphism in A. We say that 2 has pullbacks
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when lim(fy, f2) exists for any pair of morphisms f; : M; — N (i = 1,2).
In Mody pullbacks are defined by

Wm(f1, f2) = {(m1,ma) € My x My | fi(m1) = fa(ma)}
where 7; : ].iHm(fl, f2) — M; is the obvious projection map. Moreover, in
the special case where N = 0 the pullback construction simply yields the
direct product My x My showing that any pullback @( f1, f2) is a submodule
of My x Ms. Note that in G(A) a direct product M x M’ of graded modules
admits a grading given by (M x M'), = M, x M/ which in turn induces
a grading on any pullback contained therein.

Pushout is the dual notion to pullback. Here it is useful to recall that if
2 is a category the dual category 2* has the same objects and morphisms
as 20 but with the direction of all arrows reversed. One says that 2 has
pushouts when the dual category 2A* has pullbacks. Thus if f,. : N — M;
(r = 1,2) are morphisms in 2 by a pushout for fi, fo we mean an object
lign(fl, f2) in A together with morphisms 4, : M, — li_ng(fl, f2) such that
i1 0 fi = g o fo which possess the universal property which is dual
to pullback. When hg( f1, f2) exists the uniqueness condition on « again
guarantees that hg( f1, f2) is unique up to isomorphism. In the special case
where N = 0 the pushout construction yields the direct sum M; & Ms. In
both Mody and G(A) the direct sum M; @& My coincides with the direct
product M7 x My with the canonical injections i, : M,, — M7 & M

i1 (X) = (Xa 0) ; iZ(X) = (07 X).

In Modp ligi(fh f2) = (M1 @ Ms)/Im(f1 & —f2). Note that this module
has a natural grading when f1, fo are graded homomorphisms so that G(A)
also has pushouts.

In what follows we work with categories 2 in which the above notions
(i) - (ix) are all present. Recall that a category 2 is said to be abelian (cf
[4], [5]) when the following properties (I), (IT). (III) hold':
(I) 2 has a zero object;
(IT) 2 has pullbacks and every monomorphism is a kernel;
(III) 2 has pushouts and every epimorphism is a cokernel.
In any abelian category 2 we define an addition on all Homg (A, B) thus:

+ : Homg(A, B) x Homg (A4, B) — Homgy(A4,B) ; f+g = (f,g)od
where 0 : A — A® A is the diagonal and the morphism (f,g9): A A — B

1We note (cf [5] Chapter 1) that there are many apparently different, though equivalent,

ways of defining the notion of abelian category.
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is induced from f: A — B and g : A — B by regarding A® A as a pushout.
When 2 is an abelian category we have the following additivity property
whose proof is left as an exercise:

(x) Homgy (A, B) is naturally an abelian group for any A, B € 2.

Recall that a category 2 is said to be small when its objects form a set
rather then merely a class. In this context, we note the following theorem
of Lubkin ([4], [5])

Theorem 2.1 : If 20 is a small abelian category there is a functor
¢t : A — Ab which preserves addition, exact sequences and for which

Homg( (A, B) N Homap(e(A),(B)) is injective for all A, B € 2 .

Lubkin’s Theorem has the practical consequence that diagrams in any
abelian category can be regarded simply as diagrams of additive abelian
groups and homomorphisms; we take advantage of this in what follows.

By a tame category we mean one which is equivalent to a small sub-
category of Ab and which is abelian in the above sense. In consequence
we see that every small abelian category is tame. Evidently Mod, and
G(A) are abelian categories. However, without some size restriction on the
objects neither category is tame. One especially convenient restriction is
to consider only rings A which are countable. We then denote by Mody
the full subcategory of Mod, consisting of countably generated modules.
Likewise G*°(A) will denote the full subcategory of G(A) whose underlying
modules are countably generated. It follows easily that:

Proposition 2.2:  If A is a countable ring then Mod} and G (A) are
tame abelian categories.

3. Splitting and projectives :

In what follows, 20 will denote a tame abelian category. We recall the
following basic result, the Five Lemma which, via Lubkin’s Theorem, it
suffices to prove in Ab.

(3.1) Suppose given a commutative diagram in 2 with exact rows

AL S Ay B A A, M A
fil fal fzl fal fsd
B2 B3 BB B % B

If f1, f2, f4 and f5 are all isomorphisms then f3 is also an isomorphism.
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Given objects A, C € 2 there are a canonical morphisms iy : A - A& C
and 7o : A®C — C allowing the construction of the trivial exact sequence

T=0—> A AaCc IS C —0).

An exact sequence £ = (0 — C LSBB A 0) in A is said to split when
it is isomorphic to the trivial exact sequence by means of a commutative
diagram as follows:

0 A S B 2 o S0

L 1da Ly +lde

0> A “MSaApctsS ¢ o

It follows from the Five Lemma that such a splitting v is necessarily an
isomorphism. We say that &€ splits on the left when there exists a morphism
r: B — A such that roi¢ = Id4. Finally we say that & splits on the right
when there exists a morphism s : A — B such that pos = Id¢. If ¥ is a
splitting of € then r = w401 is a left splitting of £ . Conversely ifr: B — C
is a left splitting of £ then ¢ = (;) : B — A® C is a splitting. If ¢ is a
splitting of £ then s =1 ~loic : C — Bis a right splitting. Conversely if s
is a right splitting then by the Five Lemma, (i, s) : A®C — B is necessarily
an isomorphism and v = (i,s)! is then a splitting. To summarise:

(3.2) & splits <= & splits on the left <= & splits on the right.

We say that an object @ € 2 is projective when every exact sequence of the
form 0 — C = B 2 Q — 0 splits. The following is fundamental:

Proposition 3.3: (Schanuel’s Lemma) Let (0 — D, % p, LU V. 0)
be exact sequences in Mod, (r = 1,2); if P; and P, are projective then
D d P, =Dy d P

Proof : Form the pullback Q = @n(fb f2) Then there is a short exact

sequence 0 — Dy — Q 55 P — 0 which splits as P; is projective. Hence
Q = Dy @ P,. Likewise the short exact sequence 0 — Dy — Q) BP0
splits as Ps is projective. Thus D1 ® P, 2 Q = Dy & P; as claimed. [
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4. Some standard diagrams :

Consider the following commutative diagram in a tame abelian category 2
in which it is assumed that all rows and columns are exact.

0
R 4
S s g
Vi b Li+
(4.1) K 5 F 2
b e Loy
0o— K 5 F & J 50
1
0

By Lubkin’s Theorem we may replace it by an equivalent diagram in Ab.
A straightforward diagram chase then shows that, in (4.1):

(4.2) ¢ and p are both epimorphic <= p and ¢_ are both
epimorphic.

Consider likewise

(4.3) B% B, B B 4 B
los Ly e I %o

A; B A, B A B4,

\ { \ \

0 0 0 0

(4.4) Suppose in (4.3) that the columns are all exact; if the rows
(A3 03 AQ oj A1 % Ao) and (Bg % BQ % B1 '(il) Bo) are exact then
(Csy Lo () is also exact.

In the following commutative diagram C over 2 we assume all rows and
columns are exact:
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0 0 0
0 —+Co— ¢ P L C—+0
J2 J1 Jo
. Y
(4.5) C = 0 — + B, '8 ,B_PB . B___,0
P2 #1 %0
4
0 — + Ay A PA A L0
0 0 0

We say that the diagram C of (4.5) splits completely when there are mor-
phisms 7 : By = Cy for t =0,1,2 such that .05, = Ide, and such that
the following diagram commutes

02 ‘e > 01 pc > OO
2 1 To
B, B . B PB . By

The triple (rg,r1,72) is then called a complete splitting of C. Evidently rg
is a (left) splitting of the exact sequence

O%CQQB()&AO_)O

and we say the complete splitting (rg,r1,7r2) extends the splitting ro.

Theorem 4.6: Assume in (4.5) above that all rows and columns are exact
and that A; and Cy are projective; then any (left) splitting rg of the right
hand column extends to a complete splitting (rg,71,72) of C.
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5. A comparison theorem for resolutions:

Given an integer n > 0 and an object M € 2, by an n-resolution we mean
an exact sequence in 2 of the form

E®W — (B, 2 E, " B E BB S M o).
We allow ourselves to write E_; = M and Jy = € whenever it is

notationally convenient to do so. Whilst later we shall require the resolving
objects F,. to be projective of a special type, here we impose no restriction
other than exactness. We denote by 24(n) the category whose objects are
such sequences and in which morphisms are commutative ladders

B0 B B By M5B B 5 W -0
2 \L( ) = Pn ir Pn—1 \lr 40 \L ir w—
E E, &% E,_, ... A B S M S0

We also allow the limiting case n = oo in the obvious way. If ¢_ : M— M
is an epimorphism we say that ¢ is a dominating morphism over ¢_ when
each ¢, is also an epimorphism. We agree to write E(") < E™ in the
special case where p_ =1Idy; : M — M.

For the rest of this section we pick a specific dominating morphism
Q EM™ — EM™ over Idps. Defining T, = Ker(p,) , jr : T — E‘r
will denote the ‘inclusion’ and 5T : T, — T,._1 the ‘restriction’ giving a
commutative diagram:

T, 2 1., % 1 050
A ol

(5.1) E, % E,. "% B SMoo0
on On-14 wo | {

E, &% E,., ™% B SMoo

Although gn_l o 5n = 0 it is not, in general, true that Ker(é\n_l) is the
same as Im(09,,). Noting this loss of information at the top left hand corner,
it nevertheless follows, by induction from (4.4), that the following portion
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of (5.1) has exact rows and columns:

0 0 0 0
{ R { R 1 {

T, ' 1,, 0% 7 S0 50
Jn-14 _ Jn-2 1 B Jod 1

(5.2) E.% B, "' E,, .8 B SMoo
on On-14 Pn—2{ o 4 1

E,% B, " B, .8 B SMoo0
{ { { {
0 0 0 0 0

In the above we define J, = Ker(d,_1) for 1 <r <n+1. Whenr <n
then it is also true that J,. =Im(9,) and we then write 0, = i, o p, for
the canonical decomposition of 0, through its image with i, monomorphic

8T Er—l
Jr

Likewise we consider the corresponding decompositions for the 5T to obtain
commutative diagrams as follows:

and p, epimorphic:
E,

\ ~ / \ 5 /
§r+1 JT+1 ir ﬁr JT i'r‘fl
(5.3) | ors1 oi| or ©r O Pro1
}' Jr+1 i'r‘ }' Jr i'r‘fl
A A A
Evir 3T+1\~‘ET O \fEH

where, depending on context, both ¢ and <pj_1 denote the restriction

Pr—17, * Jr — J.. Now taking the corresponding decompositions for the

0, we get commutative diagrams
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Tr+1 a’f“-‘rl .
DPro1 r+l (28
(5.4) | jrer 35| dr
ﬁr—&-l Jr+1 Alrr
~ 57~+1 \
Er+1 >

E,

ar > Tr—l
ﬁr Vr /Z.\r—l
jr jj jr_—l jr—l
ﬁr j;" Alrr—l
57‘ \ N
~ FEr

where both j;~ and j;" ; both denote the ‘inclusion’ V. — J,. We assemble
(5.3) and (5.4) into commutative diagrams D(r) for 1 <r <n — 2;

00—

0

!
Vit
bt

Jr—i—l
Lot
Jr+1

0
0

In the special case = 0 we obtain

0—

0—

0—

0
1
Wi
Lig
Ji
L og
J1

1
0

10

—

0 0

1 I

T, Byv._o
L jr L
ET QﬁHO
1 or Lo
E. g —0
1 {

0 0

0

l

To — 0

4 Jo \

EO —E)M%O
1 w0 || 1d
E, M =0
{ il

0 0

As €0jyg = €0 g o jo = 0 then the ‘inclusion’ ji : V; — Jy = Ker(¢) and
‘restriction’ cpar L J1 — Jp are both well defined. We note:

Proposition 5.5:

All the rows and columns of D(0) are exact.

Syzygies*and*minimal*resolutions page 12
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Proof : Exactness of the rows and of the right hand and middle columns
is tautological. Thus it suffices to show that:

(a) ¢ is epimorphic and (b) Ker(¢g) = Im(jg ).

For (a), observe that in the following subdiagram of D(0) all rows and
columns are exact.

T, % 0

o \
& B S oM
Lot 1 w0 || Id
0— J U B S5 M S0
{ {
0 0

As both ¢ and py are epimorphic then ¢ is epimorphic by (4.2).

To prove (b) we may again, by Lubkin’s Theorem, assume that the diagram
consists of abelian groups and homomorphisms in which monomorphisms
become inclusions thus:

0 0
\ 4
0— Vi = To — 0
Njg - MNJo 4
0— I L) EO M0
Lod _ 1o | 1d
0— J1 & Ey M =0
3 \: i
0 0 0

The inclusion Im(jj") C Ker(ypg) then follows by restriction from ¢gojo = 0.

Thus suppose z € J; satisfies @7 (z) = 0 ; then ig(x) € Ker(pg) = Ty = Vi,
completing the proof. O
Before proceeding we first note:

(5.6) the rows of each D(r) are exact ;

(5.7) the middle column of each D(r) is exact ;

(5.8) the right hand column of D(r) is identical to the left hand column
of Dir—1)for 1 <r<n-1.
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We arrive at the following ‘weak comparison’ theorem:

Theorem 5.9: Let p: E™ 5 E® bea dominating morphism over Id,
where n > 2; then the rows and columns of D(r) are exact for 0 < r < n—2.

Proof : For n = 2 this is simply a restatement of (5.5). Thus we may
suppose that n > 3. Let C(r) be the statement that the rows and columns
of D(r) are exact. As C(0) is true, again by (5.5), it suffices to show that
Cir—1)=C(r)for1 <r<n-—2.

Via the Lubkin imbedding it suffices to prove the statement for the cor-
responding diagram of abelian groups and homomorphisms. By induction
the right hand column of D(r) is exact as it coincides with the left hand
column of D(r — 1). As observed in (5.7) the middle column of D(r) is
exact so it suffices to show the left hand column of D(r) is exact. As j is
a monomorphism it suffices to show:

(a) o is epimorphic and (b) Ker(¢;7) = Im(j,1).

To show (a), note that in the following subdiagram of D(r) all rows and
columns are exact;

0
o
T, v, —0
o Uy
T B B 20,0
ot 1 or Lor
Jy = B Ig—o
} \J
0 0

As ¢, and p, are epimorphic it follows by (4.2) that ;' is epimorphic.

To prove (b) suppose = € J,1 = Ker(8,) satisfies o (x) = 0. We must
produce an element y € V.41 = Ker(é\r) such that j.(y) = x. Consider
the following portion of the diagram established in (5.2). Observe that as
r < n — 2 this subdiagram is well defined.
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5,
T % 1. % 1,
!

N jr+1 \L _ jr jr—l \L
Er+2 832 ErJrl 831 E'r‘ é) Erfl
Pr+2 \L Pr+1 \L Pr \Ir Pr—1 \L
ET+2 832 Er+1 831 E’l“ z) Erfl
1
0

The conditions on z € E, are d,(x) = 0 and ¢, () = 0. By exactness
of the middle row we may choose w € E,1; such that 0,41(w) = . Then

©r 0 Ory1(w) = 0 so that d,11 0 pr41(w) = 0. By exactness of the bottom
row choose z € E,.;o such that 9,12(2) = p,11(w).
As prq9 ¢ Erp9 — E,.49 is epimorphic, choose ( € E, 2 such that

Pr4+2(¢) = 2; then Jri2 0 9r42(C) = rar(w). Put p=w—0ry2(C) € Erpa
so that ¢,41(u) = 0. Choose 1 € T,41 such that

Jra1(n) = p = w—5r+2(C)-

Then Jp41 0 jr1() = Ops1(w) — Org10r12(C). Put y = Jrpa(n). Then
y € Vo1 and j,.(y) = x. This completes the proof. O

The statement of (5.9) extends to the limiting case n = oo as follows:

Corollary 5.10: Let ¢ : E(®) — E(*) be a dominating morphism over
Idjs; then the rows and columns of D(r) are exact for all r > 0.

6. Finiteness conditions and stability:

Let A be a tame abelian category. By a special class in 20 we mean a class
of objects & C 2 satisfying the following properties &(1)-&(3) :

S(1) : Each S € G is projective and 0 € &;
6(2): f0—->X—>Y —>5—0 isexact in A and S € & then
Xe6G=Yect

Finally we have a ‘finiteness’ property. If S, T € & let e(S,T) denote the
set of integers k for which there exists an epimorphism S - T & ---pT.
—_—
k
G(3): If S, T €& and T # 0 then e(S5,T) is bounded above.

It follows from &(1) and &(2) that & is closed with respect to coproducts;
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(61). X€6 and Y6 = XpY €6
Likewise & is closed with respect to isomorphism;
(6.2) Xe€6 and X2V = Y €6.

Recall that a finitely generated module M over a ring A is said to be stably
free when M @ A™ =2 A™+™ for some integers m, n.

(6.3) The class SF of finitely generated stably free A-modules is a special
class in Mod,.

Similarly we define a class GSF of objects in G(A) as follows:

M € GSF <= each M, is finitely generated stably free over A.
(6.4) The class GSF is a special class in G(A).
There is a relation, G-equivalence, defined on the objects of 2 by

X~nX = XopS=2X'¢®C8 forsomesS,S €6.

We define a class F(0) of objects in 2 as follows; M € F(0) when there
exists an epimorphism 7 : .S — M for some S € G.

Proposition 6.5 : Let M € F(0); if T' € & is such that M & T = M
then T = 0.

Proof : Let ¢ : S — M be an epimorphism where S € &, and suppose
that there is an isomorphism 7 : M — M & T where T' € &. Then for
each positive integer k we obtain an isomorphism ¢, : M — M & T*) on
putting ¢y = (¢Yr—1 @Idr) o9hy for k > 2. Hence for each positive integer k
we obtain an epimorphism 7 : S — T%) on putting 7, = 7 0 ¢ 0 . This
contradicts property &(3) unless T = 0. (I

Corollary 6.6 : Let S € G; if ¢ : § — S is an epimorphism then ¢ is an
isomorphism.

Proof : Suppose that ¢ : S — S is an epimorphism. As S is projective
then from the exact sequence

0— Ker(p) =855 -0

there is an isomorphism ¢; : S — S @ Ker(p) and Ker(yp) € &. By (6.5)
Ker(p) = 0, so that ¢ is monomorphic and hence an isomorphism. O
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We first introduce a general definition; if My, My € F(0) we say that
My splits over My, written My 4 Ms, when there is an isomorphism
M; &T = Ms in which T' € &. Evidently one has:

Proposition 6.7 : If M; - My then My ~ M.

It is straightforward to see that the relation ‘-’ is transitive; that is :
(6.8) If My 4 My and My 4 M3 then M; - Ms.

More subtly, ‘= is also anti-symmetric in the sense that, for My, My € F(0),
Proposition 6.9 : M; A My AN My AM, = M; = M,.

Proof : The hypothesis allows us to write Mo = My @BT; and My & Mo®Ts
for some 77,75 € 6. Thus My 2 M; & T where T = (Th & T) € 6. It
follows from (6.6) above that T'= 0. Hence T5 = 0 and M; & Ms. O

Corollary 6.10 : If Q is an G-class of type F(0) then the relation ‘-’
induces a partial ordering on the isomorphism types of 2.

If X is an object in A the S-class [X] is defined to be the collection of
isomorphism classes of objects Y in 2 which are G-equivalent to X:

X] = {Y €|V ~ X}/
As 2l is equivalent to a small subcategory of Ab it follows that
(6.11) [X] is a set for each object X € 2.

We denote by &(n) the full subcategory of 2(n) consisting of exact se-
quences of the form

St = (s, 25, st B As) & 0)
in which Sp,...,S, € &. Such a sequence will be called an n-stem over

M. Moreover J, 11 = Ker(d,) is called the (r+1)% syzygy of S(). We say
that M is of type F(n) when there exists an n-stem over M. In general
this condition is a nontrivial restriction on M.

Theorem 6.12 : Let M € A and S € G; then
MeF(n) < Ma®S e F(n).

Proof : Let P(n) be the statement of the theorem; we first prove P(0).
Suppose that € : Sy — M is an epimorphism. Then e®Id : SgBS - MBS
is also an epimorphism so that if M € F(0) then M &S € F(0). Conversely
suppose that M @& S € F(0) and let  : Sy — M @& S be an epimorphism.
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Taking my : M &S — M, mo: M &S — S to be the canonical projections,
put S’ = Ker(my on). Applying 7 we obtain an exact sequence

)

0= 7(8") = 7(So) "2 7(8) — 0.

It follows that the sequence 0 — S’ — Sy ™5° S — 0 is also exact so that
S’ € & by property &(3). However, 7(m0m) : 7(S") — 7(M) is epimorphic
so that my on : 8" — M is epimorphic and hence M € F(0). This proves
P(0). Now suppose that P(n — 1) is true for n > 1, let M € F(n) and let

Sy B B8 S M0

be an n-stem. Letting i : Sy — Sp @ S be the canonical morphism define

5. — 100y T=1
r O r>1

We see that S, L ASOEBSengEBS%O isexact. As Sy S €6
then M @ S € F(n).

Conversely suppose that S, LY So 5 M @S — 0 is an n-stem
where M @S € F(n). We may decompose this into a pair of exact sequences

(*) S, ... %8 KK 0
(**) 0K 58 5MasS—0

where 01 = top. Takem : MBS — M, mo : MBS — S to be the canonical
projections and put S’ = Ker(my o €). As in the proof of P(0), S’ € &
and 7 o€ : S — M is epimorphic. Moreover there is an isomorphism of
K’ with Ker(m on: S — M) giving an exact sequence

(FH*) 0— K — 8 ™" M 0.
Splicing (***) with (*) gives an n-stem S, USRI L Vg 0; hence
M € F(n). This completes the proof. O

It follows immediately that:
Corollary 6.13 : If M ~ M’ then M € F(n) < M’ € F(n).

In view of (6.13) we extend the condition F(n) from objects in A to &-
classes by saying that the G-class [K] satisfies F(n) when K satisfies F(n).
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7. A strong comparison theorem for syzygies :

Given an n-stem S = (S, Oy Sn_1 8"—31 U S1 L2\ So 5 M —0)
over M put J,.,1 = Ker(9,). Suppose given another n-stem over M

§m = (5,58, 5 B8 A5 50
with J,,; = Ker(d,) and suppose that ¢ : S(™ — S is a dominating
homomorphism. From the results of §5, for 0 < r < n — 2 we obtain
commutative diagrams D(r) in which all rows and columuns are exact

0 0 0
{ R { 4
0= Via & T By o
Lie L e
D(r) = 0— Jrys &ry S, ﬂi—w
ler  der Lot
00— Jri1 & Sy 2y g, — 0
4 { 4
0 0 0

andinwhich%z()andJozjozi\/[. ASO—)TT—>§T—)ST—)OiS
exact and S,, S, € & it follows that S, = T, ® S, and hence:

(7.1) Each T, €6.

As Vo =0 then Vi =T, so that :

(7.2) 1 €6.

From the exact sequences 0 — V;4q T, RN V. — 0 it follows from
S(2) that

(7.3) V., €6 for 1<r<n-1

Consequently;

(7.4) 0> Vipy ~5 T 25V, — 0 splits for 0<r <n— 2.

Hence:
(7.5) T, 2V, 1@V, for 0<r<n-2.
Theorem 7.6 : Let M be an object in F(n) and let S 8™ pe

n-stems over M; if s < S™ then J- splits over J,. for 1 <r <n—1.
Proof : By (5.9) we have diagrams D(r) with exact rows and columns for
0 <r <n-—2. First consider D(0)
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0 0 0
} } }
0 W o= T, % o0-—o0
Yie o !
D(0) = 0— J, % 35, M —0
teog o | 1d
0— Ji S S S M-—0
} 1 }
0 0 0

By hypothesis we have that So € & so that the middle columE splits. If
p = So — Tp is a left splitting of the middle column then p o iy is a left
splitting of the left-hand column and J; = J; @ V7. Suppose, inductively,

4t
that 0 — V. N Jr i Jr — 0 splits for t <r <n — 2 and consider

0 0 0
{ R 4 !
0> Vo <& T, Bv_—o
Vir L Vit
D(r) = 7 i3 Pr, 7
0— Jry1 <= S, - J,—0
N Lot
0— J1 <SS g —o0
\ b \
0 0 0

As r < n—2 then we see from (7.3) that V., V,.;1 € &. Moreover S, € & so
that both S, and V,. are projective. It follows from (4.6) that the sequence
0— Vi — jr+1 — Jr41 — 0 splits and so j;"+1 >~ Jop1 ®© Vg1 As
V11 € G this completes the proof. O

Corollary 7.7 Let S™ and S™ be n-stems over M zvith syzygies
(Jr)1<r<n (Jr)1<r<n respectively; if S(™ is minimal then J, splits over
Jp forl1 <r<n-1.

Thus we have proved Theorem C of the Introduction.

In the limiting case an co-stem will be called a complete G-resolution of M.
The statement of (7.7) is then modified to:
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Corollary 7.8 : Let S and S be complgte G-resolutions of M with syzygies

(Jr)1<r, (Jr)1<p; if S is minimal then J,. splits over J, for all r.

8. Uniqueness of minimal resolutions :

Let M € F(n) and let S be an n-stem over M

S(n) = (Sn%Snflal;l%SlgSoi)M—)O)

We say that S is a minimal n-stem when, given any other n-stem S over
M, there is a dominating morphism ¢ : S — S over Id,; thus

50 T A SR
@ =1 end wo 4 L 1dy
st s, X % 5 S5 M -0

In particular, ¢, is epimorphic for each r. A straightforward deduction
from (7.7) and (6.6) then shows:

Proposition 8.1 : If S("), S™ are both minimal n-stems over M then
St ey S(n)

This is easily strengthened to allow variation of the differentials as follows:

Proposition 8.2 : Suppose given n-stems over M as follows:

SMW = (5, B ... B8 S M—0);
S = (8,5 ... B8 A 0);

if S( is minimal then so also is S(™).

Let M, M’ € F(n) and let S, T be n-stems over M, M’ respectively:

St = (5, 28, 5 B B S M 0);
/ 3/ / /
T = (T, 21, 5B A M o).
We may form an n-stem S(™) @ T(") over M @ M’ thus
S @®T, 3 S 10T, "5 B ST B SaTy Y MaM 0
where 6, = <%T 80’) . An n-stem T over 0 is simply an exact

sequence T = (T, > Tho1 — ..o = Ty — Ty — 0) where each
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T, € &. Moreover, S(M @ T ig then an n-stem over M &0 = M. We
now have the following which is Theorem B of the Introduction:

Theorem 8.3 : If S(), S(™ are n-stems over M and S(™ is minimal then
S(r=1) =, S=1 g (=1 for some (n-1)-stem T~ over 0.

Proof : Given a dominating homomorphism ¢ : S™M 5 §(m) we construct,
as in (5.2), a commutative diagram in which all rows and columns are exact

0 0 0 0
\ R b R \ \
Ty 7% T, 5% m 50 50
jn—l ~lr _ jn—2 \L _ jO \L \L
5.% S U5 G, %5 B
©on Pn-1 4 Pn—2 4 o 4 {
O, On—1 On—2 0] €
Sn = Sn71 Snfg —1) So - M —0
4 4 4 4 4
0 0 0 0 0

In particular we have an (n — 1)-stem over the zero object, namely

By O )
T = (Thot 5 Ty 57 - BTy — 0 0).
For 0 < k < n — 2 we obtain commutative diagrams D(k) as in §5 in
which all rows and columns are exact. As the right hand column of D(0) is
trivially split and both Sy and 0 are projective we may, by (4.6) construct
a complete splitting (rg,70,0) of D(0) as follows:

J o 5 € M

Next consider D(1), recalling that the right hand column of D(1) is identical
with the left hand column of D(0). Defining r; = r{ we see that 7| is a
(left) splitting of the right hand column of D(1). As V; and S are projective
then, by (4.6), 7] extends to a complete splitting (r; ,71,7]") of D(1).
Suppose inductively that for ¢t < k — 1 we have constructed complete
splittings (r;f,7¢,7,) of D(t) in such a way that r; = 7 ,. Defining
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r, = 7";—1 gives a splitting of the right hand column of D(k). Now
Sk € G by hypothesis and we have seen in (7.3) that Vi, € &; thus both S
and Vj, are projective. It again follows from (4.6) that we may extend 7,
to a complete splitting (r;, 7y, 7 ) of D(k).

Inductively, for k£ in the range 0 < k < n — 2, we construct complete
splittings (v}, 7k, 7 ) of D(k) such that r, = ;7 , when k > 1. Finally,
applying (4.6) to

0— Th_1 Q gn—l g Sn-1 —0

£ = ﬁn—l‘L ‘ ﬁn—l\lf pn—l\L
0= Vi B J,1 B8 J,.1 —0

we may construct a left splitting r,,_1 : S,,—1 — T,—1 of the exact sequence
Jn-1

3 Pnc
0T, 15" 81 ™" S,120

making the following diagram commute;

It follows that we have constructed a morphism of exact sequences

§("_1) gn—l 8”—;1 gn_g 852 s {A §0 E) M —0
r| = Tno1 4 R Tn—2 4 R o | {
T Tho1 87,,_;1 Th_o 87,__>2 s EA o — 0 =0

Then (f) : §(n=1) _ §(n=1) g T(n=1) ig the required isomorphism. [

In the case of complete G-resolutions we may continue the construction of
the complete splittings (r;, Tk, 7, ) indefinitely to obtain Theorem A of the
Introduction, namely:

Theorem 8.4 : Let S and S be complete S&-resolutions of M; if S is
minimal then S =2 S@® T for some complete G-resolution T of 0.

9. The structure of the stable syzygies Q,,(M) :

If M € F(0) then there is an exact sequence 0 — J — S — M — 0 with
S € 6. We write



December 7, 2015  7:17 World Scientific Review Volume - 9in x 6in Syzygies*and*minimal*resolutions page 24

24 F.E.A. Johnson

O (M) = [J].

01 (M) is called the first stable syzygy of M relative to &. It is well defined
as, by (3.3), the &-class [J] depends only upon M. Moreover:

(9.2) Let M, M’ € F(0); if M ~ M’ then Q (M) = Q1 (M).
More generally, if M, M’ € F(n) then there are exact sequences

0—=J—=S5,——=S—>M-=0

0—=J =8, = =85 =M =0
with S;, 5% € &; (9.2) now generalizes straightforwardly to give:
(9.3) ' M~ M’ then J~J.
fO0—-J—=S5,— =8 — M—0) is an n-stem over M we write
Qi1 (M) = [J].

Qn1(M) is the (n + 1)%t-stable syzygy of M relative to &; to uniformize
notation we shall write the stable class [M] of M as [M] = Qo(M). From
(9.3) we now obtain:

(9.4) Let M, M’ € F(n); if M ~ M’ then Q1 (M) = Q1 (M').
One sees easily that:
(9.5) If M € F(n) then Q,.(M) satisfies F(n —r) for 1 <r <n.

If M satisfies F(n) then although Q,.1(M) is defined, it need not, in
general, satisfy F(0). In this context, for M € F(n) we see that:

(9.6) Q11 (M) satisfies F(0) <= M satisfies F(n + 1).

10. Realizing elements of Q,, (M) as syzygies :

We say that M € 2 is 1-coprojective when, for any S € &, any exact

sequence of the form 0 — S — X — M — 0 splits; then:

(10.1) If M ~ M’ then M is l-coprojective <= M’ is 1-coprojective.
We have the following ‘realization lemma’ (cf [3] p. 107) :

(10.2) If M is a l-coprojective of type F(0) then any J € Q1 (M) occurs
in an exact sequence 0 - J — S - M — 0 in which S € G.

More generally, we say that M € 20 is (n + 1)-coprojective when §,.(M) is
defined and 1-coprojective for 0 < r < n.
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Proposition 10.3 : Suppose that M € F(n) is (n + 1)-coprojective; then
for any sequence (J;)1<r<nt+1 with J, € Q,.(M) there exists an n-stem

S = (S 28, 1 5 B S M 0)
in which J, 2 Ker(9,-1) for 1 <r <n+1.

Proof : By induction on n. Taking J; = J and putting dy = € then the
statement for n = 0 is simply (10.2). Thus suppose that n = 1 and let
J1 € (M), J2 € Q2(M); by (10.2) there is an object Sy € & and an
exact sequence 0 — J; =% Sy M — 0. The hypothesis M € F(1) implies
that J; € F(0). As Qo(M) = Q4(J1) then Jy € Q4(J1) so we may apply
(10.2) to obtain an exact sequence 0 — .J5 26, 5 J, > 0 where S5 € &.
Splicing these two sequences together by putting d; = ig o 71 we obtain an
exact sequence (0 — Jo N 9 Sog 5 M — 0) where Sy, S; € &. Then
(51 & Sp <+ M — 0) is a l-stem with the stated properties.

In general, suppose proved for n — 1 where n > 2 and let (J;)1<r<n+1
be a sequence with J,. € Q,.(M). By hypothesis there exists an n — 1-stem

S = (8, RS S M o)

in which Sy...S,—-1 € & and J, 2 Ker(0,_1) for 1 <r < n. We may write
this in co-augmented form as

S = (0, 38 B Sy S M 0)

n—1

The hypothesis M € F(n) implies that J,, € F(0). As Qp1(M) = Q4(J,)
we see that J, 11 € Q1(J,,). Apply (10.2) again to obtain an exact sequence

0= Jpi1 38, ™ J, =0

where S,, € &. Splicing these last two sequences together gives an n-stem
with the stated properties

(*) 0= Jop1 38, B ... 88 S Mo
where 0,, = i,,_1 © T, O

We say that Q,.(M) is relatively straight when there exists Ny € Q,.(M)
such that any other N € ,(M) may be written in the foorm N 2 No & T
for some T' € 6. We note the following consequence of minimality.

Theorem 10.4 : Suppose that M € F(n+1) admits a minimal (n+1)-stem
S+ I Q,,_1 (M) is 1-coprojective then Q,, (M) is relatively straight.
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Proof : Write S("*1) = (S, ; Ong Sh Oy Y So % M — 0) and
for1<r<n+1putJ., = Im(9,). Choose J € Q,(M). We must show
there exists T € & such that J 2 .J, @ T. Write the truncation S("~2) in
co-augmented form

S(n72) = (Jn_1 l"—7>2 Sph_2 852 R ﬁ So —€> M — 0)
Clearly J € Q1(J,—1) as Q,(M) = Q1(J,—1) and, by hypothesis, J,,_; is
1-coprojective. Thus by (10.1), there exists an exact sequence

E=(0—J—FEy— J,_1 = 0)

where Ey € 6. As M € F(n+1) and J € ,,(M) then J € F(1) so there
exists a 1-stem F = (F, — Fy — J — 0). Yoneda product F o E o S("~2)
gives an n + 1-stem

StD — (7 R S B s S S M 0)

where S, = S, for r < n—2 and where J =Im(d,). As S(+1) is minimal
it follows from (7.7) that J splits over J, = Im(9,). Thus, as claimed,
there exists T € & such that J = J,dT. O

11. Minimal epimorphisms :

We define a category &(_y in which the objects are pairs (5, €) where S € &
and where € is an epimorphism in 2l with domain S and whose codomain
is some, as yet unspecified, object in 2. Morphisms in &(_) are then
commutative squares of morphisms in 2( thus:

s = M
el Le-
S = M.

In this case we say that ¢ is a morphism over ¢_. In practice we shall
only consider the case where ¢_ is an isomorphism and usually, though not
always, we shall take ¢_ to be the identity morphism. For M € 2 we define
a subcategory &y of &y by restricting morphisms to be commutative
squares of the form

[ V'
vl $Idy
S = M.

If (S,€), (57, €) are objects in &y we write (S, ¢€) < (57, €) whenever there
exists a morphism ¢ : (S',€') = (S,¢€) in which ¢ : & — S is an epimor-
phism in 2(. It is straightforward to observe that:
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(11.1) If (S,e) < (S, €) and (57,€") < (S”,€”) then (S,€) < (S”,€").
Slightly more subtle is :

(11.2) (S, < (S,¢) A (8,¢) 2 (S,6) <= (S,) = (5',€).
It follows that :

(11.3) The relation ‘=<’ induces a partial ordering on the isomorphism
classes of &y.

For E € G we define the base stabilisation functor Sg : Gy — S yer thus:

e’ pld

S/ €_/> M S'eFE — MoEFE
Be | ¢l Ly | = | e®lded LIdar |5
S S M S®E e MeE
that is, Sg acts on objects by Bg(S,e) = (S @ E,e® Idy) and on
morphisms by (@) = ¢ @ Idg. Observe that Bg is order preserving:
(11.4) (S,€) =X (9',€¢) = BEr(S,¢) X Br(5,¢€).

Write (S, €) € Gprep as an exact sequence 0 - K < S~ M @ E — 0
and put T = Ker(rg o €) where 7y : M @ F — E is the canonical
projection. We obtain a pair of exact sequences

0-T—-S—-ST—-0; 0-T/K—S/K—S/T—0.

and a Noether isomorphism S/T = (M & E)/M = E. In particular,
S/T € &. We may assemble the above into a commutative diagram with
exact rows and columns

0 0
1 \

0—- K = K — 0
1 o

(*) 0— T — S 5 ST —0

v v || 1d

0—T/K—S/K-" S/T —0
\ \ +
0 0 0

in which »,7/,7 and 7 are all canonical morphisms. As S and S/T = FE
are both in & it follows from the middle row of (*) and property &(2)
that T € &. As S/T = E is projective we may choose a morphism
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o : S/T — S which splits the middle row of (*) on the right. Now define
oc=voog:S/T—S/K. Asmov = T we see that

(**) moo = Idg/r.

That is, o splits the bottom row of (*) on the right. Taking the correspond-
ing left splittings A = Ids — om; A = Idg — om, one verifies easily that
Aov = v/ o\ In addition to (*) we have another commutative diagram
with exact rows and columns

0 0
4 \

0+~ K = K <+ 0
oo \

(F**) 0+ T <& § <& ST +0

v v || 1d

0+ T/K < S/K < S/T +—0
\ \ \
0 0 0

Thus there exists a Noether isomorphism f; : (S,v) — (S, ¢) for some
(S,v) € 6g/k. As T and S/T are both in & then (T,v') € &p/k and
Bsyr(T,v") is well defined. Now consider the isomorphisms

h:S— T®&S/T ; h:S/K—->T/K®S/T

hx) = A@), 7 @) ; k@) = \),7().
Then h defines an isomorphism h: (S,v) = Bsr(T,v') over h and
there is another Noether isomorphism f : Bs/7 (7T, v') =8 5 (T,n) where

n = ¢r: T — M. The composition f» oho 07t (S, €) — Br(T,n) is an
isomorphism over Idy;gr. We have shown:

Theorem 11.5: (g : Sy — Gpyqp is surjective on isomorphism classes.

For (S,¢€), (5',€') in Gy consider morphisms ¢ : B (S5, ¢') — Br(S,€) in
Srae. Any such morphism is, at least, a morphism ¢ : '@ F — S® FE
in 2 and so may be described as a matrix of 2-morphisms
A B A:8—-S; B:E—S;
p = where
C D C:S—F; D:E—E.

A straightforward calculation shows there is a 1 — 1 correspondence
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A B Ae HOIHG(_>((S/7€/)7 (S,€))
Homg(_>(6E(S/,6/),BE(S, 6)) — |
0 Idg B € Homy (E, Ker(¢))
A B

Suppose given an A-morphism ¢ = ( ) SOFE > SaFE.IfA

0 Idg
is epimorphic then so is ¢. Conversely if ¢ is epimorphic, then since S @& E
is projective there exists an 2-morphism o : S @& F — S’ @ E such that
poo = ldggg. Writing o = (011 UlQ) it follows easily that o097 = 0
021 022
and Aooy; = Idg; hence A is also epimorphic. From this it follows that
Br(S,e) 2 Br(S',¢) = (S,e) 2 (5,¢€).

As a consequence we see that:

Corollary 11.6 : For any F € &, fBg induces an order preserving
bijection on isomorphism types (g : Sy — CueE-

An epimorphism (S,¢) in Sy is said to be absolutely minimal when
(S,e) = (5',¢€) for each (5',€') € Gpr. We may verify directly that:

(11.7) If (S,e), (S',€') are both absolutely minimal over M then
(S,6) = (5,€).

We say that Abs(M) holds precisely when there exists an absolutely min-
imal epimorphism (S,¢) in &j;. By (11.6) satisfaction of this condition
depends only upon the G-class of M; that is:

Corollary 11.8 : If M ~ M’ then Abs(M) holds <= Abs(M’) holds.
This condition may be reformulated to say:

(11.9) Abs(M) holds <= M admits a minimal O-stem.

12. An existence criterion :

When M € A we define a subcategory &(n)y of &(n) by restricting mor-
phisms to be commutative diagrams of the form

Al
11

s [ 5% ... A5 A oM —o
el = | end wo 4 L 1dy
S S, & XS S M =0
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For S, S, S” in &(n)j; we may generalize the results of §11 as follows:
(12.1) If S < S’and S’ < S” then S < S”".
(12.2) IfS=< S and <X S then S = §'.

(12.3) The relation ‘<’ induces a partial ordering on the isomorphism
classes of Gpr(n).

For E € G there is a base stabilisation functor Sg : &(n)y — S(n)ymer
which transforms

S S, L VY
vl = on o 4 L Idy
S S, & B oS S5 M =0
to
BE(S) 5, LS e MeE S0
Be(p) L = | enld o 1 Idy
B(S) S, R g e Y MeaE S0

where 7 : §0 — 5’0 @ E and i : Sy — Sy @ E are the canonical morphisms.
(12.4) pBg is order preserving; that is, S < S8’ = SBg(S) = Br(S).
(12.5) Bg:6(n)py — 6(n)mer is surjective on isomorphism classes.
(12.6) If S, S are objects in &(n)y then Bp(S) < Bp(S) = S=S.
(12.7) Sg induces an order preserving bijection on isomorphism types

We have the following useful consequence of (12.7):

(12.8) If S is a minimal n-stem over M then Sg(S) is a minimal n-stem
over M @ E.

We say that Min, (M) holds when M admits a minimal n-stem. Note that
the condition Ming(M) is simply a re-statement of Abs(M). Moreover from
(12.7) it follows immediately that :

(12.9) If M ~ M’ then Min,(M) holds <= Min,(M') holds.

Thus satisfaction of the condition Min,, (M) depends only upon the S-class
[M] of M € 2(. Observe that for M € F(n) we have:

Theorem 12.10 : Abs(M) A Min,_1(Q1(M)) = Min, (M).
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Proof : Let S© = (0 = K % Sy <% M — 0) be a minimal 0-stem over
M and let 8" = (5] L N Sy % K — 0) be a minimal

n—1
(n — 1)-stem over K. After re-indexing thus S,41 = S, ; Ory1 = 0, we
may splice 8’ with S(9) to obtain an n-stem

S:s'osm):(sn% ------ i%slﬁ;soéM—m)
where J; = i on. We claim that S is minimal; that is, given an n-stem
S over M we must produce a dominating morphism ¥ : S — S over Idj,.

Thus write S as a Yoneda product S =808 where
g - (5% ...... 3§1ﬁ>f(—>0> .50 <O—>I?i>§05>M—>0).

Then there is a dominating morphism of 0-stems g : SO _ s

0 0
il I
0— E =% FEF —0
Yi- o 1
(*) = 30— K 45 S5 S M-—0
- Lo || 1d
0— K 5 8 S M-—0
I {
0 0

Observe that E € & and, in (4.8), (4.17), K = K @ E. Thus by (12.8)
Bp(S') is a minimal (n — 1)-stem over K = K @ E. Hence there exists a
dominating morphism )’ : S — Br(S"). Composition with the canonical
morphism 7 : Sg(S’) — S’ then takes the form

S, B .05 3 S BKOE—0
moy = |yl bl modh ) Tl
S, B .5 & S L
Rewriting K ®*K&F we may splice o)’ with /(9 to obtain a morphism
over Id,,
T Oy 3 03 z
v=1v,/ vy | Yo | Id |
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where U, = 7o) for r =1 and ¥, = 1/ otherwise. Thus each U, is
epimorphic and ¥ is a dominating morphism. ([l

From (12.10) we deduce our criterion for the existence of a minimal n-stem:

Theorem 12.11 : Let M € F(n) and suppose that Abs(£2,(M)) holds
for 0 < r < n; then M admits a minimal n-stem.

In conclusion, we point out that Eilenberg’s results from [1] can all be
accommodated under the aegis of (12.11). For example, when A is a local
ring, we take 2 to be the category of finitely generated A-modules and
& C 2 to be the subclass of finitely generated free modules. Likewise, when
A is semisimple, we take 2 to be the category of locally finitely generated
graded A-modules and & C 2 to be the subclass of quasi-free modules. In
either case, every such module M belongs to F(co) and satisfies Abs(M).
Hence every such module has a complete minimal resolution. However,
as we shall show elsewhere, there are many more examples of minimal
resolutions which are excluded a priori from Eilenberg’s framework.
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