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Abstract 
A hemispherical acoustic resonator is described which was designed and constructed for the 

measurement of the speed of sound in gases, at pressures up to 40 MPa and at temperatures iin 

the range from 300 K to 400 K. The hemispherical geometry retains many of the advantages 

characteristic of the spherical geometry but affords a major advantage at high pressures 
because one of the transducers may be placed at a position of maximum acoustic density for 

the radial modes and so loss of signal strength is minimised. A detailed description is given 

of the resonator and pressure vessel, the thermostat and the various measurement techniques 

employed. 
Characterisation of the resonator was achieved using a prototype equatorial plate for which 

the sound source could be moved over the radius of the cavity. Using the prototype plate, 

measurements performed in air at room temperature and pressure allowed the transducer 

configuration to be optimised. Calibration of the resonator was possible by comparison of 

the values of ula(pj) obtained isothermally in nitrogen with data obtained previously using a 

spherical resonator. These measurements allowed the resonator's geometry to be 

characterised and the dependence of the radius on temperature and pressure to be modelled. 

The semi-empirical model developed using the results of the calibration was tested using 

measurements obtained in argon; results were obtained simultaneously from the 

hemispherical resonator and a well-characterised spherical resonator. 

Measurements on propene together with the results from nitrogen allowed the halfwidths to 

be modelled and enabled useful information about the loss mechanisms occurring to be 

extracted from the measured halfwidths. Tetrafluoromethane was subsequently studied and 

the acoustic virial coefficients and vibrational relaxation times were measured and compared 

with literature values. 



ii 

Acknowledgments 

Firstly, I would like to thank Dr. M. B. Ewing for his supervision and guidance 

throughout the time I have spent at University College London. I would also like to 

thank the staff at UCL for providing excellent technical support, with particular thanks 

to Dave Morfett and his colleagues in the mechanical workshop and to Dick Waymark 

and his colleagues in the electronics section. 
I am indebted to Darryl and all my family and friends for their support, encouragement 

and patience. I am particularly grateful to my fellow colleagues, Damian Royal and 

Jesus Sanchez for their help and for providing many useful suggestions and interesting 

discussions, but most of all for making the time I spent in lab 131 enjoyable. 
Very special thanks must be given to my mum for her support and encouragement 

throughout the duration of this work and in particular for caring for Natalie during 

some of the research. 
Finally, I would like to thank EPSRC for financial support. 



I 

CONTENTS 

I Introduction 
(1.1) The Speed of Sound 

............................................................................... 15 

(1.2) Kinetic Effects ........................................................................................ 16 

(1.3) The Acoustic Technique ......................................................................... 18 

(1.4) Spherical Geometry ................................................................................ 18 

(1.5) Hemispherical Geometry ........................................................................ 19 

Cylindrical Geometry .............................................................................. 20 

(1.7) Annular Geometry .................................................................................. 20 

(1.8) Acoustic Theory ..................................................................................... 21 

Measurements ........................................................................................ 22 

2 Equations of State 
1) Introduction .................................................................................... 23 

(2.2) Standard PVT Forms ...................................................................... 24 

(2.3) The Virial Equation of State ............................................................ 24 

(2.4) Cubic equations .............................................................................. 25 

(2.5) Carnahan-Starling ........................................................................... 27 

(2.6) General Cubic Equations ................................................................. 27 

(2.7) Redlich-Kwong (RK) ...................................................................... 28 

(2.8) Soave (RKS) .................................................................................. 28 

(2.9) Peng-Robinson (PR) ....................................................................... 29 

(2.10) Complex Empirical Equations ......................................................... 29 

(2.11) Mixtures ......................................................................................... 
30 

(2.12) Measurement of the Second Virial Coefficient ................................. 30 

(2.13) Calorimetric methods ...................................................................... 31 

(2.14) Speed of Sound Measurements ....................................................... 31 

(2.15) Sonic Nozzles ................................................................................. 32 



2 

3 Acoustic Theory 
(3.1) Propagation in an Ideal Fluid 

.................................................................. 
34 

(3.2) Propagation in a Dissipative Fluid 
.......................................................... 

35 

(3-3) Boundary Conditions 
.............................................................................. 

37 

(3.4) Thermal and Viscous Boundary Layers .................................................. 
37 

(3.5) Absorption and Dispersion of the Speed of Sound ................................. 
38 

(3.6) The Acoustic Absorption Coefficient 
..................................................... 

38 

(3.7) Relaxation 
.............................................................................................. 39 

(3.8) Cavities ................................................................................................... 41 

(3.9) Normal Modes of an Acoustic Cavity .................................................... 
41 

(3.10) Forced Osciflations ................................................................................. 
42 

(3.11) Ideal Cavities .......................................................................................... 43 

(3.12) Real Cavities ........................................................................................... 44 

(3.13) Spherical and Hemispherical Cavities ..................................................... 45 

(3.14) Normalisation ......................................................................................... 47 

(3.15) Non-zero Surface Admittance ................................................................ 49 

(3.16) Perturbation on the Spherical Surface .................................................... 49 

(3.17) Perturbation on the Equatorial Surface .................................................. 51 

(3.18) Molecular Shp and Temperature Jump ................................................... 53 

(3.19) Shell Motion ................................................................................... 55 

(3.20) Deflection and Fundamental Frequency of a Circular Plate .............. 56 

(3.21) Holes in Resonator Wall .................................................................. 57 

(3.22) Annular Slots .................................................................................. 60 

4 Apparatus 
(4.1) The Hemispherical Resonator .......................................................... 62 

(4.2) Pressure Vessel Design ................................................................... 62 

(4.3) Bolt Loads and Areas ...................................................................... 65 

(4.4) Dilation of the Pressure Vessel ........................................................ 68 

(4.5) Positioning of Inlet Tube and Transducers ....................................... 68 



3 

S 

6 

(4.6) Source Transducer 
.......................................................................... 70 

(4.7) Microphone Transducer 
.................................................................. 72 

(4.8) Thermostat 
................................................... . 73 . ................................ 

(4.9) Construction of Thermostat 
. ........................................................... 74 

(4.10) Fourier's Law 
...................................... 76 ........................................... 

(4.11) Axial Temperature Gradients 
.......................................................... 77 

(4.12) Power Requirements 
....................................................................... 79 

(4.13) Power Requirements Due to Heat Leaks 
......................................... 81 

(4.14) Thermal Time Constants 
................................................................. 82 

(4.15) Measurement of Temperature Gradients 
.......................................... 

83 

(4.16) Spherical Acoustic Resonator 
......................................................... 83 

(4.17) Transducers used in Spherical Resonator 
......................................... 

85 

(4.18) Thermal Environment 
..................................................................... 

85 

(4.19) Pressure Measurement 
.................................................................... 85 

(4.20) Characterisation of Spherical Resonator 
.......................................... 

86 

Characterisation of the Resonator 
(5.1) Introduction .................................................................................... 87 

(5.2) Comparison of Original and Prototype Plates .................................. 87 

(5.3) Observation of Nodes and Anti-nodes .................................................... 91 

(5.4) Effect of hole size on (Af + ig) ............................................................... 94 

(5.5) Effect of (r1a) on (Af + ig) ..................................................................... 
97 

(5.6) Summary ................................................................................................ 
100 

Experimental Techniques 
(6.1) Introduction .................................................................................... 

102 

(6.2) Instrumentation ............................................................................... 
102 

(6.3) Temperature Measurement in the Hemisphere ....................................... 105 

(6.4) Calibration of Platinum Resistance Thermometer ................................... 106 

(6.5) Sub-range cabbration from 0 'C to 150 'C 
............................................ 107 



4 

(6-6) Sub-range calibration from the triple point of mercury to the melting 

point of gallium ...................................................................................... 107 

(6.7) Temperature Measurement in the Sphere ............................................... 108 

(6-8) Pressure Measurement 
........................................................................... 108 

7 Calibration of Hemispherical Resonator 

PART I The Speed of Sound 

(7.1) Introduction 
.................................................................................... III 

(7.2) Reference Data ............................................................................... 112 

(7.3) Analysis .......................................................................................... 113 

(7.4) Calculation of Absolute Values of the Sound Speed in Nitrogen ...... 116 

(7.5) Behaviour of Radius Predicted from the (0,2) Mode ........................ 119 

(7.6) Behaviour of the Radius Predicted from the (0,3), (0,4) and (0,5) 

Modes ............................................................................................ 121 

(7.7) Determination of a (T, p, n) ........................................................... 121 

(7.8) Calculation of Effective Radii of Modes ......................................... 132 

PART 11 Halfwidth Analysis 

(7.9) Introduction .................................................................................... 140 

(7.10) Calibration Gas ............................................................................... 140 

(7.11) Measurements on Propene .............................................................. 140 

(7.12) Transport Properties ....................................................................... 141 

(7.13) Fractional Excess Halfwidths in Propene ......................................... 142 

Experimental Results 

PART I Results in Argon 

Introduction .................................................................................... 154 

(8.2) Test of Model ................................................................................. 154 

(8.3) Reference Data - Measurements in the Sphere ................................ 156 



5 

(8.4) Excess Halfwidths 
........................................................................... 156 

(8.5) Speed of Sound 
.............................................................................. 158 

(8.6) Sample Data - Measurements in the Hemisphere 
............................. 165 

(8.7) Analysis 
.......................................................................................... 165 

(8.8) Excess halfwidths 
............................................................................ 166 

(8.9) Speed of sound ............................................................................... 169 

(8.10) Comparison of the Speed of Sound from Spherical and 
Hemispherical Resonators 

............................................................... 176 

PART 11 Results in Tetrafluoromethane 

(8.11) Introduction .................................................................................... 179 

(8.12) Measurements ................................................................................. 180 

(8.13) Analysis .......................................................................................... 180 

(8.14) Vibrational relaxation ...................................................................... 181 

(8.15) Excess halfwidths ............................................................................ 186 

(8.16) Speed of Sound .............................................................................. 190 

9 Summary and Concluding Remarks ................................... 206 

References .......................................................................................... 211 

LIST OF TABLES 
Gasket properties ............................................................................ 

67 

(4.9.1) Thermostat dimensions ................................................................... 
74 

(4.9.2) Thermal conductivities of materials used in thermostat .................... 
76 

(4.11.1) Axial temperature gradients ............................................................ 
79 

(4.12.1) The heat capacities of the components of the thermostat ................. 
80 

(4.12.2) Heat losses in the thermostat ........................................................... 
80 

Thermal time constants ................................................................... 
82 



6 

(6-8.1) Coefficients used to determine the pressure from the 'digiquartz' 

pressure transducer ................................................................................. 109 
(7.7.1) Values of a (p, 7) determined from calibration using nitrogen at 

temperature 304-001 K and at pressures p ....................................... 122 

(7.7.2) Values of a (p, 7) determined from calibration using nitrogen at 

temperature 313.808 K and at pressures p ....................................... 123 

(7.7.3) Values of a (p, 7) determined from calibration using nitrogen at 

temperature 321.716 K and at pressures p ....................................... 124 

(7.7.4) Values of a (p, 7) determined from calibration using nitrogen at 

temperature 329.894 K and at pressures p ....................................... 125 

(7.7.5) Values of a (p, 7) determined from calibration using nitrogen at 

temperature 340.458 K and at pressures p ....................................... 126 

(7.7.6) Values of a (p, 7-) determined from calibration using nitrogen at 

temperature 348.745 K and at pressures p ....................................... 127 

Summary of modes included in subsequent halfwidth analysis .......... 146 

Mean values of ula and u with standard deviations cy from N 

modes and deviations 8 from the adopted pressure series at a 

temperature of 305.5 10 K .............................................................. 160 

(8.5.2) Mean values of ula and u with standard deviations cy from N 

modes and deviations 5 from the adopted pressure series at a 

temperature of 322.891 K .............................................................. 
161 

(8.5.3) Coefficients of equation (1.1.3) used to represent the data from 

measurements of (ula) in argon ....................................................... 
162 

(8.5.4) Second and third acoustic virial coefficients and heat capacity of 

argon at temperatures T .................................................................. 
163 

Mean values of ula and u with standard deviations (T from N 

modes and deviations 6 from the adopted pressure series at a 

temperature of 305.5 10 K .............................................................. 
172 

(8.9.2) Mean values of ula and u with standard deviations cy from N 

modes and deviations 8 from the adopted pressure series at a 

temperature of 322.891 K .............................................................. 
173 



7 

(8-9.3) Coefficients of equation (1.1.3) used to represent the data from 

measurements of (ula) in argon ....................................................... 174 
(8.9.4) Second and third acoustic virial coefficients and heat capacity of 

argon at temperatures T .................................................................. 176 

(8.14.1) Summary of modes included in analysis of halfwidths 
...................... 183 

(8.14.2) Summary of modes included in analysis of halfwidths 
...................... 184 

(8.14.3) Vibrational relaxation times in tetrafluoromethane at a density of 
I kg M-3 .......................................................................................... 185 

(8.16.1) Mean values of ula and u with standard deviations (T from N 

modes and deviations 8p and 8p from the pressure and density 

series respectively at a temperature of 299.682 K ............................ 195 

(8.16.2) Mean values of ula and u with standard deviations (y from N 

modes and deviations 6p and 8p from the pressure and density 

series respectively at a temperature of 315.468 K ............................ 195 

(8.16.3) Mean values of ula and u with standard deviations (T from N 

modes and deviations 8p and 6p from the pressure and density 

series respectively at a temperature of 331.599 K ............................ 196 

(8.16.4) Mean values of ula and u with standard deviations cy from N 

modes and deviations 6Pand 5p from the pressure and density 

series respectively at a temperature of 352.022 K ............................ 196 

(8.16.5) Heat capacities and virial coefficients of tetrafluoromethane 

determined using a density series ...................................................... 201 

Heat capacities and virial coefficients of tetrafluoromethane 

determined using a pressure series ................................................... 201 

LIST OF FIGURES 
(3.13.1) Coordinate system for the spherical and hemispherical 

geometries ...................................................................................... 
45 

(4.1.1) Cross-section through the hemispherical acoustic resonator ............. 63 

Blind flange entirely within gasket circle .......................................... 64 



8 

(4.5.1) Spatial distribution of acoustic energy for the first four radial 

modes ............................................................................................. 69 

(4.6.1) Source transducer assembly ............................................................ 71 

(4.7.1) Microphone transducer assembly ..................................................... 72 

(4.9.1) Thermal environment of hemispherical resonator ............................. 75 

(4.11.1) Thermal resistances ......................................................................... 78 

(4.16.1) The spherical acoustic resonator ..................................................... 84 

Comparison of agreement between first four radial modes for the 

original and prototype plates .................................................................. 88 

(5.2.2) Hemispherical acoustic resonator with slot around equator ................... 89 

(5.2.3) Agreement between radial modes for hemispherical resonator with 

and without a slot ................................................................................... 90 

(5.2.4) Comparison of radial modes for prototype plate with various hole 

dimensions and for improved original plate ............................................ 90 

(5.3.1) Variation of the wavefunction 0 with r1a ................................................ 92 

(5.3.2) Variation of signal strength as a function of r1a for the (0,2) mode ........ 92 

(5.3.3) Variation of signal strength as a function of r1a for the (0,3) mode ........ 93 

(5.3.4) Variation of signal strength as a function of r1a for the (0,4) mode ........ 93 

(5.3.5) Variation of signal strength as a function of r1a for the (0,5) mode ........ 94 

Variation of F with respect to radius for a hole in the equatorial 

surface of a hemisphere ................................................................... 96 

(5.4.2) Halfwidth contribution as a function of transducer active area when 

centred at r1a =0 in the equatorial surface of the hemisphere ................ 97 

(5.5.1) Contribution to the resonance halfwidth of the (0,2) mode from 

the opening in the equatorial surface of the hemispherical resonator 

as a function of r1a .......................................................................... 
98 

(5.5.2) Contribution to the resonance halfwidth of the (0,3) mode from 

the opening in the equatorial surface of the hemispherical resonator 

as a function of r1a .......................................................................... 
99 

(5.5.3) Contribution to the resonance halfwidth of the (0,4) mode from 

the opening in the equatorial surface of the hemispherical resonator 

as a function of r1a .......................................................................... 99 



9 

(5.5.4) Contribution to the resonance halfwidth of the (0,5) mode from 

the opening in the equatorial surface of the hemispherical resonator 

as a function of r1a .......................................................................... 
100 

Speed of sound obtained from the first five radial modes with 
diameter d of the active area and length L of waveguide ........................ 

101 

(6.2.1) Block diagram of instrumentation .................................................... 
104 

Fractional excess halfwidths of the (0,2) mode in nitrogen 

as a function of pressure .................................................................. 
114 

(7.3.2) Fractional excess halfwidths of the (0,3) mode in nitrogen 

as a function of pressure .................................................................. 
115 

(7.3.3) Fractional excess halfwidths of the (0,4) mode in nitrogen 

as a function of pressure .................................................................. 
115 

(7.3.4) Fractional excess halfwidths of the (0,5) mode in nitrogen 

as a function of pressure .................................................................. 
116 

(7.4.1) Values of the coefficient AO taken from reference [59] together 

with the adopted fit given by equation (7.4.3) .................................. 
117 

(7.4.2) Values of the coefficient A, taken from reference [59] together 

with the adopted fit given by equation (7.4.4) ................................. 
118 

(7.4.3) Values of the coefficient A2 taken from reference [59] together 

with the adopted fit given by equation (7.4.5) ................................. 
118 

(7.4.4) Values of the coefficient A3 taken from reference [59] together 

with the adopted fit given by equation (7.4.6) ................................. 
119 

(7.5.1) Fractional excess halfwidths of the (0,2) mode in nitrogen as 

a function of frequency ................................................................... 
120 

(7.5.2) Frequencies at which maximum excess halfwidths occur for the 

(0,2) mode in nitrogen .................................................................... 
120 

(7.7.1) Pressure dependence of radius of hemisphere predicted from the 

first four radial modes at a temperature of 304.001 K ...................... 
129 

(7.7.2) Pressure dependence of radius of hemisphere predicted from the 

first four radial modes at a temperature of 313.808 K ...................... 
129 

(7.7.3) Pressure dependence of radius of hemisphere predicted from the 

first four radial modes at a temperature of 321.716 K ...................... 
130 



10 

(7.7.4) Pressure dependence of radius of hemisphere predicted from the 

first four radial modes at a temperature of 329.894 K ...................... 130 
(7.7.5) Pressure dependence of radius of hemisphere predicted from the 

first four radial modes at a temperature of 340.458 K ...................... 131 
(7.7.6) Pressure dependence of radius of hemisphere predicted from the 

first four radial modes at a temperature of 348.745 K ...................... 131 

(7.8.1) The fractional deviation (ula) of the (0,3), (0,4) and (0,5) modes 
from the mean <ula> calculated from the (0,3), (0,4) and (0,5) 

modes ............................................................................................. 134 

(7.8.2) The fractional deviation (ula) of the (0,2) mode from the mean 

<ula> calculated from the (0,3), (0,4) and (0,5) modes .................... 134 

(7.8.3) Temperature dependence of zero-pressure radius ............................ 136 

(7.8.4) Temperature dependence of effective compliance of resonator's 

radius .............................................................................................. 136 

(7.8.5) Deviations 8a, of the (0,3), (0,4) and (0,5) modes from the fit 

given by equation (7.8.6) as a function of temperature ..................... 137 

(7.8.6) Deviations 8a, of the (0,3), (0,4) and (0,5) modes from the fit 

given by equation (7.8.6) as a function of pressure .......................... 138 

(7.8.7) Deviations 8a, of the (0,2) mode from the fit given by 

equation (7.8.6) as a function of temperature .................................. 
138 

(7.8.8) Deviations 5a, of the (0,2) mode from the fit given by 

equation (7.8.6) as a function of pressure ........................................ 
139 

(7.13.1) Fractional excess halfwidths of the (0,2) mode as a function of 

pressure in propene ......................................................................... 
143 

(7.13.2) Fractional excess halfwidths of the (0,3) mode as a function of 

pressure in propene ......................................................................... 
143 

(7.13.3) Fractional excess halfwidths of the (0,4) mode as a function of 

pressure in propene ......................................................................... 
144 

(7.13.4) Fractional excess halfwidths of the (0,5) mode as a function of 

pressure in propene ......................................................................... 
144 

(7.13.5) Fractional excess halfwidths of the (0,6) mode as a function of 

pressure in propene ......................................................................... 
145 



II 

(7.13.6) Fractional excess halfwidths of the (0,3), (0,4), (0,5) and (0,6) 

modes in propene as a function of IN(fp) 
...................................... 147 

(7.13.7) Fractional excess halfwidths of the (0,3), (0,4), (0,5) and (0,6) 

modes in nitrogen as a function of 114(fp) 
...................................... 148 

(7.13.8) Fractional excess halfwidths in nitrogen of the (0,2) mode after 

correction for a slot ......................................................................... 150 

(7.13.9) Fractional excess halfwidths in propene of the (0,2) mode after 

correction for a slot ......................................................................... 150 
(7.13.10) Fractional excess halfwidths in nitrogen of the (0,3) mode after 

correction for a slot ......................................................................... 150 
(7.13.11) Fractional excess halfwidths in propene of the (0,3) mode after 

correction for a slot ......................................................................... 151 

(7.13.12) Fractional excess halfwidths in nitrogen of the (0,4) mode after 

correction for a slot ......................................................................... 151 

(7.13.13) Fractional excess halfwidths in propene of the (0,4) mode after 

correction for a slot ......................................................................... 151 

(7.13.14) Fractional excess halfwidths in nitrogen of the (0,5) mode after 

correction for a slot ......................................................................... 152 

(7.13.15) Fractional excess halfwidths in propene of the (0,5) mode after 

correction for a slot ......................................................................... 152 

(7.13.16) Fractional excess halfwidths in propene of the (0,6) mode after 

correction for a slot ......................................................................... 152 

(8.2.1) The experimental arrangement of the spherical and hemispherical 

systems ........................................................................................... 155 

Fractional excess halfwidths of the first five radial modes 

measured in argon at 305.5 10 K using the spherical resonator ......... 157 

(8.4.2) Fractional excess halfwidths of the first four radial modes 

measured in argon at 322.891 K using the spherical resonator ......... 157 

(8.5.1) The fractional deviations of (ula) from each mode from the 

average <ula> calculated from selected modes in argon at 

305.5 10 K ....................................................................................... 
159 



12 

(8.5.2) The fractional deviations of (ula) from each mode from the 

average <ula> calculated from selected modes in argon at 
322.891 K ....................................................................................... 159 

(8.5.3) The speed of sound in argon derived at 305.5 10 K and 322.891 K 

in the spherical resonator ................................................................ 162 

(8.5.4) Fractional deviations from the adopted 4-term fit for the speed 

of sound in argon at 305.5 10 K ....................................................... 164 

(8.5.5) Fractional deviations from the adopted 4-term fit for the speed 

of sound in argon at 322.891 K ....................................................... 164 

(8.8.1) Fractional excess halfwidths of the (0,3), (0,4) and (0,5) modes in 

argon at 305.5 10 K obtained using the hemispherical resonator ....... 167 

(8.8.2) Fractional excess halfwidths of the (0,2) and (0,6) modes in 

argon at 305.5 10 K obtained using the hemispherical resonator ....... 168 

(8.8.3) Fractional excess halfwidths of the (0,3), (0,4) and (0,5) modes in 

argon at 322.891 K obtained using the hemispherical resonator ....... 168 

(8.8.4) Fractional excess halfwidths of the (0,2) mode in argon at 

322.891 K obtained using the hemispherical resonator ..................... 169 

The fractional deviations of the calculated values of ula for the 

(0,3), (0,4) and (0,5) modes from the average <ula> calculated 

from N modes for the isotherm in argon at a temperature of 

305.5 10 K ....................................................................................... 
170 

(8.9.2) The fractional deviations of the calculated values of ula for the 

(0,2) and (0,6) modes from the average <ula> calculated from N 

modes for the isotherm in argon at a temperature of 305.5 10 K ....... 170 

(8.9.3) The fractional deviations of the calculated values of ula for the 

(0,3), (0,4) and (0,5) modes from the average <ula> calculated 

from N modes for the isotherm in argon at a temperature of 

322.891 K ....................................................................................... 
171 

(8.9.4) The fractional deviations of the calculated values of ula for the (0,2) 

mode from the average <ula> calculated from N modes for the 

isotherm in argon at a temperature of 322.891 K ............................. 
171 



13 

(8-9.5) Fractional deviation of the mean <u> in argon from the adopted 

smoothing equation at 305.5 10 K using the hemisphere 
................... 175 

(8-9.6) Fractional deviation of the mean <u> in argon from the adopted 

smoothing equation at 322.891 K using the hemisphere 
................... 175 

Comparison of the speed of sound u calculated from the adopted 
fits obtained using the hemisphere and the sphere at 305.5 10 K ....... 177 

(8.10.2) Fractional deviation of the speed of sound calculated from the 

adopted smoothing equation of the sphere with that of the 

hemisphere at 305.5 10 K ................................................................. 177 

(8.10.3) Comparison of the speed of sound u calculated from the adopted 

fits obtained using the hemisphere and the sphere at 322.891 K ....... 178 

(8.10.4) Fractional deviation of the speed of sound calculated from the 

adopted smoothing equation of the sphere with that of the 

hemisphere at 322.891 K ................................................................. 178 

(8.14.1) Vibrational relaxation times in tetrafluoromethane at a density of 

I kg M-3 , as a function of temperature ............................................. 186 

(8.15.1) Excess halfwidths after corrections for vibrational relaxation for 

the (0,3) mode ................................................................................ 
186 

(8.15.2) Excess halfwidths after corrections for vibrational relaxation for 

the (0,4) mode ................................................................................ 
187 

(8.15.3) Excess halfwidths after corrections for vibrational relaxation for 

the (0,5) mode ................................................................................ 
187 

(8.15.4) Excess halfwidths after corrections for vibrational relaxation for 

the (0,6) mode ................................................................................ 
188 

(8.15.5) Excess halfwidths after corrections for vibrational relaxation for 

all the modes utilised in the halfwidth analysis ................................. 
188 

(8.15.6) Excess halfwidths after corrections for vibrational relaxation for 

the (0,2) mode ................................................................................ 
189 

(8.16.1) The fractional deviations of (ula) determined from the (0,2) mode, 

from the mean <ula> calculated from selected modes ...................... 191 

(8.16.2) The fractional deviations of (ula) determined from the (0,3) mode, 

from the mean <ula> calculated from selected modes ...................... 191 



14 

(8.16.3) The fractional deviations of (ula) determined from the (0,4) modeq 
from the mean <ula> calculated from selected modes ...................... 192 

(8.16.4) The fractional deviations of (ula) determined from the (0,5) mode, 
from the mean <ula> calculated from selected modes ...................... 192 

(8.16.5) The fractional deviations of (ula) determined from the (0,6) mode, 
from the mean <ula> calculated from selected modes ...................... 193 

(8.16.6) Fractional deviations of u from the adopted 3-term density series 

at a temperature of 299.682 K ......................................................... 196 
Fractional deviations of u from the adopted 5-term pressure series 

at a temperature of 299.682 K ......................................................... 197 

(8.16.8) Fractional deviations of u from the adopted 3-term density series 

at a temperature of 315.468 K ......................................................... 198 

(8.16.9) Fractional deviations of u from the adopted 5-term pressure series 

at a temperature of 315.468 K ......................................................... 198 

(8.16.10) Fractional deviations of u from the adopted 3-term density series 

at a temperature of 331.599 K ......................................................... 199 

(8.16.11) Fractional deviations of u from the adopted 4-term pressure series 

at a temperature of 331.599 K ......................................................... 199 

(8.16.12) Fractional deviations of u from the adopted 3-term density series 

at a temperature of 352.022 K ......................................................... 200 

(8.16.13) Fractional deviations of u from the adopted 5-term pressure series 

at a temperature of 352.022 K ......................................................... 
200 

(8.16.14) Perfect-gas heat capacities of tetrafluoromethane ............................ 202 

(8.16.15) Deviations of experimental from calculated perfect-gas heat 

capacities of tetrafluoromethane ...................................................... 
202 

(8.16.16) Second acoustic virial coefficientsPaof tetrafluoromethane ............. 204 

(8.16.17) Deviations of experimental from calculated second acoustic virial 

coefficients Ap, of tetrafluoromethane ............................................. 
204 

(8.16.18) Third acoustic virial coefficients y, of tetrafluoromethane ................ 
205 



15 

CHAPTER I 

(1.1) The Speed of Sound 

Introduction 

The Maxwell equation which relates the speed of sound u, in a non-relaxing gas to its 

thennophysical properties is given by 

it 
2=ap 

ap (1.1.1) 

Where p is the pressure, p is the gas density and S denotes entropy. This expression is exact in the t-: ) 

limits of low frequency and small amplitude [I]. Combination with the viral equation of state, 

BC 
RT VM VM 

(1.1.2) 

where B, C, ... are the second, third, ... virial. coefficients, leads to the pressure explicit series 

expansion: 
U2= AO +Alp+ A2P 2 

+... ' 
where, r-jý' Itc enj ecip,, c, k, ýj 

RTy P9 
AO 

M 
(1.1.4) 

and the second and third acoustic virial coefficients are given by 

=MA, 
Pa 

Y P9 

and 

Ya A2 
Y P9 

The acoustic virial coefficients are functions of temperature and are related to the virial coefficients 

(of the equation of state) by second order differential equations. The second acoustic virial 

coefficient is given by 

Pa = 2B + 2T(ypg - 1)(dBIdT) +T2 
(d 2 BldT 

2 )[(y 
pg 

_1 
)/Y pg 1 

(1.1.7) 
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and the third by 

222 )12 Ya Ry P" - 1)/Y Pg X 
[B 

+2 (y pg -I) T(dBIdT) + (y pg - J)T (d BldT 

C> 
[(7 

pg)2 /Ypo')x 1(1+ 
2yPg)C+ -I]T(dCldT) -L)(Ypg _ 1)2 (d 2 CldT 

2)1 
+2 T" 

(1.1.8) 
The second virial coefficient B is related to the potential energy function U for a pair of molecules 
[2]. When U is dependent only on the distance r between the molecules, B is given, according to 

classical mechanics, by 

2,, L I-ex -U 
]r 

2 dr 
01 kT 

In which L is Avogadro's constant and k is Boltzmann's constant. 
At non-zero pressures there are deviations from perfect-gas behaviour as a result of intermolecular 

forces, but in the limit of zero pressure, 

C, RTy P" 

m (1.1.10) 

since all gases behave perfectly in the limit where p -> 0. Extrapolation to zero pressure of the Z-: > 

isothermal sound speeds at a number of pressures may therefore yield valuable information. 

Application of equation (1.1.10) enables extremely accurate measurements of any of the properties 

on the right-hand-side of the equation to be determined, provided the others are also known. An 

accurate re-determination of the gas constant was performed by Moldover et al. using a spherical 

acoustic resonator [3]. The equation has been utilised in the field of primary then-nometry [4 - 91 

and the molar perfect-gas heat capacities CP9 and CP9 [10 - 12] and the composition of binary 
P'111 v, nt 

mixtures [13] have also been successfully obtained through the use of equation (1.1.10). Away 

from the perfect gas limit, the density of real fluids as a function of temperature and pressure may 

also be provided by acoustic measurements [14]. 

(1.2) Kinetic Effects 
The sound speed is detemfined by the equilibrium properties when the frequencies are sufficiently 

low. Sound is absorbed, however, as a result of kinetic effects in the gas as these are non- 
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equilibrium propel-ties. Transport of heat and momentum and vibrational and rotational relaxation 
are examples of such kinetic processes. Quantitative information about the timesCale of various 
relaxation processes may be provided under conditions where the sound speed is not determined 

solely by the equilibrium properties (i. e. at sufficiently high frequencies). The local equilibrium of 
the fluid is disturbed by sound waves: in the approach to zero frequency the cyclic fluctuations 

imposed by the sound field occur reversibly and adiabatically. As the frequency is increased some 

of the sound energy is dissipated and over a wide frequency range the absorption coefficient a rises 

smoothly. However, when the period of the sound wave becomes comparable with a timescale 

characterising one of the kinetic mechanisms, more dramatic effects occur and acoustic 

measurements are very difficult to determine precisely as the quality factors of the resonances 
become severely reduced. 
Classical absorption is always present and its magnitude is controlled by the coefficients of the 

thermal conductivity K and the shear viscosity il. Its contribution to the absorption coefficient is 

given by 

wF 4D, I 
occl = 2u 33)+ 

(y 
- 1) Dh I (1.2.1) 

where (j) is the angular frequency, y is the ratio of the perfect-gas heat capacities and D, and Dhare b 
the viscous and thermal diffusivities. 

In practice, at sufficiently low frequencies all the other absorption mechanisms can be accounted 

for through the frequency-independent bulk viscosity Tlb, whose contribution to the absorption 

coefficient is given by 

(1) 11 b 

2u p 
(1.2.2) 

The absorption coefficient a is the sum of equations (1.2.1) and (1.2.2) and the quantity (cc - acl) 

can be obtained from measurement of the bulk viscosity and this enables the characteristic 

relaxation time (if there is one) that dorninates the non-classical absorption to be deduced. 
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(1.3) The Acoustic Technique 
The acoustic technique, employed in this work, to measure the speed of sound relies on the 
resonance within a fixed volume cavity. A sound field is excited to produce resonance frequencies 

which are characteristic of the cavity and of the fluid under study. The most simple geometry that 
may be utilised is a sphere and for this it was proposed by Rayleigh that the speed of sound is 

related to the radius of the cavity by 

uv 

2na (1.3.1) 

Where a is the radius of the cavity, f is the frequency of the normal modes and v is an eigenvalue 
known exactly. This simple model, however, cannot explain the finite linewidths which are 
observed experimentally. A first-order perturbation theory developed later by Mehl and Moldover 
[15] makes corrections to the frequency and explains the observed linewidths. Thus, the measured 
frequencies differ from the unperturbed frequencies given by equation (1.3.1) and can be 

represented by the complex quantity 

(f ig) = 
uv 

+ Ij (Af + ig) 
27ra 

where the sum represents the perturbations in the cavity, which wifl be discussed in more detail in 

chapter 3. 

(1-4) Spherical Geometry 
Measurements of the speed of sound using spherical acoustic resonators have been made up to 

pressures of about 20 MPa [16] and for a wide range of gases [17 - 29]. The spherical geometry 

yields particularly precise speed of sound measurements as it has a favourable surface area to 

volume ratio minirnising perturbations caused by the gas-shell interface. Furthermore, the radially 

symmetric modes (radial modes) of a sphere have several salient features: they are non-degenerate Zý 

and are therefore easily resolved; the acoustic density is concentrated towards the centre of the 

sphere thereby minimising energy losses and the gas motion is normal to the cavity wall so there is 

no viscous damping [30]. The radial modes therefore have exceptionally high quality factors 

(Q =f 12g) and allow the speed of sound to be measured very precisely. Furthermore, it is possible 
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with a spherical geometry to be able to solve shifts in frequency due to coupling of the motion of 
the gas and of the cavity wall [3 1 ]. 

Spherical resonators have also found application in the determination of phase boundaries [32,33]; 

to determine the effect of light hydrocarbons on the wax appearance points in a well fluid [34]; for 

the development and optimisation of equations of state [35,36]; the determination of composition 
[37,38] and, for polyatomic gases, information has been extracted about the timescale of relaxation 

processes [17,18,39 - 41]. 

(1.5) Hemispherical Geometry 
The hemispherical resonator was designed for the measurement of the radial acoustic modes at 

pressures up to 40 NWa. This geometry retains many of the advantages characteristic of the sphere 

[42], but is more effective for use at high pressures. The boundary conditions which must be 

satiSfied at the gas-shell interface lead to a single equation which determines the complex 

eigenfrequencies from their unperturbed values flo 
'n 

FN =flo, l, +A A +A f, +A fsh +' 
(gh 

+9v +9b) (1.5.1) 

This condition may be solved exactly for a perfect sphere and for the radial modes the viscous 

boundary layer perturbation (Afv + igj vanishes. Although in the hemisphere there is a 

perturbation from the shear waves at the equatorial surface this is not as important at high 

pressures and the appropriate corrections can be made. Furthermore, the effects of shell 

motion Afsh , the most important correction at high pressures, should be somewhat reduced by 

the thick walls employed and the high acoustic admittance of stainless steel. In practice, 

further corrections may be applied for the effects of holes and slots. 

At pressures exceeding 10 Wa the transducers in the sphere suffer substantial attenuation due to 

the large loads on the membrane. The greatest advantage of the hemispherical geometry however, 

exploits the fact that a transducer may be placed at the centre of the equatorial plate (r1a = 0); a 

position corresponding to maximum acoustic density for the radial modes. Even at high pressures 

the signal strengths are still very intense and enables the use of small inefficient transducers. 
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Though not exploited in this work, the hemispherical geometry is potentially very useful for the 
determination of the thermal conductivities and shear viscosities of a gas. The radial modes of the 
hemisphere suffer from shear losses at the equatorial wall in addition to thermal losses at the 

spherical and plane boundaries and this allows the contributions of the thermal and viscous loss 

mechanisms at the cavity wall to be separated; this is not the case for radial modes in a sphere 
because there are only thermal losses at the gas-shell interface. 

(1.6) Cylindrical Geometry 
The relative ease with which a cylindrical cavity may be fabricated (compared with a spherical 

vessel) means a large number of measurements have been performed using interferometers with 

cylindrical geometry [43 - 51]. In terms of accuracy, cylindrical cavities have been superceded 

largely by the spherical geometry. The resonances observed in a cylinder are much less sharp than 

for. the spherical geometry due to both thermal and viscous damping at the gas-shell interface and 

the less favourable surface area to volume ratio and therefore results in a less precise determination 

of the resonance frequencies. An extra degree of freedom, however, is afforded by the cylinder in 

the ratio b1L (where b is the internal radius and L is the length) and this may be chosen to suit the 

particular application [52]. 

The cylinder is particularly useful for the determination of the thermal conductivities and shear 

viscosities as the thermal and viscous loss mechanisms at the cavity wall may be separated due to 

the existence of modes of differing symmetry. The cylindrical geometry has been utilised by 

Colgate to determine diffusion coefficients [531. 

(1.7) Annular Geometry 
Consistmg of two concentric cylinders the annulus affords an additional degree of freedom to the 

cylinder in the radius ratio, that is, the ratio of the inner and outer radii. However, it has a less 

favourable surface area to volume ratio giving rise to broader resonance linewidths. The geometry 

becomes favourable for low pressure measurements of the speed and absorption of sound in 

relaxing gases, with large bulk viscosities. This is due to the long pathlengths which may be 

attained for the azimuthal modes of an annulus and hence low frequencies, for which sharp 
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resonances are observed. It is possible using an annular resonator to study relaxing gases at 
pressures a factor of ten lower than for a practical sphere [54,55]. 

(1.8) Acoustic Theory 
It can be shown that the eigenvalues for the ideal sphere and the ideal hernisphere of the same 
radius are identical, see section (3.13). In this case the resonance frequencies are given by 

V1,11 
2na 

u 
(1.8.1) 

and the only contribution to the half-widths is through the bull,, - absorption. However, the 

perturbations in a sphere and a hemisphere are not identical. For the radial modes in a sphere or 

hemisphere, there is a perturbation to the resonance frequencies as a result of thermal waves at the 

interface between the gas and the spherical wall. The magnitude of the thermal boundary layer 

losses in a spherical cavity are twice those of a hemisphere with an identical radius. Additional 

perturbations to the resonance frequencies occur in the hemispherical cavity due to thermal and 

shear waves at the interface between the gas and the equatorial surface. 

Other perturbations also differ for the two geometries and as such, the corrections applied for holes 

in the resonator's wall and for the smaller effects arising from molecular slip and temperature j C) JUMP 

at the boundary are not identical. The corrections to the resonance frequencies and halfwidths of 

the radial modes are discussed in more detail in chapter 3. 

The motion of the cavity was assumed to be sin-fflar to that of a sphere or even a cylinder for design 

purposes, but it was not possible to calculate accurately, as the motion of a hemisphere is not 

known exactly. A breathing frequency was expected because one is observed for a spherical 

resonator, where the correction is dependent on the ratio of the particular resonance frequency to 

the breathing, frequency. The correction relies on the assumption that the breathing frequency 

occurs at a much higher frequency than the resonances studied and this is usually the case. For a 

cavity wl-ých employs wall thicknesses as large as those of the hemisphere, the calculated breathing 

frequency was expected to be extremely high and well above the frequency range of the first few 

radial modes. For the hemispherical cavity, however, it is likely that the don-finant features of shell 

motion are due to resonances of the equatorial plate, which behaves like an edge-clamped plate 

[52]. However, the non-isotropic geometry of the cavity means the shell frequencies are extremely 



22 

difficult to predict accurately. Proximity of shell resonance frequencies to those of the gas leads to 

severe losses which are so large it is impossible to make precise corrections for the behaviour using 

perturbation theory, which is valid only for small perturbations [56 - 58]. 

(1.9) Measurements 
The hemispherical resonator designed was initially characterised using a prototype equatorial plate. 

This confirmed the existence of radial modes in the cavity. The effect on the resonance fTequencies 

and halfwidths of the radial modes of the position of the source transducer on the equatorial plate 

with respect to the radius was investigated. The hole size of the active area of the source 

transducer on the measured frequencies and half-widths was also probed and the results are 

reported in chapter 5. 

Calibration of the hemisphere was performed by comparison of the data obtained from six 

isothen-ris, performed in nitrogen with the acoustic virial coefficients reported in reference [59]. 

These measurements enabled effective eicenvalues to be calculated for the radial modes and the 

temperature and pressure dependency of the cavity to be modelled. Propene was studied to assess 

the loss mechanisms occurring in the resonator and an appropriate model was developed using the 

nitrogen and propene data. Testing of the model describing the resonance frequencies and 

halfwidths of the radial modes was carried out by performing measurements in both the 

hemispherical resonator and the spherical resonator discussed in section (4.16). Measurements 

were made along two isotherms using both resonators filled with the same sample gas (argon). The 

gas line and pressure gauges were shared in order to eliminate errors arising from sample purity 

and systematic errors. 

Tetrafluoromethane was studied to assess the ability of the resonator to perforrn at lower pressures 

and enabled the calculation of thermal relaxation effects. The much lower sound speed of CF4was 

also of interest as the gas resonance frequencies were substantially lower than those of the other 

gases reported and this allowed the effects of shell resonance to be studied. 



23 

CHAPTER 2 

(2.1) Introduction 

Equations of State 

A function which is used to relate the pressure, density, temperature and composition of a 

system is generally known as an equation of state. Empirically derived, an equation of 

state allows the prediction of the thermodynamic properties of pure fluids and fluid 

mixtures to be ascertained. There are a number of categories of equations of state which 

will be discussed in more detail below; some are able to adequately represent the gas 

phase only, some just the liquid phase, but the most important equations of state may be 

applied simultaneously to both the liquid and gaseous phases. 

Equations of state have been largely developed by combining a theoretical analysis of the 

molecular interactions with parameterisation arrived at empirically from experimental data. 

The simplest equation of state is that of a perfect-gas mixture 

P= RTIV (2.1.1) 

and was deduced from the various works of Boyle, Charles, Gay-Lussac and Dalton [1]. 

Equation (2.1.1) however, only describes gases (not liquid phase) in the limit p--> 0, 4-: ) 

although it sometimes serves as a useful approximation. Cý 

Pioneering experimental work in the nineteenth century eventually led van der Waals to 

postulate the so-called van der Waals equation [60] 

RT a 
P=-- V,,, -bV,, 2, (2.1.2) 

which incorporates terms for excluded volume and intermolecular interactions. The van 

der Waals equation formed the basis for the development of more detailed equations of 

state. It was the first equation able to predict both the gaseous and liquid phases. Further 

rigorous theoretical analysis and experimental work (by many notable workers in this field) 
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has led to a large body of equation of state models which, in the majority, are empirical 

modifications of the van der Waals equation. 

The diversity of equations that have been and continue to be developed is borne out of a 

need for the accurate prediction of the thermodynamic properties of many fluids and fluid 

mixtures. The functional form, the empiricism and the predictive capabilities of specific 

equations of state vary. The use of any particular model depends largely on the application 

and the accuracy required. It is usual practice, therefore, to classify the equations of state 

according to their functional form. A brief discussion of the various functional forms is 

given below together with the most important and widely used equations of that type. 

(2.2) Standard PVT Forms 
For a pure fluid the equation of state may be written 

p 
(T, V 

.. 
) 

or Z=Z (T, V. ) (2.2.1) 

and for a mixture of n components, there are a further (n-1) independent composition 

variables. The standard PVT forms may be classified according to the structure of the 

function p or Z. 

(2.3) The Virial Equation of State 
The virial equation of state, may be rigorously derived from statistical mechanics [64]. It 

may be expressed with the pressure given by a polynomial in 1/V,,, with temperature 

dependent coefficients 

pv. 1+ 
B+C 

RT V V2 
m 

or in terms of a pressure-explicit expansion 

z Pvm 
=1+ 

B 
P+ 

cp2 
+---, (2.3.2) 

m RT RT RT 

where R is the gas constant and the second, third, ... virial coefficients are given by 

B, C, ... and are related to B' and C'by 

Bl= B (2.3.3) 
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c 
(C-B 2) 

(2.3.4) RT 

The virial coefficients B, C, ..., are related to the intermolecular energies of clusters of 
two, three, ... ' molecules [119]. The second virial. coefficient is related to the pair-wise 
intermolecular energy function U(r) and the intermolecular separation r by t-: ý 

B(T) = 2nLfo- [I -expý-U(r)1kTI] r2 dr (2.3.5) 

The non-pairwise addivity of intermolecular potential energies complicates the expressions 0 
for the higher order virial coefficients. For a multi-component gas mixture, the second Cý 

virial coefficients are given by 

B(T, XA I 
X13 I. - -) = 

j:, ljxixjB(T)ij (i, j=A, B, -- -) (2.3.6) 

where, in particular, for the binary gas mixture I (1-x)A +AI 

B(T, x) = 
(I_ X)2 BAA+ 2 (1 - x)xBAB +X 2 BBB (2.3.7) 

where the virial coefficients ansing from interactions of pure A or pure B are given by BAA C) 

and BBB respectively. The cross virial coefficient is given by BAB and arises through 

interactions of A and B. 

To represent a given set of measurements both equations (2.3.1) and (2.3.2) must be 

truncated and the criteria for determining the number of coefficients that can be justified is 

discussed in the literature [61,63,65]. Determination of accurate values of the coefficients 

is a more subtle problem. For example, the definition of the second virial coefficient, is 

B= lim Pvm 
-1 

Vrn 

p->o RT 
(2.3.8) 

which relies on measurements being obtained at sufficiently low pressures that the 

expression is realised [63,118]. 

(2.4) Cubic equations 
Cubic equations of state are those which are cubic in the molar volume. Rearranging terms 

in the vdW equation of state gives 

RT a ab V�3, - b vý + -VM--=o 
ppp 
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The two parameters a and b may be adjusted to reproduce the critical temperature and 

pressure for a pure fluid. The first term of equation (2.4.1) contains the parameter b, 

which is the volume excluded by the molecules and it represents the effect of repulsive 
interactions. The second term, containing the parameter a represents the effect of C) 

attractive interactions. 

The semi -theoretical basis on which the equation is based leads to predictions which are 

qualitatively correct but fail quantitatively. It is still a vast improvement on the ideal gas 

equation though because it encompasses vapour liquid equilibrium; it describes the C) 
coexistence curve which delineates the two phase region and it predicts the existence of a Z: ) 

critical point. Predictions of volumetric properties, however, are accurate only to about 25 

to 30 per cent. The equation, like all analytic equations of state breaks down at the critical 

point where it lacks the appropriate singularity. The quantitative failings of the (vdW) 

equation can, at least, be partially rectified by fairly simple modifications which retain the 

cubic form. 

The van der Waals equation loses its universality by including the parameters a and b. 

Substitution of the principle of corresponding state into the vdW equation gives the C) 

reduced form of the van der Waals equation 

Pr +32 (3Vr 
- 1) = 8T, 

Vr 
(2.4.2) 

If a pure fluid obeys the principle of corresponding states then the compression factorZn, 

may be written 

zm 
- 

PVm (plpc 
, TITc) 

RT 
(2.4.3) 

in which p' is the critical pressure, T' is the critical temperature and 0 is the same function 

for each fluid. Equation (2.4.3) may be extended to three variables to include substances 

which do not obey the principle of corresponding states, as in Pitzer's equation [1201 

zm 
- 

PVm (plp', TIT', co) (2.4.4) 
RT 

in which the acentric factor w is defined by 

c /P I+g (TI 
w= logio lp CP Tc = 0.7)] -1 (2.4.5) 
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The acentric factor was chosen such that (j) =0 for argon, luypton and xenon. Z: ) 

(2.5) Carnahan- Starling 

Replacement, in equation (2.4.1), of the repulsive term in the pressure by the correct one 
for hard spheres (which may be accurately represented by rational polynomials in the 

density) leads to greatly improved accuracy on the vdW equation. The equation proposed Z 
by Carnahan and Starling [121] combines the simple mean-field attractive term of van der 

Waals with the function for hard spheres. The virial expansion for a hard sphere fluid 

correct to sixth order in y is 

ZH = RT = 1+4v+10Y 2 
+18.365 Y3 +28.26 Y4 +39.5 Y5 +57 Y6 + ..., (2.5.1) 

where y is given by 

b 
(2.5.2) 

4V,. 

Carnahan and Starling developed a closed form expression 

ZH = 

(, 
+ Y+ Y2_ Y3 

) 

(2.5.3) (i - 
= 1+ 4y+10y 2 

+18 Y3 +28 Y4 +40 Y5 +54 Y6+ ..., 

that is a much better approximation to equation (2.5.1) than the van der Waals expansion 

ZH = 1+4y+16y 2 
+64 Y3+ ..., (2.5.4) 

which is correct only to first order in y by comparison. 

(2.6) General Cubic Equations 
In many applications of equation of state the shortcomings of the attractive term are 

thought to be of more importance than the failure of the simple vdW repulsive term. 
4: -) 

Improvements concentrated on the attractive term and retaining the vdW repulsive term 

lead to a general cubic equation given by 

RT a (T) 

V. -b ? 2)1 ftý + V,, cb - 
(c 

- 1)b 
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The modified cubic equations are characterised by integer values of the parameter c and A 

except van der Waals have a as a function of temperature containing fixed parameters, in 

addition to critical constants, which were detern-dned by fitting experimental vapour 

pressure data for a range of substances. C) 

(2.7) Redlich-Kwong (RK) 
The Redlich-Kwoner equation of state is an empirical modification of its predecessors and t) 
although a great improvement it gives useful results for only a few rather simple fluids 

122]. In terms of the general cubic equation (2.6.1), the RK equation has ZD 

a (T') 
a (T) =1 (2.7.1) 

T2 

and c=1 and Z' = 1/3. The usefulness of the equation is limited because the parameters of 

the' equation are based entirely on the two critical constants 7' and p' and do not 

incorporate the acentric factor. However, the PVT properties of compressed gases are 

described more accurately and the saturation line is better modelled , although still not 

well. 

(2.8) Soave (RKS) 
The Soave equation is a modification of the RK equation in which a more complicated 

function of the temperature has replaced a (7) which incorporates the acentric factor; this 

is designed to reproduce the vapour pressures of hydrocarbons and light gases [1231. 

a (T) =a (T) oc (TI T') =a 
(T') 1+ (e+ fco+ gW2 

)1- (TIT')2 

The RKS equation can reproduce the vapour pressure curves of most hydrocarbons and 

light gases within I to 2 per cent, so is practical for engineering applications. Its major 

weakness is in its under prediction of liquid density values. 
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(2.9) Peng-Robinson (PR) 
This equation has a different choice of the integer parameter (c = 2), compared to the 

Soave equation, which results in an improved prediction of the critical compression factor 

to Z' = 0.307 and generally improved predictions of liquid density [124]. The term a (T) is I 
identical to that for the RKS equation. 

(2.10) Complex Empirical Equations 
Simultaneous modifications to both the attractive and repulsive terms in the vdW equation 

of state leads to equations which are no longer cubic in the molar volume. Beattie and 4-7) 

Bridgernan [125] developed the following equation 

RT (BORT-AO-ReIT 2) 

p-+ 
VM Vill 

+ 
(aAo 

- BobRT - RBO clT 
+ V4 T2 Vr3n 

m 

where a, b, c, AO and Bo are adjustable parameters. The expression only provides a 

representation of fluids below the critical density. The Beattie and Bridgeman equation 

was modified by Benedict, Webb and Rubin [126] to extend its range of applicability up to 

densities twice the critical value by use of two additional parameters (x and y: 

RT (BORT-AO-COIT 2) OT - a) 
p=-+- 1) --F 

VM 

Vý vml 
(acc) 
V6 

m 

2 (c(y 
- exp (-y/V,,, )) 

3T2 Vý 

(2.10.2) 

Experimental PVT data on gases, critical properties and vapour pressures were employed 

in the evaluation of the eight parameters in the original BYVR equation. Coefficients were 

obtained for fewer than fifty substances, mostly hydrocarbons and as each substance 

required its own set of parameters, this was a major limitation. Han and Starling later 

generalised the equation to permit wider application of the equation. The generalised 

version, BWR(HS), contains coefficients in terms of the critical constants and acentric 

factors of pure substances together with the combining rules which allows the equation to 
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also be applied to mixtures. Schouten et al. [127 - 130] also developed a vilial equation 

truncated at the third virial coefficient valid for mixtures. The fully developed BWRS 

equation of state is able to accurately predict properties as low as T, = 0.3 and reduced 

densities as larcre as Pr= 3.0. One of the most accurate equations of state is the Lee-Kesler 4: ) 

equation of state which employs two reference fluids in its formulation. The more complex 

equations of state have the advantage of representing the volumetric properties of real 
fluids accurately over wide ranges of temperature and pressure, but require vastly 

increased computer time. 

The vdW, RK, SRK and PR equations may be implemented very efficiently because nearly 

all phase equilibrium calculations are performed at defined pressures and temperatures and 

therefore the equation of state only needs to be solved for volume, which is simple in the 

case of the vdW, RK, SRK and PR equations of state. 

(2.11) Mixtures 
There is usually considerably less data available to determine values of coefficients to 

ensure an equation of state that can accurately represent a mixture. The best choice of 

equation of state is one which adequately combines the properties of the pure components 

of the mixture. The critical constants of the component fluids could be combined in a 

plausible way i. e. a linear combination or in principle, the critical properties of the mixture 

could be measured to obtain the corresponding a and b parameters for the mixture. 

(2.12) Measurement of the Second Virial Coefficient 

The second virial coefficient may be extracted from (p, Vm, T) measurements made over 

large ranges of pressure. However, as mentioned previously the definition of B 

(equation 2.3.5) relies on measurements being made close to the limit where p -> 0 and 

consequently the most reliable values are usually obtained from measurements made at 

low pressures in apparatus designed for the purpose. Boyle's tube or a Burnett apparatus 

are just such examples - 
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A Boyle's tube consists of a fixed amount of substance contained at a constant 
temperature T, within a variable volume, V, confined by mercury which is used to calculate 
the sample pressure, p. The amount of substance is given by hmp, OfpV1RTj. The 
apparatus may be calibrated using a gas with a known equation of state or the 
experimental volumes may be determined by measuring the mass of mercury required to 
fill each one. The use of mercury limits the u se of Boyle's tubes to the range over which 
mercury is a liquid with an acceptably low vapour pressure. 

(2.13) Calorimetric methods 
Indirect methods [66] of measuring PVT properties include the measurement of the 
isothermal Joule-Thomson coefficient given by 

aH 
= ýtcp (2.13.1) ap 

T 

where Cp is the heat capacity at constant pressure and 

aT 1 
(2.13.2) ap )H 

is the isenthalpic Joule-Thomson coefficient. A typical experiment would consist of 

passing gas at pressure p, through an adjustable throttle after which it assumes a pressure 

P2. The Joule heat required to keep the temperature of the gas the same on both sides of 

the throttle is measured. In the limit of a very small pressure drop the measured quantity 

becomes the isothermal Joule-Thomson coefficient. The advantages of this method over 

direct PVT measurements are firstly, that direct measurement of the extent of gas 

imperfection is more easily detectable than the small difference between two large 

quantities and secondly, the experiment is not complicated by the effects of adsorption. 

(2.14) Speed of Sound Measurements 
Equations of state may be written in the form 

u'? = u) 
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as an alternative to (p, Vn, Y) relations and should be immune to the effects of adsorption 
since it is formally independent of the amount of substance. However at pressures greater 
than 0.6 of the vapour pressure anomalous effects have been observed, which have been 

explained by precondensation theory [67] whereby the surface adrnittance is greatly 
enhanced as the pressure of the gas approaches saturation. 
In the absence of relaxation, the speed of sound is given by the Maxwell equation given in Z: ) ZID 

chapter I (equation 1.1.1). This may also be written as the expansion given by equation 
(1.1.3) where the second and third acoustic virial coefficients are related to the (p, V,,,, 7-) 

virial coefficients, B and C in equation (1.1.2), through 

PCr dB 
(y P,, 1)2 (d 2B 

Pa =2B+2(y 4=1- I)T + -T' (2.14.2) dT y P9 

and 

(y 
dB 

+(Yp,, 
2 

Zý 2(d BI 
Ya 

y P9 x B+ 2(yp" - I)T 
dT 

1) T ýdT 2) 

I 
)C 

+[ 
(y p,, )2dC+ 

_j_ 
(y P,, 1)2 

C) 
41 t, C, 2r d 

y P9 
(I + 2, y P" - I]T 

dT2TýdT2 

(2.14.3) 

The determination of B and C from the acoustic viiial coefficients is discussed in greater 
detail in the literature [8]. 

For a binary gaseous mixture u(T, p) measurements contain sufficient information to 

determine the mole fraction, provided that CPI and M are known for the pure P'M 

components. 

(2.15) Sonic Nozzles 
A tube of variable cross-section through which the steady flow of a gas out of a large 

vessel occurs is known as a sonic nozzle [116]. The simplicity, lack of moving parts and 

easy maintenance of sonic nozzles recommends their use as flow metering standards to the 

gas industry. The calculation of mass flow rates through nozzles invariably requires the 

use of an equation of state combined with a method of predicting the perfect-gas heat 
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capacity. The evaluation of equations of state, by comparison with speed of sound results 

are important for the reliable estimates of flow rates. Accurate sonic speeds on multi- 

component mixtures can be used to test the validity of models and guide efforts to fine 

tune them if necessary. Studies on methane and a binary mixture of methane and ethane 

were performed by Boyes [59] in which comparisons were made with the BWRS, PR and 

RKS equations of state discussed previously as well as a number of other relevant 

equations. For methane and the binary mixture, he found that all equations of state 

produced zero-pressure values of it to within about 0.1 % of those determined 

experimentally. For the whole temperature and pressure ranges studied, the deviations of it 

from the predicted values were less than I% and generally better than 0.5 %. Acoustic Z: ) 
resonance determinations of the sonic speed and dew points in a natural-gas mixture and 0 
retrograde condensate have also been compared with equation of state models [32] where 

the agreement has been found to be very good. Z: ) 
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CHAPTER 3 Acoustic Theory 

(3.1) Propagation in an Ideal Fluid 
In order to derive a wave-equation describing the propagation of sound in a fluid several 

assumptions are made to obtain a simple model. The first of the assumptions is that the fluid is 

ideal i. e. the mechanisms that result in dissipation are ignored. The second is that local 

thermodynamic equilibrium is established instantaneously in the fluid, and the third, that the 

fluid is at rest, except for the motion due to the passage of sound. In the presence of sound the 

pressure exerted by the fluid may be expressed by p+ p#, t), the temperature is denoted by 

T+T, (r, t) and the mass density by p+p,, (r, t). Each of these sums represents the contribution 

from the equilibrium value and the much smaller acoustic value. 

The acoustic contributions are small compared with the equilibrium values and this allows us to 

neglect squares, cross-products and higher powers of these quantities, the fluid velocity it is 

also a small acoustic quantity. 

The wave equation appropriate to the model described above is given by 

V2 

J-LY a' 
Pa 

ul Pt" Iý0 (3.1-1) 

22 as given by equation (1.1.1). Where V=V-V is the Laplacian operator and uO = 
(ap / ap) 

S 

Equation (3.1.1) is valid in the Hmiting case, which requires that the amplitude of the 

disturbance be smaR. 

Equation (3.1.1) is derived, through various manipulations, from Euler's equation for motion in 

a fluid which is, 

al) Pa -: '*: (P + Pa )[ ae 
(3.1.2) 

(where u represents the fluid velocity) and from the equation of continuity for mass density, 

given in the Cartesian coordinate system, by 
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aPa 
:: -- -(P + Pa )'7 ' 1) - 00' V) Pa at 

where 

V=i(- +j ay +k az ax 
A particular solution of the wave equation is given by p, =f (q) where q=r+ 11th which 
describes a wave travelling in a direction parallel to that of the unit vector h at speed u. If f is 

)1/2 substituted into the wave equation then the speed of sound u is equal to uO =(a p/ ap 
s 

where uO is called the ideal speed of sound. 

(3.2) Propagation in a Dissipative Fluid 
A modified wave equation is now derived which includes some of the effects of dissipation. In 

real fluids dissipation occurs as a result of the effects of thermal conduction and fliction and Is 

also due to molecular and chemical relaxation processes (considered in chapter 8). The effect 

of thermal conduction is that, in the presence of sound, the acoustic cycle fails to be perfectly 
isentropic because gradients in temperature cause irreversible flow of energy from regions of 
high temperature to regions of low temperature. The effects of friction are contained in the 

transport properties, the shear and bulk viscosities (ij and 71b respectively) and enter directly 

into the equations of motion. 

The acoustic model now contains six quantities: the acoustic pressure, temperature and density 

(p.. -r, and p, respectively) and the three components of the fluid velocity u. Six equations are 

therefore required to specify a solution. The first of these is the equation of mass-density 

continuity, 

aPa 
+ PV., L)l =0 at 

(3.2.1) 

The second, the thermodynamic equation of state (which is used to interrelate the acoustic 

contributions to the temperature, pressure and density), 

Y- (p 
Pa 2a- 

PT 
a 

uo 
(3.2.2) 
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The third is the second-order diffusion equation, describing thermal conduction 

DI, V2 T=a Ta -7 
-1 

Pa (3.2.3) a at yo 
where the thermal diffusivity is given by Dh =k /(p Cp) and the thermal conductivity and 

isobaric heat capacity are denoted by k and Cp respectively The remaining three quantities are 

the three components of the linearised Navier-Stokes equation, for the longitudinal flow of a 

compressible fluid, equation (3.2.4). These are derived from the Navier-Stokes equation, which 

may be written correct to first order in the acoustic variables in the form 

al-) F IDS ýb 
I 

at 
VPa +3+ V(V - U) - DSV x (V X U) (3.2.4) 

pp 

where D, = TIbIP is the viscous diffusivity. The fluid velocity u is a vector function of position 

and can be resolved into the sum of a longitudinal component i), for which V xol =0 and a 

rotational component u, for which V- 1-), = 0. The longitudinal component may be represented C) 

in temis of a velocity potential and Vp, contributes only to longitudinal fluid flow since the 

gradient of a scalar function is entirely longitudinal. t: ) 
The linear Navier-Stokes equation (3.2.4) may be written as two uncoupled equations: 

"), 
: --- 

1 
Pa+DvVX(V-13, ) (3.2.5) 

at p 
and 

ý-I-)r 
=- Ds VX (V 

- 11, (3.2.6) 
at 

where 

Dv = 
(4D, / 3) + Olb / P) (3.2.7) 

It may be noted that equation (3.2.6) is independent of the acoustic pressure and hence may be 

neglected in the bulk of the fluid, but transverse flow may be important when there are 

boundary conditions to be satisfied. 

The modified wave equation; 

v2 
y a2 

Da2 J(p T -va -0 a) 
(3.2.8) Pa = 

U2 at2 at 
0 
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is obtained by taking the divergence of equation (3-2-5) and eliminating 1j, using the equation of C) 
mass-density continuity and eliminating p, using equation (3.2.2). C70 
This equation (3.2.8) may be solved simultaneously with equation (3.2.3) for Ta and p.. 

(3.3) Boundary Conditions 
It is a necessary practicality of the experimental work presented in chapters 7 and 8 that any 

fluid under study is bound by some vessel. When the fluid is contained to a particular region by 

a surface, the solutions of the wave equation must satisfy certain boundary conditions at that 

surface as well as the fundamental equations given above that describe the propagation of 

sound in an infinite fluid medium. 

An acoustic impedance Z, is assigned to the boundary, which is dependent on the acoustic 

pressure acting there. It is useful to define a specific acoustic admittance yo of the surface by 

YO - 

pu 

Za 
(3.3.1) 

where pu is the acoustic impedance of the adjacent fluid which is assumed uniform for practical 

purposes. 

(3.4) Thermal and Viscous Boundary Layers 

In the bulk, only the propagational waves are important. However, at an interface, the thennal 

and shear waves in the boundary layer give rise to significant loss mechanisms in the fluid. The 

detailed theory given in reference [52] leads to the following expressions for the specific 

acoustic admittance of the then-nal Yh and shear y, boundary layers, 

Yh = (1 +')(y - 1) 
0) 

8h 
2u 

and 

IS (3.4.2) 
2u 
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where k, is the tangential propagation constant. A measure of the distance over which the 
boundary layer effects are important is given by the thermal 8h and viscous 8v penetration 
lengths, 

2Dh /2 
6h 

(3.4.3) 

and 

6s 
2DS J/2. 

(3.4.4) w 
The viscous effects on the sound wave near the wall depend on the angle of incidence but the 

effects of heat flow at the waH are independent of k,. 

(3.5) Absorption and Dispersion of the Speed of Sound 
The transport of heat and momentum, vibrational and rotational relaxation and cherrfical and 

structural rearrangements are kinetic processes that do not affect the low-frequency speed of 

sound since this is determined by the equilibrium properties. The absorption and dispersion of 

sound occurs when the frequency is sufficiently high that the fluid is unable to maintain local 

equilibrium and the period of the sound wave becomes comparable with a timescale 

characterising one of the kinetic mechanisms. 

(3.6) The Acoustic Absorption Coefficient 
The acoustic absorption coefficient cc is a measure of absorption which arises because the 

sound wave disturbs the local state of the fluid. A small contribution to the total absorption 

results from the flow of heat and momentum which are always present in a fluid; this leads to 

classical absorption the magnitude of which is determined by the thermal conductivity K and the 

shear viscosityq. The classical absorption coefficient denoted by (x, l is given by 

(Xci : -- 

0) 

3[ 

4D' 

2u 
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where w is the angular frequency given by (o = 27rf, y is the ratio of the perfect gas heat 4-: ) 

capacities given by y= Cp IC, and D, and Dhare the viscous and thennal diffusivities, given by 
Ds = il /p and Dh =K IPCp 

respectively. 
Once corrections for the classical absorption have been made, other dissipation mechanisms 
which are usually significantly greater may be investigated. 

(3.7) Relaxation 
Thermal relaxation in a fluid is the result of the exchange of energy between translational and 
other internal degrees of freedom of the molecules. The existence of rotational and vibrational 

energy levels leads to possible modes of energy transfer within a polyatomic fluid. These are 
translational ---> vibrational (T-V) and translational --> rotational (T-R) modes of energy 

exchange. At the temperatures at which most acoustic experiments are usually performed many 

of the closely spaced rotational levels are populated. The T-R transitions can be included in the 
bulk viscosity through 

11 b= 
(y 

_ 1) (PU2 )T 
rot 

A 
rot (3.7.1) 

where Trot is the rotational relaxation time and Arot =Cro, lCp is the fraction of the heat capacity 

that is relaxing. As T-R transfer occurs at nearly every collision, equilibrium of the rotational 

levels is not much greater than for translational motion and so Trot is usually negligible. 0 
The vibrational energy levels, however, are usually much wider spaced and only a few are 

populated so the vibrational relaxation time is related to the probability of transitions from one 

vibrational state to another and it is this that usually dominates the bulk absorption. 

11 b ý::::: 
(y 

_ 1) (pU 2 )l 
vi0k vib (3.7.2) 

whereTvib is the vibrational relaxation time and2ývib: --: Cvib/Cp is the fraction of the heat capacity 

that is relaxing. It is assumed that the vibrational modes couple strongly to each other so that 

the vibrational contribution to the heat capacityCvib relaxes with a single apparent relaxation 

time Tvib. The effect of the relaxation time depends on the timescale of the energy exchange 

compared with the period of the sound wave. At low enough frequencies, when the 

characteristic timescale of thermal relaxation (T) is small compared with the frequency of sound 
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i. e. I/W >> T, the (T-R) and (T-V) transfers are not important in attenuating sound and the 

effects are contained in the frequency-independent bulk Viscosity TIbassigned to the fluid. Thus, 

the total absorption, which includes classical effects and those contained in the bulk absorption 
is now given by the absorption coefficient 

()C = 
(03 

f 
4DS 

+ (y 
- 1) Dh + 

Ilb 
(3.7.3) 

2u 3p 

When the relaxation time is comparable to the period of the sound wave i. e. I/w -'r the sound 

speeds will be severely attenuated and the resulting dispersion is given by 
f ((0 1 P) 

2 (, 
rp) 

2 (7 
_ 

)(I 
_ YA ), A 

u0= 
1+ 

[ 
+(0)/ P)2(, CP)2(, _YA)2 

- (3.7.4) 

and the absorption per wavelength ýt by 

n(w/ p)(, rp)(Y - ])A 
(3.7.5) 

+ 
(W / P) 

2 (, 
rp) 

2 (1 
- A)(1 - yA) 

The product up is expected to be nearly independent of density along an isotherm and may be 

extracted from an analysis of the resonance halfwidths and is discussed in more detail in 

chapter 8. 

At high frequencies, some or all of the internal degrees of freedom cease to participate in the 

acoustic cycle and for this lin-ýiting behaviour there is no longer any heat capacity contribution 

from the vibrational mode to the effective heat capacity and the dispersion of the speed of 

sound is very large. 

However, when the dispersion is not too severe the fractional perturbations of absorption on 

the resonance frequencies and halfwidths of the system are given respectively by 

Af 
- 

(y 
- 1)A(o 2, 

C 
21- A(l + 3y) 

(3.7.6) 
f24 

which is small at low frequencies and more importantly, 

gb u- 
(3.7.7) 

2n 

Equations (3.7.6) and (3.7.7) suggest higher order terms in the loss mechanisms. 
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The dispersion and absorption of sound has been widely studied in both gases and liquids 

[68 - 73] and has successfully lead to infon-nation about the relaxation properties occurring in 

the fluid. 

(3.8) Cavities 
Simple-harmonic standing wave motion is maintained in a cavity by the continuous generation 

of sound. Resonance conditions are satisfied when the source frequency coincides with a 

natural frequency of the system. For a simple geometry and for a cavity with known wall 

properties, solutions to the appropriate wave equation may be found which satisfy the 

boundary conditions. This enables expressions wl-&h relate the frequency and halfwidth of a 

resonance to the speed and absorption of sound in a medium. 

(3.9) Normal Modes of an Acoustic Cavity 
The velocity potential for the region of the cavity 1K with simple-harmonic time dependence is 

given by the product 

T(r, T) = A(V(r) exp (io)t) (3.9.1) 

where w= 2Tcf is the angular frequency, (D(r) is a dimensionless waveftinction that gives the 

spatial variation of the wave field, and A is a constant that determines its overall amplitude. The 

wave equation, 
r(k )2( a2 

V2 + 
(1) at2 

IT(r, t) =0 (3.9.2) 

MR be satisfied when 
V2 (D(r) = -k 

2 
(D(r) 

where the propagation constant is given by 

(o) / u) - ia 

(3.9.3) 

(3.9.4) 

The solutions of equation (3.9.3) that are allowed within the closed region R are the 

eigenfunctions of V2 

, represented by ON (r, w), and satisfy the boundary conditions at the 
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surface of the enclosure. These solutions are collectively known as the normal modes of the 

cavity and forrn the infinite set of solutions that are mutually orthogonal, finite and continuous 

within the closed region. The corresponding eigenvalues are the allowed values of -k. Each of 

the normal modes will obey the orthogonality condition, and the boundary conditions at the 

surface. The boundary condition restricts the propagation constant k to a discrete set of values 

KN(co), where N is the set of three indices nj, n-), n3 required to specify the solution in three 

dimensions. The propagation constant has also to satisfy equation (3.9.4) so the complex Z: ý 
natural frequencies of the system are given by 

FN = 
(fN 

+'gN) = 
ti )(KN 

+'(X) 
2n 

(3.9.5) 

, rl-- 

Free oscillations may occur only at these discrete natural frequencies of the system. The N-th 

mode will oscillate in proportion to exp (2ni FN t) and decay with a time constant 1/27rgN. 

(3.10) Forced Oscillations 
The steady state response of the acoustic cavity to the source of sound can be derived from the 

information contained in the normal-mode solutions. The response to a source of finite size 

may be obtained by summing the effects of infinitesimal sources, each giving a simple-harmonic 

and continuous wave field. The response of the driven cavity and the source are not necessarily 

in phase so the acoustic pressure (p. ) is a complex quantity. When the modes are well 

resolved, a single component (or group of degenerate components) dominates near resonance 

and will always have a finite linewidth due to dissipation in the bulk of the fluid and at the 

boundary. At low frequencies the response of the driven cavity is punctuated by more or less 

well resolved resonances and a mode may be studied in near isolation, with the background 

contribution of the other modes expanded in a Taylor series about the frequencyfo of interest. 

pw 
AN 

B+C(f -f. 
)+... 

FN If)2 
+ 

where AN, B, C, ... are complex constants for a fixed location of source and detector. As the 

frequency increases so too does the mode density, consequently, at higher frequencies the 

chance of overlap between neighbouring modes is increased. Measurements of the amplitude 
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and phase of the acoustic pressure over a small frequency band near to resonance allow the 

complex natural frequencies and other constants to be determined. 

The quality factor QN = fN129Nof a particular mode gives an indication of the precision with 

which a particular mode may be measured; high QNcorrespond to precise measurements. 
A Lorentzian lineshape is given for a sharp singlet without background by 

iaN 
pw =- [9N 

+'(f -fl)] 

(3.10.2) 

When the source frequency is coincident with the resonance frequency, the response of the 

cavity reaches a maximum value of aN 19N. The amplitude is reduced to IN2 of its maximum 

value at f= fN± gNand consequentlygNis referred to as the resonance halfwidth; with 29Nas 

the usual measure of the linewidth. 

(3.11) Ideal Cavities 
The Helmholtz equation is a fourth order partial differential equation, which, when separated 

into the product of the acoustic and thermal modes is given by the following expression 
(V2 2)(V2 2 

+kp +kt)T,, (r) (3.11.1) 

where kp and kt are referred to as the propagation parameters for the acoustic and thermal 

modes, and k P2 and k t2 are the roots of the bi-quadratic equation, Ta is the acoustic temperature. 

An ideal cavity is one which has a perfect geometry and zero surface admittance. For a 

particular cavity there will be characteristic boundary conditions which are satisfied by a 

Helmholtz operator; the eigenfunctions of which can be used to exploit the results of the 

general response of a cavity to a continuous simple-harmonic source of sound. Once solutions 

have been found for the ideal cavity, perturbation theory may be used to evaluate the effects of 

deviations from an ideal cavity, thereby extending the treatment to real cavities. 

For the ideal case, the boundary conditions, called the homogeneous Neumann conditions are, 
2+k2 )O(r) = 

within IKO, the region of the ideal cavity and 

(a/ an)o(r)l 
r=r, = 



44 

on So , the surface of the ideal cavity. The eigenfunctions of the Hehnholtz operator are 

denoted byON(r) and -kN" are the corresponding eigenvalues which are purely real quantities 
independent of frequency. The normalisation constants are denoted by AN'. The wavefunctions 

are defined as zero outside the cavity. 

(3.12) Real Cavities 
Real cavities will suffer perturbations as a result of non-zero and non-uniform surface 

admittance. A general perturbation treatment allows solutions to be found for any cavity for 

which the corresponding idealized cavity is solvable. To calculate the effects of perturbations, 

solutions of the homogeneous wave equation 
(V 2+k2 )(D(r) = (3.12.1) 

within R, the region of the real cavity are found subject to the inhornogeneous boundary 

conditions that prevail on the surface S of the real cavity 

(a / an) (D (r)l r=rs = -i (co / u) (D (r) y (r) (3.12.2) 

Green's functions are employed to express the solutions in terms of those for the idealized 

cavity with surface S, not necessarily coincident with 550. The unperturbed wave functionsON 

form the basis set from which ON is expanded. Since the unperturbed wavefunctions ON are, by 

definition, zero outside the surface S)O, the surface S must be chosen to be entirely enclosed by 

So. Hence, for the case of perfect geometry but non-zero effective specific acoustic admittance 

(r, ) of the surface, the elgenvalue is 

KN= kN + 
(D 1 ff 

Y(rS 
)ION (rS)12dS (3.12.3) 

uk 2VAO NNS 

Assuming that the perturbation of non-zero acoustic admittance is a smaU quantity, in a first- 

order approxiinationONmay be substituted for (DN; (w / ukN) replaced by unity for oscillations 

at resonance and 
12 

dV = VA 0 (3.12.4) 
fff 10 

NN 
R 
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Perturbation theory may be extended to include imperfect geometry using this method and a t) 

detailed description is given elsewhere [74,751; this effect is not usually one of the principal 

corrections however. Other principal corrections include the coupling of fluid and shell motion 
(see section 3.19) and bulk dissipation in the fluid, discussed in section (3.7). Other corrections 

may also arise due to holes, slots and cracks in the resonator's wall [15,50]. 

By the application of a suitable coordinate system appropriate to the boundary shape of the 
idealized cavity and exploiting the results of the perturbation theory given above, expressions 

may be derived which predict the resonance frequencies and halfwIdths for a given cavity. 

(3.13) Spherical and Hemispherical Cavities 
It is useful to consider the case of the hemispherical cavity alongside that of the spherical 

cavity, since the treatments are very similar and spherical polar coordinates are used for both 

(figure 3.13.1). The region of the spherical cavity is defined by a sphere of radius a centred at 

the oriCrin and the region of the hemispherical cavity is defined as the northern hemisphere of 

this. 

Figure (3.13.1): Coordinate system for the spherical and hemispherical geometries 

x 

y 
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The spherical polar coordinates (r, 0, ý) are related to the cartesian coordinates by 

x=r sin Ocosý (3.13.1) 

y= rsinOsiný (3.13.2) 

rcosO (3.13.3) 

Where r is the radius, 0 is the colatitude and ý is the azimuthal angle, see figure (3.13.1). 

Perfect geometry is assumed throughout the derivation in this section and, for the ideal case, 

zero surface admittance is also assumed. 

Rayleigh showed in the 19th century, that the wavefunction could be separated into the 

product: 

0, ý) = T,. To Tý (3.13.4) 

By substitution into the Helrnholtz equation, (3.11.1), three independent equations are obtained 

the solutions of which are given by (3.13.5), (3.13.6), and (3.13.7), 

Tr = j, 
(ul, 

r/ a) (3.13.5) 

To = P, .. (cosO) (3.13.6) 

Tý = exp (imý) or Tý = (cosmý+ sin mý) (3.13.7) 

For the radial wavefunction, j, is the spherical Bessel function of order I and vl,, is the n-th 

turning point ofjl. The set of eigenvalues kN follows from the equation for the radial boundary 

condition 

(d / dr) j, (kr) I 
r=a 

=0 (3.13.8) 

successive roots of which, kN= vb, la are labelled by n=1,2,3, ... Values of vb, may be found 

in the hterature [30,50]. 

The polar function Pi ... (cosO) is the associated Legendre polynomial of order 1. Combining the 

two angular functions defines the set of spherical harmonics Yl,,,, (0, ý); 

In, 
(0, ý) = exp(imý) P, ... (cos0) (3.13.9) 

as the solution. However, it is necessary to separate the functions for 0 and ý to evaluate the 

volume integral, so it is not always convenient to use Yl,,,,. The full solution for the ideal 

spherical or hemispherical cavity may therefore be given as 

0N (r, 0, ý) =: il (Vlnr 
/ a) Yl�, (0, ý) (3.13.10) 
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The allowed values are 1=0,1) 2, ..., m=0, ±1, ±2 ... ± 1, and n=1,2,3, ...; there is 
(21 + I)-fold degeneracy for states with a given value of 1. b 
The orthogonality of the set of normal modes may be verified using the appropriate properties 0 
of the spherical Bessel and spherical harmonic functions. The non-nalization constants for the 

spherical and hemispherical cases are identical as shown below. 

(3.14) Normalisation 
The volume integral is given by 

jjj 
T*TdV = IIJOIý (3.14.1) 

As the limits of the radius and the azimuthal angle are the same for a sphere and a hemisphere 

i. e. 

0:! ý r:! ý a (3.14.2) 

0:! ý ý:! ý 2n (3.14.3) 

the radial integral (equations 3.14.4 and 3.14.5) is identical for a sphere or a hen-ýisphere 

= 
fa 

22 Ir 
-rj, 

(v,,, 
r/ a) dr (3.14.4) 

0 

a 
i(i + 

j2 v (3.14.5) 
2v21(I, n 

I, n 

and so is the azimuthal integral (equations 3.14.6 and 3.14.7) given for the spherical and 

hemisphencal cases by 
f2" 

,e -"ýe 
0 

= 2n 

(3.14.6) 

(3.14.7) 

The radial integral can be obtained from a standard Bessel function integral and the definition 

of spherical Bessel functions. 

The polar integral is different, however, for the spherical and hemispherical cases. For the 

sphere the limits of the polar or co-latitudinal angle are 0 :! ý 0<n and so the polar integral, 

which is a standard integral for associated Legendre polynomials, is given by, 

Io = 
f"sinOlP, nl(COSO)j 

2A 

0 
(3.14.8) 
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io =2 
(1 + m)! 

(3.14.9) (21 + 1) (1 - m) I 

but for a northern hemisphere, the polar angle has the limits 0 :! ý 0 :ý TE / 2, so now the polar 
integral is given by 

fn/2 

sinO .. (COSO)l 
2A 

P, (3.14.10) 0 

1 (1 + M)! 
(21 + 1) (1 - m) 

which is a factor of 2 smaller than for the sphere. The normalization integral is given by, 

VAO = IJOIý 

So for a sphere 

VAO = 2TEa 3 2+ ii (Vin 
2 

Vln 

with V= 47ra 3 /3, and for a hernisphere 

32+ VA 0= 7ra j, 
(Vln 

Vin 

I (i + M)! 
(21 + 1) (1 - m)! 

1 (1 + M)! 
(21 + 1) (1 - m)! 

(3.14.12) 

(3.14.13) 

(3.14.14) 

with V= 27ra 3 /3. The polar integral and the volume of a hemisphere are half those for a sphere, 

so a sphere and a hemisphere have the same normalisation constant given by, 

Ao 
l(i + 

v2 In 
- 

(i + M)! 
(21 + 1) (1 - m)! 

(3.14.15) 

The shapes of the characteristic functions for modes of various symmetries are shown in 

reference [52]. Modes with given values of 1 and n are characterized by the same total angular 

momentum and by the same radial factor in the wavefunction; they differ, through the value of 

m, in the alignment of the angular momentum vector in space. The purely radial modes (figure 

(4.5.1) ) concentrate the acoustic energy near the centre of the sphere and are the only non- 

degenerate modes in a perfect sphere. The modes with 1>0 but m=0 retain axial symmetry 

and tend to concentrate the energy near to the wall when 1>n. When both 1 and n are large, 

the wave energy is distributed, on average, more evenly throughout the sphere. 
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(3.15) Non-zero Surface Admittance 
The perturbations to the propagation constant due to non-zero surface admittance are 

obviously different for a sphere and a hemisphere. Both the sphere and the hemisphere 

experience a perturbation due to the spherical surface but in the hemispherical case there is an 

additional term due to the equatorial surface, for which there are contributions from both 

thermal and shear waves at the wall. 

(3.16) Perturbation on the Spherical Surface 
To determine the perturbation on the spherical surface of a sphere or a hemisphere, we need 

the volume element dV, given by 

dV = dr r sin Odý- rdO 

= -r 
2 drd(cosOA 

(3.16.1) 

(3.16.2) 

By omitting the term dr from dV, the surface-area element cLA at the radius r=a is obtained, 

dA =a sin AadO 

= -a 
2 d(cosO)dý 

(3.16.3) 

(3.16.4) 

If y, is the admittance on the spherical surface, then the perturbation to the propagation tP 

constant is 

ij- 
J'T 

y, TdA 
8k =- 2 *'FdV 

(3.16.5) 

with the surface element dA= -a 
2 d(cosO) 4, given by (3.16.4). On the surface at r=a, the 

wavefunction is 

T (a, 0, ý) = j, 
(Vill) To Tý (3.16.6) 

and, if we assume that y, is uniform over the surface, then the perturbation may be written as 

2 2(Vlrl)joj 

8k =i 
il 

2y, Irioiý 
(3.16.7) 

The factor of two difference between the sphere and the hemisphere is contained in the polar 

integral 10 which cancels exactly giving for both geometries 
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1. a 
2j2 

v 
8k = 2y ---I 

( 
1,11). 

(3.16.8) 
s Ir 

and using equation (3.14.5) for I, we have 

iy s i(i +I 5k 
a V2 (3.16.9) 

In 

In general, the admittance is related to the thermal ý, and viscous 5, penetration lengths by C) 

k kt )2 
8s (y 

-+k8s (3.16.10) 

where k, is the tangential propagation constant at the wall and k is the propagation constant in C) t-1) 
the bulk of the fluid. Using (3.16.9), the fractional perturbation is 

8k i+i 
t- 

1) 
8 

1-1(1+1) 
(3.16.11) 

(y 1)8h + 
it 

S2 k 2a k vin 

In a sphere, 

k v"' 
(3.16.12) 

a 

and 

kt (3.16.13) 
a 

so that 

k+ 1) 
(3.16.14) 2 k V111 

Consequently, the perturbation caused by the non-zero admittance of the spherical surface mi a 

sphere is 

8k i(1+ i) l(i + 1) 1(1 + 1) 
(3.16.15) 

k 2a 
(y 

- 1)5h +v2 6s Iv2 

In In 

For a radial mode, I=0 and because tangential motion is absent there is no viscous loss and the 

perturbation is particularly simple, 

8k 
- 

'(1 + ')(Y - 1) 8h 

(3.16.16) 
k 2a 
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This gives the specific acoustic admittance of the surface as Z-: ) 

Ys=(I+i) i, -, 
(y + Y. (3.16.17) 2u 

where Ysh is the admittance of the shell. 

(3.17) Perturbation on the Equatorial Surface 
The perturbation on the equatorial surface obviously applies only to the hemispherical cavity. 
IC_ 
,, or a hemispherical surface at the equator, the surface area element is obtained from dV by 

omitting the term rdO. 

dA = dr r sin 0 dý (0 
= n/2, sin (n/2) 

= 1) (3.17.1) 

= rdrdý (3.17.2) 

The surface at the equator gives rise to a perturbation 

5k =i 

if T* YeTdA 
(3.17.3) 

2 ffl-T*TdV 

where the surface element cLA = rdrdý is given above and Ye is the admittance on the equatorial 

surface. The wavefunction at the equator (0 = x/2 where cosO = 0) is 

T (r, n / 2, ý) W, P, ni (0) jfý 

So the perturbation for the equatorial surface is given by 

8k 
p 111(0)12 

far 
j2 r1a) dr I ýiI (Vln 

0 

2 (VI. , /2 
nl(COSO)12 

r j, r1a) dr 
fo 

sinOfP, A Iý 

(3.17.4) 

(3.17.5) 

The radial integral in the numerator gives, 

fa 
r j, 2 (Vln 

r1a 
) dr =a21-1 

(1 
+1) 

02v2 
jl'(Vln 

In 

(3.17.6) 

which differs from I, given for a spherical surface (equation 3.14.5) by a factor of a. The 

angular integral in the denominator gives 
�/2 

sin0IP, 
gl (CoSO) 12 d0 =-) 

n/2) 1 pl tl, (Coso) 12 d (cos0) (3.17.7) 
0 
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,, /2 

sinOfP, 11, (COSO) 12 A+ M)! 
(3.17.8) 

0 21 +1 (1 - m)! 

Equation (3.17.18) is obtained using a standard integral for associated Legendre polynomials. 
The perturbation is obtained by combining equations (3.17.5), (3.17.6) and (3.17.8), 

8k -- 
1 

Ye f PI 11, (0)12 
(21 + 1) (1 - m)! 

2a (i + in) I 
(3.17.9) 

With equation (3.16.10) this gives the fractional perturbation for the equatorial surface as 

L 28 
- m)! 8k 

= i(i+i) 
IýP, 

111(0)12 1)8h +ts 
(21+1)(1 

(3.17.10) 
k 4a k (i + in)! 

For radial modes, 1=0, Poo (c os 0) =1 and k, = k; consequently the perturbation for the 

equatorial surface is 
8k 

=i (I + i) 
I f(y 

- 1)8h + 8s 

k 4a 
(3.17.11) 

and the total perturbation to the radial modes due to the surface admittance of the spherical and 

equatorial surfaces in a hemisphere is 

8k 
=i (I +i) 

I11 
(3.17.12) 

k- 2a 
(Y 

- 1)8h + 4a 
f(Y 

- 1)8 h+ 6s 1] 

or 
5k 

=i (I + i) 
I 13(y- 1)8h + 8, (3.17.13) 

k 4a 

With the specific acoustic adrnýittance of the hemispherical surface Yh, r,, given by 

co 
(y (3.17-14) Yhem 

4u- 
1)8h + 8s + Ysh 

The first-order expression for the resonance frequencies and half'Widths of the radial modes in a 

sphere is given by, 

fOn +'90n 
It (VOn 

21ra 

It 
2Tca 

) 
VOn 

iy, + iacc) 

(Afh + Afsh) +'(9h + 9sh + 9b) 

(3.17.15) 

(3.17.16) 
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and for a hemisphere by 

it (VOn + 'Yhem + iacc) (3.17.17) foll + igoll 
27ra 

11 
2na VO n+ 

(Afli + Af 
v+ 

Afsh + '(9h + 9v + 9sh +A (3.17.18) 

For an unperturbed cavity, the surface admittance is zero and the terrns y, and Yliern vanish, 

giving the unperturbed frequencies and halfwidths in a sphere or a hemisphere as 411) C) 

fon + igoll :: _ 
11 (vo� 

+ iacc) 
2na 

(3.17.19) 

where the only contribution to the imaginary part is through the bulk absorption as given by 

equation (3.7.3). The shifts in resonance frequencies, from their unperturbed values are given 

by Afl, , Afv and Afýhand are the contributions from the thermal and viscous boundary layers and 

from the coupling of fluid and shell motion. The corresponding contributions to the resonance 

halfwidths are denoted bygh, g, and gh . 

(3.18) Molecular Slip and Temperature Jump 
The boundary layer theory presented in the previous sections assumes that the thermal 

conductivity of the gas near the interface is equal to that of the buH, ý fluid. Real gases, however, 

exhibit the so-called temperature jump effect where an apparent discontinuity exists between 

the temperature of the gas, Tg, and the temperature of the wall at the interface, T, [761. This 

apparent discontinuity is given by 
Jh lh 

K 
(3.18.1) 

where JI, is the magnitude of the heat current density in the wall, K is the thermal conductivity 

of the gas and the then-nal accommodation lengthlh iSgiven by 

MT 
1/2 

-h g2h lh = 
pý 2R hh R+2 

(3.18.2) 

where hh is the thermal accomodation coefficient and is typically close to unity. The thermal 

accomodation length modifies the specific acoustic admittance of the thermal boundary layer by 

afactorof giving 
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(-08h 

for the spherical case and 

+ i) - 2i 
lh 

8h 

(1)8h lh 

411 
(1 + i) - 2i 8h 

(3.18.3) 

(3.18.4) 

for the thermal boundary layer of the hemispherical case, both correct in leading order to 
(1h //6h) - 

An analogous effect occurs in the shear boundary layer of real fluids. It was assumed in 

the previous section that the shear viscosity of the gas near the interface was equal to that of 

the bulk fluid but real gases exhibit molecular slip where there is a discontinuity of momentum 

current in the gas and near the interface. The slip velocity is given by 

DO - 
ip is 

yl 
(3.18.5) 

where Jp is the maggratude of the momentum current density in the waH and Tj is the shear 0 

viscosity of the gas. The momentum accommodation length is given by 

7rRT 
" 

sp 2M hs 
g (3.18.6) 

where h, is the momentum accomodation coefficient and, like hh is typicaHy unity. It is not 

possible to determine either h, or hh a pfiori. The momentum accomodation length modifies Z: ) 

the specific acoustic admittance of the shear boundary layer by a factor of [1 
- (1 +0 (1, /8, )], 

giving 

Ys = (I + i) -I 4u 6s 
(3.18.7) 

for the shear boundary layer of the hemispherical case, correct in leading order to (1, /8J. 

The spherical case is not included as we are interested only in the radially symmetric 

modes, so there is no tangential motion and the shear boundary layer is not important. 

It is notable that, since both 1h and 1, are proportional to p-1, the thermal and momentum 

accomodation lengths are important only at low pressures where hydrodynamic theory 

fails to describe adequately the boundary conditIons. With this in mind it is clear that these 



55 

second-order corrections are not important for the majority of this work but they are 
included here for completeness. 

(3.19) Shell Motion 
The shell motion of an isotropic spherical shell has been considered in great detail in the 

literature [31,77]. In the ideal case the shell is perfectly rigid, uniform and unsupported 

and there is no radiation from the outside of the shell into the surrounding fluid. In this 

case, and at low pressures, the effects on the eigenfrequencies is small unless the acoustic 

and shell eigenfrequencies accidentally coincide. At high pressures, however, the effects of 

shell motion dominate the corrections to the observed resonance frequencies and these 

need to be estimated in order to achieve internal consistency on the order of a few parts in 

10-' in it 2 [781. Since the correction due to the coupling of fluid and shell motion is 

approximately linear in density, adequate corrections to the observed resonance 

frequencies may be made when the radial acoustic frequencies are sufficiently removed 

from the shell resonances. The specific acoustic admittance is then given by 

K 
-i21raf P,, U2 

/ps 
u 

2) 

Ysh = )2 1- (f /fbr 

and the corresponding corrections to the resonance frequencies and halfwidths are 

2/pSU2 
Afsh + '9sh P9 ug s (3.19.2) 

f (f /fbr) 2 

where pg and ug are the density and sound speed in the gas, p, is the density of the shell 

material and u, is the speed of longitudinal waves in the shell material'. The breathing 

frequency, denoted by fbr, is the lowest radial frequency and may be calculated 

approximately by 

fbr = 
us 

I 

7T2 (t 

t3 -1 
1/2 

(3.19.3) 

a 
[2 

_1)(, +t3) 

where t is the ratio of outer and inner radii i. e. t= bla. 

'For stainless steel it, is approximately 5980 ms-1 
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The theory described above is for an isotropic spherical shell; further corrections may be 

made for radiation from the external surface and for the presence of mechanical supports 
[31,77], though these terms are small and often unnecessary when the uncertainty in other 
corrections is considered. 

The shell of the hemispherical resonator is far from being an isotropic sphere and can be 

described as hemispherical only on its internal surface, with the external surface more 

closely resembling a cylinder. However, an analogous form of equations (3.19.1) to 
(3.19.3) would still be expected to exist even though an exact solution is not possible. 
Measurements at high pressures with a well-characterised as, such as argon, may be used 4: ) 

9 

to assess the effects of shell motion. As the thickness of the cavity walls is very large the 

lowest radial frequency of the shell would be expected to be much higher than the radial 

modes of the fluid and it is the bending modes of the equatorial plate that are more likely 

to cause problems due to their proximity in frequency to the radial modes. 

(3.20) Deflection and Fundamental Frequency of a Circular 

Plate 
A stiff circular plate subject to a uniform acoustic pressure, p,, on one side will undergo 

static deflections at low frequencies and for circularly synunetfic vibrations the 

displacement amplitude is given by 

3p,, (I - cý) (a 2_r 2)2 (3.20.1) 
IM 3 

where the plate material is characterised by Young's modulus Y and Poisson's ratio CY, and 

d is the thickness of the undamped plate. The boundary condition imposed at the 

circumference of the plate requires ý and aýlar to vanish at r=a, this is referred to as an 

edge-clamped plate. The resonance frequencies of the plate are given by 

dv9 y 
1/2 

n 
(1 

_ CY2 
(3.20.2) fn "::: ýý 

3p 
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where v, = 1.0 1 57u V2 = 2.0077t V3 = 3.00071 V, The mean surface 

displacement amplitude of the plate is given by 

) 
(1 

(3.20.3) w-->O IM 3- Pa 

For the stainless steel plate which forms the equatorial surface of the hemisphere if 

a= 66 mm, d= 45 mm, Y= 200 GPa and (T = 0.27, the fundamental resonance frequency 

would be expected to occur at 33 kHz and the low frequency displacement is about 

0.06 pm. Pa-' which is just 2.4 ýtm at 40 MPa. With a fundamental frequency at about 

33 kHz the radial modes of the gas are sufficiently removed from f, to be larcrely 

unaffected and the correction given by equation (3.19.2) is valid. However, the equatorial 

plate is not uniform (holes are required to accommodate the source transducer and gas 

inlet pipe), so the shell resonance could occur at a much lower frequency near frequencies 

of the low order modes rendering equations (3.19.1) and (3.19.2) invalid. 

(3.21) Holes in Resonator Wall 
A hole in the wall of a resonator will cause a perturbation to the resonance modes of a gas 

due to the difference in the specific acoustic admittance over the area of the opening to 

that of the shell wall, given by equation (3.16.17). The microphone and source transducers 

and the gas inlet tube are necessary holes in the wall of the resonator and may be regarded 

as tubes that form small waveguides. The type of tube will normally fall into one of the 

following categories; an open flanged tube, an open unflanged tube, or a closed tube 

which may or may not be terminated by a small volume; the specific acoustic admittance 

will be different for each, as shown by equations (3.21-10), (3.21.13) and (3.21.14). 

For a hole in the wall of a spherical surface r1a =I always, so the wavefunction is constant 

over the area of the opening and the correction is simple. However, for a hole in the 

equatorial wall of a hemispherical shell, the wavefunction vanies over the area of the hole 

(because r1a is changing) and so the correction is more complicated. 

For the general case, the shift in resonance frequency Afo and contribution to the halfwidth 

g,, caused by a hole is given by 
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Af- + igo 
,U 

'Yll ff ý 
ON (rs) 12 

ds 
0 so 

(3.2 1.1) 2VAO N 

where y,, is the specific acoustic input admittance of the opening and S,, is the surface of 
the hole. The surface integral for the opening may be evaluated and for a hole in a 
spherical wall, where r1a =1 over all S,,, 

S2 dS -2 
(Vol] )? TE 

YO 
ff ýON(r 

0 =y. a" jo fý" dý fo sin 0A (3.21.2) 
so 

47ra 2, (V 
Yo jo 

On) 

Using the nonnalisation constant given by equation (3.14.15), and the corrections to the 

resonance frequencies and halfwidths 

47za 2 j2 
Afo + i90 

««:::::: 
iyo -0 

(Voll) 

4na 3 j02 (voll ) 

iyo 
a 

yields 

Afo + ig 
02 

iyo 
27ta 47ca 

"'s 

(3.21.3) 

(3.21.4) 

Where (AS147ia 17 ) is the ratio of the area of the hole to the surface area of the shell. For an 

opening in the equatorial surface, the surface integral is given by 

2 
n, (0) 12 

fa 

j2 
2Tc 

00 
Yo 

ff 

N 
(rs) dSo = yo fpl 

_r1 

(Vin 

r1a) dr 
f 

dý (3.21.5) 

so 

nt (0)12 
a2 1- 1 (1+ 1) 

2 
27t y, f P, -2 

ii 
(Vln 

r1a) 2 Vin 

Forradial modes where I= 0 and O(cosO) = 1, the surface integral is given by Pý 

2 
2 

-jo 

(vo,, 
rýt7l (3.21.6) Yo 

ff 
N 

(rs) dSo =yo TEa 
v2 SO On 

The normalisation constant is given by equation (3.14.15), and by combination with 

equations (3.2 1.1) and (3.21.6) the correction to the resonance frequencies and halfwidths 

is 
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2 (VO 

11 Afo + ig 0=i 
y� jo rla) 

2a V211 j2 (Vol (3.21.7) 
00 

By comparison with the sphere this gives the correction to frequencies and halfwidths for 
a hole in the equatorial plate as 

Af(, + ig 
AS If j2 (vo, 

r1a) 
0 V2 

oj 

02 
(3.21.8) ýTla 2-i Y) 

Oil 
(VOn ) 

Where (ASIga 2) is the ratio of the area of the hole to the surface area of the equatorial 
j2 plate. The value taken for 0 

(vo, 
r1a) for a hole with finite size is given by the integration 

of this function over the area AS, 

As mentioned previously, the specific acoustic admittance of the opening y" depends on 

conditions at the termination of the tube. In the regime where only plane waves can 

propagate, the specific acoustic admittance is constant over any cross-section of the tube 

and y,, may be expressed in terms of the propagation constant of plane waves and the value 

of the specific acoustic admittance at the termination of the tube, denoted by YL- 
Consideration of the standing wave pattern and imposition of the boundary conditions at 

the ends of the tube gives the admittance at the end of the tube as 

-i tan ('(D 
L) 

and that at the opening as 

yo =i tan(KKHL - i(DL) 

where the parameter (DL characterises the terminal admittance. The Kirchoff-Helmholtz 

propagation constant, is given by 

KKH = 
((J)/U) 

+ (1 
- ') (X KH 

with the Kirchoff-Helmholtz tube attenuation constant, for a tube of radius r,,, being given 

(3.21.9) 

(3.21.10) 

(3 . 21.11) 

by 

(Y'KH -': 

(y-1)h+S 

(3.21.12) 
r 0 

The microphone transducer in the spherical wall and the source transducer in the 

equatorial wall are considered to be closed tubes. In this case, the end remote from the 
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resonator is required to be closed by a rigid termination at which the reflection coefficient 
is unity so that the specific acoustic admittance is zero at the end but at the opening it is 

yo =i tan (KKH L (3.21.13) 

A small correction may also be made to this expression to account for a tube which is 

terminated by a small volume [52]. 

The (), as inlet tube is an open tube which is flanged at the end remote from the resonator. 
In this case the specific acoustic admittance at the opening is approximated by 

Yo = -1 . COt 
(KKH 

(3.21.14) 

which is applicable for a tube open to free space. Small corrections may be made for 

flanged or unflanged conditions at the end of the tube and this is discussed in detail in Z: -: ) 

reference [52]. It was noted by Goodwin [77] that for an open tube of length 1.023a, that 

the radial acoustic resonances lie between resonances of the tube, and so by careful choice 

of tube length the inherent perturbations may be minimised. 

(3.22) Annular Slots 
Correction terms due to slots are used to estimate the effects of annular slots surrounding 

plugs and transducers fitted closely in the cavity wall or to estimate the effect of a small 

opening at the junction of two hemispheres (for a spherical resonator) or between a 

hemisphere and an equatorial plate (for the hemispherical resonator). An annular slot may 

be modelled as parallel semi infinite plates separated by a distance d and extending to a 

depth L where they are closed by a rigid wall. 

The perturbation to the resonance frequencies and halfwidths of the radial modes from an 

annular slot is given by 

-iyo, s 
SO 

u 

Af,, - ig 0-2-- 
(3.22.1) 

47r a 27c a 

for an opening in a spherical wall and by 

-iyo, sso u (3.22.2) Afo - igo -2-- na 2na 
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for an opening in an equatorial plate. The specific acoustic admittance of the resonator 

surface at r=b (where b is the radius of the slot) is then given by 

(1 + i) 3y)2 

tanh[(l + i)(8s 1d) kL(3y)2 O's (65s 1d) 
(3.22.3) 

In contrast with the sharp resonances of a tube, the resonances in a narrow slot are highly 

damped and y,,,, varies slowly with frequency. 

The effect of an annular slot between the hemispherical shell and its equatorial plate is 

discussed in detail in chapter 7. 
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CHAPTER 4 Apparatus 

(4.1) The Hemispherical Resonator 
A hemispherical acoustic resonator with a nominal radius of 37 mm. was turned from a 

billet of austenitic stainless steel 321, chosen for its ability to withstand high pressures and 

for its high acoustic impedance. The interior of the resonator was hand polished with emery 

paper to remove tooling marks and fine polished with alumina paste to achieve a near-mirror 

finish. Holes for the gas inlet tube and for the source transducer were drilled into the top plate 4-: ) 

and a hole for the microphone transducer was drilled into the bottom of the hemisphere; the 

positioning of the holes is discussed in more detail in section (4.5) and details of the transducer 0 
assemblies are reported in sections (4.6) and (4.7). Figure (4.1.1) shows a cross-section 

through the acoustic resonator. 

(4.2) Pressure Vessel Design 
The pressure vessel fonned an integral part of the resonator which was designed in 

accordance with a number of pressure vessel codes and safety regulations [79 -101,105, 

107], in order that it could be operated at pressures up to 40 MPa. 

A simple arrangement for the pressure vessel is for an end plate to be bolted to a hemispherical 

base. This is classified as a blind flange with the gasket positioned entirely within the bolt circle; 

as Mustrated by figure (4.2.1). 

Based on this arrangement, calculations were made to determine the minimum required 

thickness of the shell and the flange. The minimum bolt area required and the adequacy of 

the threads were also assessed. 

Worldng with a nominal internal radius of 40 mm for the hemisphere, several preliminary 

calculations were performed. These calculations are in accordance with the unfired pressure 

vessel code, section viý, 1962 [101]. According to the code, the analysis for the hemispherical 

shell, in this case, is identical to that of the corresponding spherical shell. 
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Figure (4.1.1): Cross-section through the hen-dspherical acoustic resonator 
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For spherical vessels when the thickness of the shell does not exceed 0.356a or p does not 

exceed (0.665SFoEi), the followma formula apphes, C) 
pa 

(2SFO Ej - 0.2p) 
(4.2.1) 

Here t is the minimum required thickness of the shell, p is the proposed internal pressure, a is 

the inside radius of sheH course under consideration, SFO is the maximum allowable stress value 

at design temperature and Ej is a joint efficiency factor (which will be unity since the 0 
hemisphere has no joints). With p= 40 NIPa, a= 

40MMi SFO= 207.9 MPa and Ej =Ia wall 

Figure (4.2.1): Blind flange entirely within gasket circle 

-pop. 

C 
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thickness of at least 4 mm is required. In practice, the wall was much thicker to compensate for 
M holes in the resonator wall [86,93] and to acco odate the threaded bolt hoýs. v 

For a bolted flange arrangement, the minimum thickness for a circular end plate, in accordance 4-: > 

with BS 5500, is given by the f6flowing equation, C) 
0.3G 

SFO 

1.909Wý,, IhG 
GSFO 

(4.2.2) 

Wý 

. L. Lere e is the minimum thickness of the end plate, G is the diameter at the location of gasket 

load reaction, Wj,,, is the minimum required bolt load for operating conditions, computed from 

equation (4.2.3) and hG IS the radial distance from the gasket load reaction to the bolt circle, 

defined by equation (4.2.6). 

W,,,, = HP +H (4.2.3) 

where Hp is the compression load on the gasket to ensure a tight joint and is given by 

HP = 2b x 3.14G mp (4.2.4) 

in terins of the basic gasket seating width b', the gasket factor m and the total hydrostatic end Cý 

force H given by, 

H=0.785G 2p (4.2.5) 

The equation defining hG iS, 

hG = 
(C G) (4.2.6) 

2 

where C is the bolt circle diameter. 

(4.3) Bolt Loads and Areas 
It is required by BS 5500 section (3.8.3.2) that bolt loads and areas be calculated for both the 

operating and the bolting-up conditions for the design of a safe pressure vessel. The operating 

conditions require a minimum bolt load Wnj which is calculated from equation (4.2-3). 

1: 1 Bolting-up conditions require a minimum bolt load Wn, ) which is calculated from the following 

equation 
Wm2 = 3-14b Gy (4.3.1) 

lb = bo when bo:! ý 6.3 mm; b=2.52 4bo when bo > 6.3 mm. 
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where y is the gasket or joint-contact-surface minimum design seating stress, (see table 4.3.1 C) 
for suggested values). 4- -ý 
The minimum bolt area Am is then determined for Wmi or W,,, 2 using the nominal bolt stress at 
the temperature appropriate to the two conditions, i. e. Am is the greater of Am, or A,? where, 

Aml - 
W-nl 

(4.3.2) Sb 

and 

Am2 = 
Wm2 

(4.3.3) 
Sa 

Sb and S, are the bolt nominal design stresses at the design temperature and atmospheric C) Z-: ) 

temperature respectively. It is sufficient for our temperature range to take S,, = Sb The actual 

bolt area Ab should not be less than A,,,. 

In order to minimise the plate thickness and the bolt loads a viton O-ring was deemed most 

suitable for the proposed experimental conditions. 

The maximum number of bolts B,. possible was calculated from 

-a C 
Bmax = Bsp 

(4.3.4) 

where B, p is the bolt spacing. For a given bolt there is a nominal root area based on the mean of 

its major and minor diameters. If the calculated minimum required bolt area Am is divided by 

the root area the minimum number of bolts of this type is calculated. Tables of these root areas 

for various bolts are given in reference [92]. 

Various dimensions describincr the bolts and their correspondin nuts was also required for the 
tý 9 

calculations, these dimensions may be found in reference [85]. The most suitable bolts were 

found to be metric M20 (2.5 mm) bolts. For the design conditions stated previously, the total 

required minimum bolt area is A,,, = 1222.5 rnrný which implies a minirnum of sLx M20 bolts. It 

is possible to fit nine M20 bolts on this bolt circle and the actual bolt area Ab= 2027 rnný 

provided an additional safety factor of 1.7. 
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Table (4.3.1): Gasket properties 

w N 
Facing Sketch 

_77777=7 

Gasket Material Iron or soft steel 
Monel or chrome Rubber O-rings 
Stainless steels 

Gasket Factor m 5.50,6.00 and 6.50 
respectively 

0 to 0.25 

Min. Design Seating Stress 124,150 and 179 
Y respectively 

0.7 to 1.4 

Basic Gasket Seating Width 
bo W/8 N12 

The adequacy of the thread was assessed by the following equation 

8NdB L, (Y 
YG 

G2c 
(4.3.5) 

where N is the number of bolts, dB is the diameter of the bolt and L, is the length of engaged 

thread; ideally this is taken as the length of one thread, because most of the stress Is 

concentrated here. It has been estimated that the stress in the first thread is 3.5 times that of the 

average [92,106]. With N=9, dB= 20 mm, cyy = 207.9 NIPa, G= 87 mm, C= 137 Mm and 

1, = 2.5 mm, this gave a maximum working pressure of 64 MPa, which is well above the 
Z7) 

proposed working pressure and gave confidence in the ability of the bolts to perform at Z: ) 

40 MPa. 
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Further constraints were placed on the final design by keeping the overall size to a minimum 
(and hence the mass and the heat capacity) but the internal radius to a maximum (to achieve 
optimum surface area to volume ratio in the resonator). 

(4.4) Dilation of the Pressure Vessel 
The dilation, or radial growth, of a pressure vessel is given in reference [88] by, b 

(72 9cy, I 

EE (4.4.1) 

where 8 is the total dilation, cy, and cy-, are the principle stresses, E is the modulus of elasticity, 
ýt is Poisson's ratio and a is the internal radius. An approximation to the principal. stresses in the 
hemispherical resonator may be given by the following equations 

pa 
(4.4.2) 2h 

and 

pa 
cy- (4.4.3) h 

where h is the waH thickness. Substituting into equation (4.4.1) gives, 

pa (2 
- (4.4.4) 

2hE 

This is the formula appropriate for a cylindrical pressure vessel which was considered closer 

geometrically to our pressure vessel than a spherical vessel. It is not intended to give an 

accurate measurement of the actual dilation of the hemisphere but rather, an approximate order 

of magnitude. At 40 NTa the hemisphere may be estimated to dilate by approximately 

0.01 nun. This corresponds to changes in frequency of 295 ppm at 40NTa (for the (0,2) mode 

in Argon at 300 K). Corrections to the frequency back to the zero-pressure radius are made to 

account for the dilation and this is discussed more fully in chapter 7. 

(4.5) Positioning of Inlet Tube and Transducers 
The hemispherical resonator retains many of the advantages characteristic of the sphere. An 

additional feature, however, which makes it more suitable for high pressure measurements of 
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the speed of sound is the possible location of the transducers. In particular, one of the 

transducers (and it doesn't matter which) may be placed in the centre of the equatorial surface 
i. e. at r1a = 0. The significance of this position may clearly be seen by considering the radial 0 4=) 

wavefunctions of the modes it is intended to study; that is, the first four radial modes. The 

wavefunctions give us a representation of the spatial distribution of acoustic energy in the 40 

cavity. The squared wavefunctions of the first four radial modes (0, n); n=2,3,4,5 and their 
2 

average is shown in figure (4.5.1). The acoustic pressure is proportional to ON , so by 4 Z=) 

positioning the source transducer at r1a = 0, very intense signal strengths are observed. The Z) 4: ) 

microphone transducer was placed directly opposite in the spherical wall (i. e. at r1a = 1), which 

is a position where the acoustic density is much lower for an the radial modes (and is 

conventionally the position in a spherical resonator). 

Figure (4.5.1): Spatial distribution of acoustic energy for the first four radial modes 
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The position of the gas inlet tube is chosen to cause minimum perturbation and should 
therefore be placed at a position whereON 2 is a minimum for all modes. Figure (4.5.1) suggests 
that the inlet tube should be placed at r1a = 0.8 where the averageOf ON 2 is at its smallest. In 

order to reduce the perturbation from the inlet tube still further its length was chosen to be 
identical to the radius of the hemisphere. This exploits the fact that the eigenvalues are 
approximately equal to (71 - Y2 ) 7U; SO when L=a, Re (iy,, ) vanishes near to the frequency of 
each radial mode. The actual length may be modified to take account of departures of the 
eigenvalues from their unperturbed values. 
Wide-bandwidth transducers were employed as the design incorporates the transducers to forrn C) 

parts of the wall of the resonator. Thus a high acoustic impedance is required so that the 

properties of the cavity are not perturbed too much. 

(4.6) Source Transducer 
The source transducer, pictured in figure (4.6.1) consisted of a brass housing (H) which 

screwed into the top plate of the resonator so that the surface was flush with the interior of the 

resonator. The face of this housing had a 3.0 mm diameter hole drilled through it onto which a 

thin polarised membrane (M) was clamped into position by means of a Teflon insert (T) and a 

threaded ring (R). The backplate (B), which was the same diameter as the hole in the housing 

had five holes 0.5 mrn deep and 0.3 mm diameter drilled into its surface to allow pressure 

equalisation on either side of the membrane, thereby increasing the compliance of the element 

and ensuring that the normal modes of the cavity were not perturbed by natural resonances of 

the membrane. The electret membrane consisted of aluminized polyester, the metal layer of 

which was held in contact with the brass housing, this in turn was held at ground potential. 

Tension of the membrane on the backplate was achieved by means of a spring (S) which had a 

spring constant of approximately 0.3 Nm-1. The tension may be varied by turning the insulated 

nut (N) and feedthrough (F) to optimise the signal. The feedthrough was specially shaped so 

that the wire could be easily threaded into position from the sealing gland. The back electrode 

was excited with an a. c. signal of about 60 V rms with a d. c. bias of approximately 300 V. In 

this way the membrane was driven by the electrostatic force to produce sound at the frequency 
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of excitation. The whole ensemble was pressure sealed using a bolted flange with viton O-ring C) lz: ) C) 

into which a bare-wire sealing gland (supplied by 'Conax') was mounted via a tapered thread. C) C) 

Figure (4.6.1): Source transducer assembly 
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(4.7) Microphone Transducer 
The microphone transducer consisted of a brass housing which screwed into the base of the C) 

resonator. Its upper surface had the same radius of curvature as the interior of the resonator so 

that it was flush with the spherical surface when in position; it also had an aperture of 6 nun 

Figure (4.7.1): Microphone transducer assembly (inset shows alternative arrangement) 



73 

diameter through which the membrane (M) distended. The membrane material had a 

permanent dielectric polarisation so that no d. c. bias was required and the active area was 
deliberately kept large so there would not be large attenuation of the sound amplitudes at high 

pressures. Tensioning of the membrane, as in the source transducer, was acheived by a spring 
(S) which rested on the backplate (B), the tension could be varied by tightening the 
feedthrough (F). A preamplifier was required very close to the transducer to prevent division of 

the signal by the coaxial cable and a simple JFET circuit was soldered directly to the electrical 
feedthrough pin. The housing was also designed so that it could directly contain a small 

commercial microphone (see inset of figure 4.7.1): these microphone inserts consist of a 

permanently polarised polyvinylidene fluoride disc as a membrane and a JFET prearnplifier 

within a small casing and are therefore very efficient and easily assembled in the housing. For 

the measurements discussed it is this latter arrangement that was used. The pressure seal was 

made in the same way as with the source transducer. 

(4.8) Thermostat 

A thermostat was required in order to operate the hemispherical resonator isothermally at 

temperatures up to 400 K. Thermal stability in the stainless steel resonator was easily achieved 

since the heat capacity was very large (about 10 U K'). Changes to the temperature, however, 

required relatively powerful heaters and, because stainless steel has a low thermal conductivity, 

large temperature differences between the resonator and its environment had to be carefully 

controlled in order to avoid the development of large temperature gradients. 

The thermostat consists of a series of nested alun-ýinium shells, the design of which was based 

on the theory of heat flow in and between the various components. Heat flow by conduction 

and convection constituted the major losses from the resonator and the components of the 

thermostat, whilst radiation losses were eliminated; the results are summarised in table (4.12.2). 
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(4.9) Construction of thermostat 
The configuration of the thermostat is shown in figure (4.9.1) while the relevant dimensions are L. :D 

given in table (4.9.1). The two innermost shields ((D and 2)) were constructed from alumhum 
tube but the outermost shield (shield 3) was rolled from 1.6 mm thick aluminium sheet 

because its overall dimensions were so large The endplates for A the shields were made using 01 C) 
6.35 mm thickness aluminium plate and were each bolted into place onto the ends of each 

cylinder. Aluminium was chosen for the shields of the thermostat as it has a high thermal Z: ) 

conductivity and high thermal diffusivity, which gave even temperature distribution throughout 

the material and minimised the thermal time constants; aluminium also has a relatively low 

density which kept the total mass of the shields to a minimum. 

Due to the substantial weight of the resonator a conventional suspended arrangement was not Z: ) 
employed as this would be very difficult to assemble. Instead, the endplate of the outermost 

shield rested directly on the frame and heat bricks were then used as supports for the endplate 

of shield (Z. FEcyh density polypropylene tubing was then uti-lised as support between the Z-) 
second and the first shields and also between the first shield and the resonator. This 

arrangement considerably eased the assembly of the then-nostat and eliminated potential heat C) 

leaks resulting from metal supports. The shields were each positioned concentrically around the C) 

resonator; with expanded polystyrene as the insulation between each shield. The thermal 

conductivities of A the materials used are given in table (4.9.2). 
C) 

Resonator Shield (D Shmield 0 Shield 3 

O. D. / mm 165.5 190.5 279.4 533.4 

Length / mm 116.5 254.0 342.9 596.9 

Thickness / mm ------ 6.4 12.7 1.6 

Axial Spacing/ mm 68.8 44.5 127.0 ------ 

Radial Spacing / mm 6.2 44.5 127.0 ------ 

Table (4.9.1): Thermostat dimensions 
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Figure (4.9.1): Thermal environment of the hemispherical resonator 
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Alumiruum 1 150 1 [1021 

Heat Bnck 10.8 tol 21 [103] 

Kaowool 10.04 to 0.078 1 [61 

Polystyrene 10.035 to 0.055 1 [1031 

Polypropylene 10.2 1 [104] 

Table (4.9.2): Thermal conductivities of materials used in the thermostat 

In order to obtain a precision of about 10 ppm in the speed of sound, the temperature must be 

stable to about 6 mK although a stability of I or 2 n-K is obviously preferable. An estimate of 

the thermostat's perfon-nance and the criteria which must be satisfied to maintain thermal 

stability on this scale is provided by consideration of the following Z-D * 

-9 The attenuation of radial and axial gradients by passive isolated shields, that is, where there is 

no controlled heatMg and no allowance for any connecting pipes, wires etc. 

The heat flow between the various components of the thermostat (including pipes, wires and C) 

other sources of heat leaks) and the power required to maintain thermal stability and eliminate 

gradients. 

9 The evaluation of thermal time constants in the resonator in order to evaluate the power 

requirements when changes to the temperature are made. 

(4.10) Fourier's Law 
Fourier's law of heat flow for a perfectly lagged system, in one dimension, is given by 

C7)z: ) 
-kA AT 

L 
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where J is the heat transfer rate, K is the thermal conductivity of the material, A is the 

cross-sectional area through wl-ýich conduction is occurring, L' t) 4 is the conductor length and AT is 
the temperature difference across its ends. The attenuation of axial and radial gradients through 
the thermostat may be assessed using, this equation. Since Fourier's law for heat flow is C) 
analogous to the equations for electrical current a corresponding thermal resi Cý istance may be 

given by 

L 
Rt =kA (4.10.2) 

for axial heat flow, and 

In (r 
R-) (4.10.3) 2p Lk 

for radial heat flow. The thermal resistances obey the same laws of summation as electrical 

resistors do when arranged in series and parallel. Each shell may be regarded as a combination Z: ) t: p 
of thermal resistors in series and parallel as illustrated by figure (4.10.1). 

The temperature drop across any component may then be calculated from the equivalent 

thermal circuit. Calculations were performed assuming that 

(i) The algebraic sum of heat flow into a junction is zero. 

(ii) In any closed loop the algebraic sum of the AT's is equal to the algebraic sum of the 

products of heat flow and thermal resistance. 

(iiýi) Thermal resistors in parallel have the same temperature drop across them. 

(4.11) Axial Temperature Gradients 
Equations (4.10.1) and (4.10.2) together with the rules given above and the thermal circuit 

given in figure (4.11.1) enabled the attenuation of axial temperature gradients between Z: ) t:, 

subsequent shields to be calculated and the results are summarised in table (4.11.1). The 

temperature gradient per unit length is denoted by V. 
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Figure (4.11.1): Thermal resistances 
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Shield 3 Shield 0 Shield (D Resonator 

V/ (K-m-') 16.75 0.648 0.026 0.00012 

AT/K 10 0.181 0.005 0.02x 10-3 

Attenuation 26 25 218 2 

Table (4.11.1): Axial temperature gradients 

The calculations assume an axial temperature gradient of 10 K across the end-plates of 

shield 3 and assumes the radial temperature to be independent of the axial keat 

flow. This assumption is not stnctly true and a more detailed analysis 'in three dimensions is 

possible [54], although several one-dimensional calculations perfon-ned m different directions 

are stifl useful for three-dimensional bodies especially in the case of thin shells. The attenuation 

quoted m the table refers to that provided by shield n and the msulation between shield 71 and 

(n-l). A further attenuation of at least a factor of 2 is expected between the surface of the 

resonator and the acoustic cavity. 

(4.12) Power Requirements 

The large heat capacities, which are given in table (4.12.1) for the various components, C) 
required considerable heater powers if changes in set-pomt temperature were to be acNeved in 

a reasonable time. 

Powerful booster heaters were attached directly to the surface of the hemispherical resonator in 

order to quickly achieve the setpoint temperature. These heaters were flexible sibcone rubber 

heaters (25.4 rnrn by 510 mrn) with a power input of 100 W at 240 V ('Watlow' 01020OC2); 

they were attached to the cylindrical surface of the resonator using an RTV compound 

designed for this purpose. C) 

In order to estimate the power requirements of the different components of the thermostat the, 

heat flow between active shields was considered. The power requirements to maintain thermal 

equilibrium once the resonator had reached the set-point temperature were calculated by 
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Components Heat Capacity/ kj - K-1 

Resonator 10.1 

Insulation between resonator & shield (D 6.4 

Shield (D 2.4 

Insulation between shield (D & shield 0 8.5 

Shield (Z 9.7 

Insulation between shield 0& shield 3 151.9 

Shield 3 31.9 

TOTAL 220 

Table (4.12.1): The heat capacities of the components of the thermostat 

consideningg, the worst case scenario, i. e. a temperature difference of approXiMately 60 K 

between the resonator and the local environment of the system. To maintain the resonator at 

this temperature without introducing it to unacceptable gradients, there needs to be an C) 

attenuation of the temperature between the resonator and its environment. Consideration of the 

heat flow between coupled active shields provides the basis of the discussion of the thermostat 

operation. The results for the total heat losses Q (radial (q, ) + ayýal (q,, )) are surnmansed in 

table (4.12.2) for temperature differences of 10 K between each component. 

Q/W q, / W q, / W 

Resonator 1.24 0.38 0.86 

Shield (D 1.36 1.20 0.16 

Shield (Z 1.46 1.32 0.14 

Shield (1 2.52 2.20 0.32 

Table (4.12.2): Heat losses in the thermostat 
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(4.13) Power Requirements Due to Heat Leaks 
It was important to consider heat losses from pipes and electrical wires leaving the resonator as 
these may cause unacceptably large temperature gradients in the system. An estimate of the C) 
losses due to the staiffless steel inlet tube (o. d. = 6.35 nun, i. d. = 3.86 mm) revealed non- 

negligible heat flow at temperature differences of 100 K and gradients across the resonator. C) 0 
Copper braiding was used to isothen-nally link the inlet tube to shield (D and further up to Z-: > 

shield (Z, effectively heating the pipe. Additional heaters were also positioned on the underside 11-: 1 

of the endplate of shield 0 in order to reduce the axial gradient. 

Primary temperature control took place on shield (D. A ceramic encapsulated platinum 

resistance thermometer mounted on the shield acted as the primary control thermometer, whflst 

a wire wound element acted as the heat source. The wire-wound heater was mounted to the 

cylindrical surface of the shield by winding tightly to the surface and then held in position by 

aluminium. strips screwed into the surface of the shield at six points along its length. To achieve 

a uniformity of I n-iK on the surface of the resonator then the maximum allowable gradient on 

shield (D is 0.98 K m-', restricting the power to about 6 W. Basic temperature control was 

provided by shield 0 operated a few Kelvin below shield (D and controlled to 0.3 K. 

Background heating could be provided by shield 0) for the highest temperatures but was not 

always required and was used primarily as a passive shield and to hold the insulation in 

position. 

The controller gave proportional and integral control which minimised overshoot and the 4-: ) 

temperature once at setpoint was stable to less than ImK. 

Due to electrical noise the temperature controller had to be switched off dunng the 4: -) 

measurement of a data set but even at the highest temperatures the temperature was unchanged 

by at worst 2 r-nK as indicated by the thermometer, and was probably much less than this as the 

thermal time constants in the resonator were greater than those of the thermometer. 
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Thermal Time Constants 
The thermal time constants give us an estimate of the time required for a system to reach 

thermal equilibrium and is an important consideration after changes to the system are 

made (e. g. after an isentropic expansion of the gas to reduce the pressure). The time Z:, 
constant is given by 

12 

(4.14.1) 
(xkz 

where 

kz --::: + 
2ý11111 

(4.14.2) 
Lb 

and a is the thermal diffusivity of the material, which is 3.48 x 10-' m' s-' for stainless 

steel 321 and 73 x 10-6 M2 S-1 for aluminium. For longitudinal flow, 

kz (4.14.3) 

and so the time constant for longitudinal heat flow in the stainless steel resonator is 

approximately 352 s. 

For the radial heat flow, from the edge of the resonator to the centre it is the (0,0,2) mode 

which is of interest. In this case 
X02 = kb = 3.832 (4.14.4) 

and so the time constant for radial heat flow is about 148 s. The thermal time constants for 

the components of the thermostat were also calculated in this way and the results are 

surnmarised in table (4.14.1). 

Components Trad A Tend-end A Tmid-end A 

Shield 3 66.4 450.8 112.7 

Shield 0 18.2 163.2 40.8 

Shield (D 8.5 89.5 22.4 

Resonator 148.1 352.3 88.1 

Table (4.14.1): Thermal time constants 
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(4.15) Measurement of Temperature Gradients 
The temperature gradients were measured in practice by placing type K thermocouples at C> 

strategic positions on the resonator and shields. The temperature a4e t )on shield we I ýW to, (D re ID 
never more than 20 m. K; i. e. if there were temperature gradients across shield (D they were not 

detectable using 'type K' thermocouples. Additional thermocouples capable of detecting 

temperature differences of I mK were attached to various positions on the walls of the acoustic 

resonator. One such thermocouple was attached to a position on the resonator's external 

surface nearest to the acoustic cavity and which therefore most closely matched the 'true' 

temperature of the gas. Another was located on the thermometer well and a further two were 

attached at opposite poles of the resonator body. The temperature differences between these 

thermocouples was generally undetectable and even at the highest temperatures was never 

greater than 4 mK. These measurements provided a useful check of the ability of the 

thermostat to maintain stable conditions within the required accuracy. 

(4.16) Spherical Acoustic Resonator 
The spherical resonator employed for some of the measurements (chapter 8) was the 

45 nun stainless steel resonator described in detail by Boyes in reference [59] and 

illustrated in figure (4.16.1). A brief description is included here for completeness. 

The spherical cavity consisted of two hemispherical components, machined from stainless 

steel 321, which were welded together to form a pressure and vacuum tight seal. The 

resonator was pressure compensated i. e. the internal and external pressures were 

approximately equal. The pressure vessel [77] consisted of a cylinder with a threaded end 

closure and was designed to withstand pressures up to 20 MPa and temperatures up to 

373 K. The sealing gasket used to seal the vessel was a viton 0-rino, suitable for the 

experimental conditions reported in chapter 8. Silver goop was used on the end-cap to 

prevent seizure and cold-welding of the threads. 
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Figure (4.16.1): The spherical acoustic resonator [59] used for the argon 

measurements reported in chapter 8 
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(4.17) Transducers used in Spherical Resonator 
The source transducer employed and detailed in reference [59] was of the type described 
in section (4.6) and was used without modification to its design. The detector housing, 
however, was modified in order that it could accommodate a commercially available 
insert, rather than be made up of the assembly of parts described by Boyes [59]. Both 

transducers were sealed into place by means of indium wire which limited the upper 
temperature limit to approximately 150'C. 

(4.18) Thermal Environment 
The sphere was contained in the pressure vessel containing the ballast gas. The whole 

apparatus was then suspended in a stirred water-filled thermostat insulated by kaowool, as 

shown in figure (4.16.1) taken from reference [59]. The temperature of the bath was 

controlled using a 'Tronac' temperature controller. The power supplied to the heaters 

attached to the resonator was determined by the difference between the actual and set- 

point temperatures. 

Temperature measurement was by a long stem platinum resistance thermometer 

(LN 780308) housed in the thermometer well such that its sensing element was located at 

the resonator's equator. The thermometer was calibrated between 90.188 K and 903.89 K 

by the National Physical Laboratory and was used with the instrumentation described in 

section (6.7). Copper blocks were fixed directly to the walls of the resonator and these 

blocks connected the sphere to the thermometer-well and provided mounting blocks to 

which the heaters were attached. 

(4.19) Pressure Measurement 
The pressure was measured by the digiquartz pressure transducer described in section 

(6.8) and a differential pressure transducer which was operated as a null-reading device. 

The differential pressure transducer (Schaevitz P642-0001; serial no. 83911) was 

previously calibrated [59] such that the d. c. output, (D, is represented for the positive span, 
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up to 100 kTa by, 

A+ p/kPa = 19.699 ((D/V) + 6.2 7X 10-3 ((D/V)3 
(4.19.1) 

with a standard deviation of 9 Pa and for the negative span up to 31 kPa by 

A- p/kPa = 19.696((D/V) (4.19.2) 

with a standard deviation of 4 Pa. The shift in the zero pressure drift reading (D, as a 
function of line pressure could be represented up to 0.2 mV by 

(Dz /V = -7.89 x 10-6 (p/kPa) (4.19.3) 

(4.20) Characterisation of Spherical Resonator 
The resonator geometry was characterised using microwave measurements and the C) 

technique described in references [108 -110]. The radius was calibrated by means of argon 

measurements performed by Boyes [59] along seven isotherms at temperatures between 

250 and 350 K and at pressures up to 10 MPa. The results of this calibration are given in 

equation (7.4.2). 
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CHAPTER 5 

Characterisation of the Resonator 

(5-1) Introduction 
As mentioned previously (chapter 4), the source transducer, was placed at a position in the 
hemisphere corresponding to maximum acoustic density. Although this arrancrement is Z: ) Z: ý 

advantageous in that very strong signals are observed, large perturbations to the complex 
frequencies may also occur. 

When testing of the hemispherical resonator began, the disagreement between modes was Z: -) C) 
found to be unacceptable and so, a prototype equatorial plate was used to deten-nine how the 

performance of the resonator could be optimised. The perturbation caused by the transducer at 
the centre of the plate was investigated experimentally in two ways. Firstly, the hole size of the 

transducer housing was changed and its effect on the observed resonance frequencies and 
halfwIdths measured (section 5.4). Secondly, the position of the hole along the radius (i. e. from 

r1a =0 to r1a = 1) was changed and again measurements of the resonance frequencies and 
halfwidths were measured (section 5.5). In the second experiment, the signal strengths were 4D tý 
also measured as a function of r1a and the location of the nodes and anti-nodes confirmed that 

the modes were indeed radial modes (section 5.3). 

(5.2) Comparison of original and prototype plates 
The prototype equatorial plate was constructed from 1/2" aluminiurn sheet. Two parallel slots 

were cut along opposite edges of the plate in positions which allowed at least two of the bolts 

to be bolted into the resonator's base. A recessed hole was drilled at a position which would 

correspond to the centre of the equatorial surface. The source transducer designed for the 

original plate fitted snugly into this hole and, by virtue of the design, the signal was propagated Z-) 

through a very short waveguide (approximately 1.0 mm. in length). The slots allowed the hole 
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at the centre to be moved along a radius of the resonator and then clamped in position using 

the bolts. This was necessary in order to achieve a good acoustic seal between the equatorial 

plate and the hemispherical base. 

Two mi1lirnetre scales were fixed to the apparatus, one to the resonator's base, the other to one 

side of the prototype plate. These were aligned at zero when the hole was at the centre of the 

resonant cavity's diameter. This fairly crude technique allowed the radius to be measured 

within approximately 0.3 mm. 

The original plate gave resonance frequencies which agreed to about 3.5 per cent. This was tD b 

obviously unacceptable and worse agreement, in fact, than the prototype plate, for which the 

resonance frequencies agreed to within 350 ppm, as shown by figure (5.2.1). C) C) 
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Figure (5.2.1): Comparison of agreement between first four radial modes for the original 

and prototype plates 
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Although initially it was thought this anomaly was due to the size of the source transducer in ZZ: ) C) 

the equatorial plate it was subsequently discovered that the very large disagreement between 

the radial modes was due to a mismatch between the end plate and the hemispherical part of 

the resonator. Effectively, the acoustic cavity had a slot of 1.5 mm width around its equator 

(illustrated by figure 5.2.2). 

Figure (5.2.2): Hemispherical acoustic resonator with slot around equator 

This problem was solved by placing a ring around the top plate (B) which was then polished to 

its previous quality. The vast improvement may be seen by figure (5.2.3). However, compared 
I 

to the prototype plate there was still appreciable disagreement as shown by figure (5.2.4). C) 1=1 
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Figure (5.2.3): Agreement between radial modes for hemispherical resonator with and 

without the slot illustrated by figure (5.2.2) 
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Figure (5.2.4): Comparison of radial modes for prototype plate with various hole 

dimensions and for improved original plate 
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The disagreement between the modes was much less severe; the fractional agreement in the 0 
speed of sound was on the order of 0.1 percent for the original plate compared with about 
300 ppm. for the prototype plate. The difference between the two plates was attributable to the 
size of the active area of the transducer; for the original plate the active area had a diameter of 
3 mm, wHst for the prototype plate, the agreement of 300 ppm, refers to an active area of 
I mm. diameter. The effect of hole size on the resonance fiequencies and halfwidths of the 

radial modes is discussed in more detail in section (5.4). 

(5.3) Observation of nodes and anti-nodes 
The relative signal intensity along a radius was measured in order to locate the position of the 

nodes and anti-nodes for each resonance. The position of the nodes for the first four radial 

modes (O, n); n=2,3,4,5, is clearly illustrated by figure (5.3.1) which shows the wavefunction 
for each mode. However, since the acoustic pressure varies as 02 (figure 4.5.1), the measured 

signal in dB varies as log (02) 
. The theoretical curves for the first four radial modes can be seen 

in figures (5.3.2), (5.3.3), (5.3.4) and (5.3.5) together with the experimental points. The 

prototype plate was used for the measurements of signal intensity and the hole size through 

which the sound was coupled was 0.5 nun diameter. The experimental points for the (0,2) 

mode were obtained by first measuring the signal strength at r1a =I at the resonance Z: ) b Z-) 

frequency. The position of the transducer was then moved by about 2 n-im and, without altering 

the frequency, the signal intensity was re-measured; this procedure was then repeated at 

approximately 2 mm intervals until r1a = 0. Further measurements of the signal intensity were 

then made for positions of the transducer as it traversed the radius from r1a =0 to r1a = 1. 

Measurements of the signal intensity as a function of r1a were made for the (0,3), (0,4) and 

(0,5) modes using the method outlined for the (0,2) mode. The signal for the (0,6) mode was 

not sufficiently strong for differences in signal intensity to be resolved. The results were 

unchanged for any radius across the hemisphere. 

This evidence confirms the theory given in chapter (3) that the radial modes in the hemisphere 

are of the type characteristic of the sphere. 
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Figure (5.3.1): Variation of the wavefunction 0 with r1a 
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Figure (5.3.2): Variation of signal strength as a function of r1a for the (0,2) mode 
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Figure (5.3.3): Variation of signal strength as a function of r1a for the (0,3) mode 
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Figure (5.3.4): Variation of signal strength as a function of r1a for the (0,4) mode 
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Figure (5.3.5): Variation of signal strength as a function of r1a for the (0,5) mode 
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(5.4) Effect of hole size on (Af + ig) 
Clearly, the rnagnýitude of the perturbation caused by the transducer at r1a =0 will increase as C) 

the active area of the transducer increases (in other words, as the diameter of the hole size of 

the transducer housing increases). For a hole in the equatorial surface, we recall from 

chapter 3, that the specific acoustic admittance of the surface will differ from that given by 

equation (3.16.10) over the area AS of the hole and in leading order the shift Af" in the 

resonance frequency and contribution to the halfwidth g,, of a radial mode caused by the 

opening is, 
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j2 (i 
1 

L) �� (i-la» 11 
11 AS 

iy Afo + i90 
j2 21j2,2na na 0 

The factor (1/2uo", ) is vall I only for a hemisphere and arises because the radial integrals of 

the hemispherical and spherical geometries are different. In a spherical resonator the position C) 
of the transducers is conventionally at the wall (Le at r1ct = 1) and provided y,, is constant over 

the area AS, the contributions Afo and g, ) to the resonance frequencies and halfwidths are linear 

with respect to the area of the opening. In other words, the additional factor 

(j2 (uo, (r1a)) /j 2(, 00,11) 
) 

seen for the equatorial plate is always unity, for a hole in a spherical 

wall because the macmitude of the wavefunction is constant over the area of the hole. 
C) 

Consequently the contribution to the resonance frequencies and haffividths for a hole in the 

waU of a sphere is cylven by C) 

'As Af, + igo 2 
iyo (5.4.2) 

2na 4 

and for a hole in the spherical wall of a hemisphere, 

AS 
Afo + ig iy (5.4.3) 

0 211a 

( 

21Ta 20 

When the transducer is centred in the wall of the equatorial plate (at r1a = 0) the factor 

jj2 (ijo, (rla))l j2 (1, 
)0,,, 

)1 does not reduce to unity because the wavefunction is changing over 

the area of the hole. Figure (5.4.1) shows the functional form of the first two terms of equation 

(5.4.1), valid for perturbations to the resonance frequencies caused by an opening, centred at 

r1a =0 in the equatorial plate. It is clear then that Af. and g,, in the equatorial wall are 

proportional to AS F dr, where 

(luo, (r1a)) (I 

.2 

)ý2U2 
O'n 

(5.4.4) 

and this is illustrated (over the region of the position of the hole), by figure (5.4.2) together 

with the experimental points for g.. 
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For each of the first four radial modes an estimate of g,, was made using, 

go :: ý grn - g(r1a =0) 
(5.4.5) 

where g... is the measured halfwidth. Since gn, was fairly constant in the range where 

r1a =0 to 0.007 (i. e. for hole diameters of d:! ý 0.5 mm) a good estimate of g(, IýI=o) was given by Z-) 0 

g,,, at Ha = 0.004 (i. e. when d=0.3 mm). 

Figure (5.4.1): Variation of IF with respect to radius for an opening in the equatorial 

surface of a hemisphere 
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Figure (5.4.2): Halfwidth contribution as a function of transducer active area when 

centred at r1a =0 in the equatorial surface of the hemisphere 
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(5.5) Effect of (r1a) on (Af + ig) 

2 3 

Qualitatively the effect of r1a on the resonance halfwidth is that a n-finimum 'is exhibited when 

the source is placed near a node. It is obvious that when an infinitesimally small transducer is 

positioned at a node the perturbation it will cause is zero but the sound field win fail to be 

excited. However, a practical transducer has a finite size positioned at a node the perturbation 

will take on a non-zero but miniMum value and the sound field will be excited. 

Referring again to equation (5.4.1) and figure (5.4.1) it is clear how the contribution to Afo and C) t) C> 

go varies across the radius of the resonator. To measure the resonance halfwidths g,,, of each 

mode the following steps were taken: (1) The. transducer was centred at r1a =0 and the 

resonance frequency of the (0, n) mode located. (2) At this position four measurements of the 

resonance frequency and halfwidth were made and the mean halfwidth calculated. (3) The 
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position of the transducer was moved by approximately 5 mm and step (2) was repeated. (4) 

Step (3) was repeated until r1a =I and then steps (1) and (2) were repeated. Experimental g"'s 

at r1a for each mode were estimated by subtracting the value of the halfwidth at a node Z-: ) gliode 

fi-orn. the corresponding measured halfwidth gm(r1a) i. e. 0 

go (r1a) 
= g..,, (r1a) 

-gnode (5.5.1) 

The theoretically predicted form for each of the first four radial modes is shown by figures 4D 

(5.5.1), (5.5.2), (5.5.3) and (5.5.4) together with the experimental points calculated from 

equation (5.5.1). 

Figure (5.5.1): Contribution to the resonance halfwidth of the (0,2) mode from the 

opening in the equatorial surface of the hemispherical resonator as a function of r1a 
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Figure (5.5.2): Contribution to the resonance halfwidth of the (0,3) mode from the 

opening in the equatorial surface of the hemispherical resonator as a function of r1a 
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Figure (5.5.3): Contribution to the resonance halfwidth of the (0,4) mode from the 

opening in the equatorial surface of the hemispherical resonator as a function of r1a 
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Figure (5.5.4): Contribution to the resonance halfwidth of the (0,5) mode from the 

opening in the equatorial surface of the hemispherical resonator as a function of r1a 
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(5.6) Summary 
With the results obtained using the prototype plate, the design of the origmal transducer C) Z: ) 

housing was altered in order to optimise the play-off between the signal strengths and the Z-) 

perturbation caused by the positioning of the source transducer and its active area. As the C) 
theory suggests the signal strength is proportional to the active area b of the transducer the tý t) 

final arrangement used b=0.3 mm. but thýis was clearly a compromise. The active area (i. e. the 

hole size) was reduced by insertion of a small brass plug mounted against the face of the 

transducer. This had a hole of 0.3 mm diameter drilled through it which acted as a small C) 

wavecruide through which the signal could be propagated. The perturbation to the resonance CCC 
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Figure (5.6.1): Speed of sound obtained from the first rive radial modes with diameter d 

of the active area and length L of waveguide 
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-r__ nequencies was reduced still further by fixing the length (L) of the waveguide so that Re(KKHL) 

was near n7r with integer n; the effect is shown in by figure (5.6.1). Cý, Cý 
The signal strengths were attenuated somewhat by the new arrangement, but because the 

waveguide projects an acoustic image of the termination on the opening at r1a = 0, the signals 

were still very intense and the perturbations much smaller. 
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CHAPTER 6 

Experimental Techniques 

(6.1) Introduction 
Resonators may be divided into those of variable geometry (for example, a cylinder with a 

moving piston) or fixed geometry. For the measurements reported here spherical and 0-- 

hemispherical cavities were operated under steady state conditions using wide-bandwidth 

transducers for the generation and detection of sound. The low frequency operation of the C. 
wave-source enabled the lowest four radially symmetric modes to be studied in isolation, 

without overlap from other modes. The resonance frequencies and halfwidths of the 

modes under study were measured and analysed as described below and the speed of 

sound and the thermophysical properties of the gas were extracted from the resulting data. 

The temperature of the hemispherical and spherical cavities was maintained as described in 

chapter 4. This allowed measurements of the resonance frequencies and halfwidths to be 

made at a number of state points along an isotherm. Once thermal and hydrostatic 

equilibrium had been reached the temperature was measured by means of PRT's attached 

to the walls of the cavities and the pressure was measured using a digiquartz pressure 

gauge. For measurements involving the spherical resonator a differential pressure Z-: ) 
transducer was also utilised. 

(6-2) Instrumentation 
Although the procedures for measuring resonance frequencies, temperature and pressure t: ) 
have been described previously by former workers of this laboratory [50,54,59,77] brief 

descriptions are included here for completeness and to define precisely the techniques 

used. The discussion which follows is summarised by the block diagram given in fi ure tý CID 9 

(6.2.1). 
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The generation and detection of sound took place using two wide-bandwidth transducers 

embedded in the walls of the resonator. The continuous wave-source was generated by a C) 
network analyser (Hewlett-Packard HP4192A, serial number 820031) which was 

controlled via an IEEE interface. It was ensured that the fractional accuracy of the signals 

was better than 10-7 by phase-locking the impedance analyser to the 10 MHz time-base of 

a counter (Hewlett-Packard 5315B option 004). The frequency output from the 

impedance analyser was variable between 5 Hz and 13 MHz and could be set with a 

resolution of 10-7 , whilst the voltage output could be varied between 0.005 and 

1.1 V r. m. s. with increments of 0.001 V r. m. s. Although the maximum voltage output was C 
usually required for measurements in the sphere, no more than 0.6 V r. m. s was required 

for measurements in the hemisphere. The signal was passed through a power amplifier and tý Z 

D. C. bias to amplify the output of the impedance analyser to 60 V r. m. s. and mix it with a 

D. C. bias of 300 V. A variable resistance attenuator was required for the output of the 

signal before it passed into the source transducer of the hernispherical cavity as it was C) 

extremely efficient; this also cleaned the signal of random noise. A resistive-potential 

divider was placed in parallel with the output of the power amplifier, supplying a reference Z: ) 

signal to the analyser. The output from the detector was fed to a low noise differential 

amplifier, which had a forward gain of 1000. Further amplification was achieved using a C) 
bandpass amplifier with a potential difference gain variable between 10 and 30, this served 

to remove low frequency (below I kHz) and high frequency (above 100 kHz) noise. 

Generally a gain of only 10 was used, higher amplifications leading to unacceptable levels Z-) 4-: ) 

of noise. The amplified signal was then fed to the test input channel of the impedance 

analyser. The amplitude A and phase 0 of the measured signal could be resolved to 0.01 % 

and 0.0002 rad, with a time constant of I s. 

Data collection took place by comparative measurements of the amplitude and phase of 

the transmitted and received signals. Initially, an estimate of the centre-frequencyfN of 

each mode was made using an oscilloscope connected to the input and the output of the 

impedance analyser and by manually scanning the appropriate frequency range. The Z_: ý C) 

excitation frequency was increased through eleven synthesised discrete frequencies from 

(fN 
- 9N) to (fN + 9N) with increments Of 9NI 5 and at each point the in-phase and 
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Figure (6.2.1): Block diagram of instrumentation 
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quadrature components of the transrlUtted and received signals were measured. Each 

resonance was scanned with increasing then decreasing frequency to compensate against 0 C) 

any drifts in temperature. After each point, a short pause was necessary to allow the 

acoustic pressure to stabilise, before the amplitude and phase of the next point could be 

recorded. To obtain values of A and 0 constant to 0.02 %, which is the accuracy of the 
impedance analyser, a pause of T=1.41g is required, since this is the time required for the 

acoustic response to be within exp(-2Tcgr) of its steady state value. 
Measurements of the amplitude and phase of the received and transmitted signals were 

expressed in terms of the real and imaginary parts of the complex potential difference ratio 

o)= (a) cos(o)+iýa)sin(o)= it +iv 

The complex voltages were then fitted to a function of the theoretically predicted form, CD 

A 
w- +B+Cf (6.2.2) 

- _f2) dil 

where A is the complex amplitude and where 

Foll : -- 
(foll + igoll) (6.2.3) 

Any background signal due to overlap and other mechanisms is represented by the two 

leading terms of a Taylor's series. The data for each mode was then fitted to either a6 

parameter (fo,,, go,, and complex A and B) or 8 parameter (complex C is also considered) 

equation. A detailed description for fitting w (f) to equation (6.2.2) is given in reference 

[ 111 ]. For measurements in the hemisphere only a6 term fit was ever required due to the 

intense signals received and the absence of a frequency dependent background. For 

measurements obtained using the spherical resonator an 8 term fit was generally required 

especially at the lowest pressures where the signal-noise ratio was so poor as to require 8 

terms. 

(6.3) Temperature Measurement in the Hemisphere 
The temperature of the hemisphere was measured using a long stem platinum resistance 

thermometer encased in stainless steel (SDL long). This was mounted in a brass housing that C) 

was bolted into position on the external surface of the resonator. The thermal contact was 
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improved by filling the thermometer well with vacuum grease. The depth of immersion of the 

thermometer within the well was 110 mrn which should provide adequate immersion for the 

precision required [ 1121. 

A comparison of this thermometer with one calibrated on the International Temperature Scale 

of 1990 (ITS-90) was carried out by Royal and Sanchez [ 113] and is outlined below. 

(6.4) Calibration of Platinum Resistance Thermometer (SDL 

Long) 
The temperature range over which the thermometer was employed was from room 0 
temperature to about 370K. In this range the International Temperature Scale of 1990 is Z: ) 

defined by means of platinum resistance thermometers calibrated at specified sets of defining C) 

fixed points and using specified interpolation procedures. Z 
For the calibration in the range from the triple point of equilibrium hydrogen (13.8033 K) to 

the freezing point of silver (961.78 'Q the temperatures are determined in terms of the ratio of 0 
the resistance R (T90) and at a temperature T90 and the resistance R (273.16 K) at the triple 

point of water. The ratio, W (T90), is 

W(Tgo) = R(Tgo)/R(2 73.16 K) (6.4.1) 

The temperature, Tgo is then obtained from the appropriate reference function and the 

deviation function 

W(Tgo) - W, (T90) 
=a 

[W(Tgo) 
-1]+b 

[W(Tg()) 
_I]2+c 

[W(Tgo) 
_1]3 

(6.4.2) 
+d [W(Tgo) 

- W(660.3 23 OC)]2 

For calibration of the entire range, the fixed points used are the triple point of water (0.01 'C) 

and the freezing points of tin (231.928 'Q, zinc (419.527 'Q, aluminiurn (660.323 'C) and 

silver (961.78 'Q. The calibrations performed for our purposes did not cover the full range but 
C 

were comparable to accepted sub-range calibrations. 
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(6.5) Sub-range calibration from 0 'C to 150 'C 
The thermometer was calibrated at the triple point of water and at a temperature of 

approximately 150 'C. As measurements at the freezing point of indium were not readily 

accessible, they were replaced by comparative ebulhometry measurements at temperatures 

close to 150 'C. The comparative ebulhometry technique [114] allows temperatures to be 

obtained with a very high constancy and measured to an accuracy of better than I mK. The 

thermometers used to measure the temperature of the ebulliometric technique were long stem 

platinum resistance thermometers previously calibrated on ITS-90 by the National Physical 

Laboratory (NPL). For this temperature range, the deviation function is given by equation 

(6.4.2), where b=c=d=0 and the appropriate reference function is given by 

9 (Tgo /K) - 754.15 li 
Wr 

(T90) 
--z 

CO + 
ICi 

i=l 
1 

481 
(6.5.1) 

where the coefficients, CO and Ci are given in reference [ 112]. Measurements at the defining 
t: ) C) 

fixed points then allowed a to be determined and hence W (T90) and Tgo itself at inten-nediate 

temperatures. 

(6.6) Sub-range calibration from the triple point of mercury 

(-38.8344 'C) to the melting point of gallium (29.7646 
The thermometer was calibrated at the triple points of mercury and water and at the melting 

point of gallium. The deviation function for this range is again given by equation (6.4.2). For 

this temperature range c=d=0 and the values of a and b are obtained from measurements at 

the defining fixed points. The reference function for the range 13.8033 K to 273.16 K is given 

by 

12 ln(Tgo/273.16K)+1.5 
In[W, (Tgo)] 

=A+I 0 , Ai 
1.5 

where the coefficients, AO and Ai are given in reference [ 112]. This equation (6.4.2) aflowed the 

calculation of W, (Tgo) at the mercury triple point and together with the previous sub-range t:: ) 

calibration and W, (Tgo) for the melting point of gallium (from the previous reference function 
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given by equation (6.5.1)), values of a and b were obtained. Calculation of all intermediate 

temperatures (Tgo) was then possible from the measurement of their corresponding resistances. 

(6.7) Temperature Measurement in the Sphere 
The temperature of the sphere was measured using a long stem PRT calibrated on the 
International Practical Temperature Scale of 1968 (IFITS-68). The details of which have been 

reported previously in reference [59]. Calibration of the thermometers used for the sphere and 

the hemisphere were based on IPTS-68 and ITS-90 respectively. However, IPTS-68 

corrections to ITS-90 are easily made and the temperatures reported here refer to ITS-90. 

The resistance of both PRTs was measured to a precision and resolution of 10 ýQ using an a. c. 
bridge (Tinsley type 5840, serial number 830037) operating at 375Hz and a current of I mA. A 

standard Wilkins Resistor (Wilkins type 5685A, serial number 236201) was used to monitor 

any drifts in the bridge. Cý 

(6.8) Pressure Measurement 
The gas lines of the spherical and hemispherical resonators were connected as shown in 

figure (8.2.1). This arrangement allowed measurements to be made on the two systems 

simultaneously, which was extremely useful during the check of the calibration of the 

hemisphere's radius and allowed differences due to the pressure measurement technique to be 

elin-finated. 

Pressure measurement up to 7 NVa was by a temperature compensated, digiquartz pressure 

gauge (supplied by Paroscientific, model no. 2900-AT serial no. 31285). The quartz crystal 

used in the gauge exploits the piezoelectric and thermoelectric properties of the crystal. 

Oscillations of the crystal are measured using a universal counter (Hewlett Packard 5315B) 

giving the time periods of the pressure signal (Tp) and the temperature signal (, rt) in 

microseconds. The temperature is represented by 

2U2 +y y 
JU+y TI'C= 3U3 (6.8.1) 

where U=Tt- UO and the pressure is given by 
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T2 T0 
PlkPa=C I- I-D 1- (6.8.2) 

T2 pp 

where 
C Cl + C2U + C3U 2 

(6.8.3) 

D D, + D, )U (6.8.4) 

T 0T +TU+T ? 3U2 (6.8.5) 

the coefficients of which are given in table (6.8.1). 
C 

Coefficient Value Coefficient Value 

UO /p 5.877146 C3/ kPa ýLS-2 107466.83 

Y, /('C p-1) -3881.938 D, 0.0267322 

y'? /(, C ýtS-2) -9586.934 D, -0.3599045 
Y3 /(OC PLS-3) 16600.28 TI/p 24.94856 

Cj/kPa 33876.052 T2 0.1861965 

C, 1 kPa 2432.6106 3/ýB 14.93324 

Table (6.8.1): Coefficients used to detern-flne the pressure from the digiquartz pressure 

transducer 

The gauOre was previously cafibrated by Boyes [591 by comparison with an ofl lubricated Z: ) It:, 

pressure balance. Large deviations from the manufacturers calibration and hysteresis over a 

closed loop in pressure were found. The results of the calibration are included here for 

convenience. The pressure (p) indicated by the diglquartz, using equation (6.8.2) deviates from Z: ) Cýl 

that given by the pressure balance, to 100 Pa, by 
C) 

6P= jp+kp 4+ 1 P5+ III P6 +n sin 
27r 

*p 
(6.8.6) 

p 

wherej=0.14188, k=--0.1515xlO-', 1=0.4244x 10-2, in = --0.277 1X 10-3, n=0.25024 and 

p* = 4228.51 kPa. At the highest pressures of about 7 NEPa the deviation is as much as 2.5 ITa, 

giving a fractional imprecision of 3.6x 10-4 
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For measurements involving the sphere and the hemisphere both gas tý lines to the digiquartz 

pressure transducer were opened. The sphere was pressure compensated and because purity of 

the gas sample was not important it was possible to use the same (low-grade) argon as both the 

ballast in the sphere's pressure vessel and as the sample gas. The whole system could then be 

opened initially to ensure equal pressure in both the sphere and the hemisphere and also in the 

sphere pressure vessel. When using research grade argon for the measurements, the gas filling C) Z! ) 

the pressure vessel was isolated from that filling the resonator and lower-grade 'Pureshield' Z: -) 

argon was used as the ballast gas. After equibbr ation the valve at the top of the sphere could 

be closed off and the pressure in both the sphere and the hemisphere measured using the 

digiquartz. The differential pressure transducer (DPT) was operated as a null-reading device as 

described previously and was utilised only to check that the pressure difference between the 

sphere and its pressure vessel remained zero. The details and calibration of the DPT have been 

discussed previously (section 4.19). 



III 

CHAPTER 7 

Calibration of Hemispherical 

Resonator 

PART I The SPeed of Sound 

(7.1) Introduction 
Measurements of the resonance frequencies and halfwidths of the radial modes in the 

hemispherical resonator allow highly accurate, precise values of the speed of sound to be 

calculated for a particular gas. However, initial analysis of the measured frequencies and 
halfwidths directly yields values of (ula), since the speed of sound is given by, 

11 2n FN 
(T, p) = 

a V0,11 
(7.1.1) 

where FN is the corrected resonance frequency, it is the speed of sound, a is the cavity 

radius and vo, is the eigenvalue of the (O, n) mode. In order to obtain the more useful 

quantity it it was therefore essential to determine the absolute value of the radius of the 

cavity at any temperature and pressure i. e. a (T, p). 

It would be expected that the hemispherical geometry, and hence the radius, were 

dependent on both the temperature and the internal pressure. These dependencies had not 

been investioated previously for a hemispherical shell and no exact formalism exists. The C) 

dilation of the cavity, when subjected to internal pressure, is likely to be similar to that of a 

sphere for the spherical wall, but like the end-plate of a cylinder for the equatorial surface 

and it is therefore difficult to model mathematically. It is likely that the equatorial surface 

undero, oes some bending, particularly at high pressures, and it is not known how this will C) C) 

affect the symmetry of the radial modes. This geometry change further complicates the 
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development of a useful theoretical approach and it was therefore necessary to determine 

the radius empirically by obtaining measurements over the full range of temperature and Z: ) 

pressure. 

The precision with which the speed of sound in the hemispherical cavity may be calculated 
is limited by the precision with which the radius is known. At any state point, to calculate 

the radius within the required accuracy, it was necessary to perform measurements in a 

well-characterised gas in which the speed of sound is well known; the resulting values of 

a(T, p) were then fitted accordingly . 7. 

(7.2) Reference Data 
Argon is the usual choice of calibration gas as it is non-relaxing and its thermophysical it) C) 

properties are known with a very high degree of accuracy. However, nitrogen was also 

suitable for calibration purposes because although it is a relaxing gas, its thermophysical Cý 

properties are also very well known. The speed of sound in nitrogen was calculated from 

the acoustic virial coefficients given in reference [59]. These measurements were obtained 

using the stainless steel spherical resonator described in section (4.16) and were C) 
sufficiently accurate for calibration purposes. The reference data were also collected over 

temperature and pressure ranges similar to those used for our calibration measurements. C) 

The zero grade nitrogen, supplied by BOC ple. with a stated mole fraction purity of 

0.99999, was used without any attempt at additional purification. The nitrogen 0as from 

which the reference data were obtained was also zero grade, from the same supplier and 

also underwent no further purification. 

Six isotherms were studied at temperatures close to 304 K, 314 K, 322 K, 330 K, 340 K 

and 349 K. The resonance frequencies and halfwidths of the first four radial modes were 

measured for each isotherm using the procedure set out in section (6.2). For each 

isotherm, the initial pressure p, was 11 MIted to the highest pressure obtainable from the 

cylinder which was approximately 7 MPa. Subsequent points were taken at decrements in 

pressure of approximately (p, 110) until the measured pressure was (p, 110) or, in practice, 
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about I MPa, at which stacye two or three further points were taken at about 500 kPa, C) 

200 kPa and 100 kPa. 

(7.3) Analysis 
It is usual practice to obtain the corrected resonance frequencies FN by summing, the 

measured resonance frequency fo,,,, and the various contributions i. e. 
F -: -: fO, 

li + Afv +A N 
fh +ft +Afsh (7.3.1) 

where the losses which arise through the thermal and viscous boundary layers are denoted 

by Afl, and Afv respectively; perturbations to the resonance frequency caused by openings 

in the cavity wall are denoted by Aft and the losses due to shell motion are given by Af, ],. 
The first three correction terms (Afv, Afl, and Aft) may be easily modelled theoretically for 

a hemispherical cavity as seen in chapter 3. However, as mentioned previously, it is 

difficult to model the dilation of a hemisphere and therefore to predict the behaviour of 

Af, h. So that predictions about Af,,, can be made the corrected resonance frequency is 

initially approximated by the first four terms of equation (7.3.1). 

To assess the model, it is useful to look at the excess halfwidths of the individual modes. 
The fractional excess halfwidths are given by, 

l6k 9 90, /7 A- 9v -A- 9t 

fo'll fo'll (7.3.2) 

where the measured frequency and halfwidth are given by jo, and go,,, respectively and gl,, 

gvi gb and gt are the contributions to the halfwidth from the thermal and viscous boundary 

layers, through bulk dissipation in the gas and from openings in the resonator wall. 

The fractional excess halfwidths of all the modes, are shown as a function of temperature 

and pressure in figures (7.3.1) to (7.3.4). For all the modes (Ag/fo,,, ) is always positive by 

a fairly significant amount. The (0,2) mode is the most severely affected, showing a 

different pressure and temperature dependence to that exhibited by the (0,3), (0,4) and 

(0,5) modes and will be discussed separately. Since equation (7.3.1) fails to predict 

adequately the resonance halfwidths it was decided that it would be more reliable to obtain 
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the corrected resonance frequency, of individual modes, from the sum of the measured 
frequency and halfwidth i. e. 

FN = fo'll + go',, (7.3.3) 

The approach taken by equation (7.3.3) has the advantage that it allows for unknown or 

under-estimated losses which nevertheless perturb the resonance frequencies to be 

included in the corrected frequency FN. This is particularly important if unaccounted 

correction terms give significantly large excess halfwidths. 

As the effects of shell motion are expected to contribute only to the real component of the 

complex frequency, it is possible by combining equations (7.1.1) and (7.3.3) and 

comparing with known values of it (T, p) to assess these effects. It may be, that the 
derived shell motion is in keeping with the expected behaviour of the geometry based on C) Z: ) 

the theory of elasticity, in which case a useful approximation to Afsjj could be developed 

based on equation (3.19.2). Otherwise, when the effects of shell motion are deemed to be 

too dissirrular to this model, an empirical approach is more useful. 

Figure (7.3.1): Fractional excess halfwidths of the (0,2) mode in nitrogen as a 

function of pressure 
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Figure (7.3.2): Fractional excess halfwidths of the (0,3) mode in nitrogen as a 
function of pressure 
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Figure (7.3.3): Fractional excess halfwidths of the (0,4) mode in nitrogen as a 

function of pressure 
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Figure (7.3.4): Fractional excess halfwidths of the (0,5) mode in nitrogen as a 
function of pressure 
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(7.4) Calculation of Absolute Values of the Sound Speed in 

Nitrogen 
The speed of sound, u (T, p) was calculated using, 

2= AO 
+ 

A, 
p+ 

A2 
P2 + 

A3 
P3 (7.4.1) 

aa2a2a2a2 

The values of (Ao/a 2), (Al/a 2), (A-, /a 2) 
and (A3/a 2) for nitrogen given in reference[59] were -'D 117, 

extracted from data obtained at five isotherms and over similar pressure ranges to those 

used to determine the radius of the hen-i=isphere. The radius of the spherical resonator was 

obtained in argon at seven temperatures from 250 to 350 K giving values of a(T, p-->O) as, 0 '-: $ 

a(T, p ----> 0) /mm= 44.97142+ 0.738 x 10-3 (TI K-273.16) (7.4.2) 
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Values of A0, A, and A3 were each fitted against temperature using a simple linear 

regression, whilst the values of A, quoted were fitted using a second order polynomial LID 
giving, 4- 

Ao -113492+415.64(T/K-273.16) (7.4.3) 

A, =1696+15.45(T/K-273.16)-0.058(T/K-273.16)2IXIO-6 (7.4.4) 

A, )= 
t940-4.1(T/K-273.16)jx 10-13 

A3 = t1400- 32(T/K- 273.16) 1x 10-21 

(7.4.5) 

(7.4.6) 

The reference data together with the adopted fits are shown in figures (7.4.1) to (7.4.4). 

Figures (7.4.1): Values of the coefficient AO taken from reference [59] together with 

the adopted fit given by equation (7.4.3) 

150000 

140000 

cli 130000 
kn 
cm E 

"4c 120000 

110000 

100000 

250 260 270 280 290 300 310 320 330 340 350 360 

T/K 



118 

Figures (7.4.2): Values of the coefficient AI taken from reference [59] together with 
the adopted fit given by equation (7.4.4) 
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Figures (7.4.3): Values of the coefficient A2 taken from reference [59] together with 

the adopted fit given by equation (7.4.5) 
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Figures (7.4.4): Values of the coefficient A3 taken from reference [59] together with 
the adopted fit given by equation (7.4.6) 
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(7.5) Behaviour of Radius Predicted from the (0,2) Mode 
As mentioned previously, the (0,2) mode exhibits a different temperature and pressure 

dependence than the higher order modes. It can be clearly seen by figure (7.3.1) that the 

excess halfwidths of the (0,2) mode passes through a maximum at about 3000 kPa at the 

highest temperature and this peak occurs at progressively higher pressures as the 

temperature is reduced. There is a less intense feature which occurs at about I MPa and 

behaves with the same temperature dependence. It is thought that these features could be 

due to coupling between shell motion and modes of similar symmetry. 
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Figure (7.5.1): Fractional excess halfwidths of the (0,2) mode in nitrogen as a 

function of frequency 
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Figure (7.5.2): Frequencies at which maximum excess halfwidths occur for the (0,2) 

mode in nitrogen 
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The temperature dependency of the pressure (and hence frequency) at which these maxima 
in Agex(0,2) occur is simple as shown by figures (7.5.1) and (7.5.2) and confirms that this 

is not just some random feature. 

As it appears that the (0,2) mode traverses shell resonance features the accuracy of the 

speed of sound obtained from this mode is severely reduced. The model given by 

equations (7.1.1) and (7.3.3) fails and at the shell resonance there is obviously a severe 

shortfall in the corrected frequency resulting from unknown correction terms which must 
, 61CIC 

contribute only to the Yo'mponent of the complex eigenfrequency. , A- C) 

lt is uncertain how this coincidence with shell resonance features affects subsequent 

modes and it is likely that this is the cause of correction terms which are unaccounted for 

theoretically, for the hiC-rher order modes. D 

(7.6) Behaviour of the Radius Predicted from the (0,3), (0,4) 

and (0,5) Modes 
The excess halfwidths of these higher order modes show a fairly obvious trend, with the 

model failing most severely at the lowest pressures. The failure at low pressures could be 

due to slots or holes which have not been accounted for, but the pressure dependence 

observed implies that it is unsatisfactory to use equation (7.3.1) as there are obviously 

correction terms unaccounted for over the entire pressure range. The residual excess 

halfwidths were investigated further by comparing with measurements in propene. A more 

detailed description of the halfwidth analysis is given in part 11 of this chapter. Z-: ) 

(7.7) Determination of a (T, p, n) 
At each state point a value of a (T, p, n) was assigned to each mode. This value of 

a (Tp, n) was calculated using the values of (ula)(T, p, n) given in tables (7.7.1) to (7.7.6) 

and the values of u(T, p) calculated as described above. In view of the evidence that the 

(0,2) mode was severely perturbed by shell resonance features and that it exhibits an 

entirely different pressure and temperature dependence, this mode was initially rejected 
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Table (7.7.1): Values of a (p, T) determined from calibration using nitrogen at 

temperature 304.001 K and at pressures p 

T= 304.001 K 

p/kPa Mode 
index n 

a/mm pAkPa Mode 
index n 

a/mm 

6165.99 2 37.646843 3209.19 2 37.642239 
3 37.631439 3 37.629005 
4 37.632023 4 37.629101 
5 37.632889 5 37.628880 

5572.44 2 37.648628 2446.77 2 37.631184 
3 37.630890 3 37.626938 
4 37.630920 4 37.626678 
5 37.631062 5 37.626225 

4841.40 2 37.646721 1570.61 2 37.613625 
3 37.629021 3 37.624531 
4 37.630135 4 37.624538 
5 37.630177 5 37.624573 

4072.06 2 37.637547 958.83 2 37.609444 
3 37.629822 3 37.624386 
4 37.629868 4 37.624790 
5 37.629929 5 37.624554 
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Table (7.7.2): Values of a (p, 7) determined from calibration using nitrogen at 

temperature 313.808 K and at pressures p 

T= 313.808 K 

plkPa Mode 
index n 

a/mm p/kPa Mode 
index n 

a/mm 

6689.93 2 37.633415 2801.50 2 37.649776 
3 37.637753 3 37.636158 
4 37.637455 4 37.635998 
5 37.637630 5 37.636086 

5889.39 2 37.646767 1990.47 2 37.638306 
3 37.637505 3 37.634403 
4 37.637630 4 37.634872 
5 37.637547 5 37.634274 

5258.64 2 37.655331 1311.85 2 37.624573 
3 37.637436 3 37.633720 
4 37.637684 4 37.633423 
5 37.637711 5 37.633877 

4507.99 2 37.655674 802.55 2 37.620853 
3 37.636604 3 37.633675 
4 37.636234 4 37.633682 
5 37.636578 5 37.633656 

3696.70 2 37.648739 
3 37.635918 
4 37.636242 
5 37.636002 
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Table (7.7.3): Values of a (p, T) determined from calibration using nitrogen at 

temperature 321.716 K and at pressures p 

T= 321.716 K 

p/kPa Mode 
index it 

a/mm p/kPa Mode 
index n 

a/mm 

6763.41 2 37.619984 2793.53 2 37.649139 
3 37.645535 3 37.640839 
4 37.645527 4 37.640926 
5 37.645512 5 37.640854 

5959.22 2 37.639584 1987.55 2 37.647572 
3 37.643581 3 37.640717 
4 37.643597 4 37.640263 
5 37.643597 5 37.640533 

5242.36 ? 37.649914 1292.95 2 37.634026 
3 37.643536 3 37.640320 
4 37.643005 4 37.640320 
5 37.643044 5 37.640343 

4490.51 2 37.659508 788.39 2 37.623634 
3 37.642151 3 37.639503 
4 37.642056 4 37.639809 
5 37.642159 5 37.639378 

3656.90 2 37.657040 
3 37.641415 
4 _ 37.641518 
5 37.641998 
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Table (7.7.4): Values of a (p, T) determined from calibration using nitrogen at 
temperature 329.894 K and at pressures p 

T= 329.894 K 

p/kPa Mode 
index n 

a/mm p/kPa Mode 
index n 

a/mm 

6911.95 2 37.639957 3284.22 2 37.665127 
3 37.654736 3 37.649609 
4 37.654720 4 37.649540 
5 37.654716 5 37.649567 

6180.48 2 37.633488 2443.06 2 37.655499 
3 37.653088 3 37.648109 
4 37.653023 4 37.649242 
5 37.653095 5 37.648724 

5573.71 2 37.632092 1533.50 2 37.652679 
3 37.653965 3 37.647572 
4 37.654099 4 37.647320 
5 37.654018 5 37.647999 

4830.84 2 37.656071 989.96 2 37.640072 
3 37.651402 3 37.647221 
4 37.652122 4 37.648396 
5 37.652016 5 37.647511 

4069.06 2 37.663898 513.21 2 37.629784 
3 37.651115 3 37.646030 
4 37.651051 4 37.646095 
5 37.651119 5 37.646046 
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Table (7.7.5): Values of a (p, 7) determined from calibration using nitrogen at 

temperature 340.458 K and at pressures p 

T= 340.458 K 

p/kPa Mode 
index n 

a/mm plkPa Mode 
index n 

a/mm 

6399.71 2 37.671658 2569.54 2 37.671532 
3 37.670189 3 37.660210 
4 37.670773 4 37.660164 
5 37.670631 5 37.660156 

5956.47 2 37.658577 1704.62 2 37.661037 
3 37.669128 3 37.658558 
4 37.669247 4 37.658562 
5 37.669331 5 37.658604 

4913.27 2 37.652401 1009.42 2 37.661812 
3 37.667660 3 37.657345 
4 37.666710 4 37.657230 
5 37.666924 5 37.657322 

4129.77 2 37.645309 493.42 2 37.645927 
3 37.664288 3 37.656094 
4 37.664509 4 37.656078 
5 37.664387 5 37.656139 

3385.87 2 37.665562 
3 37.662598 
4 37.663029 
5 37.662689 
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Table (7.7.6): Values of a (p, T) determined from calibration using nitrogen at 
temperature 348.745 K and at pressures p 

T= 348.745 K 

pAkPa Mode 
index it 

a/mm p/kPa Mode 
index n 

a/mm 

5804.43 2 37.677708 2326.88 2 37.663963 
3 37.681393 3 37.667721 
4 37.681374 4 37.668633 
5 37.681412 5 37.668259 

5179.31 2 37.683090 1594.98 2 37.669510 
3 37.678120 3 37.666100 
4 37.678570 4 37.666222 
5 37.678371 5 37.666183 

4426.80 2 37.659122 1003.72 2 37.667183 
3 37.675468 3 37.663815 
4 37.675236 4 37.664654 
5 37.675453 5 37.664200 

3732.90 2 37.659039 509.08 2 37.660912 
3 37.673702 3 37.662941 
4 37.673820 4 37.663773 
5 37.673805 5 37.663017 

3042.82 2 37.642216 
3 37.670536 
4 37.670547 
5 37.671047 
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from the analysis to determýine the radius. The remaining three modes were the (0,3), (0,4) 

and (0,5) modes. 

It can be seen by figures (7.7.1 to 7.7.6) that the radius increases with pressure as t) 

expected but the rate of increase changes with temperature. This variation in pressure 

dependency could be due, in part, to the change of Youncy's modulus with temperature C) ZD 

although this does not change sufficiently quickly with temperature to account fully for it: ý I'D 
this observation. It is more likely that this change in pressure dependency occurs because C) 
the shell resonance frequency decreases as the temperature increases and this leads to an 

apparent increase in the radius. It can also be seen that there is significant disagreement C) C) 

between modes at the same state points although the difference seems to be fairly 

independent of temperature. If the (0,2) mode does traverse a shell resonance, subsequent 

modes will be less severely affected as their frequency increases. Indeed, the (0,3) mode 

shows a considerable separation from the other modes with the (0,4) and (0,5) modes 

aareeiric, much more closely as their resonance frequencies become further removed from 

the suspected shell resonance frequency. This separation is dealt with in section (7.8). At 

low pressures (those below 500 kPa) the behaviour is less well defined as in most cases 

the radius would have to fall dramatically in order to yield the correct value of the speed 

of sound. This anomalous behaviour is due to inadequate modelling of the correction 

terms in the system at low pressures as has already been demonstrated by the large excess 

halfwidths in this regime. The data was therefore truncated at pressures below about 

500 kPa and all the resulting values of a (T, p, n) were fitted using non-linear regression C) 

analysis. Terms describing the temperature and pressure dependence of the radius were Z_j 
selected from a bank of 29 terms in p' and T' where x= -3, -2, -1,0,1,2,3 and from the 

cross terms P'V where y, z= -2, -1,0,1,2. Terms were selected only when the F-level by 

including the term in the fit was greater than about 10, since the data consisted of about Cý 
200 points, this corresponds to terms significant at a probability of 99.95 per cent [ 115]. 
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Figure (7.7.1): pressure dependence of radius of hemisphere predicted from the first 

four radial modes at a temperature of 304.001 K 
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Figure (7.7.2): Pressure dependence of radius of hemisphere predicted from the first 

four radial modes at a temperature of 313.808 K 
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Figure (7.7.3): Pressure dependence of radius of hemisphere predicted from the first 

four radial modes at a temperature of 321.716 K 
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Figure (7.7.4): Pressure dependence of radius of hemisphere predicted from the first 

four radial modes at a temperature of 329.894 K 
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Figure (7.7.5): Pressure dependence of radius of hemisphere predicted from the first 

four radial modes at a temperature of 340.458 K 
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Figure (7.7.6): Pressure dependence of radius of hemisphere predicted from the first 

four radial modes at a temperature of 348.745 K 
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A five term fit was found to describe the data best 

T 
af«, t(T, p)1 mm= (37.37 ± 0.02)+(0.25± 0.01) 

300 K 

(0.24 ± 0.04) x 10-3 (p/kPa) 

- 
(0.45 ± 0.08) X 10-3 

T (p/kPa) 
300 K 

2 

(0.21± 0.04) x 10-3 
T (p/kPa) 

300 K 

(7.7.1) 

with a standard deviation of 4. Ox 10-3 which corresponds to about 107 ppm in a. It is this 

fit which is illustrated in figures (7.7.1 to 7.7.6). The mode separation has not yet been C> 

solved, however, and it was this problem that was next tackled. 

(7.8) Calculation of Effective Radii of Modes 
As the modes exhibit the same temperature and pressure dependence but have a significant Z: ) 

separation in the expected values of a, it was necessary to calculate a separation constant 

for each mode which may be based on either an effective radius or an empirical 

eigenvalue. The correction factors are thought to arise as a result of shell resonance effects 

leadincr to mode-dependent terms which contribute only to the real losses (and are 

therefore not seen in the measured halfwidth). 

Global fitting of the data obtained from the (0,3), (0,4) and (0,5) modes gave the best fit 

as that described by equation (7.7.1). The difference between a (T, p, n) and afi, was then 

calculated at every state point and the mean of these differences for each mode taken to 

determine the required correction factors. 

The effective radius, a, (O, n), of each mode may be calculated by using the following 

correction factors, 

(0,2) = 0.999683 

(0,3) = 0.999853 a (7.8.2) 

a, (0,4) = 1.000058 a (7.8.3) 

a, (0,5) = 1.000091a (7.8.4) 
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Assignment of an effective radius allows the speed of sound calculated from each mode to 

be identical or within the acceptable limits of accuracy. New values of (ulae) were 

calculated using the effective radii given in equations (7-8.1) to (7.8.4). The fractional 
Z- 

deviations of each mode given by C) 

ýltla, ) 
- 

(itla, )XI06 

(7.8.5) 
ae (ulae 

are illustrated in figures (7.8.1 and 7.8.2), where <tda, > is the mean value of (1da, ) derived 

from the (0,3), (0,4) and (0,5) modes 

As it can be seen there is now random deviation of ula, with respect to pressure for the 

(0,3), (0,4) and (0,5) modes (figure 7.8.1) and the agreement is generally within 20 ppm. 

The fractional deviation of (1da. ) for the (0,2) mode (figure 7.8.2) has notable features in 

common with the excess halfwidths illustrated in figure (7.3.1). The fractional deviation of 

(ula)0,2 from the mean, <1dae>, shows a minimum value (most negative) for the four 

highest temperatures which occur at approximately 3000 kPa, 4000 kPa, 5500 kPa and 

6800 kPa; these are the pressures at which the corresponding excess halfwidths have their 

maximum value. The implication of this observation is that, near the shell resonance, the 

observed halfwidth is not a reasonable measure of the real losses that are occurring and 

that the shell resonance must contribute primarily to the imaginary term of the complex 

frequency. 

When the fractional excess halfwIdth is at a minimum, the deviation in (ula) approaches 

zero, as expected and in this regime, when we are not actually at shell resonance, the 

model used (equation (7.3.3)) seems to work satisfactorily even for the (0,2) mode. 

Once the separation between modes and hence the effective radius of each mode had been 

solved non-linear regression analysis was performed on all the values of the effective radii, 

ae 7 using the procedure outlined previously. Z-: > 

Several functional forms described the data equally well in terms of the standard deviation 

of the fit, however some implied anomalous temperature dependency and so the fit 

considered most sensible and which best described the data was given by the five-term fit, 
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Figure (7.8.1): The fractional deviation (ula) of the (0,3), (0,4) and (0,5) modes from 

the mean <ula> calculated from the (0,3), (0,4) and (0,5) modes 
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Figure (7.8.2): The fractional deviation (ula) of the (0,2) mode from the mean <ula> 

calculated from the (0,3), (0,4) and (0,5) modes 
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T 
a., t 

(T, p) / mm = (3 7.3 73 ± 0.003) + (0.248 ± 0.002) 
300 K 

+ (0.238 ± 0.008) X 10-3 (p/IcPa) 

- (0.45 ± 0.01) X 10-3 
T (p/kPa) 

300 K 

(0.214 ± 0.007) >< 10-3 
T (p/kPa) 

300 K 

which has a standard deviation of 7.27 x 10-4 and corresponds to 20 ppm in the radius. 

The zero-pressure temperature dependence of the radius is therefore given by 

af-� (T, p ---> 0)/ mm= (37.373±0.003)+(0.248±0.002) T 
(7.8.7) 

300 K 

(7.8.6) 

and is illustrated by figure (7.8.3). Clearly, the temperature dependence of the radius 

derived from the measurements is not due purely to the linear expansivity of stainless steel 

321 which is approximately 9.59x 10-6 K-' [103] compared with 21.97x 10-6 K-' obtained 

from the regression analysis and a factor of 2.2 higher. This difference is almost certainly 

due to the effects of shell motion whereby the walls of the cavity are stretched by resonant 

frequencies of the shell, in a way that is temperature dependent. 

The behaviour of the radius to internal pressure as a function of temperature is shown by 

figure (7.8.4). The theoretically predicted form of the compliance for a perfect sphere is 

given by equation (9.2) and this has previously held well for practical sphencal resonators. 

At the highest experimental temperature of 349 K the effective compliance of the 

hemispherical resonator is 10.93xIO-11 Pa-1, a factor of 22 higher than the value predicted 

by equation (9.2) and again almost certainly due to coincidence of the resonance modes of 

the gas with shell resonance features. 

The deviation of individual points from the fit given by equation (7.8.6) were calculated 

from the following equation 

6ae = 
a, (T, p) -a fi, (7.8.8) 

aflt 

and are shown with respect to temperature and pressure for the (0,3), (0,4) and (0,5) 

modes by figures (7.8.5) and (7-8.6) and for the (0,2) mode by figures (7.8.7) and (7.8.8). 
t7l 
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Figures (7.8.3): Temperature dependence of zero-pressure radius 
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Figures (7.8.4): Temperature dependence of effective compliance of resonator's 
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The adopted fit is within the acceptable limits of accuracy and is comparable to the 

accuracy achieved in the detern-fination of the radius of a spherical resonator. For example 

the value quoted by Boyes in reference [59] has a standard deviation of 0.8 ýtm in 45 mm 

which would correspond to about 21 ppm in a sphere with a 37.5 mm. radius. Considering 0 
the data from reference [59] consisted of fitting seven values of the radius a (T, p-->O) 

compared with fitting 200 points of a (Tp, 77) for the hemisphere and that a sphere is twice 41"') - 

the volume of a hemisphere it gives confidence in the level of accuracy achieved in the 

calibration for the radius of the hemispherical cavity. 

Figure (7.8.5): Deviations 8a, of the (0,3), (0,4) and (0,5) modes from the fit given by 

equation (7.8.6) as a function of temperature 

60 

50 

40 

30 

20 

co 10 Go 
0 

-10 

-20 

-30 

-40 

- r, n 

- 

I I I I 

. 

. 

-� 

-. I I S I 

%. # %J 

300 310 320 330 340 350 

T/K 



138 

Figure (7.8.6): Deviations 8a, of the (0,3), (0,4) and (0,5) modes from the fit given by 

equation (7.8.6) as a function of pressure 
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Figure (7.8.7): Deviations 8a, of the (0,2) mode from the fit given by equation (7.8.6) 

as a function of temperature 
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Figure (7-8-8): Deviations 8a, of the (0,2) mode from the fit given by equation (7.8.6) 

as a function of pressure 
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PART 11 Halfwidth Analysis 

(7.9) Introduction 
It was established in the previous section that, for each of the resonance modes studied, 

there were unexplained loss mechanisms which contributed to both the real and imaginary 

parts of the complex frequency. It was thought that the source of these unaccounted 

losses was due, at least in part, to shell resonance frequencies which were coupling to the 

radial modes. The manifestation of the loss mechanisms operating in the cavity is an 

increased resonance halfwidth which cannot be explained completely by the existing 

perturbation theory. The speed of sound may still be calculated within the required 

accuracy using the measured resonance halfwidths and the empirical approach discussed in 

part I of this chapter. It is impossible, however, to extract any information about the 

relaxing properties of a fluid until a satisfactory theoretical or empirical model is 

developed to account for the resonance halfwidths. 

(7.10) Calibration Gas 
1n order to effectively calibrate the resonance halfwidths observed in the hemispherical 

cavity, measurements were performed on propene. The reason for this choice of gas was 

that the resonance linewidths are extremely narrow due to the relatively small transport 

coefficients of propene and as a consequence the quality factors were high. A full set of 

results, covering the whole of the experimental temperature and pressure range was also 

available, obtained previously by Buxton and Bailey [ 132] using a 40 mm radius spherical 

resonator. 

(7.11) Measurements on Propene 

Measurements of the resonance frequencies and halfwidths of the first five radial modes 

was made along three isotherms. The isotherms were performed at temperatures close to 

300 K, 332 K and 354 K. The initial pressure p, was limited to the highest pressure 
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obtainable from the cylinder or 0.6 of the vapour pressure, whichever was the lowest. The 

limitation imposed on the initial pressure was to avoid the effects of precondensation [67]. 

The measured frequencies and halfwidths are represented by the equation 

fN +'gN :IN +lj(A 
U 

- 

(j- 
f+ ig)j 

2Tc 

where the various loss mechanisms, given by the sum, are described in greater detail in 

chapter 3. If all the mechanisms were accounted for then the excess halfwidth, for a radial 

mode, given by 

Ag = 
(90, 

it - gh - 9v - 9t - 9b 
) 

(7.11.2) 

would be exactly zero. If the theoretical halfwidth is well known, as it is for propene, any 

residual Ag corresponds to unknown loss mechanisms might then be modelled. 

The propene was supplied by BOC gases and was 'N2.0 (pure)' grade with a stated mole 
fraction purity of 0.995. An identical grade of propene was also used for the reference 

measurements on which the calibration was based [132], thereby reducing the limitations 

on accuracy imposed by gas purity. 

(7.12) Transport Properties 
The largest of the known correction terms for measurements in propene are due to the 

thermal and viscous boundary layers. In order to calculate the magnitude of such effects, a 

priori, the thermal conductivity and viscosity must be known. 

The thermal conductivity K and viscosity '9 of propene as p --> 0 and the density 

dependencies of both coefficients were obtained from values given in reference [133] at 

pressures of 1.0 MPa and 0.1 MPa. Non linear regression analysis was used by Buxton 

[ 132] to obtain equations for x and il at the two pressures and the results are given below. 

At p=0.1 MPa: 

K/MW-M -1 -K -1 = 2.10342 +163.03 t2+ 128.1t 4_ 379t6 (7.12.1) 

il / ýWa -s= 27.774t + 7.313 t2 _ 12.3 t3 (7.12.2) 

and at p=1.0 MPa: 

ic/mW. m-I. K-1 =21.5193-136.90t+528.7t2-318t3 (7.12.3) 
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il/[tPa s= 23.91 9t+39.08t 2- 58.9 t3 (7.12.4) 

where t=0.00 1 (T/K). 

Linear extrapolation to p --> 0 was then possible using 

-K(p --- ý 0) = K(p = 0.1 MPa) - -1 
ýK(p 

= 1.0 MPa) - K(p = 0.1 MPa)j (7.12.5) 9 

and 

Tj (p 
---> 0) = Tj (p 

= 0.1 MPa) - -1 
fq (p 

= 1.0 MPa) - Tj (p 
= 0.1 MPa) (7.12.6) 9 

The density dependence was calculated using 
aK 

= 
Ix(p 

= 1.0 MPa) -, K(p --> 0)1 
RT 

(7.12.7) ap 106M 

and 
all 

= 
til (p 

= 1.0 MPa) -, q (p 
---> 0) 1 RT 

(7.12.8) ap 106M 

The vibrational relaxation time rp and its density dependence a (, rp) / ap were obtained 

from reference [132]. The bulk viscosityflb, the second virial coefficient B, the second 

acoustic virial coefficientPaand the heat capacity CP9 were also estimated from reference P, I? z 
[132]. 

(7.13) Fractional Excess Halfwidths in Propene 
The fractional excess halfwidths after correction for known contributions for the first five 

radial modes are given for propene in figures (7.13.1) to (7.13.5). Initial examination of 

the fractional excess halfwidths revealed non-negligible losses which had not been 

adequately accounted for by the existing model. 

The (0,2) mode was the most severely affected with fractional excess halfwidths on the 

order of 300 to 1000 ppm. As with nitrogen, the (0,2) mode in propene is obviously 

affected by coincidence of its resonance frequency with shell resonances of the cavity. At 

the lowest temperature of 300 K there are two clear maxima occurring at pressures of 

approximately 600 kPa and 120 kPa. At higher temperatures these maxima are shifted to 

lower pressures (higher frequencies) and at the highest experimental temperature of 354 K 

the two peaks appear to coalesce. 
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Figures (7.13.1): Fractional excess halfwidths of the (0,2) mode as a function of 

pressure in propene 
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Figures (7.13.2): Fractional excess halfwidths of the (0,3) mode as a function of 

pressure in propene 
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Figures (7.13.3): Fractional excess halfwidths of the (0,4) mode as a function of 

pressure in propene 
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Figures (7.13.4): Fractional excess halfwidths of the (0,5) mode as a function of 

pressure in propene 
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Figures (7.13.5): Fractional excess halfwidths of the (0,6) mode as a function of 

pressure in propene 
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The fractional excess halfwidths of the (0,3) mode were also unacceptably high (between 

190 to 380 ppm) and the behaviour was unpredictable. At the lowest experimental 

temperature of 300 K two maxima are observed at pressures of approximately 500 kPa 

and 130 kPa. At 332 K there is a maximum in Ag at a pressure of approximately 300 kPa 

but at the highest experimental temperature of 354 K, no sharp maxima were observed. 

This observation is almost certainly a knock-on effect from the behaviour of the (0,2) 

mode; the pressure at which the maxima in Ag occur for the (0,2) mode coincide almost 

exactly with those seen for the (0,3) mode. However, only the most intense features are 

reproduced by the (0,3) mode and they are then shifted to lower pressures which explains 

why no maxima are seen at the highest experimental temperatures (i. e. at 354 K the 

highest intensity feature for the (0,2) mode occurs at a pressure of about 150 kPa, if this is 

shifted to a lower pressure for the (0,3) mode it may not appear over the pressure range of 

the experiment). The behaviour of the excess halfwidth for the (0,4), (0,5) and (0,6) 
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modes is more predictable and much more like that seen for the (0,3), (0,4) and (0,5) 

modes of nitrogen. With the exception of the (0,6) mode for the isotherm performed at 
332 K, there is a baseline of about 150 ppm. in (Ag/j) at all pressures of about 200 kPa and 
higher, this then rises sharply to about 300 to 400 ppm, as the pressure is reduced. The 

(0,6) mode exhibits maxima in (Ag/j) at pressures of approximately 800 kPa and 300 kPa 

in behaviour which is reminiscent of that observed for the (0,2) and (0,3) modes. 

Careful examination of the excess halfwidths of both the nitrogen and propene data 

revealed information about the criteria upon which the remaining excess halfwidth 

depended and by comparison with the functional forms of known correction terms, the 

residual halfwidths could be attributed to the appropriate loss mechanism. The isotherms 

not included for this analysis were those obviously and severely affected by coincidence 

with shell resonance features, this is summarised in the table below. 

Table 7.13.1: Summary of modes included in subsequent halfwidth analysis 

313.808 (0,3), (0,4) and (0,5) 

321.716 (0,3), (0,4) and (0,5) 

329.894 (0,3), (0,4) and (0,5) 

340.458 (0,3), (0,4) and (0,5) 

348.746 (0,3), (0,4) and (0,5) 

Propene 299.661 (0,3), (0,4), (0,5) and (0,6) 

331.885 (0,3)*, (0,4) and (0,5) 

354.210 (0,3), (0,4), (0,5) and (0,6) 

* point at p= 300 kPa not included 
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The excess halfwidths of both nitrogen and propene exhibit a background contribution that 

is not accounted for by the existing model (equation 7.11-2) and which is not mode 

dependent. The magnitude of this loss is dependent on the gas; it is larger for nitrogen 

(about 200 ppm) than it is for propene (about 150 ppm) which suggests that the loss is, 

not surprisingly, dependent on the transport properties of the gas. 

For a thermal boundary layer, 

Afil + ig Lh 'a 
+- 

1) 6sh ý, 
g 

fool 
12aa2 (y, XS11 

If the temperature of the gas and shell match then only the first term of equation (7.13.1) 

is important and this is proportional to I For imperfect thermal accommodation the 

second term becomes important and this is proportional to Up (the importance of this 

term dramatically increases at low pressures, below 100 kPa). The third and smallest term 

accounts for penetration of the thermal wave into the shell and is proportional to f 

Plots of (Ag1f) against IlVfp for propene and nitrogen (figures 7.13.6 and 7.13.7) reveal CID 
linear relationships indicative of a first-order boundary layer effect. 

Figure (7.13.6): Fractional excess halfwidths of the (0,3), (0,4), (0,5) and (0,6) modes 

in propene as a function of IIVAp 
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Figure (7.13.7): Fractional excess halfwidths of the (0,3), (0,4), (0,5) and (0,6) modes 
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A slot around the join between the hernIspherical and equatorial parts of the resonator 

could cause losses which would contribute substantially to the halfwidths. The fractional 

excess halfwidths of the propene and nitrogen data, as summarised in table (7.13.1), were 

utilised in order to estimate the diameter of the slot around the equator. The slot width 

was varied to rninimise the excess halfwidths but also ensuring that the criteria (Ag1f) >0 

was met. The optimum slot width was found to be 0.045 mm, with a depth of 4.0 mm 

determined by the O-ring groove. This seemed a reasonable width and is certainly well 

within that to be expected from machine shop tolerances. 

The excess halfwidths with the slot correction included are given for the measured radial 

modes in figures (7.13.8) to (7.13.16) for propene and nitrogen. Examination of these 

figures reveals fractional excess halfwidths which are always below 30 pprn for the (0,4) 

and (0,5) modes at pressures above 250 kPa. The (0,6) shows a similar trend with excess 

halfwidths not exceeding 30 pprn at pressures above 250 kPa but is affected by a shell 
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resonance feature for the isotherm at 332 K where the excess halfwidths rise to between 

100 to 300 ppm. The situation is more complex for the (0,2) mode which is obviously 

severely affected by shell resonance effects. As observed in nitrogen, the maxima in excess 
halfwidth occur at pressures which are linear with temperature. The (0,3) mode also seems 
to have been affected by resonances of the shell, which most likely follows from the 
behaviour of the (0,2) mode; the isotherm performed close to 300 K is the most severely 
affected with excess halfwidths of the order of 120 ppm, with a maximum being reached 
of about 230 ppm. The peak of the fractional excess halfwidth for the (0,3) mode 

correlates with that seen for the (0,2) mode at this temperature. Similar trends are seen in 

nitrogen with the excess halfwidths of the (0,3) and (0,5) modes always below 30 ppm. at 

pressures exceeding 1000 kPa; for the (0,5) mode, with the exception of one point, this 

value is always below 15 ppm. The (0,4) mode is affected by a shell resonance for the 
isotherm performed close to 304 K and this results in excess halfwidths rising to about 
450 ppm but for the other isotherms this mode exhibits Ag's which do not exceed 45 ppm 

at pressures above 1000 kPa. 

To surnmarise it appears that although the slot correction accounts adequately for the 

background contribution to the excess halfwidths seen for both nitrogen and propene the 

model fails at pressures below about 250 kPa in propene and 1000 kPa in nitrogen. This is 

not surprising since in the low pressure (and low density) regime the boundary layer 

corrections become more important and are therefore more difficult to model (i. e. surface 

roughness and regions of the cavity where the geometry may deviate from ideality (e. g. 

slots) are not adequately characterised). 

Furthermore, there are still losses unaccounted for which are almost certainly the result of 

strong coupling between the (0,2) mode and resonances of the shell. The fractional excess 

halfwidths of the higher order modes are also affected by shell resonance mechanisms but 

in a less predictable way than the (0,2) mode. Analysis of the sound speeds reveals that 

even when the excess halfwidths of the modes measured exceed reasonable limits, it is 

only the (0,2) mode which also suffers severe shifts in the frequency which cannot be 

accounted for by the corresponding increase in halfwidth. 
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Figure (7.13.8): Fractional excess halfwidths in nitrogen of the (0,2) mode after 

correction for a slot 
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Figure (7.13.9): Fractional excess halfwidths in propene of the (0,2) mode after 

correction for a slot 
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Figure (7.13.10): Fractional excess halfwidths in nitrogen of the (0,3) mode after 

correction for a slot 
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Figure (7.13.11): Fractional excess halfwidths in propene of the (0,3) mode after 

correction for a slot 
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Figure (7.13.12): Fractional excess halfwidths in nitrogen of the (0,4) mode after 

correction for a slot 
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Figure (7.13.13): Fractional excess halfwidths in propene of the (0,4) mode after 

correction for a slot 
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Figure (7.13.14): Fractional excess halfwidths in nitrogen of the (0,5) mode after 

correction for a slot 
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Figure (7.13.15): Fractional excess halfwidths in propene of the (0,5) mode after 

correction for a slot 
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Figure (7.13.16): Fractional excess halfwidths in propene of the (0,6) mode after 

correction for a slot 
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On the whole the loss mechanisms may be accounted for on the order of 20 to 30 ppm, at 

pressures above those affected by severe boundary layer effects, although care should be 

taken in the choice of modes utilised in a halfwidth analysis to ensure shell resonance 

effects are not incorporated. The (0,4), (0,5) and (0,6) modes appear to be the best 

behaved although have also been seen to be affected by seemingly random shell resonance 

effects. 
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CHAPTER 8 Experimental Results 

PART I Results in Argon 

1) Introduction 
Argon is a spherically symmetric monatomic gas which very closely behaves as an ideal 

gas. Consequently, the (p, V, 7) behaviour of argon and its thermophysical. properties are 

known to a high degree of accuracy. 

Conventionally, argon is used as the calibration gas for acoustic resonators and it allows 
#1 

absolute measurements of thegeometry and its temperature and pressure dependence to be 
K 

determined. Although for the measurements reported in chapter 7, nitrogen was used as 

the calibration gas, a useful comparison and test of the model developed previously was 

provided by the argon measurements reported here. 

(8.2) Test of Model 
The proposed temperature and pressure dependency of the hemispherical geometry was 

verified by comparing the model developed in the previous chapter with measurements 

made in argon. In particular, verification of the effective eigenvalues of the radial modes in 

the hemispherical cavity wac,, sought as well as agreement with the fit given by equation 

(7.8.6). Furthermore the model describing the loss mechanisms contributing to the excess 

halfwidths was tested by an analysis of the halfwidths. 

Measurements in argon were obtained simultaneously using the hemispherical resonator 

and the spherical resonator described in chapter (4). The two systems were unified as 

shown in figure (8.2.1). The spherical and hemispherical resonators were connected to 

common vacuum and pressure lines enabling any effects from gas impurities to be 

nullified. Deviations arising from random fluctuations in the pressure measurement were 
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also negated using this set-up. The arrangement allowed direct comparison to be made 
between the data obtained from the hemispherical resonator and that obtained from the 

spherical resonator and therefore the validity of the calibration measurements could be 

assessed. 

Figure (8.2.1): The experimental arrangement of the spherical and hemispherical 

systems 
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(8.3) Reference Data - Measurements in the Sphere 
The reference data was obtained from measurements made in the stainless steel resonator 

described in chapter (4). Data was obtained along two isotherms at temperatures close to 

306 K and 323 K at approximately eleven points using the procedure set out in 

section (6.2). For the isotherm performed at 306 K the argon used was research grade 

with a stated mole fraction purity of 0.999995. However, the maximum pressure 

obtainable from the cylinder was less than 4 MPa and since this did not cover the range 

over which the calibration measurements were made, the cylinder was exchanged prior to 

the isotherm at 323 K. The argon utilised for the isotherm performed at 323 K was 

cpureshield' supplied by BOC Ltd. and has a stated mole fraction purity of 0.9995. No 

attempt at purification was made since the data was to be used for comparative purposes 

and the same sample gas filled both resonators. 

(8.4) Excess Halfwidths 
The halfwidths of the resonance provide a measure of the loss mechanisms occurring in 

the resonator. When the losses are known exactly, the difference between the calculated 

and measured halfwidths is zero and it is this quantity, the excess halfwidth, which 

provides an indication of how well the model describes the system. 

The fractional excess halfwidths of radial modes in the spherical resonator are given by 

'U0, n 
fo'll 

90, n - gh - 9t - 9b 

fO, 
n 

(8.4.1) 

The excess halfwidths of the radial modes studied for both the isotherms was generally 

below about 30 ppm as illustrated by figures (8.4.1) and (8.4.2). For the isotherm at 306 K 

the (0,2) mode exhibited excess halfwidths much higher than expected and on the order of 

60 to 70 ppm. The reason for the unexpectedly high excess halfwidths could have been 

due to tube effects that have been unaccounted for; one possibility was the microphone 

transducer which had been replaced by a commercially available insert and which 

introduced a small waveguide at the wall of the resonator. All the modes show excess 

halfwidths which are slightly pressure dependent, this behaviour was explained by Boyes 

[59] to be a result of shell motion: that in the region of increase (in excess halfwidth) the 
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Figure (8.4.1): Fractional excess halfwidths of the first five radial modes measured 
in argon at 305.510 K using the spherical resonator 
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Figure (8.4.2): Fractional excess halfwidths of the first four radial modes measured 

in argon at 322.891 K using the spherical resonator 
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corrections are dominated by shell motion and because an exact expression of classical 

elasticity is used it does not hold exactly for a real non-isotropic resonator. The behaviour 

observed for the excess halfwidths was therefore not unexpected and the results suggested 
that the model used to determine the losses in the sphere was adequate and provided a 

suitable comparison for the model developed for the hemisphere. 

(8.5) Speed of Sound 
The speed of sound was extracted from the measurements of the resonance frequencies 

and halfwidths of the first five radial modes for the isotherm performed at 306 K and from 

the first four radial modes of the isotherm conducted at 323 K by utilising the equation 
A- ft - fsh 

VO, 
n 

where the correction terms given by Afh , Af, and Afsh and discussed fully in chapter 3 are 

due to the thermal boundary layer, tube effects and the effects of shell motion respectively. 

The radius of the sphere was calculated at the temperatures of the isotherms from 

equation (7.4.2). Small corrections were applied at each state point to reduce the 

temperature to the stated temperature of the isotherm. The estimated standard deviation of 

a measured resonance frequency was 8f and the speed of sound was weighted by the lesser 

of (2x I 0-6f /8j) and unity. 

The fractional deviations of (ula) obtained from each mode from the average <ula> 

obtained from all the modes, or a selection of modes are depicted in figures (8.5.1) and 

(8.5.2) for the two isotherms. 

For the isotherm performed at 305.5 10 K the (0,6) mode was removed from the analysis 

at the lowest four pressures where the agreement between the mean <ula> of the 

remaining modes was on the order of a few per cent. The (0,5) mode was also removed 

from the analysis at the 132 kPa state point. The agreement over the whole range (after 

removal of the modes mentioned above) was generally less than 10 ppm and always better 

than 20 ppm. The best agreement was obtained at pressures of around 2 MPa, presumably 
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Figure (8-5.1): The fractional deviations of (ula) from each mode from the average 

<ula> calculated from selected modes in argon at 305.510 K 
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Figure (8.5.2): The fractional deviations of (ula) from each mode from the average 

<ula> calculated from selected modes in argon at 322.891 K 

8 

6 

Z : Z 
cu 

Co 

v 

CD 

0 1000 2000 3000 4000 5000 6000 7000 

p/kPa 



160 

in the region where the boundary layer effects were relatively small and the resonator was 
experiencing very little dilation. 

For the isotherm performed at 322.891 K fairly similar trends were seen as with the 
isotherm at 305.5 K. Again the best agreement between the modes was around the 2 MPa 

region, with the effects of dilation of the resonator causing an upward trend with pressure 
in the observed excess halfwidths. The agreement generally, however, over the entire 

W_ 
range is very good and is always better than 10 ppm, with the inclusion of all the modesfor k 
which measurements were possible (the signal-noise ratio of the (0,6) mode was too weak 

to allow its measurement at this temperature). 

Tables (8.5.1) and (8.5.2) summarise the results obtained from the isotherms together with 

the number of modes N used to determine the mean <u>, the standard deviations (T from 

the mean and the deviations 6 of u from the adopted fit. 

Table (8.5.1): Mean values of ula and u with standard deviations (y from N modes 

and deviations 8 from the adopted pressure series at a temperature of 305.510 K 

p/kPa -c: ýul, a>1]llz <u>/ms-' 106ý 1,01 N, 

3376.764 7313.3507 329.0331 5.2 6.6 5 
3003.124 7302.6395 328.5512 3.1 -27.8 5 
2790.637 7297.3363 328.3126 2.9 26.1 5 
2206.268 7282.3077 327.6365 0.8 -7.3 5 
1835.166 7273.5433 327.2422 3.3 -7.4 5 
1454.566 7265.2489 326.8690 2.2 24.5 5 
1120.505 7257.8312 326.5353 4.4 -15.4 5 

7 669.028 7247.1201 326.0534 11.4 -230.4 4 
412.859 7243.7341 325.9010 2.7 -12.1 4 
282.425 7241.4335 325.7975 5.6 11.7 
132.405 7239.2947 325.7013 0.1 102.8 3 
132.386 7238.5324 325.6670 3.0 -2.5 4 

V Pressure not included for final fit 
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Table (8.5.2): Mean values of uld and u with standard deviations (y from N modes 

and deviations 8 from the adopted pressure series at a temperature of 322.891 K 

p/kPa, <Y/a>/Hz <U>/MS-1: 1ý : 101 
((F(U)/u 

10, 
(6(u)/U') 

N 

? 6299.657 7641-0983 343.9015 6.6 92.1 4 
5979.128 7627.1993 343.2760 3.9 -6. o 4 
5369.223 7603.0144 342.1875 1.9 -2.8 4 
4727.548 7578.8014 341.0977 4.1 10.3 4 
4077.227 7555.4303 340.0459 2.3 16.3 4 
3511.373 7535.8850 339.1662 2.4 -7.6 4 

? 2920.030 7515.6128 338.2538 2.8 -147.1 4 
2314.297 7497.9242 337.4577 1.4 -24.7 4 

? 704.252 7479.8002 336.6420 2.4 -91.1 4 
930.359 7459.9673 335.7494 4.9 30.1 4 
540.611 7449.8729 335.2951 3.1 -15.6 4 

ý Pressure not included for final fit 

Individual modes were rejected on the basis of a statistically significant reduction in the 

standard deviation of the mean at a given state and state points (denoted by ?) were 

rejected on the basis of a significant reduction in the standard deviation for the isotherm. 

The speed of sound calculated at 306 K and 323 K using the spherical resonator is 

illustrated in figure (8.5.3) together with the estimated standard deviation (T (u 2 )/U 2- 

four-term fit was necessary to accommodate the data obtained at 306 K, whilst for the 

data obtained at 323 Ka three-term fit was adequate. The coefficients of equation (1.1.3) 

which represent the argon data are given in table (8.5.3). 
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Figure (8.5.3): The speed of sound in argon derived at 305.510 K and 322.891 K in 

the spherical resonator 

Cl) 
E 

345 

343 

341 

339 

337 

335 

333 

331 

329 

327 

325 

T=305.51 0K 
T=322.891 K 

(GU2/U2)=36.1 ppm 

- 
-*- 

- e*- 

er, -. «jU2/U2)=37.0 ppm 

0 1000 2000 3000 

p/kPa 

4000 5000 6000 

Table (8.5.3): Coefficients of equation (1.1.3) used to represent the data from 

measurements of (ula) in argon 

T/K i IA i la 21/S-2. Pa-' 106(Y(U2)/u 2 

305.510 0 (52.360930 ± 0.000997) - 
1()6 37.0 

1 (0.26440± 0.00291) 

2 (0.143 ± 0.020) - 
10-7 

3 (0.174 ± 0.038) - 
1()-14 

322.891 0 (55.312417 ± 0.001096) - 
106 36.1 

1 (0.33865 ± 0.000823) 

2 (0.23430 ± 0.00126) - 
10-7 
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All coefficients were statistically significant at a probability of 0.999. The deviations of the 

selected mean speeds of sound at a given state from the adopted smoothing equation are 

shown in figures (8.5.4) and (8.5.5). 

The second and third acoustic virial coefficients and CpIR for the two isotherms were 
determined from the coefficients given in table (8.5.3) using equations (I - 1.4), (1.1.5) and 
(1.1.6) and these are given in table (8.5.4). 

Table (8.5.4): Second and third acoustic virial coefficients and heat capacity of 

argon at temperatures T 

T /K p. /CM3. Mol-I -'kPa-1: -y. 1cm3 mol Cp /R 

305.510 12.83 0.15 0.0007 ± 0.0001 2.4997 ± 0.0002 

322.891 1 16.44 ± 0.04 0.0011 ± 0.0000 2.4989 ± 0.0001 

The accuracy with which u2 was obtained for both isotherms does not compare favourably 

with previous measurements performed using this resonator and, for a well-characterised 

gas such as argon the fractional deviation of U2 could be expected to be a few pprn [3]. 

Due to the comparatively imprecise results obtained using the spherical resonator, the data 

was deemed unsuitable for calibration purposes and nitrogen data was used instead for this 

purpose as discussed in the previous chapter. The results did, however, provide a useful 

source of comparison for the results obtained using the hemispherical resonator. 
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Figure (8.5.4): Fractional deviations from the adopted 4-term fit for the speed of 

sound in argon at 305.510 K 
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Figure (8.5.5): Fractional deviations from the adopted 3-term fit for the speed of 

sound in argon at 322.891 K 
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(8.6) Sample Data - Measurements in the Hemisphere 
The resonance frequencies and halfwIdths of the first four radial modes were measured 

either just before or just after the same measurements were made in the sphere. Before 

commencing an isotherm, the temperatures of the two resonators were set to be 

approximately equal and once the temperature of the spherical resonator was stable, minor 

adjustments were then made to the input powers of the hemispherical resonator until the 

temperature indicated by the long-stem PRT of the hemisphere agreed with that of the 

spherical resonator to 0.005 K. The stated temperature of the isotherm is the mean 
temperature of those indicated by the sphere's PRT and those of the hemisphere's PRT. 

(8.7) Analysis 

The speed of sound was extracted from the measurements of the resonance frequencies 

and halfwidths of the first five radial modes for the isotherm performed at 306 K and from 

the first four radial modes of the isotherm conducted at 323 K by using the equation 

F f, -A 
I 

u= 2na 
fh 

-Af v- 
Af t- 

Afsh 
-Afslot (8.7.1) 

where the correction terms given by Afh , AfV -) Aft 7 Afsh and Af,,,, t are discussed fully in the 

previous chapters and are due to the thermal and viscous boundary layers, tube effects, the 

effects of shell motion and corrections due to the slot between the hemisphere and its 

equator. The radius of the hemisphere was calculated at the temperatures of the isotherms 

from equation (7.8.7). Corrections were made to the eigenvalues by the use of the 

empirical eigenvalues reported in section (7.8) and the dependence of the radius on 

internal pressure was corrected according to equation (7.8.6). Small corrections were 

applied at each state point to adjust the temperature to the stated temperature of the 

isotherm. The estimated standard deviation of a measured resonance frequency was 8f and 

the speed of sound was weighted by the lesser of (2x 10-6 18f) and unity. f 
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(8.8) Excess halfwidths 
As mentioned previously if all the corrections are known exactly then the excess halfwidth 

will be zero. Initial estimates of the thermophysical properties used for the analysis of the 
loss mechanisms occurring in the sphere were obtained from reference [134 - 136]. The 

zero-density thermal conductivity was modified slightly as a result of the halfwidth 

analysis in order to obtain a more realistic value of the thermal conductivity which 
included the effect of gas impurities. The final modified value (from the sphere) was then 

used for the halfwidth analysis of the radial modes of the hemisphere. 

The excess halfwidths of all the modes measured for the two isotherms are illustrated in 

figures (8-8.1), (8.8.2), (8.8.3) and (8.8.4). For the isotherm performed close to 306 K the 

excess halfwidths of the (0,3), (0,4) and (0,5) modes are all less than 15 ppm at pressures 

exceeding 500 kPa. Below this pressure the excess halfwidths of the (0,3), (0,4), (0,5) and 

(0,6) modes rises sharply to excess halfwidths of about 100 ppm at the lowest pressure of 

130 kPa. The excess halfwidths could not be accommodated by adjusting the transport 

properties which contribute to the boundary layers (i. e. the thermal conductivity and the 

viscosity) without causing all the excess halfwidths of the points above 500 kPa to become 

negative. The (0,2) and (0,6) mode were obviously affected by their proximity to shell 

resonances. Not unexpectedly, the (0,2) mode was the most severely affected, with a 

maximu*around 750 kPa and rising towards a second above 3500 kPa. The (0,6) mode 

also exhibited a broad maximum at around 1,900 kPa and spanned approximately 

2,000 kPa before the excess halfwidths fell towards their expected values of a few ppm. 

The excess halfwidths of the (0,2) mode varied from 170 ppm to 540 ppm at the maxima 

and did not approach the theoretically predicted values at all. 

For the isotherm performed close to 323 K the excess halfwidths of the (0,4) and (0,5) 

modes were below 16 ppm over the entire pressure range and generally below 10 ppm. 

The (0,3) mode, however, appeared to be affected by a n-Linor shell resonance and 

exhibited a maximum at about 3,000 kPa, but even here the greatest excess halfwidths 

were less than 30 ppm. The (0,2) mode again exhibits maxima indicative of shell 

resonances. The excess halfwidths rose sharply from around 100 ppm to about 1,000 ppm 
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at the maximum which occurs at a pressure of approximately 5,300 kPa. The second 
maximum at a pressure of about 500 kPa was outside the range of these results. 

Figure (8.8.1): Fractional excess halfwidths of the (0,3), (0,4) and (0,5) modes in 

argon at 305.510 K obtained using the hemispherical resonator 
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Figure (8.8.2): Fractional excess halfwidths of the (0,2) and (0,6) modes in argon at 
305.510 K obtained using the hemispherical resonator 
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Figure (8.8.3): Fractional excess halfwidths of the (0,3), (0,4) and (0,5) modes in 

argon at 322.891 K obtained using the hemispherical resonator 
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Figure (8.8.4): Fractional excess halfwidths of the (0,2) mode in argon at 322.891 K 

obtained using the hemispherical resonator 

1000 

900 

800 

700 

600 
CD 
0 

T- 
500 

400 

300 

200 

100 
0 1000 2000 3000 4000 

p/kPa 

(8.9) Speed of sound 
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Figures (8.9.1), (8.9.2), (8.9.3) and (8.9.4) show the fractional deviations of ula calculated 

from the individual modes from the average <u/a>calculated from N modes (see tables 

for the value of N at each state point). For the lower-temperature isotherm the agreement 

between the (0,3), (0,4) and (0,5) modes is about 10 ppm over most of the pressure range. 

At the lowest pressure for this isotherm the agreement falls to around 20 ppm but is still 

surprisingly good. A similar level of agreement is also seen for the higher-temperature 

isotherm, where the fractional deviations of the (0,3), (0,4) and (0,5) modes is below 

10 ppm over the entire pressure range. The lowest pressure of this isotherm is around 
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Figure (8.9.1): The fractional deviations of the calculated values of uld for the (0,3), 
(0,4) and (0,5) modes from the average <ula> calculated from N modes for the 

isotherm in argon at a temperature of 305.510 K 
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Figure (8.9.2): The fractional deviations of the calculated values of ula for the (0,2) 

and (0,6) modes from the average <ula> calculated from N modes for the isotherm in 

argon at a temperature of 305.510 K 
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Figure (8.9.3): The fractional deviations of the calculated values of uld for the (0,3), 
(0,4) and (0,5) modes from the average <ula> calculated from N modes for the 

isotherm in argon at a temperature of 322.891 K 
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Figure (8.9.4): The fractional deviations of the calculated values of ula for the (0,2) 

mode from the average <ztla> calculated from N modes for the isotherm in argon at 

a temperature of 322.891 K 
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450 kPa and so no sharp deviations are expected as the pressure range does not extend 

sufficiently low. The (0,2) and (0,6) modes of the isotherm at 305.5 K deviate from the 

mean ula in a manner consistent with shell resonance effects as implied by the excess 
halfwidths. The (0,2) mode shows two peaks at which (ula) calculated from the (0,2) 

mode deviates most strongly. The first of these peaks coincides with a maximum in AgIf 

also observed for this mode. The second corresponds to the maximum in AgIf observed 
for the (0,6) mode and suggests there is coupling between these modes and the tD same shell 

resonance feature. The value of ula calculated from the (0,6) mode also shows a maximum 

in deviation from the mean ula over a range which encompasses the maximum AgIf 

observed for the (0,6) mode and the higher frequency (low pressure) maximum observe 
for the (0,2) mode. The deviations of the (0,2) mode of the isotherm at 322.9 K exhibit a 

broad peak, but the maximum does not correspond with the maximum in AgIf observed 

for this mode which is also extremely broad and therefore, the absence of coincidence, is 

not too surprising. 

Table (8.9.1): Mean values of uld and u with standard deviations (y from N modes 

and deviations 6 from the adopted pressure series at a temperature of 305.510 K 

p/kPa <ula>lHz <u>/ms-' 106 

(G(u)/u) 

106 

(8(u)/u) 
N 

3458.339 8742.6217 328.9460 6.1 5.9 3 

3038.9067 8730.3187 328.4831 3.7 -10.3 3 

2849.280 8724.7843 328.2749 4.1 -28.3 4 

2137.488 8705.4559 327.5476 1.3 -7.9 4 

1972.630 8701.3090 327.3916 7.9 17.2 3 

1550.604 8690.2743 326.9764 0.8 2.9 4 

1180.3377 8681.2322 326.6362 0.8 28.0 3 

725.040 8669.9822 326.2129 4.3 -2.6 3 

450.886 8663.5223 325.9698 13.5 -9.5 3 

316.385 8660.4258 325.8533 4.3 -11.4 3 

178.959 8657.5288 325.7443 25.3 12.9 4 
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Table (8.9.2): Mean values of ula and u with standard deviations (y from N modes 

and deviations 8 from the adopted pressure series at a temperature of 322.891 K 

p/kPa <ula>lHz <u>/ms-' 106 

((Y(U)/u) 

106 

(8(u)/u) 
N 

6240.370 9134.0025 343.8031 4.1 7.8 3 
6037.828 9123.9220 343.4237 0.8 -4.1 3 
5408.223 9093.8598 342.2922 1.5 -0.3 3 
4738.048 9063.3193 341.1426 6.0 -1.7 3 
4085.227 9035.0286 340.0778 1.1 -8.6 3 
3501.873 9011.1349 339.1784 1.6 -2.0 3 
2899.930 8987.7013 338.2964 3.2 -0.5 3 
2264.897 8964.4210 337.4201 2.9 4.8 3 
1654.252 8943.4584 336.6311 3.1 15.5 3 
893.059 8918.9265 335.7077 2.6 -4.9 3 
493.011 8906.9708 335.2577 3.8 -6.0 3 

? State points not included in the analysis 

Tables (8.9.1) and (8.9.2) summarise the results obtained from the isotherrns together with 

the number of modes N used to determine the mean <u>, the standard deviations (T from 

the mean and the deviations 6 of u from the adopted fit. 

Initial estimates of the second acoustic virial coefficient P, and the second virial coefficient 

B were obtained from the analysis of the speed of sound in the sphere. The calculated 

acoustic virial coefficients were then used to update the initial estimates until internal self- 

consistency was achieved. The results of the regression analyses of the calculated values of 

<ula> from the two isotherms using the pressure-explicit series given by equation (1.1-3) 

are given in table (8.9.3). 
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Table (8.9.3): Coefficients of equation (1.1.3) used to represent the data from 

measurements of (ula) in argon. 

T/K i JA i/a21/S-2. Pa-' 1()6(Y(U2)/u 2 

305.510 0 (74.882316 ± 0.000948). 1()6 28.8 

1 (0.38162± 0.00136) 

2 (0.1927 ± 0.0038) - 
10-7 

322.891 0 (79.087465 ± 0.000696) - 
106 15.2 

1 (0.48566 ± 0.000478) 

2 (0.33653 ± 0.00068) - 
10-7 

All coefficients were statistically significant at a probability of 0.999. The deviations of the 

mean speeds of sound at a given state from the adopted smoothing equation are shown in 

figures (8.9.5) and (8.9.6) where points not included in the fit are indicated. rn 
The coefficients are related to the second and third virial coefficients through 

RTA, 
Ao 

and 

Ycl- 
R TA2 

(8.9.2) 
A, 

and the heat capacity Cp is related to Ao through 

Ao - 
RT7Pý'_ 

(8.9.3) 
m 

where -(I is the ratio of the perfect gas heat capacities and is related to CpIR by 

P9 -1 (8.9.4) 
(I- RICP', ý) P'l 

The second and third acoustic virial coefficients and CJR for the two isotherms are given 

in table (8.9.4) and were determined from the coefficients given in table (8.9.3) and using 

equations (8.9.1) to (8.9.4). 
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Figure (8.9.5): Fractional deviation of the mean <u> in argon from the adopted 

smoothing equation at 305.510 K using the hemispherical resonator 
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Figure (8.9.6): Fractional deviation of the mean <u> in argon from the adopted 

smoothing equation at 322.891 K using the hemispherical resonator 
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Table (8.9.4): Second and third acoustic virial coefficients and heat capacity of 

argon at temperatures T 

pa/CM3. Mol-I Ya T /K 
, /CM3 - mol-'kPa-' Cp /R 

305.510 12.96 ± 0.05 0.0007 ± 0.0000 2.4989 ± 0.0001 

322.891 16.49 ± 0.02 0.0011 ± 0.0000 2.4986 ± 0.0001 

(8.10) Comparison of the Speed of Sound from Spherical 

and Hemispherical Resonators 
The speeds of sound predicted using equation (L 1.3) with the coefficients from table 

(8.5.3) for the sphere and table (8.9.3) for the hemisphere are illustrated in figure (8.10.1) 

for the isotherm at 305.5 10 K and in figure (8.10.3) for the isotherm at 322.891 K. The 

agreement between the predictfýspeeds of sound for the lower temperature isotherm are 

fairly reasonable at pressures up to about 2,300 kPa and do not exceed about 100 ppm. 

However, at pressures above 2,300 kPa the deviation increases sharply and at the highest 

experimental pressure is about 500 ppm. 

It can be seen by the plot of u against p that for the higher-temperature isotherm the 

agreement is very good over the range studied and if extended to higher pressures the 

agreement between the adopted fits is still valid. The fractional deviation of the fit 

predicted by the herrusphere from that predicted by the sphere is plotted in figure (8.10.4) 

and shows the deviation is about 25 ppm as the pressure is reduced but increases to about 

100 ppm at the highest pressures of 6200 kPa. However within the standard deviations of 

the fits there is complete agreement at pressures exceeding 3,000 kPa and below this 

pressure the disagreement is at worst 50 ppm. 
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Figure (8.10.1): Comparison of the speed of sound u calculated from the adopted fits 

obtained using the hemisphere and the sphere at 305.510 K 
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Figure (8.10.2): Fractional deviation of the speed of sound calculated from the 

adopted smoothing equation of the sphere with that of the hemisphere at 305-510 K 
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Figure (8.10.3): Comparison of the speed of sound u calculated from the adopted fits 

obtained using the hemisphere and the sphere at 322.891 K 
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Figure (8.10.4): Fractional deviation of the speed of sound calculated from the 

adopted smoothing equation of the sphere with that of the hemisphere at 322.891 K 
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PART 11 Results in Tetrafluoromethane 

1) Introduction 
Tetrafluoromethane is a comparatively simple molecule with a quasi-spherical 
symmetry. The normal boiling temperature is 145 K, the critical temperature is 228 K 

and the Boyle temperature is 518 K. Its structural simplicity and high then-nal stability 
make it a compound of much interest and it has been the subject of a number of other 
studies [18,137 - 140]. For pressures below 50 atm., MacCormack and Schneider 

measured the thermal compressibilities of the gas [142]. Precise measurements of B 

were reported by Douslin, Harrison, Moore and McCullough at temperatures from 0 

to 350 'C and pressures up to 394 atm. [140]. The speed and absorption of sound in 
CF4 has been measured by Ewing and Trusler [18] in the temperature range 175 to 
300 K and at pressures in the range 0.08 to 1.0 MPa: these measurements were 
extended by Boyes to cover the range up to 375 K [59]. The vibrational relaxation 
time of CF4 has been measured by numerous workers [18,59,137,138] and a 
comparison is made of these values with the results obtained in this work. 
The relatively large relaxation times of the CF4molecule often means that very low 

pressure measurements are difficult to access with the acoustic technique as the modes 
become broad due to relaxation absorption and may suffer overlap from neighbouring 

non-radial modes. The signal to noise ratio becomes so low at frequencies which are 

comparable to the inverse of the relaxation time that it becomes impossible to 

determine precisely the resonance frequencies. The hemispherical geometry offers an 

advantage in that, because of the positioning of the transducers, the non-radial modes 

are not excited with sufficient amplitude to be detected and possible overlap with the 

radial modes is therefore effectively eliminated. Furthermore, the signal strength of the 

modes is so great that their observation even at greatly reduced pressures is 

comparatively easy. The disadvantage of the geometry, as discussed previously, is that 

the radial modes in a hemispherical cavity also suffer viscous losses which add to the 

linewidths of the resonance modes: a problem overcome by adequate modelling of the 

loss mechanisms. 
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Since the speed of sound in CF4 is substantially lower than any of the previous gases 

studied it was of further interest to observe the effects of coupling of gas and shell 

motion, particularly the effect of shell resonance on the (0,2) mode which has a 

significantly lower resonance frequency in tetrafluoromethane. 

(8.12) Measurements 
The tetrafluoromethane was electronics grade material with a specified mole fraction 

purity of 0.9999. Information provided by the manufacturer indicated that air and 

water were the main impurities. Before use, a sample was transferred under vacuum to 

a small stainless steel cylinder where it was degassed by repeated cycles of freezing, 

evacuation and melting. 

Measurements were made along four isotherms at temperatures close to 300 K, 315 K, 

332 K and 352 K. The maximum pressure employed was 6.4 M[Pa which was the 

maximum obtainable from the cylinder. The resonance frequencies and halfwidths of 

the first four radial modes were measured for all four isotherms, although at the lowest 

pressures it was not always possible to measure the (0,5) mode. For the isotherm at 

332 K, measurements were also made of the (0,6) mode but this was not possible with 

the other isotherms. The resonance frequencies jo, and halfwidths go, of the radial 

modes were obtained from the measurements of the amplitude and phase of the 

transmitted and received signals of frequencies near the resonance, as described in 

section (6.2). For the isotherms at 300 K, 315 K and 352 K measurements were made 

at 12 pressures whilst, for the isotherm at 332 K, measurements were made at only 10 

pressures in the range studied. 

0 (8.13) Analysis 
Measurements of the speed of sound u were obtained from the values of ula obtained 

directly from an isotherm. The measurements made on nitrogen, discussed in chapter 7, 

were used to determine the radius of the resonator at zero pressure as a function of 

temperature (equation 7.8.7). The compliance (Ila) (aalap) of the resonator under the 

conditions of the experiment was calculated from equation (7.8.6). Values of the 

compliance, which is temperature dependent, leads to corrections of the resonance 

frequency due to the elastic response of the shell to the sound field. The breathing 
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resonance of the shell was also calculated and the appropriate corrections made 
according to equation (3.19.2). 

The thermal boundary layer correction requires values of the thermal conductivity K 
and the correlation used was that given by Ewing et al. as 

-3.0 + 24.50 (T/350 K) (8.13.1) 

which is based on a linear extrapolation of the results of Choy and Raw [1431. The 

viscous boundary layer corrections require values of the viscosity which were 

calculated from the values reported by Gough et. al. [136]; their smoothed values were 

obtained using a capillary flow viscometer at 10 temperatures between 150 K and 
320 K and were fitted to give the following correlation 

, 1/(10-7 kg m-'s-1) = 11.6+81.4(T/150 K) (8.13.2) 

According to the authors their values are accurate to ±1% at room temperature and 

where measurements were taken (for different gases) at 120 K, the accuracy was 

estimated at ±1.7%. 

Corrections for imperfect thermal and viscous accommodation between the gas and the 

wall of the resonator were not important under the conditions of the measurements and 

accordingly the thermal and momentum accommodation lengths were taken as unity. 

Corrections to the resonance frequencies and halfwidths due to the effects of the inlet 

tube and transducers were calculated using the equations given in section (3.21). The 

slot between the hemispherical cavity and its equatorial plate was corrected for using 

the dimensions of the slot obtained from the analysis of propene and nitrogen reported 

in the previous chapter and the equations given in section (3.22). 

(8.14) Vibrational relaxation 
Under the conditions of the measurements, in particular the low pressure regime, 

vibrational relaxation becomes an important loss mechanism. The major influence is on 

the resonance halfwidths, since the frequencies used are always small compared with 

the inverse of the vibrational relaxation time r (wr < 0.18 under all conditions). An 

analysis of the halfwidths, after allowance for the other loss mechanisms contributing 

to 90, n, allowed determination of the vibrational relaxation time. This was then used to 
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correct the resonance frequencies for the very small dispersion that occurs at audio 
frequencies. 

The results of Byers [137] who measured the entire dispersion curves of CF4 at 
295.15 K supports the assumption that the entire vibrational heat capacity relaxes with 

a single time constant r. The effective ratio of heat capacities y(w) at angular frequency 

co is then 

Y(W) 
I 

CoT(y - I)Afon(l - YA) - il 

y [I+ f(M (I 
_ YA) 12 ] 

(8.14.1) 

where A=Cvib/Cp andCvib is the vibrational contribution to the heat capacity. The 

relaxing heat capacity can be calculated extremely accurately using statistical 

mechanics. A series expansion of equation (8.14.1) in powers of cov leads to 

Y((D) 2-1- 
(i12) (Y_ )A WT +_1_(y _I) A (WT)2 

y2 (8.14.2) 

x ýl 
- -I- A(I + 3y) J+ O(C03T3). 

4 

This gives the contribution of vibrational relaxation to the coefficient of absorption as 

CC 
rel 

((J)/ U) 
(y 

_ 1) A(1)2T 
+0(()) 

3T1 (8.14.3) r2u 
Fm L ty(W)/y 12 1 

and the sound speed at angular frequency w is 

uw U. 
(8.14.4) 'Y 

U 
[1 

+ (y 
_ 1) A (OJT) 2 fl 

- -I- A(l + 3y) +0 
(C03, 

r 3 
24 

where u is the zero-frequency speed of sound. The contribution that vibrational 

relaxation makes to the halfwidths gj is given by 

grel U 

rel f 2, rc 
= (y 

- ')Anft (8.14.5) 

The product rp is expected to be almost independent of the density along an isotherm 

and so rp is obtained by analysis of the halfwidths in terms of the equation 

190, 
n A- 9v - 9t - 9slot - 9cl 

(y 
_ 1) A7rf (bo + b, p) (8.14.6) 

p 
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where g, 1 = (it/27r)(x, 1 , bo = 'rp and bl=a (, rp)/ap is an additional term which was 
necessary in order to accommodate the data adequately. 
Prior to correction for the vibrational relaxation the fractional excess halfwidths were 
on the order of 30 ppm to 1900 ppm, except the (0,2) mode which was not included in 

the analysis and is discussed separately. The halfwidths were fitted as described above, 

with minor adjustments also being made initially to the zero-density thermal 

conductivity. Several iterations were performed until the calculated excess halfwidths 

approached zero over the entire pressure range but without becoming negative. It was 
found that at the lowest pressures, as also observed previously (in argon, nitrogen and 

propene), that the excess halfwidths rise sharply at pressures below 500 kPa and this 

could lead potentially to artificially high values of the relaxation time. However, when 
low pressure points were included in the halfwidth analysis, the excess halfwidths of 

the modes at higher pressures were calculated to have values of AgIf which were less 

than zero. The cause of this observation is inadequate modelling of halfwidths at the 
lowest pressures where the thermal and viscous boundary layers are most important 

and effects due to small slots and surface imperfections, which are negligible at higher 

pressures, become apparent. 

Table (8.14.1): Summary of modes included in analysis of halfwidths 

T= 299.682 K T= 315.468 K 

p/kPa Modes included 
in halfwidth 

analysis 

N p/kPa Modes included 
in halfwidth 

analysis 

N 

5580-135 (0,3) (0,4) (0,5) 3 6197.352 (0,3) (0,4) (0,5) 3 
4375.576 (0,3) (0,4) 3 5389.207 (0,3) (0,4) (0,5) 3 
3985.460 (0,3) (0,4) (0,5) 2 5157.846 (0,3) (0,4) (0,5) 3 
3548.070 (0,3) (0,4) (0,5) 3 4417.434 (0,3) (0,4) (0,5) 3 
2892.902 (0,3) (0,4) (0,5) 3 3672.441 (0,3) (0,4) (0,5) 3 
2471.885 (0,3) (0,4) (0,5) 3 3004.812 (0,3) (0,4) (0,5) 3_ 
2071.590 (0,4)(0,5) 2 2316.665 (0,3) (0,4) (0,5) 3 
1333.352 (0,3) (0,4) (0,5) 3 1772.005 (0,3) (0,4) (015) 3. 
933.590 (0,3)(0,5) 2 1150.124 (0,3) (0,4) (0,5) 3 
612.497 (0,3) (0,4) (0,5) 3 524.242 (0,3) (0,4) (0,5) 3 

226.831 (0,3)(0,4) 2 145.799 (0,3) (0,4) 2 

102.269 (0,3) (0,4) (0,5) 3 42.007 (0 , 3) (0,4) (0,5) 3 
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Table (8.14.2): Summary of modes included in analysis of halfwidths 

T= 331.599 K T= 352.022 K 

p/kPa Modes included 
in halfwidth 

analysis 

N p/kPa Modes included 
in halfwidth 

analysis 

N 

3680.143 (0,3) (0,4) (0,5) 
(0,6) 

4 6444.041 (0,3) (0,4) (0,5) 3 

3148.688 (0,3) (0,4) (0,6) 3 5967.930 (0,3) (0,4) (0,5) 3 
2714.737 (0,3) (0,4) (0,5) 3 5100.583 (0,3) (0,4) (0,5) 3 
2260.136 (0,3) (0,4) (0,5) 

(0,6) 
4 4423.140 (0,3) (0,4) (0,5) 3 

1783.323 (0,3) (0,4) (0,5) 
(0,6) 

4 3841.015 (0,3) (0,4) (0,5) 3 

1407.301 (0,3) (0,4) (0,5) 
(0,6) 

4 2770.669 (0,3)(0,5) 2 

803.806 (0,3)(0,4) 2 2246.396 (0,3) (0,4) (0,5) 3 
415.828 (0,3) (0,4) (0,5) 

(0,6) 
4 1521.451 (0,3) (0,4) (0,5) 3 

198.610 (0,3) (0,4) (0,5) 3 951.559 (0,3) (0,4) (0,5) 3 
25.904 (0,3) (0,4) (0,5) 3 384.218 (0,4)(0,5) 2 

155.939 (0,3)(0,4) 2 
20.465 (0,3)(0,4) 2 

The low pressures were removed in a stepwise manner from the analysis in order to 

obtain internally consistent values for the vibrational relaxation times upon further 

iterations. Tables (8.14.1) and (8.14.2) summarise the modes and state points which 

were included in the analysis. 

The resulting vibrational relaxation times are given in table (8.14.3) and the results are 

compared with those of Ewing [18], Boyes [59], Byers [137] and Corran [138] in 

figure (8.14.1). Agreement with the relaxation times given by other workers is 

extremely good, considering the number of contributions to the halfwidth arising 

through the various loss mechanisms described. The results do seem to be 

systematically higher than those reported by Boyes [59] and this is could be explained 

by the uncertainty of the contribution to the halfwidth from relaxation or other effects, 

particularly at the lowest pressures. However, the result reported by Corran [138] of 

3100 ns at I kg M-3 and 293 K lies above Boyes results by 460 ns. Interpolation of our 
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Table (8-14.3): Vibrational relaxation times in tetrafluoromethane at a density of 
-3 1 kg M 

T /K rp /(ns kg M-3) ja (, rp)/apl /ns 
299.682 2681 ± 12 8.5 ± 0.8 
315.468 2390 ± 177 5.3 ± 1.2 
331.599 2202 ± 78 8.0 ± 1.4 1 
352.022 2110 ± 169 5.6 ± 1.6 

1 

Figure (8.14.1): Vibrational relaxation times in tetrafluoromethane at a density 

of I kg M-3 , as a function of temperature. 
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results to 300 K gives a relaxation time of approximately 2687 ns which is only 158 ns 

above Boyes result at 300 K. Boyes also reports a value of 1870 ns at 350 K, 

compared with an interpolation of our results which gives 2100 ns, a difference of 230 

ns but, when the increased uncertainty in our results at this temperature is considered, 

the agreement is good. 

(8.15) Excess halfwidths 
The residual excess halfwidths for all the modes included in the halfwidth analysis after 

correction for relaxation absorption are shown in figures (8.15.1), (8.15.2), (8.15.3), 

(8.15.4) and (8.15.5). The excess halfwidths are consistently below 30 ppm over the 

whole range for those modes included in the analysis and at pressures in excess of 

500 kPa, the fractional excess halfwidths are generally below 15 ppm as shown by 

figure (8.15.6). It is noteworthy that, above 1 MPa, the excess halfwidths exhibit no 

pressure dependence, as might occur if the sound radiated from the resonator, and this 

could be as a consequence of the extremely thick walls employed. 

Figure (8.15.1): Excess halfwidths after corrections for vibrational relaxation for 

the (0,3) mode 
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Figure (8.15.2): Excess halfwidths after corrections for vibrational relaxation for 

the (0,4) mode 
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Figure (8.15.3): Excess halfwidths after corrections for vibrational relaxation for 

the (0,5) mode 

60 

50 

40 

30 
co 

20 

10 

0 

0 

lný 

0 299.682 K 
315.468 K 
331.599 K 
352.022 K 

zlý 

1000 2000 3000 4000 5000 6000 7000 

p/kPa 



I -=IV, 

188 

Figure (8.15.4): Excess halfwidths after corrections for vibrational relaxation for 

the (0,6) mode 
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Figure (8.15.5): Excess halfwidths after corrections for vibrational relaxation for 

all the modes utilised in the halfwidth analysis 
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Figure (8.15.6): Excess halfwidths after corrections for vibrational relaxation for 
the (0,2) mode 
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The excess halfwidths observed for the (0,2) mode exhibit very different behaviour 

from that of the other radial modes. Generally, the fractional excess halfwidths of the 

(0,2) mode are between 200 and 700 ppm over the whole experimental range. Larger 

deviations are also observed, however, particularly at the highest pressures where 

excess halfwidths are in excess of 1000 ppm. Although discrete maxima in AgIf are not 

seen (as they are for this mode at higher frequencies), there are obviously still large 

contributions to 902which have not been accounted for and these may be the result of 

coupling between shell and resonance frequencies, albeit in a less definitive manner in 

this frequency regime. 
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(8-16) Speed of Sound 
The zero frequency speed of sound was calculated using equation (1.1.3) and the 

various correction terms given by the equations in chapter 3, which include 

contributions from the thermal and viscous boundary layers, for the effects of tubes 

and slots, for the elastic response of the shell to the sound field and for the effects of 

relaxation. The contribution Afrel Of vibrational relaxation to the resonance frequencies 

is given by 

Afrel 

2(y- 1) A (7Cft)2 1-A 
(1 + 3, y) 

f4 

This correction was greatest for the (0,5) mode at 299.7 K and 102 kPa, where the 

effects of dispersion accounted for 15 ppm. At the highest pressures of 6 MPa and at a 

temperature of 352 K the correction accounts for much less than I ppm for the (0,4) 

mode. 

Small corrections were also applied to account for small differences between the 

measured temperature of the state point and the stated temperature of the isotherm 

(also the mean temperature of the isotherm). The speed of sound determined from each 

mode was weighted by the lesser of (2xlO-6f 15f ) and unity, where 8f is the estimated 

standard deviation of a measured resonance frequency. The fractional deviations (ula) 

for each mode from the mean <ula> calculated from selected modes are illustrated in 

figures (8.16.1), (8.16.2), (8.16.3), (8.16.4) and (8.16.5). The agreement, with 

exclusion of the (0,2) mode, is exceptionally good over the whole temperature and 

pressure range, with fractional deviations generally not exceeding 4 ppm. Modes were 

excluded from the calculation of the mean <ula> when their inclusion lead to a 

significant increase in the standard deviation. The number of modes included at each 

state point are surnmarised in tables (8.16.1), (8.16.2), (8.16.3) and (8.16.4). 

The (0,2) mode generally agrees within 0.03%, which is much better than that 
5 

expected on the basis of the halfwidth measurements dicussed above but still well 
k 

below the level of agreement required. The majority of the data used to obtain the 

speed of sound from the (0,2) mode was too high and probably results from the 

effective eigenvalue determined in section (7.8) being artificially too low as a result of 

shell resonance effects which made this difficult to determine accurately. 
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Figure (8.16.1): The fractional deviations of (ula) determined from the (0,2) 

mode, from the mean <ula> calculated from the modes summarised in tables 
(8.14.1) and (8.14.2) 
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Figure (8.16.2): The fractional deviations of (ula) determined from the (0,3) 

mode, from the mean <ula> calculated from the modes summarised in tables 

(8.14.1) and (8.14.2) 
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Figure (8.16.3): The fractional deviations of (ula) determined from the (0,4) 

mode, from the mean <ula> calculated from the modes summarised in tables 
(8.14.1) and (8.14.2) 
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Figure (8.16.4): The fractional deviations of (ula) determined from the (0,5) 

mode, from the mean <ula> calculated from the modes summarised in tables 

(8.14.1) and (8.14.2) 
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Figure (8.16.5): The fractional deviations of (ula) determined from the (0,6) 

mode, from the mean <ula> calculated from the modes summarised in tables 
(8.14.1) and (8.14.2) 
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The density explicit expansion: 

2 (T, RTyPg (i + p1l) m it + Ya Pn +* 

3000 4000 

(8.16.2) 

was utilised to express the speed of sound in terms of the temperature T and the 

amount of substance density p, Regression analysis with equation (8.16.2) and the 

corresponding pressure explicit expansion allowed the heat capacities and virial 

coefficients to be determined. It was found that use of the density-explicit expansion 

led to a more rapid convergence of the data than the pressure-explicit expansion, 

although results were obtained for both cases. The isotherms at 299.7 K, 315.5 K and 

352.0 K required five-terms in order to fit the data adequately whereas the density 

series required just three terms. The isotherm at 331.6 K also required a three-term fit 

to describe the data adequately with the density expansion whereas four terms were 

required to describe the data with the pressure-explicit expansion (fewer terms were 

needed for this isotherm compared with the other isotherms on account of the lower 

pressure range investigated). Systematic errors may occur when either of these infinite 
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expansions are truncated, with the values of the coefficients depending on the order of 
the adopted fit. The reduced pressure range of the isotherm at 331.6 K, means 
systematic errors for this isotherm will differ from those of the other isotherms for 

which the product Pa U)Pinax is approximately constant. 
For each of the isotherms an iterative procedure was followed to determine the heat 

capacities and acoustic virial coefficients. As fairly good estimates of B were available 

already, these were used to estimate the density (otherwise the density is estimated 

assuming perfect-gas behaviour) and the data was then analysed to deduce Pa. The 4: ) 
second virial coefficient was then calculated from Pa and the updated value of B used 
to obtain improved estimates of the density: the third virial coefficient was not used to 

calculate the densities. The procedure was repeated until internal consistency was 

obtained. 
Tables (8.16.1) to (8.16.4) list the mean values of u and ula at each of the 46 state 

points investigated, together with the fractional standard deviations CY(u)lu and the 

number of modes N from which they were determined. Also in the tables are the 

fractional deviations 8(u)lu of u from the adopted fit for the pressure explicit and 

density explicit series expansions. State points not included in the fit for the pressure or 

density series are denoted by 8; those not included in the density series only are 

denoted by ý. The deviations from the adopted fits (for the pressure and density series) 

are shown in figures (8.16.6) to (8.16.13). 
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Table (8.16.1): Mean values of uld and u with standard deviations (T from N 

modes and deviations 8p and 8p from the pressure and density series respectively 

at a temperature of 299.682 K 

p/kPa ý <ula>lRz 

5580.135 
4375.576 
3985.460 
3548.070 
2892.902 
2471.885 
2071.590 
1333.352 
933.590 
612.497 

3 226.831 
8 102.269 

4351.8507 
4406.9070 
4432.5728 
4465.1680 
4520.1240 
4558.6231 
4597.2062 
4672.4351 
4714.8534 
4749.6558 
4792.0901 
4806.6702 

I fla*L7 

163.7198 
165.7911 
166.7567 
167.9829 
170.0504 
171.4988 
172.9503 
175.7805 
177.3763 
178.6856 
180.2820 
180.8305 

1.0 
1.7 
1.0 
0.3 
0.9 
1.0 
2.3 
1.0 
1.2 
0.4 

139.4 
3.6 

1 106 1 106 1- 

((u)Iu) ((u)/u) 

-0.1 -5.9 
4.3 15.8 

-8.8 -4.8 
2.6 1.1 
7.8 3.6 

-3.4 -8.3 
-5.6 -7.5 
4.7 2.4 

-1.1 -0.3 
-0.7 6.0 

-15.7 7.2 
131.0 2.2 

3 
3 
3 
3 
3 
3 
3 
3 
3 
2 
3 
2 

Table (8.16.2): Mean values of ula and u with standard deviations (T from N 

modes and deviations 8p and 8p from the pressure and density series respectively 

at a temperature of 315.468 K 

p/kPa <u/a>/]Flz <u>/ms-l 10, 
((T(U)/U) 

101 
(8(u)/U) 

10, 
(8(u)/U) 

N 

6197.352 4562.2408 171.6944 3.0 3.6 2.7 3 

5389.207 4571.2354 172.0329 1.2 -12.6 -14.8 3 

5157.846 4576.9813 172.2491 1.2 3.6 -3.8 3 

4417.434 4603.2055 173.2361 0.6 4.6 -3.2 3 

3672.441 4640.4332 174.6371 1.2 6.4 2.5 3 

3004.812 4681.4439 176.1805 1.9 0.4 2.3 3 

2316.665 4729.9733 178.0068 2.0 -8.9 -0.7 3 

1772.005 4772.2056 179.5962 1.4 -3.3 1.4 3 

1150.124 4823.8129 181.5383 0.8 4.2 0.6 3 

524.242 4878.7821 183.6070 1.4 7.6 -1.9 3 

145.799 4913.1978 184.9022 3.7 -8.5 -13.9 2 

8 42.007 4928.2412 1 185.4684 193.4 1095.5 1093.1 3 
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Table (8.16.3): Mean values of ula and u with standard deviations (T from N 

modes and deviations 8p and 6p from the pressure and density series respectively 

at a temperature of 331.599 K 

p/k-Pa <u/a>/Hz <u>/ms-' 10, 
(CF(U)/U) 

106 

(8(u)/U) 
106 

(8(u)/u) 
N 

3680.143 4814.7557 181.2617 1.2 0.5 -0.5 4 
3148.688 4837.2091 182.1070 1.8 -1.8 1.8 4 
2714.737 4858.6447 182.9140 2.9 6.7 6. o 4 
2260.136 4883.6803 183.8565 1.2 -9.3 12.5 4 
1783.323 4912.8333 184.9540 1.6 10.9 8.8 4 
1407.301 4937.4600 185.8812 0.9 -3.1 -2.0 4 
803.806 4980.0180 187.4833 2.8 -4.3 0.4 4 
415.828 5009.1199 188.5789 0.7 5.2 6.3 3 
198.610 5025.8670 189.2094 23.7 -1.5 3 

18 25.904 5091.9591 191.6976 5.1 10472 10461 2 

Table (8.16.4): Mean values of ula and u with standard deviations Cy from N 

modes and deviations 8p and 8p from the pressure and density series respectively 

at a temperature of 352.022 K 

p/kPa <ula>lRz <U>/Ms-l 10, 
((T(U)/U) 

106 

(8(u)/U) 

106 

(8(u)/u) 
N 

6444.041 5002.9970 188.4329 1.5 0.2 -2.8 3 

5967.930 4997.4871 188.2254 0.2 -0.8 2.6 3 

5100-583 4996.8065 188.1997 0.3 3.0 2.7 3 

4423.140 5003.9287 188.4680 0.8 -4.8 -4.1 3 

3841.015 5015.0422 188.8866 1.0 3.0 4.0 3 

2770.669 5046.0571 190.0547 0.5 -0.6 -1.7 3 

2246.396 5065.8036 190.7985 1.1 -1.0 -2.9 3 

1521.451 5097.5313 191.9934 0.6 3.0 0.9 3 

951.559 5125.7076 193.0547 1.1 -2.7 1.2 3 

218 7 384 5156.4243 194.2116 0.2 0.8 19.0 3 
. 
939 8 155 5169.6866 194.7111 73.3 43.2 71.0 2 

_j . 
8 20.465 15180.0508 195.1015 115.9 515.4 551.0 2 
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Figure (8.16.6): Fractional deviations of u from the adopted 3-term density series 
at a temperature of 299.682 K 
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Figure (8.16.7): Fractional deviations of u from the adopted 5-term pressure 

series at a temperature of 299.682 K 
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Figure (8.16.8): Fractional deviations of u from the adopted 3-term density series 

at a temperature of 315.468 K 
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Figure (8.16.9): Fractional deviations of u from the adopted 5-term pressure 

series at a temperature of 315.468 K 
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Figure (8.16.10): Fractional deviations of u from the adopted 3-term density 

series at a temperature of 331.599 K 
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Figure (8.16-11): Fractional deviations of u from the adopted 4-term pressure 

series at a temperature of 331-599 K 
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Figure (8.16.12): Fractional deviations of u from the adopted 3-term density 

series at a temperature of 352.022 K 
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Figure (8.16.13): Fractional deviations of u from the adopted 5-term pressure 

series at a temperature of 352.022 K 
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The derived values of the heat capacity and the second and third acoustic virial. 
coefficients are given in table (8-16.5) and (8.16.6), together with their standard 
deviations and the fractional standard deviation of u' for each isotherm. 

Table (8.16.5): Heat capacities and virial coefficients of tetrafluoromethane 
determined using a density series 

T /K Cp��IR ß', /cm 3 
mol-' y, /dM6M01-2 106 fcy(U2)/U21 

299.682 7.2459 ± 0.0007 -115.51 ± 0.01 0.0178 ± 0.0000 12.9 
315.468 7.5143 ± 0.0003 -98.98 ± 0.00 0.0172 ± 0.0000 5.1 
331.599 7.6687 ± 0.0009 -87.15 ± 0.03 0.0185 ± 0.0000 17.5 
352.022 7.9513 ± 0.0005 -66.46 ± 0.01 0.0159 ± 0.0000 5.7 

Table (8.16.6): Heat capacities and virial coefficients of tetrafluoromethane 

determined using a pressure series 

T /K Cp, mIR 
3 ß, /cm mol, ' M6M01-2 y, /d 106 { cy( 

2)/1121 
cy( 

299.682 7.2423 ± 0.0023 -115.94 0.12 0.0034 0.0001 9.6 
315.468 7.5144 ± 0.0011 -99.17 0.07 0.0039 0.0000 13.4 
331.599 7.6700 ± 0.0013 -86.87 0.08 0.0043 0.0000 17.3 
352.022 1 7.9472 ± 0.0007 -66.79 0.04 1 0.0044 0.0000 5.3 

Figure (8.16.14) gives the values of Cp,,,, IR determined from the density series and also 

those obtained from reference [ 18] for comparison. The deviation AC,,,, IR from the 

calculated values are also shown in figure (8.16.15), where 

,,, 
(expt. )-Cpg (calc. ) ACpg = Clpýg 

p, in P, m (8.16.3) 

and the calculated heat capacities were calculated from the vibrational frequencies 

given in reference [141]. The calculated heat capacity has an uncertainty of 

approximately 0.007R. 

The experimental values obtained are systematically lower than the values calculated 

from the sum of the Plank-Einstein functions used to determine CPI and P'M are clearly 

not as accurate as the values obtained by Ewing in reference [18]. However, although 

the values obtained experimentally with the hemisphere fall outside the theoretical 
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Figure (8.16.14): Perfect-gas heat capacities CP9 of tetrafluoromethane P'm 
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Figure (8.16.15): Deviations of experimental from calculated perfect-gas heat 

capacities ACP9 of tetrafluoromethane AM 
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values, even when taking account of the estimated uncertainties, the heat capacity 
CP9 is obtained within 0.025 and 0.05 R and with further modelling, improved 1)'M 

estimates of CP9 are expected. /), III 

Figure (8.16.16) gives the values of P,, determined from the density series and also 
those values obtained from reference [18] for comparison. The deviation Ap,, from the 

calculated values are shown in figure (8.16.17), where 

APa=Pa (expt. ) 
-p, (cal c. ) (8.16.4) 

The calculated second acoustic virial coefficients were determined from reference [18] 

using the recommended values Of Pa and the expression for the second virial 

coefficient derived from the square well potential. For the two IOWest-temperature 

isotherms, the deviations of Pa from the values predicted by Ewing et al. are 

comparable with the standard deviation determined at each temperature. However, for 

the isotherms performed at 331.6 K and 352.0 K, the deviations are much larger than 

the estimated standard deviationsOf Pa calculated at each temperature. 

The third acoustic virial coefficients are compared with those of reference [181 in 

figure (8.16.18). The value of ya at 331.6 K deviates substantially from the value 

expected by interpolation of the other results. The different pressure range of this 

isotherm compared with the other three may partly account for the difference but it is 

higher by approximately 0.002 dM6 Mol-2 and is therefore likely that this sample was 

contaminated. 
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Figure (8.16.6): Second acoustic virial coefficients of tetrafluoromethane 
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Figure (8.16.17): Deviations of experimental from calculated second acoustic 

virial coefficients Apa of tetrafluoromethane 
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Figure (8-16.18): Third acoustic virial coefficients y. of tetrafluoromethane 
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CHAPTER 9 

Summary and Concluding Remarks 

The hemýispherical acoustic resonator was designed for measuring the speeds of sound 
at pressures up to 40 MPa and has several advantages, as discussed in chapter 1, over 
other geometries which make it suitable for this purpose. 
A selection of gases was made to allow the performance of the resonator to be 
investigated fully for gases with very different behaviour. Nitrogen, argon and 
tetrafluoromethane were studied at the highest pressures of about 7 MPa, while low 

pressure measurements were made on propene and the tetrafluoromethane. The speed 
of sound in both nitrogen and argon is very high, whilst for propene and 
tetrafluoromethane it is substantially lower, with the latter showing marked effects 
from vibrational relaxation. 
The acoustic model for the spherical cavity has been reported elsewhere [10,30,42, 

76,150,15 1] and it was extended in chapter 3 to include the hemispherical geometry. 
The additional perturbations experienced by the resonance frequencies of the 
hemisphere as a result of thermal and viscous waves at the equatorial surface were 
derived, and the correction terms for holes in the resonator wall were modified to 

account for the different signal intensities experienced by holes in the equatorial 

surface compared with holes in the spherical wall. 

Characterisation of the cavity was reported in chapter 5 and this supported the theory 

that the eigenvalues of the sphere and the hemisphere were identical and that the basis 

of the acoustic model for the hemisphere was valid. Construction of a prototype 

equatorial plate allowed measurements of the relative intensity of the signals as a 

function of r1a to be made and hence, the position of the nodes and anti-nodes of the 

first four radial modes to be established. The prototype plate was also used to verify 

the functional forms of the equations describing the perturbations to the resonance 

frequencies and halfwidths. In particular, changes to the area of an opening in the 

equatorial plate, its position with respect to r1a and the length of the waveguide at 

r1a =0 were investigated and their effect on the measured halfwidths observed. It was 
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found that the experimental halfwidths were in excellent agreement with the 
theoretically predicted functional forms. 

Conventionally, the effect of the internal pressure on the dimensions of the cavity is 
modelled through the compliance which expresses the dilation of the vessel with 
respect to pressure. The compliance X for a perfectly cylindrical, thick-walled vessel 
with capped ends [86] is 

, ra 2( 2-(T) 
E[ 2(b- a) 

(9.1) 

and for a perfectly spherical shell with an internal radius of a and an external radius of 
b, the compliance is given by 

(b 3+ 2a 3 )(1 

xE 

2(b 3-a 3) (9.2) 

where (T is Poisson's ratio and E is Young's modulus. Clearly, the hemispherical vessel 
does not resemble closely either geometry (it is hemispherical on the interior surface 

and cylindrical on the exterior surface) although it was expected to behave as some 

hybrid of the two equations. Modelled as a cylinder, the resonator would be expected 

to have a compliance of 2.8 x 10-13 Pa-' and as an isotropic sphere a compliance of 

4.8 x 10-12 Pa-' at 300 K. 

Isothermal measurements performed on nitrogen at pressures up to 7 MPa and 

temperatures between 300 and 355 K allowed the resonator's geometry to be 

characterised. Measurements of ula from the hemisphere were compared with values 

of the speed of sound calculated from the virial coefficients given in reference [59], and 

it was found that the compliance of the cavity was temperature dependent and that the 

pressure dependency was quite different from that predicted by equations (9.1) or 

(9.2). The effective compliance of the hemisphere calculated from the experimental 

results at 300 K was 5.3 x 10- " Pa-', a factor of II higher than the value predicted for 

a sphere (equation 9.2) and 190 times higher than that predicted by the cylindrical 

model (equation 9.1). The temperature dependency was also much higher than could 

be expected by any temperature dependency of Young's modulus. The expansivity of 

stainless steel 321 is approximately 9.6 x 10-6 IC' but from the measurements this was 

estimated as 22.0 x 10-6 K-'. 
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An empirical model was therefore developed which described the pressure and 
temperature dependency of the radius with the 5-term. fit given by equation (7.8.6). 
The separation between the modes was then solved by introducing effective radii for 
each mode which reduced the standard deviation of the fit to 20 ppm. Use of equation 
(7.8.6) and the effective radii then allowed the speed of sound to be calculated within 
the desired accuracy. 
Clearly, a disadvantage of the hemispherical geometry is that the theoretical 
compliance is not known and values of the compliance and expansivity calculated from 
the measurements do not reflect literature values [103]. However, by accepting a 
certain amount of empiricism to describe the behaviour of the cavity, the radius 
a (T, p, n) was calculated with a standard deviation of 20 ppm allowing the speed of 
sound to be determined with a fractional standard deviation of 20 ppm or less. 
It was thought that the effective compliance of the vessel was much larger than had 
been expected because there was coupling between resonance modes of the shell and 
those of the gas. This strong coupling severely perturbed the resonance frequencies 

and lead to values of a (T, p, n) which were artificially high. 

Further evidence for coupling between the radial modes and resonances of the shell 

was seen most clearly for the (0,2) mode. For all the gases, except CF4, reported here 

distinct maxima were seen when the fractional excess halfwidths A90,2/fO, 2were plotted 

against pressure (or frequency). It was also found that the frequencies at which these 

maxima occurred were linearly dependent on the temperature, irrespective of the gas. 

The reason distinct maxima were not seen for A90,2/fO, 2 for the tetrafluoromethane was 

due to the much lower sound speed in this gas; hence the resonance frequencies of the 

(0,2) mode were coupled to the shell resonances more weakly in this gas. Whilst large 

losses to the resonance halfwidths were still observed in CF4, these were much less 

well- defined. 

The empirical model describing the behaviour of the cavity to changes in temperature 

and pressure was verified by a direct comparison of measurements made in the 

hemispherical and spherical resonators using argon. 

The large excess halfwidths experienced initially were modelled using the data obtained 

from both the nitrogen and propene isotherms. An analysis of Ago, /fo, " for the (0,3), 

(0,4), (0,5) and (0,6) modes revealed large losses which could be modelled as an 
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annular slot at the junction between the hemispherical shell and its equatorial plate. The 

slot width was calculated to be 0.045 mm which is reasonable on the basis of machine- 
shop tolerances. It was possible to measure the resonance frequencies and halfwidths 

of propene only at pressures less than I MPa (in order to avoid the effects of 
precondensation), but even at these low pressures the measurements could be made 
with ease and the halfwidths successfully modelled. The slot correction was included in 

the analysis of the halfwidths for argon and lead to excess halfwidths that were 

generally less than 20 ppm. However, the Ag If were less than 10 ppm at pressures 

greater than I MPa which was the pressure regime the resonator had been designed for 

originally. The excess halfwidths also revealed no pressure dependency (as might occur 
if there were radiation of sound from the external surface) unlike the stainless steel 

resonator described in section (4.16). 

Although this was not part of the original motivation in design, the hemispherical 

geometry worked well for the relaxing gases as measurements could be made relatively 

easily at extremely low pressures. Measurements in CF4were made at pressures of a 

few kPa and although there was broadening of the modes, the signal-noise ratio of the 

signals remained extremely high and the vibrational relaxation times were measured 

successfully and found to be in good agreement with the literature. 

Although the results were not reported here, preliminary measurements onC02were 

also made using the hemisphere at pressures of about 100 kPa to 3.2 MPa and 

although severe broadening was observed the measurements were significantly easier 

than measurements obtained using a spherical resonator [40]. 

For a spherical geometry, where the transducers are in the walls of the cavity, the 

signals are relatively weak and require substantial amplification which makes low 

pressure measurements extremely difficult when a relaxing gas is being studied. 

However, the positioning of the source transducer in the centre of the equatorial plate 

at r1a =0 is a major advantage of the hemispherical geometry as it means that the 

signals remain intense at high pressures (when the loads on the transducer membranes 

are high and the transducers less sensitive) and the signal-noise ratio remains large 

even at low pressures, so measurements can still be made with relative ease; an area in 

which the hemispherical geometry could be exploited further for the study of relaxing 

gases. Furthermore, because the non-radial modes have no acoustic density at r1a = 0, 
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they are not excited with any significant amplitude and therefore no overlap between 

radial and non-radial modes is experienced when, for a different geometry, broadening 

of the modes may cause this to be a problem. For example, in a sphere the eigenvalues 
for the (0,2) and non-radial (3,1) modes differ by less than 0.5 per cent and overlap 
between these modes was a severe problem in earlier measurements on CF4 in a 

spherical cavity [ 18]. 
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