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Abstract

Falling films are a key technology for highly exothermic absorption with high

absorption or reaction heats. The textbook literature on falling films is typi-

cally limited to either the concentration or the temperature profiles, thereby

ignoring the effects of one on the other. The literature on the coupled heat

and mass transfer in falling films often relies on significant assumptions and

simplifications to solve the coupled system of partial differential equations

(PDEs). We derive a numerical scheme using orthogonal collocation on fi-

nite elements (OCFE) to solve the PDE system efficiently. The polynomial

approximation in the OCFE scheme enables the accurate representation of

gradients at the film interface, allowing us to compute accurate absorption

rates even for short film lengths. We investigate cases of physical absorption

with flow profiles and reactive absorption in comparison to a baseline flux

∗Corresponding author (e.cramer@ucl.ac.uk)

Preprint submitted to ChERD November 11, 2025



Journal Pre-proof
Jo
ur

na
l P

re
-p

ro
of

balance model. Our results generally show increased absorption rates for

both cases and a typical film flow length. However, a key novel insight from

this work is that the absorption rate for very short film flow lengths with

reactive absorption is reduced in the case of high heat of reaction.

Keywords: Falling film absorption, coupled partial differential equation

system, Modelica, orthogonal collocation on finite elements, chemical falling

film reactors

1. Introduction

Sizing a falling film apparatus remains a challenging task as the absorp-

tion rates are typically difficult to estimate and often require extensive ex-

perimentation. Mathematical models of the falling film can help reduce the

number of necessary experiments and provide valuable information about

the film’s behavior. Such models are often based on partial differential equa-

tion (PDE) systems that describe the transport phenomena both into the

film and along the film flow. In particular, in the field of absorption heat

pumps, non-isothermal vapor absorption plays a significant role and has been

investigated thoroughly both analytically and numerically.

A critical review of existing models has been provided by [1], stating that

most models applied in physical absorption have only considered isothermal

or adiabatic thermal boundary conditions. A first fully analytical solution

was presented by [2] for a uniform film velocity profile. [3] applied numeri-

cal methods to solve the combined heat and mass transfer model, applying

a steady-state parabolic film velocity profile. These pioneering works have

been followed by several varying modeling approaches taking into account
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more physical aspects in non-isothermal falling film absorption. For instance,

[4] and [5] introduced unidirectional diffusion in the falling film and solved

the problem analytically for both isothermal and non-isothermal conditions.

Nevertheless, due to mathematical restrictions of fully analytical solutions

for the combined heat and mass transfer absorption problem, several works

adopted numerical solution schemes, such as finite differences. Applying

numerical solution schemes allows for solving the problem with fewer simpli-

fying assumptions, e.g., on the hydrodynamics or simply by extending the

problem’s spatial dimensions. [6] numerically solved the problem including

the inlet hydrodynamics for horizontal and vertical tubes. Besides his more

complex numerical solution Andberg presented a simplified correlation with

an average deviation of 6.5% on the concentration change. [7] included the

effect of a wavy film flow to the model and observed a significant increase

of absorbed mass flux compared to the smooth film flow results due to the

transversal film velocity induced by the waves. However, Patnaik [7] doubts

relevance for typical absorber conditions the since stable turbulent waves

only occur at rather large film Reynolds numbers. In [8], deviations were

reported for the comparison of the experimental data on the wavy film flow

and the corresponding ranges of the film Reynolds numbers. More recently,

[9] also modeled the effect of wavy films and the effect of mist flow on the

absorption performance and solved the model numerically. The results of

their wavy laminar model agreed well with regard to the absorbed mass flow

but for the heat rejection capacity in the absorber also the laminar smooth

model results seemed to fit rather well. [10] investigated a semi open absorp-

tion process with direct solar regeneration of the solution. Therefore, the
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model has been extended by the introduction of non-condensable gases. [10]

developed a simpler numerical model and compared his results to [6] more

complex simulation with excellent agreement. Based on experimental results,

Yang presented correlations for the overall heat transfer and mass transfer

coefficient with good agreement for aqueous lithium chloride as absorbent

and air as non-condensable gas. Recently [11] developed a semi-empirical

model for the vapor absorption in the presence of air or hydrogen, find-

ing reasonable agreement between the correlation and the experimental data

from [10]. A rather comprehensive and systematic study was presented by

[12] who studied the problem in 1-D and 2-D in dimensionless form investi-

gating the influence of various dimensionless quantities such as Peclet, Biot

and Reynolds numbers. Additionally, a high-speed camera has been adopted

to experimentally investigate the influence of the droplet formation and im-

pingement on the hydrodynamics of the film in a horizontal shell and tube

absorber. A recent study on the effects of droplet formation from [13] used

Computational Fluid Dynamics software, volume of fluid appoach to model

the two phase flow and an reasonably adapted mesh to study the impacts of

droplet formation, detachment and impingement on the absorption process

in detail but at reasonable computation time and effort. [14] studied the

effect of varying thermophysical property data on the temperature and mass

fraction profiles within the falling film, applying the finite difference method.

On a system level [15] modeled the absorption chilling process for a small-

scale air cooled absorption chiller working with aqueous lithium bromide and

compared the simulation results to own experimental data. Surprisingly, the

largest deviation was found for the condenser outlet temperature while in
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the other heat exchangers only smaller deviations below 15% was observed.

Furthermore, analytical solutions to the falling film model have been devel-

oped recently by applying the Laplace transform [16] that allows for a more

realistic thermal boundary condition of a diabatic wall as compared to the

usual isothermal or adiabatic thermal wall boundary conditions for analytical

solution procedures. In addition to summarizing the existing analytical so-

lution procedures, [17] presented an analytical solution applying the Laplace

transform and an approximate film velocity profile based on the square root

of the film velocity.

Falling film reactors in chemical industry have been modeled and solved

numerically by [18] and [19] for sulfonation reactions with a considerable

increase of film temperature of up to ∆Tfilm = 50K due to the heat of re-

action but neglecting the heat of absorption and hence its thermal effect

on the absorbed mass flow. [20] included the effect of the heat of absorp-

tion in the model for the chlorination reaction of decane. They solve the

system of nonlinear PDEs by numerical integration, reporting some severe

numerical difficulties considering both the temperature profile in the gas and

liquid phases. By further simplifying the problem, they were able to solve

the problem numerically but obtained some oscillating solutions, which they

presumed to be related to the reactor itself.

In this study, we also consider an absorbing falling film in which a chem-

ical reaction occurs depending on the concentration of the absorbate. We

consider the heat of absorption as well as the heat of reaction in the model

and solve the nonlinear PDE system numerically to investigate the thermal

effect on vapor absorption in liquid films in chemical falling film reactors,
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discussing the obtained reaction rates and steady states. The models present

systems of coupled PDEs, meaning that the solutions of the PDEs influence

each other. We present a numerical solution scheme for the coupled PDE

system using partial discretization via orthogonal collocation on finite ele-

ments (OCFE) [21, 22]. OCFE has proven to be an efficient and accurate

approximation of dynamical systems and is commonly used to solve nonlin-

ear differential equations in chemical engineering [21, 23]. Using OCFE, as

opposed to other numerical schemes, allows us to use highly descriptive ap-

proximations like orthogonal polynomials while maintaining efficient compu-

tations. For falling film absorption, an accurate description of the gradients

is critical to solving the coupling equations and to computing the absorption

rates, i.e., the most important variable for absorber sizing. OCFE brings

the particular advantage that the approximation in film thickness direction

via polynomials yields an efficient and highly accurate option for computing

gradients of the profiles at the film interface. For OCFE, we first split the

film thickness coordinate into finite elements of variable size. In each finite

element, we approximate the temperature and concentration profiles using

polynomials, specifically the orthogonal Hermite polynomials. Through the

OCFE approximation, we obtain a reformulation of the PDE to a differen-

tial algebraic equation system (DAE), which can be solved efficiently using

widely available solvers. Furthermore, using orthogonal polynomials yields

an improved approximation, particularly for high gradients as are observed

at the film interface and short flow length values. We implement the result-

ing DAE using the object-oriented modeling language Modelica and solve the

program in Dymola. We opt for the implementation in Modelica to make use
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of its object oriented programming structure allowing us to reuse a generic

PDE discretization for both the temperature and the concentration profils.

Furthermore, Dymola provides powerful DAE solvers to efficiently solve the

resulting DAE system. We validate our OCFE scheme via a comparison to

the analytical solution in our previous work [24].

Our numerical solution scheme reproduces the results of our analytical

solution reported in [24], validating the numerical scheme. Furthermore, we

investigate two further falling film absorption models. The first model pro-

posed by [3] includes the laminar film profile in the formulation, and we derive

the second model, which includes reactive absorption with a first-order reac-

tion. The second model is a first order non-isothermal reaction model that

uses the same modeling assumptions as our baseline model in [24], except for

the reaction which adds terms in both the concentration and temperature

equation. We opt for this isolated analysis of the first-order non-isothermal

reaction to allow for unbiased evaluations without overlapping effects result-

ing from multiple phenomena. The results for the baseline model from [24]

and the solution to the laminar film model by [3] confirm previous results

from the literature. However, our simulation of the reactive absorption with

highly exothermic reactions reveals a reduction of the absorption rates for

short flow lengths, which has previously not been observed.

The remainder of this work is organized as follows: Section 2 presents

the falling film models, including cases with laminar film profiles and first-

order reactions. Furthermore, the section presents the dimensionless form

of all models. In Section 3, we present our numerical solution scheme via

partial discretization using OCFE. Section 4 validates the numerical scheme
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by comparison to the analytical solution in [24] and presents the results of the

numerical solutions to the models discussed in Section 2. Finally, Section 5

highlights the most important insights and, thereby, concludes this work.

2. Falling film absorption models

Section 2.1 reviews the baseline baseline flux balance model from our

previous work in [24] and [16], where the analytical solution will be used to

validate the numerical scheme introduced in Section 3. Next, Section 2.2

and Section 2.3 introduce models for the stationary laminar flow model and

the first-order reaction model, respectively. Finally, Section 2.4 shows the

dimensionless generalization of all three models and the boundary conditions.

2.1. Baseline diffusion convection model

The baseline model for this work is the flux balance model obtained from

our previous works in [24] and [16]. Here, we derived a generic differential

two-dimensional flux balance equation for the falling film in steady-state:

0 = −∂j

∂x
− ∂j

∂y
(1)

Here, j are the fluxes of the respective conservation quantity, x is the di-

rection of flow of the film, and y is the transverse direction. Hence, Equa-

tion (1) describes the conservation law for any conservation quantity in a

two-dimensional differential volume at steady state. For this baseline model,

we assume a frictionless flow, i.e., a constant film velocity ū, only convec-

tive transport in the flow direction x, and only diffusive transport in the

transverse direction y. Furthermore, we neglect the effects of unidirectional
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diffusion and assume a constant film thickness. For a discussion of these

effects, we refer the interested reader to [4].

Introducing the mass transport terms into Equation (1), we obtain the

following expression for the absorbate balance equation:

ū
∂c

∂x
= D

∂2c

∂y2
(2)

Here, c is the absorbate mass fraction and D is the diffusion coefficient. The

energy balance reads:

ū
∂T

∂x
= α

∂2T

∂y2
(3)

Here, α is the thermal diffusivity. The model is called the convection diffusion

model, as it considers only convection in the film flow direction and only

diffusion in the transverse direction. For details on how to derive the balance

equations, please refer to the original publications [24, 16].

In 1977, [2] proposed an approximation of the thermodynamic coupling of

the temperature and the concentration profile at the film interface. The ap-

proximation assumes a linear relationship between the interface temperature

T (x, y = 0) = TI(x) and the interface concentration c(x, y = 0) = cI(x):

TI(x) = A−BcI(x) (4)

Here, the subscript I indicates the interface with y = 0. Both the interface

temperature TI and concentration cI are functions of the flow length x. This

linear approximation has later been used by [3], [4], and [24]. This linear

relation for the thermodynamic equilibrium condition is indispensable for

solving the problem analytically and hence is a deliberate simplification here.

Nevertheless, in [25] we compared this simplification of the linear profile

9
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to actual equilibrium data of aqueous lithium bromide solution based on

experimental data from [26]. The analysis revealed that the deviation due to

this linearization is reasonably small as long as the mass fraction differences

between bulk and interface are below ∆c < 0.1.

The interface gradients of temperature and mass fraction are intercon-

nected through an interface energy balance that considers latent heat. The

heat of absorption is influenced by the mass fraction gradient at the inter-

face and must be carried into the bulk film flow via heat conduction, which

is dependent on the temperature gradient at the interface. Thus, the second

coupling condition at the interface is given by:

q̇abs(x) = ṁabs(x)∆hA (5)

Here, q̇abs is the heat of absorption, and ṁabs is the absorption mass flux. As

all transport is normal to the interface, the heat gets transported into the

film by conduction and the mass via diffusion. For the baseline model, this

yields:

λ
∂T

∂y

∣∣∣∣
I

(x) = ρD
∂c

∂y

∣∣∣∣
I

(x)∆hA (6)

Again, the subscript I indicates the interface with y = 0, and both gradients

are functions of the flow length x . We set Dirichlet boundary conditions for

the wall temperature:

T (x, y = δ) = TW (7)

For the concentration, there is no mass transport through the wall, which

results in a Neumann boundary condition of a null gradient, as we assume

only diffusive transport in the transverse direction:

∂c

∂y

∣∣∣∣
W

(x) = 0 (8)

10
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Here, the subscript W indicates the wall with y = δ.

At the inlet, we assume the film to be ideally mixed with constant con-

centration and temperature for all y:

c(x = 0, y) = c0 (9)

T (x = 0, y) = T0 (10)

2.2. Laminar flow profile

The presented laminar flow model is equivalent to [3]. This laminar flow

model extends the baseline model to consider a steady-state laminar flow

profile of a falling film. The flow is fully developed, and only wall shear

forces are exerted on the film. There is no shear stress at the film surface

from the vapor side. The velocity profile, as derived in [27], reads:

ux(y) =
ρgδ2

2µ

[
1−

(y
δ

)2
]
= umax

[
1−

(y
δ

)2
]

(11)

Figure 1 shows a sketch of the laminar film velocity profile.

The velocity profile can also be expressed in terms of the average velocity

ūx. First, we integrate Equation (11) over the film thickness to obtain an

expression for the average velocity:

ūx =
1

δ

∫ δ

0

ux dy =
2

3
ux,max (12)

Then, we can enter Equation (12) into Equation (11):

ux(y) =
3

2
ūx

[
1−

(y
δ

)2
]

(13)

Analogous to Section 2.1, the governing PDEs can be derived from the

mass and energy balance of an infinitely small film element as presented in

11
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Figure 1: Steady-state flow profile of a falling film, see Equation (11).
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[24]. Assuming a fully established flow, the absorbate mass balance and

energy balance are obtained as follows [3]:

ux(y)
∂c

∂x
= D

∂2c

∂y2
, (14)

ux(y)
∂T

∂x
= α

∂2T

∂y2
. (15)

Note that we assume a fully established flow profile constant over x. Thus

ux(y) can be separated from the differential term for the convective flow in

x-direction. The initial and boundary conditions are the same as those for

the baseline model.

2.3. First order non-isothermal reaction

As an additional consideration, we model a diffusion-convection-reaction

model for reactive absorption with a first-order non-isothermal reaction. We

conduct an isolated investigation of the effects of the non-isothermal reaction

to gain insights without overlapping effects from other phenomena. Thus, the

first-order non-isothermal reaction model is the baseline flux balance model

with a first-order reaction term.

We model a simple first-order reaction with the reaction rate given by:

ṙ = −kcρ (16)

The reaction heat is described through a constant reaction enthalpy:

q̇ = ṙ∆hR (17)

Adding the reaction term to the baseline model results in:

ū
∂c

∂x
= D

∂2c

∂y2
− kc (18)

ū
∂T

∂x
= α

∂2T

∂y2
+ kc

∆hR

cP
(19)
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Table 1: Definition of dimensionless numbers.

Name Symbol Definition

Damköhler Da kδ2

D

Lewis Le α
D

Stefan absorption S̃tA
cp(Teq−T0)

∆hA(ceq−c0)

Stefan reaction S̃tR
cp(Teq−T0)

∆hR(ceq−c0)

Note that the concentration appears in Equation (19) through the reaction

heat term.

The model equations in Equation (18) and (19) apply to both exothermic

and endothermic reactions. For the exothermic case, the wall is cooled:

TW ≤ T0, (20)

and for the endothermic case, the wall is heated:

TW ≥ T0. (21)

In the following, we limit the analysis to the exothermic case. Furthermore,

we assume constant parameters, e.g., the reaction rate constant is assumed

to be independent from temperature for the sake of comparison and a con-

sequent discussion.

2.4. Dimensionless models

We generalize our models to a dimensionless form using the dimensionless

coordinates and state variables formerly used in [16]:

Dimensionless flow length: ξ = x
δ

α
ū·δ = x

δ
· 1
Peα

14
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Dimensionless film thickness: η = y
δ

Dimensionless concentration: γ = c−c0
ceq−c0

Dimensionless temperature: θ = T−T0

Teq−T0

Here, the dimensionless film flow length ξ is of great significance for the

evolution of the whole absorption and reaction process. It can be considered

as sort of a thermal entrance length of the problem, since the relative flow

length x/δ is divided by the thermal Peclet number. We refer to small values

of ξ if ξ < 0.1 as long as the cooling effect of the wall does not yet affect

the film’s surface. Consequently, for large values if ξ > 1 the corresponding

temperature profiles across the film are fully developed across the film and

the cooled wall affects the interface thermally. Table 1 lists the dimensionless

numbers.

In the following, we present the dimensionless versions of the models

derived in Section 2.

Using the dimensionless numbers in Table 1, the baseline model from

Section 2.1 is given by [24]:

∂θ

∂ξ
=

∂2θ

∂η2
(22)

∂γ

∂ξ
=

1

Le

∂2θ

∂η2
. (23)

For the inlet conditions θ(ξ = 0, η) = θ0 and γ(ξ = 0, η) = γ0, the

definitions yield:

θ0 = γ0 = 0.

The dimensionless wall temperature θ(ξ, η = 1) = θW is set to:

θW = −1,

15
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for all cases. The Neumann boundary condition for the concentration gradi-

ent at the wall is:
∂γ

∂η
(ξ, η = 0) =

∂γ

∂η

∣∣∣∣
W

= 0 (24)

The dimensionless coupling conditions are given by [24]:

1 = θI + γI (25)

∂γ

∂η

∣∣∣∣
I

= LeS̃tA
∂Θ

∂η

∣∣∣∣
I

(26)

Here, θI = θ(ξ, η = 0) and γI = γ(ξ, η = 0) are the dimensionless tem-

perature and concentration at the interface, and ∂θ
∂η

∣∣∣∣
I

= ∂θ
∂η
(ξ, η = 0) and

∂γ
∂η

∣∣∣∣
I

= ∂γ
∂η
(ξ, η = 0) are the dimensionless gradients of temperature and con-

centration at the interface, respectively.

The heat and mass balances of the laminar flow profile model (Section 2.2)

yield the following dimensionless PDE system:

∂θ

∂ξ
=

2/3

1− η2
∂2θ

∂η2
, (27)

∂γ

∂ξ
=

2/3

Le(1− η2)

∂2γ

∂η2
, (28)

For the first-order reaction model (Section 2.3), the dimensionless model

reads:

∂γ

∂ξ
=

1

Le

∂2θ

∂η2
− Da

Le
(γ − c0

ceq − c0
) (29)

Here, Da = kδ2

D
is the Damköhler number. We assume c0 = 0 for the first-

order reaction as there is typically no absorbate in the film for reactive ab-

sorption. Thus, we obtain:

∂γ

∂ξ
=

1

Le

∂2γ

∂η2
− Da

Le
γ (30)
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Table 2: Overview of considered phenomena in falling film models.

Model Flow Profile Non-Isothermal Reaction

Baseline Flux Balance ✗ ✗

Laminar Flow ✓ ✗

First-Order Non-Isothermal Re-

action

✗ ✓

With the same assumption, the energy balance in Equation (19) translates

to:
∂θ

∂ξ
=

∂2θ

∂η2
+

Da

S̃tR Le
γ. (31)

Here, S̃tR is the modified Stefan number for the reaction, see Table 1.

As an overview, Table 2 summarizes the phenomena considered in the

different models.

3. Numerical solution scheme

In our previous work in [24] and [16], we derived an analytical solution

to the dimensionless baseline model. In this work, we present a numerical

solution scheme that translates to other models of the falling film systems.

This section first presents a partial discretization of the PDEs using or-

thogonal collocation on finite elements (OCFE) in Section 3.1. Section 3.2

shows how we can use Gaussian Quadratures in a convenient combination

with the orthogonal collocation to integrate over the film thickness. Finally,

Section Appendix A.1 presents our implementation in the modeling language

Modelica and solution via Dymola.

17
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3.1. PDE Solution via Partial Discretization

Our numerical scheme uses OCFE [28] to discretize the film thickness co-

ordinate η. The partial discretization translates the PDE system to a DAE

system that can be solved efficiently using Modelica and Dymola. Further-

more, the finite element scheme is a flexible environment to use expressive

approximations such as orthogonal polynomials. We present the discretiza-

tion scheme using the dimensionless baseline temperature equation (Equa-

tion (22)) due to its simplicity. However, the approach translates to all other

versions of the coupled PDE system presented in Section 2.

For OCFE, we first divide the problem domain, i.e., the film thickness

η ∈ [0, 1], into k = 1, . . . , NE finite elements.

0 = η1 < η2 < ... < ηNE < ηNE+1 = 1 (32)

The width of the individual elements hk = ηk+1 − ηk is flexible, and the

implementation allows for variable finite element sizes. Furthermore, we

introduce a local variable z ∈ [0, 1] within a finite element to represent the

position in η:

z =
η − ηk
hk

(33)

We use third-order Hermite polynomials [29] to approximate the solution of

the PDE in η. For each finite element, the solution is given by a third-order

polynomial of z:

θk(z, ξ) ≈
4∑

l=1

ak,l(ξ)Hl(z) (34)

Here, Hl is the cubic Hermite basis polynomials and ak,l the collocation

coefficients at the k-th finite element and the l-th collocation point. Note that

the collocation coefficients ak,l are functions of the flow coordinate ξ as the

18
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system is only discretized over η. We opt for Hermite polynomials due to their

lower computational cost compared to using Lagrangian interpolants [22,

29]. Furthermore, Hermite polynomials have proven advantageous for second-

order differential boundary value problems. Equation (35) lists the third-

order Hermite polynomials as a function of the local variable z [28].

H1(z, hk) = (1− z)2(1 + 2z) (35a)

H2(z, hk) = z(1− z)2hk (35b)

H3(z, hk) = z2(3− 2z) (35c)

H4(z, hk) = z2(z − 1)hk (35d)

For details on the definition of orthogonal polynomials and Hermite polyno-

mials, we refer to textbooks on the subject [29].

Fitting the cubic polynomials requires four collocation points, i.e., evalu-

ation points for the polynomials [22]. In practice, we evaluate Equation (34)

only at these collocation points. Hence, Equation (34) is discretized for all

finite elements and all collocation points, i.e., ∀k ∈ [1, NE], ∀i ∈ [1, 4], re-

spectively:

θk(zi, ξ) =
4∑

l=1

ak,l(ξ)Hl(zi) (36)

In practice, a clever choice of collocation points can lead to sparse equation

systems, which leads to shorter solution times [23]. There is a multitude of

options for selecting collocation points. In this work, we use the shifted roots

of the second-order Legendre polynomial P2(x) = (3x2 − 1)/2 as interior

collocation points [23]. The roots are shifted from the original interval of

[−1, 1] to the local coordinate system which gives us the following collocation

points: z1 = 0, z2 = 3−
√
3

6
, z3 = 3+

√
3

6
, z4 = 1 [30]. In the Appendix, the
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values of the cubic Hermite basis polynomials at the shifted roots of the

second-order Legendre polynomial are listed in Table A.4.

Expressing θ in the form given in Equation (34) trivially extends to first

and second derivatives by differentiating the orthogonal polynomials. The

first and second derivatives of Equation (34) are given by:

∂θk
∂z

(z, ξ) ≈ 1

hk

4∑

l=1

ak,l(ξ)Al(z) (37)

∂2θk
∂z2

(z, ξ) ≈ 1

h2
k

4∑

l=1

ak,l(ξ)Bl(z) (38)

Here, Al and Bl are the first and second derivatives of the cubic Hermite basis

polynomials, respectively. The expressions for the first and second derivatives

are given in Appendix Appendix A. Again, the first and second derivatives

are evaluated only at the collocation points. The value of the derivatives at

the collocation points can be found in the Appendix in Table A.4. Note that

the collocation coefficients ak,l are the same functions of ξ as the coefficients

in Equation (34).

The partially discretized PDE for θ or the dimensionless baseline model

is then given by:
∂θk,i
∂ξ

=
∂2θk,i
∂z2

=
1

h2
k

4∑

l=1

ak,l(ξ)Bl(zi)

∀k ∈ [1, NE], ∀i ∈ {2, 3}

(39)

The right-hand side is the approximation via the OCFE scheme given by

Equation (38). The left-hand side is the first-order derivative of θ at the
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{k, i} position w.r.t. the flow coordinate ξ:

∂θk,i
∂ξ

=
4∑

l=1

dak,l
dξ

Hl(zi) (40)

To ensure continuity between neighboring finite elements, the solution at

the boundary of two elements must be equal. A second-order PDE system

also requires the continuity of the first derivative [28]. By using cubic Hermite

polynomials as basis functions, the continuity constraints can be fulfilled by

reusing the collocation coefficients:

θk
!
= θk+1 ⇒ ak,3

!
= ak+1,1 ∀k ∈ [1, NE − 1] (41)

∂θk
∂z

!
=

∂θk+1

∂z
⇒ ak,4

!
= ak+1,2 ∀k ∈ [1, NE − 1] (42)

Hence, there are 2(NE− 1) connectivity equations to connect the NE finite

elements. The resulting differential-algebraic system of equations (DAE) can

be solved efficiently using DAE solvers.

We write Equation (40) only for the second and third collocation points.

The differential part of the equation requires the variables on the interior

collocation points to be differential variables (hatched elements in Figure 2).

For the first and fourth collocation points (light grey elements in Figure 2),

the values of the collocation coefficients ak,l are given via the boundary con-

ditions and the connectivity conditions between the finite elements. Hence,

the first and fourth elements are defined as algebraic variables.

Analogous to θ, the discretization of the dimensionless absorbate concen-

tration γ reads:

1

Le

∂γk,i
∂ξ

=
∂2γk,i
∂z2

∀k ∈ [1, NE], ∀i ∈ {2, 3} (43)
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Figure 2: Finite element grid and interior collocation points. Dark grey elements are

assigned via boundary conditions, and light grey via continuity constraints. The hatched

elements are differential variables, and the colored elements are algebraic variables.
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Similar to Equations (34), (37), and (38) the approximation of γ via the

OCFE scheme is given by:

γk(z, ξ) ≈
4∑

l=1

bk,l(ξ)Hl(z) (44)

∂γk
∂z

(z, ξ) ≈ 1

hk

4∑

l=1

bk,l(ξ)Al(z) (45)

∂2γk
∂z2

(z, ξ) ≈ 1

h2
k

4∑

l=1

bk,l(ξ)Bl(z) (46)

Here, bk,l(ξ) are the collocation coefficients for γ.

The laminar film model and first-order reaction model are discretized

analog to the baseline model, i.e., Equations (34), (37), and (38) and Equa-

tions (44), (45), and (46) are inserted into the respective balance equations.

3.2. Integration over film thickness

Obtaining averages over the film thickness requires integration over η.

However, we discretize the film coordinate η, and thus, there is no continuous

function for θ(η) or γ(η). Hence, there is no closed-form solution for integrals

such as: ∫ 1

0

γ(ξ) dη.

Instead of running a separate integration, we use the transformed Gauss-

Legendre quadrature for numerical integration [31].

For an interval [a, b], the Gauss-Legendre quadrature is defined as follows:

∫ b

a

γ(η) dη =

∫ 1

−1

γ(
h

2
η +

a+ b

2
) dη

=
h

2

N∑

i=1

wiγ(
h

2
ηi +

a+ b

2
)

(47)
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where h = b − a, N is the quadrature order, wi is the quadrature weights,

and ηi is the quadrature points.

For Gauss-Legendre quadrature, wi = 1 and ηi are the roots of the N-th

degree Legendre polynomials. We approximated θ and γ using third-order

polynomials and, thus, N = 2 [31]. For our problem, the quadrature equation

reads: ∫ 1

0

γ(η) dη =
1

2

2∑

i=1

γ(
1

2
ηi +

1

2
) (48)

In our problem, we can divide the integral over the entire range of η into

multiple integrals that correspond to the finite-element grid set through the

OCFE scheme: ∫ 1

0

γ(ξ) dη =

∫ η2

η1=0

γ(ξ) dη

+

∫ η3

η2

γ(ξ) dη

+ ...+

∫ ηNE+1=1

ηNE

γ(ξ) dη

(49)

Then, we calculate the integrals in the sub-intervals using the Gauss-Legendre

quadrature.

Note that the quadrature points are the same points as the collocation

points. Thus, we can reuse the collocation structure and obtain the func-

tion values at the quadrature points, as we used the roots of second-degree

Legendre polynomials as the collocation points.

3.3. Integration over film length

We need to integrate over the film length to obtain the integral properties

of the film. To obtain these integrals, we add the differential form of these

properties to the DAE system so that they are integrated simultaneously.
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For instance, take the average interface concentration:

γ̄I =
1

ξ

∫ ξ

0

γI dξ (50)

We can compute γ̄I turning Equation (50) into a DAE:

∂γI,int
∂ξ

= γI ; γI,int(ξ = 0) = γI,0 (51)

γ̄I =
1

(ξ + ε)
γI,int (52)

Here, γI,int is a helper variable. Note that we add a small value ε = 10−9 to

ξ in the computation of γ̄I to avoid numerical errors from dividing by ξ = 0.

4. Results

In this section, we present and discuss the simulation results for the dif-

ferent modeling cases outlined in Section 2. Table 3 lists the values of the

dimensionless numbers used throughout our analysis. In a previous study on

the physical absorption of water vapor in aqueous lithium bromide solutions

[32], the values of the Lewis and Stefan numbers for pure physical absorption

have been identified in the range of Le = 100 and StA = 0.1. The results

of this analytical solution to the baseline model model for aqueous lithium

bromide have been successfully validated with experimental data from [33].

Furthermore, we analyzed the effects of different Le numbers in [24] and

will not repeat this analysis to avoid redundancy. For the chemical reaction

model we have varied the Damköhler and Stefan number for the reaction in a

wide range since these two values depend on either the reaction rate constant

k or the reaction enthalpy ∆hR.
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Table 3: Values of the dimensionless number used throughout the analysis. Note that

S̃tR → ∞ indicates isothermal reaction, i.e., no reaction heat.

Number Value

Da 100, 1000, 10000

Le 100

S̃tA 0.1

S̃tR 0.1, 1, ∞

4.1. Validation of Numerical Results

We validate our numerical solution for the baseline model via comparison

with the analytical solution presented in [24]. For this purpose, we define a

general error variable ϵ:

ϵ =
γanalytical − γOCFE

γref
(53)

We set γref = 1 such that the relative error is equal to the absolute numer-

ical error. Using ϵ, we can also analyze the effect of using various grids to

discretize the calculation domain. The numerical errors for ξ = 0.02 and

ξ = 5 over the film coordinate η are given in Figure 3. The numerical error is

small, with error values scaling in 10−5 at the interface and below elsewhere.

For small ξ, the gradients at the interface are extremely high, which makes

it difficult to approximate using numerical schemes. The error decreases for

higher values of the dimensionless film length. Henceforth, we view the nu-

merical scheme as validated and proceed to discuss the simulation results. In

the following, all presented results are obtained using the numerical solution

scheme presented in Section 3.
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Figure 3: Numerical error of the OCFE integration scheme for the baseline model. Error

is the difference to the ground truth analytical solution [16].
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4.2. Dimensionless concentration and temperature profiles

In Figure 4, the evolution of both the dimensionless concentration as well

as the dimensionless temperature across the film thickness is depicted for

increasing dimensionless flow coordinate values for ξ as a parameter. This

dimensionless flow parameter ξ can be interpreted as the thermal entrance

length of the problem, sometimes referred to as the Graetz number [12].

Roughly speaking, if ξ < 0.1 the film surface is unaffected by the thermal

wall boundary condition and for values of ξ > 0.1 the thermal wall bound-

ary condition is interfering with the film surface. Due to this evolution of

the thermal boundary layers there are three basic phases of film absorption,

depending on the dimensionless film flow length. In the first phase, the ther-

mally unaffected interfacial boundary layer evolves independently from the

thermal boundary condition at the wall for ξ < 0.01. In phase two, the ther-

mal boundary condition strongly affects the evolution of the concentration

gradient, keeping the mass absorption almost constant for the applied isother-

mal wall boundary condition in the range of 0.01 < ξ < 1. In phase three

the completely different nature of the two distinct cases under investigation

becomes evident looking at the evolution of the dimensionless concentrations

for 10 < ξ < 100. The dimensionless absorbate concentration saturates in

case of pure physical absorption at γeq = 2 but reaches a constant steady

state condition between the mass flow that reacts and the mass flow that is

being absorbed in case of the non-isothermal reaction models.

For the initial flow coordinate of ξ = 0.01, the concentration profiles are

just beginning to develop, and there are almost no visible differences between

the five different model results for the concentration profiles. Regarding
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Figure 4: Dimensionless concentration and temperature profiles of Baseline model, laminar

flow profile (LFP), and reactive absorption for different Da numbers. S̃tR = 0.1 for all

results.
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the temperature profiles, however, an elevated film surface temperature can

be seen for the largest Damköhler number due to the additional heat of

the reaction that is released close to the surface, in addition to the heat of

absorption set free at the film surface. Also, for the steady-state laminar flow

profile, the temperature profile close to the wall is less steep due to the lower

film velocity and hence lower convective heat flow in the transversal direction

close to the wall, which in turn results in lower temperature gradients at the

wall compared to all the other models.

Increasing the flow coordinate value further, the differences between the

different models become more prominent. At ξ = 1, the temperature profile

across the film thickness is fully evolved, but the slopes of the tempera-

ture gradients differ significantly between the different models, translating

to different heat flows transported across the film. The highest film surface

temperature corresponds to the largest Damköhler number and, hence, the

largest heat flow through the film. This originates first in the highest re-

action rates for Da = 104 and the additional heat of the chemical reaction

that is in the same order of magnitude as the heat of absorption in this case.

For the lower Damköhler numbers, the film surface temperature decreases

accordingly due to lower reaction rates. Comparing the two absorption mod-

els without chemical reactions, the film temperature and its gradient of the

steady-state film flow profile are higher throughout the film thickness at ξ = 1

compared to the baseline model, indicating a higher heat flow. The surface

concentration is inversely connected to the temperature profiles through the

thermodynamic equilibrium (Equation (25)). At ξ = 1, the lowest concen-

tration corresponds to the highest film surface temperature for Da = 104
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and the highest film concentration to the baseline model.

Further increasing the flow coordinate, the different evolutions of the

concentration profiles become prominent between the pure absorption cases

compared to the reactive absorption. For the cases of the purely physical

absorption, the absorbate capacity within the film itself is limited, almost

reaching the saturation or corresponding equilibrium concentration of γI = 2

for the thermal wall boundary condition throughout the film for ξ = 100.

On the contrary, for the reactive film absorption, the concentration profiles

reach a steady state approximately at ξ ≈ 1 at the point where the absorbate

consumption of the chemical reaction within the film equals the physical

absorption at the film surface.

4.3. Absorption rate

The absorption rate, i.e., the mass flow of absorbate into the film, is an

important quantity for sizing absorption apparatuses. We assume that all the

mass absorbed by the film is transported into the film. Thus, the absorption

rate is equal to the mass transport at the interface in the transverse direction,

which is described by Fick’s law at the interface:

ṁabs = −Dρ
∂c

∂y

∣∣∣∣
I

(54)

Here, ṁabs is the local absorbate mass flux. We define µ as the dimensionless

absorbate mass flux that is given as:

µ =
ṁabsδ

Dρ(ceq − c0)
= −∂γ

∂η

∣∣∣∣
I

(55)

As µ is equal to the negative dimensionless concentration gradient at the

interface, we can compute the values via the OCFE approximation. Here,
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Figure 5: Local absorption rate (Equation (55)) of Baseline model, laminar flow profile

(LFP), and reactive absorption for different Da numbers. S̃tR = 0.1 for all results.

we simply evaluate Equation (45) for the first finite element, i.e., for η = 0.

To obtain the medium absorption rate as a function of the film length, we

integrate over ξ:

µ̄ =
1

ξ

∫ ξ

0

µ dξ (56)

The evolution of the local absorption rate is depicted in Figure 5. Clearly,

the local absorption rate of the steady state model is the highest for film

flow length ξ < 0.1 due to the highest interfacial film velocity and, hence, in-

creased longitudinal absorbate transfer within the film. Increased Damköhler

number and the increased interfacial temperature lead to decreasing local ab-
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sorption rates for the unaffected interface regarding the thermal wall bound-

ary condition for ξ < 0.01. For the highest Damköhler number of Da = 104,

the thermal wall boundary condition starts to affect the interfacial concentra-

tion gradient observable by a slightly less negative slope for 0.01 < ξ < 0.1.

Then, for a film flow length of 0.1 < ξ < 1, the temperature profile is fully de-

veloped, actively cooling the film surface. This cooling of the interface leads

to a drop in interfacial temperature and an increase in interfacial absorbate

concentration according to the thermodynamic equilibrium. However, the

increase in interfacial absorbate concentration stops the decrease in the local

concentration gradient, keeping them almost constant for all models at dif-

ferent levels. Also, the onset of the thermally induced stop or slowdown of

the decrease of the concentration gradient varies for the models. It seems to

happen at lower ξ values for larger Damköhler numbers due to higher film

temperatures and increased heat conduction.

In the third phase for ξ > 1, the evolution of the different models varies

significantly due to the different nature of the problems. For the purely phys-

ical absorption models, the film saturates in absorbate and will inevitably

reach a final equilibrium state corresponding to the thermal wall bound-

ary condition. The models with chemical reactions reach steady states with

constant mass absorption rates, which equal the mass flow rates that are

consumed by the chemical reactions for the different Damköhler numbers,

respectively.

Figure 6 depicts the averaged interfacial gradient according to Equa-

tion (56), i.e., the average absorbed mass flow. The average absorbed mass

flow rate for the steady state flow profile is higher than for the plug flow
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Figure 6: Average absorption rate (Equation (56)) of Baseline model, laminar flow profile

(LFP), and reactive absorption for different Da numbers. S̃tR = 0.1 for all results.

solution, as already presented by [3]. All the models with chemical reactions

start at lower average mass flow rates due to the elevated film temperatures

for the interfacial boundary layer, unaffected by the wall cooling. As soon as

the thermal wall boundary layer affects the surface for ξ > 0.1, the average

mass flow rates reach their constant level when the absorbed mass flow equals

the mass consumed by the chemical reaction.

In order to better emphasize the differences between the absorbed mass

flows at the surface for the different models, we introduce a local mass ab-
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sorption enhancement factor:

βi(ξ) =
µi(ξ)

µbl(ξ)
. (57)

The enhancement factor compares the dimensionless local concentration gra-

dient µi of each model to the corresponding local concentration gradient of

the baseline model µbl at the interface as a function of ξ. According to Equa-

tion 55, the concentration surface gradients are directly proportional to the

absorbed mass flow.

Figure 7 shows the evolution of this enhancement factor. Note that the

figure only shows four plots for the laminar flow profile (LFP) and the three

reactive absorption models, as the results are relative to the results of the

baseline model.

In the first absorption phase for ξ < 0.01, the enhancement factor for the

laminar film profile is larger than one only since the interfacial film velocity

is increased compared to the baseline model with the average uniform film

velocity. This result aligns with our observations in Figure 5. For the reactive

absorption case, the local interfacial concentration gradients are lower and

even decrease compared to the baseline model since the reaction heat is

accumulated in the thermally unaffected interfacial film flow. This effect

increases with increasing reaction rates, hence, larger Damköhler numbers.

The evolution of the enhancement factor varies significantly as soon as the

cooled wall affects the interface in phase two of the absorption process, which

happens at different values for the film flow lengths depending on the intensity

of the heat conduction from both sides, the wall, and the interface. In the

case of the stationary laminar film profile, the enhancement factor drops

from 1.2 to 1.1 when the wall boundary hits the interface for 0.08 < ξ < 0.5.
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Figure 7: Local mass absorption enhancement factor (Equation (57)) for laminar flow

profile (LFP) and reactive absorption for different Da numbers. S̃tR = 0.1 for all results.
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The drop corresponds to a hindered and delayed evolution of the thermal

boundary layer from the wall to the slow-flowing fluid for the laminar flow

profile compared to the baseline. As soon as the thermal boundary is evolved,

the enhancement factor increases before dropping below 1 for large ξ > 50

due to mass conservation.

All the cases of reactive absorption are not enhanced in phase one of the

absorption for the unaffected interface boundary since the heat of reaction

(S̃tR = 0.1) and, hence, elevated film temperatures decrease the interfacial

concentration gradients compared to the baseline. The higher the Damöhler

number, the stronger the enhancement factor drops below 1. The larger

interfacial temperatures, however, lead to an early onset of the cooling effect

for the highest Damköhler number of Da = 104 at ξ ≈ 0.01, leading to an

increase of β until also the baseline model is affected by the cooled wall,

which then leads to an almost constant evolution of β. At around ξ =

0.5, the enhancement factor increases drastically due to the decrease of the

baseline concentration gradient due to the saturation of absorbate, compared

to an already almost constantly high concentration gradient for the reactive

absorption case with Da = 104. A similar evolution can be observed for the

models with lower Damköhler numbers, but due to the lower heat of reaction,

the onset of the cooling effect is shifted to a larger film flow length.

The influence of various heats of reaction (S̃tR) and reaction rates (Da)

is depicted in Figure 8. As a reference, the previous cases for S̃tR = 0.1

and Da = 103 (yellow dotted line) and Da = 104 (purple dashed line) are

depicted, which both exhibit enhancement factors below 1 for ξ < 5 and

ξ < 9, respectively. The isothermal reaction cases for S̃tR → ∞ for Da = 103
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Figure 8: Local mass absorption enhancement factor (Equation (57)) for reactive absorp-

tion. Impact of reaction heat (S̃tR) and reaction rate (Da). Note that S̃tR → ∞ indicates

isothermal reaction, i.e., no reaction heat.
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(solid red line) and Da = 104 (solid black line) lead to enhancement factors

above 1 for all ξ since the concentration gradient at the surface is elevated

by the chemical reaction without any negative thermal effect by the chemical

reaction. The larger the reaction rates, the larger the Damköhler numbers,

the higher the enhancement factors. For a small heat of reaction S̃tR = 1,

the two given reaction rates Da = 103 (green dash-dotted line) and Da = 104

(blue dash-dotted line) exhibit slightly lower enhancement factors than the

respective isothermal reaction cases for the same Damköhler numbers. It

seems as if there is a combination of the dimensionless quantities for which the

local enhancement factor compared to the physical absorption drops below

1 for small and medium dimensionless flow length ξ < 5. According to

Equation (31), the following ratio of dimensionless numbers seems to have a

significant influence on the temperature evolution within the film:

Da

S̃tR Le
=

k · δ2 ·∆hR

cp · α
· (ceq − c0)

(Teq − T0)︸ ︷︷ ︸
= 1

A

(58)

This dimensionless group of parameters can be interpreted as the amount of

reaction heat in the numerator and the heat capacity and the thermal diffu-

sivity in the denominator, indicating the local temperature increase due to

the chemical reaction. The parameter ’A’ represents the slope of a linearized

boiling line as a function of the absorbate mass fraction as introduced in

Figure 7 of our previous work [34]. The larger this dimensionless group, the

higher the local film temperature compared to the purely physical absorp-

tion. As can be seen from Figure 8, there seems to be a critical value for

this number for which the local dimensionless concentration gradient drops

below the value of that of the physical absorption, despite the absorbate be-
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ing consumed by the reaction. Typically, the negative thermal influence on

the absorption is neglected, and hence the state of the art leads to larger

enhancement factors than 1 for all chemical reaction cases [35].

5. Conclusion

We present a numerical integration scheme for the coupled heat and mass

transfer in falling film absorption. We discretize the coupled PDE system

using OCFE in the direction of the dimensionless film thickness and obtain a

DAE system, which we solve efficiently by implementation in Modelica and

using the integration software in Dymola. The proposed scheme efficiently

solves different falling film models. We use the numerical scheme to solve the

well-established models of purely physical film flow absorption with uniform

and laminar velocity film profiles. Additionally, we model and solve three

different cases of reactive film flow absorption with high reaction enthalpy.

Reactive absorption yields some noteworthy results. In particular, the

heat of reaction initially decreases the absorption rates compared to the

purely physical absorption case until the cooled wall enhances the absorbed

mass flow for the chemical reaction cases. For cases without reaction heat,

there is an increase in the absorption rate compared to the purely physical

absorption, which is usually assumed in literature and considered as state of

the art. The observation of a lower absorption rate resulting from reaction

heat extends the current state-of-the-art presented in textbooks on reactive

absorption in falling films.

There are a number of additional models of falling film absorption that

we did not discuss in this work. Future work should consider the effects of
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unidirectional diffusion, increasing film thickness, and wavy films. Further

applications of our scheme include the computation of absorption rates for

process design and the necessary additional cooling power for absorption and

reaction heat.

Appendix A. Numerical Solution using OCFE

The first derivatives are:

A1(z, hk) = 6z(z − 1) (A.1a)

A2(z, hk) = (1− 3z)(1− z)hk (A.1b)

A3(z, hk) = 6z(1− z) (A.1c)

A4(z, hk) = z(3z − 2)hk (A.1d)

The second derivatives are given by:

B1(z, hk) = 6(2z − 1) (A.2a)

B2(z, hk) = (6z − 4)hk (A.2b)

B3(z, hk) = 6(1− 2z) (A.2c)

B4(z, hk) = (6z − 2)hk (A.2d)

Table A.4 lists the values of the cubic Hermite polynomials and their first

and second derivatives.
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Table A.4: Values of the cubic Hermite polynomials and their first and second derivatives.

u1 = 0 u2 =
3−

√
3

6
u3 =

3+
√
3

6
u4 = 1

H1 1 0.88490 0.11510 0

H2/hk 0 0.13145 0.03522 0

H3 0 0.11510 0.88490 1

H4/hk 0 -0.03522 -0.13145 0

A1 0 -1 -1 0

A2/hk 1 0.28868 -0.28868 0

A3 0 1 1 0

A4/hk 0 -0.28868 0.28868 1

B1 -6 -3.46410 3.46410 6

B2/hk -4 -2.73205 0.73205 2

B3 6 3.46410 -3.46410 -6

B4/hk -2 -0.73205 2.73205 4
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Appendix A.1. Implementation in Modelica

Terms in the Modelica Model:
∫ ηw=1

0

γ dη = Ig (A.3)

1

Le

∫ ξ

0

µ dξ = ImL (A.4)

⇒ µ/Le = der(ImL) (A.5)

Da

Le

∫ ξ

0

∫ ηw=1

0

γ dη dξ = rxn (A.6)

⇒ der(rxn) = (Da/Le)Ig (A.7)

ImL = Ig + rxn (A.8)

The general OCFE algorithm is implemented in a partial model that

serves as the base for our PDE system. This partial model defines initial

conditions for the interior collocation points (differential variables) and en-

forces continuity constraints, Equation (41) and (42), on the border elements

(algebraic variables). This partial model is realized in two instances, which

constitute the discretized PDEs for θ and γ and approximate the solutions

to Equations (40) and (43). Figure A.9 shows a simplified Unified Model-

ing Language (UML) class diagram to visualize the relationship between the

models.

Our implementation of this process in Dymola takes advantage of Mod-

elica’s object-oriented nature, allowing Dymola to combine submodels into a

single main model efficiently, see Figure A.10. Here, we have separate models

for each balance equation and the boundary conditions. The boundary con-

ditions at the wall and interface are defined in separate Modelica models and

then connected to the PDE models via connectors. The boundary conditions
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Figure A.9: Simplified UML class diagram of the partial models.

are automatically assigned to the first and last points on the entire finite

elements grid (dark grey elements in Figure 2). This compartmentalization

makes it easier for us to change the boundary conditions.

Appendix B. Mass balance analysis

We compute an integral mass balance over the film in a steady state to

check the numerical results’ physical plausibility. The general total mass

balance for all possible models from Section 2 reads:

0 = Ṁ0 − Ṁ(x) + Ṁabs − Ṙ (B.1)

Here, Ṁ0 is the inlet mass flow, Ṁ(x) is the total absorbent mass flow at film

length x, Ṁabs is the total absorption mass flow, and Ṙ is the total reaction
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Figure A.10: Aggregation in Dymola, here for the third model (first-order reaction).
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rate.

Ṁabs(x) =

∫ x

0

ṁabsBdx (B.2)

Ṁ0 =

∫ δ

0

ux(y)ρBc0 dy (B.3)

Ṁ(x) =

∫ δ

0

ux(y)ρBc(x, y) dy (B.4)

Ṙ(x) =

∫ x

0

∫ δ

0

kc(x, y)ρB dydx (B.5)

Using the dimensionless numbers, the three total mass balances for the base-

line, laminar flow, and first-order reaction read as follows, respectively:

1

Le

∫ ξ

0

µ dξ =

∫ ηw=1

0

γ dη (B.6)

1

Le

∫ ξ

0

µ dξ =

∫ ηw=1

0

3

2
(1− η2)γ dη (B.7)

1

Le

∫ ξ

0

µ dξ =

∫ ηw=1

0

γ dη +
Da

Le

∫ ξ

0

∫ ηw=1

0

γ dη dξ (B.8)

The dimensionless absorption rate µ is given by Equation (55). The in-

tegrals are calculated using the Gaussian Quadrature method presented in

Section 3.2 and the DAE reformulation in Section 3.3, respectively.

Figure B.11 shows the results of this integration, confirming the validity

of the applied numerical results since the physical models reach their physical

absorbate maximum of γ = 2 for the applied wall temperature of ΘW = −1.

All models with reactive absorption have no final value and infinitely absorb

mass, which then reacts in the film.

46



Journal Pre-proof
Jo
ur

na
l P

re
-p

ro
of

10−1 100 101 102 103

Dimensionless flow length ξ

0.0

0.5

1.0

1.5

2.0

2.5

3.0

T
ot

al
ab

so
rb

at
e

1 L
e

∫ ξ 0
µ
d
ξ

Baseline

LFP

Da = 102

Da = 103

Da = 104

Figure B.11: Integral mass flow rates of the different models. The acronyms are laminar

flow profile (LFP) and reactive absorption (RA).
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Nomenclature

Variables

Variable Description Unit

u Film velocity m s−1

ū Average film velocity m s−1

x Flow coordinate m

y Film thickness coordinate m

c Absorbate mass fraction kg kg−1

ρ Density kg m−3

λ Thermal conductivity W m−1 K−1

α Thermal diffusivity m2 s−1

D Mass diffusivity m2 s−1

cp Specific heat capacity kJ kg−1 K−1

T Film temperature K

A,B Constants K

∆h Specific enthalpy difference kJ kg−1

k Reaction constant s−1

ṙ Reaction rate kg m−3 s−1

q̇ Heat of reaction kW m−3

δ Film thickness m

z Local variable

h Finite element length

ṁabs Absorbate mass flux kg m−2 s−1

Ṁ Mass flow rate kg s−1
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Abbreviations

Abbreviation Meaning

NE Number of elements

DAE Differential Algebraic Equations

PDE Partial Differential Equations

OCFE Orthogonal Collocation on Finite Elements

LFP Laminar Flow Profile

Indices

Indices Description

I Interface

A Absorption

W Wall

0 Inlet value

max Maximum value

x in x direction

R Reaction

k Finite element index

l Collocation index

analytical Analytical solution

OCFE Solution from OCFE scheme

ref reference

eq equilibrium
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Dimensionless Numbers

Name Symbol Definition

Damköhler Da kδ2

D

Lewis Le α
D

Stefan absorption S̃tA
cp(Teq−T0)

∆hA(ceq−c0)

Stefan reaction S̃tR
cp(Teq−T0)

∆hR(ceq−c0)
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