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Abstract

Reliability analysis focuses on estimating the small probability of failure of physical sys-
tems, that is, the probability that demand exceeds their capacity. There are many modern
techniques capable of solving this problem, such as subset simulation, sequential impor-
tance sampling and improved cross entropy. Unfortunately, significant challenges arise for
these methods when dealing with problems that have a high-dimensional input, a com-
putationally expensive performance function, and crucially, some form of multimodality.
This thesis proposes strategies to address multimodality inspired by niching techniques
from the field of evolutionary multimodal optimisation.

The thesis also introduces several novel methods that combine niching techniques
with concepts from reliability analysis. The foundational component is the niching initial
sampling, a robust algorithm that is able to consistently populate all the high density
regions of a multimodal reliability problem’s failure region. This procedure is then used
to develop two novel frameworks. Firstly, niching decomposition subset simulation, suit-
able for very high-dimensional reliability problems, uses a hill valley test to explicitly
decompose the problem into simpler components, demonstrating improved performance
over standard existing methods on difficult benchmarks found in the literature including
the meatball function counterexample and black swan reliability problems. Secondly the
niching model framework, suitable for relatively low-dimensional reliability problems, in-
tegrates niching initial sampling with modelling techniques and methods for estimating
normalisation constants such as importance sampling, bridge sampling and line sampling.
in particular the use of bridge sampling allows for a novel approach to using classifica-
tion algorithms for reliability analysis. These successful developments and applications
demonstrate the power of niching techniques, particularly in high dimensions, and move
toward the eventual goal of a meta-algorithm for black-box problems that can determine
the most appropriate reliability method based on problem characteristics.
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Impact Statement

Computational models are used to measure risk across a wide variety of disciplines. Global
climate models predict the probability of extreme weather events, financial models calcu-
late the default risks for creditors and engineering models simulate structures collapsing.
Advances in computer science have enabled such models to become more complex, and
as a result, there is an increasing demand for rare-event simulation methods that can
deal with high-dimensional, computationally expensive, black-box models. In addition to
all of these difficulties, some of the most challenging rare-event simulation problems also
exhibit multimodal behaviour where multiple distinct regions of the models input space
need to be discovered and analysed.

In evolutionary multimodal optimisation, niching techniques are incorporated into
evolutionary optimisation algorithms in order to maintain samples in disparate regions
of the input space. This work establishes a link between evolutionary multimodal opti-
misation and rare-event simulation so that niching techniques may be incorporated into
rare-event simulation methods. The result is the contribution of new rare-event simula-
tion methods that are explicitly designed to perform well with multimodal computational
models. These new methods are tested on a set of multimodal benchmarks and are shown
to outperform popular existing techniques. Furthermore, there is a strong link between
rare-event simulation methods and sequential Monte Carlo techniques used for Bayesian
inference, which could also potentially benefit from these developments.

The first new technique that is introduced is an algorithm called niching initial sam-
pling, which is able to consistently populate all the important regions of a model’s high-
dimensional input space with no access to any gradient information or prior expert knowl-
edge. This procedure serves as the basis for the rest of the novel techniques introduced
in this work and could be used as the first step for many existing rare-event simulation
methods. Additionally, niching initial sampling could be applied to solve general black-
box optimisation problems outside the field of rare-event simulation. The hill valley graph
is another novel tool introduced in this work that could have implication in the field of
black-box optimisation. The hill valley graph transforms points in high-dimensional space
into a graph which allows users to understand and visualise high-dimensional geometries.

Niching decomposition and the niching model framework are two further original con-
tributions. Niching decomposition takes a challenging rare-event simulation problem and
decomposes it into simpler problems which are tractable for existing rare-event simulation
methods. This an attractive approach since it is able to benefit from and combine with
tried and tested techniques. The niching model framework enables niching techniques
to be combined with methods such as importance sampling, bridge sampling and line
sampling and unifies them all under one scheme. Additionally, it enables a new way for
classification algorithms to be applied to rare-event simulation problems.

This work has led to a publication in a peer-reviewed journal.
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Nomenclature

1A(x) Indicator function, returns 1 if x ∈ A, 0 otherwise
R Real numbers
Rd The d-dimensional Euclidean space
∥x∥ Euclidean norm of vector x
Eπ[X] Expectation of X with respect to probability density function π
Vπ[X] Variance of X with respect to probability density function π
P(A) Probability of event A
Cov(X, Y ) Covariance of X and Y
ϕ(·) Standard normal probability density function
ϕd(·) Standard d-dimensional normal probability density function
Φ(·) Standard normal cumulative distribution function
N (µ,Σ) A normal distribution with mean vector µ and covariance Σ
U [a, b] A uniform distribution on the interval [a, b]
0d d-dimensional zero vector
Id d-dimensional identity matrix
∼ F Distributed according to F
iid∼ F Independently and identically distributed according to F

ALP asynchronous label propagation
BoA basin of attraction
BS bridge sampling
CCDF complementary cumulative density function
CDF cumulative density function
CE cross entropy
CLT central limit theorem
CoV coefficient of variation
cMH conditional Metropolis-Hastings
CRP challenging reliability problem
cSuS conditional subset simulation
EA evolutionary algorithm
EM expectation-maximisation
EMO evolutionary multimodal optimisation
HLRF Hasofer–Lind-Rackwitz–Fiessler
HVBoA hill valley basin of attraction
HVG hill valley graph
IAT integrated autocorrelation time
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i.i.d. independently and identically distributed
iCE improved cross entropy
IS importance sampling
KDE kernel density estimation
KL Kullback–Leibler
LS line sampling
LSVC linear support vector classifier
MC Monte Carlo
MCMC Markov chain Monte Carlo
MCO Markov chain optimiser
MH Metropolis-Hastings
MM modified Metropolis
MMO multimodal optimisation
MSR metastable region
MSE mean squared error
NBS niching bridge sampling
NBC nearest better clustering
NDP non-degeneracy percentage
NDSuS niching decomposition subset simulation
NInS niching initial sampling
NIS niching importance sampling
NLS niching line sampling
NMF niching model framework
NRMSE normalised root mean squared error
NS niche surrogate
NSuS niching subset simulation
PDF probability density function
pCN pre-conditioned Crank Nicolson
PRNG pseudorandom number generator
SIS sequential importance sampling
SLLN strong law of large numbers
SNS standard normal space
SuS subset simulation
TDOF two-degree-of-freedom
vMF von Mises-Fisher
vMFM von Mises-Fisher mixture
vMFN von Mises-Fisher-Nakagami
vMFNM von Mises-Fisher-Nakagami mixture
VRT variance reduction technique
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1 Introduction

1.1 Rare-event simulation

The study of physical, biological, social and economic phenomena frequently demands
the study of events that, despite having a negligible probability of occurring, can lead
to disastrous consequences. In this context, the objective of rare-event simulation is to
estimate small probabilities by generating extreme scenarios. Examples of such rare-
events include ruin probabilities for insurance companies [1], large losses for financial
traders [2], default risks for creditors [3], extreme heat waves [4] and rainfall [5] across
Europe, aircraft collision probabilities [6] and buffer overflows in queueing systems [7].
Whilst all these problems share the same abstract formulation, the associated terminology
often depends on the application. Furthermore, there are cases where similar or even
identical methods have been developed independently in different domains.

Reliability analysis is concerned with determining the dependability of engineered
systems. In this context, the rare-event of interest is when a system fails, such as a
structure collapsing after sustaining an intolerable amount of damage. Examples include
truss structures [8], vehicle suspension systems [9], wind turbines [10], oscillators [11] and
wing box models [12], amongst many others. This work is written from the perspective
of reliability analysis, and so will adopt the appropriate naming conventions. However,
the methods discussed could be applied to any rare-event simulation problem.

The task of estimating the probability of a rare-event in reliability analysis is called a
reliability problem and the associated techniques are called reliability methods. The relia-
bility problem is now formally defined. Let d ∈ N denote the dimension of the reliability
problem. This corresponds to the number of inputs describing the physical system under
study. Define a set of random inputs as a random vector, X = (X1, X2, . . . , Xd) ∈ Rd,
that models the uncertain inputs of a system, where Rd will be referred as the input space.
The random inputs are distributed according to the input density, a probability density
function (PDF) denoted as f : Rd → [0,∞). The rare-event of interest in the reliability
analysis context is called the failure region and is denoted as F and random inputs that
lie in the failure region will be called failure samples. Let the safe region be defined as
S = Rd \ F . The probability of failure is given as

PF := P(F) =
∫
Rd

1F(x)f(x)dx. (1.1)

By definition of the event being rare, it will be assumed that the probability of failure is
small, say less than 10−3.

Despite the variety of applications, failure regions, and rare-events in general, can
typically be represented by a standard form that will be assumed in this work. The
performance of a system is modelled by a performance function g : Rd → R, which assigns
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a scalar performance to every set of inputs. If the performance of a set of inputs exceeds
a critical threshold b, then that set of inputs is said to be in the failure region, that is

F := {x ∈ Rd : g(x) ≥ b}. (1.2)

This work will follow the convention that b = 0. This is done without the loss of generality,
since it is possible to translate the performance function without altering the probability
of failure. Note that the failure region is sometimes defined with a flipped or strict
inequality in other studies.

The conditional density of the random inputs given the failure region is referred to as
the failure density,

fF(x) :=
1F(x)f(x)

PF
. (1.3)

Note that the probability of failure appears as the normalisation constant in the expression
for the failure density. The task of generating samples from the failure density is closely
related to the reliability problem and for many reliability methods it is an essential
intermediary step. In some cases, producing samples from the failure density may be
an objective in its own right, or even the primary objective. The use of such samples to
understand what happens when a system fails is referred to a probabilistic failure analysis.

1.2 Aims and objectives

A specific class of reliability problem is now defined, which will be referred to as a chal-
lenging reliability problem (CRP). This is not a formal term found elsewhere in reliability
analysis literature and is only intended as a convenient label to be used within the context
of this work. A CRP has the following properties:

• The performance function is computationally expensive to evaluate. In particular,
it is assumed that the cost of any other procedure is negligible, and so the total
computational cost is well approximated by the number of calls to the performance
function.

• The reliability problem is high-dimensional, say, approximately d ≥ 100. Addi-
tionally, it is not possible to identify an intrinsic low-dimensional structure that
approximates the reliability problem. When this is not the case, dimension reduc-
tion technique may be employed [13–15].

• The performance function is a black-box. That is, there is no analytical expression
available for the performance function or its derivatives and only input-output in-
formation is known. A reliability problem with this property will be referred to as
a black-box reliability problem.

• There is no prior expert knowledge that can be utilised. For instance, sometimes it
is assumed that the general shape of the failure region is known a priori [16].

• Augmenting the standard deviation of the random inputs, as was done in [17], is
not guaranteed to increase the probability of failure.

• The reliability problem exhibits some form of multimodality such as a multimodal
failure density. Section 3.1 will discuss this property in detail.
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If the multimodality property is removed from the above list the resultant reliability
problem has been well studied and poses no issues for many existing reliability methods.
For instance, subset simulation, one of the most popular reliability methods which will
be discussed in Section 2.3.1, is perfectly capable of producing an accurate estimate for
the probability of failure for such a reliability problem. In fact, there are many CRPs
for which subset simulation is still a suitable reliability method. The specific forms of
multimodality that can cause problems for existing reliability methods are discussed in
Section 3.1 and concrete examples of such reliability problems are explored in Section
3.2.1. It is this deficiency of existing reliability methods that motivates the research aim
of this thesis.

Research Aim: To develop reliability methods capable of efficiently and accurately
estimating the probability of failure of a CRP.

The term “efficiently and accurately” used in the research aim statement deserves
some clarification, which will be provided in Section 3.2.2. In order to achieve this aim,
the following research objectives have been pursued:

• Research and experiment with existing reliability methods to understand why they
struggle with CRPs.

• Characterise the types of multimodality that are challenging for existing reliability
methods.

• Curate a set of benchmark CRPs and decide upon some evaluation criteria so that
the performance of competing reliability methods may be compared.

• Understand how niching techniques have been used in the field of evolutionary
computation to deal with multimodality and apply those principles to reliability
analysis.

• Develop a reliability method that is suitable for very high-dimensional CRPs. That
is, a reliability method with a computational complexity that is largely independent
of the dimension of the reliability problem. Methods such as subset simulation have
this property.

• Develop a reliability method that is capable of explicitly modelling the failure region
or failure density of a CRP. Such models often require more parameters in higher
dimensions and so such a reliability method would be suitable for relatively low-
dimensional CRPs.

1.3 Contributions

The main original contributions of this work are as follows:

• The niching initial sampling procedure. This is a robust initial sampling algorithm
that can populate all of the important areas of the failure region of a black-box
reliability problem by employing niching techniques.
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• Subset simulation (SuS) is enhanced via combination with the niching initial sam-
pling procedure in order to improve performance on CRPs. The resulting algorithm
is called niching decomposition subset simulation. In particular, this new algorithm
outperforms subset simulation on benchmarks such as the black swan function [18]
and the meatball function [19].

• The niching model framework, which integrates the niching initial sampling pro-
cedure with modular interchangeable components involving techniques such as im-
portance sampling, bridge sampling and line sampling. A particularly novel aspect
of this framework is the use of bridge sampling to facilitate the approximation of
the failure density with any binary classification algorithm.

• The hill valley graph, which is an object that may be used to understand the
topology of a high-dimensional objective function by transforming samples from
input space into graph space.

• The basins of attraction of a reliability problem. This a useful definition for char-
acterising and analysing the behaviour of reliability methods on CRPs.

During the course of this research, parts of the work have been submitted for publication.
Specifically, one paper entitled “Niching subset simulation” has been published in Proba-
bilistic Engineering Mechanics [20] and another entitled “Niching importance sampling”
is currently under review at Reliability Engineering and System Safety.

1.4 Outline

This thesis has the following structure. Chapter 2 introduces reliability analysis which
can be broadly split into two categories. The first category, analytic reliability analysis,
is covered in Section 2.1 and focuses on approximating the performance function using
its Taylor expansion around important points in the input space. Section 2.2 and Section
2.3 deal with the second category, Monte Carlo reliability analysis, where the former
introduces some fundamental principles and the latter shows how those principles have
been applied in existing reliability methods.

Multimodality is discussed in Chapter 3. Section 3.1 explores how different reliability
methods interact with different types of multimodality and introduces some definitions
which are useful for characterising and analysing reliability problems. Concrete examples
of CRPs are introduced as a set of benchmarks in Section 3.2 as well as metrics that can be
used to evaluate the performance of competing of reliability methods on the benchmarks.
Section 3.3 discusses how niching techniques are used within the field of evolutionary
computation in order to manage multimodal objective functions.

Chapter 4 introduces novel methods for tackling very high dimensional CRPs that
combine niching techniques with subset simulation. Section 4.1 discusses how a reliabil-
ity problem may be broken down into easier reliability problems with niching techniques
and introduces two algorithms: niching initial sampling and niching decomposition subset
simulation. The performance of niching decomposition subset simulation on the bench-
mark reliability problems is analysed in Section 4.2. Section 4.3 discusses the niching
subset simulation algorithm. In some sense, niching decomposition subset simulation is
the improved successor of niching subset simulation, and so the relative deficiencies of
the latter will be explored. The hill valley graph, an important component of niching
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subset simulation, is also introduced as a stand alone concept that could potentially be
employed elsewhere.

Reliability methods that combine explicit models for the the failure density and the
failure region with niching techniques are introduced in Chapter 5. Section 5.1 describes
a general modular framework for combining niching techniques with existing modelling
techniques. In Section 5.2 specific implementations of this general framework are intro-
duced using importance sampling, bridge sampling, binary classifiers and line sampling.
The performance of these specific implementations is then tested and analysed on the
benchmark reliability problems in Section 5.3. Chapter 6 concludes the thesis.
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2 Reliability analysis

There are a vast number of reliability methods and they may classified according to
many different criteria. However, the most important and often drawn distinction is be-
tween analytic reliability methods, which will presented first, and Monte Carlo reliability
methods, which will be presented second.

2.1 Analytic reliability methods

Analytic reliability methods tend to consist of three distinct stages. Firstly, the reliability
problem is transformed into a new reliability problem with an identical probability of
failure, but with a different input density which allows for the simplification of the integral
that defines the probability of failure. Next, important points in the input space are
located via an optimisation procedure that may be used to approximate the failure region.
Finally, the performance function is approximated using its Taylor expansion around
these important points. The resulting approximate probability of failure may often then
be computed analytically. These three steps are now discussed in order.

2.1.1 Standard normal space

Many reliability methods, including both analytic and Monte Carlo reliability methods,
rely on the assumption that the random inputs have a standard multivariate normal
distribution, that is N (0d, Id). A reliability problem with this property will be referred
to as being in standard normal space (SNS). When a reliability problem is not in SNS, it
is often possible to derive a reliability problem with an equivalent probability of failure
that is. To do so, a transformation T : Rd → Rd is determined such that

PF =

∫
Rd

1FT
(x)ϕd(x)dx, (2.1)

where FT := {x ∈ Rd : g(T−1(x)) ≥ 0}.
Equation 2.1 implies that for a set of random inputs X ∼ f , it is a necessary condi-

tion that T−1(X) ∼ N (0d, Id). A transformation can accomplish this by applying two
complementary concepts. Given a cumulative density function (CDF) denoted by F , the
inversion principle states that

F−1(U) ∼ F, for U ∼ U [0, 1], (2.2)

and the probability integral transform is given as

F (X) ∼ U [0, 1], for X ∼ F. (2.3)
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The way in which these ideas are combined depends on the provided description of the
random input’s distribution.

Let X be a set of random inputs distributed according to a joint CDF, denoted as F .
Suppose the following conditional CDFs are available,

FXi|X1,...,Xi−1
(xi|x1, . . . , xi−1) := P(Xi ≤ xi|X1 = x1, . . . , Xi−1 = xi−1), (2.4)

for 1 ≤ i ≤ d, where for i = 1 this is equivalent to the marginal CDF denoted as FX1 . In
this case, the Rosenblatt transformation [21, 22] may be applied,

TR(x1, . . . , xd) :=


Φ−1(FX1(x1))
Φ−1(FX2|X1(x2|x1)
...
Φ−1(FXd|X1,...,Xd−1

(xd|x1, . . . , xd−1))

 . (2.5)

The random input’s distribution may also be presented as a collection of marginal
CDFs, FXi

(xi) for 1 ≤ i ≤ d, with the dependency structure described by a normal
copula. That is, the joint CDF may be written as

F (x1, . . . , xd) = ΦR

[
Φ−1(FX1(x1)), . . .Φ

−1(FXd
(xd))

]
(2.6)

where ΦR is CDF of a multivariate normal with zero mean vector and correlation matrix
R. In this case the Nataf transformation [23–25] may be applied and is given as

TN(x1, . . . , xd) := L−1


Φ−1(FX1(x1))
Φ−1(FX2(x1))
...
Φ−1(FXd

(xd))

 , (2.7)

where L is the Cholesky factor of R, with LLT = R. In some cases the dependency
structure may not be available in this form. However, it may still be possible to model
the dependency structure using a normal copula by using numerical techniques to find a
correlation matrix that makes Equation 2.6 approximately true.

2.1.2 Design points

Let the design points of a reliability problem, denoted as x∗
1, . . . ,x

∗
k, be the modes of the

failure density, where modes are defined as local maxima. Let a global design point be
a design point that attains the maximum possible probability density under the failure
density. Note that there may be multiple global design points and that in reliability
analysis literature the term design point often refers exclusively to global design points.
Typically, a design point lies in the limit state surface defined as

Λ := {x ∈ Rd : g(x) = 0}, (2.8)

though this is not guaranteed.
Assuming the reliability problem is in SNS and that the design points lie in the limit

state surface, an equivalent be definition of design points is the local solutions to the
following constrained optimisation problem,

min
x∈Rd

∥x∥

s.t. g(x) = 0.

(2.9)
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In this context, the reliability index of a design point x∗ is given as β = ∥x∗∥. If
it is possible to evaluate the gradient of the performance function, methods like the
Hasofer–Lind-Rackwitz–Fiessler (HLRF) algorithm [26, 27] or its variants [28] may be
employed to solve the constrained optimisation problem. When the gradients are not
available, as is the case for the CRP, algorithms of the type that will be discussed in
Section 3.3.1 will be required to locate the design points.

Analytic reliability methods attempt to model the failure region using the neighbour-
hoods of the design points. Denote the balls of radius ε > 0 around each of the design
points as

Bε
i := {x ∈ Rd : ∥x− x∗

i ∥ < ε}, (2.10)

for 1 ≤ i ≤ k. The probability of the intersection of these balls with the failure region
can be used to approximate the failure region [29],

PF ≈
k∑

i=1

P(Bε
i ∩ F). (2.11)

For many reliability problems, and in particular low-dimensional reliability problems,
this approximation is justified since the neighbourhoods contain the vast majority of the
density of the failure region.

The approximation in Equation 2.11 is not applicable to all reliability problems, and
it is especially uncommon for it to be accurate in high-dimensional cases such as a CRP.
The following trivial d-dimensional reliability problem in SNS provides some intuition as
to why this is the case. Set the failure region as F = Rd, which means the probability
of failure is 1 and that the single design point, x∗

1, is at the origin. Let X be a set of
random inputs in SNS and fix a ε > 0. It can be shown that

P(Bε
1 ∩ F)→ 0 as d→∞. (2.12)

One way of informally justifying this is to note that P(Bε
1 ∩ F) = P(∥X∥ ≤ ε) and that

due to the central limit theorem (CLT), ∥X∥ has an approximately normal distribution
for large d [30],

∥X∥ ≈ N (
√
d, 1/2). (2.13)

That is, in high-dimensional SNS, the vast majority of density is concentrated around a
sphere of radius

√
d. This region is called the important ring and it is only the parts of

the failure region that intersect with it that contribute meaningfully to the probability
of failure.

2.1.3 First-order reliability methods

Consider a reliability problem in SNS and where the design points lie in the limit state
surface. First-order reliability methods [26] use a first-order Taylor approximation of
the performance function around a design point x∗ to define a linearised performance
function,

g(x) ≈ gL(x) := g(x∗) +∇g(x∗)(x− x∗). (2.14)

This expression may be simplified by noting that g(x∗) = 0. Now it can be seen that the
failure region associated with the linearised performance function depends only on the
direction of ∇g(x∗) and not its size.
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The direction of gradient of the performance function at the design point can be found
by applying the Lagrange multiplier method to the constrained optimisation problem
defined in Equation 2.9. This results in the following objective function that should be
minimised,

L(x, λ) = xTx+ λg(x). (2.15)

Setting the derivative to 0 implies that

∇g(x∗) = −2

λ
(x∗)T . (2.16)

This shows that the gradient of the performance function at the design point is collinear
with the design point. Moving from the design point towards the origin should not
increase the value of the performance otherwise this would contradict the definition of
the design point. This implies that λ < 0 and that gradient of the performance function
at the design point must point in the same direction as the design point.

The failure region associated with the linearised performance function may now be
written as,

FL := {x ∈ Rd : (x∗)Tx ≥ β2}, (2.17)

where β is the reliability index of x∗. Due to the rotational symmetry of SNS, the
coordinate axis may be rotated without affecting the probability of failure, from say
x = (x1, . . . , xd) to z = (z1, . . . , zd). If this is done such that z1 points in the direction
of the design point, then it can be seen that membership of the linearised failure region
depends entirely on the first coordinate. In particular, it may be written as

FL = {(z1, . . . , zd) : z1 ≥ β}. (2.18)

It is clear that the probability of the failure can be now simply computed using the
complement of the standard normal CDF. In summary, first-order reliability methods
use the following approximation:

PF ≈ P(FL) (2.19)

=

∫
FL

ϕd(x)dx (2.20)

=

∫
FL

ϕd(z)dz (2.21)

=

∫ ∞

β

ϕ(z1)dz1 (2.22)

= Φ(−β). (2.23)

If there are multiple design points, x∗
1, . . . ,x

∗
k, then this approximation may be made

for each one, where the results are summed for the final probability of failure estimates,

FL ≈
k∑

i=1

Φ(−βi) (2.24)
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where β1, . . . , βk are the respective reliability indexes. In this case, it is possible that
the linearised failure regions overlap. For many reliability problems, this is not an issue,
since the density in the overlapping sections tends to be negligible. However, if any
pair of design points are very close to one another, the overlap may contain a significant
amount of density and so some adjustment should be made to avoid over-estimating the
probability of failure.

Second-order reliability methods [31] attempt to improve the accuracy of the approx-
imation made by first-order reliability methods by incorporating the local curvature of
the limit state surface,

g(x) ≈ g(x∗) +∇g(x∗)(x− x∗) +
1

2
(x− x∗)T∇2g(x∗)(x− x∗), (2.25)

where ∇2g(x∗) is the Hessian at the design point. Unfortunately, the approximate failure
region obtained by substituting the performance function for this approximation does not
in general yield a probability of failure with a closed-form solution like in the first-order
case. A common strategy is to employ an asymptotic formula as β →∞ [29].

There has been some debate as to how useful design points and the analytic methods
that rely on them are for high-dimensional reliability problems. This is largely because,
as mentioned before, the neighbourhood of design points are generally not within the
high density region of the input space. It has been shown in some studies, for some
specific high-dimensional reliability problems, that first-order reliability methods can give
inaccurate estimates for the probability of failure [30, 32]. However, it has also been
argued [33, 34] that this has more to do with the specific reliability methods that were
employed, not the concept of design points in general.

2.2 Monte Carlo methods

From now on, this work will be mainly focussed on Monte Carlo (MC) reliability methods
rather than analytic reliability methods. This is principally due to the properties of the
CRP. Firstly, the high dimensionality of the CRP makes the concept of a design point
in general less attractive as previously discussed. Secondly, since there is no gradient
information available, the optimisation algorithms that are typically used to locate the
design point can not be employed. Thirdly, the multimodality of the CRP may imply
the existence of multiple design points, which can be difficult to account for, especially
when their high density neighbourhoods overlap. It may be possible to overcome these
issues in many cases. However, MC reliability methods have properties that make them
more natural candidates for tackling a CRP.

LetX ∈ Rd be a random vector distributed according to p, a PDF, and let h : Rd → R
be a scalar function. Denote the first two moments of the distribution of h(X) as

µ := E[h(X)] and σ2 := V[h(X)], (2.26)

where it will be assumed that both µ and σ2 exist and are finite. The estimation of µ
is a fundamental task in reliability analysis, principally because the probability of failure
may be written in the above form,

PF = Ef [1F(X)]. (2.27)
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However, it is often the case that this expectation is not estimated directly. In fact,
simulation reliability methods can be characterised according to how they decompose the
above expectation into new expectations that are easier to estimate. These estimations
are carried out by MC methods, the first step of which is to to simulate random vectors
distributed according to p.

2.2.1 Simulation

In general, the goal of a simulation method is to generate random variables according
to a target distribution. The specific task considered here will be to efficiently generate
independently and identically distributed (i.i.d.) random vectors,

X1, . . . ,XN
iid∼ p. (2.28)

All simulation methods require the generation of i.i.d. uniform samples,

U1, . . . , Un
iid∼ U [0, 1]. (2.29)

This can be accomplished by using a pseudorandom number generator (PRNG). Ex-
amples of popular PRNGs used in modern statistical software include the Mersenne
Twister [35] and the permuted congruential generator [36]. These algorithms do not
yield truly random samples. Instead, PRNGs are deterministic algorithms that produce
a sequence of numbers starting from a seed. The resultant samples are only random in
the sense that they are able to pass some chosen statistical tests that ensure particular
features of the uniform distribution are present. As a result, there can be problems when
the downstream task that uses the samples requires a property of the uniform distribution
that is not guaranteed.

There are many ways to use uniform random samples in order to generate samples with
a target distribution. One simple approach is the apply the inversion principle, similar to
the Rosenblatt and Nataf transformations. For instance, suppose that the components
of a random vector, X = (X1, . . . , Xd), are independent with marginal CDFs denoted by
FXi

for 1 ≤ i ≤ d. Then the inversion principle implies that

(F−1
X1

(U1), . . . , F
−1
Xd

(Ud)) ∼ p, for U1, . . . , Ud
iid∼ U [0, 1]. (2.30)

This simulation method requires independent components and that the inverse CDFs
may be efficiently evaluated, which is not the case for many standard distributions.

An alternative approach is to apply the rejection principle. Suppose there exists a
PDF, denoted by q, that can be efficiently evaluated and sampled from and a constant c
such that

p(x) ≤ c · q(x) for all x ∈ Rd. (2.31)

Then the following procedure may be used to produce a sample from the required distri-
bution. First, sample X ′ ∼ q and U ∼ U [0, 1]. Next, check the condition

U <
p(X ′)

c · q(X ′)
. (2.32)

If true, then X ′ ∼ p, otherwise, reject X ′ and repeat the process. This approach requires
not only the identification of q and c, but also the ability to evaluate p, up to a normali-
sation constant. The constant c should be chosen as small as possible in order to reduce
the probability a candidate is rejected.
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The inversion and rejection principles are used as fundamental components in many
simulation techniques, though they are rarely used on their own to sample from a stan-
dard distribution. In practice, the specific properties of the required distribution are
often taken advantage of. A simple example of this type of approach is the Box-Muller
transform, which is used to generate samples from a standard normal distribution [37].

Given U1, U2
iid∼ U [0, 1] the transform is given as

Z1 :=
√
−2 lnU1 · cos(2πU2), (2.33)

Z2 :=
√
−2 lnU1 · sin(2πU2), (2.34)

where Z1, Z2
iid∼ N (0, 1).

Throughout the rest of this work, it will be assumed that it is is possible to efficiently
sample from standard distributions. However, in reliability analysis, it is often the case
that the target density p does not have a closed form expression to take advantage of, is
computationally expensive to evaluate and is only known up to a normalisation constant.
The next section deals with such cases.

2.2.2 Markov chains

In this work, a Markov chain will be defined as a collection of indexed random vectors,
referred to as states and denoted by {Xi ∈ Rd : i ∈ N}, where the distributions of the
states are defined as follows: the seed X1 is distributed according to a seed distribution
and for i ≥ 1,

Xi+1 ∼ τ(·|Xi), (2.35)

where τ(·|·) is a conditional PDF called the transition density. Note that this process
is time-homogenous since the transition density does not change and that it possesses
the Markov property: the distribution of each state only depends on the immediately
preceding random state.

A Markov chain is said to have p as its stationary distribution if p satisfies the sta-
tionary equation,

p(y) =

∫
Rd

τ(y|x)p(x)dx. (2.36)

The stationary equation implies that if

X1 ∼ p, then X2,X3, . . . ∼ p. (2.37)

A Markov chain is referred to as stationary if all of its states are distributed according
to the stationary distribution.

A Markov chain will be referred to as ergodic if for any seed, given enough time, it
is able to traverse all the important regions of its stationary distribution. The ergodic
property has a formal technical definition that will not be required for this work. Suppose
a Markov chain is ergodic with stationary distribution p. In this case, the distributions
of the Markov chain’s states approach the stationary distribution,

lim
i→∞
∥pi − p∥TV = 0, (2.38)

where pi is the density function of Xi and the norm is the total variation.
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A Markov chain Monte Carlo (MCMC) algorithm attempts to sample from a target
distribution p by generating a Markov chain with p as its stationary distribution. Clearly,
such algorithms are only able to yield a finite number of a samples, and so the truncated
process X1, . . . ,XN is referred to as a Markov chain of length N . The dependent samples
produced by a MCMC algorithm are generally less effective for constructing estimators
than the independent samples yielded by the simulation methods described in Section
2.2.1. This idea will be discussed in greater detail in Section 2.2.3. One factor that
determines the extent of this inefficiency is how quickly the Markov chain traverses the
important regions of the stationary distribution. That is, the Markov chain being ergodic
is not sufficient for a good estimate in practical scenarios where the number of samples
is finite. Instead, the rate of traversal, often referred to as the mixing speed, is crucial.
When the mixing speed of a MCMC algorithm is so slow that it becomes unviable to
use its samples to construct an estimator, the MCMC algorithm is referred to as having
ergodic issues.

In most practical scenarios, MCMC algorithms are not able to generate stationary
Markov chains since it is not possible to sample a seed from the stationary distribution
since sampling from the stationary distribution is the ultimate goal. However, Equation
2.38 implies that after some point, an ergodic Markov chain will become approximately
stationary regardless of the seed distribution. For this reason, MCMC algorithms com-
monly have burn-in phase where the Markov chain is generated but the samples are
discarded. After the burn-in phase is complete, the samples are kept and used to con-
struct estimators.

In general, MCMC algorithms do not explicitly define their transition density. Instead
it is defined implicitly through the description of a generative process. Such a generative
process, that takes in the current state and outputs a new state, will be referred to as a
step. A common strategy is to design a process such that the resultant transition density
satisfies the detailed balance equation,

τ(y|x)p(x) = τ(x|y)p(y). (2.39)

The reason for this is that the detailed balance equation is sufficient to imply that the
stationary equation holds.

One of the most fundamental MCMC algorithms is the Metropolis-Hastings (MH)
algorithm [38,39]. The power of the MH algorithm is that it can sample from any density,
given that it is possible to evaluate point-wise up to some normalisation constant. Given
the current state x, a conditional PDF called the proposal density ξ(·|x) and a target
density p, the MH algorithm is defined by the following generative process that can be
shown to produce a transition density that satisfies the detailed balance equation:

Metropolis-Hastings:

1. Sample a candidate according to the proposal density, x′ ∼ ξ(·|x).

2. Compute the acceptance probability,

A(x′,x) := min

(
1,

p(x′)ξ(x|x′)

p(x)ξ(x′|x)

)
. (2.40)

3. Generate a uniform sample, u ∼ U [0, 1].
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4. Accept or reject the candidate,

x′ ←

{
x′ u ≤ A(x′,x),

x otherwise.
(2.41)

5. Return x′.

The proposal density must be chosen such that it is possible to efficiently generate
form it. One of the standard choices for the proposal density is the normal proposal
density, ξ(·|x) = N (x, σ2

pId), where σp > 0 is a parameter called the proposal scale. The
value of the proposal scale can have a large effect on the speed at which the Markov
chain mixes. One strategy for tuning the proposal scale is to monitor the acceptance rate
during the burn-in phase, where the acceptance rate is the number of candidates that get
accepted compared the length of the chain.

The acceptance rate is considered for the following reason. Suppose the chain is
currently inside a high density region of the stationary distribution. If the proposal
scale is chosen to be small, the candidate samples will typically have a relatively high
probability density since they are likely to also lie in the high density region of the
stationary distribution. As a result, the acceptance rate will be relatively high. However,
this also means that Markov chain will move slowly through the input space. On the
other hand, when the proposal scale is large, accepted candidates will make large jumps
around the input space. However, the acceptance rate will usually be lower, since many of
the candidates will not lie in a high density region and so will be rejected. Therefore, by
monitoring the acceptance rate, it may be determined if the proposal scale is too large or
too small. The optimal target acceptance rate depends on the particular problem being
considered, but some heuristics based on theoretical results have been derived [40].

2.2.3 Estimators

Given X1, . . . ,XN
iid∼ p, the MC estimator is defined as

µ ≈ µ̂ := µ̂p[h(x)] :=
1

N

N∑
i=1

h(Xi). (2.42)

The MC estimator has many desirable properties. Firstly, it is unbiased,

E[µ̂] = µ, (2.43)

and has a variation that tends to 0 as then number of samples increases,

V[µ̂] =
σ2

N
→ 0 as N →∞. (2.44)

Taken together, these properties imply that the MC estimator is consistent,

P(|µ̂− µ| > ε)→ 0 as N →∞ for any ε > 0, (2.45)

and converges in mean squared error (MSE):

MSE[µ̂] = E
[
(µ̂− µ)2

]
→ 0 as N →∞. (2.46)
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Informally, these properties imply that the estimator will, on average, give better esti-
mates as the sample size increases. Clearly this is a desirable trait for an estimator to
posses. However, convergence in MSE does not provide any guarantees of accuracy for
any single estimator, only the average of estimators.

Fortunately, the strong law of large numbers (SLLN) states that an MC estimator
converges to its target almost surely, written as

P (µ̂→ µ as N →∞) = 1. (2.47)

This is a stronger property that implies, informally, as more samples are added the
estimate will become more accurate for almost every individual MC estimator. Another
useful property of the MC estimator, due to the CLT, is that its distribution can be
reasonably approximated using a normal distribution for large N ,

µ̂ ≈ N (µ,V[µ̂]) . (2.48)

Now the MC estimator is generalised to the MCMC estimator. Let ((X
(j)
i )ns

i=1)
nc
j=1 be

nc independent stationary Markov chains of length ns with stationary distribution p and
let N = nsnc. The special case of the MC estimator is recovered when nc = N . Define
the MCMC estimator as

µ ≈ µ̂ := µ̂p[h(x)] :=
1

N

nc∑
j=1

ns∑
i=1

h(X
(j)
i ). (2.49)

Note that the notation from the MC estimator is being reused here in the general case.
When the distinction is important, it will be made clear if µ̂ is specifically a MC estimator.

The MCMC estimator is unbiased,

E[µ̂] = µ, (2.50)

and its variance is given by

V[µ̂] =
σ2

N
· γ(ns) (2.51)

where the integrated autocorrelation time (IAT) is

γ(ns) = 1 + 2
ns−1∑
k=1

(
1− k

ns

)
γk
σ2

(2.52)

and the covariance between samples k steps apart is

γk := Cov(h(X
(1)
1 ), h(X

(1)
1+k)). (2.53)

Under certain assumptions, the MCMC estimator has many of the same properties as
the MC estimator [41]. When the Markov chains are ergodic, the MCMC estimator con-
verges to its target almost surely due to the SLLN for MCMC. When the Markov chains
are geometrically ergodic, the distribution of the MCMC estimator may be approximated
by a normal distribution due to the CLT for MCMC. Loosely speaking, geometrically
ergodic means that a Markov chain mixes very quickly.
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Comparing the variances of the MC and MCMC estimators reveals why independent
samples are preferable where possible for constructing an estimator. Let the effective
sample size of a MCMC estimator be defined as

Neff =
N

γ(ns)
. (2.54)

That is, the effective sample size is the number of samples a MC estimator would require
to achieve the same variance as the MCMC estimator. Typically γ(ns) > 0, which implies
that Neff < N and that a MC estimator typically requires fewer computational resources
to produce an estimator with a given variance than an MCMC estimator. In general, the
quicker a Markov chain mixes, the faster ρk will decay as k grows, which means the IAT
will grow less slowly with the number of samples, which ultimately results in a larger
effective sample size.

Let the coefficient of variation (CoV) of the estimator µ̂ be given as,

δ := δp[h(x)] :=

√
V[µ̂]
E[µ̂]

. (2.55)

Define an estimator of the CoV as follows:

δ ≈ δ̂p[h(x)] :=
σ̂

µ̂
·
√

γ̂(ns)

N
, (2.56)

where

γ̂(ns) := 1 + 2
ns−1∑
k=1

(
1− k

ns

)
γ̂k
σ̂2

(2.57)

and

γ̂k :=

[
1

nc(ns − k)

nc∑
j=1

ns−k∑
i=1

h(X
(j)
i )h(X

(j)
i+k)

]
− µ̂2, (2.58)

with σ̂2 = γ̂0. Note that in the case of independent samples, γ̂(ns) = 1. The CoV is often
estimated in reliability analysis and reported as a measure of uncertainty in an estimate.

Since it is typically possible to use a simulation method to generate independent
samples from the input distribution, a MC estimator may be used as a reliability method

PF ≈ P̂MC
F := µ̂f [1F(x)]. (2.59)

When an indicator function acts on a random vector, the result is a Bernoulli random
variable. It follows that the CoV of P̂MC

F and its estimator is given as

δMC
F :=

√
1− PF

N · PF
≈ δ̂MC

F :=

√
1− P̂MC

F

N · P̂MC
F

. (2.60)

When the probability of failure is very small, which is true by definition for any rare-
event simulation problem, a very large number of samples are required in order to obtain
a desired CoV. Since every sample requires an evaluation of the performance function,
which is computationally expensive in the CRP, this results is a very inefficient estimator.
There are however attractive features of the MC estimator as a reliability method. The
CoV expression does not depend on the dimension of the reliability problem, the input
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density or the performance function. This means that the features of the CRP that
cause issues for other reliability methods, such as high dimensions and multimodality
pose no problems for a MC estimator. Sometimes MC reliability methods are referred to
as variance reduction techniques (VRTs) sine they aim to reduce the variance of the MC
estimator whilst attempting to retain some of the properties that make it so robust.

2.2.4 Importance sampling

In importance sampling (IS), an expectation is rewritten with respect to a PDF called
the importance density that is denoted as q,

Ep[h(x)] =

∫
Rd

p(x)h(x)dx =

∫
Rd

q(x)
p(x)

q(x)
h(x)dx = Eq

[
p(x)

q(x)
h(x)

]
. (2.61)

Define an IS estimator as

µ ≈ µ̂IS(q) := µ̂q

[
p(x)

q(x)
h(x)

]
. (2.62)

The idea of the IS estimator is to choose an importance density that makes its variance
as small as possible. Assuming that h(x) ≥ 0 for all x ∈ Rd, let the optimal importance
density be given as

q∗(x) :=
p(x)h(x)

µ
. (2.63)

The variance of a IS estimator is minimised by the optimal importance density,

V[µ̂IS(q∗)] = 0. (2.64)

For an importance density to be viable, it must be possible to both evaluate it point-
wise and to generate samples from it efficiently. Clearly it is not possible to evaluate the
optimal importance density pointwise, since its normalisation constant is the ultimate
quantity of interest. It should be noted however, that it is sometimes possible to sample
from the optimal importance chain using a MCMC algorithm. In practice, the impor-
tance density is often chosen from a parametric family of densities such that it as close
to the optimal importance density as possible.

Given an importance density q, the importance sampling estimator may be used to
directly as estimate the probability of failure,

PF ≈ P̂ IS
F := µ̂q

[
f(x)

q(x)
1F(x)

]
. (2.65)

There are many reliability methods based on this estimator and they are characterised
according to how they select the importance density. Note that in this context, the
optimal importance density is the failure density. The CoV of P̂ IS

F and its estimator are
given by

δISF := δq

[
f(x)

q(x)
1F(x)

]
≈ δ̂ISF := δ̂q

[
f(x)

q(x)
1F(x)

]
. (2.66)

Another key strategy employed by some reliability methods is the to apply the im-
portance sampling transformation repeatedly. Consider a sequence of PDFs which can
be written in terms of their unnormalised form and normalisation constants

qi(x) :=
q̃i(x)

Ci

, (2.67)
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for 0 ≤ i ≤ m and where qm = fF(x) and C0 is the only normalisation constant that
is known. These densities will be referred to as intermediate densities. Any reliability
method that uses a sequence of intermediate densities will be referred to as an intermedi-
ate method. The sequence may be used in the following transformation of the probability
of failure expectation,

Ef [1F(x)] = Eqm−1

[
f(x)

qm−1(x)
1F (x)

]
(2.68)

= Eqm−1

[
q̃m(x)

qm−1(x)

]
(2.69)

= Cm−1 · Eqm−1

[
q̃m(x)

q̃m−1(x)

]
(2.70)

= Eqm−2

[
q̃m−1(x)

qm−2(x)

]
· Eqm−1

[
q̃m(x)

q̃m−1(x)

]
(2.71)

= C0 ·
m−1∏
i=0

Eqi

[
q̃i+1(x)

q̃i(x)

]
. (2.72)

Each of the expectations in the product may estimated by a ratio estimator, defined
as

Eqi

[
q̃i+1(x)

q̃i(x)

]
≈ R̂i := µ̂qi

[
q̃i+1(x)

q̃i(x)

]
, (2.73)

for 0 ≤ i ≤ m − 1. Now, the probability of failure may be estimated using a product of
ratios estimator,

PF ≈ P̂R
F := C0 ·

m−1∏
i=0

R̂i. (2.74)

Any reliability method that uses a product of ratios estimator will be referred to as a ratio
method. Note that a ratio method clearly has to also be an intermediate method, though
the inverse statement is not necessarily true as will be explored in Section 2.3.3. It can be
shown that a product of ratios estimator is asymptotically unbiased and consistent [42]. If
the ratio estimators are assumed to be independent, then the product of ratios estimator
CoV and its estimator are given as

δRF :=

√√√√m−1∑
i=0

(
δqi

[
q̃i+1(x)

q̃i(x)

])2

≈ δ̂RF :=

√√√√m−1∑
i=0

(
δ̂qi

[
q̃i+1(x)

q̃i(x)

])2

. (2.75)

In order to minimise the the CoV of the product of ratios estimator, the intermediate
densities should be chosen so the that consecutive densities in the sequence are close to
one another. That is, they give similar densities to the same points in the input space.
The intermediate densities can be thought of as a bridge from a density that is easy to
sample from and where the normalisation constant is known to the failure density which
is hard to sample from and has the probability of failure as its normalisation constant.
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2.2.5 Line sampling

Another strategy for transforming the expectation that defines the probability of failure
is to use a technique called line sampling (LS) [43]. To understand LS, some preliminaries
are required. The first step of a LS technique is to identify an important direction which
is a unit vector denoted by α ∈ Rd. The identification of such an important direction will
be discussed in more detail later, but in general it should point towards a high density
region of the failure density. An example of an important direction could be the direction
of a design point which, as previously discussed, may be located using an optimisation
algorithm.

Define the orthogonal complement of the important direction as

α⊥ := {x ∈ Rd : x ·α = 0}. (2.76)

It will be assumed here that that the reliability problem is in SNS. Given a random
vector X in SNS, it is possible to generate a random vector which has a standard normal
distribution restricted to the orthogonal complement of α,

Xα := X − (X ·α)α. (2.77)

Finally, note that due to the rotational symmetry of SNS, the following property holds,

ϕd(xα + tα) = ϕd−1(xα)ϕ(t) (2.78)

for t ∈ R and xα ∈ α⊥.
The probability of failure may be rewritten in the following way:

PF =

∫
Rd

1F(x)ϕd(x)dx (2.79)

=

∫
α⊥

∫
R
1F(xα + tα)ϕd(xα + tα)dtdxα (2.80)

=

∫
α⊥

(∫
R
1F(xα + tα)ϕ(t)dt

)
ϕd−1(xα)dxα (2.81)

= EXα [Pα
F (Xα)] , (2.82)

where

Pα
F (xα) =

∫
R
1F(xα + tα)ϕ(t)dt. (2.83)

Using this expression for the probability of failure, the LS estimator is given as

PF ≈ P̂ LS
F := µ̂Xα [Pα

F (Xα)] . (2.84)

In summary, a reliability method that uses a LS must first identify an important direc-
tion α. Then, some number of samples must be generated from SNS restricted to the
orthogonal complement of α using samples from SNS and Equation 2.77. Each of these
samples defines a one dimensional reliability problem with the probability of failure given
by Equation 5.49. All of these one dimensional reliability problems are then solved and
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the resulting estimates for those probabilities of failure are used to estimate the original
probability of failure with an MC estimator.

The idea behind this strategy is that if the important direction is chosen well, then
the variance of the LS estimator will be lower than the variance of a MC given the
same number of samples. As an extreme example, consider the following simple two-
dimensional failure region,

F = {x = (x1, x2) ∈ R2 : x1 > 4}. (2.85)

In this case, if the important direction is chosen as α = (1, 0), the resulting LS estimator
will have zero variance, whereas if the important direction is chosen as α = (0, 1) then
the LS estimator has the same variance as the MC estimator for the probability of failure.

All that remains is to discuss how the one dimensional reliability problems are solved.
Of course, in theory any reliability method may be used. However in practice, whatever
methods is used should require very few evaluations of the performance function. If this
is not the case, then any gain in computational efficiency that is made by the reduction
in variance of the LS estimator compared to the MC estimator will be offset by the
computational cost of solving the one dimensional reliability problems. Typically a first-
order reliability method is used. More details will be discussed in Section 5.2.3.

2.3 Monte Carlo reliability methods

Now three MC reliability methods are discussed in detail. There are a few reasons why
these specific methods have been chosen out of the hundreds of MC reliability methods
that have been developed [44]. Primarily they have been chosen since they are able
to solve some CRPs. That is, they can handle high-dimensional, black-box reliability
problems that exhibit some forms of multimodality. The issue, as will be shown in
Section 2.3 where these three methods are tested on a set of benchmarks, is that there
are many types of CRPs that are challenging for these methods. Nevertheless, these three
methods will serve as very good starting points for developing novel techniques that can
deal with CRPs more reliably. Other secondary reasons for their selection include that
they are relatively easy to implement with simple control flows and that they are popular
methods that are widely cited.

There are many different characteristics of MC reliability methods that may be used
to categorise them. In this work, there will be a special focus on the distinction between
ratio methods and methods that require the fitting of a model, which will be referred to
as model methods. Note that in theory these two properties are not mutually exclusive.
The reason for this is that the computational cost of a ratio method tends to be largely
independent of the dimensionality of a given reliability problem. This makes them suitable
for extremely high dimensional reliability problems. On other hand, as the dimension of
a reliability problem increases, typically the number of parameters required to accurately
model objects of that reliability problem, such as the failure region or failure density, also
increases. The more parameters a model has, the more samples that are required to fit
them, which typically entails more performance function evaluations. As a result, model
methods tend to be more computationally expensive for higher dimensional reliability
problems. However, for relatively low-dimensional reliability problems, they have the
capacity to be more efficient than ratio methods.
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The first two reliability methods presented in this section are ratio methods, which
will serve as the starting point for the novel methods in Chapter 4, and the third is a
model method, which will serve as the starting point for the novel methods in Chapter 5.

2.3.1 Subset simulation

Subset simulation (SuS) [42] has become one of the most widespread MC reliability
methods. To date it has been successfully applied to solve practical reliability problems
such as truss structures [45], corroded pipelines [46], slope analysis [47], deteriorating
systems [48] and geotechnical structures [49] to name but a few.

SuS is a ratio method that uses the following sequence of intermediate densities,

qSuSi (x) ∝ f(x)1Fi
(x), (2.86)

where the Fi := {x ∈ Rd : g(x) ≥ bi} are called the intermediate failure regions defined
by the intermediate thresholds bi ∈ R for 0 ≤ i ≤ m. The intermediate thresholds
are chosen adaptively aside from the first and last which are predetermined as follows:
b0 = −∞ which implies that F0 = Rd, qSuS0 is the input density and that C0 = 1 in
Equation 2.74; bm = 0 which implies that Fm = F and that qSuSm is the failure density.
Because of the particular form of the sequence of densities, in the context of SuS Equation
2.72 may be written as,

PF = P(F1)P(F2|F1) . . .P(Fm−1|Fm−2)P(F|Fm−1). (2.87)

The SuS procedure generates a random sequence of levels

(L0, L1, . . . , Lm−1), (2.88)

where each level is a random matrix, Li ∈ RNL×d, where NL is a user-defined parameter
called the level size and m ∈ N is a random variable which denotes the number of levels.
The rows of each level represent the samples of that level. The object Li will be referred
to as level i for 0 ≤ i ≤ m− 1. The SuS algorithm is given as follows:

Subset simulation:

1. Generate NL samples from the input distribution. These samples are collectively
referred to as the level 0. Set i = 0.

2. Evaluate the performance function on all members of level i and label them (x
(i)
j )NL

j=1

such that

(x
(i)
j )NL

j=1 such that g(x
(i)
j ) ≥ g(x

(i)
j+1) for 1 ≤ j ≤ NL − 1. (2.89)

3. If
1

NL

NL∑
i=1

1F (x
(j)
i ) ≥ pL, (2.90)

where pL is a user-defined parameter called the level probability, or i = nlimit, where
nlimit is a user-defined parameter called the level limit, then terminate the algorithm.
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4. Determine the next intermediate threshold as

bi+1 =
g(x

(i)
nc ) + g(x

(i)
nc+1)

2
, (2.91)

where the number of chains is given as nc = NL · pL. This also determines the
intermediate failure region Fi+1.

5. Run a MCMC algorithm with stationary distribution qSuSi+1 to generate nc chains of

length ns = p−1
L where the seeds are (x

(i)
j )nc

j=1. Update i ← i + 1. Refer to the
collective Markov chains samples as level i. Go to Step 2.

It is typically possible to generate independent samples from the input distribution
using a simulation method. This means that the first ratio estimator will be a MC
estimator whilst the rest will be MCMC estimators. The level probability must be chosen
such that both nc and ns are integers.

The ratio estimators that make up the product of ratios estimator have a simplified
form in SuS. This is because the adaptive choice of the intermediate threshold implies
that most of them will be equal to the level probability, with the exception of the final
ratio estimator. Explicitly, the product of ratio estimators for SuS is given as

PF ≈ P̂ SuS
F := pm−1

L · 1

NL

NL∑
i=1

1F (x
(m−1)
i ). (2.92)

In some cases, there may be some samples that have a performance exactly equal to
an intermediate threshold. In this case the ratio estimators may not be equal exactly
to the level probability and should be appropriately adjusted and seeds for the MCMC
algorithm should be chosen uniformly at random with replacement to ensure that all the
levels have the correct level size.

Because of the way the seeds and intermediate densities are selected in SuS, the seeds
are always distributed according to the target distribution of the MCMC algorithm.
This means that no burn-in phase is required for the MCMC algorithm. This desirable
property of SuS is sometimes referred to as perfect sampling. It should be noted that the
seeds are not in general independent of one another, and so the MCMC estimator used
by SuS is not strictly the one that is defined in Section 2.2.3.

Given a random variableX, let the complementary cumulative density function (CCDF)
be defined as

F̄X(b) := P(X ≥ b). (2.93)

Clearly, the probability of failure may be written in terms of a CCDF

PF = F̄g(X)(0). (2.94)

A run of SuS may be used to estimate F̄g(X)(b) for any b ≤ 0, not just b = 0. This is
done by appropriately adjusting the estimator in Equation 2.92. Technically it is also
possible to use a run of SuS to estimate F̄g(X)(b) for b > 0 but the estimate would likely
be inaccurate. In this work, the primary aim of a reliability method is considered to be
the estimation of the probability of failure. However, depending on the context, estimates
of these additional values of the CCDF could be useful to a practitioner.

The MH algorithm could be used as the MCMC algorithm for SuS. However, in high
dimensions it can become difficult to choose a proposal density that results in a fast mixing
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Markov chain. For example, consider a MH algorithm with a standard multivariate
normal distribution as its stationary distribution and a normal proposal density. In high
dimensions, the density of the stationary distribution is concentrated in the important
ring which is not aligned with the shape of the proposal density. Unless the proposal
scale is chosen to be very small, the candidates suggested will almost always lie outside
the important ring and so will be rejected. In the case that the proposal scale is very
small, so that the proposal density lies within the important ring, the Markov chain will
take very small steps. In either case, the resulting Markov chain will mix very slowly.

Alternative MCMC algorithms have been suggested [50] that can sample efficiently
in high dimensions from densities of the form required by SuS, f(x)1Fi

(x). They may
be characterised by what assumptions they makes about the input distribution. The
modified Metropolis (MM) [42] algorithm assumes that the components of the input
distribution are independent of each other. That is, the input distribution may be written
as

f(x) =
d∏

i=1

fi(xi). (2.95)

The MM algorithm requires the practitioner to select a univariate proposal density for
each dimension. For simplicity, the same proposal density, denoted by ξ, will be used for
all the dimensions. Given the current state x = (x1, . . . , xd), the MM algorithm is given
as follows:

Modified Metropolis:

1. Sample a candidate for each dimension,

x′
i ∼ ξ(·|xi) for 1 ≤ i ≤ d. (2.96)

2. Compute the acceptance probability for each dimension using Equation 2.40,

Ai := A(x′
i, xi) for 1 ≤ i ≤ d. (2.97)

3. Generate u1, . . . , ud
iid∼ U [0, 1].

4. Define a joint candidate as x′ := (x′
1, . . . , x

′
d) where

x′
i ←

{
x′
i if ui ≤ Ai,

xi otherwise,
for 1 ≤ i ≤ d. (2.98)

5. Accept or reject the joint candidate,

x′ ←

{
x′ x′ ∈ Fi

x otherwise.
(2.99)

6. Return x′

Another alternative MCMC algorithm for SuS is the pre-conditioned Crank Nicolson
(pCN) algorithm [51], which in this context, assumes that the reliability problem is in
SNS. Given a current state x, the pCN algorithm is given as follows:
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Pre-conditioned Crank Nicolson:

1. Sample z ∼ N (0d, Id).

2. Define a candidate as
x′ :=

(√
1− σ2

p

)
x+ σpz. (2.100)

3. Accept or reject the joint candidate,

x′ ←

{
x′ x′ ∈ Fi

x otherwise.
(2.101)

4. Return x′.

2.3.2 Sequential importance sampling

Sequential importance sampling (SIS) [52] is another ratio method that uses a different
sequence of intermediate densities than SuS. The intermediate densities SIS uses have
the following unnormalised form

qSISi (x) := f(x)Φ (g(x)/σi) , (2.102)

where σi > 0 are intermediate scale parameters for 1 ≤ i ≤ m − 1. The initial density,
qSIS0 , is set to the input density and at the end of the algorithm the final density, qSISm , is
set to the failure density.

The SIS algorithm generates a random sequence of levels in the same way the SuS
algorithm does, and in general is very similar to the SuS algorithm. The control flows
of the two algorithms are essentially identical. The motivation behind SIS is that the
intermediate densities have in some sense a more natural shape which could potentially
be easier for MCMC algorithms to traverse. This is because the intermediate densities
SuS uses are defined using an indicator function, which results in very sudden changes in
density, whereas the intermediate densities SIS uses are more smooth.

One of the drawbacks of SIS compared to SuS is that SIS requires a resampling
step. In SuS, the chosen seeds have the required target distribution of the next level,
resulting in the perfect sampling property. This is not possible in SIS. Instead, on
level i, the seeds are selected by resampling with replacement from the level according
to probabilities proportional to the weights qSISi+1(x)/q

SIS
i (x). This is done so that the

resampled seeds have approximately the target distribution. However, typically a burn-
in phase is still required for the Markov chains, the length of which is controlled by a
user-defined parameter denoted as nburn.

The SIS algorithm has some of the same user-defined parameters as SuS. In particular,
it uses pL, NL, nlimit and also the same definitions for nc and ns. The SIS algorithm is
given by the following steps:

Sequential importance sampling:

1. Generate NL samples from the input distribution. These samples are collectively
referred to as the level 0. Set i = 0
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2. Estimate the failure CoV using samples form level i,

δSISF ← δ̂qSISi

[
f(x)1F(x)

qSISi (x)

]
. (2.103)

If δSISF < δtarget, or i = nlimit, then terminate the algorithm, where δtarget is the
user-defined target CoV.

3. Solve the following optimisation problem using samples from level i to estimate the
CoV,

σi+1 := argmin
σi+1∈(0,σi)

∣∣∣∣δ̂qSISi

[
qSISi+1(x)

qSISi (x)

]
− δtarget

∣∣∣∣ . (2.104)

4. Resample with replacement nc seeds from level i according to probabilities propor-
tional to the weights qSISi+1(x)/q

SIS
i (x).

5. Run a MCMC algorithm with stationary distribution qSISi to generate nc chains of
length ns = p−1

L using seeds from previous step. A burn-in phase is used for each
chain with nburn samples. Update i← i+ 1. Refer to the collective Markov chains
samples as level i+ 1. Go to Step 2.

The SIS estimator for the probability of failure is just the product of ratios estimator
with respect to the SIS intermediate densities. It does not have a simplified from like
the SuS estimator. A new MCMC algorithm is required in order to sample from the
SIS intermediate densities. Given a current state x and a proposal scale, the conditional
Metropolis-Hastings (cMH) [52] is given as follows:

Conditional Metropolis-Hastings:

1. Sample z ∼ N (0d, Id) and define candidate x′ using Equation 2.100.

2. Compute the following acceptance ratio

AcMH(x′,x) := min

(
1,

Φ (g(x′)/σi)

Φ (g(x)/σi)

)
. (2.105)

3. Generate a uniform sample, u ∼ U [0, 1].

4. Accept or reject the candidate,

x′ ←

{
x′ u ≤ AcMH(x′,x),

x otherwise.
(2.106)

5. Return x′.

33



2.3.3 Improved cross entropy

One common way of measuring the distance between two densities is to use the Kull-
back–Leibler divergence, also known as the relative cross entropy (CE), defined as

DKL(p(x), q(x)) := Ep

[
ln

(
p(x)

q(x)

)]
. (2.107)

One strategy for choosing an importance density for importance sampling is to minimise
the CE between a parametric family of densities, denoted by h(x;ν) where ν is a set of
parameters, and the optimal importance density. Recall that in the context of estimating
the probability of failure, the optimal importance density is the failure density. Formally,
the following optimisation problem is considered,

ν∗ = argmin
ν

DKL(fF (x), h(x;ν)), (2.108)

= argmin
ν

EfF

[
ln

(
fF (x)

h(x;ν)

)]
, (2.109)

= argmax
ν

EfF [ln(h(x;ν))] . (2.110)

The final expression does not involve fF (x) inside the expectation since it does not depend
on ν.

In general it is not possible to evaluate the expectation in Equation 2.110 and so it is
estimated with either an MC or MCMC estimator depending on the context. This results
in the following approximate optimisation problem,

ν̂∗ = argmax
ν

µ̂fF [ln(h(x;ν))] . (2.111)

Updating rules for solving the optimisation problem, dependent on the parametric family
chosen, can be typically derived by setting the gradient of the objective function equal
to zero. This approach requires samples from the failure density which are typically
generated by some initial sampling procedure. A recent example of a reliability method
that follows this approach is shown in [53].

Another strategy is to employ a sequence of importance densities that gradual be-
come better approximations of the failure density. This is a similar idea to intermediate
densities, however in this case, the normalisation constant of the densities are known.
An advantage of this approach is that samples from the failure density are not required,
instead, samples from the previous importance density may be use to fit the parameters
of the next importance density. That is, given an initial set of parameters denoted by ν0,
Equation 2.110 may be manipulated to produce the following sequence of optimisation
problems,

νi = argmax
ν

Ehνi−1

[
ln(h(x;ν))

fF(x)

h(x;νi−1)

]
, (2.112)

for 1 ≤ i ≤ m − 1 where m is the number of importance densities. The corresponding
approximate optimisation problems are given by

ν̂i = argmax
ν

µ̂hν̂i−1

[
ln(h(x;ν))

fF(x)

h(x; ν̂i−1)

]
, (2.113)
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for 1 ≤ i ≤ m−1. The final density in the sequence, h(x; ν̂m−1), is used for an importance
sampling estimator. Typically some initial sampling procedure is required to ensure that
the first importance density is able to produce at least a small amount of failure samples.
An example of this type of approach is shown in [54].

A variant of this sequence approach is to introduce an additional sequence of inter-
mediate densities, denoted by qi, such as those used by SuS or SIS. That is, for the ith
optimisation problem defined by Equation 2.113, replace the fF with qi for 1 ≤ i ≤ m−1.
The resulting sequence of optimisation functions may used to fit the required parameters.
The advantage of such an approach is that it obviates the need for an initial sampling
procedure since the qi may be chosen adaptively. There have been reliability methods
of this type that use qSuSi as the intermediate sequence [55, 56] and more recently and
algorithm called improved cross entropy (iCE) has been suggested which uses qSISi in-
stead [57]. The iCE procedure requires some of the same user-defined parameters as SIS.
In particular, it requires NL, nlimit and δtarget. Given an initial set of parameters, ν̂0, the
iCE procedure is given by the following steps.

Improved cross entropy:

1. Set i = 0.

2. Generate NL samples from h(x; ν̂i) and call the resulting samples level i.

3. Estimate the failure CoV δSISF using samples form level i,

δSISF ← δ̂hνi

[
f(x)1F(x)

qSISi (x)

]
. (2.114)

If δSISF < δtarget, or i = nlimit, then terminate the algorithm.

4. Solve the following optimisation problem using samples from level i to estimate the
CoV,

σi+1 = argmin
σi+1∈(0,σi)

∣∣∣∣δ̂hν̂i

[
qSISi+1(x)

h(x; ν̂i)

]
− δtarget

∣∣∣∣ . (2.115)

5. Fit ν̂i+1 using the samples of level i by maximising the following objective function,

ν̂i+1 = argmax
ν

µ̂hν̂i

[
ln(h(x;ν))

qSISi+1(x)

h(x; ν̂i)

]
. (2.116)

Update i← i+ 1. Go to step 2.

The final iCE estimator for the probability of failure is then just a IS estimator using
the samples from the final level, that is level m− 1,

PF ≈ P̂ iCE
F := µ̂hνm−1

[
f(x)1F(x)

h(x; ν̂m−1)

]
. (2.117)

Note that this is typically a MC estimator since it is typically possible to generate in-
dependent samples from the importance density. Any parametric family may be used in
the iCE procedure, so long as it is possible to efficiently solve the optimisation problems
defined in Equation 2.116. The specific parametric family that is suggested in [57], and
the one that is used in the numerical experiments in this work, will be described in Sec-
tion 5.1.1. For now it will suffice to mention that a mixture distribution is used, and
the number of components in that mixture distribution is controlled by a user parameter
called the initial components and is denoted by kinit. Note that iCE is both a model
method and an intermediate method, but it is not a ratio method.
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3 Multimodality

The most important property of the CRP is that it exhibits some form of multimodality.
This is because methods like SuS, SIS and iCE tend to have very few issues with the type
of reliability problem that results from removing this property from the CRP. Up until
this point, the term multimodality has been used informally. Section 3.1 formally defines
some variants of multimodality that are relevant in the reliability analysis context and
that cause issues for existing reliability methods. Section 3.2 introduces a set benchmark
CRP and explores the behaviour of existing reliability methods on those benchmarks.
Finally, Section 3.3 discusses how similar problems of multimodality are tackled in the in
the field of black-box optimisation and how similar ideas could be applied to reliability
analysis.

3.1 Multimodal reliability analysis

Multimodality may be exhibited by a reliability problem in many different forms. The
simplest example is a reliability problem with a multimodal failure density. This section
will formally define other types of multimodality that will be useful for characterising
reliability problems and understanding the behaviour of reliability methods.

3.1.1 Metastable multimodal

Let τ(·|·) be a transition density of a Markov chain with stationary distribution p. The
retention probability of a setM⊂ Rd is given as

r(M) :=
1∫

M p(x)dx

∫
M

∫
M

τ(y|x)p(x)dxdy. (3.1)

When the retention probability of a set is high, say

r(M) > 1− ε, (3.2)

where ε > 0 is a small constant, then the set will be referred to as a metastable region
(MSR). For convenience, the dependency of a MSR on ε will be suppressed. It may
be assumed that ε has been chosen such that once a Markov chain enters a MSR it is
extremely unlikely to leave within a reasonable number of steps, where what is reasonable
depends on the context.

If multiple disjoint MSRs exist for a Markov chain, then the Markov chain will be
referred to as metastable multimodal. A MSR will be referred to as high density if it has
a high probability with respect to the stationary distribution. Again, the meaning of
high probability will depend on the context. A low density MSR is similarly defined. If
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a Markov chain is metastable multimodal with two high density MSRs, then it is highly
likely to experience ergodicty issues. This is because it will become trapped in one of the
MSRs and not be able to sample from the other, resulting in an empirical distribution
that is a poor approximation of the stationary distribution. If instead the Markov chain
has one high and one low density MSR, it may not experience ergodicity issues. This is
because if the chain becomes trapped in the high density MSR, its empirical distribution
may be able to approximate the stationary distribution quite well since samples from the
low density MSR are relatively unimportant.

An example of a metastable multimodal Markov chain algorithm is now studied.
Consider the one dimensional symmetric performance function parametrised by some
constant a > 0,

gsym(x) := |x| − a. (3.3)

Let fF be the failure density of a reliability problem in SNS using the symmetric perfor-
mance function with a = 2. This failure density is shown in Figure 3.1a alongside some
other densities. As can be seen it has two modes at x = −2 and x = 2. Each mode has
a corresponding high density set of that it is contained within, that is,

M− := {x ∈ R : x ≤ −2}, (3.4)

M+ := {x ∈ R : x ≥ 2}, (3.5)

respectively. These two high density sets are separated by a region of zero density.
The MH algorithm can be used to sample from this failure density. Figure 3.1a also

shows two potential proposal densities that could be used. Both are normal proposal
densities, but one is narrower and one is wider with proposal scales of 0.3 and 3 respec-
tively. The mean of these proposal densities depend on the current state of the Markov
chain. Figure 3.1a shows the narrow and wide proposal densities with centres in M−

andM+ respectively. Note that in this case the narrow proposal assigns essentially zero
density toM+ whereas the wide proposal density assigns a small amount of the density
to M−. As a result, M− and M+ are MSRs with respect to Markov chain with the
narrow proposal density, but are not MSRs with respect to Markov chain with the wide
proposal density.

Two MH Markov chains of length 5000 were generated with the failure density as their
stationary distributions. One used the narrow proposal density and one used the wide
proposal density. Both used the seed x = 2.5. Next, kernel density estimation (KDE) was
used to estimate the empirical PDFs of the resulting samples. Figure 3.1b shows the KDE
of the empirical PDFs of the resulting samples. As expected, the narrow proposal density
is not able to jump between high density sets and so the resulting empirical distribution
is unimodal, whereas the wide proposal density is able to jump between high density sets
and so is able to capture the bi-modality of the failure density. It should be noted that
the Markov chain with the narrow proposal density is still technically ergodic, since given
enough time it would eventually make a jump between the MSRs. It is just extremely
slowly mixing. Also note that ergodicity issues are not a property of a density, but of
a MCMC algorithm with respect to a density. A density can be multimodal, but not
metastable multimodal with respect to a MCMC algorithm, as has been demonstrated
by the wide proposal density.

Whilst the wide proposal density is preferable in this context, it is still far from ideal.
The wide proposal density will suggest many candidates in the region of zero density,
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(b) KDEs of the empirical distributions of two MCMC algorithms

38



which are guaranteed to be rejected, resulting in a low acceptance rate. The shape of the
normal distribution is fundamentally different to the failure density and so for any choice
of proposal scale, the resulting MCMC algorithm will be inefficient at best or have serious
ergodic issues at worst. The optimal choice for a proposal density would be the failure
density itself, independent of the current state of the Markov chain. Of course, this is
not practical, as it is required that the proposal density can be sampled from efficiently.
If this were the case for the failure density, the MCMC algorithm would not be required
in the first place. An alternative strategy could be to use some bimodal proposal density
that can be sampled from, such as a mixture of two normal distributions. However, it is
not in general easy to decide on the parameters of such a proposal density.

Another approach to sampling from the failure density efficiently is to use an ensemble
of Markov chains, rather than just one. In particular, start one chain in each MSR with
the narrow proposal density and use their combined samples to construct estimators.
Notice that the narrow proposal density matches the shape of both individual high density
sets quite well, and so this process will be able to efficiently generate samples from the
failure density. Each individual chain still experiences ergodic issues, but the ensemble
does not. This idea works for this specific problem, since the MSRs have equal probability
under the stationary distribution. However, if one MSR had a much higher density that
the other, this method would result in a poor approximation of the failure density. It
follows that in order for this ensemble strategy to work, the number of chains in each
MSR must be proportional to the relative probabilities of the MSRs.

When the target density is a black box, as is the case for the failure density in a
CRP, there is no way of knowing a priori whether a MCMC algorithm will be metastable
multimodal. In particular there is no way of knowing how many MSRs there are, their
location, or their relative probabilities. Without this information it is difficult to design
an efficient MCMC algorithm. As a result, a common strategy is to employ an initial
sampling procedure which is used to deduce such information, which can then be used
inform the MCMC algorithm. This is similar to the idea of using the burn-in phase of a
Markov chain algorithm to tune the parameters of a proposal density.

Intermediate methods that use Markov chains, such as SuS and SIS, take a different
approach to handling ergodicity issues that arise from metastable multimodality when
sampling from the intermediate densities they employ. The first intermediate density
is sampled from using simulation methods that produce independent samples, and so
there are no ergodicity issues. The next intermediate density is sampled from using a
large ensemble of Markov chains. As discussed previously, this avoids ergodicity issues
as long as each MSR is assigned the correct number of chains. This should be the case,
since the seeds for the chains has been sampled from (approximately in the case of SIS)
the target density itself. This logic may then be applied iteratively to all subsequent
levels. However, as will be explored in the next section, this strategy does have issues. In
particular, when an intermediate method uses a long sequence of metastable multimodal
intermediate densities, small sampling errors in the early levels can propagate through to
later levels, ultimately resulting in a poor estimate for the probability of failure.

3.1.2 Basin multimodal

Since the inception of SuS it has been known that multimodal intermediate densities
can cause problems for intermediate methods [42] and such deficiencies have also been
discussed in later work [19, 32]. This section introduces some novel definitions that are
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useful for characterising the types of reliability problems for which it is difficult to estimate
the probability of failure with an intermediate method. These definitions could be thought
of as the analogue of metastable multimodal, with respect to a sequence of intermediate
densities rather than a MCMC algorithm.

Suppose that an intermediate method is ran on a reliability problem, resulting in a se-
quence of adaptively chosen intermediate densities q0, . . . , qm. Such a sequence is referred
to as intermediate multimodal if there exists a partition of the input space B1, . . . ,BK
with K > 1, an index i∗ with 0 ≤ i∗ ≤ m and a set of regions denoted as M(i)

j for
i∗ ≤ i ≤ m and 1 ≤ j ≤ K with the following properties:

• M(i)
j ⊂ Bj for i∗ ≤ i ≤ m and 1 ≤ j ≤ K.

• Pqi(M
(i)
j )/Pqi(Bj) ≈ 1 for i∗ ≤ i ≤ m and 1 ≤ j ≤ K.

When an intermediate sequence is intermediate multimodal, it can lead to the em-
pirical distributions of each level being poor approximations of the target distribution,
which ultimately could result in an inaccurate estimate for the probability of failure. To
understand why, intermediate methods that use a MCMC algorithm like SuS and SIS
will be considered, though similar arguments hold for intermediate methods such as iCE.
For i ≥ i∗, almost all of the density of qi is contained in the setsM(i)

1 , . . . ,M(i)
K which are

high density sets surrounded by regions of low density. Thus it is reasonable to assume
that these sets are MSRs, though of course the validity of this assumption depends on
the specific MCMC algorithm being employed. It follows that, starting at level i∗, single
chains of the MCMC algorithm will suffer from ergodicity issues because they will never
make a step from Bj to Bj′ where j ̸= j′.

Methods like SuS and SIS generate a level by first resampling seeds from the previous
level according to the relevant importance weights, and then by using those seeds to
generate chains with a MCMC algorithm. In SuS the resampling step is done implicitly
due to all the importance weights being either 0 or 1. The number of seeds selected for
constructing the ith level that lie in Bj, denoted as Si

j, depends on the number of samples
from the previous level that lie in Bj. In particular, these random variables have positive
covariance,

Cov
(
|Li−1 ∩ Bj|, S(i)

j

)
> 0, (3.6)

for 1 ≤ i ≤ m and 1 ≤ j ≤ K. Assume that for the levels prior to level i∗, the MCMC
algorithm mixes very fast, such that the samples of these levels are effectively generated
independently. In this case, the dependence of the number of seeds in each region of the
input space on the previous level has a minimal effect on the number of samples in each
region of the input space for the current level,

Cov (|Li−1 ∩ Bj|, |Li ∩ Bj|) ≈ 0, (3.7)

for 1 ≤ i < i∗ and 1 ≤ j ≤ K. However, for level i∗ and later levels, the previously
discussed ergodicity issues mean that the number of seeds in each region of the input
space deterministically sets the number of samples in each region of the input space. In
particular,

|Li ∩ Bj| = S
(i)
j · ns, (3.8)

for i∗ ≤ i ≤ m and 1 ≤ j ≤ K. It follows that

Cov (|Li−1 ∩ Bj|, |Li ∩ Bj|) > 0, (3.9)
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for i∗ ≤ i ≤ m and 1 ≤ j ≤ K.
Because of the positive covariance between levels, if Bj is undersampled at one level, it

will tend to be undersampled at the next level and vice versa for oversampling. Applying
this reasoning iteratively to the whole sequence of subsequent levels implies that an
initial random fluctuation can accumulate over successive resampling steps resulting in
an empirical distribution that is a poor approximation of the target density. The most
dramatic variant of this phenomena is the case where 0 seeds are selected in Bj. In this
case, it is guaranteed that Bj will not become populated by any future levels, regardless
of how large its probability is with respect to the later intermediate densities.

Intermediate multimodal is a property of a particular intermediate sequence. It would
be useful if it was possible to identify reliability problems that are likely to result in an
intermediate multimodal sequence, when an intermediate methods is applied to them.
Additionally, given an intermediate sequence, it may not be straight-forward to prove
whether it is or is not intermediate multimodal. The following definition is a property of
a reliability problem and it offers a concrete way of constructing a partition of the input
space that can often be used to used to locate the regions required in the definition of an
intermediate multimodal sequence. This is done using a dynamical system that attempts
to model how a parametric family of intermediate densities, such as qSuSi or qSISi , evolves
from level to level of an intermediate method in SNS.

One approach to describing such a dynamical system is to use a differential equation
that depends on the gradient of the performance function. However, even if it assumed
that the gradient of the performance function is well-defined, regularity assumptions
would be required to ensure that the associated initial value problems admit unique
solutions. To circumvent these difficulties, a discrete time dynamical system defined on
a finite grid is considered instead. Given a large a > 0 and a small ε > 0, define the
univariate grid as

G := {−a,−a+ ε,−a+ 2ε, . . . , a− ε, a}, (3.10)

and the grid as
G := {(x1, . . . , xd) ∈ Rd : xi ∈ G for 1 ≤ i ≤ d}. (3.11)

At each step, the dynamical system will require a notion of points that are close to the
current point that it is able to step to. Define the grid neighbourhood of a point x ∈ G as

NG(x) := {y ∈ G : ∥x− y∥ ≤ r}. (3.12)

for r > 0.
Both the sequences qSuSi and qSISi assign more density to points with higher perfor-

mances as an intermediate method progresses. Additionally, in SNS, both methods assign
more density to points with a smaller Euclidean norm. The following update map is a
simple way of modelling both of these properties,

Ψ(x) :=

{
argmaxy∈NG(x)

g(y) g(x) < 0,

argmin{y∈NG(x):g(y)≥0} ∥y∥ g(x) ≥ 0.
(3.13)

Note that there should be some ordering defined on the grid points in order to decide
cases of ties. Let the set of attractors of this update map be given as

A := {x ∈ G : Ψ(x) = x}. (3.14)
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It is clear from the definition of the update map that there will typically be an attractor
associated with each local maxima of the performance function in the safe region and
with each mode of the failure density in the failure region.

Starting at some initial point in the grid, if the update map is repeatedly applied,
then the eventual result will be an attractor. This is because the update map permits no
cycles. Define the repeated update map as

Ψ∗(x) :=

{
x x ∈ A
Ψ∗(Ψ(x)) otherwise.

(3.15)

So that the update map may be applied to any point x ∈ Rd, define the nearest grid
neighbour as

NNG(x) := argmin
y∈G

∥x− y∥. (3.16)

Now label the members of A as xA
1 , . . . ,x

A
K . Finally a basin of attraction (BoA) may be

defined,
Bi = {x ∈ Rd : Ψ∗(NNG(x)) = xA

i }, (3.17)

for 1 ≤ i ≤ K. Note that B1, . . . ,BK is a partition of the input space. When K > 1,
the reliability problem will be referred to as basin multimodal. This definition depends
on the constants a, ε and r. It may be assumed that a = 10, ε = 0.01 and r = 0.01 and
so this dependence will be suppressed from now on. If the attractor of a BoA is a failure
sample then the BoA will be referred to as a failure BoA. If the attractor of a BoA is a
safe sample then the BoA will be referred to as a safe BoA.

Given the level of an intermediate method, the update map may be used to very
roughly predict what the next level will look like for a low dimensional reliability prob-
lem. In particular, this can be done by applying the update map some number of times
to each sample. Note that if update map is applied enough times the resulting samples
will become concentrated in the neighbourhood of each attractor. If this is indeed an
accurate model of the intermediate densities, then this would imply that eventually the
intermediate densities will be multimodal with a mode corresponding to each attractor.
This in turn would imply that the BoAs can be used to prove that the intermediate densi-
ties are intermediate multimodal. For this reason, a useful heuristic is that if a reliability
problem is basin multimodal, then any intermediate method is likely to adaptively choose
an intermediate multimodal sequence of intermediate densities on any particular run.

The focus here has been on intermediate methods, but basin multimodal reliability
problems will be challenging for many other reliability methods as well. This is because
reliability methods that do not use a sequence of intermediate densities tend to rely on an
initial sampling scheme or optimisation algorithm to identify the location of the failure
region. These types of procedures will tend to also struggle when there are multiple BoAs.

Consider a reliability problem in SNS that uses the one-dimensional symmetric per-
formance with a = 5. The BoAs of this reliability problem are given as

B1 := {x ∈ R : x < 0}, (3.18)

B2 := {x ∈ R : x ≥ 0}. (3.19)

In the case of SuS, the intermediate densities will have the same shape as the failure
density studied in Section 3.1.1. That is, for later levels, two high density sets separated
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by a region of zero density, where each of B1 and B2 contains one of the high density sets.
This implies that any sequence of intermediate densities adaptively chosen by SuS will
be intermediate multimodal.

The following numerical experiment was carried out on this reliability problem. The
SuS algorithm, with level size 500, level probability 0.1 and using a pCNMCMC algorithm
with the proposal density set to 0.5 was ran 500 times, resulting in 500 estimates for the
probability of failure. In order to evaluate the quality of the estimates, the true probability
of failure, also referred to as the reference probability, is required. In this simple case,
the probability of failure may be written in terms of the CDF of the normal distribution
and thus is easy to approximate accurately,

P(F) = P(F ∩ B1) + P(F ∩B2) (3.20)

= 2 · (1− Φ(5)) (3.21)

≈ 5.73× 10−7. (3.22)

The symmetry of this reliability problem means that each BoA contains exactly half of
the density of the failure region. The estimates of the numerical experiment can sorted
into two cases depending on how their corresponding SuS run behaved:

1. Both |Lm−1 ∩ F ∩ B1| > 0 and |Lm−1 ∩ F ∩ B2| > 0.

2. Either |Lm−1 ∩ F ∩ B1| = 0 or |Lm−1 ∩ F ∩ B2| = 0.

It may be expected that those estimates in Case 2 would have a mean that is roughly
half of the reference probability, since half of the failure region will contain no samples.

Figure 3.2 shows the empirical distributions of estimates associated with Case 1 and
Case 2, approximated using KDE with 54 estimates of each type. As can be seen, the
empirical distributions of the two estimators are very similar. In particular, the means
of each are good estimates of the probability of failure. Whilst this would be expected
of the Case 1 estimates, it may be surprising that the Case 2 estimates are capable of
producing an accurate estimate for the probability of failure. This is possible due to
the symmetry of this reliability problem. For any intermediate distribution qi, define an
associated mixture distribution,

qwi (x) ∝ w · qSuSi (x)1B1(x) + (1− w) · qSuSi (x)1B2(x) (3.23)

with w ∈ [0, 1]. Note that for any w and any intermediate failure region F ′ it is true that

PqSuSi
(F ′) = Pqwi

(F ′). (3.24)

In particular this statement holds for w = 0 and w = 1. This means that for all of the
ratio estimators that comprise the product of ratios estimator that SuS uses, sampling
from only one of the BoAs will still result in an accurate estimate.

It should be noted that whilst SuS is able to give an accurate estimate for the prob-
ability of failure in Case 2, the empirical distribution of the resulting failure samples is
of course a poor approximation of the failure density since half of the failure region has
not been sampled from. As a result, any probabilistic failure analysis that is conducted
using these failure samples will likely yield inaccurate results. An intermediate method
that does not use a ratio estimator, like iCE, depends on the empirical distribution of the
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Figure 3.2: KDEs of the empirical distributions of the two cases of SuS estimators for
the symmetrical performance function.

failure samples being close to the failure density. This is because the failure samples are
used to fit the importance density that is then used for importance sampling. Because
of this, in Case 2, iCE would yield an estimator for the probability of failure with a very
high variance. In summary SuS is capable of producing an accurate estimate for the
probability failure even when it fails to sample from the failure density, whereas iCE is
not.

Because of the symmetry of the reliability problem,

PqSuSi
(B1) = PqSuSi

(B2) = 1/2, (3.25)

for any intermediate density qSuSi . Because of this, it would be reasonable to conjecture
that the probability of Case 2 might be essentially negligible. The results of the numerical
experiment give the empirical estimate

P(Case 2) ≈ 11%, (3.26)

which contradicts this intuition. To understand why this is the case, the probability
of Case 2 will now be computed using several different models. To begin, it will be
assumed that each intermediate density is metastable multimodal with respect to the
chosen MCMC algorithm and so no step will ever be taken by a chain from B1 to B2, or
vice versa. It will also be assumed that the distribution of the number of levels is given
as

P(m = 7) = 1, (3.27)

which is not unreasonable given the empirical data and by inspecting the reference prob-
ability of failure. Let the number of seeds chosen at each level that are in B1 be denoted
as

Si = |Li−1 ∩ Fi ∩ B1|. (3.28)

Finally, to simplify the following models, it will be assumed that

|L6 ∩Bi| > 0 =⇒ |L6 ∩ F ∩Bi| > 0, (3.29)
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for i = 1, 2. With these assumptions, the probability of Case 2 is given as

P(Case 2) =
2∑

i=1

P(|L6 ∩Bi| = 0), (3.30)

= 2 · P(|L6 ∩ B1| = 0), (3.31)

= 2 · P(S6 · ns = 0), (3.32)

= 2 · P(S6 = 0). (3.33)

Describing the distribution of S6 will be difficult, since it depends on the complex
dynamics of SuS. However, the exact distribution of S1 may be described easily,

S1 ∼ Binomial(nc, 1/2), (3.34)

where for this particular experiment nc = 50. This is because on level 0, the samples are
i.i.d. according input distribution and because of the symmetry of the reliability problem,
each of the 50 seeds has an even chance of being in B1 or B2. If it is assumed that on all
the levels the samples are i.i.d. according corresponding intermediate density, then the
distributions of the rest of the Si are the same,

Si ∼ Binomial(nc, 1/2) (3.35)

for 2 ≤ i ≤ 6. This model would imply that

P(Case 2) = 2 · P(S6 = 0) = 2 ·
(
1

2

)50

≈ 1.78× 10−15. (3.36)

Clearly this value deviates from the observed value significantly, and so the model needs
to be adjusted.

In this simple model, the Si are independent of one another, instead of there being
positive covariance as discussed previously. In particular, due to the symmetry of the
reliability problem, the model should be adjusted such that the following equality holds

E[Si|Si+1 = s] = s (3.37)

for 2 ≤ i ≤ 6. Note that this would imply that

Sj = 0 =⇒ Si = 0 for i ≥ j. (3.38)

A simple way of ensuring this property is to use the following model,

Si ∼ Binomial(nc, Si−1/nc) (3.39)

for 2 ≤ i ≤ 6. The following empirical estimate was made using 106 runs of this model,

P(Case 2) = 2 · P(S6 = 0) ≈ 4.10× 10−4. (3.40)

Whilst this is much closer to the observed value than the previous estimate, there is still
a large discrepancy and so the model needs to be adjusted again.
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The previous model assumes that the samples at each level are generated indepen-
dently, when in reality they are generated using a MCMC algorithm. To account for the
resulting correlation, a smaller effective sample size Neff may be used instead of the level
size NL. Consider the following model,

Si ∼ (NL/Neff) · Binomial(Neff · pL, Si−1/nc). (3.41)

Here the number of seeds are chosen from the smaller effective sample size. However, to
ensure that Equation 3.37 still holds, the result must be scaled up by a factor of (NL/Neff).
Note that the Si in this model are no longer necessarily integers, but they still take the
value 0 and so the model is suitable for estimating the quantity of interest in this context.
With Neff = 150, the following empirical estimate was made using 106 runs of this model,

P(Case 2) = 2 · P(S6 = 0) ≈ 10%. (3.42)

This estimate is more closely aligned with the observed probability then the previous
attempts. In summary, the combination of consecutive metastable multimodal interme-
diate densities and correlated samples can, over many levels, lead to large deviations from
the target distribution.

Now the reliability problem is altered so that it is asymmetrical. Remaining in the
SNS, consider the reliability problem defined by the one-dimensional asymmetrical per-
formance function,

gasym(x) =

{
|x| − a x > −a,
−a otherwise,

(3.43)

with parameter a = 5. A numerical experiment, with all the same parameters as the pre-
vious numerical experiment was ran on this reliability problem. This time, the reference
probability is exactly half of what it was on the previous example,

P(F) = 1− Φ(5) (3.44)

≈ 2.87× 10−7. (3.45)

This reliability problem has the same BoAs, B1 and B2, as the previous example. This
time, the estimates are sorted using 3 cases:

1. Both |Lm−1 ∩ F ∩ B1| > 0 and |Lm−1 ∩ F ∩ B2| > 0.

2. |Lm−1 ∩ F ∩ B1| = 0.

3. |Lm−1 ∩ F ∩ B2| = 0.

Note that the failure region is a subset of B2, thus any Case 3 estimate will be 0.
The following are the relative proportions of the three cases that were observed in the

numerical experiment:

P(Case 1) = 81%, (3.46)

P(Case 2) = 13%, (3.47)

P(Case 3) = 6%. (3.48)
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Figure 3.3: KDEs of the empirical distributions of two of the cases of SuS estimators for
the asymmetrical performance function.

Figure 3.3 shows the empirical distributions of estimates associated with Case 1 and
Case 2, approximated with KDE. It can be seen that the Case 2 estimator tends to
overestimate the probability of failure by roughly a factor of 2. This is because SuS
essentially assumes that performance function is symmetrical when in this case it is not.
Clearly SuS, with these user-defined parameters, is not a suitable method for estimating
the probability of failure for this reliability problem. This is because 13% of the time it
will yield an estimate that is roughly double the probability of failure and 6% it will yield
an estimate of 0.

Note that in Case 2, SuS does sample accurately from the failure density, but is unable
to produce a good estimate for the probability of failure. This is an exact reversal of Case
2 in the previous example. In contrast, an intermediate method like iCE only relies on
the being able to model the failure density accurately, so in Case 2 it would still yield an
accurate estimate for the probability of failure.

3.2 Challenging reliability problems

In order to compare the performance of existing reliability methods against the novel
methods that will be suggested in this work, a set of benchmark reliability problems are
introduced alongside some evaluation criteria.

3.2.1 Benchmarks

This section introduces seven benchmark CRPs. Most have been taken from other sources
and one has been contrived specifically for this work. Most of these reliability problems
are low-dimensional, whereas one of the most important properties of a CRP is that it
is high-dimensional. In order to account for this, the following procedure is used to raise
their dimension. Given a performance function g with input dimension d it is possible
to construct a performance function with identical probability of failure and a higher
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input dimension d∗. Provided d∗/d = s is an integer, the higher dimensional performance
function is defined as

g∗(x) = g(z1, . . . , zd), where zi =
1√
s

i·s∑
j=(i−1)s−1

xj, for 1 ≤ i ≤ d. (3.49)

Note that all the benchmarks are assumed to be SNS, so each of the zi will have a standard
normal distribution.

The first two benchmarks are taken from [19]. Both have been multiplied by −1 in
order to align with the conventions used in this work. The piecewise linear function is
given as

gpwl(x) = −min(g1(x1), g2(x2)), where

g1(x1) =

{
4− x1 x1 > 3.5,

0.85− 0.1x1 x1 ≤ 3.5,

g2(x2) =

{
0.5− 0.1x2 x2 > 2,

2.3− x2 x2 ≤ 2.

(3.50)

A three dimensional surface plot of the piecewise linear function is shown in Figure 3.4a
alongside the limit state surface and global design point. Note that there are many instan-
taneous changes in gradient. The BoAs are shown in Figure 3.4b with some trajectories
of the update map. This reliability problem has two failure BoAs

Figures 3.4c and 3.4d show the result of a SuS run on the piecewise linear function.
Figure 3.4c shows the state of SuS after generating and early level with intermediate
threshold set as −0.28. The associated intermediate density has two MSRs, one high
density and one low density. As expected SuS correctly populates the high density MSR
and does not generate any samples in the low density MSR. Since at this point all the
samples are confined to one BoA, all future levels are also confined to this BoA. This
becomes a problem when sampling from the failure density. This is because, as shown in
Figure 3.4d, the failure density also has two MSRs, but the position of the high density
and low density MSR, with respect to the BoAs, has flipped. As a result the now high
density MSR is not populated at all, which will ultimately result in an underestimate for
the probability of failure. Note that in this case, it is it the sudden change in gradients
that have led SuS astray.

The reference probability of the piecewise linear is easy to approximate due to the
simple geometry of the failure region and safe region,

F = {(x1, x2) ∈ R2 : x1 ≥ 4 or x2 ≥ 5}, (3.51)

S = {(x1, x2) ∈ R2 : x1 < 4 and x2 < 5}. (3.52)

It follows that

P(F) = 1− P(S) (3.53)

= 1− Φ(4) · Φ(5) (3.54)

≈ 3.20× 10−5. (3.55)
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Figure 3.4: Analysis of subset simulation’s behaviour when acting on the meatball func-
tion.
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Figure 3.5: KDE of the empirical distribution of the SuS estimator for the piecewise
linear function.

Because SuS is a stochastic algorithm, on some runs it will manage to populate the
high density MSR of the failure density. However, in these cases, it has a tendency to
overestimate the probability of failure. Figure 3.5 shows the estimator that is the result
of SuS running on the piecewise linear function, with some fixed user-defined parameters,
approximated by KDE. It can be seen that the estimator has a bimodal distribution,
where the left mode corresponds to runs where the high density MSR is not populated
and the right mode corresponds to runs where the high density MSR is populated. The
mean of this empirical distribution is quite close to the reference probability. However,
the variance of the estimator is so large that is practically unusable.

The second performance function taken from [19] is the meatball function, given as

gmb(x1, x2) = −
30(

4(x1+2)2

9
+

x2
2

25

)2
+ 1

− 20(
(x1−2.5)2

4
+ (x2−0.5)2

25

)2
+ 1

+ 5.

(3.56)

Figure 3.6a shows a three dimensional surface plot of the meatball function and Figure
3.6b shows the BoAs. The meatball function has four failure BoAs. The geometry of
the meatball function is difficult for intermediate methods to deal with since the global
design point is separated from the origin by the neighbourhood of a local minima of the
performance function. Since the geometry of the failure region is quite complex, it is not
possible to approximate the probability of failure using analytical methods. Instead, the
reference probability has been estimated as 1.13×10−5 using a MC estimator with a large
sample size.

An early level of a run of SuS on the meatball function is shown in Figure 3.6c with
associated intermediate threshold of −5.98. In this case, the intermediate density has two
low density MSRs and two high density MSRs. The SuS algorithm is able to accurately

50



sample from the intermediate density by populating the two high density MSRs. However,
at this point, two of the BoAs are not populated, including the one corresponding to the
global design point. Figure 3.6b shows the SuS run after it has terminated alongside the
failure density. Note that now there is only one high density MSR that has not been
populated by SuS. Because the density of the BoA associated with the global design
point is so low for early intermediate densities, it is very unlikely that SuS will be able to
maintain samples within it. As a result, the meatball function is even more challenging
for SuS than the piecewise linear performance function.

The third benchmark is the black swan function, originally posed in [18], and is given
by

gbs(x1, x2) =

{
x1 − 3.5 x1 ≤ 3.5,

x2 − 3.5 x1 > 3.
(3.57)

Figure 3.7a depicts a three dimensional surface plot of the black swan function and Figure
3.7b shows its BoAs. In this case there is one failure BoA and one safe BoA. The high
density region of the input dimension is dominated by the safe BoA. The discontinuity
of the black swan function is what causes the multiple BoAs which results in issues for
intermediate methods. Due to the simplicity of its failure region,

F = {(x1, x2) ∈ R2 : x1 > 3, x2 ≥ 3.5}, (3.58)

the reference failure may be easily estimated,

P(F) = Φ(−3) · Φ(−3.5), (3.59)

≈ 3.14× 10−7. (3.60)

Figure 3.7c shows an early level of a SuS run on the black swan performance function.,
with corresponding intermediate threshold of −2.13. Despite the unusual shape of the
intermediate failure region, the intermediate density is unimodal and unsurprisingly SuS
is able to sample from it accurately. Note that the failure BoA is not populated at all.
Figure 3.7d shows the final state of the SuS algorithm with the failure density. In this case,
SuS has dramatically failed and has produced no failure samples at all. As a consequence
it will incorrectly estimate the probability of failure to be 0. It should be noted that every
intermediate distribution is actually unimodal in this case. The issue arises because that
mode instantaneously jumps through the input space as the intermediate threshold rises.
However, this is not true if SIS is used. In that case, the intermediate methods still
experiences difficulties, but the intermediate densities are multimodal. Note that the
algorithm is terminated in these cases when the level limit is reached.

The forth benchmark is original and has been created to explore how intermediate
methods interact with the performance functions with multiple local maxima that are
not in the failure region. Let φ(x;µ) be a 2-dimensional normal PDF with mean µ and
identity covariance matrix. The mixture performance function is defined as

gmix(x) =
4∑

i=1

(wiφ(x;µi))− 0.04, (3.61)

where 
w1

w2

w3

w4

 =


0.4
0.2
0.2
0.2

 and


µ1

µ2

µ3

µ4

 =


3 3
2 −2
−2 2
−2 −2

 . (3.62)
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Figure 3.6: Analysis of subset simulation’s behaviour when acting on the meatball func-
tion.
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Figure 3.7: Analysis of subset simulation’s behaviour when acting on the black swan
function.
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The 0.04 adjustment is only made so that the critical threshold is the conventional value
of 0.

Figure 3.8a shows the three dimensional surface plot of the mixture performance
function and Figure 3.8b shows the BoAs. Note that the failure region is circular. The
radius of this circle, denoted as r, may be approximated,

0.4

2π
exp

(
−r2

2

)
= 0.04 =⇒ r2 = −2 ln(0.2π). (3.63)

where it has been assumed that the other component of the mixture have negligible
impact on the failure region. The probability of failure may then be approximated as

P(F) = P((X1 − 3)2 + (X2 − 3)2 ≤ r2), (3.64)

= Fχ2
2(λ)

(r2), (3.65)

≈ 2.19× 10−4. (3.66)

where Fχ2
2(λ)

is the CDF of the non-central chi-square distribution with degrees of freedom
set to 2 and the non-centrality parameter λ = 18.

Figure 3.8c depicts an early level of a SuS run on the mixture performance function
with intermediate threshold −0.03. At this level, there are three high density MSRs and
one low density MSRs that corresponds to the only failure BoA. Note that at this level,
the failure BoA has no samples in it at all. Figure 3.8c shows the all of the samples
produced by the SuS after it has terminated alongside the failure density. Just as in the
SuS run example on the previous benchmark, no failure samples are produced, and as a
result the estimate for the probability of failure will incorrectly be given as 0. Note that,
again, the failure density is unimodal in this case.

The previous four benchmarks have been contrived as counterexamples to intermedi-
ate methods specifically. The next two examples are more practical reliability problems.
The fifth benchmark deals with the forced vibration of the two-degree-of-freedom (TDOF)
mass spring system [11] depicted in Figure 3.9. The masses are M1 = M2 = 2000 kg,
the modal damping ratios are η1 = η2 = 0.02, and forcing function acting on M2 is given
as P (t) = 2000 sin(11t)N. Let the stiffness parameters K1 and K2 have independent
log-normal distributions with mean 2.5 × 105 and CoV 0.2. The standard normal input
variables are transformed so that they have the required distribution, K1, K2 = T (x1, x2).
Let r1(t;K1, K2) be the displacement of the first mass at some time, given stiffness con-
stants. The TDOF performance function is given as

gtdof(x1, x2) = max
0≤t≤20

r1(t;K1, K2)− 0.024. (3.67)

The failure region of this reliability problem has quite complex geometry an so it is not
possible to approximate the reference probability of failure analytically. Instead, the
reference probability has been estimated as 2.31 × 10−5 using an MC estimator with a
large number of samples. Figure 3.10a shows a three dimensional surface plot of the
TDOF performance function and Figure 3.10b shows its BoAs. Note that for clarity the
many safe BoAs have been combined into one.

Figure 3.10c shows an early level of a SuS run on the TDOF performance function
with intermediate threshold−0.01. The intermediate density at this level has high density
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Figure 3.8: Analysis of subset simulation’s behaviour when acting on the normal mixture
function.
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Figure 3.9: Two-degree-of-freedom mass spring system.

MSR, which is populated, and a low low density MSR, which is not. 3.10d shows all of the
samples SuS has produced after termination and the failure density. The failure density
has two high density MSR, only one of which is populated and thus the resulting estimate
for the probability of failure will likely be an underestimate.

The sixth benchmark considers the passive vehicle suspension model depicted in Fig-
ure 3.11. The performance function, taken from [9], models the road-holding ability of a
vehicle. The input variables are stiffness c (kg/cm), tire stiffness ck (kg/cm) and damping
coefficient k (kg/cms), all with normal distributions with means and standard deviations
of (424, 1480, 47) and (10, 10, 10) respectively. The input standard normal variables are
transformed to have the correct distributions, T (x1, x2, x3) = (c, ck, k), and the vehicle
performance function is defined as,

gveh(x1, x2, x3) = 1−
(
πAVm

b0G2k

)((
ck

M +m
− c

m

)2

+
c2

Mm
+

ckk
2

M2m

)
, (3.68)

where A = 1 cm2/cycle m, b0 = 0.27, V = 10 m/s,M = 3.2633 kg s2/cm, G = 981 cm/s2

and m = 0.8158 kg s2/cm.
Figure 3.12a shows a three dimensional plot of vehicle performance function and Fig-

ure 3.12b shows its BoAs. In order to make the visualisation possible, a two dimensional
version of the performance function is considered in these two figures. In particular, the
second dimension is fixed as x2 = 0. This lower-dimensional variant maintains the same
challenging topology as the original function. Note that one of the attractors is not shown
since it is located outside the bounds of the figure. The reference probability has been
estimated as 1.30× 10−6 using and MC estimator with a large sample size. Figure 3.12c
shows an early level of a SuS run on the vehicle function with intermediate threshold −83.
At this level there is one high density MSR that is populated and one low density MSR
that is not. Figure 3.12d shows the final level of the SuS run with the failure density,
which now only has one high density MSR which is not populated.

The final benchmark is a financial application [2]. Given a random variable Z =
(Z1, . . . , Zn), Let the loss function be defined as

L(Z) =
n∑

j=1

1{Zj≥0.5
√
n}. (3.69)
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Figure 3.10: Analysis of subset simulation’s behaviour when acting on the two-degree-of-
freedom function.
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Figure 3.11: Passive vehicle suspension model.

The failure region is defined as the loss function being greater than bn, where two cases
are considered: b = 0.45, n = 30; b = 0.25, n = 100. The random variable Z is defined as
function of other random variables,

Zj =
(
qU + (1− q2)1/2ηj

)
µ−1/2 (3.70)

where U ∼ N (0, 1), µ ∼ Gamma(6, 6), ηj ∼ N (0, 9) for 1 ≤ j ≤ n, and q = 0.25. The
same realisation of U and µ are used for all Zj. Note that the dimension of this reliability
problem is d = n+2. These random variables must be transformed into standard normal
space. That is, given standard normal input x = (x1, x2, . . . , xd), Z may be rewritten as,

Zj =
(
qx1 + 3(1− q2)1/2xj+2

) [
F−1
Γ (FN (x2))

]−1/2
, (3.71)

for 1 ≤ j ≤ n, where FN , FΓ are the cumulative distribution functions of N (0, 1) and
Gamma(6, 6) respectively. Finally, the loss performance function is defined,

gloss(x) =
n∑

j=1

1{Zj≥0.5
√
n} − bn. (3.72)

Note that a signifiant portion of the probability density of the failure region is repre-
sented by inputs which have a performance of exactly 0. Since the inequality used in
the definition of the probability of failure in this work was not strict, whilst it is in [2],
a small ϵ > 0 is taken from the output of the performance functions in this numerical
example. Clearly this benchmark is difficult to visualise due to it being inherently high
dimensional. It should be noted that it is multimodal and has a lot of symmetries.

3.2.2 Evaluation

Some criteria is required in order to evaluate how well a reliability method performs on
the established benchmarks. Each reliability method that is considered will be ran 100
times on each of the benchmarks, resulting in 100 estimates for the probability of failure,
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Figure 3.12: Analysis of subset simulation’s behaviour when acting on the vehical sus-
pension function.
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denoted as P̂1, . . . , P̂100. In each case, these estimate will be compared to the reference
probability, denoted as P ref

F , which are summarised in Table 3.1 alongside the dimensions
that will be considered using Equation 3.49.

g Dimensions Reference PF

gpwl 2, 100 3.20× 10−5

gveh 3, 99 1.30× 10−6

gmix 2, 100 2.19× 10−4

gbs 2, 100 3.14× 10−7

gtdof 2, 100 2.31× 10−5

gmb 2, 100 1.13× 10−5

gloss 32 4.29× 10−3

102 1.82× 10−3

Table 3.1: Reference probabilities.

The most common measure of accuracy used in reliability analysis is the empirical
CoV of the estimators. Note that this quantity does not use the reference probability in its
calculation. Instead, the mean of the estimates is used, which in the case of an unbiased
estimator, should be roughly equivalent to the reference probability anyway. However,
when estimators have a very large variance, their mean is often a poor approximation of
the reference probability, even when they are unbiased. Because the benchmarks in this
work have been chosen deliberately to cause current reliability methods to dramatically
fail, the resulting estimators will indeed often have a very large variance. As a result,
the normalised root mean squared error (NRMSE) will be used instead of the CoV to
measure the accuracy of the estimators, which is given as

NRMSE :=

√
1

100

∑100
i=1(P̂i − P ref

F )2

P ref
F

. (3.73)

Note that the NRMSE is identical to the CoV, except the reference probability is used
instead of the empirical mean.

A lot of work in reliability analysis focuses on benchmarks for which existing methods
already work quite well. The goal in such work is to make small but important improve-
ments to the accuracy of of existing methods, and so the CoV or NRMSE are appropriate
metrics to consider. Since many existing methods completely fail on the benchmarks cho-
sen in this work, such metrics are not particularly informative, and the NRMSE has been
mostly included to provide consistency with other work in reliability analysis. As will
be seen, in many of the numerical experiments the NRMSE will be extremely large, and
past a certain point, the degree to how large stops being relevant. That is, an estimator
with an NRMSE of 1 is just as unviable for practical reliability analysis as an estimator
with NRMSE of 100.

As a consequence, the main focus will be another custom metric, called the non-
degeneracy percentage (NDP), given as

NDP :=
1

100

100∑
i=1

1

[
| log(P ref

F )− log(P̂i)|
log(P ref

F )
≤ 0.1

]
(3.74)

When an estimate satisfies the condition in the Equation 3.74, it will be referred to
as non-degenerate and otherwise it will be refereed to as degenerate. The idea behind
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this definition is that a degenerate estimate is so far from the reference probability that
something has gone dramatically wrong with the reliability method. The reason this
metric uses logarithms is so underestimates and overestimates are treated in the same
way.

Of course, an MC estimator could be used to easily achieve and accurate estimate for
the probability of failure for any of the benchmarks. The issue is the computational cost,
which is assumed in this work to be well approximated by the number of performance
function evaluations. That is, a low NRMSE or a high NDP is only useful if the mean
number of performance function evaluations is low. One approach is to combine an mea-
sure of accuracy with the mean number of performance function evaluations, resulting in
a single scalar quantity that can be use to easily compare the performance of competing
reliability methods. In this work the goal is to design methods that can achieve a 100%
NDP with a comparable computational cost to existing methods. As a result the precise-
ness of combined statistic is not required and the mean number of performance function
evaluations will be reported as a separate statistic.

Each reliability method will only use one set of fixed user-defined parameters. That is,
a sensitivity analysis will not be provided. This omission should be justified in some way
for two reasons. Firstly, the poor performance of existing methods may be exaggerated by
deliberately choosing poor user-defined parameters. To account for this, for each existing
method, the user-defined parameters have been set at values that are very commonly used
in reliability analysis literature. In particular, since the benchmarks are considered black-
box reliability problems, there should be no information available to tune the parameters
anyway. In addition to this, many of the benchmarks have been chosen since they are
widely regarded to be difficult for intermediate methods to tackle, and so it is unlikely
that the poor performance is due to the particular set of user-defined parameters that
are considered here. Secondly, the user-defined parameters of the novel methods may
have been over-fit to the particular benchmarks that are being considered. To somewhat
mitigate this issue, the same user-defined parameters will be used on all the benchmarks,
which themselves are quite diverse.

There are other features of reliability methods that will not be explicitly tested but
will be discussed throughout. Perhaps the most important of these features is the ability
for the the reliability method to accurately sample from the failure density so that prob-
abilistic failure analysis can be carried out. Most of the time, if the probability of failure
can be accurately estimated, then an intermediate method will produce a good approxi-
mation of the failure density. However, as seen in Section 3.1.2, there are examples where
this is not the case, especially when the performance function exhibits a lot of symmetry.

Some reliability methods naturally output additional information about the failure
region and failure density which could be useful to a practitioner. This information is
not captured by the evaluation metrics described above. For instance, the novel methods
that will be introduced in this work will explicitly attempt to model the number of MSRs
the failure region has, whereas a method like SuS does not naturally provide this type of
information. On the other hand, SuS is able to generate estimates for values of the CCDF
other than the critical threshold, whereas the novel methods presented in this work are
not able to do this naturally.

Perhaps the most important property of a reliability method that is not explicitly
measured by the stated evaluation metrics is whether the method gives any indication to
the user as to when something might have gone wrong. In the examples of CRP that have
been discussed in this chapter, when SuS dramatically fails to sample accurately from
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the intermediate densities resulting in a poor estimate for the probability of failure, there
is no way for the user to know that this has happened. This property will be referred to
as silent degeneracy. The novel methods in this work will attempt to have some sort of
system that lets the user know that estimate for the probability of failure it yields may
be degenerate.

Since the CRP is a black-box reliability problem it is important to consider no free
lunch theorems when evaluating the quality of competing the reliability methods. Orig-
inally conceived in the domains of optimisation and search [58], no free lunch theorems
have also been derived for reliability analysis [59]. Informally, these theorems imply that
given any two reliability methods it is always possible to construct a reliability problem
for which one outperforms the other. Since all MC reliability methods essentially at-
tempt to reduce the variance of a MC estimator by either explicitly or implicitly making
some assumptions about the reliability problem, it is always possible to find a reliability
problem that violates theses assumptions. It is for this reason that it has been ensured
that the benchmarks in this work include realistic reliability problems as well as contrived
examples. With that said, the set of benchmarks considered in this work is quite small
and so just because a reliability method outperforms another on this set of benchmarks
does not mean that it is necessarily a better method.

Now the results of the numerical experiments of SuS, SIS and iCE on the benchmarks
are presented. The values of the user-defined parameters for each algorithm are given in
Table 3.2, Table 3.3 and Table 3.4. The MCMC algorithm used for SuS was the pCN
algorithm and for SIS it was a cMH algorithm with an adaptive proposal scale. The
results of the numerical experiments are presented in Table 3.5, Table 3.6 and Table 3.7.

Both SuS and SIS have fairly similar results when looking at the NDP of each experi-
ment. This is not particularly surprising, since they are quite similar algorithms. In both
cases, for all benchmarks aside from the loss performance function, both have an unac-
ceptably high NDP in both low dimensions and high dimensions. It should be noted that
the good results in the case of the loss performance function are likely due to significant
amount of symmetry that it possesses. for both these algorithms, the computational cost
and NDP seem to be somewhat independent of the dimension of the problem. In these
particular experiments, it appears that in general SuS has slightly higher NDP values
than SIS, though this should not be read into too much, since this could easily be the
result of the specific parameters that have been used for each or the different MCMC al-
gorithms. The results of iCE are quite good for most of the problems in low dimensions.
That is, the NDP in each case is reasonably close to 100%. The exception to this is the
low dimensional black swan function, where the the NDP is unacceptably low. In the
high-dimensional examples, iCE struggles with all of the benchmarks aside from the loss
performance function.

Parameter Value
Level size (NL) 2000

Level probability (pL) 0.1
Proposal scale (σp) 0.5
Level limit (nlimit) 10

Table 3.2: SuS user-defined parameter values.
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Parameter Value
Level size (NL) 2000

Level probability (pL) 0.1
Burn in (nburn) 0

Target CoV (δtarget) 1.5
Level limit (nlimit) 30

Table 3.3: SIS user-defined parameter values.

Parameter Value
Level size (NL) 2000

Level limit (nlimit) 30
Target CoV (δtarget) 1.5

Initial components (kinit) 4

Table 3.4: iCE user-defined parameter values.

3.3 Evolutionary multimodal optimisation

Problems of multimodality have been studied in fields outside of reliability analysis and
so it follows that the ideas used in these fields to overcome such issues may be applicable
to CRPs. In particular, this section introduces a class of optimisation methods called
evolutionary algorithms which have been adapted for multimodal optimisation.

3.3.1 Evolutionary algorithms

Given an objective function, gobj : Rd → R, let an optimisation problem be defined as
finding

x∗ := argmax
x∈Rd

gobj(x). (3.75)

Locating the global design point of a reliability problem is an example of an optimisation
problem, as defined by Equation 2.9. The type of method that is used to solve an
optimisation problem is often determined by what information is available regarding the
objective function. Many techniques, such as the HLRF algorithm, require access to
gradient information. When the objective function is black-box, like the performance
function in the CRP, alternative methods must be used.

In the context of optimisation, heuristics are methods which are not backed by math-
ematical rigour, but instead offer approximate solutions which are often found to be good
enough in many practical contexts. Heuristics tend to assume very little about the objec-
tive function and so are often applied to black-box optimisation problems. Evolutionary
algorithms (EAs) are a class of optimisation heuristics. More specifically, they are often
referred to as metaheuristics. This is because it is more accurate to describe EAs as
general frameworks for creating and combining heuristics rather than being heuristics
themselves. Each EA refers to a collection of many different specific implementations of
optimisation algorithms. This makes EAs highly flexible such that they can be tailored
to particular problems.

EAs are metaheuristics inspired by biological processes and so often adopt biological
terminology. An individual is a point x ∈ Rd and a population is a finite set of individuals.
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g Dimension Mean PF NRSME NDP Mean g evals
gpwl 2 2.72× 10−5 0.97 51% 1.05× 104

100 2.85× 10−5 1.12 49% 1.05× 104

gveh 3 1.71× 10−9 1.00 0% 1.81× 104

99 2.98× 10−6 22.83 0% 1.80× 104

gmix 2 2.18× 10−4 0.47 89% 7.72× 103

100 2.10× 10−4 0.67 77% 7.89× 103

gbs 2 2.32× 10−7 1.51 34% 1.60× 104

100 3.04× 10−7 1.81 39% 1.56× 104

gtd 2 2.51× 10−5 0.92 77% 9.65× 103

100 2.20× 10−5 0.67 84% 9.52× 103

gmb 2 1.23× 10−5 2.81 9% 1.35× 104

100 8.73× 10−6 1.99 7% 1.39× 104

gloss 32 4.26× 10−3 0.16 100% 5.60× 103

102 1.88× 10−3 0.16 100% 5.62× 103

Table 3.5: SuS results on benchmarks.

The fitness of an individual is its value under the objective function, gobj(x). EAs can
roughly unified under the following loose framework:

Evolutionary algorithm:

1. Create an initial population. Options for doing this include sampling from a dis-
tribution, using a explicit practitioner set starting position or Latin hypercube
sampling schemes.

2. Evaluate the fitness for all the individuals in the population.

3. Check a stopping condition to see if the algorithm should terminate. Possible
options include a fixed fitness evaluation budget, a time budget and convergence in
either the maximum fitness found or the position of individuals.

4. Select some of the population to be parents. Typically, individuals with higher
fitness should have a higher chance of being selected as a parent. For example,
given a population (xi)

N
i=1, a roulette wheel selection strategy randomly selects the

parents with replacement according to the probabilities

gobj(xi)∑N
j=1 gobj(xj)

, (3.76)

for 1 ≤ i ≤ N .

5. Generate offspring from parents through mutation and crossover procedures, where
a mutation uses one parent and a crossover uses more than one parent. A simple
example of mutation is to just add noise to a parent x to create an offspring,

x′ = x+N (0d, Id). (3.77)

A simple example of a crossover procedure, given two parents x1 and x2, is a linear
crossover,

x′ =
x1 + x2

2
. (3.78)
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g Dimension Mean PF NRSME ND% Mean g evals
gpwl 2 4.16× 10−5 3.65 20% 1.25× 104

100 2.95× 10−5 2.13 19% 1.26× 104

gveh 3 0 1.00 0% 1.65× 104

99 0 1.00 0% 1.67× 104

gmix 2 2.15× 10−4 1.04 50% 9.30× 103

100 2.04× 10−4 1.16 43% 9.42× 103

gbs 2 2.16× 10−7 3.36 11% 1.43× 104

100 4.35× 10−7 4.93 20% 1.41× 104

gtd 2 2.15× 10−5 2.44 27% 1.00× 104

100 2.10× 10−5 2.82 21% 1.00× 104

gmb 2 8.01× 10−6 3.70 12% 1.47× 104

100 8.49× 10−6 3.05 2% 1.52× 104

gloss 32 4.17× 10−3 0.21 99% 7.86× 103

102 1.86× 10−3 0.22 99% 8.00× 103

Table 3.6: SIS results on benchmarks.

The offspring are added to the population.

6. Remove some individuals from the population. In general, individuals with lower
fitness should be more likely to be removed. Go to Step 3.

Examples of popular EAs include genetic algorithms [60,61], evolution strategies [62,
63] covariance matrix adaptation evolution strategies [64–66], differential evolution [67,68]
and particle swarm optimisation [69].

It is important to note that SuS, SIS and iCE can all be described according to the
above framework, which implies that they could be considered EAs. Indeed, SuS has been
previously adapted for use as an optimisation algorithm where the performance function is
analogous to the objective function [70]. This relationship between reliability analysis and
EAs has also been utilised in the other direction. Many EAs have been used to locate the
design point including particle swarm optimisation [71] genetic algorithms [72], artificial
bee colony [73], Harris hawk optimisation [74] and slime mold optimisation [75].

3.3.2 Niching

Multimodal optimisation (MMO) is the problem of finding multiple locally optimal so-
lutions to an optimisation problem. This is distinct from an optimisation problem with
a multimodal objective function, since in that case, even though local optima my be
explored, the goal is to converge to one global optima. Accordingly, optimisation algo-
rithms are designed such that they do not try to maintain the locally optimum solutions,
but instead converge to the global optima. Typically, optimisation algorithms must be
adapted in some way so that they are suitable for MMO.

EAs are natural candidates for MMO, since the population of evolving individuals
have the ability to explore the neighbourhoods of many local optima. Ultimately however,
EAs are designed to converge to one optimal solution, given enough time. In evolutionary
multimodal optimisation (EMO), niching methods are applied to EAs in order to maintain
sets of individuals, called niches, in the neighbourhoods of many different local optima.
The name niching is also biologically inspired, where a niche is a role a specific species
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g Dimension Mean PF NRSME ND% Mean g evals
gpwl 2 3.10× 10−5 0.17 99% 5.20× 104

100 2.94× 10−7 0.99 0% 2.29× 104

gveh 3 1.20× 10−6 0.30 99% 1.52× 104

99 9.26× 10−7 2.88 9% 9.70× 103

gmix 2 2.19× 10−4 0.11 99% 2.75× 104

100 3.53× 10−4 11.37 0% 5.60× 104

gbs 2 2.07× 10−7 2.02 39% 5.68× 104

100 5.16× 10−7 5.49 5% 6.00× 104

gtd 2 2.24× 10−5 0.22 95% 3.78× 104

100 7.03× 10−6 0.70 1% 1.94× 104

gmb 2 1.10× 10−5 0.13 99% 3.13× 104

100 1.66× 10−6 1.69 0% 6.00× 104

gloss 32 4.26× 10−3 0.08 100% 5.94× 104

102 1.84× 10−3 0.06 100% 1.07× 104

Table 3.7: iCE results on benchmarks.

plays in an environment. Niching techniques are often initially suggested with respect
to a specific evolutionary algorithm. However, since all evolutionary algorithms mostly
follow the same general framework, it is often possible to adapt niching algorithms for
use with many different evolutionary algorithms.

The first niching method to be developed was preselection [76]. The idea behind
this technique is that only the individuals used in process of creating an offspring could
be replaced by that offspring. This means that offspring should only replace similar
individuals in the population, and so niches should be able to be maintained. A variation
of preselection is crowding [77]. The idea is very similar. The difference is that offspring
are not only restricted to replacing their parents, but they can also replace other similar
individuals which are not necessarily parents. The degree similarity tends to be defined
using the Euclidean metric.

In fitness sharing [78], the fitness values of individuals are adjusted for the selection
phase of the algorithm. Individuals which are close to other individuals, where is close is
defined using the Euclidean distance, then the fitness value is lowered. Alternatively, if
an individual is relatively isolated, its fitness value is increased. Since the selection step
selects individuals for the next population based on the fitness values, this will help to
maintain niches. Clearing [79] is similar to fitness sharing in that it adjusts the fitness
values so the niching happens in the selection section of the algorithm. Rather than
sharing the fitness amongst the niche, in clearing, a winner is selected for each niche that
takes all the collective fitness of that niche. The rest of the individuals in that niche are
assigned zero fitness. Again, the niches are determined using the Euclidean distance.

The idea of speciation [80] is to label all the individuals in a population with a species.
Then, throughout the process of creating the generation, it is ensured via various means
that at least one of each species survives into the next generation. Islanding [81] is
similar to speciation, but instead the species are separated into distinct populations that
are updated separately. Often after a specified amount of generations the species will be
returned into one total population.

In particle swarm optimisation it is common to use different index based topologies,
that is, not Euclidean based, such that only individuals linked in the topology can com-
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municate. With the correct topology, this process alone can be seen as a niching method.
It has been found that the ring topology is able to maintain niches [82]. Of course, index
based topologies can also be applied to other evolutionary algorithms. Clustering algo-
rithms, such as K-means have also been used for niching [83]. The idea is to cluster the
individuals, where each cluster is a niche.

Despite a reliability method like SuS having the same basic form as an evolutionary
algorithm, there are some difficulties to consider when attempting to incorporate niching
techniques. An evolutionary algorithm has a great amount of freedom with how samples
are selected and created. In contrast, SuS has to generate samples that are distributed
according to the chosen intermediate densities. This implies, that in order to maintain
niches, somehow SuS should change which intermediate densities are chosen. A simple
general strategy of this kind could be as follows: label all the samples of a level according
to what niche they belong to with a niching technique and then adjust the level probability
until at least one member of every niche has been selected as a seed.

An example of how this strategy could be employed is now described with a specific
niching technique. Nearest better clustering (NBC) [84] is another niching technique that
assigns a topology to the individuals using the Euclidean distance. First, the samples of
a level are labelled

(xi)
N
i=1 such that g(xi) ≥ g(xi+1) for 1 ≤ i ≤ N − 1. (3.79)

Next the NBC update map is defined as follows,

ΨNBC(i) = argmin
1≤j≤i

∥xi − xj∥ for 2 ≤ i ≤ N. (3.80)

Given a user-defined niche radius rNBC > 0, the set of NBC attractors is defined as

ANBC = {1} ∪ {2 ≤ i ≤ N : ∥xi − xj∥ > rNBC where j = ΨNBC(i)}. (3.81)

Finally, each member of the level is assigned a label with the NBC repeated update map

ΨNBC
∗ (i) =

{
i i ∈ ANBC

ΨNBC
∗ (ΨNBC(i)) otherwise.

(3.82)

Notice the similarity of this definition to the definition of the BoAs of a reliability problem.
Once the labels have been assigned to all samples of a level, the level probability that
determines the next intermediate density should be increased until the corresponding
intermediate failure region contains at least one seed with each label.

There are a few issues with this proposed approach. The most important is that
it relies on the Euclidean metric with loses utility in high dimensions [85], making this
algorithm unsuitable for a CRP. Additionally, the performance of this niching technique
is highly sensitive to the choice of niche radius, which must be chosen by the user a
priori. Finally, making the level probability larger will increase the mean number of
levels required for a given reliability problem, which in turn increase the average number
of performance function evaluations.

A reliability method that can perform well on a CRP will require a niching technique
that does not depend on the Euclidean metric. Hill valley tests are a class of niching
method that detect valleys in the objective function between two samples [86]. The idea
is that two points belong to two separate niches if they exist on two hills of an objective
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function, separated by a valley. Most hill valley tests are able to perform well in high
dimensions, however, this comes at the cost of additional objective function evaluations.
Possibly the simplest example of a hill valley test, and the most computationally cheap,
is the following test defined for two samples x,y ∈ Rd,

HVT(x,y) =

{
1 if gobj

(
x+y
2

)
≥ min(gobj(x), gobj(y)),

0 otherwise.
(3.83)

Note that a 1 is returned when no valley is detected. This simple hill valley test is the
fundamental component of the novel methods that will be presented in the following
chapters.
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4 Niching ratio methods

This chapter introduces novel algorithms that integrate niching techniques into ratio
methods for reliability analysis. In particular, hill valley tests are used to increase the
robustness of SuS when dealing with a CRPs. It should be noted that because SuS and
SIS are such similar algorithms, the ideas presented here could be adapted for use with
SIS as well. It should also be noted that like SuS and SIS, there is no fundamental reason
why the techniques presented should be limited to reliability problems in SNS, like a
first-order reliability method for example. So long as there exists a MCMC algorithm
that can sample efficiently from the required intermediate densities, a reliability problem
with any input density may be tackled. The choice to focus on SuS and SNS here has
been made mostly for concreteness and ease of exposition.

Two approaches will be discussed in this chapter. The first approach, introduced in
Section 4.1, is separated into a distinct niching stage and estimation stage. Section 4.2
explores how this method performs on the benchmarks. The second technique, presented
in Section 4.3 interweaves the niching and estimation methods throughout the run of the
algorithm.

4.1 Niching decomposition

This section introduces the niching decomposition subset simulation (NDSuS) algorithm.
The idea of this algorithm is to use niching techniques to decompose a CRP into multiple
reliability problems that are hopefully less challenging for SuS. Once this has been done,
SuS may be used to solve the easier constituent reliability problem, and the probability
of failure estimates may be combined to produce an estimate for the probability of failure
for the CRPs. This is an attractive approach since SuS may be used with only very minor
changes. This means existing implementations of SuS in different software packages may
be used and also any enhancements or improvements that have been suggested for SuS
in the literature may be applied directly to this algorithm. The niching stage is itself
comprised of two stages: niching initial sampling (NInS) and smoothing.

4.1.1 Niching initial sampling

The purpose of an initial sampling procedure in reliability analysis is to locate the failure
region. The most robust initial sampling procedure is to sample from the input distri-
bution and to reject samples not in the failure region [87]. Of course, for small failure
probabilities this approach will be inefficient. Though not explicitly a distinct initial
sampler, the first step in [17] entails sampling from a scaled input distribution. This is
only effective if the scaling is able to increase the probability of failure. The optimisation
method in [88] can efficiently locate multiple modes of the failure density by adding a
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bulge to the limit state function. However, it does require gradient information. The
technique in [16] is gradient-free, though in the case of multiple niches, it requires prior
expert knowledge regarding the performance function.

More recently, it is common to use an intermediate algorithm for the initial sampling.
For instance, [53] uses SuS for initial sampling and [89] uses a density extrapolation
approach combined with SuS [90]. As has been discussed previously, SuS can fail to
populate all of the important regions of the input space. Another approach taken in [89],
specifically used to deal with the meatball performance function, is to sample uniformly
within some predetermined bounded area. This would not be a viable strategy for a
reliability problem with a high-dimensional input space.

Before describing the NInS algorithm, a variant of the SuS algorithm is required.
Given a subset of the input space called the conditional set, A ⊂ Rd, let the conditional
probability of failure be given as P(F |A). Such problems will be called conditional re-
liability problems. It is possible to compute such a probability with a slightly adjusted
version of SuS which will be referred to as conditional subset simulation (cSuS). To con-
struct the product of ratios estimator, cSuS uses the following sequence of intermediate
densities,

qcSuSi (x) ∝ 1Fi∩A(x)f(x) for 0 < i < m, (4.1)

qcSuS0 ∝ 1A(x)f(x), (4.2)

qcSuSm ∝ 1F∩A(x)f(x). (4.3)

To sample from these densities, two small adjustments are made to SuS. Firstly, the
MCMC algorithm that is used at each level should reject candidate samples that lie
outside of Fi ∩ A, instead of only considering Fi. Secondly, some way of producing the
initial level, that is level 0, such that the samples are distributed according to f |A must
be used. Different ways of producing such an initial level will be discussed later. Note
that these definitions are really just a generalisation of a regular reliability problem and
the standard SuS algorithm, which can be seen when A = Rd.

The idea of this section is to rewrite the probability of failure in terms of conditional
probability of failures with respect to some derived performance functions. That is, the
target reliability problem gets decomposed into multiple, hopefully simpler, conditional
reliability problems. This is an attractive approach since these conditional reliability
problems may be estimated with the cSuS algorithm, which is essentially just the SuS
algorithm.

The NDSuS algorithm is governed by two related heuristics. The first is that if no
valley is detected between two points in the input space, with respect to a hill valley test
defined by the performance function, then those two points are likely to be in the same
BoA of the reliability problem. This will be useful for efficiently searching the input space
for parts of the failure region. This is because hill valley tests that use failure samples
that have already been located may be used to define regions of the input space that
no longer need to be explored. This idea is central to the NInS algorithm. The second
heuristic is that if no valley is detected between two failure samples, then they are likely
to be in the same MSR of the failure density with respect to some MCMC algorithm. Of
course, this heuristic can not be formally proven, because it always depends on precisely
what MCMC algorithm is being used. This will be useful since the NDSuS algorithm
explicitly attempts to model the number of MSRs a reliability problem has.
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The decomposition of the reliability problem is done by identifying a set of points in
the input space called generators ((yij)

nj

i=1)
K
j=1, where K ∈ N will be the number of MSRs

that NDSuS predicts the reliability problem has and nj ∈ N is the number of generators
required to model the ith MSR. How this is done will be discussed later, but for now it
will be assumed they have been found. The generators have an important property that
requires some definitions to establish. First, denote the bounded performance function as

ḡ(x) := min(g(x), 0). (4.4)

The bounded performance function is considered because the definition of the BoAs of
a reliability problem is not influenced by the performance function in the failure. Put
another way, the behaviour of SuS is not affected by the value of the performance function
in the failure region, so long as the failure region is correctly defined. If the regular
performance function were used instead in the following definitions, then valleys could be
potentially identified in the failure which SuS has no problems traversing.

Let the hill-valley performance functions be given as,

gHV
ij (x) := ḡ((x+ yij)/2), (4.5)

for 1 ≤ i ≤ nj and 1 ≤ j ≤ K. That is, the performance function has been transformed
into new performance functions that are re-centred around the generators using a hill
valley test. The joint hill-valley performance functions are defined as

gJHV
j (x) := max

1≤i≤nj

gHV
ij (x). (4.6)

for 1 ≤ j ≤ K. Now each joint hill-valley performance function has an associated failure
region

FJHV
j := {x ∈ Rd : gJHV

j (x) ≥ 0}. (4.7)

for 1 ≤ j ≤ K. Finally, if the generators have been chosen appropriately, they should
imply the following property,

P(F) ≈
K∑
j=1

P(FJHV
j )P(F|FJHV

j ). (4.8)

That is the, probability of failure may approximately decomposed into 2K conditional
probabilities of failure where K of them are conditional on the entire input space.

The generators must be chosen such that this approximate decomposition can be
made and so that it is likely that the resulting conditional reliability problems are easier
for SuS than the original reliability problem. The intention is that conditional reliability
problem has a failure density with only one MSR and ideally no safe BoAs that the SuS
algorithm can get trapped in. If these properties can be ensured, it is much less likey
that SuS will adaptively choose a sequence of intermediate densities that are intermediate
multimodal, thus avoiding the associated challenges,

The purpose of the NInS algorithm is, given a reliability problem, to locate a suitable
set of generators, according to above criteria. Importantly, it does no require any other
information regarding the performance function aside from input-output information and
its computational cost is largely independent of the dimension of the reliability problem.
The NInS algorithm requires a few important definitions. Given a performance function
g and a generator y ∈ Rd, define a hill valley basin of attraction (HVBoA) as

H(y, g) := {x ∈ Rd : ḡ(x) ≤ min (ḡ((x+ y)/2)), ḡ(y))}. (4.9)

71



The purpose of a HVBoA is to model the BoA that y lies inside, where y is assumed to
be some sort of approximation of an attractor. Given a performance function g and a
finite set of generators, Y = {y1, . . . ,yn}, define the non-admissible region as

H :=
⋃
y∈Y

H(y, g). (4.10)

Let the admissible region be denoted asHc := Rd\H. The admissible region will be useful,
since give the generators, which represent attractors, that have already been located, the
admissible region should approximately contain all the attractors that have not yet been
located.

The NInS algorithm constitutes three components: seed generation, Markov chain
optimisers (MCOs) and generator location. All three components depend on the currently
located generators Y and the resulting admissible regionHc, which are updated iteratively
as the algorithm proceeds. At the start of the algorithm, the set generators is empty,
that is Y = ∅ and so Hc = Rd. The idea of the seed generation algorithm is to simply
sample from the input distribution until a sample is generated in the admissible region.
Sometimes the high-density region of the input distribution may lie entirely inside the
non-admissible region, despite there still being important regions of the failure density
to populate. For this reason, after every failed attempt at generating a seed in the the
admissible region, an increasing amount of noise is added to the input distribution for the
next attempt. If, after some fixed number attempts, the algorithm still can not produce
a sample in the admissible region, then it is assumed that the admissible region covers
the entire input space and the NInS algorithm is stopped. Seed generation is formally
described by the following steps:

Seed generation:

1. Set σnoise = 0 and crej = 0.

2. Let nrej be a user-defined parameter called the rejection limit. If crej > nrej stop the
algorithm and return no seed.

3. Sample x ∼ f and z ∼ N (0d, Id). Let x
′ = x+ σnoise · z.

4. If x′ ∈ Hc then terminate the algorithm and return x′ as a seed.

5. Update and crej ← crej + 1 and σnoise ← σnoise + σstep where σstep is a user-defined
parameter. Go to Step 2.

Once a seed is generated, it is used to start a MCO, which consists of two steps. First,
chain of length ns is created using a MCMC algorithm with stationary distribution f |Hc

starting at the seed. This single chain is then then used as an initial level of a cSuS
algorithm with Hc as the conditional set and in which every level only consists of one
chain, that is NL = p−1

L = ns. The resulting associated conditional probability of failure
estimate will be very poor for two reasons. Firstly each level is only constructed using one
chain. Secondly, the seed used for the initial level may have had a lot of noise applied to
it, and so will not be distributed according to f |Hc. This is not a problem, because cSuS
is not being used here to estimate the conditional probability of failure, but is instead
being used to locate the failure region, hence the name of a MCO.
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Once a MCO has terminated, generator location takes place. If the MCO never
created any failure samples, then the sample with the highest performance from the the
last level of the cSuS algorithm, say y, is added to list of generators, Y ← Y∪y. This will
be referred to as a safe generator. A safe generator may be thought of as approximating
the attractor of a safe BoA. Otherwise, the failure sample that was last to be generated
during cSuS is selected as a seed. This seed will be used with a MCMC algorithm to
construct a chain, referred to as a generator chain, of length ngen

s with the failure density
as its stationary distribution, where ngen

s is a user-defined parameter called the generator
chain length. Because of the noise added in the seed generation procedure, there is no
guarantee that the seed is distributed according to the failure density, and so some burn-
in phase may be required. To account for this, the first half of the generator chain is
discarded.

The generator chain is now randomly sampled from with replacement nrep times,
where nrep is a user-defined parameter called the representative number. These samples
are meant to serve as an approximation of the entire generator chain. The reason this is
done, instead of simply considering the entire chain is because it will reduce the amount
of performance function evaluations required later. The resulting samples are added to
a set called the representatives, denoted by R, which is the empty set at the start of
NInS procedure. Now the set R \ H is considered. This set indicates the parts of the
failure region that are not currently covered by the non-admissible region. If it is empty
then the NInS starts again from the seed generation phase. If not, a member of this
set is randomly selected, say y ∈ R \ H, and then added to the set of representatives,
Y ← Y ∪ y. This process is repeated until R \H is empty.

Consider a graph called the joint hill valley graph, denoted by GJHV, where the vertex
set is Y . Put an edge between two vertices y1 and y2 if

H(y1, g) ∩H(y2, g) ∩R ≠ ∅. (4.11)

The control flow of the algorithm is mainly governed by a user-defined parameter called
the discover limit, ndsc, which regulates the number of consecutive iterations the algorithm
can make without increasing the number of connected components of GJHV. To make the
control flow of the NInS procedure more clear, it is now summarised.

Niching initial sampling:

1. Set cdsc = 0.

2. If cdsc = ndsc then terminate the algorithm.

3. Generate seed x with the seed generation procedure. If no seed is returned then
terminate the algorithm.

4. Run a MCO using the seed x and with Hc as the conditional set.

5. If the MCO produces failure samples, carry on. Otherwise, take the sample with the
highest performance from the MCO, say y, and add it to the generators, Y ← Y∪y.
Update cdsc ← cdsc + 1. Go to Step 2.

6. Use the last failure sample to be generated by the MCO as a seed to create the
generator chain with an MCMC algorithm of length ngen

s . Discard the first half of
the generator chain.
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7. Randomly sample nrep times from the generator chain add the result to the set of
representatives,

R ← R∪ {x1, . . . ,xnrep}. (4.12)

8. Update cdsc ← cdsc + 1.

9. If R \H = ∅ then go to Step 2.

10. Randomly select y ∈ R \ H, and then update set of representatives, Y ← Y ∪ y.
If the number of connected components of GJHV increases after this addition, then
set cdsc = 0. Go to Step 9.

From this point on, after a NInS procedure has terminated, it will be assumed that
all the safe generators have been removed from Y . This is because the generators will
now be used to model the failure region, and so they are not required. The central idea
behind this algorithm is that H has been constructed in such a way that it is impossible
to produce a sample from the failure density with a MCMC algorithm that does not lie in
H, regardless of starting seed. Due to this construction, it is reasonable to assume that

P(F) ≈ P(F ∩H). (4.13)

This is useful as now H may be used to in some way approximate the failure region, or
more precisely, the high density parts of the failure region.

It is possible to decompose H into smaller sets. Assuming that GJHV has K connected
components where the jth component has nj vertices, label the generators as ((yij)

nj

i=1)
K
j=1

such that yij and yi′j belong to the same connected component for all i, i′ and j. The
heuristic mentioned above, that failure samples with no valley in-between them belong
to the same MSR, motivates this definition. If this heuristic is true, then the generators
should now be sorted according to which MSR they belong to.

By definition, it is true that

K⋃
j=1

nj⋃
i=1

H(yij, g) = H. (4.14)

Also note, by the definitions given in Equations 4.7, the following also holds,

nj⋃
i=1

H(yij, g) ∩ F = FJHV
j ∩ F . (4.15)

for 1 ≤ j ≤ K. Equation 4.11 implies that the joint hill-valley failure regions should
have very little overlap in the failure region. This implies that the following should be
approximately true

P(FJHV
j ∩ FJHV

j′ ∩ F) ≈ 0, (4.16)

for 1 ≤ j < j′ ≤ K. Combining all these statements allow for the required decomposition
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to be made

P(F) ≈ P(F ∩H) (4.17)

= P

(
F ∩

K⋃
j=1

nj⋃
i=1

H(yij, g)

)
(4.18)

= P

(
F ∩

K⋃
j=1

FJHV
j

)
(4.19)

≈
K∑
j=1

P
(
F ∩ FJHV

j

)
(4.20)

=
K∑
j=1

P(FJHV
j )P(F|FJHV

j ). (4.21)

There are some small implementation details of NInS algorithm to consider. Firstly,
when evaluating the membership of the admissible region, care should be taken so that the
procedure is not needlessly computationally expensive. That is, each generator should be
considered in turn, and if at any point no valley is detected, there is no need to carry on
with the rest of the generators. This should be done since each hill valley test requires the
evaluation of the performance function. The same logic applies to evaluating the joint hill
valley performance functions for determining the membership of the intermediate failure
regions. It is possible for the algorithm to never produce a failure sample, and so the
above decomposition may not be able to be made. To avoid this, a condition could be
added such the algorithm keeps on running until a failure sample is produced, regardless
of other stopping conditions. However, in the end this may just be a sign that the true
probability of failure is actually zero.

4.1.2 Smoothing

The next stage of NDSuS is smoothing. The principal idea behind smoothing is to attempt
to remove safe BoAs from the conditional reliability problems. Given a joint hill valley
performance function, denoted by gJHV, and associated failure region, denoted by FJHV,
smoothing creates a new joint hill valley performance function, gJHV

∗ , and associated
failure region, FJHV

∗ , such that

P(FJHV) ≈ P(FJHV
∗ ∩ FJHV), (4.22)

= P(FJHV
∗ )P(FJHV|FJHV

∗ ). (4.23)

That is, FJHV
∗ contains the high density region of FJHV. In some sense, the smoothing

procedure represents a type of backwards SuS, that starts at the failure region and creates
a sequence of subsets that increasingly have a higher probability with respect to the input
density.

The smoothing process consists of two parts. The first checks if the smoothing is
necessary, and then if it is, the second creates the new performance function. The checking
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procedure is done by running SuS ncheck times, where the number of checks is a user-
defined parameter. Each SuS run uses gJHV as its performance function and each level
consists of only one chain. This step could be interpreted as using MCOs where the
entire input space is the conditional set. If any of the SuS runs do not populate the
failure region, then the second step is performed, and otherwise it is not.

The second step of the smoothing process is very similar to the seed location procedure
used during NInS. To begin, one of the generators of gJHV is selected at random as a seed.
This seed is the used by a MCMC algorithm to generate a generator chain of length ngen

s

with stationary distribution f |FJHV. The first half of the chain is discarded to account
for the burn-in phase. Then, nrep samples are randomly chosen and are called collectively
the set of representatives, denoted as R. Let the set of generators, Y , begin as the empty
set and define the associated non-admissible set H. Whilst R \ H ̸= ∅, randomly add
samples from R to Y . When this process is complete, use all of the generators in Y
to define a smoothed joint hill valley performance function, gJHV

∗ , and associated failure
region FJHV

∗ . The approximation used in Equation 4.22 is justified by the process of
construction.

The entire smoothing process can now be applied to the smoothed joint hill valley
performance function, and so on, until the checking procedure determines that no more
smoothing is required. After NInS has completed, the smoothing process is carried out
on each of the FJHV

j for 1 ≤ j ≤ K. The smoothing process is now summarised.

Smoothing:

1. Set j = 1.

2. If j > K, terminate the algorithm.

3. Set gJHV ← gJHV
j and FJHV ← FJHV

j .

4. Run SuS ncheck times with NL = p−1
L and performance function gJHV. If all SuS

runs populate the failure region, update j ← j+1 and go Step 2. Otherwise, carry
on.

5. Randomly select a generator of gJHV, use it as a seed with a MCMC algorithm to
create a generator chain of length ngen

s with stationary distribution f |FJHV. Discard
the first half of the chain.

6. Randomly select nrep samples from the generator chain and denote that collection
R. Set the set of generators as Y = ∅ and denote the associated non-admissible
region as H.

7. If R\H ≠ ∅ then carry on. Otherwise, use the generator Y to define smoothed joint
hill valley performance function, gJHV

∗ , and associated failure region FJHV
∗ . Update

gJHV ← gJHV
∗ and FJHV ← FJHV

∗ . Go to Step 4.

8. Randomly select y ∈ R \ H, and then update set of representatives, Y ← Y ∪ y.
Go to Step 7.

For the jth joint hill valley performance function, the smoothing procedure generates a
sequence of sj new smoothed performance functions and associated failure regions. These

new failure regions are labelled as F (j)
i for 1 ≤ i ≤ sj in reverse order of creation. That
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is, F (j)
1 was the last to be created and F (j)

sj was the first. Let F (j)
0 = Rd, F (j)

sj+1 = FJHV
j

and F (j)
sj+2 = F . Let g

(j)
i be the associated joint hill valley performance functions for

1 ≤ j ≤ K and 1 ≤ i ≤ sj + 1. By combining the approximations made in Equation 4.8
and in Equation 4.22, the following approximation may be made for the probability of
failure

P(F) ≈
K∑
j=1

sj+1∏
i=0

P
(
F (j)

i+1|F
(j)
i

)
(4.24)

Each conditional probability of failure, P
(
F (j)

i+1|F
(j)
i

)
may be estimated using the cSuS

algorithm with performance function g
(j)
i+1 and conditional set F (j)

i . This results in the
following estimators,

P
(
F (j)

i+1|F
(j)
i

)
≈ P̂

(j)
i (4.25)

for 1 ≤ j ≤ K and 0 ≤ i ≤ sj+1. Combining these estimators gives the NDSuS estimator
for the probability of failure,

PF ≈ P̂NSuS
F :=

K∑
j=1

sj+1∏
i=0

P̂
(j)
i (4.26)

The only issue that remains is to create an initial level for each of the cSuS runs
with the correct distribution. Note that for the cSuS runs associated with the estimators
P̂

(j)
0 for 1 ≤ j ≤ K, the conditional set is the input space and the initial level may

be simply sampled from the input distribution. Also note that if cSuS has just been

ran targetting the conditional probability of failure P
(
F (j)

i+1|F
(j)
i

)
, then the final level

should contain samples distributed according to f |F (j)
i+1,F

(j)
i . These samples should also

be approximately distributed according to f |F (j)
i+1. And so, if these samples are resampled

uniformly at random with replacement nc times, they can be used as seeds to generate
Markov chains of length ns with stationary distribution f |F (j)

i+1. This is then precisely the

initial level required for the cSuS targetting P
(
F (j)

i+1|F
(j)
i

)
. In this way the final level of

one cSuS can be used to construct the initial level of the next. One way of interpreting
this is that there are K runs of SuS like algorithms, that each consist of sj + 1 cSuS
algorithms that are linked together. The final NDSuS is now summarised.

Niching decomposition subset simulation:

1. Run the NInS procedure.

2. Run the smoothing procedure using the output of the NInS procedure.

3. Set j = 1.

4. If j > K, terminate the algorithm.

5. Set i = 1. Sample initial level, L0, of size NL from the input distribution.

6. Run cSuS with initial level L0, conditional set F (j)
i and performance function g

(j)
i+1.

Update i← i+ 1.

7. If i > sj + 1, Update j ← j + 1 and go to Step 4.
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8. Generate initial level L0 of size NL distributed according f |F (j)
i using final level of

previous cSuS and a MCMC algorithm. Go to Step 6.

All MC reliability methods make some assumptions about the reliability problem in
order to reduce the variance of their estimator in comparison to the MC estimator for
the probability of failure. The NDSuS estimator is no different. In particular, NDSuS
is implicitly assuming a couple of different important properties. Firstly it is assuming
that the number of MSRs of the failure density is relatively low. If this were not the
case, then a large number of generators would be required to model the failure region
accurately and a large number of SuS runs would be required to accurately estimate the
probability of failure. In this case, the resulting algorithm would be so computationally
expensive that the MC estimator may as well be used instead. Additionally, it is being
assumed that the hill valley test can be used to accurately model each MSR. If this is not
the case, the algorithm may split up one MSR into multiple different reliability problems,
again wasting computational resources.

Fortunately, in both of these cases, the algorithm can to some extent determine when
these assumptions are being violated and the user can then act on this information. For
example, if the NInS algorithm identifies too many generators then the algorithm could
stopped. If it is ever determined that different samples from one generator chain belongs
to two separate groups of generators then the algorithm may also be stopped. This second
condition is considered in the implementation that is used in the numerical examples in
this work. When this condition is triggered, the algorithm reverts to just simply running
SuS. This condition is only ever triggered by the loss performance function, due to its
complex geometry that is difficult for the generators to model accurately.

As will be seen in the next section, the NDSuS algorithm is able to perform extremely
well the on the selected benchmarks. Indeed, the general strategy of running some type
of process that decomposes the reliability problem in simpler reliability problems is at-
tractive, since those simpler reliability problems may be tackled by existing methods, as
has been done here with SuS. Additionally, the hill valley test seems to be a powerful
general tool for reliability analysis since it does not deteriorate in higher dimensions like
the Euclidean metric. However, the separate NInS and smoothing stages are slightly awk-
ward, could be easier to implement and introduce quite a few user-defined parameters.
Ideally, the NInS procedure and smoothing procedure could be combined into one more
streamlined algorithm. This would be an interesting topic for future work.

One alternative approach that was attempted during the course of this work was to
consider the all hill valley performance functions simultaneously as is done in generalised
subset simulation [91, 92]. The idea is that each intermediate failure region is the union
of intermediate failure regions defined by the hill valley performance functions. This
approach has a somewhat simplified control flow, since only one run of SuS is ultimately
needed and there is no need to sort the generators into groups. However, this strategy
would require all of the hill valley performance functions to be evaluated for all of the
samples, even when a sample is in part of the input space that is only relevant to one
of the hill valley performance functions. In contrast NDSuS, by grouping the generators
and running separate SuS runs for each group, is able to more efficiently evaluate the
hill valley performance functions. One aspect of NDSuS that could be explored more is
that some of the MSRs that have been modelled may be very low density and thus will
not contribute much to the overall probability of failure. This NDSuS has the potential
to waste an entire run of SuS on a region of the failure density that is not important.
Unfortunately, there is no way of knowing this before the SuS run is started. One strategy
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could be to update a level of each of the K sequences of cSuS runs at a time, rather than
completing one of them fully and then moving onto the next. In this way, when one of
the sequences reaches the failure region, the others may all be stopped as well, in order
to prevent further irrelevant levels.

4.2 Numerical Examples

In this section, the performance of the NDSuS algorithm on the benchmarks is analysed.
Before discussing the overall results of NDSuS on the benchmarks, its behaviour on
specific reliability problems is explored in order to give a deeper understanding of how
it works. First the piecewise linear function is considered in depth, and then the black
swan performance function.

4.2.1 Piecewise linear function

Recall that the piecewise linear function has two BoAs, where one contains a high density
MSR of the failure density and the other contains a low density MSR of the failure density.
The original SuS algorithm struggles to consistently populate the high density MSR due
to the misleading geometry.

Figure 4.1 shows a run of NInS on the piecewise linear function. Since the admissible
region is the entire input space at the start of the algorithm, the first seed that is suggested
by the seed generation process is automatically accepted with no noise applied to it. This
seed is then used to run a MCO which is shown in Figure 4.1a. This MCO manages to
reach the failure region and so a seed is selected to create a generator chain. The generator
chain is then created, the representatives are chosen, and the generators are chosen from
those representatives. As can be seen in Figure 4.1b, on this occasion only one generator
is required in order to model the MSR. This is due to the relatively simple geometry of
the piecewise linear function.

Once the first generator has been selected, the non admissible region is no longer the
empty set, but instead attempts to model the basin of attraction that the generator lies
in, as can be seen in 4.1b. Now seed generation begins again. This time, some of the
seeds may be rejected since the non-admissible region covers a large part of the high
density region of the input density. As a result, noise is added until a sample outside of
this region can be produced. Once this sample is produced, it is used to run the second
MCO, which is shown in Figure 4.1c. Note that the MCO never steps outside of the
admissible region due to it being a cSuS run with its conditional set as the admissible
region. Again, this MCO manages to reach to failure region and so a new seed is selected
for the generator chain. Using that seed a new generator chain is sampled as shown in
Figure 4.1d. Note that the seed on this occasion happens to be quite far from the high
density region of the MSR. This is why the burn-in phase is required for the generator
chain. Now new representatives are randomly sampled, and again, only one generator is
required to model the MSR. Now the non-admissible region is the entire input space,
and so it is impossible for the seed generation algorithm to generate a seed. After nrej

attempts at doing so, the entire NInS algorithm is terminated.
On this particular occasion, no smoothing is required. This is determined by the

NDSuS by running SuS on the newly created joint hill valley performance functions that
are defined by the generators that were found by NInS. Since SuS is able to reach the
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Figure 4.1: A run of NInS on the piecewise linear function.
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failure regions, the smoothing procedure is not used. This is quite typical for the the
piecewise linear function, because it has no safe BoAs to begin with. However, despite
this, it is possible that the newly created conditional reliability problems do have safe
BoAs which tend to have to be smoothed over.

Figure 4.2 shows the four runs of cSuS on the four conditional reliability problems the
NInS procedure has decomposed the piecewise linear function into. Figure 4.2a shows
the first such run. Note that the conditional set in the first run of a sequence is simply
the entire input space, so it may be treated like a regular reliability problem. This
conditional reliability problem is associated with the high density MSR. In this case, the
geometry of this new reliability problem guides the cSuS samples in the desired direction.
Figure 4.2b shows the second and final conditional reliability problem in this sequence.
Note that the performance function is now the piecewise linear function itself. The final
conditional reliability problem always use the original performance function. However,
this is conditional reliability problem, and so cSuS is restricted to the failure region of
the previous performance function. The high density region of the failure density is
successfully populated by the samples.

Figure 4.2c starts a new sequence of conditional reliability problems, this time asso-
ciated with the second generator that was located by the NInS procedure. Now it can
be seen that the cSuS are guided by the geometry of the joint hill valley performance
function in other direction. Finally, Figure 4.2d shows how the low density MSR of the
failure density becomes populated. To estimate the probability of failure the two esti-
mates from the two sequences are added together, which themselves are each products of
two estimates. The sequence associated with the low density MSR produces a negligible
estimate compared to the estimate of the sequence associated with the high density MSR.
Ideally there would be some way of knowing this a priori, since the a priori, since the
entire sequence is not really required. On the other hand, if a practitioner wants to know
the individual probabilities of all the MSRs for some practical reason, then this sequence
would still be useful.

4.2.2 Black swan function

Recall that the black swan function has two BoA, one safe and one failure, and that its
failure density has one MSR. Figure 4.3 shows a run of NInS on the black swan function.
The first MCO is shown in Figure 4.3a. It is important to note that the this MCO does
not manage to reach the failure region. This is because the safe BoA dominates the the
high density part of the input density. In this case, the seed is chosen as the sample
with the highest performance. However, as shown in Figure 4.3b, no chain is generated
from this seed. Instead it is used as a safe generator. Note how important it is that the
HVBoA is defined in such a way that the HVBoA of a safe generator never contains any
of the failure region. The non-admissible region now covers all of the high density region
of the input space.

Figure 4.3c shows the run of the second MCO. Notice that a lot of noise had to be
applied in the seed generation step in order to escape form the non-admissible region in
this case. This MCO is able to reach the failure region and produce a failure sample
seed. Figure 4.3d shows the generator chain, representatives and the selected generator
that models the MSR of the failure density. Finally, the non-admissible region covers
the entire input space and so the no more seeds can be generated, and the algorithm is
terminated. Note that now going forward, only the failure generator will be considered

81



Limit state surface
Conditional set
Level 0
Level 1
Level 2

Level 3
Level 4
Level 5
Level 6

4
2

0
2

4
6

x4

2

0
2

4
6

x

0

Performance

(a) Conditional SuS 1.

4
2

0
2

4
6

x4

2

0
2

4
6

x

1

0

1

2

Performance

(b) Conditional SuS 2.

4
2

0
2

4
6

x4

2

0
2

4
6

x

1

0

Performance

(c) Conditional SuS 3.

4
2

0
2

4
6

x4

2

0
2

4
6

x

1

0

1

2

Performance

(d) Conditional SuS 4.

Figure 4.2: Runs of conditional SuS on the four conditional reliability problems that the
piecewise linear problem has been decomposed into.
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whilst the safe generator is discarded.
In this case, smoothing will almost certainly be required. This is due to the safe

BoA of the black swan function. A checking runs of SuS will be made and the failure
region of new joint hill valley performance function will likely not be populated. At this
point, the smoothing procedure begins. The generator chain is ran and a new joint hill
valley performance function is found. This process repeats until the checks are passed.
Figure 4.4 shows how this process looks for the black swan function, where three rounds
of smoothing have taken place in this particular run. Notice that the new failure regions,
which are coloured to match the corresponding generator chains, progressively approach
the high density region of the input space. That is, they should become easier to sample
from after successive rounds of smoothing.

Figure 4.5 shows the runs of cSuS on the conditional reliability problems that re-
sult from the the NInS and smoothing procedure. In this case there is one sequence of
four conditional reliability problems. Figure 4.5a shows the first conditional reliability
problem, in which most of the progress is made towards the failure region of the original
reliability problem. The next two cSuS runs are shown in Figures 4.5b and 4.5c. Finally,
the failure region of the black swan performance function is populated in Figure 4.5d.

Table 4.1 shows the values of the user-defined parameters used for NInS and table
4.2 shows the rest of the parameters used for NDSuS for the numerical experiments on
the benchmarks. Note that the pCN algorithm was used through out as the MCMC
algorithm. The results of the numerical examples are shown in Table 4.3. These results
show that NDSuS has a very robust performance on the benchmark functions, with the
NDP being 100% for nearly all of the experiments. Note that for both the low and high
dimensional version of the black swan performance function 1 out of 100 of the NDSuS
estimators are degenerate. Despite this not being ideal, NDSuS does offer something in
these cases. This is because in both these cases, the failure region is not reached by
the cSuS algorithms, despite the NInS algorithm finding the failure region. This lets
the user know that something must have gone wrong. That is, in this case, NDSuS is
not silently degenerate. This is one of the advantages of explicitly modelling the failure
region. Having been alerted to this problem, a user could takes some action, such as
running more smoothing steps. Note that, as expected, the number of performance
function evaluations does not increase with the dimension of the problem. This makes
NDSuS a suitable algorithm for very high dimensional problems.

Parameter Value
Proposal scale (σp) 0.5

Generator chain length (ngen
s ) 400

Discover limit (ndsc) 3
Representative number (nrep) 5

Rejection limit (nrej) 100
Noise step (σstep) 0.04
Level limit (nlimit) 100

Level probability (pL) 0.1

Table 4.1: NInS user-defined parameter values.
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Figure 4.3: A run of NInS on the black swan function.
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Figure 4.4: Smoothing the black swan function.

Parameter Value
Level size (NL) 2000

Level probability (pL) 0.1
Level limit (nlimit) 10

Check number (ncheck) 2

Table 4.2: NDSuS user-defined parameter values.

4.3 Niching Subset Simulation

This section introduces an alternative novel approach of integrating niching techniques
into SuS, called niching subset simulation (NSuS). During the course of this work, NSuS
was developed before NDSuS and is the subject of a published paper [20]. The NSuS
algorithm has some deficiencies, and does not perform well on all the benchmarks con-
sidered in this work. The NDSuS algorithm is in fact the result of trying to remedy
these deficiencies, which resulted in a better more robust algorithm, hence why it was
presented first here. However, there are some novel ideas used within NSuS that could
be of some merit in their own right and might be potentially useful for other algorithms.
Additionally, it is important to understand why NSuS does not perform as well as NDSuS.

4.3.1 Hill valley graph

In some sense, intermediate methods replace the need for an initial sampling procedure
using the intermediate densities. That is, intermediate methods simultaneously locate
the failure region and build an estimate for the probability of failure, whereas other
reliability methods first locate the failure region, and then, in a distinct step, estimate
the probability of failure. This makes the NDSuS algorithm slightly unusual, since it is
an intermediate method that uses a separate initial sampling procedure. In this aspect,
the NSuS is a more natural algorithm, since it does not use an initial sampling procedure.
Instead it uses niching techniques of the levels produced by SuS to attempt to identify
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Figure 4.5: Runs of conditional SuS on the four conditional reliability problems that the
black swan function has been decomposed into.
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g Dimension Mean PF NRSME ND% Mean g evals
gpwl 2 3.25× 10−5 0.30 100% 3.19× 104

100 3.20× 10−5 0.29 100% 3.17× 104

gveh 3 1.30× 10−6 0.32 100% 8.09× 104

99 1.33× 10−6 0.31 100% 9.41× 104

gmix 2 2.34× 10−4 0.24 100% 1.65× 104

100 2.22× 10−4 0.18 100% 1.66× 104

gbs 2 3.15× 10−7 0.55 99% 2.33× 104

100 3.11× 10−7 0.44 99% 2.28× 104

gtd 2 2.29× 10−5 0.23 100% 3.11× 104

100 2.38× 10−5 0.22 100% 3.11× 104

gmb 2 1.07× 10−5 0.24 99% 9.97× 104

100 1.12× 10−5 0.26 100% 1.02× 105

gloss 32 4.35× 10−3 0.15 100% 6.50× 103

102 1.90× 10−3 0.21 100% 6.19× 103

Table 4.3: NDSuS results on numerical experiments.

BoAs as the intermediate sequence of densities progresses.
After every level is created in NSuS, a process called the hill valley graph partitioner

is ran on that level and outputs a partition of the input space. This is done in three
steps. First, an object called the hill valley graph (HVG) is constructed using the levels
of the sample. Next, a community detection algorithm is ran on the graph, that assigns
labels to the samples of the level. Finally, a classifier is ran on the now labelled samples
to produce a partition of the input space. The idea is that the sets in the partition should
be an approximation of the BoAs of the reliability problem.

The HVG is constructed in the following way. Firstly, ng samples are randomly
selected without replacement from the level and labelled as x1, . . . ,xng where ng is user-
defined parameter called the graph size. These samples will be referred to as graph
samples and are the nodes of the HVG that will be denoted by GHVG. The adjacency
matrix of the HVG is given as

Aij := HVT(xi,xj), (4.27)

for 1 ≤ i, j ≤ ng. The idea of the HVG is that samples in the same BoA should be
more likely to share an edge. Note that this process does not depend on the dimension
of the reliability problem, and so is a useful way of understanding the topology of a high
dimensional space by converting it into graph space. Of course, this comes at the cost of
additional performance function evaluations.

Once the HVG has been constructed, it may now be analysed. A community of a graph
is a set of vertices which is internally densely connected and sparsely connected to the
other vertices in the graph. Due to the manner in which the HVG has been constructed,
vertices in the same community should correspond to samples in the same BoA, and
so the problem of deciding niches has been transformed into community detection on a
graph. Community detection algorithms can be used to label the samples according to
what niche they belong to. There are many community detection algorithms that can be
chosen from in order to complete this task.

One important consideration when deciding between community detection algorithms
is the parameters they require the user to define. Some community detection algorithms,
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such as Louvain Community Detection algorithm [93], require the user to specify a reso-
lution parameter. The higher the resolution parameter the more attention that is paid to
fine-grained details of the graph and so smaller communities are encouraged. The lower
the resolution parameter the more the algorithm focuses on large generalised structures
of the graph resulting in larger communities. Despite the fact that 1 is often used a
default value for resolution, there is still the potential for the performance of NSuS to be
sensitive to such a parameter. Other options, like the Fluid Communities algorithm [94],
require the user to a priori specify the number of communities to be identified. However,
in a black-box reliability problem there is no way of knowing how BoAs there are a priori.

With the above in mind, the asynchronous label propagation (ALP) algorithm [95] is
an attractive option since it does not require the user to specify any parameters. For this
reason, ALP was used in the numerical examples in [20]. The ALP algorithm works in
the following way. Denote a graph as G = (V,E), with vertices V = {x1, . . . , xn}. ALP
updates the labels of the vertices iteratively through different discrete time steps. Let
Cxi

(t) denote the label of xi at time t. At the beginning of the algorithm each sample is
assigned its own unique label, that is Cxi

(0) = i. To obtain the labels at step t given the
labels at step t− 1, first the vertices are given a random ordering in which they shall be
updated. Let ni be the number of vertices adjacent to xi. In the specified order, node xi

is updated with following rule:

Cxi
(t) := h(Cxi1

(t), . . . , Cxim
(t), Cxi(m+1)

(t− 1), . . . , Cxini
(t− 1)), (4.28)

where xi1, . . . , xim are the vertices adjacent to xi that have already been updated and
xi(m+1), . . . , xini

are the vertices adjacent to xi that are still awaiting an update for this
iteration, and h is function that returns the most common label. In the event of a
tie, h picks a label amongst those tied uniformly at random. Due to this tie breaking
procedure it is inappropriate to have a stopping condition that looks for no label changes
in an iteration, since it is always possible for some labels to change if there is a tie.
Consequently, instead the algorithm stops if every vertex has a label that is amongst
those labels that have caused a tie.

Once the labels have been assigned to the graph samples, a classification problem
in the original input space has been defined. A classifier may now be trained on the
labelled samples in order to define a partition of the input space. Note that if the
community detection algorithm only identifies one niche, then no classification algorithm
is required. Instead the trivial partition, containing one set that is the entire input space,
is returned instead. The classification pipeline can be arbitrarily sophisticated, potentially
consisting of steps such as data preprocessing, dimension reduction and hyperparameter
optimisation by splitting the data up into train and test sets. More details of a specific
classification pipeline will be discussed in Section 5.2.2.

Figure 4.6 depicts the entire hill valley graph partitioner procedure on level 1 of a SuS
run on the piecewise linear function. To begin, the graph samples are randomly selected
from the level, as shown in Figure 4.6a. Next, Figure 4.6b illustrates how the HVG is
constructed using the hill valley test. After that, the community detection algorithm is
ran on the HVG to identify the niches, as shown in Figure 4.6c. In this case, the algorithm
correctly finds two different niches, corresponding to the two BoA of the piecewise linear
function. Finally the classifier is ran on the the now labelled samples resulting in a
partition of the input space, as can be seen in Figure 4.6d.
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Figure 4.6: The hill valley graph partitioner acting on level 1 of SuS on the piecewise
linear function.
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4.3.2 Algorithm

The NSuS algorithm, similar to NDSuS consists of a sequence of cSuS runs. It begins
with a cSuS run where the conditional set is the entire input space and the initial level
is sampled from the input distribution, so identical to a regular SuS run. However after
every level has been generated, the hill valley graph partitioner is then ran on that level.
If the trivial partition containing one set is returned, then the cSuS algorithm simply
carries on and creates the next level. However if more than one set is returned then the
cSuS algorithm is stopped and branching occurs. This means that a new cSuS algorithm
is started in each set of the partition. That is, the conditional set of each of these new
cSuS runs is the conditional set of the current cSuS run, combined with the corresponding
set of the partition and the current intermediate failure region. The initial level of each of
the cSuS algorithm may be constructed with an MCMC algorithm and the current level
samples. This process then continues recursively, where all of these cSuS algorithms are
run, but on each level the hill valley graph partitioner is used to decide if some branching
should happen. This entire process is more formally defined by the following steps.

Niching subset simulation:

1. Sample NL times from the input distribution, and denote the resulting collection
L0. Set A = Rd. Set T = {(L0, A)}.

2. If T = ∅, then terminate the algorithm.

3. Choose a member of the set T , label it (L0, A), and remove it from T .

4. Initialise a cSuS algorithm with initial level L0 and confining set A. Call this cSuS
algorithm the current cSuS algorithm.

5. Generate one level of the current cSuS algorithm and call it L. If a stopping
condition of the current cSuS algorithm is triggered by this level go to Step 2.

6. Run the hill valley graph partitioner on L and label the resulting partitionA1, . . . , Anp .
If np = 1, go to Step 5.

7. Let F ′ denote the intermediate failure region associated with L. Define the following
conditional sets,

A′
i := A ∩ Ai ∩ F ′, (4.29)

for 1 ≤ i ≤ np.

8. For 1 ≤ i ≤ np, generate initial levels L
(i)
0 of size NL distributed according f |A′

i

using samples from L ∩ A′
i as seeds for a MCMC algorithm.

9. For 1 ≤ i ≤ np, T ← T ∪ (L
(i)
0 , A′

i). Go to Step 2.

At the end of the algorithm, the resulting cSuS runs can be sorted into a tree structure.
Let the first cSuS run be the root of the tree. Given any two cSuS runs, say cSuS 1 and
cSuS 2, then cSuS 2 is a child of cSuS 1 if it was created by a branching during the running
of cSuS 1. Now the estimates of these cSuS runs will be labelled according to this tree
structure. Note firstly that when a cSuS algorithm branches, it can be used to estimate
conditional probabilities of the confining sets of each its children. Suppose the tree has
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K leaves, that is cSuS runs without children. Label the leaves 1 to K. For 1 ≤ j ≤ K,
consider the path from the root of the tree to the jth leaf, and label cSuS algorithms on
this path from 1 to sj. For the ith cSuS run on the path let P̂

(j)
i denote the estimator for

the conditional probability of the confining set of the next cSuS algorithm on the path.
Let P̂

(j)
sj be the conditional probability of failure estimate of the leaf. Putting this all

together, the NSuS estimator for the probability of failure is given as

PF ≈ P̂NSuS
F :=

K∑
j=1

sj∏
i=1

P̂
(j)
i . (4.30)

Notice that this has an identical form to the NDSuS estimator. Both algorithm decompose
the reliability problem into easier conditional reliability problems.

There some important problems with the NSuS algorithm. The first is that confining
sets are defined using a classifier. This is is an issue since the the higher the dimension
of a problem, the more samples the classifier needs in order to correctly partition the
input space, ultimately resulting in a higher computational cost. This defeats the main
purpose of the ratio methods in this work which is that they are supposed to be suitable
for very high dimensional problems. This issue could be fixed by simply adjusting the
level probability of each level so that each niche has a sample selected as a seed, instead
of the using the partition. As mentioned previously, this simpler approach has a major
drawback in that a high level probability will greatly increase the computational cost of
the algorithm.

The more fundamental issue is that it is very possible that during the entire algorithm
run, no samples at all are generated in a BoA that contains an important part of the
failure region. In this case, the HVG has no hope of detecting the BoA. For example, the
BoA that contains the design point of the meatball function has a very low probability
with respect to the input density, and so the initial level is very unlikely to ever produce
any samples within it. The same could be said for the black-swan function as well.
Ultimately in these cases, there is not enough information locally for the algorithm to
extrapolate what the failure region will look like. This is why it seems that a strategy
involving an initial sampling routine that can provide global information should probably
be preferred in general.
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5 Niching model methods

This chapter introduces a novel framework that allows niching techniques to be com-
bined with methods that explicitly model the failure density or failure region, such as
importance sampling, bridge sampling and line sampling. It will be assumed again in
this chapter the reliability problem being considered is in SNS. However, as with the
previous chapter, so long as an appropriate MCMC algorithm and parametric family
of densities can be identified, there is no reason these techniques could no be used on
reliability problems that are not in or can not be transformed into SNS.

Section 5.1 introduces the general modular framework that will be considered and
allows for the use of niching techniques with model methods. Failure models, that is
models that attempt to model the failure density or failure region, are discussed Section
5.2. Finally, Section 5.3, explores how well the proposed methods perform on the selected
benchmarks.

5.1 Framework

Methods that attempt to model the failure density or failure region typically first employ
and initial sampling procedure in order to generate failure samples that may then be used
to then fit the parameters of some model. Finally that model is used in some manner
to estimate the probability of failure. Although a method such iCE does not explicitly
use distinct initial sampling, fitting and estimating stages, it can certainly be interpreted
in this way. In particular, all the levels that are produced prior to the final level are
essentially an initial sampling scheme, attempting to locate the failure region. Then,
the final model is fit using the penultimate level, which will likely contain a significant
number of failure samples. Then the final model is sampled from to produce the final
level, which is used as samples for an IS estimator.

There is another deficiency of iCE that has not yet been discussed, that is aside from
the challenges that basin multimodal methods present. As has been noted previously [53,
54], the importance weights that are used in the fitting of the models in high dimensions
can become degenerate. That is, the importance weights can become very large for very
few samples, and so only very few points contribute to the estimation of the parameters.
One approach to solving this problem is to use MCMC algorithms to sample from the
failure density and those use those samples for fitting, as was done in [53].

However, this strategy has another issue that has been central to the work of this
thesis. The failure density could be metastable multimodal with respect to whichever
MCMC algorithm is being used. In this case, even if all the high density MSRs are
populated with seeds, which itself is not a trivial task, it is difficult to known a priori
what the relative sizes of the MSRs are with respect to failure density and thus how many
seeds should be used in each one. In these cases, sampling with an ensemble of MCMC
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algorithms could lead to a poor approximation of the failure density. Put another way,
in these cases, the failure density could be thought of as a mixture distribution, with one
component for each MSR. However, when the incorrect amount of seeds are assigned
for each MSR, it is as though the ensemble of MCMC algorithms are sampling from this
mixture distribution, but with the incorrect component weights.

The idea of the framework that will be presented in this section is to fix this issue
with the MCMC approach. To populate all the MSRs of a reliability problem, the NInS
algorithm will be used. The generator chains that are created during theNInS procedure
will then be used to fit models for the failure density and failure region. However, there
is no guarantee that each MSR contains the correct relative amount of samples from the
generator chains, according to their weight with respect to the failure density. The idea
in this work will be to fit a mixture model to the generator chains, but then to employ a
novel component weight correction routine.

The component weight correction routine will itself rely another another novel con-
cept. When a MCMC algorithm attempts to sample from a failure density, many of the
proposed samples will be rejected for lying outside of the failure region. The process of
deciding whether a sample belongs in the failure region has a computational cost, that
is, the performance function needs to be evaluated at the proposed sample. However,
typically the knowledge of the value of the performance function of these points is not
used again in reliability methods. That is, samples that are proposed but rejected for not
lying within the failure region, which will be referred to as proposal samples, are often
simply discarded. The proposed framework makes used of these proposal samples, for
multiple different reasons.

5.1.1 Proposal models

Consider the following generating process. Run a MCMC algorithm with the failure
density as it stationary distribution. Instead of returning the Markov chain samples
however, instead replace repeated samples that were the result of rejecting a proposal
because it lay outside the failure region, with that proposal sample. This generating
process will be referred to as sampling from a proposal failure density with a PDF denoted
as fprop and the set of samples will be referred as proposal failure samples. Of course,
in general, the form of the proposal density will not be known, and it depends on the
failure density as well as the specific MCMC algorithm that is being used. In particular,
the proposal density a MCMC algorithm uses heavily influences the proposal density.
It should be noted that for MCMC algorithms such as MM, candidate samples may be
rejected even if they do lie in the failure region. These are not proposal samples. There
are other MCMC algorithms such pCN where all the rejected candidates are proposal
samples.

This section will focus on attempting to model the proposal failure density, rather than
the failure density. There are a few reasons that motivate this approach. The first reason
the proposal failure density is going to be considered is that it is often easier to model
than the failure density. This is because the failure density typically has very sudden
changes in density, from high density to zero, due to the shape of the failure region.
The result is that the failure density looks like a type of truncated density which can be
difficult for many standard parametric families, such as a family of normal distributions,
to model correctly. In contrast, the proposal failure density will typically have a more
natural shape. Ultimately the goal will be to model the failure density, and so, as will
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be seen, the model of the proposal failure density will be used as an intermediary step.
Another reason to consider the proposal failure density is that there are more samples
available for fitting. That is, the repeated samples from the failure density get replaced
with the proposal samples, providing more information. Finally, as will be seen in later
sections, some of the models that will be considered for the failure density will require
safe samples as well as failure samples in their fitting process.

Now the mixture model that will be used to model the proposal failure density will
be described. In this work, a parametric family of densities will be chosen that naturally
align with the important ring in SNS. This is done so that relatively fewer parameters are
required to describe each density, and as a result, fewer samples are required to fit those
densities. Note that if the reliability problem is not in SNS, or can not be transformed into
SNS, some other parametric family would be required. This work follows the approach
suggested in [57], of fitting a von Mises-Fisher-Nakagami mixture (vMFNM) model. This
is the model that iCE uses. It should be noted that this approach is a generalisation of the
strategy used in [54], where a von Mises-Fisher mixture (vMFM) model is considered.
The vMFM model assumes that the failure samples have radius

√
d, which becomes

inaccurate in low dimensions. Conversely, the vMFNM distribution explicitly models the
radius of the failure samples. The vMFNM model is most naturally described in polar
coordinates. Each x ∈ Rd can be rewritten as x = ra where r ∈ R is a scalar radius and
a ∈ Rd is a unit direction vector. The direction and radius are modelled separately, by
the von Mises-Fisher (vMF) distribution and Nakagami distribution respectively.

The vMF distribution is given by,

fvMF(a;µ, κ) := Cd(κ) exp(κµ
Ta), (5.1)

where µ is the the mean direction, with ∥µ∥ = 1, and κ ≥ 0 is the concentration
parameter. The normalising constant Cd(κ) is defined as

Cd(κ) :=
κd/2−1

(2π)d/2In/2−1(κ)
, (5.2)

where Ik is the modified Bessel function of the first kind with order k. The Nakagami
distribution is given by

fN(r;m,Ω) :=
2mm

Γ(m)Ωm
r2m−1 exp

(
−m

Ω
r2
)
, (5.3)

wherem ≥ 0.5 is the shape parameter, Ω > 0 is the spread parameter and Γ is the gamma
function. Together, these distributions define the von Mises-Fisher-Nakagami (vMFN)
distribution,

fvMFN(r,a;m,Ω,µ, κ) := fN(r;m,Ω) · fvMF(a;µ, κ). (5.4)

Finally, in order to be capable of modelling failure densities and the corresponding
proposal failure densities with multiple MSRs, a mixture distribution is defined. This
requires a set of K × 5 parameters,

ν = {νk := (πk,mk,Ωk,µk, κk) : 1 ≤ k ≤ K}, (5.5)

where the πk are the component weights with
∑

k πk = 1 and K is the number of com-
ponents. Let a vMFN component be defined as

fvMFNc(r,a;νk) := πk · fvMFN(r,a;mk,Ωk,µk, κk). (5.6)
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The vMFNM distribution is given as

fvMFNM(r,a;ν) :=
K∑
k=1

fvMFNc(r,a;νk). (5.7)

The first step of this framework is the to run the NInS procedure. Once that has been
completed, Denote the union of the proposal failure samples of all the generator chains as
(xi)

N
i=1. Now let these sample be given by the polar coordinates (riai)

N
i=1. These samples

will be used to fit the mixture distribution. The parameters can be fit to the samples
by minimising the relative cross entropy between the parametric family and the proposal
failure density. Following the cross entropy approach in Section 2.3.3, an approximate
objective function can be derived,

L(ν) :=
1

N

N∑
i=1

ln(fvMFNM(ri,ai;ν)). (5.8)

Of course, this optimisation problem is equivalent to maximum likelihood estimation
for a vMFNM distribution. An expectation-maximisation (EM) algorithm, which is an
iterative algorithm where each iteration comprises an expectation and maximisation step,
is typically employed to optimise these types of objective functions.

This section follows closely the EM approach detailed in [57]. However, since the
samples are sampled directly from the proposal failure density, no importance weights
appear in the approximate cross entropy objective function. This means that the task can
be considered a regular maximum likelihood estimation problem, rather than a weighted
maximum likelihood estimation problem. This is significant, it avoids the issue of degen-
erate weights in high dimensions.

On the lth iteration of the EM algorithm, the estimated parameters are denoted as,

ν̂(l) := {ν̂(l)
k := (π̂

(l)
k , m̂

(l)
k , Ω̂

(l)
k , µ̂

(l)
k , κ̂

(l)
k ) : 1 ≤ k ≤ K}. (5.9)

In the lth expectation step, the objective function is evaluated, L(ν(l)). Note that the ob-
jective function is an approximation of an expectation. Next, the latent component label
of each sample is estimated. This assignment can be done with the posterior probabilities,

γk(r,a;ν) :=
fvMFNc(r,a;νk)

fvMFNM(r,a;ν)
. (5.10)

Let γ
(l)
i,k := γk(ri,ai; ν̂

(l)) for 1 ≤ k ≤ K and 1 ≤ i ≤ N . On iteration number l + 1,
the maximisation step attempts to maximise the objective function, given the posterior
probabilities from iteration l. Using auxiliary variables,

R̄k := min

(
∥
∑N

i=1 γ
(l)
i,k · ai∥∑N

i=1 γ
(l)
i,k

, 0.95

)
, (5.11)

µj,k :=

∑N
i=1 γ

(l)
i,k · r

j
i∑N

i=1 γ
(l)
i,k

, (5.12)
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the following update rules were derived in [57]:

π̂
(l+1)
k :=

1

N

N∑
i=1

γ
(l)
i,k, (5.13)

µ̂
(l+1)
k :=

∑N
i=1 γ

(l)
i,k · ai,k

∥
∑N

i=1 γ
(l)
i,k · ai,k∥

, (5.14)

κ̂
(l+1)
k :=

R̄k(d− R̄2
k)

1− R̄2
k

, (5.15)

Ω̂
(l+1)
k := µ2,k, (5.16)

m̂
(l+1)
k :=

µ2
2,k

µ4,k − µ2
2,k

, (5.17)

for 1 ≤ k ≤ K. The Lagrangian multiplier method can be used to analytically derive
the rules for π, µ and Ω. This is not possible for m and κ, thus the updating rules
are approximated using estimators that have been shown to give empirically good results
[96,97]. The upper limit is placed on R̄ for numerical stability. At each step, if |L(ν̂(l+1))−
L(ν̂(l))| < 10−5 · |L(ν̂(l+1))|, then the algorithm is stopped, and the final parameter
estimator is relabelled as

ν̂(l+1) = ν̂ := {ν̂k := (π̂k, m̂k, Ω̂k, µ̂k, κ̂k) : 1 ≤ k ≤ K}. (5.18)

For the sake of use in the next section, the final posterior probabilities are also relabelled
γi,k := γ

(l+1)
i,k .

Note that since a set of parameters is required to compute the posterior probabilities,
and the posterior probabilities are required to estimate a set of parameters, some initial
set of posterior probabilities must be decided upon before starting the EM algorithm.
Determining the initial posterior probabilities is not typically straightforward and the
performance of the EM algorithm can be sensitive to this choice. Defining the initial
posterior probabilities requires the number of components, K, to also be decided upon.
If K is too small, then some important regions of the target density may be missed.
However, if K is too large, there may not be enough samples to fit all the parameters
accurately. In some cases, prior information regarding the reliability problem, such as
the number of components, can be used to aide in this process. However, in this work, it
is assumed no such information is available.

Clustering methods like DBSCAN [98] or k-means [99] could be used to decide the
initial posterior portabilities. However, these algorithms have their own user-defined
parameters, and will often perform poorly in high dimensions because of their reliance on
the Euclidean metric [85]. However, because of the use of NInS, there is a natural choice
for the number of components. That is the number of connected components of GJHF ,
as was defined in Section 4.1.1. The posterior probabilities could also be informed by
the NInS algorithm. In particular samples from the same generator chains should likely
be assigned to the same initial component. However, in testing, this type of approach
seemed to offer no benefit over just randomly assigning each sample to a component.
This random approach is must simpler and so that was used instead.
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Because of the ergodicity issues that metastable multimodal failure densities can cause
for MCMC algorithms, the component weight estimate from the previous section is likely
to be inaccurate. In this section, one last adjustment is made to the component weight
estimate, whilst the other estimators are left as they are. The cross entropy optimisation
problem that was used to define the objective function in Equation 5.8 is considered with
respect to the proposal failure density and with an additional importance weight term,

ν ′ := argmax
ν

Efprop

[
ln(h(x;ν))

f(x)1F(x)

fprop(x)

]
. (5.19)

The parameter set fit in the previous section can be used to approximate the proposal
failure density, fprop(·) ≈ fvMFNM( · ; ν̂). Note that if instead of modelling the proposal
failure density, the failure density was modelled by say fvMFNM( · ;νF), then at this stage
the approximation fF ≈ fvMFNM( · ;νF) would have to be used. Due to the more difficult
shape of the failure density, this approximation tends to be considerably worse than the
one that is being used. This is the primary motivation behind the use of the proposal
failure density.

This approximation, together with the proposal failure samples, may be used define
the following to approximate optimisation problem,

ν̂ ′ := argmax
ν

1

N

N∑
i=1

ln(fvMFNM(ri,ai;ν))wi, (5.20)

with wi = f(ri,ai)1F(ri,ai)/fvMFNM(ri,ai; ν̂) where the input distribution and indicator
function are defined in polar coordinates. The Lagrangian multiplier method may be
then used again to derive a weighted updating rule for the component weights,

π̂′
k :=

∑N
i=1 wi · γi,k∑N

i=1wi

, (5.21)

for 1 ≤ k ≤ K.
These new component weights could be used directly in the model for the failure

proposal density. However, sometimes a component may be assigned a negligible amount
of weight, when in reality, the proposal failure density does assign a significant amount
of weight to the region of the input space that that component covers. This type of
error can be corrected later on the framework by sampling more from this region so that
the model can be improved. However, the amount of computational resources that the
framework assigns to each section of the input space for sampling is determined by these
weights. If a weight is so small the the framework assigns no computational resources to
sample from there, then it could be the case that the type of correction required never
occurs. For this reason, the framework is made more robust by smoothing the weights.

Let wsmooth be a user-defined parameter called the smooth weight. Now let

π̂smooth
k :=

{
π̂′
k π̂′

k > wsmooth

wsmooth π̂′
k ≤ wsmooth,

(5.22)

for 1 ≤ k ≤ K. Now normalise the smoothed weights,

π̃smooth
k :=

1∑K
k′=1 π̂

smooth
k′

· π̂smooth
k . (5.23)
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Let ν̂c denote the parameter set that is the result of replacing π̂k with π̃smooth
k in ν̂ for

1 ≤ k ≤ K. That is, the final model for the proposal failure density, which will be called
the proposal model is given as fvMFNM( · ; ν̂c).

It should be noted that the importance weights here can actually be used to esti-
mate the probability of failure with an estimator that will be referred to as the proposal
estimator,

PF ≈ P prop
F :=

1

N

N∑
i=1

wi. (5.24)

This can be thought of as a sort of approximate IS estimator. That is, if the samples were
truly sampled from fvMFNM( · ; ν̂) rather than the proposal failure density, then it would
just be an IS estimator. In numerical experiments, it was found that this estimator can
often give surprisingly good results for the probability of failure despite not actually being
an IS estimator. However, it is not robust enough to be used as a reliability method.

5.1.2 Control flow

The general framework that will now be described will be referred to as the niching
model framework (NMF). The NMF consists of two for loops, and outer and inner loop.
The purpose of the outer loop is to update a dataset which will be referred as the NMF
dataset. The purpose of the inner loop is to use the NMF dataset to fit the proposal
model, and then ultimately fit a model for the failure density, which will be referred
to as a failure model. The failure model is sampled from and the samples are used to
estimate the probability of failure. The sampling from the failure model is done in small
batches, rather than all at once. The size of these batches is controlled by a user-defined
parameter called the sample size as is denoted by nsize. This is done so that it may be
monitored how well the failure model approximates the failure density. If it is determined
that failure model is a poor approximation of the failure density, the sampling process
stops, and the NMF returns to outer loop so that more samples may be added to NMF
dataset, so that a new failure model that is a better approximation of the failure density
may be fit.

The NMF dataset is a collection of Markov chains, with more chains being added with
each iteration of the outer loop. Initially, immediately after NInS has terminated, the
NMF dataset consists of the generator chains that NInS generates. On every iteration
of the outer loop the NMF selects new seeds from NMF dataset and then uses MCMC
algorithms with the failure density as their stationary distribution to generate new chains,
which are then added to the NMF dataset. Note that there also exists an associated
dataset, called the proposal NMF dataset that consists of all the proposal failure samples
of the all the chains in the NMF dataset.

The addition of new chains to the NMF dataset is done in the following way, given a
proposal model. Let (xi)

N
i=1 be union of all the samples of the chains in the NMF dataset.

Let γc
i,k denote the posterior probabilities of these samples with respect to the proposal

model. Now define the following sets of indices,

Ik = {1 ≤ i ≤ N : k = argmax
1≤k′≤K

γc
i,k′} (5.25)

for 1 ≤ k ≤ K. From each of these sets, uniformly at random select one of the members
and denote the results as i1, i2, . . . , iK . Define the budget for sampling as nbudget =
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Mbudget · d, where Mbudget is a user-defined parameter called the budget multiplier. Now,
for 1 ≤ k ≤ K, run a MCMC algorithm to generate a chain with the failure density as
the stationary distribution, xik as the seed and of length ⌈nbudget · π̃smooth

k ⌉. The idea
is that, assuming the component weights of the proposal model are roughly correct, the
correct number of samples should be produced in each MSR, with respect to their relative
probabilities under the failure density.

Once the NMF dataset has been updated, a new proposal model may be fit using the
associated proposal NMF dataset. The new proposal model will then be used to fit the
failure model. The precise details of specific failure models will be covered in the next
section. All that is required to understand the control flow of the NMF is that a failure
model must have following properties:

• Can be fit given a proposal model and a NMF dataset.

• Can be sampled from, where the resulting samples may be used to estimate the
probability of failure

• Can provide an estimate of the CoV of the probability of failure estimate.

• Can estimate a projected CoV, that is a estimate for the CoV of the estimate for
the probability of failure that would result from sampling some fixed number of
additional times.

The control flow of the NMF is governed by a user-defined parameter called max inner
iterations which is denoted by nouter and a user-defined parameter called target CoV that
is denoted by δtarget. The inner loop of the NMF will be referred to as failure model
estimation. The NMF is given by the following steps:

Niching model framework:

1. Run the NInS procedure.

2. Set couter = 0 and δ =∞.

3. If couter = nouter or δ < δtarget then terminate algorithm.

4. Update couter ← couter + 1.

5. If couter = 1, then update the generator chains where each chain is increased by
length ⌈nbudget · ngen⌉ where ngen is the number of generator chains. Otherwise use
the proposal model fit in the previous iteration to update the NMF dataset.

6. Run failure model estimation, and then update δ as the estimate of the CoV of the
probability of failure estimate. Go to Step 3.

The inner loop, failure model estimation, requires another user-defined parameter.
Let ninner be the max inner iterations. The failure model estimation procedure requires
access to the variable couter from the outer loop. Failure model estimation is summarised
by the following steps:

Failure model estimation:
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1. Fit a proposal model using the proposal NMF data.

2. Fit a failure model using the proposal model and NMF data.

3. Set cinner = 0, δproj =∞ and δ =∞.

4. If (δproj > δtarget and couter < nouter ) or cinner = ninner or δ < δtarget terminate
algorithm.

5. Update cinner ← cinner + 1.

6. Set nproj = (ninner − cinner) · nsize.

7. Sample from failure model nsize times. Now update the estimates for the CoV and
projected CoV given nproj more samples and denote them as δ and δproj respectively.
Go to Step 4.

5.2 Failure models

This section gives examples of failure models that have the required properties for the
NMF. As well being modular and interchangeable components in the NMF, these failure
models are defined with respect to general parametric families and so they are modular
frameworks themselves. These failure models are fit by making use of the latest fit
proposal model in the NMF.

5.2.1 Niching importance sampling

One approach to fitting a model for the failure density could be to consider the collective
samples of the NMF dataset, denoted as (xi)

N
i=1, and directly fit a mixture distribution

to them using an EM algorithm. In particular, the precise EM algorithm that was used
to fit vMFNM model to the proposal failure samples could be used with respect to the
NMF dataset instead. The issue with this strategy, as previously mentioned, is that
components weights will likely be incorrect due to the ergodicity issues of the chains.
This is one of the motivations for fitting the proposal model first instead.

The proposal model offers a way of fitting a mixture distribution to the failure samples
without the need for an additional EM algorithm to be run. Denote the posterior proba-
bilities of the samples under the proposal model as γc

i,k and the let the component weights

of the posterior model be given as π̃smooth
k for 1 ≤ k ≤ K. The posterior probabilities may

be used to define K different weighted datasets, that all use the same samples but with
different weights. A parametric family of densities may now be independently fit to each
of the K weighted data sets, resulting in K different densities. These densities may be
combined into one mixture density by assigning them the associated component weights
π̃smooth
k for 1 ≤ k ≤ K. All that is required for this fitting procedure is a parametric

family with parameters that can be fit with weighted samples. The numerical examples
in this work will use the vMFN density and the parameters may be fit to the weighted
samples using Equations 5.14–5.17.

The correcting of the component weights is not the only motivation for fitting the
proposal distribution first. The above procedure that is used to fit a mixture distribution
without the need for an additional EM algorithm has another benefit. As will be explored
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in the next section, there exists parametric families of densities with methods for fitting
their parameters to weighted samples that do not have a natural EM algorithm for fitting a
mixtures. The above approach then offers a way fitting mixtures of this type of parametric
family. It should be noted that of course EM algorithms tend to have nice theoretical
properties, depending on the nature of the updating rules they use, that allow certain
guarantees to be made about the parameter set that is ultimately returned. The approach
for fitting a mixture distribution described above is a heuristic approach, and so the same
guarantees may not necessarily hold.

Given a failure model that has now been fit the most natural approach to estimating
the probability of failure is to use it as an importance density. That is, sample from the
failure model and use the samples to construct and IS estimator. The details of the IS
estimator for the probability of failure, including an estimator for its CoV, were given in
Section 2.2.4. All that remains of the required abilities of a failure model in the NMF is
that it can make an estimate for the projected CoV, denoted by δISproj. That is, the CoV
of the IS estimator with respect to some greater number of samples than it is currently
using, denoted by Nproj. The projected CoV may be estimated by

δISproj ≈ δ̂ISproj := δ̂ISF ·

√
NIS

Nproj

, (5.26)

where NIS is the number of samples the IS estimator is currently using and δ̂ISF is the
estimator for the CoV of an IS estimator. This specific type of implementation of the
NMF that uses an IS estimator will be referred to as niching importance sampling (NIS).

5.2.2 Niching bridge sampling

Bridge samplings (BSs) is another technique that may be used to estimate normalisation
constants, similar to IS. It is a reasonably common and well known technique in the
field of Bayesian inference, but somewhat surprisingly, it does not appear to be common
technique that is used in reliability analysis. Indeed, in a recent extensive review of MC
methods for reliability analysis the term BS does not appear once [44]. The only reliability
analysis paper that has been found during the course of this work that references BS
is [100], in which bridge sampling is used to estimate the ratio of normalising constants
in an intermediate method. The estimation of a ratio of normalisation constants is the
most standard application of BS. However, as discussed in [101] for example, it is possible
to use BS to estimate a singular normalisation constant. This approach will now be recast
in the context of reliability analysis.

The probability of failure, which is the normalisation constant of the failure density,
may be expressed in terms of expectations in the following way:

PF = Ef [1F(x)] (5.27)

= Ef [1F(x)] ·
Eq[1F(x)f(x)h(x)]

Eq[1F(x)f(x)h(x)]
(5.28)

=
Eq[1F(x)f(x)h(x)]

EfF [q(x)h(x)]
, (5.29)

101



where h(x) : Rd → R is called the bridge function, and q is a PDF that will be referred
to as the importance density, since it plays a very similar role as the importance density
in IS. The optimal bridge function is given as

h(x) :=
1

1F(x)f(x) + PF · q(x)
. (5.30)

where the term optimal refers to the fact that it will minimise the MSE of final estimator
that is yet to be described [102].

Given N independent samples from the importance density, xq
1, . . . ,x

q
N ∼ q, and

N MCMC samples from the failure density xF
1 , . . . ,x

F
N ∼ fF , define the the following

auxiliary variables:

bqi =
1F(x

q
i )f(x

q
i )

q(xq
i )

and bFi =
q(xF

i )

1F(xF
i )f(x

F
i )

(5.31)

for 1 ≤ i ≤ N . By replacing the expectations in Equation 5.29 with their corresponding
MC and MCMC estimators, rearranging the result slightly and the substituting in the the
auxiliary variables, the following estimator for the probability of failure may be derived,

PF ≈

∑N
i=1

bqi
bqi+PF∑N

i=1
bFi

1+PF ·bFi

. (5.32)

There is of course a major issue with this estimator because it requires access to proba-
bility of failure, which is the quantity it is attempting to estimate in the first place. To
remedy this problem, an iterative scheme is used based on this estimator. That is, define

P̂BS
t+1 :=

∑N
i=1

bqi
bqi+P̂BS

t∑N
i=1

bFi
1+P̂BS

t ·bFi

, (5.33)

for 1 ≤ t ≤ T − 1, where T is the iteration where the iterative scheme terminates due to
some predefined convergence criteria. The initial guess for the probability of failure use
in this work is P̂BS

1 = 1. Finally, the BS estimator for the probability of failure is given
as

PF ≈ P̂BS
F := P̂BS

T . (5.34)

Let the CoV of the BS estimator be denoted as δBS
F . Given the following auxiliary

functions,

f1(x) = 2 · 1F(x)f(x)

1F(x)f(x) + P̂BS
F · q(x)

(5.35)

f2(x) = 2 · P̂BS
F · q(x)

1F(x)f(x) + P̂BS
F · q(x)

(5.36)

the following estimator for the CoV of the BS estimator was derived in [103],

δBS
F ≈ δ̂BS

F :=

√
δ̂q [f1(x)]

2 + δ̂fF [f2(x)]
2 (5.37)
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Similar to the IS case, the projected CoV with respect to some additional number of
samples Nproj, is denoted by δBS

proj. The projected CoV may be estimated by

δBS
proj ≈ δ̂BS

proj := δ̂BS
F ·

√
N

Nproj

. (5.38)

An implementation of the NMF that uses the BS estimator will be refereed to as niching
bridge sampling (NBS).

The importance density q should model the failure density. The exact same process
that was used in the previous section, using the proposal model and the NMF dataset,
may be used to fit a vMFNM model as the importance density. The set of Markov chains
that were just used to fit the proposal model may be used again now to generate the
MCMC samples required for the BS estimator. Firstly, the chains are updated according
to the correct ratios with total collective additional nsize samples. This first update is
done to reduce the correlation between the samples that will eventually be used in BS
estimator, and the samples that are used to fit the importance density. This initial
update is only done on the the first iteration of the inner loop. Then that process is
simply repeated to get nsize MCMC samples.

The BS estimator has a nice property, which is in fact the main reason it is being
considered here. Note that for an IS estimator, if at some point in the input space
fF(x) > 0, for the IS estimator to be well defined, the importance density must also have
q(x) > 0. This is not the case for the importance density in the BS estimator. This
makes it easier to consider another type of mixture distribution for modelling the failure
density. Let a classifier mixture distribution be given as

fclass(x) =
K∑
i=1

πi

1F̂i
(x)f(x)

PF̂i

, (5.39)

where the F̂i are approximations of the failure region defined by classifiers, the πi are the
component weights and the normalisation constants are given as

PF̂i
= Pf (F̂i) (5.40)

for 1 ≤ i ≤ K. The problem with using this type of mixture distribution in importance
sampling is that it might not assign non-zero density to all the points in the input space,
and so may violate the above condition.

The classifier mixture distribution will be fit in the following way. The proposal NMF
dataset will be used in this case, since it contains both the failure and safe samples. The
proposal model may be used to generate the posterior probabilities of all the samples
in the proposal NMF dataset. The result is K weighted binary classification datasets,
where the labels indicate failure and safe samples. A classifier is then fit to each of the
K datasets, which in turn defines F̂i for 1 ≤ i ≤ K. The weights of the classifier mixture
are simply the corresponding weights of the proposal model. Note that the normalisation
constants may be estimated with a MC estimator, since there is no computational cost
associated with evaluating the classifier since it does not require performance function
evaluations. Note also that the classifier mixture may be sampled from with simple
rejection sampling using the input distribution.

The binary classifier used in the numerical examples in this work is the linear support
vector classifier (LSVC). Let a weighted binary classifier dataset be given as (xi, yi)

N
i=1
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where yi = 1 if xi is in the failure region and yi = −1 otherwise, with weights w1, . . . , wN .
Now the following optimisation problem is solved for the coefficients α ∈ Rd and intercept
α0 ∈ R,

min
α,α0

1

2
∥α∥2 + Creg

N∑
i=1

wi max(0, 1− yi(α
Txi + α0))

2, (5.41)

where Creg is a user-defined regularisation parameter. Within the context of a general
linear support vector classification optimisation problem, the specific type considered here
uses a squared hinge loss function and an L2 penalty function. The only preprocessing
of the samples used is that the dataset is normalised such that it has 0 mean and unit
variance.

5.2.3 Niching line sampling

The final type of failure model that will be discussed will use a LS estimator. When a NMF
implementation uses a LS estimator, it will be referred to as niching line sampling (NLS).
This implementation starts identically to the NIS procedure and fits a vMFNM to the
samples of the NMF dataset using the posterior probabilities and component weights
of the proposal model. Denote the mean directions of the vMF distribution of each
component as µk for 1 ≤ k ≤ K. These unit directions are perfect candidates for the
important directions that will be used for LS estimators. Recalling the notation from
Section 2.2.5, let the important direction be given as αk := µk for 1 ≤ k ≤ K.

The idea will be to use K line sampling estimates,, corresponding to the K important
directions, and sum the results together to estimate the probability of failure. However,
as has been noted before [34], there is an issue with this approach. If any of the important
directions happen to be relatively similar, there is potential that the parts of the failure
region they are sampling from might overlap, leading to overestimate for the probability
of failure. To overcome this problem, the posterior probabilities of the vMFNM model
may be considered. That is, let γk(x) be a function that gives the posterior probability
of x of the kth component for 1 ≤ k ≤ K.

Given an important direction α and a sample that lies in its orthogonal complement
xα, define the reliability index of the associated one dimensional reliability problem β as
the solution to following constrained optimisation problem,

min
t>0

t

s.t. xα + tα ∈ F .
(5.42)

Now a one dimensional reliability problem with respect to a posterior probability function
is defined and approximated in a similar way to which the approximation is made in first-
order reliability methods,

Pαk
F (xαk

) :=

∫
R
1F(xαk

+ tαk)γk(xαk
+ tαk)ϕ(t)dt. (5.43)

≈ γk(xαk
+ βαk)Φ(−β), (5.44)

for 1 ≤ k ≤ K. Using this approximation, and the fact that

K∑
k=1

γk(x) = 1, (5.45)
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for all x ∈ Rd, the probability of failure may be approximated in the following way

PF :=
K∑
k=1

Ef [γk(x1F(x)] (5.46)

=
K∑
k=1

EXαk
[Pαk

F (xαk
)] (5.47)

≈
K∑
k=1

EXαk
[γk(xαk

+ βαk)Φ(−β)] . (5.48)

Each of the expectations in the sum may be estimated by a MC estimator, which results
in the NLS estimator for the probability of failure

PF ≈ P̂NLS
F :=

K∑
k=1

µ̂Xαk
[γk(xαk

+ βαk)Φ(−β)] . (5.49)

The CoV of the NLS estimator, denoted by δNLS
F , may be estimated using CoV esti-

mators for each constituent MC estimator,

δNLS
F ≈ δ̂NLS

F :=

√√√√ K∑
k=1

(
wi · δ̂Xαk

[γk(xαk
+ βαk)Φ(−β)]

)2
(5.50)

where

wi =
µ̂Xαk

[γk(xαk
+ βαk)Φ(−β)]

P̂NLS
F

(5.51)

for 1 ≤ k ≤ K. Finally, the projected CoV, denoted as δNLS
proj , may be estimated in the

following way,

δNLS
proj ≈ δ̂NLS

proj := δ̂NLS
F ·

√
N

Nproj

. (5.52)

where N is the total number of samples of all the MC estimators added together and
Nproj is the projected number of samples.

It would desirable if more computational resources were assigned to the important
directions that are believed to be pointing towards the relatively high regions of the
failure region. The component weights of the the vMFNM model, which are the same as
the weights of proposal model, can help fulfil precisely that criteria. That is, when nsize

samples are added to the NLS estimator, they should be done in such a way that each of
the K MC estimators gets a proportion of the samples that is equal to the corresponding
component weight.

All that remains to be described is a method for solving the constrained optimisation
problem for determining the reliability index of the one dimensional reliability methods.
A crude but robust method is used here. To begin, a grid is defined from 0 to 15 using
steps of length 0.1. The algorithm starts at one of these points on the grid, say t = 7,
and evaluates the performance function to check if xα + tα ∈ F . If it is, then the
algorithm starts adjusting t by −0.1 in a series of steps. It continues making these steps
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until it leaves the failure region. Otherwise the opposite happens, the algorithm starts
adjusting t by 0.1 and keeps going until enters the failure region. Either way the end
result will be two consecutive points in the grid tS and tF with xS := xα + tSα ∈ S and
xF := xα + tFα ∈ F . Linear interpolation is then applied to find the solution,

β̂ := tF − g(xF)
tS − tF

g(xS)− g(xF)
(5.53)

If the algorithm never finds the failure region inside the grids bounds then it is assumed
that the probability of failure is 0, and if it never finds the safe region then it is assumed
the probability of failure is 1.

5.3 Numerical examples

In this section, the performances of the NIS, NBS and NLS algorithms on the benchmarks
are analysed. Before looking at the overall results on the benchmarks, the behaviour of
the algorithms on specific examples is explored. First the meatball function is considered
in depth, and then the TDOF function.

5.3.1 Meatball function

The first step any algorithm based on the NMF is NInS. The behaviour on NInS was
studied in the previous chapter. However, the performance functions that were consid-
ered in previous chapter had geometries that were quite easy for NInS to deal with. In
contrast, the geometry of the meatball function makes the BoAs of the associated relia-
bility problem quite difficult to model with hill valley tests. Despite this difficulty, the
NInS algorithm is able to populate all the MSRs of the failure density.

Figure 5.1 shows a run of the NInS algorithm on the meatball function. Figure 5.1a
joins the algorithm midway through its run. At this point, four MCOs have been run
and the four MSRs have been populated by four generators. With a function like the
piecewise linear function, which has geometry that NInS finds easier to model, once
both of the MSRs have been populated by a generator, the non-admissible region is
almost invariably the entire input space. This is an ideal situation, since the algorithm
will terminate naturally, since it will not be able to generate any seeds. Returning to
the meatball function, now that all of the MSRs have been populated, ideally the non-
admissible region should cover the entire input space. However, as can be seen from
the figure, there are small low density pockets of the input space that are still in the
admissible region. As a result, the seed generation procedure is able to produce a seed,
and an MCO may be run. The MCO terminates in a region of the failure density that is
not a MSR.

Figure 5.1b shows the generator chain that is produced using the fifth MCO. Since
the fifth MCO did not terminate in a MSR, it will almost certainly travel towards one,
which is what has happened in this case. Note that the first half of the generator chain
is discarded in the burn in phase, hence why there is no visible path from the seed to the
MSR. It is precisely these cases that necessitate the burn in phase. Representatives have
been randomly selected from the generator chain. However, all of these representatives are
already in the non-admissible region, and so no new generator is added on this iteration.
Recall that the NInS algorithm monitors how many consecutive iterations have passed
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without the number of components in the joint hill valley graph increasing, and terminates
the algorithm if this count becomes to high. This is the stopping condition that will
typically eventually be triggered for performance functions like the meatball function.

The algorithm is now joined again at the seventh MCO run, shown in Figure 5.1c. Yet
again, the seed generation routine is able to find the small pocket of admissible region
so that a MCO may be started. Despite the seed being in roughly the same place as
the last time, the seventh generator chain moves towards a different MSR, as shown in
Figure 5.1d. This time, a new generator is found from the representatives. That is, a
representative is chosen in the admissible region. However, this new generator is in the
same connected component of the joint hill valley graph as the other generator in this
MSR. This means that, again, the number of connected components of the joint hill
valley graph does not increase. For this particular run of NInS, it is at the this iteration
that it terminates.

Figure 5.2 shows a run of NIS on the meatball function. The proposal NMF dataset
on the first iteration is shown in Figure 5.2a. Note that despite the meatball function
only having one high density MSR, all of the MSRs have roughly the same number of
samples. This is because at this point in the algorithm, the proposal model has not yet
been fit, and so the algorithm has no way of correcting the issues caused by the ergodicity
problems of the chains. After this point the proposal model is fit, and then using that,
the importance density is fit and then sampled from. The resulting importance samples
are shown in Figure 5.2b. Notice that many more samples are generated in the high
density MSR than the low density MSRs due to component weight correction procedure.

Figure 5.3 shows a run of NBS on the meatball function. This algorithm starts from
the same place as NIS. That is, it runs NInS and then has a set of proposal failure
samples that have created by the generator chains. However, the difference is that it
now fits a classifier mixture distribution, rather than a vMFNM model. Figure 5.3a
shows the boundaries of the classifiers in in the mixture. Note that essentially the red
classifier boundaries are attempting to to model the black limit state surface. In the
high density regions of the failure density, the model is quite good. That is, the red
lines are a good approximation of the black line. It does not matter for the probability
of failure estimation that in low density regions of the failure density that the classifiers
are a poor approximation of the limit state surface. Figure 5.3b shows the importance
samples generated from the classifier mixture distribution as well as the MCMC samples
that are both required for bridge sampling. Note that the classifier mixture distribution
is able to produce most of its samples in the high density MSR due to it adopting the
corrected component weights from the proposal model.

Figure 5.4 depicts a run of NLS on the meatball function. The proposal model is fit to
the proposal failure samples, and then that is used to fit a vMFNM model to the failure
samples. The four important directions are then derived from the vMFNM model and
can be seen in Figure 5.4a. The line sampling procedure associated with the important
direction that points to the high density MSR is shown in Figure 5.4b. The orthogonal
samples are generated in the orthogonal complement of the important direction and then
the solutions are found for the respective line search problems. Note that, although not
shown here for clarity, this line sampling process is repeated for the other three important
directions. Importantly, these other three directions will be assigned less samples due to
their respective components in the proposal model having relatively small weights.
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(b) Fifth generator chain.
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(c) Seventh MCO.
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(d) Seventh generator chain.

Figure 5.1: A run of NInS on the meatball function.
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Figure 5.2: A run of NIS on the meatball function.
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Figure 5.3: A run of NBS on the meatball function.
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(a) Fitting the important directions.
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(b) Line sampling.

Figure 5.4: A run of NLS on the meatball function.

5.3.2 TDOF function

The NInS algorithm running on the TDOF performance function is shown in Figure 5.5.
The TDOF performance function function has many local maxima that are not in the
failure region. The path of the first MCO shown in Figure 5.5a illustrates how the MCO
gets briefly trapped in the neighbourhood of one of these local maxima, but then manages
to escape and reach the failure region. This is possible since it is not a large distance from
the local maxima to points with higher performance. However, ultimately the distance in
this context is measured with respect to the the proposal scale of the MCMC algorithm
that is used. If a smaller proposal was used, it would be perfectly possible for the MCO
to become trapped in local maxima. In this case, the NInS algorithm would still be able
to populate the MSRs of the failure density, though it would likely to take a lot more
iterations and would ultimately be more computationally expensive. Despite this nuance,
the rest of the algorithm run is straight forward. Figure 5.5b shows the location of the
first generator and Figures 5.5c and 5.5d shows the location of the second generator. The
algorithm terminates here since it is not able to generate another seed. Note that in the
upper left of Figure 5.5d, there is a very small region of admissible space. However, it is
so small that the seed generation routine is not able to find it.

A run of NIS on the TDOF function is shown in Figure 5.6. This reliability problem
has two high density MSRs with the lower right MSRs having a slightly higher probability.
This means that the component weight correction routine becomes less vital. Figure
5.6a shows the proposal failure samples and Figure 5.6b shows the importance samples
generated from the vMFNM model. A run of NBS on the TDOF function is depicted
in Figure 5.7. Note that the classifiers of the classifier mixture distribution, shown in
Figure 5.7a, do incorrectly classify small but high density parts of failure region as being
in the safe region. This is precisely why bridge sampling is used with the classifier
mixture rather than importance sampling, since this discrepancy violates the assumptions
of importance sampling. If importance sampling were used here, the IS estimator would
likely underestimate the true probability of failure. Figure 5.7b shows the samples used
for a bridge sampling estimate. Note that the MCMC samples are able to populate the
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Figure 5.5: A run of NInS on the TDOF function.
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Figure 5.6: A run of NIS on the TDOF function.

parts of the failure region that the importance samples can not, and thus that information
may be used by the BS estimator. Finally, Figure 5.8 shows a run of NLS on the TDOF
function. The important directions are chosen using the proposal model and then failure
model, as shown in Figure 5.8a. The line sampling procedure for one of the important
directions is shown in Figure 5.8b. Due to the curvature of the limit state surface, the
variance of the LS estimator will be larger compared to case where the limit state surface
is linear.

The user defined parameters that were used for the numerical experiments on the
benchmarks are given by Tables 5.1, 5.2 and 5.3 for NIS, NBS and NLS respectively. The
results of the numerical experiments for NIS, NBS and NLS are given by Tables 5.4, 5.5
and 5.6 respectively. The NDP for nearly all of the numerical experiments for all three
of the methods is 100%, with a few small exceptions. This verifies that, at least on these
benchmarks, the NMF is a robust approach that can deal with multimodality well. It is
important to note that the higher dimensional problems require more evaluations of the
performance function than the lower dimensional problems. This is in contrast to NDSuS,
which has a computational complexity that is largely independent of the dimension of
the problem. However, the NMF methods in general do appear to be more efficient for
lower dimensional problems. It should be noted that these methods tend to perform
better when the failure model chosen has properties that are consistent with the failure
region or failure density. For instance, the NBS implementation used here assumes that
the failure region can be modelled with a mixture of hyperplanes. For the piecewise
linear function, this assumption is almost perfectly correct, and the result is a very low
NRMSE and relatively low computational cost. Compare this with the results of the
meatball function, where the limit state surface is harder to model with straight lines.
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Figure 5.7: A run of NBS on the TDOF function.
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Figure 5.8: A run of NLS on the TDOF function.
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Parameter Value
EM tol (Ltol) 1−6

EM iteration limit (Liter) 100
Budget multiplier (Mbudget) 40

Sample size (nsize) 500
Max outer iteration (nouter) 5
Max inner iteration (ninner) 10
Smooth weight (wsmooth) 0.05

Target CoV (δtarget) 0.04

Table 5.1: NIS user-defined parameter values.

Parameter Value
EM tolerance (Ltol) 1−6

EM iteration limit (Liter) 100
Budget multiplier (Mbudget) 40

Sample size (nsize) 500
Max outer iteration (nouter) 5
Max inner iteration (ninner) 10
Smooth weight (wsmooth) 0.05

Target CoV (δtarget) 0.04
BS tolerance (Btol) 1−8

BS iteration limit (Biter) 100
Regularisation (Creg) 1
Initial constant (Zinit) 1

Table 5.2: NBS user-defined parameter values.

Parameter Value
EM tolerance (Ltol) 1−6

EM iteration limit (Liter) 100
Budget multiplier (Mbudget) 20

Sample size (nsize) 500
Max outer iteration (nouter) 5
Max inner iteration (ninner) 10
Smooth weight (wsmooth) 0.05

Target CoV (δtarget) 0.1

Table 5.3: NLS user-defined parameter values.
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g Dimension Mean PF NRSME NDP Mean g evals
gpwl 2 3.13× 10−5 0.05 100% 3.36× 103

100 3.17× 10−5 0.04 100% 2.56× 104

gveh 3 1.26× 10−6 0.05 100% 4.70× 103

99 1.30× 10−6 0.04 100% 2.85× 104

gmix 2 2.17× 10−4 0.04 100% 7.92× 103

100 2.18× 10−4 0.04 100% 3.79× 104

gbs 2 3.08× 10−7 0.05 100% 3.69× 103

100 3.15× 10−7 0.07 100% 3.28× 104

gtd 2 2.30× 10−5 0.04 100% 5.34× 103

100 2.32× 10−5 0.05 100% 3.48× 104

gmb 2 1.10× 10−5 0.08 100% 6.44× 103

100 1.13× 10−5 0.12 100% 3.48× 104

gloss 32 4.31× 10−3 0.07 100% 1.58× 104

102 1.82× 10−3 0.04 100% 3.30× 104

Table 5.4: NIS numerical experiment results.

g Dimension Mean PF NRSME NDP Mean g evals
gpwl 2 3.20× 10−5 0.03 100% 2.93× 103

100 3.19× 10−5 0.03 100% 1.09× 104

gveh 3 1.30× 10−6 0.03 100% 3.43× 103

99 1.30× 10−6 0.03 100% 1.11× 104

gmix 2 2.19× 10−4 0.06 100% 9.61× 103

100 2.18× 10−4 0.08 100% 1.75× 104

gbs 2 3.09× 10−7 0.09 100% 7.91× 103

100 3.13× 10−7 0.11 100% 1.62× 104

gtd 2 2.31× 10−5 0.06 100% 5.35× 103

100 2.21× 10−5 0.09 100% 1.31× 104

gmb 2 1.12× 10−5 0.12 99% 5.76× 103

100 1.12× 10−5 0.13 99% 1.67× 104

gloss 32 4.33× 10−3 0.13 100% 1.09× 104

102 1.83× 10−3 0.10 100% 1.19× 104

Table 5.5: NBS numerical experiment results.
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g Dimension Mean PF NRSME NDP Mean g evals
gpwl 2 3.21× 10−5 0.02 100% 2.44× 103

100 3.14× 10−5 0.08 100% 7.30× 103

gveh 3 1.80× 10−6 0.44 100% 3.07× 103

99 1.60× 10−6 0.25 100% 7.73× 103

gmix 2 2.17× 10−4 0.04 100% 1.78× 104

100 2.17× 10−4 0.08 100% 2.63× 104

gbs 2 2.78× 10−7 0.13 100% 3.95× 103

100 2.82× 10−7 0.14 100% 1.58× 104

gtd 2 2.35× 10−5 0.04 100% 4.95× 103

100 2.19× 10−5 0.12 100% 1.32× 104

gmb 2 1.09× 10−5 0.11 99% 5.07× 103

100 1.07× 10−5 0.11 100% 1.51× 104

gloss 32 4.17× 10−3 0.11 100% 9.45× 103

102 2.07× 10−3 0.16 100% 7.56× 103

Table 5.6: NLS numerical experiment results.

116



6 Conclusion

This thesis set out with the aim of developing novel reliability methods that are capable
of efficiently estimating the probability of failure for CRPs. Existing popular reliability
methods, such as SuS, SIS and iCE are capable of solving high-dimensional black-box
reliability problems. However, when reliability problems additionally exhibit certain types
of multimodality, it can cause serious problems for such methods. The definition of a basin
multimodal reliability problem was introduced in this work to help characterise different
types of reliability problems, and also to help analyse the behaviour of reliability methods.
The partitioning of the input space into the BoAs of a reliability problem proved a useful
tool for visualising and predicting how a reliability method will interact with a particular
reliability problem.

The definition of the BoA helped in curating a set of CRP benchmarks that could be
used for comparing the performance of existing methods against any new methods that
would be developed. The benchmarks were chosen so that there was a variety in the
number of BoAs, in the number of failure and safe BoAs, as well as the number of BoA
that contained a large portion of the failure probability. Importantly, the benchmarks
contained a mixture of contrived and practical reliability problems. This because the
no free lunch theorem must be considered when dealing with black-box problems. That
is, caution must be taken against devising increasingly contrived reliability problems in
order to violate the assumptions of some successful method, since this will always be
possible to do. Also, an evaluation metric, the NDP, was introduced since commonly
used reliability analysis metrics, such as the CoV, are not appropriate for measuring
the performance of reliability methods when there is the potential for extremely poor
estimates for the probability of failure. This set of benchmarks and evaluation metric
could be used by other researchers and in future work to test the robustness of future
novel reliability methods.

Defining the BoA also had a couple of other useful auxiliary benefits. Firstly, it made
clear a potential strategy for dealing with CRPs. If there was some way to decompose a
CRP into reliability problems with only one BoA, then existing reliability methods could
be applied. Secondly, it made clear the link between niching methods and reliability
analysis. Compare how similar the definitions of a NBC niche and a BoA are for instance.
Many niching methods were considered during the course of this work for use in reliability
analysis. Eventually, it was decided that hill valley tests would be the most appropriate,
due to their effectiveness in high dimensions.

The idea behind NDSuS was to combine all the above ideas in order to make a robust
reliability method that could deal with CRPs. In particular, the hill valley test was used
to decompose a CRP into simpler reliability problems that could be solved with existing
methods. This is an attractive strategy, since it combines well with existing literature and
software implementations of reliability methods. The first step of this method introduced
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a new initial sampling technique, called NInS, that is able to consistently populate the
MSRs of a failure density of a CRP, even without access to any prior expert information
or gradient information. It also provides a model of the failure region that is defined
by a set of finite points called generators. This set of generators is particularly useful
since it may be used to estimate the number of MSRs the failure density has. The NInS
routine is used to decompose the reliability problem, which is then further decomposed
by a smoothing routine. The NDSuS was shown to perform well on the benchmarks and
importantly, did not need to increase the number of performance function evaluations
for higher dimensional problems. This makes NDSuS suitable for very high dimensional
problems.

The NSuS algorithm was also introduced, despite its deficiencies when compared to
NDSuS. In particular, it relies on a classifier subroutine that requires more performance
function evaluations in higher dimensions, and it does not deal well with performance
functions like the meatball function or black swan function, where some of the BoAs are
hard to reach. However, the fundamental idea underlying the NSuS algorithm, the hill
valley graph partitioner, could potentially useful in some other context. The hill valley
graph is able to convert a problem in high dimensional Euclidean space into a graph
which is easier to analyse and visualise. The hill valley graph also builds a connection
between community detection and niching which could be potentially exploited in both
directions.

Finally, the NMF was introduced. This modular framework unifies techniques such as
importance sampling, bridge sampling and line sampling under one scheme. One of novel
ideas within this framework was to fit a model using the samples that were rejected during
the MCMC algorithm sampling stage. This allowed for a component weight correction
routine that could mitigate the problems caused by ergodicity issues. Another novel idea
was to use bridge sampling to estimate the probability of failure directly, rather than
estimating the ratio of normalising constants, which has been done before. It should be
noted that this type of approach has been used for tasks in Bayesian inference. One of
the advantages of using bridge sampling is that it enables the use of the classifier mixture,
which itself is an attractive to model for the failure region, since it explicitly models the
failure region. This approach opens up the possibility of using any binary classifier, which
could be quite a powerful idea. All of the different NMF implementations were tested on
the benchmarks achieved good results.

The ideas in this thesis could potentially be naturally applied in fields outside of relia-
bility analysis. This is because reliability analysis itself has strong connections with other
areas of research. For instance, reliability methods like SuS and SIS actually belong to a
more general class of methods called sequential Monte Carlo samplers. These techniques
are used for many tasks, but they are perhaps most commonly associated with Bayesian
inference. It is not surprising then that many different formulations have been proposed
for adapting SuS so that it can be used for Bayesian inference tasks [104–107]. It is
also interesting to note when attempting rare event estimation from a sequential Monte
Carlo perspective, precisely SuS is described in [108]. This connection implies niching
techniques used in this thesis could be applied more generally to sequential Monte Carlo
samplers or more specifically to tasks in Bayesian inference. The ideas in this these could
also be potentially applied to black-box optimisation problems. Indeed, the NInS algo-
rithm could likely be applied in this context with very few adaptions and the hill valley
graph can be directly interpreted as a niching technique.

The work in this thesis has focused largely on the hill valley test. This choice was
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limited by the fact that the CRP is high dimensional. There are however other niching
techniques that can work in high dimensions that were not fully explored. For example,
in SuS, the history of a sample could be considered and used to sort samples into niches.
That is, it could be traced back to which seed it was generated from, and then which seed
that seed was generated from and so on. Such an idea is similar to the niching technique of
speciation. If the reliability problem is not high dimensional, or it is possible to transform
the problem into a lower dimensional space, then many more niching techniques that rely
on the Euclidean metric could be applied.

One way of summarising the work in this thesis is an attempt to mitigate the ergodicity
issues encountered by MCMC algorithms when a target density has multiple MSRs.
However, this is not the only type of pathological behaviour that a target density can
exhibit. In some cases, a high density region of a target density can pinch into a region
of high curvature. When these type of problems occur in Bayesian inference, the typical
approach is to parametrise the target density [109]. A similar approach might be worth
considering for reliability analysis.

It seems that ultimate goal when considering black-box reliability problems is to
describe some type of meta-algorithm. That is, some algorithm that can determine
which type of reliability method is most appropriate for the problem at hand and then to
apply it. Phrased another way, there likely needs to be some type of procedure that can
validate the assumptions that a reliability method uses. For example, blindly applying
a method like SuS to a black-box reliability problem can go wrong as has been seen.
In addition to this, often when SuS goes wrong there is no way of the user knowing.
The NInS procedure could be viewed as an algorithm that is able to check the implicit
assumptions of SuS. The one piece of information that is available regarding a black-box
reliability problem is its dimension. This can be used by a meta-algorithm to decide
which method is appropriate before any analysis has started at all. Indeed, a simple
meta-algorithm using the methods of this paper could simply be to use NDSuS above a
certain dimension, and to use NMF otherwise. In any case, it has been shown in this
work that niching techniques, and in particular hill valley tests, are a powerful tool for
dealing with multimodality in high dimensions and so should likely be considered in some
capacity when designing such meta-algorithms.
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