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Abstract

This thesis centers around different forms of common structure that can be shared across
tasks faced by reinforcement learning agents and how these types of structure can be lever-
aged to both learn new behavioral policies more efficiently and compose existing policies.
Specifically, the first part of this thesis is concerned with how agreement among the op-
timal policies for some group of tasks constitutes a form of behavioral structure. This
structure can be used as the basis for a regularized policy optimization approach to speed
up policy learning on new tasks. One such approach proves to be an effective model
of a number of animal and human behavioral patterns observed in neuroscientific stud-
ies of dual process theories of cognition. The second part of this thesis focuses on how
consistent environmental transition dynamics across tasks can be exploited by agents to
learn state representations which facilitate efficient policy evaluation and composition. In
particular, prior work on this topic is extended to include several forms of biologically-
inspired, non-Markovian, non-stationary reward functions, with applications to both

machine learning and natural behavior.
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The work presented in this thesis contributes towards the study of sequential decision-
making. Its primary focus is on multitask reinforcement learning from a machine learn-

ing perspective. However, there are insights for and applications to neuroscience as well.

In terms of machine learning, the study of the convergence properties of KL-
regularized policy optimization in a multitask context can provide insight into a wide
range of domains where sequential decision-making across tasks is important (e.g.,
robotics). Additionally, the analysis of KL-regularized policy optimization in a single
task context in which the KL cost is computed with respect to a policy that may be “far
away” from the action policy provides insight into the training setting for fine-tuning
large language models from human feedback. The multitask algorithms developed (Total
Variation Policy Optimization and Minimum Description Length Control) can be pro-
ductively applied in both discrete and continuous control problems. Similarly, the work
on state representations which enable policy evaluation and composition for a particular
class of non-Markovian, non-stationary rewards can also be impactful. In particular,
the first-occupancy representation shows promise as a bonus for intrinsic exploration,
as a representation for unsupervised pre-training in unsupervised reinforcement learn-
ing, and as the foundation of a planning algorithm to compute shortest paths. The A
representation can be used to help mitigate value overestimation in deep reinforcement

learning.

From a neuroscience perspective, Minimum Description Length Control captures
many behavioral patterns observed in humans and animals. While this framework is a
simplification of control systems in the brain, these results could have implications for

our understanding of the theoretical underpinnings of “dual process” cognition. Simi-
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larly, the first occupancy and A representations have applications to the study of spatial
navigation, particularly escape behavior and foraging, as well as diminishing marginal util-

ity, among other areas.
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Chapter 1

Overview

A longstanding goal of artificial intelligence is to build generalist agents: those which
can learn and adapt to accomplish a variety of goals in their environments. This prob-
lem is especially challenging in part because it demands rational decisions from bounded
decision-makers. In other words, any agent must decide on its next action given only fi-
nite computational resources. If that were not the case, it could simply build a perfect
simulator of the world and examine the outcome of every available course of action to in-
form its choice. Alongside this effort, understanding the flexibility of human and animal
intelligence is also a key object of study in neuroscience.

Although their end goals differ, both disciplines are interested in understanding this

aspect of intelligence:
How can bounded agents learn and act efficiently in a seemingly unbounded world?

The answer to this question, and the subject of this thesis, is that doing so requires
that the environment and the goals which the agent seeks to accomplish must contain
patterns—that is, they must have some form of underlying structure. For example, the
effects of our actions on the world around us are usually fairly consistent from day to
day. Such structure allows decision-makers to make predictions and effectively shrink
the problems they face so that they’re solvable. While structure in the world represents
opportunity for an agent to problem-solve, the agent must still be able to actually use this
structure to influence its decision-making.

Accordingly, this thesis will discuss work which has centered around two different

forms of structure which may be shared across the tasks animals and agents must perform
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and the ways in which it can be leveraged:

1. Part I: Shared behaviors (Chapters j3 to : Often, different tasks we perform re-
quire us to repeat the same actions or sequences of actions. For example, a jogger
might navigate to a different landmark within the local park each day, but they
might repeat the same route everyday to get to the park itself. The work in this sec-
tion studies how such consistently useful behaviors can be leveraged to accelerate
learning on new tasks (e.g., run to new locations in the park). Results demonstrate
thata simple computational framework built around this intuition can account for
many behavioral results from cognitive neuroscience in cognitive control, reward-
based learning, and judgment and decision-making. This section draws from the

following works: Moskovitz et al| (20224, 20232, 2022b).

2. Part II: Shared dynamics (Chapters [¢]and [7): The local dynamics of the world
around us are usually relatively stableﬂ Walking west down Howland Street from
Tottenham Court Road will bring one to the Sainsbury Wellcome Centre, and is
unlikely to one day suddenly start teleporting PhD students to midtown Manhat-
tan instead. Understanding of this consistency allows us to compose previously
learned behaviors more efficiently, because our beliefs about the effects of those
behaviors on the world can generally be relied upon. The work described in this

section draws from |Moskovitz et al.| (2022c} 2024).

Reinforcement learning (RL) provides a powerful, general framework for reasoning
about sequential decision-making, and forms the foundation for the work described. Rel-
evant background is provided in Chapter[o. This thesis concludes with a discussion and

speculation regarding future work (Chapter|g).

"This can be understood as the perceived dynamics of the world relevant to decision-making, and not,
strictly speaking, the laws of physics themselves.



Chapter 2

Reinforcement Learning

In reinforcement learning (RL), an agent learns how to act within its environment over
multiple time steps in order to maximize its reward on a given task or tasks. To formalize
this problem setting, we require a mathematical specification of both the environment
and the agent. Once these are established, we’ll cover several foundational algorithms for
solving RL problems which form the basis for many of the original contributions of this
thesis. Throughout this and subsequent sections, when the dimensionality of a variable
(i.e., whether it is a scalar, a vector, a matrix, or a tensor) is unspecified, the default will
be to use scalar notation (e.g., ). For a much more comprehensive treatment of RL, see

Sutton and Barto| (2018a)); /Agarwal et al. (2021).

2.1 Defining the Environment

To facilitate efficient learning, there are several common assumptions made about the
structure of the world and the process which generates the observations received by the
agent. Chief among these is that the world can be divided into distinct states S = {s}
such that the current state s; at any given time ¢, in conjunction with the agent’s ac-
tion a;—chosen from within a set of available actions A—comprises a sufficient statis-
tic for the following state. This is the Markov assumption: that the transition dynam-
ics which determine the next state are independent of previous interactions with the
environment given the current state and action. In other words, there exists a transi-
tion kernel P : S x A — P(S) such that P(s;11|s¢,a;) = P(S¢y1]ht), where

he = (80,00, ...,5; a;) is the history up to time t. The agent’s method for choosing
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an action is called its policy, denoted by 7. In a Markovian environment, the policy need
not depend on the full history, and can instead be conditioned only on the current state
m: S — P(A). We call this type of policy stationary. When the state and action spaces
are finite, we can describe the expected transition probabilities under a policy 7 using a
|S| x |S| matrix P™ such that PT, = p™(s'|s) £ Y .4 P(s'|s,a)m(als). Note that
we have allowed the policy to depend directly on the environment state. This is valid if
we make a second common assumption: that the underlying state of the world is fu//y 0b-
servable. In this case, the agent directly observes the environment state, and the model of
the world is called a controlled Markov process (CMP; Abel et al., 2021), defined formally
asasatuple £ = (S, A, P). If this assumption is not made, we consider the problem
to be partially observable. In this case, the state is not directly revealed to the agent and
instead there is some unknown distribution over possible observations for each state. We
can define a partially observable CMP (POCMP) as a tuple £ 2 (S, A, P,0O, f) where
S, A, and P are as defined for a CMP, with O the observation spaceand f : S — P(O)
the observation function. The transitions and rewards are zor Markov in the observa-
tions in this setting, making it substantially more challenging. Unless otherwise noted,

we will default to the fully observable setting.

2.1.1 Tasks

Now that we’ve defined the environment, we can specify what we mean by the concept
of a “task.” Informally, we will call a task a pairing of an environment with a starting state
or states, a performance criterion (delineating behaviors which mark success and failure),
and an effective time span over which the task must be completed.

An easily overlooked but important aspect of a task is its starting point: the initial
state or states in which the agent must begin to make decisions. We model this property
with an initial state distribution p € P(S), so that the agent begins a given task in a state
so ~ p(+). In the case that there is a single initial state, for example, p is simply a Dirac
delta distribution. The significance of this distribution is in large-part dependent on the
manner in which the agent’s experience is modeled. If the agent’s experience is treated as
one continuous stream of interaction with its environment—that is, ¢ is sampled from

p exactly once and then the agent is left to accumulate as much reward as it can forever—
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then the importance of p is directly tied to the connectedness of the environment. If
there is some policy for which the induced Markov chain of environment interactions
is ergodic, then all states can be visited infinitely often and the initial state s is less sig-
nificant. If this is not the case, then sy determines which subset of the environment the
agent is able to reach, which often has a significant impact on its ability to accumulate
reward. However, a much more common modeling assumption is that the agent’s expe-
rience while mastering a task is broken up into discrete chunks termed epsodes. At the
beginning of each episode, a new initial state is drawn from p, and the agent is allowed a
certain number of time steps (which may be infinite) to accomplish its task, after which

the episode ends and the agent resets to a new initial state drawn from p.

The performance criterion in all RL problems is the reward function 7. In the gen-
eral case, the reward is given as  : H — R, a mapping from histories to scalar values—
higher values are better, and lower are worse. However, if the Markov assumption holds,
we can define 7 over some subset of {s;, as, s;11} (i.e., we have either (s;), r(s¢, az), or
(8¢, s, S41))- For simplicity, this thesis will default to using (s¢, ;) unless otherwise
noted, and will frequently abbreviate the reward at time ¢ to ;. The agent’s goal is to

maximize the amount of reward it collects over its lifespan (or the duration of the task).

The time span—or horizon—over which the task must be completed, which we de-
note by H, can be either finite or infinite. In the finite horizon case, the objective that

the agent is trying to maximize is simply the expected total reward, which is termed the

value:
H-1 H-1
YT A Expp Z (s, at) | = EgpnpEr p Z (s, ai) | So - (2.1)
t=0 =0

Generalizing, the mapping from states to the cumulative reward that the agent is expected

to achieve is called the value function V : S — R:

H-1

VT(s) = E; p Zr(st+k,at+k) | sy = s . (2.2)

k=t

>
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We can also define the action-value or “Q” function:

H-
Q" (s,a) Z TStk Qerr) | 80 = 8,00 = al (23)
k—t
where V7(s) = Equr(9®@7 (5, a). In the remainder of the text, we will frequently

abbreviate E; p, to E; where the meaning is clear. The return of a trajectory 7 =

(S0, a0, 81,01, ...SH_1, aH_l)is given by

i

R(r) £ r (e, ar). (2.4)

if
o

The value can then be written as the expected return under a fixed policy, V™ =

E.pr()R(7), where P™(7) is the probability of a trajectory, given in the Markovian case

by

H-1
s
P7( m(ay|st) P(si11|8e, ar)- (2-5)
=0
Another way to write the value is as the expected reward under the cumulative, discounted

state-action occupancy measure d” € P(S x A). Thatis, V™ = E; ;4=7(s, a), where

i (s) = % Z Pr(s, = 5),  d"(s,a) = m(als)d"(s). (2.6)

For concision, from here onward we will refer to both d™(s) and d™ (s, a) interchangeably
as a policy’s occupancy measure, with the precise meaning implied by context. Overall, in
the finite horizon case, a task is the combination of the initial state distribution, reward
function, and the horizon, and is called a finite horizon Markov decision process (MDP

Puterman, 1994), described by the tuple M = (S, A, P, p,r, H).

The infinite horizon case, however, presents potential problems because summing

rewards over infinitely long trajectories can frequently lead to infinite values. In this case,

"The term “trajectory” is subtly different from “history” — the history refers to the entirety of the
agent’s experience (e.g., across episodes), while a trajectory only consists of the current episode. In a
continual/non-episodic setting, these terms mean the same thing.
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a policy which earns the agent 1/10 reward units every step will have the same value as
a policy which nets 100 reward units per step. One way to address this is to change the

definition of the value so that it measures a policy’s average reward per step:

T

~1
. 1
VT = lim ﬁEﬂ 7(s¢, ay). (2.7)

ii
o

This is known as an average-reward MDP Sutton and Barto (2018a). However, a more
common approach is to make the agent “shortsighted.” Specifically, the agent is endowed
with a temporal discount factor v € [0, 1) such that it attempts to maximize its dzs-

counted return, given by

R,(r) = Z’ytr(st, Q). (2.8)
t=0

Thenaslongas the rewardsare bounded (i.e., (s, @) € [Fimin, "'mas| foralls,a € Sx.A),

the value is as well:

Toni T
Vﬂ—e min max .
K {1—7’1—7}

Note that this is equivalent to introducing an “effective” horizon on the problem H., =
1/(1 — ) over which events are able to influence the agent’s decision-making. This can
be seen by noting that the value is bounded between H. 7, and H., 7,44, as if the agent
were getting either 7.y, OF T',q, teward every step of a finite trajectory of length H,. In
this case, the horizon is defined implicitly via the discount factor 7, and we can define an
infinite horizon MDP as a tuple M = (S, A, P, p,r,7). Here, the discounted occu-

pancy measure is defined as

d*(s) = (1=7) > _7'P"(s; = s), (2.9)

where the factor 1 — «y ensures proper normalization. One subtlety worth noting is that
the myopia created by the discount factor v could perhaps be better described as an at-

tribute of the agent rather than the task (especially when modeling animal behavior).
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Nevertheless, itis still standard to include 7 as part of the task specification rather than asa
parameter of the agent due to the way it implicitly defines the task horizon. An important
practical point is that while a task may formally be defined as infinite-horizon, in exper-
iments, there is always an upper limit on the number of allowed time steps. Therefore,
even when a discount factor is used, there is always additionally an H (which may not
equal H,) used in practice as well. In the remainder of the text, We’ll drop the subscript

7 (e.g., in V) when the context is clear.

2.2 Solving Single-Task RL

Given a task, the agent’s goal is to find a policy which is optimal: one which achieves
a value at least as high as any other. Such a policy is called an optimal policy 7*, and is
formally defined as a policy 7’ for which V™ > V7™Vr. The agent is then meant to solve

the optimization problem

max V7" (2.10)
well ’

where II is the set of possible policies. When solving MDPs, II is usually taken to be
the set of stationary policies. To begin with, we’ll assume a finite number of states and
actions—a setting often called zzbular. We will then discuss infinite and continuous state
and action spaces. There are a number of possible approaches to solving Eq. . His-
torically, one major division has been between model-free (MF) and model-based (MB)
control. In MF learning, the agent attempts to learn an optimal policy via trial-and-error,
learning good and bad actions directly from experience. In MB approaches, the agent
learns a model of the task—classically, the MDP dynamics P and reward function r—
and uses this model to improve its policy either by simulating experience in this imagined
world or via dynamic programming, which is discussed in more detail below. While these
approaches are canonically seen as distinct, there is also a long history of methods which
combine them in various ways (Sutton, 1990). From a biological perspective, this makes
sense, as it is clear that humans and animals make use of both world models and trial-
and-error experience to update their behavior. Indeed, a core technique underpinning

the methods introduced in Part 2 of this thesis blends the distinction between MF and
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MB learning. Regardless of whether the agent uses a MF or MB approach (or something
in-between), the precise method of improving a policy still requires specification. We de-

scribe the primary two algorithm families below.

2.2.1 Value-Based Approaches

Value-based methods for solving Eq. do so indirectly, by exploiting an important
property of MDPs known as the Bellman optimality equations (Bellman, 1957; Agarwal
etal., 2021). We say that a matrix Q € RIS satisties the Bellman optimality equations

it
Q(s,a) =71(s,a) + VEyp(|sa) [maic Qs a’)} Vs,a e S x A. (2.10)
a’'e

Forany ) € RISHIALQ = Q*, where Q* denotes the Q-values of an optimal policy, if
and only if () satisfies the Bellman optimality equations. Furthermore, the deterministic
policy defined by 7(s) € argmax, 4 Q*(s, a) is an optimal policy.

The Bellman optimality equations imply that if we are able to identity the optimal
action-values %, then we immediately get an optimal policy simply by acting greedily in
each state with respect to Q*. Value-based methods rely on this fact and aim to find the
optimal policy indirectly, by first identifying ()*. There are two foundational value-based

policy improvement approaches: value iteration and policy iteration (Bellman, 1957).

Value Iteration Value iteration (VI) is an algorithm for finding the optimal policy which
can be derived directly from Eq. . To see how, we can define the Bellman optimality

operator T* : RISHIAL — RISHIAL 55 follows:
T°Q = R+ ~vPvg, (2.12)

where R € RIS js the matrix of rewards, P denotes a | S| x |A| x |S| tensor such
that Ps o = P(5'|s,a),and (vg)s = max, Q(s,a) Vs € S is the vector of values for

the greedy policy over (). Given this definition, we can rewrite Eq. as simply

TQ = Q. (2.13)
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Thatis, Q = Q* if and only if it’s a fixed point of the operator 7*. VI, then, consists of
“simply” applying 7 * until this fixed point is reached:

Q + T*Q. (2.14)

We’ve put “simply” in quotes because applying the Bellman optimality operator is simple
only under the condition that the agent has access to the transition matrix  and reward
function r, but this is generally not true in RL. The agent must either try to approxi-
mate P and r (as in MB approaches) or approximate this update by directly collecting
experience in the world (as in MF approaches). For now, we can simply verify that in
the idealized case (with access to P and r) VI produces ()*. Importantly, the Bellman

optimality operator is a contraction. That is, for any two matrices @, Q' € RISI*IAI]
17°Q = T"Q'loc <71Q — Q'

where |||/ denotes the max-norm. This property guarantees that successive applications
converge to a fixed point—and by the Banach Fixed Point theorem, this fixed point is

unique. In fact, it is the optimal () function.

Policy Iteration Like value iteration, policy iteration (PL Bellman, 1957) improves the
agent’s policy by leveraging properties of MDDPs, and defines its policy implicitly via the
action-value estimate. Rather than emerging directly from the Bellman optimality equa-
tions, PI follows from a simpler, somewhat surprising property of MDDPs: greedy policy
improvement. The greedy policy improvement property says that for any policy 7, the
greedy policy with respect to its Q-values 7'(s) € argmax, ()" (s, a) is at least as good
as T—that is, Q™ (s,a) > Q" (s,a) forall s,a € S x A. This fact underpins the in-
tuition behind PI: given our current policy, if we can evaluate it—that is, compute its
()-values—we can immediately define a better policy by acting greedily with respect to
those ()-values, and then repeat the process until convergence. That is, each iteration &

of PI consists of two steps:

1. Policy evaluation: Given k) compute QWM.
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2. Policy improvement: *+Y(s) € argmax, Q) (s,a) Vs, a € S x A.

The question, then, is how to perform policy evaluation. It turns out that we can exploit
the same recursive property of the optimal value function which underlies the Bellman
optimality equations. This analogous relationship is called the Bellman consistency equa-

tions. Thatis, V™ and )" obey the following relationship:

VW(S) = anﬂ(-\s)Qw(Sa CI,) (2‘-15)

Q" (s,a) =7(s,a) + VEyp(s,0)V " (s) (2.16)

for all states and actions. This recursive form follows directly from the definition of the
action-value function and the Markov property of the transition dynamics. Bellman con-

sistency allows us to define the Bellman evaluation operator T™, analogous to T *:
T"q £ r+yPTq, (2.17)

where q is () flattened into an | S||.A|-element vector and we overload notation so that P™

is the |S||A| x |S||A| matrix with P

sa = T(a']s)P(s']s, a). We can slightly abuse
notation and write 77 () instead of 7" q with the understanding that () can be flattened
and then reshaped back into a matrix. Similar to the Bellman evaluation operator, 77 is

a contraction and successive applications cause a matrix () to converge to Q™.

Soft Policy Iteration While all MDPs admit deterministic optimal policies, a common
issue when using approximate methods for large-scale problems is that the policy will
collapse to a (near-)deterministic function prematurely, before it has reached optimality.
This is often the case when policy optimization overfits to a local maximum in the value
function. To prevent this, it’s common to add a regularization term which encourages
the policy to remain stochastic. The maximum entropy RL (Ziebart, 2010) objective is

given by

J(m) = Es gmar [1(s,a) + aH[7(:]9)]] , (2.18)
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where a is a temperature parameter which determines the strength of the regularization,
with the standard RL objective recovered as v — 0. This objective results in Bellman

consistency equations which are analogous to those which hold for standard MDPs:

Qh(s,a) = 7(s,a) + VEyp(jsa) Vi (5')

where  V{j(5) = Equn(s) [QFi(5,a) — alog 7(als)] .
This relationship allows for the definition of a soft Bellman evaluation operator TJ:
Tiq=r+~P"(q— alogm), (2.19)

where 7 is the policy flattened into an |S||.A|-vector and log(+) is applied element-wise.

Repeatedly applying 7,7 induces convergence to Qf; (Haarnoja et al., |2018).

To perform a policy improvement step with this objective in the tabular setting, we

can solve the following constrained optimization problem:
max Vij st E m(als) =1 VseS.
T a
To do this, we can use Lagrangian relaxation:

L(m, ) =Vy+ Z)\S (Z m(als) — 1)

a

=7'[q— alogw] + Z)\S (Z m(als) — 1) ,

a

where Ay, ..., A|s are Lagrange multipliers for each state. Taking the gradient with re-

spect to the policy and setting the result equal to zero:

ViL(m,A)=q—a—alogm+A=0

= m(als) = exp(Q" (s, a) /o = 1+ As/a) = exp(Q" (s, a) /@) exp(As/a — 1),

where we slightly abuse notation and use A to denote a |S||.A|-length vector with each
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Lagrange multiplier A, repeated |A| times. The gradient with respect to the Lagrange
multiplier A;is ), 7(a|s) — 1, which reflects that the policy must be a valid probability

distribution in each state. Using this, we get

S exp(Q(s,a) /o) exp(Aufa — 1) = 1

a

1
> qexp(Q7(s,a)/a)

= exp(As/a—1) =

Plugging this in, the improved soft policy is given by

(s a) /o k
i lels) = ziiiff@ﬂiés,)év)@ B zL) (@7 (5, 0)fa),

(2.20)

where Z(s) =", exp(Q™ (s, d') /). Analogously to standard PI, soft PI converges

to an optimal policy with respect to the regularized objective (Haarnoja et al., 2018).

Model-Free Learning As noted above, in standard RL settings, the agent is not given ac-
cess to 2 and r. Nonetheless, it can approximate Bellman updates via sampled experience
in the environment.

One family of such approaches falls under the heading of temporal difference (TD)
learning. There are a wide variety of TD algorithms, but we’ll briefly describe the foun-
dational approaches here. Q)-learning (Watkins and Dayan, 1992)), in its most basic form,
is a sample-based approximation of VI, where given an observed tuple of experience

(8¢, ag, T, Se41), the agent updates its (Q-values as follows:

Qes1(5t, ar) = Qu(se, ar) + moY, (2.21)
where 7, is the learning rate at time ¢ and

(StQ =7+ Y rclbleaj( Qt(3t+1, (l) — Qt(St, at) (Z.ZZ)
is the -learning TD error. Observe that 7, + v maxae 4 Q¢(Si+1, a) is a single-sample
approximation of 7*()¢, and so the ()-learning error is zero when ) = 7*(Q). If all state-

action pairs are visited infinitely often and the learning rate obeys the Robbins-Monro
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conditions:

Zﬁt:OOa 277152<OO
t=0

t=0
then @) is guaranteed to converge to (Q* ast — 0o (Watkins and Dayan, 1992).

TD methods can also be used for evaluation. In fact, unless otherwise specified “TD
learning” typically refers to methods used for this purpose. The simplest approach is the

one-step sample-based analogue of the Bellman evaluation operator:

5tTD =71+ YQ(St41, 1) — Qu(se, ar), (2.23)

which is used to update the value function just as in Eq. (2.21). Note that the only differ-
ence between this approach and ()-learning is that the TD targetin ()-learning is obtained
by the greedy policy over the current ()-values (which is often different from the policy
used to actually take actions—a setting known as off-policy learning), while the evalua-
tion target is obtained by sampling from the policy used for acting (known as on-policy
learning). Unsurprisingly given their similarity, TD learning for evaluation converges un-
der the same conditions as ()-learning. An analogous TD update can be derived for soft

policy evaluation.

Single-step TD methods like this are useful because that they allow the agent to up-
date its value estimates every time step. Additionally, because the learning target is formed
from a single step of experience, it generally has low variance, offering a more stable target
for learning. However, TD learning is also biased, as the target is formed from a boot-
strapped estimate of the value function, e.g., 7t +YQ¢(St41, ar1) = Q7 (s¢, at). To ob-
tain an unbiased target for learning, the agent can instead allow the agent to “roll out” full
episodes of experience and simply average the resulting returns. This is known as Monte-
Carlo (MC) value estimation, and there are a wide variety of methods which fall under
this heading. Unlike TD learning, however, MC methods typically sufter from high-
variance and require the agent to experience a full episode before learning, which also
makes them incompatible with non-episodic tasks. There are a number of approaches

which blend TD and MC learning in an effort to reap the benefits of both methods, such
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as n-step returns and TD(A) (Sutton and Barto, 20182).

Function Approximation When the state space and/or action space are large or con-
tinuous, it becomes impractical to use a tabular representation for value functions. In
this case, we must approximate the true value function by optimizing within a—typically
parametric—function class. In deep RL, this function class is a neural network architec-
ture (Goodfellow et al., 2016)). In this setting, all theoretical guarantees go out the win-
dow, but strong empirical performance is usually achievable. There are many value-based
approaches in deep RL, but for brevity we’ll only describe the basic analogue of VI/Q-
learning here.

Deep Q-learning is implemented most commonly in the form of the deep Q network
(DQN; Mnih et al,, 2015) algorithm, which first drew widespread attention to deep RL
for its success on Atari games. A naive implementation of deep ()-learning would simply
involve parameterizing the ()-function as a neural network Qp : S — R with param-
eters 0 and training it via online stochastic gradient descent (SGD) on the mean-squared
TD error. (With regard to notation, we’ll use both Qy(s, a) and Q(s, a; 0) interchange-
ably.) However, this presents several difficulties.

First, because the ()-function is used in both the TD target and to evaluate the cur-
rent state, naive differentiation will backpropagate through both, which is typically high
variance in practice and breaks the II assumption upon which SGD relies. To address
this, Mnih et al. (2015) introduced the idea of target networks: a copy of the Q-function is
kept with “frozen” parameters which are not differentiable, which we denote with as 6.
This target network is used to compute the TD target, with the frozen parameters either
reset to the current (updated) parameter values every few iterations or via an exponential
moving average. This both provides a more stable target for learning and prevents the
issues associated with backpropagating through a bootstrapped target.

The second challenge is also rooted in the non-stationarity of RL—as the Q-
function (and therefore the policy) is updated, the distribution of the observed data
changes, which again violates the IID assumption underlying SGD. Updating the (-

function online only compounds this issue. To address this, Mnih et al.|(2015) exploited

*IID stands for “independent and identically distributed.”
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the off-policy nature of (-learning, collecting hundreds of thousands of transition tuples
(St, ¢, 1, Si41) into a replay buffer B (Lin, 1992). Rather than update the Q-function
online, they instead sample minibatches of size B uniformly from B and use these to train
the network. The intuition is that doing so provides a more stable data distribution for
learning, and averaging over many samples provides a more accurate, lower-variance gradi-
ent update. It also allows the agent to reuse its previous experience, rather than throwing

it away after only using it for a single weight update.

These two innovations—target networks and use of a replay buffer—are now ubig-
uitous in deep RL, and there are many variations. Put together, the learning update for
DQN (ignoring the use of another deep learning optimizer like Adam (Kingma and Ba,
2014)) is given by

B

1 1
01 =0, — ntVGE bz:; §(rf + 7 max ng(sf;l, a) — Qg(sf, ai’))Z.

One subtle, but important implementation detail here is that such an approach is feasible
only when the action space A is finite. While there are a number of methods which at-
tempt to adapt (Q-learning style updates to problems which require continuous control
(Xiongetal.,2018;|Gu etal., 2016; Seyde et al., 2022), policy-based methods (Section@
are typically preferred in that setting. Policy evaluation can be performed by minimizing

aloss analogous to DQN’s:

B

1 1
01 =0, — Utveg b_zl 5(7‘? + Qo (3?+1= Aty1) — QG(Sga af))2a

where a;41 ~ m(+|s?, ;). While approximate policy iteration methods can be imple-
mented this way, they are most commonly applied to continuous control tasks (i.e., those
for which A is continuous), where they form the basis for several state-of-the-art algo-
rithms. In this setting, a direct parameterization of the policy is required. These ap-

proaches are discussed in more detail in the following section.
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2.2.2  Policy-Based Approaches

In contrast to value-based methods, which encode a policy implicitly via Q-values, policy-
based approaches take a more direct approach to solving Eq. (2.10). The immediate ques-
tion when optimizing over 7 is how 7 is encoded—in other words, its parameterization.
Policy Parameterizations In policy-based approaches, the agent seeks to find the best

parameters § within some particular function class ©, framing the RL problem as

max V™. 2.2,
na3 (2.24)

When S and A are finite, we can use a tabular parameterization, 6 € RISIXMI| A tabular

representation can either be direct, with w(a|s) = 0 , or softmax, with

exp(bs.q)
Ea’EA eXp((gsva/ ) ‘

mo(als) = (2.25)

Both of these parameterizations are called complete, as they are able to represent any sta-
tionary policy for finite S and .A. When the state space is prohibitively large, but the

action space is finite, we can use a neural softmax policy, of the form

exp(fo(s,a))
> wren exp(fo(s,a’))’

mg(als) = (2.26)

where fjy is a neural network. This policy class may not be complete. If the action space is
continuous, it’s common to instantiate the policy as a particular distribution, with, e.g.,
a neural network outputting the parameters of that distribution class. For example, it is

common to have a Gaussian policy:

mo(als) = N (a; fo(s), X). (2.27)

Note that here we’ve written the neural network as only parameterizing the mean of the
distribution, with ¥ a constant, but it is also common to have the network produce both
the mean and the variance.

There are a diversity of algorithms for optimizing policies. Two that are of particular

importance, both within RL and to this thesis specifically, are direct policy search methods
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and approximate policy iteration algorithms.

2.2.2.1  Direct Policy Search

Policy Gradients Given a parameterization, we need to derive a learning rule for the pol-
icy. The most direct approach is to proceed by gradient ascent on V™ (often written as
V'™ for brevity). Despite the fact that V™ is non-concave in 7—and so therefore gradi-
ent ascent is in general not guaranteed to reach a global optimum—such policy gradient
methods are highly popular in practice and lie at the root of many state-of-the-art algo-
rithms (Silver et al.; 2016; [Schulman et al., 2017; Hafner et al., 2023; /Abdolmaleki et al.,
2018; Haarnoja et al., |2018). Throughout this section, we’ll assume rewards are bounded
between o and 1 and state and action spaces are finite for convenience, though all deriva-
tions below are easily translated to different reward bounds and continuous S and A. To

obtain estimators for the gradient of the value with respect to the policy, we can write

VoV7™ = ESONP(') [Z 7T9(CL0|30)Q7F(807 ao)

~E,

Z Qﬂ(so, aO)VWTG(aOa 30) + 770(@0|30)V9Q7T(307 ao)]

ag

:Ep

Z Ta(ao|s0)Q" (S0, a0) Vi log me(aolso)

+ Z?T@((Z()’SO)VQ (7“0 + 72 P(s1]s0, ao)vw(31)> ]

S1

~E,

Z We(ao‘so)Qﬂ(So, ao)ve log 7r9((10|$0)

+ Z mo(ap|so) P(s1]S0,a0) VeV ™ (s1)
ag,s1
=, pmo () [Q" (50, a0) Vo log ma(ao|so)] + YErpra () [VeV 7 (51)]

O [Q (80, a0) Vg log mg(ao|so)] + VEprs [Q™ (51, a1) Vg log me(ar|si)] + - - -

= Epmp Z Y Q(st, ar) Vo log ma(ay|s) (2.28)
t=0
1
= —Eswd”(JEaNWg(-\S) [Qﬂ—(su a>v0 lOg 7T9(CL|S)] ) (2'2'9)

-7
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Algorithm 1 Basic policy gradient algorithm
. Input MDP M, policy class ©
2 initialize 0¥ € ©
3. foriterationk = 0,1,2,... do
4 sample a trajectory:

[oe)
T = (S0, ao, 51, - - ) PWM) = p(s0 HP St+1|5t,at 7T9<k>(®t|3t)
t=0

s:  update parameters:

oD — g 4 TV

where
YV = ivté”\ﬁ(st, a;)V log mp(ay|ss),
=0
with st ay) nyt/ (s, ar)
6: end for

where () is a result of applying the previous lines of the derivation recursively to
VoV7™(s1). Eq. gives us an estimator for the gradient that we can compute from
tull trajectories (where the trajectory length is finite in practice), and Eq. provides
an estimator obtainable just from state-action pairs. Intuitively, we can view updating
the policy using either estimator as increasing the log-probability of actions with higher
values. A simple policy gradient approach using Eq. is illustrated in Algorithm 1}
where * is used to denote an empirical estimate. Note this approach implicitly assumes
the use of a policy class such as softmax policies which permits unconstrained gradient
updates. In contrast, using a direct tabular representation would require the use of pro-
jected gradient ascent to ensure that the policy remained a valid probability distribution

in each state.

In Algorithmly the action-value is simply a Monte Carlo estimate obtained by com-
puting the return (this update is the REINFORCE estimator (Williams, 1992)), but in

more sophisticated policy gradient algorithms, the value function of the current policy
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is also parameterized and learned, e.g., via TD methods. Such approaches are known as
actor-critic algorithms, so-named because the two central components used by the agent
are an actor (the policy) which takes actions in the environment and a ¢rtic (the value

function) which evaluates the quality of the actor’s behavior and guides its learning.

In practice, the policy gradient estimators in Eq. and Eq. are often high-

variance, which makes learning challenging. One common way to address this issue with-
out adding bias is to make use of the fact that subtracting any action-independent quan-
tity from the ()-value does not affect the expected value of the gradient. More precisely,
letb : S — R be some state-dependent function, and let g denote the policy gradient es-

timator in Eq. (though the following derivation is equally applicable to Eq. (2.28)).

Then we can see that

1
L=~

EEx | (Q7(5,) = b(s)) Vi log mo(als)

7 i ’yEdwEW Q™ (s,a)Vglogme(als)] — EqE [b(s)Vglog mg(als)]

=g =D d"(s) Y mlals)b(s)Vslogmo(als)
=g— > d(s)b(s) ng(ab)@VMe(ab)
=g d"(s)b(s)Ve > _ mo(als)

——
=1

=9

as desired. While b(s) can be any state-dependent, action-independent function, the
most common choice is the value function V™ (s). The quantity Q™ (s,a) — V7" (s)
is ubiquitous in RL, and is called the advantage function, denoted A™(s,a). Intu-
itively, A™(s, a) expresses how much more (or less) cumulative reward that action a is
expected to lead the policy to starting from s compared to the average behavior under
7. Conveniently, because of the Bellman consistency relationship (Eq. (2.15)), to esti-
mate advantages, the agent only needs to maintain a state-value function V7 (s), because

1t + YV (S441) is an estimator for Q™ (s, a;). Replacing Q7 (s, a) with A™(s, a) to
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perform policy gradients forms the basis of the advantage actor-critic (A2C; Mnih et al.,

2016) algorithm.

2.2.2.2 Approximate Policy Iteration

While policy iteration can be approximated with neural networks in a value-based way
when the action space is finite, deep RL approaches to PI are most commonly applied
to continuous control problems (Abdolmaleki et al., |2018; Haarnoja et al., |2018). There
are a number of algorithms within this family, but one worth highlighting here—both
for its strong performance in practice and use in later chapters—is soft actor-critic (SAC;
Haarnoja et al., 2018). SAC is an off-policy approach designed to approximate soft PI
(Ziebart, jao10). Policy evaluation is performed by minimizing the soft policy evaluation

loss

2
> (1 4+ YBarem( 1) [Qo- (54, a') — alog w(d'|s)] — Qo(s0, an)) ™,

—_
Mw
DO | —

b:l

where {(sp, ay, 73, 5}) }2_, is a minibatch of experience sampled from a replay buffer B
and ¢ are the parameters of the ()-function. Policy improvement is carried out by mini-
mizing the KL divergence between the policy and an approximation of the tabular soft-

max policy from the improvement step of soft policy iteration:

= 1
g {m) Jov): - exp(Qulon /)

Practical implementations of SAC also frequently adapt the entropy weight a online, in-
creasing it if the policy entropy falls below a chosen threshold and decreasing it otherwise

(similar to a Lagrange multiplier).

These approaches form the basis for the algorithms used throughout this thesis.
While there are more advanced techniques that the methods presented in later chapters
build from directly, these are covered where necessary so as to present them in the most
relevant context. We now present a brief overview of multitask RL and in particular pre-

vious approaches to leveraging commonalities across tasks.
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2.3 Multitask Reinforcement Learning

So far, we have only described RL in the context of a single task—that is, there is only
one MDP with which the agent need concern itself. Is this setting enough to build and
understand generalist agents and to model natural behavior? One could imagine defining
a single reward function that covers all possible goals an agent might wish to accomplish.
Indeed, in RL, the reward hypothesis postulates that “all of what we mean by goals and
purposes can be well thought of as maximization of the expected value of the cumulative
sum of a received scalar signal (reward).” (Sutton, 2004; Silver et al., 2021; Bowling et al.,
2023). However, an essential idea underpinning this thesis—and multitask RL (MTRL)
more broadly—is that it’s more useful for an agent to decompose such a global reward
function into distinct rewards which measure success for distinct goals. On a daily basis,
we’re more often concerned with solving immediate problems like “What should I make
for dinner?” than making every action only by taking into account its long-term impact
on our lives. Making decisions this way would require excessive computation and ignore
the compositional structure of decision-making. The lives of humans and animals are
built in many ways around routines: we brush our teeth, follow a familiar route to the
grocery store, and go to work everyday. A failure to leverage this repetition to make deci-
sions would be horribly inefficient—in an information-theoretic sense, behavior is highly
compressible, and we’d like to able to take advantage of that. Additionally, solving short-
horizon tasks is significantly easier than long-term tasks. This can be seen in the required
sample complexities of value and policy iteration, which reduce as the discount factor is

lowered (Sutton and Barto, 2018b).

I define MTRL as any RL setting in which the agent’s overall objective is decom-
posed into multiple tasks or goals. The two primary parts of this thesis are primarily
concerned with how, given some distribution over a set of tasks, agents can leverage sim-
ilarities across them to learn and/or compose policies. Before proceeding, however, we’ll
briefly provide an overview of the two most common ways in which task distributions
are used to train MTRL agents, as well as discuss connections with related sub-fields in

the literature.
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2.3.0.1 The Parallel Task Setting

Consider a set of tasks (MDPs) M = { M} which may be infinite in size. The agent’s
goal is to maximize its average value across these tasks EV)/, where the expectation is taken
with respect to a task distribution P p((M ). When trained on a single stream of experience
(i.e., on one machine), a new task is sampled at the beginning of every episode, making the
task presentation more aptly called “interleaved” than parallel. (However, the experience
data used to update the agent is often pooled across tasks.) If training is distributed across
multiple machines, the agent can employ multiple actors to collect experience across tasks
in parallel. Commonly, each task is associated with a particular input feature g € G,
where G is the space of possible goals, which indicates which task (goal) has been sampled.
The idea in this case is that similarities among tasks in M enable the agent to generalize to
previously unseen MDPs drawn from the same distribution. One type of parallel MTRL
is parallel meta-RL. In this setting, the agent trains on each sampled task for only a few
episodes total with the goal of improving few-shot performance and is “meta-tested” on

a set of held-out tasks (Finn et al., 2017; Yu et al., o19).

2.3.0.2 The Sequential Task Setting

In the sequential task setting (Moskovitz et al., 2022a; Pacchiano et al., 2022), tasks are
sampled one at a time M}, ~ P4, with the sampling process either independent or con-
ditioned on previous tasks and performance (e.g., Po(( M| Mj—1)) and the agent trained
on each until convergence, defined as reaching within a certain threshold € > 0 of optimal
performance, or until a maximum number of environment interactions is reached. Se-
quential MTRL can be seen as a special case of continual RL (Abel et al.; 2023;Khetarpal
et al., 2022)), which demands no particular compositional structure of the overall reward
and instead emphasizes the need for never-ending adaptation. In sequential MTRL, the
agent’s goal is simply to achieve a “good enough” policy as soon as possible for each task
it faces, and its learning process may terminate if it finds a sufficiently good policy or set
of policies. This setting is itself a generalization of transfer learning, in which the agent s
trained on a single source task and then evaluated/fine-tuned on another zarger task. Fre-
quently, the tasks are such that it is relatively computationally cheap to generate a lot of

experience in the source task, with the hope that relatively little adaptation is required to
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perform well in the target environment (assuming that the source task is similar in some
sense to the target task). One particular type of transfer learning in RL is known as un-
supervised RL (Jaderberg et al., 20165 Laskin et al., 2025;Strouse et al., |2021), in which an
agent attempts to learn useful behaviors and/or representations by pre-training in an en-
vironment without extrinsic rewards before being fine-tuned using reward. The idea in
this case is that learning about the structure of the environment and how to traverse it

enables the agent to adapt more efficiently once assigned a task.

2.3.0.3 Types of Structure in MTRL

There are a number of different assumptions made in MTRL to simplify learning and
make the task distribution more compressible. The primary structure underpinning all
of MTRL, as noted previously, is hzerarchy. That is, that the overall objective can be
decomposed into multiple tasks. In the sequential setting, it’s also often assumed that
these tasks must be solved in a particular order (Singh, 1992). In both the sequential and
parallel settings, another common assumption is that the behaviors needed to solve the
different tasks in M are similar in some way, enabling the agent to learn policies that are
useful across tasks (Galashov et al., 2019a; Teh et al., 2o17a; Tirumala et al., 2019, 20204).
This form of structure only requires that the different tasks share the same state and ac-
tion spaces, and is explored in greater depth in Part One of this thesis. Another common
assumption is that the environment (CMP) is conserved across tasks—that is, that the
state space, action space, and transition dynamics (and, frequently, the discount factor)
are constants, with variation limited to the reward function (Barreto et al., 2017, 2020}
Ma et al., 2020; Vértes and Sahani, [2019; Zahavy et al., 2021). This setting is explored in
Part Two. Other structural assumptions include the smooth/slow or step-wise variation
of task elements over time (Khetarpal et al., 2022}, low-rank environment transition dy-
namics decodable from a set of shared features (Agarwal et al., 2020a; Pacchiano et al.,
2022;|Cheng et al., 20225 Agarwal et al.; 2022)), and similarity in optimal value functions

across tasks (Schaul et al., 2015; Borsa et al., 2018).
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2.4 RL and Neuroscience

RL has been connected to neuroscience and psychology since its inception. In fact, the
work of pioneers in the field like Richard Sutton and Andrew Barto (Sutton and Barto,
2018a) was largely inspired by theories of animal learning and behaviorism advanced by
B.F. Skinner and his study of operant conditioning (Skinner, [1965). There are too many
such connections to enumerate here, but we’ll briefly address a few of the ideas most

relevant to this thesis, with more detail provided as needed in subsequent chapters.

2.4.1 Reward Prediction

Perhaps the canonical example which embodies the relationship between the brain and
RL is the study of reward prediction. One of the earliest models of animal reward pre-
diction is the Rescorla-Wagner model (Wagner and Rescorla, [1972; Dayan and Abbott,

2005), which uses a single-step reward prediction error with a linear predictor
Oi1 =0 +néx where 6=r; — O (2-30)

to model the average reward signal associated with a stimulus x (where 0 is the model
parameter). This is simply a one-step TD evaluation update for a linear model of a single-
step (7 = 0) task. One of the most striking findings supporting the connection between
RL theory and the brain is that of Schultz (1998). Recording from the ventral tegmental
area (VTA) in the midbrain of monkeys trained to respond in different ways to varying
stimuli in order to obtain rewards, Schultz (1998) found that the firing rate of dopamin-
ergic neurons (those which produce the neurotransmitter dopamine) aligned almost ex-
actly with the TD reward prediction error 6 = 7 + vV (s’) — V(s). That is, when
reward exceeded the expected amount, firing would spike, and when it fell short, there
would be a drop in the firing rate. The relationship of dopamine with reward prediction
has been one of the most enduring theories and well-studied areas of neuroscience, with
significant medical relevance to diseases such as addiction, Parkinson’s, and schizophre-
nia (Dayan and Abbott, 2005). However, as study has deepened, the picture has grown
more complicated rather than simpler. For example, dopamine is now widely thought

to encode different kinds of information (not just reward prediction error) in different



2.4. RL and Neuroscience 61

parts of the brain (Montague et al., 2004; Watabe-Uchida and Uchida, 2018;|Greenstreet
et al.,2022)), and there is evidence that populations of dopaminergic neurons encode the

distribution over return rather than just its expectation (Dabney et al., 2020).

2.4.2 Habits

In 1911, while studying operant conditioning in cats, Edward Thorndike postulated the
Law of Effect, which states that actions which have been rewarded in the past are likely to
be repeated, and the Law of Exercise, which holds that actions that have been performed
in the past are also likely to be repeated (Thorndike, 1911). These simple ideas have been
tremendously influential in psychology and neuroscience, with the Law of Effect heavily
associated with theories of goal-directed learning and the Law of Exercise underpinning
ideas surrounding habitual behavior. The basic idea is that an action is likely to be re-
peated once it has been rewarded due to the Law of Effect, and its continued repetition
is then encouraged simply by virtue of its selection in the past due to the Law of Exercise.
(To be more precise, the Laws of Effect and Exercise describe these behavioral patterns,
rather than “cause” them.) This second part is especially important in the study of habits,
because once an action or sequence of actions becomes ingrained, even if the stimulus
which originally triggered its selection loses its association with reward, the stimulus will
continue to elicit the learned response. This perseveration of behavior independent of
reward is a defining feature of habit acquisition (Graybiel, 2008). The slow adaptation
of habitual behavior is one reason why, in RL-based theories, it has been traditionally
linked with model-free control, while goal-directed control is generally associated with

model-based learning (Daw et al., 2005;|Dolan and Dayan, 2013).

However, these connections have recently been challenged by work which insteead
focuses on the reward-insensitive nature of habitual stimulus-response associations. For
example, Miller et al. (2016b) posit that a more appropriate computational model of habit
acquisition can be driven by action prediction errors, wherein the cached association be-

tween stimulus s and action a, H (s, a), is updated according to the rule:

Hy1(s,a) = Hy(se,a) +n(L(ay = a) — Hy(se, a)), (2.31)
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so that H (s, a) encodes an exponentially moving average of the frequency with which a
is selected in response to s. In addition to agreement with behavioral data found by Miller
et al. (2016b), one recent study (Greenstreet et al., 2022) found evidence for dopamine-
based coding of action prediction errors in the tail of the striatum within the basal ganglia

of mice.
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This section of the thesis focuses on the use of shared behavioral structure across
tasks to learn new policies more efficiently. Put simply, the results here show that if some
pattern of behavior is useful to accomplish multiple goals, then identifying that pattern
can accelerate learning to accomplish new goals. For example, if you run to a new spot in
the park every day, memorizing the route to the park makes it easier to learn new routes
within the park. This section begins with a close examination of how an agent can capture
this structure and encode it in a reference “default policy.” Such a policy can act as a form
of supervision via regularization, guiding the agent when learning new tasks. Chapter
analyzes the situations in which this is helpful, as well as limitations. Subsequent chapters
develop this theory further, introducing a minimum description length-based approach
to ensure the default policy does not overfit to spurious behavioral structure and then
showing this method recapitulates a variety of behavioral results in neuroscience associ-

ated with dual process theories of cognition.



Chapter 3

Towards an Understanding of Default
Policies in Multitask Policy

Optimization

3.1 Introduction

Appropriate regularization has been a key factor in the widespread success of policy-based
deep reinforcement learning (RL) (Levine, [2018a; Furuta et al., |p021). The key idea un-
derlying such regularized policy optimization (RPO) methods is to train an agent to max-
imize reward while minimizing some cost which penalizes deviations from useful behav-
ior, typically encoded as a default policy. In addition to being easily scalable and com-
patible with function approximation, these methods have been shown to ameliorate the
high sample complexity of deep RL methods, making them an attractive choice for high-

dimensional problems (Berner et al., 20195 Espeholt et al., 2018).

A natural question underlying this success is why these methods are so effective.
Fortunately, there is a strong foundation for the formal understanding of regularizers in
the single-task setting. These methods can be seen as approximating a form of natural
gradient ascent (Kakade, 2002; Pacchiano et al., 2020; Moskovitz et al., 2021a), trust re-
gion or proximal point optimization (Schulman etal., 2015, )2017), or variational inference
(Levine, [2018a; Marino et al., 20203 /Abdolmaleki et al., 2018; Haarnoja et al., 2018), and

thus are well-motivated by theory (Agarwal et al., 2020b).
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However, as interest has grown in training general agents capable of providing real
world utility, there has been a shift in emphasis towards multitask learning. Accordingly,
there are a number of approaches to learning or constructing default policies for regu-
larized policy optimization in multitask settings (Galashov et al., 2019a; Teh et al., 2017a;
Goyal etal., 2019,2020; Tirumala et al.,2020b)). The basic idea is to obtain a default policy
which is generally useful for some family of tasks, thus offering a form of supervision to
the learning process. However, there is little theoretical understanding of how the choice
of default policy affects optimization. Our goal in this chapter, adapted from|Moskovitz

et al. (2022a), is to take a first step towards bridging this gap, asking:

Qr: What properties does a default policy need to have in order to improve optimization on

new tasks?

This is a nuanced question. The choice of penalty, structural commonalities among
the tasks encountered by the agent, and even the distribution space in which the regular-
ization is applied have dramatic effects on the resulting algorithm and the agent’s perfor-

mance characteristics.

In this work, we focus on methods using the Kullback-Leibler (KL) divergence with
respect to the default policy, as they are the most common in the literature. We first con-
sider this form of regularized policy optimization applied to a single task, with the goal of
understanding how the relationship between the default and optimal policies for a given
problem affect optimization. We then generalize these results to the multitask setting,
where we not only quantify the advantages of this family of approaches, but also identify
its limitations, both fundamental and algorithm-specific.

In the process of garnering new understanding of these algorithms, our results also
imply a new framework through which to understand families of tasks. Because differ-
ent algorithms are sensitive to different forms of structure, this leads to another guiding

question, closely tied to the first:

Qz: What properties does a group of tasks need to share for a given algorithm to provide a

measurable benefit?

It’s clear that in order to be effective, any multitask learning algorithm must be ap-
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plied to a task distribution with some form of structure identifiable by that algorithm:
if tasks have nothing in common, no understanding gained from one task will be useful
for accelerating learning on another. Algorithms may be designed to accommodate—
or learn—a broader array of structures, but at increased computational costs. In high-
dimensional problems, function approximation mandates new compromises. In this
work, which we view as a first step towards understanding these trade-offs, we make the

following contributions:

* We show the error bound and iteration complexity for optimization using an a-
optimal default policy, where sub-optimality is measured via the distance from the

optimal policy for a given task.

* From these results, we derive a principled RPO algorithm for multitask learning,
which we term total variation policy optimization (TVPO). We show that popu-
lar multitask KL-based algorithms can be seen as approximations to TVPO and

demonstrate the strong performance of TVPO on simple tasks.

* We ofter novel insights on the optimization characteristics—both limitations and

advantages—of common multitask RPO frameworks in the literature.

3.2 Regularized Policy Optimization

Reinforcement learning In this chapter, we consider finite, discounted MDPs M =
(S, A, P,r,7, p). We also assume access to a restart distribution for training ;1 € A(S)
such that p(s) > 0Vs € S, as is common in the literature (Kakade and Langford,
2002; |Agarwal et al., 2020b)). The agent takes actions using a stationary policy 7 : & —
A(A), which, in conjunction with the transition dynamics, induces a distribution over
trajectories T = (¢, a;);2,. We overload notation and define V™ (p) = E, ., [V™(s0)]
as the expected value for initial state distribution p. By df , we denote the discounted

state visitation distribution of 7 with starting state distribution i, so that

d7,(5) = Bagepy | (1=7) Y y'Pr7(s; = s]s0) | . (3.1)
t=0



3.2. Regularized Policy Optimization 68

where dj, = E,,, [dgo (s)} . The goal of the agent is to adapt its policy so as to maximize
itsvalue, i.e., optimize max, V™ (p). Weusem* € argmax_ V™ (p) to denote the optimal

policy and V* and Q* as shorthand for V™" and Q™ respectively.

Policy Parameterization and Objective In this chapter, we primarily consider the tab-

ular softmax policy class

exp(bs.q)
Za’eA eXp(es,a’) ,

(3-2)

mo(als) =

where § € RISIXIAI. The general form of the regularized policy optimization (RPO)

objective function is given by
In(0) = V7™ (u) — AQ(O), (3.3)

where € is some convex regularization functional. Gradient ascent updates proceed ac-

cording to
0D = 09U + vy JA(01). (3-4)

For simplicity of notation, from this point forward, for iterative algorithms which obtain
successive estimates of parameters 0® . we denote the associated policy and value func-
tions as 7™ and V), respectively. The choice of €2 plays a significant role in algorithm
design and practice, as we discuss below. It’s also important to note that the error bounds
and convergence rates we derive are based on the basic policy gradient framework in Al-
gorithm [2, in which update Eq. (3.4) is applied across a batch after every B trajectories
{m}#; are sampled from the environment. Therefore, the iteration complexities below

are proportional to the associated sample complexities.
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Algorithm 2 Regularized policy gradient algorithm

i Input MDP M, policy class O, regularization strength A, default policy 7
2 initialize #©) € ©
3. foriterationk =0,1,2,..., K do

4 sample B trajectories (b =1, ..., B):

o
7 = (S0, a0, 51,...) ~ Pry m HP St41|S¢, ar) o (arsy)
t=0

s: update parameters:
pD = 0®) 1\ T (08
where
Vo (6) = VoV (1) = AV (w0, )

and V/Q\VW (p) isasin Algorithrn
6: end for

- return 6

3.3 Related Work

Single-task learning The majority of the theoretical (Agarwal et al., po20b; Grill et al.,
2020)) and empirical (Schulman etal., 2015, 2017; Abdolmaleki et al., 2018; Pacchiano et al.,
2020)) literature has focused on the use of RPO in a single-task setting, i.e., applied to a
single MDP M. The majority of these methods place a soft or hard constraint on the

Kullback-Leibler (KL) divergence between the updated policy at each time step and the
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current policy, maximizing an objective of the form

A (ﬂ-p’ 7Tq) - Z EStNqu Eat’\‘“q('|3t) [g(8t7 at)
t=0 (3:5)

— AKL[7,(+|s¢); Wq('|3t)H>

where G : § x A — Ris typically the ()- or advantage function and 7y, 7, € {7y, 7o}
(Furuta et al,, 2021). At each update, then, the idea is to maximize reward while min-
imizing the regularization cost. From a theoretical perspective, such methods can of-
ten be framed as a form of approximate variational inference, with either learned (Ab-
dolmaleki et al., 2018; Song et al., 2019; Peng et al., 20215 Nair et al., 2021; Peters et al.,
2010) or fixed (Todorov, [2007; [Toussaint and Storkey, 2006; Rawlik et al., 2013; [Fox
et al., 2016) m9. When 7y ~ 7y, we can also understand such approaches as approx-
imating the natural policy gradient (Kakade, 2002), which is known to accelerate con-
vergence (Agarwal et al., |2020b)). Similarly, regularizing the objective using the Wasser-
stein distance (Pacchiano et al., 2020) rather than the KL divergence produces updates
which approximate those of the Wasserstein natural policy gradient (Moskovitz et al.,
20214)). Other approaches can be understood as trust region or proximal point methods
(Schulman et al., 2015, 2017; Touati et al., |2020), or even model-based approaches (Grill
et al., 2020). It’s also important to note the special case of entropy regularization, where
Q0) = —EsounitsH[mo(:|s)] = Eswumits KL[mg(+|s); Unif 4] (where Unif » denotes
the uniform distribution over a space &X’) which is perhaps the most common form of
RPO (Levine, |2018a; |[Mnih et al., 2016; [Schulman et al., 2018; Williams and Peng, 1991;
Haarnoja etal.,2018) and has been shown to aid optimization by encouraging exploration

and smoothing the objective function landscape (Ahmed et al., [2019).

Multitask learning Less common in the literature are policy regularizers designed ex-
plicitly for multitask settings. In many multitask RL algorithms which apply RPO,
shared task structure is leveraged in other forms (e.g., importance weighting), and the
regularizer itself doesn’t reflect shared information (Espeholt et al.; 2018; Riedmiller et al.,
2018). However, in cases where the penalty is designed for multitask learning, the policy

is penalized for deviating from a more general task-agnostic default policy meant to en-
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code behavior which is generally useful for the family of tasks at hand. The use of such a
behavioral default is intuitive: by distilling the common structure of the tasks the agent
encounters into behaviors which have shown themselves to be useful, optimization on
new tasks can be improved with the help of prior knowledge. For example, some ap-
proaches|Goyal et al.|(2019,2020) construct a default policy by marginalizing over goals g
for a set of goal-conditioned policies mo(als) = > P(g)mg(als, g). Such partitioning
of the input into goal-dependent and goal-agnostic features can be used to create struc-
tured internal representations via an information bottleck (Tishby et al., |2000), shown
empirically to improve generalization. In other multitask RPO algorithms, the default
policies are derived from a Bayesian framework which views 7 as a prior (Wilson et al.,
2007;/O’Donoghue et al., 2020)). Still other methods learn 7 online through distillation
(Hinton et al., 2o15) by minimizing KL[m; 7] with respect to 7 (Galashov et al., po19a;
Teh et al.,, 2o17a). When 7 is preserved across tasks but 7y is re-initialized, 7 learns the
average behavior across task-specific policies. However, to our knowledge, there has been
no investigation of the formal optimization properties of explicitly multitask approaches,

and basic questions remain unanswered.

3.4 A Basic Theory for Default Policies

At an intuitive level, the question wed like to explore is: What properties does a default
policy need in order to improve optimization? By “improve” we refer either to a reduction
in the error at convergence with respect to the optimal value function or a reduction in
the number of updates required to reach a given error threshold. To begin, we consider

perhaps the simplest default: the uniform policy. The proofs for this section are provided
in Appendix
3.4.1 Log-barrier regularization

For now, we’ll restrict ourselves to the direct softmax parameterization (Eq. (3.2)) with

access to exact gradients. Our default is a uniform policy over actions, i.e.: m(als) =
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Unif 4, resulting in the objective

INO0) = V7 (1) = ABsumiss [KL(Unif 4, w5 (- |5))]

=V"(u) + |S|—)|\.M ; log e (als), (.6)
where we have dropped terms that are constant with respect to 6. Importantly, it’s known
that even this default policy has beneficial effects on optimization by erecting a log-barrier
against low values of mp(a|s). This barrier prevents gradients from quickly dropping
to zero due to exponential scaling, facilitating a polynomial convergence rateﬂ We now
briefly restate convergence error and iteration complexity results for this case, first pre-

sented by Agarwal et al. (2020b) (Theorem s.r and Corollary s.1, respectively):

Lemma 3.4.1 (Error bound for log-barrier regularization). Suppose 0 is such that

. A . . .
VoA (0)]]2 < €opt, with €opt < SSAL Then we bave for all starting state distributions

P,

) o ||ar
VT (p) > V*(p) — T—5 f

71'*

P

We briefly comment on the term (in which the division refers to

component-wise division), known as the distribution mismatch coefficient, which roughly

quantifies the difficulty of the exploration problem faced by the optimization algorithm.

*
b dp
I

0
dﬂf

In particular, is an upper bound on (1 — 7) , which directly mea-

[o@) o
sures the mismatch between the optimal occupancy measure under the target start state

distribution and the current policy’s occupancy measure under the training start state
distribution. We emphasize that while 1 is the starting distribution used for training/op-
timization, the ultimate goal is to perform well on the target starting state distribution p.

The iteration complexity is given below.

Lemma 3.4.2 (Iteration complexity for log-barrier regularization). Let By = (1§—Wv)3 +
%. Starting from any initial 00, consider the updates Eq. (12) with A = 26(;;;—?7) and
n

"It remains an open question whether entropy regularization, which is gentler in penalizing low prob-
abilities, produces a polynomial convergence rate.
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n = 1/Bx. Then for all starting state distribution p, we have

min{V*(p) — VW (p)} < e

t<T

*

320(S|?|AJ?
(1—7)%

4

1

whenever T >

These results will act as useful reference points for the following investigation. At
a minimum, we’d like a default policy to provide guarantees that are at least as good as

those of log-barrier regularization.

3.4.2 Regularization with an a-optimal policy

To understand what properties are required of the default policy, we place an upper-

bound on the suboptimality of 7 via the TV distance. For each s € S, we have

drv(m*(:[s), mo(+[s)) < a(s) (3.7)
Our regularized objective is

TX0) = V7™ (1) = ABsumits [KL(mo(-]5), ma(-5))]

4 (59)
=V (u)+ E Z mo(als) log me(als)
for starting state distribution 1 € A(S). We then have
20 Gl A
(3.9)

A
+ E(Wo(GIS) — m(als)).

Intuitively, we can see that the gradient of the regularization terms serves to decrease the
likelihood of taking actions that have higher probability under the current policy than
the default policy.

Our first result presents the error bound for first-order stationary points of the -

regularized objective.
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Lemma 3.4.3 (Error bound for a(s)-optimal mg). Suppose 6 is such that ||V T (0)||2 <

€opt- 1hen we bave that for all starting distributions p:

1
X
-7

V™(p) = V*(p) — min{ .

€opt S|

max{l —a(s) — 6O%IS‘,O}

e R )

The min{-} operation above reflects the fact that the value of \ effectively deter-

Aa(s)

ESNUl’lif,s

[e.9]

mines whether reward-maximization or the regularization dominates the optimization
of Eq. . Note that a similar effect also applies to log-barrier regularization, but the
“high” A setting is excluded in that instance because as A — 00, mp(a|s) — Unif 4. In
this case, however, as & — 0, a high value of A\ might be preferable, as it would amount
to doing supervised learning with respect to a (nearly) optimal policy. When the reward-
maximization dominates, we can see that the error bound becomes vacuous as a(s) ap-
proaches ™ = 1 — €, |S| /A from below. In other words, as o approaches this point,
the error can grow arbitrarily high.

In the KL-minimizing case, we can see that as the policy error v — 0, the value gap
is given by % Intuitively, then, as the default policy moves closer to 7, we can
drive the value error to zero as A — 00. Interestingly, we can also see that as the distribu-
a*

tion mismatch — 0, the influence of the policy distance o diminishes and the

oo
error can again be driven to zero by increasing . We leave a more detailed discussion of

the impact of the distribution mismatch coefficient to future work. Note that in most
*

. . dr
practical cases, neither v nor || -2

will be low enough to achieve a lower error via KL

o0
minimization alone. We will therefore focus on the reward-maximizing case (A < 1) for

the majority of our further analysis.
Before considering iteration complexity however, it’s also helpful to note that
Lemma [3.4.3 generalizes Lemma given the same upper-bound on €, as Agarwal

et al. (2020b).
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error > Unif 4
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o N & o ®

0.0 0.2 0.4 0.6 0.8 1.0 00 0.2 0.4 0.6 0.8 1.0 00 02 04 06 0.8 1.0
a a a

Figure 3.1: As | A| grows, regularizing using 7 with larger dpv (7*(+|s), mo(-|s)) will converge
to alower error than log-barrier regularization. In other words, there is a more forgiv-
ing margin of error for the default policy.

and

Corollary 3.4.1. Suppose 0 is such that ||V T2 (0)||co < €opts With €opr <

A
2[S]A|
A < 1. Then we have that for all states s € S,

Eyunits [K5 ()] A || 4
L=y v

V™ (p) > V*(p) —

o0

2| A[(1=a(s))

where K (s) = 2JA[(1—a(s))—1"

We can see that in this case, the coefficient k% (s) takes on key importance. In par-
ticular, we can see that the error-bound becomes vacuous as «(s) approaches a~ =
1 —1/(2|A]) from below. The error bound is improved with respect to log-barrier reg-
ularization when the coefficient k% (s) < 2, which occurs for a(s) < 1 — 1/|A|. Note
that this is the TV distance between the uniform policy and a deterministic optimal pol-
icy. These relationships are visualized in Fig.|3.1. We can see that the range of values over
which a-optimal regularization will result in lower error than log-barrier regularization
grows as the size of the action space increases. This may have implications for the use of
a uniform default policy in continuous action spaces, which we leave to future work.

We can then combine this result with standard results for the convergence of gradi-
ent ascent to first order stationary points to obtain the iteration complexity for conver-

gence. First, however, we require an upper bound on the smoothness of J5* as defined

in Eq. .

Lemma 3.4.4 (Smoothness of Jy'). For the softmax parameterization, we bhave that

Vo T (0) — VoI (0)l2 < Ball0 — 0']]2
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w/oere ﬁ)\ = (1_%)3 + %\l

We can now bound the iteration complexity.

Lemma 3.4.5 (Iteration complexity for J\'). Let p be a starting state distribution. Fol-

lowing Lemma|3.4.4) let By = (13—1)3 + % From any initial 0©) and following Eq. (E)
withn = 1/P and

e(1-7)

Esunits [£4(5)] ‘

A= i <1,

n

[e.9]

we have

min{V*(p) = V¥ (p)} <e

t<T

*

8OIEsr\zUnifg [/ﬂ]i(S)]Q “S|2|"4|2
(1= e

4

L

whenever T >

o0
It is also natural to consider the case in which 7 is used as an initialization for 7.

Corollary 3.4.2. Given the same assumptions as Lemmals.4.5, if the initial policy is chosen

t0 be T, i.¢., Mgy = o where Ty (+|s) is au(S)-optimal with respect to 7 (-|s) Vs, then

min{V*(p) = VW (p)} < e

t<T
320 A]2IS|? |[dp || || L
whenever T' > # £ H—H Eyp [a(s)]
(1= || p £l o
In the case of random initialization, note that when a(s) = o = 1 — 1/|A],
Ex%(s) = 2, recovering the iteration complexity for log-barrier regularization, as ex-

pected. We also see that as the error & moves higher or lower than 1 —1/|.A, the iteration
complexity grows or shrinks quadratically. Therefore, a default policy within this range
will not only linearly reduce the error at convergence, but will also quadratically increase
the rate at which that error is reached. When the initial policy is 7, the iteration com-
plexity depends on the factor Eg unirs [v(s)]. Hence, for good initialization, o is small,
resulting in fewer iterations. The natural question, then, is how to find such a default

policy, with high probability, for some family of tasks.
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3.5 Extension to Multitask Learning

The results above provide guidance for the construction of default policies in the multi-
task setting. The key insight is that if the optimal policies for the tasks drawn from a given
task distribution have commonalities, the agent can use the optimal policies it learns from
previous tasks to construct a useful 7y. More precisely, consider a distribution P over
a family of tasks M = {M}}. (The simplest example of such a distribution is a cate-
gorical distribution over a discrete set of tasks, although continuous distributions over
MDPs are possible.) We assume only that the tasks have shared state and action spaces S
and A, and we denote their optimal deterministic policies by {7} }. We assume that the
other task components (reward function, transition distribution, etc.) are independent.

Then by Corollaryand Lemmaf3.4.s, if the TV barycenter at a given state s, given by

7"0("5) = arg;nin]EMkNPM [dTV(ﬂ—I:("S)a 7"(’5))] (3~IO)

is such that E[dpv (77(:|s), mo(+|s))] < 1 — 1/|.A], then regularizing with 7y will, in
expectation, result in faster convergence and lower error than using a uniform distribu-
tion. Crucially, when there is a lack of shared structure, which in this particular approach
is manifested as a lack of agreement among optimal policies, 7o (+|s) collapses to Unif 4.
Therefore, in the worst case, regularizing with 7(-|s) can do no worse than log-barrier
regularization, which already enjoys polynomial iteration complexity.

When the optimal policies {7} } are deterministic, the following result gives a con-

venient expression for the T'V-barycenter policy:

Lemma 3.5.1 (TV barycenter). Let P g be a distribution over tasks M = {My}, each

with a deterministic optimal policy 7, : S — A. Define the average optimal action as

£(s,a) = Ep,p,, [L(m(s) = a)]. (3.11)

Then, the TV barycenter my(-|s) defined in Eq. is given by a greedy policy over &, i.c.,

mo(als) = 6(a € argmax, 4 &(s,a’)), where §(-) is the Dirac delta distribution.

The proof, along with the rest of the proofs for this section, is provided in Ap-
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pendix @ Interestingly, this result also holds for the KL barycenter, which we show
in Appendix Lemma Because the average optimal action § is closely related to
a recently-proposed computational model of habit formation in cognitive psychology
(Miller et al., 2016b), from now on we refer to it as the habit function for task family
M. When the agent has observed K tasks sampled from [Py, £ is approximated by the
sample average £(s,a) = = Zszl 1(mf(s) = a) provided that the optimal policies 7},
are available. In practice, however, the agent only has access to an approximation 7, of
7}, obtained, for instance, through the use of a learning algorithm A, such as Appendix
Algorithm Hence, £(s, a) is instead given by £ (s, a) = = SK  1(7k(s) = a) which
induces an approximate barycenter 7 by taking the greedy policy over é’ . The following

result provides the iteration complexity for the multitask setting when using 7 as the

default policy.

Lemma 3.5.2 (Multitask iteration complexity). Let My, ~ Ppq and denote by 7t : S —
A its optimal policy. Denote by T}, the number of iterations to reach e-error for My, in the
sense that:

min{V™(p) - V¥ (p)} <e

t<Tk

Set N\, By, and n as in Lemma 2.4. 5. From any initial 0O, and following Eq. @),

Eni,~p o [11] satisfres:

* 2

Uus

k
dp

80|AP2|S|? .
Enfonpp [Th] > ﬁEMkNPM KL () .

T (1 =)0 s<units

o0

where ay(s) = dpv(mi(-|s), 7o(:|s)). If To is also used for initialization, then
Eng,~py, [Tk] satisfres:

3

EMkNPM [ak(s)] )
9] SH

1

]

320|AJ2|S|?

Eyvpo, 1] > —————
M, PM[kJ]— 62(1—’)/)7

Lemma characterizes the average iteration complexity over tasks when using

7o as a default policy. In particular, when the learning algorithm is also initialized with
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7o, we obtain that the average number of iterations to reach € accuracy is proportional
to the expected TV distance of 7y to the optimal policies 7} for tasks { My} ~ Py
We expect this distance to approach E [dry (mo(+|s), 75(+]$))] as the number of tasks
increases and 7, become more accurate. Note that even in this case, the regulariza-
tion is szzll required to assure polynomial convergence. To provide a precise quantifi-
cation, we let 7 (+|s) be, on average, ((s)-optimal in state s across tasks { M}, ie.
Engonm [dov (T (¢]s), 75 (4] )] < ((s) for some ((s) € [0,1]. The following lemma

quantifies how close 7y grows to the TV barycenter of {7} } 5| as K — oo:

Lemma 3.5.3 (Barycenter concentration). Let 6 be 0 < 6 < 1. Then with probability
higher than 1 — 0, forall s € S, it bolds that:

[Eagne i [dry (i (-]s), 7o(-]5)) = dov (m(-[s), mo(-]s))]]

for some constant C' that depends only on | Al.

In other words, in order to produce a default policy which improves over log-barrier
regularization as K — 00, the margin of error for the trained policies is half that which

is required for the default policy.

In practice, due to the epistemic uncertainty about the task family early in training
(in other words, when only a few tasks have been sampled), regularizing using 7 risks
misleading 7y by placing all of the default policy’s mass on a sub-optimal action. We can
therefore define 7y using a softmax 7 (als) o exp(£(s,a)/B(k)) with some tempera-
ture parameter (k) which tends to zero as the number of observed tasks k approaches
infinity. Therefore, 7y converges to the optimal default policy in the limit. This suggests
the simple approach to multitask RPO presented in Algorithm which we call zotal vari-
ation policy optimization (TVPO).

Note that if IP o is non-stationary, the moving average in Line 8 can be changed to

an exponentially weighted moving average to place more emphasis on recent tasks.
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Algorithm 3 TV Policy Optimization (TVPO)
. Input Task set M, policy class ©, fixed-my RPO algorithm A(M, ©, 7, A), as in
Appendix Algorithml%
2 initialize mo(-|s) = £©)(s, ) = Unif 4 ¥s € S
3. foriterationk = 1,2, ...do
4 Sample a task M®) ~ P,y
s: Solve the task: %) = A(My, 0, W(()k_l), A)
6: Set 7, < T G(k) -
7 Update habit moving average V(s,a) € S x A:

k—1 1
W (s, a) Tg(kfl)(s, a) + E]l <a € argmaxﬁk(a’|5)>

8:  Update default policy V(s,a) € S x A:

57 (als) o< exp(€®) (s, a)/B(k))

o: end for

3.6 Understanding the Literature

As stated previously, many approaches to multitask RPO in the literature learn a default
policy mo(als; ¢) parameterized by ¢ via gradient descent on the KL divergence (Galashov

et al., 2019a; Teh etal, por7a), e.g., via

¢ = argmin Eoumits [KL(mo(-[5), mo(-|s; 0))] - (3.12)

The idea is that by updating ¢ across multiple tasks, 7y will acquire the average behav-

iors of the goal-directed policies my. This objective can be seen as an approximation of

Eq. in which we can view the use of the KL as a relaxation of the TV distance:

mo(-|s) = argmin By, ey, [drv (mi(-[s), 7(-[5))]

s

<argminE;, .p,, [dTV(W;:('|S)7 7T('|S))2]

™

< argminEyy, wp,, [KL(7;(:[s), 7(-]5))] ,

™
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where the first inequality is due to Jensen’s inequality and the second is due to |Pollard
(2000) and where 7y(+|s) ~ 7*(+|s). The use of the KL is natural due to its easy com-
putation and differentiability, however the last approximation is crucial. By distilling 7
from 7y via Eq. from the outset of each task, there is an implicit assumption that

7o ~ m* even early in training. This is a source of suboptimality, as we discuss in Sec-

tion[3.7}

3.7 Experiments

We now study the implications of these ideas in a simple empirical setting: a family of
tasks whose state space follows the tree structure shown in Fig. In these tasks, the
agent starts at the root s; and at each timestep chooses whether to proceed down its left
subtree or right subtree (| 4| = 2). The episode ends when the agent reaches a leaf node.
In this setup, there is zero reward in all states other than the leaf nodes marked with a “?’,
for which one or more are randomly assigned a reward of 1 for each draw from the task

distribution. To encourage sparsity, the number of rewards is drawn from a geometric

distribution with success parameter p = 0.5.

One training run consisted of five rounds of randomly sampling a task and solving
it. Despite the simplicity of this environment, we found that it could prove surprisingly
difficult for many algorithms to solve consistently. As can be seen in Fig. the key
structural consistency in this task is that every optimal policy makes the same choices in
states {1, S3, S5, Se }, with necessary exploration limited to the lower subtree rooted at
S7.

For comparison, we selected RPO approaches with both fixed default poli-
cies (LOG-BARRIER, ENTROPY, and NONE) and /learned default policies: DisTRAL
(—KL(7my, ) + H[mg]; (Teh etal., 2017a)), FOoRwARD KL (—KL (70, 7)), and REVERSE
KL (—KL(7g, m0)). To make the problem more challenging for the learned default
policies, the reward distribution was made sparser by setting p = 0.7. Each approach
was applied over 20 random seeds, with results plotted in Fig. 3.3 (fixed 7o) and Fig. 5.4
(learned ). Hyperparameters were kept constant across methods (further experimen-

tal details can be found in Appendix . We see that TVPO most consistently solves
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? 21 ? ?

Figure 3.2: A tree environment. Each task in the family randomly distributes rewards among
leaves marked with a “?°. All other states result in zero reward.

task | task 2 task 3 task 4 task 5
o
J :7#: g g j f me —_ Iog barrier
§ ‘ﬁ: entropy
—— none
50000 50000 50000 50000 50000
timesteps timesteps timesteps timesteps timesteps

Figure 3.3: Fixed g baselines. Results are averaged over 20 seeds, with the shaded region denoting
one standard deviation.
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s
s //3,4" ,,fﬂf forward KL
oM I 0 il reverse KL
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Figure 3.4: Learned 7 baselines. Results are averaged over 20 seeds, with the shaded region de-
noting one standard deviation.

the tasks. This is not surprising, as Ep, wp,, [ (s)] = O for all states en route to the
rewarded leaves until s7. Thus, 7o(-|s) — 75 (s) quickly for these states as the number

of tasks grows. This dramatically reduces the size of the exploration problem for TVPO,

confining it to the subtree rooted at s7.

To gain a better understanding of the results and the learned default policies, we
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Figure 3.5: Learned default policies in states s1 and s7 after five tasks. In the simplex for s7, the
marker for TVPO is behind the markers for the other methods.

plotted the average default policies for each method on the 2-simplex for states 51 and s7
in Fig. 3.5, For all tasks in the family, the optimal policy goes right in s1, while, on average,
reward could be located in either subtree rooted at s7. This is reflected in the default poli-
cies, which prefer right in s; and are close to uniform in s7. There is a notable difterence,
however, in that the KL-, gradient-based methods are much less deterministic in s1. The
critical difference is that the KL-based methods are trained online via distillation from
suboptimal 7y % 7*. Early in training, 7y is inconsistent across tasks and runs, resulting
in a more uniform target for my. This delays its convergence across tasks to the shared
TV/KL barycenter. To test this effect empirically, we repeated the same experiment with

REVERSE KL but started training 7 progressively later within each task.
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Figure 3.6: Delayed training of 7y improves performance.

Fig. 5.6 depicts the average final reward across tasks for different time steps at which the
default policy began training. Note, however, that 7 is still used to regularize 7y, it just
isn’t updated based on 7y until 7y is a reasonable approximation of 7*. We can see that,
as predicted, delaying training within each task improves performance. There is a slight
drop in performance if 7y does not have a sufficient number of updates at the end of

training.

3.8 Discussion

In this work, we introduce novel, more general bounds on the error and iteration com-
plexity of KL-regularized policy optimization. We then show how these bounds apply to
the multitask setting, showing the first formal results for a popular class of algorithms and
deriving a novel multitask RPO algorithm with formal guarantees. We then demonstrate
the implications of our findings in a simple experimental setting. Taken together, we be-
lieve our results provide preliminary answers to our guiding questions for KL-regularized

RPO:

Ar: In order to provide benefit, a default policy must in expectation be at least as close to the
optimal policy as the uniform policy.

Az: For KL-regularized RPO to provide a measurable benefit, a group of tasks must induce
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optimal policies which agree over some portion of the state space.

There are several important ramifications for future work. First, these results imply
an algorithm-dependent definition of task families, such that a group of tasks can be con-
sidered a family for a given algorithm if that algorithm can leverage their shared properties
to improve optimization. For RPO algorithms, then, the choice of divergence measure,
default policy, and distribution space implicitly determines task groupings. As an exam-
ple, the particular class of algorithm we investigate here is sensitive to state-dependent
similarities in the space of optimal policies for a group of tasks. There are a multitude of
other forms of shared structure which alternative approaches can leverge, however, such
as consistent transition dynamics (Barreto et al., 2020; Moskovitz et al., 2022c) or even
structure in an abstract behavioral space (Pacchiano et al., [2020; Moskovitz et al., po21a;
Agarwal et al., 2021). From Fig.[3.1, it is important to observe that the performance gains
relative to log-barrier regularization are, ultimately, relatively small. It may be necessary
to develop algorithms with stronger assumptions about the task family and/or sensitiv-
ity to a different form of structure in order to drive further improvement. Conducting
an effective taxonomy of algorithms and associated task families will be crucial for the
development of practical real-world agents.

We also believe this work provides a formal framework for settings where forward
transfer is possible during lifelong learning scenarios with multiple interrelated tasks
(Lopez-Paz and Ranzato, 2017). While we tested these ideas in a toy setting, the underly-
ing theory has implications for state-of-the-art deep RL methods. When state and action
spaces grow large, however, 7 is necessarily represented by a restricted policy class. Both
TVPO and the learned 7 baseline methods can be scaled to this domain, with TVPO’s
7o being trained online to predict the next action taken by 7y. One useful lesson which
equally applies to KL-based methods, however, is that it’s preferable from an optimiza-
tion standpoint to distill 7y from 74 only late in training when 7y ~ 7*. Given the
promise of this general class of methods, we hope that the insight garnered by these re-

sults will help propel the field towards more robust and general algorithms.



3.8, Discussion 86

Appendix

Appendix 3.A: Single-task Analysis

We now consider the error bound for 7 such that dpv (7 (+|s), mo(+|s)) < a(s) Vs €

S.

Lemma 3.4.3 (Error bound for a(s)-optimal my). Suppose 0 is such that ||V T (0)||2 <

€opt- 1hen we bhave that for all starting distributions p:

1
V() > V(o) - m{ =
optS a4

IE:5~Unif5 ‘ pt‘ ‘ 05(3) £ )

max{l—a(s)—%%ls‘,()} Pl
|Al -1 dy €opt| S|
i B b -, “optiel
1-72\"" wll N

Proof. Let’sassume that 7" is a deterministic policy. By Puterman|(1994) such an optimal
policy always exists for an MDP. We’ll use the notation a*(s) to denote the optimal action
at state s. This, combined with the assumption that dpv (7*(:|s), mo(-|s)) < a(s) for
al s € S, tells us that mo(a*(s)|s) > 7*(a*(s)|s) — a(s) = 1 — a(s). Similarly,
fora # a*(s), mo(als) < «(s). Using this, we can start by showing that whenever

A7 (s,a*(s)) > 0 we can lower bound my(a*(s)|s) forall s.

The gradient norm assumption ||V 7 (0)||cc < €opt implies that for all s, a:

oT0(0) 1 A
€opt = . 1 —Vd“ (s)mg(als)A™ (s, a) + |8|(7T0 mo(als))




3.8. Discussion &7

In particular for all s,

o (@)
€opt Z aJA (9) Z !
ags,a*(s) 1-

’ydff (s)ma(a*(s)|s)A™ (s, a*(s))

A *
+ E(W (a*(s)|s) — a(s) — me(a*(s)|s))

= T omla (A (5.0°(5) + (1~ als) = mala"(5)]s)
(3.13)

And therefore if A™(s,a*(s)) > 0,

ot > (1~ a(s) — mpla*(s)]5))

P2 ]
Thus,

mo(a(s)ls) = 1 - a(s) — <21 s14)

We then have

T (s,a*(s L=~ 1 8‘7)‘0[(0)
A™(s,a"(s)) < — <7T9(CL*(S)’8) 00,

A 1 X
NGER AP (1 —a(s) —my(a (5)‘5))>

- i e s aeom)

(

.

IN

) 1 1
* €opt
() \ max {1 —afs) — Ec’%"S‘,O} ’

A
TS 1-a —04(5)))>

IN

! ! apt + o ar(s)
#03) \ masc { (1= a(s)) — =205 0} s

where (i) follows because d7? (s) > (1 — v)u(s) 073()

00, = Copt and max(1 — a(s) —

%%W, 0) < mg(a*(s)|s) < 1. Then applying the performance difference lemma
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(Kakade and Langford, |2002) gives

V*(p) — V™ (p :—Zd” T (als)A™ (s, a)
1 - 0 .
= : dy (s)A™(s,a"(s))
<t Zd“ JA™(s,a"(5)) L(A™ (s, a"(s)) = 0)

dy (s)

1 1 A
< 1—’}/2 M(S) <{1_a(s)_%’0}-Eopt-i-?'a(s))

L(A™(s,a™(s)) = 0)

1 €opt |S
1% Es~units o J 5 + Ao(s)
Y {1 —a(s) — == ,O}

Now let’s relate the values of 7* and my. We will again apply the performance difference

IN

T
_r
1
o0

lemma, this time in the other direction:

VT (p) =V =—Zd $)mo(als)A™ (s, a)

0~ (Z dz%s)m(asw*(s,a))

a#a*(s)
(@) —1 . €opt| S|\ [Al — 1
Z m;d99<8) <OZ(S)+ A 1_7
(wid) Al -1 dge( ) €0pt|8| dwe
B 11— ; 1-—- 7 Z
1

A= d(s) _(|AI—1)60pt|S|
1y (Zl—v U) AL = 7)?

AL () (AL DenlS]
TTaop (;dp” ”) AT
LA (e d©) (AL D]
R (Z u(s) M ”) Y(RE
A1 ||y o) AL Degls)
1—02 | OO(XS:M() ()) A1 — )2
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where (i) is due to the fact that A™ (s, a*(s)) = 0, (ii) is due to the fact that A™ (s, a) for

a # a* islower-bounded by —1/(1 — ) and Eq. , and (jii) is because ) d7?(s) =
1. Therefore,

|A -1 d;* €opt S|
e E — > * .
V) + s (Benloe) |2+ 955 = v
This completes the proof. ]

We now present a comparatively looser bound which applies the same upper bound

on the norm of the gradient used by|Agarwal et al. (2020D)).

Corollary 3.4.1. Suppose 0 is such that ||V T2 (0)||co < €opts With €opr < oA and

A < L. Then we have that for all states s € S,

*

) Esounit< [% ()M || ]
V”(p) >V (P)_ U is_[;\( )] f

2| A[(1=a(s))

where K (s) = 2[A|(1—a(s))-1°

Proof. The proof proceeds as in Lemma [3.4.3, except that we use the upper bound on
€opt in Eq. (3.30)) to get

€opt || 1 201 —afs) -
A

1

mo(a”(s)]s) > 1—a(s) -



3.8. Discussion 90

In this case we can upper bound A™ (s, a*(s)). From Eq. (3.13) inequality (), we have

T (s,a"(s 1=y 1 8j)?(9)
A ( y ( )) S dze(s) <719(a*(8)|8) aQs,a

A 1 *
_ Em (1 —afs) — mp(a (3)|3))>

- i Gwem 1w (- meon)

@ 1 1 A
: f1(s) ((1 — a(s)) — nls " €opt 1S (1—(1- 04(5)))>
< 1 1 Eopt + ia(s)
= uls) \ (1 - afs)) — cxlsl S|
(i) 1 2| A| A ia )
— ) ((2|AI(1—a(s)) D284 TS ( ))
- 2 ! + a(s)
~18lu(s) \ 20— a() — 1o
< A 2[A|(1 — afs))
= SIu(s) | 2MI(1 - als)) — 1
=k (s)

Where (i) follows because dj? (s) > (1 — ) pu(s), 8573 ©) < €opt and max(1l — a(s) —

Q’%IS‘, 0) < mp(a*(s)|s) < 1. (i) is obtained by plugging in the upper bound on €.

We now make use of the performance difference lemma:

1

Ve (p) = V(p) = ﬁ I5 (5)7* (als) A7 (5, a) (316
Zd“ A" (5,0"(5)) (1)
< ﬁ T5 (5) A7 (5,"(5)) LA™ (5,0(5)) 2 0) (319

s

(1- ISI Z’M ) 1(A™(s,a"(s)) 20)  (3.19)

A

S WESNUHifs [/@?‘4(3)] (3'2'0)

[e.9]
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This completes the proof.

We can bound the smoothness of the objective as follows.
Lemma 3.4.4 (Smoothness of Jy'). For the softmax parameterization, we have that
Vo TN (0) — VoI (0)|l2 < Ball0 — 0|2
8

where 3y = Tt %\'

Proof. We can first bound the smoothness of V™ (1) using Lemma D.4 from |Agarwal
et al. (2020b). We get

VoV (1) = VoV (p)l|2 < BI]0 — 62

for

We now need to bound the smoothness of the regularizer ﬁQ(Q) where

Q(0) = molals) log me(als).

0
90,/ o

Using that logmg(als) = 1(s = §)[1(a = a') — me(d’|s)] for the softmax

parameterization, we get

Vo, Q0) = mo(-]s) — mo(-[s),

S

Vi, 0) = —diag(mg(-|s)) + me(-)ma(-]s) "

The remainder of the proof follows directly from that of Lemma D.4 in|Agarwal et al.
(2020b), as the second-order gradients are identical. We then have that ©2(0) is 2-smooth

and therefore ﬁQ(G) is %-smooth, completing the proof. O
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Note that the second value of A will nearly always be greater than 1 for most values

(1—)%e
[A]-1

of €, €opts | S|, | Al, as that’s the case when E , [a(s)] > — €opt |S|, which is usually

negative, thus trivially satisfying the inequality for a(s) € [0,1] Vs € S.

Lemma 3.4.5 (Iteration complexity for J\*). Let p be a starting state distribution. Fol-

lowing Lemma|3.4.4} let B = (13—1)3 + % From any initial 0O and following Eq. (E)
withn = 1/P and

e(1—19)

Es units [K5(5)]

A= i <1,

0

[e.o]

we have

min{V*(p) = V(p)} < e

t<T

*

8O0E,units [£5(5)] |SI*| AP
(1—7)%

4

i

whenever T >

[e.9]

Proof. The proof rests on bounding the iteration complexity of making the gradient suf-
ficiently small. Because the optimization process is deterministic and unconstrained, we
can use the standard result that after 7" updates with stepsize 1/ 3, we have

< 20T — T (6)) 23,

0 B

min ||V, 75 (6|13

where 3 upper-bounds the smoothness of 75 (0). Using the above and Corollary[.4.1,

20 A
< < .
P =\ T —)T T 2I8]A

2 2
Solving the above inequality for T gives T" > %. From Lemma3.4.4}, we can set

we want

By = ﬁ + % Plugging this in gives

T >

8ISPPIAPAy _ (64[SI*JA]? | 16|S||AP
BRI e

(I=y)2 " (1=
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Corollary gives us the possible values for A for value error margin €. Then if

€(1—19)
E, [k%(s)]

A:

<1,

i
P

m

o0

we can write

64/SI*|Al? N 16[S[|A[* _ 80|S[*AJ?

(T=9)*A (1= ~ (L—79)*\2
80K, [k5(s)] [SI*A]?
a (1 — )" ’

ﬂ.*
4

i

‘ 2

[e.9]

Corollary 3.4.2. Given the same assumptions as Lemma 5.4. 5, if the initial policy is chosen

t0 be o, i.e., Ty = To where Ty (+|$) is au(s)-optimal with respect to 7 (-|s) Vs, then

min{V*(p) =V (p)} < e

t<T

% |12

320|A[2[S)?
(1 =)

.

0

HﬂLmWM@L

whenever T' >

Proof. The proof rests on bounding the iteration complexity of making the gradient suf-
ficiently small. Because the optimization process is deterministic and unconstrained, we

can use the standard result that after 7" updates with stepsize 1/, we have

AT = TROD) _ 28,

: *(n(t)\[|2
min [V (1) < - YN

(3.22)

where () upper-bounds the smoothness of J3(0) and we. define A = J7(6*) —
T3 (0)) for conciseness. Using the above and Corollary@, we want

26\ A A
< < .
ENTT s[4

Solving the above inequality for T gives T > Aw. From Lemmaf3.4.4}, we can
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set By = (1_%)3 + %\' Plugging this in gives

T>A

SISPIAPSY _ \ (B4SPIAR | 16S]IA]
2 S\ - A ‘

Corollaryensures that min,<7 V*(p) — V®(p) < e provided that \ is of the form:

1
)= ( v)ﬂ* -1
Eu[’ii\(s)] Z -
we can therefore write:
64|S|*|A* | 16|S||AJ]? < 80|SJ?|AJ?
(I TR S (R e
80K, [r%(s)] |SI?| A2 d_fr
e
This implies the following condition on 7":
SOA|AJ2[S]? " ||
« 2
> S B | 62)

It remains to control the error A due to initialization with policy my. Denote by 7} the

optimal policy maximizing [7y. We have the following:

A=V (p) = V™(p) — AKL(mo, 73)

<V*(p) = V™(p) 624
L
ST | OOEsw’ [o(s)]

where the first line is by definition of A, the second line uses that the KL term is non-

positive. The third line uses that V™ (p) — V*(p) < 0 and the last line follows from
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Lemma Hence, it suffice to choose T satisfying:

| ‘
o

As a final step, we simply observe that E, [x%(s)] < 2and d7° < 1.

*

2 2
1o SOLAPLS|
= Al -y

4

L

o
4y’

W

o0

Lemma 3.A.x. Following Lemmas.4.4, let B\ = (i—%g + % From any initial 0O and

following Eq. (3.4) withn = 1/, and

€opt |S|(|A] = 1)
A\ = ot , 26
(=% — (M= DE, o) 026
for all starting state distributions p, we have,
' *(0) — /@
min{V*(p) =V (p)} < €
« 2 2 2 dﬁ* 2
whenever T > min SUE, [k (s)] 6“? Al ‘L ,
(1 —n)% p oo
E, [a(s)]
80|S A2( g - .
A T A1)~ 1=
(3.27)

Proof. The proof proceeds identically as above, except we set

 elSIGAL -
A T e (A - DE, [a(9)] "

we have

64|SI*|A]* | 16IS||AI* _ 80|S|*AJ?
(T=9)" (1= = (1=
_ BOIS|IAP (1 = )% — (JA] = DE, [a(s)])
(1 —7)eope (-4 —1)

— 2 € EM [a(s)]
=SSP (T A7)

completing the proof. O]



3.8. Discussion 96

Note that this value of A\ will nearly always be greater than 1 for most values of

€, €opt | S|, |Al, as that’s the case when E,, [a(s)] > (‘1;‘1)?6 — €opt|S|, which is usually

negative, thus trivially satisfying the inequality for a(s) € [0,1] Vs € S.

Lemma 3.A.2. Assume that  issuch that w(a*(s)|s) > 1—[(s) forsome state dependent

error s — [(8) and that p(s) > 0 for all states s. Then the following inequality bolds:

1
(1—7)?

dy

Ve(p) = V*(p) > — -

Ep [5(3)] (3.28)

[e.9]

Proof.
Vo) - v =—Zd’f w{al)A™ (5.0
Z Z (d7(s)m(als) JA™ (s,a))

s a#a*(s)

1
5 2 G (s) m(als)
T 2 Z()

S

1 s
> DD Z (d5(s)B(s))

S
%
0

o1
- (=)

By [B(5)]

[e.e]

where the first line follows by application of the performance different lemma (Agarwal
et al., 2020b, Lemma 3.2), the second line is due to the fact that A™ (s, a*(s)) = 0,
the third line from A™ (s,a) > —1/(1 — «) for a # a*. The fourth line uses that
YararsyTlals) = 1 —m(a*(s)]s) < B(s) fora # a*(s) since by assumption
m(a*(s)|s) > 1 — B(s). Finally, the last line uses that d7 is a probability distribution

over states s satisfying > | s d7(s) = 1.

3.A.x1  State dependent ) and €

We can further generalize these results by allowing the error € and regularization weight

A to be state-dependent. The gradient with state dependent regularized A equals
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jwo( Vﬂ'e Z ’S‘ 770 CL| lOgﬂ'Q(G‘S)

Lemma 3.A.3. Suppose 0 is such that (N T (0)), , < €opt(S, a). Then we have that for

s,a —

all states s € S,

Vi(p) = V™ (p)

1 , -
- mm{ v e + As)als)| ||
1—7 max ((1 — CY(S)) i EOpt(sa( NIS| 0) 1

(s
)
20

A ] S Saemlsa)
e | b R B m}

Proof. Let’sassume that 7* is a deterministic policy. By Puterman|(1994) such an optimal
policy always exists for an MDP. We’ll use the notation a*(s) to denote the optimal action
at state s. This, combined with the assumption that dpy (7*(+|s), mo(+]s)) < a(s) for
al s € S, tells us that mo(a*(s)|s) > 7*(a*(s)|s) — a(s) = 1 — a(s). Similarly,
fora # a*(s), mo(als) < «(s). Using this, we can start by showing that whenever

A7 (s,a*(s)) > 0 we can lower bound 7y (a*(s)|s) for all s.

The gradient norm assumption (V.J*(0)), . < €opt(s, a) implies that for all s, a:

s,a —

o (5:0) 2 PP — )l ) A7 (5,0) + 55 (70— )

\%
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In particular for all s,

; 07,'(0)
>
com{:0°(5)) 2 72

@ 1

> ——d"°(s)mp(a*(s)]s)A™ (s, a*(s))

/\<S) * [ %k *
+ W(W (a"(s)]s) — als) — m(a™(s)]s))
1 U * ) *
=7 —fyd“ (s)ma(a™(s)]s)A™ (s,a"(s))
Als) .
+ W(l — a(s) —m(a’(s)]s))
(3.29)
And therefore if A™(s,a*(s)) > 0,
can(s.0) = 5 (1 = als) = mola”(3)]5)
Thus,
€opt (s, a"(s))|S|
mo(a*(s)|s) > max | 1 — a(s) ,0
( TS) ) (3.30)
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In this case we can upper bound A™ (s, a*(s)). From Eq. (3.13) inequality (), we have

(s a*(s - ! : 8\7;\1(0)
AT (s,a"(s)) < di(s) <7T9(a*(8)|3) 9050+ (5)

RO o
S| mg(a*(s)|s) (1 (s) o(a”(s)] )))

1y 1 AT () [ Als) (,  1—als)
AC (w@<a*<s>|s> Wiy 1] ( m(a*(sns)))

@) 1 1 *
< () <max ((1 —als)) — M70> - €opt (8, a%(5))
Als)
g -0 a<s>>>>
1 1
<

" <m (11— a(s)) — bS] g) cope (5 7(5))

07 (0)
0054

Where (i) follows because dj?(s) > (1 — y)u(s), < €opy and

max (1 —a(s) — M,O) < ma(a*(s)|s) < 1.

We now make use of the performance difference lemma:
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1 O .
= : ) dy (s)m"(als)A™ (s, a)
1 - o .
= T S dy (s)A™(s,a"(s))
< S (AT (AT 0(5) 2 0

)\(S) T *
- Wa(s)) 1(A™(s,a"(s)) > 0)
1 60pt<87a*(s))|8| dg*
—— L, Unifs A(s)a(s £
STy |:max (1= afs) - exlseisl o) A )] mol

Now let’s relate the values of 7* and my. We will again apply the performance differ-
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ence lemma, this time in the other direction:

VT (p) = V*(p)

_ ﬁ > dy(s)mo(als)A™ (s, a)
-\
(>2) szm ( A1)+ Zm*(s);(o;;(s’a)ISI) 1 iv
:_ﬁ (E?Q—@MSXAWESW 2 i )
25 - - L Z“M;zzzm“’“) w
2 -7 |_A|7)2Es~dze SO ° |7)2 = €°E”§ ’ N
>~ o) [ - o eS|

where (1) is due to the fact that A™ (s, a*(s)) = 0, and (2)is due to the fact that A™ (s, a)
fora # a* is lower-bounded by —1/(1 — ) and Eq. (.30). and (3) holds because of
Holderand ) _, d7?(s) = 1. Therefore,

4 dy
T lae)] [

N S|
o (T=7)?

Za €0pt<57 CL)
A(s)

V™ (p) + = V*(p).

o0

A simple corollary of Lemma is,
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1—a(s))A(s
Corollary 3.A.1. Ifeqpi(s,a) < % then

Vi(p) = V™(p)

*

) 1 2€0pt (8, a*(5))|S] d"
< . pt P
_nm{l_vﬁmmg[ (2B A sate)| | 2]

AL IS | Secn(sa)
e | R e m}

—a(s)) (s €opt (8,0)|S —afs
Proof. Ife(s,a) < % then max <(1 —a(s)) — %,0) > 1T() The

result follows. [l

Corollary recovers the results of|Agarwal et al.|(2020b) by noting the TV dis-
tance between the optimal policy and the uniform one equals 1 — ﬁ and therefore
- L
1—as) = "Ik
We now concern ourselves with the problem of finding a true € > 0 optimal policy.
This will require us to set the values of A(s) appropriately. We restrict ourselves to the

following version of the results of Corollary[3.A.1| If €(s, a) < % then

. 1 2€ont(s,a"(8))|S dr
V7 (p) > V*(p) — :ESNUHHS { "tl(_aés)m | +A(s)a(s)] f
By setting
e(l—r
AGs) <—d)

P

- 2a(s)

(1 —afs))e(d —v) (1 —a(s))A(s)
gsi||=| 1!

and €,pt (5, @) = min =
P
I

we get

Vm(p) > V() — e

Observe that the level of regularization depends on the state’s error. If the error is

very low, the regularizer \(s) should be set to a larger value.
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Appendix 3.B: Multitask Analysis

Assume we are given K i.i.d. tasks M}, sampled from P4, denote by 7} (+|s) their corre-
sponding optimal policies and let 7 (+|s) be ar(s) policies, i.e. dpy (Tx(+|s), i(:]s)) <
a(s) for some a(s) < 1. To simplify notation, we may also refer to P directly as the
distribution over these optimal policies. Let 7y be the total variation barycenter of the

policies 7y, i.e.: Tp = arg min, % Zszl dry (m, 7;), while
o = arg mﬂin Enpp ldrv (7, 7))

Lemma 3.5.1 (TV barycenter). Let Ppq be a distribution over tasks M = {My}, each

with a deterministic optimal policy 7, © S — A. Define the average optimal action as

5(87 CL) = EMkNIP’M [ﬂ(ﬂ-;(s) = a)] . (3-11)

Then, the TV barycenter w(-|s) defined in Eq. is given by a greedy policy over &, i.c.,

mo(als) = 6(a € argmax 4 &(s,a’)), where §(-) is the Dirac delta distribution.

Proof. Let’s first express the barycenter loss in a more convenient form:

B [y (n( 1), 7 ([9)] =Ewnp |5 3 7(a) + 5(1 — wlan(s), )
aFa,s(s)
(3.31)
=Erp [(1 - W(aw’<s)7 3))] (3.32)

=1-> P(x'(als) = 1)m(als) (333)

=1 — Zﬂsoft(a|s)7r(a|s). (3.34)

Therefore, the barycenter loss is minimized when 7(a|s) puts all its mass on the maxi-

mum value of 74,7 (a|s) over actions a € A.

The KL barycenter can be described as follows.
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Lemma 3.B.4 (KL barycenter). Let Py be a distribution over tasks such that for every
My, € M, there exists a unique optimal action a}(s) for each state s such that 7y (s) = a*.

Then the KL barycenter for state s is:

argmin By, ~p, KL(E(-[s), 7(-[5)) = 0(a = Eagnppmi(s))  (3:39)

™

where §(-) is the Dirac delta distribution. This bolds for both directions of the KL.

Proof. We have

Ennpp KL(7(-]5), 7 (-s))

. mi(als)
— ]E’MkNPM Z ﬂ-k(a/|8) log 7::(@|S)

=Epr,py | —logm(az(s Z 0- log
a,;éa
=0

= Enpy [~ log m(ai(s)]s)]

Therefore, the barycenter loss is minimized when 7(a|s) puts all its mass on the expected
aj(s). Note that we consider the underbrace term zero because lim,_,o z logz = 0. It

is easy to verify that this result holds for the reverse KL. O

Lemma 3.5.2 (Multitask iteration complexity). Let M, ~ Pq and denote by 7, : S —
A its optimal policy. Denote by T}, the number of iterations to reach e-error for My, in the
sense that:

min{V™(p) - V¥ (p)} <e

t<T},

Set N\, By, and n as in Lemma 2.4. 5. From any initial 0O, and Sfollowing Eq. @),

Eni,mp o [11] satisfres:

* 2

™

k
dp

80| A[2|S|? .
APy, o |

Enrmp o |15 >
M PM[ k] - 62(1 _7)6 s~Unif g

o0
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where oy (s) = dov(mi(-|s), 7o (:|s)). If To is also used for initialization, then
Ent,~py, [Tk) satisfres:

3

Bt~ [k (s)]
9 SH

320].A[2[S|?
(1 =)

1

Engp~rp, [Th] > p

Proof. Let M; be a random task sampled according to M and denote by 7 its cor-

responding optimal policy. Set a(s) = drvy (7, 7)) and choose A = 5(111%7) By
2[| =2
Lemmal3.4.5, we have that: '
min{V*(p) = VW (p)} < e
t<T
« X 36)
160|A|2|S|2 AT o (33
ll)h€7l€l}€}" T Z w f ﬁ ESNH/ [Oé(S)]
By choosing 4i’ to be uniform and recalling that d;ro < 1, it suffice to have:
16041282 || dn ||
LN Euoy ldpy (7, 75)] . .

Taking the expectation over the tasks and treating 7" as a random variable depending on

the task, we get that:

*

160|AP2[S]?
e(1—7)7

4

E[T] > .,

Eswu’ﬂ'/ ~ P [dTV(ﬁ—O; 7T,)] . (338)

The following lemma quantifies how 7 is close to be the TV barycenter of
{7} }1<k<k when K grows to infinity. Welet 77, (+|s) be, on average, ((s)-optimal in state
s across tasks My, i.e. Epg on [drv(Te(+]s), 75 (+]s))] < ((s) for some ((s) € [0, 1].

For concision, we shorten 7(-|s) as 7.

Lemma 3.5.3 (Barycenter concentration). Let § be 0 < & < 1. Then with probability
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higher than 1 — 0, for all s € S, it holds that:

[Eagne s [doy (i (-[), 7o(|5)) = dov (i (-]s), mo(-s))]]

< 2((s) +

Jfor some constant C' that depends only on | Al.

Proof. 'To simplify the proof, we fix a state s and omit the dependence in s. We further

introduce the following notations:

f(ﬂ) = EMiNPM [dTV<7T7 W:)] (3-39)
_ 1 K
f(m) = 7 Z; dry (7, 7;) (3.40)
~ 1 I_(
f(W)ZgngV(W,Wf) (3.41)

Let 1y = argmin, f(7) and 77y = arg min, f(m). Itis easy to see that:

F(#0) <f(Ro) + £ (o) — f (7o)l + | F(Ro) — f (7o)l
<f(mo) + |f (7o) = f(Ro)| + | f (Fo) — f(0)|
<f(mo) + | f (7o) = f(7o)| + | F (7o) — f (7o)
+| f(m0) = f(mo)| + | f(m0) — f (o)l

where the first line follows by a triangular inequality, the second line uses that
f(#) < f(m) since 7y minimizes f. The third line uses a triangular inequality
again while the last line follows by definition of the supremum. Moreover, recall that
f(mo) < f(#o) as mo minimizes f and that | f () — f(7)] <  since, by assumption, we

have that dpy (77, 7;) < (. Therefore, it follows that:

|f(70) — f(mo)| < 2¢ + 2sup | f(7) — f(m)]. (3.42)
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By application of the bounded difference inequality (McDiarmid’s inequality) (Sen, 2018,

Theorem 13.8), we know that for any ¢ > 0:

P |lswplf(r) = Fn)] B [swp () - £ 1> o] <22 o)

This implies that for any 0 < 1 < 1, we have with probability higher than 1 — 7 that:

sup ) — 1)1 < || B2 + B [swp ()~ S| e

Combining Eq. with Eq. and using Lemmaf3.B.s to control
E [sup7r |f(x) — f(m) |} , we have that forany 0 < ¢ < 1, with probability higher than

1 — ¢, it holds that:

log(2
(o) — Flmo) < 2+ 2288 4 g0 ML (.45

for some constant C' that depends only on |AJ.

Lemma 3.B.s.

E {Slip |f () - f(ﬂ)l] < C\/g, (3.46)

where C'is a constant that depends only on | Al.

Proof. To control the quantity E [SUPW | f (m)— f (7T)|i| , we will use a classical result
from empirical process theory (Van der Vaart, 2000, Corollary 19.35). We begin by in-
troducing some useful notions to state the result. Denote by F the set of functions
7'+ dpy(m,7') that are indexed by a fixed 7. Given a random task M; ~ M, we
call 777 its optimal policy and denote by P the probability distribution of 7} when the
task M; is drawn from M. Note that we can express f(7) as an expectation w.r.t. P:

f(m) = Epop [dry(m, 7')]. Moreover, f(7) is an empirical average over i.i.d. samples

77 drawn from P.
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The bracketing number Nyj(e, F, Lo(P)) is the smallest number of functions f;
and g; such that for any 7, there exists j such that f;(7") < dpy(m,7') < g;(n’) and
I|fi = gjllo(p) < €. The following result is a direct application of (Van der Vaart, 2000,
Corollary19.35) and provides a controlon E [sup7r |f(x) — f(m) |} in terms of the brack-

eting number NV IE

VRE [swplfir) - @] < [ fos N F L) 6

where R? = E,p [sup, dry (m, 7')?] < 1. It remains to control the bracketing num-

ber V. To achieve this, note that the functions in JF are all 1-Lipschitz, meaning that:

|dry (7, 7) — dpy (7', m)| < dpy (7, 7') < 1. (3.48)

Moreover, the family F admits the constant function F'(7') = 1 as an envelope, which

means, in other words, that the following upper-bound holds:

sup dpy (m,7') < 1. (3-49)

™

Therefore, we can apply (Van der Vaart, 2000, Example 19.7) to the family F, which di-
rectly implies the following upper-bound on Ny

4|
Ny(e, F, Ly(P)) < K (1) (3.50)

€

where K is a constant that depends only on |.A|. Combining andf.so|and recalling

that R < 1, it follows that:

[Al

E [swp 7 - 1(ml| < /5] 631

where C'is a constant that depends only on |A|. O
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Appendix 3.C: Experimental Details

The policy model for all algorithms was given by the tabular softmax with single param-

eter vector O € RISIMI such that

exp(bs.q)
Za’E_A eXp(es,a’) .

mo(als) =

All agents were trained for 80,000 time steps per task using standard stochastic gradient
ascent with learning rate 7 = 0.02. For methods with learned regularizers, the learn-
ing for the regularizer was halved, with 1,eg = 0.01. Each episode terminated when the
agent reached a leaf node. For those using regularization, the regularization weight was
A = 0.2. For D1sTRAL, this weight was applied equally to both the KL term and the en-
tropy term. Each task was randomly sampled with 7(s) = 0 for all nodes other than the
leaf nodes of the subtree rooted at s7 (Fig.[3.2). For those nodes, 7(s) ~ Geom(p) with
p = 0.5 for experiments with fixed default policies and p = 0.7 for those with learned
default policies. The sparsity of the reward distribution made learning challenging, and
so limiting the size of the effective search space (via an effective default policy) was cru-
cial to consistent success. A single run consisted of 5 draws from the task distribution,
with each method trained for 20 runs with different random seeds. For TVPO, the soft-
max temperature decayed as 3(k) = exp(—£k/10), with k being the number of tasks.
The plotted default policies in Fig.[3.s|were the average default policy probabilities in the

selected states across these runs.



Chapter 4

Minimum Description Length

Control

The previous chapter provided a theoretical analysis as well as small-scale experimental
results studying regularized policy optimization for MTRL. It demonstrated that sim-
ilarity among the optimal policies for a group of tasks constitutes a form of behavioral
structure which can be distilled into a default policy and leveraged into faster learning
of new policies. This chapter, adapted from Moskovitz et al. (2023a)), draws inspiration
from the dual process theory of biological cognition to extend these results, providing a
principled approach to mitigating overfitting of the default policy to previously observed

tasks, thereby ensuring that the control policy can flexibly adapt to new demands.

4.1 Introduction

In order to learn efficiently in a complex world with multiple rapidly changing objectives,
both animals and machines must leverage past experience. This is a challenging task, as
processing and storing all relevant information is computationally infeasible. How can
an intelligent agent address this problem? We hypothesize that one route may lie in the
dual process theory of cognition, a longstanding framework in cognitive psychology intro-
duced by William James (James et al.,1890) which lies at the heart of many dichotomies in
both cognitive science and machine learning. Examples include goal-directed versus ha-
bitual behavior (Graybiel, 2008), model-based versus model-free reinforcement learning

(Daw et al., 20115 Sutton and Barto, 2018a), and “System 1” versus “System 2” thinking
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(Kahneman, 2o1r). In each of these paradigms, a complex, “control” process trades off
with a simple, “default” process to guide actions. Why has this been such a successful and
enduring conceptual motif? Our hypothesis is that default processes often serve to distill
common structure from the tasks consistently faced by animals and agents, facilitating
generalization and rapid learning on new objectives. For example, drivers can automat-
ically traverse commonly traveled roads en route to new destinations, and chefs quickly
learn new dishes on the back of well-honed fundamental techniques. Importantly, even
intricate tasks can become automatic, if repeated often enough (e.g., the combination of
fine motor commands required to swing a tennis racket): the default process must be suf-
ficiently expressive to learn common behaviors, regardless of their complexity. In reality,

most processes likely lie on a continuum between simplicity and complexity.

In reinforcement learning (RL; |Sutton and Barto, 2018a), improving sample efh-
ciency on new tasks is crucial to the developement of general agents which can learn ef-
tectively in the real world (Botvinick et al., 2o15; Kirk et al., 2021). Intriguingly, one family
of approaches which have shown promise in this regard are regularized policy optimiza-
tion algorithms, in which a goal-specific control policy is paired with a simple yet general
default policy to facilitate learning across multiple tasks (Teh et al., 2017a;Galashov et al.,
2019a; |Goyal et al., 2020} |2019; Moskovitz et al., 2022a). One difficulty in algorithm de-
sign, however, is how much or how little to constrain the default policy, and in what way.
An overly simple default policy will fail to identify and exploit commonalities among
tasks, while a complex model may overfit to a single task and fail to generalize. Most ap-
proaches manually specify an asymmetry between the control and default policies, such
as hiding input information (Galashov et al., 2019a) or constraining the model class (Lai
and Gershman, 2021). Ideally, we'd like an adaptive approach that learns the appropriate

degree of complexity via experience.

The minimum description length principle (MDL; Rissanen, 1978)), which in gen-
eral holds that one should prefer the simplest model that accurately fits the data, offers a
guiding framework for algorithm design that does just that, enabling the default policy
to optimally trade off between adapting to information from new tasks and maintaining

simplicity. Inspired by dual process theory and the MDL principle, we propose M DL-



4.2. Setting 1z

control (MDL-C, pronounced “middle-cee”), a principled RPO framework for multitask
RL. In Section we formally introduce multitask RL and describe RPO approaches
within this setting. In Section E, we describe MDL and the variational coding frame-
work, from which we extract MDL-C and derive its formal performance characteristics.
In Section we demonstrate its empirical effectiveness in both discrete and continuous

control settings. Finally, we discuss related ideas from the the literature (Section|4.6) and

conclude (Section[4.7).

4.2 Setting

While the previous chapter focused solely on sequential MTRL, here we consider both
the sequential parallel settings. The objective in each case is to maximize average reward
across tasks, equivalent to minimizing cumulative regret over the agent’s ‘lifetime.” More
specifically, we assume a (possibly infinite) set of tasks (MDPs) M = { M} presented to
the agent by sampling from some task distribution Pxs € P(M). In the sequential task
setting (Moskovitz et al., 20224;|Pacchiano et al., 2022), tasks (MDPs) are sampled one at
a time from P, with the agent training on each until convergence. In the parallel task
training (Yu etal.,2019), anew MDP is sampled from [P 54 at the start of every episode and
is associated with a particular input feature g € G that indicates to the agent which task
has been sampled. We continue the previous chapter’s focus on RPO-based approaches,

here denoting the default policy by 7,,, where w are the policy parameters.

4.3 The Minimum Description Length Principle

General principle Storing all environment interactions across multiple tasks is com-
putationally infeasible, so multitask RPO algorithms offer a compressed representation
in the form of a default policy. However, the type of information that is compressed
(and that which is lost) is often hard-coded a priori. Preferably, we'd like an approach
which can distill structural regularities among tasks without needing to know what they
are beforehand. The minimum description length (MDL) framework offers a princi-

pled approach to this problem. So-called “ideal” MDL seeks to find the shortest so-
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lution written in a general-purpose programming languagd] which accurately repro-
duces the data—an idea rooted in the concept of Kolmogorov complexity (Li and Vit-
nyi, 2008). Given the known impossibility of computing Kolmogorov complexity for
all but the simplest cases, a more practical MDL approach instead prescribes selecting
the hypothesis * from some hypothesis class H which minimizes the two-part code
H* = argming,, L(D|H) + L(H), where L(D|H) is the number of bits required to
encode the data given the hypothesis and L(H ) is the number of bits needed to encode
the hypothesis itself. There are a variety of so-called universal coding schemes which can
be used to model these quantities.

Variational code One popular encoding scheme is the variational code (Blier and Ol-

livier, |2018; Hinton and Van Camp} 1993; Honkela and Valpola, 2004):

Ly*(D) = Ey~,, [~ log ps(D)] + KL[v(-); p(-)] (4.1)
L (DIH) Lon(H)

where the hypothesis class is of a set of parametric models H = {py(D) : § € O}.
The model parameters are random variables with prior distribution p(#) and v/(#) is any
distribution over ©. Minimizing L} (D) with respect to v is equivalent to performing
variational inference, maximizing a lower-bound to the data log-likelihood log p(D) =
log [ p(0)pe(D)d§ > —L} (D). Roughly speaking, MDL encourages the choice of
“simple” models when limited data are available (Grunwald, |2004). In the variational
coding scheme, simplicity is enforced via the choice of prior.

Sparsity-inducing priors and variational dropout Sparsity-inducing priors can be
used to improve the compression rate within the variational coding scheme, as they en-
courage the model to prune out parameters that do not contribute to reducing L™ (D|4).
Many sparsity-inducing priors belong to the family of scale mixtures of normal distribu-
tions (2): z ~ p(z2), 0 ~ p(0]z) = N(w;0, 2?) where p(z) defines a distribution over
the variance 2%. Common choices of p(z) include the Jeffreys prior p(z) o |z|~! (Jef-
freys, [1946), the inverse-Gamma distribution, and the half-Cauchy distribution (Polson

and Scott, 2o12; (Gelman, 2006). Such priors have deep connections to MDL theory.

"The invariance theorem (Kolmogorov, [196s)) ensures that, given a sufficiently long sequence, Kol-
mogorov complexity is invariant to the choice of general-purpose language.
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For example, the Jeffreys prior in conjunction with an exponential family likelihood is
asymptotically identical to the normalized maximum likelibood estimator, perhaps the
most fundamental ‘MDL’ estimator (Griinwald and Roos, |2019). Variational dropout
(VDO) is an effective algorithm for minimizing Eq. @ for these sparsity-inducing pri-
ors (Louizos et al., 2017;|Kingma et al., 2o15; Molchanov et al., 2017). Briefly, this involves

choosing an approximate posterior distribution with the form
p(w, 2|D) = v(w, z) = N (z; pr, ad )N (w; 2p1, 2°0° 1) (4.2)

and optimizing Eq. @ via stochastic gradient descent on the variational parameters
given by {«, ., 02, 1, 0*}. As its name suggests—and importantly for its ease of ap-
plication to large models—VDO can be implemented as a form of dropout (Srivastava
et al., 2014) by reparameterizing the noise on the weights as activation noise (Kingma
et al., po1s). Application of VDO to Bayesian neural networks has achieved impressive
compression rates, sparsifying deep neural networks while maintaining prediction per-
formance on supervised learning problems (Molchanov et al., 2017; Louizos et al., 2017).
Equipped with a powerful approach for MDL-grounded posterior inference, we can now

integrate these ideas with multitask RPO.

4.4 Minimum Description Length Control

As part of its underlying philosophy, the MDL principle holds that 1) learring is the pro-
cess of discovering regularity in data, and 2) any regularity in the data can be used to com-
press it (Grunwald, 2004). Applying this perspective to RL is non-obvious—from the
agent’s perspective, what ‘data’ is it trying to compress? Our hypothesis, which forms
the basis for the framework we propose in this chapter, is that an agent faced with a
set of tasks in the world should seek to elucidate structural regularity from the environ-
ment interactions generated by the optimal policies for the tasks. This makes intuitive
sense: the agent ought to compress information which indicates how to correctly per-
form the tasks with which it is faced. That is, we propose that the daza in multitask
RL are the state-action interactions generated by the optimal policies for a set of tasks:

D = {Dutyen = {(s,a) : Vs € S,a ~ m};(-|5)},,e 0 This interpretation is in
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line with work suggesting that a useful operational definition of ‘task’ can be derived di-
rectly from the set of optimal (or near-optimal) policies it induces (Abel et al., 2021). It
also suggests a natural mapping to the multitask RPO framework. In this view, the con-
trol policy is responsible for learning and the default policy for compression: by converg-
ing to the optimal policy for a given task, the control policy “discovers” regularity which is
then distilled into alow-complexity representation by the default policy. In our approach,
the default policy is encouraged to learn a compressed representation not by artificially
constraining the network architecture or via hand-designed information asymmetry, but
rather through a prior distribution p(w) over its parameters which biases a variational
posterior v(w) towards simplicity. The default policy is therefore trained to minimize
the variational code:

argmin K, ,.» — log Ww(a‘s) + KL[V(')5P('>]
VEN wn~v

= argminEMN]pM]E d"?\/IKL[W;‘(J(.’S); 7Tw(-|$)] + KL[Z/(),p()L

S~

veN WV

(4.3)

where N is the distribution family for the posterior. This suggests the approach presented
in Algorithm in which for each task Mj, the control policy 7y is trained to approximate
the optimal policy 7} via RPO, and the result is compressed into a new default policy dis-
tribution V4 1. We now further motivate sparsity-inducing priors for the default policy in
multitask settings, derive formal performance guarantees for MDL-C, and demonstrate

its empirical effectiveness.

4.4 Motivating the choice of sparsity-inducing priors

In Section E, compression (via pruning extraneous parameters) is the primary motiva-
tion for using sparsity-inducing priors that belong to the family of scaled-mixtures of
normal distributions. Intuitively, placing a distribution over the default parameters re-
flects the agent’s epistemic uncertainty about the task distribution—when few tasks have
been sampled, a sparse prior prevents the default policy from overfitting to spurious cor-
relations in the limited data that the agent has collected. Here, we make this motivation

more precise, describing an example generative model of optimal policy parameters which
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Algorithm 4 MDL-C for Sequential Multitask Learning with Persistent Replay

1 Require: task distribution P4, policy class ©, non-increasing coefficients {7 }1_,
2: Initialize: default policy distribution 14 € N C P(0), default policy dataset Dy <—

0
3: fortasksk =1,2,..., K do
4  Sampleatask My = (S, A, Pi, 75, Y, o) ~ Pm()
5. Optimize control policy:

B = argmax Vi, = 0B, Bu KL (1) Mo (4.0
€

6:  Add data to default policy replay (J = |S] for finite/small state spaces):

Dy, < Dy—1 U {(s5, 7, (55)) }_1- (4.5)

7. Update default policy distribution:

k

i = argmin ——KL():p()] + 3 3 By KL, (13 o sy

veN nk—l i=1 ]:1
(4.6)

8: end for

provides a principled interpretation for prior choice p(z) in multitask RL.

Generative model of optimal policy parameters Consider a set of tasks M =
{Mlk}f:[?kzl that are clustered into I groups, such that the MDPs in each group are
more similar to one another than to members of other groups. As an example, the overall
tamily M could be all sports, while clusters M; C M could consist of, say, ball sports or
endurance competitions. To make this precise, we assume that the optimal policies of ev-
ery MDP belong to a parametric family IT = {m,,(-|s) : w € R? Vs € S} (e.g., softmax
policies with parameters w), and that the optimal policies for each group are randomly
distributed within parameter space. In particular, we assume that the parameters of the

optimal policies of M have the following generative model:

w| B, 0% ~ N (@m; 0,(1— 5)57102@1) . wi|ws, 0t ~ N (wik§mi702[d) :
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Figure 4.1: (A) Illustration of a generative model of optimal policy parameters. w; = (1 —

B)wi1 shrinks towards the origin, growing closer to w; than wy;. (B) Sparsity-
inducing priors over 3.

where 1, is the d—dimensional identity matrix. If we marginalize out w;, we get the
marginal distribution p(w;x|8, 0?) = N (wi; 0,028 1;). We can then visualize the
parameter distribution of the optimal policies for M as a d-dimensional Gaussian within

which lie clusters of optimal policies for related tasks which are themselves normally dis-

tributed (see Fig.[4.1A for d = 2).

Interpretation of 5 The parameter 5 € (0, 1] can be interpreted as encoding the
squared distance between optimal policy parameters within a group divided by the
squared distance between optimal policies in M. Intuitively, 3 determines how much in-
formation one gains about the optimal parameters of a task in a group, given knowledge
about the optimal parameters of another task in the same group. To see this, we compute
our posterior belief about the value wW; given observation of wy: p(W;|wik, 5, %) =
N (w;; (1 = B)wir, (1 — B)o*1,). When 8 = 1 (inner circle in Fig.[4.1A has the same
radius as the outer circle), our posterior mean estimate of w; is simply 0, suggesting we
have learned nothing new about the mean of the optimal parameters in group %, by ob-
serving w;x. In the other extreme when 8 — 0, the posterior mean approaches the
maximum-likelihood estimator w;y, suggesting that observation of w;;, provides maxi-
mal information about the optimal parameters in group ¢. Any 3 in between the two
extremes results in an estimator that “shrinks” w;;, towards 0. The value of /3 thus has
important implications for multitask learning. Suppose an RL agent learns the optimal
parameters w1 (task 1, group 1), and proceeds to learn task 2 in group 1. The value of 3

determines whether w;; can be used to inform the agent’s learning of ws;. In this way,
g g Y
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B determines the effective degree of epistemic uncertainty the agent has about the task

distribution.

Choice of p() and connection to p(z) Given its importance, it’s natural to ask what
value (3 should take. Instead of treating 3 as a parameter, we can choose a prior p(/3) and
perform Bayesian inference. Ideally, p(3) should (i) encode our prior belief about the
extent to which the optimal parameters cluster into groups and (ii) result in a posterior
mean estimator ") (z) = 1 — E [B|x] x that is close to W for z|[w ~ N (z;w, o?).
This condition encourages the expected default policy (under the posterior v; Eq. (4.3))
to be close to optimal policies in the same MDP group (centered at w). One prior choice
that satisfies both conditions is p(3) oc 87'. It places high probability for small 3 and
low probability for high 3, thus encoding the prior belief that the optimal task parame-
ters are clustered (see Fig. |4__.IB; blue). It is instructive to compare p(3) oc 7! with two
extreme choices of p(3). When p(5) = 6(8—1),p(2) = (o) and the marginal p(w) is
the often-used Gaussian prior over the parameters w with fixed variance . This corre-
sponds to the prior belief that knowing w;; provides no information about w;s. On the
other hand, p(3) = 6(/3) recovers a uniform prior over the parameters w and reflects the
prior belief that the MDP groups are infinitely far apart. In relation to (ii), one can show

ML)(z) = z (Efron

the ®®) strictly dominates the maximum-likelihood estimator 1
and Morris, 1973; Appendix , for p(8) o< B! This means MSE(w, w*(¥)) <
MSE(w, &™) for all W, where MSE(W, ) = E,p(pm,02)|[W0 — 0 (2)]|%

Connection to p(z) and application of VDO Defining 2% = ¢?3~" and applying the
change-of-variable formula to p(3) o 87! gives p(z) o |z|~* and thus the Normal-
Jeffreys prior in Section [4.3. VDO (see Section [4.3) can then be applied to obtain an

approximate posterior v(w, z) which minimizes the variational code Eq. (4.3). Similar

correspondences may also be derived for the inverse-Gamma distribution and the half-

Cauchy distribution (Fig.[4.1B; Appendix[4.D).

4.4.2 Performance Analysis

At a fundamental level, we'd like assurance (i) that MDL-C’s default policy will be able
to effectively distill the optimal policies for previously observed tasks, and (ii) that reg-

ularization using this default policy gives strong performance guarantees for the control
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policy on future tasks.

Default policy performance One way we can verify (i) is to obtain an upper bound on
the average KL between default policies sampled from the default policy distribution and
an optimal policy for a task sampled from the task distribution. This enables us to per-
form analysis using online convex optimization (OCO). In OCO, the learner observes a
series of convex loss functions £, : N — R,k = 1,..., K, where N C R?is a convex
set. After each round, the learner produces an output x5, € N for which it will then
incur a loss £ () (Orabona, 2019). At round k, the learner is usually assumed to have
knowledgeof /1, . . ., ;,_1,butno other assumptions are made about the sequence of loss
functions. The learner’s goal is to minimize its average regret. For further background,
see Appendix[4.F} Crucially, the MDL-C learning procedure for the default policy distri-
bution is equivalent to follow the regularized leader (FTRL), an OCO algorithm which
enjoys sublinear regret. In each round of FTRL, the learner selects the solution x € N
according to the following general objective: xj41 = argmin,cy V() + Zf;ll li(x),
where 1) : N — R is a convex regularization function. Using standard results, this con-

nection allows us to bound MDL-C’s regret in learning the default policy distribution.

All proofs are provided in Appendix

Proposition 4.4.1 (Persistent Replay FTRL Regret). Let tasks Mj, be independently
drawn from Py at every round, and let them each be associated with a deterministic opti-
mal policy 0, © S — A. We make the following mild assumptions: i) w,(a*|s) > € > 0
Vs € S, wherea* = mji(s) and € is a constant. i7)min, KL[v(-); p(-)| = 0asymptotically

as Var[v] — oc. Then withny_y = log(1/e)V'k, Algorithm|4 gnarantees

e ol — 2 Do) < (KUmipl + ) 2 (o)

k=1 k=1

_ : K

where Uy = argmin,,cy > o, Ce(v).

In other words, the average regret decreases at rate O(1/+v/ K) with respect to the number
of observed tasks.

Control policy performance Intuitively, this result shows that the average regret is

upper-bounded by factors which depend on the divergence of the barycenter distribu-
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tion from the prior and the “worst-case” prediction of the default policy. Importantly,
the KL between the default policy distribution and the barycenter distribution goes to
zero as ' — 00. We can also now be assured of point (ii) above, in that this result can
be used to obtain a sample-complexity bound for the conzrol policy. Specifically, we can
use Proposition to place an upper-bound on the total variation distance between
default policies sampled from v and the KL between the maximum likelihood solution
and a sparsity-inducing prior p. This is useful, as it allows to translate low regret for the
default policy into a sample complexity result for the control policy using Moskovitz et al.

(20224a), Lemma s.2.

Proposition 4.4.2 (Control Policy Sample Complexity). Under the setting described in
Proposition denote by Ty, the number of iterations to reach e-error for My, in the sense
that ming<q, {V™ — VO < e. whenevert > Ty. Further, denote the upper-bound in
Eg. @) by G(K). Ina finite MDP, from any initial ©), and following gradient ascent,

Eng,~py, [Tk] satisfies:

* 2
80|.A12|S|? N dy*
> ¢EM1€~PM¢ KAk(S) f

Fattse, (T4 2 (1 —7)° Unif
s~Unifg

o0

where a(s) = drv (m5(]s), 7o('[s)) < /G, K5 (s) = 5=l and isa
measure over S such that pu(s) > 0Vs € S.

Intuitively, this means that when the average number of samples is sufficiently large, the
control policy is guaranteed to have reached ¢ error. Therefore, as the agent is trained
on more tasks, the default policy distribution regret, upper-bounded by G(K'),decreases
asymptotically to zero, and as the default policy regret decreases, the control policy will

learn more rapidly, as poly (G(K)).

4.5 Experiments
We tested MDL-C applied to discrete and continuous control in both the sequential and
parallel task settings. To quantify performance, in addition to measuring per-task reward,

we also report the cumulative regret for each method in each experimental setting in Sec-

tion[4.1.8]
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Figure 4.2: MDL-C rapidly adapts to new goal locations (top row) and rule changes (bottom
row). All curves represent averages taken over 10 random seeds, with the shading
indicating standard error.

4.5.1 2D Navigation

We first test MDL-C in the classic FourRooms environment (Fig. , (Sutton et al.,
1999)). The baselines in this case are entropy-regularized policy optimization (PO), reg-
ularized policy optimization with no constraint on the default policy (RPO), an agent
with VDO applied to the control policy and no default policy (VDO-PO), and MaN-
UALIA (Galashov et al., |ao19a) in which the goal feature is manually witheld from the
default policy. Observe that RPO is an approximate version of TVPO, introduced in the
previous chapter. Details for all methods can be found in Appendix|4.H]

Generalization Across Goals In the first setting, we test MDL-C’s ability to facilitate
rapid learning on previously unseen goals. In the first phase of training, a single goal loca-
tion is randomly sampled at the start of each episode, and may be placed anywhere in two
of the four rooms in the environment (Fig. [4.2h, top left). In the second phase, the goal
location is again randomly sampled at the start of each episode, but in this case, only in
the rooms which were held out in the first phase. Additionally, the agent is limited to 25
rather than 100 steps per episode. Importantly, VDO induces the MDL-C default policy
to ignore input features which are, on average, less predictive of the control policy’s be-
havior. In this case, the default policy learns to ignore the goal feature and the reward ob-
tained on the previous timestep. This is because, when averaging across goal locations, the
agent’s current position (sj) and its previous direction (aj,—1) are more informative of its

next action—typically, heading towards the nearest door. In contrast, the un-regularized
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default policy of the RPO agent does not drop these features (Appendix |4.I|for a visu-
alization and Appendix@ for more details). By learning to ignore the goals present
in phase 1 and encoding useful behavior regardless of goal location, MDL-C’s develops
more effective regularization in phase 2, enabling it to adapt more quickly than other
methods (Fig. , top), particularly RPO, which overfits to phase 1’s goals. MANUALIA

also adapts quickly, as its default policy is hard-coded to ignore the goal feature.

Robustness to Rule Changes In this setting, there are only two possible goal locations,
one at the top left of the environment, and the other at the bottom right. In training
phase 1, the agent receives a goal feature as input which indicates the state index of the
rewarded location for that episode. In phase 2, the goal feature switches from marking
the reward location to marking the unrewarded location. That is, if the reward is in the
top left, the goal feature will point to the bottom right. Here, the danger for the agent
isn’t overfitting to a particular goal or goals, but rather “overfitting” to the reward-based
rules associated with a given feature. As we saw in Fig. (top), an un-regularized de-
fault policy, will copy the control policy and overfit to a particular setting. Fortunately,
the MDL-C default policy learns to ignore features which are, on average, less useful for
predicting the control policy’s behavior—the goal and previous reward features. This
renders the agent more robust to contingency switches like the one described, as we can
see in Fig. (bottom). These examples illustrate that MDL-C enables agents to effec-
tively learn the consistent structure of a group of tasks, regardless of its semantics, and

“compress out” information which is less informative on average.

4.5.2 Continuous Control

A more challenging application area is that of high-dimensional continuous control. In
this setting, we presented agents with multitask learning problems using environments
from the DeepMind Control Suite (DMC; (Tassa et al., |2018)). We used soft actor critic
(SAC; (Haarnoja et al., 2018)) as the base agent. We tested MDL-C in both the sequential
and parallel settings on two domains from DMC: Walker and Cartpole (Fig. [4.3a).
Additional details can be found in Appendix[4.H]

Sequential Tasks In the sequential setting, tasks are sampled one at a time uniformly

without replacement from the available tasks within each domain, with the default pol-
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Figure 4.3: MDL-C improves both sequential and parallel learning in continuous control tasks.
All curves represent averages taken over 8 random seeds, with the shading indicating
standard error. In (b), insets show the improvement of MDL-C as k increases, and
in (d), solid curves represent averages over each feature within a category.

icy distribution conserved across tasks. For walker, these tasks are stand, walk, and run.
In stand, the agent is rewarded for increasing the height of its center of mass, and in the
latter two tasks, an additional reward is given for forward velocity. For cartpole, there
are four tasks: balance, balance-sparse, swingup, and swingup-sparse. In the
balance tasks, the agent must keep a rotating pole upright, and in the swingup tasks,
it must additionally learn to swing the pole upwards from an initial downward orienta-
tion. Performance results for the hardest task within each domain (run in walker and
swingup-sparse in cartpole) for each method are plotted in Fig. [4.3b, where & indi-
cates the task round at which the task was sampled. We can see that as k increases (as
more tasks have been seen previously), MDL-C’s performance improves. Importantly,
the RPO agent’s default policy, which is un-regularized, overfits to the previous task,
essentially copying the optimal policy’s behavior. This can severely hinder the agent’s
performance when the subsequent task requires different behavior. For example, on
swingup-sparse, if the previous task is swingup, the RPO agent performs well, as
the goal is identical. However, if the previous task is balance or balance-sparse,
the agent never learns to swing the pole upwards, significantly reducing its average per-
formance. Another important point to note is that because the agent is not given an ex-

plicit goal feature in this setting, methods like MANUALIA which rely on prior knowledge
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Figure 4.4: To test the effect of information asymmetry on its on performance, we trained a vari-
ant of MANUALIA in which we withheld the input features that MDL-C learned to
gate out (Fig. |4.3) in addition to the task ID feature. We call this modified method
MANUALIA+. Average performance is plotted above over 10 seeds, with the shading
representing one unit of standard error. We can see that while MANUALIA + narrowly
outperforms MANUALIA, the performance gains of MDL-C can’t solely be ascribed
to effective information asymmetry.

about the agent’s inputs cannot be applied.

Parallel Tasks We also tested parallel-task versions of SAC, MANUALIA, and MDL-C
based on the model of Yu et al./(2019). In this framework, a task within each domain is
randomly sampled at the start of each episodeand the agent learns a single control policy
for all tasks. Performance is plotted in Fig. Ec, where we can again see that MDL-C ac-
celerates convergence relative to the baseline methods. This marks a difference compared
to the easier FourRooms environment, in which MDL-C and MANUALIA performed
roughly the same. As before, one clue to the difference can be found in the input fea-
tures that the MDL-C default policy chooses to ignore (Fig.[4.3d). For walker, inputs are
24-dimensional, with 14 features related to the joint orientations, 1 feature indicating the
height of the agent’s center of mass, and 9 features indicating velocity components. For
cartpole, there are 5 input dimensions, with 3 pertaining to position and 2 to velocity. In
the walker domain, where the performance difference is greatest, the MDL-C agent not
only ignores the added task ID feature, but also the several features related to velocity. In
contrast, in the cartpole domain, MDL-C only ignores the task ID feature, just as MAN-
UALIA does, and the performance gap is smaller. This illustrates that MDL-C learns to
compress out spurious information even in settings for which it is difficult to identify «

priori. In order to test the effect of the learned asymmetry on performance more directly,
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we implemented a variant of MANUALIA in which all of the features which MDL-C
learned to ignore were manually hidden from the default policy (Fig.[4.4). Interestingly,
while this method improved over standard MANUALIA, it didn’t completely close the
gap with MDL-C, indicating there are downstream effects within the network beyond
input processing which are important for the default policy’s effectiveness. We hope to

explore these effects in more detail in future work.

4.6 Related Work

MDL-C can be viewed as an extension of recent approaches to learning default policies
(“behavioral priors”) from the optimal policies of related tasks (Teh et al.,zor7a;[Tirumala
et al., 2020a). For a default policy to be useful for transfer learning, it is crucial to balance
the ability of the default policy to “copy” the control policies with its expressiveness. If
the default policy is too expressive, it is likely to overfit on past tasks and fail to general-
ize to unseen tasks. Whereas prior work primarily hand-crafts structural constraints into
the default policies to avoid overfitting (e.g., by hiding certain state information from
the default policy; Galashov et al., j2o19a), MDL-C learns such a balance from data with
sparsity-inducing priors via variational inference. MDL-C may also be derived from the
RL-as-inference framework (Levine, 2018a; Appendix . MDL-C thus has close con-
nections with algorithms such as MPO (Abdolmaleki et al., 2018) and VIREL (Fellows
et al., [2020), discussed in Appendix As a general framework, MDL-C is also con-
nected to the long and well-established literature on choosing appropriate Bayesian pri-
ors (Jeftreys, 1946; Bernardo, 200s; |Casella, 1985), and more recent work that focuses on
learning such priors for large-scale machine learning models (Nalisnick and Smyth, 2or7;
Nalisnick et al., 2021;/Atanov et al., 2018). For a further discussion of related work, par-

ticularly concerning the application of MDL to the RL setting, see Appendix

4.7 Conclusion

Inspired by dual process theories and the MDL principle, we propose a regularized pol-
icy optimization framework for multitask RL which aims to learn a simple default policy
encoding a low-complexity distillation of the optimal behavior for some family of tasks.

By encouraging the default policy to maintain a low effective description length, MDL-
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C ensures that it does not overfit to spurious correlations among the (approximately)
optimal policies learned by the agent. We described MDL-C’s formal properties and
demonstrated its empirical effectiveness in discrete and continuous control tasks. There
are of course limitations of MDL-C, which we believe represent opportunities for fu-
ture work (see Appendix[4.E). Promising research directions include integrating MDL-
C with multitask RL approaches which balance a larger set of policies (Barreto et al.,
20205 Moskovitz et al., 2022¢; Thakoor et al., 2022) as well considering nonstationary en-
vironments (Parker-Holder et al., 2022). We hope MDL-C inspires further advances in

multitask RL.
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Appendix

Appendix 4.A: Reinforcement Learning as Inference

The control as inference framework (Levine, [2018a) associates every time step h with a
binary “optimality” random variable O), € {0, 1} thatindicates whether aj, is optimal at
state S, (O, = 1 for optimal, and O}, = 0 for not). The optimality variable has the con-
ditional distribution P(Oy, = 1|s, a) = exp(r(sn, an)), which scales exponentially
with the reward received taking action ay, in state sp,.

Denote Oy astheevent that Oy = 1fors = 0, ..., H—1. Then thelog-likelihood

that a policy 7, (al|s) is optimal over a horizon H is given by:
P(Oy) = /]P’(OH|T)IP”““ (7]w)p(w)drdw.

By performing variational inference, we can lower-bound the log-likelihood with the

ELBO:

T

logP(Og) > E, (7 (T(sh,ah) — Eye(w)KL[Wg(ah|Sh),Ww(ah|8h)]) os)
0 4.8

—KL[vs(w), p(w)],

>
Il

where v 4 (T, w) = vp(T)vg(w) is the variational posterior,

H-1

ve(T) = p(s0) H P(snr1lsn, an)mo(an, sn)
h=0

and {0, ¢} are the variational parameters. We can maximize this objective iteratively by

performing coordinate ascent on {6, ¢ }:

H—-1
0« 0+ UVG <Eu9(7) Z (’I”(Sh, ah) - Euo(w)KL[WG(ah‘Sh)a Ww(ah‘sh)])> ) (4-9)

h=
H-1

¢ ¢—nVy <EVG(T) Ev, ) KL[mo(anlsn), mw(anlsn)] + K'—[%(w)?p(w)])

h=0

(4.10)
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where 7) is a learning rate parameter. Note that Eq. (4.10) is equivalent to Eq. (4.3) and
Eq. , and Eq. @ is equivalent to Eq. @ with the KL reversed.

Connection to Maximum a Posteriori Policy Optimization (MPO) MDL-C is
closely related to MPO (Abdolmaleki et al.,[2018), with three key difterences. First, MDL-
C performs variational inference on the parameters of the default policy with an approx-
imate posterior v4(w), whereas MPO performs MAP inference. Second, MPO places a
normal prior on w, which in effect penalizes the L2 norm of w. In contrast, MDL-C uses
sparsity-inducing priors such as the normal-Jeffreys prior. Third, MDL-C uses a para-
metric 7y, whereas MPO uses a non-parametric on While there is also a parametric
variant of MPO, this variant does not maintain 6 and ¢ separately. Instead, this variant
directly sets 6 to ¢ in Eq. (4.9). This illustrates the key conceptual difference between
MDL-C and MPO. MDL-C makes a clear distinction between the control policy my and
the default policy 7, with the two policies serving two distinct purposes: the control
policy for performing on the current task, the default policy for distilling optimal poli-
cies across tasks and generalizing to new ones. MPO, on the other hand, treats 7 and 7,
as fundamentally the same object.

Like MPO, VIREL (Fellows et al.,2020)) can be derived from the control as inference
framework. In fact,|[Fellows etal. showed that a parametric variant of MPO can be derived
from VIREL (Fellows et al., 2020). The key novelty that sets VIREL apart from both
MPO and MDL-C is an adaptive temperature parameter that dynamically updates the
influence of the KL term in Eq. (4.9).

Appendix 4.B: Multitask RL Frameworks

We believe the objective which best captures naturalistic settings is the average reward
obtained over the agent’s “lifetime”: limyp_, %E Zthl (8¢, at). Typical objectives in-
clude finding either a single policy or a set of policies which maximize worst- or average-
case value: max, minyze pm Vi (Zahavy etall 2o21) or max, Ep,, Vi (Moskovitz et al.,
2022a). When the emphasis is on decreasing the required sample complexity of learn-

ing new tasks, a useful metric is cumulative regret: the agent’s total shortfall across

*In practice, MPO parametrizes 7y implicitly with a parameterized action-value function and the de-
fault policy.
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training compared to an optimal agent. In practice, it’s often simplest to consider the
task distribution [Py to be a categorical distribution defined over a discrete set of tasks
M = {M;}£_|, though continuous densities over MDPs are also possible. Two mul-
titask settings which we consider here are parallel task RL and sequential task RL. In
typical parallel task training (Yu et al., 2019), a new MDP is sampled from IP y1 at the start
of every episode and is associated with a particular input feature g € G that indicates
to the agent which task has been sampled. The agent’s performance is evaluated on all
tasks M € M rogether. In the sequential task setting (Moskovitz et al., 2022a; Pacchiano
etal.,2022), tasks (MDPs) are sampled one at a time from [P o, with the agent training on
each until convergence. In contrast to continual learning (Kessler et al., 2021), the agent’s
goal is simply to learn a new policy for each task more quickly as more are sampled, rather
than learning a single policy which maintains its performance across tasks. Another im-
portant setting is meta-RL, which we do not consider here. In the meta-RL setting, the
agent trains on each sampled task for only a few episodes each with the goal of improving
few-shot performance and is meta-tested on a set of held-out tasks (Yu et al., j2o19; |Finn

et al., 2017).

Another strain of work in multitask RL assumes some form of shared structure in
the transition dynamics (Pacchiano et al., 20225 Agarwal et al., 2022;|Cheng et al., 2022).
Specifically, the core assumption made by these works is that the transition dynamics
are linearly decodable from a set of features which is shared across tasks or in which the
transition matrix admits a low-rank decomposition. This is very different from our own
structural assumption—that is, in its simplest form, that the optimal policies of the tasks
with which our agents are faced take similar actions in at least some part of the state space.
Beyond this, the MDPs in M need only share the same state and action space, with no
direct assumptions about transitions or rewards. This is important, because the assumed
structures in the transition distribution made by Pacchiano et al. (2022); Agarwal et al.
(2022);|Cheng et al.|(2022) act as the starting points for algorithm development. MDL-
C/RPO/TVPO however, can leverage similarity among optimal policies when it exists,
butare notdependentonitasa prerequisite. (E.g., TVPO (and RPO/MDL-C) is guaran-

teed to perform no worse than log-barrier regularization, which has a polynomial sample
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complexity guarantee.) Ideally, we'd like a generalist method which can identify on its

own and exploit different types of structure in the environment.

Appendix 4.C: Additional Related Work

Previous work has also applied the MDL principle in an RL context, though primarily in
the context of unsupervised skill learning (Zhang et al., 20215 Thrun and Schwartz,1994).
For example, Thrun and Schwartz (1994) are concerned with a set of “skills” which are
policies defined only over a subset of the state space that are reused across tasks. They

consider tabular methods, measuring a pseudo-description length as

DL:Z Z P]’\}(S)—I—Z\SHL (4.11)

seS MeM neN

where P} () is the probability that no skill selects an action in state s for task M and the
agent must compute the optimal ()-values in state s for M, N is the number of skills, and
|:Sy,| is the number states for which skill 7 is defined. They then trade off this description

length term with performance across a series of tabular environments.

One other related method is D1sTRAL (Teh et al., |2o17a), which uses the following

objective in the parallel task setting:
\7Dist1ral<97 QS) — ™ _ ESNd’TB [OzKL[?Tg('|S),7T¢(‘|S)] + BH[W6(|3)H . (4.12)

That is, like the un-regularized RPO method, DISTRAL can be seen as performing
maximum-likelihood estimation to learn the (unconstrained) default policy, while adding
an entropy bonus to the control policy.

Another important method in the sequential setting is TVPO (Moskovitz et al.,
20224), in which (in the tabular case) the default policy is defined as a softmax over the
average action frequencies of the optimal policies for the tasks that the agent has seen so

far. That s, if the average optimal action in a state s is given by
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then the TVPO default policy is

Tw(als) = softmax (ék(S, a)/ﬁ(k)) )

where (k) is a temperature which decays as k& — oo. In high-dimensional state and
action spaces, this tabular solution can be approximated by training a default policy to
predict the converged control policy’s actions in each task. Importantly, this is equivalent
to using KL distillation in that the default policies will converge to the same barycenter
policy (Moskovitz et al., [2022a), as long as the distillation is only performed once the
control policy has converged in each task. Using KL distillation in this way is exactly the
RPO baseline that we use in this paper. Crucially, the use of the softmax with decaying
temperature was introduced by Moskovitz et al.| (20224) as a useful ‘hack’ to prevent the
default policy from overfitting to early tasks, as the optimal default policy is the barycenter
policy (approximated as the number of draws from the task distribution grows). Thus,
MDL-C can itself be seen as a scalable advancement of TVPO which models the agent’s
epistemic uncertainty about the task distribution by placing a sparse prior over the default
policy parameters (and uses a distillation loss rather than action prediction). In other
words, MDL-C represents a principled approach to reducing the risk of default policy

overfitting in the low-data regime.

Finally, Brunskill and Li|(2013) consider a similar training and task structure to our

own, but use a model-based approach to learn the underlying MDPs.

Appendix 4.D: Motivating the choice of sparsity-

inducing priors

As a reminder, the generative model of optimal parameters in Section|[4.4.1]is given by:

1-p
&

wzk‘wh 027 6 ~ N(wa 02[(1) (414)

wi| B, % ~ N(0, o?ly), (4.13)
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with marginal and posterior densities

p<wik‘02a 6) = N(07 02ﬁ71[d>7 (4-15)
p(w;|wi, 0%, 8) = N ((1 — Blwig, (1 — B)azld) ) (4.16)

In the rest of this section, we set 02 = 1 for simplicity and drop the indices on w

and W to remove clutter.

4.D.a  Correspondence between p(z) and p(f3)

In Section we draw a connection between p(3) o< 57! and the normal-Jeffreys
prior, which is commonly used for compressing deep neural networks (Louizos et al.,
2017). In Table [1, we expand on this connection and list p(/3) for two other commonly-
used priors for scale mixture of normal distributions: Jeffreys, Inverse-gamma, and

Inverse-beta. Note that the half-Cauchy distribution p(z) oc (1 + 22%)~*

is a special
case of the inverse-beta distribution for s = ¢ = 1/2. Half-cauchy prior is another com-

monly used prior for compressing Bayesian neural networks (Louizos et al., 2017).

4.D.2  MSE risk

In this section, we prove that the Bayes estimators for the Jeftreys, inverse-gamma, and
the inverse-beta (by extension the half-Cauchy) distributions dominate the maximum-
likelihood estimator with respect to the mean-squared error.

Define the mean-squared error of an estimator w(x) of W as

MSE(®, ) = Eq||i(x) — ]|, (4.17)

ML))

where the expectation is taken over N'(z; W, @*). Immediately, we have R (w, il

Prior name p(z2) p(B)
Jeffreys p(2?%) oc 272 ) p(B) oc g1
Inverse-gamma p(2?) o »—2(s+1) p—t/(22%) p(B) Bs—1e—th/2

Inverse-beta  p(22) oc (22)77H (1 + 22)~ 6+ p(B) oc f=EF2HD (1 4 g) (4

Table 4.1: Correspondence between p(2?) and p(3).
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d, where 0™V () = 1 is the maximum-likelihood estimator. An estimator %' (z) is
said to dominate another estimator 1 (2) it MSE(w, 1,) < MSE(w, ) for all @ and
the inequality is strict for a set of positive Lesbesgue measure. It is well-known that the
maximum-likelihood estimator is minimax (George et al.,[2006), and thus any estimator

that dominates the maximum-likelihood estimator is also minimax.

To compute the mean-squared error risk for an estimator w(x), observe that

~

lio(2) —@* = llo — @ (@)|* = [l =@ + 2(d(x) — @) (z —W).  (4.18)

Taking expectations on both sides gives

d

MSE(w, ) = E, ||z — w(z)||* — d+2) _ Cov(ti(z), z;) (4.19)
i=1

= E,||lz — w(z)||> — d + 2E,V - i(x) (4.20)

where V. = (0/0x4,...,0/0x,) and we apply Stein’s lemma cov(w;(z),x;) =
E,0w; /Ox; in the last line. If the estimator takes the form @ () = x + y(z), the expres-

sion simplifies as:
MSE(w, 0) = d + E,||[y(2)||* + 2E,V - 7(z). (4.21)
Therefore, an estimator 1(z) = = + (x) dominates W™ (z) if
MSE(w, &) — MSE(w, v™Y) = E, [||7(2)||* + 2V - v(z)] <0 (4.22)

for all w and the inequality is strict on a set of positive Lesbesgue measure.

4.D.2.1  James-Stein estimator

The famous Jame-Stein estimator is defined as

W0 () = 2 +499@), A0 (z) = —(d — 2)a/||z||?, (4.23)
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with
JS) d d—2 B (d_2)2
;{ Hl‘ll? S EE R
9@ = S 2 »

Substituting V - 798 (z) and ||y (z) ||? into Eq. (4.22), we have

d—2)?

MSE(w@, ") — MSE(w, A<ML>)_Ex< B (4.26)
X

Thus, the James-Stein estimator dominates the maximum-likelihood estimator for d >

2.

4.D.2.2 Bayes estimators

The Bayes estimator for a prior choice p(/5) is given by (Brown, 1971):

w(p(ﬁ))(x) =+ V(p(ﬂ))(x% 7(p(ﬁ))(x) = Vlogm(x), (4.27)

where
_ / N (30,5~ L)p(B)dp (4.28)
— [Cn)yta e (-50/2) p(8) 45 (429)

Substituting yP(®) () into Eq. (4.22), we find that the condition for the Bayes estimator

to be minimax is given by (George et al.;2006):

V2m(z)
m(z)

MSE(w, w®) — MSE(w, w™Y) = E, {—Hv log m(x)||* 4 2

VZy/m(z)
L <o

where V2 = Y. 9?/0x? is the Laplace operator. This condition holds when \/m(z)

] (4.30)

=E, (4-31)

is superharmonic (ie., \/m(z) < 0,Vz € R?), suggesting a recipe for constructing

Bayes estimators that dominate the maximum likelihood estimator, summarized in the
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following proposition.

Proposition 4.D.1 (Extension of Theorem 1 in Fourdrinier et al., 1998). Lez p(3) be a

pusitive function such that {(3) = 5p'(8)p(8) can be decomposed as f1(8) + ()
where fy is non-decreasing, fi < A, 0 < fo < Byand AJ2+ B < (d — 6) /4. Assume
also that limg_,o BY**2p(B) = 0. Then, V2\/m(x) < 0 and the Bayes estimator is
minimax. If AJ2 + B < (d — 6) /4, then the Bayes estimator dominates ™5 ().

Proof. This proof largely follows the proof of Theorem 1in (Fourdrinier et al.,|1998)).
Note that Eq. (4.30) holds if

1 1 \|Vm(f€)|!2)
\V& mx:—<V2mx——— <0 V:I:GRd, )
or equivalently
2
1
Vim(z)  1[[Vm(2)| <0 VaeRY (4.33)

[Vm(z)| 2 m(z)

Computing the derivatives, we get the condition

Jo (Bllall* = &) g3 p(3)dp 1 [l fy 5+ e I p(B)dB

=] fy B2+t e=ele12/2p(3)dB 2 [y BUre Pl /2p(8)d
(4.34)
Divide both sides by ||z|| and rearrange to get
fol BA2+2e=Bl?/2( 3Yd - lfol B2+ e=Bll? /2 3Yd B _ d (s
Ji pvie PR y(g)as 2 [ B A Rp(B)ap = elE

Next, we integrate by parts the numerator of the first term on the left-hand side to get:

1
/O g2+ =Blal 2 3) g3 = __HxQHQ [5d/2+2e/3||x||2/2p<5)]; (4.36)
1
+0|l| :”j /0 gU/2+1=Blel*/2) )
1
o | e R g)a,
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where the middle term is the same as the denominator of the first term in Eq. (4.35). In-
tegrating by parts the second term gives the same expression as that of the first term, but
with d — 2 in place of d everywhere. Substituting these expressions back into Eq. (4.35),
collecting like terms, and dividing both sides by 2/|||?, gives:

Jo BY*2 VY (B)dB 1 fy B Iy (B)dp

I gara1e=Bl=12/2p(8)d3 2 I gas2e=B1el*/2p(8)dB
_d_dt4 1d+2 d-6

+ro+ kK1 (437)

=379 T T oo
where
limg_,, ﬁd/2+2€fﬁ||x\\2/2p(/3) 1limgy, ﬂd/2+1€fﬁ||z\\2/2p(ﬁ) (4.38)
K1 = — 3 .
LT T Al 2p(g)dp | 2 [ pale Pl 2p(B)dp |
I d/2+2 ,Bllx|?/2 11 d/2+1,Bl|/2
o — img_,o 8 e p(B)  1limg,of8 e p(B) (439)

fol B2 +1e=BlzI?/2p(B)dE 2 fol Bi2e=Blel2/2p(8)dB

Here, both k¢ and k; are nonpositive: (i) o is nonpositive because the first term van-
ishes due to the boundary conditions and the second term is nonpositive, and (ii) x1 is
nonpositive because the limits of the numerators of the two terms are equal while the
denominator of the second term is larger than that of the first. We can thus drop k¢ and

k1 to get the sufficient condition:

1 d—6

Eq (f) - é]Ed—2 (f) < T’ (4.40)

where [E; denotes expectation with respect to the density

B Bd/2+1efﬁ\\x||2/2p(@)
9a(6) = [} par2te=slel?/2p(B)dp (4-41)

and where f(5) = 8p'(8)/p(B).

Because gq4([3) is a family of monotone increasing likelihood ratio in d and f; is

nonincreasing and bounded by A, we have E4(f1) — Es2(f1)/2 < A/2. We have
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Eq(f2) — Eq—2(f2)/2 < Bbecause 0 < fo < B. Taken together, we have
Ea(f) — EBaa(f)/2 < A/2+ B < (k—6)/4. (4.42)

When the inequality is strict (i.e., A/2+ B < (k—6)/4), then V?/m(z) < 0and the

Bayes estimator dominates the maximum-likelihood estimator. ]

Checking whether a given p(/3) satisfy the conditions in Proposition [4.D.1/may be
tedious. The following corollary is useful for construction p(/3) that satisfies the condi-

tions in Proposition 4.D.1}

Corollary 4.D.1 (Extension of Corollary 1 in Fourdrinier et al., [1998)). Lez 1) be a con-

tinuous function that can be decomposed as 10y + o, with 1 < C, ¢y non-decreasing,

0<ty < D,andC/2+ D <0. Let

1/5 2¢(u) +d—6
B

p(B) = exp (— ”

5 du) Vo = 0, (4-43)

0

such that limg_, fY**2p(B) = 0and By € (0,1) is a constant. Then, p(B) results
in a minimax Bayes estimator, which dominates the maximum likelihood estimator when

C/2+ D <.

Proof. The proofis the same as that of Corollary 1in Fourdrinier et al. (1998), with Propo-
sition[4.D.1/in place of Theorem 1 in|[Fourdrinier et al. (1998). O

Using Corollary we now check that the three priors listed in TableEand ref-
erenced in Sectionlead to Bayes estimators that dominate the maximum-likelihood

estimator.
Jeffreys prior Let ¢y (u) = a fora < 0and ¢5(u) = 0. We have

B _
p(B) = exp (3 / Mdu) x fHE-O/2 (4.44)

2 . U

To satisfy limg_,o 3%%72p(8) = 0, we require 1 —d < a < 0. We recover the improper
normal-Jeffreys prior p(3) < 571, fora = 2 — d/2. The corresponding Bayes estimator

dominates the maximum likelihood estimator when d > 4.
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Inverse-gamma prior Let ¢1 (u) = aand ¢5(u) = b(1 —w)/2fora < 0and b > 0.
We have

p(B) = exp </’8 a+b(1—u)/2+(d— 6)/2du> o foHHa=6)/2,-b8/2 ()

o u

Setting C' = aand D = b/2, we get the followings conditions: a +b < 0and 1 — d <
a + b/2. Note that when these conditions are met with s = a + (b + d — 4)/2 and
t = b, we recover the inverse-gamma prior in Table[4.1.

Inverse-beta (half-Cauchy) prior Let ¢ (1) = a and ¢2(u) = b/(u+ 1) fora < 0
and b > 0. We have

84 u _
p(B) = exp (/ﬂ +b/(1+u)+ (d 6)/2du) o BEHHE-/2(1 4 g)b

o u

(4.46)

Setting C = aand D = b, we get the condition a/2 + b < 0. To satisfy
limg o BY?*2p(B) = 0, we require 1 — d < a + b < 0. Note that this corresponds to
the inverse-beta prior in Table[4.1 with t = a 4 (d — 8)/2and s = b — t.

To recover the half-Cauchy prior, we setb = 1 and a = (5 — d)/2. All conditions
in Corollary[4.D.1]are satisfied when d > 9.

Appendix 4.E: Limitations

One weakness of the current theoretical analysis regarding the choice of sparsity-inducing
priors is the assumption of Gaussian (and in particular, isotropic Gaussian) structure in
the parameter space of optimal policies for clusters of tasks. In reality, there is likely a
nontrivial degree of covariance among task parameterizations. Extending our analysis to
more realistic forms of task structure is an important direction for future work. In a sim-
ilar vein, the assumption that tasks are drawn iid from a fixed distribution is also unreal-
istic in naturalistic settings. It would be interesting to introduce some form of sequential
structure (e.g., tasks are drawn from a Markov process). Another direction for future
work is expanding beyond the “one control policy, one default policy” setup—having, for

example, one default policy per task cluster and the ability to reuse and select (for exam-
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ple, using successor feature-like representations (Barreto et al., 2020; Barth-Maron et al.,
2018; Moskovitz et al., 2022c)) among an actively-maintained set of control policies across

tasks and task clusters would be useful.

Appendix 4.F: OCO Background

In online convex optimization (OCQO), the learner observes a series of convex loss functions
(e :N—=R,k=1,...,K,where N C R%isaconvex set. After each round, the learner
produces an output 2, € N for which it will then incur a loss ¢4 () (Orabona, 2019).
At round k, the learner is usually assumed to have knowledge of /1, ..., f;_1, but no
other assumptions are made about the sequence of loss functions. The learner’s goal is to
minimize its average regret:

_ 1

RK ::?

I

K
o1
b(ze) — min - kz_; (). (4-47)

One OCO algorithm which enjoys sublinear regret is follow the regularized leader
(FTRL). In each round of FTRL, the learner selects the solution z € N according to

the following objective:

k-1
Tpy1 = arglﬁin Yi(x) + Z li(x), (4-48)
S i=1

where 1, : N — R is a convex regularization function.

Appendix 4.G: Proofs of Performance Bounds and Ad-
ditional Theoretical Results

The following result is useful.

Lemma 4.G.x. The function {(v) = E,,, f(w) is L-Lipschitz as long as f - VW — R
lies within [0, L) Yw € W, where W C R% 75 a Hilbert space and L < oc.
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Proof. We have

[U(v1) = L(v2)| = B, f(w) = Eips, f(w)]
’/ (W) — va(w)) f(w) duw

= \(f, vy — V2>w’
< I fliwllve = vallw

< Lljvy — va|lw,

where the first inequality is due to Cauchy-Schwarz and the second is by assumption on

I O

Proposition 4.G.2 (Default Policy Distribution Regret). Let tasks My, be independently
drawn from P yq at every round, and let them each be associated with a deterministic opti-
mal policy 7w, » S — A. We make the following mild assumptions: i) w,(a*|s) > € > 0
Vs € S, where a* = mj(s) and € is a constant. i) min, KL[v(-),p(-)] — 0 as
Var[v] — oo for an appropriate choice of sparsity-inducing prior p. Then Algorithm|s

gﬂﬂ?’d?’lf@&f

log(1/e)

Ep [l (vi) =k (7k)] < (Ep, KLk, p] +1) JE (4.49)

where Vi = argmin,, Zle U (V).

Proof. The first part of the proof sets up an application of|Orabona (2019), Corollary 7.9.

To establish grounds for its application, we first note the standard result that the reg-
ularization functional ¢(v) = KL[v(w), p(w)] for probability measures v, p € P(W)
is 1-strongly convex in v (Melbourne, 2020).

Finally, assumption (i) implies that the KL between the default policy and the op-
timal policy is upper-bounded: KL[r}, m,,] < log1/e. Then by Lemmal4.G.1, (4(v) is
L-Lipschitz wrt the TV distance, where L = log 1/e.

Note also that under a Gaussian parameterization for v, the distribution space N is

the Gaussian parameter space N = {(1,¥) : p € RY ¥ € R4 % = 0}, which is
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convex (Boyd and Vandenberghe, 2004).

Then|Orabona (2019), Corollary 7.9 gives

1 & 1 & 1 L
e ;&(Vk) K ;&(VK) < (EKL[VKJ’] + 04) \/_E’ (4.50)

where V. = argmin,, Zszl (i (V). The constant @ € R is a hyperparameter, so we
are free to set it to 1 (Orabona, 2019). Finally, we observe that Ep,, = Z,ﬁil (v) =
Ep,, {x (Vi) and take the expectation with respect to [P o, of both sides of Eq. to
get the desired result:

Ep,, (i) — Uk (VK)] < (EPM,L.KL[DK;F] + 1) (4.51)

=k

Proposition 4.4.2 (Control Policy Sample Complexity). Under the setting described in
Proposition denote by T}, the number of iterations to reach e-ervor for My, in the sense
that ming<q, {V™ — VO < . whenevert > Ty. Further, denote the upper-bound in
Eq. @) by G(K). In a finite MDP, from any initial ©), and  following gradient ascent,

Eni,~p o [11] satisfres:

* 2

U

k
dP

80|A=2|S |2 .
EMkNPMi [Tk] > ﬁEMkNpMi liAk(S) 0

N 62(1 - 7)6 s~Unif g

o0

where ag(s) = drv (w5 (-|s), 7o (-|s)) < /G(K), K5 (5) = stitinesils, and juisa
measure over S such that p(s) > 0Vs € S.

Note: In the above, there is a small error—it should be
. 1
(s) = Bunpdrv(mi (), mu(:[s)) < 4/ 5 G(K).

d; refers to the discounted state-occupancy distribution under 7 with initial state distri-
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bution p:

d7(5) = Bagmp(1 = 7) D 7"P" (51 = s]50)- (4.52)

h>0
Division between probability mass functions is assumed to be element-wise.

Proof. Without loss of generality, we prove the bound for a fixed state s € S, not-
ing that the bound applies independently of our choice of s. We use the shorthand
KL[7(+]s), mw(:|5)] = KL[m, m,] for brevity. We start by multiplying both sides of the
bound from Proposition|4.G.2]by 1/2 and rearranging:

5 (Bev (o) + = (Bey KL 1))

1
> Ep,,, §€K(VK)

1
= EPM,L-]EVKEKL[W;(7 Tw)
(4-53)

2
i 1 1
© Ep,, |Vary, §KL[7T}(,7TW] +E,. QKL[W;(,WM,]]

(47)

1
> Ep,, |E

2
VK _KL[W;OWw]]

2

where (7) follows from the definition of the variance, and (i7) follows from its non-

negativity. We can rearrange to get

L
—— (Bp, KLz, p] +1) > Bz, By

2
1
—KL |77, Ty
. SKL }]

(4.54)
(i)
> Bpy Euye [drv (T, mo)]”

where (i4) follows from Pinsker’s inequality. Letting axc(s) = 1/3G(K) and applying

Moskovitz et al.|(2022a), Lemma 5.2 gives the desired result. ]

This upper-bound is signficant, as it shows that, all else being equal, a high com-
plexity barycenter default policy distribution g (where complexity is measured by

KL[7k, p]) leads to a slower convergence rate in the control policy.
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Algorithm s Idealized MDL-C for Multitask Learning

r require: task distribution I, policy class I1, coefficients {7 }
2: initialize: default policy distribution ; € N

3: fortasksk =1,2,..., K do

4 Samplea task My, ~ Pa(+)

s: Optimize control policy:

= argrr%[ax Vit — AEswar By, KLy (als), 7(als)] (4-55)
T

6:  Update default policy distribution:
Vi1 = argmin KL[v, p| + E,w, KL[7}, 7y (4.56)
veN
7. end for

4.G.3 MDL-C with Persistent Replay

Rather than rely on iid task draws to yield a bound on the expected regret under the
task distribution, a more general formulation of MDL-C for sequential task learning is
described in Algorithm In this setting, the dataset of optimal agent-environment inter-
actions is explicitly constructed by way of a replay bufter which persists across tasks and
is used to train the default policy distribution. This is much more directly in line with

standard FTRL, and we can obtain the standard FTRL bound.

Proposition 4.G.3 (Persistent Replay FTRL Regret; (Orabona, 2019), Corollary 7.9).
Let tasks Mj, be independently drawn from Py at every round, and let them each be as-
sociated with a deterministic optimal policy 7, © S — A. We make the following mild
assumptions: 1) T,(a*|s) > € > 0Vs € S, where a* = 7j(s) and € is a constant.
i) min, KL[v(+), p(-)] = 0 asymptotically as Var[v] — oo. Then withny,_, = LV,
Algorithm|4|guarantees

iié(y)—iiﬁ(ﬂ ) < (KL[p ]+1)L (4-57)
Kk:l o Kk::l R o VE 7

where Vi = argmin,,cy Zle U (v).

Proof. This follows directly from the arguments made in the proof of Propositionm
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As before, this result can be used to obtain a performance bound for the control

policy.

Proposition 4.G.4 (Control Policy Sample Complexity for MDL-C with Persistent Re-
play). Underthe setting described in Proposition denote by T}, the number of iterations
to reach e-ervor for My, in the sense that min,<, { V™ —V O} < ¢. In a finite MDP, from

any initial 0, and following gradient ascent, By, wp,, [Ty satisfies:

80[A]?|S|? o
Enenppn, [Tk] > WEMkNPMiSNUnifS KA ()

where oy, (8) = By dry(mi(-]5), mu([s)) <

=

G(K) = lg(vg) + - (Ce(TK) — li(vi)) + (KL[Z, p] + 1) L\/E,

1

b
Il

C(s) = %, and |1 is a probability measure over S such that ji(s) > 0Vs €

Proof. Without loss of generality, we select a single state s € S, observing that the same

analysis applies Vs € S. For simplicity, we denote 7(-|s) by 7. We start by multiplying
each side of Eq. by K and rearranging:

le(v) < (KL[7,p] + 1) LVK

™
=
S

|
M)~

k=1 k=1
= (i) < Glog) — - le(v) + (KL, p] + 1) LVEK
= KK(DK) + i(gk(ﬂK) — gk(ljk)) + (KL[D,p] + 1) L\/E
N —~— _

(4.58)
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We can multiply both sides by 1/2 and expand ¢k (v ):

1 1

§G<K) 2 EwwllK QKL[W;(7 7Tw]

& Var,,,

+E,
(@) 1 ?

Z (]EVK §KL[7T}((7 7T-’w]] )

(424)

> (EVK drv (77}((7 7rw))2

2
1 1
§KL[7T;(,7TW] §KL[7T;(,7TH,]]

(4.59)

where (i) follows from the definition of the variance, (4) follows from its non-negativity,

and (ii7) follows from Pinsker’s inequality. We then have

1
E,drv (7, Tw) < §G(K)~ (4.60)
Letting i (s) = /3G (K) and applying Moskovitz et al. (2022a), Lemma s.2 gives the
desired result. O

4.G.4 Comment on Improvement Across Tasks

To gain intuition for these bounds, there are several important values of a(s) that we can
consider. First, as a(s) — 1 — 1/|.A|, which is the TV distance between a uniform de-
fault policy and a deterministic optimal policy, £%(s) — 2. This is an important value
because it’s the coefhicient obtained for log-barrier regularization—that is, when the de-
fault policy is uniform and encodes no information about the task distribution. Next, as
a(s) — 0 (thatis, as the TV distance between the default policy and the optimal policy
decreases), K% (s) = 2|A|/(2|A] —1) < 2for |A| > 1. So, we get faster as the distance
between the default policy and the optimal policy decreases, as we would hope. Another
crucial point to note is that as | A| — oo in this case, k% (s) — 1. Finally, and impor-
tantly for MDL-C, as a(s) — 1 — 1/2|.A] from below, £%(s) — o0. In other words, a
sufficiently bad default policy can preclude convergence entirely if it puts too much mass
on a suboptimal action. For an illustration of this phenomenon, see [Moskovitz et al.

(20224) Figure 4.1.
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Algorithm 6 Oft-Policy MDL-C for Parallel Multitask Learning

I

2

N AW

II:

I2:

13:

14:

15:

require: task distribution IP v, policy class I1
initialize: default policy distribution v; € N, control replay Dy <— (), default replay
Dy«

initialize control policy parameters 6 and default policy distribution parameters ¢.
while not done do
for episodes k = 1,2,..., K do
Sample a task M, ~ Pay(-) with goal ID feature g,
Collect trajectory 7 = (50, a0,70, - -, 801, 0H-1,7H-1) ~ P"(-), store
experience
Dk < Dk—l U {(gh, Qap,Th, §h+1)}£{:_01 (4.61)
where ), = (sp, gr)-
if R(1) > R* (ie., my = 7}) then
Add to default policy replay:
D} Dy UL, mol-[30) 11 (4.62)
Note that, e.g., when my(a|$) = N (a; (8, g ), (8, gr)) is a Gaussian pol-
icy, 1(3n, gk), 2(h, gr) are added to the replay with §j,.
end if
end for
Update Q)-function(s) as in|Haarnoja et al. (2018).
Update control policy:
0 « argerlnin Evnitp, (V7" — By, KL 7o (+38), T (-] 50)]] (4.63)
Update default policy distribution:
¢ < argmin KL[VW()?p()} + EUnifD¢Ew~yKL[7T€("§h)a 7Tw<"§h)] (4-64)
¢ k
end while

Indeed, this is why our Proposition 4.1is so useful-by effectively placing an upper bound

on «a(s) which shrinks as the number of tasks K increases, MDL-C’s default policy is

guaranteed to a) avoid putting too much mass on a suboptimal action and thereby pre-

clude or delay convergence for the control policy, and b) improve the rate as the default

policy regret drops.

4.G.s Parallel Task Setting
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An overview of MDL-C as applied in the parallel task setting is presented in Algo-
rithm [6| One important feature to note is the return threshold 2*. As a proxy for the
control policy converging to 7}, data are only added to the default policy replay bufter
when a trajectory return is above this threshold performance (on DM control suite tasks,
R* corresponded to a test reward of at least 700). We leave more in-depth theoretical
analysis of this setting to future work, but note that as the task experience is interleaved,
Tw = K, m, will converge to the prior-weighted KL barycenter. If, in expectation, this
distribution is a TV distance of less than 1 — 1/|.A| from 7}, then the control policy will

converge faster than for log-barrier regularization (Moskovitz et al., 2022a).

Appendix 4.H: Additional Experimental Details

Below, we describe experimental details for the two environment domains in the paper.

4.H.6 FourRooms

As input, the agent receives a 16-dimensional vector containing the index of the current
state, a flattened 3 X 3 local view of its surrounding environment, its previous action
taken encoded as a 4-dimensional one-hot vector, the reward on the previous timestep,
and a feature indicating the goal state index. The base learning algorithm in all cases is

advantage actor critic (A2C; (Mnih et al., 2016)).

Environment The FourRooMs experiments are set in an 11 X 11 gridworld. The ac-
tions available to the agent are the four cardinal directions, up, down, left, and right,
and transitions are deterministic. In both FourRRooMms experiments, the agent can be-
gin an episode anywhere in the environment (sampled uniformly at random), and a single
location with reward 7 = 50 is sampled at the beginning of each episode from a set of
possible goal states which varies depending on the experiment and the current phase. A
reward of 7 = —1 is given if the agent contacts the walls. All other states give a reward
of zero. Episodes end when either a time (number of timesteps) limit is reached or the
agent reaches the goal state. Observations were 16-dimensional vectors consisting of the
current state index (1d), flattened 3 x 3 local window surrounding the agent (includes
walls, but not goals), a one-hot encoding of the action on the previous timestep (4d), the

reward on the previous timestep (1d), and the state index of the current goal (1d). In the
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“goal generalization” experiment, goals may be sampled anywhere in either the top left or
bottom right rooms in the first phase and either the top right or bottom left rooms in the
second phase. Each phase comprises 20,000 episodes, and in each phase, the agent may
start each episode anywhere in the environment. In the first phase, the agent was allowed
100 steps per episode, and in the second phase 25 steps. In the “contingency change” ex-
periment, the possible reward states in each phase were the top left state and bottom right
state. In the second phase of training, however, the semantics of the goal feature change
from indicating the location of the reward to the location where it is absent. Each phase
consisted of 8,000 episodes with maximum length 100 timesteps. Results are averaged

over 10 random seeds.

Agents All agents were trained on-policy with advantage actor-critic (Mnih et al., 2016).
The architecture was a single-layer LSTM (Hochreiter and Schmidhuber, 1997a) with 128
hidden units. To produce the feature sensitivity plots in Fig. , a gating function was

added to the input layer of the network:
Ty = U(b/{) © Op, (465)

where oy, is the current observation, o (-) was the sigmoid funcion, b € R is a constant
(set to b = 150 in all experiments), z;, € R? is the filter layer output, and k € R?
is a parameter trained using backpropagation. In this way, as kg — 00, 0(bkgq) — 1,
allowing input feature 0y, d through the gate. As k; — —00, the gate is shut. The
plots in Fig. track 0 (brg) over the course of training. The baseline agent objective

functions are as follows:

jPO(@)
jRPO (0’ ¢)
jVDO—PO(Q)
)

Ve + OéESNde H [71'9(' |S)]

VT — alEygmo KL[Tg(:|5), T4 (-|5)]
By V™ — BKL[Yg(+), p(+)]
JManalld (g 4y — Yo _ qB, g KL[mo(-|5), ms(-|50)];  sa =5\ g.

Inall cases @ = 0.1, 8 = 1.0, and learning rates for all agents were set to 0.0007. Agents

were optimized with Adam (Kingma and Ba, 2014). Agent control policies were reset
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after phase 1.

4.H.7 DeepMind Control Suite

Environments/Task Settings We use the walker and cartpole environments from
the DeepMind Control Suite (Tassa et al., [2018). We consider two multitask settings: se-
quential tasks and parallel tasks. All results are averaged over 10 random seeds, and agents
are trained for sook timesteps. In the sequential task setting, tasks are sampled one at a
time without replacement and solved by the agent. The control policy is reset after each
task, but the default policy is preserved. For methods which have a default policy which
can be preserved, performance on task k is averaged over runs with all possible previous
tasks in all possible orders. For example, when walker-runis the third task, performance
is averaged over previous tasks being stand then walk and walk then stand. In the par-
allel task setting, a different task is sampled randomly at the start of each episode, and a
one-hot task ID vector is appended to the state observation. Learning was done directly

from states, not from pixels.

Agents The base agent in all cases was SAC with automatic temperature tuning, follow-
ing|Haarnoja et al.| (2018). Standard SAC seeks to optimize the maximum-entropy RL

objective:
T () = VT + aBy g H[m(:]8)] = VT + aEgogrKL[(:|5), Unif 4] (4.67)

Eftectively, then, SAC uses a uniform default policy. The RPO algorithms with learned
default policies replace KL[7(-|s), Unif 4] with KL[7(:|s), 7 (+|s)] (or KL [y, (+]5), 7(+]5)]).
As MDL-C, RPO, and TVPO require that the control policy approximate the optimal
policy before being used to generated the a learning signal for the default policy, in the
sequential setting, the default policy is updated only after halfway through training. Be-
cause variational dropout can cause the network to over-sparsify (and not learn the learn
adequately) if turned on too early in training, we follow the strategy of|Molchanov et al.
(2017), linearly ramping up a coefficient 3 on the variational dropout KL from o to 1
starting from 70% through training to 80% through training. Note that MANUALIA is

not applicable to the sequential task setting, as there is no explicit goal feature. In the
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sequential task setting, we took inspiration from|Haarnoja et al. (2018) and|/Abdolmaleki
et al. (2018) and reframed the soft KL penalty for methods with learned default policies

as a constraint, i.e.,
max V" — aEKL[r,, 7] — maxV" s.t. EKL[m,, 7| <e¢,
s s

where e > 0 was a target KL divergence. Under this formulation, « is treated as a dual
variable via Lagrangian relaxation and optimized with the following objective:

max J(a) = EaKL[my, 7] — ae.

In the parallel task setting, we convert the base SAC agent into the “multitask” variant
used by [Yu et al.| (2019), in which the agent learns a vector of temperature parameters
[a1, ..., ak], one for each task. In this setting, we found it more effective to set o to a
constant value. Test performance was computed by averaging performance across all K
tasks presented to the agent. The baseline agent objectives are as in Eq. @, and the

Distral objective is given by
TP, ¢) = V™ — aBygro KL[mg (-] 5), T (-] 5)] + ABgqmo H[mo (-] 5)].

TVPO is trained in the same way as RPO, with the difference being that the default pol-
icy objective is to predict the control policy action, rather than a distillation objective.

Hyperparameters shared by all agents can be viewed in Table

As anote on performance, Distral performs very strongly in the parallel task setting,
with overall performance slightly worse than MDL-C on Walker and virtually the same on
Cartpole. However, the gap is significantly greater in the sequential setting, particularly
on Walker. We hypothesize that this is due to the fact that by regularizing the control pol-
icy to be close to the default policy, but also encouraging the control policy to have high
entropy (rather than regularizing the default policy as MDL-C does), Distral can in effect
provide a conflicting objective to the control policy when strong structure is present. In

particular, on Walker, the optimal policies for each task have significant overlap, and so
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by encouraging high entropy in the control policy even on the third task, Distral negates
the effect of an informative default policy. As evidence, both RPO and TVPO, which
only regularize the control policy to be close to the default policy, perform significantly

more strongly on Walker in the sequential setting.

Hyperparameter Value
Collection Steps 1000
Random Action Steps 10000
Network Hidden Layers 256:256
Learning Rate 3x 1074
Optimizer Adam
Replay Buffer Size 1 x 106
Action Limit [—1,1]
Exponential Moving Avg. Parameters 5x 1073
(Critic Update:Environment Step) Ratio 1
(Policy Update:Environment Step) Ratio I
Expected KL/Entropy Target 0.2/—dim(.A)*
Policy Log-Variance Limits [—20, 2]

Table 4.2: DM control suite hyperparameters, used for all experiments. *In the parallel setting,
a was simply set to o.1 for methods with learned default policies.

Appendix 4.I: Additional Experimental Results

4.1.8 FourRooms

Method Goal Change Contingency Change

PO 1.25e5 1 1.76e4 8.80e4 + 1.64¢e4
RPO 1.77¢e5 + L.i1e4 1.04e5 + 2.20e4
VDO-PO  1.48e5 t1.91e4 8.23e4 + 1.98e4
ManuallA  1.23e5 & 2.51e4 7.69¢e4 + 2.89¢e4
MDL-C 1.08¢5 1 2.44¢4 s.11e4 + 1.70¢e4

Table 4.3: FourRooms: Average cumulative regret across 8 random seeds in phase 2 of the goal
change and contingency change experiments for each method. = values are standard
error.

4.1.9 DeepMind Control Suite
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Method Cartpole Walker
SAC r.2ses = 1.76e  3.42e5 1 6.10e4
RPO-SAC (k =3) 177est1me4 1.04e5E 2.20e4
VDO-SAC 1.48¢5 £ 1.91e4  8.23e4 1+ 1.98¢4

MDL-C(k=1) r.23e5 £ 2.51e4 7.69e4 * 2.89e4
MDL-C (k = 2) r.o8es +2.44e4  s.a1e4 + 1.70€e4
MDL-C (k = 3) 1.o8es + 2.44e4  s.11e4 + L.70e4

Table 4.4: DM Control Suite, Sequential: Average cumulative regret across 8 random seeds in
the sequential setting. & values are standard error.

Method Cartpole Walker

SAC L.oles & 2.01e3  I1.46€5 T 5.11€3
ManuallA  9.90e4 +1.87¢3 1.50€e5 =+ 3.86€3
MDL-C 9.47e¢4 1 8.36e2  1.31e5 £ 1.35¢3

Table 4.5: DM Control Suite, Parallel: Average cumulative regret across 8 random seeds in the
parallel task setting. & values are standard error.

RPO MDL-C
070 070
068 068
066 066
I
064 064

Figure 4.5: Heatmaps of KL[mg(:|s), 7y (+]s)] Vs € S for RPO and KL[my(-|s), s (+|5)] Vs €
S, where w = [E,w for MDL-C, averaged over all possible goal states. The RPO
default policy nearly perfectly matches the control policy, while the MDL-C default
policy diverges most strongly from the control policy at the doorways. This is because
the direction chosen by the policy in the doorways is highly goal-dependent. Because
the MDL-C default policy learns to ignore the goal feature, it’s roughly uniform in
the doorways, whereas the control policy is highly deterministic, having access to the
goal feature.
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Figure 4.6: Without a sparse prior, RPO does not learn to ignore spurious input features.
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Figure 4.7: MDL-C’s learned as in the DM C sequential setting. Because «v tends to decay, the
control policy is able to specialize to the current task later in training. Results aver-
aged over eight random seeds; error shading denotes standard error.
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Figure 4.8: Test reward on each individual task in the walker domain over the course of parallel
task training. Average performance is plotted above over 10 seeds, with the shading
representing one unit of standard error. We can see the biggest performance differ-
ence on walker, run, the most challenging task.
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Figure 4.9: Test reward on each individual task in the cartpole domain over the course of par-
allel task training. Average performance is plotted above over 10 seeds, with the shad-
ing representing one unit of standard error. Interestingly, unlike in the sequential
learning setting, joint training seems to impede performance on swingup_sparse,
with no method succeeding.



Chapter s

A Unified Theory of Dual-Process

Control

The previous chapter introduced MDL-C, a regularized policy optimization approach
for learning (near-)optimal policies more quickly. The underlying idea is to capture con-
sistent behavioral structure required to solve previously observed tasks in a default policy
which provides partial supervision to the control policy as it learns new tasks. In order to
prevent the default policy from overfitting to spurious structure mistakenly inferred due
to limited data, MDL-C also limits the effective capacity of the default policy by regu-
larizing its complexity using variational dropout. This chapter, adapted from|Moskovitz
et al. (2022b), explores MDL-C further as a model of behavioral phenomena associated

with dual process cognition in the brain.

5.1 Introduction

As introduced in the previous chapter, the idea that cognition is split into a complex
process, manifested in behavior via goal-directed, deliberative action, and a simple pro-
cess, manifested through ingrained habits, is known as dual process theory. Dual process
theories of cognition have had a long and influential history across multiple sub-fields
of the cognitive sciences, such as cognitive control (Diamond, |2013; Botvinick and Co-
hen, 2014)), reward-based decision-making (Dolan and Dayan,|2013; Perez and Dickinson,
2020)), and judgement and decision-making (Evans, 2008; Kahneman, 2011). These sub-

fields not only attempt to answer different questions (and thus test hypotheses through
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different tasks), they also use different modeling approaches and use different language
to describe their experiments. This has made it challenging to derive a unified theoretical

framework for these results despite their shared heritage in dual process ideas.

While the reduction of action selection to dual processes is undoubtedly a simplifi-
cation, across these three domains, dual-process models have accumulated considerable
empirical support, and each domain has developed explicit computational models of how
dual processes might operate and interact (Lieder and Griftiths, 2o17; Botvinick and Co-
hen, 2014; Rougier et al., 2005; Daw et al., 200s;/Shenhav et al., 2013; Keramati et al., 2015
Boureau et al., [2015; Perez and Dickinson, 2020; Miller et al.,|2019). These computational
models, however, are typically domain-specific, reproducing behavioral phenomena that
are within the scope of their domain. It remains unknown whether dual-process phe-
nomena in different domains result from different sets of computational mechanisms, or
whether they can be understood as different manifestations of a single, shared set. That
common mechanisms might be at play is suggested by a wealth of neuroscientific data.
Specifically, studies have linked controlled behavior, model-based action selection, and
System-2 decision making with common circuits centering on the prefrontal cortex (Di-
amond, 2013; Dolan and Dayan, |2013; Mevel et al., 2019;|De Neys and Goel, 2011;|[Miller
and Cohen, 200r1; Jeon and Friederici, 2o15), while automatic behavior, habitual action
selection, and heuristic decision making appear to engage shared circuits lying more pos-
terior and running through the dorsolateral striatum (Lieberman, 2007; O’Reilly et al.,
20205|Jeon and Friederici, 2o15;/Smith and Graybiel, 2022). While further study into these
neuroanatomical relationships is required, these results do beg the question of whether a

single computational model could account for these patterns of decision-making.

In this work, we seek a normative explanation for these phenomena. Thatis, we seek
a theory that can reproduce behavioral findings associated with dual process cognition,
but which is derived instead from an optimization principle, allowing dual process cog-
nition to be understood as the solution to a fundamental behavioral or computational
problem. To identify such a principle, we begin by considering a fundamental problem
confronting both biological and machine intelligence: generalization. We discuss a fun-

damental computational theory of generalization, link it to behavior, and demonstrate
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that a recently-proposed behavioral model from machine learning based on this princi-
ple can successfully reproduce canonical dual-process phenomena from executive con-
trol, reward-based learning, and JDM.

We propose that MDL-C may offer a useful normative model for dual-process be-
havioral phenomena. As in dual-process theory, MDL-C contains two distinct decision-
making mechanisms. One of these (R/NN,) distills as much target behavior as possible
in an algorithmically simple form, reminiscent of the habit system or System 1 in dual-
process theory. Meanwhile, the other (2NN ) enjoys greater computational capacity and
intervenes when the simpler mechanism fails to select the correct action, reminiscent of
executive control or System 2 in dual-process theory. MDL-C furnishes a normative ex-
planation for this bipartite organization by establishing a connection with the problem
of behavioral generalization. To test whether MDL-C can serve as such a model, we con-
ducted a series of simulation studies spanning the three behavioral domains where dual-
process theory has been principally applied: executive control in Simulation 1, reward-

based decision making in Simulation 2, and JDM in Simulation 3.

s.2 General methods: Selection of target phenomena

and approach to modeling

A detailed description of simulation methods is presented in Appendix E Briefly, for
each target dual-process domain, we focused on a set of empirical phenomena that the
relevant specialty literature treats as fundamental or canonical. We do not, of course,
address all behavioral and neural phenomena that might be considered relevant to con-
strain theory in each domain, and we dedicate a later section to the question of whether
any empirical findings that we do not directly model might present challenges for our
theory. Nevertheless, the core phenomena in each field are fairly well recognized, and we
expect our selections will be uncontroversial. Indeed, each target phenomenon has been
the focus of previous computational work, and we dedicate a later section to compar-
isons between our modeling approach and previous proposals. While such comparisons
are of course important, one point that we continue to stress throughout is that no previ-

ous model has addressed the entire set of target phenomena, bridging between the three
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domains we address.

For each target phenomenon, we pursue the same approach to simulation: We be-
gin with a generic MDL-C agent model, configured and initialized in the same way across
simulations (with the exception of input and output unit labels tailored to the task con-
text). The model is then trained on an appropriate target task and its behavior or internal
computations queried for comparison with target phenomena. Importantly, the model is
in no case directly optimized to capture target phenomena, only to solve the task at hand.
In the rare case where target effects depend sensitively on experimenter-chosen hyperpa-
rameters of MDL-C, this dependency is described alongside other results.

While our simulations focus on target phenomena that have been documented
across many experimental studies, in presenting each simulation we focus on observa-
tions from one specific (though representative) empirical study, to provide a concrete
point of reference. It should be noted that the target phenomena we address, in almost
all cases, take the form of qualitative rather than quantitative patterns. Our statistical
tests, described in Appendix E, thus take the form of qualitative hypothesis tests rather

than quantitative fits to data, paralleling the reference experimental research.

5.3 Results

5.3.1 Simulation 1: Executive control

Asintroduced above, longstanding theories of executive function center on a contrast be-
tween two kinds of action. Habitual or automatic responses are default, reactive actions,
shaped by frequency or practice. Controlled responses, in contrast, take fuller account of
the task context, overriding automatic responses when they are inappropriate (Diamond,
2013;\Botvinick and Cohen, 2014; Miller and Cohen,2001). Some of the strongest support
for this distinction comes from studies of prefrontal cortex. Prefrontal neural activity has
been shown to play a special role in encoding goals, task instructions, and other aspects
of task context (Miller and Cohen, 2001; Diamond, 2013). The importance of these rep-
resentations for context-appropriate behavior is evident in the effects of prefrontal dam-
age, where behavior tends to default to frequently performed actions, neglecting verbal

instructions or context-appropriate goals.
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Figure s.i: A. Ciaramelli (2008) reported that damage to another (orbitofrontal) region of PFC
impaired navigation to novel goals, both in the laboratory and an ecological study.
In unsuccessful trials patients frequently navigated to familiar goal locations. Perfor-
mance improved when patients were given frequent reminders of the goal or were
asked to verbally rehearse the goal, but not when the goal reminder was replaced by an
uninformative stimulus (Warning). B. In a modified navigation task only two goals
were cued, one (blue G) occurring more frequently during training than the other
(red G). When the infrequent goal is cued at test, the intact MDL-C agent navigates
successfully to it from any start state (see blue example trajectories). When RN Ny is
ablated, the agent ignores the instruction cue and navigates to the more frequent goal
(pink trajectories). See Methods for simulation details. C. By inserting a gating layer
over input features within RNNy, (see Methods), we can directly read out which
information is processed by that pathway. The plot shows attention weights for the
three input features in the navigation task referenced in Figure 1. Over the course of
the initial training block, R NNy, learns to ignore the current goal cue.

One domain in which these effects can be observed in a particularly straightforward
form is spatial navigation. Prefrontal damage impairs the ability to navigate to instructed

goal locations, with behaviour defaulting to more familiar paths and destinations (Cia-
ramelli, 2008) (Fig. .

Strikingly similar effects arise when MDL-C is applied to spatial navigation. In our
first simulation, a MDL-C agent was trained on a navigation task involving two cued goal
locations, with one goal presented more frequently than the other (see Appendix@. Af-
ter training, RINN; was able to successfully navigate to either goal when cued. However,
when RNN, was removed from the agent and it was forced to act using RNN, —in a
rough approximation of the PFC damage suffered by the patients studied by |Ciaramelli
(2008)—agents only ever navigated to the goal location that had been more frequently
cued during training (Fig.[s.1B). To gain a mechanistic understanding of why this occurs,

we inserted a gating layer over inputs in R NN, to monitor which information is trans-
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Figure s.2: A. Policies for RNN (top) and RNNy, (bottom) for the stimuli shown, in word-
reading (//R) and color-naming (CN)) contexts. Response probabilities are shown
for the response red, complementary to (unshown) probabilities for the alternative
blue response. B. When the MDL-C agent is trained on the Stroop task (see Meth-
ods), RNNy, learns to ignore both the task cue and the stimulus color, attending
only to word identity. C. Left: KL divergence between 7 and g for the four trial
types shown in panel A. Right: Corresponding reaction times (see Methods). D.
When trained on the Stroop task and then given a choice between blocks of color-
naming trials that involve either high or low proportions of incongruent stimuli (see
Methods), the MDL-C agent displays a preference for less frequent incongruence,
paralleling the demand-avoidance effect seen in human decision making.

mitted to the policy. We found that, despite the fact thatboth RNN, and RNN, receive
the same inputs, VDO induced RNN, to ignore the goal cue during training, as due to
the difference in goal presentation frequencies, it was less predictive of RNN’s behavior

than other features.

To evaluate the generality of these effects, we applied MDL-C to another classic ex-
ecutive control problem, the Stroop task (see Appendix[s.B and Fig.[s.2).
Here, words that name colors are presented in hues that are either incongruent (e.g. RED
presented in blue) or congruent (RED in red). An instruction cue indicates whether the
current task is to read the word, the highly practiced, automatic response, or to name
the color, requiring cognitive control. Consistent with the navigation results, while the
control policy correctly learned to respond to both word-reading and color-naming tri-

als (the former being presented more frequently in training), the default policy learned
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a simpler stimulus-response mapping based only on the written word (Fig.[5.2/A). These
habit-like responses are overridden (by policy ) only when the task context requires it.
When examining feature sensitivity, RNN,, as in navigation, ignores the task context
and is biased toward the behaviors executed most frequently during learning, consistent

with the classical definition of automatic processing (Fig.[s.2B).

Perhaps the defining behavioral phenomenon associated with the Stroop task is de-
layed reaction times on incongruent color-naming trials (as people are more used to read-
ing words than naming colors) (Botvinick and Cohen, 2014; Herd et al., 2006), another
finding replicated by MDL-C. MDL-C provides a simple way to reason about this pat-
tern: because the control policy is regularized towards the default policy—which disagrees
with the control policy on these inputs—its output distribution is less concentrated over
the correct output, requiring more recurrent cycles to reach the response threshold. The
KL divergence between the control and default policies was therefore highest for color-
naming conflict trials, as it was in these trials alone for which simply matching the written
word resulted in the incorrect response (Fig.[s.2C). In this way, MDL-C provides a direct

relationship between reaction time and the cost of control.

Another core phenomenon in the cognitive control literature is demand avoidance,
the tendency for decision makers to avoid tasks that require intensive cognitive control
(Kool and Botvinick; 2018). For example, when human participants are asked to select
between two versions of the Stroop task, one involving more frequent incongruent trials
than the other, they show a clear tendency to avoid the former task and the demands on
cognitive control it involves (Schouppe et al., 2014). When MDL-C is trained in the same
task context (see Appendix s.B), the same choice bias arises (Fig. [s.2E). The explanation
for this result is tied to the KL cost in the MDL-C objective function which penalizes
conflict between policies m and 7y (compare Zenon et al. (2019); Piray and Daw (2021)).
By avoiding control-demanding tasks, the agent can minimize this term, helping it to

minimize the description length of its overall behavioral policy.

The relation of the above simulation results to those from previous models, and a
consideration of a wider range of empirical phenomena in the domain of executive con-

trol, are discussed below under Comparison with previous models.
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s.3.2 Simulation 2: Reward-based learning

According to prevailing theories, reward-based learning centers on two distinct neural
systems. One, operating within parts of prefrontal cortex and associated basal ganglia
circuits, implements a ‘goal-directed’ or ‘model-based’ algorithm, which takes task struc-
ture into account. The other system, more posterior or lateral, operates in a ‘habitual’
manner, based on simpler stimulus-response associations (Dolan and Dayan, |2013; Daw
et al., 2005; Beierholm et al., po1r; |Glascher et al., 20105 |Averbeck and O’Doherty, |2022;
Drummond and Niv, 2020; Miller et al., 2019; |Dickinson, 1985). Although the anatom-
ical substrates proposed for these systems can resemble those associated with controlled
and automatic processing, different behaviors have been used to study them. In research

with humans, the most prominent of these is the so-called ‘two-step task’ (Daw et al.,

2011), illustrated in Fig. .

The two-step task was designed to probe the operation of model-based and habitual
systems, under the hypothesis that these operate in parallel and that the habitual system
implements model-free reinforcement learning (Averbeck and O’Doherty, [2022; Drum-
mond and Niv, 2020) (see Comparison with previous models and Supplementary Discus-
sion). In this task, subjects must choose between two options that will probabilistically
transition them to one of two second stage states which themselves stochastically either
produce reward or nothing (Fig.[s.3A). According to the logic of the task, if the agent is
able to learn a model of this transition structure, its policy update on the first step will
be sensitive both to second-step reward as well as to whether the second-step state was
the "common” or uncommon” one given first-step action. This ability is reflected in
behavioral patterns classically thought-of as diagnostic for model-based and model-free
behavior on this task (Fig. ), which shows the results of logistic regression from pre-
vious trial results to predict whether subjects repeated their most recent stage 1 choice.
Synthetic behavioral data from a model-free (TD(1)) agent is associated with positive re-
gression weights for trials which resulted in reward after both common and uncommon
transitions, indicating a lack of understanding of the task structure. In contrast, synthetic
behavioral data from a model-based agent is associated with positive regression weights

for common, rewarded trials and uncommon, unrewarded trials. We trained MDL-C
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Figure 5.3: A. Structure of the two-step task as introduced by ?. Choice occurs at Stage 1. The
value of p varies over time, and so must be inferred by the participant. Following
subsequent research, the version employed in our experiments additionally included
explicitly cued reversals in the structure of transitions from Stage 1 to Stage 2. See
Methods for full details. B. Classical behavioral signatures of model-free (left) and
model-based (center) performance in the two-step task. Adapted from Miller et al.
(2016a), the plots show logistic regression weights quantifying the influence of two
factors on the probability of repeating on the index trial the same first-stage action
selected on the previous trial: (1) whether reward was received or omitted on the pre-
vious trial, and (2) whether the previous trial featured a transition from stage 1 to 2
that was high-probability (common) or low (uncommon). The right panel shows a hy-
brid pattern, similar to that reported in the classic study by (?). C. Left: Two-step
behavior of MDL-C, reflecting policy 7. Right: Influence of the past on policy .
D. Same as Panel D but with different weighting of terms in the MDL-C objective
(see Methods and compare panel C, right).

on a modified version of the task, in which the first stage transition probabilities also oc-
casionally switch (Akam et al, 2015) (see Appendix[5.C for details), which increases the
difference in computational complexity needed to exhibit the canonical model-based vs
model-free behavioral patterns. We find that, under certain carefully-chosen parameteri-
zations, the classic patterns arising side by side, with policy 7 displaying the model-based
profile, and 7y the model-free pattern (Fig.[s.3C). Because 7 dictates the overt behavior
of the agent, the latter displays a model-based pattern, as also seen in human performance
in some studies (Feher da Silva and Hare, 2020)). When RNN, is ablated, behavior then
shifts away from the model-based pattern, in line with the observation that disruption of
prefrontal function decreases model-based control in the two-step task (Smittenaar et al.,

2013; Otto et al., 2013).
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This differentiation of function arises, as in the previous simulations, from the
MDL-C optimization objective. As has been noted in the literature on model-based ver-
sus model-free learning, the latter is less algorithmically complex (Daw et al., 2005). The
simplicity bias in MDL-C, imposed on 7, therefore tilts that policy toward the actions
that would be chosen by a model-free agent. Policy 7, meanwhile, can reap a bit more

reward by implementing a policy that takes task structure more fully into account.

Work with the two-step task has consistently found that both humans and animals
show a variety of “mixed” patterns (Akam et al., 2o2x5; Miller et al., 2017; Daw et al., 2011)
distinct from either of the classic patterns. It has also cast doubt on the idea that these pat-
terns, quantified from behavior, map 1:1 onto other measures of goal-directed or habitual
control (Feher da Silva and Hare} 2020;Collins and Cockburn, 20205 Gillan et al., 2015).
When we train MDL-C over a broader range of hyperparameters (see Appendix[s.C),
we observe similar mixed patterns across large portions of the parameter space (Fig.
and Supplementary Discussion), and that either primarily “model-based”, model-free”
or ”perseverative” behavior can appear in either 7 or 7. Thus, while a clean separation
between model-based and model-free learning can arise within MDL-C, such a division
is not hardwired into the framework. Depending on the precise setting, minimizing the
description length of behavior can also lead to graded intermediate patterns, providing
leverage on some otherwise problematic experimental observations (Collins and Cock-

burn, 2020).

While the two-step task has been an important driver of dual-process theory in the
domain of reward-based learning, important insights have also come from studies of in-
strumental learning. One key feature of animal behavior within this domain is persever-
ation: the tendency to repeat previous actions independent of their association with re-
ward. Miller etal. (2018) administered a two-arm bandit task to rats, where the probability
of one of two ports delivering a juice reward drifted randomly across trials. Performing lo-
gistic regression on different features of the last 20 trials showed that past choices contin-
gent on reward and the repetition of previous actions had a strong influence on behavior
on the current trial. We simulated this experiment, and found that agents trained for sim-

ple reward maximization were influenced by previous rewards contingent on choices, but
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Figure s.4: A. Logistic regression weights showing the influence on the current action of reward
contingent on choice (reward secking), previous choices (perseveration), and reward
independent of choice (main effect of outcome) of MDL-C and a standard RL agent
on the drifting two-armed bandit task from Miller et al. (2018). MDL-C displays a
stronger tendency towards perseveration, reminiscent of rats trained on the same task.
B. Left: Simulation of contingency degradation from Miller et al.| (2019). The longer
the training phase (x axis), the longer lever-pressing persists after reward is discontin-
ued (red). Right: Corresponding behavior from MDL-C, also showing the effect of
ablating 7.

did not display perseverative tendencies, while MDL-C agents exhibited both (Fig. ,
details in Appendix @

Another important experimental manipulation within this literature is known as
contingency degradation. Here, rewards are at first delivered only in response to a par-
ticular action, but then later are delivered in a non-contingent manner, independent of
whether the action was selected. Unsurprisingly, this change typically triggers a shift away
from the action in question. Critically, however, this adjustment is reduced or slowed if
the initial training with reward was extensive (Daw et al., 20os; Miller et al., 2019; Dick-
inson, [1998) (Fig. ) Prevailing explanations for this effect share a dual-process per-
spective, according to which insensitivity to contingency degradation reflects a transfer
of control from one learning process that is relatively flexible to another which adjusts
less quickly (Daw et al., 200s; Miller et al., 2019). Consistent with this account, lesions
to dorsolateral striatum — a structure proposed to be involved in that latter system —

partially protects against training-induced inflexibility (Yin et al.,|2006).

MDL-C captures the empirically observed effects of contingency degradation, but
also offers a novel computational perspective. Asshownin Fig., the speed with which
the MDL-C agent reduces its response rate after contingency degradation depends on

how long the agent was previously trained with reward (see Appendix[s.C for simulation
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details). As in the experimental data, behavior becomes less flexible as the duration of
training increases. This shift is a result of the MDL-C optimization objective. Policy 7
is initially able to adjust rapidly, responding to reward by emitting the rewarded action
frequently. If contingency degradation occurs immediately, 7 is able to adapt flexibly.
However, if reward continues for a longer period, the rewarded policy gradually comes
to be mirrored in 7, driven by the third term in Equation 2. Once 7y becomes strongly
biased toward the rewarded action, it is difficult for policy 7 to diverge from this pattern,
again due to the third term in Equation 2 (an effect that is attenuated if 7 is ablated, anal-
ogous to lesioning dorsolateral striatum; see Fig. ) This computational mechanism
is related to others that have been proposed in models devised specifically to account for
contingency degradation effects, based on uncertainty or habit strength (Daw et al., 2005;
Miller et al., 2019) (see Supplementary Discussion). However, MDL-C ties the relevant
learning dynamics to a higher-level computational objective, namely, minimizing the de-

scription length of behavior (compare|Pezzulo et al. (2018); Lai and Gershman (2021)).

5.3.3 Simulation 3: Judgment and decision making

As noted earlier, dual-process models in JDM research distinguish between System-1 and
System-2 strategies, the former implementing imprecise heuristic procedures, and the
latter sounder but more computationally expensive analysis (Evans, 2008; Kahneman,
2011). As in the other dual-process domains we have considered, there appears to be a
neuroanatomical dissociation in this case as well, with System-2 responses depending on
prefrontal computations (Mevel et al., 2019; De Neys and Goel, 2011).

Recent research on heuristics has increasingly focused on the hypothesis that they
represent resource-rational approximations to rational choice (Lieder and Griffiths,
2020)). In one especially relevant study, |Binz et al.|(2022) proposed that heuristic de-
cision making arises from a process that “controls for how many bits are required to
implement the emerging decision-making algorithm” (p. 8). This obviously comes close
to the motivations behind MDL-C. Indeed, |Binz et al. (2022) implement their theory
in the form of a recurrent neural network, employing the same regularization that we
apply to our RNN,. They then proceed to show how the resulting model can account

for heuristic use across several decision-making contexts. One heuristic they focus on,
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Figure s.s: A. Heuristic one-reason decision making (left) and richer compensatory decision
making (right) in a multi-attribute choice task, from Binz et al. (2022). Gini coef-
ficients, on the y axis, capture the degree to which decisions depend on one feature
(higher values, with asymptotic maximum of one) versus all features evenly (zero),
with references for one-reason decision making (single cue) and a fully compensatory
strategy (equal weighting) indicated. Data points for each trial correspond to obser-
vations from separate simulation runs. Human participants in the study displayed
both patterns of behavior, depending on the task conditions. B. Behavior of MDL-C
in the task from Binz et al./(2022), under conditions where human participants dis-
played one-reason decision making. C. Behavior of 7q (left) and 7 (right) when the
KL penalty for divergence between the two policies is reduced (see Methods). D. In
the simulation from panel C, the divergence between policies is increased when the
agent emits a non-heuristic decision.

called one-reason decision making, involves focusing on a single choice attribute to the
exclusion of others (Newell and Shanks, |2003). As shown in Fig. EA, reproduced from
Binz et al. (2022), a description-length regularized network, trained under conditions
where one-reason decision making is adaptive (see Binz et al. (2022) and Appendix @),

shows use of this heuristic in its behavior, as also seen in human participants performing
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the same task. In contrast, an unregularized version of the same network implements a
more accurate but also more expensive ‘compensatory’ strategy, weighing choice features
more evenly.

As illustrated in Fig. BB, when MDL-C is trained on the same task as the one used
by Binz et al. (2022)) (see Appendix[s.D), it displays precisely the same heuristic behavior
those authors observed in their human experimental participants.

Digging deeper, MDL-C provides an explanation for some additional empirical phe-
nomena that are not addressed by Binz et al. (2022) or, to the best of our knowledge, any
other previous computational model. In an experimental study of one-reason decision
making, [Newell and Shanks (2003) observed that application of the heuristic varied de-
pending on the available payoffs. Specifically, heuristic use declined with the relative cost
of applying a compensatory strategy, taking more feature values into account. MDL-C
shows the same effect. When the weighting of the deviation term D 1, (7||m) is reduced
relative to the value-maximization term in the MDL-C objective (see Appendix @),
the policy 7 and thus the agent’s behavior take on a non-heuristic compensatory form
(Fig. [s.sD). Critically, in this case MDL-C instantiates the non-heuristic policy side-by-
side with the heuristic policy, which continues to appear at the level of . This aligns with
work suggesting that System-1 decision making can occur covertly even in cases where
overt responding reflects a System-2 strategy. In particular, Mevel et al. (2019) observed
activation in prefrontal areas associated with conflict detection in circumstances where
a tempting heuristic response was successfully overridden by fuller reasoning (see also
De Neys and Goel (2011)). A parallel effect is seen in our MDL-C agent in the degree of
conflict (KL divergence) between policies 7 and 7 (Fig. [5.sD).

5.3.4 Comparison with Previous Models

To our knowledge, no previous computational model has simultaneously captured the
core dual-process phenomena we’ve considered, thereby bridging the domains of exec-
utive function, reward-based decision making and JDM. However, a range of previous
models have addressed the relevant phenomena in a fashion limited to one of those do-
mains. Having stressed the unifying, cross-disciplinary character of the present work, it

is also befitting to consider the relationships between MDL-C and these domain-specific
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Figure 5.6: A. Top: Behavioral data from the modified Stroop task studied by MacLeod and
Dunbar (1988). Early in training, shape-naming responses were both slower than
color-naming responses and more affected by stimulus congruence, consistent with
shape-naming being the relatively ‘controlled’ response and color-naming relatively
‘automatic.” With extensive training, the pattern flipped, with shape-naming becom-
ing faster than color-naming and less affected by stimulus congruence. Bottom: Un-
der training conditions mimicking the experimental study, MDL-C displayed a sim-
ilar pattern of behavior, with a significant main effect of task and a significant in-
teraction between task and trial-type (p | 0.05) at both o trials and 44,000 trials. B.
Zero-shot Stroop performance in MDL-C and an unregularized baseline model (see
Methods). Top: Color-naming accuracy on incongruent Stroop stimuli, after train-
ing only with neutral stimuli (see main text and Methods). Bottom: KL divergence
between action probability distributions under two conditions, (1) presentation of
incongruent Stroop stimuli, and (2) presentation of Stroop stimuli with the word
identity input masked out. MDL-C shows significantly lower divergence, indicating
that the control policy attends less to the task-irrelevant factor — i.e., MDL-C is more
robust to distractors — despite never having been trained on incongruent stimuli.

models. Particularly important is the question of whether such domain-specific models

capture any empirical phenomena that MDL-C might have difficulty addressing.

In the area of executive control, our model bears strong connections with the classic
connectionist model proposed by Miller and Cohen (2001). In particular, both character-
ize the distinction between controlled and automatic processing as arising from learning.
To illustrate this point, Cohen and colleagues (1990) modeled results from a behavioral

study by MacLeod and Dunbar|(1988) (Fig.[s.6/A). Here, participants were presented with
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colored shapes, and asked either to name their color or to announce a color name that
had been arbitrarily assigned to the relevant shape (e.g., a particular irregular pentagon
might be given the name b/ue, independent of its display color). Interference between
the two tasks was quantified by comparing response time on incongruent trials, where
color- and shape-name conflicted, against congruent trials, where they matched. Early
in training, interference was larger for the shape-naming task than the color-naming task,
suggesting that color-naming was relatively ‘automatic’ and shape-naming relatively ‘con-
trolled.” However, after extensive training on the shape-naming task the pattern flipped,
consistent with the idea that within-task learning had rendered shape-naming relatively

‘automatic.” This effect was well captured by the neural network model of ?, and it also

arises in our MDL-C model (see Fig. Appendix[s.B).

As this example illustrates, gradual learning processes, operating over the course
of extensive practice on relevant tasks, are important to the theoretical account we are
proposing with MDL-C. On the face of it, this may seem to stand in tension with how
learning occurs in most human behavioral experiments, where participants dive in on
novel tasks given little more than some verbal instructions and few practice trials. For
example, in the classic Stroop task, it seems reasonable to assume that participants have
rarely if ever been asked to name the color of a word that itself names a color, but they do
this ‘zero-shot,” and immediately display Stroop interference. To show that our MDL-C
implementation accommodates this kind of zero-shot learning, we trained our agent on
color-naming and on word-reading, only ever presenting ‘neutral’ stimuli, omitting the
word feature during color-naming and omitting the color feature during word-reading
(see Appendix [s.B). At test, incongruent feature sets were presented. The model re-
sponded correctly on the vast majority of trials given the task-cue input — performing sig-
nificantly better than an ablated network lacking MDL regularization — but also showed
Stroop interference (see Fig. [5.6b). In recent work, Riveland and Pouget (2022) have
shown how neural networks can follow verbal instructions zero-shot in a wider range of
tasks. It would be exciting to expand our MDL-C implementation to incorporate greater

behavioral breadth and flexibility in the same way.

Elaborations of the Miller and Cohen (2001) model have offered a mechanistic ex-
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planation for the special role played by prefrontal cortex in representing aspects of con-
text, attributing to prefrontal circuits a special set of gating-based memory mechanisms
(O’Reilly et al., 2010). MDL-C offers a complementary account, instead addressing why
it makes sense in normative terms for the brain to support both control and habit systems
(see Musslick and Cohen (2021) for a related but domain-specific analysis). It is impor-
tant to emphasize, however, that we are not attempting to claim that MDL-C’s RNN .
and RNN, map directly onto specific brain regions, but rather only that the split ar-
chitecture of our MDL-C agents reflects evidence supporting neuroanatomical divisions
between areas of controlled and automatic processing. As it turns out, however, MDL-C
does in fact give rise to a solution that gates different information into different parts of
the information-processing architecture, broadly consistent with gating-based models of
cognitive control (O’Reilly et al., 2010). From the point of view of our theory, such gating
mechanisms might be viewed as solutions to the MDL-C problem discovered by evolu-
tion rather than online learning. It is worth noting that some of the most recent work to
apply the notion of gating to PFC function has postulated a multilevel hierarchy, deeper
than the one we consider in our simulations. There is no practical impediment to extend-
ing the MDL-C architecture to include multiple hierarchical levels; a natural approach
would be to regularize each pair of adjacent layers with respect to one another, varying
the weight of the complexity cost monotonically across layers. We have not, however,
implemented this idea and it therefore stands as an appealing opportunity for next-step
research. Another elaboration of the Miller and Cohen (2001) model adds a ‘cost of con-
trol,” a negative utility attached to the overriding of default response-selection processes
(Shenhav etal.,2013;Zenon et al., 2019; Lieder et al., 2018; Piray and Daw, 2021). As noted
in our simulation of demand avoidance, the deviation term in the MDL-C objective ef-
fectively imposes a cost of control, showing how this cost fits into a broader optimization
process. While philosophically aligned, MDL-C differs from these models in important
ways, most significantly in that its default policy is learned. That is, while the control
policy may be learned using a similar objective (e.g., Piray and Daw (2021) also use KL-
regularized policy optimization with respect to a default policy), MDL-C directly models

the acquisition of automatic/habit-like behavior as the minimization of an MDL-based
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objective, whereas most previous sequential decision-making approaches modeling a cost

of control do so with respect to a fixed default policy.

The classic Miller and Cohen|(2001) model has been elaborated in subsequent work
to address another canonical phenomenon in the executive function literature, which
we have not previously touched upon: task-switching costs (see, e.g.,[Herd et al./(2014),
Reynolds et al.[(2006), Gilbert and Shallice (2002)). Importantly, in order to capture
switch-cost effects, including such phenomena as residual and asymmetric switch costs,
the relevant computational models have had to build in temporally and mechanistically
fine-grained accounts of working memory function, modeling attractor dynamics and
hysteresis effects that fall well below the level of abstraction our MDL-C implementa-
tion occupies. It would be informative to implement MDL-C with an increased level of
temporal granularity (as for example in|Herd et al./(2014)) and to evaluate task-switching

effects in this setting.

We turn now from executive function to reward-based decision making. As shown
in Simulation 2, when MDL-C operates within an appropriate task context, it can yield
side-by-side decision mechanisms with profiles matching model-based and model-free
control. This links MDL-C with a wide range of recent models of reward-based deci-
sion making, which center on this side-by-side configuration (Dolan and Dayan, 2013;
Daw et al., 2005;|Glascher et al., po10}Beierholm et al., 2o11). As discussed under Results,
the empirical data motivating those dual-system models is complex. In particular, neu-
ral activity aligning with model-free computations is not always ‘pure’ of model-based
characteristics (see, e.g., Daw et al. (2011)). Such computational purity is not enforced in
MDL-C, either, and under some parameterizations MDL-C displays the same intermedi-
ate patterns that have been observed in some experimental studies. (Indeed, such mixed
patterns were seen across most of the parameter space we explored; see Figs.[s.7]to[s.9).
The interpretation of ostensibly model-based behavior in the two-step task is also nu-
anced (Akam et al., o1s; Miller et al., 2o16a). However, we have demonstrated elsewhere
(Wang et al., 2018) that genuinely model-based computations can arise within recurrent

neural networks under conditions comparable to those employed in the present work.

Beyond model-based and model-free RL, the dynamics of habit acquisition in
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MDL-C also link it with recent models that replace model-free RL with a reward-
independent, practice-based learning mechanism (Ashby et al.; 2007; | Miller et al., 2019;
Bogacz, 2020). The learning mechanism of MDL-C’s default policy is closely related to
these, with two important differences. The first is that the practice-based learning mech-
anisms adopt as the target of learning the discrete actions actually taken by the agent,
while MDL-C’s default policy adopts as its target the full probabilistic control policy
from which those actions are sampled. The second is that the addition of VDO effectively
regulates the complexity of the habits that can be learned and the rate at which habit for-
mation occurs. The results presented in Fig. support this connection. Of particular
interest, a recent study provided evidence that dopamine dynamics in a posterior sector
of the striatum encode not a reward-prediction error, but instead an action-prediction er-
ror, which drives situation-action associations (Greenstreet et al., 2022). This aligns quite
closely with how learning operates in R NN, in our MDL-C implementation, where
weight updates are driven by a mismatch between the actions predicted by 7y and those

dictated by 7.

Practice-based accounts of habits have been proposed (Miller et al., 2019) to explain
not only classic assays of habits, but also trial-by-trial perseveration, an effect in which
subjects tend to repeat in the future choices that have been made in the past, regardless
of the associated stimuli and outcomes (Cho et al., 20025 |Akaishi et al., |2o14; Balcarras
et al., 2016; Miller et al., 2018). To test whether MDL-C would show such effects, we ran
it on a drifting two-armed bandit task, in which rats show robust perseveration (Miller

et al., 2018). We find that MDL-C shows similar perseveration, while an ablation model

lacking the default policy does not (Fig.[s.4/A).

Despite all of these connections, MDL-C difters from most previous models in that
it does not involve a direct competition between control systems (Daw et al., 2005; Lee
et al.,2014). In MDL-C, the policy 7 always has the last word on action selection, which
may be to either endorse or override default policy 7 (as discussed above). Interestingly,
this relationship between systems resembles one proposal for the interplay between Sys-
tem 1and System 2 in the JDM literature, according to which “System 1 quickly proposes

intuitive answers to judgment problems as they arise, and System 2 monitors the quality
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of these proposals, which it may endorse, correct or override” (Kahneman and Frederick,

2002).

Within the JDM literature, among computational models of heuristic judgment,
our account aligns closely with the one recently proposed by Binz et al. (2022)), adding
to it in the ways noted earlier. Like Binz et al. (2022), we have only applied MDL-C to
a small set of heuristics from among the many considered in the JDM literature. An im-
portant challenge, both for MDL-C and for the|Binz et al. (2022)) account, will be to test
applicability to a wider range of the relevant behavioral phenomena. Needless to say, a
still wider range of decision effects addressed by the JDM literature, from risk attitudes
to self-control conflicts, remain untouched by the present introductory work, and the

compatibility of the our theory with such effects will necessarily await further research.

Some readers will have remarked that the our account of dual-process control shares
important characteristics with a range of research on ‘resource-rational’ cognition (Lieder
and Grifhiths,|2020), where limitations on computational capacity are understood to con-
strain strategies for adaptive information processing. In the context of goal pursuit, this
perspective has given rise to the notion of a value-complexity tradeoft, where reward max-
imization balances against the cost of encoding or computing behavioral policies (Amir
etal.,2020;/Lai and Gershman, 20215 Binz et al., 20225 Tavoni et al., 2022). While our com-
putational account resonates strongly with this set of ideas, two qualifying points call for
consideration. First, a great deal depends on the exact nature of the computational bot-
tleneck hypothesized. At the center of our account is a measure related to algorithmic
complexity (Grinwald, 2007; Hinton and Van Camp, 1993; Binz et al., 2022), a measure
that differs from the mutual information constraint that has provided the usual focus for
value-complexity tradeoff theories (Lai and Gershman, 2021; Lerch and Sims, 2018) (see
Appendix @ Second and still more important, the MDL-C framework does not an-
chor on the assumption of fixed and insuperable resource restrictions. The relevant lim-
itations on complexity are regarded not as inherent to neural computation, but rather as
advantageous for representation learning and generalization (Chater and Vitanyi, 2003).
Indeed, while reward-complexity tradeoff models typically involve a single bottlenecked

processing pathway (Binz et al., 2022;Lai and Gershman, 2021), MDL-C includes a sec-
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ond pathway thatallows the agent to work around constraints on computational capacity.
This allows for the formation of expressive, task-specific representations alongside more
compressed representations that capture shared structure across tasks (Musslick and Co-

hen, 2021).

s.4 Discussion

Dual-process structure appears ubiquitously across multiple domains of human decision
making. Though this is almost certainly a simplification and action selection lies along a
spectrum from controlled to automatic, this tradeoft has been a useful axis for studying
behavior. While this has long been recognized by psychological and neuroscientific mod-
els, only recently has the normative question been raised: Can dual-process control be un-
derstood as solving some fundamental computational problem? MDL-C, an approach
for efficient multitask RL from the machine learning literature, can be derived directly
from the demands of generalization and sequential decision-making, without reference
to neuroscientific data. Despite this independent theoretical lineage, MDL-C turns out

to provide a compelling explanation for dual-process structure.

The account we have presented is also distinctive for its unifying character. Al-
though sophisticated dual-process models have been proposed within each of the behav-
ioral domains we have considered in the present work — executive control (e.g., Lieder
et al.[(2018)), reward-based decision making (e.g.,[Daw et al,|(2005)), and JDM (e.g., Binz
etal./(2022)) — to our knowledge MDL-C is the first computational proposal to account
for empirical phenomena across all three of these fields. However, our treatment of the
neuroscientific issues has, of necessity, been quite broad; important next steps for devel-
oping the theory would, for example, be to provide a more detailed account of MDL-C’s
relationship with specific neuroanatomical structures, particularly regional distinctions
and hierarchical organization within prefrontal cortex (Badre and Nee, [2018). While we
view MDL-C as a promising step in the direction of providing unified account of dual
process phenomena across fields, deep questions remain and further work needs to be

done.

Beyond psychology and neuroscience, MDL-C, with its origin in machine learn-
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ing (Moskovitz et al., 2023a), bears a number of important links with existing work in
that field. In particular, it belongs to a broad class of RL systems that employ regular-
ized policy optimization, where the agent policy is regularized toward some reference or
default (see (Tirumala etal., 2020a)). Most relevant are approaches where the default pol-
icy is itself learned from experience (Galashov et al., 2019b; Teh et al., 2017b; Goyal et al.,
2020; [Moskovitz et al., 2022a). In previous work involving such learning, it has been
deemed necessary to stipulate an ‘information asymmetry,” imposing some hand-crafted
difference between the observations available to the control and default policies (Galashov
et al., 2o19b; Teh et al., por7b; |Piray and Daw;, 20215 |Goyal et al., 2020). MDL-C allows
this information asymmetry itself to be learned, as our simulations have demonstrated.
Given this point and others, we are hopeful that further insights gained into MDL-C’s
relationship with biological cognition could spur modifications that provide benefits in

a machine learning context as well.
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Appendix

Appendix 5.A: Architecture and Learning Algorithm

All experiments employed a common architecture and learning algorithm with minor
implementational variations across simulations. Our implementation of MDL-C con-
sists of two recurrent neural networks (RNNs) which we call the control policy network
RN N and the default policy network RN N,. These RNNs have identical sizes and
architectures. They are also provided with identical inputs for each time step of expe-
rience, consisting of a one-hot encoding of the previous action, a scalar indicating the
previous reward, and a vector of task-specific information (the “observation”) which will
be described separately for each task.

The control policy network RN N, produces as output a vector of policy logits
which determine the probability of taking each available action, as well as a scalar value
estimate of its expected future reward from the current state. It is trained using the 2d-
vantage actor-critic (A2C; (Mnih et al.,2016)) algorithm, which encourages it to produces
actions which maximize expected long-term reward E[R]. The control policy network
is also regularized using a term which encourages its action probabilities to match those
produced by the default policy network. This is equivalent to encouraging the condi-
tional description length L(7|m) to be low.

The default policy network also produces as output a vector of policy logits 7. In
the intact system, these are overwritten by the control policy network (see Supplementary
Discussion), and so serve primarily to regularize the control policy. The default policy
network is trained by policy distillation (Rusu et al., 2o1s; Hinton et al., |2o15) to match
the output of the control policy network 7. It is regularized using variational dropout
(VDO; (Kingma et al., 2o15)), which encourages its absolute description length L(m) to
be low.

The overall MDL-C objective for 7 and 7y can be written

Lypr-c = Ex[R] — [aDg (7 (alzs; 0)||mo(alzs; w)) + 8Dk (q(w; ¢)|[p(w))],

corresponding to the reward maximization, complexity, and goodness-of-fit terms intro-
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duced in Equation (2). Note that this expression introduces an additional weighting pa-
rameter relative to Equation (2), the rationale for which is presented in our Supplemen-
tary Discussion. Also, as will become clear in what follows, the overall objective above
can be decomposed and sub-parts used to train different sectors of our agent, since only
certain terms affect different pathways. Below, we describe each term in the objective in

detail.

Control Policy Network Unless otherwise noted, the control policy RN N, was
trained via a modification of Advantage Actor-Critic (A2C), which is described in detail
in \Wang et al. (2018); Mnih et al. (2016)). Briefly, A2C is an on-policy actor-critic algo-
rithm which weights gradients by a Monte-Carlo estimate of the advantage at each time
step. In order to prevent premature convergence to suboptimal local maxima,|Mnih et al.
(2016) add an entropy bonus to the objective to prevent the policy from becoming overly
deterministic early in training. In MDL-C, entropy regularization is replaced with a

Kullback-Leibler (KL) divergence penalty with respect to the default policy distribution

N
VL.=VLac+aVLgr, where
Ay
Lasc = —0¢(x4;0,) log m(ag|xe; 0) + 7515(%}; 0.)°,
Lxr = Drr(m(alz; 0)||mo(alzy; w)),
5t(xt; QU) = Rt — ’U(mt; (%),
k—1
Ry = Z Vi + 7 0(S04k3 00),
i=1
where z; = [s4,a;1,7—1]" is the observation vector at time ¢ consisting of the state

54, previous action a;_1, and previous reward r;_1, ¢ are the control policy parameters,
v, is a hyperparameter controlling the weight on the value-learning loss, 6, are the value
function parameters, D1 (q||p) = >, ¢(a)log % is the KL divergence between dis-
tributions ¢ and p, w are the sampled parameters of the default policy network (details
below), and  is a scalar discount factor. This KL-regularized RL framework has a rich

theoretical and experimental history in both machine learning and neuroscience (Piray
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and Daw, 20215 Todorov, 2007), and can be derived (depending on the direction of the
KL cost) through an interpretation of RL as Bayesian inference (Levine, 2018b). More-
over, it has been shown that this approach guarantees accelerated convergence compared
to non-regularized methods under the condition that the tasks faced by the agent induce
optimal policies which behave similarly (Moskovitz et al., 20224). Intuitively, the control
policy network is trained to maximize reward while simultaneously being encouraged to
remain close to the behavior encoded by the default policy 7. Early in training, obtain-
ing reward may be challenging, and so the control policy network is primarily taught via
learning signals generated by the default policy network. If the default policy network
encodes behavior that is useful for the task, then learning from it may enable the control
policy network to obtain reward earlier, accelerating training. In multitask settings where
o is conserved across tasks, it is therefore important that 7y encodes behavior which is
generally useful for the tasks faced by the agent. For further detail on KL-regularized

multitask policy optimization, we refer readers to Moskovitz et al.| (20224, 2023a)).

Default Policy Network The default policy was trained off-policy via distillation (Hin-
ton et al., [2015) from the control policy network (in other words, the default policy aims
to match the control policy distribution) offset by a regularization penalty on the effective

bit length encoding of the network parameters:

VL = VLasun + VLypo
M —
=Y VD (n(alzi; 0)||mo(aler;w = f(di€)) + BV Dicr(q(w; ¢)|Ip(w));
k=1

F(805€) = 0 (1L @l0e); e~ N(0,1),

where M is the minibatch size of data sampled from an experience replay buffer (Mnih
et al., 2015), w are default policy parameters sampled using the reparameterization trick
(Kingma et al., 2015) to allow for automatic differentiation, (3 is a scalar hyperparame-
ter weighting the regularization, and ¢ = {¢, ¢4 } are learned parameters defining the
distribution over default policy parameters: ¢(w; ¢) = [[, N (w(i); o o) (cﬁ(()i))Q),

where the superscript (i) denotes the ith parameter, and p(w) is the log-uniform prior
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p(lw?]) oc 1/|w®|. The noise e—and therefore, effectively, the default policy weights
w—are re-sampled after every episode of training. It’s this particular form of noise which

limits the effective capacity of RN N,,. We use the average KL,

Drce(aws O)lp(w)) = 1 3 Dcala(w?s 6] [p(w ),

The regularization loss is computed and minimized using variational dropout (VDO;
(Molchanov et al., 2017; Kingma et al., 2015)), which uses a local reparameterizaztion trick
to implement this KL regularization as a particular form of multiplicative noise placed on
the network weights. Regularizing with respect to this choice of prior has the effect of lim-
iting the effective bit-length of the parameters of RN N, reducing its effective complex-
ity (Kingma et al., po1s). Note that the distillation loss Dy, (7 (a|zg; 0)||mo(a|zr; w =
f(¢;€)) is a direct measure of goodness-of-fit L(m, my) (Equation 2)—the degree to
which 7 is able to match the behavior of 7. To see this, note that minimizing this KL
is equivalent to performing maximum likelihood estimation for 7y with 7 defining the
’true’ underlying data distribution. Also observe that RN N is trained on-policy and
RN Ny, is trained off-policy from a bufter of experience collected by the control policy.
We can view this as the control policy actively learning via trial and error in the world,
while intuitively, within a multitask context, the default policy is trained to capture the
behavior of the control policy on each task. The default policy thereby learns an ‘aver-
age’ of the behaviors required to perform well on each task. However, when only a few
tasks have been observed, the default policy can ‘overfit’ to the behaviors learned on those
initial tasks. This can be problematic, as if future tasks differ, the default policy could
misguide the learning process for the control policy (see above). The VDO complexity
regularization forces the default policy network to simplify, preventing overfitting and

facilitating generalization.
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Architecture Details The LSTM dynamics were governed by the following standard

equations:

iy = o(Wairy + Wil 1 + by)
fi = o(Wyray + Wiphi—y + b;)
o = 0(Waoxy + Whohi—1 + b,)
¢ = fi © c—1 + iy © tanh (Woexy + Wichi—1 + be)

ht =0 ® tanh(ct),

where iy, fi, 04, 1, hy are the input gate, forget gate, output gate, cell state, and hidden
state at time ¢, respectively, o(z) = 1/(1 + exp(—=z)) is the sigmoid function, and ®
denotes element-wise multiplication. In order to assess the degree to which the default
policy learned to ignore certain input features, an element-wise gating layer £(x) was ap-

plied to the input:

Uxy) = o(Tw) © 2y,

where 7 was a hyperparameter fixed across simulations and w was a learned vector of pa-
rameters with dimension equal to that of the input. Asw,; — 00, the dth input feature is
passed on to the layers above, while if wqy — —o0, the dth input feature is gated out. Im-
portantly, gradients from the VDO loss (see above) did not flow into w, only those from
the distillation loss, so w learned to gate features in or out that were already either being
used or ignored by the network, rather than simply being ablated directly as the VDO
penalty increased. We found that adding this gating layer did not aftect the performance

of the agent.

Training Details In all simulations, the agent was updated using a learning rate of ) =
0.0007, a value function loss weight of v, = 0.05, a policy KL weight of « = 0.1, a
discount factor of v = 0.9, a gating layer coefficient of 7 = 150, and a VDO KL weight
of 8 = 1.0 unless otherwise noted. All gradient updates were performed using the Adam

optimizer (Kingma and Ba, 2014). Further simulation-specific details can be found below,
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and a summary of hyperparameter values for each task is provided in Table[s.1} All results
were obtained by averaging over 8 random seeds, with shading on line plots denoting one

unit of standard error.

Task (n, v, 0, By, M, 7, # hidden, 7o buffer size)
Navigation (7e-4, 0.05, 0.1, 1.0, 0.9, 32, 150, 48, I€5)
Stroop (7e-4, 0.05, 0.1, 1.0, 0.9, 1, 150, 48, 1€5)
Demand Stroop (7e-4, 0.05, 0.1, 1.0, 0.9, 1, 150, 48, 1€5)
Two-Step (7e-4, 0.0s, 0.1, 3.0/100.0%, 0.9, N/A, 150, 48, N/A)
O&D (7e-4, 0.05, 0.1, 1.0, N/A, 1, 150, 5, 1€3)
Continuous Control (3e-4, 0.0s, 0.1, 1.0, 0.99, 128, 150, 256, 1€6)
Heuristics (3e-4, N/A, 0.1, 1.0, N/A, 32, 150, 128, 1€6)

Table s.x: Hyperparameters for each task. *The Two-Step task settings are described in greater
detail below.

Appendix 5.B: Simulation 1: Executive control

Stroop Task In the Stroop task, the agent must perform either “word-reading” (WR) or
“color-naming” (CN) tasks across two different colors and two different words, totalling
eight different possible stimuli: (red[WR], blue[WR], blue[WR], red[WR], red[CN],
blue[CN], blue[CN], red[CN]), each presented to the agent as a three-dimensional vec-
tor z; = [color,

word, task] with the following encodings: blue— —1, red— +1, CN— —1, WR—
+1. The presentation frequencies were 20% for all WR stimuli and 5% for all CN stim-
uli. There were two possible actions, corresponding to —1 and +1. The agent received
+1 reward when its action matched the appropriate value of the stimulus feature (e.g.,
if the task feature is —1 and the color feature is +1, the desired action is 4+1) and zero
otherwise. In order to simulate reaction times (RTs), the input stimulus for a given trial
was re-presented up to a maximum of s times to the agent until the entropy of the con-
trol policy H ] = — > m(a|z; 6) log w(a|z; 8) dropped below a threshold b = 0.5,
similar to the approach to modeling RTs used by Cohen et al.|(1990);(Song et al. (2016).
The RT for each trial was the number of presentations of the stimulus until a response
was produced. After a response was generated, the trial ended. The agent was trained for

15,000 trials and each LSTM had 48 hidden units.
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Demand Avoidance Stroop Task In this task, the agent was presented with word-
reading (WR) and color-naming (CN) trials, encoded as in the Stroop task described
above, with each WR stimulus having a 20% chance of presentation on any given trial.
CN trials were presented 20% of the time, but in this task CN trials consisted of two time
steps. On the first time step, the agent was presented with the stimulus [0, 0, —1] to indi-
cate 2 CN trial. Its action at this stage served to select between two categories, referred to
as high-demand and low-demand. If the agent selected the high-demand category, then
in the second time step of the trial, a conflict stimulus was presented with a 90% chance
and a congruent stimulus with a 10% chance. If the agent selected the low-demand cate-
gory, these probabilities were reversed. The agent shared the same settings as in the main

Stroop task, and was also trained for 15,000 trials.

Interference Stroop Task In this case, the agent was first pre-trained on color-naming-
only trials for 30,000 trials. It was then trained for 45,000 trials on word-reading. Dur-
ing this training phase, the agent’s reaction time was evaluated on both CN and WR
trials (in evaluation trials, the agent’s weights were not updated). The agent architec-
ture and environment set-up were the same as in the “standard” Stroop task above. One
important characteristic of the Stroop task is that there are interaction effects between
task and congruity—that is, at the outset of training, color interferes with shape more
than shape interferes with color. This means that shape-naming conflict trials result in
disproportionately higher RTs compared to shape-naming congruent trials compared to
the difference between color-naming conflict trials and color-naming congruent trials.
This relationship is then reversed at the end of training, with a greater relative increase
for color-naming trials. We verified that this property held for MDL-C by running a one-
way ANOVA test on the differences in RT between each trial type (e.g., color-naming
conflict RT - color-naming congruent RT vs. shape-naming conflict RT - shape-naming
congruent RT), with the interaction effect at o trials yielding F' = 11.3 and p = 0.005

and the interaction effect at 44,000 trials yielding /' = 13.7 and p = 0.002.

Zero-Shot Stroop Task The agent was trained 8,000 trials in which the unneeded fea-
ture was zeroed out from the stimulus (i.e., the agent gets 3d inputs [color, word, task

id], where -1 = blue, +1 = red in the first two dims, -1 = color-naming, +1 = word-naming
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for task id, and o = NULL in any location). So, the agent would see [-1, o, -1] for a "blue”
color-naming task. The stimulus distribution was uniform. During training, both MDL-
C and ‘Regular RL” (just a control policy RN N, with otherwise identical hyperparam-
eters) get to 100% accuracy. The agent is then evaluated on 100 trials with fixed weights
in which the unneeded feature is included in the stimuli. The evaluation performance is
the percent correct over 100 evaluation trials with fixed weights. To test the hypothesis
that the improved performance of MDL-C is rooted in robustness to changes in inputs,
we also measured the average KL between the policy distributions for each approach on
masked inputs (like the ones on which they were trained) and on inputs with the miss-
ing feature included. Regular RL had a greater difference, indicating that responses were

more effected by the out-of-distribution inputs.

Appendix 5.C: Simulation 2: Reward-based learning

Two-Step Task We use a variant of the two-step task based on the one used by Wang
et al. (2018) in which transition contingencies—in addition to reward contingencies—may
switch. The task was changed in this way following the finding by|Akam et al. (2015) that
when transition contingencies are fixed, a habit-like strategy in which second stage states
which have recently yielded reward are directly mapped to actions in the choice stage can
develop which closely matches the pattern of behavior expected of agents using planning.
Additionally, the agent is provided with an input feature which indicates which transi-
tion contingency setting is currently active (an ingredient added to the task from Akam
et al. (2015) in order to restore the property that model-based and -free strategies yield
the classical patterns shown in Fig.[s.3C) . To use this feature to inform its actions, the
agent must compute a higher-complexity policy than if this feature is ignored, analogous
to the difference between classifying inputs according to XOR versus OR logic. To be more
precise, with two second stage states A and B and two actions ar, and ar, we can have

either

p(Alar) =0.8, p(Blay) =0.2
Settingo =

p(Alag) = 0.2, p(Blag) =0.8
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p(Alar) =0.2, p(Blar) =0.8
Setting1 =

p(Alag) = 0.8, p(Blag) =0.2

In other words, in one setting ay, is likely to lead to A and ap is likely to lead to B,
and in the other, the reverse is true. The agent is shown a binary feature which indi-
cates which transition setting the environment is in (however, it has to learn what this
feature means through experience). More precisely, the state observation at each time
step S is a s-dimensional vector, with the first four dimensions comprising a one-hot en-
coding of the current position of the agent within the task (either fixation stage,
choice stage, A, or B), with the final dimension a binary encoding of the current tran-
sition setting. The agent has three possible actions: ar,, ar, and @ figate, which the agent
is required to produce in order to progress from the fixation stage to the choice stage.
There are also two possible settings for the reward contingencies, with either A or B hav-
ing a 90% chance of leading to reward, with the other state in either contingency having
a 10% chance. The agent is trained for 16,000 episodes, where each episode consists of
100 trials. At the end of each episode, the agent networks’ hidden states are reset and
an update is performed via backprop. On any given trial, there is a 2.5% chance that the
reward contingency switches and a 5% chance that the transition contingency changes.
During training, we found it helpful to start with a 0% chance of reward contingency
switches and linearly increase the probability to 2.5% over the first 2,000 episodes, as this
helped the agent reliably learn the meaning of the transition setting feature. All other
task settings and analysis details for stay probabilities and logistic regression are the same
as in [Wang et al. (2018). Importantly, in this task the default policy was trained online
(but still off-policy) via full trajectories collected by the control policy, rather than via a
buffer of (s, a,r, s") tuples. This is because the full episode history is required to effec-
tively meta-learn, as demonstrated by Wang et al. (2018, |2017). The hyperparameter set-
tings used to generate the plots in Fig. [5.3(D-F) were identified after an initial grid search
with eight random seeds per (v, 5, RewardScale) tuple with o € {0.05,0.1,0.2},
g € {0.1,1.0,3.0,5.0,10.0,100.0}, RewardScale € {0.5,0.75,1.0} and further
confirmed by an additional eight random seeds, for a total of 16. The ‘classic’ MB-MF
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patterns were obtained with (0.1, 100.0, 1.0) and the mixed patterns were observed with
(0.2,3.0,0.75). To further support the mixed MB-MF-ness of the response pattern in
Fig. , we performed Wilcoxon signed-rank tests between the average of the rewarded,
common and unrewarded, uncommon responses and the average of the rewarded, un-
common and unrewarded, common responses as a measure of model based-ness, and be-
tween rewarded, common and rewarded, uncommon responses and unrewarded, com-
mon and unrewarded, uncommon responses as a measure of model free-ness. The re-
sponse patterns for both the control and default policies were statistically significant
(p = 0.012) for both model-based and model-free behavior. The agent’s LSTMs had

48 hidden units each.

Perseveration In this experiment, the agent was trained on the drifting two-armed ban-
dit task from Miller et al. (2018). In this task, trials consist of a single time-step in which
the agent has two possible actions, with the probability of reward for each arm evolving
with a Gaussian random walk. Specifically, if the probability of being rewarded by choos-
ing a given action on trial ¢ is P, then the probability of being rewarded for choosing that
arm on the next trial is sampled from the distribution P;;1 ~ N (P, 0. 15%). The agent
either receives a reward of 1 or o, and is trained for 3,000 trials. In this case, each RNN
had s hidden units. After training, logistic regression is performed to predict the agent’s
behavior on a given trial, with the regressors being the choice made at each time-step (£1,
the whether a reward was given at each time-step (1), and their product. A high regres-
sion weight for previous choices indicates a tendency to perseverate, a high weight for
the outcome/reward indicates that the agent is influenced by whether it was rewarded at
each step independent of its previous choices, and a high regression weight for their prod-
uct indicates that the agent is influenced by choices that led to rewards (reward-seeking

behavior).

Omission and Contingency Degradation We use the same task set-up as Miller et al.
(2019). AsinMiller et al. (2019), in order to model the effect of overtraining on the agent’s
sensitivity to omission of reward, the agent was first trained on a two-armed bandit task
in which action 1 (“lever press”) led to a reward of 1 with 50% probability and action 2

(“leisure”) resulted in a reward of 0.1 100% of the time. It was then trained for 750 trials
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on a modification of the task in which reward was never delivered for lever pressing and
in which leisure resulted in a reward of o.1 half the time and a reward of 1.1 half the time.
The agent’s lever-pressing probability P(lever press) was then measured at the end of
the second training phase. This probability was plotted against the number of trials 7" for
which the agent was trained on the first phase, where 7' € [100, 200, 300, . .., 2000].
The contingency degradation variant of this task was exactly the same, except that the

leisure action always resulted in a reward of o.1 in the second phase.

Appendix s5.D: Simulation 3: Judgment and decision-

making

Heuristics We use the same experimental setting as Binz et al.| (2022). Briefly, the agent
is meta-trained on a series of randomly generated paired comparison tasks with con-
tinuous input features x in which it must predict which of two presented feature vec-
tors 7, = (z]!, xP) is associated with a higher value of an unobserved scalar criterion

y: = (yi*,yP). More precisely, for each task i, there is an underlying linear relationship

between features and the unobserved criterion:

T .
Yi, A = W; Ty A T €4 A;

-
Yi,B = W; Ty.B + € B,

h N0, 0?), with o2 a fixed vari dw; € R Anideal ob

where €, 4, €5 ~ ,0%), with 0* a fixed variance and w; € R*. An ideal observer

model then expresses the probability that y4 > yp as

.
p(ya > yplr, w;) = p(C = 1|z, w;) = ® (\/50) ; (5-1)

where ®(-) is the cumulative distribution function of a standard Gaussian distribution
and C' € {0,1} is a binary random variable which evaluates to 1 when y4 > yp and
o otherwise. Task feature weights w; are randomly generated from a standard normal
distribution, and the agent is meta-trained to estimate a posterior distribution over w
with minibatches of 32 tasks and each task being presented to the agent for 10 trials. The

reward for a given trial can be modeled as the log likelihood: p(C}|z¢, ¢, For a more
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detailed description of the training process, see Binz et al. (2022). The control network
RN N produces the parameters (mean /1; and variance W) of an approximate Gaussian

posterior over w;, which is then integrated into a predictive distribution for classification:

W(Craltrss, 61, ©) / P(Coan|s1, w)a(w; b) duw

where and ¢; = {u, U;} are the parameters of the approximate Gaussian posterior g

over parameters w. The conditional distribution is as above

wTa:t)
Ciy1 =1z, w) = )
P( t+1 | t+1 ) (\/50

The default network RN N, also produces parameters ¢! of a Gaussian go and is trained
to minimize D 1,(q(w, ¢1)||qo(w, ¢?)) in addition to the VDO complexity KL weighted
by 3 (see “Default Policy” details above).

To test the emergence of heuristics, we use the task variant from |Binz et al. (2022)
in which there is a known ranking of input features, which classically induces a form of
one-reason decision-making termed “take the best” (TTB), wherein subjects make deci-
sions based on the top-ranked feature which differs between two inputs. To measure the
emergence of such a heuristic in artificial agents, Binz et al. (2022)) use the Gini coefficient

G (Atkinson, 2008) measured over the feature weights w, defined below:

d d
B Dict Zj:l |w; — wj]

G(w
() 2d2?=1 Wi

The Gini coeflicient can be thought of as a measure of inequality among feature weight-
ings, so that it tends to 1 when one feature grows in importance compared to the others,
and tends to 0 as all feature weights w; converge to the same value. As a means of probing
the effect of reducing the relative cost of employing a compensatory strategy (Fig.[s.sD),
we reduced the weighting on the KL between the default and control policies, setting
a = 0.01. This effectively lowers the penalty for deviation in behavior from the capacity-

limited policy.
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Figure 5.7: Two-step results from full hyperparameter sweep described in Methods, with o =

0.05. Format as in Fig. [5.3|in the main text.
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Figure 5.9: Two-step results from full hyperparameter sweep described in Methods, with o =
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Dynamics
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This section focuses on a different variety of assumed structure: consistent transi-
tion dynamics across tasks. That s, given an agent’s action, the world changes in the same
way (in expectation) regardless of the particular reward the agent is pursuing. Previous
work has shown that under this assumption, an agent can learn a representation which al-
lows it to evaluate and compose previously learned policies in standard MDPs. The next
two chapters extend these results to settings where reward availability obeys particular

forms of nature-inspired non-stationarity and non-Markovianity.



Chapter 6

A First-Occupancy Representation for

Reinforcement Learning

6.1 Introduction

In order to maximize reward, both animals and machines must quickly make decisions
in uncertain environments with rapidly changing reward structure. Often, the strategies
these agents employ are categorized as either model-free (MF) or model-based (MB) (Sut-
ton and Barto,20184). In the former, the optimal action in each state is identified through
trial and error, with propagation of learnt value from state to state. By contrast, the latter
depends on the acquisition of a map-like representation of the environment’s transition

structure, from which an optimal course of action may be derived.

This dichotomy has motivated a search for intermediate models which cache in-
formation about environmental structure, and so enable efficient but flexible planning.
One such approach, based on the successor representation (SR) (Dayan, 1993), has been the
subject of recent interest in the context of both biological (Stachenfeld et al., |2017; Mo-
mennejad et al., 2017; Vértes and Sahani, 2019; Behrens et al., 2018; Gershman, 2020) and
machine (Kulkarni et al., 2016; Barreto et al., 2017;/Machado et al., 2020} |Ma et al.} 2020}
Madarasz and Behrens, [2019; Barreto et al.,|2020) learning. The SR associates with each
state and policy of action a measure of the expected rate of future occupancy of all states
if that policy were to be followed indefinitely. This cached representation can be acquired

through experience in much the same way as MF methods and provides some of the flex-
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ibility of MB behaviour at reduced computational cost. Importantly, the SR makes it
possible to rapidly evaluate the expected return of each available policy in an otherwise

unchanging environment, provided that the transition distribution remains consistent.

However, these requirements limit the applicability of the SR. In the real world, re-
wards are frequently non-Markovian. They may be depleted by consumption, frequently
only being available on the first entry to a state. Internal goals for control—say, to pick

up a particular object—need to be achieved as rapidly as possible, but only once at a time.

Furthermore, while a collection of SRs for different policies makes it possible to
select the best amongst them, or to improve upon them all by considering the best imme-
diate policy-dependent state values (Barreto et al., 2020), this capacity still falls far short

of the power of planning within complete models of the environment.

Here, we propose a different form of representation in which the information
cached is appropriate for achieving ephemeral rewards and for planning complex com-
binations of policies. Both features arise from considering the expected time at which
other states will be fzrst accessed by following the available policies. We refer to this as
a first-occupancy representation (FR). The shift from expected rate of future occupancy
(SR) to delay to first occupancy makes it possible to handle settings where the underlying
environment remains stationary, but reward availability is not Markovian. This chapter,
adapted from Moskovitz et al. (2022c), formally introduces the FR and to highlight the
breadth of settings in which it offers a compelling alternative to the SR, including, but

not limited to: exploration, unsupervised RL, planning, and modeling animal behavior.

6.2 Reinforcement Learning Preliminaries

Policy evaluation and improvement We begin by modeling a task 7" as a finite MDD,
T = (S, A, P,r,v,p), where S is a finite state space, A is a finite action space, P :
S x A — A(S) is the transition distribution (where A(S) is the probability simplex
overS),r : § — Ris the reward function,y € [0, 1) isa discount factor,and p € A(S)

is the distribution over initial states.

The goal of the agent is to maximize its expected return, or discounted cumulative

reward >, 7'7(s;). To simplify notation, we will frequently write 7(s;) = 7 and r €
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RIS! a5 the vector of rewards for each state. The agent acts according to a stationary policy
7 : S — A(A). For finite MDPs, we can describe the expected transition probabilities
under 7 usinga |S| X |S| matrix P™ such that PT,, = p™(s'|s) £ > P(s'|s, a)w(als).

Given 7 and a reward function 7, the expected return is

oo
k
E Y Ttk

k=0

Q:(& a) =E, = Es’~p’“(<\s) [Tt + 7@:(5/7 a/)] . (6.)

a’~m(|s)

St = S,0r = @

Q)T are called the state-action values or simply the ()-values of 7. The expectation E, /]
is taken with respect to the randomness of both the policy and the transition dynamics.
For simplicity of notation, from here onwards we will write expectations of the form

E, [|st = s,a; = a]as E, [-|s¢, ay].

This recursive form is called the Bellman equation, and it makes the process of
estimating ()7 —termed policy evaluation—tractable via dynamic programming (DP;
A

Bellman, 1957). In particular, successive applications of the Bellman operator T™(Q) =

r + v P™() are guaranteed to converge to the true value function ()™ for any initial real-

valued |S| x |.A| matrix Q.

The successor representation The successor representation (SR; (Dayan, 1993)) is moti-
vated by the idea that a state representation for policy evaluation should be dependent on
the similarity of different paths under the current policy. The SR is a policy’s expected

cumulative discounted state occupancy, and for discrete state spaces can be stored in an

|S| x |S| matrix M™, where

M™(s,s) = E,

St

= Eq [L(st = &) + 7 M (511, )

St:| )

(6.2)

Z“Ykﬂ(sﬂrk =5)
k=0

where 1(-) is the indicator function. The SR can also be conditioned on actions, i.e.,
M™(s,a,s") = E, [Ek YR (spn = &)
we can write M7 (s) £ M™(s,-) or M™(s,a) = M™(s, a, -). The recursion in Eq. 1)

St, at] , and expressed in a vectorized format,
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admits a TD error:
5T & 1(sy) + VM (5441, T(5041)) — M7 (54, 1), (6:3)

where 1(s;) is a one-hot state representation of length |S|. One useful property of the
SR is that, once converged, it facilitates rapid policy evaluation for any reward function

in a given environment:

r'M™(s,a) =r'E,

=E,

Sty Qg

Z’Ykﬂ(stﬂc) Z’yerk 3t>at] = Q; (s, a).
k k

(6.4)

Fast transfer for multiple tasks In the real world, we often have to perform multiple
tasks within a single environment. A simplified framework for this scenario is to consider
a set of MDPs M that share every property (ie., S, A, P, 7, p) except reward functions,
where each task within this family is determined by a reward function r belonging to
a set R. Extending the notions of policy evaluation and improvement to this multitask
setting, we can define generalized policy evaluation (GPE) as the computation of the value
function of a policy 7 on a set of tasks R. Similarly, generalized policy improvement (GPI)

for a set of “base” policies 11 is the definition of a policy 7’ such that

Qf/(s, a) > supQr(s,a)V(s,a) € S x A (6.5)

mell

for some 7 € R. As hinted above, the SR offers a way to take advantage of this shared
structure by decoupling the agent’s evaluation of its expected transition dynamics under
a given policy from a single reward function. Rather than needing to directly estimate
Q™ Vr € 1I, M™ only needs to be computed once, and given a new reward vector r, the
agent can quickly peform GPE via Eq. . As shown by Barreto et al. (2017), GPE and

GPI can be combined to define a new policy 7’ via

7'(s) € argmaxmaxr' M™ (s, a). (6.6)
acA  mEll
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For brevity, we will refer to this combined procedure of GPE and GPI simply as “GPI”,
unless otherwise noted. The resulting policy 7’ is guaranteed to perform at least as well
as any individual 7 € II (Barreto et al., 2020) and is part of a larger class of policies
termed sez-improving policies which perform at least as well as any single policy in a given

set (Zahavy et al., po21).

6.3 The First-Occupancy Representation

While the SR encodes states via total occupancy, this may not always be ideal. If a task
lacks a time limit but terminates once the agent reaches a pre-defined goal, or if reward
in a given state is consumed or made otherwise unavailable once encountered, a more
useful representation would instead measure the duration until a policy is expected to
reach states the fz7s¢ time. Such natural problems emphasize the importance of the first

occupancy and motivate the fzrst-occupancy representation (FR).

Definition 6.3.1. For an MDP with finite S, the first-occupancy representation (FR) for
a policy m F™ € [0, 1]51XI51 45 given by

F7(s,s') 2 Ex Zyk]l(st% =5, 5" & {ster1})
k=0

St] ) (6.7)

where {1k} = {St, St41, - -+, Stak—1}> with the convention that {Sy110} = .

Thatis, as the indicator equals 1iff s, = 5" and time t +k is the first occasion on which
the agent has occupied ' since time t, F'™ (s, s") gives the expected discount at the time the
policy first reaches s’ starting from s. The idea of learning policy-dependent distances to
target states has a long history in RL (Kaelbling) 1993;|Pong et al.,|2018; Hartikainen et al.,
2020). However, previous methods don’t learn these distances as state representations
and measure distance in the space of time steps, rather than discount factors. A more
thorough discussion can be found in Appendix[6.H. We can write a recursive relationship

for the FR (derivation in Appendix|6.A):

F™(5,5) = Bypyrngeii [ Lt = 8) 901 = Uy = ) F (5041, )

st] (6.8)
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This recursion implies the following Bellman operator, analogous to the one used for

policy evaluation:

Definition 6.3.2 (FR Operator). Let F' € RSS! be an arbitrary real-valued matrix.

Then let G™ denote the Bellman operator for the FR, such that

G"F = Iis +v(117 — I;5)) P"F, (6.9)
where 1 is the length-|S| vector of all ones. In particular, for a stationary policy m, GTF™ =
Fr.

The following result establishes G™ as a contraction, with the proof provided in Ap-

pendix

Proposition 6.3.1 (Contraction). Let G™ be the operator as defined in Definition|6.3.2|for

some stationary policy . Then for any two matrices F, F' € RISIXISI,
|G"F(s,8') — G"F'(s,8")| <7|F(s,s") — F'(s,s)], (6.10)

with the difference equal to zero for s = s'.

This implies the following convergence property of G™.
Proposition 6.3.2 (Convergence). Under the conditions assumed above, set F° © =7 \S)-
Fork =0,1,..., suppose F*+Y) = GTF®). Then

|F(k) (Sa S,) - Fﬂ(87 S,)| < 7k (6'11)

for s # s with the difference for s = s' equal to zero Vk.

Therefore, repeated applications of the FR Bellman operator G FEP— Fmask —
00. When the transition matrix P™ is unknown, the FR can instead be updated through

the following TD error:

§F =1(s; = &)+ (1 —1(sy = &) F™(8141,8) — F™(s4,5). (6.12)
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a 2D grid

M(so,Sq)  F(So, Sg)

@ (b) (© (d)

GPI trajectories

Figure 6.1: The FR is higher for shorter paths. (a-c) A 2D gridworld and fixed policies. (d) The FR
from s to s, is higher for 7o, but the SR is lower. (e) SR-GPI with the SR picks 71, while
FR-GPI selects 7.

In all following experiments, the FR is learned via TD updates, rather than via dynamic
programming. To gain intuition for the FR, we can imagine a 2D environment with start
state Sp, a rewarded state s4, and deterministic transitions (Fig. Ea). One policy, 71,
reaches s, slowly, but after first encountering it, re-enters s, infinitely often (Fig. [6.1b).
A second policy, o, reaches s, quickly but never occupies it again (Fig. Ec) In this
setting, because 7 re-enters s, multiple times, despite arriving there more slowly than
o, M™ (S0, 84) > M™(sq, S4), but because the FR only counts the first occupancy
of a given state, F™ (50, 54) < F™(sg, s,). The FR thus reflects a policy’s path length

between states.

Policy evaluation and improvement with the FR As with the SR, we can quickly
perform policy evaluation with the FR. Crucially, however, the FR induces the following

value function:

rTFW(Sa a’) = ]Eﬂ' karf-‘i-k; St, Q¢ £ Q:F(S: CL), (613)
k

where 7" : & — R is a reward function such that r¥(sy, 1) = 7(siip) if Sen ¢
{St:t+1 } and o otherwise. In other words, multiplying any reward vector by the FR results
in the value function for a corresponding task with zon-Markovian reward structure in
which the agent obtains rewards from states only once. Policy improvement can then be
performed with respect to Q7 as normal. This structure is a very common feature of
real-world tasks, such as foraging for food or reaching to a target. Accordingly, there is a
rich history of studying tasks with this kind of structure, termed non-Markovian reward
decision processes (NMRDPs; [Littman et al., 2017;/Gaon and Brafman, 2020; Ringstrom

and Schrater, |2o19; Peshkin et al.; 2001). Helpfully, all NMRDPs can be converted into
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an equivalent MDP with an appropriate transformation of the state space (Bacchus etal.,
1996).

Most approaches in this family attempt to be generalists, learning an appropriate

state transformation and encoding it using some form of logical calculus or finite state
automaton (Bacchus et al.} 1996; Littman et al.l o17;/Gaon and Brafman, 2020)). While
it would technically be possible to learn or construct the transformation required to ac-
count for the non-Markovian nature of r*', it would be exponentially expensive in |S],
as every path would need to account for the first occupancy of each state along the path.
That is, | S| bits would need to be added to each successive state in the trajectory. Cru-
cially, the FR has the added advantage of being task-agnostic, in that for 2zy reward func-
tion r in a given environment, the FR can immediately perform policy evaluation for the
corresponding .
Infinite state spaces A natural question when extending the FR to real-world scenarios
ishow it can be generalized to settings where | S| is either impractically large or infinite] In
these cases, the SR is reframed as successor features )™ (SFs; [Kulkarni et al., 2016; Barreto
et al., or7), where the dth SF is defined as ¥ (s) £ E, [ZZOZO VEda(Sitr) }St = s},
whered = 1,...,Dand ¢ : & — RP is a base feature function. The base features
¢(-) are typically defined so that a linear combination predicts immediate reward (i.c.,
wTo(s) = r(s) for some w € RP), and there are a number of approaches to learning
them (Kulkarni et al., 20165 Ma et al., |2020). A natural extension to continuous S for the
FR would be to define a fzrst-occupancy feature (FF) representation ¢”, where the dth FF
is given by

¢i(s) £ Ex 27k1(¢d($t+k) > Oa, {Pa(se) b=t < 0a) |5 = 8]
k=0 (6.14)

= L(da(st) > 0a) + (1 — L(@a(s:) > 04)) B,y mpr[07 (St11)]

where 0, is a threshold value for the dth feature. The indicator equals 1 only if 54 is the
first state whose feature embedding exceeds the threshold. Note that this representation

recovers the FR when the feature function is a one-hot state encoding and the thresholds

"Recent work (Blier et al., 2021 |Touati and Ollivier, |2021a) has shown ways of extending the SR to
continuous S with the need for base features. We leave this as an interesting avenue for future work.
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{043E, are all 1. One challenge with this particular parameterization is that it’s chal-
lenging to set the thresholds as D grows. We consider alternative formulations of the FF

representation in the next chapter.

6.4 Experiments

We now demonstrate the broad applicability of the FR, and highlight ways its properties
differ from those of the SR. We focus on 4 areas: exploration, unsupervised RL, planning,

and animal behavior.

6.4.1 The FR as an Exploration Bonus

Intuitively, representations which encode state

method RIVERSWIM SIXARMS

visitation should be useful measures of explo-

Sarsa+FR 1,547,243 34,050 1,191,490 + 42,942
ration. |Machado et al. (2020) prOPOSGd the SR Sarsa+ SR 1,197,075 36,999 1,025,750 % 49,095

SARSA 25,075 £1,224 376,655 £ 8,449

as a way to encourage exploration in tasks with

sparse or deceptive rewards. SpeCiﬁcaHY’ the SR Table 6.1: Exploration results. & values de-

. . . . . note 1 SE across 100 trials.
is used as a bonus in on-policy learning with Sarsa

(Rummery and Niranjan, 1994):

B . -
0p =1 + m + ’YQ (5t+1, Gt+1) -Q (St, @t>7 Qi1 ™ 7T("St+1)7 (6-15)

where 3 € R controls the size of the exploration bonus. [Machado et al. (2020) show
that during learning, || M™(s)||1 can act as a proxy for the state-visit count n(s), with
| M™(s)||;" awarding a progressively lower bonus for every consecutive visit of s. In the
limitast — oo, however, | M™(s)||;" — 1 — Vs as 7 stabilizes, regardless of whether
7 has effectively explored. To encourage exploration, wed like for a bonus to maintain
its effectiveness over time. In contrast to || M7 (s)||1, 1 < ||[F™(s)||1 < ki) = %,
where k|| > 1 for |S| > 1. Note that || F"(s)||; = x|s| only if  reaches all states in as

many steps. Because || F'"||; only grows when new states or shorter paths are discovered,

we can instead augment the reward as follows:

Ty &= 1+ B F7(s¢)]]1 (6.16)
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Figure 6.2: The FF facilitates accurate policy evaluation and selection. Shading denotes 1
SE over 20 seeds.

We tested our approach on the RIvERSw1M and S1xARMS problems (Strehl and Littman,
2008)), two hard-exploration tasks from the PAC-MDP literature. In both tasks, visual-
ized in Appendix Fig. the transition dynamics push the agent towards small rewards
in easy to reach states, with greater reward available in harder to reach states. In both
cases, we ran Sarsa, Sarsa with an SR bonus (SaArRsa + SR) and Sarsa with an FR bonus
(Sarsa + FR) for 5,000 time steps with an e-greedy policy. The results are listed in Ta-
ble [6.1, where we can see that the FR results in an added benefit over the SR. It’s also
important to note that the maximum bonus k|s| has another useful property, in that it
scales exponentially in |S|. This is desirable, because as the number of states grows, explo-
ration frequently becomes more difficult. To measure this factor empirically, we tested
the same approaches with the same settings on a modified RIvERSwWIM, RIVERSWIM-
N, with N = {6, 12,24} states, finding that SARsA + FR was more robust to the in-
creased exploration difficulty (see Appendix Table[6.2]and Appendix[6.Clfor results and
more details). We also tested whether these results extend to the function approximation
setting, comparing a DQN-style model (Mnih et al., |2015) using the SF and FF as explo-
ration bonuses on the challenging DEEPSEA task (Osband et al., 2020)), finding that the
advantage of the FF is conserved. See Appendix[6.Cfor details. Developing further un-
derstanding of the relationship between the FR and exploration represents an interesting

topic for future work.

6.4.2 Unsupervised RL with the FF

We demonstrate the usefulness of the FF in the unsupervised pre-training RL (URL) set-
ting, a paradigm which has gained popularity recently as a possible solution to the high

sample complexity of deep RL algorithms (Liu and Abbeel, 2021;/Gregor et al., 2016; |Ey-
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(@) (b) (© (d) (e)

Figure 6.3: The FR enables efficient planning. (a-d) A 2D gridworld with start (sp) and
goal(s) states, along with three fixed policies. (e) GPI follows 71. (f) Planning with
the FR enables the construction of a shorter path.

senbach etal.,2018;[Sharma et al.,2020). In URL, the agent first explores an environment
without extrinsic reward with the objective of learning a useful representation which then

enables rapid fine-tuning to a test task.

Continuous MountainCar We first demonstrate that if the test task is non-Markovian,
the SR can produce misleading value estimates. To do so, we use a modified version of the
continuous MountainCar task (Brockman et al}[2016) (Fig.[6.2fa)). The agent pre-trains
for 20,000 time steps in a rewardless environment, during which it learns FFs or SFs for a
set of policies II which swing back and forth with a fixed acceleration or “power.” (details
in Appendix . During fine-tuning, the agent must identify the policy 7 € II which
reaches a randomly sampled goal location the fastest. We use radial basis functions as the

base features ¢4(-) with fixed FF thresholds ; = 0.7.

Fig.[6.2{b,d) plots the FF and SF values versus policy power from the start state for
two different goal locations. The low-power policies require more time to gain momen-
tum up the hill, but the policies which maximize the SF values slow down around the
goal locations, dramatically increasing their total “occupancy” of that area. In contrast,
high-powered policies reach the goal locations for the first time much sooner, and so the
policies with the highest FF values have higher powers. In the test phase, the agent fits the
reward vectorw € R” by minimizing >, ||r; —w ' @(s;)||?, as is standard in the SF liter-
ature (Barreto et al.} 2017, 20205 Zahavy et al., |2021). The agent then follows the set-max
policy (SMP; (Zahavy et al., 2021)), which selects the policy in II which has the high-
est expected value across starting states: 70 € argmax, .o Esoop [V (S0)], where

V™ (s0) = w @™ (s0) (with ¢ replaced by )™ for SF-based value estimates). Fig. c,e)

shows both the estimated (Vi) and true (Viyye) values of the SMPs selected using both
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Figure 6.4: APF accelerates convergence in robotic reaching. Shading denotes 1 SE over 10
seeds.

the SF and FF, along with the value of the optimal policy V*. We can see that the accu-
mulation of the SFs results in a significant overestimation in value, as well as a suboptimal
policy. The FF estimates are nearly matched to the true values of the selected policies for

each goal location and achieve nearly optimal performance.

Robotic reaching To test whether these results translate to high-dimensional problems,

we applied the FF to the 6-DoF Jaco robotic arm environment from Laskin et al. (2021).

In this domain, the arm must quickly reach to different locations and perform simple ob-

ject manipulations (Fig. a)). We modify the Active Pre-training with Successor features

(APS;[Liu and Abbeel, |2021) URL algorithm, which leverages a nonparametric entropy

maximization objective in conjunction with SFs during pre-training () in order to learn
useful and adaptable behaviors. Our modification is to replace the SFs with FFs, resulting
in Active Pre-training with First-occupancy features (APF), using the same intuition mo-
tivating the MountainCar experiments: cumulative features are misleading when down-
stream tasks benefit from quickly reaching a desired goal, in this case, the object. Here, the
agent is first trained for 10° time steps using the aforementioned intrinsic reward objec-
tive before being applied to a specified reaching task. As additional baselines, we compare
against two variants of dynamic distance learning - unsupervised (DDLUS and DDLUS-
G; (Hartikainen et al., 2020)). Details can be found in Appendix We found that the
FF accelerated convergence (Fig.[6.4(b)).
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6.4.3 Planning with the FR

While SRs effectively encode task-agnostic, pre-compiled environment models, they can-
not be directly used for multi-task model-based planning. GPI is only able to select ac-
tions based on a one-step lookahead, which may result in suboptimal behavior. One sim-
ple situation that highlights such a scenario is depicted in Fig.[6.3. Asbefore, there are start
and goal states in a simple room (Fig.[6.3(a)), but here there are three policies comprising
II = {m, ma, 3} (Fig. E(bd)) GPI selects 7y because it is the only policy that reaches
the goal s, within one step of the start sp: 71 = max,ent' M (so, s,) (Fig. E(e))
(Note that using GPI with the FR instead would also lead to this choice.) To gain fur-
ther intuition for the FR versus the SR, we plot the representations for the policies in
Appendix Fig. However, the optimal strategy using the policies in I is instead to

move right using 75 and up using 3. How can the FR be used to find such a sequence?

Intuitively, starting in a state s, this strategy is grounded in following one policy un-
til a certain state s’, which we refer to as a subgoal, and then switching to a different policy
in the base set. Because the FR effectively encodes the shortest path between each pair
of states (s, s) for a given policy, the agent can elect to follow the policy 7 € II with
the greatest value of F" (s, s'), then switch to another policy and repeat the process un-
til reaching a desired state. The resulting approach is related to the hierarchical options
framework (Sutton et al., [1999; Sutton and Barto, 2018a), where the planning process ef-
fectively converts the base policies into options with—as we show—optimal termination

conditions. For a more detailed discussion, see Appendix[6.G}

More formally, we can construct a DP algorithm to solve for the optimal sequence
of planning policies 7" and subgoals s*". Denoting by I'x(s) the total discount of the
tull trajectory from s to s, at step £ of the procedure, we jointly optimize over policies 7
and subgoals s’ for each state s:

Trii(s) = max F(s,s)Ti(s),
with 7, 1(s), st,1(s) = argmax F" (s, s")Tx(s').

nell,s’eS

Intuitively, the product F™ (s, s')I';(s") can be interpreted as the expected discount of
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the plan consisting of first following 7 from s to s', then the current best (shortest-path)
plan from s’ to s,. Note that it is this property of the FR which allows such planning:
multiplying total occupancies, as would be done with the SR, is not well-defined. The full
procedure, which we refer to as FR-planning (FRP), is given by Alg. [7|in Appendix[6.B]
Appendix Fig. depicts the resulting policies 7" and subgoals s obtained from run-
ning FRP on the example in Fig. E The following result shows that under certain as-
sumptions, FRP finds the shortest path to a given goal (proof in Appendix[6.D).

Proposition 6.4.1 (Planning optimality). Consider a deterministic, finite MDP with a
single goal state 54, and a base policy set 11 composed of policies m : S — A We make
the following coverage assumption: there exists a sequence of policies that reaches s, from a
given start state so. Then Alg. Econverge; so that T(sg) = L=, where L% is the shortest

path length from s to s using m € 11

Performance and computational cost We can see that each iteration of the planning
algorithm adds at most one new subgoal to the planned trajectory from each state to the
goal, with convergence when no policy switches can be made that reduce the number of
steps required. If there are K iterations, the overall computational complexity of FRP is
O(K|1I]||S|?). The worst-case complexity occurs when the policy must switch at every
state en route to the target— K is upper-bounded by the the number of states along the
shortest path to the goal. In contrast, running value iteration (VI; (Sutton and Barto,
20182)) for N iterations is O( N |.A||S|?). Given the true transition matrix P and reward
vector r, VI will also converge to the shortest path to a specified goal state, but FRP con-
verges more quickly than VI whenever K |II| < N|AJ. To achieve an error € between

the estimated value function and the value function of the optimal policy, VI requires

N > (1i7) log (1—27)25 (Puterman, 1994), which for v = 0.95, ¢ = 0.1, e.g., gives
N > 180 iteration To test convergence rates in practice, we applied FRP, VI, and GPI
using the FR to the classic FouRRooMs environment (Sutton et al., 1999) on a modi-
fied task in which agents start in the bottom left corner and move to a randomly located

goal state. Once the goal is reached, a new goal is randomly sampled in a different loca-

*Other DP methods like policy iteration (PI), which is strongly polynomial, converge more quickly
than VI, but in the example above, PIstill needs N > log(1/((1 — )e))/(1 — 7) = 106 (Ye} 2011), for
instance.
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Figure 6.5: FRP interpolates between GPI and model-based DP. Shading represents 1 SE.

tion until the episode is terminated after 75 time steps. For GPI and FRP, we use four
base policies which each only take one action: {up, down, left, right}, with their FRs
learned by TD learning. We ran each algorithm for 100 episodes, with the results plot-
ted in Fig.[6.5(a). Note that here GPI is equivalent to FRP with K = 0 iterations. To
see this, observe that when there is a single goal s, such that only r(s,) > 0, the policy

selected by GPI is

7P (s) € argmaxr' F™(s) = argmaxr(s,)F™ (s, s,) = argmax F™ (s, 5,).

mell mwell well

(6.17)

When there are 1 goal states with equal reward, finding the ordering of the goals that
results in the shortest expected path is in general O(n!) (see Appendix|6.F). Due to the
nature of the base policies used above, the number of subgoals on any path is equal to the
number of turns the agent must take from its curent state to the goal, which for this envi-
ronment is three. We can then see that FRP reaches the optimal performance obtained by
the converged VI after K = 3 iterations (Fig.[6.5{a)). In contrast, for the same number
of iterations, VI performs far worse. This planning process must be repeated each time
a new goal is sampled, so that the computational benefits of FRP versus traditional DP
methods compound for each new reward vector. Example FRP trajectories between goals
for K = 0 and K = 3 iterations are plotted in Fig.[6.5(b). Finally, to test FRP’s robust-
ness to stochasticity, we added transition noise € to the FourRRoowms task. That is, the
agent moves to a random adjacent state with probability € regardless of action. We com-
pared FRP to converged VI for increasing €, with the results plotted in Fig. c), where

we can see that FRP matches the performance of VI across noise levels. It’s important to
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Figure 6.6: FRP induces realistic escape behavior.

note that this ability to adaptively interpolate between MF and MB behavior, based on
the value of K, is a unique capability of the FR compared to the S The same FRs can

be combined using DP to plan for one task or for GPI on the next.

6.4.4 Escape behavior

In prey species such as mice, escaping from threats using efficient paths to shelter is crit-
ical for survival (Lima and Dill, 1990)). Recent work studying the strategies employed by
mice when fleeing threatening stimuli in an arena containing a barrier has indicated that,
rather than use an explicit cognitive map, mice instead appear to memorize a sequence of
subgoals to plan efficient routes to shelter (Shamash et al., 2021a). When first threatened,
most animals ran along a direct path and into the barrier. Over subsequent identical tri-
als spanning 20 minutes of exploration, threat-stimulus presentation, and escape, mice
learned to navigate directly to the edge of the wall before switching direction towards

the shelter (Fig. [6.6). Follow-up control experiments suggest that mice acquire persis-

’We'd like to stress that this claim of uniqueness is only with respect to the SR. Previous work also
explores the use of MF methods to support MB learning (e.g., Pong et al. (2018))
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tent spatial memories of subgoal locations for efficient escapes. We model this task and

demonstrate that FRP induces behavior consistent with these results.

We model the initial escape trial by an agent with a partially learned FR, leading to a
suboptimal escape plan leading directly to the barrier. Upon hitting the barrier, sensory
input prompts rapid re-planning to navigate around the obstacle. The FR is then updated
and the escape plan is recomputed, simulating subsequent periods of exploration during

which the mouse presumably memorizes subgoals. We find a similar pattern of behavior

to that of mice (Fig.[6.6(b)). See Appendix[6.C]for experimental details.

We do not claim that this is the exact process by which mice are able to efficiently
learn escape behavior. Rather, we demonstrate that the FR facilitates behavior that is
consistent with our understanding of animal learning in tasks which demand efficient
planning. Given the recent evidence in support of SR-like representations in the brain
(Stachenfeld et al., 2017; Momennejad et al.,[2017), we are optimistic about the possibility
of neural encodings of FR-like representations as well. We also re-emphasize that this type

of rapid shortest-path planning is not possible with the SR.

6.5 Conclusion

In this work, we have introduced the FR, an alternative to the SR which encodes the
expected path length between states for a given policy. We explored its basic formal prop-
erties, its use as an exploration bonus, and its usefulness for unsupervised representation
learning in environments with an ethologically important type of non-Markovian reward
structure. We then demonstrated that, unlike the SR, the FR supports a form of efficient
planning which induces similar behaviors to those observed in mice escaping from per-
ceived threats. As with any new approach, there are limitations. However, we believe that
these limitations represent opportunities for future work. From a theoretical perspective,
it will be important to more precisely understand FRP in stochastic environments. For
the FF, we have limited understanding of the effect of feature choice on performance,
especially in high dimensions. FRP is naturally restricted to discrete state spaces, and it
could be interesting to explore approximations or its use in partially-observable MDPs

with real-valued observations and discrete latents (e.g.,|Vértes and Sahani, [2019;|Du et al.,
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2019). Further exploration of FRP’s connections to hierarchical methods like options
would be valuable. Finally, it would be informative to test hypotheses of FR-like rep-
resentations in the brain. We hope this research direction will inspire advancements on

representations that can support efficient behavior in realistic settings.
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Appendix

Appendix 6.A: FR recursion

For clarity, we provide the derivation of the recursive form of the FR below:

F7(s,8) = Ex ZVk]l(StHc =5, 5" & {sutsn}) St]
L k=0
=E, ﬂ(st =, s’ §Z @) + 27k1(3t+k = 5/> s' ¢ {St:t+k}) St]

k=1

=E, H(St = 5/> + Z’Ykﬂ(stﬂc = 3/7 St 7& 5/7 s’ ¢ {St+1:t+kz}) St]
k=1

s st]

= oy [1se = ) (1= L(se = ) F™ (5041, )

:

(6.18)

Appendix 6.B: FRP Algorithm

We present the full algorithm for FR planning (FRP) below.

Algorithm 7 FR Planning (FRP)

e 2N ™ R ow R o=

. input: goal state sy, base policies I[1 = {7y,...,m,} and FRs {F™, ... F™}.
// initialize discounts-to-goal I"
Fo(s) < —0Vse S
for s € Sdo
I'1(s) = maxen F7 (s, s,)
7 (s), 51 (s) + argmax, ..y F™(s,54), Sg
end for
// iteratively refine I
k<1
while 3s € S such that 'y (s) > 'y (s) do
for s € S do
Lii1(s) ¢ maxgemses (s, s )Tk ()
Th1(8), shy1(s) — argmax, iy yes F7 (s, 8" )Ti(s)
end for
k<« k+1
: end while
. return 71, s
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Figure 6.7: FF and SF learning curves for continuous MountainCar. Results averaged over
20 runs. Shading represents one standard deviation.

Appendix 6.C: Additional Experimental Details

All experiments except for the robotic reaching experiment were performed on a single

8-core CPU. The robotic reaching experiment was performed using four Nvidia Quadro

RTX sooo GPUs.

(1;0.7; 0) (1;0.6; 0) (1;0.6,0) (1; 0.6, 0) (1; 0.6; 0)

(1; 0.3; 10000)

(0;1;0) (0; 1; 0) (0;1; 0) (0;1;0) 0;1;0)

@155 (1;0.1;0) (1;04;0) (1;04;0)  (1;0.1;0) (1; 0.1; 0)
RiverSwim
(0-3; 1; 50)
(3; 1; 800) 024510 (5: 13 50)
(3;0.05; 0)
(0-3,5;1; 0) (1; 0.15; 0
(4; 1; 1660) C@Qﬁ;msa)
(0,2-5;1; 0)
(2;0.1;0)
(5: 1; 6000) i (2; 1; 300)

SixArms

Figure 6.8: Tabular environments for exploration. The tuples marking each transition de-
note (action id(s); probability; reward). In RiverSwim, the agent starts in either state

1 or state 2 with equal probability, while for SixArms the agent always starts in state
o.

Tabular exploration We reuse all hyperparameter settings from|Machado et al.| (2020)
in both the R1vERSwWIM and SIXARMS environments, with the only difference being a
lower value for 3, the exploration bonus coefficient, for the FR, as the bonuses given by
the FR are generally larger. The hyperparameters are {c, 7, Ysr/rr, 3, €, 11}, which are

the Sarsa learning rate, the SR/FR learning rate, the SR/FR discount factor, the explo-
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ration bonus coefficient, and the probability of taking a random action in the e-greedy
policy. For RIVERS WM, these values were {0.25, 0.01, 0.95, 100/50, 0.1}, respectively,
and for SixArMmS they were {0.1,0.01,0.99,100/50,0.01}. For the RivERSWIM-N
task, wechose N = {6, 12, 24} asdefault RIvERSw1M has NV = 6 states, and we chose to
successively double the problem size. As N increased, the number of unrewarded central
states was multiplied (with the same transition structure), while the endpoints remained
the same. It’s also worth noting that 3 could be manually adjusted upwards to com-
pensate for the SR bonus’ invariance to problem size, though this would require a longer
hyperparameter search generally, which we believe is less preferable to a bonus which nat-

urally scales.

RiIvERSWIM-N Sarsa + FR Sarsa + SR SARsA
N=6 1,547,243 £34,050 1,197,075+ 36,999 25,075+ 1,224
N =12 1,497,937 £ 29,291 714,797 + 34,574 14,590 + 3,145
N =24 962,376 + 33,325 519,511 £ 20,580 11,950 + 2,643

Table 6.2: R1vErSwiM-N results. & values denote 1 SE across 100 trials.
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Figure 6.9: Network architecture for DQN + FF and DQN + SF

Exploration with function approximation In order to test the usefulness of the
FR/FF in a function approximation setting, we use a similar approach toMachado et al.
(2020)). That is, we train a modified DQN agent (Mnih et al., 2015) using an architecture
inspired by[Machado et al/(2020) and|Oh et al|(2015) (see Fig.[6.9), such that the base fea-

ture representation ¢(s) is an intermediate layer of the network. Like the standard DQN,
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the architecture outputs an |A|-length vector of predicted ()-values for the current state,
trained off-policy using minibatches of transition tuples { (s}, aj, r{, si. )}, (where B

is the minibatch size) to minimize the squared Bellman error

B
Lo =) lIr +ymaxQ-(si;1,0) — Q(sp, ap)ll3 (6:19)

i=1

via gradient descent (the subscript — on the target ()-values indicates that gradients do
not flow through it). Unlike the standard DQN, the network has two additional output
heads. The first is a reconstruction head which, given the base feature representation of
a state ¢ and an embedding of the subsequent action a; produces a prediction of the

following state 5. It’s trained to minimize the reconstruction loss

B
Lo= lIsee — 8ealls. (6.20)
=1

The final output head of the network is an FF/SF prediction, trained using the squared

FF error in the former case:

L, = Z 16(s0) + (1 = Bs))—(5041) — ()13, (6.21)

and the squared SF error in the latter

B
Ly = ld(se) + 70— (ser1) = P(st)ll3- (6.22)
i=1

For the FF, the features ¢, are passed through a sigmoid function to compress them in
the range [0, 1] and then thresholded at 0.75. The total loss is then given as a weighted

combination

L= ’LUQEQ +wsLs +wxLyx, (6.23)

where X € {p, ¢} and wg, ws, wx € R are fixed weights. As in Machado et al.

(2020)), gradients from L and L, but not L x, are permitted to flow through to ¢. Thus,
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Figure 6.10: Exploration with function approximation. (Top left) Visualization of the
DeepSea environment, credit to|Osband et al.|(2020). (Top right) DQN + FF signfi-
cantly outperforms standard DQN and DQN + SF. (Bottom) Different runs across
problem sizes.

the base features are trained to be both reward-predictive and to carry information about
the environment transition dynamics. The norm of the FF/SF vector is then used to
compute an intrinsic exploration bonus to the task reward in the same manner as in the

tabular setting.

To test this model, we chose the DEEPSEA task from the Behavior Suite (bsuite;

(Osband et al.,[2020)) set of benchmark tasks. DEEPSEA is a challenging exploration task

setupinan N X N grid (Fig.[6.10, top left). At the beginning of each episode, the agent
starts at the top left of the grid. Each time step, the agent descends one level, and can
choose to move either right or left. The episode ends after V steps, when the agent reaches
the bottom level. There is a small negative reward of —0.01 if the agent moves right, but
if the agent moves right /N times in a row, there is a large reward +1 located at the bot-

om ri ot environment—this is the only policy which nets the agent a positive reward.
t ghtof t—this is the only policy which nets the agent a posit d
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In the bsuite framework, the agent is separately trained on increasing problem sizes
N =5,6,7,...,50 for 10,000 episodes each, with the final score the proportion of N
for which the agent reached an average regret of less than 0.9 faster than 2V episodes.
We tested the standard DQN, DQN + SF (Machado et al., 2020), and DQN + FF
agents on this task, with training hyperparameters described in Table E For all mod-
els, the network consisted entirely of fully-connected layers, with ¢(s;) being a 2-layer
MLP with 64 units per layer, Q(s;, -) being a linear function of ¢(s;) with |A|] = 2
units, ;41 consisting of a 64-unit layer followed by an N 2_unit output layer (the action
embedding is 64-dimensional as well), and the SFs/FFs also a 64-dimensional linear layer
over ¢(s;). The agent is trained using e-greedy action selection. Our DQN implementa-
tion was coded in JAX and based off that of|(Osband et al. (2020). To select the values of 3,
ws, and wyx (wg was always kept at 1) we performed a sweep over 5 € {0.01,0.05,0.1}
and wy, wg € {0.001,0.1, 1,10, 100, 1000}, choosing the best-performing values for

each method.

HYPERPARAMETER DQN + FF DQN +SF DQN
optimizer Adam (Kingma and Ba, 2014) Adam Adam
learning rate 0.001 0.00I  0.00I
8 0.05 o0.01 —
WQ, We, WX (1,100,1000) (1,0.001,1000) —
B 32 32 32
replay buffer size 10,000 10,000 10,000
target update period 4 4 4
Y 0.99 0.99 0.99
€ 0.05 0.05 0.05

Table 6.3: Hyperparameter settings for the DEEPSEA experiment

Results are presented in Fig. @. We can see that DQN+FF significantly outper-
forms the other methods (top right), with the intuition from the tabular experiments—
particularly RIvERSWIM-N—carrying over into the function approximation setting.
That is, as N increases, the norm of the SF approaches its asymptotic value regardless
of the degree of exploration. In contrast, for the FF, the maximum bonus scales with

the problem size. This enables the bonus to remain effective in environments with larger
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state spaces. We hope to investigate this approach and its theoretical properties further in

future work.

MountainCar experiment In our version of the task, the feature representations are
learned in a rewardless environment, and at test time the reward may be located at any lo-
cation along the righthand hill. We evaluate the performance of a set of policies IT = {m;}
with a constant magnitude of acceleration and which accelerate in the opposite direction
from their current displacement when at rest and in the direction of their current veloc-
ity otherwise (see Python code below for details). That is, each 7; will swing back and
forth along the track with a fixed power coefficient a;. For each possible reward location
along the righthand hill, then, the best policy from among this set is the one whose de-
gree of acceleration is such that it arrives at the reward location in the fewest time steps.
There is a natural tradeoff-too little acceleration and the cart will not reach the required
height. Too much, and time will be wasted traveling too far up the lefthand hill and then
reversing momentum back to the right.

We bypothesized that the FFwould be a natural representation for this task, as it would

not count the repeated state visits each policy experiences as it swings back and forth to gain

momentum.
We defined a set of policies with acceleration magnitudes |a;| = 0.17 for i =
1,...,9, and learned both their SFs and FFs via TD learning on an "empty” environ-

ment without rewards over the course of 100 episodes, each consisting of 200 time steps,
with the SFs using just the simple RBF feature functions without thresholds. Python

code for the policy class is shown below.
class FixedPolicy:
def __init__(self, a):
# set fixed acceleration/power

self.a = a

def get_action(self, pos, vel):

# if stopped, accelerate to the opposite end of the
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environment
action = -sign(pos) * self.a
else:
# otherwise, continue in the current direction of motion

action = sign(vel) * self.a

return action

We repeated this process for 20 runs, with the plots in Fig. E showing the means and
standard deviations of the TD learning curves across runs. For the FFs, the thresholds
were constant across featuresat 8; = 6 = 0.7. Because of the nature of the environment,
all of the policies spent a significant portion of time coasting back and forth between the
hills, causing their SFs to accumulate in magnitude each time states were revisited.
Given the learned representations, we then tested them by using them as features for
policy evaluation in different tasks, with each task containing a different rewarded/ab-
sorbing state. Note that a crucial factor is that the representations were learned in the
environment without absorbing states. This is natural, as in the real world reward may
arise in the environment anywhere, and we’d like a representation that can be effective for

any potential goal location.
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Figure 6.1x: The FF is robust to feature dimensionality. FF and SF representation strengths
for difference feature dimensionalities between the start and goal locations for an
example goal in continuous MountainCar. The vertical dashed line marks the power
of the optimal policy. We can see that for all but the coarsest feature representation,
the FF is highest for the policy closest to the optimal.

Robotic reaching experiment We used the custom Jaco domain as well as the APS

base code from |Laskin et al. (2021), located at this link: https://anonymous.4open.


https://anonymous.4open.science/r/urlb/README.md

6.5s. Conclusion 220

science/r/urlb/README.md. Both the critic and actor networks were parameterized
by 3-layer MLPs with ReLU nonlinearities and 1,024 hidden units. Observations were
ss-dimensional with 10-dimensional features ¢(-). For all other implementation details,
including learning rates, optimizers, etc. see the above link. All hyperparameters and
network settings are kept constant from those provided in the linked .yaml files. All

experiments were repeated for 10 random seeds.

We now describe each training phase. Pre-training: Agents were trained for M time

steps on the rewardless Jaco domain by maximizing the intrinstic reward

Tintrinsic(S’ a, S/) — Texploit(& a, S/) + rexplore(sv a, S/)

np
Nh ?

1 .
=wio(s)+log | 1+ D>, [lé(s) — ()|

" RO ENL((s"))

(6.24)

where w € RP, D = 10 is a random reward vector sampled from a standard Gaussian
distribution and the righthand term is a particle-based estimate of the state-based feature
entropy, with Vi (+) denoting the k nearest-neighbors (see Liu and Abbeel (2021) for de-
tails). In standard APS, this reward is used to train the successor features by constructing

the bootstrapped target

yAPS — pintrinsic (g Y o aw (54, d, w), (6.25)

where a’ = argmax, w'1(s’, a, w). For the FF, we make the following modification:

yAPF — 4 qyexplore (6.26)

= + 7P (s a8 ) + YV (541)  (6.27)
= rF(s) 4 pexplore [le —rf 1] V(si11), (6.28)

with V' (s441) = maxy ngo(stH, a,w), QE() the thresholded base features, such that

gzgd(st) = 1(¢(st) > b4, {da(s¢) }r=o0+ < 6a), 1 is the D-length vector of ones, and


https://anonymous.4open.science/r/urlb/README.md
https://anonymous.4open.science/r/urlb/README.md
https://anonymous.4open.science/r/urlb/README.md
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¢(s;) € [0,1]. Interestingly, if the features are kept in the range [0, 1], ¢(-) can be
thought of encoding a form of “soft” first feature occupancy, rather than the hard thresh-

old given by the indicator function.

The agent is then trained with the off-policy deep deterministic policy gradient
(DDPG; (Lillicrap et al., [2019)) algorithm, where given a stored replay buffer of transi-
tions D = {(s¢, g, ¢, S¢41) }» the (SF/FF) critic @, (with ) formed from either the SF

or FF and w being the parameters) is trained to minimize the squared Bellman loss

EQ (w> D) = E(St,at,rt,st+1)~’D [(yr - Qw(st’ at))Q] ) (6'2'9)

where in the pre-training phase y" € {yFS yAPF} (

the target parameters are an ex-
ponential moving average of the weights—gradients do not flow through them). The

deterministic actor 7y is trained using the derministic policy gradient loss:
£7r(97 D) - ]EStND [Q¢(St7 7T9<St))] . (630)

Fine-tuning: After pre-training, the agent is fine-tuned on the target task, REACH-
ToPLEFT, where the learning proceeds exactly as in the pre-training phase, but instead
of intrinsic reward, the agent is given the task reward—that is, y" = TfaSk + YV (s441)-

We performed this task-specific training for an additional 1M steps.

As additional baselines, we implemented two versions of the dynamic distance learn-
ing method of [Hartikainen et al.|(2020), the original DDLUS and an additional variant
DDLUS-G. In standard DDLUS, the goals g € S for the pre-training phase are gener-

ated according to

g" € argmaxd”(so, g),
g€eD

where D is a stored set of trajectories. In [Hartikainen et al. (2020), this is useful as a
mechanism for encouraging the agent to learn skills which move the agent as far as pos-
sible from the start state. However, since the object for manipulation in the fine-tuning

phase of the Jaco task is not typically especially far from the initial point, we also tested
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DDLUS-G, which samples goals in the same manner as APS and APF, via
g~ N(0,1),

to ensure a more fair comparison. All other hyperparameters match those of[Hartikainen
et al. (2020)), with the exception that the base agent is DDPG, implemented using the
same framework as APS and APF, rather than SAC (Haarnoja et al., 2018). For a more

detailed discussion of DDL and its relationship to the FR/FF, see Appendix @

In future work, it would be interesting to explore the interaction of the FF with
other off-policy algorithms (Haarnoja et al., |2018;|Fujimoto et al., |2018; Moskovitz et al.,
20214 and whether on-policy learning (e.g., with (Schulman et al., j2o17; Kakade, 2002;

Williams, 19925 |Hartikainen et al., 20205 |Moskovitz et al., 2021a))) has different effects.

FourRoom experiments The FourRoom environment we used was defined onan 11 x
11 gridworld in which the agent started in the bottom left corner and moved to a known
goal state. The action space was A = {up, right, down, left} with four base policies
each corresponding to one of the basic actions. TD Learning curves for the base policies
are depicted in Fig. Once reaching the goal, a new goal was uniformly randomly
sampled from the non-walled states. At each time step, the agent received as state input
only the index of the next square it would occupy. Each achieved goal netted a reward
of 450, hitting a wall incurred a penalty of —1 and kept the agent in the same place,
and every other action resulted in 0 reward. There were 75 time steps per episode—the
agent had to reach as many goals as possible within that limit. The discount factor  was
0.95, and the FR learning rate was 0.05. In order to learn accurate FRs for each policy,
each policy was run for multiple start states in the environment for so episodes prior to
training. FRP (for different values of K), GPI, and VI were each run for 100 episodes.
VI was given the true transition matrix and reward vector in each case. In the stochastic
case, for each level of transition noise ¢ = 0.0,0.1,0.2, ..., 1.0, both VI and FRP were
run to convergence (~ 180 iterations for VI, 3 iterations for FRP) and then tested for

100 episodes.
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TD learning curves, FourRooms
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Figure 6.12: FOURRooMs learning curves. FOURR 0oMs base policies learning curves (aver-
age L2 norm of TD errors over 10 runs; shaded area is one standard deviation); top
row is for FRs, bottom is for SRs.

Figure 6.13: Implicit planning output. (Left) The planning policies 7" () that the agent will
elect to follow in each state en route to the goal (see Fig. a)). Arrows denote
the action taken by the chosen policy in each state. (Middle) The (row, column)
subgoals for each state st (). (Right) The state space S, for reference.

exploration

Ireu‘date Iostuldate SR lostuldate
(a) (b) () (d)

Figure 6.14: Exploration and escape (a) A sample trajectory from the “exploration phase” start-
ing from the shelter. (b) Because the agentstarts from the shelter during exploration,
the first time it is tested starting from the top of the grid, its FR for the down pol-
icy for that state is still at initialization. (c) After updating its FR during testing and
turther exploration, the FR for the down policy from the start state is accurate, stop-
ping at the barrier. (d) We can see that if we were to use the SR instead, the value in
the state above the wall would accumulate when it gets stuck.

Escape experiments The escape experiments were modeled as a 25 x 25 gridworld with

eight available actions,

A = {up, right, down, left, up-right, down-right, down-left,up-left}
(6.31)
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and a barrier one-half the width of the grid optionally present in the center of the room.
The discount factor v was 0.99, and the FR learning rate was 0.05. In test settings, the
agent started in the top central state of the grid, with a single goal state directly opposite.
At each time step, the agent receives only a number corresponding to the index of its cur-
rent state as input. The base policy set II consisted of eight policies, one for each action
in A. Escape trials had a maximum of so steps, with termination if the agent reached
the goal state. In (Shamash et al., |2021a), mice were allowed to explore the room starting
from the shelter location. Accordingly, during “exploration phases,” the agent started in
the goal state and randomly selected a base policy at each time step, after which it updated
the corresponding FR. Each exploration phase consisted of 5 episodes—a sample trajec-
tory is shown in Fig.[6.14a). After the first exploration phase, the agent started from the
canonical start state and ran FRP to reach the goal state. Because most of its experience
was in the lower half of the grid, the FRs for the upper half were incomplete (Fig. [6.14(b)),
and we hypothesized that in this case, the mouse should either i) default to a policy which
would take it to the shelter in the area of the room which it knew well (the down policy)
or ii) default to a policy which would simply take it away from the threat (again the down
policy). During the first escape trial, the agent selects the down policy repeatedly, con-
tinuing to update its FRs during the testing phase. Upon reaching the wall and getting
stuck, the FR for the down policy is eventually updated enough that re-planning with
FRP produces a path around the barrier. After updating its FR during the first escape
trial and during another exploration period, the FRs for the upper half of the grid are
more accurate (Fig.[6.14{c)) and running FRP again from the start state produces a faster
path around the barrier on the second escape trial. TD learning curves for the experiment

(repeated with the SR for completeness) are plotted in Fig.[6.15.

For completeness, we repeated this experiment with the SR. In this case, the plan-
ning algorithm is ill-defined for K > 0, so we default to GPI (K = 0). As expected,
without the barrier, the down policy is selected and the goal is reached (Fig. left).
However, when there is a barrier, while the SR updates when the agent hits it (Fig. ,
since there is no single policy that can reach the shelter, GPI fails to find a path around

the barrier (Fig.[6.16jmiddle,right).
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Figure 6.15: Escape learning curves. Learning curves (norms of TD errors) for the first explo-
ration phase, the first escape trial, and the second exploration phase for the "down”
policy. The vertical dotted lines in the escape trial mark the time step at which the
agent encounters the barrier. This causes a temporary jump in the TD errors, as rep-
resentation learning did not reflect the wall at this point. The top row consists of FR
results and the bottom row is from SRs, averaged over 10 runs. The shading repre-
sents one standard deviation.
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Figure 6.16: An SR cannot effectively escape under the same conditions as an FR agent.

Appendix 6.D: Additional Proofs

Below are the proofs for Propositionand Proposition|6.3.2, which are restated below.

Proposition 3.1 (Contraction). Let G™ be the operator as defined in Definition

for some stationary policy . Then for any two matrices F', F' € RISIXISI,

|GTF(s,8") — G"F'(s,8)| <7|F(s,s") — F'(s,5)], (6.32)

with the difference equal to zero for s = s'.
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Proof. For s # s’ we have
(G" = G"F')s | =A|(PTF = PTF')s 9| = v[P"(F = F')s 9| <A[(F = F')s 0],

where we use the notation X o to mean X (s, s'), and the inequality is due to the fact
that every element of P™(F — F") is a convex average of F' — [, For s = &', we trivially

have [(G"F — G"F"),,| = |1 — 1| = 0. O

Proposition 6.D.1 (Convergence). Under the conditions assumed above, set F©O) = [ S|

Fork =0,1,..., suppose F&+Y) = GTF®) Then
[FE(s,8") = F7(s, )] <" (6.33)

for s # s with the difference for s = s' equal to zero Vk.

Proof. We have, for s # s’ and using the notation X, ¢ = X (s, §’) for a matrix X,

’(F(k) - FW)S,S/‘ = ’(ng(O) - ngﬂ-)s,s/‘
< AH|(FO — F™)s.s| (Proposition[6.3.1) (6.34)

= " ET(s,8') <% (F7(s,s") €[0,1)).

Fors =&, |(F® — F™), | =1 — 1] = 0Vk. O

Below is the proof of Proposition|[6.4.1, which is restated below.
Proposition 4.1 (Planning optimality). Consider a deterministic, finite MIDP with
a single goal state s 4, and a policy set 11 composed of policies m © S — A. We make the
following coverage assumption, there exists some sequence of policies that reaches sy from a
I*

given start state sg. Under these conditions, Algorithm Econ verges such that I'(sg) = v,

where L. is the shortest path length from s to sy using m € 11

Proof. Since the MDP is deterministic, we use a deterministic transition function p :
S x A — 8. We proceed by induction on L.

Base case: L =1

If L% = 1, sop must be one step from s,. The coverage assumption guarantees that 37 €
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I such that p(sg, 7(sg)) = s,4. Note also that when both the MDP and policies in I1 are
deterministic, F™ (s, s’) = v, where L. is the number of steps from s to s’ under T,

and we use the abuse of notation L, = oo if m does not reach s’ from s.

Then following Algorithm

[y (sg) = max F7(sg,84) =~ (guaranteed by coverage of II)
S

I'1(sy) = max F™(s,,s,) =1 (by definition of F'").

well

Moreover,

[a(sg) = max F™(sg,s)'1(s")

nell,s’eS

= max{F"(so, 50)I'1(s0), F™ (S0, 54)'1(s4) }

well
=max{1l-7,v-1}

Then T'y(s) = I'y(s) Vs and Algorithmterminates. Thus, I'(sg) = v = 7%= and the

base case holds.

Induction step: Assume Proposition|6.4.1lholds for L = L

Given the induction assumption, we now need to show that Proposition holds for
L7 = L + 1. By the induction and coverage assumptions, there must exist at least one
state within one step of s, that the agent can reach in L steps, such that the discount for
this state or states is 7”. Moreover, the coverage assumption guarantees that 37 € II

such that for at least one such state s, p(sp, 7(s1)) = s,

Then this problem reduces to the base case—that s, Algorithmwill select the pol-

icy m € II that transitions directly from sy, to s,—and the proof is complete. O

Appendix 6.E: Explicit Planning

Below we describe a procedure for constructing an explicit plan using 7F and st
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Algorithm 8 ConstructPlan

input: goal state s, planning policy ¥, subgoals st

A < [] {init. plan}

s < so {begin at start state }

while s # s, do
A.append((7¥'(s), s (s))) {add policy-subgoal pair for current state to plan}
s+ st'(s)

end while

return A

N v A owoN oo

Appendix 6.F: FRP with Mulitple Goals

Here we consider the application of FRP to environments with multiple goals
{91, ..., 9n}. To find the shortest path between them given the base policy set I1, we
first run FRP for each possible goal state in {g; }, yielding an expected discount matrix
I € [0, 1] such that T (s, g;) is the expected discount of the shortest path from
state s to goal g;. We denote by g, = [s0,0(g1),0(g2),- .., 0(gn)] a specific ordering

of the goals in {g; } starting in so. The expected discount of a sequence of goals is then

n

E(QG) = H Fn(ga(i - 1)7 go(i))a (6‘35)

=1

with the optimal goal ordering g,+ given by

Gox = argmaXE<ga>» (636)
goeG

where G is the set of all possible permutations of {g; }, of size n!. This is related to a form
of the travelling salesman problem, and we refer the reader to Zahavy et al.| (2019) for a
formal investigation of the use of local policies to construct shortest paths. Fortunately,

in most settings we don’t expect the number of goals 7 to be particularly large.

Appendix 6.G: Connections to options

The options framework (Sutton et al., 1999) is a method for temporal abstraction in RL,
wherein an option w is defined as a tuple (m,, 7,,), where 7,, is a policy and 7, € A(S)

is a state-dependent termination distribution (or function, if deterministic). Executing
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an option at time ¢ entails sampling an action a; ~ m,(+|s;) and ceasing execution of 7,
at time ¢ 4+ 1 with probability 7,,(s;41). The use of options enlarges an MDP’s action

space, whereby a higher-level policy selects among basic, low-level actions and options.

Options are connected to FRP (Algorithm [7) in that by outputting a set of poli-
cies and associated subgoals { (7", s*) }, FRP effectively converts each base policy to an
option with a deterministic termination function, i.e., the agent will follow F until ter-
minating at s’ One of the key difficulties in the options literature is how to learn the
best options to add to the available action set. For the class of problems considered in this
paper, FRP then provides a framework for generating optimal (in the sense of finding the
fastest path to a goal) options from a set of standard policies, subject to the fulfillment of
the coverage assumption. Importantly, the associated FRs (which can be learned via sim-
ple TD updating) can be reused across tasks, so that FRP can re-derive optimal options

for a new goal.

FRP can also be seen as related to the work of [Silver and Ciosek (2012), which
demonstrates that value iteration performed on top of a set of task-specific options con-
verges more quickly than valueiteration performed on the default state space of the MDP.
One critical difference to note is that the FR/FRP is transferable to any MDP with shared
transition dynamics. While value iteration on a set of options for a given MDP is more ef-
ficient than value iteration performed directly on the underlying MDP, this process must
be repeated every time the reward function changes. However, the FR enables an implicit

representation of the transition dynamics to be cached and reused.

Appendix 6.H: Further connections to related work

We now describe the connection between the FR/FF and several related approaches in

the literature. Table sumrnarizes a high-level view of these connections.

The Dynamic Distance Function The dynamic distance function (DDF; (Hartikainen

et al.,[2020)) is defined as

d"(s,s') =E,

-1
Zrykc(st—‘rk’a St-l—k-‘rl) St = 85,8 = S,] 3 (637)
k=0
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FR/FF SR/SF DDL TDM DG
On- v. Oft-policy Both Both On-policy Off-policy ~ Oft-policy
Eval. v. Control Eval. Eval. Eval. Control Control
Finite v. Inf. Horizon Both Both Finite Finite Finite
State representation?  Yes Yes No No No

Table 6.4: Overview of basic points of comparison between the FR/FF, SR/SF (Dayan, 1993; Bar-
reto et al., 2017), DDL (Hartikainen et al., 2020), TDMs (Pong et al., 2018), and DG
(Kaelbling, 1993).

where ¢ : § X § — Risalocal cost function. In practice, ¢(Si4, Si1k+1) = 7 = 1,

giving

d™(s,s') = E,

j—1
Z 1
k=0

St =8,8; = 5’] . (6.38)

n practice, d” (s, ) is parameterized via a neural network with parameters ¢ trained on-

policy from full trajectories 7 using the loss

1

L(l/)) = §E7~D,i~[0,T],j~[i,T}(dZ(Su Sj) - (j - i))27 (6.39)

where D is a buffer of stored trajectories. On a downstream navigation task, the agent

policy is trained to minimize

Lr(¢) = Eq

nytd$<5t7g>7] ) (6-40)

where g € S is a goal state and ¢ are the policy parameters.

There are several important differences between the DDF and the FR, both in theory

and practical application.

This form of the DDF, as discussed by Hartikainen et al.|(2020), is also naturally
restricted to on-policy learning from full trajectories, and cannot be updated off-policy
and/or via one-step temporal difference learning. A natural additional consequence is
that it is only applicable to finite-horizon MDPs. This confinement to finite horizons is

significant because it leads to the conditioning problem described by Hartikainen et al.



6.5s. Conclusion 231

(2020)). This problem occurs because the DDF is conditioned on the policy successfully
reaching the goal state—when this doesn’t happen, it can lead to significant value estima-
tion errors.

A second difference is that the policy is trained, via Eq. , to minimize the cx-
mulative discounted distance to the goal rather than via greedy distance minimization.

Another difference is that Egs. and don’t explicitly require time step j
to be the first time the agent enters s', although this may have been the authors’ intention.
In fact, this definition is more closely related to the SR than the FR (with equality in the
infinite horizon setting), but the implementation of the DDF in practice is more closely
related to the FR. It’s also important to note that when v = 1, the number of steps &
appears linearly within the expectation rather than exponentially (this is important, as in
general yEF =£ E[+*].

Another significant difference, then, is that the DDF as presented cannot be in a
meaningful sense be considered a state representation, but rather a function mapping
pairs of states to expected distances. That s, d” (s, -) has no meaningful semantics when
implemented as a mapping d”™ : § x § — R and trained using Eq. . In practice,
it is used to support policy optimization, rather than evaluation. In contrast, the FF rep-
resentation, like the SF representation, maps a single state to a fixed length vector-valued
encoding, ™ : S — R?. This difference has significant implications for the applications
of the DDF. In particular, it is unclear how the DDF could be used as an exploration
bonus in the manner of the FF/SF, and the scalar value would make it challenging to

implement the type of parallel updates useful for efficient planning.

Dynamic Goal Learning Another related approach is that of dynamic goal (DG) learn-
ing (Kaelbling, 1993), a method for optimal control related to ()-learning. The optimal

DG function G* : § x A x § — Ris defined recursively for a goal state g € S as
G*(Sa a, g) =1+ ES/NP(-\s,a) [mlﬁ G*(Slv Cl/, g):| ) (6'41)
a'e

where G*(g, a, g) = 0. There are several important differences between this approach
and the FR. First, as mentioned above, DG learning is a method for optimal control,

rather than policy evaluation. Thatis, D*(s,a, g) converges to the expected number
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of steps for the optimal policy for reaching g starting from s. It cannot be reused for
policy evaluation for a policy m # 7*, and also implicitly assumes that g is reachable in
finite time. DG learning is thus susceptible to the same conditioning problem discussion
above for the DDF, and is only studied by Kaelbling (1993) in a gridworld environment.
A second difference is that the DG function scales linearly with £, the number of steps
for the optimal policy to reach g, while the FR scales exponentially at a rate of «y. This
is important, as we can note (with a slight abuse of notation) in general that yE=[k £
E. [’yk } —it is nontrivial to recover the FR for the optimal policy from the DG function

(and vice-versa).

Temporal Difference Models Temporal difference models (TDMs; (Pong et al., 2018))
are another related approach. TDMs are an optimal control method motivated by the
observation that goal-conditioned ()-functions can be used to construct an implicit dy-
namics model when the discount factor v = 0. Fory > 0, the authors introduce a
horizon variable 7 to interpolate between model-based and model-free learning. Like the
FR, this formulation allows agent to consider multiple goals in parallel. As in DG learn-
ing, and unlike the FR, TDM:s represent a method for optimal control, not evaluation.
The emphasis is on efficiently improving a policy, rather than learning a state representa-
tion which can be leveraged for multiple uses (e.g., policy evaluation or as an exploration
bonus). Another difference from the FR is that, like the DDF and DG learning, TDMs

rely on a finite-horizon setting.

Appendix 6.I: FR vs. SR Visualization
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Figure 6.17: SR vs. FR visualization The SRs and FRs from the start state for the policies in
Fig. Fig.|6.3| For the SR (Fig. |E7, top row), we can see that states that are revisited
(or in which the policy simply stays) are more highly weighted, while for the FRs
(Fig. @ bottom row), the magnitude of F(sg, s') is higher for states s’ that are
closer along the path taken by the policy.



Chapter 7

The A\-Occupancy Representation

The previous chapter introduced a state
representation which can be used to effi-
ciently evaluate policies and plan in situa-
tions for which transitions are consistent

across tasks and reward is depleted after

its initial presentation. This setting, along

Cumulative Reward

Constant Utility

with the standard MDP task description —— Diminishing Utility

in which rewards can be accessed an infi- Stimulus Presentations
nite number of times, represents two ex- Figure 7.1: Diminishing rewards.
tremes of reward persistence. However, the degree to which stimuli are rewarding often

diminishes at varying rates with repeated exposures.

The second ice cream cone rarely tastes as good as the first, and once all the most
accessible brambles have been picked, the same investment of effort yields less fruit. In
everyday life, the availability and our enjoyment of stimuli is sensitive to our past inter-
actions with them. Thus, to evaluate different courses of action and act accordingly,
we might expect our brains to form representations sensitive to the non-stationarity of
rewards. Evidence in fields from behavioral economics (Kahneman and Tversky, 1979;
Rabin, 2000) to neuroscience (Pine et al., 2009) supports this hypothesis. Surprisingly,
however, most of reinforcement learning (RL) takes place under the assumptions of the
Markov Decision Process (MDP; Puterman, 1994), where rewards and optimal decision-

making remain stationary.
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In this chapter, adapted from Moskovitz et al.| (2024), we seek to bridge this gap by
studying the phenomenon of diminishing marginal utility (Gossen and Blitz, 1983) in
the context of RL. Diminishing marginal utility (DMU) is the subjective phenomenon
by which repeated exposure to a rewarding stimulus reduces the perceived utility one
experiences. While DMU is thought to have its roots in the maintenance of homeostatic
equilibrium (too much ice cream can result in a stomach ache), it also manifests itself
in domains in which the collected rewards are abstract, such as economics ($10 vs. $o is
perceived as a bigger difference in value than $1,010 vs. $1,000), where it is closely related
to risk aversion (Arrow, [1996; Pratt, [1978). While DMU is well-studied in other fields,
relatively few RL studies have explored diminishing reward functions (Wispinski et al.,
2023; [Shuvaev et al,, [2020), and, to our knowledge, none contain a formal analysis of
DMU within RL. Here, we seek to characterize both its importance and the challenge it

poses for current RL approaches (Section .

Surprisingly, we find that evaluating policies under diminishing rewards requires
agents to learn a novel state representation which we term the A\ representation (AR,
Section[7.2). The AR generalizes several state representations from the RL literature:
the successor representation (SR; Dayan, 1993), the first-occupancy representation (FR;
Moskovitz et al., 2022¢), and the forward-backward representation (FBR;|Touati and Ol-
livier, |2021b), adapting them for non-stationary environments. Interestingly, despite the
non-stationarity of the underlying reward functions, we show that the AR still admits a
Bellman recursion, allowing for efficient computation via dynamic programming (or ap-
proximate dynamic programming) and prove its convergence. We demonstrate the scala-
bility of the AR to large and continuous state spaces (Section7.2.1), show that it supports
policy evaluation, improvement, and composition (Section , and show that the be-

havior it induces is consistent with optimal foraging theory (Section 7.4).
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7.1 Diminishing Marginal Utility
Problem Statement Motivated by DMU’s importance in decision-making, our goal is

to understand RL in the context of the following class of non-Markov reward functions:
ra(s,t) = )\(s)”(s’t)f(s), A(s) € [0, 1], (7.1)

wheren(s,t) € Nis the agent’s visit count at s up to time ¢ and 7(s) describes the reward
at the first visit to s. \(s) therefore encodes the extent to which reward diminishes after
each visit to s. Note that for A(s) = A = 1 we recover the usual stationary reward given
by 7, and so this family of rewards strictly generalizes the stationary Markovian rewards

typically used in RL.

DMU is Challenging An immediate question when considering reward functions of
this form is whether or not we can still define a Bellman equation over the resulting value
function. If this is the case, standard RL approaches still apply. However, the following

result shows otherwise.

Lemma 7.r.1 (Impossibility; Informal). Given a reward function of the form Eq. ,
it is impossible to define a Bellman equation solely using the resulting value function and

immediate reward.

We provide a more precise statement, along with proofs for all theoretical results, in
Appendix[7.B] This result means that we can’t write the value function corresponding
to rewards of the form Eq. recursively only in terms of rewards and value in an anal-
ogous manner to Eq. @) Nonetheless, we found that it 7s in fact possible to derive 4
recursive relationship in this setting, but only by positing a novel state representation that
generalizes the SR and the FR, which we term the A representation (AR). In the following
sections, we define the AR, establish its formal properties, and demonstrate its necessity

for RL problems with diminishing rewards.

7.2 The A\ Representation

A Representation for DMU We now the derive the AR by decomposing the value func-

tion for rewards of the form Eq. and show that it admits a Bellman recursion. To



7.2. The X\ Representation 237

simplify notation, we use a single A for all states, but the results below readily apply to

non-uniform A. We have

S o o]
k=0

VT(s)=E kam(SHk, k)]s = 5] = E

k=0

J/

-~

207 (s)

(7-2)

where we call ®5(s) the \ representation (AR), and n(s, k) = Zf;é L(sp1j = $),is
the number of times state s is visited from time ¢ up to—but not including—time ¢ 4 k.

Formally:

Definition 7.2.1 (AR). Foran MDP with finite S and X € [0, 1], the \ representation

is given by ®F such that

oo
(s, 8) é Z)\ nts k7 1(3t+k:3/)‘3t:«9 (7:3)
=0
where ny(s, k) = Zf;é 1(S14j = ) is the number of times state s is visited from timet

until timet + k — 1.

We can immediately see that for A = 0, the AR recovers the FR (we take 0° = 1),
and for A = 1, it recovers the SR. For A € (0, 1), the AR interpolates between the two,
with higher values of A reflecting greater persistence of reward in a given state or state-
action pair and lower values of \ reflecting more ephemeral rewards.

The AR admits a recursive relationship:

OT(s,s') =E Z AR AR (50 e = )| 5 = s]
L k=0

Oy I(s; = 5') + A”t(sl’l)VZ AR AR (504 = o) |50 = S]
k=1

= ]1<St = 8/>(1 + ’y)‘ESz-HNP”(I) (St+17 ))
+ (1= 1(sp = ) Epyymp PR (5241, 87),

(7.4)



7.2. The X\ Representation 238

where (7) follows from (', k) = ny(s’, 1)+ny11(s’, k—1). A more detailed derivation

is provided in Appendix Thus, we can define a tractable Bellman operator:

Definition 7.2.2 (AR Operator). Let ® € RISXIS| be an arbitrary real-valued matrix,

and let G5 denote the AR Bellman operator for m, such that
GIo 210 (11T +9AP™®) + (11T — ) ® P™, (7:5)

where © denotes elementwise multiplication and I is the |S| x |S| identity matrix. In

particular, for a stationary policy m, Gy PY = PT.

The following result establishes that successive applications of G} converge to the

AR.

Proposition 7.2.1 (Convergence). Under the conditions assumed above, set @0 = (1 —

M. Fork =1,2,..., suppose that QU+ = GTdW), Then

- i
|((I)(k) - (I)A)s,S’| <

While such analysis is fairly standard in MDP theory, it is noteworthy that the anal-
ysis extends to this case despite Lemrna That is, for a ethologically relevant class of
non-Markovian reward functions, it is possible to define a Markovian Bellman operator
and prove that repeated applications of it converge to the desired representation. Fur-
thermore, unlike in the stationary reward case, where decomposing the value function
in terms of the reward and the SR is “optional” to perform prediction or control, in this
setting the structure of the problem reguires that this representation be learned. To get
an intuition for the AR consider the simple gridworld presented in Fig. where we
visualize the AR for varying values of A. For A = 0, the representation recovers the FR,
encoding the expected discount at first occupancy of each state, while as \ increases, eftec-

tive occupancy is accumulated accordingly at states which are revisited. We ofter a more

detailed visualization in Fig.
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m A =0.0 (FR A=05 A=1.0 ;SR

Figure 7.2: The AR interpolates between the FR and the SR. We visualize the ARs of the
bottom left state for the depicted policy for A € {0.0,0.5,1.0}.

7.2.1 Continuous State Spaces

When the state space is large or continuous, it becomes impossible to use a tabular rep-
resentation, and we must turn to function approximation. There are several ways to ap-
proach this, each with their own advantages and drawbacks.

Feature-Based Representations For the SR and the FR, compatibility with function
approximation is most commonly achieved by simply replacing the indicator functions
in their definitions with a base feature function ¢ : S — RP to create successor features
(SFs; Barreto et al.,[2017,[2020) and first-occupancy features (FFs;Moskovitz et al., 2022c),
respectively. The intuition in this case is that ¢ for the SR and the FR is just a one-hot
encoding of the state (or state-action pair), and so for cases when |S| is too large, we can

replace it with a compressed representation. That is, we have the following definition

Definition 7.2.3 (SFs). Let ¢ : S + RP be a base feature function. Then, the
successor feature (SE) representation o1 : S x A — RP is defined as o7 (s,a) £
E: > o VP (si4k) st,at}foralls,a cS x A

One key fact to note, however, is that due to this compression, all notion of state

« . . .
occupancy” is lost and these representations instead measure feature accumulation. For
any feasible A then, it is most natural to define these representations using their recursive

forms:

Definition 7.2.4 (AF). For A € [0, 1] and bounded base features ¢ : S — [0,1]P, the

A-feature (\F) representation of state s is given by ©3 such that

P3(8) 2 B(s) © (1 + YA Egpr(15 @3 (5) + 7(1 = ¢(5)) © Egopr(15)25 (")
(7.6)
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In order to maintain their usefulness for policy evaluation, the main requirement
of the base features is that the reward should lie in their span. That is, a given feature

function ¢ is most useful for an associated set of reward functions R, given by
R={r|3wecRstr(s,a) =w'¢(s,a)Vs,a € S x A}. (7.7)

However, Barreto et al. (2018) demonstrate that good performance can still be achieved

for an arbitrary reward function as long as it’s sufhiciently close to some r € R.

Set-Theoretic Formulations As noted above, computing expectations of accumulated
abstract features is unsatisfying because it requires that we lose the occupancy-based inter-
pretation of these representations. It also restricts the agent to reward functions which
lie within R. An alternative approach to extending the SR to continuous MDDPs that
avoids this issue is the successor measure (SM; Blier and Ollivier, 2018), which treats the

distribution of future states as a measure over S:

M™(s,a,X) = nyk]P’(sHk €X|sg=s,a,=a,m) VX C S measurable,
k=0

(7.8)

which can be expressed in the discrete case as M™ = I+~ P" M7 In the continuous case,
matrices are replaced by their corresponding measures. Note that SFs can be recovered by
integrating: ¢7(s,a) = [, M™(s,a,ds")p(s"). We can define an analogous object for
the AR as follows

[e.9]

(s, X) & Y NV Plsip € X [ 50 = 5,7) (7:9)
k=0
where n; (X, k) £ Zf;é ds,,,(X). However, this is not a measure because it fails to

satisfy additivity for A < 1, i.e., for measurable disjointsets A, B C S, ®3(s, AUB) <
®7(s, A) + (s, B) (Lemmaly.B.4). For this reason, we call Eq. the \ operator

(AO). We then minimize the following squared Bellman error loss for ®7 (dropping sub-
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/superscripts for concision):

L(P) = Eq, s, 1mps'mp [(@(Sta s") — 7@ (S41, 8/))2] — 2K, [0 (51, 51)] 10)
7.10
4+ 29(1 = N)Es, 500 1~p[1e(56) (51, 56)P(St41, 5¢)]

where p and p are densities over S and ®F(s) = ¢75(s)diag(x) in the discrete case,

with ¢} parameterized by a neural network. - indicates a stop-gradient operation,
i.e., a target network. A detailed derivation and discussion are given in Appendix [7.H]
While p can be any training distribution of transitions we can sample from, we require
an analytic expression for 1. Eq. recovers the SM loss of Touati and Ollivier (2021b)
when A = 1.

7.3 Policy Evaluation, Learning, and Composition un-

der DMU

In the following sections, we experimentally validate the formal properties of the AR and
explore its usefulness for solving RL problems with DMU. The majority of our experi-
ments center on navigation tasks, as we believe this is the most natural setting for studying
behavior under diminishing rewards. However, in Appendix@we also explore poten-
tial for the AR’s use other areas, such as continuous control, even when rewards do not
diminish. There is also the inherent question of whether the agent has access to A. In
a naturalistic context, A can be seen as an internal variable that the agent likely knows,
especially if the agent has experienced the related stimulus before. Therefore, in subse-
quent experiments, treating A as a “given” can be taken to imply the agent has prior ex-

perience with the relevant stimulus. Further details for all experiments can be found in

Appendix

7.3.1 Policy Evaluation

In Section we showed that in order to perform policy evaluation under DMU, an
agent is required to learn the AR. In our first experimental setting, we verify this analysis
empirically for the policy depicted in Fig. [7.2] with a rewarded location in the state indi-
cated by a g in Fig. with Mirue = 0.5. We then compare the performance for agents
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Figure 7.3: The AR is required for accurate policy evaluation. Policy evaluation of the policy
depicted in Fig. [7.2]using dynamic programming, tabular TD learning, and AF TD
learning produces the most accurate value estimates when using the AR with A =
Atrue- Results are averaged over three random seeds. Shading indicates standard error.
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Figure 7.4: The AR is required for strong performance. We apply a tabular Q-learning-style
algorithm and deep actor-critic algorithm to policy optimization in the TwoRooms
domain. The blue locations indicate reward, and the black triangle shows the agent’s
position. Results are averaged over three random seeds. Shading indicates standard
error.

using different values of \ across dynamic programming (DP), tabular TD learning, and
AF TD learning with Laplacian features. For the latter two, we use a linear function ap-
proximator with a one-hot encoding of the state as the base feature function. We then
compute the ()-values using the AR with A € {0.5,1.0} (with A = 1 corresponding to
the SR) and compare the resulting value estimates to the true ()-values. Consistent with
our theoretical analysis, Fig. shows that the \R with A = A\, is required to produce

accurate value estimates.

7.3.2 Policy Learning

To demonstrate that AR is useful in supporting policy improvement under diminish-
ing rewards, we implemented modified forms of ()-learning (Watkins and Dayan, 1992)
(which we term @ \-learning) and advantage actor-critic (A2C;|Mnih et al., 2016) and ap-

plied them to the TwoRooms domain from the NeuroNav benchmark task set (Juliani
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etal., 2022) (see Fig. E) For a transition (s, a;, S;11), we define the following operator:
TP 2 1(s;) © (14 My P(s141, 1)) +7(1 = 1(sy)) © B840, a41),  (7.11)

where a;1; = argmax, Qx(s;,a) = argmax, r'®(s;,a). This is an improvement
operator for 5. The results in Fig.[7.4 show that Q-learning outperforms standard Q-
learning (A = 1) for diminishing rewards, and that the “correct” A produces the best
performance. To implement A2C with a AR critic, we modified the standard TD target

in a similar manner as follows:

TV (s1) = 7(50) +7(V(se41) + (A = W' (¢(5¢) © oa(5041))), (7.12)

where ¢ were one-hot state encodings, and the policy, value function, and AF were output
heads of a shared LSTM network (Hochreiter and Schmidhuber,1997b). Note this target
is equivalent to Definition [7.2.4 multiplied by the reward (derivation in Appendix[7.E).
Fig. [7.4 shows again that correct value targets lead to improved performance. Videos of

agent behavior can be found at lambdarepresentation.github.io.

7.3.3 Policy Composition

As we've seen, DMU problems of this form have an interesting property wherein solving
one task requires the computation of a representation which on its own is task agnostic.
In the same way that the SR and FR facilitate generalization across reward functions,
the AR facilitates generalization across reward functions with difterent 7's.The following

result shows that there is a benefit to having the “correct” A for a given resource.

Theorem 7.3.1 (GPI). Let {M;}}_; € Mand M € M be a set of tasks in an envi-
ronment M and let Q™5 denote the action-value function of an optimal policy of M when
executed in M. Assume that the agent uses diminishing rate X that may differ from the
true environment diminishing rate \. Given estimates Q™ such that || Q™ — Q™ ||oo < €
for all j, define

7(s) € argmax max Q™ (s, a).
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Figure 7.5: Tabular GPI. (Left) Average returns obtained by agents performing GPE+GPI using
ARs with A € {0.0,0.5,1.0} over so episodes. Error bars indicate standard error.
(Right) Sample trajectories. Agents with A set too high overstay in rewarding states,
and those with A too low leave too early.

Then,

* 1 -
Qﬂ'(s’ a,) 2 maXQﬂ—j (S, a) — E (26 + |)\ — )\|||T||oo +

J

Y1 = N)r(s,a)
1— Xy > '

Note that for A = 1, we recover the original GPI bound due to Barreto et al. (2018)

with an additional term quantifying error accrued if incorrectly assuming A < 1.

Tabular Navigation We can see this result reflected empirically in Fig. where we
consider the following experimental set-up in the classic FourRooms domain (Sutton
et al,, 1999). The agent is assumed to be given or have previously acquired four poli-
cies {mg, 1, T2, 73 } individually optimized to reach rewards located in each of the four
rooms of the environment. There are three reward locations { o, g1, g2 } scattered across
the rooms, each with its own initial reward and all with A = 0.5. At the beginning of
each episode, an initial state s is sampled uniformly from the set of available states. An
episode terminates either when the maximum reward remaining in any of the goal states
is less than 0.1 or when the maximum number of steps H = 40 is reached (when A = 1,
the latter is the only applicable condition). For each of the four policies, we learn ARs
with A € {0.0,0.5,1.0} using dynamic programming and record the returns obtained
while performing GPE+GPI with each of these representations over so episodes. Bell-
man error curves for the ARs are shown in Fig. E, and demonstrate that convergence
is faster for lower A. In the left panel of Fig. (7.5, we can indeed see that using the correct
A (0.5) nets the highest returns. Example trajectories for each agent A are shown in the

remaining panels.
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Figure 7.6: Pixel-Based GPI. Performance is strongest for agents using the correct A = 0.5.
PCA on the learned features in each underlying environment state shows that the
AFs capture the value-conditioned structure of the environment.

Pixel-Based Navigation We verified that the previous result is reflected in larger scales
by repeating the experiment in a partially-observed version of FourRooms in which the
agent receives 128 X 128 RGB egocentric observations of the environment (Fig. E, left)
with H = 50. In this case, the agent learns AFs for each policy for A € {0.0,0.5,1.0},
where each AF is parameterized by a feedforward convolutional network with the last
seven previous frames stacked to account for the partial observability. The base features
were Laplacian eigenfunctions normalized to [0, 1], which which were shown by Touati
et al.[(2023) to perform the best of all base features for SFs across a range of environments

including navigation.

7.4 Understanding Natural Behavior

Naturalistic environments often exhibit diminishing reward and give insight into ani-
mal behavior. The problem of foraging in an environment with multiple diminishing
food patches (i.c., reward states) is of interest in behavioral science (Hayden et al., 2011
Yoon et al., 2018; |Gabay and Apps, 2021). The cornerstone of foraging theory is the
marginal value theorem (MV'T;/Charnov, 1976;/Gabay and Apps, [2021), which states that
the optimal time to leave a patch is when the patch’s reward rate matches the average
reward rate of the environment. However, the MVT does not describe which patch to
move to once an agent leaves its current patch. We show that the AO recovers MV T-like
behavior in discrete environments and improves upon the MVT by not only predict-
ing when agents should leave rewarding patches, but also where they should go. More-
over, we provide a scheme for learning X alongside the AO using feedback from the en-

vironment. To learn the AO, we take inspiration from the FBR (Touati and Ollivier,
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2021b) and use the following parametrization: ®7* (s, a,s') = F(s,a,z)" B(s)u(s')
and 7,(s) = argmax, F'(s,a, z)" 2, where y is a density with full support on S, e.g.,
uniform. We then optimize using the the loss in Eq. under this parameterization
(details in Appendix[7.E). Given a reward function 7 : S — R at evaluation time, the
agent acts according to argmax, F (s, a,zg)" zg, where zr = Ey.,[r(s)B(s)]. Be-
cause the environment is non-stationary, zr has to be re-computed at every time step.

To emulate a more realistic foraging task, the agent learns A by minimizing the loss in

Eq. in parallel with the loss
L) =Eqy0i0mp [1(5e = se41) (r(se41) — Ar(s))?]

which provably recovers the correct value of A provided that p is sufficiently exploratory.
In Sectionf7.H.9 we provide experiments showing that using an incorrect value of A leads
to poor performance on tabular tasks. In Fig.[7.7]we show that the agent learns the correct
value of ), increasing its performance. We illustrate the behavior of the AO in an asym-
metric environment that has one large reward state on one side and many small reward
states (with higher total reward) on the other. Different values of A lead to very differ-
ent optimal foraging strategies, which the AO recovers and exhibits MV T-like behavior
(see Section[7.H.10 for a more detailed analysis). Our hope is that the AR may provide a
framework for new theoretical studies of foraging behavior and possibly mechanisms for
posing new hypotheses. For example, an overly large A may lead to overstaying in depleted

patches, a frequently observed phenomenon (Nonacs, 2001).

7.5 Conclusion

Limitations Despite its advantages, there are several drawbacks to the representation
which are a direct result of the challenge of the DMU setting. First, the AR is only use-
tul for transfer across diminishing reward functions when the value of A at each state is
consistent across tasks. In natural settings, this is fairly reasonable, as A can be thought of
as encoding the type of the resource available at each state (i.e., each resource has its own
associated decay rate). Second, as noted in Section[7.2.1} the AR does not admit a measure-

theoretic formulation, which makes it challenging to define a principled, occupancy-
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Figure 7.7: A\O trained via FB. a) A values of two agents in FourRooms, one which learns A and
one which does not. b) Performance of the two agents from (a). Learning A improves
performance. ¢) Reward structure and starting state of the asymmetric environment.
d) Trajectory of an agent with A = 1. The optimal strategy is to reach the high reward
state and exploititad infinitum. €) Trajectory of an agent with A = 0.1. The optimal
strategy is to exploit each reward state for a few time steps before moving to the next
reward state.

based version compatible with continuous state spaces. Third, the AR is a prospective
representation, and so while it is used to correctly evaluate a policy’s future return under
DMU, it is not inherently memory-based and so performs this evaluation as if the agent
hasn’t visited locations with diminishing reward before. Additional mechanisms (i.e., re-
currence or frame-stacking) are necessary to account for previous visits. Finally, the AR is
dependent on an episodic task setting for rewards to reset, as otherwise the agent would
eventually consume all reward in the environment. An even more natural reward struc-
ture would include a mechanism for reward replenishment in addition to depletion. We
describe several such candidates in Appendix'ﬁ, but leave a more thorough investigation
of this issue to future work.

In this work, we aimed to lay the groundwork for understanding policy evalua-
tion, learning, and composition under diminishing rewards. To solve such problems, we
introduced—and showed the necessity of—the A representation, which generalizes the
SR and FR. We demonstrated its usefulness for rapid policy evaluation and by extension,
composition, as well as control. We believe the AR represents a useful step in the devel-

opment of state representations for naturalistic environments.



7.5. Conclusion 248

Appendix

Appendix 7.A: Derivation of AR Recursion

We provide a step-by-step derivation of the AR recursion in Eq. (7.4):

OT(s,s') =E Z AR AR (50 e = )| 5 = s]
L k=0

=E [1(s; =5) + Z AP SRR (5,00 = §)

St = S]
L k=1

YE IL(St _ 8/) + )‘nt(S/71)f}/Z )\nt+1(s/7k)’yk71]1(st+k _ S/)

St = 8]
L k=1

=E|1(s; =)+ 1(s; = s’)/\'yz )\”t+1(8’7k),yk—11(8t+k =)
L k=1

+ ’}/(1 N H(St _ S/)) Z )\nt+1(s/,k)’yk71]1(5t+k _ 5/) 8 = 8]
k=1

= 1(s; = 5') 4+ L(st = §)ANEs,, ,pr PA(St41, 8)

+ (1 = L(st = 8") g,y mpm P (5141, 8)
=1(sy = §") (1 + Y AEq,, ,pr P (St41, 8))

+ (1 = 1(s; = ")) Eqg,pympr P (5041, 8),

(7.13)

where (7) is because n4(s', k) = ny(s', 1) 4+ nyy1(8', k) and (47) is because

Ant(slvl) = )\]l(st:S,) = ]]-(St = S/))\ + (1 — I]_(St = S/)).

Appendix 7.B: Theoretical Analysis

Here, we provide proofs for the theoretical results in the main text.

Lemma 7.1.x (Impossibility; Informal). Given a reward function of the form Eq. (7.1),
it is impossible to define a Bellman equation solely using the resulting value function and

immediate reward.

Before providing the formal statement and proof for Lemma we introduce a
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definition for a Bellman operator.

Definition 7.B.1 (Bellman Operator). A Bellman operaror is a contractive operator
RIS — RISI thar depends solely on ¥, one-step expectations under p™, and learning hy-

perparameters (in our case vy and \).
We can now give a formal statement of Lemma

Lemma 7.B.x (Impossibility; Formal). Assume that |S| > 1. Then, there does not exist a

Bellman operator T with fixed point V™.

Proof. Assume for a contradiction that 7" is a Bellman operator. By the Banach fixed-
point theorem, V™ must be the unique fixed point of 7. Hence, T'V"™ must take on the

following form (see the proof of Lemma 3.1in Appendix B): for s € S,
(TV™)(s) = T(s) + YEgmpr () V(") + YA = 1)T(8)Egrpr(s)PA(5, 5).
For the assumption to hold, there must exist a function f such that, forany s € S,
Eypr (1) PA(S", ) = Epr(15) f(F, VT, 7, A, 5).
Now, by definition,

V7(s) =Y ®i(s, s )(s).

s'eS

T is a vector in RIS!, so0 as longas S > 1, ™ is non-trivial. Fix any T, V™, s. Pick a vector

w € 1\ {0} and define

P (s,s') = DY(s,s) + w(s)
forany s, s" € S. Note that

D B%(s, () =Y @5(s, () + Y w(s)F(s") = V7(s),

s'eS s'eS s'eS
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asw | T. However,

Evmpr (9 @5(58) = 307 (s]8) 855 5) + 3 (' s)u(s).

s'eS s'eS

The final term evaluates to w(s). Because w # 0, there must exist some s such that

w(s) # 0. For this s, we have a single input (T, V™, 7, A, s) to f that corresponds to two

distinct outputs: By pr(.5)P3(8', 5) and Egpr 1) PE (S, 5).
Hence, f is a one-to-many mapping: for fixed input, there is more than one output.

Therefore, f is not a function, yielding a contradiction.

The following establishes G} as a contraction.

Lemma 7.B.2 (Contraction). Let G3 be the operator as defined in Definition r50m€

stationary policy 7. Then for any two matrices @, ® € RISXIS|
G70(s,5') — GT0/ (5, )] < |(s,8") — B/(s, ).
Proof. We have

(GF® — GTd)sv| = |(I ® (11T +4AP™®) + (11T — ) © P™®
— 1O 11T + AP — (11T — 1) © P™d'), 4|
=T ONP™(® — &) +~(11T — ) © P™(® — @),
= [(IOM1T +11T — ) @ yP™(d — &), 4|
P — @),
= [(PT(® — D))ss|

<[(® = ) v,

where (i) comes from using A < 1 and simplifying. O]

Note that we can actually geta tighter contraction factor of Ay for s = s’. Given this

contractive property, we can prove its convergence with the use of the following lemma.
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Lemma 7.B.3 (Max AR). The maximum possible value of 3 (s, s') is

I(s=s)+(1—-1(s=¢5))y
1—\y '

Proof. Fors =,

q);\r(sv 8) =1+ /\’7E5t+1~p“(~|5t)¢g\r(st+lv S)'

This is just the standard SR recursion with discount factor A\, so the maximum is

> = (714)

k=0
Fors # ¢/, 1(s; = §') = 0, s0
3 (s, 8/) - 7E8t+1wp”(-\8t)q)§<st+1> S/)'

Observe that (s, s) > P (s, s') for s’ # s, so the maximum is attained for s;11 = .

We can then use the result for s = s’ to get

PT(s,s') =~ (1 _1)\7) . (7.15)

Combining Eq. and Eq. yields the desired result. O

Proposition 7.2.1 (Convergence). Under the conditions assumed above, set 0 = (1 —
M. Fork =1,2,..., suppose that QU+ = GTOW), Then
k+1

o® _ oT), | < .
( A),l_l_M
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Proof. Using the notation X ¢ = X (s, s') for a matrix X:

|(@® — 2T)s ] = (G52 — GY T,
= (G52 — 7). .|
(4)
< 7M@) — @), (716)

= A (s, o)

where (7) is due to Lernrna (i) is because () (s, s') = 0 for s # s/, and (iii) is
due to Lemma Il

Lemma 7.B.4 (Subadditivity). Foranys € S, policy w, A € |0, 1), and disjoint measur-
ablesets A, B C S,

DT (s, AU B) < ®3(s, A) + 1 (s, B).

Proof. Note that for disjoint sets A, B, we have n,(A U B, k) = ny(A, k) + n(B, k).

Hence, conditioned on some policy 7 and 5, = s,

)\nt(AUB,k:)]P)(StJrk c AU B)
_ )\nt(A,k))\nt(B,k)P(St+k € A)+ )\m(A,k))\m(B,k’)I[D(St+k € B)

< /\m(A’k)IP)(St+k € A)+ /\nt(B,k)P(St+k € B),

where the first line follows from P(s;1, € AU B) = P(sir € A) + P(sp4x €
B). Equality holds over all A, B, t, k if and only if A\ = 1. Summing over k yields the

result. O]

7.B.1  Proof of Theorem

We first prove two results, which rely throughout on the fact that @5 (s, a, s") < ﬁ for
all s, a, s', which follows from Lemma For simplicity, we also assume throughout

that all rewards are non-negative, but this assumption can easily be dropped by taking ab-
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solute values of rewards. The proofs presented here borrow ideas from those of (Barreto

et al., 2017).

Lemma 7.B.s. Let {M;}7_, C Mand M € M be a set of tasks in an environment M
with diminishing rate \ and let Q™ denote the action-value function of an optimal policy
of M; when executed in M. Given estimates Q™ such that | Q™ — Q™ || < € for all j,
define

7(s) € argmax max Q™ (s, a).

Then,

ot s 281

where v denotes the reward function of M.

Proof. Define Qua(s,a) == max; Q™ (s,a) and Qua(s,a) = max; Q™ (s, a). Let

T" denote the Bellman operator of a policy v in task M. Forall (s,a) € S x A and all
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J>

T7Qras(5, 0) — (5, 0)
= WZP(S’IS
= VZP(S/|3
> VZP(S/‘S
> ’YZIP(S/\S
> ’VZP(S’\S a
=722 p(s'ls,@) (A = Drils, )7 (5, 75(5),8) + Q7 (1,7 ())) = e

(), 5) + Quan(s', ()

— Dri(s,a)®

— Dri(s,a)®

a< (s

a( — Dri(s,a)®™ (s, 7(s), )—i—maXQma(s b)>
a< (s,

a) (A= 1)ri(s,a)®7 (s, 7(s"), 8) + Qumax(s', 7 (s))) — e
(0

— Dri(s,a)®"(s', 7(s"), )+Q( ()))—fye

(A = Dr(s,a) Y p(s']s,a) (D7(s', (s, 5) = €T (', 75 (5'). )

v(1 = MNr(s,a)

> 1707 (s, — e = 200 o)
= er; (87 a) - Ve — 7(1 1__>\)>7;§/S7 a) - (Sa CL).

This holds for any 7, so

(1= A)r(s, a)

T”Qmax(s, a) > max Q?(s, a) —ye —
J

-y
— A
= Qna(s,a) = 7e — 8 1 —)SS’ :

Next, note that for any ¢ € R,

T™(Gras(5,@) + 0) = T™Ous(5,0) +7 3 p(s']s, a)e

- Tﬂ'@max(‘% (1) + ye.
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Putting everything together, and using the fact that 7 is monotonic and contractive,

Q7 (s,a) = lim (T7)*Quax(s, @)

k—o0

> Quax(8, @) — ﬁ <6(1 +r) - 71 Ij);is,@)
> Q" (s, a) — % (26 + v Ij\);is’ a))
This holds for every 7, hence the result. =

Lemma 7.B.6. Let v be any policy, \, A e 0, 1], and Q» denote a value function with

respecting to diminishing rate \. Then,

A= Allrlee.

v o l:oo<
195~ @l < =2
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Proof. The proof follows from the definition of Q): for every (s,a) € S x A,

|Qx(s,0) = @5(s,a)| = |E

Z ,7 <Ant St4ks k? }nt (St+k7k)>

“(St4k) |5t = 8,00 = a]
o0
E 'Yk )\nt(st+k7k) _ S\Ht(st+k7k)‘
k=0

7(St4k)

Z Yo (siar) ‘/\ —A
k=0
nt(S,H,k,k)—l

Z )\nt(StJrkvk)*l*jj\j

J=0

Z ’Ykr(stﬂc)

k=0
o A= Al
— 1 _’.)/ .

St:S,at:a]

St:S,Clt:Cl]

< A= AE,

Stzs,at:a]

Theorem 7.3.x (GPI). Ler {M;};_; € Mand M € M be a set of tasks in an envi-
ronment M and let Qi denote the action-value function of an optimal policy of M when
executed in M. Assume that the agent uses diminishing rate \ that may differ from the
true environment diminishing rate \. Given estimates Q™ such that ||Q™ — Q" ||o0 < €
forall j, define

7(s) € argmax max Q™ (s, a).

Then,

: 1 ; 1— A
@ n0) 2 mx @)~ 1 (204 h = Al + TR

Proof. Let () denote a value function with respect to diminishing constant . We wish
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to bound

max Q7 (s, ) ~ Q5(s. )

i.e., the value of the GPI policy with respect to the true A compared to the maximum
value of the constituent policies 71';7 used for GPI, which were used assuming A By the

triangle inequality,

max Q7 (s, a) — Q3(s.a) < max QY (s,a) — Q3(s.a)
J J
+ | max Qz\r;(s, a) — max Q?(s, a)|
J J

< max Q) (s,a) — Qi(s,a)

N J/
-

)
+ max |Q:J (S, CL) - ng (87 CL)| :
J

@)

We bound (1) by Lemmal7.B.s and (2) by Lemmalf7.B.¢]to get the result. O

7.B.2 An Extension of Theorem

Inspired by (Barreto et al., 2018), we prove an extension of Theoremm

Theorem 7.B.x. Let M € M be a task in an environment M with true diminishing

constant \. Suppose we perform GPI assuming a diminishing constant \:

t
Let { M;}_, and M; be tasksin M and let Q;’ denote the action-value func-
tion of an optimal policy of M ; when executed in M;. Given estimates Q) such

z‘lmt”@?f — Q7 oo < €forallj, definen(s) € argmax, max; Q7 (s, a).

Let Q;\r and QY denote the action-value functions of ™ and the M-optimal policy T when

executed in M, respectively. Then,

* T 2 1 N
105" — @l < m(y — Mllrllo + ¢

1—A
1— Ay

+ Hr—mHooer,inI!n—eroo) + C,
J
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where C is a positive constant not depending on \:

1—v : ;
0 =2l = il + 2mim = e+ min (e Il

+min (([7if]oo, [Ir1llocs -5 lI7nlloo)

Note that when A = 1, we recover Proposition 1 of (Barreto et al., [2018) with an
additional term quantifying error incurred by A # A The proof relies on two other

technical lemmas, presented below.

Lemma 7.B.7.

7 — Tillco min ({|7{|eo, ||7illoo) + |7 — Til|co
I =rille ey — yymin (e lrsle) i = )

17 =@l < 1—~ (1 =) (1= Ay)

Proof. Define A; == ||Q™ — Qr

~- Forany (s,a) € S x A,

Q" (s,a) — Q" (5, )

= )r(s, a) + 72p(s’|3, a) (()\ — r(s,a)®™ (s, 7%(s'),s) + Q™ (s, ﬂ*(s'))
= 1i(s,0) =7 215, 0) (A= DraCs, @7 (w1 (), ) + QF (4,71 () |
swa@—MaW+v2pwmw@ﬂ@@—@?@@|

90 =D 3 p(6ls,0) (5, )07 (47 (5), 5) = 7i(s, )87 (8,71 (s), )|

S

< Ir = rille + 784 + (1 = X)r@7 —

oo
The third term decomposes as

[r®™ — 7@ ||oo < [[r®™ — 7®™ || + [|r®™ — r;®™

7 lloo + [l = 7illoo
- 1—My

[e.9]
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We could equivalently use the following decomposition:

1@ — @ oo < P87 — @7 g+ [T — 107

< Mrilloe + [l = 7illoo.
- 11—y

and so
min (||7loo; I7illo) + 7 = 7ill

o <
- 11—y

HT@”* — TZ‘(I)TF;

The inequalities above hold for all s, a and so

min (|7 loc, [I7illoc) + Il = 7illoo

A; <7 = 7illoo + A + (1 = A)

' 11—y
— oy e g gyl ) e = il
Hence the result. 0
Lemma 7.B.8. For any policy ,
Q7 — Q™ ||e < w+7(1_/\) [r = 7illoo .
1= (1= =)

Proof. Write A; == ||QF — Q™||c0. Proceeding as in the previous lemma, for all (s, a) €
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S x A, we have

Q7 (s,a) = Q" (s, a)|
7“2'(8, Cl) + ,sz(sqsv CL) ((>‘ - 1>ri(37 a)q)ﬂ(sla Cl/, S) + Q?(Slv a/))

—r(s,a) =7 3 p(s'ls.a) (A= Dr(s, )®7(s, ', 5) + Q7(s', )

< 72p(3/|5, a)(1 = MN)|r(s,a) —ri(s,a)|®"(s',d’, s)

s

+7 ) p(s']s,a)|QF(s',d) = Q7(s',a)| + |r(s, a) = ri(s,a)]

1
< =rilloo + 71 = MIr = rilloe——= + 74

1— Ay
Y= Nr = rillee

— A < |lr =il + +74;

1— My
e, 2= N =il
— Al < [r = rillo |, illoo
T 1-y (1= =X\
where a’ ~ 7(s'). O

Finally, we prove Theoreml[7.B.1}

Proof of Theorem By the triangle inequality,
1Q% — Qillee < 1Q% — Qilloo + [1QF — QF /oo
By Lemma the second term is bounded above by

A= Al
11—~

The first term decomposes as follows (dropping the A subscript on all action-value func-

tions for clarity):

Q7 ~ @7l < Q7 = Qoo +|QF — QFllc + Q7 — Q.

(1) (2) ®3)

Applying Lemmalf7.B.s to (2) (but with respect to M; rather than M), we have that for
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any 7,

QT (s,a) — QT (s,a) < QT (s,a) — Q) (s,a) + T ify (26 + (1 Ii);iis’ a))

* * * * *
= 17 = QF e < Q7 = Q7 lloe + 197" — Q77 Il
7 N 7

21) (22)
1 (1 = NIl
(2 .
+ 1=~ ( €+ 1= Ay

We bound (2.1) using Lemma and (2.2) using Lernma(but with respect to M
rather than M):

= 2= il

IQF = @ e + 107 = QP oo < T4 =2

min (|73 oo, |75]l00) + 2[I7 — 75|00
1—)\
gl ) (1=7)(1—=A\y)

We then apply Lemma7.B.7]to (1) and Lemmaf7.B.8to (3) to get the result.

Appendix 7.C: An nth Occupancy Representation

To generalize the first occupancy representation to account for reward functions of this
type, it’s natural to consider an Nth occupancy representation—that is, one which accu-
mulates value only for the first N occupancies of one state s’ starting from another state

S:

Definition 7.C.2 (NR). For an MDP with finite S, the N th-occupancy representation
(NR) for a policy  is given by F™ € [0, NSS! such thar
?—N) (Sa S,)

£ ]E’ﬂ' ZWHICH (St+k - Sl?# ({j | St4+j = S/aj € [Oak - 1]}) < N)

St] .
k=0

Intuitively, such a representation sums the first V' (discounted) occupancies of s’ from
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™

time ¢ to ¢ + k starting from s, = s. We can also note that ®f} is simply the FR and
P g)(s,s") = 0Vs, s'. As with the FR and the SR, we can derive a recursive relationship

for the NR:

) (s,8") = 1(se = ) (1 + YED{y_1 (5141, 8))

+(1 —1(s; = s’))ECI)?N)(stH, s'),

(7.17)

where the expectation is wrt p™ (s;11]5¢). Once again, we can confirm that this is consis-
tent with the FR by noting that for N = 1, the NR recursion recovers the FR recursion.
Crucially, we also recover the SR recursion in the limit as N — 0o:

lim @7y, (s, )

N—oo
= l(St = SI>(1 =+ ”)/E(I)ETOO)(S)H,l, SI>) + "}/(1 — ]l(St = S/))E(D?w)(3t+1, S/)

— ]1(315 = S/) ‘I‘ ,yEq)Eroo)(St-ﬁ-l? S/).

This is consistent with the intuition that the SR accumulates every (discounted) state
occupancy in a potentially infinite time horizon of experience. While Definition
admits a recursive form which is consistent with our intuition, Eq. @ reveals an in-
convenient intractability: the Bellman target for @7, requires the availability of ®fy_,.
This is a challenge, because it means that if we’d like to learn any NR for finite N > 1,
the agent also mustlearn and store CD?I) . CI>7(TN_1). Given these challenges, the question
of how to learn a tractable general occupancy representation remains. From a neurosci-
entific perspective, a fixed depletion amount is also inconsistent with both behavioral
observations and neural imaging (Pine et al., |2009), which indicate instead that utility
disappears at a fixed rate in proportion to the current remaining utility, rather than in
proportion to the original utility. We address these theoretical and practical issues in the

next section.

Appendix 7.D: Additional Related Work

Another important and relevant sub-field of reinforcement learning is work which stud-

ies non-stationary rewards. Perhaps most relevant, the setting of DMU can be seen as
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a special case of submodular planning and reward structures (Wang et al., 2020; Pra-
japat et al., 2023). Wang et al.| (2020) focus specifically on planning and not the form
of diminishment we study, while Prajapat et al. (2023) is a concurrent work which fo-
cuses on the general class of submodular reward problems and introduces a policy-based,
REINFORCE-like method which is necessarily on-policy. In contrast, we focus on a
particular sub-class of problems especially relevant to natural behavior and introduce a
family of approaches which exploit this reward structure, are value-based (and which can
be used to modify the critic in policy-based methods), and are compatible with oft-policy
learning. Other importantareas include convex (Zahavy et al., 2021) and constrained (Alt-
man, 20215;|Moskovitz et al., 2023b) MDPs. In these cases, non-stationarity is introduced

by way of a primal-dual formulation of distinct problem classes into min-max games.

Appendix 7.E: Further Experimental Details

7.E.3 Policy Evaluation

We perform policy evaluation for the policy shown in Fig. [7.2/on the 6 x 6 gridworld
shown. The discount factor v was set to 0.9 for all experiments, which were run for H =

10 steps per episode. The error metric was the mean squared error:
1 A
Qerror £ — (Qw(sy CL) - Q(Sv CL))Q, (7'18)
STl 2

where ()™ is the ground truth ()-values and Q is the estimate. Transitions are deter-
ministic. For the dynamic programming result, we learned the AR using Eq. @ for
A € {0.5,1.0} and then measured the resulting values by multiplying the resulting AR
by the associated reward vector r € {—1, 0, 1}%, which was —1 in all wall states and +1
at the reward state g. We compared the results to the ground truth values. Dynamic pro-
gramming was run until the maximum Bellman error across state-action pairs reduced
below se-2. For the tabular TD learning result, we ran the policy for three episodes start-

ing from every available (non-wall) state in the environment, and learned the AR for
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A € {0.5, 1.0} as above, but using the online TD update:

q))\(sh at) — (b)\(stv at) + OC(St,
0r = 1(st) © (1 + YAPA(S¢41, Ary1))

+ (1 = 1(st)) © Pr(Se41, ar41) — Palse, ar),

where a; 1 ~ 7(- | S¢41). The learned ()-values were then computed in the same way as
the dynamic programming case and compared to the ground truth. For the AF result, we
firstlearned Laplacian eigenfunction base features as described inTouati et al. (2023) from
a uniform exploration policy and normalized them to the range [0, 1]. We parameterized
the base feature network as a 2-layer MLP with ReLU activations and 16 units in the
hidden layer. We then used the base features to learn the AFs as in the tabular case, but
with the AF network parameterized as a three-layer MLP with 16 units in each of the
hidden layers and ReLU activations. All networks were optimized using Adam with a
learning rate of 3e-4. The tabular and neural network experiments were repeated for three

random seeds, the former was run for 1,500 episodes and the latter for 2,000.

7.E.4 Policy Learning

We ran the experiments for Fig. [7.4 in a version of the TwoRooms environment from
the NeuroNav benchmark (Juliani et al., 2022)) with reward modified to decay with a
specified Ape = 0.5 and discount factor v = 0.95. The initial rewards in the top right
goal and the lower room goal locations were 5 and the top left goal had initial reward
10. The observations in the neural network experiment were one-hot state indicators.
The tabular () experiments run the algorithm in Algorithm for s00 episodes for A €
{0.0,0.5,1.0}, with Ay set to o.s, repeated for three random seeds. Experiments used
a constant step size &« = 0.1. There were five possible actions: up, right, down, left,
and stay. The recurrent A2C agents were based on the implementation from the BSuite
library (Osband et al., 2020|) and were run for 7,500 episodes of maximum length H =
100 with v = 0.99 using the Adam optimizer with learning rate 3e-4. The experiment
was repeated for three random seeds. The RNN was an LSTM with 128 hidden units

and three output heads: one for the policy, one for the value function, and one for the
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Algorithm 9 Online Tabular ()-Learning Update

r Require: Current AR-values @g\t) e RISIXMIXISI cyrrent reward vector r®), ob-
served (¢, ar, S¢+1) tuple

2: Compute Q) \-values: ng) “— (@g\t))Tr(t)
3: Select greedy action: a;41 < argmax,¢ 4 Qg)(stﬂ, a)
4: Update ®,:

CIDYH)(St, ag) CID()\t)(st, ag) + ad® . where

00 =1(s;) © (1 + AV (511, ars1))

+ (1= 1(s)) © B (041, ars1) — O (s, 0).

s: Return updated @&Hl)

AF. The base features were one-hot representations of the current state, 121-dimensional

in this case.

=.E.s Tabular GPI

Theagentisassumed to be given or have previously acquired four policies { 7o, 71, 72, 73 }
individually optimized to reach rewards located in each of the four rooms of the envi-
ronment. There are three reward locations {go, g1, g2} scattered across the rooms, each
with its own initial reward 7 = [5,10, 5] and all with A = 0.5. At the beginning of
each episode, an initial state s is sampled uniformly from the set of available states. An
episode terminates either when the maximum reward remaining in any of the goal states
is less than 0.1 or when the maximum number of steps ' = 40 is reached. Empty states
carry a reward of 0, encountering a wall gives a reward of —1, and the discount factor is

settoy = 0.97.

For each of the four policies, we learn ARs with A equal to 0, 0.5, and 1.0 using
standard dynamic programming (Bellman error curves plotted in Fig.[7.11), and record the
returns obtained while performing GPE+GPI with each of these representations over the
course of so episodes. Bellman error curves for the ARs are In the left panel of Fig.[7.s, we
can indeed see that using the correct A (0.5) nets the highest returns. Example trajectories

for each of AR are shown in the remaining panels.
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».E.6 Pixel-Based GPI

In this case, the base policies II were identical to those used in the tabular GPI ex-
periments.  First, we collected a dataset consisting of 340 observation trajectories
(00,01,...,05-1) € O with H = 19 from each policy, totalling 6, 460 observations.
Raw observations were 128 x 128 x 3 and were converted to grayscale. The previous
seven observations were stacked and used to train a Laplacian eigenfunction base feature
network in the same way as Touati et al. (2023). For observations less than seven steps
from the start of an episode, the remaining frames were filled in as all black observations
(i.e., zeros). The network consisted of four convolutional layers with 32 3 x 3 filters with
strides (2,2, 2, 1), each followed by a ReLU nonlinearity. This was then flattened and
passed through a Layer Norm layer (Ba et al., 2016) and a tanh nonlinearity before three
tully fully connected layers, the first two with 64 units each and ReLU nonlinearities and
the final, output layer with so units. The output was Lo-normalized as in [Touati et al.
(2023). This network ¢ : O7 +— RP (with D = 50) was trained on the stacked ob-
servations for 10 epochs using the Adam optimizer and learning rate 1e-4 with batch size
B = 64. To perform policy evaluation, the resulting features, evaluated on the dataset of
stacked observations were collected into their own dataset of (s, @41, St+1, @r41) tuples,
where s; £ 0;_¢.4. The “states” were normalized to be between o and 1, and a vector w
was fit to the actual associated rewards via linear regression on the complete dataset. The
AF network was then trained using a form of neural fitted Q-iteration (FQI; Riedmiller,
2005) modified for policy evaluation with AFs (Algorithm [ro0). The architecture for the
AF network was identical to the base feature network, with the exception that the hidden
size of the fully connected layers was 128 and the output dimension was D|A| = 250.
FQI was run for K = 20 outer loop iterations, with each inner loop supervised learning
setting run for L = 100 epochs on the current dataset. Supervised learning was done
using Adam with learning rate 3e-4 and batch size B = 64. Given the trained networks,

GPI proceeded as in the tabular case, i.c.,

a; = argmax maxw' o3 (s, a). (7.19)
acA  mEIl
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Figure 7.8: Learning curves for \F policy evaluation. Results are averaged over three runs,
with shading indicating one unit of standard error.

so episodes were run from random starting locations for H = 50 steps and the returns
measured. Learning curves for the base features and for AF fitting are shown in Fig.

The AF curve measures the mean squared error as in Eq. (7.18).

The feature visualizations were created by performing PCA to reduce the average
AF representations for observations at each state in the environment to 2D. Each point
in the scatter plot represents the reduced representation on the 2y plane, and is colored

according to the A-conditioned value of the underlying state.

=.E.7 Continuous Control

A-SAC See Appendixfor details.

7.E.8 Learning the AO with FB

Training the AO with the FB parameterization proceeds in much the same way as in
(Touati and Ollivier, 2021b), but adjusted for a different norm and non-Markovian envi-

ronment. We summarize the learning procedure in Algorithrn The loss function L is

derived in Appendix with the addition of the following regularizer:
| EsnpBu(s)Bu(s)" — I,

This regularizer encourages B to be approximately orthonormal, which promotes iden-

tifiability of Fy and B, (Touati and Ollivier, 2o21b).
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Algorithm 1o Fitted () \-Iteration

1 Require: Dataset of base features {¢(s) € R”} s, decay rate ), discount factor
~, reward feature vector w € R? | batch size B, learning rate o

2: Initialize A\F ¢¢ parameters O (we drop the subscript A and superscript 7 for con-
cision)

3: fork=1...,Kdo

// Stage 1: Construct dataset

D+

for (s,a) € S x Ado
for (s',a’) € S x Ado

D+~ DU{((s,a),y(s,a))} where

® N v &

y(s,a)
=W [(s) © (14 M@y (s, a")) +7(1 — ¢(s)) © G (s, a')]

o: end for
o: end for
u:  // Stage 2: Supervised learning
r:  Randomly initialize 6
13: forﬁzl,...,Ldo
14: Randomly shuffle D
15: for {((s,a),y)}2., € Ddo
16: Op < Op_1 — &Vg% Zszl (yb —wTpy, (s, ab))2
17: end for
8: end for
19: 9(k+1) — 05
20: end for

1 /
£(0,w) = @ Z (Fe(sjaaﬁZj)TBw(Sk)

j,keJ?

2
— > 7 (alsji1) Fo-(sj41, 0, %)) B- (32;)>

acA
1
~ 5 > Filsj a;,2) Bu(s))

jeJ

+ % > 1) Fulss,a5.)  Bu(s;)

jeJ
Y e (alsjen) Fo- (41,0, 2) " Bu-(s5)
acA
1 o o _
0| 5 > Bu(sj) " Bu(3k)Bu(s;) ' Bu(5k) —EZBw(Sj)TBw(Sj)
j,keJ? jeJ
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Algorithm 1x A\O FB Learning

I:

2
3:
4:

10:
I
12:
13:
14:
Is:
16:
17:
18:
19:
20:

21

22:
23:
24:
25:
26:
27:
28:
29:
30:

31
32:
33:
34:
35:

Require: Probability distribution v over R, randomly initialized networks Iy, B,,,
learning rate 7), mini-batch size B, number of episodes E, number of epochs M,
number of time steps per episode 7', number of gradient steps N, regularization co-
efficient 3, Polyak coefficient «, initial diminishing constant A, discount factor +,
exploratory policy greediness €, temperature 7
// Stage 1: Unsupervised learning phase
D+ o
forepochm =1,..., M do
for episodei = 1..., F' do
Sample z ~ v
Observe initial state s;
fort=1,...,Tdo
Select a; e—greedy with respect to Fy(s, a, 2) " 2
Observe reward r;(s;) and next state Sy41
D < DU {(s¢,a1,7(8¢), S141) }
end for
end for
forn=1,...,Ndo
Sample a minibatch {(s;, a;j, 7;(s;), sj+1) }jes C D of size | J| = B
Sample a minibatch {3, };c; C D of size |.J| = B
Sample a minibatch {s} e, 1 of size |J| =B

Sample a minibatch {z; } ;e X v of size |J| =B
Forevery j € J,setm.,(+|s;41) = softmax (Fp-(sj11,, %) 2;/T)
Update 6 and w via one step of Adam on £(f, w)
Sample a minibatch {(s;,7;(s;), sj+1,7j+1(8j41)) } jes of size | J| = B from
D
L3(N) + 55 > jes Usjr1 = s5) (rj1(sj41) — Ary(s;))?
Update A via one step of Adam on £ (6, w) (Eq. (7.20))
end for
0~ <—ab” + (1 —a)d
w4~ aw + (1 - ajw
end for
// Stage 2: Exploitation phase for a single episode with initial reward 77(s)
ZR ZSES 1(s)ro(s) Bu(s)
Observe initial state s¢
fort=1,...,Tdo
a; + argmax, 4 F(sy,a,2r)" 2r
Observe reward r;(s) and next state S;41
on e Yo 1()(3)Buls)
end for
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Figure 7.9: A simple grid and several policies.

Appendix 7.F: Additional Results

See surrounding sections.
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Figure 7.11: Convergence of dynamic programming on FourRooms with and without
stochastic transitions.
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Figure 7.12: GPI with noisy transitions in FourR ooms. To verify that performance was main-
tained even with stochastic transitions, we added a 20% probability that a given ac-
tion would result in a random transition to neighboring state. Results are consistent
with Fig. [7.s} indicating the having the correct value of A produces better perfor-

mance.

Appendix 7.G: Advantage of the Correct A

Importantly, for GPE using the AR to work in this setting, the agent must either learn or

be provided with the updated reward vector r) after each step/encounter with a rewarded
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Figure 7.10: Visualizing the SR, the AR and the FR. We can see that the ®T is equivalent to
the SR and @ is equivalent to the FR, with intermediate values of A providing a
smooth transition between the two.

state. This is because the AR is forward-looking in that it measures the (diminished) ex-
pected occupancies of states in the future without an explicit mechanism for remember-
ing previous visits. For simplicity in this case, we provide this vector to the agent at each

step—though if we view such a multitask agent as simply as a module carrying out the
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Figure 7.13: A 3-state toy environment.

directives of a higher-level module or policy within a hierarchical framework as in, e.g.,
Feudal RL (Dayan and Hinton, 1992}, the explicit provision of reward information is not
unrealistic. Regardless, a natural question in this case is whether there is actually any value
in using the AR with the corret value of A in this setting: If the agent is provided with the
correct reward vector, then wouldn’t policy evaluation work with any AR?

To see that this is not the case, consider the three-state toy MDP shown in Figure
Fig. [7.13, where 7(s1) = 10, 7(s2) = 6, 7(so) = 0, A(s1) = 0, A(s2) = 1.0, and
v = 0.99. Attime ¢t = 0, the agent starts in 5. Performing policy evaluation with
A(s1) = A(s2) = 1 (i.e., with the SR) would lead the agent to go left to s;. However,
the reward would then disappear, and policy evaluation on the second step would lead
it to then move right to sy and then s;, where it would stay for the remainder of the
episode. In contrast, performing PI with the correct values of A would lead the agent
to go right to sy and stay there. In the first two timesteps, the first policy nets a total
reward of 10 4 0 = 10, while the second policy nets 6 + 5.94 = 11.94. (The remaining
decisions are identical between the two policies.) This is a clear example of the benefit
of having the correct ), as incorrect value estimation leads to suboptimal decisions even

when the correct reward vector/function is provided at each step.

Appendix 7.H: The A Operator

To learn the AO, we would like to define ®7(s;, ds’) = ¢T (s, 8')pu(ds’) for some base

policy ;1. However, this would lead to a contradiction:

B(s, AUB) = [ GF(s.ds)u(ds) + [ GFs,a5)n(ds) = 85, 4)+ (s, B
A B

for all disjoint A, B, contradicting Lemmal7.B.4]
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For now, we describe how to learn the AO for discrete S, in which case we have
OT(s,s') = i(s,s")u(s"), ie., by learning ¢ we learn a weighted version of ®. We

define the following norm, inspired by Touati et al. (2023):

()]

where p is any density on S. In the case of finite S, we let 11 be the uniform density. We

[8312 £ E -,
~L

then minimize the Bellman error for @3 with respect to || - |2 , (dropping the sub/super-

scripts on ® and ¢ for clarity):

L(D) = |lop— (I © ALT + MyPop) +y(A1T + 1) © PTop)|?,

I(s; =¢)
= Es ~p,s'~ [( 5 N —
t~p, © @(St 5) N(S/)
I(s; =¢) - ) 2
Tl )\>WESH1~P”(~|&)®(SH17 $') = VB 1 (15 P(St41, S />) ]

+c 2
- ]Est78t+1N,078’NM [((,D(St, ) ’790(575-"-17 )) }

(St =)
St ySt417~pP [Z ,u St> - N

p(s')

+ 2’7(1 - st »St417p [Z :u St’ (St+17 /)N(Sl)%]

= Esyps01mp,s/mp [(@(St, 8/) — YP(St41, 5/))2} - QEswp[@(St? 5t)]

+ 2/7(1 - )‘)]Est,SHle[M(St)QO(Sta St)@(&f-‘rh St)L

Note that we recover the SM loss when A = 1. Also, an interesting interpretation is that
when the agent can never return to its previous state (i.e., ¢(S¢41, 5¢) = 0), then we also
recover the SM loss, regardless of A. In this way, the above loss appears to “correct” for

repeated state visits so that the measure only reflects the first visit.
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Figure 7.14: Performance of the AO-FB with two values of \. Results averaged over six seeds
and 10 episodes per seed. Error bars indicate standard error.
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(7.21)

=K

Even though the MO is not a measure, we can use the above loss to the continuous

D(s,ds’)

case, pretending as though we could take the Radon-Nikodym derivative A(ds)

7.H.9 Experimental Results with the FB Parameterization

To show that knowing the correct value of A leads to improved performance, we trained
AO with the FB parameterization on the FourRooms task of Fig. but with each
episode initialized at a random start state and with two random goal states. Average per-
epoch reward is shown in Fig.m We tested performance with Aue, Aggene € {0.5, 1.0},
where Ay denotes the true environment diminishing rate and Aygene denotes the dimin-
ishing rate that the agent uses. For the purpose of illustration, we do not allow the agent
to learn A\. We see in Fig. that using the correct A leads to significantly increased per-
formance. In particular, the left plot shows that assuming A = 1, i.e., using the SR, in a

diminishing environment can lead to highly suboptimal performance.

Hyperparameters used are given in Table[7.1(notation as in Algorithm|u).
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Hyperparameter Value

100
100
25
128
50
0.99

0.95§
0.001I

200
I

"SR NwzmE

Table 7.1: AO-FB hyperparameters.

7.H.xo \O and the Marginal Value Theorem

To study whether the agent’s behavior is similar to behavior predicted by the MVT, we
use a very simple task with constant starting state and vary the distance between rewards
(see Fig. a)). When an agent is in a reward state, we define an MV T-optimal leaving
time as follows (similar to that of (Wispinski et al., 2023) but accounting for the non-

stationarity of the reward).

Let R denote the average per-episode reward received by a trained agent, 7(s;) de-
, , , . , ¢
note the reward received at time ¢ in a given episode, R, = >, _, r(s,) denote the total
reward received until time ¢ in the episode, and let 7" be episode length. Then, on average,
the agent should leave its current reward state at time ¢ if the next reward that it would
receive by staying in sy, i.e., Ar(s;), is less than
R — R,
i

In other words, the agent should leave a reward state when its incoming reward falls below
the diminished average per-step reward of the environment. We compute 2 by averaging
reward received by a trained agent over many episodes.

Previous studies have trained agents that assume stationary reward to perform for-

aging tasks, even though the reward in these tasks is non-stationary. These agents can still

achieve good performance and MV T-like behavior (Wispinski et al., 2023). However, be-
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b y=0.99 ¢ y=1.0
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Figure 7.15: Analysis of MVT-like behavior of AO-FB. a) Three environments with equal
start state and structure but different distances between reward states. b) Difference
between the agent’s leave times and MV T-predicted leave times for v = 0.99, with
discounting taken into account. The agent on average behaves similar to the dis-
counted MVT. ¢) Difference between the agent’s leave times and MV T-predicted
leave times for v = 1.0, i.e., with no discounting taken into account. The agent on
average behaves similar to the MVT. Results for (b) and (c) are averaged over three
seeds. Error bars indicate standard error.
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cause they target the standard RL objective

St = S|,

Z Y (sesk)
k=0

which requires v < 1 for convergence, optimal behavior is recovered only with respect
to the discounted MV'T, in which R (and in our case, ;) weights rewards by powers of
v (Wispinski et al., [2023).

In Fig. [7.14{b-c) we perform a similar analysis to that of (Wispinski et al.} 2023) and
show that, on average over multiple distances between rewards, AO-FB performs simi-
larly to the discounted MVT for v = 0.99 and the standard MVT for v = 1.0. An
advantage of the AO is that it is finite for 7y = 1.0 provided that A\ < 1. Hence, as op-
posed to previous work, we can recover the standard MVT without the need to adjust for

discounting.

Hyperparameters used are given in Table(notation as in Algorithm .

Appendix 7.I: SAC

Mitigating Value Overestimation One well-known challenge in deep RL is that the
use of function approximation to compute values is prone to overestimation. Standard
approaches to mitigate this issue typically do so by using fwo value functions and ei-

ther taking the minimum min;e (1 2y Q7 (s, a) to form the Bellman target for a given
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(s,a) pair (Fujimoto et al., 2018) or combining them in other ways (Moskovitz et al.,
2021b). However, creating multiple networks is expensive in both computation and
memory. Instead, we hypothesized that it might be possible to address this issue by us-
ing A\-based values. To test this idea, we modified the Soft Actor-Critic (SAC; Haarnoja
et al., |2018) algorithm to compute AFs-based values by augmenting the soft value target

Tooft@Q = 1t + YEViost(se41), where Vi1 (s141) is given by the expression

Bopiimn(lsisn) | @(Strts 1) + (A = DW' (¢(s4, ar) © @a(Se41, arq1))

— alogm(az | 3t+1)}

A derivation as well as pseudocode for the modified loss is provided in Section[7.E.7. Ob-
serve that for A = 1, we recover the standard SAC value target, corresponding to an as-
sumed stationary reward. We apply this modified SAC algorithm, which we term A\-SAC
to feature-based Mujoco continuous control tasks within OpenAI Gym (Brockman etal.,
2016). We found that concatenating the raw state and action observations ta = [s¢, ]
and normalizing them to [0, 1] make effective regressors to the reward. That is, we com-
pute base features as

b _ be — min, ¢?

maxg 952 — min, (51’5”

where b indexes (s;, a;) within a batch. Let X € [0, 1]%*? be the concatenated matrix

of features for a batch, where D = dim(S) + dim(.A). Then,

w, = (XTx)™

XTr,

where here r denotes the vector of rewards from the batch. In addition to using a fixed
A value, ideally we'd like an agent to adaptively update A to achieve the best balance of
optimism and pessimism in its value estimates. Following|Moskovitz et al. (2021b), we
frame this decision as a multi-armed bandit problem, discretizing X into three possible
values {0, 0.5, 1.0} representing the arms of the bandit. At the start of each episode, a

random value of A is sampled from these arms and used in the value function update.
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The probability of each arm is updated using the Exponentially Weighted Average Fore-
casting algorithm (Cesa-Bianchi and Lugosi,2006), which modulates the probabilities in
proportion to a feedback score. As in Moskovitz et al.| (2021b), we use the difference in
cumulative (undiscounted) reward between the current episode ¢ and the previous one
¢ — 1 as this feedback signal: R, — R,_;. Thatis, the probability of selecting a given value
of X increases if performance is improving and decreases if it’s decreasing. We use iden-
tical settings for the bandit algorithm as in|Moskovitz et al. (2021b). We call this variant

A-SAC.

We plot the results for SAC with two critics (as is standard), SAC with one critic,
SAC with a single critic trained with AF-based values (“2-SAC” denotes SAC trained
with a fixed A = z), and A-SAC trained on the HalfCheetah-v2 and Hopper-v2 Mujoco
environments. All experiments were repeated over eight random seeds. HalfCheetah-va
was found by Moskovitz et al. (2021b) to support “optimistic” value estimates in that even
without pessimism to reduce overestimation it was possible to perform well. Consistent
with this, we found that single-critic SAC matched the performance of standard SAC, as
did 1-SAC (which amounts to training a standard value function with the auxiliary task of
SF prediction). Fixing lower values of A performed poorly, indicating that over-pessimism
is harmful in this environment. However, A-SAC eventually manages to learn to set A =
1 and matches the final performance of the best fixed algorithms. Similarly, in|Moskovitz
et al. (2021b) it was observed that strong performance in Hopper-v2 was associated with
pessimistic value estimates. Consistent with this, \-SAC learns to select lower values of A,
again matching the performance of SAC while only requiring one critic and significantly
reducing the required FLOPS Fig.[7.17. We consider these results to be very preliminary,
and hope to perform more experiments on other environments. We also believe A\-SAC
could be improved by using the difference between the current episode’s total reward and
the average of the total rewards from previous episodes Ry — (¢ —1) ! Zf;ll R;asamore
stable feedback signal for the bandit. There is also non-stationarity in the base features due

to the per-batch normalization, which could also likely be improved. Hyperparameters

are described in Table
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Hyperparameter Value
Collection Steps 1000
Random Action Steps 10000
Network Hidden Layers 256:256
Learning Rate 3 x 1074
Optimizer Adam
Replay Buffer Size 1 x 108
Action Limit [—1,1]
Exponential Moving Avg. Parameters 5x 1073
(Critic Update:Environment Step) Ratio I
(Policy Update:Environment Step) Ratio I
Has Target Policy? No
Expected Entropy Target —dim(.A)
Policy Log-Variance Limits [—20, 2]
Bandit Learning Rate* o.I
A Options* {0,0.5,1.0}

Table 7.2: Hyperparameters for SAC Mujoco experiments. *Only applicable to A-SAC
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Appendix 7.J: Replenishing Rewards

We list below a few candidate reward replenishment schemes, which are visualized in

Fig. @

Time elapsed rewards

r(s,t) = \HeD/MEDE(5)

where m(s, t) is the time elapsed since the last visit to state s:
m(s,t) £t —max{jls;; =s,0<j<t—1}.

Due to the max term in m(s, t), the corresponding representation

Ew Z ,yk/\n(s,t)/m(s,t)ﬂ(st+k _ S/>

St = S]
k=0

does not admit a closed-form recursion. However, we empirically tested a version of this

type of reward with ()5-learning in the TwoRooms environment, modified so that the
exponent on A is n(s,t)/(0.1m(s, t)). This was done so that reward replenishes at a
slow rate, reducing the deviation from the standard diminishing setting. Episode length
was capped at I = 100. All other settings are identical to the ) experiment described
in Appendix[7.E] Results are presented in Fig. [7.19]and a GIF is included in the supple-

mentary material.

Eligibility trace rewards

t—1
r(s,t) = (1 — (1= A) ) AT (s = s)) 7(s),
=0
where Ay, A, € [0, 1] are diminishment and replenishment constants, respectively. De-

noting the corresponding representation by (07, i.e.,

0" (s,s)
k

> Ak (1 — (=) D> M54y = 5’)) L(spsp, = &)

J=0

=E

St:S],
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Time Elapsed Eligibility Trace Total Time

Time Time Time

Figure 7.18: Visualizing three different replenishment schemes. For all schemes, 7(s) = 1
andvisitsto sareatt = 2, 5. (Left) The time elapsed reward with A = 0.5; (Middle)
The eligibility trace reward with A, = Ay = 0.5; (Right) The total time reward
with A\g = 0.5, A\, = 0.9.

we obtain the following recursion:

(s, ) = L(s = ) (0t = AL = A)Euyrmpm(i M, (5151, 8))

us /
+ 7E5t+1~p’“(-\5)9 (5t41,5),
where M7, ~denotes the successor representation of 7 with discount factor yA,. This

representation could be learned by alternating TD learning between 2™ and M7, . We

leave this to future work.

Total time rewards

r(s, t) = A1 At ()

where \g, A, € [0, 1] are diminishment and replenishment constants, respectively. The

St_S],

corresponding representation is

[e.e]

PTI'(S’ 8/) . ) Z,}/kAZt(s’,k))\ffnt(S/’k)1(8t+k _ 8/)
k=0

which satisfies the following recursion:

P (s,s)=1(s=5)+v(Nal(s =5)+1

~1(s = (1= 1(s = ) + Ls = 8)Euy g P (51041, ).

While neither the reward nor the representation are guaranteed to be finite, P™ could be

learned via TD updates capped at a suitable upper bound.
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Figure 7.19: Performance on TwoRooms with replenishing rewards. Return is averaged
over five runs, with shading indicating one unit of standard error.

Appendix 7.K: A vs. v

We now briefly discuss the interaction between the temporal discount factor ¥ commonly
used in RL and the diminishing utility rate A. The key distinction between the two is that
all rewards decay in value every time step with respect to 7, regardless of whether a state
is visited or not. With \, however, decay is specific to each state (or (s, a) pair) and only
occurs when the agent visits that state. Thus, v decays reward in a global manner which
is independent of the agent’s behavior, and A decays reward in a local manner which de-
pendent on the agent’s behavior. In combination, they have the beneficial effect of ac-
celerating convergence in dynamic programming (Fig. [7.11). This indicates the potential
for the use of higher discount factors in practice, as paired with a decay factor A, similar
(or faster) convergence rates could be observed even as agents are able to act with a longer

effective temporal horizon.

Appendix 7.L: Compute Resources

The AF-based experiments shown were run on a single NVIDIA GeForce GTX 1080
GPU. The recurrent A2C experiments took roughly 30 minutes, base feature learning for
policy composition took approximately 45 minutes, AF learning for policy composition
took approximately 1o hours, and the SAC experiments took approximately 8 hours per
run. The AF training required roughly 30GB of memory due to the size of the dataset.

All experiments in Section E and Appendix were run on a single RTXs000 GPU
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and each training and evaluation run took about 30 minutes. All other experiments were
run on a 2020 MacBook Air laptop 1.1 GHz Quad-Core Intel Core is CPU and took less

than one hour to train.
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Chapter 8

General Conclusions

8.1 Summary

Recalling Chapter the question which motivated the work presented in this thesis was

as follows:
How can bounded agents learn and act efficiently in a seemingly unbounded world?

The answer to this question, in the most general sense, is st7ucture: patterns in the world
and in the goals an agent wishes to accomplish allow it to identify how to act with much
less computational expense than would otherwise be possible. The last five chapters have
focused on two forms of structure which are plausibly present in real world decision-
making and which can be exploited by decision-makers.

Part I described how shared behavioral structure across tasks can be used by agents
to learn new policies more quickly. Specifically, Chapter |3/ showed that the smaller the
largest disagreement among optimal policies is for a group of tasks, the more quickly
that an agent can learn to solve new tasks from the same group. This structure is cap-
tured in the form of a default policy which asymptotically approaches the barycenter of
the optimal policies for the task family faced by the agent. The decision-making control
policy is then guided by a KL penalty for deviating from the default policy. While this
approach can provide significant speed-ups in learning when such behavioral structure is
present, it can fail if the default policy overfits to optimal policies seen early in training
whose decisions don’t reflect the overall behavioral patterns required for the population

of tasks at hand. Chapteraddresses this shortcoming, deriving a minimum description
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length-inpsired policy optimization objective which regularizes the complexity of the de-
fault policy to prevent it from overfitting in this way. This approach, MDL-C, achieves
both theoretical performance guarantees and strong empirical performance in discrete
and continuous control tasks. In Chapter E, MDL-C is applied to a variety of behavioral
simulations from cognitive control, reward-based learning, and judgment and decision-
making, and is found to qualitatively match human and animal decision-making patterns

which are consistent with dual process theories of cognition.

Part IT focused on the advantages afforded to agents by a different form of structure:
consistent environment dynamics across tasks. Previous work (Dayan,1993; Barreto et al.,
2017) established that this form of structure can be used to learn the successor represen-
tation (SR), a state representation which enables an agent to quickly perform policy eval-
uation and generalized policy improvement (GPI) for new tasks. In Chapter[6] the SR
is extended to account for tasks whose rewards are depleted after they are first accessed.
While seemingly esoteric, this form of reward structure underpins many artificially and
biologically relevant decision-making problems, such as efficient path planning, targeted
exploration, foraging, and escape from predation. Like the SR, the resulting representa-
tion, the first-occupancy representation (FR), can be used for policy evaluation and GPI
for tasks whose reward structures obey this “first occupancy” principle. However, unlike
the SR, the FR can also be used as the basis of a shortest-path planning algorithm over
policies. A static reward structure (the standard in MDPs) and a first occupancy-based
reward structure represent two extremes of reward persistence, while often the degree to
which stimuli are rewarding diminishes at intermediate rates across repeated exposures.
This principle of diminishing marginal utility, well-studied in behavioral economics and
psychology, has received scant attention in machine learning. Chaptershows that solv-
ing tasks with this form of reward structure efficiently requires that an agent learn a rep-

resentation which generalizes the SR and the FR, which we term the A-representation.

8.2 Discussion

A promising direction for future work would be to consider the interactions between

these (and other) forms of structure. Agents which could both learn policies more
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quickly and compose them efficiently using these strategies would be exciting from the
points of view of both machine learning and neuroscience. There are many interesting
questions to be explored in creating agents which can both learn and compose policies,
such as when composition rather than learning is “good enough” and which policies a
bounded agent should maintain. Moreover, as discussed in Chapter E, the decompos-
ability of an agent’s goals and objectives into separate tasks is itself a form of structure,
and one question that this thesis does not address (apart from FR planning for subgoal
identification in navigation) is how to identify and exploit this structure, breaking down
a long-horizon goal into the optimal sequence of manageable sub-problems. There are
already promising works studying this problem in both machine learning (Singh, 1992;
McGovern and Barto, 2001 Veeriah et al., 2o21; Hafner et al., 2022;|Dayan and Hinton),
1992; Vezhnevets et al., por7; Xie et al., 2021) and neuroscience (Braver and Bongiolatti,
2002; Correa et al., 2020; Shamash et al., 2021b; Correa et al.,[2023), and integrating these

ideas with those presented here is an exciting prospect.

Finally, it’s worthwhile to consider the implications of the results presented here
for the recent advances in developing extremely large-scale models for not only language
modeling but also increasingly other modalities such as vision. These so-called founda-
tion models (Bommasani et al., 2021), consisting of billions or trillions of parameters and
trained on vast amounts of data, are driving rapid advances in machine learning across
a variety of domains. There are three main avenues through which the methods dis-
cussed in this thesis can be relevant. First, while the majority of the FLOPs expended
while training these models are spent in a self-supervised pre-training phase, an impor-
tant component of this process is to fine-tune the resulting models to solve problems
for which defining a clear self-supervised or supervised learning problem is challenging
(e.g., to behave like a helpful chatbot) using reinforcement learning from human feed-
back (RLHF; |Christiano et al., por7). A common approach in RLHF is to fine-tune a
model using policy optimization with a KL penalty with respect to the same model as
it was before the start of RLHF. This is the exact scenario (in that the KL penalty is ap-
plied with respect to a default policy that is not necessarily similar to the control policy)

studied in the single-task results of Chapter and applying the results derived there to
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improve RLHF could constitute a valuable contribution to the training process for these
models. Second, an inability to perform consistent, grounded reasoning is a weakness
of current models. One promising direction of work on this problem proposes to iter-
atively prompt these models when deployed to allow them to implement various search
or planning strategies for more coherent reasoning (Zhou et al., 2023; |Yao et al., 2024).
Insights from methods like FR planning (Chapter [6) could be helpful in this pursuit.
Finally, there is a major effort underway to make these models more “agentic” (Di Palo
et al., 2023)—that is, to give them the ability to take actions within their environments
(e.g., web interaction (Nakano et al., 2021) or robotics (Brohan et al.; 2022)) and adapt
appropriately to sparse, delayed feedback to solve long-horizon tasks. RL likely has much

to contribute to this venture.
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