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Abstract

This paper presents a novel semi-implicit two-phase double-point Material Point Method (MPM) for modelling large defor-
mation in geotechnical engineering problems. To overcome the computational limitations of explicit methods, we develop
a semi-implicit approach that eliminates time step dependency in soil-water coupled problems. Unlike existing single-point
methods that use one set of material points to represent soil-water mixtures, our approach employs two distinct sets of material
points to model soil and water phases separately. To address MPM’s inherent stress oscillations, we introduce a stabilisation
technique based on the modified F-bar method. Through validation against Terzaghi’s one-dimensional consolidation theory,
one-dimensional large deformation consolidation, and large deformation slope stability studies, our method demonstrates
superior performance. Further testing with the hyperelastic Nor-Sand constitutive model in landslide simulations reveals that
the double-point approach produces significantly more reliable results than single-point methods, particularly for dilatant
soils. Notably, while implementing two sets of material points, our method incurs less than 10% increase in computational
cost while achieving markedly improved accuracy. These findings establish the double-point MPM as a robust and efficient

approach for analysing large deformation geotechnical problems under fully saturated conditions.

Keywords Material point method - Incremental fractional-step method - Finite strain - Stabilisation - Slope stability

1 Introduction

The material point method (MPM), originally developed by
Sulsky etal. [1], has become a popular numerical tool to solve
large deformation geotechnical problems in recent years [2,
3]. Frequently, coupled analysis in saturated soils is of cru-
cial importance in geotechnical engineering, but adds more

B Mian Xie
mian.xie.18 @ucl.ac.uk

Pedro Navas
pedro.navas @upm.es

Susana Lopez-Querol
s.lopez-querol @ucl.ac.uk

Department of Civil, Environmental and Geomatic
Engineering, University College London, Gower Street,
London WCIE 6BT, UK

School of Engineering and Design, London South Bank
University, 103 Borough Road, London SE1 0AA, UK

ETSI Caminos Canales y Puertos, Universidad Politécnica de
Madrid, Calle Profesor Aranguren 3, Madrid 28040, Spain

complexity to the analysis than only dealing with a single
phase.

Existing soil-water coupled (two-phase) MPMs can be
classified into two categories: the single-point and the
double-point approaches. In a two-phase, single-point MPM
[4-11], one set of material points is used to model the
soil-water mixture. The same set of material points carries
information for both soil and water phases, for example, the
stress (soil phase) and the pore pressure (water phase). In this
case, the properties of the water phase, such as pore pressure,
are attached to the soil material points, and the water phase
follows the movement of the soil skeleton [12]. Therefore,
the relative acceleration between the soil and water phases is
normally ignored for simplicity [2].

In a two-phase, double-point MPM [13-16], two sets of
material points are used to model soil and water indepen-
dently. The soil and water material points carry their own
information. In addition, the movement of the water material
points is no longer attached to the soil skeleton. The super-
position of the soil and water material points represents the
soil-water mixture. The stored information is mapped from
the soil and water material points to the same grid nodes
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where the governing equations of the mixture are resolved.
Compared with the single-point approach, the obvious dis-
advantage is that it requires a higher computational effort
because of the additional set of material points. The advan-
tage, however, is that the double-point approach is more
suitable to model problems such as seepage, erosion, and
submarine landslides, in which the movement of the soil and
fluid phases is considerably different. Furthermore, Soga et
al. [2] claim that it is important to use a double-point approach
when the relative acceleration between the soil and water is
high. However, they neither provide a clear recommenda-
tion for this limiting relative acceleration, nor a numerical
example to compare the differences of both procedures.

Zheng et al. [9] reviewed the existing MPM studies for
large deformation problems in fluid-saturated porous media.
From Zheng et al. [9], we can see that only very basic
constitutive models, such as elastic, Drucker-Prager, and
Mohr-Coulomb, are used in these soil-water coupled anal-
yses. Exceptions are the works of Ceccato et al. [17] and
Martinelli and Galavi [18], where the modified Cam-Clay
model is employed to study penetration problems. Recently,
Di Carluccioetal. [19] and Lino et al. [20], from the Anura3D
community, studied the problem of landslides using the Ta-
Ger and SANISAND models, respectively. Therefore, the
performance of advanced constitutive models under large
deformation soil-water coupled problems remains to be stud-
ied in depth. Recent studies of the pile installation in the
single-phase MPM also emphasise the importance of using
an advanced constitutive model to study a large deformation
problem [21-24]. From all these existing soil-water coupled
MPM studies in the literature that use advanced soil models
[17-20], we can conclude that an explicit dynamic coupled
MPM has been implemented in all cases. An advanced soil
model may not be feasible in an implicit coupled MPM for-
mulation at the moment due to convergence issues under large
deformation ranges, because implicit algorithms require a
stiffness matrix derived from the constitutive model and the
derivation of this matrix may be challenging for those mod-
els under large deformation. Further research is yet needed
in this line.

By contrast, it is well known that the stiffness matrix is not
needed in an explicit MPM. However, a fully explicit soil—
water coupled MPM requires a very small time step compared
with an implicit approach. The critical time step of an explicit
approach can be determined by the well established Courant—
Friedrichs—Lewy (CFL) condition [25], according to which
the critical time step is inversely proportional to the bulk
moduli of the mixture. Therefore, in this case, the water phase
dominates the critical time step because its bulk modulus is
much higher than that of the soil, resulting in a very small time
step. Furthermore, Mieremet et al. [26] found that the critical
time step is also related to the permeability for an explicit
two-phase method. Under low-permeability conditions, the
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actual critical time step is even smaller than the one given by
the CFL condition.

Yamaguchi et al. [16] developed a semi-implicit, double-
point MPM, based on the fractional-step method proposed by
Kularathna and Soga [27]. Semi-implicit means that the soil
phase is explicit, while the water phase is solved implicitly.
Therefore, the critical time step of a semi-implicit MPM is
dominated by the CFL condition of the soil phase, resulting in
a significant improvement in computational efficiency com-
pared with an explicit, two-phase MPM. In addition, the pore
pressure is more stable in the fractional-step method because
it satisfies the inf-sup condition. However, Kularathna et al.
[10] realised that the dissipation of the pore pressure in this
fractional-step method depends on the time step, resulting in
poor performance in geotechnical applications. For the same
reason, the critical time step in the approach Yamaguchi et
al. [16] proposed requires a very small time step (far smaller
than the CFL condition) in the case of low permeability
to maintain numerical stability. Therefore, Kularathna et al.
[10] developed a semi-implicit single-point MPM based on
an incremental fractional-step method to remove the depen-
dency of the time step. Yuan et al. [11] significantly improved
the computational efficiency of the work of Kularathna et al.
[10] by introducing a novel representation of the drag force
between soil and water phases. However, the work of Yuan
et al. [11] is still based on a single-point formulation. The
model developed by Pan et al. [28] is also a semi-implicit
approach, but the water phase is solved implicitly using the
Eulerian finite element method (FEM). This MPM-FEM cou-
pled approach has advantages in the definition of the free
water surface and the treatment of inflow and outflow bound-
aries [28]. Therefore, it is more appropriate for problems such
as submarine landslides in which free water dominates the
problem. Nevertheless, a very basic constitutive model, either
Mohr—Coulomb or Drucker—Prager, is used in these studies.
The performances of the MPMs have to be investigated using
a more advanced soil constitutive model.

In the current study, we further derive a semi-implicit,
two-phase, double-point MPM from the single-point method
proposed by Yuan et al. [11]. The novelty of this research
compared with Yuan et al. [11] is that the weak forms are
discretised using two sets of material points to represent the
soil and water phases separately. Also, the higher-order B-
spline shape function is used in this research. The soil and
water phases of the proposed method are stabilised with a
new method that is developed to fully eliminate volumetric
locking, based on the modified F-bar method proposed by
Xie et al. [29]. The newly developed modified F-bar method
is specially tailored for higher-order shape function and
advanced constitutive model. Nor-Sand constitutive model
is implemented in the proposed method to highlight the
different results obtained with the single-point and double-
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point approaches, and the importance of using a double-point
MPM is concluded.

The rest of this paper is organised as follows: Section2
introduces some basic concepts, assumptions, and governing
equations for the proposed semi-implicit two-phase double-
point MPM. Then, the time discretisation of these governing
equations, based on the incremental fractional-step method,
is presented in Sect.3. In Sect.4, the weak form, spa-
tial discretisation, and numerical algorithm for the newly
developed semi-implicit, two-phase, double-point MPM are
presented. The finite strain constitutive models and stabilisa-
tion methods are also discussed in Sect. 4. Section 5 presents
some numerical models for validation and study purposes,
including Terzaghi’s one-dimensional consolidation, one-
dimensional large deformation consolidation, slope stability
with the Mohr-Coulomb model, as well as landslides with
the Nor-Sand model. Finally, Sect.6 concludes the impor-
tant findings and limitations of this research.

2 Governing equations

In the soil-water mixture employed hereinafter, it is assumed
that the soil is fully saturated. As previously mentioned, we
use two sets of material points to represent the soil and water
phases separately, and the mixture is considered to be the
superposition of the soil and water material points. Both
soil and water phases follow the Lagrangian descriptions.
In this paper, the subscripts s and w represent the soil and
water phases, respectively. Therefore, the coordinates of the
soil and water material points in the reference configura-
tion (undeformed) are written as X and X,,, respectively.
Similarly, the spatial coordinates (in current or deformed
configuration) for soil and water material points are x; and
Xy, respectively. The reference and spatial coordinates of a
material point are related by a motion xy:

xOl = XO((XOU t)? (1)

where the subscript @« = s, w represents either soil or water,
and ¢ denotes the time elapsed from the reference to the cur-
rent configuration. For the updated Lagrangian formulation
adopted in this research, the last converged configuration at
time 7 is taken as the reference configuration for the next time
stepz + 1.

The velocity v, and acceleration a, for soil or water mate-
rial points are defined as

doX o

Vg & (2
dyvy

ay ar (3)

According to the mixture theory, the density of mixture p
is defined as

p = (1—n)ps+npy, “

where n is the porosity of soil, p; is the density of soil grains,
and p,, is the density of the water. For simplicity, both soil
grains and water densities remain constant during the analy-
sis, while porosity is updated throughout the simulation. We
also assume a small porosity gradient to simplify the deriva-
tion (that is, Vn = 0).

In this research, Terzaghi’s effective stress principle is
adopted. Therefore, the total stress of soil o is defined as

oy=0"+(—n)pyl, (&)

where o is the effective stress of the soil skeleton, p is the
pore water pressure, and I is the identity tensor. The stress
of water o, is defined as

oy =pul. (6)

In this paper, to ease the numerical implementation, tension
is always considered with a positive sign convention for both
soil stress and pore pressure.

2.1 Conservation of mass

In this research, both the soil grains and the water are assumed
as incompressible, and it can be mathematically written as

dy P
—— =0. 7
i (7

By taking into account the assumption of incompressibility,
the mass conservation equations for the soil and water phases
can be written as

dg (1 —

S=m v =0, ®)
dr

and

dyn

st+nV-vw:O, 9)

where

de (@) 9O

= — -Vv(@). 1

& 5 + v, - V(D) (10)

By summing up Egs. (8) and (9), the mass conservation equa-
tion for the mixture can be obtained as

V-[(l=n)vs +nvy,] =0. an

@ Springer



3392

Computational Particle Mechanics (2025) 12:3389-3419

We assume that the porosity gradient is very small in this
research. Therefore, Eq. (11) can be simplified as

1-n)V-vg+nV-v,=0. (12)
2.2 Conservation of momentum

The momentum conservation equations for the soil and water
phases can be written as

(I —n) psag =V'[0/+(1—n)17w1]
+(1 —n)psb + p, (13)

and
npyay=V-0pyl)+npyb—p, (14)

where b’ ! is the body force and p represents the momentum

interaction between soil skeleton and water. By assuming

a laminar flow (i.e. linear Darcy’s law) and neglecting the

buoyancy term (i.e. py V n), the momentum interaction p

can be written as

n? Pw 8
k

p= (W —vy), (15)
where g A~ 9.81m /s is the gravity acceleration and k is the
hydraulic conductivity with units of [m/s].

By adding Egs. (13) and (14), the momentum conservation
equation for the mixture can be obtained as

(I—-n)psas+npya, =V- (0'/+Pw1)
+(1 —=n)psb+npyb. (16)

3 Time discretisation and fractional-step
method
Equations (16), (14) and (12) are the governing equations

used in this research. Their time-discretised forms can be
written as

(1—n")psa™ +n' pyalft =v.o" + V- (p,D)

+(1 —n") ps b + 1’ py, b, (17)

n' pyaltt =n' V. (piF) £ n' p, b — p, (18)
1 1

A—n") V-t 4n' vt =0, (19)

where the superscript 7+ 1 denotes the corresponding variable
at the next configuration.

The idea of the fractional-step method is to introduce an
intermediate velocity v (i.e. a velocity field between v/, and
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vfjl) to split the governing equations. As a result, the cal-
culation of pore pressure and velocity can be decoupled. In
general, the fractional step method is a prediction-correction
scheme. First, the intermediate velocity v’ is predicted based
on the variables in the current configuration. Then, the pore
pressure for the next configuration pfj’l can be implicitly
calculated based on the intermediate velocity v. Finally,
the true velocity for the next configuration vfj‘ is updated
based on pressure p{j] and intermediate velocity v. This
intermediate velocity field does not necessarily satisfy the
incompressibility constraint. Therefore, the pore pressure
instability due to incompressibility can be solved by intro-
ducing this intermediate velocity field.

By introducing the intermediate velocity, the acceleration

on the next configuration afj‘l can be split as
t+1 t t+1 * * t
t+1 Vy —Vy _ vy — Y,y vy — Uy 20
al” = = + . (20
At At At

By introducing Eq. (20) into Eq. (17), this time-discretised
momentum conservation equation for the mixture can be split
into two parts:

vi—vl v — vl
(= po == on' pu = o = V0"

V-l D+ (A =n) pb™ 40 oy, b (20)

and
vt‘-i-l —p* vt+1 —v*
(I —n') ps—=—-—= Y +n' py———= A =
= V(i = pl). (22)

Similarly, the time-discretised momentum conservation
equation for the water phase (i.e. Eq. 18) can also be split
into two parts:

vi —of R
Vltpw%:n’V-(pfvl)+n’,owb’+1 - D, (23)
and

vH—l _ % .

n' py =t =0 V(P = pl,), (24)

In Eq. (23), we adopt the momentum interaction term pro-
posed by Yuan et al. [11], which has a form of

12
w8

& * —v). (25)

w N

p=

Substituting Eq. (25) into Eq. (23) and rearranging the equa-
tion, we can have

ot « (1 nt_g — V! t o pitl
PwVy, At+kt =n Vp, +n py
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+n"2pwg P 26) .
v vy, _
ke A f svs - (1 —n')ps =25 gy
Q At
The advantage of using Eq. (25) is that the intermediate veloc- N Soo ot v — vl Jv -
ity of water v}, is the only unknown variable in Eq. (26). As Q, w Pw At -
a result, the intermediate velocity of water v}, can be easily p )
obtained using an explicit approach. With v} in hand, the B ‘/;23' Vévs o dV + /mr dvs - TdS —
intermediate velocity of soil v} becomes the only unknown . . et
variable in Eq. (21), which can also be solved explicitly. / vV(va (pyDdv +/ Svs - (1 —n)ps b dV
In the original method proposed by Kularathna et al. [10], , i ‘
the intermediate velocities of soil and water must be solved + / vy -1’ pwb AV, (28)
simultaneously, resulting in significant computational effort. ‘
Rearranging Eqgs. (22) and (24), the velocities in the next d
time step, vfj], are obtained. Substituting these velocities an
v *! into the mass conservation equation for the mixture "
. . . pitl
(Eq. (19)), we can obtain the Poisson equation / S, - (1 — n')pg o8 = S 4V
Qs
(1=n")V-vi+n" V.0 1 _ gy
1—-n" n +/ 3Uw'nt,0w—wA Ldv
+At ( + —) Vi(pitt — ply=o0. (27) w !
Ps Pw t 1+1 t
= (1 =n")Vovs : (p, — py)dV
As we can see in Eq. (27), the only unknown is the pore 2
. 1 . .
Presls.u.rgc1 increment (p’,f! — p!), which can be obtained +f9 n' Vév,, : (p,tfl —pl)dv, (29)
implicitly. w

Finally, the velocity of water and soil phases can be
updated using Egs. (24) and (22), respectively.

The continuity equation is satisfied through the implicit
solution of the Poisson equation (Eq. (27)). The derivation
of this equation ensures that when the pore pressure incre-
ment (p’f! — p! ) is solved and the velocities are corrected
via Egs. (22) and (24), the final velocities vfjl automati-
cally satisfy the discretised continuity equation (Eq. (19)).
This is the fundamental principle behind the fractional-step
method: the intermediate velocities v}, may violate the conti-
nuity equation, but the pore pressure correction projects them
onto the divergence-free space, ensuring mass conservation
in the final velocity field v/"!.

4 Coupled MPM formulation and algorithm
4.1 Weak form of the governing equations

The weak form of an MPM formulation is the same as the
FEM, which is obtained using the Galerkin method. In this
method, a test function is multiplied on both sides of the gov-
erning equations, which are then integrated over the current
configuration €2, of the soil or water phase. Also, integra-
tion by parts using the Green-Gauss divergence theorem is
applied to the stress terms. Finally, the weak form of govern-
ing equations for the mixture (Egs. (21) and (22)) are written
as

where T = o' - n is the prescribed traction acting on the
soil phase’s boundary d€2;; n is the unit vector normal to
the boundary where the force is prescribed; dS is the sur-
face element where the force is prescribed; dv,, is the test
function. The choice of test function is arbitrary, but the test
function becomes zero at the nodes where displacements are
prescribed.

Following the same procedure, the weak forms of the gov-
erning equation for the water phase (Eqs. (26) and (24)) are
written as

1 n'g
Svy, - n' Pl — 4+ —2)dV
/.w Vy "N Pyy, <At + o )

= —f n' Vévy : (pl,1dV +

w

12
f avw-n’pwb’+‘dv+/ L Y
Qu Qu k!
t
+/ L7 (30)
Quw t
and
vt—H — p*
SV, - t W wav
/Qw w Py A
=f n' Vv, : (pitt = plydv. (31)
Qll)
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Finally, the weak form of the Poisson equation (Eq. (27))
is written as

/ 6p(1—n’)V~vfde+/ Spn'V.-vldV —
Qs Qu

1_ t
/ AtVSp—— v (pi — plyav
Q,

s

w
w

t
—/ szapZ—V(p’“ —plydv =0, (32)

where § p is the test function for the Poisson equation.

4.2 Spatial discretisation

In this research, we use two sets of material points to dis-
cretise the soil and water continuum bodies. In the initial
configuration Qg, each material point occupies a volume
VO([)P in space, which represents a portion of the correspond-
ing continuum body. The subscript p represents the variable
associated with a material point. The mass of soil in the ini-
tial configuration can be obtained by summing up all the

contributions of soil material points:

Nsp Nsp
0 0 ~ 0 0 _ 0
mg = [mu —n)psdV ~ Zla —n)p Vg, = Zlmsp,
s sp= sp=

(33)

where n is the initial porosity; Q? is the initial domain of
the soil phase; Ny, is the total number of soil material points;
and mgp is the initial mass of soil material point. In this study,
the total masses of soil and water are conserved during the

calculation:
my = ml, =m. (34)

Therefore, the mass of a soil material point remains constant
in time:

mgp = mfvp = mgp. (35)
However, the volume of each soil material point is updated
during the calculation.

During the simulation, the porosity n is updated, changing
the effective masses of soil and water phases. In a double-
point formulation, a water material point is allowed to travel
through the porous media. Therefore, the volume of a mate-
rial point is updated based on the changing of porosity:

Vap = (n/n) V. (36)

@ Springer

The mass of water can be obtained by

pr pr

ny Z/ ntpde% Zntpwva: Znopwvu?p
$2w wp=1 wp=1

=md, (37)

where Q,, is the domain of the water phase, and Ny, is the
total number of water material points.

MPM has very similar spatial discretisation as FEM. In
MPM, the variables at a material point location can be inter-
polated from the corresponding nodal values. We can see
that the material point is equivalent to the quadrature point
in FEM. As in FEM, the shape function (or basis function)
is used to interpolate the velocity and pressure fields. There-
fore, the velocity, intermediate velocity, and pressure at the
location of the material point, can be approximated as

Ny

vfxp(xoé) = Zslozp v:)[]a (38)
I=1
Ny

v::p(xot) = Zslocp vz[, (39)
=1

and
Ny

Plop@®w) =Y Stup Pl (40)
I=1

where N, is the number of grid nodes that influence the
material point, Sy4, is the shape function associated with
node / evaluated at the position of soil or material point « p
(¢ = s or w). The subscript I represents the variables that
are related to the grid nodes.

Using the same shape function, the test function §v, and
8 p can also be interpolated from their nodal values as

N)l

S0y = Y Siap SVar. (41)
I=1

and
Ny

5p =Y SiapSpui- (42)

I=1

By treating the material points as quadrature points, we
can solve the volume integral in the weak forms numerically
by

Nap
/Q(...)dvm Z("')Vap- (43)

ap=1
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The permanent information stored in the material points
can be mapped to the grid. The mass and velocity of soil
material points are mapped to the grid by

Nsp
Mg = Z Slsp Msp, 44)
sp=1
and
T
Vg1 = Z Slsp Msp Vsp. 45)
Msl sp=1

Similarly, the porosity ng, and hydraulic conductivity kg,
of soil are mapped to the grid by

N,
1 sp
n;= Z Slsp Mgp Ngp, (46)
MSI sp=1
and
N,
Y
k; = Z Slsp mgsp ksp, 47
MSI sp=1

where 1, and k), are the porosity and hydraulic conductivity
of soil, respectively, which are stored in the soil material
points. Therefore, we can obtain them projected on the water
material points by using

Ny

Nyp = Zslwpnla (48)
I=1

and
Ny

kwp = Z Slwp k[v (49)
1=1

where n,, and k), are the porosity and hydraulic conductiv-
ity of soil projected on the water material points, respectively.
To avoid the mapping error between soil and water material
point, the grid water mass is obtained by using the grid poros-
ity n; instead of 71,p:
Nuyp
M, =n, Z Slwp ow Vup. (50
wp=1

The velocity of water material points is mapped to the grid
by

Nup
Yupet Stup (Pw Vi)y) Vup

NU,'
prpzl Spr (ow VISP)

Uy = (S

From the Eqgs. (38)—(51) and Egs. (33)—(37), the weak forms
in Section 4.1 can be discretised. The discretised momentum
conservation equations for the mixture and water are written
as [11]

My i — vl )+ My (vl —v'),) = At(F§ — Fir,
(52)

and

M, vi, = At(FS — Fi" 4 Qv ) + My v',,  (53)

wl

where
N.vp pr
F =Fol+ > Spgpmgpb™ 4+ > / SispT dS,
sp=1 sp=1 <2
(54)
Nsp pr
Fi = 3" VS10", Vi + > VSiup plyy I Ve (55)
sp=1 wp=1
Nup
Fol=nl > Siup (0w Vi) b, (56)
wp=1
Nup
Fii' =nf Y VSiup plup I Vi, (57)
wp=1
gn}
Or=—My, (58)
k
1
My =My + QAL (59)

For every time step, the intermediate velocity of water v? ; is
obtained by solving Eq. (53) explicitly. Then, the intermedi-
ate velocity of soil v§; can be calculated by solving Eq. (52)
also explicitly.

Following the same procedure, by treating the material
points as quadrature points (Egs. 41)—(43) and moving the
last two terms of the weak form (Eq. 32) to the right-hand-
side, the discretised Poisson equation is written as

AtL - (piH = pl ) =Dy -v5 + Dy, -0k, (60)
where
1 —nj N P p
_ t
L= Ds Z VSP VSlsp vs./sp
J=1sp=1
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z] w Nup
t 14 p
- Z Z Viop VSTup VST (61)
Ny AP
Dy=(1-n) > > Vi S;”W VSisps (62)
J=1sp=1
Ny Nup
=72 22 Vp Stup VSsup (63)
J=1wp=1
where § f ap is the shape function for the water pressure field,

which has only one degree of freedom because the water
pressure is uniform in any direction. In contrast, the shape
function for displacement field S;4 , has multi-degree of free-
dom. For simplicity, we use equal-order shape functions for
pressure and displacement fields in this research. Given the
intermediate velocities for soil and water phases v}, the
pressure increment ( p"H — pw ;) can be obtained by solving
Eq. (60) implicitly.

Finally, the second term of momentum conservation equa-
tions for the mixture and water can be discretised as

t+1 t+1
sI('U+ _vs1)+MwI(v+ _vzﬂ)

= AtG(L = P, (64)
and
M — i) = ArGu (P = pl)), (65)
where
G =G, + Gy, (66)
Ny 517
Gy=—-np)Y Y V), Si,VSh . (67)
J=1sp=1
Nn pr
w=ny>" >V, » S1upVSY, - (68)
J=1wp=1

Using Eqs. (64) and (65), the velocity of the soil and water
phases can be updated.

4.3 Constitutive models

As we can see in Eq. (55), soil’s effective stress o'’ sp needs to
be updated for each time step. In this research, a finite strain
(or large strain) elastoplastic constitutive framework is used
to update the stress. For a large deformation analysis, finite
strain theory is a more rational choice [30, 31]. The interested
reader may refer to the books written by Bathe [32] and de
Souza Neto et al. [33] for more details of the finite strain
constitutive model.
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In this coupled MPM formulation, the constitutive model
is evaluated only at the soil material point level. To increase
readability, we omit the subscript sp for the notation in this
section. Similarly, the stress in this section is always an effec-
tive stress, and its superscript is also omitted.

In the finite strain theory, the left Cauchy-Green strain B
is defined as

B=FFT, (69)

and the left elastic Cauchy-Green strain B¢ is treated as a
state variable, which keeps updated from time step 7 to ¢ + 1
[33]:

Bt — AF B®' AFT, (70)
where
0 (X d
F = X ﬂ =1+ ou (71)
X X 0X

is the deformation gradient.

The logarithmic strain E¢ is one of the most commonly
used finite strain measurements [29], which is related to B¢
by

1
E‘=_InB". (72)

Note that the In (OJ) operation in Eq. (72) requires eigende-
composition of B¢:

. A e
B¢ = P D¢ PT = Pdiag(D") PT, (73)
where P is a rotation matrix whose columns are the nor-
malised eigenvectors of B¢ and D¢ is a diagonal matrix

. . e . o
whose diagonal entries D are the eigenvalues of B¢; the
notation hat ([J) here represents a column vector in principal
. . ~e . .

space; the diagonal entries D are the principal stretches; the

operation diag(0J) is to build a diagonal matrix whose only
diagonal entries are non-zero. Therefore, Eq. (72) yields

e_l . ne T
E° = 2 P diag(InD )P". (74)

The operation In (OJ) in Eq. (74) takes the logarithm of each
component of the vector of D’

Kirchhoff stress T is usually used together with the log-
arithmic strain in a finite strain constitutive model. The
Kirchhoff stress T can be obtained by

T=C?:E°, (75)
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where C¢” is the elastoplastic tangent operator which is a
fourth-order tensor. The Cauchy stress o is related to Kirch-
hoff stress T by

o=—, (76)

where J = det F is the Jacobian of deformation gradient,
representing volume change.

For an elastoplastic model, a yield criterion is required to
decide whether the trail stress exceeds the limit, followed by
a stress correction procedure if the stress actually has passed
over the allowed value. In this research, the Mohr-Coulomb
and the Nor-Sand models are used to represent the nonlin-
ear behaviour of the soil. For the Mohr-Coulomb model,
we strictly follow the algorithm documented by de Souza
Neto et al. [33]. For the Nor-Sand model, originally pro-
posed by Jefferies [34], we follow its implicit return-mapping
algorithm derived by Borja and Andrade [35]. Using the Nor-
Sand model for large deformation analysis requires some
additional modifications. These modifications are included
in Appendix B together with a validation.

4.4 Stabilisation
4.4.1 Water phase

Although the fractional step method satisfies the inf-sup con-
dition [10], additional stabilisation of the water pressure is
still required for the incremental fractional step method.
Yuan et al. [11] introduced some artificial compressibili-
ties to mitigate the oscillation of the water pressure for the
incremental fractional step method. However, an additional
artificial parameter is required in this approach.

In contrast, a node-wise mapping and remapping tech-
nique is used in Kularathna et al. [10] to stabilise the water
pressure. We adopt this approach because it is simple and
efficient and no additional parameters are needed. This sta-
bilisation method includes two steps: mapping the original
water pressure at the material point level p{vp to the related
nodes and then mapping back to the governed material points.
The following equation mathematically explains this proce-
dure:

Ny NWP

_ 1

pfup = E Srwp m_wl E S1wp Muwp Pfup . (77)
I=1 p=1

where my,; = Zz;”’:l Stwp Muwyp is the nodal mass of water
with a single degree of freedom, and ﬁ;}p is the stabilised
water pressure. In this research, we replace the original water
pressure p{vp in Egs. (55) and (57) with the stabilised water

pressure p,, .

4.4.2 Soil phase

Asin the single-phase MPM, the volumetric locking insta-
bility also occurs in a coupled MPM. The F-bar method is one
of the most commonly used stabilisation methods in MPM.
The F-bar method was originally developed by de Souza Neto
et al. [36] to counteract volumetric locking in FEM. Coombs
etal. [37] firstly applied the F-bar approach to stabilise MPM,
which became a popular method to overcome this issue in
MPM [38-42]. However, Xie et al. [29] discovered that the
F-bar method cannot fully eliminate the stress oscillation in
MPM under very large deformation. Therefore, Xie et al. [29]
developed a modified F-bar approach to eliminate volumetric
locking in MPM.

In the F-bar method, AF in Eq. (70) is replaced with its
stabilised form AF [36, 37]. Therefore, Eq. (70) yields to

B+l — AFBS'AF . (78)

The stabilised form AF can be obtained by [37]

) AJN o
AF === AF, (79)
AJ

where dof is the spatial dimensions of the problem (e.g.
dof = 2 for a 2-D problem, dof = 3 for a 3-D problem),
AJ =det (AF), and [29]

Ny 1 NSP
AT =" Siy > Sigpmgp AT ] (80)
I=1 L

In the modified F-bar method, both AF and B_"” in
Eq. (70) are replaced with their stabilised forms AF and
B Asa result, Eq. (70) changes to

B+ — AFB'AF". 81)

In the original modified F-bar method [29], the node-wise
mapping and remapping technique is applied for both AF
and B to obtain their stabilised forms. Although the node-
wise stabilisation provides promising results in eliminating
the volumetric locking, strain energy dissipates around the
free surface of soil material points in this approach when
it applies to stabilise B® [43]. The original modified F-
bar based on node-wise stabilisation of B® works on the
Mohr-Coulomb model [29]. However, we found that apply-
ing node-wise mapping and remapping to B¢ will oversoften
the structure on the Nor-Sand model. According to Mast et
al. [43], a cell-wise averaging method, illustrated in Fig. 1a,
is free of energy dissipation. This cell-wise method was
designed for the MPM with linear shape function, such as
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general interpretation MPM (GIMPM). However, it is not
feasible to apply a cell-wise averaging method to an MPM
with a higher-order shape function, such as a B-spline MPM
(BSMPM), because the shape function covers multiple cells
in this case [29]. Therefore, in this research, a patch-wise
averaging method is proposed to obtain the stabilised form
B¢. The idea of the patch-wise averaging method is illus-
trated in Fig. 1b, retaining the same feature as the cell-wise
method. The patch-wise averaging method covers multiple
cells, resolving the challenge of the higher-order shape func-
tion. For a quadratic B-spline shape function used in this
research, the patch size 4 pqcp is taken as 1.5 times as the
cell size (), as shown in Fig. 1b. For a cubic B-spline MPM,
the same patch size (i.e. hparen = 1.5h) can be used, result-
ing in a similar performance. Note that the patch is defined
only once, and it remains unchanged during the simulation.
Applying the same concept of the F-bar method, the stabilised
form B° in the modified F-bar method can be obtained by

-, 2/3 -\ 2/3
_ o Jje Je
Be _ Fe FeT _ (F) Fe¢ FeT — <F> Be, (82)
where J¢ = det(F¢) = /det(B¢), and

e
Zspepatch Msp J

Je =
Zspepatch Msp

(83)

The different performance of a cell-wise and patch-wise
method on GIMPM and BSMPM s illustrated by a near
incompressible elastic strip footing example in Appendix A,
indicating that the cell-wise method is only valid for a MPM
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with linear shape function. On the contrary, the patch-wise
modified F-bar method effectively eliminates the volumetric
locking in both GIMPM and BSMPM. Clearly, the resolution
of the stress contour given by a patch-wise method depends
on the mesh size as well. A contour with high resolution can
be obtained by refining the mesh, as shown in Appendix A. It
is worth mentioning that the additional computational cost of
these stabilisation methods is minimal. The accuracy of the
analysis depends on the mesh size, but the localisation weakly
depends on the resolution of the stress field. Therefore, it is
not necessary to pursue an ultra-smooth stress contour by
further refining the mesh if the problem is not mesh size
sensitive.

In addition to volumetric locking, MPM has stress oscil-
lation around the physical body’s boundary because of the
ill-conditioned mass matrix. Coombs [44] solved this issue
using the Ghost stabilisation technique. This method can only
be applied to MPM with linear shape functions. Yamaguchi
et al. [45] developed an extended B-spline MPM to coun-
teract this instability, which however, is usually ignored in
explicit MPMs that adopt a lumped mass matrix because the
inversion of the mass matrix is trivial in this case [44]. In
this research, we also omit this instability due to computa-
tional cost reasons. Also, this instability occurs only around
the boundary, and it is not severe compared with other issues
such as the volumetric locking or the cell-crossing noise.
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4.5 Semi-implicit two-phase double-point MPM

algorithm

In this research, we adopt the Modified Update-Stress-Last
(MUSL) scheme for the algorithm and the FLuid-Implicit-
Particle (FLIP) method to obtain the grid nodal velocities. See
Zhang et al. [46] for more details on MUSL and FLIP. The
proposed semi-implicit two-phase double-point MPM algo-
rithm, including stabilisation for the soil and water phases,
is summarised as follows.

&)

2)

Shape functions and topology

Obtain shape functions and their derivatives for the soil
and water material points based on their coordinates: see
Xie et al. [29] for the algorithm of the B-spline shape
function.

Map information from particles to nodes (P2N)

(a). Obtain the nodal mass of the soil phase:

Nyp
M = Z Slsp Mmsp
sp=1

(b). Obtain the nodal velocity of the soil phase:

1 va
v, = Z Srsp Mgy V-
sI = sp Msp Vg
Msl — P

sp=1

(c). Obtain the nodal porosity:

Nsp
n’ = ! E Sisp Mgy N
1 — sp TEsp Tt
Ms] P

sp=1

(d). Obtain the nodal hydraulic conductivity:

1
Ms]

Nsp

1
Z Stspmsp Kgp
sp=1

K, =

(e). Obtain the nodal mass of the water phase:

Nuyp
t t
MwI:n] Z Slwppw pr-

wp=1

(f). Obtain the nodal velocity of the water phase:

Nup 0 t
t pr:l SIWP (,Ow pr) va

wl — Ny
prp:l Slwp (,Ow vwop)

v

3)

“)

Calculate the intermediate nodal velocity of the water
phase explicitly
(a). Obtain the internal nodal force of water phase:

Nup

Fi'' =n, Z VStwp prpI Vlf)p
wp=1

(b). Obtain the external nodal force of water phase:

N wp

Fol =n} Y Stup (o Vy,) b
wp=1

(c). Obtain the Q; and M ,,; matrices:

M, =M, + Q/At

(d). Obtain the intermediate nodal velocity of water
phase:

_ At(FY _FZI; + Qvy;) + My,
Mw]

*
Vyr

(e). Apply the Dirichlet boundary condition to v} ;.
Calculate the intermediate nodal velocity of the soil
phase explicitly

(a). Obtain the internal nodal force of the mixture:

Ngp Nuyp
F' =% " VSip6", Vi, + Y VS ply, 1V,
1 — Isp9 sp Vsp le’pwp wp
sp=1 wp=1

(b). Obtain the external nodal force of the mixture:

va NSI’
F=F& + ) Sppmgpb™ + ) / Sispt dS
sp=1 sp=1 %2

(c). Obtain the intermediate nodal velocity of soil phase:

ext int * t
v*[ _ At(FI _FI )_MU’I(vwl _vwl)
sl —

+v!
Msl st

(d). Apply the Dirichlet boundary condition to v7,.
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(5) Calculate the nodal pore pressure increment implicitly
(a). Obtain the L, Dy, D,, matrices:

1 _n n 317
i t P p
> JZI > Vi, VSE L VST
sp=1
n[ Ny pr
I ! p p
+ p_ Z Z Vu VSlwp VSlwp
W y=1wp=1

Ny

D, = (1 —n,)z Z Vi, Sty VSisp

J=1sp=1

N, pr

=17 > Vip Stup VSsup
J

=1 wp=1

(b). Determine the free water surface: see Kularathna and

Soga [27].

(c). Apply the boundary condition for the free water sur-

face, and solve nodal pore pressure increment:

(Pt = Pl = L7 (Ds - v 4+ Dy - v}y )/ At

(6) Update the nodal velocity of the soil and water phases
(a). Obtain the G,, G, and G matrices:

Ny, pr
33 VSt Sh,
J=1wp=1
N, Nsp
Gy=(—n)Y Y V.S,V
J=1sp=1
G =G, +G,

(b). Update the nodal velocity of the water phase:

i DGul = )
wl Mwl

3k
+ Vyr

(c). Update the nodal velocity of the soil phase:

t+1
wl(vwl - V*w])

+1
yil _ MGWy — ) —M

= + v*
sl Msl sl

(d). Apply the Dirichlet boundary condition to v} ; and

*
Vs
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(7) Map information from nodes to particles(N2P)
(a). Update the coordinates of soil and water material

points:
Nl‘l
I +
Xoyp =Xg,+ At ZS’“P v,;
=1

(b). Update the velocity of soil and water material points:

er
t+1 _ ot t+1 t
Vyp _votp+ZSIaP (val _val)
I=1

(c). Update the pore pressure of water material points:

t+1 t+1
Puwp = Zslwp Pw

(8) Update information at the material point level
(a). Obtain the nodal displacement increment of soil
phase:

(b). Obtain the deformation gradient increment of soil
material points:

Nn
AFJ =14 VS, ® Aulf!
I=1

(c). Obtain the Jacobian of deformation gradient incre-
ment of soil material points:

AJFT = det AFLH!

(d). Update the volume of soil material points:

+1 _ t+1 y/t
Vil = agtt vy,

(e). Obtain the Jacobian of deformation gradient of soil
material points:

1 1/y,0
Jt + — VSI p+ /VS

(f). Update the porosity of soil material points:

nitt =1—(1—=nd) I
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€))

(g). Update the hydraulic conductivity of soil material
points based on Kozeny-Carman equation(see Bandara
and Soga [14], Carrier [47] for more details):

(nt+1)3

1 1+1
(1 ns;_ )2

kl+l —

(h). Obtain the porosity of soil projected on water material
points:

Nn

Z Slwp

H—l
Z Slsp Mmgpn sp

cpl

(D. Update the volume of water material points:
1 1) /0
Vist = (n0, /i) V3,

Stabilise the water and soil phases
(a). Stabilise the pore pressure:

Ny, p

Z Stwp Mup p
p 1

t+1
pwp

Ny
> Stup
=1
(b). Obtain the stabilised Jacobian of deformation gradi-

ent of soil material points:

Ngp
S m Jl +1
Isp Hlgp

jt+l

N’l
=2 St |
I=1

(c). Obtain the stabilised Jacobian of deformation gradi-
ent increment of soil material points:

Nyp
t+1
Z Sispmsp AT

AT

N
= Sisp
1=1

(d). Obtain the stabilised deformation gradient increment
of soil material points:

7t+1 ]/dOf
AFIH — AJsp
i AT

(e). Obtain the Jacobian of elastic deformation gradient
of soil material points:

T =/ det(BSy)

t+1
AFg,",

(10)

(f). Obtain the stabilised Jacobian of elastic deformation
gradient of soil material points:

Z Je,t
spepatch Msp Jsp

je,t _
sp T
Zspepatch Msp

(g). Obtain the stabilised last converged elastic left
Cauchy- Green strain:

Update stress and strain
(a). Obtain the elastic trial left Cauchy-Green strain:

Be trial AFI+IB AFIJ’_IT

(b). Perform eigendecomposition to elastic trial left
Cauchy-Green strain:

B¢/r“l = p D¢ P = P diag(D yPT

(¢). Update the Kirchhoff stress ' ?;1 and the elastic left

Cauchy-Green strain Bf},”rl based on the constitutive
model: see de Souza Neto et al. [33] for the algorithms
of the Mohr-Coulomb model; see Borja and Andrade
[35] for the algorithms of the Nor-Sand model and the
Appendix B for its modification for a large deformation
problem.

(d). Update the Cauchy stress:

t+1

o_/t+l _ rsp
sp T Jt+1
sp

5 Numerical examples

In this section, some numerical examples are presented.
First, the proposed two-phase double-point algorithm is vali-
dated with Terzaghi’s one-dimensional consolidation theory
[48]. Then, the performance of this algorithm under large
deformation is validated with the analytical solution for one-
dimensional large deformation consolidation derived by Xie
and Leo [49] and a Mohr-Coulomb slope stability problem
performed by Yuan et al. [11]. Finally, a landslide numerical
simulation with Nor-Sand constitutive model is performed
using both single-point and double-point formulations, to
compare the results obtained with both approaches. The most

@ Springer



3402 Computational Particle Mechanics (2025) 12:3389-3419
qg =10 kPa
A \ l l A 1 T T > T
o o O Proposed method
— Terzaghi’s theol i
0 o 0.9 : e Ny .
[o/ o ]
0.8 J
ol o ]
9 o 0.7 § .
ol o
06 F 1
g ° ° E
o N2
= 0 ° =05 - .
I .80
I o o :ﬁ”
0.4 F 1
ol o
o © 0.3 F 1
° ° ( T =0.05 (L,: 0.0034)
02 o T e .
o o —e—T =040 (L, 0.0037)
o o 01 T,=0.80 (L,:0.0026) | |
o o TV =1.00 (L2: 0.0005)
v 0 O O 0¢ 1 1 1 8 1 1
<“—> 0 0.2 0.4 0.6 0.8 1 0 0.005 0.01 0.015
0.1m Normalised pore pressure, p,/q L, normalised pore pressure error
(a) (b) (c)

Fig.2 One-dimensional consolidation test. (a) Graphical illustration of the test; (b) Comparison of the pore pressure of the proposed method with
Terzaghi’s solution; (¢) The L normalised pore pressure error distribution throughout the column at different normalised time 75,

widely used general interpretation MPM (GIMPM) cannot
fully remove the cell-crossing instability, and we find that
the convergence of the Nor-Sand constitutive model becomes
challenging due to this instability. Therefore, these numeri-
cal examples are conducted using a quadratic B-spline shape
function (see Xie et al. [29] for more details on B-spline
MPM), to fully eliminate cell-crossing noise at an affordable
computational cost. Although the cubic B-spline shape func-
tion is more accurate, a significantly lower computational
cost is required for a quadratic shape function. Addition-
ally, the convergence issue of the Nor-Sand model worsens
if either the water or the soil phases are not stabilised.

5.1 One-dimensional consolidation

Terzaghi’s one-dimensional consolidation is one of the tradi-
tional benchmark problems to validate the soil-water coupled
numerical models [9-11, 14, 16, 28, 50]. The graphical illus-
tration of this problem is shown in Fig. 2a. A 2-D plain strain
soil column is modelled with a height of 1 m and a width of
0.1 m. The roller boundary condition is applied on the bottom
and lateral surfaces of this column (that is, at the boundary
nodes). The impermeable boundary condition is automati-
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cally satisfied at these boundaries, where the displacement is
constrained. No displacement is prevented at the top surface,
where the pore water pressure is free to dissipate. A uniformly
distributed load (UDL), ¢ = 10k Pa, is initially applied to
its upper surface and held until the last step, and the gravi-
tational force is ignored for this simulation. The soil column
is assumed to be linear elastic, and the material parameters
are summarised in Table 1. For this problem, a uniformly
distributed 0.025 m wide square grid with 2> material points
per cell is used, resulting in 640 material points in total for
both water and soil phases. The time step for this problem is
10~* s, and the total time is about 1 s.

According to Terzaghi’s one-dimensional consolidation
theory [48], the analytical pore pressure along the soil column
can be obtained by

4g K 1 TQRi+ Dz
t = —
Pult,2) n;%—i—lsm[ 2H

_I_e—(i+0.5)2n2Tv’ (84)
where
kt
Ty=—— 85
’ pw & My H? (85)
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Table 1 Parameters for Terzaghi’s one-dimensional consolidation

Parameter Value
Water density p,,[kg /m3] 1000
Soil grain density p;[kg/m?] 2650
Young’s modulus E[M Pa] 10
Poisson’s ratio v 0
Initial porosity ng 0.3
Initial hydraulic conductivity ko[m /s] 1073
Gravitational acceleration g[m /s?] 0

Table 2 Parameters for one-dimensional large deformation consolida-
tion

Parameter Value
Water density py,[kg/ m3) 1000
Soil grain density ps[kg/m?] 2650
Young’s modulus E[M Pa] 1
Poisson’s ratio v 0
Initial porosity ng 0.3
Initial hydraulic conductivity ko[m /s] 103
Gravitational acceleration g[m /s?] 0
is the normalised time factor,
1+v)(1—-2v)
,= Ll -2 (86)

(1—-v)E

is the inverse of the pressure wave modulus or the constrained
modulus, and H is the height of the soil column.

Normalised pore pressures along the soil column given by
both numerical simulation and analytical solution are plotted
in Fig. 2b with different normalised time factors, showing that
the proposed two-phase, double-point approach is in excel-
lent agreement with Terzaghi’s analytical solutions. The pore
pressure differences between the simulation and the analyt-
ical solution have been quantified using the L, norm error.
As shown in Fig.2c, the proposed method exhibits oscil-
lating pore pressure errors around the free water surface at
relatively small normalised times. This oscillation occurs
because the traction is suddenly applied at the beginning of
the simulation. As the simulation progresses, the pressure
error oscillations gradually settle, and the results converge to
the analytical solution.

5.2 One-dimensional large deformation
consolidation

The proposed method has been validated in the small defor-
mation regime in the previous numerical example. In this
example, the proposed method is tested under the large defor-

mation by comparing it with the analytical solution for the
one-dimensional large deformation consolidation derived by
Xie and Leo [49]. This analytical solution has also been
used to validate many coupled MPMs [11, 18, 51]. The
setup for the numerical model is the same as Terzaghi’s one-
dimensional consolidation, except Young’s modulus of the
soil column E has been reduced to 1 MPa and the applied
UDL g has been increased to 200 kPa to ensure a large defor-
mation during the consolidation.

According to the one-dimensional large deformation con-
solidation theory Xie and Leo [49] proposed, the settlement
on the top surface of the soil column can be calculated by

S =S, z=0)

o0
_ 2 _an
= H(1—em) (1_Zme w Tv), 87)
m=1
where M = (m — %)n, m =1, 2, 3, ---. Therefore, the
ultimate settlement is:
Seo =St =00,7=0)=H(l —e ™7), (88)

The degree of consolidation Uy can be defined as the ratio
between the top surface of the soil column S; and the ultimate
settlement Soo:

St 2 _antT,
Us=$=1—z—e ) (89)
m=1

The pore pressure along the soil column can be obtained by
[49]

1 o 2 . (2Mz
pw(l,Z)zm—v1n|:1+(equ—1)leMSln(T)

g Tv] . (90)

Same as Yuanetal. [11], Martinelli and Galavi [18], Zheng
etal. [51],m, and T, are obtained using the one defined in the
previous Terzaghi’s one-dimensional consolidation test. The
soil column is assumed to be linear elastic with the mate-
rial parameters summarised in Table2. For this problem, a
uniformly distributed 0.05 wide square grid with 2> material
points per cell is used, resulting in 160 material points in
total for both water and soil phases. The time step for this
problem is 5 x 10~* s, and the total time is about 20s to
reach 7T, = 2 s. For a comparison purpose, the simulations
have been carried out using the proposed method with the
constitutive models based on small and large strain frame-
works, respectively. The interested reader can refer to Xie et
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Fig.4 One-dimensional large deformation consolidation test. (a) Comparison of the settlement S; of the proposed method with analytical solution;

(b) The evolution of L, settlement error

al. [30], de Souza Neto et al. [33] for the difference between
the small and large strain constitutive models.

The pore pressure distribution at different degrees of con-
solidation and the time history of settlement given by the
proposed method are compared with the analytical solution
in Fig.3. As shown in Fig.3a, the pore pressure p is nor-
malised by the applied UDL ¢, and the vertical position of
the soil column H — z is normalised by the current height of
the column H — S;. The proposed method has an excellent
match with the analytical solution in terms of pore water pres-
sure dissipation under the large deformation. Fig. 3b presents
the L, normalised pore pressure error distribution throughout
the column at different degrees of consolidation Us. As can
be seen, for large deformation consolidation, the pore pres-
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sure error exhibits more oscillation compared to the small
deformation cases shown in Fig. 2c, resulting in an order of
magnitude larger L, pore pressure error. A relatively large
error can be expected in this analysis because the large defor-
mation occurs very rapidly (i.e., approximately 15% large
strain develops within 205s).

The normalised pore pressure distributions given by the
small and large strain constitutive models are the same, which
is represented by the same group of data points named as
the proposed method in Fig.3. However, their settlement
time histories are quite different, as shown in Fig.4. At
the relatively small strain range, both small and large strain
constitutive models march the analytical solution perfectly.
However, as the soil column undergoes large deformation,
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Fig. 5 Slope stability with Mohr-Coulomb model (a) Graphical illus-
tration of the numerical model; (b) Comparison of pore pressure along
the lower shear band at t = 3.0 s from the proposed method with Yuan
etal. [11]

the small strain constitutive model overestimates the settle-
ment by about 17%. A similar amount of overestimation can
also be observed in the previous studies [52—54] that compare
the small and large strain constitutive model using a similar
large deformation consolidation problem. As can be seen in
Fig. 4, the results given by the small strain constitutive model
match the analytical solution proposed by Xie and Leo [49]
very well, implying that an updated analytical solution may
be needed for large strain consolidation problems. Neverthe-
less, the performance of the proposed numerical model under
large deformation can be validated.

5.3 Slope stability with Mohr-Coulomb model

In this section, the Mohr-Coulomb slope stability problem
studied by Yuan et al. [11] is used for validation of the
methodology proposed in this paper. Fig.5(a) shows the
geometry and boundary conditions for the numerical model.
The roller and fixed boundary conditions are applied on the

Table 3 Parameters for slope stability with Mohr-Coulomb model

Parameter Value
Water density py,[kg/ m3] 1000
Soil grain density p;[kg/m?] 2500
Young’s modulus E[M Pa] 100
Poisson’s ratio v 0.3
Cohesion c[k Pa] 20
Friction angle ¢[°] 30
Dilation angle v[°] 0
Strength reduction factor SR F' 2.0
Initial porosity ng 0.4
Initial hydraulic conductivity ko[n/s] 1073 & 1077
Gravitational acceleration g[m /s?] —9.81

sides and bottom of the model, respectively. Impermeable
boundaries are automatically formed where those roller and
fixed boundary conditions are applied. No pressure boundary
condition is applied on the water phase, and the pore pres-
sure is allowed to dissipate freely on the free water surface.
The material parameters for the Mohr-Coulomb model are
summarised in Table 3. A strength reduction factor (SRF) is
applied to both soil cohesion ¢ and friction angle ¢ to trigger
the failure. Therefore, the reduced cohesion of the soil ¢ ¢
and friction angle ¢ ¢ can be obtained by [11]

¢ =c/SRF and ¢y = arctan (tan¢/SRF). o1

In this study, SRF = 2.0 is applied to compare the results
given by Yuan et al. [11].

For this numerical example, a uniformly distributed 0.5 m
wide square grid with 4% material points per cell is used,
resulting in 38,320 material points in total for both water
and soil phases. The mesh size remains the same as Yuan
et al. [11], and 4% material points per cell are sufficient
to ensure the accuracy of this problem. It should be noted
that slope stability problems involving strain localisation are
inherently mesh-dependent. This mesh size is deliberately
chosen to maintain consistency with the benchmark study
given by Yuan et al. [11], enabling meaningful direct com-
parison under identical numerical conditions. The time step
1s 0.002 s, which is about 0.92 CFL condition. The final time
is setas 65, and at this time, the slope is almost static. The ini-
tialisation and loading procedures are the same as the ones
proposed by Yuan et al. [11]. It is worth mentioning that
the same time step is used for both cases with high and low
hydraulic conductivities. In other words, the critical time step
of the proposed formulation is only related to the CFL con-
dition for the single-phase MPM. This is not the case in the
semi-implicit MPM proposed by [16], leading to a very small
time step in the low hydraulic conductivity case.
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Figure 5b compares the results of the pore pressure along
the lower shear band at 3 s obtained by the proposed method
and Yuan et al. [11]. The position of the lower shear band,
defined by Yuan et al. [11], is sketched in Fig. 5a. In general,
the pore pressures given by the proposed method agree with
Yuan et al. [11] for both low and high hydraulic conductivity
cases, indicating the validation of the proposed method in this
case in which large deformation occurs. The discrepancies
between the present research and Yuan et al. [11] may be
due to the different shape functions. The GIMPM is used
in Yuan et al. [11], and the higher order B-spline MPM is
used in the current research. Therefore, the positions of the
shear band may be slightly different in both cases. However,
higher-order MPM usually yields more accurate results [30].
The different stabilisation methods may also be one of the
reasons. Nevertheless, a smoother pore pressure distribution
can be observed in the curves given by this research, as shown
in Fig. 5b.

The pore pressures, the accumulation of plastic strain, and
the mean effective stress contours for the case of low and
high hydraulic conductivity in the final step are represented
in the left and right parts of Fig. 6, respectively. The pore pres-
sure contours are plotted using the water material points. The
accumulated plastic strain obtained from the return mapping
algorithm [33], and the mean effective stress contours are rep-
resented by using the soil material points. However, for this
numerical problem, the relative displacement between the
water and soil material point is very small even in the case
of high hydraulic conductivity, being 0.0014 m and 0.0065
m, respectively. A large relative displacement between water
and soil material points can be expected in a dilative failure,
which will be shown in the next numerical example.

As we can see in Fig. 6, the pore pressure contours are very
smooth in both cases, and they have very similar distributions
compared with Yuan et al. [11]. The mean effective stress
contours have relatively low resolution compared with the
pore pressure contours. This is because the cell-wise aver-
aging procedure is adopted in the modified F-bar method,
while the node-wise averaging procedure is adopted for the
pore pressure. However, the stress oscillation due to volu-
metric locking is significantly removed, and the resolution
of the stress contours can be improved by using a finer mesh
as demonstrated in Appendix A. Unfortunately, it is not pos-
sible to compare our stress contours with Yuan et al. [11]
because the one under large deformation is not reported in
their paper. According to Yuan et al. [11], a standard F-bar
method is applied. From our investigation, the standard F-bar
method is not able to efficiently overcome the stress oscilla-
tion in the case of a very large deformation as shown in Fig. 7
(see also Xie et al. [29]). The standard F-bar method elim-
inates the volumetric locking under moderate deformation
at t = 2s. However, with the development of large defor-
mation, a new sort of stress oscillation has been developed
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and enlarged as the propagation of the failure. In contrast,
the proposed modified F-bar method shows promising per-
formance in stabilising the suspicious stress oscillation at all
scales of deformation. Compared with a similar slope prob-
lem conducted by Kularathna et al. [10], our modified F-bar
approach also provides smoother results.

As we can see from Fig. 6, the accumulated plastic strain
contours given by the low and high conductivity conditions
are quite different. Accumulated plastic strain is an internal
variable of this Mohr-Coulomb model [33], measuring the
cumulative plasticity the material has undergone. The cor-
responding contour can indicate the location of the shear
band and the failure mechanism. As we can see in Fig.6,
the slope with relatively low permeability tends to develop a
shear band at a deeper level. Therefore, more material points
are mobilised in this failure mechanism, leading to a larger
settlement. This is because the pore pressure generated dur-
ing the failure dissipates slowly in this case, resulting in a
lower soil’s effective stress, as shown in Fig. 6. For the high
conductivity case, the location of the shear band is shallower.
However, a secondary shear band is developing at a deeper
level, as shown in Fig. 6, although this band is less critical
than the shallower one.

To assess the computational efficiency of the proposed
double-point formulation, a systematic performance compar-
ison with the single-point MPM is conducted using an AMD
Ryzen 9 5950X processor. The analysis uses a fixed mesh
size (1.0 m) and time step (0.004 s), varying only the number
of material points per cell to evaluate the computational per-
formance for different problem sizes, ranging from 21,540
to 614,080 material points. Table4 presents the CPU time
comparison for different problem sizes. The results demon-
strate that the double-point approach incurs a computational
overhead of 6-12% compared to the single-point method,
with an average increase of approximately 9%. CPU time
scales linearly with the total number of material points for
both single-point and double-point approaches. The addi-
tional cost is primarily attributed to the construction of shape
functions for water material points.

5.4 Landslides with Nor-Sand model

In this section, we investigate landslides using a more
advanced soil model, Nor-Sand. The previous Mohr-Coulomb
model can only describe the plastic behaviour of the soil with-
out taking into account the densification or dilation effects
(volumetric strains), which is another important property that
can significantly influence its behaviour and variations in the
pore water pressures. The Nor-Sand model is based on the
critical state framework, and the soil density can be mod-
elled using the specific volume (or void ratio). Therefore, we
study landslides with two different soil densities by assigning
different initial specific volumes. We set the initial specific
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Table 4 Computational

. Number of material  Total number of  CPU time (s) Overhead
performance comparison oints per cell material points
between single-point and P Single-point Double-point (%)
double-point formulations
6° 21,540 1,881 2,006 7
82 38,320 3,271 3,616 11
102 59,900 5,063 5,670 12
122 86,280 7,655 8,157
182 194,220 16,768 17,716
242 345,360 28,540 31,553 11
322 614,080 50,957 55,598 9
Average overhead: 9%

Table 5 Parameters for Landslides with Nor-Sand model

Parameter Value
Water density py,[kg/ m3] 1000
Soil grain density p;[kg/m?] 2650
Shear modulus G[M Pa] 40
Swelling index « 0.002
Reference specific volume v 1.892
Compression index A 0.02
Slope of the critical state line M 1.0
Yield function constant N 0.1
Plastic potential constant N 0.1
Hardening coefficient h 100
Multiplier for maximum plastic dilatancy o —-2.0
Initial specific volume vg 1.55 & 1.70
Initial porosity ng 0.4
Initial hydraulic conductivity ko[m /s] 5% 1073
Gravitational acceleration g[m /s?] —9.81

volume vg to 1.55 and 1.70 for the cases of dense and loose
sand, respectively. Nor-Sand material parameters for Hostun
sand, calibrated by Andrade and Ellison [55], are adopted in
this research. These material parameters are summarised in
Table 5, and the calibration with the experiment is shown in
Appendix B.

Figure 8 describes the geometry and boundary conditions
for this numerical example. As in the previous cases, the
roller and fixed boundary conditions are applied to the sides
and bottom surfaces, respectively. Similarly, impermeable
boundaries are formed where those roller and fixed bound-
ary conditions are applied, and the pore pressure is allowed
to dissipate freely on the free water surface. The critical state
model has to be initialised to a site condition before proceed-
ing with the analysis. The detailed initialisation procedure is
presented in Appendix B. During the initialisation, only the
elastic model is used, and the gravity load is gradually applied
in 1s. Relatively high hydraulic conductivity (that is, 1 m/s)
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Fig. 8 Landslides with Nor-Sand model: graphical illustration of the
numerical model

is assumed to better initialise pore pressures, and the water
material points are attached to the soil material points to pre-
vent seepage flow. This procedure ensures the pore pressure
generated during the initialisation is fully dissipated, repre-
senting an on-site pressure field before the landslides. After
the initialisation, the plasticity of the Nor-Sand model is sud-
denly enabled, and the landslide starts to be generated. The
propagation of the landslides becomes nearly static at 12
and 65 (excluding the initialisation) for the cases of dense
and loose sands, respectively. For this numerical example, a
uniformly distributed 0.025 m wide square grid with 32 mate-
rial points per cell is used, discretising the model with 21,540
material points for both the soil and the water phases. The
results given by this configuration are in very good agree-
ment with a configuration of refined mesh and an increased
number of material points per cell (i.e. 4> material point per
cell). The time step is set to 1.2 x 10~* s, which is around
0.92 CFL.

In this numerical example, the performance of single-
point and double-point approaches is compared. From a
computational cost point of view, the double-point approach
is more cumbersome, but we find that this approach is only
about 10% slower than the single-point approach for the case
of a quadratic B-spline shape function, which can be con-
sidered an acceptable increase of the computational effort.
The additional computational effort is mainly coming from
the construction of the shape function for the water mate-
rial points. For the case of linear shape functions such as
GIMPM, the differences in computational costs between the
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single and double-point approaches are even smaller because
the construction of a linear shape function is very efficient.

Apart from computational efficiency, the numerical results
obtained from the single-point and double-point approaches
can sometimes be significantly different. As we can see
in Fig.9, in the case of dense sand, the landslide simu-
lations are significantly different between the single-point
and double-point methods, and these differences increase
as the deformations become greater. Landslides cannot be
fully generated by the single-point method, resulting in a
significantly underestimated propagation distance. This sig-
nificant difference is because the soil behaviour is dilative
under dense conditions. The effective stress builds up dur-
ing the dilation. In the double-point approach, the relative
movement between the soil and water phases is accurately
modelled. In this case, the pore water flow tends to drag the
soil’s dilation, resulting in a softer behaviour than the single-
point approach. Due to the dilation, the volume of the soil
phase is increased, while the water phase is incompressible,
resulting in a small gap between the soil and water surfaces
in the double-point method as shown in Fig. 9. However, this
phenomenon is not able to be captured by the single-point
approach.

Figure 10 shows the comparison between single-point and
double-point approaches under conditions of loose sand, for
which the differences between the single-point and double-
point approaches are smaller. In this case, the relative motion
between the water and soil phases is not as high as in the case
of dense sand. Instead, the water and soil material points are
moving together rapidly in this failure mode. The propaga-
tion distance is similar between the single-point approaches.
However, the single-point approach still overestimates the
stiffness on the slope crest after 2s, as shown in Fig. 10. In
the loose condition, the soil is contractive in general. There-
fore, only a very narrow gap is formed between the soil and
water surfaces as shown in Fig. 10. In the current formula-
tion, the sand is assumed to be either fully dried or saturated.
In other words, the proposed formulation cannot handle the
suction that occurs in the partially saturated soil. However, in
reality, suction exists in this gap between the soil and water
surfaces depending on the degrees of saturation. The partially
saturated formulation will be derived in future research. The
suction effect may be insignificant in granular soil like sand
because of its fast drainage.

As we can see in Figs.9 and 10, the pore pressure fields
are very smooth and the stress fields are free of oscillation,
indicating that the proposed stabilisation techniques are capa-
ble of efficiently stabilising the water and soil phases under
very large deformations, such as the scenario of landslides. A
very smooth stress field can be obtained by refining the mesh
like the demonstration shown in Appendix A. However, it
is not necessary to this numerical problem according to the
sensitivity analysis. The performance of the modified F-bar

method has also been studied by comparing it with the case of
no stabilisation and the F-bar method. As shown in Fig. 11,
although the standard F-bar method has reduced the stress
oscillation, there is still some oscillation at the bottom left of
the slope. Also, an over-stiffening behaviour due to the vol-
umetric locking can be observed in this numerical example
for the cases of no stabilisation and F-bar method. The one
without any stabilisation has the stiffest behaviour, resulting
in a significantly larger undisturbed region at the slope crest.
Compared to Fig.7, the example using the Mohr-Coulomb
model, the Nor-Sand constitutive model suffers less volumet-
ric locking instability. This is because the flow rule of such
an advanced constitutive model involves the evolution of the
volumetric stain [35], resulting in less volumetric constraint.
A similar phenomenon can also be observed in the research
conducted by Xie et al. [30] using the Modified Cam-Clay
constitutive model.

6 Conclusion

In this research, a two-phase, double-point MPM has been
derived based on the incremental fractional step method. Soil
and water are considered solid and liquid for this research,
respectively. The soil is assumed to be dry or fully saturated,
and the water is assumed to be incompressible. For this cou-
pled MPM, the pore pressure is solved implicitly. Therefore,
the critical time step is governed by the CFL condition of
the soil phase, and a relatively large time step can be used
compared with a fully explicit approach. Unlike the other for-
mulations, the critical time step in the proposed formulation
is not affected by the soil’s permeability (or hydraulic con-
ductivity), reducing the computational effort significantly in
the case of low permeability.

Cell-crossing noise is eliminated using B-spline shape
functions. The mapping and remapping technique stabilises
the oscillation in the water phase. Furthermore, we have
improved the modified F-bar method to remove volumet-
ric locking in the soil phase. Numerical examples show an
excellent performance of the proposed stabilisation method.

The proposed two-phase double-point MPM is validated
with analytical solutions and numerical examples under
small and large deformations, respectively. After that, the
Nor-Sand constitutive model is used to study landslides. We
highlight the importance of using a two-phase double-point
MPM to study such a problem. Single-point MPM cannot
properly generate landslides when the soil is dilative (dense
soil) because the relative displacement between the soil and
water phase cannot be modelled properly. In this case, the
separation between soil and water surface (a gap) formed by
soil dilation cannot be captured by the single-point method.
When the slope is initially loose, the single-point method
also overestimates the stiffness around the crest. Thus, the
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Fig. 11 Soil mean effective stress contours of landslides with Nor-Sand model (loose sand: vg = 1.70) with different stabilisation methods at

various time snapshots

double-point approach is more accurate compared with the
single-point method. Therefore, it is necessary to use a two-
phase double-point MPM in the case of fully saturated soil
to accurately simulate geotechnical engineering problems
undergoing high deformations. Double-point MPM was crit-
icised in the past as a cumbersome method. However, we
demonstrate that it does not double the computational cost,
and it only represents an increase of about 10% of the calcula-
tion time compared with the single-point MPM if a quadratic
B-spline shape function is used. This difference can even be
reduced by improving the computational efficiency of con-
structing the shape function.

A limitation of the proposed method arises following the
development of gaps (partially saturated zones) between the
soil and water surfaces. The proposed method cannot han-
dle the suction that exists in these zones. Therefore, it is
necessary to further develop this approach to accommodate
partially saturated soils. The most straightforward approach
is to include matric suction (that is, the positive pore water
pressure providing additional apparent cohesion) in the soil’s
constitutive model based on the degree of saturation for gran-
ular materials. A more sophisticated approach, for example
using an additional set of material points to represent the
gas phase, requires re-deriving the proposed formulation and
incurs additional computational cost. Finally, the numerical
examples presented in this research are conducted under 2-D
plane strain conditions. However, the proposed formulation
is ready to solve real 3-D problems.
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Appendix A Elastic strip footing

An elastic strip footing problem is used here to demonstrate
the various performance of the cell-wise and patch-wise mod-
ified F-bar method on the GIMPM and BSMPM. The classic
linear elastic constitutive model, the one used in the Mohr-
Coulomb model, is used in this numerical example. The
Young’s modulus and Poisson’s ratio are 10 M Pa and 0.49,
respectively. In this case, the material is nearly incompress-
ible. Roller boundary conditions are used for the right- and
left-hand side boundaries to ensure a symmetric boundary
condition. The elastic material has a geometry of 20 m in
width and 10 m in height. Only half of the width is mod-
elled due to the symmetric boundary condition. The plane
strain condition is assumed for this problem. A 6 m wide
strip footing modelled by a 20 kPa uniformly distributed
load, spanning between 0 and 3 m (6 m wide in total because
of the symmetric). The load is gradually applied within 1 s,
and the gravitational acceleration is ignored. For this prob-
lem, a 0.2 m square mesh (h = 0.2 m) is used for the case of
coarse mesh, and the mesh size is reduced to 0.05 m to study
the mesh size effect on the resolution of the stress contour.
22 material points are placed in each cell for both cases.
Figure 12 compares the results given by GIMPM and
BSMPM with no stabilisation, the modified F-bar with cell-
wise (hparcn = h) and patch-wise (1 parcn = 1.5h) averaging
methods. We can see the GIMPM without stabilisation suf-
fers strong volumetric locking. The higher-order B-spline
shape function reduces the instabilities, but it cannot be
fully removed without any stabilisation. However, apply-
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ing the conventional cell-wise averaging (s parcn = h) on
the BSMPM introduces new instability as shown in Fig. 12,
indicating this method is not valid for BSMPM. On the
contrary, the modified F-bar method based on patch-wise
averaging efficiently eliminates all the volumetric locking on
both GIMPM and BSMPM. Finally, Fig. 13 demonstrates the
resolution of the stress contour can be improved by refining
the mesh.

Appendix B Nor-Sand model
Appendix B.1 Numerical implementation

Borja and Andrade [35] show sufficient details of numeri-
cal implementation for their original implicit return-mapping
algorithm. Therefore, only the modifications for the large
deformation analysis have been provided in this paper. The
notation in this section also follows Borja and Andrade [35].

Fern [56] reported that the implementation of the Nor-
Sand model for a large deformation problem requires a
dilatancy cutoff technique to prevent a sudden increase in
dilatancy of a material point at a critical state. According
to Fern [56], the material points located on the free surface
will be ejected from the flow body if the dilatancy suddenly
increases during the shearing. For the implicit Nor-Sand algo-
rithm, this instability will result in a non-physical complex
number that diverges the Newton—Raphson iteration. There-
fore, we introduce the same dilatancy cutoff technique as
Fern [56] to improve the convergence performance for this
implicit Nor-Sand algorithm. In this technique, a strain his-
tory variable, the accumulated deviatoric plastic strain E 5 s
is introduced, and the state parameter v; is calculated by

e D D, start |
iftE; < E, :

Vi = v — veo + Alog(—p;)

if Bt < B < B e
E_g—E_g start (92)

Wi = (1 - Eﬂ;{),endﬁé;,xturt)I//(EZ;:EL];’SM”)

e D p.end
it E; > Ej :

vi=0

where, E 5 STt and E 5 send are user-defined variables. When
EF < EI™" the state parameter v; is updated as usual.
After EJ > EI""*"" the residual state parameter will grad-
ually reduce to zero and drop to nil at E} = EF rd Asin

Fern [56], we set EJ """ = 100% and E" end _ 150% to
ensure that it only applies to a sheared soil at a critical state.

As we know, the dry granular flow may experience a phase

transformation from solid to gas, depending on its propa-
gation speed. The critical state sand model can capture the
phase transformation from solid (before the critical state) to
liquid (reached the critical state). However, it is not intended
to model a gas-like flow. In the ©(I) rheology model [57], a
gas-like behaviour is achieved by setting the stress to zero
when the material’s density is lower than a critical value.
In this case, the sand particles are disconnected. In the Nor-
Sand model, the specific volume (or void ratio) represents the
density of the sand. Therefore, the gas-like behaviour can be
modelled by setting the stress to zero when the specific vol-
ume is larger than a critical value:
o =0 if(v > veir). 93)
The corresponding elastic strain should also be nil. However,
the left Cauchy green nil elastic tensor B¢ cannot be an exact
identity matrix because an eigendecomposition must be per-
formed on this tensor. Therefore, small, unequal values are
assigned to its diagonal components if v > v.,;;. As a result,
the elastic logarithmic strain is approximately zero

1
E‘= 1B ~0. 94)

The critical specific volume v..;; = 1.6vg is used in this
research. This 1.6 factor is consistent with Dunatunga and
Kamrin [57]. A specific volume greater than the maximum
specific volume means that the sand particles are discon-
nected, resulting in a nil stress and gas-like behaviour. The
phase transformation from solid to gas is reversible. Once
the specific volume falls below the defined critical value, the
stress will be updated again by the Nor-Sand constitutive
model. It is worth mentioning that, in the case of saturated
soil, the mixture will behave like water instead of gas under
the nil stress condition.

In the Nor-Sand algorithm Borja and Andrade [35]
derived, the specific volume of soil is updated by

vt+l — J[+l 0. (95)
However, we find that the convergence of this constitutive

model under large deformation can be significantly improved
by adopting

it = FrH ) (96)
where
N, 1 Nip
T2 Vi [ == 3 Nigpmgy 5741 ©7)
mgy
=1 p=1
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—

SMPM - modified F-bar (hyqer, = 1.5h):

Fig.12 Comparison of the GIMPM and BSMPM with different stabilisation methods

is the stabilised Jacobian of deformation gradient. The dif-
ference in results is negligible between these two update
procedures, and the performance of the constitutive model
under large deformation has been significantly improved.

Appendix B.2 Single-element driver

The single-element (or material point) test can be used to val-
idate the implementation of the constitutive model. It is also
an important tool for calibrating the model parameters with
a stress—strain curve. The critical state constitutive model is
usually calibrated with an undrained or drained triaxial test.
Therefore, it is necessary to establish a single-element driver
to simulate triaxial shear under undrained and drained condi-
tions. In this section, we will derive the single-element driver
for the constitutive models based on both infinitesimal and
finite strain theories.

@ Springer

Appendix B.2.1 Undrained condition

It is relatively easy to derive an undrained triaxial single-
element driver. Under the undrained condition, the volume
change is prevented, resulting in a stationary Jacobian J = 1.
In the case of an infinitesimal stain, the constitutive model is
driven by the incremental strain. Therefore, we can establish a
constant infinitesimal strain tensor € by preventing its volume
change

e O 0
e=|0—¢/2 O , (98)
0 0 —e/2

where, €, is the infinitesimal axial strain, and the minus sign
means compression. In this case, the Jacobian J = 1 +tre =
1. Therefore, the incremental form of (98) which drives the
constitutive model can be written as
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Fig. 13 Illustration of the mesh size effect on the resolution for the stress contour given by BSMPM with modified F-bar method

A€, 0 0
Ae=| 0 —Aeg;/2 0 . 99)
0 0 —Ae€,/2

In the case of finite strain, the axial stretch

[

Ao = — (100)
lo

is defined together with the logarithmic axial strain

E, =Inx, =1n(/lp), (101)

where, [y and [ are the length of the bar at reference and
deformed configurations, respectively. We can replace the
infinitesimal axial strain in (98) with the logarithmic axial
strain (101) because the split of the logarithmic axial strain
is also additive. Therefore, Eq. (98) yield to

Ind/ly) 0 0
E=| 0 1InGy/D/2 0 , (102)
0 0 Inlo/D)/2

We know the relationship between the left Cauchy-Green
tensor B and logarithmic strain

1
E = _-InB.

5 (103)

Then, we can easily find the left Cauchy-Green tensor under
the undrained triaxial condition by

(/) 0 0
B=expRE)=| 0 Iyl 0 (104)
0 0 Iyl

The deformation gradient for this undrained triaxial exten-
sion or compression can be obtained by

I/hy 0 0
F=vVB=expE=| 0 JIJl 0 (105)
0 0 i/l

In the case of finite strain, the incremental deformation gradi-
ent AF drives the constitutive model. Therefore, by assuming
lo =1and ! = [y + A€, we can have

1+ Aeg 0 0
AF = 0 JI/(I+ Ae) 0 (106)
0 0 NIV XH)
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Also, J = detF = det AF = 1 because of the prevented
volume change under the undrained condition.

Appendix B.2.2 Drained condition

It is also possible to derive a single-element drained triax-
ial driver. We know the stress path in a drained triaxial test
always follows
Ag =3Ap. (107)
To maintain this condition under both elastic and plastic
loading, we have to relate the incremental strain with the
elastoplastic tangent modulus C°?. Conveniently, the Voigt
notation for this fourth-order tensor C;; is used. Therefore,
the incremental infinitesimal strain for the drained triaxial
driver can be written as

A€, 0 0
Ae=| 0 —Aeq— 0 : (108)
C
0 0 —Aeae e j_lcn

Following the same procedures from (100) to (106), we can
derive the deformation gradient for the drained triaxial driver
as

1/ly 0 0
(S]]
F=| 0 (p/l)C2+C 0 s (109)
C
0 0 (lo/D) Tsen
and its incremental form
1+ Ae, 0 0
1 5]
AF = 0 (1+A€a)C22+C23 0 . (110)
C
0 0 = )C32i1C33

1+ A€,

Appendix B.3 Calibration and validation

Andrade and Ellison [55] calibrated the Nor-Sand model
parameters for Hostun sand based on the undrained triax-
ial experiments conducted by Doanh et al. [58]. Table6
summarises the calibrated parameters for Hostun sand. Our
numerical implementation for the Nor-Sand model uses the
single-element driver derived in the previous section. Three
initial mean effective stresses pg, ranging from 100 to 300
kPa, are used. The initial specific volume is 2.0, and the ini-
tial elastic volumetric strain is 0. Fig. 14 shows the validation
results. As we can see, the results of our implementation
are closely correlated with Andrade and Ellison [55] and
also the experiments conducted by Doanh et al. [58], which
implies the correctness of the implementation of the consti-
tutive model.

@ Springer

Table 6 Calibrated parameters for Hostun sand specimens

Parameter Value
Shear modulus G[M Pa] 40
Swelling index « 0.002
Reference specific volume v 1.892
Compression index A 0.02
Slope of the critical state line M 1.0
Yield function constant N 0.1
Plastic potential constant N 0.1
Hardening coefficient & 100
Multiplier for maximum plastic dilatancy o -2.0

Appendix B.4 Initialise the multi-element MPM
model

In the Mohr-Coulomb/Drucker-Prager model, the soil’s
strength is related to the friction angle and cohesion. Also,
constant Young’s modulus and Poisson’s ratio are used for the
elastic behaviour. In this case, its strength does not depend on
the initial condition. For this hyperelastic Nor-Sand model,
apart from the parameters that can be calibrated from the tri-
axial test, we need to initialise the reference pressure pg, the
elastic volumetric strain at the reference pressure €, and the
initial image pressure.

It is logical to obtain the initial condition by gradually
imposing the gravity load. To prevent failure during grav-
ity loading, only elastic behaviour is allowed at this stage.
Initially, we set the reference pressure pg = 2 kPa and the
elastic volumetric strain €/, = 0 at this reference pressure.
Then, the gravity load is gradually applied from zero to its
maximum value. During gravity loading, the elastic stress
and strain are updated by the hyperelastic law. Therefore, we
can obtain the pressure (mean effective stress) and elastic
volumetric strain by

1
= —tro, 111
p=3to (IT1)
and
€ = tree. (112)

At the end of gravity loading, we can take the last converged
p and €/ as reference pressure py and elastic volumetric
strain 650' From the yield function of the Nor-Sand model,
we can obtain the initial image pressure p; using an over-
consolidation ratio (OCR) and the reference pressure pg by

if N =0,
if N > 0.

po/exp(l)

pi = OCR X o(1 — N)I=M/N

(113)
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Fig. 14 Calibration and validation of Nor-Sand constitutive model versus undrained triaxial experimental data and the corresponding numerical

study

Also, the initial specific volume v after the elastic loading
can be updated by

vo < Jvp. (114)

Note that the volume change J is very small during elastic
loading, resulting in a minor change in the specific volume.
However, imposing a well-gradient initial specific volume
(i.e. a higher specific volume at the upper layer) can help the
algorithm’s convergence.
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