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A B S T R A C T

Contact angle measurements of sessile or moving droplets are by far the most common way to characterize their wetting properties. The typical route to obtain 
contact angle estimates from atomistic molecular dynamics simulations requires the calculation of an isochore or the equimolar dividing surface, both of which need 
sizeable statistics to achieve acceptable accuracy and are less suitable in non-stationary conditions. Here, we propose an algorithm for estimating the contact angle 
that relies on the identification of interfacial molecules, which can determine the instantaneous location of the liquid surface. We apply this algorithm to calculate 
the contact angles of water droplets at equilibrium and out of equilibrium on graphite-like substrates, paying particular attention to modeling the presence of excited 
modes using general ellipses to fit the droplet surface. The algorithm is implemented in a user-friendly way in the Pytim software package.
1. Introduction

Contact angle measurement is a fundamental technique for esti-
mating the wetting properties of solid surfaces by a liquid, providing 
essential insights into surface energies, adhesion, and wettability. Tra-
ditional experimental methods for contact angle measurement, such as 
the sessile drop [1] and Wilhelmy plate [2] techniques, provide macro-
scopic observations. Particle-based simulation measurements of contact 
angles [3–5], on the other hand, offer a microscopic perspective on 
static and dynamic wetting phenomena [6–8].

On rigid substrates, the Young-Duprè equation and its generaliza-
tion to line tension [9] connect the contact angle to the balance of 
intermolecular forces at the substrate-liquid-vapor contact line, and its 
precise determination is pivotal for applications ranging from bioma-
terial coatings and self-cleaning surfaces to enhanced oil recovery and 
microfluidic devices. If the droplet is floating on another liquid, the an-
gles at the contact line are determined by Neumann’s law instead [10]. 
The liquid on a solid substrate is a particular case of the most general 
framework of deformable substrates [11]. Regardless of the theoretical 
framework describing the mechanics of wetting, the measurement of 
contact angles proves to be complicated by several factors both in ex-
periments [12] and in simulations [13–15]. The goniometric approach 
requires identifying the surface of the liquid, typically by locating a 
liquid isochore or the local equimolar surface (see, e.g., [16,17]). This 
calculation inevitably requires sampling density profiles with the conse-
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quent necessity of performing a time average (spatial average might be 
limited by size), reducing the usefulness of these approaches to equilib-
rium or stationary conditions and preventing the investigation of spatial 
correlation effects.

Because capillary waves smear the average density profiles of in-
terfaces, it is often believed that the liquid-vapor interface of small 
molecular liquids is diffuse, with an impact on the strategies chosen 
to locate it [18]. However, far from the critical point, liquid/vapor in-
terfaces of small molecular liquids have a width that is comparable with 
the molecular size [19] and retain, at least in part, the strong correla-
tions that characterize the bulk [20].

The need for an instantaneous determination of the contact an-
gle has been recognized before by Nezbeda and coworkers, who used 
an alpha-shape-based method [21], and later by Galindo and cowork-
ers [22], who built on the Instantaneous Liquid Interfaces method of 
Willard and Chandler [23]. Willard and Chandler’s method defines the 
location of the instantaneous liquid surface as a specific iso-density sur-
face of the convolution of a Gaussian kernel with the positions of atomic 
centers.

Here, we use as an interface location method the Generalised Iden-
tification of Truly Interfacial Molecules (GITIM) [24,25], which we 
already successfully employed to investigate the dynamic wetting of 
droplets [26] and, which provides direct access to the instantaneous 
location of interfacial atoms, as shown in Fig. 1.
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Fig. 1. Molecular dynamics simulations snapshots. From top to bottom, the first 
three panels show the cylindrical droplet in: equilibrium, oblique projection; 
equilibrium, 𝑥 − 𝑧 projection; stationary state 𝑥 − 𝑧 projection. Bottom panel: a 
spherical droplet pulled by an oblique force. The oxygen atoms of the droplet 
are shown in purple (surface oxygen atoms) and yellow (other oxygen atoms). 
The carbon atoms of the substrate are shown in gray. The arrow indicates the 
direction of the applied body force. In the bottom panel, part of the droplet 
atoms are replaced by a transparent surface to show a cross-section parallel to 
the 𝑥 − 𝑧 plane.

The average shape of a droplet surface at equilibrium, at least 
on scales larger than the substrate-liquid interaction range, is that of 
a spherical cap because surface tension acts towards minimizing the 
liquid-vapor interfacial area. Out of equilibrium, this is not true any-
more, and one needs to resort to other approaches to take into account 
the presence of excited modes. Considering the excited modes is neces-
sary even at equilibrium when analyzing instantaneous configurations 
because all surface modes are excited by thermal agitation, including 
the longest wavelength modes that deform the global shape of the 
droplet.

In other words, while high-frequency thermally activated modes ap-
pear as ripples on the surface of the droplet, the lowest frequency one 
contributes to the overall deformation of the droplet, which, even at 
equilibrium, will keep wobbling because of thermal agitation. As we 
will describe later, the lowest-frequency mode is an ellipsoidal defor-
mation.

In the following, we will show how to access the contact angle of 
instantaneous configurations in three exemplary cases involving non-
equilibrium simulations of droplets that are spanning (cylindrical) or 
not (deformed spherical caps) the periodic boundary conditions. Fitting 
2

the surface profile using an ellipse allows us to describe the long-wave 
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excited modes quite accurately, but the usual techniques based on linear 
least squares turned out to be unsuitable for the task.

2. Methods

2.1. Molecular dynamics simulations

In this work, we performed non-equilibrium molecular dynamics 
simulations of 7332 SPC/E water molecules [27,28] condensed on one 
side of a stack of six rigid graphene flakes, following the protocol de-
veloped in a previous publication [29]. We use two setups, one with 
flakes of size 19.8936 nm × 4.6794 nm and the other with size 19.8936 
nm × 14.0382 nm. In both cases, the flakes are separated by 0.335 nm 
along the normal direction, 𝑧, and fill the 𝑥 − 𝑦 cross-section of their 
corresponding simulation box with a 𝑧-edge length of 17 nm. We re-
moved a random selection of carbon atoms from the first layer (about 
35% of the first layer atoms) to generate a microscopically rough sur-
face that could provide sizeable friction and prevent the appearance of 
a divergent slip length [30,29]. Note that although this surface has the 
structure of graphite, the interaction parameters have not been tuned 
to match specifically any wetting experimental results. In addition, it is 
worth noticing that the experimental measurement of contact angle on 
graphite reported in the literature suffers from a considerable spread, 
which has multiple origins, ranging from the presence of defects to that 
of hydrocarbon contamination [31]. Also, contact angle measurements 
of water droplet with comparable sizes are experimentally accessible, 
see, e.g., the review of Mendez-Vilas and coworkers [32].

In the first setup, shown in three panels at the top of Fig. 1, the water 
molecules are condensed in a droplet that spans the periodic boundary 
conditions along the 𝑦 axis. In this way, the droplet has a cylindrical 
cap shape, often used in literature to avoid contact line contributions, 
and keep the contact angle independent on the droplet size [33]. In the 
second setup, shown in the bottom panel of Fig. 1, the droplet does not 
span the periodic boundary conditions and, at equilibrium, takes the 
shape of a spherical cap.

The code we developed for this occasion as a new observable imple-
mented in the Pytim software [25]1 and works both for cylindrical and 
spherical caps. Fig. 2 reports a simple usage example of the Pytim im-
plementation of the observable for calculating the contact angles, which 
includes several routines for fitting, generating, and transforming be-
tween different representations of ellipses and ellipsoids. Internally, the 
code essentially does the following steps

1. wrap the surface atoms positions to remove periodic boundary con-
ditions effects

2. disregard atoms below the chosen elevation cut
3. perform a linear least square fit to obtain a first estimate of the 

parameters
4. use the output of the linear fit as initial values for the nonlinear 

least square
5. compute the contact angles from the analytical expression

All simulations were performed with the GROMACS simulation 
package [34], version 2018, using a timestep of 2 fs, the smooth 
Particle-Mesh-Ewald method [35,36] to treat the long-range contribu-
tion of electrostatics and dispersion forces [37,38]. The simulations are 
performed at constant temperature, using a modified Nosè-Hoover ther-
mostat [39,40] (characteristic time, 1 ps, reference temperature 300 K) 
that is coupled only along the 𝑦 direction, to retain thermodynamic con-
sistency [41,42,26].2

Finally, we used the GITIM [24] method, as implemented in Py-
tim [25], to identify the surface molecules. GITIM works by performing 

1 http://github .com /Marcello -Sega /pytim.

2 https://github .com /Marcello -Sega /gromacs /tree /decoupled -thermostat.

http://github.com/Marcello-Sega/pytim
https://github.com/Marcello-Sega/gromacs/tree/decoupled-thermostat
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Fig. 2. Usage example for the calculation of contact angles of a cylindrical droplet.
a Delaunay triangulation [43] of the molecular positions and labeling 
as interfacial molecules those at the edges of triangles large enough to 
host a probe sphere of a given size. The probe sphere radius determines 
the resolution at which the interface is described and can be chosen 
in such a way that the local position of the interface is compatible 
with the Gibbs equimolar dividing surface [44]. We have chosen this 
approach, as opposed to a continuum-based method like the Willard-
Chandler one, to have direct access to the surface atoms, as this can 
be beneficial when calculating other properties including, for exam-
ple, the velocity of surface atoms [26]. After obtaining the molecular 
coordinates from a molecular dynamics simulation and identifying wa-
ter interfacial molecules using the GITIM algorithm, we determine the 
liquid-vapor interface by subtracting from the set of interfacial water 
molecules those in close contact with the substrate (i.e., closer than the 
3

first minimum of the carbon-oxygen radial distribution function). This 
way, the procedure would work also for rough surfaces, not just flat 
ones like in the present case.

2.2. Ellipse and ellipsoid fitting

The next step requires processing the coordinates of the liquid-vapor 
interfacial atoms to measure the quantities that characterize the instan-
taneous geometry of the droplet, including the contact angle. When 
computing droplet profiles and contact angles of equilibrium droplets 
from averaged density profiles, the natural choice is to fit the data to 
a circumference arc or a spherical cap, as the spherical (and cylindri-
cal, for infinitely long droplets or in the presence of periodic boundary 
conditions) shape minimizes the surface area. However, performing in-
stantaneous measurements without a time average requires considering 
the presence of excited surface modes. For macroscopically flat sur-

faces, these modes are the usual thermal capillary waves characterized 
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by a continuum spectrum for an infinite surface. Instead, the modes 
of droplets need to be bound at long wavelengths because of their 
finite size. The normal modes of a spherical surface are, in general, 
divided between spheroidal vibrations 𝑛𝑆𝑙 and toroidal or torsional 
vibrations 𝑛𝑇 𝑙 and labeled by the number of nodal intersections 𝑛
along the radial direction and 𝑙 − 1 along the surface. The 𝑛 = 0 modes 
are the fundamental ones, while 𝑛 > 0 identifies overtones. For exam-
ple, the 0𝑆0 mode corresponds to an isotropic expansion and contrac-
tion (a breathing mode), while the 0𝑆2 mode, with displacement field 
𝐬 =

√
5∕(16𝜋)𝑈 (𝑟)(3𝑐𝑜𝑠2𝜃−1)𝒓̂+

√
15∕(8𝜋)𝑉 (𝑟) sin𝜃 cos𝜃 𝜽̂, is often de-

scribed as an oscillation between an oblate and a prolate ellipsoid [45]. 
Unlike solids, liquids can not resist deformation in response to applied 
shear stress over time, so only spheroidal modes are relevant for a liquid 
droplet in the low frequency limit, and are represented by the Rayleigh-
Lamb deformations [46], the lowest mode of which is the quadrupolar 
𝑌20(𝜃) =

√
15∕(16𝜋)(3 cos2 𝜃 − 1), analogous to the spheroidal mode. 

While the eigenmodes of sessile droplets are much more complex and 
rich in phenomenology [47], it is an established practice to approxi-
mate the shape of droplets under shear with an ellipsoid [48,49]. This 
is not true only for droplets under shear, as the radial profile of a rev-
olution ellipsoid, 𝑟(𝜃) = 𝑟0(1 − 𝜖2 cos2 𝜃)−1∕2 can be approximated, for 
small eccentricities 𝜖, as 𝑟(𝜃) ≃ 𝑟0 +(𝑟0∕2)𝜖2 cos2 𝜃, and so it can be used 
effectively to fit the spheroidal modes.

Here, we consider only the lowest frequency modes or shear-induced 
deformations, in the limit of small eccentricity. As both are approxi-
mated well by elliptical or ellipsoidal shapes, describing them requires 
an appropriate fitting procedure for ellipses and ellipsoids. For ellipses, 
the typical approach consists in translating the problem of fitting the 
quadratic form 𝐹 (𝑥, 𝑦) = 𝑎𝑥2 + 𝑏𝑥𝑦 + 𝑐𝑦2 + 𝑑𝑥 + 𝑒𝑦 + 𝑓 = 0 into the lin-
ear least squares problem of minimizing |𝐃𝐩|2, where the 6 ×𝑁 design 
matrix 𝐃 = [𝑥2

𝑖
, 𝑥𝑖𝑦𝑖, 𝑦2𝑖 , 𝑥𝑖, 𝑦𝑖, 1] is defined by the set of 𝑁 points (𝑥𝑖, 𝑦𝑖), 

and the vector of parameters is 𝐩 = [𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 ]. In solving this prob-
lem, one has to avoid the trivial solutions and solutions that represent 
conics other than the ellipse. Fitzgibbon incorporated the ellipticity con-
straint 4𝑎𝑐 − 𝑏2 > 0 in an elegant way [50], providing a simple and 
robust algorithm, which has proven extremely popular. The algorithm 
provides the polynomial coefficients 𝐩 as the eigenvector corresponding 
to the only positive eigenvalue 𝜆 of the generalized eigenvalue problem

𝐃𝑇𝐃𝐩 = 𝜆𝐂𝐩, (1)

where 𝐂 is a 6 × 6 matrix with zeros everywhere but along the antidi-
agonal of its first 3 × 3 block, which takes the value (−2, 1, −2). In this 
work, we use a modified version of Fitzgibbon’s linear least square al-
gorithm, which improves its stability [51].

Despite their appealing simplicity and speed, these linear least 
squares approaches have the common problem of minimizing the alge-
braic rather than the geometric, or root mean square, distance (RMSD), 
which is what one would like to do for this problem. A simple test on 
points sampled from equilibrium simulations of a droplet shows that 
Fitzgibbon’s best-fitting ellipse yields higher RMSD values than the best 
fit to an arc of circumference, which is problematic in the present con-
text.

Thanks to its robustness, however, Fitzgibbon’s algorithm or vari-
ants thereof like that of Halír̆ and Flusser [51], which we use here, is 
an excellent choice to select the initial guess for a subsequent nonlin-
ear fit. In our implementation, we carry out the nonlinear fit using the 
Nelder-Mead algorithm to minimize the ellipse’s RMSD, using a penalty 
function to avoid sets of parameters that do not satisfy the ellipticity 
constraint.

One further remark is in order. In performing the fit, we did not 
include the region of the droplet near the substrate (within a 5.5 Å 
region) to avoid measurement of the microscopic contact angle. This 
is a region that is one water molecule in size, where the distortion of 
the density profile due to the interaction with the substrate is so strong 
4

that it would introduce a large bias in the measurement of the contact 
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angle. As it is custom practice (see, e.g., the discussion in [22]) we 
exclude these molecules from the fit.

Finally, the contact angles of the ellipse can be calculated by solving 
the tedious but simple geometrical problem of finding the slopes 𝑚 of 
the secant segments 𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1) with two coincident solutions, 
which pass through the points satisfying the ellipse equation 𝐹 (𝑥, 𝑦) = 0
at a desired elevation 𝑦1, leading to 𝑚 = 4𝑎𝑐𝑥1𝑦1 + 2𝑎𝑒𝑥1 − 𝑏2𝑥1𝑦1 −
𝑏𝑑𝑥1 −𝑏𝑒𝑦1 −2𝑏𝑓 +2𝑐𝑑𝑦1 +𝑑𝑒, where 𝑥1 can be easily found by solving 
𝐹 (𝑥1, 𝑦1) = 0 and is given by

2𝑎𝑥1 = −𝑏𝑦1 − 𝑑 ±
√

−4𝑎𝑐𝑦21 − 4𝑎𝑒𝑦1 − 4𝑎𝑓 + 𝑏2𝑦21 + 2𝑏𝑑𝑦1 + 𝑑2.

Here, we have chosen the elevation to be that of the atomic centers in 
the topmost graphene flake.

For ellipsoids, instead, we employ the approach by Turner and 
coworkers [52] to perform the initial linear least squares fit. In this 
case, the design matrix is

𝐃 = [𝑥2 + 𝑦2 − 2𝑧2, 𝑥2 − 2𝑦2 + 𝑧2,4𝑥𝑦,2𝑥𝑧,2𝑦𝑧,𝑥, 𝑦, 𝑧,1],

and the generalized eigenvalue to be solved is

𝐃𝑇𝐃𝐩′ = 𝜆𝐃𝑇𝐄𝐩′, (2)

with 𝐄 = [𝑥2 + 𝑦2 + 𝑧2]. The elements of the eigenvector

𝐩′ = [𝑢, 𝑣,𝑚, 𝑛, 𝑝, 𝑞, 𝑟, 𝑠, 𝑡]𝑇

are related to the coefficients

𝐩 = [𝑎, 𝑏, 𝑐, 𝑓 , 𝑒, 𝑑, 𝑔, ℎ, 𝑘, 𝑙]𝑇

of the polynomial

𝑎𝑥2 + 𝑏𝑦2 + 𝑐𝑧2 + 2𝑓𝑦𝑧+ 2𝑔𝑥𝑧+ 2ℎ𝑥𝑦+ 𝑝𝑥+ 𝑞𝑦+ 𝑟𝑧+ 𝑑

by the relations

𝐩 = [1 − 𝑢− 𝑣,1 − 𝑢+ 2𝑣,3 − 𝑎− 𝑏,−2𝑚,−𝑛,−𝑝,−𝑞,−𝑟,−𝑠,−𝑡]𝑇 .

The problem of generating points on the general ellipsoid can be 
solved by using the affine transformation (the ellipsoid is not necessarily 
centered in the origin)

𝐫 = 𝐯+𝐓𝐬 (3)

that maps the unit sphere centered in the origin,

𝐬 = [sin𝜃 cos𝜙, sin𝜃 sin𝜙, cos𝜃]𝑇

to the points on the ellipsoid, 𝐫. The connection between the affine 
transformation and the coefficients of the polynomial can be found us-
ing another standard representation of the ellipsoid, namely,

(𝐫 − 𝐯)𝑇𝐀′(𝐫 − 𝐯) = 𝑘2. (4)

It can be shown [53] that 𝐓 = 𝑘𝐀′−1∕2. It is important to use the rep-
resentation with a generic value of the constant 𝑘 instead of the more 
conventional choice, 𝑘 = 1. In this way, the quadratic form has the same 
additional degree of freedom as the polynomial one, allowing us to pro-
ceed with a term-by-term comparison to identify the elements of the 
affine transformation. The polynomial can be recast in the matrix form

𝐫𝑇𝐀𝐫 + 𝜷𝑇 𝐫 + 𝛾 = 0, (5)

with

𝐀 =
⎡⎢⎢⎣
𝑎 ℎ 𝑔

ℎ 𝑏 𝑓

𝑔 𝑓 𝑐

⎤⎥⎥⎦ , 𝜷 = [𝑝, 𝑞, 𝑟]𝑇 , 𝛾 = 𝑑. (6)

After expansion and comparison, one finds 𝐀′ =𝐀, 𝐯 =−1∕2𝐀−1𝜷 , and 
𝑘2 = (1∕4)𝜷𝑇𝐀−1𝜷 − 𝛾 , allowing to determine the affine transformation 

given the polynomial coefficients.



A.K. Giri and M. Sega

Fig. 3. Positions of the instantaneous surface molecules (points) and results of 
best fit (solid line) for a droplet in the stationary state in the presence of a 
downward acceleration (top panel: nonlinear fit procedure; bottom panel: fit 
using Fitzgibbon’s algorithm).

The contact line is given by the (𝑥, 𝑦) points solving the ellip-
soid equation at the elevation of choice 𝑧 = 𝑧1. The analytical solu-
tion is that of an ellipse (the contact line) with parameters 𝐩contact =
[𝑎, 2ℎ, 𝑏, 2𝑔𝑧1 + 𝑝, 2𝑓𝑧1 + 𝑞, 𝑟𝑧1 + 𝑑]𝑇 . With 𝐩contact at hand, one can 
generate points belonging to the contact line, remap them back onto 
the unit sphere with the inverse of the affine transformation, and com-
pute the corresponding tangent vectors. Eventually, one needs to apply 
the affine transformation to obtain the tangent vectors on the ellipsoid 
and, from there, calculate the normal ones, from which one can easily 
read out the contact angle along the contact line.

It is worth noticing that the whole fitting procedure inclusive of the 
various geometrical transformations required is rather tedious, and the 
implementation with the Pytim package makes the process of obtaining 
the contact angles values straightforward for the user, as demonstrated 
by the few steps required by the user in Fig. 2.

3. Results and discussion

To test our approach, we start by calculating the properties of the av-
erage cylindrical droplet surface at equilibrium, focusing only later on 
the instantaneous surface. We sampled 500 frames, collecting the sur-
face positions of surface oxygen atoms in a histogram. The histogram 
holds the information on the radial distance from the center of the 
droplet as a function of the azimuthal angle. In this way, we avoid the 
large variance close to the tip of the droplet that characterizes binning 
the elevation from the substrate. Note that cylindrical droplets also have 
capillary fluctuations along their axis spanning the periodic boundary 
conditions, but we don’t consider them here, as they are always just 
fluctuating around zero.

The best fit through the binned surface atoms positions sampled over 
500 frames of an equilibrium trajectory, for example, yielded an ellipse 
that is indistinguishable to the eye from the best fitting circumference, 
with RMSDs equal to 1.406 and 1.409 Å, respectively. The least-square 
algorithm solution, on the other hand, yields an RMSD of 1.474 Å, with 
visible differences close to the base of the droplet and a contact angle 
estimate of 84.5 ± 1.0 deg.

Next, we analyze the instantaneous profile of a cylindrical droplet 
subject to a downward acceleration of 0.0025 nm/ps2 pointing towards 
the substrate. This acceleration induces a deformation of the droplet, 
which reaches a new stationary shape after a few tens of picoseconds. 
In Fig. 3, we show the result of the best fit according to the linear least 
squares algorithm (bottom panel) and the Nelder-Mead nonlinear op-
timization (top panel). The points represent the atomic positions of an 
5

instantaneous configuration of the liquid/vapor interfacial molecules. 
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Fig. 4. Dependence of the contact angle (average between left and right mea-
sured from a single cylindrical droplet configuration at equilibrium), as a func-
tion of the cutoff elevation ℎcut below which atoms are not considered for the 
fitting procedure.

Fig. 5. Time evolution of left and right contact angles (top panel) and eccen-
tricity (bottom panel) during the relaxation of the compressed droplet towards 
equilibrium. The shaded area represents one standard deviation.

The nonlinear fit is superior even by visual inspection, especially in the 
region close to the lower part of the droplet, and the lower RMSD value 
confirms this. Note that we used the same set of atoms to perform both 
fits. The fact that the least squares algorithm deviates more (in a geo-
metrical sense) close to the base is because the linear least squares fit 
minimizes the algebraic distance 

∑
𝑖 |𝐹 (𝑥𝑖, 𝑦𝑖)|2, and not the geometric 

one.
The question of the stability of this fit is also quite important. The el-

liptical fit is notoriously more sensitive to outliers than the circular fit. If 
we progressively exclude atoms closer to the substrate ones than a cut-
off ℎcut , the measured contact angle of a single configuration sampled 
from equilibrium, shown in Fig. 4 is relatively stable from the lowest 
value ℎcut = 5.5 Å up to about 10 Å, after which it starts deviating. This 
deviation is understandable; with this cutoff, a quarter of the droplet is 
excluded from the fit.

After validating the approach with average droplet surfaces and in-
stantaneous out-of-equilibrium configuration, we turn to the droplet 
dynamics. As we have already mentioned, one of the most appealing 
features of this approach is that having access to instantaneous configu-
rations of the surface molecules allows us to track the time evolution of 
the contact angle and other geometric parameters. As a first example, 
we start from the compressed cylindrical droplet used for the previ-
ous calculation and release the downward acceleration, allowing the 
droplet to relax back to its equilibrium shape. In Fig. 5 (top panel), we 
report the time evolution of the left and right contact angles from the 
moment the downward acceleration is removed, averaging over a run-
ning window of 8 frames for clarity. This allows also to estimate the 
statistical error on the reported quantities. Both contact angles show an 

initial relaxation that is followed by, and partially masked by, large os-
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Fig. 6. Time evolution of the receding (lower stationary values) and advanc-
ing (higher stationary values) contact angles in a droplet subjected to lateral 
acceleration. The shaded area represents one standard deviation.

cillations. The eccentricity 𝜖 =
√
1 − (𝑚∕𝑀)2, where 𝑚 and 𝑀 lengths 

of the minor and major semiaxes, is another geometrical parameter of 
the ellipse, which can be used to characterize its deformation. We show 
the evolution of the eccentricity over time in the bottom panel of Fig. 5.

Next, we apply our approach to exploring the evolution of contact 
angles of the cylindrical droplet in response to a lateral body force by 
applying a constant acceleration of 0.0015 nm/ps2 along the 𝑥 axis. We 
characterize the droplet’s response by the evolution of its advancing 
and receding contact angles over time, as shown in Fig. 6. The initial 
stage is characterized by a symmetric response of the droplet, with both 
advancing and receding contact angles evolving in lockstep up to about 
150 ps. At later times, the two angles quickly diverge to start fluctuating 
around their respective stationary values of about 70 and 95 deg.

As the force is switched on instantaneously and is rather strong, the 
droplet is initially (0-150 ps) characterized by a large slip velocity and 
moves almost by uniform translation (evident by visual inspection of 
the trajectory). When the initial shock relaxes, and the wall friction 
starts becoming effective, slip reduces, but it takes additional time for 
momentum to be transported by viscous dissipation, giving rise to the 
transition region seen in the lower panel between 150-200 ps, followed 
by the stationary state beyond 200 ps.

The transition region is better underlined by looking at the differ-
ence between the values of the two instantaneous contact angles, shown 
in the bottom panel of Fig. 6 that oscillates at first around zero, and af-
ter a quick transition phase, around about -25 deg.

We now apply the method in the case of a droplet made of the same 
number of molecules but placed on a larger substrate. This way, the 
droplet does not span the periodic boundary conditions in any direction, 
and its equilibrium shape is that of a spherical cap. We impose to each 
water molecule an acceleration in the 𝑥 − 𝑧 plane of [0.007, 0.0, 0.004]
nm/ps2, effectively inducing a motion along the 𝑥 axis combined with 
a stretching of the droplet, which is also pulled along the vertical 𝑧
axis. The stationary shape of the droplet, shown in the bottom panel of 
Fig. 1, is that of a tilted ellipsoid. Using the conventional approach, the 
absence of any symmetry would require extensive sampling to locate 
the interface in the three-dimensional space. In Fig. 7, instead, we show 
the result of the nonlinear ellipsoidal fit to a single configuration, which 
yielded an RMSD of 2.75 Å. As usual, we did not include the molecules 
in the first layer in contact with the substrate, retaining only molecules 
farther than 5.5 Å.

Access to the best-fit ellipsoid allows computing the contact line lo-
cation and the contact angle value along it, as described in the Methods 
section. The contact angle can be conveniently expressed as a function 
of the azimuthal angle 𝜙. If we set the origin of the (𝑥, 𝑦) coordinate sys-
tem in the center of the droplet, then 𝜙 = 0 corresponds to the foremost 
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point of the advancing contact line (for a droplet that advances towards 
Journal of Molecular Liquids 407 (2024) 125155

larger values of 𝑥), while 𝜙 = ±𝜋 correspond to the back of the mov-
ing droplet. We report the contact angle as a function of the azimuthal 
one in Fig. 8. The contact angle is minimum and slightly larger than 
100 deg close to the back of the droplet, as it is also evident from the 
right panel of Fig. 7, and then reaches the maximum value close, about 
114 deg close to the advancing front. Note that the graph is very smooth 
because the contact angle is an analytical function of the azimuthal one.

As a general remark, in all three cases the droplets behave quite in 
similar ways, and beside the reported measurements it is worth men-
tioning the clear appearance of higher modes, which are of course not 
captured with the current approach, as well as the Noether mode [47,
54], which entails a constant velocity translation of the droplet, this one 
detectable with our approach as it gives rise to a tilted ellipse/ellipsoid. 
Interestingly, and contrarily to our initial expectations, the ellipsoidal 
fit seemed to be more stable than the elliptical one under small pertur-
bations of the system.

Finally, we want to compare more traditional approaches based on 
the location of the interface via the density profile and the present one. 
The single-frame calculation is often impossible when using approaches 
based on sampling the density profile because of the sheer lack of statis-
tics. However, it is possible to compare the results at equilibrium or in 
a stationary state, where it is possible to perform extensive sampling. 
Here, we opted to compare the location of the interface of the equilib-
rium cylindrical droplet with the present method. Instead of computing 
the locus of an arbitrary isodensity value, we performed a fit to the 
function

𝜌(𝑟;ℎ) = 𝜌(ℎ) 1
2

[
1 − tanh

(
𝑟− 𝑟inter (ℎ)

𝑤(ℎ)

)]
, (7)

using 𝑟inter (ℎ), 𝑤(ℎ) and 𝜌(ℎ) as fitting parameters for different slices 
at constant elevation ℎ, and used 𝑟inter (ℎ) as a proxy to the location of 
the interface. More refined approaches could use the sampled density 
profile to compute, for example, the location of the Gibbs equimolar 
dividing surface. In Fig. 9, we compare this way of estimating the inter-
face location and the one based on the average location of the surface 
atoms as identified by GITIM, using 100 frames of an equilibrium simu-
lation. The two profiles compare rather well, even though they appear 
to have a slightly different radius. This difference is unsurprising, as 
both approaches use a free parameter, namely the probe sphere radius 
for GITIM and the choice of the midpoint of the tanh function for the 
traditional approach. However, the traditional approach suffers from 
additional sampling problems next to the tip of the droplet, where it 
does not make sense anymore to fit a sigmoidal density profile. In this 
case, it would be more appropriate to sample the density as a function 
of the radial distance from the droplet base center and the correspond-
ing polar angle. Regardless of these discrepancies, the two approaches 
provide overall qualitatively consistent profiles. Note that with the tra-
ditional approach there would be not enough statistics to perform a 
density profile fit from a single frame, and long sampling is needed, 
which could prevent analysis of the droplet shape in non-stationary con-
ditions.

4. Conclusions

Accessing the geometric information from instantaneous configu-
rations of droplets in computer simulations can improve our under-
standing of the effect of substrate-liquid interactions and fluid addi-
tives on the short-time response of droplets. The availability of this 
information can impact applications like coating, inkjet printing tech-
nologies, and smart surfaces, as well as our fundamental understanding 
of environmentally relevant processes involving, for example, aerosols. 
In addition, recent developments in interferometric and spectroscopic 
techniques (see, for example, Refs. [55–57]) are providing access to the 
static and dynamics of interfacial layers in the 1-100 nm range, and 
molecular dynamics simulations can supply a complementary point of 

view after subtracting the smearing effect of high-frequency capillary 
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Fig. 7. Instantaneous configuration of the oxygen atoms in the spherical droplet pulled by an oblique body force (points) and best-fitting ellipsoid (smooth surface). 
Left: oblique projection; Right: side view. Only the atoms used for the fit are shown. The contact line is also shown in yellow at the intersection between the ellipsoid 
and the plane of the substrate. This fit yielded an RMSD of 2.75 Å.
Fig. 8. Contact angle along the contact line of the best-fitting ellipsoid. The 
azimuthal angle is zero for the most advanced point of the contact line, along 
the positive 𝑥 semiaxis (with the origin in the center of the droplet) and ±180
deg along the negative 𝑥 semiaxis.

Fig. 9. Comparison between the average location of the interfacial atoms com-
puted using the GITIM algorithm (continuous line) and the interface location 
𝑟inter computed by fitting the density profile (points).

waves. In this work, we present a computational framework for measur-
ing instantaneous contact angles of liquid droplets based on algorithms 
for identifying surface molecules and introduce a robust ellipse-fitting 
procedure to model the first excited modes. The case studies presented 
here emphasize our approach’s ability to track the time evolution of 
the surface of droplets, including the deformation of the global shape 
7

induced by thermal fluctuations.
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