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Non-commutative nature of £-adic
vanishing cycles

By Dario Beraldo at London and Massimo Pippi at Angers

Abstract. Let p: X — S be a flat (proper) and regular scheme of finite type over a
strictly henselian discrete valuation ring. We prove that the singularity category of the special
fiber with its natural two-periodic structure allows to recover the £-adic vanishing cohomology
of p. Along the way, we compute homotopy-invariant non-connective algebraic K-theory with
compact support of certain embeddings X; < X7 in terms of the motivic realization of the
dg-category of relatively perfect complexes.

1. Introduction
1.1. Posing the problem.

1.1.1. It is well known, and well documented in the existing literature, that differential
graded (dg) categories of singularities are intimately related to vanishing cohomology. For
instance, see [5,12,13,27,31].

1.1.2. In particular, let W be a complex smooth quasi-projective variety and suppose
that f: W — A(lc is a regular map. In [13], it is proven that the vanishing cohomology of
f together with its monodromy action can be recovered as the periodic cyclic homology of
the singularity category of f~1(0), with the extra datum given by a Getzler—Gauss—Manin
connection. The latter was introduced in [16] and written down explicitly in [32].

1.1.3. In this paper, we deal with the £-adic analogue of the above phenomenon, where
the extra datum of the Getzler—Gauss—Manin connection is replaced by a natural (left) module
structure on the dg-category of singularities of the special fiber.
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1.1.4. Let S = Spec(0k) be the spectrum of an excellent strictly henselian discrete
valuation ring, with closed point ig:s — S and inertia group Ix. We assume that the residue
field is perfect and fix a prime number ¢ different from the residue characteristic of 0. Let
p: X — S be a proper, flat and regular S-scheme. The main result of [5] shows that it is possi-
ble to recover the homotopy Ik-fixed points of the £-adic vanishing cohomology of p by means
of derived and non-commutative algebraic geometry as follows.

1.1.5. In [5], Blanc—Robalo-Toén—Vezzosi construct the £-adic realization of dg-cate-
gories functor
r§:dgCatg — Modg, (g)(Shvg, (S)).

where the right-hand side is the co-category of modules over Qg s(8) = ez Q¢,s(/)[2/]

in the co-category of £-adic sheaves on S. More details will be provided in Section 2.3.

1.1.6. Consider the quotient dg-category

Dgoh(X s)
Dperf(Xs)
This is called the dg-category of singularities of the special fiber and it is naturally a module

over the convolution monoidal dg-category Dsg(G), where G = s Xg s is the derived self-
intersection of the special point.

Dsg(Xs) =

1.1.7. The main theorem of [5] states that there is an equivalence

rg (Dsg(Xs)) = iS*H;(Xs» CDp(QZ,X(ﬂ)))IK[_l]»

where @, (Qy_x (B)) is the £-adic sheaf of vanishing cycles of p with Qy x(8) = p*Qy s(B)
coefficients. Moreover, this equivalence respects the natural actions of the algebra

on both sides.

It is natural to ask the following.

Question 1.1.8. Is it possible to recover the vanishing cohomology

H (X5, @p(Qe,x (B))).
with its natural continuous Ig-action, as the £-adic realization of a dg-category?

1.2. Our main results. The goal of this paper is to provide an affirmative answer to the
question above.

1.2.1. LetT = Spec(0r) — S be a (necessarily totally ramified) extension of excellent
strictly henselian discrete valuation rings. Let I}, denote the absolute Galois group of the generic
point Spec(L) of 7. Let ix,: X; < Xt be the pullback of the closed immersion Xy — X
along " — §. This morphism, being closed and quasi-smooth, induces a dg-functor

ixyx: D2 (Xs) — D2 (XT)
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which preserves perfect complexes. In particular, it induces a dg-functor
. Dgoh (X1) I:)ckgoh (X1)
Dperf(Xt) Dperf(XT)

at the level of the singularity dg-categories. Let us consider the dg-category of relative singu-
larities of X; — X7 ([6,14]),

X7 * = Dsg(Xt) g Dsg(XT) =

ix )
Deg(X; —> X7) := Ker(ix,«: Dsg(X;) — Dsg(XT)).

Our main theorem reads as follows.

Theorem A. Let Gy jk denote the (finite) quotient of Ix by IL. There is an equivalence

6 (Deg (X1 =55 X7)) = iseHE(Xs. @p(Qx () [1]

of i S*Q;Ls (B)-modules, compatible with the natural Gy jx-actions.

1.2.2. Given this result, it is then easy to answer to Question 1.1.8 as follows.

Let & be the filtered category of finite extensions of discrete valuation rings 7 — S
as above. For two extensions U — T — § as above, the pullback along X; — X; induces
a dg-functor

iXT iXU
Dsg(X; — XT1) = Dgg(Xy — Xy ).

This construction induces a diagram of dg-categories indexed by &'. The actions of the finite
quotients Ix /Iy, are compatible with this diagram and induce a continuous action of Ix on the
colimit
& := lim Dag(X; -%> X
i= lim Dsg(X; — X7).
Te&

Theorem B. There is an equivalence

r4(®) ~ isHE (X5, ©p(Qe.x (B)))[1]

of is+Qy s (B)-modules, compatible with the natural (continuous) Ig-actions.

Remark 1.2.3. In Theorems A and B, it is not really necessary to assume that p: X — S
is proper. In Appendix A, we explain how to remove this hypothesis.

1.3. Strategy of the proof of Theorem A.

1.3.1. Observe that there is an equivalence of dg-categories

ix
D2, (X; —> X7)
Dperf(Xt) ’

iXT
Dsg(Xt —> XT) ~

where .
b Xr b
DCOh(Xt —_— XT) C DCOh(Xt)
denotes the full subcategory spanned by objects £ € D2, (X;) such that iy« (E) € Dpert(XT).

coh
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This is the dg-category of relatively perfect complexes we alluded to in the abstract. In order to
prove Theorem A, one needs to compute the motivic realization of

iXT
D2, (X, — X7).

1.3.2. We now notice that we have a localization sequence
DEon(Gr = 1) = DEyn(Gr) — Dg (1)

of dg-categories. Moreover, this is a localization sequence of left DB, (G)-modules. Here,

ay: G; — t is the pullback of ig:s — S along t — S and the dg-functor D&, (G,) — Dsg (1)
is induced by the pushforward along a1 (notice that a; is proper and quasi-smooth).

1.3.3. Since the dg-category D2, (X,)°P admits a right D%, (G)-module structure, we
can then apply the functor Dgoh (Xs5)? ®py, (6) — (i.e. the relative tensor product) and obtain
the localization sequence

D2, (X)%P ®pp,, (G) (D2 (G =5 1) < DS (Gr) — Deg(1)).

1.3.4. After computing these tensor products, we recognize that the rightmost dg-func-
tor identifies with DB, (X;) — Dsq(X7), the composition of ix.«: D% (X;) — D2, (X71) with
the quotient dg-functor Dgoh (XT) — Dsg(X7). As a consequence, we deduce that

b op b ai b Xt
Dcoh(XS) ®D‘goh(G) Dcoh(Gt — t) = Dcoh(Xt —_— XT)
and that
b Xt b

(1.1) Deon (Xt — X1) > Dgon(X¢) — Dsg(XT)
is a localization sequence.

Remark 1.3.5. This fact is nontrivial: even if

ix
D2, (X; —> X7)

is by definition the kernel of Dgoh (X¢) — Dsg(X7T), the equivalence
DE)oh (X t)

; — Dsg(XT)
b XT
D% (X — X71)

is not obvious.
1.3.6. Now consider the motivic realization of dg-categories, that is, the functor
M}:dgCatS — S Hs

introduced in [5]; see Section 2.3 for the details. A fundamental property of M _\9/ is that it sends
localizations sequences to exact triangles. Using (1.1) as a key ingredient, we obtain that

i
(1.2) MY (DB (Xy —5> X7)) = MY (Dpert(X1)x, ).
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where Dperf(X7)x, denotes the dg-category of perfect complexes on X7 with set-theoretic
support contained in X;.

Remark 1.3.7. The equivalence (1.2) could be regarded as a form of dévissage for
homotopy-invariant non-connective algebraic K-theory and seems to be a new result interesting
on its own; see Theorem 4.2.3.

1.3.8. Once the above computation of

MY (D8 (X: -5 X7))

coh

is settled, we can proceed similarly to [5] and conclude the proof of Theorem A.

Remark 1.3.9. This work is the second in a series of three papers whose goal is to prove
the Deligne—Milnor conjecture following the vision of Toén—Vezzosi. The first and third paper
of the series are [3] and [4], respectively.

2. Preliminaries

2.1. Notation. We fix here some notation that we will adopt in the main body of the
paper.

2.1.1. Let Ok be a complete! strict discrete valuation ring and K 2 @ its fraction
field. We assume that the residue field is perfect.

We fix once and for all a uniformizing element g € Ok and denote by k = Ok /(7k)
the (algebraically closed) residue field. We also fix a separable closure K of K and denote by
Ix = %al(K/K) the absolute Galois group of K, which coincides with the inertia group in this
case. Moreover, let S (resp. s, 1, ) be the spectrum of Ok (resp. k, K, K),

is Js _
§— S <—n<—1.
2.1.2. Let K C L be a finite Galois extension (viewed inside K), which is necessarily

totally ramified, and assume that the ring of integers &p. of L is still a (strictly henselian) trait.
In this case, for a fixed uniformizing element 1y, € Oy, there is a unit u € ﬁf such that

K = U -7y,

where e = [L : K] is the degree of the extension (which agrees with the ramification degree in
this case).

2.1.3. Denote by I} = “al(K/L) the absolute Galois group of L: this is an open normal
subgroup of Ix. Let Gy jx >~ “al(L/K) be the (finite) quotient group Ik /Ir.. Set T := Spec(01)
and denote by ¢ (resp. nr, 1) the pullback of s (resp. 1, 1) along T"— S. We thus have

D In the introduction, we only assumed & to be excellent and strictly henselian. This further assumption
on Ok is harmless in view of [11, Exposé XIII, Proposition 2.1.12].
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Cartesian squares

¢ T T JT L

L
n .
Notice that ¢ >~ Spec(&L/(k)) is a nil-thickening of Spec(k), while

nL = Spec(L) and 7L ~ Gk X7.

2.1.4. Wedenote by G, L ¢ the pullback of G < s (i.e. the first projection s Xg § — )
along t — s. In fact, it is easy to see that we can write G; as the (derived) pullback ¢ x7 t and
that @, agrees with the first projection,

ai
[XTt ——> ¢

azl liT

r —L T,
Under the equivalence t X7t >~ s xg s Xg T, the map a; corresponds to the projection
prizisxssxs T —sxg T

onto the first and third component.

2.1.5. Throughout this paper, we will consider a proper and flat S-scheme p: X — S,
which is moreover assumed to be regular (and generically smooth). We denote by ps: Xy — s
(resp. pk: Xk — 1, pg: Xg — 1) the pullback of p: X — § along s < § (resp. n — §,
n — §), so that we obtain a diagram

Xy =5 x & xg — Xg

2.1.6. Similarly, we denote by p7: X7 — T (resp. ps: Xy — ¢, pL: XL — nr) the pull-
back of p: X — S along T — S (resp.t — S, n7 — §), and get the open-closed decompo-
sition

iXT jXT
Xt — XT D a— XL.

2.2. Higher categories.

2.2.1. We will freely use the theory of higher categories; see [18, 19]. All functors are
implicitly derived. Morphisms between oo-categories are simply called “functors”, instead of
the more precise “oo-functors”.

2.2.2. We work in the framework of dg-categories up to Morita equivalences. We refer
to [17,34,35] for exhaustive accounts.

2.2.3. Let dgCaty denote the (ordinary) category of small Ok-linear dg-categories (i.e.
categories enriched in cochain complexes of Ox-modules). A dg-functor is then just a functor
compatible with these enrichments.
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2.2.4. For a dg-category T, its homotopy category is the (Ok-linear) category hT with
the same objects of T and such that Homy7(x, y) = H?(Homt(x, y)) for any objects x, y.

2.2.5. Among all dg-functors, we consider the collection Wy, of Morita equivalences,
that is, those dg-functors F': T — U such that F' induces a quasi-isomorphism

Homt(x, y) — HOInU(F(x)’ F(J’))

for all pairs of objects x, y € T and the image of F' generates the Karoubi completion U, of U
(recall that U € U.) under cones, shifts and retracts. Then we consider the co-localization of
dgCaty along Wy, dgCatg := dgCat’ Wil ]-

Remark 2.2.6. This oco-localization has a model. Indeed, in [33], G. Tabuada exhibits
amodel category structure on dgCat’y where weak equivalences are quasi-equivalences, i.e. dg-
functors inducing quasi-isomorphisms on the hom complexes and which induce equivalences
on the homotopy categories. Every quasi-equivalence is a Morita equivalence and one can take
the associated Bousfield localization, which is a model category whose associated co-category
is equivalent to dgCatg.

2.2.7. In[34], B. Toén showed that there is a well behaved theory of dg-localizations. In
other words, for every T € dgCatg and every (saturated) collection of morphisms W C T, there
exists a dg-category T[W™!] € dgCatg endowed with a dg-functor T — T[W™!] which has the
following universal property: it induces a fully faithful embedding of functor co-categories

FundgCatS (T[W_l]v U) - FundgCatS (T» U)

for every U € dgCatg, whose essential image consists of dg-functors T — U mapping every
morphism in W to an equivalence.

2.2.8. There is also a theory of dg-quotients: for a sub-dg-category U C T, the dg-
quotient T/U is the dg-localization of T along those morphisms x — y in T whose fiber
belongs to U. More generally, for a dg-functor F:U — T, the dg-quotient T/U is defined as
the dg-quotient of T by the full sub-dg-category spanned by the essential image of F.

2.2.9. Of major relevance for the purposes of this paper is the notion of localization
sequence in dgCatg. We say that a diagram T — T, — T3 in dgCatg is a localization sequence
if the composition is homotopic to 0, the induced dg-functor T, /T; — T3 is a Morita equiva-
lence and T is the kernel of T, — T3.

2.3. Motivic and {-adic realizations of dg-categories. We recall here some of the
main constructions of [5].

2.3.1. We denote by § s the stable homotopy category of S-schemes introduced by
F. Morel and V. Voevodsky in [20] (or rather its co-categorical version; see [30]). This is a stable
symmetric monoidal presentable co-category endowed with a symmetric monoidal functor

XP:Smg — §Hs
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which enjoys the following universal property (see [30]). Suppose that € is a stable presentable
symmetric monoidal co-category endowed with a symmetric monoidal functor F: Smg — €
such that

e F satisfies Nisnevich descent (i.e. it sends Nisnevich squares in Schg to pullbacks in €),

* the canonical map A}g — § is mapped to an equivalence in €,

e the fiber of F(S = IF’;.) is an invertible object in €;

then F" must factor (essentially uniquely) through X9°.

2.3.2. Among motivic spectra (that is, objects in §H), there is BUg, the spectrum
which represents homotopy-invariant non-connective algebraic K-theory. This object enjoys
the algebraic Bott periodicity, i.e. there is a canonical equivalence BUs >~ BUg(1)[2].

2.3.3. In [30], M. Robalo constructs a non-commutative analogue of §#g (see also
[9, 10] for an alternative construction). This is a stable symmetric monoidal presentable oo-
category 8 H¢° equipped with a symmetric monoidal functor ¢: dgCatg’Op — 8 I from the
opposite co-category of dg-categories of finite type (see [36]) which enjoys the analogue uni-
versal property of § #g: for every symmetric monoidal functor F': dgCatgt.’Op — €, where € is
a stable presentable symmetric monoidal co-category, such that

e F sends Nisnevich squares of dg-categories (see [30]) to pullbacks in €,

* the morphism Dperf (A}g) — Dpert(S) in dgCatl}Op induced by pullback along the projec-
tion map is mapped to an equivalence in €,

* the fiber of F(Dperi(S) >, Dperf(IP’é)) is an invertible object in €,

then F factors (essentially uniquely) through ¢.
2.3.4. The composition

Dpert ftop * nc

is symmetric monoidal and enjoys all the properties listed above. By the universal property
of 8 g, we thus obtain a functor Re: 8Hs — S H ", called the perfect realization. This is
a (symmetric monoidal) colimit preserving functor between presentable stable co-categories;
thus it admits a (lax-monoidal) right adjoint Mg: & ]€§° — 8§ Hg. As proved in [30], this
functor maps the unit object 1§ of $H ¢ to BUs.

2.3.5. In[5], the following “dual” version of M is considered:

op Hom g gone (—,1%) M
MY dgCatly —— SHP — > gH08° 5 s
Since § s is presentable and Ind(dgCatgt.) ~ dgCatg (see [36]), we can extend this (lax-

monoidal) functor to dgCatg,
M:dgCatg — 8 Hs.

This is called the motivic realization of dg-categories. As it is lax-monoidal, we actually
get a functor M{:dgCatg — Modgyy (8 Hs). For a dg-category T, the motivic spectrum



Beraldo and Pippi, Non-commutative nature 9

underlying M:q’ (T) is a functor Sm(;p — Sp (here Sp denotes the stable presentable symmetric
monoidal co-category of spectra) defined on objects by the assignment

Y > HK(T ®Dmrf(S) Dperf(Y)),

where HK denotes homotopy-invariant non-connective algebraic K-theory.

2.3.6. The motivic realization of dg-categories enjoys the following properties:

* it preserves filtered colimits;
« for every qcqs S-scheme g: ¥ — S of finite type, M ¢ (Dperi(Y)) =~ ¢+«BUy:

* it sends localization sequences in dgCatg to fiber-cofiber sequences in § Hs.

2.3.7. Let{ be a prime number invertible in k. The authors of [5] considered also the
{-adic realization

Rz 875~ Modyg (8 Hs) ——> Shvg, (S).

where HQ is the spectrum of rational singular cohomology. The second functor is constructed
in [5] (based on the rigidity theorems due to Ayoub and Cisinski—-Déglise; see [1,7]). It is a sym-
metric monoidal functor with values in the co-category of ind-constructible £-adic sheaves. It
follows from results of J. Riou (see [29]) that ﬂ?g (BUs) ~ Qg 5(B) = @jez Qe(HI2)]-

2.3.8. The composition
¢ My R
rg:dgCatg —> Modpyg (8 Hs) —> Modg, () = MOdQe,s(ﬂ)(ShVQz (S))
is a lax-monoidal functor which enjoys the same properties of Mg.’ (mutatis mutandis) and it is
called the {-adic realization of dg-categories.

2.4. Some dg-categories of interest. We will be interested in some very specific dg-
categories.

2.4.1. LetY denote a (possibly derived) scheme of finite type over S. One associates to
itits dg-category of quasi-coherent complexes Dgcon(Y'). We will need to consider the following
two sub-dg-categories:

b
coh

e the full subcategory D
cohomology sheaves;

(Y), spanned by those complexes with coherent and bounded

* the full subcategory Dperf(Y') of perfect complexes.

Under the mild hypothesis that the structure sheaf Oy is bounded, we have a fully faithful
embedding Dpert(Y) C Dgoh(Y). In this case, the dg-category of (absolute) singularities of Y
is defined as the dg-quotient

DEon (V)
Dpen‘(Y) .

Dgg(Y) :=

2.4.2. We will also need to consider the following. Let j: Z < Y be a quasi-smooth
closed embedding of (derived) schemes of finite type over S. Then the pushforward

Jx: choh(Z) - DqCOh(Y)
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induces dg-functors jx: D2, (Z) — D2 (Y) and j«: Dpert(Z) — Dpers(Y ). Therefore, it induces

coh
a dg-functor jx:Dsg(Z) — Dsg(Y). The dg-category of relative singularities of Z — Y 1is
defined as the kernel of this dg-functor,

Deg(Z 2 ¥) := Ker(jiu: Deg(Z) — Dg(¥)).

2.4.3. This dg-category also admits an alternative description. Let Dgoh (4 Ly ) denote
the kernel of the dg-functor

Jx
D2 (Z) —> D2, (Y) — Dgy(Y).

This is the full subcategory of D2, (Z) spanned by those complexes E € D2, (Z) whose image
along j is a perfect complex of Y. Since j, preserves perfect complexes, all perfect complexes
over Z lie in this subcategory,

J
Dpert(Z) € D% (Z = Y).
Thus, there is an equivalence

D (Z5y) ~ -
Deon(Z = 1) = Dey(Z EN Y).
Dperf(Z)

2.5. The monoidal dg-categories B* and B. Following [37], we now introduce two
important monoidal dg-categories.

2.5.1. Consider the derived fiber product
G =5 Xgs,

i.e. the spectrum of the simplicial Koszul algebra K(Ox, (g, wk)). This is a derived group-
oid scheme over s (i.e. K(Ox, (g, wk)) is a Hopf algebroid). The composition G x; G — G
corresponds to the projection onto the first and third factor under the equivalence

G xsG>~5XxXg58XgS,

while the unit corresponds to the canonical morphism u:s — G.

2.5.2. This derived groupoid structure induces a monoidal convolution ® product on
B* := D2, (G). Roughly, this is defined as the dg-functor

coh
-o—-:B*®B" - BY,
(M, N) — pryz,(pri; M ® pr3z N),
where pr;;: G X5 G >~ 5 Xg 5 Xg s — G denotes the projection onto the i-th and j-th factors

(which is a proper quasi-smooth map). The unit of this convolution product is u«y; in other
words, it is k with the obvious @ g-module structure.

Remark 2.5.3. Beware that this convolution product is associative and unital (up to
coherent homotopy), but not commutative in general. In other words, BT is just an [E-algebra
in dgCatg.
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2.5.4. The above convolution product is compatible with perfect complexes, i.e.
M ON € Dperf(G)

as soon as M or N lies in Dper(G). Therefore, © induces a similarly defined convolution
product on the dg-category of singularities B := Dsg(G).

2.5.5. We will denote the co-category of left (resp. right) BT -modules by dgCatg+
(resp. dgCatB+). An analogous notation will be employed for left (resp. right) B-modules.

3. A useful localization sequence

The goal of this section is to construct a localization sequence of dg-categories

coh

and then show that it is BT -linear for the natural BT -module structures on all terms.
3.1. Explicit models.

3.1.1. Recall from [26] that we have the following explicit models for Dgoh (G¢) and
D2, (). The simplicial algebra K(&, (mk, 7k)) corresponds, under the Dold-Kan equiva-

lence, to the dg-algebra (also denoted K(&7, (7k, 7k)), by abuse of notation)
O -hihy = OL-h1 ® O -hy — O

placed in (cohomological) degrees [—2, 0] and with differential characterized by the require-
ment that i1, hy — mg. Also, the variables A1, hy anticommute and square to zero.

3.1.2. Similarly, the simplicial algebra K(&1, mx) corresponds, under the Dold—Kan
equivalence, to the dg-algebra (also denoted K(&1,, nx)) 01 - h — O, placed in (cohomolog-
ical) degrees [—1, 0] and with differential characterized by & +— mk. The variable & squares to
Zero.

3.1.3. Fori = 1,2, the morphism
aj:t xp t ~ Spec(K(OL. (k. 7x))) — Spec(K(OL, k) ~ 1

corresponds to the morphism of simplicial algebras K(&1,, nx) — K(OL, (mk, 7k)) uniquely
determined by & — h;.

3.1.4. Let Coh’(0L, (g, mk)) denote the strict Ox-dg-category of dg-modules over
K(OL, (mk, mk)) with strictly perfect underlying &1 -dg-modules. More explicitly, it is defined
as follows.

 The objects of Coh®(0, (7, 7)) are tuplets (E, d, {h1, ha}), where (E, d) is a strictly
perfect cochain complex of &1 -modules (i.e. degreewise projective of finite type and
strictly bounded) and each /; is a ¢ -linear morphism /h;: E — E[—1] of degree —1.
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These data are subject to the following requirements:
(1) hj oh; =0fori =1,2;
(2) [h1,h2] = 0;
(3) [d.hi] = 7g -idE.

 For two such objects

E = (E,dg.thi,g}i=12). F = (F.dp.{hiF}i=12)

and for each n € Z, the Ox-module of degree n morphisms Hom” (E, IF) is the submod-
ule of

@B Homg, (E/. F/+7)

JEZ
(which is isomorphic to | | jez Homg, (E J, F717) as the complexes are strictly bounded)
spanned by those elements {¢/: E/ — F/+7} jez verifying the equations

¢/ ot =T o/t i =12,
As usual, these modules form a cochain complex by considering the differential
Hom"(E,F) — Hom" "1 (E, F),
(¢7:E) — FItM) g s (dit o ¢/ + (—1)" /M od): B/ — FIAnTY, g
Remark 3.1.5. Since strictly perfect cochain complexes of &1 -modules are degreewise
projective of finite rank and strictly bounded, the ¢} -module H ez Homg, (E JLFIy s

projective of finite rank for each n € Z. As 01, is a principal ideal domain, this means that
@Dy Homg, (E J, F717) is free of finite rank for each n € Z. Therefore,

J
Hom™(E,F) C @ Homg, (E/, F/1™)
JEZ
is free of finite rank for each n € Z as well. Since 0 is a (faithfully) flat Ok -algebra, it follows
that Coh® (0L, (7k, k)) is a locally flat Ox-dg-category.

3.1.6. We have an analogous model for D2, (¢). Let Coh®(¢&L, k) denote the strict Ok -
dg-category of K(&1, k) dg-modules with strictly perfect underlying &1 -dg-module. This
dg-category can be described explicitly as well.

 The objects of Coh®*(&, mk) are tuplets (E, d, h), where (E, d) is a strictly perfect com-
plex of &1 -modules (i.e. degreewise projective of finite rank and strictly bounded) and
h: E — E[—1]is a O -linear morphism of degree —1 such that

(1) h? =0;
(2) [d,h] = 7k -idEg.
 For two such objects
E = (E,dg,hg), F = (F,dp,hF)
and for each n € 7Z, the Ox-module Hom” (E, ) is the submodule of

@Hom@L(Ej,Fj'H’)
JEZ
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(which is isomorphic to | | jez Homg, (E 7, F7%™) as the complexes are strictly bounded)
spanned by those elements {¢/: E/ — F/*"};cz such that

j i+1 j+n+1 j
¢]oh]E :h;,n oqﬁJ"H.
The Okx-module @, ., Hom” (E, [F) is equipped with the same differential as above.

Remark 3.1.7. Just as in the previous remark, Coh®(&p, nrg) is a locally flat Okx-dg-
category.

3.1.8. According to [5,26], the strict dg-categories Coh®(Oy, (7k, 7k)), Coh®(OL, mk)
are strict models for D%, (G,) and D2, (¢).

Lemma 3.1.9. Let W; denote the class of quasi-isomorphisms in both the dg-categories
Coh*(0y, (mk, 7k)) and Coh®* (O, mg). Then

Coh® (L. (k. 7x)) Wy lag = Dgon(Go).
Coh®* (61, 7k) Wy lag = Do (1)

On the left-hand side, we consider the localization of dg-categories introduced by B. Toén [34].

3.1.10. Using these strict models, it is easy to give strict models of the dg-functors
af:D%, (1) = D2 (Gy), i=1,2,
aix: D2 (Gy) — D2 (1), i =1,2.
Indeed, the pushforward along a; (i = 1, 2) corresponds to the dg-functor
Coh* (0. (mk. mx)) — Coh* (O, k)
defined on objects by (E, d, {hs}s=1,2) — (E,d, h;) and on morphisms by the inclusion
HOH’I((E, dE ’ {hE,S}S=1,2)’ (Fa dF’ {hF,S}S=1,2))
C Hom((E.dg.{hEg,i}). (F.dp.{hFi}))
c @ Homg, (E/. F/T).
JnEZL
This is obviously compatible with the differentials, with the identities and with the composition
of morphisms. Moreover, it obviously preserves quasi-isomorphisms and its dg-localization
along Wy; is equivalent to

aix:D%, (Gy) — D2 (1), i=1,2.

coh

3.1.11. The pullback along a; (i = 1,2) can be “strictified” as well. Consider the dg-
functor
Coh®*(0L, mg) — Cohs(ﬁ’L, (k. JTK))

defined by sending an object (£, d, h) to E @& E[1] with differential

|:d K * idE

0 ]:E @ E[1] — E[1] ® E[2]
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and where h; € K(OL, (g, 7)) acts via

ho0
[0 _h].E@E[l]—>E[—1]€BE,

while h; € K(O1, (mx, nk)) (j € {1,2} ~{i}) acts via

0 0
[_ :|:E@E[1]—>E[—1]@E.
ideg O

It is defined on morphisms as
¢ 0
¢p:E — F +— E® E[1]— F & FJ[1].
0 ofl]

It is straightforward to verify that this is compatible with the differentials, with the identities and
with the composition. This dg-functor also preserves quasi-isomorphisms and its localization
along Wy; is equivalent to

Coh(t) - Dcoh(Gt) i = 1,2

Remark 3.1.12. The two pairs of dg-functors
aj: Coh® (O, mx) 2 Coh® (O, (k. 7k)) :aix

are adjunctions.

Remark 3.1.13. The dg-functor aj: coh (t) — DCOh (G¢) factors through the full em-
bedding Dgoh (G LAN 1) C Dg’oh (G¢). This is an immediate consequence of the base-change
equivalence aix o a; ~ iy o it and of the regularity of 7.

3.2. The main computation. We use the above explicit models to prove Corollary 3.3.4,
which is the main ingredient for Theorem 4.2.3.

Remark 3.2.1. The chain
D1 (Gr 25 1) < D2 (Gy) — Dgg(?)
is a localization sequence if and only if so is

Deg (G 25 1) <> Dsg(Gy) — Dgy(2).

Lemma 3.2.2. The dg-category
th(Gt) ~ sg(Gt)
coh (Gt t) Dsg (Gt t)
is 2-periodic, i.e. there is a natural equivalence of dg-functors
goh(Gt) N ct:)oh(Gt)
coh(Gt t) coh(Gt t)
Here [2] = [1] o [1] denotes the double shift functor.

id >~ [2]:
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Proof.  We will show that, for every E € D2, (G,), there is a functorial exact triangle

atarE — E 25 E[2]

in Dgg(G;), where the first morphism is the counit of the adjunction (a3, asry).”)

In the diagrams below, we will write horizontally from left to right the differentials of
a complex and from right to left the homotopies which are part of the datum for an object
in Coh®(01, (mk, mk)). Morphisms in this category will be written vertically. Notice that it
suffices to consider an object in Dgg(G/) represented by some

(E, d, {hl, hz}) € COhS(ﬁL, (T[K, 7'[]())

with E concentrated in three degrees at most, say [n,n + 2] (see [26, Theorem 2.7]),

hn+1 hn+21
En <— En+1 <— En+2
dan dn+1

In this case, using the strict models above, one computes that aJa»«E — E is
hn+l
|: 0 hn+2j| h”+2

En (— En En+1 (— En+1 En+2 (— En+2

[0 hll-‘rl]

7K d" g dntlq
[—d”] [ 0 _dn+lj| [ 0 _dnK+2
lid 1] lid b} 12 id
h:_’l+1 h:_’lJer
E" En+1 En+2'
d" qan+1

Then we have the following morphism from E[2] to the cone of the morphism displayed above:

it o
0 —hitlo |: 02 _hn+2i|
B 0 0 hItT? oo
[0 hg ] /\ /\
U 0}
0 00 it
[-10] 1[0 10 . 2[8 i . 2[10] )
E" —)(— E" EBEn—i— —)<— En @E’H— @En-i- —><— En+ @En+ —>(— En+
[ id At dn i Wit? lan+1 id]
d —d" —mg 0 —dntl —TTK
0 dn+l

—id [hz;rdl ] [hz(tz]

hn+l hr]+2l
PEELE—— +1 ! n+2
EN &——— E" Ent2,
dan dn+1

2) By abuse of notation, we still denote by E € Dsg(G¢) the image of E € D'goh(G,) along

D2n(Gr) — Dsg(Gy).
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It is easy to check that the latter induces isomorphisms on cohomology groups. Now recall that
the object a3 as« E belongs to D2 (G, 4, t) and it is thus zero in the dg-quotient

coh(Gt)/Dcoh(Gt t)
In other words, the morphism ug: E — E[2] becomes an equivalence in
oh(Gt)/Dcoh(Gt )
This shows that there is a canonical equivalence id ~~ [2] on the dg-quotient of
DEon(Gr = 1) = Dgon(Gr)

computed in dgCaty [W 1] the oo-localization of dgCat’y with respect to quasi-equivalences.
The objects of this quotient dg-category are in correspondence with those of Dgoh (Gy). Since

Dgon(G1)/Degn(Gr <> 1)
is Karoubi generated by the image of the canonical functor
D21 (G1) = D20 (G1) /D2y (G = 1)
and the morphism u g is functorial in E, we obtain a natural equivalence

~ DP b
uzid — [2]: °°“(G’) — DCOh((Z)
coh(Gl 1) D8 (Ge —> 1)

as claimed. O

3.2.3. We will also need the following characterization of the objects in the quotient of
coh (G¢) by Dcoh (Gl > 1).

Lemma 3.2.4. The dg-category D2, (G) /D%, (G, 2L 1) is Karoubi generated by the
images along

D(t:’oh(Gt)
Db (G <5 1)
of objects (E,d,{h;}i=1,2), where (E,d) is a cochain complex concentrated in at most two
degrees.

COhS(ﬁL, (JTK, JTK)) —

Proof. Thanks to the equivalence

th(G,) ~ Dsg(G1)
(G 5 1) Deg(Gy L5 1)

COh

it follows from [26, Theorem 2.7] that this dg-quotient is Karoubi generated by the images
of objects (E.d,{h;}i=1,2), where (E, d) is a cochain complex concentrated in at most three

degrees,

En—l d"! En a" En+1

Now, E"~!, E™ and E"*! are finitely generated projective & -modules. The characterization
of finitely generated modules over a principal ideal domain guarantees that each is free of
finite rank. Now, Ker(d”) C E" and Im(d™) C E"*! are submodules of free ¢} -modules of



Beraldo and Pippi, Non-commutative nature 17

finite rank. Thus, they are both finitely generated and torsion free; hence they are also free Oy -
modules of finite rank. It follows that the cochain complexes (with obvious K(&1, (7, 7k))-
module structures)
dn—l
E"! — 5 Ker(d"), Im(d")— E"'!
belong to Coh® (0, (7k, K)).
Moreover, (E, d, {h;}i=1.2) is clearly an extension of Im(d") < E"*! by
n—1

d
E" 1~ Ker(d").

We conclude that D, (G;) /D2, (G, 2L #) is Karoubi generated by the images of those objects
(E,d,{hi}i=12) € DB, (O, (x, mx)) such that (E, d) is a cochain complex concentrated in
two degrees at most. |

Remark 3.2.5. Suppose that an object

(E.d.{hi}i=12) = (E" 5 E™1) € Coh* (61, (k. 7))

is concentrated in two degrees. Then &y = h;. In fact, the equations imposed on d and #;,
combined with the fact that mx € O is not a zero-divisor, imply that d is injective and that

doh1 Zd0h2.

Lemma 3.2.6. [In Lemma 3.2.4, it suffices to consider those complexes generated in
degrees [0, 1].

Proof. By the two-periodicity of D2.,,(G,)/D,(G; <% 1) (see Lemma 3.2.2) and by
the proof of Lemma 3.2.4, we see that it suffices to show that, for every object A represented by
an object E = (E,d,{h;};i=1,2) of Coh®(OL, (nk, 7k)) concentrated in two degrees, A[1] can
be represented by some object of Coh®(&, (7k, 7K)) concentrated in the same two degrees.
We consider the dg-functor

COhS(ﬁL, JTK) — COhs(ﬁL, (JTK, TEK)),
(E.d,h)— (E,d,{h,h}).

This is a strict model for the pushforward along the diagonal map §:1 — G; >~ ¢ X7 t. As
ay o § = idy, this induces a dg-functor

D8 (G1)
D8, (G 25 1)

By Remark 3.2.5, every object A as above is in the image of this functor. Therefore, it suffices
to compute A[1] before applying the functor, i.e. in Dgg(#). Then [26, Corollary 3.7] is exactly
what we want. ]

Dgg(?) —

Proposition 3.2.7. The dg-functor ax: ch’oh (Gy) —> Dgoh (t) induces an equivalence
Db (G;) =~
bcoh—al = Dgq(?)
DCOh (Gt — t)

in dgCatg
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Proof. The dg-functor

D2 (Gy)

Q = b—al
D3h(Gy — 1)

— Dgg(?)

is induced by the dg-functor of strict models

A1x. COhS(ﬁL, (ITK, JTK)) —> COhS(ﬁL, JTK),
(E.d . {hi}i=12) = (E.d, hy).

Moreover, as the dg-categories involved are triangulated (see [35]), it suffices to show that

it induces an equivalence at the level of homotopy categories, ¥ :h(2) — h(Dsg(7)). Let Q

and Dgy(7) denote the dg-quotients of D2, (G, 2>) <> D, (G;) and Dper(t) <> DBy (f) ‘com-

puted in dgCat’ [Wq_el]. In particular, £ and Dg4(#) are the triangulated hulls of 2 and Dgg(7)
respectively. Recall that the homotopy category of Dgy(7) has the following explicit description:

h(Dag(0)) = h(MF(01.. 7).

where h(MF(01, mk)) denotes the triangulated category of matrix factorizations (see [24]).
This is the category whose objects are tuplets

E=(E° E"d:E®—> E' h: E! - EY),

where E°, E! are projective ¢ -modules of finite rank and d, & are ¢y -linear maps such that
doh =ng-idg, and h o d = ng - idg,. For two such objects E, E’, the Ox-module of mor-
phisms E — E’ is the set of pairs of ¢ -linear maps ¢ = (¢°: E® — E'0 ¢: E1 — E'!)
commuting with d, d’, h, ' in the obvious sense, endowed with the obvious &x-module struc-
ture. The shift functor is

[1]: h(MF(Ov, 7x)) — h(MF(OL, 7x)),
(E,EYd:E° > E" h: E' > E% — (EY,E*,—h: E' - E®,—d: E° > E")
and the cone of a morphism ¢:E — [E’ as above is
L d 1o —d
coFib(¢) = (El @E/O,EO@E/l,[¢ H D
—h 0] Ln ¢°

The distinguished triangles are those isomorphic to triangles of the form

E % B — coFib(g).
The equivalence h(D/sg-(\z)) ~ h(MF(0y, nk)) is induced by the functor
(E.d.h) > (D E* @ E**d +hd+h).
i€Z i€Z
See [26, Corollary 3.11]. Therefore, we get a triangulated functor
g:h(MF(01, k) — h(Q),
d
E = (E° E'.d h)— €@[E) = (E° = E' {h, k),
(¢°.¢") > @°.91).
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where the object §(IE) is concentrated in degrees [0, 1]. The composition ¥ oG is then the
identity functor. Here ¥ denotes the dg-functor

h(Q) — h(MF(61, k),

(E.d. (hiyi=12) =~ (D E* @ E**'.d + hi.d + hy).
i€Z i€Z
The composition § o F is also equivalent to the identity, as it is so on those objects concen-
trated in degrees [0, 1], to which every object in h(f) is isomorphic. Thus, we have proved that
h(2) ~ h(MF(0y, 7x)) and the claim of the proposition follows immediately. ]

Corollary 3.2.8. The following are localization sequences in dgCatg:

Dgoh(Gl L 1) — Dgoh(Gt) — Dgg(1),
Dsg(Gr 25 1) <> Dey(G1) — Dey(2).
Proof. By Remark 3.2.1, it suffices to show that the first one is a localization sequence.

This follows from Proposition 3.2.7 and from the observation that D%, (G, ) is by defini-
tion the kernel of the dg-functor DS,,(G;) — Dsg(#) induced by aj . |

3.3. The structure of left B*-modules. In this section, we show that the above local-
ization sequences are compatible with the natural BT -module structures.

3.3.1. Recall from [37] that D2, (G,) and D2, (¢) are both equipped with natural left
actions of B, Since these actions preserve the full subcategories of perfect complexes, the
quotient dg-categories Dsg(G;) and Dy (7) are left BT -modules, too.

3.3.2. Let Coh®(0k, (7k, k) be the strict model for D2, (G), defined (mutatis mutan-
dis) just as Coh®(0L, (7k, mk)). There is a pseudo-action
— ® —: Coh*(Ok, (k. 7)) ® Coh®*(O, (nk, mk)) — Coh®(OL, (k. 7k)).
(M, E)— M O E :=M Q) E-

where M and E are seen as a K(Oxk, wg)-module by forgetting the actions of s, and h,
respectively and by restricting scalars on E. Similarly, there is a pseudo-action

-0 — COhs(ﬁK, (7k, JTK)) ® COhS(ﬁL, TK) —> COhs(ﬁL, K),
M, EY\>MOE: =M QK (6, mx) E,

where M is seen as a K(Ok, mwk)-module by forgetting the action of /5 and by restring scalars
on E.

These are strict models for the left BT -module structures on D2, (G,) and D2, (¢); see
[37, Section 4.1].

Lemma 3.3.3. The dg-functor

is a morphism of left BT -modules.
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Proof. This follows immediately from the strict models. In fact, as already mentioned
above, ays: D2, (G;) — D%, (¢) can be “strictified” by the dg-functor

COhS(ﬁL, (JTK, JTK)) —> COhS(ﬁL, 7TK)

which forgets the action of /5. This is obviously compatible with the pseudo-actions described
above. m]

Corollary 3.3.4. The sequence
I:)goh(Gl — 1) — Dgoh(Gt) g Dsg(t)

is a localization sequence of left BT -modules.

Proof. As aix:D° (G;) — D2 (t) and D° (1) — Dsg(?) are morphisms of left Bt-

coh coh coh
modules, their composition is B -linear too. It remains to show that the inclusion

D% (G <5 ) = D2 (Gy)

is BT-linear. Observe that as aj: Dgoh (Gy) —> Dtgoh (¢) is BT-linear and the action of BT on
DB (#) preserves Dper(f) C D2, (1), the dg-category D, (G, 2L ¢) inherits a left BT -module
structure from D9, (G,). It is then clear that

D%n (G <5 1) C DBy (Gy)

is Bt -linear. O

4. A dévissage-like result
In this section, we compute the motivic realization of the dg-category Dgoh (X IX—T> X7).
4.1. Another useful localization sequence.
4.1.1. Recall from [37, Section 2.1] and [19, Section 4.4] that there is a functor
dgCatBJr x dgCatg+ — dgCatg
which sends a right BT -module R and a left BT -module £ to
R Qg+ £ 1= (R ®s £) g+ BTL,

where B1>¢ denotes the “enveloping” algebra BT @ ¢ BT, and B**I the dg-category BT
endowed with its natural left B*-*-module structure.

4.1.2. Also recall (see [37, Remark 2.1.4, Proposition 4.1.7]) that Dgoh (Xs) is coten-
sored over BT, so that Dgoh (X5)°P is a right BT -module. We can therefore consider the functor

D2on (X5)® ®g+ —: dgCatg+ — dgCatg .
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Lemma 4.1.3.  The functor D& (Xs)°? ®g+ —: dgCatg+ — dgCatg sends localization
sequences of left Bt -modules to localization sequences in dgCatg.

Proof. By [19, Corollary 4.4.2.15] (applied to € = dgCatg, A = C = Dper(S) and
B = B™), we know that this functor preserves colimits. In particular, if £; < £, — £3 is
a localization sequence in dgCatg+, then

Dgoh(Xs)Op Qg+ £2
D5 (X5)P ®p+ £1°

It remains to prove that the induced arrow DS, (X5)® Qg+ £1 — D&y, (X5)P ®g+ L2 is fully
faithful. Objects in the tensor product D2, (X;)°P ®g+ £1 (resp. DB, (X5)P ®g+ £2) are
pairs (E, L), where E € Dgoh(Xs) and L € £ (resp. L € £»). For two such objects (£, L),

(E’, L"), the hom complex of morphisms from (E, L) to (E’, L) in D&, (X5)° ®g+ £1 (resp.
D2 1 (X5)P ®g+ £2) is computed as

Db (XS)OP ®B+ <§€3 =

coh

Hompp  (x,)or (E,E) ®k[u) Homg, (L, L)
(resp. Hompe (x ) (E, E') ®pu Homg, (L, L")).

Here k[u] is the algebra of endomorphisms of the unit object of BT.

For two objects L, L” € &£, the morphism Homg, (L, L") — Homg, (L, L') is a quasi-
isomorphism. Therefore, its image along Hompy_ (x,)or (E, E ") ®k[u] — is a quasi-isomorphism
as well and the claim follows. |

Corollary 4.1.4. The sequence
Doon (X5)® ®g+ Don(Gr > 1) > DEyy (X5)® ®g+ DG ) — D2y (X5)™ ®g+ Dsgl(t)

is a localization sequence in dgCatg.
Proof. 'This follows immediately from Lemma 4.1.3 and Corollary 3.3.4. ]

4.1.5. Our next goal is to identify the localization sequence above with a more explicit
one. Recall from [37, Section 4.2] that, for two regular and flat S-schemes Y and Z, there is
an equivalence

&y,z = Jx(Dy, (=) Bs ()): Don(¥s)*P ®g+ Degn(Zs) — Degn(Y x5 Z)v,x, 2,
where — Xy — denotes the external tensor product over s,
ID)Y;‘ (_) :: MYS (_’ (9Yv)

the Grothendieck duality functor and D2, (Y x5 Z)y,x,z, the subcategory of D2, (Y xs Z)

coh coh
spanned by those complexes supported on the closed subscheme j: Y5 x5 Zg — Y xg Z.

Remark 4.1.6. Actually, we observe that the proof of [37, Lemma 4.2.3] only requires
that Y and Z are Gorenstein S-schemes of finite type. The flatness assumption is never really
used (it is actually there only to guarantee that the derived special fibers agree with the usual
ones), while regularity is only needed to guarantee that this functor is compatible with perfect
complexes and thus induces a functor at the level of dg-categories of singularities.
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Proposition 4.1.7. The localization sequence

D2 (X)® ®g+ (DEn(Gy =5 1) = D2, (G;) — Deg(1))

coh

of Corollary 4.1.4 identifies with

b ixp b IX 7+
Dcoh(Xt B XT) — Dcoh(Xt) — DSQ(XT)-

Proof. 'We will proceed in steps.

Step 1. By Remark 4.1.6, we have an equivalence

gx,ﬁ Dgoh(XS)Op ®p+ Dgoh(Gt) — Dlgoh(X XS )X xsGy -

However, X5 xs G; — X xgt >~ X; is a closed embedding with empty open complement (as
G, %5 ¢ is 50). In particular, we have D2y, (X X5 1)x,x,G, ~ D2%,(X;), and thus we obtain an
equivalence

B4 Doon(Xs)™® ®g+ Dgon(Gr) = DEon(Xy).

Step 2. Starting from the localization sequence Dperi(f) < D('Ejoh(t) — Dgg() of left
B*-modules, Lemma 4.1.3 implies that

D20 (X5)® ®g+ Dpert (1) — D2 (X5) ®g+ Doy (1) — D20 (Xs)P Rg+ Dsg(?)

is a localization sequence in dgCatg. As explained in the proofs of [37, Lemma 4.2.3, Theo-
rem 4.2.1], the functor §y 7 yields a commutative diagram

Dgoh(Xs)Op ®g+ Dper(t) ——> Dgoh(Xs)Op Rp+ Dgoh(t)

lgx.z l%‘x,r

Dpert(X7)x, D8 (X7)x,

where the vertical arrows are equivalences. Therefore,
D(kgoh (X7)x ¢
Dperf (X T )X ‘
Here we used that X7 has smooth generic fiber, so that
Dgoh (X7)x, ~ Dgoh (X7)
Dperf(XT)X; Dpen‘(XT)

Thus, Fx r induces an equivalence

Dgoh(Xs)OP ®pg+ Dggl?) ~ ~ Dgg(X7).

= Dsg(XT)-

&x,7: Don(Xs)™ @+ Dsgl(t) — Dsg(X7).
Step 3. Consider now the square

g+ @1

d®
DBon(X5) ®g+ DGy (Gr) ———— D2y (Xs)P ®p+ Dsg(?)

lgx,z ' l%x.T

LX 7%
Dgoh(Xt) . Dsg(XT),
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and recall from the two previous steps that both vertical arrows are equivalences. In this step, we
prove that this square is commutative. So we need to show that dg-functor D%, (X;) — Dsg(XT)

corresponding to D*C’oh (X5)? Qg+ (DEoh (G¢) — Dggy(?)) identifies with the pushforward along

ix;: Xy = Xt composed with the projection
Dgon(X7) = Dsg(X7).
For this, we will use the diagram

X Xg§ X Xgs

PrlzT ﬁlzT

pr ixp=pr3
XXSSXSSXST¢>XXSSXSTT—>XXST

lpf234 lffr23 lprz

ay=pr; i
sxgsxgT ——— B 5 gxgT —— T 5T,

Recall that %X,T is defined as
(P13)%(PtT2Dx, (=) ® pr35(—)): Do (X x5 5) ®g+ Don(s x5 T)
- Dgoh(X XS T)XXsSXsT
and that %X, sxsT 18 defined as
(Pri3a)= (Priz Dx, () ® Prisq(—)): Do (X X 8)°F ®ge+ Doon(s x5 5 x5 T)
— D2, (X x5 5 x5 T).
Let E € D%, (Xy) and M € D%, (G;). To identify Fy 7 (E, a1« M) withix,«&x ,(E, M), we
compute
iXrx&x.sxsT(E. M) = (Pr13)%(pri34)« (pri; Dx, (E) ® pryz, M)
=~ (Bt13)%(Pri24)« (Priza P12 Dx, (E) ® pryz, M)
~ (Pty3)+ (Pr]2Dx, (E) @ (pryng)« prass M)
~ (pt13)« (Pr1oDx, (E) ® pras(Prys)«M)
= &x,7(E,a1+M) (when considered as an object in Dgg(X7)).

The first equivalence follows from the obvious identities

Priz © pripg = pryz © priay,
Prip = prip ©prisy4,

the second equivalence is the projection formula and the last equivalence follows from the
base-change

Pro3(Pry3)x = (Priza)« Pro3g -
This shows that the diagram of dg-functors

id @a «
Dttz)oh(X X5 5)P g+ Dgoh(s xssxsT) = D(t:’oh(X xs 5)®P g+ Dgoh(s xs T)

lgx.z . lgx,T

LX 7%
Dgoh(X x5 sxsT) i Dgoh(X XS T)XxssxST
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is commutative. As an immediate consequence, we obtain

coh(Xs)Op Rp+ (Dcoh(Gt) - Dsg(t)) ( coh(Xt) —> D oh(XT) - Dsg(XT))-

Step 4. 'We can now conclude the proof. The commutativity of the above square implies
that

ix
D2 (X5) ®g+ D2 (G L~ DS, (X; —> XT)

as the left-hand side has to be equivalent to
b IXp* b Xy
Ker(Dgon(X7) —> Dsg(X7)) = D2 (X, — X7. O
4.2. Motivic realization of D2, (X, Lx T)-

i
4.2.1. The motivic spectrum underlying M_\S'/(Dgoh (X¢ 2Tx )) is easy to describe: it
is the functor Smgp — Sp that sends a smooth S-scheme Y to

b xr
HK(Dcoh(Xt — X) ®Dpert (S) Dperf(Y))-

4.2.2. We think of the following statement as a kind of dévissage for homotopy-invariant
non-connective algebraic K-theory. We therefore state it as a theorem, as it seems to be a new
result interesting on its own.

Theorem 4.2.3. With the same notation as in the previous sections, there are equiva-
lences

CMA\S’/( coh(Xt —> XT)) = Mg(Dperf(XT)Xt) = CIT*l.Xr*i)!(TBUXT

in 8Hgs, where gr: X7 — S is the composition Xt LN T — S.

Proof. Proposition 4.1.7 immediately yields a commutative diagram

Db Xy b
coh(Xt Xr) Dcoh(Xt) E— Dsg(XT)

li X liXT * \l/id

Dpert(X1)x, —> DS (X1)x, —> Dsg(XT).

where the rows are localization sequences in dgCatg. As M; sends localization sequences to
fiber-cofiber sequences, we obtain a commutative diagram

Mg'/( coh(Xl _> XT)) - M.\S'/( coh(Xt)) — C/%V(DSQ(XT))
lM;UXT*) lMSuXT*) lid
‘M:S’/(Dperf(XT)Xt) - ‘Mg( COh(XT)Xt) - M:Q/(Dsg(XT)),

4.1)

where the rows are fiber-cofiber sequences. We know that

Mg'/(iXT*):Mg( coh(Xt)) - ‘MS( coh(XT)Xt)
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is an equivalence. For Y a smooth S-scheme, the map of spectra

M (ix ) (Y)

M (D2 (X)) (V) M (D2 (XT)x, ) (Y)

identifies with a map

HK(Dgoh(Xt) ®Dperf(S) Dperf(Y)) - HK(Dgoh(XT)X, ®Dperf(S) Dperf(y))-

Since Y is a smooth S-scheme, Dpert(Y) =~ D2, (Y) and it follows from [27, Proposition B.4.1]
that

Dtt:)oh(Xt) ®Dperf(S) Dperf(Y) = Dgoh(Xt XS Y) = Dgoh(Xt Xs Ys)-
Similarly, using the fact that — ®p,,,(s) Dperi(¥) preserves localization sequences (see [30,
Proposition 3.19 2)]), [27, Proposition B.4.1] implies that D2, (X7)x, ®Dper(5) Dpert(Y) iden-
tifies with the kernel of the localization dg-functor

D2 (X7 x5 Y) — D2, (XL x5 ¥) ~ D2 (X1 X, Yp),

that is, with D3, (X7 x5 Y)x,x,¥,- It follows that the map M (ix,«)(Y ) identifies with

HK((X x5 Ys—>X7X5Y)+)
HK (D2, (X, x5 Yy)) ! 7S HK (D2, (XT X5 Y)x,x,7,)>
=G(X;xsYs) =G(X7xsY)x;xsYs

which is an equivalence by the theorem of the heart (see [2,21-23]) and by dévissage in G-
theory (see [28, §5, Theorem 4]).
Since the middle and rightmost vertical arrows in diagram (4.1) are equivalences,

ix
M (ixtp5): M3 (D% (X; —> XT)) — MY (Dpert(XT)x,)

is an equivalence as well. To show that these motivic spectra identify with grix, «i )!(TB[UXT,
we consider the localization sequence Dperi(X7)x, <> Dperf(X7) — Dperf(X1). Combining
this with the equivalence

ML\S'/(Dperf(XT) - Dperf(XL)) =~ QT*(BUXT — jXT*BUXL)
(see [5]), we deduce that

M.\S‘/ (Dperf(XT)X, — Dperf(XT) - Dperf(XL))

is a fiber-cofiber sequence that identifies with the localization sequence
. . .
qr*ixr«ix, BUx; = qr«BUx; — qr+jx,+BUx,
associated to the open-closed decomposition ix,: X; — X7 < X1 : jx,. |

Remark 4.2.4. The above theorem agrees with the prediction, stated in [5,25], that

M (O (Ys 5> 1)) = M (Dpen(¥ )1,

for every qcgs flat S-scheme Y of finite type.
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5. The main theorems

As already mentioned in Section 1 (and as already pointed out in [5, Remark 4.46]), once
Theorem 4.2.3 is established, the proof of [5, Theorem 4.39] works essentially unchanged. In
this section, we spell out the minor changes needed for the proof of Theorem A.

5.1. {-adic vanishing cycles and I -homotopy fixed points. We recall here the defi-
nition of the vanishing cohomology introduced in [11, 15].

5.1.1. Let fX:XK — X be the pullback of n — S along p: X — S. We denote by
Shvg, (X S)IK the co-category of £-adic sheaves on X5 endowed with a continuous action of Ig.
The functor of nearby cycles is defined by

W,: Shvg, (Xk) — Shvg, (X5)',
E iy jx«(E\x.),
with the Ix-action induced by transport of structure from the natural Ix-action on E)x.
Remark 5.1.2. We do not spell out the details of this construction here. These are pro-

vided for example in [8] for finite coefficients. Then one can take a limit and invert £ to get
Qg-coefficients.

5.1.3. For an {-adic sheaf E on X, there is a functorial morphism

spg:ix (E) = Wp(E|x,)

called the specialization morphism, induced by the counit of the adjunction ( ]}" Jx+). This
morphism is Ig-equivariant if we endow iy (E) with the trivial Ix-action.

5.1.4. The vanishing cycles functor
®,:Shvg, (X) — Shvg, (Xs)™

1s defined as
®,(E) := coFib(spg),

where the cofiber is computed in Shvg, (Xs).

5.1.5. Letus recall an explicit description of the homotopy Iy -fixed points of ®,(Qg, x).
Let vy: X7 — X be the pullback of T — S along p: X — S.

Lemma 5.1.6. There is a canonical equivalence
@, (Qe x)" = coFib(Qyx, ® Qe x, (—D[~1] = ixvxsjxs«Qe.x, ).
compatible with the natural actions of Gy g on both sides.

Proof.  As taking Iy -fixed points is an exact functor, we have an equivalence

I

. PQe, x
@, (Qex)" =~ coFib(Qy y —— ¥p(Qr x,)").
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We will start by proving that there are equivalences

I
Qe,x; @ Qex, (=D[-1] = Qyx .
I . .
v, (QE,XK) b~ l; UX*JXT*QZ,XL’
compatible with the Gy jg-actions. In the first equivalence, both members are equipped with
the trivial Gy /x-action; in the second one, the first member carries the canonical Gy /x-action
and the second one the action induced by transport of structure.
The first equivalence follows from the computations in [5] (applied to p7: X7 — T).
This is tautologically compatible with the Gy jg-actions because these actions are trivial on
both sides.

The second equivalence is a form of Galois descent as in [5, Proposition 4.31]. Indeed,
the morphism uy : Xg — XL induces an equivalence

uy: Shvg, (X1) %% & Shvg, (Xg)' tup.(—)*

between the oo-category of Qg-adic sheaves on X endowed with a Gy /k-action and the
oo-category of Qg-adic sheaves on Xg endowed with a continuous Ig-action. In particular,
Qe,x, = UL« (Qg,XK)IL. It follows that

. . . . I . . I
ixUx s jxr Qe x, = ixUxsjxr UL (Qp xg)" > iy (Uxsjxr«ur«Qp xe) ™,

where the latter equivalence holds since the functor (—)'" commutes with pushforwards. Using
the continuity of the Iy -action as in [5, Proposition 4.31], we deduce that

. . I I
(Z;UX*]XT*UL*Q[,X{() b= q’p(QZ,XL) k.

It remains to construct an homotopy between sp{@ v and

Qe x, ® Qpx,(=D[—1] = ixvx«jx;+Q¢ x, -

For this, it suffices to observe that both morphisms pre-composed with

Qe,x, = Qe x, ® Qux,(—=D[-1]

are homotopic to the morphism Qg x, — iy vx«jx;+Q¢,x, induced by the unit of the adjunc-
tion
((vx o jxs)*. (vx © jxs)«)-

[ . . I
Now, the fact that both sp@.x and Qg x, ® Q¢ x,(=1D[~1] = igvx«jx;+Q¢ x, are QZL,XS'
linear concludes the proof. Notice that the latter morphism is Gy /k-equivariant, as it factors

through i jx«Qex = Wp(Qe,x,0™ = (Pp(Qq,x,)™) /% O

Remark 5.1.7. A similar result holds (with the same proof) if we replace Qg y with

Qe,x (B).

5.2. The action of Gy /k.

5.2.1. Recall that Gy /¢ denotes the (finite) group Ix/IL. Explicitly, & is isomorphic
to the quotient of the polynomial ring Ok[x] by an Eisenstein polynomial E(x) € Ox[x] of
degree e. The group Gy /x ~ “al(L/K) permutes the roots of £(x) and thus acts on O
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We thus obtain actions of Gy /g on the S-schemes T', X7, nr, X1, t and X;. These actions
are compatible in the natural way.

5.2.2. We obtain actions (induced by pullbacks) of Gy /x on

b b b Xt
Dcoh(XT)» DCOh(Xl)a Dcoh(Xl — X71), etc.

In turn, these immediately yield actions of Gy /k on the motivic and £-adic realizations of such
dg-categories.

Lemma 5.2.3. There is a Gy jg-equivariant equivalence
M} (Dperf(XL)) = QT*jXT*BUXL

in Modgu (8 #Hs). In particular, there is a Gy jx-equivariant equivalence
re,g (Dperf(XL)) = QT*jXT*QZ,XL(,B)
in Modg, ¢(8) (Shvg, (S)).

Proof. The first equivalence is one of the main features of the motivic realization of
dg-categories. By functoriality, it is obviously compatible with the actions of Gy /k: these are
both induced by the Gy jk-action on X. The second equivalence follows immediately from the
first one. ]

Lemma 5.2.4. There is an equivalence

rg‘ (Dperf(Xt)) = p*iX*QZ,XS B)
in Modg, ;(8)(Shvq,(S)). The group Gy jx acts trivially on both sides.

Proof. Notice that r: X — X; is a closed embedding (induced by s = ()req — ) with
empty open complement. The localization sequence in £-adic cohomology implies that

Qe x, (B) ~ Q¢ x,(B).

Moreover, we have that

rg‘ (Dpen‘(Xt)) = QT*l.XT*QK,X, (B), rg’(Dperf(Xs)) = p*iX*QK,XS(ﬂ)~

Then the desired equivalence follows from gr o ix, or = poiyx.

It remains to show that Gk acts trivially on rf; (Dperi(X¢)). This is clear since the
action is induced by pullbacks along the isomorphisms /: X; — X, which verify the equations
r=hor. m|

Ix
5.3. The {-adic realization of Dgg (X, BEI'¢ 7). We now approach the proof of our
main theorem.

i
Proposition 5.3.1. The {-adic realization of Dgg(X, LN X71) lives naturally in the
following fiber-cofiber sequence:

t§ (Dsg (X —L> X7)) = puix, (Q.x, (B) ® Qux, (B1]) = qreixyeii, jxysQe.x. (B)-

Here, Gy jx acts trivially on the middle term and naturally on the right one.



Beraldo and Pippi, Non-commutative nature 29
Proof. By applying rg to the localization sequence

b iXT iXT
Dpeff(Xt) - Dcoh(Xt —> X7) —> Dsg(Xt — X7),

together with Theorem 4.2.3 and Lemma 5.2.4, we get the fiber-cofiber sequence

. . . iXT
Prixx Qe x,(B) = qrsixs«iy, Qe x, (B) — 1% (Dsg(Xs —> X7))

in Modg, 4(g)(Shvg, (S)). In particular, we observe that

ix ix
15 (Dsg(Xr —> X71)) = iswif 1§ (Dsg(X; —> XT))

is supported on s. Consider now the diagram

i i
& (Dpert(X1)) —— 14(D2%n(Xy —> X7)) —> 1§ (Dsg(X; —> X7))

Lo

PxVxx Jx71Qe x, (B) —— pxvx« Qe x; (B) —— pxvx«ix;+«Qe x, (B)
\§ l

Pxvxx x7+ Qe x, (B)

(5.1)

and observe that the two rows and the column in the middle are fiber-cofiber sequences. This
has already been remarked for the first row. The second row is just localization in £-adic
sheaves. As for the column in the middle, one observes that the map

PxVx«(Qe x, (B) = jx7+Qex, (B))
identifies with
i I
I'g (Dperf(XT) I Dperf(XL))-

The latter has fiber equal to

ix
r(S (Dperf(XT)Xt) = ffq (Dgoh(Xt — XT))-

Consider now the composition

ix £ .

which we claim to be homotopic to zero. Indeed, the pushforwards along X; — X, X7 — X
induce a commutative diagram
5.2)

) rg‘(iXT*)

/ 5 Gix,)
% (Dper(X1)) —— 14 (D2 (X, =5 X7) % (Dperi(X7)) ——L 14 (Dpert(X1))

coh

————
=psvxsixp« Qe x; (B)

- | .

L ixw) 02
r% (Dpert(Xs) ————— 1§(D2 (X)) ——— 1§ (Dpert(X)) — 1§ (Dper(Xs)).
—_———

~pxix« Qe x;(B)
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where the vertical morphisms at the extremes are equivalences. By [5, Lemma 3.26], the bottom
composition is homotopic to zero and the claim follows.

Notice also that coFib(§) >~ coFib(¢). This is a general fact about diagrams like the one
above in a stable co-category.

We now apply the octahedron construction to the composition

ix & .
rg (Dperf(Xt)) - rg' (Dgoh(Xt —T> XT)) - p*vX*lXT*QZ,Xt (8)

and obtain the fiber-cofiber sequence

s (Dsg (X =, X1)) = pavxwix;« Qe x, (B) @ r§(Dpert(X1))[1] — coFib(0).
Observe now that all objects are supported on s and that
Pevxix,«Qu,x, (B) @ 15 (Dpert(X0)[1] = puix, (Qu,x,(B) & Qe x, (A[1]).
Moreover, by proper base-change, we have
isxig(cOFib(0)) =~ qraixy«ix, jxr+Qex. (B)-

We deduce that there is a fiber-cofiber sequence

iX . . . .
15 (Dsg(X: —> X71)) — paix, (Qe.x,(B) ® Q¢ x,(B)[1]) — qrxixr«ix, jxr+Qex, (B).
To conclude, observe that the term in the middle, which is equivalent to
res (Dperf(Xt)) S rg (Dperf(Xt)) [1]’
carries the trivial action of Gy /g by Lemma 5.2.4. Therefore, it is equivalent to
P«ix,. Qe x,(B) ®Q, ¢ Q?’S
by Lemma 5.1.6. O

Notation 5.3.2. We will denote the morphism appearing in Proposition 5.3.1 by

cany: pxix, (Qe,x,(B) ® Qe x, (B1]) = qrxixsix, ixr+Qe x, (B).

Remark 5.3.3. The morphism pxix, Q¢ x, (8) — qT*iXT*i;T Jx7+Qg x, (B) obtained
by restriction from the second map in the fiber-cofiber sequence of Proposition 5.3.1 corre-
sponds to the one induced by the unit Qg x,.(8) = jx;+Q¢ x, (B) under the equivalence

prix. Qe x,(B) = qraix iy, Qe x, (B).
In particular, as
Psx(Qe.x,(B) & Qu.x, (A1) ~ psxQu.x,(B) ®q,, Qf
(see [5, (4.3.43)]), we see that cany,. is obtained from the unit morphism
Qe xr(B) = Jxr+Qe,x, (B)

. . . . . . I
by recognizing that g7 «ix, «i ;(‘T Jx7%Q¢ x, (B) has a natural i54Q eL’.s—'module structure.
In particular, we can write the fiber-cofiber sequence of Proposition 5.3.1 as

XT

Y i . L “Xr o, I
I's (Dsg(Xt XT)) lS*Ps*QZ,XS (B) ®Qy Qg,s — lS*Ps*‘I/p (QZ,XK(,B)) .
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Remark 5.3.4. Diagram (5.2) also shows that the map

cany: pxix, (Qe,x,(B) ® Q. x, (A1) = qraixr+ix, jxr+Qe x, (B)

is Gy /k-equivariant. Indeed, combined with the version of (5.1) for X7 replaced by X, it
implies that this map factors through

. k. G
prix jx+Qu x (B) = (qrsixy«ix, jxr«Qex, (B)) .

5.3.5. Proof of Theorem A. We are finally ready to prove our first main theorem. We
will do so by showing that there is a homotopy of morphisms of algebras

sp't = cany, 1 pxix, (Qe,x, (B) ® Q¢ x, (B)1]) = qrxixr«ix, jxr+Qe x, (B).

~puin Qe xs (B)®0, sQf s

Notice that sp' is homotopic to the morphism

PrixsQe.x,(B) ®, Qpy = aT+ixy+ix, jxr«Qe.x, (B)

which corresponds, under the adjunction (— ®q, | Q% ,» Forget), to the morphism

p*iX*QZ,XS B) — QT*iXT*i;TjXT*Qe,XL(,B)

induced by the adjunction ( j;(‘T . Jx%). This is Lemma 5.1.6. The same is true for cany,, as
one can see from diagram (5.1).

5.4. Non-commutative nature of £-adic vanishing cycles. In this subsection, we prove
Theorem B.

5.4.1. Recall from [5] that the category of LG models over S is the ordinary cate-
gory of pairs (Y, f), where Y is a flat S-scheme and f:Y — A}g is a function. A morphism
(Y, f) — (Z, g) between LG models is a morphism of S-schemes Y — Z compatible with f
and g in the obvious sense. .

The assignment (Y, /) — Dsg(Yo , Y), where iy: Yy — Y is the closed embedding
of the fiber over zero of f in Y, can be promoted to a functor Dgg: LG?S.p — dgCatg, where the
transition maps are induced by pullbacks. See [5, §2.3.15].

Notation 5.4.2. In this section, we will adopt the notation
i
Dsg(Y. /) := Deg(Yo — ).

5.4.3. Let & denote the filtered category of finite extensions Ox C O, of complete strict
discrete valuations rings, like the one considered in Section 2.1.2. For an § —schelgle Y, we will
denote by (Y, k) the LG model over S given by Y with the function ¥ — S = Aé..

5.4.4. Consider a proper flat regular S-scheme X (generically smooth). For an extension
Ok C 01, let X, denote the pullback X x g Spec(&1). Then we get the following diagram of
LG models over S':
& — LGg,

(Ok € OL) = (X, 7x).
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Notice that, for every chain of extensions Ok C 01, C Oy, the morphism of LG models
(Xoy> k) = (X, k)
is Hy-equivariant, where the Hyr-action on X, is induced by the quotient

5.4.5. Composing this diagram with the functor Dgg, we get a diagram
b: & — dgCatg

defined on objects by (Okx € 01) > Dsg(X g, , mx).
Remark 5.4.6. The dg-category Dsg(X ¢, , k) is precisely the dg-category denoted by

iXT
Dsg(Xt —> XT)

in the previous sections (for 7" = Spec(0L)).

5.4.7. Itfollows immediately from functoriality that each Dsq(X ¢, , k) carries a canon-
ical G /k-action and that the dg functors

Dsg(XﬁL, T[K) - DSg(XﬁMv ﬂK)

are compatible with these actions for every chain of extensions Ox C 01 C O

5.4.8. Recall that dgCatg is a cocomplete co-category. We consider the colimit

G = 111})1 Dsg(X 4, k)
(OxCOL)ES

of the diagram . It follows immediately that this dg-category carries a continuous action of

Ik ~ 1(£n GL/K .
(OxCoL)es

Roughly, this means that, for every object A € &, there exists some (Ox € 01) € & such that
Ip. € Ik acts trivially on the full subcategory (4) € & generated by A.

5.4.9. Proof of Theorem B. Notice that, for every chain Ox C 01 C Oy, there is a
commutative diagram
. spt . I
15 (Dsg(X o, m)) — isxPsx Qe x, (B —— is«Wp(Qe x(B))"
l((XﬁMﬁX@L)XSS)* l l

. spM | I
% (Dsg(X o)) — 5w s Qe x, (BN —— i5xWp(Qpx (B)) ™,

where the rows are fiber-cofiber sequences of Theorem A and the middle and rightmost vertical
morphisms are the canonical maps from Iy -homotopy fixed points to Iy;-homotopy fixed points.



Beraldo and Pippi, Non-commutative nature 33

Therefore, the filtered diagram
rg 0d: & — MOdQe’S(ﬂ)(ShVQZ (S))
is equivalent to the filtered diagram

& — MOd@z.s(ﬂ)(ShVQe (S))’
(Ok S O1) = isHE (X, ©p(Qq5(8)) [~1].

5.4.10. Recall that rg commutes with filtered colimits. Since the equivalences

5 (Dsg (X 7)) = i HE (X5, @p(Qe,5(8)) " [-1]

are compatible with the Gy /g-actions, we get that

r5(8) = r§( lim  Dsg(Xep. 7)) (definition of &)
(4349125
~ h_r)n rg (DSg (X, JTK)) (rg commutes with filtered colimits)
(kSO )Es
. . I
~ lir_)n tS*H;‘t(Xs, qu(QZ,S(,B))) “[~1] (Theorem A)
(OkcoL)es
~ ig«HZ (Xs, ®, (Qg’X(ﬁ)))[—l] (continuity of the action of k).

This concludes the proof of Theorem B.

A. Remarks on the properness hypothesis

In this final section, we briefly comment on the properness hypothesis for the morphism
p: X — S. This assumption is superfluous, provided that one is willing to work at the level of
£-adic sheaves on X . This observation is the analogue of [37, footnote 8, page 503] in the case
where Galois actions are taken into account.

A.1. An attentive reader might have noticed that the properness hypothesis is used only
once throughout the paper: in the proof of Proposition 5.3.1 in order to invoke proper base-
change. This is needed because we work with the £-adic realization functor rg. However, as
explained in [37, Remark 2.2.2], rg admits a relative version

rg: dgCaty — Modg, , (8)(Shvg, (X))

with the same properties of rg. The computations and the proofs in this paper all work mutatis
mutandis by applying rff in place of rg. Only the fact that

b Xt b
Dcoh(Xl — X1) — Dcoh(Xt) - Dsg(XT)

is a localization sequence of X -linear dg-categories deserves a bit of explanation.
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A.2. The functor
px:dgCaty — dgCatg

admits a (symmetric monoidal) left adjoint
P* = — ®D,u(5) Dpert(X): dgCatg — dgCaty
which preserves localization sequences.
A.3. By Corollary 3.3.4, we obtain that
b arx b
(Doon(Gr — 1) > Do (Gr) = Dsg(t)) ®p,ey(s) Dpert (X)
is a localization sequence of (left) B;—modules, where B; =BT ®Dper(5) Dpert (X).

A4. Clearly, D2, (X;) (regarded as an X -linear dg-category) admits a left B;(r—module
structure. As a consequence, D2, (X;)°P admits a right B;-module structure.

A.5. One sees that
D2, (Xs)P D2 (G —= D2, (G;) — D Dpert(X
coh( S) ®Bj(_ (( coh( t_)t);) coh( t)_> sg(t)) ®Dperf(S) perf( ))
identifies with the diagram of X -linear dg-categories

iX *
(A.1) DS, (X; —> X7) <> D2, (X;) — Deg(X7).

In particular, this is a localization sequence in dgCaty (the proofs of Lemma 4.1.3 and Propo-
sition 4.1.7 can be adapted easily to the X -linear situation).

Remark A.5.1. If we apply the forgetful functor ps:dgCaty — dgCatg to (A.1), we
find the localization sequence of S-linear dg-categories obtained in Proposition 4.1.7.

A.6. Given this key ingredient, the proofs of the computations of motivic and {-adic
realizations in the main body of the paper apply before taking p«. Hence, we can avoid any
reference to proper base-change, and in particular, we obtain the following.

Theorem. Let p: X — S be a flat and generically smooth morphism of finite type.
Assume that X is regular. There is an equivalence of i X*Q% x (B)-modules

ixy . I
rf( (Dsg(Xt — XT)) ~ixxPp (QE,X(,B)) L[_1]7
compatible with the natural Gy jg-actions.
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