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The superposition of frequency-shifted Laguerre-Gauss modes can produce a rotating saddlelike inten-
sity profile. When spinning fast enough, the optical forces produced by this structured light saddle generate
a dynamically stable equilibrium point capable of trapping nanoparticles in a high vacuum, akin to a Paul
trap but with its unique characteristics. We analyze the stability conditions and center-of-mass motion,
dynamics and cooling of a nanoparticle levitated in the optical saddle trap. We expect the optical sad-
dle to find applications in levitated optomechanics experiments requiring fast parametric modulation and

inverted squeezing potential landscapes.
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I. INTRODUCTION

Trapping charged and neutral particles in electromag-
netic fields has been one of the major tools in atomic,
molecular, and nanophysics. While Earnshaw’s theorem
prevents the stable trapping of charged particles using elec-
trostatic forces, stable equilibrium can be achieved dynam-
ically by time-varying potentials [1]. These dynamic traps
not only lie at the heart of trapped-ion physics [2] but can
also be used to trap mesoscopic objects such as charged
dielectric nanoparticles [3]. Neutral particles, on the other
hand, can be trapped by purely electrodynamic fields, e.g.,
laser light, as proposed by Ashkin [4]. Optical tweezers can
operate in different regimes depending on the relative size
of the particle compared to the laser wavelength, enabling
the trapping of single atoms all the way to nano- and
microparticles [5]. Moreover, levitation in vacuum tweez-
ers offers a promising platform for fundamental quantum
physics and sensing experiments [6,7]. Recently, hybrid
optical-electrical traps combining both optical tweezers
and dynamic electric traps have been designed and pro-
posed [8] for fundamental experiments seeking to delo-
calize the quantum state of a levitated mesoscopic object
[9,10].

Here we investigate whether the idea of a dynamic equi-
librium trap can be implemented in an all-optical setup.
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Considering structured light both in space and in time,
we propose a method for optical trapping of nanosized
dielectric particles in the dipole regime. By superposing
frequency-shifted Laguerre-Gauss modes with a Gaussian
beam, we can engineer a rotating saddle optical potential
capable of holding a silica nanoparticle in a high-vacuum
environment, as illustrated in Fig. 1. Provided the fre-
quency shifts of the superposition components exceed a
critical value, this optical saddle rotates at a sufficiently
fast rate to develop a dynamic stable equilibrium point at
the center of the beam. This structured light trap mimics a
Paul trap but is made entirely with light and with a unique
motion pattern and dynamics.

The all-optical saddle trap offers interesting possibilities
for levitated optomechanics experiments, both classically
and in future quantum experiments. A particle trapped in
the rotating saddle can be cooled to a complex motional
state using optimal control methods and electric feedback
[11]. Once cooled, the trap’s rotation frequency can be
tuned from several hundreds of MHz to zero, causing an
effective inverted potential upon the initially localized par-
ticle. This not only offers methods for state expansion
[10,12] and interference protocols [13,14], but also the
possibility of fast switching between stable and unstable
potential landscapes.

The all-optical saddle trap offers exciting possibilities
for both classical and future quantum levitated optome-
chanics experiments. Similar to traditional optical tweez-
ers, particles can be cooled to their mechanical ground state

© 2024 American Physical Society
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FIG. 1. A saddle beam goes round and round, making a
nanoparticle dynamically bound.

using optimal control methods and electric feedback [11].
However, a key advantage of the saddle trap is its capa-
bility for rapid and precise switching between co-aligned
harmonic and inverted potentials (or between different har-
monic potential frequencies). This feature is essential for
coherent state expansion [12,14,15] and interference proto-
cols [13]. Unlike conventional optical tweezers, the saddle
trap enables versatile potential switching through a sin-
gle optical-phase control, eliminating the need to vary the
trapping beam pointing and power, which may lead to
experimental artifacts.

This paper is organized as follows. In Sec. II, we
describe the optical saddle beam as well as the asso-
ciated dynamics of a levitated nanoparticle. We derive
and discuss the conditions required for achieving dynamic
equilibrium and compute the power spectrum of the parti-
cle’s motion in the laboratory, i.e., nonrotating frame of
reference. Next, in Sec. IIl, we propose an experimen-
tal setup to implement the optical saddle trap and show
that feedback cooling of the particle motion is possible
by applying optimal control methods. We conclude with
a discussion of the results.

II. THEORY
A. The optical saddle beam

There are different ways of producing a saddle intensity
pattern around the focus of an optical beam. As a simple
solution, we choose the superposition of three Laguerre-
Gauss (LG) beams as follows:

16P 3 3,
= ooy (B85 + GRS+ 37815 )

where P is the laser power, ¢ is the speed of light in vac-
uum, € is the electrical permittivity of the vacuum, and 6

is a parameter that controls the orientation of the saddle on
the transverse plane. Considering the optical axis as the z
axis, the normalized LG mode EII;(,} is defined in cylindrical
coordinates as

1
LG — 2! : var
Ep,l (r,¢,z) = 7(p + |ID! w(z) <W(Z))

il 2r —r " r i .
» (wz(z)) exp (w2(z) — 1 —2R(z) +ilp + llﬁ(z)) ,
(2)

where w(z), zg, R(z), and y(z) are the beam waist radius,
Rayleigh range, wave-front radius and Gouy phase, respec-
tively, given by

w(z) = woy' 1 + (z/2r)%, (3a)

zr = TWE/ Ao, (3b)
R@) = z(1 + (zz/2)*), (3¢)
Y(z) = ({| +2p + 1) arctan(z/zg), (3d)

with wy denoting the width of the Gaussian Lg mode at

the focus, Ao the beam’s wavelength and Lg " are the gen-
eralized Laguerre polynomials. For the modes present in
Eq. (1), we have L(x) = LI (x) = 1.

Throughout this work, we assume a linearly polarized
beam. Note that the saddle beam (1) and the LG modes
(2) are normalized so that the integral of the intensity / =
(c€0/2)|Es|* over the transverse plane gives the total power
P.

Evaluation of the absolute square of the field results in

16P 212
\Ey(r,,2)|? = exp | ——
17ceqmw(z)? w(z)?

X |:l + 3\/__2r2 cos (2¢ + 20) cos(2x (2))

w(z)?

4
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2w(z)*

+ cos?(2¢ + 29)} , “4)

where x (z) = arctan(z/zg). Figure 2 shows the transverse
absolute square of the field at the focus. The obtained
intensity distribution corresponds to a saddlelike profile,
whose orientation in the x-y plane depends on the rela-
tive phase 6 between the Laguerre-Gauss / = £2 and the
Gaussian components of the beam [see Eq. (1)]. The rela-
tionship between the orientation of the saddle pattern and
the parameter 6 is evident in Eq. (4), where the azimuthal
angle ¢ appears only as the sum ¢ + 6. Thus, as we sweep
the phase 6, the saddle rotates.

We can express the intensity distribution from Eq. (4)
in terms of Cartesian coordinates rotating with the saddle,
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FIG. 2. Transverse absolute square of the field at the focus.
The values are normalized by the maximum value of |E,|>. The
beam presents a saddlelike profile around the origin, and the
parameter 6 defines its orientation. Both axes are normalized by
the distance between the origin and the bright side peaks.

i.e.,x’ =xcosf + ysinf andy’ =y cosf — x sinf where
x =rcos¢ and y =rsin¢ are the stationary Cartesian
coordinates, obtaining

E /’ /’ 2 —
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Figure 3 shows the cross sections of |E|> along the three
axes of the aforementioned rotating reference frame. The
separation between the peaks along the x’-axis £, equals

¢ = % 16 — 332, (6)

and for the side peaks along the y’-axis £, equals

0, = % 16 +3v/2. (7)

B. Dynamical model

We now model the dynamics of a dielectric particle near
the beam’s focus. We consider a particle with a radius
much smaller than the beam’s wavelength, the dipole
approximation. In this case, one considers the dielectric
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FIG. 3. The absolute square of the saddle beam’s electrical
field along the Cartesian axes in the rotating reference frame.
The intensity presents a saddle shape around the origin for the
transversal plane.

limit where the optical force exerted by the electric field
onto the particle equals [16],

8,\ €Xi1
o g g p 4 Totg, ®)
4 c

Fopt =

where « is the complex polarizability of the particle, oyt 1S
the particle’s extinction cross section, and S is the time-
averaged Poynting vector. We omit the spin-curl force
since we are interested in uniformly linearly polarized
beams. The first term in Eq. (8) is commonly referred to
as the gradient force, while the second is known as the
scattering force. In the dipole approximation, the gradient
force traps a particle near the focus of an optical tweezer.
The scattering force, on the other hand, pushes the parti-
cle along the optical axis. To achieve stable trapping, the
scattering must be smaller than the gradient force. For the
saddle beam, the scattering force is mainly provided by
the Gaussian amplitude E&g in Eq. (1) and displaces the
equilibrium position of the particle along the optical axis.
We take the scattering force into account throughout our
simulations of the particle dynamics.

From the plots of |E|?> Fig. 3, one sees that the saddle
intensity in the transverse plane creates an unstable equi-
librium point at the origin. Therefore, if a dielectric particle
is placed at the focus and undergoes small perturbations,
it will be pushed to one of the side peaks on the x" axis.
In analogy to electrical quadrupole and mechanical saddle
traps, which can confine particles in dynamical saddle-
shaped potentials [17—19], we investigate the dynamics
of a dielectric nanoparticle in the rotating optical sad-
dle beam, i.e., by setting 8 = Q¢, where Q2 is the angular
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velocity of rotation. As we will see, provided 2 is large
enough, the unstable origin is turned into a dynamically
stable equilibrium point.

The dynamics of a dielectric nanoparticle in the saddle
becomes easier to analyze in a frame rotating about the
z axis with angular velocity 2 for which the intensity is
given by Eq. (5). The Taylor expansion of this intensity
near the origin, retaining at most quadratic terms, yields

, . 32P
E P~ ————
17cegmw;
X2 y2 Z2
x (1 +506V2-2) -5 (3V2+2) - —2). )
wy w; Zp

At this point, we wish to derive a stability criterion for the
conservative gradient force, and for this reason, we will
neglect the scattering force for the moment. Note, how-
ever, that the effects of scattering upon the nanoparticle’s
dynamical equilibrium are discussed in Appendix A and
taken into account in the dynamical simulations shown in
the next sections.

To linear order in the particle’s displacement, the gradi-
ent force F, given by the first term in Eq. (8) reads

16PRa) | ¥GY2=2/wg

F,= —— | —y(3vV2 +2)/w?
g 17ceorrW% ¥ \/;/-’Z_z )V
—Z/ZR

(10)

Since we describe the dynamics in a rotating reference
frame, we must account for the centripetal and Coriolis
forces that arise in such a frame. Newton’s second law
gives

dr =Y Fr,b (11)
mdtz N i 1 B B

N

where the S stands for the inertial frame of the lab. To write
this equation in a rotating reference frame S’ that rotates
about a vector €2, one needs to rewrite the derivative of
vectors as [20]

dA
dt

dA

S:dt + Q x A.

S/

(12)

Considering constant angular velocity, d2/dt = 0 we find

s=> Fi(r,¥F)
i

dr’

MmO x —

m th
S/

d*r

s —Qx(Qxr),

S/

m

(13)

where Q = Qz. Moreover, we consider a damping force in
the lab frame of the form —myr, where m is the particle’s

mass and y is the drag coefficient. In the rotating reference
frame this damping force becomes —my 1’ — myQ x r'.

Putting it all together, Eq. (13) defines a set of three dif-
ferential coupled equations describing the motion of the
particle,

" , ., , o, Fx
X' = (Qz—i-a)f)x -y — Q) +2Q —{-Z, (14a)

F,
V= (@ — )y -y () + Q) —2Qx + -, (14b)

P= -0z —yi+ =, (14c)
m
where
2 2
@ 16PN () | BV2=2/ "
w, | = Tecommim (3vV2 + 2)/wg | » (15)
w? CEYTT Wy 1/23

and F; (i = x, y, z) represent additional force terms the par-
ticle might be subject to, such as for example thermal
stochastic or feedback forces. For now, we consider F; = 0
and derive a criterion for stable trapping in the saddle
beam.

C. Stability analysis

We now consider motion along the transverse plane.
Instead of solving for x" and y’ [21] we seek a stability
condition on the rotation frequency 2. Regarding the lon-
gitudinal z direction in the presence of the scattering force,
one can show that the particle follows a simple damped
harmonic motion, see Appendix A for details.

Consider the ansatz x’ = x(e*’ and y’ = yje*'. For con-
finement in the transverse plane, we require the values of A
to have negative or null real part. Substituting the ansatz in
Egs. (14a), (14b) and casting the result in matrix form we

find
yQ 4+ 200 xo| 10
Q@ -] =2 —yr|lo] |0

(16)

Q2+l -2 —yAr
—yQ —2QA

The existence of nontrivial solutions require the above
matrix to be noninvertible (vanishing determinant), which
gives the characteristic equation

A F2pad £ a2 <y2 +2Q° + a)ﬁ . wf)
+ A (2)/92 + ya)y2 — wa)

+ Q'+ Q2 + a))zc — a))z,) — a)fa)i =0, (17)
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with solutions given by

1
AE - 5(—;/ i,/2¢5+b), (18a)

1
K;E—>§(—y:|:,/y2—2(\/5+c)>, (18b)

where

a= 8522(—)/2/2 + a); - a)i) + (a)i + a);)z, (19a)
b=y’ —4Q +20; — 20, (19b)
¢ =29 — o + ], (19¢)

The A root in Eq. (18a) is negative. On the other hand, A}
will be negative when

—y ++y/2v/a+b <0. (20)

Given w, > w, [see Eq. (15)], this condition implies

—y?t o] — o + \/(yz + o} — 0})? + dwjw}

120> : =

21)

Therefore, the first two roots are negative provided 2
is sufficiently large and €2, defines the critical rotation
frequency.

We now turn to the remaining roots; as before A, is
negative, while A3 will be negative when

—y+\Jy—2(Va+e) <0, (22)

As it turns out, this inequality is always satisfied for
Y,wy, 0, > 0 and w, > w,. Hence, the stability criterion
is given entirely by Eq. (21). Considering the dynamics
in the overdamped regime, the same criteria are obtained
much more straightforwardly; see Appendix B for more
details.

D. Dynamics simulation

We have studied the dynamics of a trapped particle in
the saddle beam as well as the validity of the stability
criteria by numerical simulation. In doing so, we have con-
sidered both the linearized model given by Egs. (14) and
the complete form of the potential given by the gradient
of Eq. (5) for the fixed set of experimental parameters
defined in Table I. In all simulations, the particle initializes
near the origin, where a quadratic potential landscape well
approximates the trap. All simulations consider a stochas-
tic external force F; = Fy,; arising from collisions of the

TABLE I. Experimental parameters considered in the dynami-
cal simulations.

Parameter Value
Particle composition Si0,
Particle radius 150 nm
Particle mass ~ 26fg
Initial velocity (~ /kgT/m) ~ 12.5um/s
Laser wavelength 1550 nm
Tweezer power 500 mW
Trapping NA 0.6
Pressure 10 mbar
Temperature 293K

particle with surrounding gas molecules. This stochastic
force obeys,

(Fui(0) =0,
(Fni(Fmj(t+ 1)) = 2mykpTé(T)d;,

(23a)
(23b)

where kg is the Boltzmann constant and 7 is the sur-
rounding gas temperature. We employed the Runge-Kutta
fourth-order algorithm for all simulations, where each run
simulated the dynamics for a period of 10 ms. We refer to
Appendix C for more details.

To evaluate the different regimes of motion of a par-
ticle in the rotating saddle, we have considered different
ratios of the trap’s rotating frequency 2 to the critical
angular velocity 2. given by Eq. (21). Figure 4 qualita-
tively displays three regimes of motion: (a) if Q is slow
enough (/2. < 0.25), the particle is trapped by one of
the rotating side peaks, following an approximately circu-
lar motion. As the rotation is increased, the particle lags
behind the peak due to the drag force provided by the sur-
rounding gas; (b) increasing the rotation but keeping it well
below the critical angular velocity, the centrifugal force as
felt by the particle in the rotating frame becomes so strong
that the particle is expelled away from the beam. Going
higher in angular velocity (c), at 2/, = 0.92, the particle
is confined in the center and undergoes a complex motion
around this dynamically generated equilibrium point. We
note that for the parameters in Table I we have Q./27 ~
280 kHz. All trajectories are viewed in the laboratory ref-
erence frame. Figure 5 shows an alternative visualization
of the different regimes of motion. Here, the particle’s last
radial position (r) = (v/x2 + y2) output by the simulation
is averaged over 20 runs and plotted against the 2/,
ratio.

We see that for 2/ Q2. > 1, the particle remains trapped
near the center of the beam. On the other hand, for
Q/Q. < 1, the value of (r) blows up, indicating that the
particle is unbounded (shaded region). For sufficiently
small values of €2, the particle is bound in one of the lobes
of the saddle beam, remaining at a position of the intensity
maxima given by /. /2.
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FIG. 4. Representative trajectories of the three possible dynamics as viewed in the laboratory reference frame. Trajectory shows the
last 0.4-ms transversal positions. (a) €2/ 2. = 0.1. The particle describes a closed trajectory following one of the rotating side peaks of
the saddle. (b) 2/ 2, = 0.5. The particle escapes if the angular rotational velocity is not slow enough and well below the critical value
for stability. (¢) 2/ 2. = 1.0. The particle displays dynamical stability and undergoes a complex trajectory about the saddle’s center.

We now turn to analyze the transversal trajectory
dynamics of the trapped particle. Commonly employed
in levitated optomechanics experiments as a characteri-
zation method [8], the power spectrum density (PSD) of
the motion of a particle trapped in the rotating saddle
can be analytically computed by linearizing the equations
of motion. Appendix D contains the calculation details
for the rotating and laboratory reference frames. Figure
6(a) depicts an example of the analytical prediction of
the particle’s x position PSD in the laboratory frame for
the parameters contained in Table I and /2. = 2. The
PSD exhibits four peaks, two lying very close together, as
seen from the enlargement over the 100200 kHz range
in Fig. 6(b). These neighbor peaks arise from a beating
pattern in the motion along the x and y axes, as seen
in Fig. 6(c), where we see a simulated trajectory in the

2.0
Nno approx.
lin. model
1.5 1
~
~
= 1.0
=
0.5
0.0 T — T
0.0 0.5 1.0 1.5 2.0

/9,

FIG. 5. Stability criteria, both for the linearized model (orange
line) and full optical potential (blue line). The mean value of the
last 1 ms of the particle’s radial position is plotted as a function
of the ratio between the saddle’s rotational and critical angular
velocities €2/ €2.. The shaded region indicates the particle is no
longer trapped.

absence of the drag force. The inverse of half the sum (dif-
ference) of the neighbor peak frequencies defines a fast
(slow) period Tr (Ts) of oscillation. Together with the
fact that the x and y motions are phase locked, the result
is a Lissajous-like curve in the transversal direction, as
depicted in Fig. 6(d). The fast oscillation gives rise to
a squashed orbit around the origin, which slowly rotates
around the z axis. After half a slow period, the trajectory
is close to where it started, where the orbit will be closed
if Ts/(TF/2) is an integer number. Finally, the remaining
high-frequency peaks of the PSD shown in Fig. 6(a) are
responsible for the micromovements of the trajectory seen
in Fig. 6(d).

III. EXPERIMENTAL PROPOSAL

We now discuss an experimental scheme for generat-
ing the rotating saddle beam as well as the possibility of
feedback cooling the center-of-mass motion of a trapped
nanoparticle.

A. Saddle-beam generation

To generate the superposition in Eq. (1) rotating with
angular velocity in the MHz range, we propose the com-
bined use of three acoustic optical modulators (AOMs)
and a variable spiral plate (VSP)—a liquid-crystal element
capable of transforming an incident circularly polarized
Gaussian beam into Laguerre-Gaussian modes with [/ =
+2 depending on the input’s handedness [22].

Figure 7 illustrates the proposed optical setup. The half-
wave plate HW, in conjunction with the polarizing beam
splitter PBS;, divides an initial linearly polarized laser
beam into two paths. The upper path receives a frequency
shift of A, and HW; corrects the polarization for proper
interference at the optical tweezer (OT) site. The lower
path is divided into two beams that receive distinct fre-
quency shifts of A & § and are recombined with HW; and
PBS; into a single spatial mode. Since each component has

044073-6
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(a) PSD for the trapped particle’s x motion as calculated by linearizing the saddle beam intensity. (b) An enlargement of the

x-motion PSD shows that at low frequencies, two peaks arise from the motion. (c) Trajectories of the trapped particle along the x and
y coordinates, showing the fast 7 and slow Ty periods of oscillation that originate the two low-frequency peaks in the PSD. (d) The
trajectory of the particle in the x-y plane shows both slow and fast oscillations, as well as higher frequency micromotions, which create
additional peaks in the power spectral density. The trajectory consists of 37 fast oscillations, starting at the blue point and ending at the
orange point. A complete fast oscillation is represented by the blue and orange curves, while the intermediate oscillations are shown
by the gray dotted curve. During the fast oscillations, the orbit gradually twists around the z axis, resulting in the slow oscillation.

orthogonal linear polarizations, they have opposite hand-
edness after passing through the quarter-wave plate QW,.
Therefore, the VSP transforms one of the beams into a
I = 2 and the other into a / = —2 LG mode. Finally, QW,
reverts the circular polarization to linear, and the polar-
izer projects into a common mode to interfere with the
remaining Gaussian beam. The distinct detunings received
by the superposition components effectively generate a
time-dependent phase, causing the overall superposition
to rotate. Tuning the frequency shifts of each AOM by
8 around a central shift A allows for fine control of the
saddle’s rotation speed. Coupling all three beams into
a single-mode alignment fiber before inserting the VSP
ensures the spatial mode matching of the rotating saddle’s
components.

Setting the transmission:reflection ratio of HW; to
approximately 70:30, the saddle beam can be repro-
duced with the proper coefficients. Considering the AOM’s
diffraction efficiency as 80% and the initial beam’s power
as 1 W, roughly 260 mW of power should arrive at the OT.
‘We note that other schemes can also be considered, such as
using a single AOM with a double pass. However, in prac-
tice, most schemes have severely low power efficiencies at
the output. Schemes using one or two SLMs to generate
the LG beams were also disfavored in favor of the VSP
since the latter is a low-loss optical element.

Finally, commercially available AOMs can shift the fre-
quency of an incoming laser beam by tens of MHz around
a central frequency A. Thus, by choosing a shift of § =
10 MHz, the saddle beam would rotate at sufficient angular
velocity to have dynamical stability.

B. Feedback cooling

For most applications in high-vacuum levitated optome-
chanics, the ability to control the motion of the trapped

alignment

fiber

FIG. 7. Experimental proposed setup to generate a fast-
rotating saddle beam. Three AOMs are employed to give the
correct relative phase to the components of the saddle-beam
superposition. Gaussian beams with opposite circular polariza-
tion generate the required / = +2 LG modes using a VSP.
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particle is required. For instance, optimal control theory
can successfully achieve the ground state of the particle’s
longitudinal ¢.m. motion [23,24]. We thus ask the question
of whether optimal control theory methods can be applied
to cool the motion of a levitated nanoparticle in the rotating
saddle.

The issue of minimizing the energy of linear systems, as
the one presented in Eq. (14), can be effectively addressed
using the optimal control policy known as linear quadratic
Gaussian (LQG) controller. The dynamics of a trapped par-
ticle in the rotating reference frame can be approximated
by a set of linear differential equations, and the implemen-
tation of the feedback loop is highly reliant on the detection
of the particle’s position. In our case, the particle’s posi-
tions are detected in the laboratory frame by means of
homodyne detection of the trap’s scattered light. One can
express the detection signals by

y(0) = Cx(1) + m(?), (24)
where we employ the state-space representation, in which
x(?) is the state vector for the laboratory reference frame,
defined as

x(t) =[x vy z0) 0 yo 0], @5
and y(¢) is the measurement vector. Moreover, Cisa3 x 6
matrix defined by the calibration factors of the detectors
and m(¢) is the measurement noise vector, a 3 x 1 vector
composed by independent white Gaussian noise processes
satisfying (m(?)) = 03,; and (m(Hm(H)7) = M, where M
is a 3 x 3 diagonal matrix.

Using Eq. (D9), one finds the relation between x and the
state vector in the rotating frame x/,

x(6) = TO)X (1), (26)
where T(0) is given by
R.(0) 054
“@=hb§£@] @7)
with,
cosf —sinf 0
R.(0) = | sinf cos6é O (28)
0 0 1

From Eq. (26), we can write an expression analogous to the
one in Eq. (24) for the rotating reference frame, yielding

Y(®) =CxX () +m'(2), (29)
where

Y(® =RI©O)y®, C =RIOCTEO). (30)

The noise vector m’ has zero mean and satisfies

(m'(Hm' (1)) = RI(O)MR.(6). (31
Additionally, the state-space representation also allows the
rewriting of the dynamics presented in Eq. (14), yielding
X'(H) = A'X' () + Bu'(t) + W (o), (32)
with w'(#) taking into account the stochastic forces act-
ing upon the particle, B'u(¢) being related to the feedback

forces exerted by the controller and A’ the state matrix,
defined as

0 0 o 1 0 0
0 0 o 0 1 0
, 0 0 o 0 0 1
A=l@rw?  yo 0 —y 20 0
—-yQ Q-] 0 22 -y 0
0 0 —w 0 0 —y]
(33)

Equations (29) and (32) form a fundamental pair in lin-
ear control theory, from where one extracts fundamental
information about the system’s dynamics, actuators, and
detection. Such information must be properly character-
ized to apply LQG correctly. The optimal control law u’*
is then

u* = _Koptﬁ/(t)a (34)
where K, is the optimal controller’s gain matrix and X’ is
an estimation of the state vector returned by the Kalman-
Bucy filtering method [25]. This filtering approach has
been shown to be equivalent of the quantum filter for Gaus-
sian systems [26] and has enabled longitudinal ground-
state cooling of a levitated nanoparticle [23]. By extending
its application to linear dynamics in noninertial frames, we
enable its use in controlling the nanoparticle’s motion in
the saddle trap, while preserving its role as a classical ana-
log to quantum dynamics. Physically, the control law can
be implemented using electrodes near the trap center [11].
Note that the computation of K and X'(#) depends on
knowledge of A’, B', C’, w/(¢), and m’ (¢). For more details
regarding the estimations and optimal gain calculations,
we refer to Ref. [27].

We performed numerical simulations to examine the
effectiveness of the LQG in controlling a particle confined
by the saddle beam, assuming the same particle parameters
as shown in Table I. Figure 8(a) presents the simula-
tion results for the three directions in the lab fame. We
observe a significant reduction in the amplitude of the par-
ticle’s c.m. amplitude for all three directions of motion as
time evolves. The motion reaches a stationary state near
0.2ms after starting the application of the control law.
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Optimal control for an optical saddle trap. (a) Time traces for x, y, and z coordinates of a particle levitated by an optical saddle

trap and controlled by the LQG. (b) Motion of a trapped particle along the transverse plane for different feedback gains. Numerical
simulations were carried considering SiO, nanoparticles with a radius of 150 nm, pressure of 107> mbar, gas temperature of 293 K,
and detection efficiencies of 1.0%, 1.0%, and 0.1% for x, y, and z, respectively.

Figure 8(b) shows the controller’s effect on the transversal
plane motion; we see the motion amplitude increases as we
apply smaller feedback gains. Finally, note that we carried
out the simulations considering the complete form of the
potential, which is highly nonlinear. Even though the LQG
formalism utilizes linearized dynamics, it is still effectively
capable of appreciably damping the particle’s motion.

IV. CONCLUSION

In conclusion, we proposed a rotating saddlelike struc-
tured beam for optical levitation experiments. When rotat-
ing above a critical velocity, the saddle beam acquires a
dynamical equilibrium point capable of levitating dielec-
tric nanoparticles in high vacuum. The power spectrum of
the center-of-mass motion presents unique features asso-
ciated with the nonharmonic nature of the trap. We have
proposed a method to generate the rotating saddle with a
controllable rotation velocity and have shown that feed-
back control can be used to cool the motion of the particle.
We expect the saddle beam to find applications in fun-
damental quantum physics experiments using levitated
nano-objects, where inverted and nonlinear potentials can
be used to rapidly expand and interfere with an initially
localized wavepacket [13,14].
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APPENDIX A: THE SCATTERING FORCE

To determine the stability condition for the z direction
the scattering force needs to be analyzed. Stable equilib-
rium occurs if there is a point where the scattering and
gradient forces are opposite and equal in magnitude, and
the derivative of the total force is negative. The Taylor
expansion in Eq. (9) cannot be used in this analysis, since
it gives a field that does not go to zero at z = +0c0. How-
ever, since we are mainly interested in the intensity of the
beam along the z-axis, for x’ =y’ = 0, Eq. (5) yields the
simple result

s 32P 1
|Es|"(2) = 5 S (A1)
177 ceo wi(1 + 22 /z)
Thus, the gradient force along the z axis is
16PN {r} z
Fo(z) = — (A2)

17mceq wizi(1 4 22/23)?
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For a silica particle, the extinction cross section is well
approximated by [16],

83|« |?
Oext X ———7—- (A3)
3eig
Therefore, the scattering force is
128P72|a|? 1
R = o (A%)

SIagese wi(l +2z2/z3)
Making Fg(z) + Fy(z) = 0 leads to a quadratic equation:

2 3Ageom{a}

2 _
873 af2 +zp = 0.

(AS)

To have real solutions, the following inequality must be
satisfied:

3adeoia))’
(L{“}> _ 422 >0, (A6)

83| |?

where we disregarded the equality since it generates an
unstable equilibrium point. Finally, by considering the
particle’s radius fixed, which fixes the polarizability, and
using the definition of the Rayleigh range, we find a
condition for wy to have stability along the z direction:

3)»860%{0[}
_— A7
1674 | |? (A7)

If the above condition is satisfied, there is a stable equi-
librium position for the particle’s longitudinal motion
at

B 3xgeoNfar) 1\/(3)\360%{&}

Y 3 a2

2
2
Zeq = W > ) - 4ZR' (A8)

APPENDIX B: OVERDAMPED STABILITY
ANALYSIS

In the overdamped regime, the equations of motion
simplify to,

F
0= (Q +)x — y(&' — Q) + 29 + ;“‘ (Bla)

F,
0= (2wl —y(' + ) —2Qi + -2, (Blb)
m
F,
O:—a)zzz—)/z'—l-;th. (Blc)

Similarly to Sec. IIC, let x' = xje* and y’ = yje*. By

substitution in Egs. (Bla) and (B1b), and neglecting the

stochastic force term, we have

(2 + w2 — yA)x) + (yQ +2aQ)y, =0,

i (B2a)
(@ — ) — yMyo — (¥ Q4 20Q)x5 = 0.

(B2b)

Casting the equation in matrix form

yQ+20Q x| [0

and demanding that the matrix’s determinant is equal to
zero, one arrives at a quadratic polynomial for A:

Q2+ w? -y
-y —2QA

ar®> +br+c=0, (B4)
where
a=y?+4Q2, (B5a)
b=2yQ +yow, — yor, (B5b)
4 2..,2 2 2 2 2
c=Q"+ QY + oy — ) — o). (B5c)

Since the roots are AT = —b/2a £ +/b? — 4ac/2a and
a,b > 0 [see Eq. (15)], then they are complex with a neg-
ative real part if b> — 4ac < 0. If b*> — dac > 0, one needs
to require —b + +/b% — 4ac < 0 so both roots are nega-
tive. Taking the worst case, assuming that b — dac > 0
in conjunction with a, b > 0, leads to requiring that ¢ > 0,
ie.,

4 20,2 2 2 2 2
Q"+ Q(y* + oy — ) — o, > 0.

: (B6)
This condition is interesting because it will force both roots
to be complex, ending up in the first case.

Inequality (B6) leads to demanding |2| > w™ for stabil-
ity, where w™ is the real positive root of the polynomial.
Moreover, note that the polynomial necessarily has two
real and two imaginary roots. Let 2 = +./u, then the roots
for the quadratic equation in u are

2 2_ 2 2 2 _ 2)2 22
i e wx:I:\/(y + o — wy)” + 4oiw;
B 2

(B7)

Since the argument inside the square root is positive, u*
must give the real roots of Eq. (B6). Therefore, the stabil-
ity criterion for the overdamped case becomes identical to
Eq. (21).
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APPENDIX C: NUMERICAL SIMULATION
PARAMETERS

For all the simulations described in Sec. II D, the particle

is initially located at
K T/ma)ih
/ kb T/ma))%,h .
Zeg + ‘/ka/ma)ih

where | /kpT /ma)f’h is the standard deviation of the parti-

(ChH

ro =

cle’s position i when it is trapped by a standard Gaussian
beam OT (considering a harmonic approximation). The
w;, are the natural frequencies for a harmonic trap given
by

2 2
| 2Psey |2/
W | =———>5—|2/w (C2)
a)ih CGOT[WOm 1/212e

The z,, term is the equilibrium position along the optical
axis, which is different from the zero due to the scattering
force. Most interestingly, its value for a Gaussian beam and
the proposed saddle beam is the same, given by Eq. (AS8)
derived in Appendix A. This arises because, at the optical
axis, only the Gaussian E(I)‘f)i term has a nonvanishing value
for the saddle beam. The initial velocity is given by the
standard deviation of velocity for a particle in a harmonic
trap, given by vy = +/kgT/m for all directions. The main
motivation behind this choice of initial condition is the idea
that one could first trap a particle using a standard Gaussian
beam, and later switching to the saddle beam.

For the beam’s overall parameters, we set its wave-
length at 1550 nm, the NA at 0.6, and the optical power at
500 mW. The low NA is required to prevent the structure
of the beam’s intensity from collapsing to a nonparax-
ial Gaussian-like shape. The effect of high focusing was
numerically evaluating the transmission of the saddle beam
by a high-NA lenses (NA > 0.8) using the angular spectral
representation formalism [28], and we have observed that
an NA = 0.6 is a good compromise between focusing and
keeping the structure of the saddle superposition. We con-
sidered Si0O, nanoparticles with a 150-nm radius. The gas
pressure was set to 10 mbar. The scattering force given by
the second term of Eq. (8) was included in the simulations.

All simulations were performed using the Runge-Kutta
fourth-order algorithm with a simulation step of 10 ns and
1 000 000 steps.

APPENDIX D: POSITION POWER SPECTRAL
DENSITY

We now evaluate the particle’s position PSD in the rotat-
ing reference. We will focus on the transverse dynamics

given by Eqgs. (14a) and (14b) with F; = Fy,; obeying Egs.
(23), since the PSD for the longitudinal motion is well
known:

2]/kaT

= = @ = w2 4yl

(D1)

We start by expressing the differential equations in the
frequency domain,

A () = By (w) + Fy(w)/m,
4,7 (0) = —BY (w) + Fy(w)/m,

(D2a)
(D2b)

where the tilde symbolizes the variables in the frequency
domain and we have,

A4, = —Q — o — o* —iwy, (D3a)
4y = - + o] — & —iwy, (D3b)
B=yQ—R2w. (D3c¢)

We consider the stochastic thermal force has the same fre-
quency spectrum in both directions of the transverse plane.
Since the above equations are linear in X’ and y’, one can
solve explicitly to find

(D4a)
(D4b)

¥ (w) = xx(@)Fy
7' (@) = xy (@) Fu,

where x;(w) are the mechanical susceptibilities in the
rotating reference frame, given by

o L A tB Dsa)
. = ——" a
XA B + A,
1 A4, —B
== D5b
Xy(a)) mBz+AxAy ( )

Finally, the position PSDs in the rotating reference frame
are

S (@) = 2my kT (@), (D6a)
Sy (@) = 2my kT x, (@))%, (D6b)
where we used
Si(w) = li(w)|?, (D7a)
\Ful® = Sg, , (@) = 2mykgT. (D7b)

One can use the Fourier transform of the positions in the
rotating reference frame to evaluate the form of the PSDs
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FIG. 9.

(a) Relation between the natural frequencies and (b) power, normalized by max{S;,(w1)}, to the saddle’s angular rotation

speed 2. The color schemes employed in (a),(b) are the same. The angular frequencies w; follow the order from lower to higher as
established in (c). (¢),(d) show examples of simulated position PSDs for the linearized and complete optical potential in the laboratory

reference frames.

in the laboratory reference frame. We can show that,

1 -~ ~
F{f (1) cos(Qn)} = E(f(w+) +/f (@), (D8a)

1 - ~
F{f (1) sin(Q20)} = Z(f(aﬁ) —f (@), (D8b)
where F({-} is the Fourier transform and w® = o + Q.

Using this result with the coordinate transformation

x' =xcosf +ysinb, (D9)

¥ =ycosh —xsinb, (D10)

one can relate the Fourier transform of the positions from
one coordinate to the other,

N DU L }
) = 5@ @) + ¥ (@) (y(w) 7@,

(D11a)

1
V() = 2—1.(56’(w+) — () + = (y (@) + 7 (@)).
(D11b)

Note that £, (%) = Fy, (w) = constant since the thermal
force is a white noise. Thus, using Eq. (D4),

F, o )

@) = 5 (@) + @) + it @) = (@)
(D12a)

y(w) = (Xy (w+) + Xy(a) ) +i(xe(w™) — Xx(w+)))

(D12b)

Finally, the particle’s position PSD in the laboratory refer-
ence frame is given by

mykgT

Soe = = | (@) + x(@)

H (@) = X @), (D13a)
Sy = %ICBT | (@) + xy (@)

HOw(@) = @) (D13b)

One could find the frequencies that maximize the posi-
tion’s PDF to find the natural frequencies of the system’s
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dynamics. However, it is easier to solve the eigenvalue
problem of the system of differential equations given by
Egs. (14a) and (14b) considering zero damping. The eigen-
values will provide the natural frequencies in the rotating
frame. According to Egs. (D13), the frequencies in the
laboratory frame are shifted by +. To achieve this, we
express the system as the matrix equation

X' 0 0 1 0] rx

dly| 0 0 0 1|y

dr | ¥ Q*+ w? 0 0 2Q||x

! 0 P -0y 22 0 !
(D14)

There are two conjugate pairs of eigenvalues for the
dynamics matrix given by

Vic- D
At =i 5 (D15a)
VIC+ VDI
)\2,:t: = =+ ﬁ . (Dle)
where
C=ow; —w, — 207, (D16a)
D = wi 4wy + 2wiw) +8Q° (W} —w;).  (DI6b)

Finally, considering the positive-valued frequencies in the
laboratory frame, they are given by

W) = A1 4+/i — L, (D17a)
Wy =Ay_Ji+ L, (D17b)
w3 = A4+ /i+ 2, (D17¢)
w4 = A1 4+/i+ Q. (D174d)

Figure 9(a) illustrates how the frequencies w; change with
the speed of the saddle’s rotation, while Fig. 9(b) displays
the power for each frequency normalized by max{S.,(w)}.
Considerations for the y direction are the same, thanks to
symmetry. We can categorize the natural frequencies into
two sets: slow frequencies {w;,w;} and fast frequencies
{ws, w4}. As Q increases, the slow frequencies approach a
common value and power. Conversely, the fast frequencies
increase, and their power asymptotically approaches zero.
Figures 9(c) and 9(d) depict examples of simulated posi-
tion PSDs for the linearized and complete optical potential
in the laboratory reference frames for the parameters con-
tained in Table I and 2/, = 1.1. The blue curves stem
from an ensemble of 200 averages of individual PSDs,
while the orange curves represent the theoretical prediction

from Eq. (D13). The linearized model plot demonstrates a
strong agreement between theory and simulation. The dis-
agreements may arise due to the finite observation time
considered in the simulations. However, due to its nonlin-
ear nature, the complete optical potential exhibits shifted
natural frequencies and additional peaks [29].
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