FAS-RIS: A Block-Correlation Model Analysis

Xiazhi Lai, Junteng Yao, Kangda Zhi, Tuo Wu,
David Morales-Jimenez, Senior Member, IEEE, and Kai-Kit Wong, Fellow, IEEE

Abstract—In this correspondence, we analyze the performance
of a reconfigurable intelligent surface (RIS)-aided communica-
tion system that involves a fluid antenna system (FAS)-enabled
receiver. By applying the central limit theorem (CLT), we derive
approximate expressions for the system outage probability when
the RIS has a large number of elements. Also, we adopt the block-
correlation channel model to simplify the outage probability
expressions, reducing the computational complexity and shedding
light on the impact of the number of ports. Numerical results
validate the effectiveness of our analysis, especially in scenarios
with a large number of RIS elements.

Index Terms—Fluid antenna system (FAS), outage probability,
reconfigurable intelligent surface (RIS).

I. INTRODUCTION

LUID antenna system (FAS) has emerged as a crucial
technology for next-generation wireless communications.
This importance arises because traditional fixed antenna tech-
niques, e.g., multiple-input-multiple-output (MIMO), are con-
strained by the physical size of wireless devices, whereas FAS
enables flexible switching of finely-positioned elements to the
most desirable port, e.g., [1], [2], [3], [4]. In practice, FAS can
be implemented via pixel-based [5] or liquid metal structures
[6]. The optimal port can be determined using learning-based
methods exploiting spatial correlation [7], [8]. FAS has made
an active research topic recently, see e.g., [9], [10], [1 1], [12],
[13], [14], [15]. An overview article can be found in [16].
To study the achievable performance of FAS-enabled sys-
tems, accurate while tractable channel models are necessary.
Considering this, a simplified channel model was originally
used in [17], [18]. This model approximates the effect of
port correlation using a single correlation parameter. A more
accurate eigenvalue-based channel model was subsequently
proposed in [19]. Due to mathematical difficulty, performance
analysis based on this model is, however, a challenge. This
was recently overcome by the new block-correlation model
recently developed in [20], which is favorable for insightful
analysis of FAS-assisted communications.
On the other hand, research on reconfigurable intelligent
surface (RIS) is going strong. RIS is particularly important in
deep-fading scenarios where obstacles such as thin walls may
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obstruct the direct link between the transmitter and receiver
[21], [22]. RIS in a sense re-establishes the line-of-sight (LoS)
link between the transmitter and receiver when it is blocked by
modifying the phases of the reflected signals. Recent efforts
have seen the benefits of RIS in terms of coverage probability
in [23], and [24] also considered the use of RIS in the presence
of multiple users, in terms of ergodic capacity.

Integrating the capabilities of FAS and RIS presents a robust
approach to enhance wireless communication performance, so
the synergy of FAS and RIS offers a promising direction for
advancing communication systems. However, the performance
of FAS-RIS is not well understood, and remains unexplored.
Motivated by this, this correspondence explores a RIS-assisted
communication system that includes a FAS-enabled receiver.
Here, FAS is used to improve the quality of received signals,
while RIS is employed to re-establish the LoS link when it is
originally blocked. Using the central limit theorem (CLT), we
derive the system outage probability when the number of RIS
elements is large. Also, the block-correlation approximation
technique in [20] is adopted to achieve simplified expressions
for the outage probability. Our numerical results validate our
analysis and reveal great potential of FAS and RIS.

Notations: X ~ CN(a, 3) represents a complex Gaussian
random variable (RV) with mean « and variance 5. E(-) and
Var(-) denote, respectively, the expectation and variance of
a RV. Additionally, fx(z) and Fx(x) denote the probability
density function (PDF) and cumulative distribution function
(CDF) of the RV, X, respectively.

II. SYSTEM MODEL
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Fig. 1. A RIS-assisted communication system with a FAS-enabled user.

As depicted in Fig. 1, a RIS-assisted communication system
is considered. The communication system consists of a base
station (BS) equipped with a single fixed-position antenna, a
RIS with M reflecting elements, and a receiver equipped a
fluid antenna capable of switching among N ports within a
linear space of W\, where W is the normalized size, and A



is the carrier wavelength. Here, the BS transmits the signal to
the receiver aided by the RIS, and the direct link between the
BS and the receiver is assumed broken. It is also assumed that
the time delay for port switching is negligibly small.

A. Communication Model

Given the absence of the direct link between the BS and
the receiver, the receiver relies on the signals solely from the
reflections of the RIS. Consequently, at the k-th FAS port of
the user, the received signal is given by [23]

M
Uk = VPs > hmvm ke 20 s 4y, ()
m=1

where h,, ~ CN(0,€;) denotes the complex channel coef-
ficient from the BS to the m-th RIS element, and v,  ~
CN (0, €2) denotes the channel from the m-th RIS element to
the k-th FAS port, s ~ CA(0,1) is the transmit signal, Ps is
the transmit power, 1, ~ CN(0,02) is the additional white
Gaussian noise, 0, denotes the reflecting phase of the m-th
RIS element, and the RIS is assumed to have full knowledge
of the phases of h,, and v, ; thus can adjust 6,,, to maximize
the channel gain, i.e., ,, = — arg(hy,vm, k). Follow this, the
combined channel at the n-th FAS port can be expressed as

M
Yo=Y || [vm.kl. )
m=1

It can be readily observed that both |h,,| and |v,, x| follow
Rayleigh distribution, E(|hm||vm k]) = E(|hm)E(jvm k|) =
m/erea/4, and Var(|hm|[vmil) = E(hm*lomil?) —
(E(lml[vm k])* = ere2(1 — 7%/16).

At the FAS, the port with the maximum channel gain will be
selected for receiving the signal. Consequently, the resulting
channel at the optimal port is written as

* = : 3
vy ke{gﬁfw}'yk 3)

B. FAS Channel Correlation Model

For the correlation between two different ports of the FAS,
the 3D Clarke’s model is adopted. Specifically, the correlation
coefficient between ports k and [/ is modeled by

o (k — Z)W> |

N _1 “4)

gkl = sinc <

sin(z)

which indicates that the correlation coefficient matrix of v,,, =

where sinc(z) =

. Note that sinc(z) is an odd function,

[Um.1s- -, Um, n]| is a Toeplitz matrix as
3 e RVXN = topelitz(g: 1,91.2,---,91.N)
gi1 91,2 9gi,N
g1,2 91,1 g1,N—-1
= . . &)
gi,N gi,N-1 g1,

III. OUTAGE PERFORMANCE ANALYSIS

In this section, the outage performance of the system is
analyzed. First, let us denote R as the target transmission rate,
and the outage probability is accordingly given as

P *\2
Pyt = Fy«(Agn) = Pr (log2 (1 + S((TZ)> < R)

n

- F’Y* (Ath)7 (6)

where Ay, = ((2f—1)02 /Ps)'/2. To proceed with the outage
probability analysis, it is necessary to derive the approximation
CDF of ~7%, i.e., E,- (y). Given that the exact expression for
F.«(y) is intractable, the following subsections will develop
several approximations for F.«(y).

A. CLT Approximation

In practice, the number of RIS elements, M, is supposed to
be very large, and thus the CLT can be applied. Consequently,
T = [y1,...,7n] can be approximated by T = [¥1,...,9n].
That is, the PDF and CDF of I' are similar to those of T.
Furthermore, the mean and variance of 4 are identical to

those of 7, which can be computed as

1y =MB(h o ]) = YL )

2
V., =MVar(|hp||vm.k]) = M€162(1 — 1—6) (8)
Moreover, as 7 for k = 1,..., N share the same |h,,| for
m=1,..., M, and |v,, | are correlated for different k, it can
be easily demonstrated that 4, for k = 1, ..., N are correlated.

Hence, given the calculation of Pearson correlation coefficient

and (2), the correlation coefficient between = and ; can be

formulated as

E(ym) — EAQ, . Me E(|Jvp k[vm,i]) — EE/M
Vs o v, ’

n(gk1) =
9

where

):/ / xyf\vm’k\,|vmyl\(x7y)dxdy7 (10)
0 0

and f|vm,k‘,|vm=l‘(x,y) is the joint PDF of RVs |vy, ;| and
|vsm.1], Which is given by

E(|vm, k| |vm.i

2 y2+9k,lw2
-2
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in which Iy(-) denotes the zeroth order of Bessel function of
the first kind. Note that E(|vy, x||vm,1|) can be computed via
numerical integration.

Based on the correlation coefficient in (9), we can formulate
the correlation coefficient matrix of T' as

f‘vm,k‘alvm,L‘(x7y) = e €2e

Q € RVXN = toeplitz m(g11)s---sn(g1,8)) s (12)
and the joint PDF of T is written as
e—3(X-E,)T(V,-Q)  (X-E,)
f'yl ..... "/N(xla 7xN) - 3 (13)

(27V,)N/2(det )1/



where
X = [z1,...,25]", and E, = [E,, ..., E,]". (14)

Utilizing the PDF of T in (13), the CDF of RV, %, can
be expressed via the joint CDF of N-dimensional Gaussian
distribution, ie., ®(y,V, - Q, E,), as

Fy- (y)
=o(y,V, - Q, E,)

Y Y
:/ / Foromn (@1, xy)day - dey,  (15)
ST
N

where the calculation of ®(y, V- €2, E,) can be implemented
via mathematical tools, such as Matlab and Maple. However,
for large values of NN, say N > 25, the complexity of
the calculation of Fs-(y) is prohibitive as an NN-dimensional
integral is required. To overcome the difficulty, we will provide
approximate expressions of Fy-(y) in the next subsections.

B. Block-Correlation Channel Approximation

In this part, we resort to a block-correlation approximation
model in [20]. That is, the random vector v,,, can be approxi-
mated by v,,,, and the the correlation coefficient matrix of v,,
can be presented in the following form:

A, 0 -~ 0
. 0 Ay
2 S ]RNXN = . ) (16)
0 0 Ap
where
1 p M
po1 %
Ay e REaxLa — | 7 ) (17)
M I’L ... 1

D
1 denotes a constant close to 1, and ZL ) Ls; = N with
=

D = |S{\.}| being determined by the number of principal
eigenvalues of X. That is, there exists S{A\n} = {An|An >
Ash,m =1,..., N}, and D equals to the cardinal number of
S{Atn}, where A, is a small number to ensure that enough
eigenvalues are included in S{ ¢y}, which can be dynamically
adjusted. Also, L; is determined by

arg min dist(ﬁ], 3),
Li,..,.Lp

(18)

where dist(+) is a distance metric between two matrices, which
is determined by the difference of their eigenvalues and the
detailed procedure can be found in [20].

Based on the block-correlation model, we can approximate
I with T' = [%1,...,49x]. Applying the Pearson correlation
coefficient calculation, the correlation coefficient matrix of r
is given as

B, C .- C

. CcC B, --- C

Qe RVXN — . ) . ) (19)
C C Bp

where all the elements in the submatrix within C are given as
po =1(0), and

I ppo o m
p 1 -

B, € REaxLa — . ) (20)
prop1 o1

where p1 = n(p).

Based on the structure of the correlation coefficient matrix
T', we can then rearrange the subscript and rewrite I' into
115> YLu,1s - s Yhods - - -+ VLo, D) Here, 4 4 can be re-
formulated as

Yr,d =V 1 —p122k,da +Vp1— pozi,d +/Pozo + Ey

=ap,q + g +w, 2D

fork=1,...,Lg,and d=1,...,D, and 221 4, 21,4 and zg
are independently and identically distributed (i.i.d.) Gaussian
RVs with mean 0 and variance V,. Also, w ~ N (E,, V4po),
rq ~ N(0,V,(p1—po)) and ag g ~ N(0,V,(1—p1)) for k =
1,...,Lgand d =1,..., D, are independently distributed.
The maximum of the channel parameter 4y, 4 in each block

is9;= max 4 ford=1,...,D, and the CDF of RV
ke{l,....,Lq}
¥ = o/ b ted
e {mLE.JL,)fD} 4, can be computed as
D
F’?* (y) =E, H F’y;|w(y)‘| . (22)
d=1
Applying the PDFs of RVs ay, 4, rq and w, that is
1 . a?
a )= —— ¢ 2V’y(1*P1)7 (23)
fonal) = e
1 G
Fra(d) = —e—e T (24)
" V27V, (p1 — po)
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wl(Tg) = —F————e 2Vypo
we can obtain the conditional PDF of 4 4 for k =1,..., Ly

andd=1,...,D with ry = x4 and w = x¢ as

_(@—=zg—zg))?
e 2Vy(0-p1)

f’?k,d\Td:OCd,w:mo (x) = T (26)
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and the conditional CDF as

Fﬁ/k,d |ra=zq4,w=x0 (y)
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where erf(x) is the error function. Taking the expectation of

1

5 27)

F,, Jlra=wq,w=a,(y) over RV 74, we obtain
o L
d
F’?;\UJ:% (y) = / (F’Yk,d\m=96d7w=ﬂfo (y)) fm (xd)dxd'
— 00

(28)



Finally, we can achieve
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where the Gauss-Chebyshev integral is applied in the approx-
imation of the final step [25], H is a large number, U is a
number to tradeoff accuracy and complexity, and

Dt,d = COS ((%d — 1)7T> , and q; = cos <(2l 2—U1)7r> .

2U
(30)

C. CLT and I.1.D. Channel Approximation

To gain further insight, we consider the setting that p is
close to 1 with ¢ — 1, and hence n(u) — 1, and the block-
correlation channels can be viewed as D i.i.d. channels. Thus,
in the approximated channel model, we have

Yk = /1 = pobk + /pobo + E, (31
where b, ~ N(0,V;) for k = 0,1,...,D. Also, the PDF of
by, is given by

fou(2) = — e

e ™. k=0,1,...
V27V,

Accordingly, we can write the conditional PDF of 45 with
by = xq as

. D. (32)

_ (@=(By+poz0))?
e 2V (1—pg)

27V, (1 — po)’

and correspondingly, the conditional CDF becomes

Janlbo=ao (T) = (33)
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Moreover, taking the expectation of F, 5,—z, (y) over RV by,
we can write the CDF of 4" as

/OOO[ Ak |bo= 900 )]beo(l‘o)dl‘o

F% [bo=z0 (y) =

2

U D
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x| LI~ (35)

Remark 1: As can be observed, the approximate CDF of
~* in (15) requires N-fold integration, while the approximate
CDF in (29) and (34) require (D + 1)-fold integration and
one-fold integration, respectively. This indicates that the block-
correlation based approximation can be effective in evaluating
the performance of the FAS-RIS system, for large V.

Remark 2: From (29) and (34), we can see that the outage
probability decreases with a larger D; yet the value of D may
not decrease linearly with the number of FAS ports N and
D <« N when the value of N is huge [20]. Therefore, it is
not surprising that the enhancement brought by increasing N
become less evident when NV is large.

I'V. NUMERICAL RESULTS

In this section, we provide numerical results for evaluating
the outage performance of the FAS-RIS system. The distance
between the BS and RIS and that between the RIS and the
mobile receiver are both set to 200 meters. For path-loss factor
of 2, we have €; = e5 = 20072, Also, W =1 except Fig. 3.

In Fig. 2, the variations of outage probability with differ-
ent values of the number of ports N are observed, where
M = 40,45 and N varies from 5 to 50. The noise power is
02 =10"% W, and the transmit power is Pg = 0.1 W. Hence
the average received SNR are E(Ps|yx|?/0?) = 10 dB and
11.0231 dB for M = 40 and M = 45 respectively. The target
data rate R = 3 bit/s/Hz. In the numerical results, we give
the results based on (15), (29), and (35), which are denoted
as “CLT”, “CLT-BC”, “CLT-1ID” respectively. For the block
correlation model, y is set to 0.9. For comparison, the results
based on the constant correlation model in [17] are also given
and denoted as “Constant”. Note that [17] is not accurate.

As observed, the block-correlation model based results align
well with the CLT based results, which suggests that the block-
correlation model can help avoid the heavy computation of the
CDF of multi-dimensional Gaussian distribution to analyze the
performance of FAS-RIS systems. Also, we see that the outage
probability decreases with a larger value of NV, especially when
the value of N is small. When the values of N is large, such
as NV > 30, the outage probability remains unchanged with
different N. This phenomenon can also be observed from the
results of the block-correlation model. However, the results of
constant correlation model are much more lower than other
results when the value of the number of ports N is large,
which suggests that the results of constant correlation model
might overestimate the system performance.

In Fig. 3, the results are provided for the outage probability
with different values of W, where M = 40,45, N = 20 and
W varies from 1 to 5. As observed, with larger values of W,
the outage probability decreases, which is more obvious when
W < 3. This is because when the value of W increases, the
statistical dependency among the channel parameters of each
port decreases, and more effective diversity can be achieved
for the FAS-enabled receiver.

In Fig. 4, we plot the outage probability of FAS-RIS with
different values of M, where M varies from 20 to 200, and
N = 5,10. To better demonstrate the impact of CLT on the
analytical results, we scale the outage threshold A, to E,.
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As observed, the accuracy of the CLT based approximation
results and the block-correlation based approximation results
become more satisfying with large values of M.

V. CONCLUSIONS

In this correspondence, we analyzed the outage probability
for FAS-RIS systems. Applying the CLT and block-correlation
channel model, we derived the expressions of outage probabil-
ity. Numerical results showed the effectiveness of the proposed
analysis, as the derived analytical results become close to the
simulation results when the number of RIS elements is large.
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