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Abstract— Safety-critical control is significant for autonomous
system applications where safety is an utmost concern. Control-
barrier-function (CBF)-based control has shown its promising po-
tential and power in delivering formal safe property of dynamic
nonlinear systems. The presence of disturbances, whether from
matched or unmatched channels, negatively impacts CBF-based
control, leading to violations of formal safety guarantees and
degraded control performance. In this paper, a new safety-critical
disturbance rejection control approach is proposed for nonlinear
systems subject to unmatched disturbances. Owing to the natu-
rally intractable mismatching condition, the disturbances and their
high order derivatives could generate considerable negative im-
pacts on not only the high order CBF but also the control Lyapunov
function (CLF). To this end, an observer-based disturbance rejec-
tion CBF is proposed, delivering a new robust adaptive mechanism
to deal with the disturbances. It is shown that by fully exploiting
the disturbance estimates and adequately quantifying the impacts
of estimation errors, the proposed approach provides attractive
properties like formal robust safety guarantee and nominal control
performance recovery under unmatched disturbances. Simulation
results of path following of an unmanned aerial vehicle suffering
wind disturbances verify the benefits of the proposed solution in
collision avoidance and retaining nominal safety performance.

Index Terms— Control barrier function, Disturbance ob-
server, Disturbance rejection, Safety-critical control, Un-
matched disturbance.

[. INTRODUCTION

Safety guarantee has become a high priority for autonomous
systems in complex environments, e.g., autonomous vehicles and
intelligent robotics [1]-[4]. Among the control approaches maintain-
ing mission-based safety constraints, control-barrier-function (CBF)-
based control has emerged as a popular and effective tool for formal
safety guarantee by virtue of a forward invariant set [S]. Due to its
promising capability in describing complex nonlinear constraints and
less computational resources in implementation, CBF-based control
has made considerable progress in both theory investigation [6]—[8]
and applicable case studies [9]-[11].

One of the obstacles in early CBF research is the need for
precisely known system dynamics, which is usually unattainable due
to external disturbances [6], [8], [12]. Clearly, ignoring the impacts
of disturbances will influence the desired control performances and
even degrade the formal guarantee of safety specification [13]. To
address this issue, one possible treatment is to follow the philosophy
of robust control theory, i.e., designing a controller such that the
formal safety property is ensured even in the presence of worst-case
disturbances. Toward this end, a robust CBF method is proposed
in [7], where the system states are guaranteed to stay in a subset
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of the pre-defined safety set. This evident idea is also utilised to
solve the robust safety-critical control problem of a generic dynamic
robotic system with bounded uncertainties in [14]. Moreover, inspired
by the input-to-state stability (ISS) [15] in nonlinear systems, the
notion of input-to-state safety (ISSf) [16] is constructed based on the
upper bounds of external disturbances; then an ISSf-based CBF is
designed to render the system be safe within a larger invariant set
compared with original one. It should be highlighted that taking the
worst case of external disturbances into consideration attains strict
safety constraints. However, this approach usually generates overly
conservatism results in safety guarantee, which typically comes at
the expense of sacrificing the control performance.

Disturbance observer-based control (DOBC) provides an alter-
native tool to disturbance rejection of nonlinear dynamic systems
subject to disturbances [17]. By estimating and compensating for the
disturbances, DOBC exhibits promising properties like strong distur-
bance rejection capability and nominal control performance recovery
[18]. Recently, there have been some preliminary works [19]-[21]
focusing on the development of robust safety-critical control using
disturbance observer-assisted CBF. To be specific, by introducing
the estimate of lumped disturbance into the dynamics of CBF, a
modified CBF-based control approach is designed to enhance the
robustness of the safety guarantee in [19]. Based on the concept of
ISSfs, a tunable disturbance observer-based CBF is proposed in [20],
where a new control parameter is introduced to quantify the impacts
caused by the estimation error. The safety-critical control of sampled-
data system with time-varying disturbance is investigated where the
nonlinear disturbance observer is employed in [21]. Instead of using
DO, a new robust CBF design is proposed for a disturbed system
with only output measurement based on the extended state observer
in [22]. In [23], when disturbances arise from a dynamically changing
environment, an alternative method, i.e., the environmentally robust
CBF, is developed, taking into account the upper bounds of the
estimated environmental state error.

Despite the enhanced robustness of safety guarantees using
observer-based CBFs as demonstrated in [19]-[23], it is important
to note that these methods are limited to a class of CBFs with
matched disturbances (i.e., disturbances that affect safety specifica-
tions through the same channel as the control input). It has been
shown that the existence of unmatched disturbances would also gen-
erate adverse impacts on system dynamics, which will significantly
degrade the control performance [24], [25]. Taking the path following
of unmanned aerial vehicle (UAV) under winds as an example, the
wind disturbance and its derivative will generate undesirable impacts
on system dynamics via a different channel from the control input
[26]. This naturally intractable mismatching condition poses great
challenges for CBF-based control design as the disturbances influence
the dynamics of candidate CBFs from both matched and unmatched
channels. Towards this issue, in [27], the authors explore robust CBF
design based on Gaussian process regression for disturbed nonlinear
systems, focusing on cases where the input relative degree (IRD)
and the disturbance relative degree (DRD) differ by one. Here, IRD
(DRD) is defined by taking the safety specification as the interested
output. This issue is further investigated in [28] by using disturbance
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observers. With the help of the disturbance observer, a preliminary
result is developed for a class of single-input-single-output lower
triangular nonlinear system by constructing an estimation error-based
CBF in [29]. However, the analysis in [29] is restricted to a simplified
scenario that considers only a single external disturbance and a
specific system dynamic model. It should be highlighted that there
are few works addressing the safety-critical control for a class of
generalized nonlinear systems with disturbances, particularly when
DRD < IRD.

In this paper, we propose a new safety-critical disturbance rejection
control approach for a class of nonlinear systems with unmatched
disturbances. To address the undesirable influences of unmatched
disturbances on safety specification, disturbance observers are first
introduced to obtain the estimates of disturbances and their high order
derivatives. To mitigate the conservativeness arising from quantifying
the estimation errors of high order disturbance derivatives, a new
estimation error quantification mechanism is proposed by introducing
a set of saturated disturbance estimates and their saturated estimation
error bounds. Then, inspired by the design of high order CBF in
[12], a disturbance rejection control barrier function (DRCBF) is
constructed by fully exploiting the saturated estimates and their
error bounds in each order derivatives of the DRCBF. Built upon
the DRCBF, an optimisation-based control policy is proposed to
achieve the strict safety task and satisfactory control performance
with the support of input-to-state stable control Lyapunov function
(ISS-CLF) [30]. A rigorous analysis of robust safety guarantee is
established. The effectiveness of the proposed approach is verified by
a practical example of UAV path following under wind disturbances.
The simulation results show that the proposed control approach
exhibits strict safety guarantee as well as nominal safety performance
recovery.

Notations: The sets of real numbers, nonnegative real numbers
and nonnegative integers are denoted as R, R4 and N. For 7,7 € N
satisfying j < k, define N;.; = {j,j + 1,--- ,k} as a subset of
N. Define diag(ay, - ,an) as the diagonal matrix constructed from
the vector @ = [a1,- - - ,an]T. For a given matrix A or a vector x,
define the | A| or |x| as the corresponding matrix or vector with their
element-wise absolute values. For any vectors ¢,y € R, z < y
corresponds to the element-wise inequality between vectors o and
y, ie, z; < y;,t € N,y Denote ||| as the 2-norm of vector x.
The saturation function saty;(z),xz € R with M > 0 is defined as
satps(z) =z, if |x| < M, and satp;(x) = Msign(z), if |z| > M.

[I. PRELIMINARIES AND MOTIVATION

In this section, we first cover the basic safety control design
using CBF for nonlinear systems without disturbances. Then, the
notions of IRD and DRD with respect to safety specifications are
introduced. Finally, a UAV path following with wind disturbances
is presented to highlight the challenges of ensuring safety with
unmatched disturbances.

A. Safety control with CBF

Consider the following affine nonlinear system

& = f(2)+ g(@)u, )

where £ € X C R"™, u € R™, X is denoted as the admissible
compact set for state. The nonlinear functions f : R™ — R", g :
R™ — R™ ™ in are known locally Lipschitz functions. In the
notion of CBF, a continuously differentiable function b : R™ — R
is used to formulate the safety specification. Define Cq as the O-
superlevel set of b(x),

Co={xz €R" :b(x) >0}, (2)

X

b(x) = 0,vx € aC,
(a)

D\\%

Obstacle 2

Obstacle 1
N@ ——e—e Desired path

- « Nominal safety-critical path
(b)

—e—e Robust safety-critical path

Fig. 1: Mustration of the concept of CBF and the safety-critical path
following of UAV with wind disturbances and obstacles: (a) Under
the control action from Kcpp, the trajectory x(t) € Cq, Vt > 0,
if £(0) € Cp; (b) In the presence of wind disturbances, the
conventional controller may lead to collisions.

and 9Cy £ {x € R™ : b(x) = 0} is the boundary, and Int(Cp) =
{z € R" : b(x) > 0} is the non-empty interior. The system
is safe with respect to the set Cy, if there exists a control action
u renders the set Cg forward invariant, i.e., for each initial state
z(0) € Cyp, x(t) € Cp, Vt > 0. Then, the CBF is defined as
follows

Definition 7 ( [5]): Considering the system (m) a continuously
differentiable function b : R™ — R is a CBF, if there exists a positive
constant kg subject to

sup {Lfb(m) + Lgb(x)u + kob(m)} >0, Vee X, (3
ueR™
where Lg, Lg are standard Lie derivatives along f(x) and g(x).
Given a valid CBF b(x), if the initial states of system satisfy
x(0) € C, then any Lipschitz continuous controller u(x) belonging
to Kcpr £ {u € R™|Lgb(x)+ Lgb(x)u > —kob(x)} renders the
system (T) safe. The typical trajectory of system (I satisfying (3 is
presented in Fig. [T] (a).

B. System with unmatched disturbances

The considered nonlinear system (m) subject to external distur-
bances d can be expressed as follows

b= f(@) +g(@)u+d, @

where d = [d1,d2, ..., dn]T are external disturbances. Define the
smooth function & : R™ — R as an output characterizing safety
specification of system (). When dealing with unmatched distur-
bances like system (@), it is generally infeasible to completely reject
their effects [31]. However, it is possible to remove the influence
of disturbances from the h(x) [25]. Without loss of generality, it
is supposed that the equilibrium xy of the system @) without the
disturbances is the origin. The IRD to h(x) is defined as follows:
Definition 2 ( [31]): The relative degree from the control inputs
to the output h(z) is r; at the equilibrium g if Lg, L’} =0(1<
j < m) for all k < r; — 1 for all  in a neighborhood of x(, the
vector A(x) = [LglL;I_l,LQQL?_l, . .,LgmL;I_l}T has at
least one non-zero element. Here g; is the jth row vector of g(x).
Similarly, the DRD to h(x) at o can be defined as rp. It should
be noted that the CBF introduced above is an artificial output defined
to characterise the safety specification [32]. Thus, the CBF design for
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the disturbed system (@) should account for the relationships between
IRD and DRD. The following example illustrates this point further.

C. A motivating example: path following of UAV

Consider the collision-avoidance path following of UAV in the
horizontal plane as illustrated by Fig. [I| (b), where (x3,y,) and
(:ci,C , yg ) are the start and end path points, respectively. In Fig. (1| (b),
the desired path is shown as a red solid line. The standard safety-
critical path, generated by a conventional CBF-CLF-based controller,
is the gray dashed line. The robust safety-critical path, accounting
for obstacles and winds, is represented by a blue solid line.

The kinematics of the UAV can be expressed as follows [33]
Pz = Vacos +dz, py = Vasiny + dy,
1/} = Uqp,
where pg,py are the position of UAV in the inertial frame, Vg
represents its airspeed, ¢ is the heading angle, u,; is the equivalent
control input driving the direction of UAV, and dg, dy are the wind
disturbances. In this case, the UAV is required to follow a desired
path while keeping a safe distance from some obstacles O;,i € N.
Despite the path following task, the safety concern of obstacles is
the high priority of the mission. We can use the candidate CBFs
bi(pz,py) = (Pr — To,i)” + (Py — Yo,i)> — R2; to interpret such
safety specifications, where x, ;, 1o, is the ith position of obstacle’s
center and R, ; is its radius. To achieve the critical safety task, a
control policy should be designed to maintain the positiveness of
bi(pz(t), py(t)),Vt > 0 when b;(pz(0), py(0)) > 0 in the sense of
CBF-based safety control. Then, its time derivatives along the system

@) are

bi(pampy) :2Va[(px - xo,i) cos ) + (py - ?Jo,i) sin 1/)]
+ 2(1)90 - mo,i)da: + 2(py - yo,i)dlh

Bi(?ﬂmpy) :2Va2 + 2d926 + Qdi +2(pz — xO,i)dw +2(py — yo,i)
dy + 2Va[(Py — Yo,i) cOSY — (Px — To3) Sintp]uy
+ 4V (dz cos 9 + dy sinap).

(&)

(6)
Following from @, it is evident that the DRD rp to b;(pz,py) is
less than the IRD ;. This indicates that the wind disturbances dz, dy
and their derivatives not only pollute the b;(pz,py) via matched
channel but also alter its behavior from the unmatched channel, which
can not be solved by the current CBF-based control approaches.
Especially, the existences of 2(px — ®o)dz and 2(py — yo,;)dy
increase the difficulty in design and analysis of robust CBF. This
motivates us to design a new CBF to actively reject the impacts on
safety performance caused by unmatched disturbances.

[1I. ROBUST SAFETY CONTROL DESIGN WITH
UNMATCHED DISTURBANCES

In this section, we will show the proposed robust safety control
solution under unmatched disturbances. Denote the b(x) as the
candidate safe function for disturbed nonlinear system {@). To reduce
the complexity in analysis, we assume the external disturbances do
not change the control relative degree r € N of b(x), and suppose
the high order derivatives of b(x) can be expressed as follows

b(i)(iv) = ai(z) + Bi(z,d,d,.. Ld V) e Ny,
b (@) = ar(@) + By (@)u + Br(z.d.d, ..., d"" ),

where o; : R" = R, 8; : R" x D;_; — R, in which D;_; £
Dp x Dy X -+ xDj_q, and B, : R" — R™ is a 1 x m raw
vector satisfying 3, (x) # 0,Vx € X. The sets D;, i € No.p—1

O]

are denoted as the compact sets of external disturbance vector d and
their derivatives d(¥). It is important to mention that a large number
of nonlinear systems meet the condition stated in (7), e.g., the single-
input-single-output lower triangular nonlinear systems.

The external disturbances d; considered in this paper are assumed
to satisfy the following assumption.

Assumption I: The disturbances d;, ¢ € Nj.,, are differentiable
and there exists a set of known positive real numbers 6; jERYy,j€
No-n that [d7)(£)] < 6 5, V¢ > 0.

Remark I: The disturbances considered in this study encompass
most of the common types that occur in various systems, such as
constant, sinusoidal and polynomial signals.

The nonlinear functions G; (x, d, d, - 7d(i71)),i € Ny.,. are also
supposed to satisfy the following assumption.

Assumption 2: There exist known strictly increasing positive
functions ;(x) and 7;(y),¢ € Ny such that for all x € X,
Y;, i/j S Dj, j € Np.;—1, the following inequalities hold

7@j—1)‘ < fyl(w);y’b([ggl

~T ~T 1T
ylw"vyjfl] )7
@)

|5i(5€,y07 e 7yj—1) - 51‘(537’!70, cee

where §; = y; — §;.

Remark 2: Due to the wide range of mission-based safety
specifications described by b(x), exhibiting a uniform formula-
tion of B;(x,d, d,.‘.,d(i_l)) is a difficult task. To reduce the
complexity and present the key idea of rejecting unmatched dis-
turbances, the above Assumption is made. Actually, the nonlinear
functions 3;(z, d, d, R d(ifl)) satisfying Assumption [2| enclose
a large set of possible nonlinear functions of disturbances, e.g.,
d? and didy. For d3, it is obtained that d? — df = (di +
Jl)(dl — 621) < Qmax{d_1,|tf1|}|d1 — (il; for didsg, it is ob-
tained that dids — 6?1622 = didy — dchQ + dlljg — CZ1dAQ <
2max{dy, |da|}/(d1 — d1)? + (do — d2)?.

In the following, we will first introduce the design of disturbance
observers and the corresponding quantification mechanism of the
estimation errors. With those in mind, the proposed DRCBF is
designed under unmatched disturbances. Finally, an optimisation-
based robust control policy is formulated by integrating with the
technique of ISS-CLF.

A. Disturbance observer design and estimation error
quantification

Considering the system (@), the disturbance observers employed
from [34] are constructed as follows

L;[fi(x) + gi(z,u) + C(§; + Liz;)],

& = A(& + Liw;) —

w; =§; + Lx;.

&)
where f;(x), g;(x,u) are the i-th component of f(x) and g(x)u,
&, € R" is the auxiliary state, A = {g 176_1} ,C =11,0,...,0],
and L; € R™*! is the parameter vector to be designed.

Denote w; = [W;,0, Wi 1,---, wi,n,l]T as the estimate vector of
disturbance d; and its time-derivatives, and define the estimation error
e; = w; — 1;, where w; £ [d;, d;, .. .,dg"_l)]T. Combining
and (), its dynamics is expressed as

e =Aie; + 0o, (10)

where A; = A — L;C and o; = [0,0,.. .,dz(.n)]T. By selecting a
proper gain matrix L;, the A; is Hurwitz. Then, the system is
input-to-state stable with respect to the o; under Assumption 1.



GENERIC COLORIZED JOURNAL, VOL. XX, NO. XX, XXXX

Assuming the A; has n independent eigenvalues Xij»J € N1,
there exists an invertible matrix P; such that P; 'A;P; = A,
with A; = diag(Aj 1, .., Ai,n). Moreover, by setting zero initial
condition of ;(0) and considering Assumption 1, its solution can
be overestimated by the following estimation error bound &;(t)

_ t
lei(t)] <le™ite;(0) + / Ao (r)dr|
0

t
PRt P 15;(0) + | Py /O 1A ar PTG, ,

=|P;e P 18,(0) — | Pi||A; NP5,
+1Pi AP 85,0
é“i‘i(t).
~ ~ (11)
where (Sl(O) = [51‘70, (51‘717 ey 5i’n,1]T and (Si)g = [0, ey 5i)n]T.

It should be noted that the error quantification proposed in @ will
unavoidably experience a dramatic change in the transient phase
since the high order derivatives of the disturbance d; are required
to be estimated. To address this issue, the following new error
quantification mechanism is proposed. Based on Assumption 1, we
first define the following saturated disturbance estimates

Wy = sats;, (fwi,j), (12)
where i € Ni.,,, j € Ng.,—1. With (T1) in mind, we further define

the following saturated estimation error bounds

(El,j)

where ¢; ; is the corresponding component of the error bound vector
€;. The following theorem is concluded to show the elegant properties
of the proposed error quantification approach.

Theorem I: Under Assumption 1, if the A; is Hurwitz with n

e = satas, (13)

independent eigenvalues, then the errors between d(j ) ,8 €Ny, j €

No.n—1 and the saturated estimates wbat satisfy |d ”at\ < ebat

Proof: In the followrng, we will demonstrate that the saturated
estimation error bound (13) is able to quantify the difference between

d(] ) and the saturated estimates wfa}t

Under Assumption 1, it is clear that |d5j ) Asat\ < 2055
le;,;| > 28; 4, due to the fact that g; ; > e; ;, it is obtarned that

z—:?? = 20; ;. Then, we have |d; @) _ Asat\ < ssat when |e; ;| > 25; ;.

If |e; ;] < 285 5, it is clear that \dl]) - ww\ < 24; ;. Since the

disturbance d; and its derivatives satisfy Assumption 1, it is obtained

that |w; ;| < &; 4, which means w; ; = wsat Then, the following
inequality holds

J

d;”

wsat| |d(]) — j‘ < 8sat

(14)
Therefore, the value of \d(J )
bound 5% j whose maximum value is not greater than 2d; ;. This
completes the proof. |

From the above analysis, the saturated bound _is able to
quantify the impacts caused by estimation error |di] ) _ ﬁ)lszt
Specially, its transient value is no more than twice the bound of
disturbance, and the steady value can be adjusted by choosing the
observer parameter matrix L;. In the next section, the saturated

estimates u?bdt will be used to compensate for the impacts to safety

Asat\ is less than the saturated error

i,J
caused by the disturbances, and the Ebat will be used to quantify the
errors between dgj ) and @ s,

Remark 3: Based on the above analysis, the proposed distur-
bance observer can accurately estimate a wide range of disturbances
with sufficiently small estimation errors. However, it should be
highlighted that if the disturbance d can be described by a known

exogenous system as proposed in [34], then the estimation error will
exponentially converge to zero.

B. Disturbance rejection CBF design

Now, we are able to show the proposed robust safety control
approach. Let no(x) = b(x) and define a series of disturbance-
dependent auxiliary functions for Vi € No.,._1

n(x,d) = (dt + p1)no(x),
m(a:,d,.. (Z 1)) (dt +p1,)771— (m7d7...,d(i72)),
we(@ . d, . d"0) = (54 p)n (@ d,. )

(15)
with positive constants p;, j € Ni.p, and following O-superlevel sets

C’ié{(m,d,...,

From tl and , ni(x,d,...,

d(i—l)) cR" x Di—l :m; > 0,0 € Nl:r—l}'
(16)

d(i_l)) can be expressed as

nix,...,d0V) = Z kjloj (@) + B(w, ..., d" V)] + kob(),
(17
where _kj ,j € Np; are the parameters of polynomial kjs' +
kj_1s’ Ly +kis+ko with negatrve eigenvalues —py, ..., —D;.
Defining the estimation vectors dsat [wiaf, Agaf, e ,u?fff] from
(T2), it is obtained that
i
(-1
7h=zkja] +Zk]ﬂjmdsat,... dsat ) + kob(x)
j=1 j=1
i
i ~ ~(i—1
+ 5 k185 (@, d, ..., dY V) = 8 (@, duats ., A )],
j=1
(18)
Define @; = [67%, ..., €3 1, ., &by - ,sf’;—,l}T. Based on

the Theorem 1 and Assumption 2, the following estimates hold

7
>3 kjoy(@ +ij,aj 2, dsat, ..., A0 ) + kob(a)
o =
_Zkﬂa x)7;(w=;),
~(i—1)
:Tli($7dsat,~~~7dsat )_Ni(w»w17~~7wi)7

19)
where u;(x,w1,..., ;) = E;‘:1 k;7;(2)7;(w;). Then, we can
conclude the following disturbance rejection control barrier function.

Definition 3: Consider the system (@) and the disturbance ob-
servers (@) with Assumption [} and the sets C; (16). A continuously
differentiable function b : R™ — R in is a DRCBF of relative
degree r, if there exist positive constants /cj7 € Ny, defined in

, subject to

T
(J 1)
sup { Z Ejlaj + Bj(=, ..., dsa )] + kob(x) + Buu }
ucR™ j=1
"]r(wsu’&sata dé;t 1))
Z M’r(iﬁ, Wi, >w7')7
) (20)
for all (z,d,...,d""?)eC 2 ﬂ:;ol C;
Theorem 2: Given a DRCBF and well-designed disturbance
N a(i—1
observers , if the initial values of m;(wx,dsat, .- -, dg;t )) —
wi(x,w™1,...,@;),t1 € No,p_1 are positive, then any Lipschitz
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Saturation Mechanism
Eq. (12)

Disturbance
observer Eq. (9)

w, w,| W,

x| assclF i

b

DRCBF-based QP Eq. (21) s,’“‘I g g

Saturation Mechanism|
Eq. (13)
&l e g e g

| Estimation error bound Eq. (11) |

Fig. 2: The control block of the disturbance rejection CBF-based
safety-critical control.

-1
- )),E KpReBr =

continuous controller u(¢, x, &Sat, R &sat
. ~(i-1)
B, (x)u > pr(x, w1, ..., )} renders the set C forward invariant
for the disturbed system ).

Proof:  First, since n;(2(0), dsat(0), ..., dgas (0)) —
pi(2(0),%1(0),...,=;(0)),i € Niy.,—1 are positive, it can
be obtained from (19) that n;(z(0),...,d"" V() > o0,

(i—1)

ie., [27(0),...,d""DTT ¢ ;. Since there exists a
. w(r—1
Lipschitz continuous controller w(t, x, dsat, - - .,dé;t )) €
Kprepr, it can be obtained that 7. (z,u,..., d(’"_l)) >
~(r—1
n(x,u,... ,dé;t )) — pr(x,w1,...,o0r) > 0. From l)
we have 7,_1(x ..,d(rfz)) = —prp—1(z,d,.. .,d(T72)) +
ne(z,u,d,..., d(rfl)) such that the set C,._1 is forward invariant.

Then, the forward invariance of C,_2 can also be guaranteed for
that of C,_1 and [z (0),d” (0),...,d" 3T € C,_s.
Therefore, following a recursive analysis from the forward invariance
of C,_1 to that of Cj, the forward invariant property of set C can
be achieved such that the strict safety constraint is guaranteed. This
completes the proof. |

C. Optimisation-based robust safety control with DRCBF

Based on the results of Theorem [2] the robust safety specification

described by C' can be guaranteed via a Lipschitz continuous
controller u (¢, x, dsat, - . ., ag;{l)) € Kprcpr- In order to achieve
the safety and stability tasks simultaneously, one possible way is to
construct a quadratic programming (QP) by combining the proposed
DRCBF and a well-designed CLF for the control task. In this paper,
the ISS-CLF proposed in [30] is used. Suppose there is a positive
definite function V' : R™ — Ry for the control objective of the
disturbed system (@), then the following DRCBF-based quadratic
program (DRCBF QP) is designed

arg min 1uTu, + m 52 DRCBF QP
(u,6)€ERM xR 2
—1
st po(@, ., don ) + @y (@) — (@, ) > 0,
- 1 ov
doe,d) + ¢y (@hu+ 1 0B 2 < oy s
1) (21)
where o = 3°7_y kjlaj(®)+ (2, dear )] +kob(), @1 =

By (), and ¢g = LV () + 8%;,9”) d, ¢1 = LgV(x), c,e are
positive constants to be selected. A slack variable ¢ is introduced
to make the above optimisation problem feasible, and m > 0 is
the weight of the cost function to regulate the amplitude of §.
The schematic block of the proposed robust safety-critical control
approach is presented in Fig. [2]

In the following, we will show that a Lipschitz continuous con-
troller can be obtained by solving the DRCBF QP.

Theorem 3: Suppose the functions ¢q(z, d) +
o1(@), aulw). Bilad,...dCD). B, (@) vi(x) and Ty(e), i €
Nj., are all locally Lipschitz continuous in state & and continuous in
t. Then, the solution of DRCBF-QP is locally Lipschitz continuous
in « and continuous in .
The Lipschitz continuity analysis can be discussed following the
results in [5], [13]. For the sake of completeness of this paper, the
proof is given in the Appendix.

1) @) 2,

V. APPLICATION TO PATH FOLLOWING OF UAV WITH
WIND DISTURBANCES

In this section, we consider a surveillance task for UAV within a
specified safety region, which demands close-range observation of an
interesting area and collision avoidance from the region borders. To
this end, a periodic patrol path is designed as the desired path, which
is given by

P5(0) = 100 — 220, p(0) = —50sin(0.256), (22)

where 6 € [0, 9] is the path parameter, and 0, f represent its minimum
and maximum, respectively. By augmenting a virtual control ug to
adjust the dynamics of path parameter 6, it is obtained that
Pr = Vacosy) + do, py = Vasing +dy, ¢ =
Oy = 02, Oy = uy,

T (23

where 61 = 6 and 0y = 6. We assume there exist known positive
constants d; o, 6;,1 and 0; o satisfying |d;(t)| < d;,0, |d,(t)| < i
and |d;(t)| < 8;2, i = {z,y}. Based on the disturbance observer
@), the following disturbance observers are constructed

€2,0 = Ex1 + l2pe — L1 (Va costp + &0 + l1pa),
on = —lo(Vacos) + &0 + lipa),
€y.0 = Ey1 + lopy — li(Vasing + &0 + lipy),
€y = —la(Vasing + &0 + lipy),

where Wy 0 = &0 + 1Pz, Wy,0 = &y,0 + 1Dy, We1 = &1 +
lapa,Wy,1 = &y,1+12py are the winds and their derivative estimates,
and [1,lo are observer parameters to be designed. Following the
proposed estimation error quantification mechanism and (T3),
we denote w;ag,w;?g,w;?{,wgat and Esa(t),az%,sia"h@ﬁ as the
saturated estimates and proposed error bounds, respectively.

(24)

A. ISS-CLF-based path following controller design

Defining the path following errors as z1 = pg — Pg,

c
Vo costp — %92, z3 = py —py and z4 = Vgsineg — 89 Y0,
the tracking error dynamics is expressed as follows

22:

zl = z2 +d:v»
C

Op% %ps

29 = —Vasinuy, — ug — 5 02+dm,

‘ a9 00 (25)
23 = 24 + dy7

. 0 d?

z4 = Vg cos ’(b’u,w apey ug — a;y 02 + dy

With the help of disturbance estimates, we define Z = [21, 22 +
Wy 0, 23, 24 +10y,0]" , then it is obtained that

Z—AZ+F+F.+ BGv, (26)
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Fig. 3: Path profiles of UAV under the baseline, the DRCBF and the robust path following controllers in the presence of wind disturbances

with
01 00 0 0 e
: Py
A 0 0 0 0 B- 1 0 G- —Va sin 5990 7
0 0 0 1 0 0 V, cos Py
a 00
0 0 0 O 0 1
) ) 27
where v = [U¢,u9]T, F = [0,—%9% + 111%170,—68%9% +

uiy,l]T and Fc = [e4,0,l1€2,0,€y,0, llsy,o]T is the estimation error
vector. L

Based on the works in [30], [35], we can define V = Z PZ
as the ISS-CLF for error system (26), where the symmetric positive
definite matrix P can be determined by solving the Riccati equation
ATP+PA—-2PBBTP+Q =0witha positive definite matrix
Q. Then, the path following controller with disturbance estimates is
formulated as the following quadratic programming

17
argmin ~v" v,

Path following QP

veR?2
st go(Z,dou,y) + $1(Z)0 + 227 PI? <~
(28)
where ¢o(Z,w,,wy) = 2 (ATP + PA)Z + 22" PF and
$,(2) = 22" PBG, and 0, = [0, twga]l. By =
[wyﬂ’ wy,l}T

B. Safety-critical path following controller design

In this scenario, the safety region is considered as —z, < = <
zp and —yp < y < yp with o = 230, yp 40, and the
collision avoidance specifications are interpreted by the following
two pair sharing control barrier functions [6] as b, 1 (pz) = zp + pz,
bz,2(Pz) = Tp — Pz, by,1(py) = yp + py and by 2(py) = Yo — pPy-
Based on the proposed DRCBF in (1) and the ISS-CLF-based
controller in (28), the proposed robust safety-critical path following
controller is formulated as the following QP problem

argmin  ~vTv + 762, DRCBF Path Following
(v,6)ER2XR 2
st i (8, B5) + @5 (V)v — pa(eF™) > 0,
@y (L, W) + g (V)0 — py(e5™) 20, i € Niop

N - 1,.5T
60(Z, b, y) + d1(Z)0 + |22 P||* < —cV +5,
(29)

with

0 ~sat ~sat
0.1 =k1Vacosy + kobg,1 + k1o + Wy 1,
0 ~sat ~sat
Pr,2 = — k1Va cosvp + kObI,Q - klwaz,O — Wg,1,

~sat

@9 1 =k1Vasing + koby,1 + k1S + 03, (30)
~sat ~sat

Py.2 = — k1 Vasing + koby, 2 — ki — o35,

sat sat sat sat
pe =ki1€4,0 + 2,1 s iy = k18,0 + €415

sat

where 57 205

sat1T sat sat sat1T 1
= [15 593,%} > slz = [5y,07 €y,l] 1’ Px,1 L
[7Va Sinwao]a ‘PI,Z = 7‘Pm,l’ ‘Py,l = [Va Cosw70]7 pr,Q = ‘py,l

and ko, k1 are parameters to be designed for the DRCBF.

C. Simulation results

The initial states of UAV are p;(0) = —220m, py(0) = Om,
%(0) = —gprad, and the initial conditions of 6 are 6(0) 15
6(0) = 0.1. The airspeed of UAV is V, = 15m/s. The external
winds d; and dy are set as dr = 3.5cos(0.5¢t)m/s and dy =
6 cos(0.5¢t)m/s. The observer parameters are set as [; = 100, Iy =
2400 and the bounds of external wind disturbances are assumed
as 0z0 = 4, 5%0 =17, 01 = 3, 5y71 = 45 and 62 = 2,
dy,2 = 3. The disturbances are introduced to the system at the start

and removed once z(t) > 0. The control parameters are selected
as Q = diag([4,1,1,1]T), € 0.01 and
ko =16, k1 = 8.

1, ¢ =

5 m =
In the following, to further exhibit its safety robustness against
unmatched disturbances and the feature of performance recovery, the
proposed controller is compared with the baseline CLF-CBF-based
controller without disturbance consideration proposed in [5] and the
robust CLF-CBF-based one using the conservative overapproximate
bounds of external disturbances proposed in [14]. The robust safety
controller with worst-case disturbances is designed as follows

m

1
arg min 7’UT’U+ 5

(v,5)ER2xR 2
st @i () + @y ()0 — (¥, 02,0,02,1) > 0,

Boi (1) + @y ()0 — (1, 8y,0,8y,1) > 0, i € Nyop
Vo(Z) + 1 (Z)v + 22" PFs| < —cV +3,

6 2, Robust Path Following

(€Y
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Fig. 4: Control input curves of UAV under DRCBF path following
controller: (a) control inputs ug and w.; (b) slack variable 6.
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Fig. 5: Trajectories of CBFs under DRCBF path following controller:
(a) CBFs in X axis; (b) CBFs in Y axis.

with
2,1 =k1Vacost + koba,1, @0 = —k1Vacosy + koby,2,
Py.1 =k1Vasing + koby.1, Py2 = —k1Vasing + koby 2,
So =k102,0 + 02,1, Sy = k16y,0 + 0y, 1,
Yo =2T(ATP + PA)Z +2Z" PF,
- (32)
where Z = [21,20,23,24)7, F = |0, —889%1 63,0, —aa;';z 037,
¥1(Z) =2Z" PBG and Fs = [02,0,02,1,0y,0,0y1]" .

The path following results under different controllers are shown in
Fig. B| where we present the path following performances in the
horizontal plane with wind disturbances. It can be seen that the
baseline controller can not prevent UAV from crossing the safety
boundary when there exists external wind disturbances. It is worth
pointing out that the proposed approach achieves a strict safety
guarantee as well as the nominal control performance, regardless of
the presence of disturbances. In contrast, the robust approach results
in overly conservative safety performances as the UAV is approaching
the boundary due to the use of worst-case disturbances. In Fig. 4]
the trajectories of control inputs wu,,, ug and slack variable & are
shown, where the slack variable keeps in a relatively small value
when there is no conflict between the safety and stability tasks. The
trajectories of by, (pz) and by, (py) presented in Fig. [5| indicate that
the safety specifications are achieved. Meanwhile, the disturbances
and their estimates are shown in Fig. [B] which demonstrates that the
proposed error quantification mechanism achieves accurate and less
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Fig. 6: Estimation error quantification performance of the wind
disturbances: (a) estimation errors of wg;(b) estimation errors of
wy;(c) estimation errors of wg;(d) estimation errors of wy.

conservative over-estimation performances.

V. CONCLUSIONS

In this paper, inspired by the collision avoidance path following
of UAV with wind disturbances, where the winds directly impact
the dynamics of CBF from the different channels of control input, a
disturbance observer-based DRCBF has been developed for a class
of nonlinear systems with unmatched disturbances. To achieve strict
safety specifications and satisfactory control performances under
unmatched disturbances, an optimisation-based control scheme has
been proposed based on the techniques of DRCBF and ISS-CLFE
It has been demonstrated via the path following of UAV that the
proposed method achieves the prescribed safety specification without
sacrificing the nominal control performances.

APPENDIX

Proof: We first consider the solution of the proposed optimisa-
tion program. The Lagrangian function of DRCBF QP is illustrated
as follows

1 - ~(r—1
L ziuTu + %52 + Afa1(z)u + bi(x, dsat, - - -, dg;t )

TT1yene

1 (33)
, )] + dolaz(z)u — & + by(x, d)],
—py (@), bi(m,....do ) =
_‘PO(iv»&sat, ce CAls;t )+ pir(®, 15 - -, W), a2(2) = P1(T),
bo(@,d) = ¢o(x, d)+ L[| 252|124 eV (@), and A, i = {1,2} are
scalar Lagrange multiphers For brevity, the arguments of a;, b;, i €
Nj.o are omitted. By applying the Karush-Kuhn-Tucker (KKT)
condition in [36], the explicit control laws can be obtained under
four cases where different constraints are active.

Case 1: Both the safety and stability constraints are inactive (A1 =
0, A2 = 0). Then, the solution of the optimisation program is given

by

where aj(x) :(

u=0,=0. (34)
The region in which the above solution applies is Q; :=
PN ~(r—1 _
{(t, 2, d, dsa, - dor ™) € Ry x X xR x Dyrq ¢ by <
0,b2 < 0}.
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Case 2: Only the safety constraint is active (A1 > 0, A2 = 0), and
the solution is given by

b
=-——1=ai, §=0, (35)
T
where the solution applies is Qo = {(t,am&, dsat, - - .,&g;;l)) €

Ry x X xR xDy_1: by >0,by < ”"21’H12alT}

Case 3: Only the stability constraint is active, while the safety
constraint is inactive (A1 = 0, A2 > 0). The relative optimal solution
is

mb2 T b2
__ ol 6= — 2 36
e P A e PR R
The above solution holds in Qg3 := {gt z,d, dsat, - . . digt 1))
maj

R+XXXR”X®T 1: b1 < Trmlas H2a2,b2>0}
Case 4: Both the safety and stability constraints are active (A1 > 0,
A2 > 0), and we can obtain the following solution

—[(llaz]l® + 1/m)b1 — a1a3 bo]ai — (|la1]*bs — aza] by)a

lax[2(laz* +1/m) — [la1ad|?
_ a1 ]/?bs — azal by
mllai[*([laz|* +1/m) —

mllarad]|?’
(37)

o ~(r—1
{(t @, d, den, . .., s )) €

T
> el b 2 pial by >

where the solution applies is Q
Ry x X xR"xD,_q :
0,b2 > 0}.

It can be verified that the functions ag, a1, b1 and by are all
locally Lipschitz continuous functions « and continuous in ¢, since
the functions ¢ + Al 8V(m) %, é1. ai» By i and 7; are all locally
Lipschitz continuous in state a and continuous in ¢. Due to the fact
that 3,,(x) # 0, then following a similar analysis proceed in [5],
[13], the proposed control law is locally Lipschitz continuous in
and continuous in ¢. This completes the proof. |
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