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Abstract

We prove lower bounds on the error incurred when approximating any oscillating function using
piecewise polynomial spaces. The estimates are explicit in the polynomial degree and have optimal
dependence on the meshwidth and frequency when the polynomial degree is fixed. These lower bounds,
for example, apply when approximating solutions to Helmholtz plane wave scattering problem.
© 2024 The Author(s). Published by Elsevier Inc. This is an open access article under the CCBY license
(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

In this article, we study the error incurred when approximating highly oscillatory functions
using piecewise polynomial spaces. This type of space is standard when using both finite ele-
ment and boundary element methods to numerically approximate solutions to partial differential
equations (PDE). We are motivated by the application of these methods to solve high frequency
problems. For example, to solve the Helmholtz sound-soft or sound-hard scattering problem:

(CA—Pu=finRIND,  uho=g @ —iku=0u(r D), 0
(—A—Ku=finRINQ,  dubo=g @ —iku=00lr?),

where 2 € R? is a bounded domain with connected complement or the variable wave speed
Helmholtz problem:

— 0@ a,u) — e 2@u = finRY, (@3 — ik = 0poe(r 7, (1.2)
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where a”/(x) = 8" and c(x) = 1 for |x| > 1. In both cases the solution, u, with data coming
from a scattering problem will oscillate at frequency k in a sense to be made precise below.
Since numerical methods such as the Galerkin method seek to approximate u in some finite
dimensional space, V%, it is important to understand what the best possible approximation error
for such oscillating functions is. Indeed, a numerical method for a high frequency PDE is
frequency-robust quasi-optimal if the error in the method is controlled uniformly by the best
approximation error in the relevant finite dimensional space; i.e. if the numerical solution, u,,,
satisfies

||l/t - unum” =< qu inf “u - U”
veVy

where u is the exact solution and Cy, > 0 is a constant that is uniform over k > 1.
There has been a great deal of effort in understanding when numerical methods based on
piecewise polynomial spaces are frequency-robust quasi-optimal (see e.g. [4,7,9,11-13,15-17]
and references there-in).

Upper bounds on the error for piecewise polynomial approximations are completely standard
in the literature (see e.g. [5, Section 3.1] [3, Chapter 4] [19, Chapter 4]). In this article, we prove
complementary, optimal lower bounds on the error when approximating any oscillatory function
by piecewise polynomials and hence, on the absolute error for many frequency-robust quasi-
optimal methods (see Section 1.4 for more details). Furthermore, in forthcoming work [8],
we will use these estimates to show that the standard second-kind boundary element methods
for trapping Dirichlet problems and, even non-trapping, Neumann problems suffer from the
pollution effect i.e. that, when the polynomial degree is fixed, the mesh-width, /., must satisfy
hk = o(1) in order to maintain accuracy as the frequency increases.

We now state a consequence of the main theorem of this paper (Theorem 1.25) informally.

Theorem 1.1. Let 0 < = < Zy. Then there are kg > 0 and ¢ > 0 such that for all
pe0,1,..., k> ké’“, all u € L*(RY) oscillating with frequency between Sk and Egk, all
0 < h < 1, and all piecewise polynomials, vy, of degree p on a regular mesh with scale h

chk p+1
(7) il 2y < N = Vill 2z (1.3)

Remark 1.2. The precise definition of a piecewise polynomial on a regular mesh is given in
Section 1.1 and of the concept of oscillating with a certain frequency in Section 1.3.

Remark 1.3. Note that we have used a mesh on all of R¢ to simplify the statement of the
theorem. Such a mesh can easily be defined, for example, by constructing a mesh on [0, 1]¢
and tiling RY with this mesh.

A standard assumption in numerical analysis of high-frequency Helmholtz problems is that
the meshwidth 2 must satisfy hk < 1 (see e.g. [12]). Here, we use the notation a < b
if a < Cb for some constant independent of k. This can be justified heuristically using
the Shannon—Nyquist—Whittaker sampling theorem. However, this theorem holds only in one
dimension and for functions with compactly-supported Fourier transform. Theorem 1.1, or more
precisely, Theorem .25, shows that, at least when p is bounded independent of k, hk < 1 is
required to approximate a function oscillating with frequency ~ k (i.e. ck < frequency < Ck)
accurately using piecewise polynomials. In other words, for piecewise polynomials ~ k¢
degrees of freedom are required to approximate such a function and hence, no method based on
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polynomials of fixed degree in dimension d can be accurate without at least this many degrees
of freedom.

Despite the fact that they have many natural applications in numerical analysis, lower
estimates on the approximation error for oscillatory functions are absent in the literature.
Indeed, the only lower estimates on approximation by finite dimensional spaces of which the
author is aware concern the Kolmogorov n-width (see [14] and references there-in). These
estimates assert the existence e.g. of some H?*! function, u, not necessarily oscillating at any
particular frequency which achieves (1.3). This existence result says nothing about the structure
of u nor how many such u there are (see Section 1.7 for a more detailed discussion). Because
of this, it is not useful for giving lower estimates on the approximation error in practice for
many numerical problems.

Remark 1.4. The reader may be aware of the lower bound on polynomial approximation
provided by Bramble—Hilbert [2]

|u|Hp+l(Q) = uieI%P’fp flu — v||HP+1(Q)v

where P, denotes the space of polynomials of degree p and |u|yp+1(p;, denotes the (p + 1)*
Sobolev seminorm. However, this estimate is not useful in practice since it involves an
equal number of derivatives on the left-hand and right-hand sides. Moreover, this estimate is
essentially trivial since |v|yp+1 = 0 and |u|ype1 < |lu]l ypr1-

In fact, one requires both control from below on (p + )" order derivatives and from
above on high derivatives of u to obtain an estimate like (1.3). For instance, consider u(x) :=
1 + e”*!sin(e~'kx) on [0, 1], with the standard mesh by intervals (j/N,(j + 1)/N) j =
0,..., N — 1. Then, with P, y the piecewise polynomials of degree p, on this mesh, we have

inf |lu — vl 20, < Cert™! « (k/N)PH! el 20,1)s inf [u]gpt10.1) 2 kPt
UEPO,N ’ s e~0 s

provided that ¢ < k/N.

Proving Theorem 1.1 involves two substantial new difficulties relative to existing results.
First, for a given u, unlike for the corresponding upper bounds, it is not possible to prove (1.3)
by construction of an interpolating polynomial. One must instead consider all possible piece-
wise polynomial and all possible regular meshes simultaneously and hence the proof must be
based on the inherent structure of piecewise polynomial spaces. Second, since we want the
estimate (1.3) for all possible oscillating functions, it is not sufficient to construct a single
bad oscillating function and again one must use instead the structure inherent in the space of
oscillating functions.

1.1. Definitions of meshes and polynomial spaces

We work with piecewise polynomial finite element spaces. In order to describe these spaces,
we first introduce regular meshes of an (open) Riemannian manifold (M, g) of dimension d,
possibly with Lipschitz boundary. In practice, M is usually either a domain & in R" (with
d = n) and the standard Euclidean metric or a hypersurface I' embedded in R” (withd = n—1)
endowed with the metric inherited from R”. In order to place these two cases in a uniform
framework, we use the language of Riemannian manifolds.
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Definition 1.5 (Meshes for M). Let S € R be open with Lipschitz boundary. A mesh for M
with reference element S, T, is a locally finite collection of open subsets of M such that the
following holds:

(1) The open sets are disjoint in thisense thati_f T\,T, € T and T)NT, # @, then T = T>.
(2) T covers M in the sense that M = UTGT T. L
(3) For every T € T, there is p > 1 and a bijection yr : S — T such that

sup sup sup [[8%yr ()l + [I(Dyr) ' (x)]| < oo,
TeT xeT lal<p

where Dyr denotes the Jacobian of yr.

We say that 7 is a mesh for M if there is S € R? such that T is a mesh for M with reference
element S. For R > 0 and p € {1,...} we say that T is (p, R) regular if there are {yr}rc1
such that

1 1
sup sup sup - - (1357 () + 1Dyr)™ @) < 1+ Rlal ™. (14)

TeT |a|<p xeT al

We call a collection {y7}rc7 satisfying (1.4) a (p, R)-regular set of coordinates for T .

Remark 1.6. It is easy to see that for any p > 1, a (p, R) regular mesh is shape regular with
shape regularity constant < R?. Indeed,

diam(yr(S)) < Cssup sup |3y yr(x)| < CsR,

xeT la|=1

and, if B(xg, rs) C S, then B(yr(xo), R™'rs) C yr(S).

Definition 1.7 (Broken Sobolev Spaces). For a mesh T, we define the broken Space, H%(M ) C
L*(M) to be the set of u € L>(M) such that u|;7 € HYT) for all T € T and endow it with
the norm

2 . 2 2
%ty = M2y + D Nl ey
TeT

Remark 1.8. Observe that if u € H¢(M), then ||u||H€r(M) = |lull yye(ar) for any mesh 7.

We introduce the notion of (p, R) regularity in (1.4) because we are interested in uniform
estimates as the size of a mesh element decreases. In order to do this, we need to assume that
as the mesh elements decrease in size, their behavior does not become too wild. This will be
encoded using (p, R) regularity.

Below, we will actually work with families of meshes at decreasing scale. To do this, we
make the following definition.

Definition 1.9 (Scales of Meshes for M). Let p € {1,...} U {oo} and S € R? open with
Lipschitz boundary. A p-scale of meshes for M with reference element S is a set I C (0, 1)
with 0 € T and a collection of meshes for M, {Th}ner, such that 7, is a mesh for M with
reference element AS and there is R > 0 such that for all & € I, T, is (p, R) regular.

We say that M := (I, {Tp}ner) is a p-scale of meshes for M if there is S as above such
that M is a p-scale of meshes for M with reference element S. We say that M is a scale of
meshes for M if there is p such that M is a p-scale of meshes for M.
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The mesh, by itself, is not sufficient to define piecewise polynomial spaces. We need, in
addition, a choice of maps yr.

Definition 1.10 (Coordinates for a Scale of Meshes). Let M = (I, {T},}ne1)nes be a p-scale of
meshes for M, we call a collection {yr}reT; ner a set of coordinates for M if there is R > 0
such that for all € I, k € (0, 00), {yr}re7;, is a (p, R)-regular set of coordinates for Tn.

Remark 1.11. Although in practice, the coordinate mappings yr are usually either affine or
isoparametric (i.e. mappings whose coordinate functions are, themselves polynomials of some
fixed degree, in many theoretical considerations one assumes, for example, that the boundary of
a domain is perfectly resolved. Since this cannot be done with affine or isoparametric mappings,
we retain the flexibility to have more general coordinates.

Remark 1.12. In order that an isoparametric mapping of some fixed degree p be a set of
coordinates for a scale of meshes it is necessary only that the coefficients of the polynomials
involved be uniformly bounded as # — 0 and that the inverse of the Jacobian of the mapping
be uniformly bounded above as i — O.

We next define spaces of piecewise polynomials on a scale of meshes. We emphasize again
that this definition depends both on the mesh and on the coordinates for the mesh.

Definition 1.13 (Piecewise Polynomial Spaces). Let M = (I, {T,}ner) be a scale of meshes
for M and C := {yr}re7;, her a set of coordinates for M. Let S be the reference element for
M, pef{0,1,...},and m > 0. For h € I, we define the polynomial approximation space of
degree p by

Siien=lue LAM) : uoyr € P,lus} N H™(M),

where P, denotes the space of polynomials of degree p on R?. Let 2 H% (M) — S
denote the broken HkE,Th (M) orthogonal projection onto Sﬂt’c’ > 1.€. the orthogonal projector
with respect to any inner product whose norm is equivalent to

bl any = Nty + 20 00 Nl () = (L4 KDY,
h TeTy,

Observe that, for some combinations of m and p, S ﬁ;{f’c’ , may consist only of global poly-
nomials of degree p. However, it is useful to consider the conforming spaces of polynomials
when trying to understand the ‘frequency-k’ part of the error. See Theorems 1.20 and 1.26.
Although analogous statements hold in the broken spaces, these statements are weaker than the
ones given; in particular, the dual space for H,f’T requires L2-type regularity at the interfaces
between mesh elements and so does not measure only the frequency ~ k parts of a function.
In practice, one typically uses piecewise polynomials which are at most in H' but, because it
does not complicate the analysis, we retain the flexibility to take m > 1.

Remark 1.14. Notice that when u € HY(M),

= Null 720y, + k) lluell;

_ 2
- IM” 4 LZ(M) HZ(M)

2
Ity = Nl

™

Remark 1.15. It is more standard to work with a fixed reference element, S, rather than
the shrinking element hS. However, the latter will be more convenient here and one can
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translate between the methods by pre-composing each of our coordinate yy with the scaling
map s, : S — hS, s,(x) = hx. Defining meshes as in Definitions 1.9 and 1.10 allows us to
guarantee that certain estimates (e.g the Poincaré—Wirtinger inequality) can be made uniform as
h — 0. The assumptions needed to guarantee these uniform estimates could instead be encoded
directly in the derivatives of coordinate maps yr : S — M, but the necessary assumptions on
the maps from a fixed domain to a small (k-size) domain would be more complicated than
those we use (from a small domain to a small domain).

1.2. Lower bounds for approximations on R?

Although we give applications to meshes on manifolds below, our results are simplest to
understand when approximating functions on R? and we state them in this case first. For
u € L2(RY), we let ii denote its Fourier transform.

Theorem 1.16. Let r € {0,1,...,}U{oc0}, M = (I, {Tp}n) a 2(r + 1)-scale of meshes for
R4, C a set of coordinates for M, and 0 < = < Zy. Then there are ¢ > 0 and ky > 0 such
that forall 0 < p <r,0<f<m <p+ Lall k > koc?, all u € L*(R%) satisfying

suppd C {§ € RY : Spk < &1}, lullgooinge < (Swk + p+ DXPlull 2.
(1.5)

all h € I with chk/p2 <1, and all 0 < m’, m we have

» hk~\ p+1-m’ p.m
¢ (?) Il < 10— PRl o g (1.6)

Furthermore, if p = 0, then ko can be taken arbitrarily small.

Remark 1.17. One should heuristically understand (1.5) as follows. The first condition
guarantees that # has no very low frequencies (< k), while the second guarantees that it has
no very high frequencies (> k).

It is easy to see that Theorem 1.16 is optimal for uniformly bounded p. Indeed, any u
satisfying (1.5) has

187 ull 2y < €5 () ull 2y, lerl < 2p + 1),
for some C depending only on « and the choice of norm on H*. and hence the standard estimate
I = PPl gmay < CRPH " ull gpsreay 0 <m < p+1,

(see e.g [19, Theorem 4.3.19], [3, Section 4.4], [5, Section 3.1]) together with the fact that our
u satisfies

||U||HS(R4) = C(k)S”M”LZ(Rd), O0<s=<p+1

shows that, up to a constant, (1.6) cannot be improved for many standard scales of meshes.
Formally the results in these references apply only to compact subsets of R, however, since
the H™ norm is local in the sense that for any open domains S; with Lipschitz boundary and

Ugi =R, &§NS; =0, fori # j,

l
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we have

2 2 d
Ity = D Nutlfgmgs,y,  w € HM(R,
Si
these results easily extend to all of RY.

Remark 1.18. Note that, while we write the estimate (1.6) with the L? norm of u on the left
hand side, we could replace it by the H?*!(R¢) norm and an appropriate power of k using the
second inequality in (1.5). In fact, the proofs below proceed by controlling the H;” ! norm of
ubyeg. |[(I— P%;”Z)MHLZ(Rd), and a small multiple of the sz("’H) norm of u. The oscillatory
nature of u is then used to absorb this very high derivative into the left-hand side.

In particular, Theorem 1.16 is optimal when the mesh is conforming in the following sense.

Definition 1.19. We say that the mesh 7}, is (p, m) conforming if

p,m +1-¢
1= PRy = COKY” (1.7)

It is often interesting not only to have lower bounds for the approximation error in H;, but
to understand lower bounds for the ‘frequency k’ components of the best H; approximant.
This is the content of our next theorem.

Theorem 1.20. Letr € {0,1,...} U {oo}, M = (I, {Ty}n) be a 2(r + 1)-scale of meshes for
R?, C be a set of coordinates for M, and 0 < Z; < Zy. Then there are ¢ > 0 and ky > 0
such that forall 0 < p <r,0 <l <m < p+1,5 >0, all k > koc™?, all u € Lz(Rd)
satisfying

suppit C {§ e R : 51k < |&]},

il s 2600 gy < (Zk +max(2(p + 1), 26+ 5))"XCEED2ED | ga)

all h € T with chk/p* < 1 we have

hk\2(p+1-0)
cﬂ(;) el 2y < I = PRl s (1.8)

If p = 0, then ko can be taken arbitrarily small. Finally, the estimate (1.8) is optimal for
bounded p and meshes which are (p, m)-conforming.

Because the H, * norm weights frequencies || > k by |k='&|”", Theorem 1.20 shows
that the ‘frequency £’ components of the error are in general much smaller than the very high
frequency components of the error (note that the power on the left hand side of (1.8) is twice
that on the left-hand side of (1.6)), but nevertheless retain a controllable amount of the mass
of u.

1.3. Functions oscillating with a given frequency on a manifold

In order to state our results on a manifold, we first introduce an appropriate notion of a
function that oscillates at frequency k in a certain Sobolev space H™.

Definition 1.21. Letm > 1, a < b, M be a C™ manifold with Lipschitz boundary and
g € C! be a Riemannian metric on M. Let EAVEE L*(M) — L*(M) denote the Dirichlet

7
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or Neumann Laplace—Beltrami operator on (M, g) (i.e. the Friedrichs extension defined by the
quadratic form Q(u, v) := (Vgu, Vgv) ;2 with form domain HOI or H' respectively) and dE;,
its spectral measure.

Remark 1.22. As discussed above, in finite and boundary element methods the relevant
manifold (M, g) is usually either a domain &' C R" with boundary or a hyper-surface I' € R".
In the case of a domain &, we typically use the usual Euclidean metric, in which cases —A,
is the standard Dirichlet or Neumann Laplacian on &. In the case of a surface I', we endow
I' with the metric induced from the Euclidean metric on R”. That is, we endow it with the
usual surface volume. In this case, once again, —A, becomes the surface Laplacian (with the
relevant boundary condition).

We say that u € L>(M) oscillates with frequencies between a and b in H™ if u €
D((—A, + 1)"?) and

g 00u = u, Nl s ory < (b + j>j||u||L2(M)v O<j=m

where we write

[e%9)
H[a,oo) = /2 dE)L

for the orthogonal projection onto functions oscillating with frequencies larger than a

Remark 1.23. Below, we use the notation C“ to denote a real analytic object and j < w for
all j € N. For the purposes of scales of meshes and coordinates, we identify w and oo.

Examples.

(1) If (M, g) is a compact manifold without boundary, then —A, has an orthonormal basis
of eigenfunctions {u; }72, satisfying (=4, — A?)u,\j = 0 and hence

i, 0000 = Z (U, U3) L2y U -

/\je[a,oo)

() If (M, g) = (R?, ggue) is R? with the standard metric,

1 .
i(x,&) n
(2m)? /asg ¢S,

It will also be convenient to have a notion of approximately k oscillating.

H[a’oo)lxt =

Definition 1.24. Let {C_,»};?O:l C R*. We say that a family of functions {uz};y € L*(M) is
approximately k oscillating with constants C; if for all j =0,1,..., and k > 1,

ek 00yt — uill 2 < Cik™7, loticll g gy = Cillteell 2y
1.4. Approximate k-oscillation and solutions of the Helmholtz equation

The main motivation for this article is the study of numerical solution of the Helmholtz
problems (1.1) and (1.2) when the data comes from a natural scattering problem; e.g. plane
wave scattering. In the case of plane wave scattering, one aims to find the scattered field caused
by an incident plane wave u; = ¢*** with a € R?, |a| = 1. To do this, we let x € Cfo(Rd) SO

8
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that the scatterer is contained in y = 1 and find ug outgoing such that u = ug-+u; satisfies (1.2)
or (1.1) with O right-hand side and no outgoing condition
In this case, ug solves (1.2) or (1.1) with

f=(kxi(x) + xa(x)e™ 4, xi € CPRY), (1.9)
and

g = p(x)e*¥e, ¢ € C™@0). (1.10)

1.4.1. k-oscillation of the bulk solution

Using methods of semiclassical analysis; specifically the elliptic parametrix construction
(see e.g. [6, Appendix E]), one can show that for a”/,c € C®(R?) with ¢(x) > ¢y > 0
and a'/(x)&&; > col&|?, the solution, u to (1.2) with f of the form (1.9) is approximately k
oscillating for some constants C;. Furthermore, for obstacle scattering, when the boundary of
the obstacle is smooth and the data is as in (1.9) and (1.10) one can use the functional calculus
techniques from [7] to see that the solution to the Helmholtz equation (1.1) is approximately
k oscillating.

The estimates in Theorems 1.16, 1.20 and 1.25, 1.26 then have direct applications to error
analysis in finite element methods (FEM) based on piecewise polynomials. For example, when
the FEM using the space S/Iifc. ,» 18 applied to solve one of (1.2) or (1.1) a key role in this
analysis is played by the quantity

(I — PE"Dugll g
n(SH" ‘= sup I
(Shiie.n) rer2 I£122

El

where u s is the solution to (1.2) or (1.1) with the radiation condition changed to

@, + ik = 0, 00(r ' 7).

Indeed, conditions for quasioptimality of FEM as well as error estimates are given explicitly
in terms of this n [16,18,20]. Because the solution of the Helmholtz problem is approximately
k-oscillating, Theorems 1.16 and 1.25 thus give sharp lower bounds on this quantity and hence
provide lower estimates on how refined the grid must be to apply these results.

1.4.2. k-oscillation of the boundary traces

In the case of the boundary element method, one tries to approximate the boundary traces
of u rather than u itself. The k-oscillation properties of the traces of u are slightly more
complicated than those of u. It is easy to see that the upper bounds in 1.21 hold. However,
the lower frequency bound may not hold. Nevertheless, the boundary traces will typically have
a component containing most of the energy of the trace which is approximately k oscillating.
In fact, the only way for this to fail is for the function, u# to have nearly all of its energy
on directions normal to the boundary. As an illustrative example, consider a smooth, convex
obstacle (2 and the plane wave data as in (1.10). Then, one can show that the outgoing
Dirichlet to Neumann map is pseudodifferential (albeit in an exotic calculus) and hence that
k~'9,u ~ a(x)e’*?|,o. In particular, except in a neighborhood of v - a = 0, k~'9,u is
approximately k-oscillating. This type of argument can be made more precise and more general
by using the concepts of wavefront-set and propagation of singularities from semiclassical
analysis (see [6, Appendix E]).
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1.5. Lower bounds on a manifold

We now restate Theorems 1.16 and 1.20, generalizing them to Riemannian manifolds in the
process.

Theorem 1.25. Letr € {0,1,...}U{w}, M be a C*"+V manifold with Lipschitz boundary,
g be a C"™*' Riemannian metric on M, M = (I, {Ty};) be a 2(r + 1)-scale of meshes for M,
C be a set of coordinates for M, and 0 < = < EZy. Then there are ¢ > 0 and ko > 0 such
that forall 0 < p <r,0<fl<m<p+1,,allk > koc™?, all u € L*(M) oscillating with
frequencies between Erk and Eyk in H*PTY(M), 0 < m/, and all h € I with chk/p* < 1,
we have

» hk~ p+1-m’ o
(2) T Malzan <10 = PEDul e (1.11)

Furthermore, if p = 0, then ko can be taken arbitrarily small.

As in R?, we also obtain lower bounds for the ‘frequency k” part of the error.

Theorem 1.26. Letr € {0, 1, ...} U {w}, M be a C*"*V manifold with Lipschitz boundary,
g be a C™*' Riemannian metric on M, M = (I, {T;};) be a 2(r + 1)-scale of meshes for M,
C be a set of coordinates for M, and 0 < = < EZy. Then there are ¢ > 0 and ko > 0 such
thatforall 0 < p <r,s <2(p+ 1), 0<L<(r+1)—35 <m=<p+1 alk>koc?, al
ue LX(M) osctllattng with frequencies between Zpk and HHk in H™CP+D249) (MY and all
h e I with chk/p?> < 1,we have
2Ap+1-0)

cp<l;_];) lull 20y < (T = P HS 0 (1.12)
Furthermore, if p = 0, then ko can be taken arbitrarily small. Finally, the for p bounded
uniformly in k, estimate (1.12) is optimal if the boundary of M is C™*CP+D2645) \ith the
mesh (p, m)-conforming.

Note that piecewise polynomial spaces which satisfy (1.7) under various conditions on ¢ are
constructed in [19, Chapter 4].

Remark 1.27. In fact, if C consists only of affine maps, then one can take k¢ arbitrarily
small for all p in Theorems 1.16 and 1.20. In general, when p # O and the maps yr need
not be affine, this is not possible. To see this, we work on the circle St = [—7/2,3m/2).
We need only consider a single mesh 7 := {1y, T», T3, Ty}, T\ := (—7/2,0), T» := (0, /2),
T; .= (n/2, ), Ty = (w, 37 /2)}, with reference domain [0, 1]. To define our coordinates, we
will need two branches of sin~'(¢). For this, let s; : [— /2, 71/2] — [—1, 1], s;(t) = sin(?),
and s : [n/2 37[/2] — [—1, 1], sz(t) = sin(?). Set y;(t) = s (- 1+t2) () =s, L1 =12,
() =5, (1 — %), and y4(t) == sy ( 1+ £%).
To see that y; is a regular coordinate map, observe that
—2t 2

= e Ao

In particular, y/(¢) is smooth up to the boundary of (0, 1) and satisfies y|(t) > ¢ > 0. Similar
analysis shows that y;(¢) is regular for i = 2, 3, 4. Now, notice that

sin(y1 (1)) = sin(s;(—1 + 12)) = —1 +¢2, sin(y»(2)) = sin(s; (1 — %)) = 1 — 12,
10
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sin(y3(1)) = sin(so(1 — 12)) = 1 —£2, sin(ys(1)) = sin(sy(—1 + 12)) = —1 4 1%,

In particular, u := sin(x) € Si‘j ¢ so that (1 — P%?Z)u = 0. On the other hand, since
—Agu = —3*u = u, we have II;; oyu = u and hence u is oscillating with frequencies between

1 and 2. In particular, for this mesh, we do not have (1.11) for functions oscillating with small
frequency.

Finally, we record an estimate when u is approximately k-oscillating.

Corollary 1.28. Let p,s >0, 0<f<m<p+1,0<e <1, and {Cj};?ozl C Ry, M bea
CmXQp+D2645) manifold with Lipschitz boundary and g be a CPT' Riemannian metric on M.
Let M be a 2(p + 1) scale of meshes for M and C be a set of coordinates for M. Then for
all N > 0, there is ¢ > 0 such that for all & approximately k oscillating, u with constants C;,

there is ko > 0 such that for k > ko, 0 <m' <m, and h € I with h > k=N, we have
kPP 0Nl 24y < 1T = PRl s oy

+1-m’ p,m
)" Null 2y < I = PR e 4

1.6. Ideas behind the proof of Theorem 1.25

For the purposes of this outline, we work on R4, assume that yr + 8 — T is a rotation
followed by a translation, and consider only m’ = 0. There are four important facts used to
prove Theorem 1.25:

(1) For a function oscillating between =k and gk in H>?*D and p +1 =2m +r,

PPN oy < (=P ) aay = 11V (= 2" ull7 2y .
16132001,y < CERM PVl -
(2) We have
IV (=2t} a gy = Y IV (= D) "t} - (1.14)
TeTh
(3) For a polynomial, g7, of degree p on T
IV (=AY ull oy = (V' (= A)"u, V' (=AY (U = q1)) 127- (1.15)
(4) Integrating by parts and using trace estimates, the pairings can be estimated
D UV (=AY u, V(=AY = 1)) 2]
TeTy
< ellul? o, + Ce AP = > 17g7 12 - (1.16)
—= H2(p+1D)(R) L2(R4)

TeT),

Here 17 denotes the indicator function of 7. Combining (1.13), (1.14), (1.15), and (1.16) and
choosing & = gok~2P*D for some &y > 0 then completes the proof.

The estimates (1.13) follow directly from the definition of oscillating between =7k and =k,
and (1.14) follows from the definition of the L? norm. Eq. (1.15) follows from the fact that
derivatives of order > p + 1 vanish on a polynomial of order p. The work of this paper is
then in proving (1.16). This is done in two steps. First, in Section 2, we prove estimates on a

11
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pairing (37u, 97 v) 2.7y that are uniform in the scale 4 and involve Sobolev norms of u together
with the L? norms of v and its (p + 1)th derivatives (see Lemma 2.5). We then combine the
estimates on all elements of the mesh in Section 3 (see Lemma 3.2) to obtain (1.16).

1.7. Comparison with Kolmogorov n-width bounds

The only other lower estimates on approximation by finite dimensional spaces of which the
author is aware concern the V-Kolmogorov n-width of a space where ) is a normed space
(see [14] and references there-in). For example, for 2 C RY, the L?(£2)-Kolmogorov n width
of B C L%*(12) is defined by

d,(B) = sup inf  |lu— vl 20

ueB, lulp<l 425,

For instance, [14] shows that when (2 has Lipschitz boundary,

0<11m1nfndd (H (Q))<hmsupndd (H (£2)) < 0. (1.17)
n—oo
For concreteness, we will consider the case of HO1 (£2) in the rest of this subsection. Standard
upper estimates on piecewise polynomial approximation then show that the space of piecewise
polynomials saturate the estimate (1.17) in the sense that they achieve the estimate: for all
u € Hj (),

- 77, ())””LZ(Q) = Ch”u”]-]l(g) <Cn~ i ||u||Hl(Q) (1.18)

Remark 1.29. Here, we have used that a p-scale of meshes is necessarily quasiuniform and
hence the volume of any element is bounded above and below by h¢.

The estimate (1.17), when applied to the space Sﬁ}tﬁc, , shows that for 4 small enough,

sup T — PE"ul 20 > ch.

ueHy (). llull 1) <1

and hence (1.18) is optimal when one considers all possible u in HOI(Q). In particular, there
exists a function u € HOI(Q) such that |[u|| ;1 <k and

1T = P2 0ull 2 = chk.

However, the estimate (1.17) gives no information about the structure of this # nor how many
such u there are and hence it cannot be applied to understand approximation errors in concrete
situations like Helmholtz scattering with natural data.

In contrast, the estimates in Theorem 1.25 show that every k-oscillating function with
llll 2 ~ 1 (and hence |[ul| 41 ~ k) satisfies

- 77. ())M”LZ(Q) > chk.

In particular, as noted in Section 1.4, these estimates apply to every Helmholtz scattering
solution and hence can be used to understand approximation errors for numerical solution of
Helmholtz scattering problems.

12
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2. Estimates on the reference element
2.1. Estimates at a fixed scale
In this section, we recall several standard estimates for functions in Sobolev spaces on

Lipschitz domains and their boundary values. The first estimate can be found in [10, Theorem
1.5.1.10].

Lemma 2.1. Let S € RY be open with Lipschitz boundary. Then there is C > 0 such that
forallue HY(S), and 0 < ¢ < 1

lull2ps) < C(S_IHMHLZ(S) +ellVull2s)
Next, we recall a useful, equivalent norm on H"(S) form € {0, 1, ...}.

Lemma 2.2. Let S € RY open with Lipschitz boundary. Then for all m € N, there is C,, > 0
such that for all u € H™(S),

lullmesy < C"m* ull 25y + €™ Y 107 ull 2s)- @.1)
lyl=m

Proof. To prove (2.1), we follow the same proof as the non-m explicit proof (see e.g. [,
Theorem 5.2]), but require the inverse estimate:
Wllas) < Csp’vlias), v EP,. 22)

Since S is open with Lipschitz boundary we may decompose S C U?:l S;, and, up to a
rotation and translation

Si= {1, x) €RY 1 |(xr, e xam)] < &1, 0 < xg < filxy, ey Xao1))

where f; > ¢; > 0 and |V f| L~ < tan(6;)
Now, let {w;};=1,..a C R? be linearly independent, have unit length, and satisfy (w;, (0, ...,
0, 1)) > cos(6;). Then, for v € IP,, we have by rotating coordinates,

) fi,iOo" ) 5 )
/ IV, wj)v|"dx =/ / 10y, (¥, ya)l"dyady
S; Uji J0

4 fi,j(y/) , 2 , 4 2
< Cp |U(y B yd)' dyddy = Cp ||v||L2(5,')’
Uj; J0

where in the last inequality, we have used that v(y’,-) is a polynomial of degree < p, the
inverse estimate [21, Theorem 3.91], and that f; ; > ¢ > 0.
Now,

d
Vol < Ci Y 1(Vv, o))
j=1

Hence,
VoI, < Cip*lvlTas, -
Summing over i completes the proof of (2.2). O

13
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2.2. Uniform estimates at all scales

We now record the estimates corresponding to Lemma 2.1 and Lemma 2.2 on the rescaled
domain S;, .= hS.

Lemma 2.3. Let S € R? open with Lipschitz boundary and S, := hS. There is C > 0 such
that for allu € H'(S;), 0 <h <1, and 0 < e < 1

N R
lull2ps,) < Ch™2(e 1||”||L2(5h) +ellhVull2s,) (2.3)

Proof. Let u € H'(S;). Then, putting v(x) := u(hx) € H'(S), we have

—1

_d
vl 28y =h™ 2 ||M||L2(ash),
_d _d
Ivlli2sy =R 2 llull 2,y N1VVll2s) =h21AVul 2,
The lemma now follows directly from Lemma 2.1. O
Lemma 2.4. Let S € RY open with Lipschitz boundary and S, := hS. There is C > 0 such
that for allm € {0,1,...}. u € H™(S), and 0 < h < 1,

lull s,y < C"m™ lull 2 4+ (ChY" >~ 107 ull 25, 24)

lyl=m

Proof. Let u € H™(S,). Then v(x) := u(hx) € H™(S) and the estimate follows from
Lemma 2.2 applied to v. [

2.3. Estimates on pairings in Sy,

Lemma 2.5. Let S @ R? open with Lipschitz boundary. Then there is C > 0 such that for all
p,h>0 aeN with |o| = p+ 1, and Sy, := hS, there are Bj € N? with 1Bil=p+1+],
j=0,1,..., p such that for all u,v € H***(S,), a1+, =, 0 <h < 1, and 0 < ri <1

10w, 090} 125, | < 108 ] 20, 10920 25,
p—lay|

1+t—jy abi —t4j—1 20— j)+1
+ >l g, (h s
Jj=0
_ iy = _ y 2.5)
TR e M W et M s i =il oL
+h pH2+j g T p+2+] rj +s pHI+j (er )p+1+] |U|H|°‘2‘(Sh)
p—las| P
t—j+1 J
+ § riC" T 0y ”||H;}(Sh)|v|1-12(l7+1)(3h),
j=0

where s :=2(p + 1) — |aa|, 1 := p — |a2|, and | - | ym(s,, denotes the H™ Sobolev seminorm.

Proof. Integration by parts shows that for j = 0,1,..., p — |ay| there are f§;, ﬂ} with
Bil=p+1+, |ﬂ}| =p—jand f; € L*(3S}), with || f;]lz« bounded by the Lipschitz

14



J. Galkowski Journal of Approximation Theory 305 (2025) 106100

constant of S such that
p—la|

[(07u, 07 U)L2(3)| < |(3°‘+°’1u 80‘2U)L2(3h)|+ Z I fj3 u, 8 U>L2(88h)|
j=0
p—laz]
= ||80(+D[]M||L2(5,,)||a U||L2(s,,)+ Z ||f/3 M||L2(35h)||8 U||L2(3$h)

j=0

Then, using the Sobolev trace estimate (2.3) and the estimate (2.4) on Sy, together with

interpolation in the H;(Sy) spaces, and Young’s inequality, we have, with t = p — ||,
< 18 ull s, 19720112,
p—lag|
Bj —t+j—1,.—1 —j
D0 D0 Claully s b T e I T vl s,
j=0 lyl=p—j
IV l=p—j+1
& . ’
J i pt—i+l
IR B vl as,)
+
< lloy a"4||L2($,,)||832U||L2(Sh)
p=log|
3 g b N e, + 1Tl )
x H, (Sp) J x 5T (Sp) TSy
J=0 " lyl|=lea]
= ||8a+al””LZ(S;I)”agzU”LZ(Sh)
—las] 1—j
—t+j—1 71 2(p+1) loa | 2(p+D—lag|
+ Z S Clull g™ (o5 0 0l 0 0l
H, (Sn)
J=0lyl=lezl
t—j+ t—j+1
J y T 20p+D)— Iazl y 2(p+D—lag|
||3 ”L2(5) ”3x””H,f(”*”*‘“z‘(s,,)

< ||3ff+°"u||L2<sh>||3§2v||L2<sh>

p—lo|
Bi il i1 2%
+ Y ) Clloy" ull gy s,)h ™" ((C’ Te 52D 97 vl 2
J=0lyl=laz|
S T et A Lt .
+(ChY e, TR ) TR 0 vll 2 i Y 197 v]l2])
[71=2(p+1)—laz|

+ (;,C" I 2TV ) 1
t—j+1

—j L 1+
+ (O ) [ TP ()T ||8”v||Lz])>

= ||8f+°‘1u||L2(5h)||3f2v||Lz(3h)

p—laz]

2: Bj —tj—1 t—j =1 20— )
+ C”ax u”[-[}}(sh) h (& Ej N
Jj=0
. —j i 1,]' t—j
+C’—1h’1*p+72'+jg PFTE] TP et} g h Tl 1 2D
J
(= jH D1+ 5y e~ e
U ST +1+) +1+)
+C : pHI+) Ej p Jrj p J>|U|H|oz2\

15
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p—lay|

Bj —j+1
+ > 18wl s, € ol e
Jj=0
JF
< |loy alu||L2(Sh)||a§2U||L2(S,,)

p—laal

14i—jy abi —14j—1 21— j)+1
+ E C || 0 u”H;l(Sh) h s
j=0
_ N —j+l —j+l
S R S ) Wl =y . . 1\
+h pr2+i g P2t rj Pl 4 g pHI+] (er ) PFIF] |U|H|°‘2‘
p—lal P
J t—j+1
+ E [10x ””th(sh)rjc J |U|H2(p+1)
Jj=0

where in the last line we grouped terms and set &; = R(p+D—laa]1™, s = 2(p+D—|az|. O

3. Estimates on the manifold

We now proceed to estimate the finite element approximation error. We first estimate a
certain sum of derivatives over the mesh from below by the L? norm of u.

Lemma 3.1. Letr € {0,1,...}U{w}, M be a C*"*D manifold with Lipschitz boundary, g
be a C™! Riemannian metric on M, M = (I, {Tp}) be a 2(r + 1)-scale of meshes for M, C
be a set of coordinates for M, and 0 < =1 < Zy. Then there are ¢ > 0 and ko > 0 such that
for all u oscillating between =Zpk and ZEyk in HP k> koe™P, and h € 1,

17,2 1 2 2
PR 2, < 33 102 0 YO} s, - (3.1
TET lal=p+1

Moreover, if p = 0, then we may take ky = 0.

Proof. Let p+1=2m+r withr € {0, 1}, m € {0, 1, ...}. Observe that

=2(p+1D) 1 2(p+1 2
SRR ull 2 < (=A™, (= A" 1) 1200 = L ity (3.2)

where L, 11 is a p + 1 order differential operator with L coefficients such that 1 €
ker(Lg p41) (i.e. Lg p41 has no constant term). Then

2 2
g pirtel3 a0y = D MyrisiLapritell} 2y (3.3)
TeTy,
Now, on each mesh element y7(S;,), we write in coordinates
Lepii= Y aidi+ > bjol. (3.4)
la|=p+1 1=|Bl=p
If g is analytic, there is C > O such that for any o and p
_1.p+1 1 Bj
lallle < Ng7 125" Ibpl~ <P T el

Y iBj=p+1-IB]
16
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Therefore,

1
T 2
SrenLepnitliag, <1 Y. agdi@ornlis, a,
lot|=p+1

T 2
> Do yDlia, i,
1=|Bl=p

1
= Clp+ Z 103 (u o VT)”iZ(s,,,dx) + CZHd””ilP*‘(yr(Sh))'
o[ =p+1
(3.5)

Summing over the mesh and using (3.2) and (3.3), together with (3.5) we obtain

=2(p+1);2 1 +1 2 2
SRl gy < CFT Y 195 0 v, 800 + Co Ul 1,
le|=p+1

1 2 : a
< C{)Jr “ax (M o yT)HiZ(yT(Shde) (36)
let|=p+1

Here, du is the differential of u. Taking k¢ large enough, we may absorb the last term into the
left-hand side and hence obtain the result for p > 1. For p = 0, notice that the second term
in (3.4) is identically O and hence there are no ||du| zpy-1 terms in (3.5) or (3.6), so that we
need not take ko large enough in this case.

In order to handle the analytic case, we need a slightly better estimate than (3.5). Indeed,
we estimate

1Y Bhafworplizgag <€ Y. TT el dullyes

1=|Bl=p I<t=p} jBj=p+1-¢
< crt! Z (p+1-— )(P+1 Z)( Hk+€> ”M”LZ(M)
1<t<p

< CP* U (Epk + p)Pllul 20
Thus, we require k > CP*! as stated. [

Next, we estimate the right-hand side of (3.1) using the L* norm of (/ — P7"")u. This lemma
amounts to a type of Bramble—Hilbert Lemma for our polynomial spaces on a manifold.

Lemma 3.2. Forall 0 < § < 1, there is C > 0 such that for all 0 < h, 0 < p,m < k,
0<hk <8 'p2,0<m € <m 8" <e < 1,and 0 < 5, < 5y and all u oscillating
between Zpk and Egk in H>P+D,

2
YDl woyDlias, an
TeTy lal=p+1
- 2 1 2
< CP(e{Zuk)* P Vllull ],

+e  RPETOQ(p 4 1) — YN = PRl

) (3.7)

Proof. We start by observing that, since [P7’3’"zu] o yr is a polynomial of degree p,

Yo M woynas, a =2 D (@S@oyr), 33U — PR Duloyr) s,

TeT) lal=p+1 TeT) lal=p+1
17
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We apply Lemma 2.5, to each summand to obtain with v = vy = [(I — P%l’f'é)u] o yr,

u = up := u o yr. Note that we can do this since yr € C*P*D and hence u o y; € H>P+D,
We obtain with t = p —m/, s :=2(p+ 1) —m/,

o 2
Do D I8 urlas, an

TeTy lal=p+1

+
=YY (1l 0,

TeT, lel=p+1

o) tay=a
|a2|:m’
p—m’
t—j+1 P —1+j—1 20— j)+1
+ E c (| 9x uT”H,}(Sh) h s
j=0
—j [ AL —j+1 t—j+1
G DR et A R ot T R eyl I N sl
4+ h TR p+2+/rj" e p+l+j(er1)p+1+] v |,
p—m’
Bj t—j+1
+ E ||8x'uT||H}}(sh)er I | gag+n
Jj=0

Now, using again that [P%l’f'lfu] o yr is a polynomial of degree p, we have 8}/1)7 = 3}/147.
Hence applying Young’s inequality, we have

o 2
Yo D Iurlias,

TET) lel=p+1

2 -1 2
=Cc) X ((S"afHaII”T”L%ShW‘S l02vrllas,)

TeT, lal=p+l1
o) tay=a
g |=m’

p—m’

. Bi L .
+C 3 O s, (0

Jj=0
T Y I o S o S aal 1=j+L
+h ! P+2+jsl+p+2+jrj pH2E] + 5 ! p+l+j(er_l)P+1+j>|UT|mr
p—m’
Bj t—j+1
||8xJ”T”H]1(5h)er J |uT|H2(p+1)
j=0
+1 2 -1 pomy 12
= O (S gy gy 71T = PR
h
p—m’
G s ) F RPN s )
J HP+1+J(M) Hp+2+j(M)
j=0

. . . ) 21—j —j otz
L5 ( 2=+ D 2D Ha-)+2 | 2- ) =2m gy 242 TR
J j

t—j+1

_; 1 _y_ol=jtl 22—

Nk ) g paue,,
J H%"— (M)
h
p—m
—1..2~2(t—j+1 2

8} er (t=J )”u”HZ(erl)(M) )

j=0

18
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Then, using that u is oscillating between =pk and Zyk and p < Ck, we have

o 2
Yo D Iurlias,

TeTh lal=p+1
p—m’

< CP(<8<EHk)4(p+l)—2m’ + Z 8/_ (EHk>2(p+l+j)
j=0

2= 2 247 —1.220t—j+1); = 4 1
+5jh (Eyk) (p+2+)) +8j er (t—j+ )<5Hk) (p+ ))HMHLZ(M)

p—m’
+ (8_1 + Z 5;1(h—2(t—j+1)C2(z—j)s4(t—j)+2
oy

. L
p+2+/ r p2+]

Q=D

L A k) 22 ,1‘22 5 ))||(1 — P27 e)ulle (M))
Let
5 = e(Eyk) 2(p+1)+2m/’
8; = e(j)(Zuk) ¥ j=0,....p—m,
rj=e(Suk) T j =0, p—m,

then we obtain

a 2
Yo D turlias, an

TeTy la|=p+1
= C((Co(Zuk™ ™) + eh? (Zuk)* T+ 4 eC(Zak) ) July

2t t 1 t
+871<<~ )2+ D= om’ +Cz( Z(t+l)s4z‘+2+h—2—ms2+2m<5Hk)2(l—m)t8—2m

o 2t+1l 2(t+1) Il)) _ ppam )
5T E R ) JI = PETu

Using & > 8P+ and hk/p2 < C, we obtain the desired estimate. [

Proof of the L? lower bound: Theorem 1.25. We now combine Lemmas 3.1 and 3.2 to prove
the main theorem. Indeed, Lemma 3.1 implies that there are ky > O (with kq arbitrary when
p = 0) and ¢y > 0 such that for k > kgC? (3.1) holds. In particular,

2 1 2 2
Il 2y < D D N30 v as, g (3.8)
TeTy, la|=p+1

Then, Lemma 3.2 implies that there is C > 0 such that for 0 < m’ < m,

Yo 2 I @o i, a

TeTh lel=p+1

Cph72(p+lfm’)p4(p+lfm’)”(1 Pl"'l)u”Z

p+1,,2(p+1)
= S+ a2 T

(3.9)

M)

| /\

i S Rl Gy, + CORTHIHIT T (1 P%”}mu;m oy
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Combining (3.8) and (3.9), we obtain

P

P12(p+D) )02 €0 L 2(p+1) 1,112 P —2(p+1—m') _A(p+l—m')) (7 _ pPmy 12

Gl = LRl sy +C7 P I = PR ey
a4

Subtracting the first term on the right-hand side to the left-hand side, we obtain for 0 < m’ < m

P

€0 200+, 112 P —2p+l—m') A(p+1—m') s 12
- < _
TRl < CPh P I = PRI 4

which completes the proof. [
Proof of the ‘frequency &’ lower bound: Theorem 1.26. By Theorem 1.25, we have
I = PR"pul e gy = <" (hkp™ )Pl 2. (3.10)
Next, since (I — P%;f’é)u, P%ﬁu) HEon = 0, and u is oscillating with frequencies between Sy k
and Syk in H™XCP+D.249 (A1) we have
I = PEpulle 4y = (= PRI )
< 0T = PRl s o 11 2 o 3.11)
< CI = PE"Dull s oy 1t 2y

Combining (3.10) and (3.11) completes the proof. [

4. Optimality of the low frequency bounds for shape regular meshes

In this section, we show that Theorem 1.26 is optimal for any mesh satisfying (1.7). First, we
prove the following elementary duality estimate based on the fact that (I — P7")) : H{ — Hj
is an orthogonal projector.

Lemma 4.1. Suppose that M is a C*PV manifold with C™*P+D.26+9) boundary. Then for
all —¢ <s <2(p+1)— ¢, we have

I — P%fz)ﬂylf_,ijs =Cl = P%?E)HHI(ZHS_,H]\{-
Proof. Let Ay := (1 —k 2A,)" for a C™2P+D.26+9) metric g. Then, A is self-adjoint as an

unbounded operator on L2, Ay : H,ﬁ — H,j’u is invertible for 0 <t < max(2(p + 1), 2¢ + s),
and the inner product on H{(M) can be defined by

(v, w)H’f = (v, Aqw) ;2.
Then, since (I — P%ﬁ) is orthogonal on H/,
(I = P, Wy = v, (I = P’%;’z)w>[-]k(s
and hence
(I — P%’t’é)v, Agw) 2 = (v, Ag(I — P%’T'Z)w)Lz.
In particular,
[AlI = P21 = Al — PR = (I — PRy = A;'(I — PL")Y*A,.
20
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So that
I = P "Dl e s < WA zems_ s (T — PE7D*| —20-s | Al e,
T/ Wl as = Wy g2 gos Thz H a2t A gt gy
-1
< CIAL Nyt s I = PR ores
—1
= C| 4, ||H; H.H—N”(I 771€)||sz+s HY

< CIU = PR Dl yarss o

where the last line follows since s + 2¢ < max(2(p + 1),2¢ 4+ ). O

Next, we prove that Theorem 1.26 is, in fact, optimal.

Proof of optimality of Theorem 1.26. Observe that by Lemma 4.1 and (1.7)

The
and

- Thli”H”“ —HS = || — 77,[)(1 %ﬁ)u”HpH SHS
< = PRt 1 = PRIl et e
2(p+1-¢
< CIT = PRI per e < CCRRYTY.

optimality of Theorem 1.26 then follows from the definition of oscillating between =k
Egk. O
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