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Abstract

A ring A has stably free cancellation when every stably free A-module is free. Let
G = C, x Cy be a finite metacyclic group where p is an odd prime and ¢ is
a positive integral divisor of p — 1. We show that the group ring R[G] has stably
free cancellation when R = Z[t, tl_l, R . t,;l, X1, ...Xp] is aring of mixed

polynomials and Laurent polynomials over the integers. As a consequence, when C ég" )

is the free abelian group of rank m then the integral group ring Z[G(p, q) X cf;;’ )]
has stably free cancellation.
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A module S over aring A is stably free when S @ A™ = A" for integers m < n. By
saying a stably free module is nontrivial we mean it is not free. The ring A has stably
free cancellation when any stably free module is free; that is:
SFC: S A™ = A" = § = A"
In this paper we study the question of stably free cancellation for group algebras
R[G] where R is a ring of generalized integral polynomials

—1 -1
R = Zlti,t] .. .tw, ty, X1, . Xp] (%)

and G = G(p, q) is a finite metacyclic group of the form

G(p,q) = Cp, xCy (*x)

where p is an odd prime, ¢ is a positive integral divisor of p — 1 and C, acts via
the canonical imbedding C; < Aut(C,). It is known that the integral group ring
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Z[G(p, q)] has stably free cancellation; this is proved explicitly in (8.4) below. We
extend this to group rings with more general coefficients by proving:

Theorem| R[G(p, q)] has stably free cancellation when R is a ring of generalized
integral polynomials.

When n = 0 we may identify R[G(p, q)] with the group ring Z|G(p, q) X ng)]
where Cég") = Cx X -+ X Cx 15 the free abelian group of rank m. Hence we

m
have:

Corollary Il Z[G(p, q) X C&")] has stably free cancellation for all m > 1.

In Evans (2017) claimed a proof of Corollary II for all m > 1 when ¢ is prime.
Unfortunately Evans’ original argument was fallacious. In a retraction and partial
correction (Evans 2018) the cancellation property, for ¢ prime, was established for
stably free modules of rank > 3. However the case of stably free modules of rank 2
remained problematic. In this paper we give, ab initio, a complete proof, when ¢ is an
arbitrary integral divisor of p — 1, of the more general Theorem I.

The problem of stably free cancellation arises naturally within the context of non-
simply connected topology. If G is a finitely presented group the existence of stably
free modules which are not free greatly complicates the homotopy theory of spaces
with fundamental group G. This becomes apparent when, for example, one attempts
to solve the D(2) problem of C.T.C. Wall (Johnson 2003a,b, 2021; Wall 1965) for
the fundamental group G. When G is finite the question of whether the integral group
ring Z[G] admits nontrivial stably free modules is determined almost entirely by the
structure of the real group ring R[G]. With the convention that M,(R) = 0 when
n = 0, the Wedderburn-Maschke structure theorem shows that R[G] decomposes as
a product of matrix algebras

a b c
RIG] = [[Ma®R) x [ Me;(©) x [] My

i=1 j=1 k=1

where H is the division ring of Hamiltonian quaternions. By adapting the cancellation
theorem of Jacobinski (1968), Swan showed in Swan (1983) that Z[G] has stably free
cancellation provided that, in the quaternionic matrix factors, no f takes the value 1.
This is the celebrated ‘Eichler condition’ (Eichler 1938; Swan 1970). The extent to
which the converse holds is studied in the paper of Nicholson (2021).

For infinite groups the situation is much less well understood. In Bass (1964) Bass
showed that Z[F] has stably free cancellation when F is a nonabelian free group.
As an addendum to the Quillen-Suslin solution (Lam 2006) of the Serre Conjecture,
Swan showed in Swan (1978) that Z[Cég" )] has stably free cancellation where Cég" )
is the free abelian group of rank m. However, these examples apart, it would seem
that the existence of nontrivial stably free modules is a relatively common occurence
(Artamonov 1981; Berridge and Dunwoody 1979). The simplest examples known to
the author are those of O’Shea (O’ Shea 2012), see also (Johnson 2011, p. 180) who

@ Springer



Beitr Algebra Geom

showed that if F' is a nonabelian free group and ® is a group of order p”, where p is
prime and n > 2, then Z[F x @] has infinitely many isomorphically distinct stably
free modules.

By contrast we show that the integral group rings Z[C "™ x G(p, ¢)] do have stably
free cancellation when G (p, ¢) is the semidirect product C;, x C,; where p is an odd
prime, g is a positive integal divisor of p—1 and where C, acts on C, via the imbedding
C; = Cp_1 = Aut(Cp). This is equivalent to studying the stably free cancellation
problem for the group rings R[G(p, gq)] where R = Z[ty, tl_l, R tnjl] is the
ring of integral Laurent polynomials in m variables tq, ..., t,,.

The fact that Z[G(p, g)] has stably free cancellation is a direct consequence of
the theorem of Swan-Jacobinski (Swan 1970). However this powerful theorem does
not extend to more general coefficient rings. As both R[G(p, ¢)] and Z[G(p, q)]
can be described by means of Milnor squares (Milnor 1971), we proceed instead by
comparing their defining squares using the induction techniques introduced by Quillen
and Suslin (2006) and enhanced by Swan (1978). An essential feature is the remarkable
theorem of Suslin (1977) which allows us to lift sufficiently many invertible elements
through the ring homomorphisms of the Milnor squares.

We point out that such comparisons fail in general. If Q(8) is the quaternion group
of order 8 then, as an exception to the Swan-Jacobinski criterion, Z[ Q(8)] has stably
free cancellation. However R[ Q (8)] has infinitely many isomorphically distinct stably
free modules (Johnson 2011, Chapter 12, p. 208).

Finally we point out that when ¢ is even the injectivity of the operator homomor-
phism C; — Aut(C)) would seem to be an essential requirement. The group

Tap = (eylx? =10" =1Lyxy™" = xP7)

which is known both as the binary dihedral group and the quaternion group of order
4 p is a metacyclic group of the form C, x C4 in which the operator homomorphism is
notinjective. When p > 5 is prime Z[I'4,] fails to have stably free cancellation (Swan
1983). In this case again, R[I'4,] has infinitely many nontrivial stably free modules
(Kamali 2010).

We wish to thank the referee for some suggestions which have helped to clarify the
exposition.

1 Locally free modules

All modules in this paper should be understood to be right modules. By a fibre square
we shall mean a commutative diagram of ring homomorphisms

A = A

P Lo )
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inwhich A = lim(¢4, ¢—). Such afibre square satisfies Milnor’s patching condition

when atleast one of ¢, ¢_ is surjective. Under this condition Milnor, in Milnor (1971),
classified the projective modules over A in terms of projective modules over Ay, A_
as follows: let Py, P_ be projective modules over A, A_ respectively and suppose

a:Pr®y, Ao — P_®a_ Ag
is an isomorphism over Ag. Then there is a well defined projective A-module
denoted by P = (P4, P_;«), with the property that P ®p Ay, = P, for
o € {4+, —}; moreover, up to isomorphism, every projective module over A is obtained
in this way. As a special case we may take P, = A((,k) Py @p, Ao = A(()k) SO
that P, ®p, Ao = Ag‘) and o € GLi(Aop). In this case we write
L) = (AP, AD; o).
L(w) 1is then said to be locally free of rank k with respect to § or simply §-locally
free of rank k . At the referee’s suggestion we stress that local freeness in the sense
used here should not be confused with the notion of local freeness at a prime p which
occurs frequently elsewhere in the literature; for example, in (Swan (1983)). We define
GLi(§) = GLr(AP\GLk(Ao)/GLr(A-).
When § is a Milnor square, Milnor’s classification theorem (Milnor 1971, pp.
20-24; see also Lemma A4 of (Swan (1983)), Appendix A) gives a bijection:
{§ — locally free modules of rank k} < GLL(3B). (1.1)
If S is a stably free module of rank k over A then S, = S ®p Ay is stably free

over A,. Hence if A, has property SFC then S, = A((,k). Thus we have:

Let S be a stably free module of rank k over A; if A4 and A_ both have
property SFC then S is locally free with respect to §. (1.2)
2 Therings Q¢ and Q
Throughout this paper m and n will denote fixed non-negative integers such that
m +n > 0. For any ring R, we adopt the notation that R[t, t~'] denotes the ring of

Laurent polynomials;
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Rt = Rt 7 st 2.1)

R[x] will denote the ring of ordinary polynomials;

R[X] = R[x1,..., %] 2.2)

and R[t, t~!, x] will denote the ring of mixed polynomials

Rit,t7,x] = R[t,t 7 "1®r RIX] = RIt1, 17"t ty X1, oxa] (2.3)
There is an augmentation homomorphism € : R[t,t™!, x] — R determined by
e€ty) =1 for 1<i<m; ex;) =0 for I<j<nm

€ is left inverse to the inclusion i : R <— R[t, t !, x]. In addition we fix the
following:

)4 : an odd prime ;
F, : the field with p elements;
2miy.
é‘p = exp(%)s
q : a positive integer which divides p — 1;
d = (p—D/q.

Then C; imbeds as a subgroup of the Galois group Gal(Q(¢,)/Q) and we denote
by
A = ()

the fixed ring under the Galois action of C,. Then

Rx---xR if g iseven;
—— ———
~ d
AGZR =1 oyl xC  ifq s odd. (24)
~—————

dj2

Itis known (cf (Birch 1967) p. 87; (Hasse (1962)), p. 220) that p ramifies completely
in A. We denote by p the unique prime in A over p so that
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p = up? for some unitu € A* (2.5)

Leth:Z — F,andv:A — A/p = [, be the canonical homomorphisms and
denote by €2¢ the pullback ring in the following fibre square

Q = A
7 v (£o)

7 — F,.

12

Noting that Qp ®z R R x A®7z R then:

Rx---xR if g is even;
—————

~ d+1
2ozR = R x Cx---xC if ¢gisodd. (2.6)
—————

a2

Thus €2 satisfies the Eichler condition so by the Swan-Jacobinski theorem (Swan
1970)

Qo has property SFC. 2.7

If R is a commutative ring we denote its Krull dimension (Eisenbud 2004, p. 227)
by Kdim(R).

Proposition 2.8 Kdim(2g) = 1.

Proof For adirect product we have Kdim(R| x Ry) = max{Kdim(R;), Kdim(R;)}.
As A is a Dedekind domain then Kdim(A) = 1. Consequently Kdim(Z x A) = 1.
As Qq is a subring of Z x A then Kdim(£2p) < 1. However, 2 has a subring

isomorphic to Z so that 1 < Kdim(£2p), whence the conclusion. OJ
We define @ = Qoft, t~ !, x]. Tensoring £y with Z[t, t~1, x] gives the fibre
square

Q IS Al x]
ym Ly (©)

ZIt T x] = Tt t! x].
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As f and v are both surjective then £ is a Milnor square.

3 Almost surjectivity fork > 3

In general, for any commutative ring A, G L (A) is a semidirect product

GLr(A) = SLr(A) x A* 3.1

where A* is imbedded in G Ly (A) via the diagonal matrices

and SLg(A) = {X € GLi(A) | det(X) = 1}. A ring homomorphism ¢ : B —
A induces homomorphisms v, : GLy(BB) — GLk(A) for each k > 2. We shall say
that v is almost surjective for k when SLi(A) C Im(¢, : GLx(B) — GLi(A)).

Let €(i, j) € Mi(A) denote the basic matrix €(i, j)rs = & ,8;. We denote
by E(A) (cf. (Suslin 1977)) the subgroup of G Li(A) generated by the elementary
transvections E(i, j;A) = Ir + Xe(i, j) wherei # j and & € A. Evidently we
have

Ex(A) C SLi(A). (3.2)

A theorem Suslin (1977) shows that:

For any field F, Ex(F[t,t™!,x]) = SLi(F[t,t~' x]) whenk > 3. (3.3)
If v : B — A isasurjective ring homomorphism then the induced homomorphism

Y Ex(B) — Ex(A) issurjective for all k > 2. As v : A[t, t! x] —> Fplt, t~ 1 x]
is surjective and IF, is a field then, by (3.3):

v: Er(Alt, t !, x]) — SLy(Fplt, t !, x]) is surjective for k > 3. 3.4)

It now follows from (3.1) that:

v A[t, t_l, x] — Fplt, t_l, x]is almost surjective for each k > 3. 3.5
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Leta € SLy(IFp[t, t~!,x]) and consider the L-locally free module £(«) of rank
k obtained by glueing by «:

L(a) 5 ALt x)®

7 bv (3.6)

Zit 1 xIO  Fi t! x) 0.,

By (3.5) @ € Im(vy : GLk(A[t, t™',x]) — GLi(Fp[t, t~', x])) when k > 3.1t
now follows from Milnor’s classification (Milnor 1971) that:

Ifo € SLy(F,[t, t ™', x]) then L(a) = Q® for k > 3. 3.7

4 Almost surjectivity for k = 2

Now consider the case k = 2;if o € SLy(F)[t, t~1, x]) and1d € GL(Fplt, t~1 x])
then a ®Id € SL3(IFp[t, t71.x]) and L) ® Q@ = L(a @ Id); hence by (3.7):

L@ Q = QY ifaeSLyF,tt' x]) 4.1)

We improve on (4.1) as follows:
Theorem4.2 [fa € SLy(Fplt, t=!,x]) then L(a) = Q®).

Proof L(a) is a projective module of rank 2 over @ = Qo[t,t~!, x]. By (2.8)
rk(L(a)) > Kdim(£2p). Moreover, by (4.1), [L(a)] = 0 € I?O(SZ). It now follows
from a theorem of Swan ((Swan 1978), Theorem 1.1) that £(«) is induced from ¢;
that is, there exists a projective module Q over ¢ such that L(«) = i,.(Q) where
i1 Qo — Qis the canonical inclusion. Let € : 2 — Q¢ be the ring homomorphism
uniquely specified by the assignmentse(7;) = lande(x;) = 0.Theneoi = Idg,.
In particular, €,(2) = Qp and €,(L(«)) = Q. Thus applying €, to (4.1) we see that

0@ = of.

12

It follows from (2.7) that @ = Q” and hence L(a) = i,(QY) = Q@. O
We arrive at the following:
Theorem4.3 v : Alt, t !, x| — Fplt, t !, x] is almost surjective for k = 2.

Proof Let a € SLy(F,lt, t~! x]). We claim that @ € Im(v,). Thus let £(«) be the
L-locally free 2-module obtained by glueing via «
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L) — At~ x)@
{ lv
Zit xS it X,

By (4.2), L() = Q. However, Q) is the £-locally free module of rank 2 obtained
by glueing via I € GL(IFp|[t, t~!, x]) thus:

Q® — At t71 x]®

L(L) = J Jv

Zit 1 x1@ s it X,

By Milnor’s classification (Milnor 1971) there exist § € GL(Z[t, t~! x]) and
y € GLy(A[t, t7!,x]) such that @ = 8,(B)- L vi(y) = 8:(B) - v&(y). However,
if j : Z — A is the canonical inclusion then the following diagram commutes

and induces a commutative diagram of group homomorphisms

Js
GL,(7t,t~ x]) ~ GLy(At,t~.x])

N

GLy(Fplt, t!,

In particular, £, (8) = v«(j«(B8)),s0 ¢ = v (jx(B)-y) € Im(v,) as claimed. [
Taking (3.5) and (4.3) together we see that:

v At, t_l,x] — IFplt, t_l, x] is almost surjective for all &k > 2. “4.4)
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5 The quasi-triangular ring 7 4(A[t, t~1,x1,p)

We denote by 7, (A, p) the subring of M, (A) consisting of quasi-triangular matri-
ces

Tq(A»P) = {X = (xrx)lfr,sfq € Mq(A) |xrs € (P) if r > S}-

We identify A/p with IF,. There is then a Milnor fibre square

Ty (A, p) - - My (A)

(%0) b v

Tq(]Fp) - - M, (]Fp)-

where
Ty(A/p) = {X = (rs)1<r.s<qg € My(A/P) | xp5 =0 if r > 5}.

Tensoring (To) with Z[t, t !, x] gives another fibre square

T, (Alt, £, x], p) = - My (At t=1,x])
(¢9) s v
T, (F,[t,t=! x]) - - M, (F,[t.t=! x]).

From (%) we then have a commutative diagram of surjective ring homomorphisms

Z4(A.p)
h
(5.1) oy T,(A/p) = T,(F))
T
F

@ Springer



Beitr Algebra Geom

where 7 is the canonical ring homomorphism to Fgf’) = F, x--- xF, withkernel
N —

q
the two-sided ideal of strictly upper triangular matrices. On taking mixed polynomials
we have a corresponding commutative diagram of surjections

Tq(Alt t71,x], p)

s

or = 1 To(Fplt, t~1, x]) (5.2)
T
F,[t,t71, x]@

1, (Alt, t~1], p) contains the diagonal subring A[t, t~ 119 which maps surjectively
onto F,[t, t~ 119 under ¢,.. We proceed to describe G Ly (Fplt, t~!, x])) in detail.
Whenk =1, GL1(Fp[t,t7!,x]) = Fplt,t~!, x]*. We identify F,[t, t~!] with the
group ring IFP[C%)] so that [F[t, t1 x] = R[ng)] where R is the polynomial

ring IF,[x]. Hence F,l[t, t~Lx]* = R[Cé’é’)]*. Fora = (aj,...,ay) € Z"
we denote by t* the group element t* = ' ...1,". The group Cég’ ) satisfies

Higman’s ‘two unique products’ condition (Higman 1940). As R = TF,[x] is an

integral domain then, by Higman’s theorem, F p[x][Cég' )], and hence F olt, t=!, x],
has only trivial units; that is:

Folt,t 7L x]* = {u-t* |uecF, acZ") (5.3)

We now suppose that k > 2. If @ € GLi(F,lt, t~—!1, x]) then we may write
a = w- E wherew € F[t, t~l x]*and E € SLy(F,lt, =1 x]). Taking the above
description of the unit group [F),[t, t~!, x]* and writingw = u-t* whenk > 2 we
have:

GLy(Fplt,t 7L x]) = (u-t* E|ucF, acZ" EeSL(F,t t' x])
(5.4)

Now consider G Ly (Fp[t, t~!, x]))
= GLi(Fplt,t7',x]) x ...--- x GLi(F,[t,t ', x]). When k = 1 we have

q
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(Fplt, ™1, x]D)* = {(ug -t ... uy-t%) |u; € F, a; € Z™}. We write this
expression in the form

-6, .. ug %) = u-T(y, ...aq) (5.5)
where u = (up,...,u;) € (F)* and T(ay,...aq) = (t,..., th) €

(Fplt, t=1]@)*,
Likewise, when k > 2 an element o € G L (F,[t, t~1]@) takes the form

o = (up-t"-Ey, .o uy -t Ey)

where u; € IF;‘,, a, €Z", E; € SLi(F,([t, t~!, x])}. We write this expression
as

o« = (u -t -Ey, ... u,-tN-E) =u-T@,...,a,)-E (5.6)

where E = (Ei, ..., Ey) € SLi(Fplt, t~1, x])). It follows from (4.4) that we
have inclusions for each k > 2:

SL(F,lt, t 7', x1) < Im(5: GLk(A[t, t™", x]V) — GLi(F,[t, t!, x]9))
(5.7)

Moreover GLi(A[t, t!,x1)) € GLi(7,(Alt, t=',x], p)). We obtain the fol-
lowing which is essential in the unit lifting arguments of §7:

0T, (Alt, t_l, x],p) = Fplt, t_l,x](") is almost surjective for all k£ > 2 (5.8)
In the rest of this section we establish the SFC property for the relevant corner
rings in the Milnor square decomposition of 7, (A[t, t=!,x],p). As A is a Dedekind
domain, it follows from Swan’s addendum to the solution of the Serre Conjecture
(Swan 1978, Theorem 1.1; see also Lam 2006, p. 189) that:
Alt, t_l, x] has property SFC. (5.9)
and likewise

F,[t, t!, x] has property SFC. (5.10)

If the rings Ry, ... R, all have property SFC it follows easily that the product ring
Ry x -+ x Ry also has property SFC. It now follows from (5.10) that:

Fplt, t™!, x] has property SFC. (5.11)

If I is a nilpotent two sided ideal in R and R/I has property SF C it is a straight-
forward consequence of Nakayama’s Lemma (Magurn 2002) that R also has property
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SFC. As the kernel of the canonical homomorphism v : 7, (F,[t, t !, x]) —
Fp[t, t~1, x]9) is nilpotent it follows from (5.11) and Nakayama’s Lemma that:
T,(F,[t, ™', x]) text has property SFC. (5.12)
If R has property SFC then by Morita’s Theorem(Magurn 2002) the matrix ring
M, (R) also has property SF C. It now follows from (5.9) that:

M, (Alt, t_l, x]) has property SFC. (5.13)

6 Stably free modules over 7, (A[t, t~1, x], p)

For any ring R and any integers k > 1, g > 2 there is a ring isomorphism, ‘block
decomposition’, m

o~

: Mig(R) — Mi(My(R))

defined as follows; if X = (x,5)1<r,5<dqg € Mikq(R) and 1 <1i, j < k then

X = (X(i. )i<ijk
where X (i, j) € My(R) is given by X(i, j)rs = Xq(i—1)+r, g(j—1)+s - We denote
the inverse isomorphism by @ My(My(R)) — My, (R) . Then p and ~ induce
mutually inverse isomorphisms
GLy(My(R)) 5 GL1,(R) = GLi(My(R)).
We now specialize to the case where R = [ [t, t’l,x].Ifa € GL(My(Fplt, t !
x])) then we may write

where E € SLi, (F)lt, t_l,x]) and A € GLy,(Fplt, t_l,x]) is given by

det(u(a)) r=s=1

1 r=s#1°
0 r#s
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Noting that G Ly (7, (F ,[t, t !, x]1)) C GLi(M,(F,[t, t=!, x])) we see that

A € GL(T,(F,lt, ™! x])) (6.2)

Moreover, as E € SLy,(Fp[t, t~! x]) then by (4.4) we may write E = v()
where £ € GLy4(Alt, t~!, x]) and so

E = v©® 6.3)

where € € GLi (M, (A[t, t=1 x]) . Applying ~ to (6.1) we have shown:

Ifa e GLy(My(Fplt,t™!,x])) thena = A-E
where A € GLi(Z,(F,lt, t™!, x]))
and E € Im[v : GLi (M, (A[t, t ', x])) — GLy(My(F,[t, t™", x]))]
(6.4)
Theorem 6.5 7, (A[t,t~!,x],p) has property SFC.

Proof Let S be a stably free module of rank k over ’Z:](A[t, t~! x], p). We claim
that S = 7,(Alt, t=, x], p)®. By (5.12) and (5.13), both 7, (F,[t, t !, x]) and
M, (Alt, t~!, x]) have property SFC. It follows that S is locally free with respect to

To(Alt, t7, %], p) e M (A[t,t7, x])
i v (66)

ToFplt 67 x]) G M (B[t 67 x]).

Hence § = L(a) for some o € GLi(M,(F,lt, t=1). By (6.4) there exist

(i) A € GL{(T,(F,[t. t~1,x])),
(i) E € Im(v : GL(My(Alt, t71, x])) > GL(My(F,[t, t~1,x])))

such that @« = A - E. As v is surjective then (6.6) satisfies Milnor’s patching
condition. By Milnor’s isomorphism criterion ((Milnor 1971) we see that L() =
L(Idk). Hence, as claimed, S = L£(Idx) = T,(A[t, t=!, x], p)®. O

7 An induction theorem for locally free modules

We now consider the metacyclic group G(p,q) = C, x C; where p is an odd
prime, ¢ is a positive integral divisor of p — 1 and C; acts via the canonical imbedding
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C, — Aut(Cp). We observe that Z[G(p, g)] occurs in a Milnor fibre square of the
following form (see, for example. p.187 of (Johnson (2021))):

ZIG(p, q)] > 14(A.p)
(7.1) f g
ZIC,] - F,[C,l.

Put A = Z[G(p.q)]. AsC,; C ]F’;,, the polynomial y? — 1 factorizes into linear

factors over IF, so that F,[Cy] = ]Fﬁ,q) and we may rewrite (7.1) as

A > 1,(A, p)
(So) h h
ZIC,] - FY.

As in (1.1), Sp-locally free modules of rank k are classified by

GLi(80) = GLL(ZIC,D\GLy(F\)/GL(T; (A, p)).

Tensoring (Sg) with Z[t, t~!, x] gives the following fibre square which again
satisfies Milnor’s patching condition.

Alt, t7 1 x] - T (Alt,t"'x], p)
(S) h h
ZIt, 1 x1[C,] - Tyt t~!, x]@

Likewise, G-locally free modules of rank k are classified by

GL(S[t, t=1,x]) = GLy(Z[t, t—l,x][cq])\GLk(IF;‘”[t, t~! x])/
GL(Ty(A[t, t=1, x], p))

Let ¢ : A — A[t, t’l,x] denote the canonical inclusion; then ¢ has a canonical

left inverse € : A[t,t™!,x] = A defined by €(t;) = 1 and e(x;) = 0. Moreover
induces a mapping of squares ¢ : Sy — G&:
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A - At t7 1 x]
T, (A, p) - T, (A[t, t7'x], p)
ZIC,] { -~ ZIt 7 x][Cy]

F& - Flt, t!, x]@

and hence a mapping t, : GLx(S9) — GL(S). Recall that, in the notation of
§5’

Fplt,t™ ', x]* = {u-t* |ucF%, acZ") (7.2)
(p -t .. u, - t%) = u-T(ay,...a9) (7.3)
where u = (ui,...,uy) € (Fg,q))* and T(ay,...aq) = (t%, ..., th) €

(Fplt, t_l](Q))*. The expression T(ay,...aq) can be equally be regarded as an
element of 7, (A[t, t~!], p)*. Consequently the canonical map ¢ : (]Fl(,,q))* —
GL(F,lt, t_l,x](‘f))/GL1(T,1(A[t, t~'],p)) is surjective. It follows immediately
that:

t:GL1(69) — GL{(G) is surjective. (7.4)

Likewise, when k > 2 an element @ € G L (IF|[t, t~!, x]@) takes the form

@ = (u -t Ep, ... uy-t-E) =u-T@,...,a)-E (15

where E = (Ei,...,E;) € SLi(Fplt,t='19) so when k > 2 it fol-
lows from (5.8) that any element T(aj,...,a,) - E € GLi(TF,[t, t~1, x]@)
lifts to GLk(7,4(Alt, t’l],p)). Hence the canonical map ¢ : (Féq))* —
GLy(Fplt, 71, x]9) /G Lk (T, (A[t, t™"], p)) is surjective for all k > 2, from which,
in conjunction with (7.4), it follows that:

t:GL(S9) — GLk(S) is surjective for all k > 1 (7.6)

Hence we obtain:
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Theorem 7.7 Let P be a locally free module with respect to S; then there is a module
Po, locally free with respect to &y, such that P = 1,(Pp).

8 Stably free cancellation for G(p, q) x cm

An easy calculation from (7.1) shows that R[G(p, ¢)] = R[C,;] x M;(A ®z R).
Moreover,

RxRxCx---xC qeven;
———

(a=2)/2
R[C,1 = (8.1)
RxCx---xC q odd.
————

(g=1/2

Recalling thatd = (p — 1)/q then

My;([R) x --- x My;(R) if g is even;

d
M,(A®zR) = (8.2)
My(C) x -+ x My(C) if g is odd.

a2

In any case, R[G(p, ¢)] has no quaternionic factor so that:

Z[G(p, q)] satisfies the Eichler condition. (8.3)

In consequence of (8.3) and the theorem of Swan-Jacobinski (Swan 1970) we see
that:

ZIG(p, q)] has the SFC property. (8.4)

‘We note also that:

Z|[t, t_l, x][C,] has property SFC. (8.5)

Inthe case n = 0, (8.5) follows from the main theorem of (Johnson 2014). However

the argument given there continues to hold, with the same justification, on replacing

7t t 1 by Z[t, t~!, x] as the theorem of Swan in (Swan 1978) applies equally in
either case.
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Theorem 8.6 A[t,t!, x] has property SFC.

Proof Let S be a stably free module of rank k over A[t, t !, x]. We claim that § =
Aft, t=1, x]® It follows from (1.2), (6.5) and (8.5) that S is locally free with respect
to &. By (7.7), there exists a module Sy, locally free with respect to Sy, such that
S = 1,(Sp). Let € : At,t™!,x] — A be the canonical left inverse to . As S is
stably free, then Sg = €,(S) is also stably free. By (8.4) Sp = A® and hence
S (AP = Attt x]®. O

Noting that A[t, t ™', x] = R[G(p, q¢)] where R = Z[t, t~!, x] we see that (8.6)
proves Theorem I of the Introduction. In the special case where the purely polynomial
variables x; are absent we have:

ZIG(p,q) x CIM] = A[t, t7] (8.7)
As a consequence we obtain the following which is Corollary II of the Introduction:

Corollary 8.8 Z[G(p, q) x C™] has property SFC.

In conclusion we point out that when g = 2 the proof of (8.8) is somewhat simpler
than the general case. Then G (p, 2) is simply the dihedral group

Dy = (x, y|xP = y* = 1,yxy™! = x71)

and A = Z[¢p + g“p_]] is the real subring of the cyclotomic integers Z[{)]. In this
case we are aided by the well known fact (Birch 1967; Hasse 1962) that the induced
map on unit groups v : Z[¢, + Cp_l]* — IF; is surjective. In consequence, when
q = 2, the homomorphism v : GLy(A[t, tfl]) — GLi(F,lt, t’l]) is surjective for
k > 1 which is a stronger statement than (4.4).

Data Availability Not applicable.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

Artamonov, V.A.: Projective nonfree modules over group rings of solvable groups. Mat. Sborn 116, 232-244
(1981). (in Russian)
Bass, H.: Projective modules over free groups are free. J. Algebra 1, 367-373 (1964)

@ Springer


http://creativecommons.org/licenses/by/4.0/

Beitr Algebra Geom

Berridge, P.H., Dunwoody, M.: Non-free projective modules for torsion free groups. J. Lond. Math. Soc.
2(19), 433-436 (1979)

Birch, B.J.: Cyclotomic fields and Kummer extensions : ‘Algebraic Number Theory’ (J.W.S. Cassells and
A. Frohlich eds), Academic Press, New York (1967)

Eichler, M.: Uber die Idealklassenzahl hyperkomplexer Zahlen. Math. Zeit. 43, 481-494 (1938)

Eisenbud, D.: Commutative algebra with a view towards Algebraic Geometry: Springer Graduate texts in
Mathematics, vol 150. (2004)

Evans, J.D.P.: Stably free modules over Z[(Cp) x C3] are free. Mathematika 63, 451-461 (2017)

Evans, J.D.P.: Corrigendum: Stably free modules over Z[(C p) X C 7] are free. Mathematika 64, 497-501
(2018)

Hasse, H.: Number Theory. Springer, New York (1962)

Higman, D.G.: The units of group rings. Proc. Lond. Math. Soc. 2(46), 231-248 (1940)

Jacobinski, H.: Genera and decompositions of lattices over orders. Acta Math. 121, 1-29 (1968)

Johnson, FE.A.: Minimal 2-complexes and the D(2)-problem. Proc. AMS 132, 579-586 (2003)

Johnson, F.E.A.: Stable modules and the D(2)-problem. LMS Lecture Notes In Mathematics, vol. 301. CUP
(2003)

Johnson, FE.A.: Syzygies and Homotopy Theory. Springer, New York (2011)

Johnson, FE.A.: Stably free cancellation for abelian group rings. Arch. Math. 102, 7-10 (2014)

Johnson, F.E.A.: Metacyclic Groups and the D(2) Problem. World Scientific, Singapore (2021)

Kamali, P.: Stably free modules over infinite group algebras. Ph.D Thesis, University College London
(2010)

Lam, T.Y.: Serre’s Problem on Projective Modules. Springer, New York (2006)

Magurn, B.: An Algebraic Introduction to K-theory. Cambridge University Press, Cambridge (2002)

Milnor, J.: Introduction to Algebraic K-Theory: Ann. of Math. Studies, vol. 72, Princeton University Press,
Princeton (1971)

Nicholson, J.K.: A cancellation theorem for modules over integral group rings. Math. Proc. Camb. Philos.
Soc. 171, 317-327 (2021)

O’ Shea, S.: Stably free modules over virtually free groups. PhD Thesis, University College London (2012)

Suslin, A.A.: On the structure of special linear groups over polynomial rings. Math. USSR Izvestija 11,
221-238 (1977)

Swan, R.G.: K-Theory of finite groups and orders. (notes by E.G. Evans). Lecture Notes in Mathematics
149. Springer, New York (1970)

Swan, R.G.: Projective modules over Laurent polynomial rings. Trans. Am. Math. Soc. 237, 111-120 (1978)

Swan, R.G.: Projective modules over binary polyhedral groups. Journal fiir die Reine und Angewandte
Mathematik 342, 66-172 (1983)

Wall, C.T.C.: Finiteness conditions for CW Complexes. Ann. Math. 81, 56-69 (1965)

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	A cancellation theorem for metacyclic group rings
	Abstract
	1 Locally free modules
	2 The rings Ω0 and Ω
	3 Almost surjectivity for k 3
	4 Almost surjectivity for k = 2 
	5  The quasi-triangular ring calTq(A[t, t-1, x], mathfrakp)
	6 Stably free modules over calTq(A[t,t-1, x], mathfrakp)
	7 An induction theorem for locally free modules
	8 Stably free cancellation for G(p,q) timesCinfty(m)
	References


