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1. Introduction

Let Ry = [0,00), R4+ = (0,00) and F : ]R%F - ]R%F be a continuous function. Consider
the following planar difference equation:

Xp € Rz ,
Xpp1 = F(x,) = F"l(x¢), neN:=1{0,1,2,...}. (1)

In this article we are interested in a special invariant curve of (1) known as the carrying
simplex. Hirsch’s definition [9] of a carrying simplex, when applied to the above system, is
as follows.

Definition 1.1: We call £ C R% — {0} a carrying simplex if

(CS1) X is compact and invariant.

(CS2) Foranyx e Ri_ — {0} there exists y € X such thatlim,_, | F*(x) — F"(y)| = 0.
(asymptotic completeness)

(CS3) X isunordered. (i.e. for (x1,y1), (x2,¥2) € Z,ifx; < x5, then y» < y;,andify; <
¥, then x < x1)

When it exists, the carrying simplex X is thus a compact and invariant manifold for (1)
that attracts R% — {0} and that has the special property that X is the graph of a decreasing
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and continuous function. To date, and to the best of the authors” knowledge, planar carry-
ing simplices for discrete dynamics have been studied exclusively in the context of retrotone
systems (e.g. [9,11,17,18]).

This paper explores the pros and cons of working in alternative coordinates where
compactness of the carrying simplex is lost.

Definition 1.2: Amap F = (F}, F,) : R%r — R%r is retrotone (e.g. [9,18]) in a subset D C
RZ if for x,y € D such that Fi(x) > Fi(y) and F,(x) > Fx(y) but F(x) # F(y) we have
x1 > y; provided y; > 0 and x; > y, provided y, > 0.

A retrotone map is sometimes also called a competitive map (see, for example, [19]).
In the planar case a map satisfying Definition 1.2 has the special property that it maps the
graph of a decreasing function on D to the graph of a new decreasing function on D [2,5].

The Leslie-Gower map from ecology [15] that we study in Section 3.1 is retrotone for
all biologically realistic parameter values, and it is well-known that it has a unique carrying
simplex [13]. On the other hand, the Ricker map is not retrotone everywhere in ]R%|r (see for
example [9,11,18]), and so existence of a carrying simplex in the standard coordinates of
population densities, by means of retronicity, is only known for a limited set of parameter
values.

Here we will extend the notion of the carrying simplex applied to planar systems to allow
it to be non-compact, and we will call a set £ C R? a non-compact carrying simplex if it
satisfies (CS1) without compactness and (CS3), but (CS2) is replaced by the lesser require-
ment that T globally attracts R2. The issue of asymptotic completeness will be addressed
elsewhere.

In working with non-compact carrying simplices we may work in alternative coordi-
nate systems for which the systems (1) that we consider here have at most one (finite)
fixed point, but in so doing we lose compactness of the global attractor and asymptotic
completeness. We have found that by using logarithmically transformed coordinates, we
are sometimes able to obtain stronger geometrical properties for the non-compact car-
rying simplex, namely that it is the graph of a concave decreasing function. While the
corresponding compact carrying simplices are also known to be graphs of decreasing func-
tions, whether or not those functions are convex or concave is not generally known (for
results on convexity of carrying simplices see [1,3,4,21]). Here, we will also discuss the
convexity of the boundary of the basin of repulsion of infinity in the logarithmically scaled
Leslie-Gower and Ricker models. When all the parameters are positive, then the maps in
the logarithmically scaled versions of both models are concave (i.e. each component of the
map is a concave function [14]). We take advantage of this fact to prove that the basin
of repulsion of infinity is an invariant convex set. We establish a relationship between the
convexity and the strict decreasingness of the members of a sequence of sets that converges
to the boundary of the basin of repulsion of infinity. Then, it becomes straightforward to
show that this boundary satisfies (CS3).

2. Preliminary results

In this section, we prove three lemmas that play pivotal roles. The first lemma will enable us
to prove that the boundary of each of the sets we are discussing is the graph of a continuous



JOURNAL OF DIFFERENCE EQUATIONS AND APPLICATIONS e 1673

strictly decreasing function. The second lemma shows that for given a set in a certain class
of subsets of R? whose members have boundary that is the graph of a continuous strictly
decreasing function, that set must be convex.

Lemma2.1: LetX C R*anda,b € R begiven. Suppose there exist two continuous functions
A:(—00,a) > RandB: (—00,b) = R such that

{xl (x, C) S X} — {(_OO’A(C)], (S (_OO, a) (2)
g, otherwise
—00,B(d)], d —00, b

{)’l(d,y)ex}z{( 00,B(d)], de( 0 ) o
g, otherwise.

Then X C (—00,b) x (—00,a), both A and B are strictly decreasing functions, and

aX = {(A(C))C) | (S (—OO, a)} (4)
= {(d,B(d)) |d € (=00, b)}. (5)

In other words, the boundary of X is the graph of a strictly decreasing function and X is the
set of all points on or under the graph of that function.

Proof: 1t is clear that we have

{(A(0),0) [ c € (=00,a)} C 0X
{(d,B(d)) | d € (=00, )} C 0X.

To prove (4), we observe that for each (x,y) € 0X there exist {(x4,yn)}5c; € X and
{(Xsy))ey € (—00,b) x (—00,a) — X such that

. s AN
lim G yn) = lim (x,,7,) = (x,9)-

For each n € N we have x,, < A(y,) and x], > A(y},). It follows that since A is continuous
we have

_ . . _ _ . / . /o
=0 S g AU = A0 = i A0 < Jig =

Hence, x = A(y) and (x, y) € {(A(¢c),¢) | ¢ € (—00,a)}. This proves (4). Proving (5) is sim-
ilar. It is clear that (4) and (5) imply that A and B are inverse of each other and they are
both bijective. Hence, by using the fact that they are continuous functions, we deduce that
A and B are strictly decreasing functions (These functions cannot be strictly increasing
since X C (—00, b) x (—00, a) and the boundary of X is equal to each of the graphs of A
and B). |

Before stating Lemma 2.2, we have to define the relation ‘<’ between some members
of R?. Let (x1, 1), (x2,2) € R2, we write (x1, 1) K (x2,y2) ifx1 <x2and y; < y2.
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Lemma 2.2: Let X C (—00,b) x (—00,a) be the set of points on or under the graph of
the continuous strictly decreasing function B : (—oo, b) — (—00, a). Assume that for every
X,y € Xand 0 < 1 < 1 there exists at least one z € X such that

X+ (1-y<Kz (6)
Then X is convex.
Proof: Assume that X is not convex. Then there exist x,y € X and 0 < 4 < 1 such that
Ax+(1— Ay ¢ X.

Assume that z is as stated in the theorem. Since z; > Ax; + (1 — A)y; and B is strictly
decreasing, we have

B(z1) < B(x1 + (1 = A)y1)
and since Ax + (1 — A)y ¢ X and z € X, we have

z3 < B(z1)

B(ix1 + (1 = y1) < ixz + (1 — D)ys.
Hence,
zy < Axp+ (1= Dys.

which contradicts (6). [ |

Lemma 2.3: Let xo € R be given and suppose that p: R x R > R, g: R x R = R and
K : (—00,x0) — R are continuous functions and p satisfies

im sup{p(xy) |y € R} = —oo. (7)
Suppose also that there exists G : (—00,y*) — R defined by
G(e) = supp ({(x, g(x, 0)) | x € (=00, K(0)]}) -
Then G is continuous and
Q¢ :=p ({(x,q(x,0)) |x € (=00, K(0)]}) = (=00, G(0)], ¢ € (—00,y").

Proof: Fix c € (—00,y"). Since the continuous image of a connected set is connected, we
deduce that Q. is connected. Equation (7) implies that

lim_p(xq(x,0) = —o0,

and hence Q. is unbounded below and there exists L € (—00, K(c)) such that for every
x <L we have p(x,q(x,c)) < G(c) — 1. Therefore, by compactness of Y, := [L, K(c)] we
deduce that

G(c) =supQ ep ({(x,q(x, 0))lxe YC}) C Q.. (8)
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Connectedness of Q. along with the fact that it is unbounded below and G(c) = sup Q; €
Q. proves Q. = (—00, G(¢)].

We now prove continuity of G by contradiction. Suppose that G is not continuous at
some ¢y € (—00,xp). Then there exist a sequence {a,} which converges to ¢y and ¢ > 0
such that for every n € N we have |G(cp) — G(a,)| > €. By (8) we know that G(cp) €
Q,. Hence there exists w,, € Y, such that p(w,, g(w¢,, co)) = G(cp). Similarly, for every
n € N there exists w,, € Y, such that p(w,,,q(ws,,a,)) = G(a,). Since K is continu-
ous, we can find a sequence {v,} which converges to w,, and for every n € N we have
vy € (—00,K(ay)]. By continuity of p and g we have

JLim p(vi, q(vis an)) = p(Wep> q(We,» €0)) = G(co)-
For every n € N we have
POns (Vs an)) < supp ({(x g(x, an)) | x € (=00, K(an)]}) = G(an).
Thus

G(co) < liminf G(ay). )

Inequality (9) along with |G(cp) — G(a,)| > & implies that there exists M > 0 such that
for every n> M we have G(co) + § < G(a,) = p(Wa,> q(Wa,> ay)). From (7), there exists
x1 € Rsuch that for every x < x; and y € R we have p(x, y) < G(cp) + 5. Hence for every
n> M we have x; < w,, < K(a,). This along with the fact that K is continuous, implies
that there exists M" > 0 such that for every n > M’ we have x; < w,, < K(cp) + 1. Thus
{wq,} is bounded and has a convergent subsequence {w,,, }. By the continuity of p and g
we have

& . .
G(eo) + 5 < lim Glam,) = lim p(ia,,q0Wa,,.am,)) = p(big(bico),  (10)
where b = lim;,, oo W, . But it is clear that we also have

p(b,q(b, o)) < supp ({(x,q(x, c0)) | x € (—00,K(co)]}) = Glco)

which contradicts (10). Therefore, G is continuous at c. Since ¢y € (—00, xp) is arbitrary
we see that G is continuous on (—00, xp). |

We will now combine Lemmas 2.1, 2.2 and 2.3 to show that two well-known maps from
theoretical ecology have globally attracting and invariant 1-dimensional manifolds, and
also determine when they are the invariant boundary of an invariant convex set.

3. Applications to ecological models

In this section, we use the above theory to prove the convexity of a unique non-compact
carrying simplex in logarithmically scaled versions of the Leslie-Gower Model and Ricker
models from theoretical ecology.
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3.1. The Leslie-Gower model

The planar Leslie-Gower model [7,15] is defined by the Leslie-Gower map

Fu,v) ru sv (11)
u,v) = , .
l4+utav 14+v+ fu

When r, s <1and a, 8 > 0, then (0,0) is globally asymptotically stable on R? (see [7]).
Hence, the system has no carrying simplex whenr,s <land a, # > Osinceno & C R% —
{0} can satisfy (CS2).

When r, s > 1 the Leslie-Gower map has fixed points

a(s—1) —r+1 ﬁ(r—l)—s—i—l)

(0,0), (r — 1,0),(0,s — 1) and, if positive, ( of —1 , of —1
(12)

A number of authors [1,9,11,12] have shown that for r, s> 1 and a, f > 0, the model (11)
has a unique carrying simplex. In our approach, we use an alternative set of coordinates to
those in (11): We scale (11) as follows

u=¢e, v=¢, (13)
to obtain the following log-scaled version of the model:
f(x,y) = (ln(r) +x—In(1+ € + a¢’),In(s) + y — In(1 + &’ + fe¥)). (14)

The only finite fixed point of the log-scale Leslie-Gower map is

a(s—1)—r+1 pr—1)—s+1
(= (=) (5) "

when the expressions are real.
We wish to study the invariant subsets of f : R> — R2, and to this end we define

Xo := ]Rz,
Xy =fKn_1)s n=123...

and finally
(e.¢]
Xoo 1= ﬂ X, (16)

We recall that for a non-empty set A C RY, the o-limit set of A for a (continuous) map
T:R% - RY is defined to be wr(A) := Moo U 2 T™(A), (e.g. [20]). In this context
Xoo is actually of (R?) for f given by (14), but we do not have compactness of any f"(IR?)
to apply standard results (e.g. [20, Theorem 2.11]) for w-limit sets to conclude that X, is
non-empty and invariant. Instead we prove these facts directly in a series of lemmas below.

The first lemma is needed because standard theorems on non-empty intersections of
decreasing sequences of compact sets cannot be applied here as our sets X, are not compact.
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Lemma 3.1: Whenr, s> 1 we have Xoo # 0.

Proof: Suppose that (y,, and 7, are defined as follows:

ay

]._)Ts
apxy’
r—x—l—ﬁ

1= £x

X—r

(xy =

7/x,y s y + ax/foi}

Since lim(y,y)— (0,0)(Cxy» Mxy) = (%, %) < (1,1), there exists x,y" € Ry such that for
every (0,0) < (x,y) < («,y") we have Cry < 1, fixy < 1. Hence if S = (0,x] x (0,y],
for every (x,y) < (x',y') we have (x(xy,y7xy) € S. It can also be easily verified that
F(xCxys Yiixy) = (%, ). Thus S C F(S) and if we define $* := {(In(x),In(y))|(x, y) € S},
then $* C f(S*). It means that for n =0,1,2,... we have §* C X,,. Therefore we have

0 #8" C Xoo. |
In the following, we rely strongly on the fact that f in (14) is invertible.

Lemma 3.2: For the log Leslie-Gower map (14) the sets Xoo = wf(Rz) and 60X are non-
empty and invariant.

Proof: It is well-known (e.g. [20]) that, for a given A C R2 and a continuous mapf:A—
R?, the omega-limit set w(A) is closed and forward-invariant under f. Therefore, f (Xoo) =
f@r(R?) C 0f(R?) = Xoo.

To prove Xo0 C f(Xo), suppose for the sake of contradiction that there exists x € Xoo
such that x ¢ f(X). For every m =0,1,2,... we have x € Xj+1 = f(Xj») so that for
every m = 0, 1,2, ... there exists sequence {y,(;”)} C Xy, such that lim, 5 o f (y,(f")) =X

It can be easily proven that X; :f(T@) C (—00,In(r)) x (—00,1In(s)). Hence, for every
m=1,2,...wehave {yﬁ,’")} C X C (—00,1In(r)) x (—00,In(s)).

There must be a,b € R such that {y,(qm)} C (a,In(r)) x (b,In(s)), because otherwise
{f (yﬁ,m))} would not be bounded below which is a contradiction to the fact that {f (yﬁ,m))}
is convergent.

Now from the fact that {yfj”)} is bounded, we deduce that it has a limit point y. Since

{yf[”)} C Xmand X, is closed, we have y € X,,,. And from lim,,— o f (yflm)) = x, we deduce
f(y) = x. Now, since f is invertible, y is the only point whose value of f is equal to x. It means
that for every m = 1,2, ... we would have the same y for that x. Therefore, for every m =
1,2,...,wehavey € X, thusy € Xo and x = f(y) € f(Xoo). This proves Xoo C f(Xoo)-
And along with the fact that X, is forward invariant, we have X, = f(X) and X is
invariant.

As f is a diffeomorphism, both f and f~! map the interior of X, into itself. Hence the

interior of X is invariant. As X is also invariant, 0X,, must be invariant. |

Lemma 3.3: Foranyr,s,a,f > 0,x,y € RE x #yand0 < A < 1 we have

fOx4+ (1= D)y) > Afx) + (1 = Df(y). (17)
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Proof: Define ¢ : [0,1] — R as follows

&) =fA0x+ 1= 2y)
If x = (x1,x2) and 'y = (y1, y2), then we have

(xl _yl)Zelxl—l—(l—i)yl + Ol(Xz _y2)261x2+(1—i)y2
h (1 4 M t(=y 4 gernat(-2y2)2

)=

_ a(xl — 9 —x +y2)262x1+(1—1)y1 elxz-ﬁ-(l—l)yz o

(1 + elxl—i-(l—/l)yl + aeix2+(1—/1)y2)2

Hence ¢ is strictly concave. Similarly & : [0,1] — R defined by &(4) := o(Ax+ (1 —
A)y) is also strictly concave. The inequality (17) is now a direct result of the strict concavity
of &) and & and the following facts:

51(0) :ﬁ(Y)> é:l(l) :ﬁ(X), i=12

Lemma 3.4: (a) Let X C R? be the set of all points on or under the graph of a continuous
strictly decreasing function B : (—00,b) — R. Then for the log-scaled Leslie-Gower map f =
(fi.f2) in (14) we have

{x] (x,¢) Ef(X)} — {fl ({(x,g(x) + ]’l(C)) |x € (—OO,K(c))}) , CE€ (_?O>y*)
g, otherwise
where y* = sup{fa(x,) | (x,) € f(X)}, and

g(x) = In(1 + pe*)
h(c) =c—1In(s — &)
K(¢) = H (¢ — In(s — ¢))

and H is the invertible continuous function defined by
H(x) = B(x) — In(1 + B¢&%).

(b) We have

—00,In ;C , ¢ € (—o00,In(s))
Xl (o) e fRY) = ( (1+_—ﬁ))

g, otherwise

where h and g are as defined in part (a).
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Proof: (a) For ¢ € (—o0, y*) we have

xl (0 efX)) =fXN{xy eR*|f(xy) =c})

AXN{ty e R?*|y=c—In(s —e) + In(1 + Be)})
fi({Goy) € B2y = ¢ = In(s — &) + In(1 + fe).y < B()})
fi ({(x1In(1 + Be*) + c —In(s — &)) | ¢

— In(s — €°) + In(1 + Be*) < B(x)})

— fi ({(x.g0) +h(©) [e = In(s — &) < B(x) — In(1 + fe")})
— fi ({(x.g() +h(©) e~ In(s — &) < HE))).

Since B is strictly decreasing, H is strictly decreasing and invertible. Hence,

{x1 (o) e fXD} = fi ({(x8(x) + h(0)) | x € (=00, H ! (c = In(s — €)))}).

(b) For ¢ € (—o0,In(s)) we have

x| (xo) e fR)} =fi ({(y) e R? | fo(x,y) = c})

fi ({(x,y) e R? |y =c—In(s —¢°) + In(1 + ﬂe")})

fi ({(%In(1 + B€*) + c —In(s — &)) |x € R})

fi ({(x,g(x) + h(c)) |x e R}) ,

{fi (x,g(x) +h(0)) |x e R},

{In(r) + x — In(1 + " + aeg(x)Jrh(C)) | x € R},

{In(r) + x — In(1 4 & + aeP(HFe)+eInG=e)y o e Ry,

C C
:[ln(r)+x—ln(l+ e +ex(1+eaﬂ))|xe]R].
s—e s—e

Since ¢ € (—00,1In(s)), s — € is positive. Hence, 1 + S"f; >0and 1+ % > 0 which
“e+ 1+ 24

s s—e

implies that the derivative of the function w(x) = In(r) + x — In(1 +
is always positive. Thus

{ln(r) +x—In (1 + 2 e (1 Lo )) |x e R} = (—oo, lim W(x))
s — ef s —ef x—>+00

00,1 4
=|—-oon{ ———~ 1)
1+ 22

Combining the previous lemmas together we obtain.

Theorem 3.1: Foranyr, s> 1anda,f > 0, for the log-scaled Leslie-Gower map (14), the
set Xoo defined by (16) is convex and invariant. Moreover, dX oo is invariant and attracts R?.
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Proof: 1t is clear that Xj is convex. We use induction to prove that for n = 1,2,..., X, is
convex, from which it follows that their intersection X, is convex. To prove convexity of
X, first we observe that by Lemma 3.4(b) for every ¢ € (—o0,In(s)) we have

{x|(x,0) € X1} = {x| (x,¢) € f(R?)} = (—oo,ln(%aﬁ)} .
1+

s—e¢

Now A(c) := ln(W) and X = X; satisfy the conditions stated for A in Lemma 2.1.

So far, we have proven the existence of A which satisfies the conditions of Lemma 2.1 for
X = X;. But to apply Lemma 1 we also need to prove the existence of the second function
B of that lemma. Indeed it is easy to check that B is given by B(c) = A™1(c) = ln(ﬁ).
Hence by Lemma 2.1, X; is the set of all points on or under the graph of a continuous
strictly decreasing function. It is obvious that for every x,y € X; and 0 < 4 < 1 we have
fUx+ (1= 2)y) € f(R?) = X;. Moreover by Lemma 3.3 we have Af (x) + (1 — 1)f(y) <
f(Ax + (1 — A)y). Therefore, for every x,y € X; and 0 < /4 < 1 there exists z = f(Ax +
(I — A)y) € X; such that Ax + (1 — 1)y < z. Now since X; satisfies the conditions of
Lemma 2.2, we deduce that Xj is convex.

Assume that for n > 1, X, is convex and that it is the set of all points on or under the
graph of a continuous strictly decreasing function B : (—oo, b) — R. By Lemma 3.4(a), for

every ¢ € (—00, y*) we have

{xl (6 0) € Xup1) = {x| (x,0) € f(X)} = fi ({(x.g(x) + h(0)) |x € (=00, K(0))}),

where g, h and K are as defined in Lemma 3.4. The functions p(x, y) := fi(x, ), q(x,y) =
£(x) + h(y) and K satisfy the conditions of Lemma 2.3, so that for every ¢ € (—00, y*) we
have Q. = (—00, G(c)], where G : (—00,y*) — R is continuous. Thus

Xn-H = U Q= U (_OO’ G(C)]

ce(—00,y%) ce(—00,y%)

A: = G and X := X,4 satisfy the conditions stated for A in Lemma 2.1. Owing to the
symmetric structure of the definition of the log-scaled Leslie-Gower map we can prove
the existence of B which satisfies the conditions of Lemma 2.1 for X = Xj,4;. Therefore,
Lemma 2.1 shows that X, is the set of all points on or under the graph of a continuous
strictly decreasing function.

Suppose thatx,y € X, 1. Since the sequence {X,,} is decreasing, we have x,y € Xj,. Now
since X, is convex, for every 0 < A < 1 we have Ax+ (1 — 1)y € X,,, thus f(Ax+ (1 —
A)y) € f(X,) = Xy41. By Lemma 3.3 we have Af(x) + (1 — A)f(y) < f(Ax+ (1 — A)y).
Therefore, for every x,y € X1 and 0 < 4 < 1thereexistsz = f(Ax+ (1 — A)y) € X,+1
such that 1x 4+ (1 — A1)y < z. Since X, satisfies the conditions of Lemma 2.2, we deduce
that X, is convex. We conclude that X, is convex.

0X o is invariant by Lemma 3.2. We know that 6 X is the graph of a concave and strictly
decreasing function A. By invariance, fi(A7'(»),y) = A7Y(H(A71(y),»)), i.e. A7L(y) +
Inr—In(1 +aet” O + &) = A (y+1Ins—In(1 + ¢ + Bed ™ ). As A~ is strictly
decreasing and bounded above, lim,_, o, A™!(y) = x* and invariance yields x* 4+ Inr —
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In(1 + &) = x*, so x* =In(r — 1). A similar argument shows that lim,_, o A(x) =
In(s — 1).

To show that dX, attracts R?, first we show that any finite fixed point of (14) must
belong to 0X. As there can be at most one finite fixed point, if P = (P}, P,) is a finite fixed
point not in 0 X then 6Xo, contains no finite fixed point and dynamics on 6 X, is mono-
tone. On 60X, we may consider the one-dimensional dynamics x,41 = fi (xp, A~ (x,)) or
Ynt1 = fo(A(Yn), yn). Suppose x, - —oo when n — oc:

0> xy11 — Xy, =Inr—In(1+¢&" + aeAil(x")) — Inr—In(1+a(s — 1))
soweneed r — 1 < a(s — 1). On the other hand,
0 < ypt1 —yn =1Ins—In(1 4" + B0y 5 Ins — In(1 + B(r — 1))

so we also need s — 1 > f(r — 1). The pair of conditions r — 1 < a(s—1)ands—1 >
S (r — 1) are incompatible with existence of a finite fixed point (15) of (14). A similar con-
tradiction is obtained when the dynamics is monotone increasing in x,,. Hence we conclude
that whenever a finite fixed point exists for (14) it must belong to 6 Xxo.

Next we recall (e.g. [7]) that all non-trivial dynamics for the unscaled Leslie—Gower map
converge to a fixed point which can be (r — 1,0), (0,s — 1), or (a(sz;g)__lrﬂ, b (T;’%)__ISH)
when it is positive. Hence any orbit of (11) not convergent to the positive fixed point must
converge to (r — 1,0) or (0,s — 1).

Now consider an orbit (x,,y,) of (14) that does not converge to a finite fixed point.
Then by convergence of Leslie-Gower orbits, (¢, &) tends to (r — 1,0) or (0,s — 1) as
n — oo. Suppose (&, e’") tends to (r — 1,0) as n — oo. Then x, — In(r — 1), y, —
—00 as n —> 0o. On the other hand, A~!(y,) — In(r — 1) as n — oo. Thus || (xy, yu) —
A7 W) y)ll = |xn — A7 (yn)| = 0as n — oo. Hence in this case we have (x,, y,) —
0Xoo as 1 — 00. The case (e*, &) tends to (0,s — 1) is similar.

Finally for the case that an orbit (xy, y,) of (14) converges a positive fixed point P, as we
showed in the previous paragraph P € 0X.

Thus we conclude that 60X, is attracting. |

3.2. The Ricker model
The planar Ricker model is defined by the non-invertible map
F(u,v) :== (uer_”_o”’, ves_v_ﬁ”) ., (uv) e Ri (18)

where a, 5,1,5 > 0.
With the coordinates stated in (13), we have the following log-scaled version of the
model:

fy)=(x+r—e —ae,y+s—e — pe). (19)

For the time being we work with the Ricker map in these standard coordinates to see when
we can expect a carrying simplex to be unique when it exists. Log coordinates will be
introduced later. The following points are always fixed points of F:

c1:=(0,0), ¢ :=(r,0), ¢3:=(0,s). (20)
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When af # 1 and ¢4 defined in (21) below is a member of Ri +» then F has exactly four
fixed points and the fourth fixed point is:

_(so—1r 1B—5s
Cy = (aﬂ—l’aﬁ—l). (21)

We will find it more convenient to now use the log-scaled version (19). We define

Yo:=R?%  Xo:= Qs
where Q3 = {(x,y) : x < 0and y < 0} is the third quadrant. We let
Y, :=f(Yn_1), Xy 2=f(Xn_1), n=12,...

and define the sets

o0 o0 o0 o0

Yoo := [ Ya = [ f"®RD), Xoo:=[]Xn=[)F"(Q). (22)

n=0 n=0 n=0 n=>0

Lemma 3.5: Ifs, r <1 then

Yoo = Xeo.

Proof: 1t is obvious that Xoo C Yoo. To prove that we also have Yo, C X, it is sufficient
to prove that for any (x,y) € R, there exists n € N such that f*(x,y) € Q.
If x > 0 then we have

filxy)—x=r—e¢ —ae <r—1<0,
and if y > 0 then
hxy)—y=s—¢ —p <s—1<0.

Therefore, if we define # as follows,

K X y<0
14| = >0,y<0
X >
1—r r=
"l 0, x <0
>0, x <
1—s 4
1+ ma X 2 x y>0
X 5 > >
1—r 1—s %
then f"(x,y) € Qs. |

Lemma 3.6: Whenr, s> 0 we have X # 0.

Proof: x',y’ < 0canbe found such that for every (x1, y1) < (', ) the following equations
have at least one solution with (x, y) < (x1,y1):

x+r—e —ad =x,

y+s—é& —pef =y
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Hence if § = (—00,x] X (—00,y’] then S C f(S). Therefore for n = 0,1,2,... we have
SCcXyand @ # S C Xo. |

Now we will show that X is invariant. Since the log-scaled Ricker map f is not invert-
ible, to show invariance of X, we need a property weaker than invertibility. We use the fact
that the log-scaled Ricker map f is a proper map (i.e. for every compact set X ¢ R2, f~1(X)
is compact). To see this, note that if {x,} is a sequence such that |x,,| = 00, then, accord-
ing to the terms in (19), |f(x,)| = o0. Since f is continuous, we conclude that for every
closed and bounded set X, f -1 (X) is closed and bounded. Therefore, for every compact set
X, f~1(X) is compact and we conclude that the log-scaled Ricker map f is proper.

Lemma 3.7: When 0 <1, s <1 and f is the log-scaled Ricker map, Xoo defined by (22) is
invariant.

Proof: Ifx € f(X) thenx € f(X,,) Cm = X,41 forn € N. Hence x € ﬂzolen and
since Xo = Q3, we havex € (72, Xy = (o Xn = Xoo. This proves f (Xo0) C Xoo-

We prove that f(X,,) = f(X,) for n € N. It is sufficient to show that f(X,) is closed if
X, is closed. Suppose that x* is a limit point of f(X,,). There exists a sequence {y}} C X,
such that lim,— o0 f (y};,) = x*. {y7,} is bounded since, being proper, f maps unbounded
subsets of Xy into unbounded sets whereas {f(y" )} is convergent, and hence bounded.
Boundedness of {y? } C X, and the fact that X,, is closed, imply that {y? } has a limit point
y* € X,,. Continuity of f implies f(y*) = x*. Thus x* € f(X,,), which proves that f(X,,) is
closed and hence f(X,,) = f(Xn).

Now if x € X0, then x € X4 =m = f(X,) for n € N. Hence for n € N there
exists z, € X,, such that f(z,) = x. Since f is proper, f ~! ({x}) is compact. Therefore, since
{z,} C f~1({x}), {2} is bounded and has at least one limit point. Let z* be such a limit
point. z* is also a limit point of f = ({x}), and since f ~! ({x}) is closed, we have z* € f~!(x).
Thus f(z*) = x and since z* is a limit point of {z,}, and for n € N we have z, € X,
where {X},} is a decreasing sequence of closed sets, we conclude that z* € X,. This proves
X C f(Xo)- [ |

Lemma 3.8: Lemma 3.3 also holds for the log-scaled Ricker map f defined in (19).

Proof: We define y1 : [0,1] — Rand y; : [0, 1] — R as follows

) =fx+ 1= A)y)
x2(2) == L0Ux+ (1= d)y).

It is easy to show that both y; and y; are strictly concave (being the sum of linear minus
exponential terms), and the rest of the proof is straightforward. |

Lemma 3.9: (a) Let b € R and X C Q3 be the set of all points on or under the graph of
a continuous strictly decreasing function B : (—oo,b) — R. Let f = (f1,f2) denote the log-
scaled Ricker map. Then we have

fi ({(x, P(c = s+ Be¥)) | x € (=00, K(9)]}), ¢ € (—00,y")
a, otherwise

x| (x0) e fX)} = {
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where y* = sup{f(x,y) | (x,y) € f(X)},
P(x) 1= x — Wo(—¢"),
W is the principal branch of the Lambert W function (see, for example, [16]),
K(c):= G Yc—5)
and G is the continuous invertible function defined by
G(x) := B(x) — f® — pe~.
(b) We have

fi ({(x, P(c — s+ fe¥)) | x € (=00, K(9)]}), ¢ € (—00,y")
@, otherwise

{x](x,0) € f(Q3)} :{

where P is the function defined in part (a) and

y" = sup{fa(x,y)| (x.) € f(Q3)},

K(c) = min [O,In (%)] .

Proof: (a) For ¢ € (—00, y*) we have

x| (o) e fOO}=hA XN{(xy) € Qlfalxy) =c})
=AXN{(xy) e Qly+s—e& —pe*=c})
=fi (Xﬂ{(x,y) e Q3|y—ey=c—s+ﬂe"})
When t <0, t — ¢’ is strictly increasing. Hence, for every | € R, t — e’ = [ has at most one
solution for ¢ < 0. Since {t — ¢’ | t < 0} = (—00, —1], t — e’ = I has a unique solution for

t < 0and! € (—o0, —1] and no solution when t < 0 and /> —1. We claim that t = P(]) is
the unique solution for t — e’ = [when t < 0 and I € (—oo, —1]. To prove that, we have

P() — "D = [ — Wy(—e)) — &= Wol=9), (23)

By the properties of the Lambert W function W, we have WO(—el)eWO(_el) = —el. Hence
_el=Wol=¢) — Wo(—el). This along with (23) implies P(I) — e’ = [ (since t = P(l) must
satisfy t <0, only the principal branch of the Lambert W function can be used to provide
a solution). Now with [ = ¢ — s 4 fe* and t = y we have

AEN{Ey) eQly—¢ =c—s+peY)
=fi (Xﬂ{(x,y)eQ3|y=P(c—5+ﬁex)})
=fi ({(xy) € Qs1y = P(c — s+ Be*),y < B(x)})
=fi ({(x, P(c — s+ Be)) | P(c — s + Be*) < B(x)}).
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Since P(c — s + f€*) < 0, B(x) < 0in the above sets, and since when t <0, t — ¢! is strictly
increasing, we have

P(c—s+ Be*) < B(x) = ¢ — s+ fe* = P(c — s + fe¥) — "5+ < B(x) — B,
Thus

fi ({(x P(c = s+ Be¥)) | P(c — s+ Be*) < B(x)})
=h ({(x,P(c —s+ fe")) |c—s+ fe* < B(x) — eB(")})
=fi ({(x,P(c —s+ ﬁe")) lc—s < B(x) — 8™ — ﬁe"})
=fi ({(x P(c — s+ Be")) |c—s < G(x)}).
(b) For ¢ € (—o0,s — 1) we have
xl(x0) e f(Q)) = ({(x.y) € Q3 1fo(xy) = c})
fii({y) e Qly+s—¢ —pef =c})
A({Gey) e Gly =& =c—s+pe))
fi ({Gny) € Qsly =P(c— s+ Be)})
fi ({(xP(c — s + Be¥)) | x € (—00,0],P(c — s + Be¥) € (—0,01})
=fi ({(x. P(c = s+ Be)) | x € (—=00,0], P(c — s + Be*)
_ gPlemsthen) < _1})

=fi({(xPc—s+pe) 1x <0, c—s+pe < —1})
e .
(

% P(c — s+ B)) | x < min [O’ln (%)H)

Lemma 3.10: For any 0 <r, s<1 and a,f > 0, and f is the log-scaled Ricker map, Xoo
defined in (22) is invariant and convex.

(
Al

Notice that Lemma 3.10 is not a complete analogue of Theorem 3.1 since we are not
claiming that X, is necessarily invariant. We will address this after proving Lemma 3.10.

Lemma 3.10. Convexity of Xo, can be proved with a similar argument to that used for
the scaled Leslie-Gower model. So we explain the argument more briefly. It is obvious that
X) is convex, and by using induction we can prove convexity of X, for n = 1,2,..., and
that implies convexity of Xc.

To prove convexity of X;, by Lemma 3.9(b) for ¢ € (—o0, y*) we have

x| (o) e f(XD)) = {x] (x,0) € f(Q3)} = fi ({(x Plc — s+ Be)) | x € (00, K()]})
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where P, K and y* are defined in that part of the lemma. Now it is easy to verify that
p =fiand q: R? - R defined by q(x, y) = P(y — s + f¢*) and K satisfy the conditions
of Lemma 2.3. By Lemma 2.3 for every ¢ € (—00, y*) we have Q. = (—00, G(c)], where
G : (—00,¥5*) — R is continuous. Thus

xi= |J Q= |J (-Gl

ce(—00,y*) ce(—00,y%)

Now A := G, X := X satisfy the conditions stated for A in Lemma 2.1.

Owing to the symmetric structure of the definition of the log-scaled Ricker map, we
can state similar lemmas to prove that there exists B such that it satisfies the conditions of
Lemma 2.1 for X = X;. Now since, by Lemma 2.1, X is the set of all points on or under the
graph of a continuous strictly decreasing function, we can use Lemma 2.2 and Lemma 3.8
with a similar argument to that used in Theorem 1 to prove that X; is convex.

Assume that for n > 1, X, is convex and it is the set of all points on or under the graph
of a continuous strictly decreasing function B : (—00, b) — R. By Lemma 3.9(a) for every
¢ € (—00, y*) we have

{x](x,¢c) € Xup1} ={x| (x,0) e fXn)} =N ({(x,P(c — s+ /)’ex)) |x e (—oo,K(c))}) .

Then p := f; and g : R? — R defined by q(x, y) := P(y — s + ¢*) satisfy the conditions
of Lemma 2.3 and G defined in that lemma is continuous. So A: = Gand X := X4 satisfy
the conditions stated for A in Lemma 2.1. Again, owing to the symmetric structure of the
definition of the log-scaled Ricker map we can prove the existence of B which satisfies the
conditions of Lemma 2.1 for X = Xj,41. Therefore, by that lemma, X,,1; is the set of all
points on or under the graph of a continuous strictly decreasing function. Now we can use
Lemmas 2.2 and 3.8 and a similar argument to that used in Theorem 3.1 to prove that X4
is convex.

According to Lemma 3.7 X is invariant, and as the intersection of convex sets it is
convex.

As the log-scaled Ricker map f is not invertible we cannot conclude that 6X is also
invariant. In order to prove that 06X, C Xj is invariant, it is sufficient to show that the
restriction f|x, f(x,) is invertible. If the Jacobian of f is non-vanishing throughout X;
then f is locally invertible at any point of X;. But as is well known, locally invertibility does
not always imply global invertibility. Ho [10] proved that a local homeomorphism between
a pathwise connected Hausdorft space and a simply connected Hausdorff space is a global
homeomorphism if and only if that map is proper. We have already established that the
log-scaled Ricker map f is proper (in the paragraph preceding Lemma 3.7). Hence, if we
prove that the Jacobian of f does not vanish anywhere in X for a given range of parameters,
then we can deduce that 6X, C X is invariant for that same range of parameters.

Thus now we consider where the Jacobian vanishes.

Using [6] (which studies the unscaled Ricker map (18)) the Jacobian of the log-scaled
Ricker map f only vanishes on LC_; defined by

LCop={(x,)) € Qs:1—¢" = (1 — (1 —aB)e)}. (24)

Set

1
1= ap—ne+1
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When o > 1, then q(t) > Oifand only ift <0.Ifaf < 1, theng(t) > Oifand onlyift €
(=00,0) U (—In(1 — af), 4+00). In this case, LC_; is the union of two connected curves.
By Lemma 3.5, if r, s < 1, then Xoo = Yoo C Q3. So in this case we only need to consider

LCY, == {(In(q(®)), 1) | t < 0},

and investigate whether or not the Jacobian vanishes at some points on X.
According to [6], Y1 := f(R?) is bounded by the set of points on or under LC; defined
by

LC(I) = {(ln (q(t)) +r—q(t)—ae,t+s—e — ﬁq(t)) |t < 0} . (25)

Since X, C Y7, X is a subset of the set of points on or under LC(I). Hence, if r, s < 1 and
LC! | does not intersect that space, then the Jacobian of f does not vanish anywhere in Xoo
since LC_; N Xy = 0.

Lemma3.11: Ifr,s <1 then LCl_1 does not intersect the set of points on or under LC(I). Hence,
ifr, s <1 then 0X is invariant.

Proof: 1t is sufficient to show that if (x_1,y) € LCL, and (xo,y) € LC}, then x_; > xo.
Since (xp,y) € LC(I), for some t <0 we have (xg,y) = (In(q(t)) +r — q(t) — ae', t +s—
e — Bq(t)). Since x_; = In(q(y)) and y = t + s — &' — Bq(t), we have

x-1 =1In(q(t + s — &' — Bq(t))).

We define R(t) :=x_1 — xo = In(q(t + s — &' — Bq(t))) — (In(q(?)) + r — q(t) — ae).
We have

a(t) (X0 1) = gl 5 — ¢ — pa()e 1O — () 26)

It is easy to show that when h <0, then q(h) > 0. We use this fact multiple times in this
proof. From t < 0 we have f — ¢! < —1. This along with s < 1 and g(¢) > 0 implies  + s —
e — Bq(t) < 0. Thusq(t +s — €' — Bq(t)) > 0. Now since ertalrae > _py q(t) +
ae', we have

q(t +s— ¢ — fa(0)e” I > gt 45— — pa(t)(1 — r +q() + ae).  (27)
Now (26) and (27) imply
q(¥) (eR(t) — 1) >q (t +s—e — ﬂq(t)) (1 —r+q) +ae) —q(t). (28)

For the sake of expressing equations in a simpler way, let T := e’. Wehave 0 < T < 1, ¢q(t) =
q(n(7)) = (aﬁl—_ﬁ and we can rewrite (28) as follows

g (80 = 1) 2 g (In(T) +5 = T = Bq(n(T)) (1 = r + (In(T)) + &T) — g(In(T)).
(29)
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We have
1— eln(T)+s—T—/3q(ln(T))

9 (ln(T) +s-T- ﬁq(ln(T))) = (af — 1)eln(T)+s—T—/3¢1(ln(T)) +1

1-T
1— TeS_T_ﬁ @f-DT+1

= 7 =1
(af — )T T FPapnm 4
aﬁTes_T_ﬁﬁ
@f - DT 4
—1- opT . (30)

(@f — DT+ T

As we mentioned before, In(T) +s — T — Bq(In(T)) =t + s — e — Bq(t) < 0. Hence,
fromaf — 1 > —1, we deduce

(@f — DI TP @I 41 = (af — 1)nDHs=T=alaD) 4 g 5 g
thus
(af — 1T+ e HTH T = T T ((aﬁ l)TeS_T_ﬁﬁ + 1) > 0.
(31)
From T > 0,s <1 and g(t) > 0 we have

-T

(aﬂ—l)T+l+(—S+ T+ﬂm

) =afT+1—s+pq@) >0. (32)
Since ¢" > 1+ hfor h € R, we have

— __1-T 1-T
- DT HTHBGrDTTT > DT+ 14+(=s+T+p——"—"" ).
(afp = 1T +e >(@f—-DT+1+(-s+ +ﬁ(a,[)’—1)T+l

(33)
Now (31), (32) and (33) imply

apT af T

1— > .
(aﬂ_ 1)T+e_S+T+ﬁW aﬁT+1—5+ﬁ(aﬂ 1)T+1

This along with (29) and (30) implies

pT
) (O -1 2(1— - )
1 (6‘ ) aﬂT+1—S+ﬁm

x (1=r+q(n(T)) +aT) — q(In(T))

B (1 _ afT((ef — 1T +1) )
- (@fT+1—5)((af — DT +1)+ L1 —1T)
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1—-T
X (l—r—i—m—FaT)
1-T
(@ —-DT+1
o 0 =9(ep=DT+ 1)+ A —-T)
C (@pT+1=95)((af—1DT+1)+ (1 —T)

1 1—T . 1—T
X( Tt eponry1i T )_(a/)’—l)T—l-l

_ E(T)
T @p-DT+ 1
where
E(T) = (1=9)(@f—-1DT+1)+p1A—-T)

@BT+1—=9)((af—DT+ 1)+ 0 —-T)
x((A=r+al)((afp—DT+1)+1-1)
-(1-17
B 1= =T+ 1) +p0-T1)
@BT+1—=9)((af —DT+ 1)+ L0 —-T)
x((A=r+al)((afp—DT+1)+1-1T)
_@pT+1=9(ef = DT+ 1A =T)+ (1 = T)*
@BT+1—=9)((efp—DT+1D)+ A -=T)
1=9(ap—DT+ DA =r+aT)((af — 1T +1)
4+ -T)(1—-r+aT)((af — DT +1)
@BT+1—=9)((af — DT+ 1)+ (1 —=T)
+ 1T=9{(afp—DT+1D)A=T) = (affT+1—=s)((ef — DT+ 1A —-T)
@BT+1=5)((afp — DT+ 1)+ B(1—T) '

Now by the above inequalities we have

a0 (eR(t) B 1) - 1= —-r+aD)(afp —DT+1D)+A0-T)1—-r+0aT)
- @BT+1—=9)((af —DT+ 1)+ L0 —-T)
Q1=9)A1-T)—(afT+1—-95(1-T)
@BT+1—5)((efp—DT+ 1)+ A —-T)
A=) (1 =r+aT)(@f - DT +1)+ 0 - T)A - 1)
AT+ 1—5)((@f— DT +1)+ (1 —=T)

Froms<1,r<1,aff —1 > —land 0 < T < 1 we can deduce that
QI=90=r+aD)((@fp—-DT+1D)+pA—-T)(1—-71)
@fT+1—5)((afp —DT+1)+ A —-T)

Therefore, q(t)(eR(t) — 1) > 0. Now since q(¢) > 0, we deduce that RO — 1 > 0, which
implies x_; — x9 = R(¢) > 0. This proves x_; > x(. Now since X is a subset of the set of

> 0.
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points on or under LC, 1 LCI_1 does not intersect X, and by the argument we stated before,
we deduce that 0 X, is invariant. |

We may now put together Lemmas 3.10 and 3.11 to obtain the analogue of Theorem 3.1
for the Ricker map:

Theorem 3.2: For any 0 <r, s<1 and a,f > 0 and f is the log-scaled Ricker map, Xoo
defined in (22) is invariant and convex, 0Xoo is invariant and attracts R?.

Proof: All that is left to do is show that 0 X is attracting. It is proven that if r, s < 2, then
every non-trivial orbit converges to one of the non-zero fixed points (see [5]). The possible
non-zero fixed points on the x or y axis are the same as for the Leslie-Gower model with
r—1 replaced by r and s—1 replaced by s. So we may use the same method as used for the
log-scaled Leslie-Gower map to show attraction to 6Xs. |

From this we obtain the following improvement on the known conditions
r+s<l+r(l—ap) <2,

(e.g. [8,9,17,18]) for the existence of a carrying simplex for the Ricker model. These
inequalities fail for some a, f > 0, when r, s <1, namely those a, § that satisfy r, s <1
andaf > (1 —1/r)(1 — 1/s). However, Lemma 3.11 also shows that the unscaled Ricker
map is retrotone on [0, 7] x [0,s] when 7, s < 1 so we obtain

Corollary 3.1: When r, s<1 and a,f >0 the Ricker map (xy)€R: >
(xe" =%, yes™V=F*) has a (compact) carrying simplex.

Proof: In the absence of asymptotic completeness in Theorem 3.2, we apply standard
results on retrotone systems (e.g. [9,11,17,18]). |

Disclosure statement

No potential conflict of interest was reported by the author(s).

References

[1] S. Baigent, Convexity of the carrying simplex for discrete-time planar competitive Kolmogorov
systems, J. Differ. Eq. Appl. 22(5) (2016), pp. 609-620.

[2] S. Baigent, Convexity of the carrying simplex for discrete-time planar competitive Kolmogorov
systems, ]. Differ. Eq. Appl. 22(5) (2016), pp. 1-14.

[3] S. Baigent, Carrying simplices for competitive maps, in Difference Equations, Discrete Dynami-
cal Systems and Applications. ICDEA 2017, S. Elaydi, C. Potzsche, and A. Sasu, eds., Springer
Proceedings in Mathematics and Statistics, Vol. 287. Springer, Cham.

[4] S.Baigent, Convex geometry of the carrying simplex for the May-Leonard map, Discrete Contin.
Dyn. Syst. B 24(4) (2019), pp. 1697-1723.

[5] S. Baigent, Z. Hou, S. Elaydi, E.C. Balreira, and R. Luis, A global picture for the planar Ricker
map: Convergence to fixed points and identification of the stable/unstable manifolds, ]. Differ.
Eq. Appl. 29(5) (2023), pp. 575-591.

[6] E.C. Balreira, S. Elaydi, and R. Luis, Local stability implies global stability for the planar Ricker
competition model, Discrete Contin. Dyn. Syst. Ser. B 19(2) (2014), pp. 323-351.



(7]

[13]

(14]
(15]
(16]
(17]
(18]
(19]
(20]

(21]

JOURNAL OF DIFFERENCE EQUATIONS AND APPLICATIONS . 1691

J.M. Cushing, S. Levarge, N. Chitnis, and S.M. Henson, Some discrete competition models and
the competitive exclusion principle, J. Differ. Eq. Appl. 10 (2004), pp. 1139-1151.

M. Gyllenbeg, J. Jiang , L. Niu, and P. Yan, On the dynamics of multi-species Ricker models
admitting a carrying simplex, J. Differ. Eq. Appl. 25(11) (2019), pp. 1489-1530.

M.W. Hirsch, On existence and uniqueness of the carrying simplex for competitive dynamical
systems, J. Biol. Dyn. 2(2) (2008), pp. 169-179.

C.W. Ho, A note on proper maps, Proc. Am. Math. Soc. 51 (1975), pp. 237-241.

Z. Hou, On existence and uniqueness of a modified carrying simplex for discrete Kolmogorov
systems, ]. Differ, Eq. Appl. 27(2) (2021), pp. 284-315.

J. Jiang and L. Niu, The theorem of the carrying simplex for competitive system defined on the
n-rectangle and its application to a three-dimensional system, Int. ]. Biomath. 07(06) (2014),
pp. 1450063-1450012.

J. Jiang and L. Niu, On the equivalent classification of three-dimensional competitive
Leslie-Gower models via the boundary dynamics on the carrying simplex, J. Math. Biol. 74(5)
(2016), pp. 1-39.

U. Krause, Positive Dynamical Systems in Discrete Time: Theory, Models, and Applications, De
Gruyter, Germany, 2015.

PH. Leslie and J.C. Gower, The properties of a stochastic model for two competing species,
Biometrika45(3/4) (1958), pp. 316-330.

I. Mezo, The Lambert W Function: Its Generalizations and Applications, CRC Press, Oxford,
2022.

J. Mierczynski and S. Baigent, Existence of the carrying simplex for a retrotone map, J. Differ.
Equ. Appl. 10(3) (2024), pp. 287-319. doi:10.1080/10236198.2023.2285394

A. Ruiz-Herrera, Exclusion and dominance in discrete population models via the carrying
simplex, ]. Differ. Eq. Appl. 19(1) (2013), pp. 96-113.

H.L. Smith, Planar competitive and cooperative difference equations, ]. Differ. Eq. Appl. 3(5-6)
(1998), pp. 335-357.

H.L. Smith and H.R. Thieme, Dynamical Systems and Population Persistence, Graduate Studies
in Mathematics Vol. 118, American Mathematical Society, Providence, RI, 2011.

M.L. Zeeman, Hopf bifurcations in competitive three dimensional Lotka-Volterra systems, Dyn.
Stab. Syst. 8 (1993), pp. 189-217.


https://doi.org/10.1080/10236198.2023.2285394

	1. Introduction
	2. Preliminary results
	3. Applications to ecological models
	3.1. The Leslie–Gower model
	3.2. The Ricker model

	Disclosure statement
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile ()
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [493.483 703.304]
>> setpagedevice


