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Abstract
The solution of inverse problems is of fundamental interest in medical and astro-
nomical imaging, geophysics as well as engineering and life sciences. Recent
advances were made by using methods from machine learning, in particular
deep neural networks. Most of these methods require a huge amount of data
and computer capacity to train the networks, which often may not be available.
Our paper addresses the issue of learning from small data sets by taking patches
of very few images into account. We focus on the combination of model-based
and data-driven methods by approximating just the image prior, also known
as regularizer in the variational model. We review two methodically different
approaches, namely optimizing the maximum log-likelihood of the patch distri-
bution, and penalizing Wasserstein-like discrepancies of whole empirical patch
distributions. From the point of view of Bayesian inverse problems, we show
how we can achieve uncertainty quantification by approximating the posterior
using Langevin Monte Carlo methods. We demonstrate the power of the meth-
ods in computed tomography, image super-resolution, and inpainting. Indeed,
the approach provides also high-quality results in zero-shot super-resolution,
where only a low-resolution image is available. The article is accompanied by
a GitHub repository containing implementations of all methods as well as data
examples so that the reader can get their own insight into the performance.
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1 INTRODUCTION

In medical and astronomical imaging, engineering, and life sciences, transformed image data of the form

y = noisy(F(x)) (1)

is acquired based on a forward process underlying a physical model. In general, direct inversion of the forward operator
F is not possible due to multiple solutions and/or amplification of “noise.” This ill-posedness is critical in applications
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like image-guided medical diagnostics. Treating such problems by including prior knowledge of the desired images leads
to a variational formulation of the problem of the form

arg min
x∈Rd

(F(x), y) + 𝛽(x).

Here, the first term is a “distance” term between the received data y and the acquisition model, where the chosen distance
D reflects the noise model. The second one is an image prior, also called a regularizer, since it should force the variational
problem to become well-posed, see [15, 16, 28, 108]. The choice of the image prior is more difficult. A prominent example
is the total variation regularizer [91] and its vast amount of adaptations.

The past decades have witnessed a paradigm shift in data processing due to the emergence of the artificial intelligence
revolution. Sophisticated optimization strategies based on the reverse mode of automatic differentiation methods [41],
also known as backpropagation, were developed. The great success of deep learning methods has entered the field of
inverse problems in imaging in quite different ways. For an overview of certain techniques, we refer to [11].

However, for many applications, there is only limited data available such that most deep learning based methods
cannot be applied. In particular, for very high dimensional problems in image processing, the necessary amount of training
data pairs is often out of reach and the computational costs for model training are high. On the other hand, the most
powerful denoising methods before deep learning entered the field were patched-based as BM3D [20] or MMSE-based
techniques [62, 63].

This review paper aims to advertise a combination of model-based and data-driven methods for learning from small
data sets. The idea consists of retaining the distance term in the variational model and establishing a new regularizer
that takes the internal image statistics, in particular the patch distribution of very few images into account. The main
contribution of this paper is to summarize different approaches for constructing such patch-based regularizers and to
compare their performance in terms of image reconstruction quality and uncertainty quantification. Our specific focus
on small data sets complements the existing review literature on the regularization of inverse problems in imaging, for
example, [11, 74, 78, 97]. To this end, we follow the path outlined below.

1.1 Outline of the paper

We start by recalling Bayesian inverse problems in Section 2. In particular, we highlight the difference between

• the maximum a posteriori approach which leads to a variational model whose minimization provides one solution to
the inverse problem, and

• the approximation of the whole posterior distribution from which we intend to sample in order to get, for example,
uncertainty estimations.

We demonstrate by example the notations of well-posedness due to Hadamard and Stuart’s Bayesian viewpoint.
Section 3 shows the relevance of internal image statistics. Although we will exclusively deal with image patches,

we briefly sketch feature extraction by neural networks. Then we explain two different strategies to incorporate feature
information into an image prior (regularizer). The first one is based on maximum likelihood estimations of the patch
distribution which can also be formulated in terms of minimizing the forward Kullback–Leibler divergence. The second
one penalizes Wasserstein-like divergences between the empirical measure obtained from the patches of the target image
and an empirical reference measure obtained from the patches of a small set of reference images. Section 4 addresses three
methods for parameterizing the function in the maximum likelihood approach, namely via Gaussian mixture models,
the push-forward of a Gaussian by a normalizing flow, and a local adversarial approach. Section 5 shows three methods
for choosing, based on the Wasserstein-2 distance, appropriate divergences for comparing the empirical patch measures.
Having determined various patch-based regularizers, we use them to approximate the posterior measure and describe
how to sample from this measure using a Langevin Monte Carlo approach in Section 6.

Section 7 illustrates the performance of the different approaches by numerical examples in computed tomography
(CT), image super-resolution, and inpainting. Moreover, we consider zero-shot reconstructions in super-resolution. Fur-
ther, we give an example for sampling from the posterior in inpainting and for uncertainty quantification in computed
tomography. Since quality measures in image processing reflecting the human visual impressions are still a topic of
research, we decided to give an impression of the different quality measures used in this section at the beginning.
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The code base for the experiments is made publicly available on GitHub1 to allow for benchmarking for future
research. It includes ready-to-use regularizers within a common framework and multiple examples. Implementation on
top of the popular programming language Python and the library PyTorch [83] that provides algorithmic differentiation
enhances its accessibility.

Finally, note that alternative patch-based regularization strategies exist in addition to the presented ones, for example,
based on patch-based denoisers [36] or an estimation of the latent dimension of the patch manifold [79].

2 INVERSE PROBLEMS: A BAYESIAN VIEWPOINT

Throughout this paper, we consider digital gray-valued images of size d1 × d2 as arrays x ∈ Rd1,d2 or alternatively, by
reordering their columns, as vectors x ∈ Rd, d = d1d2. For simplicity, we ignore that in practice gray values are encoded
as finite discrete sets. The methods can directly be transferred to RGB color images by considering three arrays of the
above form for the red, green, and blue color channels. For this setting, we first give a detailed Bayesian characterization
of the inverse problems presented in the introduction.

In inverse problems in image processing, we are interested in the reconstruction of an image x ∈ Rd from its noisy
measurement

y = noisy(F(x)), (2)

where F ∶ Rd → Rd̃ is a forward operator and “noisy” describes the underlying noise model. In all applications of
this paper, F is a known linear operator which is either not invertible as in image super-resolution and inpainting or
ill-conditioned as in computed tomography, so that the direct inversion of F would amplify the noise. A typical noise
model is additive Gaussian noise, resulting in

y = F(x) + 𝜉, (3)

where 𝜉 is a realization of a Gaussian random variable Ξ ∼  (0, 𝜎2Id̃). Recall that the density function of the normal
distribution  (m,Σ) with mean m ∈ Rd̃ and covariance matrix Σ ∈ Rd̃,d̃ is given by

𝜑(x| m,Σ)∶= (2𝜋)−
d̃
2 |Σ|− 1

2 exp
(
−1

2
(x − m)⊺Σ−1(x − m)

)
. (4)

More generally, we may assume that x itself is a realization of a continuous random variable X ∈ Rd with law PX deter-
mined by the density function pX ∶ Rd → [0,∞)with ∫

Rd pX (x) dx = 1, that is, x is a sample from PX . Then we can consider
the random variable

Y = F(X) + Ξ, Ξ ∼  (0, 𝜎2Id̃) (5)

and the posterior distribution PX|Y=y for given y ∈ Rd̃. The crucial law to handle this is Bayes’ rule

pX|Y=y(x)
⏟⏞⏟⏞⏟

posterior

=

likelihood
⏞⏞⏞⏞⏞
pY |X=x(y)

prior
⏞⏞⏞
pX (x)

pY (y)
⏟⏟⏟
evidence

. (6)

Now we can ask at least for three different quantities.
1. MAP estimator: The maximum a posteriori (MAP) estimator provides the value with the highest probability of

the posterior
xMAP(y) ∈ arg max

x∈Rd

{
pX|Y=y(x)

}
= arg max

x∈Rd

{
log pX|Y=y(x)

}
. (7)

By Bayes’ rule (6) and since the evidence is constant with respect to x, this can be rewritten as

xMAP(y) ∈ arg max
x∈Rd

{
log pY |X=x(y) + log pX (x)

}
. (8)

1https://github.com/MoePien/PatchbasedRegularizer.
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The first term depends on the noise model, while the second one on the distribution within the image class. Assuming
that pY |X=x(y) = C exp(−(Fx, y)) for an appropriate choice of discrepancy or metric D and a Gibbs prior distribution

pX (x) = C𝛽 exp(−𝛽(x)), (9)

we arrive at the variational model for solving inverse problems

xMAP(y) ∈ arg min
x∈Rd

⎧⎪⎨⎪⎩(F(x), y)
⏟⏞⏞⏟⏞⏞⏟

data term

+ 𝛽 (x)
⏟⏟⏟

prior

⎫⎪⎬⎪⎭, 𝛽 > 0. (10)

Instead of a “prior” term,  is also known as a “regularizer” in inverse problems since it often transfers the original
ill-posed or ill-conditioned problem into a well-posed one. By Hadamard’s definition, this means that for any y there exists
a unique solution that continuously depends on the input data. For example, for Gaussian noise as in (5) we have that
F(x) + Ξ ∼  (F(x), 𝜎2Id̃) so that by (4) we get

log pY |X=x(y) = log (2𝜋𝜎2)−
d̃
2 − 1

2𝜎2 ||F(x) − y||2, (11)

which results with 𝛼∶= 𝜎2𝛽 in

xMAP(y) ∈ arg min
x∈Rd

{1
2
||F(x) − y||2 + 𝛼(x)

}
. (12)

2. Posterior distribution: Here we are searching for a measure PX|Y=y ∈ (Rd) and not as in MAP for a single sample
that is most likely for a given y, where (Rd) is the space of probability measures on Rd. We will see that approximating
the posterior, which mainly means to find a way to sample from it, provides a tool for uncertainty quantification. It was
shown in [60, 106] that the posterior PX|Y=y is often locally Lipschitz continuous with respect to y, that is,

d(PX|Y=y1 ,PX|Y=y2) ≤ L||y1 − y2||
with some L > 0 and a discrepancy d between measures as the Kullback–Leibler divergence or Wasserstein distances
explained in Section 3. Indeed, this Lipschitz continuity is the key feature of Stuart’s formulation of a well-posed Bayesian
inverse problem [107] as a counterpart of Hadamard’s definition.

There are only few settings in (5) where the posterior can be computed analytically, see [39, 47], namely if X is
distributed by a Gaussian mixture model (GMM) X ∼

∑K
k=1𝛼k (mk,Σk) ∈ Rd, that is,

pX =
K∑

k=1
𝛼k𝜑(⋅|mk,Σk),

K∑
k=1
𝛼k = 1, 𝛼k > 0, (13)

the forward operator F ∈ Rd̃,d is linear and Ξ ∼ N(0, 𝜎2Id̃). Then it holds

pX|Y=y =
K∑

k=1
𝛼̃k𝜑(⋅|m̃k, Σ̃k) (14)

with

Σ̃k ∶=
( 1
𝜎2 FTF + Σ−1

k

)−1
, m̃k ∶= Σ̃k

( 1
𝜎2 FTy + Σ−1

k 𝜇k

)
, (15)

𝛼̃k ∶=
𝛼k|Σk|1∕2 exp

(1
2
(m̃T

k Σ̃
−1
k m̃k − mT

kΣ
−1
k mk)

)
. (16)

3. MMSE estimator: The maximum mean square error (MMSE) estimator is just the expected value of the posterior,
that is,

xMMSE(y) = E[X|Y = y] = ∫
Rd

xpX|Y=y(x) dx. (17)
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F I G U R E 1 Posterior density (red), MAP estimator (blue), and MMSE (green) for different observations y = −0.05,−0.01, 0.01, 0.05
(from left to right) given X ∼ 1

2
 (−1, 𝜀2) + 1

2
 (1, 𝜀2) with 𝜀2 = 0.052, Ξ ∼  (0, 𝜎2) with 𝜎2 = 0.1 and F = I. While the MAP estimator is

discontinuous with respect to the observation y at zero, the posterior is continuous with respect to y. Its expectation value, the MMSE, is far
away from the value with the highest probability. Image is taken from [4].

If X ∼  (m,Σ), F is linear and Ξ ∼ N(0, 𝜎2Id̃), then the MMSE can be computed analytically by

xMMSE(y) = m + ΣFT(FΣFT + 𝜎2Id̃)−1(y − Fm). (18)

We would like to note that for more general distributions the estimator (18) is known as the best linear unbiased estimator
(BLUE). MMSE techniques in conjunction with patch-based techniques were among the most powerful techniques for
image denoising before ML-based methods entered the field, see [62, 64].

A simple example of the different estimators in the case of a Gaussian mixture with two components is visualized
in Figure 1 [4]. There, the posterior is again a Gaussian mixture, where the MAP estimator is given by the mode of its
biggest Gaussian component, and the MMSE estimator is a weighted average of the two components. In the numerical
experiments we will consider the MAP estimator in Sections 7.2, 7.3, 7.4, and the posterior sampling in Section 7.5.

3 INTERNAL IMAGE STATISTICS

In this paper, when dealing with the MAP estimator, that is, with problems of the form (10), we follow a physics-informed
approach, where both the forward operator and the noise model are known. Then the data term (F(x), y) is completely
determined. The challenging part is the modeling of the prior distribution PX , where we only know samples from. In
contrast to deep learning methods which rely on a huge amount of ground truth data, we are in a situation, where only one
or a few images are available. Then, instead of working with the distribution PX of whole images in the prior, we consider
typical features of the images and ask for the feature distribution. These features live in a much lower dimensional space
than the images. Indeed, one key finding in image processing was the expressiveness of this internal image statistics [100,
109]. Clearly, there are many ways to extract meaningful features and we refer only to the “field of experts” framework
[90] here. In the following, we explain two typical choices of meaningful features, namely image patches and features
obtained from a nonlinear filtering process of a neural network.

3.1 Image patches

Image patches are square-shaped (or rectangular) regions of size p × p within an image x ∈ Rd1,d2 which can be extracted
by operators 𝒫i ∶ Rd1,d2 → Rp,p, i = (i1, i2) ∈ {1, … , d1} × {1, … , d2} via 𝒫i(x) = (xl1,l2 )

i1+p,i2+p
l1=i1,l2=i2

. The patch extraction is
visualized in Figure 2 (left). The use of such patches for image reconstruction has a long history [25, 84] and statistical
analyses of empirical patch distributions reveal their importance to image characterization [120]. Furthermore, the patch
distributions are similar at different scales for many image classes. Therefore, the approach is not sensitive to scale shifts.
Figure 3 illustrates this behavior, see also Figure 16. Indeed, replication of patch distributions by means of patch sampling
[67] or statistical distance minimization [55] enables the synthesis of high-quality texture images. Neural network image
generators are able to generate diverse outputs on the basis of patch discriminators [96, 98] or patch distribution matching
[27, 40]. Furthermore, patch-matching methods have successfully been employed for style transfer [19].
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F I G U R E 2 Visualization of the process of patch extraction (left) and hidden feature extraction (right).

F I G U R E 3 Left to right: Illustration of the patch distribution of a low resolution (LR) image (downsampled) from a composite of
silicon and diamonds (“SiC Diamond”), two different high-resolution (HR) images from the same material and one from the material
Fontainebleau sandstone (“FS”). Patches of size 6 × 6 from the respective images are extracted and a principal component analysis is applied
to the corresponding vectors in R36 in order to project onto the plane spanned by the two principal directions of the largest patch variance.
The empirical distribution of the first two principal components in the form of 2D histograms is depicted in the top row. All patches of HR
images of the first material have a similar distribution, which is easy to distinguish from those of the second material. This is also true for the
LR image but with a slightly larger spread of the clusters. Example patches (red dots) from the histogram are displayed in the upper row, left.

3.2 Neural network filtered features

Several feature methods for image reconstruction, as, for example, in the “field of experts” framework [90] are based on
features obtained from various linear filter responses possibly finally followed by an application of a nonlinear function.
More recently, such techniques were further extended by using a pre-trained classification convolutional neural network,
for example, a VGG architecture trained on the ImageNet dataset [101]. In each layer, multiple nonlinear filters (convo-
lutions and component-wise nonlinear activation function) are applied to the downsampled result of the previous layer.
Typically, the outputs of the first convolutional layer after a downsampling step are utilized as hidden features. This is
illustrated in Figure 2 right. Since every nonlinear filter of a convolutional filter is applied locally, these extracted fea-
tures represent nonlinear transformations of patches of different sizes. The use of such features has been pioneered by
Gatys et al. [33], who used them to construct a loss function for the style transfer between two images based on a statis-
tical distance between their hidden feature distributions [66]. Furthermore, such features have been utilized for texture
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synthesis in [32, 56] and for image similarity comparison in [96, 119]. Due to excessive pre-training, they may be able to
capture semantic information which can be helpful in reconstruction tasks such as inpainting [69, 105], denoising [115]
or super-resolution [31, 82]. However, unlike patches, the extraction of hidden features often relies on networks trained
on large datasets. This hinders their application in the setting of small data sets.

3.3 Internal image statistics in image priors

In the rest of the paper, we will concentrate on patches as features because their use requires no pre-training and is
therefore favorable in the context of limited data availability. We assume that we are given a small number n of images
from an image class, say, n = 1 high-resolution material image or n = 6 computed tomography scans. For simplicity, let
us enumerate the patch operators by 𝒫i, i = 1, … ,N. Further, let us denote by Q the patch distribution. Then we will
follow two different strategies to incorporate them into the prior  of model (10), which we describe next.

1. Patch maximum log-likelihood: We approximate the patch distribution Q by a distribution Q𝜃 with density q𝜃
depending on some parameter 𝜃. Then, we learn its parameter via a maximum log-likelihood (ML) estimator:

𝜃̂ = arg max
𝜃

{ n∏
j=1

N∏
i=1

q𝜃
(
𝒫i(xj)

)}
= arg max

𝜃

{ n∑
j=1

N∑
i=1

log
(

q𝜃
(
𝒫i(xj)

))}
(19)

= arg min
𝜃

⎧⎪⎪⎪⎨⎪⎪⎪⎩
−

n∑
j=1

N∑
i=1

log
(

q𝜃
(
𝒫i(xj)

))
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=∶(𝜃)

⎫⎪⎪⎪⎬⎪⎪⎪⎭
. (20)

Once the optimal parameter 𝜃̂ is determined by minimizing the loss function (𝜃), we can use

(x)∶= − 1
N

N∑
i=1

log
(

q𝜃̂(𝒫i(x))
)

(21)

as a prior in our minimization problem (10). Indeed this value should become small, if the patches of the wanted image
x are distributed according to q𝜃̂ . Concrete choices for families of probability distributions {q𝜃}𝜃∈Θ are presented in
Section 4.

The above model can be derived from another point of view using the Kullback–Leibler (KL) divergence between Q
and Q𝜃 . As a measure divergence, the KL is non-negative and becomes zero if and only if both measures coincide. For
Q and Q𝜃 on Rd, d = p2 with densities q and q𝜃 , respectively, the KL divergence is given (if it exists) by

KL(Q,Q𝜃) = ∫
Rd

log
(

q(x)
q𝜃(x)

)
q(x) dx (22)

= ∫
Rd

log(q(x))q(x)
⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟

const

dx − ∫
Rd

log(q𝜃(x))q(x) dx. (23)

Skipping the constant part with respect to 𝜃, this becomes

KL(Q,Q𝜃) ∝ −∫
Rd

log(q𝜃(x))q(x) dx = −Ex∼X
[
log(q𝜃(x))

]
.

Here∝denotes equality up to an additive constant. Replacing the expectation value by the empirical one and neglecting
the factor 1

nN
, we arrive exactly at the loss function (𝜃) in (20).
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F I G U R E 4 From patches to measures.

2. Divergences between empirical patch measures: We can associate empirical measures to the image patches by

𝜈∶= 1
nN

n∑
j=1

N∑
i=1
𝛿𝒫i(xj) and 𝜇x ∶=

1
N

N∑
i=1
𝛿𝒫i(x) (24)

as illustrated in Figure 4, where 𝜇x relates to the target image x and 𝜈 is constructed from a small set of training images.
Then we use a prior

(x)∶= dist(𝜇x, 𝜈), (25)

with some distance, respectively divergence, between measures.
Our distances of choice in (25) will be Wasserstein-like distances. Let p(Rd), p ∈ [1,∞), denote the set of

probability measures with finite pth moments. The Wasserstein-p distance Wp ∶ p(Rd) × p(Rd) → R is defined by

W p
p (𝜇, 𝜈)∶= inf

𝛾∈Π(𝜇,𝜈) ∫
Rd×Rd

||x − y||p d𝜋(x, y), (26)

where Π(𝜇, 𝜈) ∶= {𝜋 ∈ (Rd × Rd) ∶ (proj1)#𝜋 = 𝜇, (proj2)#𝜋 = 𝜈} is the set of all couplings with marginals 𝜇 and
𝜈. Here proji, i = 1, 2 denote the projection onto the ith marginals. Further, we used the notation of a push-forward
measure. In general, for a measurable function T ∶ Rd → Rd̃ and a measure 𝜇 on Rd, the push-forward measure of 𝜇
by T on Rd̃ is defined as

T#𝜇(A) = 𝜇
(

T−1(A)
)
, i.e., ∫A

g(y) d(T#𝜇)(y) = ∫T−1(A)
g(T(x)) d𝜇(x)

for all g ∈ C0(Rd̃) and for all Borel measurable sets A ⊆ Rd̃. The push-forward measure and the corresponding densities
p𝜇 and pT#𝜇 for a differentiable and invertible function T are related by the transformation formula

pT#𝜇(x) = p𝜇
(

T−1(x)
)| det

(
∇T−1(x)

)|. (27)

An example of the Wasserstein-2 distance is given in Figure 7.

Both of these approaches allow us to define a regularization on the space of images by identifying each image with its patch
distribution. Note that both strategies can easily be generalized to multi-scale regularization by adding the composition
◦D for a downsampling operator D.

4 PATCH MAXIMUM LOG-LIKELIHOOD PRIORS

For the prior in (21), it remains to find an appropriate parameterized function p(⋅|𝜃). In the following, we present three
different regularizers, namely obtained via Gaussian mixture models (GMM-EPLL), normalizing flows (patchNR), and
adversarial neural networks (ALR).

We will compare their performance in inverse problems later in the experimental section.
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PIENING et al. 9 of 31

4.1 Gaussian mixture model

A classical approach assumes that the patch distribution can be approximated by a GMM (13), that is,

q𝜃(x) =
K∑

k=1
𝛼k𝜑(x | mk,Σk), 𝜃 = (𝛼k,mk,Σk)K

k=1. (28)

This is justified by the fact that any probability distribution can be approximated arbitrarily well in the Wasserstein
distance by a GMM [22]. However, the number of modes K has to be fixed in advance. Then the maximization problem
becomes

𝜃̂ = arg max
𝜃

{ n∑
j=1

N∑
i=1

log

( K∑
k=1
𝛼k𝜑

(
𝒫i(xj) |mk,Σk

))}
.

This is typically solved by the Expectation-Maximization (EM) Algorithm 1, with the guarantee of convergence to a local
maximizer, see [23]. The corresponding regularizer (21) becomes

(x) = EPLL(x)∶= 1
N

N∑
i=1

− log

( K∑
k=1
𝛼k𝜑(𝒫i(x) |mk,Σk)

)
.

It was suggested for solving inverse problems under the name expected patch log-likelihood (EPLL) by Zoran and
Weiss [121].

Algorithm 1. Expectation-maximization for Gaussian mixture model

Input: Patches {x1,… , xM}, M = Nn, number of GMM components K, stopping criterion
Output: GMM parameters

{
mk,Σk, 𝛼k

}K
k=1

Initialization:
{

m(0)
k ,Σ

(0)
k , 𝛼

(0)
k

}K
k=1

for r = 0, 1,… until stopping criterion do
1. Expectation step: For k = 1,… ,K and i = 1,… ,M compute

𝛽(r)i,k =
𝛼(r)k 𝜑

(
xi|m(r)

k ,Σ
(r)
k

)∑K
j=1 𝛼

(r)
j 𝜑

(
xi|m(r)

j ,Σ
(r)
k

) .
2. Maximization step: For k = 1,… ,K and i = 1,… ,Mupdate parameters

m(r+1)
k =

∑M
i=1 𝛽

(r)
i,k xi∑M

i=1 𝛽
(r)
i,k

,

Σ(r+1)
k =

∑M
i=1 𝛽

(r)
i,k

(
xi − m(r+1)

k

)(
xi − m(r+1)

k

)⊺∑M
i=1 𝛽

(r)
i,k

,

𝛼(r+1)
k = 1

M

M∑
i=1

𝛽(r)i,k

end for

Remark 1. By the relation (9) the EPLL defines a prior distribution pX (x) = C𝛽 exp(−𝛽EPLL(x)) on the
space of images. The integrability of the function pX can be shown by similar arguments as in the
proof of [3, Prop. 6].

While originally the variational formulation (10) with the EPLL was solved using half quadratic splitting, in our
implementation we use a stochastic gradient descent for minimizing (10). Meanwhile there exist many extensions and
improvements: GMMs may be replaced with other families of distributions [21, 49, 50, 77] or multiple image scales can
be included [80]. The intrinsic dimension of the Gaussian components can be restricted as in [54, 111] or in the PCA
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10 of 31 PIENING et al.

reduced GMM model [52]. Finally, image restoration can be accelerated by introducing flat-tail Gaussian components,
balanced search trees, and restricting the sum of the EPLL to a stochastically chosen subset of patch indices [81]. For the
inclusion of learned local features into the model, we refer to [116, 117].

In the next subsections, we will see that machine learning based models can further improve the performance.

4.2 Patch normalizing flow regularizer

Another successful approach models the patch distribution using normalizing flows (NFs) [3]. NFs are invertible differen-
tiable mappings. Currently, there are two main structures that achieve invertibility of a neural network, namely invertible
residual networks [13] and directly invertible networks [7, 24]. For the patchNR, the directly invertible networks are of
interest. The invertibility is ensured by the special network structure which in the simplest case consists of a concatenation
of K invertible, differentiable mappings T𝜃k ∶ Rd → Rd (and some permutation matrices which are skipped for simplicity)

T𝜃 = T𝜃K◦ · · · ◦T𝜃1 .

The invertibility is ensured by a special splitting structure, namely for d1 + d2 = d, we set

T𝜃k (z1, z2) =

(
x1

x2

)
∶=

⎛⎜⎜⎝
z1

z2 ⊙ exp
(

s𝜃k1
(z1)

)
+ t𝜃k2

(z1)

⎞⎟⎟⎠, zi, xi ∈ R
di , i = 1, 2, (29)

where s𝜃k1
, t𝜃k2

are arbitrary neural networks and⊙ denotes the component-wise multiplication. Then the inverse of each
of the K blocks can be simply computed by

T−1
𝜃k
(x1, x2) =

(
z1

z2

)
=

⎛⎜⎜⎝
x1(

x2 − t𝜃k2
(x1)

)
⊙ exp

(
−s𝜃k1

(x1)
)⎞⎟⎟⎠. (30)

This is the simplest Real NVP network architecture [24]. A more sophisticated one is given in [7]. Now the idea is to
approximate our unknown patch distribution Q on Rd, d = p2, using the push-forward by T𝜃 of a measure PZ, where it
is easy to sample from as, for example, the d-dimensional standard normal distribution Z ∼  (0, Id). Our goal becomes

Q ≈ (T𝜃)#PZ = Q𝜃.

The NF between (samples of) the standard normal distribution in R36 and the distribution of material image patches is
illustrated in Figure 5. Let us take the KL approach to find the parameters of q𝜃 = q(T𝜃)#PZ , that is,

KL(Q, (T𝜃)#PZ) = ∫
Rd

log
(

q(x)
q(T𝜃 )#PZ (x)

)
q(x) dx (31)

= ∫
Rd

log(q(x))q(x)
⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟

const

dx − ∫
Rd

log
(

q(T𝜃) #PZ (x)
)

q(x) dx. (32)

Using the transformation formula (27), we obtain (up to a constant)

KL(Q, (T𝜃)#PZ) ∝ −∫
Rd

log
(

pZ
(
(T𝜃)−1(x)

) |det∇T−1
𝜃 (x)|)q(x) dx

= −Ex∼Q
[
log pZ

(
T−1
𝜃 (x)

)
+ log

(|det∇T−1
𝜃 (x)|)]

and since PZ is standard normally distributed further

KL(Q, (T𝜃)#PZ) ∝ Ex∼Q

[1
2
‖‖T−1

𝜃 (x)‖‖2 − log
(||det∇T−1

𝜃 (x)||)]. (33)

Taking the empirical expectation provides us with the ML loss function

(𝜃) =
n∑

j=1

N∑
i=1

1
2
||T−1

𝜃

(
𝒫i(xj)

)||2 − log
(|det∇T−1

𝜃

(
𝒫i(xj)

)|).
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PIENING et al. 11 of 31

F I G U R E 5 NF between (samples of) standard normal distribution (projection on R2) and distribution of 6 × 6 patches.

F I G U R E 6 NFs between (samples of) 2D standard Gaussian distribution and multimodal distribution. A good approximation is only
possible with the rightmost NF which has a higher number of parameters and here also a higher Lipschitz constant.

To minimize this function we use a stochastic gradient descent algorithm, where the special structure (29) of the net-
work can be utilized for the gradient computations. Once good network parameters 𝜃̂ are found, we introduce in (10) the
patchNR

(x) = patchNR(x)∶= 1
N

N∑
i=1

1
2
||T−1

𝜃̂
(𝒫i(x))||2 − log

(|det∇T−1
𝜃̂
(𝒫i(x))|). (34)

Remark 2. By the relation (9) the patchNR defines a prior distribution pX (x) = C𝛽 exp(−𝛽patchNR(x)) on the
space of images. The integrability of the function pX is shown in [3, Prop. 6].

Remark 3. The KL divergence of measures is neither symmetric nor fulfills a triangular inequality. Con-
cerning symmetry, the setting KL(Q,Q𝜃) is called forward KL. Changing the order of the measures gives the
backward (or reverse) KL in KL(Q𝜃,Q). These settings have different properties as being mode seeking or
mode covering and the loss functions rely on different data inputs, see [46]. There are also mixed variants
𝛼KL(Q,Q𝜃) + (1 − 𝛼)KL(Q𝜃,Q), 𝛼 ∈ (0, 1) as well as the Jensen–Shannon divergence [38].

Unfortunately, NFs mapping unimodal to multimodal distributions suffer from exploding Lipschitz constants and are
therefore sensitive to adversarial attacks [14, 48, 57, 92]. This is demonstrated in Figure 6. A remedy is the use of GMMs
for latent distribution [48] or of stochastic NFs [46, 47, 114].

4.3 Adversarial local regularizers

The adversarial local regularizer (ALR) proposed by Prost et al. [85] makes use of a discriminative model. Originally,
the ALR was not formulated with a loss of the form (20), but by an adversarial approach similar to Wasserstein genera-
tive adversarial networks (WGANs) [9]. The basic idea goes back to Lunz et al. [71], who suggested learning regularizers
through corrupted data. More precisely, the regularizer is a neural network trained to discriminate between the
distribution of ground truth images and the distribution of unregularized reconstructions. The ALR is based on the same
idea, but it operates on patches instead of whole images. Here a discriminator D𝜃 between unpaired samples from the
original patch distribution Q and a degraded one, say Q̃, is trained using the Wasserstein-1 distance. Conveniently, the
Wasserstein-1 distance has the dual formulation
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12 of 31 PIENING et al.

W1(Q, Q̃) = sup
f∈Lip1

{
Ex∼Q[f (x)] − Ex̃∼Q̃

[
f (x̃)

]}
,

where Lip1 denotes the set of all Lipschitz continuous functions on Rd with Lipschitz constant not larger than 1.
A maximizing function is called optimal Kantorovich potential and can be considered as a good separation between
the two distributions. Unfortunately, obtaining such a potential is computationally intractable. Nevertheless, it can be
approximated by functions from a parameterized family  as, for example, neural networks with a fixed architecture

arg max
D𝜃∈∩Lip1

{
Ex∼Q[D𝜃(x)] − Ex̃∼Q̃[D𝜃(x̃)]

}
. (35)

One possibility to relax the Lipschitz condition is the addition of a gradient penalty, see [43], to arrive at

𝜃̂ = arg max
𝜃

{
Ex∼Q[D𝜃(x)] − Ex̃∼Q̃[D𝜃(x̃)] − 𝜆Ex∼Q𝛼

[
(||∇D𝜃(x)|| − 1)2]}, 𝜆 > 0, (36)

where X𝛼 ∼ Q𝛼 fulfills X𝛼 = 𝛼X + (1 − 𝛼)X̃ for X ∼ Q and X̃ ∼ Q̃ and 𝛼 is uniformly distributed in [0, 1]. This can be solved
using a stochastic gradient descent algorithm. Finally, to solve our inverse problem, we can use the ALR

(x) = ALR(x)∶= 1
N

N∑
i=1

D𝜃(𝒫i(x)).

This parameter estimation is different from the ML estimation of the previous two models, since it employs a discrimi-
native approach.

Remark 4. The original GAN architecture utilizes the Jensen–Shannon divergence [38] and can be replaced
with the (forward) KL divergence (22). This would lead to some form of maximum likelihood estimation in
a discriminative setting. Furthermore, GAN architectures within an explicit maximum likelihood framework
exist [42]. On closer inspection, however, this still takes a similar form as the EPLL or the patchNR. We assign a
value to each patch in an image and sum over the set of resulting values. Moreover, higher values are assigned
to patches that are more likely to stem from the true patch distribution. As a result, we could interpret the
assigned patch score as the log-likelihood of a given patch.

5 DIVERGENCES BETWEEN EMPIRICAL PATCH MEASURES

In the previous section, we have constructed patch-based regularizers using sums over all patches within an ML approach.
This calls for independently drawn patches from the underlying distribution, an assumption that does not hold true, for
example, for overlapping patches. In particular, the same value may be assigned for an image which is a combination
of very likely and very unlikely patches. This makes it desirable to address the patch distribution as a whole by assign-
ing empirical measures to the patches as in (24). In the following, we will consider three different “distances” between
these empirical measures, namely the Wasserstein-2 distance, the regularized Wasserstein-2 distance, and an unbalanced
variant.

5.1 Wasserstein patch prior

To keep the notation simple, let us rewrite the empirical measures in (24) as

𝜈 = 1
nN

n∑
j=1

N∑
i=1
𝛿𝒫i(xj) =

1
M

M∑
k=1
𝛿yk and 𝜇x =

1
N

N∑
i=1
𝛿𝒫i(x) =

1
N

N∑
i=1
𝛿xi . (37)

Then the admissible plans in the Wasserstein-2 distance (26) have the form

𝜋 =
N∑

i=1

M∑
k=1
𝜋i,k𝛿i,k,

N∑
i=1
𝜋i,k = 1

M
,

M∑
k=1
𝜋i,k = 1

N
, i = 1, … ,N, k = 1, … ,M.
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PIENING et al. 13 of 31

F I G U R E 7 Admissible couplings between 𝜇 =
∑4

i=1𝜇i𝛿i = 2
14
𝛿1 + 3

14
𝛿2 + 4

14
𝛿3 + 5

14
𝛿4 and 𝜈 =

∑5
j=1𝜈j𝛿j = 3

35
𝛿1 + 5

35
𝛿2 + 7

35
𝛿3 +

9
35
𝛿4 + 11

35
𝛿5 (weights are visualized as bars). Any admissible coupling takes the form 𝜋 =

∑4,5
i,j=1𝜋i,j𝛿(i,j), where

∑4
i=1𝜋i,j = 𝜈j and

∑5
j=1𝜋i,j = 𝜇i.

The weights of three admissible couplings are visualized. The Wasserstein-2 distance is characterized by those 𝜋 which minimize the
costs =

∑4,5
i,j=1𝜋i,j(i − j)2. The squared Wasserstein-2 distance has the sparsest coupling.

Obviously, they are determined by the weight matrix 𝝅∶= (𝜋i,k)N,M
i,k=1. Then, with the cost matrix C∶= (||xi − yk||2)N,M

i,k=1, the
Wasserstein-2 distance becomes

W2
2 (𝜇x, 𝜈) = min

𝝅∈Π
⟨C,𝝅⟩, Π =

{
𝝅 ∈ R

N,M≥0 ∶ 1T
N𝝅 = 1

M
1M ,𝝅1M = 1

N
1N

}
. (38)

Here1M ∈ RM denotes the vector with all entries one. An example of the Wasserstein-2 distance for two discrete measures
is given in Figure 7. The dual formulation of the linear optimization problem (38) reads as

W2
2 (𝜇x, 𝜈) = max

𝜙(xi)+𝜓k≤ci,k

1
N

N∑
i=1
𝜙(xi) +

1
M

M∑
k=1
𝜓k (39)

= max
𝜓∈RM

1
N

N∑
i=1
𝜓 c(xi) +

1
M

M∑
k=1
𝜓k (40)

with the c-conjugate function

𝜓 c(xi)∶= min
k

{||xi − yk||2 − 𝜓k
}
, (41)

see [93]. The maximization problem (39) is concave, and for large-scale problems, a gradient ascent algorithm as in [34]
can be used to find a global maximizer 𝜓̂ . As in [5, 51], the optimal vector 𝜓̂ allows for the computation of the gradient of

(x) = WPP(x)∶= W2
2 (𝜇x, 𝜈) (42)

in our inverse problem (10). More precisely, with the minimizer 𝜎(i) ∈ arg mink {||xi − yk||p − 𝜓̂k} in (41) we obtain

W2
2 (𝜇x, 𝜈) =

1
N

N∑
i=1

||xi − y𝜎(i)||2 − 𝜓̂𝜎(i) +
1
M

M∑
k=1
𝜓̂k,

so that if the gradient with regard to the support point xi of 𝜇x exists, it reads as

∇xi W
2
2 (𝜇x, 𝜈) =

1
N
∇xi ||xi − y𝜎(i)||2

2 = 2
N
(xi − y𝜎(i)). (43)

Remark 5. By the relation (9) the WPP defines a prior distribution pX (x) = C𝛽 exp(−𝛽WPP(x)) on the space of
images. The integrability of the function pX is shown in [5, Prop. 4.1].
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14 of 31 PIENING et al.

Remark 6. Wasserstein patch priors were originally introduced by Gutierrez et al. [44] and Houdard et al. [55]
for texture generation, where a direct minimization of the regularizer without a data fidelity term was used.
Their use was adopted for regularization in inverse problems by Hertrich et al. [51]. Note that this stands in
contrast to the previous EPLL-based regularizers, where a direct minimization of these regularizers would
result in the synthesis of images with almost equally likely patches. In practice, this would lead to single-color
images.

5.2 Sinkhorn patch prior

To lower the computational burden in the WPP approach, a combination of the Wasserstein distance with the KL of the
coupling and the product measure 𝜇x ⊗ 𝜈 can be used

W2
2,𝜀(𝜇x, 𝜈) = inf

𝜋∈Π(𝜇x ,𝜈) ∫
Rd×Rd

||x − y||2 d𝜋(x, y) + 𝜀KL(𝜋, 𝜇x ⊗ 𝜈) (44)

= inf
𝝅∈Π(𝜇x ,𝜈)

⟨C,𝝅⟩ + 𝜀N,M∑
i,k=1

𝜋i,k log
(

MN𝜋i,k
)
. (45)

In Figure 8 we give an example of W2
2,𝜀 for different choices of 𝜀 and the same discrete measures as in Figure 7. The

dual formulation reads as

W2
2,𝜀(𝜇x, 𝜈) = max

𝜙∈RN ,𝜓∈RM

1
N

N∑
i=1
𝜙i +

1
M

M∑
k=1
𝜓k −

𝜀

MN

N∑
i=1

M∑
k=1

exp
(
𝜙i + 𝜓k − ||xi − yk||2

𝜀

)
+ 𝜀. (46)

This problem can be efficiently solved using the Sinkhorn algorithm which employs a fixed-point iteration. To this end,
fix𝜓 (r), respectively, 𝜙(r) and set the gradient with respect to the other variable in (46) to zero. This results in the iterations

𝜙(r+1)
i = −𝜀 log

( M∑
k=1

exp

(
𝜓 (r)

k − ||xi − yk||2

𝜀

))
+ 𝜀 log M,

𝜓 (r+1)
k = −𝜀 log

( N∑
i=1

exp

(
𝜙(r)

i − ||xi − yk||2

𝜀

))
+ 𝜀 log N,

which converge linearly to the fixed points 𝜙̂ and 𝜓̂ , see, for example, [29]. Then, noting that by construction of 𝜙̂ and 𝜓̂
we have

− 𝜀

MN

N∑
i=1

M∑
k=1

exp

(
𝜙̂i + 𝜓̂k − ||xi − yk||2

𝜀

)
+ 𝜀 = 0, (47)

the regularized Wasserstein distance becomes

W2
2,𝜀(𝜇x, 𝜈) = − 𝜀

N

( N∑
i=1

log

( M∑
k=1

exp
(
𝜓̂k − ||xi − yk||2

𝜀

))
− log M

)
+ 1

M

M∑
k=1
𝜓̂k, (48)

which is differentiable with respect to the support points and the gradient is given by

∇xi W
2
2,𝜀(𝜇x, 𝜈) =

2
N

( M∑
k=1

exp
(
𝜓̂k − ||xi − yk||2

𝜀

))−1 M∑
k=1

exp
(
𝜓̂k − ||xi − yk||2

𝜀

)
(xi − yk). (49)

If the Wasserstein gradient from (43) exists, it is recovered for 𝜀→ 0. Computation of the gradient can, for example, be
achieved by means of algorithmic differentiation through the Sinkhorn iterations or on the basis of the optimal dual
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PIENING et al. 15 of 31

F I G U R E 8 Optimal couplings of W2,𝜀 for 𝜀 = 10, 1, 0 and the measures from Figure 7. With decreasing 𝜀 the coupling matrices become
sparser.

potentials through the Sinkhorn algorithm. Finally, we can use the Sinkhorn patch prior (WPP𝜀) first used in [73] as a
regularizer in our inverse problem

(x) = WPP𝜀(x)∶= W2
2,𝜀(𝜇x, 𝜈).

Remark 7. By the relation (9) the Sinkhorn regularizer defines a prior distribution pX (x) =
C𝛽 exp(−𝛽WPP𝜀(x)) on the space of images. The integrability of the function pX follows from the integra-
bility of the WPP [5, Prop. 4.1] and the relation WPP𝜀(x) ≥ WPP(x). This can be seen immediately since
KL(𝜋, 𝜇x ⊗ 𝜈) ≥ 0.

Remark 8. The regularized Wasserstein-2 distance is no longer a distance. It does not fulfill the triangular
inequality and is moreover biased, that is, W2,𝜀(𝜇, 𝜈) does not take its smallest value if and only if 𝜇 = 𝜈. As a
remedy, the debiased regularized Wasserstein distance or Sinkhorn divergence

S2
2,𝜀(𝜇, 𝜈) = W2

2,𝜀,(𝜇, 𝜈) −
1
2

W2
2,𝜀(𝜇, 𝜇) −

1
2

W2
𝜀 (𝜈, 𝜈)

can be used, which is now indeed a statistical distance. Computation with the Sinkhorn divergence is similar
to above so it can be used as a regularizer as well. For more information see [35, 76].

5.3 Semi-unbalanced Sinkhorn patch prior

The optimal transport framework for regularizing the patch distribution was extended by Mignon et al. [73] to the
semi-unbalanced case, where the marginal of the coupling only approximates the target distribution for

W2
2,𝜀,𝜌(𝜇x, 𝜈) = inf

𝜋∈(Rd×Rd)
(proj1 )#𝜋=𝜇x

∫
Rd×Rd

||x − y||2 d𝜋(x, y) + 𝜀KL(𝜋, 𝜇x ⊗ 𝜈) + 𝜌KL((proj2)#𝜋, 𝜈)

= inf
𝝅∈RN,M

𝝅1M= 1
N 1N

⟨C,𝝅⟩ + 𝜀N,M∑
i,k=1

𝜋i,k log
(

MN𝜋i,k
)
+ 𝜌

M∑
k=1

(
1T

N𝝅
)

k log
(

M
(
1T

N𝝅
)

k

)
.

In this setting, probability mass can be added to 𝜈 or removed from 𝜈. This behavior is controlled by the parameter 𝜌 and
leads to a decreased sensitivity with regard to isolated areas in the second distribution. An example of W2

2,𝜀,𝜌 for different
choices of 𝜌 and the same measures as in Figure 7 is given in Figure 9. The dual formulation becomes

W2
2,𝜀,𝜌(𝜇x, 𝜈) = max

𝜙∈RM ,𝜓∈RM

1
N

N∑
i=1
𝜙i +

1
M

M∑
k=1
𝜌

(
exp

(
𝜓k

𝜌

)
− 1

)
− 𝜀

MN

N∑
i=1

M∑
k=1

exp
(
𝜙i + 𝜓k − ||xi − yk||2

𝜀

)
+ 𝜀,
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16 of 31 PIENING et al.

F I G U R E 9 Optimal couplings of W2,𝜀,𝜌 for 𝜀 = 1 and 𝜌 = 1, 10,∞ and the measures from Figure 7. The marginal 𝜈̃ (left, middle) of the
coupling matrix is only an approximation of the original measure 𝜈 (right). Note the gradually increased probability mass placed on 5 for 𝜈̃.
By increasing the balancing parameter, we move the approximation 𝜈̃ towards 𝜈 (left to middle).

see, for example, [73]. This maximization problem can be solved by the following adapted Sinkhorn iterations

𝜙(r+1)
i = −𝜀 log

( M∑
k=1

exp

(
𝜓 (r)

k − ||xi − yk||2

𝜀

))
+ 𝜀 log M,

𝜓 (r+1)
k = − 𝜀𝜌

𝜌 + 𝜀
log

( N∑
i=1

exp

(
𝜙(r)

i − ||xi − yk||2

𝜀

))
+ 𝜀 log N.

Note that the fixed point 𝜙̂ fulfills the fixed point condition from Section 5.2 and consequently 𝜙̂ and 𝜓̂ fulfill (47). The
semi-unbalanced regularized Wasserstein distance becomes

W2
2,𝜀,𝜌(𝜇x, 𝜈) = − 𝜀

N

( N∑
i=1

log

( M∑
k=1

exp
(
𝜓̂k − ||xi − yk||2

𝜀

))
− log M

)
+ 1

M

M∑
k=1
𝜌

(
exp

(
𝜓̂k

𝜌

)
− 1

)
.

This expression equals the expression (48) up to the second term, which does not depend on the support points. As a result,
the gradient takes the same form as in (49), but for a 𝜓̂ depending on 𝜌. For 𝜌 → ∞ we recover the balanced formulation
and hence the gradient from (49). Finally, we can use a semi-unbalanced Sinkhorn patch prior (WPP𝜀,𝜌) defined as

(x) = WPP𝜀,𝜌(x)∶= W2
2,𝜀,𝜌(𝜇x, 𝜈).

This was proposed as an extension of the WPP in [73].

Remark 9. By the relation (9) the WPP𝜀,𝜌 defines a prior distribution pX (x) = C𝛽 exp(−𝛽WPP𝜀,𝜌(x)) on the
space of images. This can be seen as follows: Using the auxiliary variable 𝜈̃ = (proj2)#𝜋 we rewrite W2

2,𝜀,𝜌(𝜇x, 𝜈)
by

inf
𝜋∈Π(𝜇x ,𝜈̃)

supp(𝜈̃)⊆supp(𝜈)

W2
2 (𝜇x, 𝜈̃) + 𝜀KL(𝜋, 𝜇x ⊗ 𝜈) + 𝜌KL(𝜈̃, 𝜈) ≥ inf

𝜋∈Π(𝜇x ,𝜈̃)
supp(𝜈̃)⊆supp(𝜈)

W2
2 (𝜇x, 𝜈̃).

The constraint supp(𝜈̃) ⊆ supp(𝜈) is due to the term KL(𝜈̃, 𝜈) which otherwise would be infinite. Exploiting
the discrete structure 𝜈 = 1

M

∑M
k=1𝛿yk , such a measure 𝜈̃ needs to be of the form 𝜈̃ =

∑M
k=1ak𝛿yk , for a ∈ RM≥0 with

 15222608, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/gam

m
.202470002 by U

niversity C
ollege L

ondon U
C

L
 L

ibrary Services, W
iley O

nline L
ibrary on [12/08/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



PIENING et al. 17 of 31

∑M
k=1ak = 1. The dual formulation (39) yields

inf
𝜋∈Π(𝜇x ,𝜈̃)

supp(𝜈̃)⊆supp(𝜈)

W2
2 (𝜇x, 𝜈̃) = inf

a∈RM≥0∑
M
k=1ak=1

(
max

𝜓(a)∈RM

1
N

N∑
i=1
𝜓(a)c(xi) +

M∑
k=1

ak𝜓(a)k

)
≥ 1

N

N∑
i=1
𝜓 c

0(xi),

where the last inequality follows from inserting 𝜓(a) = 𝜓0 = 0 for all a ∈ RM . Now, the statement follows
from the proof of [5, Prop. 4.1].

Remark 10. By construction, the semi-unbalanced regularized Wasserstein distance is not symmetric any-
more. Moreover, it is again biased. Similarly, as for the balanced case, the semi-unbalanced regularized
Wasserstein distance can be transformed into a (non-symmetric) semi-unbalanced Sinkhorn divergence

S2
2,𝜀,𝜌(𝜇, 𝜈) = W2

2,𝜀,𝜌(𝜇, 𝜈) −
1
2

W2
2,𝜀(𝜇, 𝜇) −

1
2

W2
2,𝜀,𝜌,𝜌(𝜈, 𝜈)

with the fully unbalanced regularized Wasserstein distance

W2
2,𝜀,𝜌,𝜌(𝜇, 𝜈) = inf

𝜋∈+(Rd×Rd) ∫
Rd×Rd

||x − y||2 d𝜋(x, y) + 𝜀KL(𝜋, 𝜇x ⊗ 𝜈) + 𝜌KL((proj2)#𝜋, 𝜈) + 𝜌KL((proj1)#𝜋, 𝜇).

Here, +(Rd × Rd) denotes the set of positive measures on Rd × Rd. For more information, see [95].

6 UNCERTAINTY QUANTIFICATION VIA POSTERIOR SAMPLING

In contrast to the MAP approaches, which just give point estimates for the most likely solution of the inverse problem,
see Paragraph 1 of Section 2, we want to approximate the whole posterior measure PX|Y=y now. More precisely, we intend
to sample from the approximate posterior to get multiple possible reconstructions of the inverse problem and to quantify
the uncertainty in our reconstruction. By Bayes’ law and relation (9), we know that

pX|Y=y(x) ∝ pY |X=x(y)pX (x), pX (x) = C𝛽 exp(−𝛽(x)).

While the likelihood pY |X=x is determined by the noise model and the forward operator, the idea is now to choose a prior
from the previous sections, that is,

 ∈ {EPLL, patchNR, ALR, WPP, WPP𝜀,WPP𝜀,𝜌}, (50)

By the Remarks 1,2,5,7 and 9 we have ensured that the corresponding functions pX are indeed integrable on the image
space Rd, except for ALR, where this is probably not the case. Nevertheless, we will use ALR in our computations even
without the theoretical foundation. Techniques to enforce the integrability of a given regularizer by utilizing a projection
onto a compact set, for example, [0, 1]d, exist in the literature [18, 61].

Even if the density of a distribution is known you can in general not sample from this distribution, except for the uni-
form and the Gaussian distribution. Established methods for posterior sampling are Markov chain Monte Carlo (MCMC)
methods such as Gibbs sampling [88]. We want to focus on Langevin Monte Carlo methods [75, 89, 112], which have
shown good performance for image applications and come with theoretical guarantees [18, 61]. In particular, in [30]
the EPLL was used in combination with Gibbs sampling for posterior reconstruction of natural images, and in [18] the
patchNR was used in combination with Langevin sampling for posterior reconstruction in limited-angle CT.

Consider the overdamped Langevin stochastic differential equation (SDE)

dXt = ∇ log pX|Y=y(Xt)dt +
√

2dBt, (51)

where Bt is the d-dimensional Brownian motion. If pX|Y=y is proper, smooth and x → ∇ log pX|Y=y(x) is Lipschitz contin-
uous, then Roberts and Tweedie [89] have shown that, for any initial starting point, the SDE (51) has a unique strong
solution and pX|Y=y is the unique stationary density. For a discrete time approximation, the Euler-Maruyama discretization
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18 of 31 PIENING et al.

with step size 𝛿 leads to the unadjusted Langevin algorithm (ULA)

Xk+1 = Xk + 𝛿∇ log pX|Y=y(Xk) +
√

2𝛿Zk+1 (52)

= Xk + 𝛿∇ log pY |X=Xk (y) + 𝛿∇ log pX (Xk) +
√

2𝛿Zk+1, (53)

where Zk ∼  (0, I), k ∈ N. The step size 𝛿 provides control between accuracy and convergence speed. The error made
due to the discretization step in (52) can be asymptotically removed by a Metropolis-Hastings correction step [89]. The
corresponding Metropolis-adjusted Langevin algorithm (MALA) comes with additional computational cost and will not
be considered here. Now using an approximation (50) for the prior, we get up to an additive constant

Xk+1 = Xk + 𝛿∇ log pY |X=Xk (y) − 𝛿𝛽∇ log(Xk) +
√

2𝛿Zk+1. (54)

In Section 7.5, we will use this iteration for posterior sampling in image inpainting.

6.1 Other methods for sampling from the posterior distribution

Alternatively to MCMC methods, posterior sampling can be done by conditional neural networks. While conditional
variational auto-encoders (VAEs) [59, 68, 102] approximate the posterior distribution by learning conditional stochas-
tic encoder and decoder networks, conditional generative adversarial networks (GANs) [2, 9, 38, 70] learn a conditional
generator via adversarial training. Conditional diffusion models [12, 103, 104] map the posterior distribution to an approx-
imate Gaussian distribution and reverse the noising process for sampling from the posterior distribution. For the reverse
noising process, the conditional model needs to approximate the score ∇x log pX|Y=y. Conditional normalizing flows [5, 6,
8, 113] aim to approximate the posterior distribution using diffeomorphisms. In particular, in [5] the WPP was used as
the prior distribution for training the normalizing flow with the backward KL. Recently, gradient flows of the maximum
mean discrepancy and the sliced Wasserstein distance were successfully used for posterior sampling [26, 45].

7 EXPERIMENTS

In this section, we first use the MAP approach

xMAP(y) ∈ arg min
x∈Rd

{(F(x), y) + 𝛽(x)}, 𝛽 > 0,

with our different regularizers

 ∈ {EPLL, patchNR, ALR, WPP, WPP𝜀,WPP𝜀,𝜌}

on 6 × 6 image patches for solving various inverse problems. Since the data term  depends on the forward operator and
the noise model, we have to describe both for each application. We consider the following problems:

• computed tomography (CT) in a low-dose and a limited-angle setting, where we learn the regularizer from just n = 6
“clean” images shown in Figure 10. The transformed images are corrupted by Poisson noise

• super-resolution, where the regularizer is first learned from just n = 1 “clean” image and second from the corrupted
image. The later setting is known as zero-shot super-resolution. Here we have a Gaussian noise model

• image inpainting from the corrupted image in a noise-free setting

Second, we provide examples for sampling from the posterior in image inpainting and for uncertainty quantification
in CT.

The code for all experiments is implemented in PyTorch and is available online. 2 You can also find all hyperparameters
in the GitHub repository. In the experiments, we minimize the variational formulation (10) using the Adam optimizer
[58]. The presented experimental set-up for super-resolution and computed tomography is closely related to the set-up of

2https://github.com/MoePien/PatchbasedRegularizer.
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PIENING et al. 19 of 31

Altekrüger et al. [3]. However, before comparing these approaches, we should give some comments on error measures in
image processing.

7.1 Error measures

There does not exist an ultimate measure for the visual quality of images, since this depends heavily on the human visual
perception. Nevertheless, there are some frequently used quality measures between the original image x ∈ Rd1,d2 and the
reconstructed, deteriorated one x̂. The peak signal-to-noise ratio (PSNR) is defined by

PSNR(x̂) = 10 ⋅ log10

(
d1d2max2(x)||x − x̂||2

)
,

where max(x) denotes the highest possible pixel value of an image, for example, 255 for 8 bit representations. Unfortu-
nately, small changes in saturation and brightness of the image have a large impact on the PSNR despite a small impact on
the visual quality. An established alternative meant to alleviate this issue is the structural similarity index (SSIM) [53]. It
is based on a comparison of pixel means and variances of various local windows of the images. Still, this is a rather simple
model for human vision and small pixel shifts heavily influence its value, see [87]. Recently, the development of improved
similarity metrics has revolved around the importance of low-level features for human visual impressions. Hence, alter-
native metrics focus on the comparison of extracted image features. Prominent examples include the Feature Similarity
Index (FSIM) [94, 118] based on hand-crafted features and the Learned Perceptual Image Patch Similarity (LPIPS) [119]
based on the features learned by a convolutional neural network.

All these different metrics behave very differently for image distortions as visualized in Figure 11. The image in
Figure 11B is obtained by corrupting the original image in Figure 11A by 5% salt-and-pepper noise. The other images
were generated with a gradient descent algorithm starting in Figure 11B for customized loss functions that penalize one

F I G U R E 10 CT training images used to train EPLL, patchNR, and ALR as well as for reference patch distribution for WPP, WPP𝜀 and
WPP𝜀,𝜌.

F I G U R E 11 Quality measures for different deteriorated images of the original image (A). For PSNR, SSIM, FSIM the largest value is
best, for LPIPS the smallest one. The best values for all measures appear in image (B). In the other images, one of the measures is fixed.
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20 of 31 PIENING et al.

F I G U R E 12 Application of the discrete radon transformation.

quality metric and deviation from the initial values for the other quality metric. As a result, the evaluation of reconstruc-
tions depends on the chosen metrics, where a single metric may not be suitable for all problems since the requirements
differ, for example, for natural and medical images.

7.2 Computed tomography

In CT, we want to reconstruct a CT scan from a given measurement, which is called a sinogram. We used the LoDoPaB
dataset [65]3 for low-dose CT imaging with images of size 362 × 362. The ground truth images are based on scans of the
Lung Image Database Consortium and Image Database Resource Initiative [10] and the measurements are simulated.
The LoDoPab dataset uses a two-dimensional parallel beam geometry with 513 equidistant detector bins, which results in
a linear forward operator F for the discretized Radon transformation. A CT scan and its corresponding sinogram is visu-
alized in Figure 12. The noise model follows a Poisson distribution. Recall that Pois(𝜆) has probability p(k|𝜆) = 𝜆k exp(−𝜆)

k!
with mean (= variance) 𝜆. More specifically, we assume that the pixels yi are corrupted independently and we have for
each pixel

Y = − 1
𝜇

log
(

Ỹ
N0

)
, Ỹ ∼ Pois(N0 exp(−F(x)𝜇)),

where N0 = 4096 is the mean photon count per detector bin without attenuation and 𝜇 = 81.35858 is a normalization
constant. Then we obtain pixel-wise

exp(−Y𝜇)N0 = Ỹ ∼ Pois(N0 exp(−F(x)𝜇)),

and consequently for the whole data term

(F(x), y) = − log
d̃∏

i=1
p(exp(−yi𝜇)N0| exp(−F(x)i𝜇)N0) (55)

∝
d̃∑

i=1
exp(−F(x)i𝜇)N0 + exp(−yi𝜇)N0

(
F(x)i𝜇 − log(N0)

)
. (56)

For the initialization, we use the Filtered Backprojection (FBP) described by the adjoint Radon transform [86]. We used
the ODL implementation [1] with the filter type “Hann” and a frequency scaling of 0.641.

7.2.1 Low-dose CT

First, we consider a low-dose CT example with 1000 angles between 0 and 𝜋. In Figure 13, we compare the different
regularizers. The ALR tends to oversmooth the reconstructions and the WPP, WPP𝜀 and WPP𝜀,𝜌 are not able to reconstruct

3Available at https://zenodo.org/records/3384092#.Ylglz3VBwgM.
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PIENING et al. 21 of 31

F I G U R E 13 Comparison of different methods for low-dose CT reconstruction. The zoomed-in part is marked with a white box. Top:
full image. Bottom: zoomed-in part.

T A B L E 1 Low-dose CT.

FBP EPLL patchNR ALR WPP WPP𝜺 WPP𝜺,𝝆

PSNR 30.37 ± 2.95 34.89 ± 4.41 35.19 ± 4.52 33.59 ± 3.73 32.61 ± 3.12 31.34 ± 4.22 32.79 ± 3.27

SSIM 0.739 ± 0.141 0.821 ± 0.154 0.829 ± 0.152 0.808 ± 0.146 0.777 ± 0.121 0.757 ± 0.158 0.791 ± 0.131

FSIM 0.941 ± 0.037 0.935 ± 0.073 0.935 ± 0.080 0.945 ± 0.061 0.950 ± 0.048 0.936 ± 0.064 0.951 ± 0.049

Note: Averaged quality measures and standard deviations of the high-resolution reconstructions. Evaluated on the first 100 test images of LoDoPab dataset.
Best values are marked in bold.

sharp edges. Both, the EPLL and the patchNR perform well, while the patchNR gives slightly more accurate and realis-
tic reconstructions. This can be also seen quantitatively in Table 1, where we evaluated the methods on the first 100 test
images of the dataset. Here the patchNR gives the best results with respect to PSNR and SSIM. The weak performance of
WPP, WPP𝜀 and WPP𝜀,𝜌 can be explained by the diversity of the CT dataset, leading to very different patch distributions.
Therefore, defining the reference patch distribution as a mixture of patch distributions of the given 6 reference images is
not sufficient for a good reconstruction. Note that for CT data the LPIPS is not meaningful, since the feature-extracting net-
work is trained on natural images, which differ substantially from the CT scans. Therefore, we cannot expect informative
results from LPIPS.

7.2.2 Limited-angle CT

Next, we consider a limited-angle CT setting, that is, instead of using 1000 equidistant angles between 0 and 𝜋, we cut
off the first and last 100 angles such that we consider 144◦ instead of 180◦. This leads to a much worse FBP due to the
missing part in the measurement. In Figure 14, we compare the different regularizers. Again, the ALR smooths out the
reconstruction and the WPP, WPP𝜀 and WPP𝜀,𝜌 are not able to reconstruct the missing parts well. In contrast, the EPLL
and the patchNR give good reconstructions, although the patchNR gives sharper edges as can be seen in the right part of
the zoomed-in part. In Table 2, a quantitative comparison is given. Again, the patchNR gives the best results with respect
to PSNR and SSIM.

7.3 Super-resolution

For image super-resolution, we want to recover a high-resolution image from a given low-resolution image. The forward
operator F consists of a convolution with a 16 × 16 Gaussian blur kernel of a certain standard deviation specified below and
a subsampling process. For the noise model, we consider additive Gaussian noise with standard deviation Ξ ∼  (0, 𝜎2I)
with standard deviation 𝜎 = 0.01. Consequently, we want to minimize the variational problem (12) with 𝛼 = 𝛽𝜎2.
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F I G U R E 14 Comparison of different methods for limited-angle CT reconstruction. The zoomed-in part is marked with a white box.
Top: full image. Bottom: zoomed-in part. As visualized in the zoomed-in part, only EPLL and patchNR are able to reconstruct the missing part
in the middle. The patchNR gives the sharpest results on the right of the zoomed-in part.

T A B L E 2 Limited-angle CT.

FBP EPLL patchNR ALR WPP WPP𝜺 WPP𝜺,𝝆

PSNR 21.96 ± 2.25 33.14 ± 3.58 33.26 ± 3.58 31.27 ± 2.94 29.92 ± 2.36 25.10 ± 3.98 30.00 ± 2.55

SSIM 0.531 ± 0.097 0.804 ± 0.154 0.811 ± 0.151 0.783 ± 0.143 0.737 ± 0.114 0.642 ± 0.144 0.753 ± 0.125

FSIM 0.913 ± 0.032 0.920 ± 0.071 0.921 ± 0.077 0.929 ± 0.053 0.920 ± 0.048 0.846 ± 0.111 0.922 ± 0.048

Note: Averaged quality measures and standard deviations of the high-resolution reconstructions. Evaluated on the first 100 test images of LoDoPab dataset.
Best values are marked in bold.

We consider two different types of super-resolution: First, we deal with the super-resolution of material data. Here
we assume that we are given one high-resolution reference image of the material which we can use as prior knowledge.
Second, we consider zero-shot super-resolution of natural images, where no reference data is known.

7.3.1 Material data

The dataset consists of 2D slices of size 600 × 600 from a 3D material image of size 2560 × 2560 × 2120. This has been
acquired by synchrotron micro-computed tomography at the SLS beamline TOMCAT. More specifically, we consider a
composite (“SiC Diamond”) obtained by microwave sintering of silicon and diamonds, see [110]. We assume that we
are given one high-resolution reference image of size 600 × 600. The blur kernel of the forward operator F has standard
deviation 2 and we consider a subsampling factor of 4 (in each direction).

In Figure 15, we compare the different regularizers, where we choose the bicubic interpolation as initialization. In
the reconstruction of the ALR and the WPP, we can observe a significant blur, in particular in the regions between the
edges. In contrast, the EPLL and the patchNR reconstructions are sharper and more realistic. The WPP, WPP𝜀 and WPP𝜀,𝜌
reconstructions have quite similar lower quality. A quantitative comparison is given in Table 3.

7.3.2 Zero-shot super-resolution

We consider the grayscale BSD68 dataset [72]. The blur kernel of the forward operator F has standard deviation 1 and we
consider a subsampling factor of 2.

We assume that no reference data is given, so that we need to extract our prior information from the given
low-resolution observation. Here we exploit the concepts of zero-shot super-resolution by internal learning. The main
observation is that the patch distribution of natural images is self-similar across the scales [37, 99, 120]. Thus the patch
distributions of the same image are similar at different resolutions. An illustrative example with two images from the
BSD68 dataset is given in Figure 16. The reconstruction of the unknown high-resolution image using the different regu-
larizers is visualized in Figure 17. Here ALR and EPLL smooth out parts of the reconstruction, in particular when these
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F I G U R E 15 Comparison of different methods for super-resolution. The zoomed-in part is marked with a black box. Top: full image.
Bottom: zoomed-in part.

T A B L E 3 Super-resolution.

bicubic EPLL patchNR ALR WPP WPP𝜺 WPP𝜺,𝝆

PSNR 25.63 ± 0.56 28.34 ± 0.50 28.53 ± 0.49 27.76 ± 0.52 27.55 ± 0.46 26.60 ± 0.30 27.46 ± 0.48

SSIM 0.699 ± 0.012 0.770 ± 0.008 0.780 ± 0.008 0.758 ± 0.005 0.737 ± 0.007 0.698 ± 0.020 0.727 ± 0.006

LPIPS 0.414 ± 0.011 0.175 ± 0.009 0.161 ± 0.007 0.187 ± 0.005 0.188 ± 0.008 0.177 ± 0.027 0.186 ± 0.007

FSIM 0.878 ± 0.005 0.933 ± 0.005 0.940 ± 0.004 0.932 ± 0.003 0.937 ± 0.003 0.919 ± 0.007 0.938 ± 0.003

Note: Averaged quality measures and standard deviations of the high-resolution reconstructions. Evaluated on the material data test set. Best values are marked
in bold.

F I G U R E 16 We utilize the same method as in Figure 3 to visualize the patch distribution for two natural images from the BSD68 data
set [72]. Both images are downsampled by a factor of 2 using a Gaussian blur operator in combination with additive Gaussian noise. We
project all patches onto the direction of the first principal component and illustrate the resulting distribution with a histogram. For every
image, the first principal component explains more than 70% of the total variance. Visually, the projected patch distributions of the original
images and their downsampled versions are highly similar.

parts are blurry in the low-resolution part, see, for example, the stripes of the zebra or the fur pattern of the giraffe. In
contrast, WPP, WPP𝜀,𝜌 and patchNR are able to reconstruct well and without blurred parts. The WPP𝜀 reconstructions
admit structured noise, which can be seen in the upper right corner of the zoomed-in part of the giraffe. A quantitative
comparison is given in Table 4. Again, the patchNR performs best in terms of quality measures.

7.3.3 Zero-shot super-resolution with VGG-16 features

We repeat the previous experiment but replace patches with neural network features as laid out in Section 3. More specif-
ically we test the possibility of utilizing the internal image statistics of the downsampled image by extracting features of
a VGG-16 classification network [101]. This network has been trained to assign images of resolution 469 × 387 into 1000
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F I G U R E 17 Comparison of different methods for zero-shot super-resolution. The zoomed-in part is marked with a black box. Top: full
image. Bottom: zoomed-in part. The ALR and the EPLL smooth out parts of the reconstruction when these parts are blurry in the
low-resolution part, see, for example, the stripes of the zebra or the fur pattern of the giraffe.

T A B L E 4 Zero-shot super-resolution.

bicubic EPLL patchNR ALR WPP WPP𝜺 WPP𝜺,𝝆

PSNR 27.06 ± 3.39 28.90 ± 3.53 29.08 ± 3.58 28.61 ± 3.51 28.20 ± 3.03 27.92 ± 2.81 28.36 ± 3.24

SSIM 0.782 ± 0.075 0.838 ± 0.065 0.846 ± 0.061 0.829 ± 0.066 0.790 ± 0.055 0.771 ± 0.056 0.806 ± 0.055

LPIPS 0.327 ± 0.075 0.204 ± 0.079 0.203 ± 0.075 0.196 ± 0.072 0.251 ± 0.062 0.259 ± 0.066 0.245 ± 0.065

FSIM 0.952 ± 0.023 0.977 ± 0.010 0.980 ± 0.008 0.974 ± 0.013 0.969 ± 0.023 0.964 ± 0.029 0.973 ± 0.016

Note: Averaged quality measures and standard deviations of the high-resolution reconstructions. Evaluated on BSD68. Best values are marked in bold.

F I G U R E 18 Left: Comparison of different methods for zero-shot super-resolution with VGG16 features instead of patches. The
zoomed-in part is marked with a black box. Right: Averaged quality measures and standard deviations of the high-resolution reconstructions.
Evaluated on BSD68. Best values are marked in bold.

predefined classes. To extract low-level local information, we take the output of the first convolutional layer ("conv1-1").
The resulting features have dimension 64. We take the best-performing likelihood-based regularizer, the patchNR, and the
best-performing divergence-based regularizer, the WPP𝜀,𝜌, from the previous experiment and replace the utilized patch
distributions with the resulting feature distributions. An exemplary result is visualized in Figure 18 (left) which also con-
tains a table with a quantitative comparison for the full BSD68 dataset (right). Overall the feature-based methods perform
worse than the patch-based methods, but we still improve upon the bicubic baseline despite using features geared towards
classification on an unrelated dataset. The use of techniques from self-supervised learning might enable the extraction
of more meaningful features. Such features could potentially carry semantic information or have even lower dimensions
than patches. This might accelerate image reconstruction or lead to improved performance. We leave the development of
such features as future work.
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PIENING et al. 25 of 31

F I G U R E 19 Comparison of different methods for inpainting. The black boxes mark missing parts. The reference patches for the
regularizers are obtained from the region within the white border. The zoomed-in part is marked with a black box. Top: full image. Bottom:
zoomed-in part.

7.4 Inpainting

The task of image inpainting is to reconstruct missing data in the observation. For a given inpainting mask m ∈ {0, 1}n,
the forward operator F is given by F(x) = x ⊙ m. In this subsection, we focus on region inpainting, where large regions of
data are missing in the observation. We assume that there is no additional noise in the observation, leading to the negative
log-likelihood

− log(pY |X=x(y)) =

{
0, if F(x) = y,
+∞, else.

(57)

Consequently, we are searching for

arg min x ∈ Rd{(x) ∶ F(x) = y}.

We consider the Set5 dataset [17] and assume that no reference data is given, such that we extract the prior information
from a predefined area around the missing part of the observation.

In Figure 19, we compare the results of the different regularizers for the inpainting task. The missing part is the black
rectangle in the observation and the reference patches are extracted around the missing part, which is visualized with
the larger white box. We observe that ALR fails completely. In contrast, EPLL and patchNR are able to connect the lower
missing black line. Here, the patchNR gives visually better results, in particular, the black lines are much sharper. Further,
WPP, WPP𝜀 and WPP𝜀,𝜌 fill out the missing part in a different way, as they aim to match the patch distribution between
the reference part and the missing part. Obviously, the filled area is influenced by the patch distribution of the lower right
corner in the reference part.

7.5 Posterior sampling

In this section, we apply ULA (52). First, we use it for posterior sampling in image inpainting, where we can expect a high
variety in the reconstructions due to the highly ill-posed problem. Then we quantify the uncertainty in limited-angle CT
reconstructions.

7.5.1 Posterior sampling for image inpainting

We apply ULA (52) with the different regularizers for the same task of image inpainting as in Section 7.4. Again, the
data-fidelity term vanishes, so that (54) simplifies to

Xk+1 = Xk − 𝛿𝜆∇(Xk) +
√

2𝛿Zk+1.
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26 of 31 PIENING et al.

F I G U R E 20 Comparison of regularizers for posterior sampling for inpainting. The ground truth and the observation images are the
same as in Figure 19.

F I G U R E 21 Comparison of regularizers for uncertainty quantification for limited-angle CT. Mean image (left) and pixel-wise standard
deviation (right) of the reconstructions. The ground truth and the FBP are the same as in Figure 14.

Since the inverse problem is highly ill-posed due to the missing part, we can expect a high variety in the reconstructions.
In Figure 20, we compare the different methods. The ground truth and the observation are the same as in Figure 19. We
illustrated three different reconstruction samples. Again, we observe differences between the regularizers of Sections 4
and 5. First, we note that the ALR is, similar to MAP inpainting, not able to give meaningful reconstructions. On the
other hand, the EPLL and the patchNR can reconstruct well, although the EPLL reconstructions look more realistic and
are more diverse. The regularizers from Section 5give the most diverse reconstructions. Here the reconstruction quality
is similar for WPP, WPP𝜀 and WPP𝜀,𝜌.

 15222608, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/gam

m
.202470002 by U

niversity C
ollege L

ondon U
C

L
 L

ibrary Services, W
iley O

nline L
ibrary on [12/08/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



PIENING et al. 27 of 31

7.5.2 Uncertainty quantification for limited-angle CT

Finally, we consider the limited-angle CT reconstruction as in Section 7.2. The negative log-likelihood is given by (55) so
that (54) reads as

Xk+1 = Xk + 𝛿∇
d∑

i=1
e−F(Xk)i𝜇N0 + e−yi𝜇N0

(
F(Xk)i𝜇 − log(N0)

)
− 𝛿𝛼∇(Xk) +

√
2𝛿Zk+1.

In Figure 21, we compare the reconstructions of the different regularizers. We illustrate the mean image (left) and the
pixel-wise standard deviation (right) of the corresponding regularizers for 10 reconstructions. The standard deviation can
be seen as the uncertainty in the reconstruction and the brighter a pixel is, the less secure is the model in its reconstruction.
As in the MAP reconstruction, EPLL and patchNR are able to reconstruct best. Moreover, the standard deviation of EPLL
and patchNR are most meaningful and the highest uncertainty is in regions, where the FBP has missing parts. In contrast,
the ALR smooths out the reconstruction. While the reconstructions of WPP and WPP𝜀,𝜌 appear almost similar at first
glance, the WPP admits more uncertainty in its reconstructions. Nevertheless, both regularizers are not able to reconstruct
the corrupted parts in the FBP. The WPP𝜀 has a lot of artifacts in its reconstructions. Moreover, most of the uncertainty
is observable in the artificially reconstructed artifacts.
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