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Abstract

We construct the hyper-Kihler moduli space of framed monopoles over R? for any connected,
simply connected, compact, semisimple Lie group and arbitrary mass and charge, and hence
arbitrary symmetry breaking. In order to do so, we define a configuration space of pairs with
appropriate asymptotic conditions and perform an infinite-dimensional quotient construction.
We make use of the b and scattering calculuses to study the relevant differential operators.
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1 Introduction

1.1 Background and overview

Monopoles over R® with gauge group SU(2) have been studied quite extensively. When a
finite energy condition is imposed, their behaviour near infinity is determined, up to a certain
order, by the charge, which is given by a single integer [15]. If we fix a value of this charge
and further fix a framing for the monopoles of that charge, then we can form moduli spaces
which are complete hyper-Kihler manifolds whose dimension is four times the charge [1].
The metric is inherited from the L? norm.

For more general gauge groups, however, the picture is more complicated. Here, the
charge is no longer given by a single integer, and the mass takes on a more prominent role,
determining the symmetry breaking. This complicates the analysis involved and new features
arise which were not present in the case of SU(2). Nonetheless, these monopoles and their
moduli spaces have also been studied. Often, this has been through equivalences between
them and other mathematical objects.

For example, Nahm’s equations have been used to study SU(n)-monopoles with maximal
symmetry breaking [4, 13, 14] and SU(3)-monopoles with non-maximal symmetry breaking
[9]. More recently, they have been used to produce some SU (1)-monopoles with non-maximal
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symmetry breaking [7], and a general picture has been established for the construction of
monopoles with arbitrary symmetry breaking from this type of data [8].

Rational maps have also been used to study monopoles, whose moduli spaces, in the
case of non-maximal symmetry breaking, can be organised into stratified spaces [16-18, 27,
28]. To be more precise, the case of non-maximal symmetry breaking involves two different
types of charges: magnetic and holomorphic. The magnetic charges provide discrete topo-
logical information about the asymptotics of the monopoles. However, the moduli space of
monopoles with a given magnetic charge can be further broken down into strata correspond-
ing to different holomorphic charges. These strata are in fact fibrations, where each fibre is
the moduli space corresponding to a specific framing represented by a point in the base.

Our aim is to construct these moduli spaces without relying on any of the above equiv-
alences, using the analytical framework developed by Kottke [20], which was already used
by the same author to explore the case of SU(2)-monopoles over other 3-manifolds [21].
This approach has the benefit of providing the structure of a hyper-Kihler manifold and
establishes some analytical tools with which to investigate further properties of the metric
and the monopoles.

One of the main ideas of this framework is to treat different subbundles of the adjoint
bundle separately. More specifically, at each fibre of the adjoint bundle we consider the Lie
subalgebra which commutes with the mass term, and its orthogonal complement. At the level
of subbundles, the adjoint action of the Higgs field will degenerate along the former but not
the latter, causing the relevant differential operators to have different properties and hence
require different tools: the b calculus and the scattering calculus, respectively.

Once the analysis is set up, the necessary infinite-dimensional quotient construction is sim-
ilar to that of other studied problems, like the case of anti-self-dual Yang—Mills connections
laid out in Donaldson and Kronheimer’s book [11].

Similar techniques were employed by Sdnchez Galan in his PhD thesis [30]. In it, a
combination of the b and scattering calculuses is applied to the construction of the moduli
spaces of SU(n)-monopoles with arbitrary symmetry breaking and their smooth and hyper-
Kahler structures, and an index theorem from Kottke’s work [20] is applied to the computation
of the dimension for maximal symmetry breaking.

Although many of the features are already present in the case of SU(n), our setting is a
more general class of gauge groups. We similarly apply a combination of the b and scattering
calculuses, mainly following Kottke’s work, with slightly different definitions for the Sobolev
spaces involved, particularly in the choice of parameters. More specifically, we completely
fix the decay parameters and allow an arbitrarily large regularity parameter. The definitions of
the configuration space and group of gauge transformations also differ in other aspects, like
in our definition of framing—a rigorous treatment of its relationship with other definitions
in the literature is left for future work. We furthermore analyse the linearised operator and its
indicial roots in detail for arbitrary symmetry breaking, allowing us to directly compute the
dimension of the resulting moduli spaces as well as to better understand the decay parameters
needed and the resulting asymptotic properties.

Note that, in the case of non-maximal symmetry breaking, we must fix the magnetic and
holomorphic charges in order to maintain the finiteness of the metric. Hence, the resulting
moduli spaces will be the fibres of the different strata.

Although we will indicate in some places the correspondence with previous work, we will
establish the necessary concepts surrounding monopoles—including convenient notions of
mass, charge and framing—directly from more general notions in differential geometry.

We begin by introducing monopoles in Sect. 2. We furthermore construct a model which
has the asymptotic behaviour we expect of a monopole of a given charge and mass, and we
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study the adjoint bundle in relationship to this model. We then explain what we mean by
framed monopoles of the given mass and charge, as well as the corresponding moduli space.
Our definitions differ somewhat from other approaches in the literature, but are better suited
to our construction.

In Sect.3 we start by looking at the linearised operator involved in the moduli space
construction. This serves as motivation to introduce the analytical tools of the b and scattering
calculuses which provide the necessary framework to formally set up our moduli space
construction.

We then study the linearised operator in more detail in Sect. 4 using this analytical frame-
work, proving that it is Fredholm and surjective and computing its index.

Lastly, in Sect. 5 we complete the construction of the moduli space. This involves applying
the properties of the linearised operator to carry out the infinite-dimensional quotient. We
then see how the construction can be viewed as a hyper-Kihler reduction, which provides a
hyper-Kiahler metric. We finish by discussing our resulting moduli spaces in the context of
some specific cases.

The main result is Theorem 5.4.2, which states that the moduli space of framed monopoles
for any mass and charge is either empty or a smooth hyper-Kihler manifold of known
dimension. This theorem can be phrased as follows.

Theorem Let G be a connected, simply connected, semisimple compact Lie group, and let
w and k be two elements in a maximal toral subalgebra t of the Lie algebra g of G. Assume
that exp(2k) = 1. Then, the moduli space M, , of framed monopoles of mass u and
charge « is either empty or a smooth, hyper-Kdihler manifold. If R is the space of roots of g(c
relative to tC, the dimension of this manifold is given by

dim(M, ) =2 E ia(k) —2 E ia(k) . (1.1.1)
aeR aeR
io(n)>0 a(u)=0
ia(k)>0

We will explain the elements involved in more detail throughout this work, including an
alternative expression for the dimension.

1.2 Notation

Our setting throughout is a principal G-bundle P over Euclidean R3, where G is any con-
nected, simply connected, compact, semisimple Lie group. We denote the Lie algebra of G
as g.

We will write Aut(P) for the automorphism bundle, whose fibres are the automorphism
groups of each of the fibres of P. The group of automorphisms, or gauge transformations, of
the bundle P will be written as ¢. We have

4 =T (Aut(P)). (1.2.1)

We write Ad(P) for the adjoint bundle, whose fibres are Lie algebras associated to the fibres
of the automorphism bundle.

Although we write I (E) for the space of sections of abundle E, these might not necessarily
be smooth. The appropriate regularity and asymptotic conditions for each case will be made
precise later on.

Note that from the Killing form we can obtain a bi-invariant Riemannian metric on G
and an Ad-invariant inner product on g. Combining this with the Euclidean metric on R?,
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the bundles /\j ® Ad(P) of Ad(P)-valued j-forms acquire an inner product on their fibres.
Together with the Euclidean measure on the base manifold, this will allow us to define
Lebesgue spaces L? and Sobolev spaces WX? on the spaces €2/ (Ad(P)) of Ad(P)-valued
j-forms.

2 Monopoles and framing

We start by defining monopoles. We then discuss the mass and the charge and establish an
asymptotic model for a choice of them. Lastly, we briefly explain how this will be used to
set up the moduli space problem.

2.1 Monopole definition

We construct monopoles over R? using the principal G-bundle P described above. In par-
ticular, we consider pairs in the following space.

Definition 2.1.1 The configuration space of pairs is
€ = o/ (P)®T'(Ad(P)), (2.1.2)

where 7 (P) denotes the space of principal connections on P. If (A, ®) € ¥, we refer to A
and @ as the connection and the Higgs field of the configuration pair.
On this configuration space, we define the Bogomolny map

B: ¢ — QYAd(P))

2.13
(A, D) > xFy —da® ( )

and the energy map
E: € — Rxo U {o0}
1 ) 5 (2.1.4)
(A, @) = Z(IFallp2 + Ida®l2) -

Monopoles are then defined inside this space.
Definition 2.1.5 We say that (A, ®) € ¢ is a monopole if it satisfies the Bogomolny equation
B(A, ®) =0 (2.1.6)

and it has finite energy, that is,
E(A, D) < 00. 2.1.7)

Note that the group ¢ of gauge transformations of P acts on configuration pairs (A, ®) €
% . The resulting action on the connection is the usual one and the action on the Higgs field
is the fibrewise adjoint action.

With respect to this action, the Bogomolny map is equivariant (¢ also acts fibrewise
on the codomain 2! (Ad(P))), and the energy map is invariant. This means that the gauge
transformation of a monopole is still a monopole, which gives rise to the idea of the moduli
space of monopoles as a space that parametrises monopoles modulo gauge transformations.

Note that, with an appropriate choice of the space of sections, ¢ will be an infinite-
dimensional Lie group. Then, its Lie algebra & will be given by the corresponding space of
sections of the adjoint bundle, that is,

6 =T (Ad(P)). (2.1.8)
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Lastly, let us state a pair of formulas which will be useful for us later on.

Proposition 2.1.9 The derivative of the Bogomolny map at a point (A, ®) € € is given by
(dB)a,@)(a, ) =*+dpa +adea —dae, (2.1.10)

forany (a, ¢) € Ta,4)%.
If 4 is a Lie group, the infinitesimal action of an element X € & is given, at a point
(A, ®) €€, by
X" a0y = —(daX,ade X) . (2.1.11)

Remark 2.1.12 Monopoles can be viewed as a dimensional reduction of anti-self-dual Yang—
Mills connections: if a connection on R? is invariant in one direction, and we rename the
connection matrix in this direction as the Higgs field, the Bogomolny map applied to the
resulting connection on R3 with this Higgs field represents the self-dual part of the curvature
of the original connection.

This relationship becomes apparent throughout the study of monopoles. For example,
some expressions involving the connection and Higgs field of a configuration pair can be
viewed as a simpler expression involving the corresponding connection on R?, and many of
the tools used have their counterparts in the study of connections on 4 dimensions.

2.2 Mass and charge, the model, and the adjoint bundle

In the case of G = SU(2), we know that the finite energy condition implies the existence of a
mass and a charge, which determine the monopoles’ asymptotic behaviour, but in the general
case this picture is not necessarily so clear. This means that often an additional asymptotic
condition is imposed, of the form

1
®=p— K+ o(r Y, (2.2.1a)

Fy = 217,( Q (xdr) +o(r™?), (2.2.1b)
in some gauge along rays from the origin, for some i, k € g, called the mass and the charge,
respectively. Here, r is the radial variable and the 2-form xdr is, hence, the area form of
spheres centred around the origin. The lower-order terms written here as o(r*) have different
definitions in different works, but we will specify our own decay conditions in the next
section.

However, our approach is to not only impose such asymptotic conditions for some gauge,
but to actually fix a model for this asymptotic behaviour and then to require our monopoles
to be close enough to this model. This will have some benefits, as explained in Sect. 2.3, and
will allow us to set up the moduli space construction.

Hence, for a mass p and a charge «, both in g, our aim is to construct a model pair
(Api, Dpui) that, near infinity, satisfies the Bogomolny equation and has exactly the form

1
d)/’“”( = — ZK . (2.2.23.)
1
Fa,,= 5Kk ®(xdr), (2.2.2b)

2r2

in some gauge along any ray from the origin.
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To do this, we start by observing that these conditions imply that the mass and the charge
must commute, since, considering the above form near infinity along a ray, we have

0=da,, B(Aur Ppux))
=da,, 5 Fu) —di P

= dA#vK (*F/},,K) - [FA[L,K’ q)p',,(] (223)

1
= dA;L,( (*FMJ{) — ﬁ[K’ /,L] ® (*dr) ,

and from (2.2.2b) we deduce that the two summands in the last expression must be linearly
independent if non-zero (and hence must be zero). Hence, we can find a maximal torus
T inside G whose Lie algebra t contains p and «. We will firstly build our model on a
principal T-bundle and then carry it over to a principal G-bundle through an associated
bundle construction.

Now, since T is Abelian, the adjoint bundle of any principal T-bundle is trivial, and hence
can be identified with t. Furthermore, any principal connection on the principal T-bundle
induces the trivial connection on its adjoint bundle. In particular, we can define constant
sections, like  and k, which are equal to i and « everywhere and furthermore are covariantly
constant with respect to any principal connection.

Additionally, if we have the extra integrality condition exp(2wk) = 15, we can build a
principal T-bundle on the unit sphere S whose curvature is %5 ® dvolg2. Extending this
bundle and connection radially to R \ {0} we obtain a principal T-bundle which we call Q.
The connection, which we call A g, satisfies the curvature condition

1
0= ﬁg(g) (xdr) . (22.4)

Considering the identification Ad(Q) = t as bundles over R3\ {0}, we can construct

|
Gp:=pn ng (2.2.5)
as an element of I'(Ad(Q)). Since the constant sections are covariantly constant with respect
to A g, itis straightforward to check that the pair (Ao, ® o) satisfies the Bogomolny equation
over R3\ {0}.

Now, since T is a subgroup of G, we can associate to Q a principal G-bundle P (over
R3 \ {0}). We can carry the pair (Ag, ® ) over to P through this construction. But since G
is simply connected, P must necessarily be trivial over R \ {0}, and hence we can extend
it to R3. The pair (Ag, @) can be extended smoothly over the origin as well, modifying it
if necessary inside the unit ball and leaving it unchanged elsewhere. This yields a pair over
R3, which is therefore in €.

Fa

Definition 2.2.6 We refer to the pair constructed above as the asymprotic model pair of mass
u and charge k, and we write it as
(A/,L,K! q)u,/c) . (2.2.7)

Note that this asymptotic model pair still satisfies the Bogomolny equation near infinity,
but not necessarily near the origin. This is not a problem, since we only want to use it to
study the behaviour of our monopoles near infinity. However, defining it over the entire R3
will make some notation simpler.

Note, furthermore, that this model is not the unique pair which satisfies the desired asymp-
totic conditions. However, we will fix it here and use it throughout our constructions. Although
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it can be easily seen that some choices involved in its construction do not ultimately change
the results, we do not go into further detail here.

It will be easy to understand the behaviour of this pair, and hence of our monopoles, if we
decompose the adjoint bundle appropriately. In order to do this, near infinity, we perform a
root space decomposition of each fibre of the complexification of the adjoint bundle Ad(P)C,
with the maximal Abelian subalgebras given by the fibres of Ad(Q)€ c Ad(P)C. We refer
to each of the resulting subbundles as root subbundles, which will be denoted by g, for each
« in the space R of roots of g(c. The bundle of maximal Abelian subalgebras willwsimply be
written as f .

Therefore, we obtain a decomposition of the adjoint bundle near infinity as

AdP)* =t o P go- (2.2.8)
aeR

with the adjoint action on the adjoint bundle behaving under this root subbundle decomposi-
tion in the same way as it would behave under the analogous root space decomposition, that
is,if X e (%) and Y € I'(gq), then

ady Y =a(X)Y . (2.2.9)

We can then rephrase the asymptotic properties of the asymptotic model pair in the fol-
lowing way.

Proposition 2.2.10 For any choice of commuting mass | and charge k such that exp(2rwk) =
LG, there exists a smooth asymptotic model pair (A, ®, ) € €, which, near infinity,
satisfies the Bogomolny equation as well as

1
—x,
2r—

1
Fape=576® (xdr), (2.2.11b)

D= — (2.2.11a)

where i € I'(Y) are constant sections in (the real part of) the first summand of the
decomposition (2.2.8).

The subbundle € in the decomposition is obviously trivial, but we can also relate the
other terms to simple line bundles. We denote a complex line bundle of degree d over the
2-sphere, with its homogeneous connection, by #?. We can extend it radially to R3 \ {0},
where we refer to it also as £,

Corollary 2.2.12 The asymptotic model pair (A, «, P ) decomposes along the root sub-
bundle decomposition. In particular, on each complex line bundle g, the pair satisfies

a(x)
ade,  Jg. = (1) — ==, (2.2.13a)
~ r
a (k)
Fa,, law = ﬁ(*d") . (2.2.13b)
Therefore, by restricting the connection A, . to each subbundle g, we have
g = 20 (2.2.14)
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Remark 2.2.15 Notice that, although 0 is not defined as a root of the Lie algebra, for most
purposes we can write t as rank(G) copies of go. By this, we mean that substituting a(+) by
0 in results about subbundles g, will yield the gnalogous results for t€. We will follow this
convention from now on. -

2.3 Framed monopoles

One of the key ideas in the construction of moduli spaces of monopoles is to study framed
monopoles. This means that we fix not only the mass and the charge, but also the specific
asymptotic behaviour, allowing only gauge transformations which tend to the identity at
infinity.

In our case, this will be achieved by defining the configuration space for a given mass
and charge as the space of pairs which differ from the asymptotic model pair (A, i, Py )
by a decaying element of a Banach space. This guarantees that the asymptotic behaviour is
the same up to a certain order, and it provides a Banach structure to be able to apply the
necessary analysis.

The group of gauge transformations will then be modelled on a related Banach space, so
that its Lie algebra also consists of decaying sections of the adjoint bundle.

The specific form of these Banach spaces will be discussed at the end of the next section.

3 Analytical framework

The first step towards the construction of the moduli space is to look at the linearised problem,
and more specifically at the linearised operator made up of the linearised Bogomolny equation
together with a gauge fixing condition.

The specific shape of this operator will motivate the introduction of the b and scattering
calculuses, whose combination is particularly well suited to the study of this problem and
will provide the analytical framework for the moduli space construction. The b calculus
is analogous to the analysis on cylindrical ends studied in other works [6, 23], whereas the
scattering calculus in this case is simply the typical analysis on R3. However, this formulation
offers a convenient setup for our problem.

In Sects. 3.2 to 3.5 we summarise the most relevant analytical definitions and results
for these calculuses, which can be combined to define hybrid Sobolev spaces. Most of this
analytical framework is obtained from Kottke’s work [20] and references therein, including
Melrose’s works [25, 26], which contain a more detailed account.

We then choose the specific spaces which will be appropriate for our case, explain some
of their properties and formally set up the moduli space construction.

3.1 The linearised operator
As stated above, the first part of the linearised operator is the derivative of the Bogomolny
map

dB)a,0)(a, ¢) =*dsa +adgpa —dag. (3.1.1)

On the other hand, the action of the infinitesimal gauge transformations is

(X" a,0) = —(daX, ado X), (3.1.2)
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so we can consider the formal L2 adjoint of this map, that is,
(a,¢) > —dja +ado ¢, (3.1.3)

whose kernel will be orthogonal to the orbits. Configuration pairs which differ from (A, ®)
by an element in this kernel are said to be in Coulomb gauge with respect to (A, P).
Putting both of these together (and changing the sign), we obtain the following operator.

Definition 3.1.4 Let (A, ®) € ¥. We define its associated Dirac operator as

—wdy d
Do) =< ;*A OA> —adg, (3.1.5)
A

acting on the space of sections

A © A ® Ad(P)). (3.1.6)

We view this operator (or, rather, its complexification, which we denote in the same way)
as a Dirac operator by using the isomorphism

AN oA\ = s 8", (3.1.7)

where § is the spinor bundle on R3. Indeed, considering the Clifford action only on the first
factor §, the resulting Dirac operator will be precisely the first summand of (3.1.5). In our
case, the second factor §* can simply be written as Q, since the connection and Clifford
action are trivial, whereas we preserve the notation for the first factor as § to emphasise the
Clifford action on it. Therefore, we can write

Daoy=0Pa—ado, (3.1.8)

where D 4 is the Dirac operator twisted by the connection A on Ad(P), which acts on the
space of sections
I ®C*eAdP)), (3.1.9)

with the factor C2 simply having the effect of duplicating the bundle and operator. Note
how the Dirac operator notation is related to the interpretation of configuration pairs as the
dimensional reduction of connections on R*, as explained in Remark 2.1.12.

Remark 3.1.10 Here we have complexified the bundle ( /\1 ® /\0) @ Ad(P), which allows us
to apply the theory of Dirac operators and spinor bundles, as well as to make use of the root
subbundle decomposition (2.2.8). However, we are ultimately concerned with real solutions
to the equations, so it is important to consider how our analytical results translate between
the real and complex contexts.

The crucial observation is that, although we may regard some operators as complex, they
preserve the real parts of the spaces between which they act. To be more specific, our spaces
are originally defined as real spaces—Ilike the space of sections of a real vector bundle—and
are then complexified, providing them the structure of complex vector spaces with a real
structure. Furthermore, it is easy to check that the operators we define throughout preserve
these real structures. Then, if such a complexified operator between complexified spaces
is Fredholm, the corresponding operator between the real parts is also Fredholm, has the
same index, and its kernel and image will be the real parts of the kernel and image of the
complexified one. In particular, the real dimension of the kernel of the real operator coincides
with the complex dimension of the kernel of the complexified operator.
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The characterisation of (4 ¢) as a Dirac operator will allow us to write it out in a more
convenient form. To do so, note that if (A, ®) = (A, «, Ppu.«) + (a, ) for some mass p and
charge «, then

ID(A’cp) = w(Au,m‘Du,x) + (cl®ad), — ad(p s (3.1.11)

where a acts through Clifford multiplication on the § factor with its /\1 component and
through the adjoint action on the Ad(P)(C factor with its Ad(P) component, and ¢ acts
similarly through the adjoint action. Hence, we will actually write out D(a,, ,.®,,) and use
the above formula to understand the operator for other configuration pairs of the given mass
and charge.

Now, near infinity, A, . and ®, , decompose along the root subbundle decomposition
(2.2.8), so the operator D(a,, ,.®,,) Will be made up of the diagonal terms

1
Do := D a0 509, = Piato) — () + 5-alk), (.1.12)

where D) represents the Dirac operator twisted by the line bundle .#/* ).
Therefore, we can characterise the behaviour of the linearised operator near infinity in the
following way.

Proposition 3.1.13 The operator D(AM,K,%,K) decomposes near infinity as
2 rank(G 2
By, = By & P BT, (3.1.14)
aeR

which acts on sections of the bundle

AN'&AN)@AdP) =) e PE®C @ ). (3.1.15)

a€ER

Furthermore, if (A, ®) = (A;c, Pux) + (a, @), then
Do)y — Do (3.1.16)

will be a bundle endomorphism proportional to (a, ¢).

We can notice that the expression for B, when o (i) # 0, is like the one needed to apply
Callias’s index theorem, since it is a Dirac operator plus a skew-Hermitian algebraic term
which doesn’t degenerate at infinity. However, when () = 0, this last condition is not
satisfied, since the Higgs field tends to O at infinity.

Therefore, in the next few subsections, we introduce two separate formalisms which are
suited to these two circumstances. These are the b calculus, which will help us study the case
where o (i) = 0, and the scattering calculus, which will provide a convenient rewording of
the setup of Callias’s index theorem for the case (1) # 0. We will then see how these two
formalisms fit together to study our linearised operator.

3.2 B and scattering calculuses

We now introduce the b and scattering calculuses, whose tools and results will be expanded
upon in the following sections. We largely follow Kottke’s work on Fredholmness and index
results for operators of the form exhibited by our linearised operator [20], which we aim to
apply in our case. More details can be found there, as well as in its references, about both the
b calculus [25] and the scattering calculus [19, 26].
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The basic setting for these calculuses is a compact manifold with boundary K, together
with a boundary defining function x, that is, a smooth non-negative function which is 0
precisely on the boundary and such that dx is never zero on the boundary 0K .

Definition 3.2.1 We define the spaces of b and scattering vector fields as
Vp(K) ={V € V(K) | V is tangent to K } (3.2.2)

and
Vse(K) ={xV |V € Vp(K)}, 3.2.3)

respectively, where V(K) is the space of vector fields on K.

These spaces of vector fields can also be regarded as sections of certain bundles over K,
the b and scattering tangent bundles, denoted by T K and *‘T K . There are natural maps

‘TK - "TK - TK, (3.2.4)
which are isomorphisms in the interior of K (but not on the boundary). Near a point on the
boundary, if {y1, ..., y»—1} are local coordinates for d K around this point, then

o 0 ad
[x—,—,...,il (3.2.5)
dx 9y Oyn—1
and ] d ad
{xz—,x—,...,x } (3.2.6)
ox 9y Oyn—1

are local frames for T K and ‘T K, respectively. Sections of the corresponding cotangent
bundles (that is, the duals of the tangent bundles), will be the b and scattering 1-forms.

Analogously, near the boundary, these bundles have local frames {d%, dyr,...,dy,—1} and
{dl dyr dyn—1 }
Rl R B

It is important to note that the spaces V,(K) and V. (K) form Lie algebras with the usual
Lie bracket for vector fields, and that, furthermore, we have [V, (K), Vs (K)] C Vs (K).

Like with the usual vector fields, we can also define differential operators. In order to do
so, assume that E is a vector bundle on K with a connection whose covariant derivative is
given by V.

Remark 3.2.7 In general, we will take this vector bundle E to be complex. However, some of
these definitions will also be valid for a real vector bundle, which will be necessary for us to
make the correct definitions, as noted in Remark 3.1.10. In particular, the definitions of the
Sobolev spaces and the spaces of bounded polyhomogeneous sections will admit both real
and complex vector bundles.

Definition 3.2.8 We define the spaces of b and scattering differential operators of order
k € Z>p on E as
Diff% (E) (3.29)
= Spanr(End(E)){vvlvvz"'VV( | V], VQ,..., Ve EVb(K),O EZ Ek}
and
Diff (E
se(E) (3.2.10)
= spanF(End(E)){VV1 VVZ tee VV[ | V17 V27 e VZ € VSC(K)7 0 = 14 = k} )

respectively, where a composition of 0 derivatives is simply taken to mean the identity
endomorphism.
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3.3 B and scattering Sobolev spaces

In order to define Sobolev spaces, let us assume that the vector bundle E carries an inner
product. Furthermore, suppose that we have an exact scattering metric on K, by which we
mean a metric on the interior of K which can be written as

dx?  hyg

hse = — + — 331
sc )C4 )C2 ( )

near d K, where hyk restricted to d K defines a metric on the boundary. This is a metric on
the scattering tangent space, and also provides a measure on K.

The definition of Sobolev spaces for the b and scattering calculuses is then analogous
to the usual Sobolev spaces. Two additional features will be useful: adding weights to the
Sobolev spaces, and combining b and scattering derivatives in the same space. The following
definition encompasses these ideas.

Definition 3.3.2 Let§ € R, k, £ € Z>¢ and p € [1, oo]. We define the Sobolev spaces

skl
R (3.3.3)
:={u | x°DpDscu € LP(E), YDy, € Diffs (E), VDj, € Diffl (E)} .
We also write R
P HY(E) = Wi (E). (33.4)

When there is only one kind of derivative present, we may omit the corresponding subscript
and superscript. The weight and the bundle may also be omitted when trivial.

Remark 3.3.5 Note that the ordering of the first three terms in the expression x 79Dy Dseu in
(3.3.3) does not matter, as can be shown by looking at the commutators of the appropriate
operators.

Remark 3.3.6 These are Banach and Hilbert spaces with respect to their natural norms. In
fact, we can also define pseudodifferential operators and Sobolev spaces of negative order,
and these will be briefly mentioned later on, but we will not give details about it here.

Now, it will be useful to have some embedding results between these Sobolev spaces.
From the definitions we see that we can exchange b and scattering derivatives, by taking
the weighting into account, as follows.

Lemma 3.3.7 We have
W, P(E) € Wi (E) € x* W, P (E). (3.3.8)

Furthermore, we can also consider the usual Sobolev embeddings adapted to our situation.
Consider firstly the interior of the manifold K with our given scattering metric /.. The

usual Sobolev spaces on this Riemannian manifold are precisely the spaces Wskgp (E) that we
defined with scattering derivatives.
Furthermore, consider again the interior of K, but with the metric

hp = x2he . (3.3.9)

Then, the resulting Sobolev spaces on this new Riemannian manifold are precisely the spaces

xf% W,f P (E) that we defined with b derivatives, where the weight takes into account that
the underlying measure is also weighted by x".
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Let us assume that both Riemannian manifolds described above have bounded geometry
(that is, positive injectivity radius and bounds on the curvature tensor and all its derivatives).
In particular, this implies that we can obtain Sobolev embedding theorems [2, Thm. 2.21]
for our b and scattering Sobolev spaces—taking into account the weighted measure on the
former.

Clearly, we can also obtain an embedding of a Sobolev space into one with lower weight
(all other parameters being equal), but we can also combine this with the Sobolev embeddings
to obtain compact embeddings.

This is captured in the following proposition, where C is taken to mean that there is a
continuous inclusion between the spaces.

Lemma 3.3.10 Assume that

k> K, (3.3.11a)
N (3.3.11b)
p p
p=p, (3.3.11c¢)
§>6. (3.3.11d)
Then,
PWEPE) €T W(E) (3.3.12)
and o
SWEP(E) € XYW (). (3.3.13)

Furthermore, if § > &', then the embeddings are compact.

Remark 3.3.14 If we have an embedding

kL, 1k p
W, P(E) S xP W, T (E), (3.3.15)
then we also have the embedding
x6+5// Wg’i_f//’z+€//7p(E) g x81+8// Wg,/;k//v€/+e//'p/(E) , (3.316)

where 8" € R and k”,¢” € Zso. This is a consequence of the properties noted in
Remark 3.3.5.

Lastly, we observe that the condition of having bounded geometry also implies the fol-
lowing density property [12, Thm. 2.8].

Lemma3.3.17 If p < oo, then the space of smooth compactly supported sections is dense

. Swk.L,p
inx Wb’sc .

3.4 Polyhomogeneous expansions

Another important collection of spaces are those of polyhomogeneous sections.
To define them, we consider index sets T C C x Zxo which are discrete, and satisfy

{(A,v) € Z|ReA <k}| < o0, Vk € Z>o, 3.4.1)
and

OV eT = A+j1.v—jr) €L, Vji€Z=0.Vire{0,1,....v}. (342
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Then, we say that a section of a vector bundle E, on K has a polyhomogeneous expansion
with index set Z if u is asymptotic to the sum

>t log() ury (3.4.3)
(A, v)el

at K, for some choice of sections u, , of E which are smooth up to the boundary. Here, by
asymptotic we mean that, for any k € Zxo,

w— Y x*log(x) ury (3.4.4)

(A,v)eT
Re A<k

is k times differentiable, and it and its first k derivatives vanish to order x* at the boundary.
We will be mostly concerned with a specific subset of these.

Definition 3.4.5 Let § € R>. Then, we define the space
B (E) (3.4.6)

of sections of E which are bounded polyhomogeneous of order x° as the space of polyho-
mogeneous sections whose index sets satisfy 7 C ((8, 00) x Zxg) U {(8, 0)}.

Furthermore, 2°°(E) will denote the space of sections which vanish with all derivatives
to infinite order.

If a section is in Z°(E), we simply say it is bounded polyhomogeneous.

It is important to note that b operators preserve the order of bounded polyhomogeneous
sections, and hence scattering derivatives increase the order by 1.

3.5 Fredholm theory

In the b and scattering calculuses there are results which allow us to prove that certain
operators are Fredholm and to compute their index. We will briefly summarise them, since
the main notions will reappear when we combine both calculuses to study our operator.

In the case of the scattering calculus, the relevant notion is Callias’s index theorem [5,
19]. Suppose that K is odd dimensional, and that we have an operator D + W, where D is a
Dirac operator for the scattering metric and W is an algebraic, skew-Hermitian term which is
non-degenerate on the boundary of K and commutes with the Clifford action on the bundle
E. Then, the operator is Fredholm as a map

. 0 gk 8 prk—1
D+ V: x*HX (E) - X°HEV(E) (3.5.1)

for any § and k.

To find its index (which is independent of § and k), consider the restriction of E to d K and
the subbundle £ given by the positive imaginary eigenspaces of the endomorphism W[5k .
This, in turns, splits as E = Ejf @ E as the £1 eigenspaces of i cl(xz%). If 31 denotes
the Dirac operator mapping Ei to £, induced by D, then

ind(D + W) = ind(#7). (3.5.2)

Furthermore, any element in the kernel of this operator will be in Z>°.
In the b calculus, the situation is a bit more involved.
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Suppose we have an elliptic operator D of order k which, near the boundary, can be written

as .
D= H%:Skb,-,ﬁ(x, y)(x%)](%>ﬁ, (3.53)

where y represents coordinates on the boundary 0 K and $ is a multi-index. Restricting it to
the boundary produces the indicial operator

ID)y="Y b0, y)(za%)j(%)ﬂ, (3.5.4)

J+Bl=k

which is a differential operator on the inward-pointing normal bundle to 4K inside ?T K.
This bundle is generated by x% and its fibres are parametrised by z > 0, and it can be
thought of as modelling K near its boundary.

From this we obtain a family of operators on the boundary given, for a parameter A € C,
by

i 0\B
D)= Y bjs0, y))J(a—) . (3.5.5)
J+IBI<k Y
These operators will be elliptic on d K, and they will give us information about the operator
at the boundary. In particular, define the b spectrum of the operator D as

spec, (D) = {x € C | I(D, 1) is not invertible} , 3.5.6)

which is a discrete set. We call the real parts of its elements indicial roots.

For a value A € spec, (D), elements u € Null(/(D, 1)) represent sections in the kernel
of the indicial operator /(D) of the form z*u. In fact, we can also define the order ord(1) of
A, representing the existence of sections in this kernel of the form

ord(A)—1

2> log(2) uy. (3.5.7)

v=0

which make up the formal nullspace at ). In our case, this order will always be 1, so we will
not go into more details.
In this setting, the operator is Fredholm as a map

Ds : X2 HH(E) - X2 HTH(E) (3.5.8)

as long as § is not an indicial root, that is, § ¢ Re spec, (D).
The index of the operator might change depending on the weight of the Sobolev spaces.
However, there are two properties which can be useful for its computation:

D self-adjoint = ind(D;s) = —ind(D_;), 3.5.9)
and, if [8p — ¢, 80 + €] N Re spec, (D) = {§p}, then

ind(Dsy—e) = ind(Dsye) + 3 ord(2) - dim Null(/(D, 1) . (3.5.10)
Re 1=48p

Lastly, when the spectrum is real, elements in the kernel of Ds (when § is not an indicial
root) will be bounded polyhomogeneous of order x*! log(x)°™4*1) =1 where 1 is the smallest
indicial root bigger than §; in particular, they will be in #*! if ord(A) = 1.
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3.6 Hybrid spaces

Let us now return to the study of the linearised operator from Sect. 3.1.

Firstly, in order to view our base manifold, the Euclidean space R3,asa compact manifold
in the sense needed for the b and scattering calculuses, we consider the radial compactifica-
tion.

Topologically, this identifies R? with the interior of a 3-ball, whose closure provides the
compact manifold K. Its boundary is a 2-sphere, which we will refer to as the sphere at
infinity. We then obtain a boundary defining function by taking

x=- (3.6.1)

r

near infinity and smoothing over the origin.
A crucial observation is that the Euclidean metric on R is precisely a scattering metric
on the radial compactification, since, away from the origin, it can be written as
2
dr? +r’hg = % + % . (3.6.2)
where & ¢ is the metric on the unit 2-sphere. In particular, this metric has bounded geometry.
Furthermore, the corresponding b metric—the Euclidean metric weighted by x2, which is
equal to riz near infinity—is isometric to a cylinder near infinity and hence also has bounded
geometry. Therefore, we can apply the properties described in Sect. 3.3.

Let us now recall the form of our linearised operator for the model monopole on each root
subbundle, given by (3.1.12).

On root subbundles g, for which a(u) # 0 it has precisely the form required to apply the
Fredholm theory for sca?tering operators, but on the root subbundles for which « (i) = 0 the
action of the Higgs field degenerates. However, in the latter case, let us consider the operator
x~ !, which near infinity is simply

ia(k)

X Diaw + — (3.6.3)

Since the Dirac operator can be written in terms of scattering derivatives (with no algebraic
term), the operator x ! Diae) is a b operator. Furthermore, the action of the Higgs field is
bounded, so x ! Dy, is also a b operator.

This means that we have to treat root subbundles differently depending on whether «(t)
is 0 or not. Hence, let us start by defining, near infinity, the subbundles

Ad(P)c = ker(adﬁ), (3.6.4a)
Ad(P)c1 = ker(adﬁ)l, (3.6.4b)

of the real bundle Ad(P)—where C refers to the centraliser of w in g. It is important to note
that these definitions indeed determine subbundles, due to the definition of the mass element
W, whose adjoint action must have a constant rank near infinity. Their complexifications are
the subbundles

AdP)E=tC® B ga- (3.6.52)
a€R
a(n)=0
AdP)eL = B a- (3.6.5b)
aeR
a(u)#0
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of Ad(P)C.

Then, the operator near infinity will look like a weighted b operator along the first sub-
bundle and like a scattering operator along the second one.

With that in mind, we make the following definition, where we are further allowing the
construction to depend on a parameter s € Z>1 which will add regularity (in the form of
b derivatives) to the configurations we consider. This will remain essentially fixed for most
of the rest of this work, and only plays a minor role in some proofs. We will then see in
Proposition 5.2.7 that the results do not ultimately depend on this choice.

Definition 3.6.6 We define
HoISk {u | Myu € x* H ™ (E © Ad(P)c),
(1—TI) xu € x" Hg;fc(E ® Ad(P)c1), (3.6.7)
(1 - x)u € H™*(E ® Ad(P)) } :

where IT is the orthogonal projection onto Ad(P)c, x is a smooth cutoff function which is 0
on the unit ball and 1 outside a larger ball, and H denotes the corresponding Sobolev space
of compactly supported functions. ‘

When the bundle E is just an exterior bundle /\’, we will simply write the subscript J,
and when the bundle is A' @ A\, we will omit the subscript altogether. That is,

80,818,k ._ 7,80,81,5,k

Hj = H/\j s (3.6.8)
80.81,8,k .__ 7,80,81,5,k

H = HNEB/\° . 3.6.9)

Furthermore, we will centre our attention on these spaces for very specific parameters. In
particular, we define

AE = HTEE D k=0,1,2, (3.6.10)

following the same notation for subscripts:
A = ;f/i’j", k=0,1,2, (3.6.11)
A5 = %;\q"@/\o, k=0,1,2. (3.6.12)

Note the difference between 75, * and A *=1. the subbundle corresponding to the cen-
traliser of u loses one b derivative and its weight increases by 1, whereas the subbundle
corresponding to the orthogonal complement loses one scattering derivative while its weight
remains the same. This is exactly how we expect our linearised operator to act on each of
these subbundles.

Another good indication that these spaces are well suited to our situation is the following
result.

Lemma 3.6.13 The maps

da,,: 50— A0 (3.6.14)
and
adg,  : " — A" (3.6.15)

are continuous for k € {1, 2}.
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Proof For the operator dg,, ., we first note that it is a scattering differential operator of order
1. This means that we have the continuous map

da, XPHELND — PHESTNT. (3.6.16)

b,sc b,sc

However, x ~1dy4 e is a b operator of order 1, so the map

da, . PHELND = S PN (3.6.17)

b,sc b,sc

is also continuous. We apply these two facts to the subbundles Ad(P)-. and Ad(P)c,
respectively.

For the operator adcpM ,weuse Corollary 2.2.12. On Ad(P) ., the mass term is a constant
along the decomposition, so multiplying by it preserves the Sobolev space we find ourselves
in. The charge term is a constant weighted by x, which also preserves the space. On Ad(P)c,
however, the mass term vanishes, so we can increase the weight by 1. In both cases, we can
then remove one derivative from the respective Sobolev spaces to obtain maps like the above.

In both cases we are relying on the fact that the connection and Higgs field are smooth
near the origin, and hence they locally act between the appropriate spaces. O

The specific weights chosen will be important later on for several reasons. Firstly, the
index of the operator will depend on the choice of weights. Secondly, we need to make
sure that products of elements in these spaces preserve the appropriate properties. The most
important of these, which will be used throughout, are in the following lemma.

Lemma 3.6.18 The maps

[o,o]: 5% x A5 — AT, (3.6.19)
[o,o]: A2 x 50 — 50, (3.6.20)
[o,o]: A5 x " — 50, (3.6.21)
[o,o]: 5% x A2 — P2, (3.6.22)
and S s
[o, o] HO TS s Qo s ggea] (3.6.23)

given by the adjoint action on Ad(P) are continuous.
Furthermore, in the first three cases, if we fix an element of the second space, the map is
compact from the first space to the codomain.

Proof These follow from the properties laid out in Sect. 3.3 combined with H6lder’s inequal-
ity. Let us illustrate this by summarising the proof for some of the maps.

Firstly we look at (3.6.19). To simplify notation, we take O instead of s (although, as
stated before, we will need to assume s > 1 for other proofs), so the map we are interested
in becomes

[o,o]: Hy 102 5 HO PO s 01O (3.6.24)

Now, we note that
[Ad(P)c, Ad(P)c] € Ad(P)c . (3.6.25)

Furthermore, the asymptotic conditions are stronger on the subbundle Ad(P).. than on the
subbundle Ad(P)c (and the regularity conditions are the same). Therefore, it will suffice to
prove the multiplication properties for the pointwise multiplication maps

e x 'HEx HY - H}, (3.6.26a)
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eoox 'HE xxHY — xH]., (3.6.26b)

e xHX x H! - xH] (3.6.26¢)
since these are the spaces that determine the asymptotic conditions along the relevant sub-

bundle combinations.
To prove (3.6.26a), we first see that if # and v are smooth and compactly supported, then

il
< @)l 2 + v 2
< 7 @)l +lex vl p il (3.6.27)

—1 —1
S L N R T e P A AR
<l gVl g + el ol + el vl 2

where the relation < denotes that there is an inequality if we multiply the right-hand side by
a positive constant which does not depend on u or v. Note that we need to use x ~'d instead
of d to account for the b derivatives, since the Euclidean metric is a scattering metric. Now,
from Lemma 3.3.10 and Holder’s inequality we deduce that

T Hexrwit oL, (3.6.28)
where € denotes a compact embedding, and that
H} Cx1L* L. (3.6.29)

This implies the continuity and compactness properties of the multiplication map.
For (3.6.26b) and (3.6.26¢c) we can apply a similar procedure to see that

vl < el _y sl g el ol + Bz ol 2 (3.6.30)

vl < el y a0l g+ Tl ol + el y ol g, (G63D)

Taking into account the previous embeddings together with
xHY cx2L4 12, (3.632)
xH2 € x?Wht cxip4 L, (3.6.33)

completes the proof.

If we want to account for other values of s we can simply add s b derivatives to all the
spaces involved, since Holder’s inequality will still hold, and so will the embeddings applied.

The proofs for the maps (3.6.20) to (3.6.22) follow a similar procedure.

The proof of (3.6.23) is slightly different in that it relies on s > 1. To demonstrate it, let us
therefore take s = 1 and observe, similarly to above, that it reduces to proving the continuity
of the maps

oot HE x HE — x3HZ, (3.6.34a)
oo HE xxHNL > X3N] (3.6.34b)
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The continuity of the first map follows from the inequality

uv < |lu v u v u v
B L L W L Y L e e B e L P

(3.6.35)
sl Rt UL Y B L Ve TS LI
and the embeddings
HE C x3W)* Cx3L™® xiL*, (3.6.36)
whereas the continuity of the second follows from
luv] s Al < Ml livll y ) o Nl 14||v||xwl4 il LN L
(3.6.37)
+lull 3 14||v||xL4 Flul g Il + IIMIIJCh4 vl 4
taking into account, additionally, the embeddings
xHIL Cxwit cxiLe XLt (3.6.38)
O

Naturally, the spaces %S ¥ can be substituted by J%”bf ** in the above lemma when appro-
priate, and similarly for H'SO 915k and H‘SO Ak,
Lastly, we will also con51der spaces of bounded polyhomogeneous sections with different

orders on different subbundles. The only relevant one for us is
Ll (3.6.39)

which will denote bounded polyhomogeneous sections of ( /\1 &) /\0) @ Ad(P) which are of
orders x% and x% in the subbundles corresponding to Ad(P)c and Ad(P)1, respectively.
Multiplication properties for such spaces are more straightforward.

3.7 Moduli space setup

Of particular interest are the spaces

%3,2 — H/—\]Uylyssz , (371)
=l (3.7.2)
%s,o _ Hl/illysyo , (3.7.3)

which will be used to define the setup of the moduli space of framed monopoles for our mass
and charge suggested in Sect. 2.3.
We start with the configuration space.

Definition 3.7.4 The configuration space of framed pairs of mass . and charge « is defined
as
S = A @) + A (3.7.5)

The Bogomolny map restricted to the configuration space %),  is denoted as

B, =Blgy, . (3.7.6)
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For the §roup of gauge transformations the aim is to model its Lie algebra on the Sobolev
space 7). Since the group of gauge transformations itself is not a vector (or affine) space,
its definition is slightly more involved.

In order to build it, we consider the group G as a compact subgroup of a space of matrices,
and construct the bundle EM over R? which is associated to P through the conjugation action
of G on this space of matrices. Since the conjugation action respects matrix multiplication,
this will yield a bundle of algebras. Furthermore, since the bundle Aut(P) can be constructed
as the bundle associated to P through the conjugation action of G on itself, the bundle EM2
will contain Aut(P) as a subbundle. By the same reasoning, it will also contain Ad(P) as a
subbundle. Lastly, we observe that near infinity we can decompose this bundle M2t in the
same way as the adjoint bundle by considering the subbundle Eg[a‘ that commutes with
and its orthogonal complement Eg/[ft (with respect to any metric which extends the metric

on the adjoint bundle). This can be used to define a Sobolev space .7#*-2(EM) in a way
analogous to the definitions for the bundle Ad(P).

Definition 3.7.7 The group of (small) gauge transformations for mass v and charge k is
defined as the group of sections

G5 = {g € 1g + 22 (EM) | g takes values in Aut(P)} (3.7.8)
and its Lie algebra is denoted by
&' =Lie(} ). (3.7.9)

We can see that these definitions provide an adequate setup by applying the properties of
the hybrid Sobolev spaces involved.

Proposition 3.7.10 The gauge group 9, , is a well-defined Lie group whose Lie algebra
satisfies 5
05;,'( =" (3.7.11)

A

This group acts smoothly on the configuration space ¢, .,

smooth as a map

and the Bogomolny map B, . is

B €~ A0 (3.7.12)
Furthermore, if (A, ®) € 6, ,, then the maps
da: 8 > 08! (3.7.13)
and
adg: " — 3+ (3.7.14)

are continuous for k € {1, 2}, and so is the linearised operator as a map
Dawy: 25— 50, (3.7.15)

Proof The space ¥, , inside 77 2(EMaty can be seen to be a submanifold by applying the
implicit function theorem locally around a given section g € ¢, . The function whose
zero locus determines the group of gauge transformations simply takes sections to their
components which are transverse to Aut(P) inside EM2t, Locally, this transverse part can be
defined using the exponential map. Group multiplication is smooth and internal due to the
properties of the map (3.6.22).

Its Lie algebra is simply the space of sections of M2t with the same asymptotic conditions
but lying inside the bundle Ad(P).
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The rest of the properties are a straightforward application of Lemma 3.6.13 and the
continuity of the maps (3.6.19) to (3.6.21). ]

We can now define the moduli space which, as pointed out before, will be seen to be
independent of s in Proposition 5.2.7.

Definition 3.7.16 The moduli space of framed monopoles of mass w and charge « is defined
as
M =By )7 0)/F - (3.7.17)

An important feature of this setup is that we can perform integration by parts between
j‘lff’z and %%S’l.

Lemma 3.7.18 The L? pairings on the pairs of spaces jﬁ)s’z X %5‘0 and jﬁ)s'l X %S’l are
continuous. Hence, we can perform integration by parts between elements of %%‘Y’Z and ffo‘v’l
with any connection A in (the first factor of) the configuration space €, .

Proof The continuity of the pairings can be easily seen because %%S’k is inside x' ¥ L2,
These pairings imply that we can perform integration by parts, since the functional

(u,v) = (dau,v);2 + (u,dav);2 (3.7.19)

is continuous for (u, v) € %v,z X jﬁ)‘v’l and zero for smooth, compactly supported elements,
which, as seen in Lemma 3.3.17, are dense. O

Once again, the spaces %S’k can be substituted by Jfgk in this lemma when appropriate.

4 The linearised problem

With the analytical setup of the previous section, we now aim to study the linearised operator
in more detail. In particular, we want to prove that it is Fredholm and surjective. This will
rely on the results in Kottke’s work [20], which studies operators on hybrid Sobolev spaces.

4.1 Fredholmness and index

As we saw, along the subbundles Ad(P)c and Ad(P)c. of the adjoint bundle given by
(3.6.4), the linearised operator resembles b and scattering Fredholm operators, respectively.
As it turns out, we will be able to put both approaches together to prove that the entire operator
is Fredholm.

For the computation of the index it will, in fact, be useful to look at a family of related
operators. This family will connect our operator with another one which is self-adjoint in the
relevant sense, for which the computation of the index is simplified. The family of operators
will be defined by modifying the Higgs field. We initially consider these operators as acting
on complex spaces, although we will formulate Theorem 4.1.11 in terms of the real operator
that we are interested in, whose relevant properties can be deduced from its complexification
as discussed in Remark 3.1.10.

Let (A, ®) = (Apc, Pux) + (a,9) € ‘gli’,(. Recalling (2.2.11a), we have

1
¢=g—5£+w, 4.1.1)
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where the constant sections y, k € I'(t) are smoothed out near the origin. Then, for a given
parameter ¢ € R, we define

o0 =y — L g 4.1.2)
TET AT o

Now, by looking at the resulting family of operators w( A0 fort € [0, 1], we will be able
to compute the index. For ¢ = 1 this is the linearised operator we are interested in, whereas
for ¢+ = 0 the b part of the operator will be self-adjoint, which will help in the computation.
By keeping the mass term for every r we guarantee that the scattering part of the operator
remains non-degenerate.

In order to apply Kottke’s Fredholmness and index results, let us establish some relevant
notation. We write

DV = Bg 00y - (4.1.32)

V= —ad,, (4.1.3b)

so that ID(M,(,)) = D 4 W, This acts on sections of (/\1 ® /\0) ® Ad(P)C, which, near
infinity, decomposes as

(AN @A) eadPD @ (N e A\ eAdP)S)). (4.1.4)
With respect to this splitting, we write
(1) (1)
D,y D
DY = ( R0 D%) : (4.15)
10 “11

and we also write 5((;0) =x"2 D((fo)x. Then, 5((;0) represents the b part of the operator, and
hence we can define / (5((;0), A), whereas DYI) + W represents the scattering part, and hence

we can define the operator 31 associated to it—in both cases following Sect. 3.5. Note that

we need to multiply D(()to) by x~! in order to make it a b operator. The extra conjugation by

x~ ! will simplify some notation by shifting the b spectrum of the operator.

If, furthermore, the configuration pair (A, @) is bounded polyhomogeneous (by which we
mean that (A, ®) — (Ay ., Ppu.i) i8), then the operator satisfies the necessary properties to
apply Kottke’s results. More specifically, we observe the following properties, which follow
from the definitions and results laid out above.

e D® is a Dirac operator with respect to the Euclidean metric on R3, plus an algebraic
term of order x.

e Near infinity, ¥ commutes with the Clifford action, is skew-Hermitian and has constant
rank, and the first term of the splitting (4.1.4) is the kernel of W, which also preserves
the second term. ,

e The connection A, , preserves the above splitting, and a is of order x 2.

These properties imply the conditions (C1-5) in Sect. 2 of Kottke’s article [20], so we
can apply the results from this work to compute the index by computing the indices of the
scattering and b parts and adding them. The latter contribution will be referred to as the
defect.

For simplicity, we assume here that the elements in the b spectrum spech(ﬁ(()i))) are real
and of order 1. This can be deduced from the proof of Theorem 4.1.11.
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Lemma4.1.6 Let the pair (A, ®) = (A, i, Pus) + (@, @) € %”li,,{ be bounded polyhomo-

geneous, lett € R, and let D(qu,(/)) = D® + W be as above. Then, if § € R\ SpeCh(ﬁ(()to))
the operator

1 1. 1 1.
m(A,([)(t)): (H877,5+7,3,1)C — (H6+§*5+§7350)C (4.1'7)

is Fredholm.
Furthermore, its index is given by

ind(D 4 p0)) = ind(ﬂi) + def(D (4 00, 8) (4.1.8)
where the defect def(D(A’q)(t)), 8) € Zis locally constant in § on R\Specb(ﬁ((fo)) and satisfies
def(D 4 o0y, 8) = — def(B 4 g, —5) (4.1.9)

whent =0, and
def (D5 g0y 20 — &) = def(D 4 o0y, o + &) +dimNull(/ (Djy, 20))  (4.1.10)

when [Ao — &, A0 + €] N spech(ﬁ(()i))) = {Xo}.

Lastly, elements in the kernel of this operator will be in (#B'T41-2+H =

, where Ay is the
smallest indicial root of D(()to) bigger than é.

Proof~ This follows from Theorems 2.4 and 3.6 of Kottke’s work [20] and the observation
that D(()g) is self-adjoint. O

This allows us to compute the index of our operator. The formula (4.1.13) deduced here
is discussed in more detail in Sect. 5.4, where in particular we see that it is a multiple of 4.

Theorem 4.1.11 Let (A, ®) € %”li « be bounded polyhomogeneous. Then, the operator

Dawy: A5 — 0 (4.1.12)
is Fredholm and
ind(Bae) =2 Y ial)=2 Y iclk). (4.1.13)
a€R a€R
ia(u)>0 a(pn)=0
ia(k)>0

Furthermore, elements in its kernel are in B*>.

Proof We consider the complexification of the operator and apply Lemma 4.1.6. Our aim is
to compute the index for = 1 and § = %, but we will also have to consider other values of
t and 8 in order to do so. We set D) and W as above.

It will be useful throughout the proof to consider the positive and negative spinor bundles
$7 and $~ over the unit sphere (which satisfy §t = o7l ). We then get Dirac operators

PE:r$* 2 >t e (4.1.14)

twisted by any bundle 4. 'We know that, over the sphere, lfo has index +d. Furthermore,
IDI is injective and ) is surjective when d > 0, and vice versa when d < 0.

We can extend these bundles and operators radially to R3 \ {0}, where we also refer to
them as §* and D;t, identifying § = 7 @ §~.
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As seen in Lemma 4.1.6, we must compute the defect of the b part of the operator and the
index of 31 induced from the scattering part. Recall that, near infinity, the former acts on the
subbundle

(AN'oAY@AdPI=seCs (Co P a). (4.1.15)
a€R -
a(u)=0

whereas the latter acts on

(AN ANY®AIP) ) =80C® D gu- (4.1.16)
a€R -
a(pn)#0
We will then study the operator on each line bundle of the form § ® g, and add up the
contributions of each subbundle. We note that these line bundles are duplicated due to the
factor C2 (or replicated 2 rank (G) times in the case of @ = 0 corresponding to %), and hence
the contributions to the index will be multiplied accordingly.

Now, we start by computing the contribution from the b part of the operator (the defect),
so we must find specb(ﬁ((fo)) for each ¢. Near infinity, the operator acts on subbundles of the
form § ® g, for a() = 0 (two copies for each such root « and 2 rank (G) copies for o = 0,
corresponcﬁng to t©). We have the decomposition

500 =(3"®0) O ®g4), (4.1.17)
with respect to which we can write
9 i -
x + IMZ(K)) Dia(l«)
+ YO ’
mia(;() l(xa _ llOtZ(K))

where the left-hand side differs from the right-hand side by an algebraic term which is
proportional to tx~ (A, ®)— (4 w.ic» @), and hence bounded polyhomogeneous of order

- ~ —i|x
DO, ~ B = ( (4.1.18)

smaller than x 2 . To obtain the expression for ﬁg) we have combined the form of the Dirac
operator on § ® g over R? viewed as a cone over the unit sphere with the action of the
Higgs field [29]. Note that the radial variable r has now been substituted by the inverse of
the boundary defining function x.

In order to compute the indicial roots, we must consider the operators / (5((;0), )) over the
sphere at infinity. For each subbundle o> these restrict to

) o,
Do i(h-"92))"

acting on the bundles (§7 ® .21*®)) @ (§~ ® .£*®)) over the unit sphere.

To find the kernels of these operators, let us take (u, v) € ker / (ﬁg ), A). The resulting
equations are

1(By.5) = (4.1.19)

Digioyv = i(* + ”O;(K)>uv (4.1.20a)
Dlyou = —i (k - itaz(K))v (4.1.20b)
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If we apply lDi_a(K) to the second equation and substitute $i_a(,()v using the first, we get

ID;(K)IDL(K)” = ()L2 - (itaz(lc))z)u- (4.1.21)

But the eigenvalues of ﬂi_a(,()ﬂxx(x) are j(j + lia(x)]), for j € Zso, excluding O when
ia(k) < 0[22,24]. Hence, if u # 0, we must have

> 3
A= i\/ﬂ T jlialo)] + (’ “2(")) (4.1.22)
for some integer j > 0. '
Let us first take j = 0, thatis, A = ﬂ:%.
When A = —% our equations become
Diguyv =0, (4.1.23a)
Bihou = —ta()v . (4.1.23b)

When ix(k) > 0, the first equation implies v = 0, and the second equation has a space
of solutions of dimension i« (x). When i (k) < 0, (4.1.21) implies # = 0, which in turn
implies v = 0 if # # 0.

When A = % (which also includes the case where # = 0 and v # 0), we can perform
analogous computations to check that, when i (k) < 0, we have a space of solutions of
dimension —i«(k), and, when i (k) > 0, we only have the zero solution if # # 0.

To summarise the case j = 0, when a(k) # O and A = —W, the kernel of I(Bg), L)
has dimension |ix(k)|, and otherwise it has dimension 0.

When j > 0,wehave A € R\(—1, 1), which, as we will see, will not affect the computation
of the index, although we observe that for r = 1 they are the half-integers £(j + W).

In particular, the b spectrum is real, and we can furthermore check that every element in
it has order 1 by computing their formal nullspaces.

Now, applying the relationships from Lemma 4.1.6, we see that

def(D(A’q,(())), 8) = — def(ﬂ(A’(b(())), _8) . (4124)
and -
def(B(p 0y, —€) = def(D 4 oo, €) + dimNull(/ (D), 0)) , (4.1.25)
when 0 < ¢ < 1. The last term of the last equation, as we saw, is
2 ) liat)| =4 Y ia). (4.1.26)
oeR aEeR
a(pn)=0 a(pn)=0
ia(k)>0
Hence,
def(By g0y, &) = =2 Y ia(c). (4.1.27)
o€R
a(un)=0
ia(k)>0

But since there are no indicial roots in (0, 1) for any ¢ € [0, 1], we also have

def@m,@m),%) =-2 Y o). (4.1.28)
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Fig. T We can represent the operator for each choice of the parameter ¢ and the weight § as a point on this
diagram. Then, for a given root subbundle g, (in this example, drawn for |ix (k)| = 1), we can represent the
corresponding indicial roots as lines on the same diagram. The defect corresponding to this component will
be locally constant on the complement of these lines. The relative index formula with the above computations
tells us that crossing the marked line from right to left would correspond to adding |ic (k)| to the defect. The
other indicial roots, also drawn here, will fall in the regions |§| > 1, so they won’t affect our computation.
Furthermore, since the operator is self-adjoint for t = 0, reflecting around the origin changes the sign. These

two facts together imply that the defect corresponding to this root subbundle is precisely —M for the
whole dark grey area, and, in particular, for the relevant point ( = 1 and § = %)

0
—
t=1

-3 -2 ) -1 0 _1 1 2 3

1 N N i i
t
def:z ia(k

0 ! Tt : T !

-3 -2 - 0 1 T2

Fig.2 Here we can see the result of adding indicial roots corresponding to |ic (k)| being equal to 0, 1, 2 and 3.
We can see that the only relevant contributions are the ones corresponding to the lowest indicial root in each
case (or none, in the case of a (k) = 0)

Figures 1 and 2 give a visual representation of the indicial roots for ¢ € [0, 1] and how we
can deduce the defect of the operator.

Now we compute ind(;ﬂ), the contribution to the index from the scattering part, which
does not depend on § or 7. This is given by the index of a Dirac operator induced on the
sphere at infinity by the operator DYl)’ which acts on sections of the subbundles § ® g,
for a(u) # O (two copies for each such root «). But the positive imaginary eigenspacesNOf
W are just those for which ia() > 0. Furthermore, for each of these subbundles, the +1
eigenspace of i cl(xZ%) consists of the positive spinor parts. To summarise, we are left with
the subbundles

3 @, =87 @ 20 (4.1.29)

for which i () > 0.
The Dirac operator ﬂi restricted to such a bundle at the sphere at infinity is simply lZ)j,
which has index i« (k). Putting them all together, we get

ind(@) =2 Y iak). (4.1.30)

oER
ia(u)>0
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Adding (4.1.30) and (4.1.28) produces the formula for the index.
Lastly, the order of the bounded polyhomogeneous elements in its kernel follows from
the fact that, in the b part, the smallest possible indicial root bigger than % fort =1isl. O

4.2 Surjectivity and kernel

It is also important that the linearised operator be surjective. This relies, among other things,
on the flatness of the underlying manifold R3.

Proposition 4.2.1 Let (A, ®) € %"Ij « be bounded polyhomogeneous, and assume it satisfies
the Bogomolny equation. Then, the operator

Dawy: A — 0 4.2.2)
is surjective. Hence, its kernel is a vector space whose dimension is given by (4.1.13).

Proof Consider the formal adjoint [p(4,_¢) of the operator. If we consider the dual spaces
(#%°9)* and (#%1)* as spaces of distributions (using the L? pairing), we have the operator

Da—ay: (A5 — ()", (4.2.3)

which is the transpose of the operator in the statement. Hence, if we prove that it is injective,
we will be done.

Now, suppose that u € (25:9)* satisfies D4, —ayu = 0. Similarly to elements in the ker-
nel of I (4, @), u must also be bounded polyhomogeneous, which follows from the parametrix
construction from Kottke’s work.

To find the order of u, we remember that %0 is weighted by x!, so its dual will be
weighted by x~!. In the notation of Lemma 4.1.6, this corresponds to § = — % Furthermore,
the indicial roots of D( A,—) Will be the opposite of those of E( A,®). Using, once again,
the same notation, we see that we have no indicial roots in (—1, %). Therefore, u must be

bounded polyhomogeneous of order x 3.
Let us consider the operator (4, o) (4,—o). Applying the Bogomolny equation and the
Weizenbock formula, we can see that

Doy Pa oy =V*Vu —adsu, (4.2.4)

where V denotes the covariant derivative with respect to the connection A [29].

Therefore, Vu and V*Vu are also bounded polyhomogeneous of orders x% and x%,
respectively. This means, firstly, that we can integrate by parts to get

(V*Vi,u) > = (Vu, V)2 = [ Vull?, . 4.2.5)

Secondly, since B)( A@)B)(A,_@u =0, ad%b u must also be bounded polyhomogeneous of

order x %, which means that we can write
(adg u, u);2 = —(ado u, ade u) ;2 = [lade ull7, . (4.2.6)
Putting both things together, we get
0= (Do) Ba,—wyu, u) 2 = |Vul7, + lado ul7, . 4.2.7)

implying Vu = 0. Given the decay condition on u, this implies that # = 0, which completes
the proof of the surjectivity of the operator. O
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5 Moduli space construction

We can now use this to construct the moduli space as a smooth manifold. The kernel of the
linearised operator will provide the model space for the charts.

To simplify notation, we introduce the following two operators. For a given pair M =
(A, @) € €, we write

da,ey: T(Ad(P) — T(A' @ A% ® Ad(P))

(5.0.1)
X+ (daX,ade X)

and
ey TN @ A% ® Ad(P) — T(Ad(P))

(5.0.2)
(a,9) — dija —ado¢.

The first operator provides us with the infinitesimal actions of the group of gauge transfor-
mations, since (X*)y = —dy X. The second operator is the formal L? adjoint of the first,
whose kernel (in the appropriate space) is hence orthogonal to the gauge orbits. It was part
of the linearised operator defined in Sect. 3.1, since it provides the Coulomb gauge fixing
condition, and will be used in this way again in this section. The notation itself once again
draws on the interpretation of configuration pairs as dimensionally reduced connections on
R*, as noted in Remark 2.1.12, since d(4,¢) corresponds simply to the covariant derivative
of the connection on R*.

5.1 Regularity

Given a monopole (A, ®) in the configuration space, we want to build a chart of the moduli
space near this monopole. This will be done by using the implicit function theorem to construct
a slice of the gauge action within the subspace of monopoles, which relies on the properties
seen in the previous section regarding the linearised operator D 4, ¢).

The above properties required some additional assumptions on the regularity of the
monopole; however, as it turns out, we can apply a gauge transformation to any monopole
to obtain one with this regularity. This is done by choosing a nearby configuration pair with
good enough regularity and asymptotic conditions, and then looking for a monopole which is
gauge equivalent to ours and also in Coulomb gauge with respect to the chosen configuration
pair. This gauge fixing condition together with the Bogomolny equation will then provide an
elliptic system, allowing us to obtain the regularity.

This is analogous to the linearised problem we studied in the previous section: the lin-
earised operator was a linear elliptic operator which consisted of the Coulomb gauge fixing
condition together with the linearisation of the Bogomolny equations. Note that the gauge
fixing condition is linear, and hence is common in the linear and non-linear problems.

Proposition 5.1.1 Let M € ‘Kli!,( and let U be a sufficiently small neighbourhood of M. Then,
there exists another neighbourhood U’ of M such that if N € %ﬁ . is in U, then there exists
a gauge transformation g € ¢4, . such that

W@ -N—M)=0 (5.12)

and g - N € U. Furthermore, this gauge transformation is unique within a neighbourhood
of the identity.
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Proof Thisis aconsequence of applying the implicit function theorem to the smooth function

3 3 3 ,0
[i e x9, — Ay

o R} (5.1.3)
(N, g) > dy(g-N—-M).
Note that M is fixed for the definition of f, and that f (M, lg/}i«) =0.
Hence, we must prove that the map
df(M’Lfﬁ.x)(O’ -) = _d*MdM %5*2 N %5,0 (514)

is an isomorphism.

We first study its Fredholmness and index by defining a pair M, for which the operator
dj‘wod M, 1s easier to understand. This will then be seen to differ form (the complexification
of) d},d by a compact operator.

To do so, we first observe that the bundles Ad(P)([C: and Ad(P)g | are trivial away from the

origin, as follows from (3.6.5) and (2.2.14), so they can be extended as subbundles of Ad(P)(C
over R?. Hence, since the model pair My, « = (A, Ppui) respects the decomposition near
infinity, we can modify the connection A, , smoothly inside a compact set to obtain a unitary
connection Ag which preserves this decomposition over the entire R3. We can also modify
®,, « into a section ®¢ whose adjoint action also preserves this decomposition over the entire
R’ by cutting it off smoothly over a compact set. Note that the extension of the subbundle
decomposition near the origin will not necessarily respect the properties of the adjoint action
in the region near the origin where it has been extended, but this is not important if @ is
identically O in this region. We call the new pair My = (Ag, Do)

With these properties, the operator d}kwod M, decomposes along the subbundles Ad(P)g
and Ad(P)g 1, where itis a weighted elliptic b operator and a fully elliptic scattering operator,
respectively. It is furthermore formally self-adjoint. This implies that the scattering part is
Fredholm of index 0. For the b part we can compute the indicial roots, knowing that near
infinity the operator is equal to dj‘wﬂ dum, .- The relevant weight in this case is 0, which does
not coincide with an indicial root, and using the self-adjointness we deduce that this part is
also Fredholm of index 0. Therefore we conclude that d,d s, is Fredholm of index 0 from
() 10 (A5,

But M, , and M differ by a smooth compactly supported element, so dj‘ww dpy,, differs
from d*MOdM0 by a compact operator, and hence d’fww dp,,, is also Fredholm of index O.

Additionally, since M — M, , € F% I, we can apply the compactness properties of the first
three multiplication maps in Lemma 3.6.18 to deduce that the map dj,dy — dTWM dum, , is
also a compact operator. Therefore, d},d is Fredholm of index O as well. Recall that this
property is preserved when restricting to the real spaces %%S’z and %S‘O.
Lastly, it is injective, because if u € %”d“z is such that d’,‘deu = 0, then, using
Lemma 3.7.18,
0 = (d};dpu, u) 2 = (dpu, dpu) g2, (5.1.5)

and hence dj;u = 0. This implies that u is covariantly constant with respect to the connection
of the pair M. Since u must necessarily decay, this means that u = 0.

Since the operator is Fredholm of index 0 and injective it must be an isomorphism, as
required, completing the proof. O

Corollary 5.1.6 Let M € ), ,. Then, there exists a pair My € 6, , which satisfies that

My — My, i is smooth and compactly supported, and a gauge transformation gy € g;i,w
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such that
djy, (80 - M — Mo) =0. (5.1.7)

Proof Firstly, by substituting go with its inverse, we can see that the condition is equivalent
to
dy(g0- Mo — M) =0. (5.1.8)

Since, by Lemma 3.3.17 the set of pairs satisfying the desired regularity condition is dense
in the configuration space, we can always pick such an My as close as we want to M. Then,
we can apply Proposition 5.1.1 to obtain go. O

We can now use the gauge fixing condition to obtain the desired regularity for our
monopole.

Proposition 5.1.9 Let M € ¢, , be a monopole. Then, there exists a gauge transformation
g €Y, , such that

g-Me My, + B>, (5.1.10)

Proof Let My = (Ag, ®p) be a pair obtained from the previous corollary applied to M. After
applying a gauge transformation to M (which we omit for simplicity of notation), we have
that

LO(M—M0)=O. (5.1.11)

Since M is a monopole, we know that B(M) = 0. Additionally, since My — M, , is
smooth and compactly supported, so is 5(Mp). Hence, the same can be said of

1
B(M) — B(Mp) = *daya +adeya —da,@ + 5*[[1 Aal — [a, ¢], (5.1.12)

where (a, 9) = M — My. Combining this with the gauge fixing condition (5.1.11), and
writing m = (a, ¢), we have
Dyym + {m,m} = v, (5.1.13)

where {e, +} is a fibrewise bilinear product between the appropriate spaces and v is smooth
and compactly supported. Note that this fibrewise product is bounded above and below and
uses the Lie bracket to multiply the factors in the adjoint bundle.

The crucial fact to obtain the desired regularity is that

Dygm € HO0Osk p ghoe — oy g lomldnsktl 4 gglioo (5.1.14)

when the weight §p does not correspond to any indicial root of the operator. We can see that this
is essentially an elliptic regularity result adapted to our specific framework. It can be deduced
from Kottke’s work and more general analytical results from the b and scattering calculuses.
In particular, note that 9y, has no off-diagonal terms, simplifying the computations.

We can use this to carry out a bootstrapping argument and obtain the desired regularity.
In particular, we prove that, for every j € Z>o,

m e MM | oo (5.1.15)

where 0 < n < % is some fixed irrational number. We can see that, if this is true for every j,
then m must be in %%, as desired.

Now, the case j = 0 is simply the condition m € s#*!. The rest will be proven by
induction.
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The first induction step involves the fact that
me WM L B2 — (mom) € HIPTITI 4 gt (5.1.16)

which follows from the continuity of the map (3.6.23). Then, from (5.1.13) and (5.1.14) we
deduce
m e WIS 4 gghoe (5.1.17)

Here, the irrationality of n allows us to avoid indicial roots when applying (5.1.14), since, as
we observed in the proof of Theorem 4.1.11, the indicial roots are always half-integers.

The remaining induction steps follow similarly, since the same multiplication property
also implies

m e HIMIFins i+l 4 gloe (m,m) € HIHGHDNI+G+Dns, j+1 4 gghoo (5.1.18)

(see Remark 3.3.14), allowing us to apply (5.1.13) and (5.1.14) once more to obtain the
needed expression. O

5.2 Smoothness

If we hope to model the moduli space near a monopole by looking at a small slice near a
representative, we also need to know that sufficiently close orbits will only intersect this slice
once. The following lemma and its corollary allow us to do that.

e and let {g;}

be a sequence of gauge transformations in ¢4, . such that gj - Mj = M for all j. If the

Lemma5.2.1 Let {M;} and {M}} be sequences of configuration pairs in €

sequences of configuration pairs have limits My, and M/, respectively, m %li «» then the

sequence of gauge transformations will have a limit g~c in g}i  such that goo - Moo = M.

Proof Once again, we consider gauge transformations as sections of a vector bundle.
Let M; = My +m; and M} =M, +m’j for all j (including co). Then, the condition
gj-M;= M/,. is equivalent to

dum,..8j = gjmj—mg;. (5.2.2)

The proof then proceeds similarly to that of Lemma 4.2.4 in Donaldson’s and Kronheimer’s
book [11], although we must modify the first few steps to ensure we have the appropriate
asymptotic conditions.

At each step, we start by knowing that m ; and m’ are uniformly bounded in the norm
of /%!, and that g; j — lg; . is uniformly bounded in some other norm (initially, the L>®
norm). We then use (5.2. 2) to obtain a uniform bound on a better norm for g; l(pm We

firstly obtain bounds on weighted L® and L3 norms, and afterwards on a Sobolev norm.
This implies that there is a weak limit g, which must satisfy the equation

dM, . 8oo = goolMoo — méogoo . (5.2.3)

We can then prove that goo is in ¢  and is in fact the strong limit of the sequence through
a bootstrapping argument using (5.2.2) and (5.2.3): we start in the same way as before, and
then continue until we obtain the appropriate bounds on the norm of Jf{f‘z. Note that to start
the bootstrapping argument for the strong convergence we rely on the fact that 7252 € L.

O
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Corollary 5.2.4 Proposition 5.1.1 still holds if the gauge transformation g is required to be
unique in the entire group %li « (with possibly different choices of neighbourhoods).

Proof Let us suppose, on the contrary, that we have a sequence {N;} of configuration pairs
in ‘5‘ and a sequence {g;} of gauge transformations in EN %« such that the sequences {N}
and {g j - Nj}tend to M and are in Coulomb gauge with respect to it. By Proposition 5.1.1,

the sequence {g;} must eventually be bounded away from the identity. Then, we can deduce
from Lemma 5.2.1 that there exists a goo € ‘zi,( \ {lggﬁqk} such that djsgoo = 0. This is not
possible given the asymptotic conditions on &, . O

‘We now have all the necessary elements to prove that our moduli space, constructed as a
quotient, is smooth.

Proposition 5.2.5 The quotient (B P NOVA 1« IS either empty or a smooth manifold of
dimension given by the index of the linearised operator (4.1.13).

Proof Firstly, we observe that (Bliy K)_1 (0) is a submanifold of ‘5& «» since the Bogomolny
map is a submersion. Hence, we want to give the quotient by félj « asmooth structure such
that the projection map from (Bfm)’l (0) is a smooth submersion. Note that such a smooth
structure must be unique.

We firstly observe that Lemma 5.2.1 implies that the quotient is Hausdorff. Indeed, if [M]
and [M’] are points in the quotient, and they don’t have disjoint open neighbourhoods, we
can construct a sequence of points in the quotient which gets arbitrary close to both points.
This means that, in the configuration space, these can be lifted to two sequences, {M;} and
{M }} which tend to M and M’, respectively, and are pairwise gauge equivalent. But then the
limits must also be gauge equivalent.

Now let us take a point in this quotient, represented by a monopole M € %, .. By Propo-
sition 5.1.9, we may assume that it is bounded polyhomogeneous. Consider the function

€, — a0

(5.2.6)
N +— (B/SMK(N),dj(,,(N —M)).

Its derivative is precisely the operator I)y; that we studied in the previous section, which
is Fredholm and surjective, so applying the implicit function theorem allows us to identify
a small ball in its kernel (which is a finite dimensional vector space of known dimension)
with the set of monopoles near M which are in Coulomb gauge with respect to it. But, by
Corollary 5.2.4, all monopoles in an orbit close enough to the orbit of M must have a unique
such representative, so this gives us a chart.

The smoothness of the transition functions follows from the uniqueness of the quotient
smooth structure. O

Note that our definition of moduli space was, a priori, dependent on a regularity parameter
s. However, we can see that for any two choices of this parameter, the resulting quotients are
naturally diffeomorphic.

Proposition 5.2.7 The smooth structure on the moduli space ML’K does not depend on the
choice of s.

Proof Given that every monopole is gauge equivalent to a bounded polyhomogeneous one,
the sets of monopoles are the same independently of s. Furthermore, if two monopoles

My, My € ‘ﬁli’,( are related by a gauge transformation g € ’f; o for s’ < s, then we
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must have ¢ € ¢ . This follows from the same bootstrapping argument as in the proof
of Lemma 5.2.1. Therefore, the underlying set of the moduli space is independent of s.
Furthermore, the slice constructed in Proposition 5.2.5 must be the same independently of s,
so the smooth structure is also the same. O

We will therefore simply refer to this moduli space, along with its smooth structure, as

My - (5.2.8)

5.3 The hyper-Kahler metric

One of the benefits of constructing the moduli space of framed monopoles is that we expect
it to inherit a hyper-Kihler metric from the L? inner product in the configuration space. This
is because the moduli space construction can be viewed as an infinite-dimensional hyper-
Kihler reduction. Throughout this subsection we can once again notice the analogy with
connections on R* mentioned in Remark 2.1.12.

To set up the hyper-Kiihler reduction, we start by identifying the base manifold R? with
the imaginary quaternions. This provides a quaternionic structure on the bundle /\1 @ /\0
(which can be identified with HH = Im(H) & R), compatible with the Euclidean metric.
This, in turn, provides a quaternionic structure on the space !, since it is a space of
sections of ( /\1 @® /\0) ® Ad(P). Furthermore, the L? inner product, which is bounded by
Lemma 3.7.18, is compatible with it. This gives the configuration space %, , the structure
of a flat, infinite-dimensional hyper-Kéhler manifold. Combining the analogous expressions
for the quaternions with the L? inner product we can write out this structure in the following
terms.

Proposition 5.3.1 The configuration space ‘Kﬁ « 18 a hyper-Kdhler manifold with respect to

the L* metric. If (A, ®) € €5, and (a1, 1), (a2, 92) € T(a,0)€ . = A, then

WA,D): 50 x 5 Im (H)
(532)
(@100 a2 > [ sl naady + (o1, aad = far, g2l

defines the triple of symplectic forms.

In the above expression, the fibrewise inner product {(, «) 4 is given by the metric on the
adjoint bundle, and (- A «) combines this inner product with the wedge product of 1-forms.
The integrand is then a 1-form over R3. But, as stated above, this is the same as an Im(H)-
valued function, which can be integrated with respect to the Euclidean measure to give an
element of Im (H).

Proof of Proposition 5.3.1 The metric of a hyper-Kéhler manifold can be viewed as the real
part and the negative of the imaginary part of a bilinear form on the tangent bundle which is
H-left-linear in the first argument and conjugate-symmetric.

For the space H such a bilinear form is given by the multiplication of a quaternion with
the conjugate of another. Drawing a parallelism with our setting, suppose that a; and a;
are imaginary quaternions, and ¢ and ¢; real numbers. Then, this bilinear form applied to
@1 + a; and @ + ap can be written as

(p1 + a2) (g2 +a2) = (a1 - a2 + p192) — (a1 X az + @1az — a1¢2), (5.3.3)

@ Springer



Annals of Global Analysis and Geometry (2024) 66:4 Page 35 of 38 4

where the right-hand side is split into real an imaginary parts.

Consider now sections of (A' & A’) ® Ad(P). As we saw, the bundle \' & A°
trivial with fibres isomorphic to H. Let us then multiply these sections by multiplying the
component of /\1 ® /\O fibrewise as in (5.3.3), the component of Ad(P) using its metric,
and then integrating over R3. If we write the resulting bilinear form in two parts as in (5.3.3),
the first one corresponds to the L? norm on .7*!, whereas the second one corresponds to
the formula we sought. O

It is easy to check that the gauge transformations respect this hyper-Kéhler structure, but,
as it turns out, the properties of the gauge action go far beyond this.

Proposition 5.3.4 The group of gauge transformations g; « acts on the configuration space
@y through a tri-Hamiltonian action, and the moment map is given by the Bogomolny map
BS ..

K

Proof Consider the pairing
A2 X A > ImH (5.3.5)

given by the L? inner product using the metric on the adjoint bundle, which is continuous by
Lemma 3.7.18. Since the second space contains sections of the bundle /\1 ® Ad(P) rather
than just Ad(P), the pairing is valued in Im H, using the same identification as above. This
means that we can write

A0 < (85,0 @ Im(H), (5.3.6)

where (651. )" denotes the space of continuous linear functionals on Qﬁfh - Note that the
Bogomolny map takes values precisely in this space, as we would expect of a moment map.
Now, the condition for the action to be tri-Hamiltonian is

(B, a0 (@ 9). X) = 04,0/ (XN 4.0). @ 9), (5.3.7)
forall (A, ) € @ M @, @) €Ty, q>)<€li cand X € st - Combining the expression for the

symplectic form from Proposition 5.3.1 with the ones for the derivative of the Bogomolny map
and the infinitesimal actions from Proposition 2.1.9, we see that this condition is equivalent
to
/3(*dAa, X)g +(adp a, X)g — (dag, X)qg
R (5.3.8)
= /3 —x(dg X A a)g — (ado X, a)g + (da X, (,0)9
R\

forall (A, ®) € %,j o a, ) e A5V and X € %S’z. The middle summands are the same on

both sides given the skew-symmetry of the adjoint action. By Lemma 3.7.18, we can apply
integration by parts to identify the first and third summands. O

Putting this together with the smoothness of the moduli space, we complete the construc-
tion.

Proposition 5.3.9 The L? metric on %/SL « descends to a hyper-Kdhler metric on the moduli
space M .

Proof Proposition 5.3.4 implies that our moduli space construction is “formally” a hyper-
Kdhler reduction, since we have

M, =B )0 /G =C NG (5.3.10)
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Hence, given that this space is smooth, the quotient metric must be hyper-Kahler on My, .

Furthermore, note that at each monopole M the metric is given by the L? norm on the
kernel of 1Dy, which is the tangent space to the moduli space and independent of s (when a
suitable representative is chosen). This means that the metric is well defined on the moduli
space M, . independently of s. O

5.4 The moduli space

To simplify the dimension formula let us define R as a set of positive roots such that
{a € R | eitheria(n) > 0, 0or () = 0and ia(x) <0} € R, 5.4.1)

where the only ambiguity arises from roots such that « (1) = (k) = 0.
Then, putting Propositions 5.2.5, 5.2.7 and 5.3.9 together, we obtain the following.

Theorem 5.4.2 For any mass [v and charge «, the moduli space M, . of framed monopoles
is either empty or a smooth hyper-Kdihler manifold of dimension

2 Z io(k). (5.4.3)

a€RT

Although there are differing conventions surrounding Lie algebras, we can check that the
dimension of these moduli spaces coincides with the dimension formula given by Murray
and Singer from the corresponding spaces of rational maps [28]. Indeed, let us consider the
fundamental weights associated the choice R™ of positive roots. If o, a2, . . ., Qrank(G) are
the simple roots of R, we get corresponding fundamental weights wy, wo, . . ., Wrank(G)- In
terms of these weights, our dimension formula becomes

rank(G)

dim(My,) =4 Y iwj(k), (5.4.4)
j=1

which coincides with Murray’s and Singer’s. The numbers
iwy (), iwz(k), ..., i Wrank(G)(K) € Z (5.4.5)

are the charges, which are called magnetic when a (1) # 0 and holomorphic otherwise.
Note that, as expected from the hyper-Kihler structure, this dimension is a multiple of 4.
In the case of G = SU(2), of course, the only resulting integer from the above procedure
is the usual charge, and our dimension computation yields four times this value, as expected.
For other groups, since our moduli spaces depend on fixing all the charges, in the case of
non-maximal symmetry breaking they will correspond to the fibres of the strata in the stratified
moduli space of monopoles sharing only the magnetic charges, as noted in Sect. 1.1.
Let us illustrate this with the case of G = SU(3) with non-maximal symmetry breaking,
corresponding to
—-i 00
u=|10—-i0]. (5.4.6)
0 0 2

Here, the symmetry breaks to the non-Abelian group
S(U2) x U(1)) < SU@3), (5.4.7)

which is isomorphic to U(2).
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The case in which the (only) magnetic charge is set to 2 has been studied in some detail
[3,9, 10]. In it, the (only) holomorphic charge can be 1 or 0, corresponding to

—i 00 00 O
k=10 —-0], or k=10-2{ 0], (5.4.8)
0 0 2 0 0 2i

respectively. For the former choice, our construction yields a moduli space of dimension 12,
whereas for the latter it produces a moduli space of dimension 8.

In the stratified moduli space picture, the 12-dimensional space forms the open stratum,
whereas the 8-dimensional space provides the fibres of the lower 10-dimensional stratum.
Notice that the stabiliser of the mass also preserves the first choice of charge; in the second
case, however, the stabiliser of the charge is the smaller group

S(U() x U) x U(1)) < SUR) x U(1)), (5.4.9)
which is isomorphic to U(1)2. This accounts for the 2-dimensional base of the fibration,
S(U2) x U(1))/S(U(1) x U(1) x U(1)) = UQR)/U1)*> = §>. (5.4.10)

As it turns out, the monopoles in this case are essentially SU(2)-monopoles embedded into
the SU(3) bundle, where the base of the fibration represents the possible embeddings (and
hence framings).
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