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Abstract 
Ultrasound-induced bubble activity is a promising phenomenon underlying the 

non-invasive ablation of soft tissue via histotripsy. Histotripsy is a non-invasive, 

repeatable and non-ionizing modality of surgery that takes advantage of the 

bioeffects of ultrasound propagation in attenuating media, employing heat 

deposition and ultrasound tensile pressures to different extents in triggering the 

nucleation of bubbles within millimetric volumes of soft tissue. Central to the 

clinical translation of histotripsy as a surgical modality are the challenges of 

establishing operating windows in which bubble nucleation takes place in terms 

of electrical power provided to the transducer, pulse duration, medium 

temperature, and ultrasound waveforms. The models developed herein aim to 

aid in the design of effective histotripsy protocols to be employed with current 

clinical high intensity focused ultrasound (HIFU) systems, as well as the 

understanding of the fundamental mechanisms that affect bubble formation and 

activity in soft tissue. While a number of studies have explored the effects of 

different experimental parameters in histotripsy, a rigorous formulation of the 

physics of metastable volumes under HIFU sonication is absent from the 

literature. The main objectives of this thesis are: (i) to evaluate the current 

understanding of ultrasound bubble nucleation, integrating knowledge from 

experimental and theoretical sources towards evaluating its limitations and 

synthesizing new information; (ii) to design and derive models of bubble 

nucleation in ultrasound pressure and temperature fields that are 

parameterised and validated against existing experimental evidence in 

histotripsy; and (iii) to assess the scope, validity and limitations of any models 

developed herein through quantitative and qualitative comparison of 

simulations with published experimental evidence. 
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Chapter 1 

1 Motivation 
The defining feature of ultrasound is that it is a versatile and efficient energy 

source. Ultrasound is versatile because it allows for the simultaneous manipulation 

of pressure and temperature fields in real-world media such as liquid mixtures, 

viscoelastic materials, and soft tissue. This control can be spatially limited to the 

focal volume of a bowl-shaped transducer, where waves of central frequency 

above 20 kHz are applied continuously or in bursts of specific period and intensity. 

Furthermore, ultrasound is efficient in the thermodynamic sense of the word: the 

reorganisation of mechanical into thermal energy is not merely a thermoviscous 

loss but often the desired outcome of a procedure (Sapozhnikov, 2015). 

Cavitation, the detectable activity of bubble activity in a liquid, can be 

controlled by ultrasound propagation to various extents depending on whether the 

bubble population is known or how it can be modified to a desired quality. In this 

sense, cavitation adds versatility to the modes of energy exchange via ultrasound. 

It transforms ultrasound from a strictly thermal and mechanical tool into a 

technology that can drive, enhance, or monitor a range of chemical, electrical and 

biomedical phenomena that occur within and around bubbles. A more detailed 

definition of cavitation in the scope of this thesis is given in section 2.1.2. 

The grand challenges to the widespread realisation of ultrasound 

technologies are somewhat common across its landscape of industrial and 

biomedical applications, they often gravitate around: 

§ the need to achieve detailed temporal and spatial control of cavitation, 
§ upscaling cavitation as a process intensification approach, 

§ improving the translatability of novel ultrasound technologies. 

These challenges are shared to a different extent across applications as wide-

ranging as improving the yield, selectivity, and sustainability of processes in food 

and biofuel production, wastewater treatment and chemical synthesis; or 
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controlling and monitoring the delivery of chemical, ablative, or radiation therapies 

to organs of difficult access. Ultrasound is at its most effective when the intended 

application exploits patterns of cavitation, and its interaction with the surrounding 

environment, that are mechanistic elements of well-understood wider physical 

processes, such as 

(i) increased mass and heat transfer via convection or turbulent mixing, 
(ii) non-linear ultrasound heat deposition amplified by viscous heating, 

(iii) decreased electrode passivation via microstreaming, 

(iv) permeabilization of biological media via micro-jetting or streaming, 

(v) targeted cargo delivery via micro/nano-bubbles, 

(vi) production of radicals or oxygen reactive species via bubble collapse, 

(vii) contrast enhancement in ultrasound monitoring, 

(viii) cavitational damage of surfaces. 

These are phenomena that act over intersecting (but distinct) time and length 

scales, resulting in compound physical, chemical and biomedical effects that can 

be detected experimentally (Kooiman et al., 2020; Meroni et al., 2022). The key 

idea is the detection of a desired outcome at an appropriate scale (Gateau et al., 

2011; Khokhlova et al., 2014; Geoghegan et al., 2022). Ultrasound cavitation is an 

empirical field in essence, mostly preoccupied with the occurrence, behaviour and 

outcomes of cavitation that manifest at time and length scales appropriate for 

detection. 

The window of cavitation initiation and detection via acoustic means is 

highly sensitive to the composition and concentration of impurities in the 

propagation medium, at times presenting unpredictable behaviour that springs 

from the heterogeneity of real-world fluids (Bader, Vlaisavljevich and Maxwell, 

2019). This window comprises important metrics such as local ultrasound 

pressure, acoustic waveforms, and medium temperature. This sensitivity of 

nucleation to experimental protocols and purity of the medium has been frequently 

interpreted as evidence that the nucleation pressure of water is a stochastic 

quantity that is difficult to define or even impossible to predict. Nonetheless, a now 

extensive body of evidence shows that the ability of water to sustain ultrasound 
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negative pressures can be studied in detail by considering the effects of high-

magnitude shockwaves in micro/nanoscopic bubbles (Davitt, Arvengas and 

Caupin, 2010; Maxwell et al., 2013). 

At the nanoscale in particular, the conceptualisation of a bubble requires a 

joint acoustic and thermodynamic description(Caupin, 2005; Caupin and Herbert, 

2006; Caupin and Stroock, 2013; González et al., 2014; Bruot and Caupin, 2016; 

Menzl et al., 2016). The task then becomes an enquiry on how ultrasound affects 

nano-sized volumes in a liquid, at scales where molecular fluctuations in matter 

can act as hotspots for rupture at larger scales. Such a thermodynamic enquiry 

into cavitation is needed because the existing models that assume a stable liquid 

lose their validity, as bubble nucleation is a phenomenon that occurs during 

metastable states. Metastable states occur when water exists under pressures 

lower than its equilibrium pressure for a given temperature, such as the negative 

pressures induced by ultrasound waves. In the metastable state of liquids, a 

multitude of often undetected nanobubble embryos come in and out of existence 

naturally from thermal fluctuations in the liquid at molecular scales (Balibar and 

Caupin, 2003; Caupin, 2005, 2015; Caupin and Stroock, 2013; Bruot and Caupin, 

2016). An understanding of this interface between ultrasound-driven nanoscopic 

bubbles with local thermodynamic effects is the very knowledge boundary that this 

research aims to delineate and push backwards. 

The questions addressed in this thesis are a contribution to a broader 

discourse in ultrasound cavitation, largely in the biomedical field, that has changed 

in tone over the years. Cavitation was initially seen as a potentially harmful effect 

(Holland, 1989; Holland and Apfel, 1989; Apfel and Holland, 1991; Hedrick and 

Hykes, 1991; Miller and Brayman, 1997; Church, 2002), then as an activation 

approach for stabilised microbubble populations (Ward and Wu, 1999; Stride and 

Saffari, 2003; Ferrara, Pollard and Borden, 2007), paving the way to a novel non-

invasive surgery technique that relies on cavitation on demand (Maxwell et al., 

2012; Xu, Bigelow and Lee, 2013; Xu et al., 2014; Khokhlova et al., 2015). This 

compound of belief systems contributed to the transformation of the literature from 

showing concerns about the safety of ultrasound imaging into excitement over the 
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possibilities brought about by the interactions of cavitation and soft tissue. 

Research efforts evolved from establishing operating windows that reduce the 

likelihood of cavitation, to designing protocols where cavitation is induced in under 

ten milliseconds or within as much as two cycles of a MegaHertz wave 

(Vlaisavljevich, 2015; Vlaisavljevich, Lin, et al., 2015). This necessity to control 

ultrasound cavitation so closely warrants focus on ultrasound bubble nucleation, 

the very beginning of the cavitation process in the absence of pre-existing 

microbubbles. Here, it is necessary to integrate the literature on ultrasound 

cavitation and water thermodynamics, where histotripsy is a notable example of 

the synergy between the molecular and macroscopic realms of matter. 

Histotripsy is a family of techniques where focused ultrasound is used to 

non-invasively nucleate and drive the oscillations of bubbles within a volume of soft 

tissue, leading to the mechanical injury of surrounding areas (Khokhlova et al., 

2015; de Andrade et al., 2021). Within the scope of this thesis histotripsy refers 

exclusively to ‘endogenous’ histotripsy, which is histotripsy without the use of any 

administered contrast agents or nuclei that can aid the initiation of histotripsy.  In a 

review of the spectrum of methods used in histotripsy (Williams et al., 2023) 

classified the current methods as boiling, shock-scattering, intrinsic threshold or 

hybrid histotripsy. These methods rely on the application of short and high-

amplitude pulses of focused ultrasound, which aims to initiate violent bubble 

activity and acoustic streaming at the focus to fractionate tissue into subcellular 

debris. The differences between these modes of initiating histotripsy are mainly the 

pulse duration, ultrasound waveforms and corresponding peak-focal positive 𝑃56 

and negative 𝑃57  pressures to achieve the desired character of bubble activity 

(Williams et al., 2023). Other important characteristics of histotripsy methods also 

include the ultrasound central frequency 𝑓	[MHz], the electrical power provided to 

the transducer and the net acoustic power output, the pulse repetition frequency 

(PRF), and duty cycles used (Maxwell et al., 2012). 

Boiling histotripsy (BH) is characterised by the presence of non-linear 

shockwaves with high-amplitude peak-positive pressures 𝑃56 (> 50 MPa). In this 

regimen non-linear propagation is essential so that the waveform is distorted and 
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contains high harmonics which are readily absorbed and turned into heat as 

described by the power-law of attenuation. Non-linear propagation and the 

presence of shockwaves leads to acoustic heating rates that are greater than their 

linear counterpart, achieving boiling temperatures within ten milliseconds of 

sonication (Filonenko and Khokhlova, 2001). Sonication pulses are delivered at a 

low PRF (0.5 – 1 Hz) and duty cycle (1 – 2%) to avoid for undesired build-up of 

heat in the tissue volumes immediately around the ultrasound focus. 

Conversely, in shock-scattering and intrinsic pressure histotripsy, the pulses 

are shorter and delivered more frequently in the case of shock-scattering 

histotripsy. This ensures that no significant heat deposition happens, and that any 

bubble formation is either directly caused by the peak-negative focal pressures 𝑃57 

or activated by an interaction of incoming waves and those reflected from existing 

bubbles at physiological, or ambient, temperatures (Khokhlova et al., 2015). 

Table 1-1. Comparison between bubble initiation protocols in histotripsy (V. A. Khokhlova et al. 
2015; Maxwell et al. 2012; Vlaisavljevich et al. 2016). 

 𝑓 
(MHz) 

𝑃56 
(MPa) 

𝑃57 
(– MPa) 

Number of 
cycles 

PRF 
(Hz) 

Boiling 1 – 5 > 40 15 – 20 3 - 20 0.5 – 1 
Hybrid 1 – 1.5 > 90 15 – 20  - 0.5 – 100 

Shock-scattering 0.5 – 1 > 50 12 – 25 3000 – 10000 10 – 1000 
Intrinsic Pressure 0.3 – 3  > 28 £ 2 - 

Intrinsic pressure histotripsy is the term given to bubble nucleation that 

happens as a direct consequence of peak-negative ultrasound pressures. This 

technique builds onto the idea that the highest acoustically attainable tensile 

pressure in water-like media is around -30 MPa at ambient temperatures 

(Vlaisavljevich et al., 2016), and that bubbles can be reliably nucleated at this 

pressure threshold. The mechanism that depends on the interaction of the 

incoming field and a reflecting bubble is termed shock-scattering histotripsy and 

operates with much similarity to shockwave lithotripsy(Coleman and Saunders, 

1993). Shock-scattering histotripsy is remarkable in that the formation of the first 

bubble nucleus could take from a few to thousands of pulses, but once this initial 

seed is nucleated, cavitation clouds follow from the interactions of incoming 
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shockwaves reflected at the bubble wall and the medium undergoing therapy. This 

taxonomy of histotripsy is widely accepted in the literature and is helpful because 

it allows a priori description of the HIFU focal volume during nucleation. 

This thesis makes an argument that boiling and intrinsic histotripsy share a 

fundamental thermodynamic description that considers the interaction between 

ultrasound fields and the hydrodynamics of thermal fluctuations in liquid water. This 

fuller description of ultrasound nucleation allows for characterising an equation of 

state of water at negative pressures by recording density changes in the ultrasound 

focal volume during the tensile cycle of a focused 1 MHz ultrasonic beam. The 

sharp focusing provided by single and multi-element bowl-shaped transducers 

minimises the likelihood that pre-existing bubbles or impurities manifest stochastic 

behaviour, but also amplifies the likelihood that deterministic, or intrinsic, behaviour 

is dictated by characteristics of the medium. This behaviour of nucleation in 

focused fields and small volumes is explored in detail in Chapter 3. 

It is within the ultrasound focus that naturally-occurring nanoscopic density 

fluctuations in the liquid become a plausible trigger for ultrasound-induced 

nucleation. Although this technique was first employed by (Sankin and Teslenko, 

2003) to verify the existence of nano-sized preferential nucleation sites in water, 

later experiments were interpreted as evidence that the nucleation pressure 

threshold of water in ultrasound follows a temperature-dependent behaviour that 

is appropriately described by the relatively simple classical nucleation theory 

(Davitt, Arvengas, et al. 2010; Herbert et al. 2006; Caupin et al. 2012). In the field 

of biomedical ultrasound, the investigation of the nucleation threshold of water as 

an approximation of soft tissue contributed to  the current momentum around 

seeing histotripsy as a clinical possibility. This thesis aims to contribute to the 

realisation of histotripsy as a widespread therapeutic possibility by formalising a 

mathematical and numerical description of the thermodynamics of bubble 

nucleation in ultrasound. 
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1.1 Objectives 

The specific objectives of this work are: 

§ To evaluate the current understanding of ultrasound bubble nucleation, 

integrating knowledge from experimental and theoretical sources towards 

evaluating its limitations and synthesizing new information. 

§ To design and derive models of bubble nucleation in ultrasound pressure 

and temperature fields that are parameterised and validated against existing 

experimental evidence in histotripsy. 

§ To assess the scope, validity and limitations of any models developed 

herein through quantitative and qualitative comparison of simulations with 

published experimental evidence. 

1.2 Thesis outline and contributions 

This dissertation consists of seven Chapters, three of them consisting of 

original research. The initial sections focus on identifying the critical parameters 

involved in ultrasound-induced bubble nucleation and the effects of non-linear 

acoustic fields in the thermodynamics of bubble nucleation. Then, attention is given 

to the effects of non-linear acoustic propagation on bubble nucleation, the varied 

time and length scales of the process, the similarities and differences between 

ultrasound-induced boiling and cavitation, and the role of dissolved gas in the 

process of nucleation. 

This dissertation comprises an original framework for physical reasoning 

followed by mathematical and computational modelling of nucleation in ultrasound. 

This modelling framework is parameterised and assessed against the existing 

literature on histotripsy bubble nucleation. As with any models of reality, 

mathematical models are idealised and limited in the descriptions of phenomena 

that can be verified experimentally, possessing a range of limitations that are 

conceptual, numerical, and contextual. An earnest effort is made to disclose these 

limitations critically and highlight avenues where knowledge in ultrasound bubble 
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nucleation can be synthesised by integrating empirical practice and physical-

mathematical reasoning. It is important to recognise that modelling does not 

attempt to replace empirical practice, but aims to describe, inform, and optimise 

the design of experiments. 

The original contributions brought by this thesis to the field of biomedical 

ultrasound, and acoustic nucleation in general, are divided into three main 

landmarks throughout this thesis: 

§ Contribution 1: Developing, evaluating, and describing a mathematical 

model for the numerical study of ultrasound bubble nucleation (de Andrade 

et al., 2019, 2021). 

§ Contribution 2: Proposing a dimensional model to quantify thermal and 

hydrodynamic equivalence between boiling and cavitation bubbles (de 

Andrade et al., 2022). 

§ Contribution 3: Proposing a quasi-stationary model of bubble nucleation 

for non-linear ultrasound propagation at MegaHertz frequencies (Chapter 

6). 

These contributions are fully contextualised by the literature review in 

Chapter 2, which sets out to synthesise existing research and highlight existing 

gaps in knowledge. An outline of Chapters consisting original research is as 

follows: 

§ Chapter 3 describes the mathematical modelling of bubble nucleation via 
classical nucleation theory (CNT). In this Chapter, a rigorous and somewhat 

fundamental derivation of a nucleation model is described, and reasoning 

for the choice of parameters to be used in ultrasound nucleation is given. 

Chapter 3 aims to critique the idea that the classical nucleation theory is 

invalid because nucleation is often heterogeneous in real-world media. This 

Chapter also evaluates the mathematical representation of both 

homogeneous and heterogeneous nucleation, showing that there is little 

practical reason to see this distinction as an obstacle for the implementation 

of the classical nucleation theory in ultrasound. 
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§ Chapter 4 describes and exemplifies the coupling of the CNT model with a 

wide-angle approximation to the Westervelt equation towards describing 

nucleation in boiling histotripsy. This Chapter outlines the type of numerical 

procedures and analysis that would be required for the detailed simulation 

of nucleation events in non-linear, high-intensity ultrasound fields. As a 

contribution, this Chapter exemplifies the application of the thermodynamic 

models derived in Chapter 3 to a numerically-obtained histotripsy protocol 

and provides insight into the relative importance of high temperatures and 

negative pressures for bubble nucleation. 

§ Chapter 5 introduces a model to quantify the dominance of acoustic or 

thermal effects during of nucleation, using histotripsy protocols as 

examples. This Chapter provides a kinetic critique of the models developed 

in Chapter 3, in that these models essentially depict bubbles that grow 

because of their contents and ignore the possibility that bubble (radial) 

growth can precede and therefore induce mass transfer. In summary, this 

Chapter outlines the mathematical steps toward including Rayleigh-Plesset-

type equations in the description of bubble nucleation. This allows for a 

dimensional comparison of the key mechanisms of bubble growth, namely 

vapour and heat transfer, the inertia of the bubble wall, and the viscosity of 

the liquid. 

§ Chapter 6 evaluates whether the timescales of ultrasound are sufficiently 

long for the validity of quasi-stationary (time-dependent) modelling. This 

Chapter aims to delimit the timescales at which the stationary models in 

Chapters 3 and 5 are valid, as well as to lay the foundations of transient 

formulations of bubble nucleation in ultrasound. Close attention is given to 

the intrinsic timescales of bubbles nucleated by an acoustic wave at low 

temperatures (cavitation) and bubbles nucleated by an acoustic wave at 

high temperatures (boiling) with or without heat transfer to the bubble core. 

§ Chapter 7 finally provides a summary of this thesis and envisions future 

steps in this research. 
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Chapter 2 

2 Literature Review 
This chapter presents a review of the literature on ultrasound-induced 

nucleation, which forms the basis for defining the research questions tackled in the 

subsequent original chapters of this dissertation. This review aims to summarise 

key articles, reviews and book Chapters used throughout the research 

development presented in Chapters 3 – 7.  The existing literature was interrogated 

with the following questions in mind: 

(i) What are the appropriate statistical methods for the quantification of 

nucleation? 

(ii) Are there differences between bubbles nucleated by ultrasound at high 

and low temperatures? 

(iii) What are the key thermodynamic theories, methods, and parameters 

needed to numerically evaluate the phase stability of a fluid and 

acoustic propagation in biological tissue? 

2.1 Therapeutic Ultrasound 

Focused ultrasound therapy is a highly targeted, non-ionising modality of 

procedures that take advantage of the bioeffects of ultrasound propagation to 

perform minimally or entirely non-invasive therapy. An extracorporeal transducer 

is submerged in an intermediary medium, generally purified and de-gassed water, 

and the ultrasound waves propagate first through water and then through the tissue 

towards a surgical target. Because the density and sound speed of water and 

tissue are similar, a minor impedance mismatch minimises sound reflection from 

skin and organs. Focused ultrasound has the advantage of causing minimal 

damage to neighbouring tissue and the potential to reduce risks of post-operatory 

infection and the demand for sterile clinical resources if applied fully non-invasively 

(Maxwell et al., 2012). 
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Interest in the biological effects of ultrasound-initiated phenomena dates to 

1912, when Paul Langevin observed that apparatus used for underwater obstacle 

detection could generate sound waves of sufficient strength to kill small fish (Hill, 

1982). Since then, substantial work has aimed to identify bioeffects and underlying 

mechanisms for cell and tissue damage after acoustic irradiation (Fry et al., 1977; 

Williams, 1986; Carstensen, 1987; Miller, 1987; Barnett et al., 1994; Miller, Miller 

and Brayman, 1996; Fowlkes and Holland, 2000; Dalecki, 2004; Wang et al., 

2013). Over the years, the effects of ultrasound propagation in biological media 

were split into two categories. One for thermal bioeffects resulting from ultrasound 

heat deposition, and another for mechanical bioeffects resulting from phenomena 

such as bubble activity and acoustic radiation forces (O’Brien Jr, 2007; Azhari, 

2010; Miller et al., 2012; Boissenot et al., 2016). 

2.1.1 Thermal bioeffects of ultrasound 

Thermal bioeffects were the first to find clinical application due to a better 

understanding of their physical mechanisms (Paliwal and Mitragotri, 2008). These 

are exploited in high intensity focused ultrasound (HIFU) therapy. HIFU uses 

focused ultrasound beams operating at the MegaHertz frequency range (0.8 – 

10 MHz) to achieve intensities as high as 20 ×  103 W cm-2. This modality of 

treatment is used to raise and maintain focal temperatures above 55 ˚C for 1 s or 

longer and induce coagulative necrosis and cell death in a sharply demarcated 

focal volume (Gail ter Haar and Coussios 2007). Ultrasound heating happens 

because soft tissue absorbs the mechanical energy of sound waves and part of it 

becomes heat through thermoviscous loss (Fry et al., 1950). This process is 

amplified when non-linear propagation causes the formation of shock waves, 

where the higher harmonics of shockwaves are readily absorbed by tissue and 

increase heat deposition rates (Filonenko and Khokhlova, 2001). 

Clinical applications of HIFU vary between extra- and intra-corporeal 

depending on the accessibility of the target organ and the gas or cartilaginous 

composition of its surroundings. HIFU can be applied through the skin for organs 

that are readily accessible such as the kidney, but in organs like the prostate it 

might be necessary to insert the transducer into the body through the rectum. The 
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acoustic window that is available for HIFU therapy helps define transducer 

properties such as frequency, aperture, and focal length (Izadifar et al., 2020a). 

From the given power-law of attenuation (Waters et al., 2000; Sapozhnikov, 2015) 

it is known that higher frequencies are more readily absorbed and turned into heat. 

However, the larger wavelengths of lower frequencies warrant longer focal lengths 

and deeper HIFU penetration into the body. Therefore, transrectal and interstitial 

transducers therefore often operate at higher frequencies than their extracorporeal 

counterparts. 

Although the focal volume of HIFU systems are often ellipsoids (cigar-

shaped lesions), surgical targets of the order of centimetres can generally be 

treated with HIFU. Consequently, HIFU therapy is the most safe and effective when 

combined to real-time imaging for guidance and monitoring of treatments. In a 

review of the literature, (Siedek, et al. 2019) identified a range of oncological, 

neurological, musculoskeletal, cardiovascular, and endocrine applications and 

listed their regulatory approval in several regions according to the monitoring 

modality: Magnetic Resonance-Guided HIFU or Ultrasound-Guided HIFU. 

Monitoring strategies to HIFU are often constrained by the possibility of 

assessing thermally induced contrast phenomena with techniques such as 

magnetic resonance imaging (MRI) or ultrasound imaging (Geoghegan et al., 

2022). On the one hand, MR-guided HIFU provides high anatomical resolution and 

is not limited by overlying fat tissue, enabling estimation of dosimetry within an 

error window of 1˚C. On the other hand, MRI guidance is limited by low spatial and 

temporal resolutions. As an alternative, ultrasound imaging is less expensive and 

possesses greater spatial and temporal resolution. Ultrasound monitoring and 

guidance allows for an immediate verification of the acoustic window since the 

same form of energy is being utilised for imaging and intervention. In B-mode 

imaging bubbles scatter more of the incident US field than soft tissue, allowing for 

a correlation with the ablation zone, but failing to delineate the coagulation 

boundary of treatment (Izadifar et al., 2020b). Here, alternative modes of 

monitoring gain space in ultrasound-induced thermal ablation. For example, the 

intravenous administration of contrast agents allows for the determination of non-
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perfused regions where the vasculature has been compromised by thermal 

lesioning. Moreover, elastography-based techniques such as shear wave 

elastography and acoustic radiation force impulse imaging can be applied to 

evaluating differences in tissue stiffness caused by ablation therapy (Geoghegan 

et al., 2022). 

2.1.2 Ultrasound cavitation 

Early evidence of ultrasound-induced cavitation in-vivo (G R ter Haar and S 

Daniels, 1981; ter Haar et al., 1982) was detected within attempts to characterise 

the therapeutic effects of heat-based HIFU effects. In ultrasound fields, cavitation 

bubbles respond mechanically to the time-dependent oscillations in acoustic 

pressure. When the pressure is positive, it compresses the bubble, reducing its 

size. When the acoustic pressure is negative, it stretches the bubble in all 

directions. A schematic of this process can be seen in Figure 2-1.  

 

Figure 2-1. Schematic of the mechanical effects of an acoustic field in a free bubble. 

The most well-known mechanical effect of naturally occurring cavitation is 

the damage it can cause to metallic surfaces such as ship propellers or plumbing 

tubes; as shown in Figure 2-2. Cavitation has such destructive potential because 

whenever a surface is sufficiently close to an oscillating bubble, this bubble 

collapses onto the surface as a powerful jet (Plesset and Chapman, 1971). The 

physical mechanism at play is the creation of a stagnation point in pressure 

potential between the bubble and the boundary, which attracts fluid toward itself 
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(Tomita et al., 2009; Kim and Kim, 2012). For biological tissues, especially 

vasculature, this understanding signifies the possibility of directing bubble jetting 

towards an elastic surface (the vessel wall), and a therapeutic opportunity to 

permeabilise endothelial walls. This type of bubble behaviour is appropriately 

characterised by a solution of mass and momentum conservation equations 

through boundary element methods. 

The response of spherical bubbles to a pressure field can be modelled by a 

radial approximation the Navier-Stokes equation in the presence of heat and mass 

transport (Christopher Earls Brennen, 2013; Christopher E. Brennen, 2013a, 

2013c). Although the original model was derived by Lord Rayleigh and augmented 

by M. Plesset (Plesset, 1949), further improvements were derived as efforts of 

accounting for the presence of pollutant gas, acoustic driving, viscosity, and sound 

emissions from the bubble (Lauterborn and Mettin, 2015). These models often 

contain a mix of differential equations that treat a spherical bubble as a non-linear 

harmonic oscillator. The action of a stable gas bubble within soft tissue or a liquid 

solution has been subject to intense research in biomedical ultrasound. The most 

recent understanding is that bubbles interact with cells via a mix of thermal, 

chemical, and predominantly mechanical pathways (Kooiman et al., 2020) such 

as: 

§ Direct mechanical action as forces from the bubble wall, or bubble 
translation in liquid media, as well as secondary radiation forces or 

the formation of shockwaves upon bubble collapse. 

§ Microstreaming as flow up to 1 mm/s that is generated from stable or 

transient cavitation, generating shear stresses on surfaces and 

increasing convection, and micro jetting as the asymmetric collapse 

of bubbles onto surfaces, that can cause direct mechanical damage. 

Most importantly, these effects of acoustic excitation of pre-existing bubbles 

were proposed as mechanistic elements in applications such as drug delivery to 

tumours, aiming to confine the cytotoxic effects of chemotherapeutics to tumours, 

improve the permeability of the endothelial wall, and overcome gradients in 

interstitial fluid pressure (Coussios and Roy, 2008; Wu and Nyborg, 2008; Kooiman 
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et al., 2020). Linearised versions of this mathematical treatment are those 

concerned with small oscillatory amplitudes that allow for the conceptualisation of 

a resonance frequency. For oscillations that depart from equilibrium, the 

reorganisation of the inertial energy of the bubble’s wall into heat or chemical 

reactions at its core, coupled with varied extents of heat and mass transfer from 

the surrounding liquid (Christopher E. Brennen, 2013c; Pahk et al., 2018), might 

induce a distinctive distribution of energy across the detectable frequency 

spectrum through the presence of broadband emissions. This distribution is 

correlated to a noticeable presence of high harmonics in the backscattered signal 

of a passive cavitation detection hydrophone during cavitation (Bawiec et al., 

2021). This characterises violent rebound and collapse of bubbles, that can 

fragment tissue to subcellular levels (Mitragotri, 2005; Paliwal and Mitragotri, 2008; 

Hoogenboom et al., 2015). This type of transient bubble activity is also theoretically 

capable of selectively inducing mechanical damage to materials of different 

mechanical strengths (Hwang et al., 2006; Styn et al., 2011; Vlaisavljevich, 2015; 

Mancia et al., 2017, 2019), such as the vasculature and the parenchyma (Ki Joo 

Pahk et al., 2019). 

 

Figure 2-2. Cavitation damage in a propeller. Photographed by Erik Axdahl, uploaded on Wikimedia 
Commons on 20 May 2006. Original replicated under a Creative Commons license. 

The combined potential hazards and benefits of cavitation point to the 

challenge of defining a “true” or “intrinsic” pressure threshold for cavitation in water 
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in the absence of pre-existing cavitation nuclei (Greenspan and Tschiegg, 1967, 

1982; Sankin and Teslenko, 2003; Caupin and Herbert, 2006; Caupin, 2015; Gallo 

et al., 2016). This question has been solved in practical terms by boiling histotripsy 

(Canney, T. D. Khokhlova, et al., 2010; Canney, V. A. Khokhlova, et al., 2010; 

Khokhlova, Canney, et al., 2011), and with statistical merit by intrinsic threshold 

histotripsy (Vlaisavljevich, Lin, et al., 2015; Vlaisavljevich et al., 2016), however 

has been long documented in the literature of water thermodynamics where 

ultrasound is used to evaluate the properties of liquid water under negative 

pressures (Sankin and Teslenko, 2003; Ando, Liu and Ohl, 2012). 

2.1.2.1 Cavitation detection 

There is a wide range of techniques that can used to detect or map 

cavitation activity resulting from ultrasound propagation. Each of them has 

strengths and weaknesses that should be considered in terms of the type of 

evidence sought in an experiment. Cavitation can be detected or mapped via 

primary or secondary measurements of parameters of the acoustic field (Izadifar, 

Babyn and Chapman, 2019). Optical methods often yield primary evidence of 

bubbles, such as an image or a time-series of images at a high framerate 

displaying spatial/temporal change of bubbles, or direct measurements of a laser 

beam scattered from a bubble as it oscillates. As a limitation, these techniques 

require that the experiment is performed in optically transparent media and output 

data that informs size, shape and spatial distribution of bubbles. These methods 

are also generally unfeasible for in-vivo applications (Cleveland and McAteer, 

2012). 

As an alternative, acoustic methods can be employed to detect sound 

emissions from a bubble as it oscillates, collapses, or interacts with an incoming 

sound field. Acoustic methods are broadly categorised between active and passive 

methods (McLaughlan et al., 2010), where the distinguishing feature relies on 

whether the signal that is sought is the consequence of a continuous sound field 

emitted towards the detection volume (active cavitation detection), or whether the 

receiving transducers simply record the pressure oscillations in the fluid in time and 

space as a response to a pulsed beam (passive cavitation detection) (Haworth et 
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al., 2012). This family of methods can yield a range of useful data for the 

characterisation and detection of cavitation and bubble activity, such as: 

(i) Time-series measurements of voltage oscillations which can be 

decomposed for analysis of harmonics; 

(ii) 2D and 3D imaging and mapping of the cavitation field. 

Acoustic methods are not hindered by some of the limitations of optical 

methods such as a transparent medium, but they possess limitations of their own 

such as a possible interference with the cavitation process, and susceptibility to 

noise. However, the evidence obtained in cavitation detection via acoustic methods 

is secondary and depends on a mechanistic understanding of the relationship 

between bubble radial dynamics and the subsequent sound emissions (Izadifar, 

Babyn and Chapman, 2019). 

2.1.2.2 The nucleation pressure threshold in water 

Figure 2-3 shows a timeline of landmark developments in understanding 

cavitation/nucleation thresholds in water. This timeline opens space for a different 

narrative for histotripsy, in that it broadens the horizon of contributions toward the 

development  of what is sometimes viewed as a strictly biomedical technique. For 

example, static pressures of -27.7 MPa had been achieved in water at 10 °C before 

the liquid ruptured into bubbles much before the development of intrinsic pressure 

threshold histotripsy (Briggs, 1950). Briggs was the first to report a temperature 

dependence of the process after observing that the pressures reached at 50 °C 

were limited to about -22 MPa. These results were obtained using the 

centrifugation method, where a tube filled with water is rotated at high speeds, and 

the centrifugal force creates negative pressures in the axis of rotation. 

Moreover, (Galloway, 1954) used a standing wave produced by a spherical 

resonator to stretch water for a range of time intervals. One of his most important 

findings is that cavitation pressure amplitudes in water increase as the period of 

water under tension decreases, foreshadowing an understanding of the effect of 

ultrasound frequencies in bubble nucleation that was later conceptualised into the 

mechanical index (Apfel and Holland, 1991). This trend was subsequently 
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confirmed by (Greenspan and Tschiegg, 1967), who measured nucleation 

pressure thresholds of -16 MPa for an exposure time of minutes and -21 MPa for 

an exposure time of seconds in water. 

Acoustic cavitation in naturally occurring (untreated) water or bubbly media 

also has predecessors in the field of water nucleation research. (Strasberg, 1959) 

investigated ultrasound cavitation thresholds in tap water and found highly 

scattered results with few discernible trends. Some significant findings were a 

decrease of the achievable pressure magnitudes with increasing air content, an 

increase of the achievable pressure magnitude with increasing static pressure 

applied to the liquid, and an increase in the pressure magnitude with increasing 

time where the fluid is left at rest. These are trends that have been exhaustively 

revisited and confirmed staking their claim as common knowledge within 

ultrasound cavitation (Bader et al., 2012). 



 

 

Figure 2-3. Timeline of important developments in the search for the cavitation threshold in water. 

 



 

More recently, (Sankin and Teslenko, 2003) used acoustic shockwaves with 

focal peak negative pressures of -42 MPa to induce nucleation in distilled water. 

These were the lowest acoustic pressures achieved in liquid water and inspired a 

wave of future experiments. Their experimental set-up characterises the first 

evidence of what is now seen as the intrinsic threshold method. At a similar time, 

the first publication on histotripsy described a method where several ultrasound 

pulses were employed to generate cavitation clouds at the ultrasound focus (Xu et 

al., 2003). This method relied on the chance that “stochastic” cavitation would 

occur at the ultrasound focus or that there would be a pre-existing bubble that 

would initiate the cavitation process. This process is currently called shock-

scattering histotripsy . 

The integrated view of ultrasound-induced nucleation proposed in this thesis 

takes shape from the work of (Herbert, Balibar and Caupin, 2006). In this seminal 

work, the authors used a confocal 30 MHz hydrophone to detect echo produced 

from cavitation bubbles. This work analysed ultrasound cavitation through its 

essential statistics, where the excitation voltage of a 1 MHz transducer was 

gradually increased for subsequent experiments consisting of 1000 identical 

repetitions. The distribution of the magnitude of detectable echo was computed, 

and “cavitation” events were coded as those with echo distributions above a noise 

threshold of 5 V. Over each of the thousand repetitions for a given excitation 

voltage, a probability of cavitation was calculated from a thousand samples. The 

compound analysis of every probability of cavitation for each of the several 

excitation windows then yields a probability cumulative function. 

The important feature of this distribution function is that it was shaped like a 

sigmoid, which is a continuous approximation of a threshold phenomenon. Within 

this statistical analysis, the median electric voltage is defined as the nucleation 

threshold, since it poses a one in two probability that cavitation takes place. The 

authors then use constitutive models and acoustic characterisation to relate 

excitation frequencies to the focal peak negative pressure. This worked confirmed 

the findings of (Galloway, 1954; Greenspan and Tschiegg, 1967) and clarified the 

role of experimental volumes and periods within classical nucleation theory. It was 
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also pushed forward in 2010, where (Davitt, Arvengas and Caupin, 2010) 

published temperature-dependent pressure thresholds within six cycles of a 1.03 

MHz transducer at a pulse repetition frequency of 1.75 Hz. Their results reported 

ultrasound pressures as low as -24 MPa at 0 °C and -15 MPa at 100 °C before 

nucleation takes place (Caupin et al., 2012). 

Table 2-1. Selective list of temperature-dependent nucleation thresholds in water. 

Reference 𝒇 
(MHz) 

𝒑7 
(MPa) 

Mean 
error (MPa) 

𝑻 
(°C) 

(Davitt, Arvengas and 
Caupin, 2010; Caupin et al., 

2012) 
1.1 

34 

±1 

1 
33 3 
34 5 
32 7 
32 9 
31 11 
31 13 
30 16 
30 20 
28 29 
26 38 
25 48 

(Vlaisavljevich et al., 2016) 1 

29.8 0.7 10 
28.9 0.6 20 
24.7 1.9 40 
21.8 2 60 
17.4 2.4 80 
14.9 3.5 90 

Table 2-1 outlines temperature-dependent nucleation pressure thresholds 

obtained with the acoustic method by two independent groups. It can be noted that 

there are small discrepancies within results, likely to arise from the methodology 

employed to detect bubble nucleation and to measure the acoustic field itself. In 

the first set of experiments an extrapolation of the International Association for the 

Properties of Water and Steam (IAPWS) equations of state is used to convert the 

density of the liquid into a focal pressure (Caupin et al., 2012). In the second set of 

experiments, a combined optical and acoustic approach is used to detect cavitation 

activity, and any pressures below – 25 MPa are obtained by direct measurement 

of pressures with a fibre-optic probe hydrophone immersed in 1,3-butadienol 

(Vlaisavljevich et al., 2016). 
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2.1.3 Boiling Histotripsy 

Boiling histotripsy (Canney, T. D. Khokhlova, et al., 2010; Canney, V. A. 

Khokhlova, et al., 2010; Khokhlova, Canney, et al., 2011) occurs when millisecond-

long pulses heat focal tissue to temperatures that are favourable for vapour bubble 

nucleation and growth (de Andrade et al., 2019). In boiling histotripsy, an 

ultrasound source generates acoustic waves which travel through water and then 

soft tissue onto a treatment zone. Non-linear propagation effects cause the 

formation of shock fronts of about 80 MPa in a small sub-volume within the HIFU 

focal region (Khokhlova et al., 2015). The high harmonic components of these 

shockwaves are promptly absorbed by soft tissue and cause non-linear heating of 

the treatment zone. This interaction between HIFU and soft tissue can increase 

the temperature of the treatment zone beyond 100 °C in a few milliseconds 

(Canney, V. A. Khokhlova, et al., 2010), leading to the formation of a boiling bubble. 

Table 2-2 summarises boiling histotripsy protocols in terms of the excitation 

frequency (MHz), target medium, and peak positive and negative focal pressures. 

This data shows that the most experiments in boiling histotripsy are performed at 

peak-positive pressures above 60 MPa and peak-negative focal pressures from 

- 12 to - 20 MPa with frequencies ranging from 1 to 3.5 MHz, although most 

protocols are carried at 2 MHz ultrasound frequency. 
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Table 2-2. Selective list of boiling histotripsy protocols. 

Reference sorted 
by publication date 

𝒇 
(MHz) Medium 𝒑6 

(MPa) 
𝒑7 

(MPa) 
Pulse 

duration 
(ms) 

(Canney, T. D. 
Khokhlova, et al., 

2010) 
2.158 

Ex vivo bovine 
liver 36 9 

10 Ex vivo bovine 
heart 70 12 

(Canney, V. A. 
Khokhlova, et al., 

2010) 
2.158 Ex vivo bovine 

liver 67 12 4 – 52 

(Khokhlova, 
Canney, et al., 

2011) 
2.158 

Ex vivo bovine 
heart 67 12 

1 - 500 Tissue-
mimicking gel 76 13.5 

(Wang et al., 2013) 2.158 

Ex vivo bovine 
heart 73 12 

4.5 Ex vivo bovine 
liver 73 12 

(Pahk et al., 2015) 
1.1 Ex vivo porcine 

liver 
74 14.4 10 2.0 101 16.7 

(Pahk et al., 2016) 2.0 In vivo rat liver 94 15 10 101 17 

(Pahk et al., 2017) 2.0 Tissue-
mimicking gel 85.4 15.6 10 

(Schade et al., 
2019) 1.5 

In vivo 
carcinoma Eker 

rat 

85 17 
10 100 20 

(Khokhlova, 
Schade, et al., 

2019) 
1.5 In vivo porcine 

kidney and liver 80 12-18 1 - 10 

(Kisoo Joo Pahk et 
al., 2019) 

2.0 Human breast 
adenocarcinoma 85 14 10 

(K J Pahk, 2021) 
2 Tissue-

mimicking gel 

89.1 14.6 4, 6 
3.5 72.4 13.8 5, 5 
5 69.2 12.5 5, 5 



 

Computational models of histotripsy bubble dynamics have shown that 

histotripsy pressure and temperature fields can drive a nanometric initial bubble up 

to micrometre dimensions (Bader and Holland, 2016). Moreover, simulations of the 

induced shear stress fields in boiling histotripsy have shown that there is a 

possibility that bubbles in viscoelastic media selectively rupture the parenchyma, 

whilst sparring the vasculature, due to their different mechanical properties (Ki Joo 

Pahk et al., 2019; K. J. Pahk et al., 2019). 

As illustrated in Figure 2-4, it has been proposed that the backscattering of 

incident shocks on the vapour bubble surface are sufficient to create regions of 

tensile pressure that are capable of inducing cavitation, in a process analogous to 

shock-scattering histotripsy (Pahk, 2021; Pahk et al., 2021). This hypothesis has 

been further tested in developing protocols for boiling histotripsy where the 

amplitude of the incident field is immediately reduced after the formation of the first 

boiling bubble, where no signs of cavitation can be seen (Pahk, 2021). 

Concurrently, analysis of inertial cavitation produced by HIFU pulses concluded an 

enhanced growth of gas bubbles in transparent agarose gels in the presence of 

shockwaves, with the growth of new bubbles in the pre-focal region of the medium 

(Bawiec et al., 2021). 
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Figure 2-4. Boiling histotripsy in a tissue phantom recorded in video format by a high-speed 
camera. The transducer is placed at the left of the selected region of visualisation, and acoustic propagation 
occurs from left to right. Top picture: Intact phantom before sonication. Middle picture: Formation of a boiling 
bubble at the ultrasound focus. Bottom picture: Formation of a pre-focal cavitation cloud. Reproduced from 

(Pahk et al. 2021). 

A minimal set-up for boiling histotripsy experiments can be achieved by 

using a fixed 2 MHz bowl shaped transducer (Sonic Concepts H-148, Bothell, WA, 

USA) in a water tank filled with degassed, de-ionised water at room temperature. 

To ensure shock formation, the transducer must be driven via a linear 

radiofrequency (RF) power amplifier at high powers to cause non-linear 

propagation and shock-formation, for example powers exceeding 150 W for a 

Sonic Concepts H148 transducer. The input to the power amplifier is provided by 

two function generators in series, one commanding the pulses and one generating 

sinusoidal waves. The pulse-controlling function generator is set-up to output a 

square wave at a certain pulse repetition frequency (PRF). The duty cycle in boiling 
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histotripsy is the portion of the square wave where the ultrasound is activated and 

is often low (between 1 – 5%). For example, for a histotripsy pulse of 10 ms, a PRF 

of 1 Hz might be used with a duty cycle of 1%, where 1% of 1 second is 10 ms. 

The sinusoidal function generator is gated to the pulse generator, and only outputs 

a signal when the input square wave exceeds a certain threshold. This function 

generator must output a sinusoidal signal of the same frequency of the transducer 

(2 MHz, for example) where the amplitude of this signal in peak-to-peak voltage 

determines the electric power at which the transducer will be excited by the output 

of the power amplifier. Figure 2-5 provides a schematic of boiling histotripsy 

pressure fields within this context. 

 

Figure 2-5. Schematic of boiling histotripsy pulse inducing nucleation. 

Potential applications of BH include the mechanical ablation of benign 

prostatic hyperplasia (BPH), liver, and kidney tumours, in inducing anti-tumour 

immune responses, thrombolysis and decellularising soft tissue (Wang et al., 2014, 

2018; Bader et al., 2019). Comprehensive reviews on the clinical applications of 



 56 

histotripsy can be found in references (Roberts, 2014; Khokhlova et al., 2015; 

Williams et al., 2023). Pre-clinical studies of BH in ex-vivo bovine liver, kidney and 

heart tissue, and in-vivo porcine liver and kidney, have reported complete tissue 

emulsification and cell destruction in millimetre-sized treatment zones around the 

HIFU focus (Khokhlova et al., 2015). In addition, the feasibility of generating 

transcutaneous centimetre-sized treatment zones with boiling histotripsy has been 

demonstrated in an in-vivo porcine model via translation of the HIFU focus by a 

millimetre after the delivery of 30 histotripsy pulses (Khokhlova et al., 2016). 

Histotripsy has been tested in a phase I non-randomised clinical trial for the 

ablation of malignant tumours in eight patients using the HistoSonics VORTX Rx 

Treatment system. Results reported over 75% ablation efficiency in tumours up to 

1.3 cm of diameter with no procedure-related significant adverse effects. Moreover, 

a study on the safety of histotripsy treatment of benign prostatic hyperplasia on 

twenty-five male patients showed the safety of histotripsy and reported 

improvement in lower urinary tract symptoms (Schuster et al., 2018). 

2.1.4 Intrinsic and shock-scattering histotripsy 

At first, a striking difference between boiling histotripsy and shock-scattering 

histotripsy was the “all-or-nothing” character of shock-scattering histotripsy, where 

bubbles could take from one to thousands of pulses to nucleate (Xu, Fowlkes, 

Ludomirsky, et al., 2005; Xu, Fowlkes, Rothman, et al., 2005). This contrasted with 

the repeatability of boiling histotripsy (Khokhlova, Canney, et al., 2011; Khokhlova, 

Simon, et al., 2011). The issues with the repeatability of shock-scattering 

histotripsy were then addressed considering the work of (Herbert, Balibar and 

Caupin, 2006; Davitt, Arvengas and Caupin, 2010). In 2012, a study built onto the 

results of (Strasberg, 1959) and showed that pressures up to -30 MPa could be 

achieved in water that had been subjected to high static pressures (Bader et al., 

2012). Later, (Maxwell et al., 2013) investigated ultrasound pressure thresholds 

that could generate cavitation in a few cycles of the acoustic wave, similarly to what 

(Sankin and Teslenko, 2003; Herbert, Balibar and Caupin, 2006; Davitt, Arvengas 

and Caupin, 2010; Caupin et al., 2012) had previously achieved. 
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Table 2-3. Nucleation parameters for microtripsy, intrinsic pressure histotripsy, shock-scattering 
histotripsy. 

Reference 𝒇 
(MHz) Tissue Modality 𝒑7 

(-MPa) 
(Parsons et al., 2006) 

0.75 
Ex vivo porcine heart 

Shock-
scattering 

22 
(Roberts et al., 2006) Ex vivo rabbit kidney 22 
(Hall et al., 2009) Ex vivo canine prostate 20 
(Maxwell et al., 2011) 1 Tissue-mimicking gel 19 

(Maxwell et al., 2013) 1.1 

Distilled water 10% O2 

Intrinsic 
pressure 

27.4 
Unfiltered water 90% O2 26.2 
Tissue-mimicking gel (5% 
what) 27.3 

Tissue-mimicking gel 
(15% what) 28 

Ex vivo canine blood 26.9 
Ex vivo canine blood clot 26.8 
Ex vivo canine kidney 29.4 

(Vlaisavljevich et al., 
2013) 1 In vivo porcine liver 17 

(Lin et al., 2014) 0.5 
Ex vivo canine kidney 

Microtripsy 

28.5 
Ex vivo canine liver 29.3 
Tissue-mimicking gel 24.5 

(Zhang et al., 2015) 1 Blood clot 36 

 

This new intersection of well-established nucleation research with 

therapeutic ultrasound was then explored in a series of publications on the effects 

of tissue properties (Vlaisavljevich et al., 2014; Vlaisavljevich, Lin, et al., 2015), 

ultrasound parameters (Vlaisavljevich, Aydin, et al., 2015; Vlaisavljevich, Lin, et al., 

2015; Vlaisavljevich et al., 2017), and, most importantly, temperature 

(Vlaisavljevich, Xu, et al., 2015; Vlaisavljevich et al., 2016) into the pressure 

threshold for low MegaHertz acoustic nucleation in water. The newly found 

repeatability of bubble nucleation for histotripsy in soft tissue warranted a different 

branding to the improved protocol to avoid confusion with the less predictable 

shock-scattering histotripsy. The new method is now commonly referred to as 

intrinsic-threshold histotripsy (Maxwell et al., 2013; Vlaisavljevich et al., 2016), a 

phenomenon that occurs when the focal peak negative ultrasound pressures 

surpass the local tensile strength of the medium. A modification of this technique 

was named Microtripsy due to the highly localised and repeatable lesions it could 
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create (Lin et al., 2014). Table 2-3 summarises frequencies, media and modalities 

of cavitation-based histotripsy, accompanied by the peak-negative focal pressure 

reported by the authors. 

2.1.5 Model of Acoustic Propagation 

The literature of histotripsy is closely tied to the simulation of high-intensity 

focused acoustic beams for determination of peak focal pressures and heating 

rates. The Khokhlov–Zabolotskaya–Kuznetsov (KZK) equation models high-

intensity axially symmetric acoustic beams and has been widely used to simulate 

acoustic propagation in histotripsy (Bailey et al., 2003; Khokhlova et al., 2006; 

Canney et al., 2008; Canney, V. A. Khokhlova, et al., 2010). The KZK equation in 

the propagation direction 𝑧 is given by: 

 𝜕8𝑝
𝜕𝑧𝜕𝜏 −

𝑐%
2 ∇9

8𝑝 = 𝐿(𝑝) +
𝛽

2𝜌%𝑐%:
𝜕8𝑝8

𝜕𝜏8 	, 
2.1 

where	𝑝 is acoustic pressure, 𝜏 is the retarded time coordinate 𝜏 = 𝑡 − 𝑧/𝑐%, 

𝑐% is the small-signal speed of sound, 𝛽 is the coefficient of non-linearity, and 𝜌% is 

the density in the equilibrium state. 

The effects of attenuation and dispersion are considered by the term 𝐿(𝑝), 

which is defined as (Soneson, 2017) 

 𝐿(𝑝) = 	
2
𝑐%
𝜕
𝜕𝜏	

[𝛼(𝜔) ∗ 𝑝(𝜔)], 2.2 

where 𝑝(𝜔) and 𝛼(𝜔) are, respectively, the frequency-dependent pressure 

and absorption, and the operator ∗ denotes a convolution. Ultrasound absorption 

can be modelled by a power-law in frequency (Waters et al., 2000): 

 𝛼(𝜔) = 𝛼%|𝜔|; , 2.3 

where 𝛼% is the absorption coefficient and 𝑦 is a real positive constant below 

two. Phase velocity dispersion is given by the imaginary component of 𝛼 and is 
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calculated using the differential form of the Kramers-Kröning relations (O’Donnell, 

Jaynes and Miller, 1981). 

As a limitation of the KZK equation, the transverse Laplacian ∇98= 𝜕8/𝜕𝑥8 +

	𝜕8/𝜕𝑦8 operates on the plane perpendicular to the propagation direction 𝑧 and 

approximates diffraction in Eq. 2.1. This approximation introduces errors at field 

points that are more than 20° away from the propagation axis (Soneson, 2017). 

For highly focused HIFU sources, the KZK equation should be solved within a wide-

angle approximation (Sapozhnikov, 2015). Within this thesis, all numerical 

simulation of acoustic propagation was simulated for a 2 MHz bowl-shaped 

transducer (Sonic Concepts, H148) and a 1.1 MHz bowl-shaped transducer (Sonic 

Concepts, H102), both with a central opening of approximately 1 cm. Tables 2-4, 

2-5 and 2-6 detail the geometry of both transducers, the material and 

thermoacoustic properties used within simulations. 

The HITU Simulator is an open source for simulating axisymmetric high-

intensity focused ultrasound (HIFU) beams in MATLAB (The Mathworks, Inc., 

Natick, MA). This package was employed to solve a wide-angle parabolic 

approximation to transverse Laplacian in the KZK Equation (Soneson, 2017). The 

wide-angle parabolic approximation improves the calculation of the diffraction term 

∇98𝑝 in Eq. 2.1 by using an approximate solution to the full Laplacian Δ (Yuldashev, 

Mezdrokhin and Khokhlova, 2018). This results in accurate numerical results for 

field points within 45° of the propagation axes, with errors below 0.07% at the 

focus, 0.5% in the area around the focus and a maximum error that does not 

surpass 2.5% in the whole field. The simulations computed acoustic propagation 

for 5.32 cm in water followed by propagation in 2 cm of liver tissue. 

Table 2-4. Transducer geometry used for KZK simulations. 

Parameter 
Value (cm) 

H102 H148 

Transducer outer radius 3.2 3.2  

Transducer inner radius 1 1.13 

Focusing depth 6.32 6.32 
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Table 2-5. Tissue properties used in the acoustic simulations (Pahk et al., 2015). 

Property Water Liver 

Speed of sound (m∙s-1) 1482 1575 

Mass density (kg∙m-3) 1000 1060 

Attenuation at 1 MHz (dB∙m-1) 0.217 52 

Power of attenuation vs frequency 

curve 

2 1.1 

Non-linearity coefficient 3.5 4.4  

 

Table 2-6. Tissue properties used in the BHTE equations (Pahk et al., 2015). 

Property Water Liver 

Specific heat (J∙kg-1∙°C-1) 4180 3628 

Thermal conductivity (W∙m-1∙°C-1) 0.6 0.57 

Blood perfusion rate (kg∙m-3∙s-1) - 0 – 19 

 

2.1.6 Model of Heat Deposition 

Once the acoustic field is computed, the volumetric heat deposition rates 

can be calculated as: 

 
𝑄0 =

1
𝜌%𝑐%

xy𝑅𝑒(𝛼3)|𝑝3|8 −
𝑑
𝑑𝑧
〈𝑝8〉�

⬚

3

, 
2.4 

where 𝑝3 represents the pressure amplitude of the n-th harmonic of 𝑝(𝜏). 

 
𝑝(𝜏) =x�𝑝3𝑒7=>3? + 𝑝3∗𝑒=>3?�

⬚

3

. 
2.5 
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The Bioheat Transfer Equation (BHTE) is then used to model heat transfer 

in soft tissue. This equation is an augmentation of the heat diffusion equation in 

the presence of a heat source 𝑄0 and a heat sink due to blood flow. Assuming a 

uniform tissue thermal conductivity 𝑘, and neglecting metabolic processes, the 

BHTE can be written as (Huang and Horng, 2015): 

 𝜌𝐶
𝜕𝑇
𝜕𝑡 = 𝑘∇8𝑇 −	𝑤&𝐶(𝑇 − 𝑇%) + 𝑄0 2.6 

Where 𝑇% is the initial temperature, 𝑇 is the local tissue temperature, 𝜌 is the 

tissue density, 𝐶 is the specific heat of tissue, 𝑤& is the perfusion rate of tissue, 𝑘 

is the thermal conductivity, and 𝑄0 represents the ultrasound heat source. This 

equation is widely used in the modelling of hyperthermia in tumours due to its 

simplicity and ability to predict temperature fields in HIFU therapy applications 

(Huang and Horng, 2015). 

2.2 Thermodynamic Stability of Liquids 

Stability criteria for liquid phases determine the physical conditions in which 

mass transfer between two phases of a fluid and the mechanism by which phase 

transition will be initiated (Debenedetti, 1991). Phase change is a direct 

consequence of thermodynamic instability, and bubble nucleation is the 

mechanism by which metastable liquid phases relax towards stability through a 

first-order phase transition (Kashchiev, 2000). Considering an isolated system, 

thermodynamic equilibrium requires (Beegle, Modell and Reid, 1974) 

 𝑑𝑆|@,B,* ≤ 0, 2.7 

where 𝑆, 𝑈, 𝑉  and 𝑁  represent the system’s entropy, internal energy, 

volume and number of molecules, respectively. 

Equation 2.7 states that any changes to the given state of the liquid will lead 

to a decrease in entropy. This means that no spontaneous process is possible at 
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equilibrium because the system is at its maximum value in entropy 𝑆 = 𝑆C(D. This 

condition is equivalent to 

 𝑑𝑈|2,B,* ≥ 0, 2.8 

which states that an equilibrium state minimises the system’s internal 

energy. These inequalities are necessary and sufficient for thermodynamic 

equilibrium (Gibbs, 1878).  

2.2.1 Vapour-Liquid Equilibrium 

Vapour-liquid equilibrium (VLE) conditions can be obtained by considering 

a finite, two-phase isolated system with liquid and vapour phases separated by a 

flat surface. Using the subscripts l, v, and s to denote liquid, vapour and surface 

phases, respectively, one can use the First Law of thermodynamics to write 

 𝑑𝑈! = 𝑇!𝑑𝑆! − 𝑃!𝑑𝑉! + 𝜇!𝑑𝑁! , 2.9 

 𝑑𝑈" = 𝑇"𝑑𝑆" − 𝑃"𝑑𝑉" + 𝜇"𝑑𝑁" , 2.10 

for the liquid and vapour phases, and 

 𝑑𝑈. = 𝑇.𝑑𝑆. + 𝜎.𝑑𝐴 + 𝜇.𝑑𝑁., 2.11 

for the surface phase. 

In these equations 𝑃, 𝑇, 𝜇	  and 𝜎  represent pressure, temperature, 

chemical potential and surface tension of the respective phase and 𝐴 denotes area 

between liquid and vapour phases. 

Using the equilibrium criterium 𝑆EFE = 𝑆C(D  such that 𝑑𝑆EFE = 𝑑𝑆! + 𝑑𝑆" +

𝑑𝑆. = 0,  Equations 2.9 – 2.11 can be used to derive the result 
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 𝑑𝑆EFE = �
1
𝑇"
−
1
𝑇.
� 𝑑𝑈" + �

1
𝑇!
−
1
𝑇.
� 𝑑𝑈! + �

𝑃"
𝑇"
−
𝑃!
𝑇!
� 𝑑𝑉"

+ �
𝜇"
𝑇"
−
𝜇.
𝑇.
� 𝑑𝑁" + �

𝜇!
𝑇!
−
𝜇.
𝑇.
� 𝑑𝑁! . 

2.12 

From Equation 2.8, 𝑑𝑆EFE = 0 needs to hold in all directions, i.e. 

 𝑑𝑆EFE|@!,B",B!,*",*! = 𝑑𝑆EFE|@",B",B!,*",*! = ⋯

= 𝑑𝑆EFE|@",@!,B",B!,*! = 𝑑𝑆EFE|@",@!,B",B!,*" = 0. 

2.13 

This leads to the following results: 

Solving for 𝑑𝑈" ≠ 0: �
1
𝑇"
−
1
𝑇.
� 𝑑𝑈" = 0,	

𝑇" = 𝑇.. 

2.14 

Solving for 𝑑𝑈! ≠ 0: �
1
𝑇!
−
1
𝑇.
� 𝑑𝑈! = 0,	

𝑇! = 𝑇.(= 𝑇"). 

2.15 

Solving for 𝑑𝑉" ≠ 0: �
𝑃"
𝑇"
−
𝑃!
𝑇!
� 𝑑𝑉" = 0,	

𝑃" = 𝑃! . 

2.16 

A similar approach in 𝑑𝑁" ≠ 0 and 𝑑𝑁! ≠ 0 will also yield 𝜇! = 𝜇. = 𝜇". 

These results show that chemical potentials, pressure and temperature 

need to be equal in all phases at VLE. The chemical potentials and temperature 

need to be constant in both space and time; otherwise, heat and mass transfer will 

occur (Vehkamäki, 2006). The pressure does not need to be constant in space, 

only in time, as is the case for equilibrium mixtures under the influence of a 

gravitational field (Debenedetti, 1988). 

The VLE pressure of water can be computed as given by the International 

Association for the Properties of Water and Steam (IAPWS) (Wagner and Pruß, 

2002) 
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 ln �
𝑃"
𝑃#
� = (𝛼G𝑥 + 𝛼8𝑥G.I + 𝛼:𝑥: + 𝛼J𝑥:.I + 𝛼I𝑥J + 𝛼K𝑥L.I)𝑇$7G. 

2.17 

 In this equation,	𝑃# is the critical pressure of water and 𝑥 = 1 − 𝑇$, where 𝑇$ 

is the reduced temperature	𝑇/𝑇# having 𝑇# as the critical temperature of water. The 

values for 𝛼  are 𝛼G =  7.85951783, 𝛼8 =	 1.84408259, 𝛼: =	 11.7866497, 𝛼J =

	22.680 741 1, 𝛼I =	15.9618719 and 𝛼K =	1.80122502. 

2.2.2 The Spinodal Limit of Stability 

Thermodynamic quantities such as entropy and internal energy are virtually 

impossible to be controlled in an experiment. In focused ultrasound procedures, 

the thermodynamic variables which can be controlled are the acoustic pressure 

and the medium temperature. For example, in ex-vivo and in-vivo experiments, the 

temperature can be altered via acoustic heat deposition. For in-vitro experiments, 

ultrasound might solely be used to change the pressure in a medium. It is then 

useful to define the system's free energy by connecting it to a thermodynamic bath. 

A thermodynamic bath is a theoretical device representing an equilibrium system 

much bigger than the system under consideration.  The bath is assumed to be so 

large that it can freely exchange heat and volume with the smaller system without 

changing its intensive properties (Vehkamäki, 2006). An isothermal and isobaric 

system without mass flux across its boundaries is desirable for this work. This leads 

to the choice of the Gibbs free energy defined as 

 𝐺 = 𝑈 − 𝑇𝑆 + 𝑃𝑉, 2.18 

where 𝑇  and 𝑃  are, respectively, the temperature and pressure of the 

system. This system is free to exchange heat and volume with its surroundings 

whilst keeping its pressure, temperature and number of molecules constant. 

The minimum in free energy takes place at �M
#N
MB#

�
4
> 0 . From the 

thermodynamic definition of pressure �MN
MB
�
4
= −𝑃, it follows that 
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 −�
𝜕𝑃
𝜕𝑉�4

=
1
𝑉𝐾4

> 0, 2.19 

where 𝐾4 denotes the liquid’s isothermal compressibility.  

 

Figure 2-6. Schematic of phase stability. 

In continuum thermodynamics, the isothermal limit of stability is obtained as 

𝑃 → 𝑃2(𝑇),	where 𝑃2(𝑇) is the spinodal pressure, an envelope in the P-V plane 

where 𝐾4 ≡ −�M OPB
MQ

�
4
→ ∞  (Speedy, 1982, 2002). At the spinodal, density 

fluctuations grow without limit due to the divergent liquid compressibility (Herbert, 

Balibar and Caupin, 2006). This process is illustrated in Figure 2-7. At the spinodal 

limit, the energy barrier that delays nucleation disappears, and a new phase forms 

spontaneously in a spinodal decomposition process (Lienhard, Shamsundar and 

Biney, 1986). In Figure 2-7 the spinodal and vapour-liquid equilibrium curves of a 

van der Waals fluid are plotted as an example. The vapour-liquid equilibrium (VLE) 

curve (black solid curve) is an upper limit of the metastable region, whilst the liquid 

(solid blue curve) and vapour spinodal (dashed blue curve) are the lower bounds 

of the metastable region. Liquid and vapour metastable regions meet at the critical 

point of the fluid. 

This means that the first step into investigating bubble nucleation in HIFU is 

finding an approximation for the metastable envelope in a pressure-volume-

temperature (P-V-T) diagram of the liquid under consideration. A fluid's metastable 

region is bound by its spinodal locus and the VLE curve. The spinodal of liquids 
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can be numerically approximated by applying the stability conditions �MN
MB
�
4
= 0 and 

�M
#N
MB#

�
4
> 0 to a suitable equation of state (EoS). 

 

Figure 2-7 Representation binodal (VLE curve) and spinodal in a van der Waals fluid. Parameters 
outlined in Table 2-7. 

The simplest EoS used for obtaining the spinodal pressure in liquids are the 

van der Waals, Redlich-Kwong (Redlich and Kwong, 1949) and Peng-Robinson 

(Peng and Robinson, 1976a) equations. These are cubic EoS capable of 

describing P-V-T relationships in fluids analytically in both liquid and vapour 

phases. All cubic EoS can be formulated in a general form with five parameters 

(Carey, 1988a). 

 𝑃 =
𝑅𝑇
𝑉 − 𝑏 +

𝜙G(𝑉 − 𝑏)
(𝑉 − 𝑏)(𝑉8 + 𝜙8𝑉 + 𝜙:)

 2.20 
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The constants for Equation 2.20 are given as: 

Table 2-7. Parameters for cubic equations of state 

 Model Parameters Critical Parameters 

 𝜙G 𝜙8 𝜙: 
𝑏𝑃#
𝑅𝑇#

 
𝑎𝑃#

(𝑅𝑇#)8
	 

Van der Waals (vdW) 𝑎 0 0 0.125 0.42188 

Redlich-Kwong (RK) 𝑎𝑇$7%.I 𝑏 0 0.08664 0.42748 

Peng-Robinson (PR) 𝑎𝛼(𝑇$) 2𝑏 −𝑏8 0.0778 0.45724 

where 𝑇$ = 𝑇/𝑇# is the reduced temperature. The parameters 𝑎 and 𝑏 are 

fluid-dependent. They are obtained from replacing 𝑇# , 𝑃# and 𝑅 in the expressions 	
RQ$
S4$
	and (Q$

(S4$)#
 and equalling this to the values shown in Table 2-7. The parameter 

𝛼(𝑇$) is given by 

 𝛼(𝑇$) = [1 + (0.37464 + 1.54226𝑤 − 0.2699𝑤8)(1 − 𝑇$%.I)]8 2.21 

where 𝑤 denotes the acentric factor (Pitzer, 1955; Pitzer et al., 1955), a 

substance-specific constant. 

The spinodal curve might be obtained either numerically or analytically from 

Equations 2.20 - 2.21 by applying the stability condition −�MQ
MB
�
4
= 0 (Debenedetti, 

1991). 

For a van der Waals fluid, the spinodal pressure as a function of the reduced 

density 𝜌$ = 𝜌/𝜌#, where 𝜌# is the critical density of water is given by  

 𝑃$2 = (3 − 2𝜌$)𝜌$8. 2.22 

The Redlich-Kwong equation for the spinodal pressure reads 

 
𝑃$2 = 3.5412 ��

𝜌$I

2 + 0.2599𝜌$
�

G
:
�
1 + 0.2599𝜌$
1 − 0.2599𝜌$

�
8
:
�	

× �
1 − 0.676𝜌$ − 0.5198𝜌$
1 + 0.676𝜌$ + 0.5198𝜌$

�. 

2.23 

Finally, for the Peng-Robinson equation 
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𝑃$2 =

𝛼(𝑇$)𝜌$8(0.0394 − 0.0028𝜌$8 − 0.0209𝜌$)
0.0861 − 0.0061𝜌$8 + 0.0457𝜌$

. 2.24 

The liquid spinodal pressure predicted by the vdW and RK equations is 

substance independent. In most cases, the PR spinodal pressure curve is seen as 

an upper boundary for the spinodal pressure (Debenedetti, 1991). 

 

Figure 2-8. Comparison between temperature-dependent spinodal and the temperature-dependent 
vapour-liquid equilibrium pressure of water, spinodal pressures predicted by Eqs. 2.22 – 2.24 and numerical 

data obtained from the TIP5P and Speedy EoS. 

Alternatively, EoS such as the Speedy EoS (Speedy, 1982) and the Five-

site Transferable Interaction Potential (TIP5P) have been combined with van der 

Walls-Cahn-Hilliard theory to obtain predictions of the spinodal locus of water 

(Caupin, 2005). Analytical predictions of the water spinodal alongside Walls-Cahn-

Hilliard theory numerical results and the VLE pressure of water are shown in a P-

T diagram in Figure 2-9. In this figure, the regions between the VLE curve and the 

liquid spinodal are where the liquid is metastable, and nucleation might occur. 

2.2.3 Liquid Metastability 

Pure liquids are notable for the ability to withstand tensile pressures, 

possibly as low as -150 MPa, before a vapour phase appears, entering what is 

termed a metastable state (Azouzi et al., 2013). Metastable liquid phases are those 

where the fluid is stretched below its saturation pressure or superheated above the 

boiling point (Herbert, Balibar and Caupin, 2006). Under HIFU sonication, 
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metastability might be induced in a liquid momentarily at the tensile part of the 

acoustic wave or through heat deposition via sound attenuation in thermoviscous 

media (Copelan et al., 2015). 

 

Figure 2-9. Reduced Gibbs free energy as a function of the reduced volume in a van-der-Waals 
fluid. (A) metastable liquid. (B) Metastable vapour. (C) VLE. (D) Comparison of cases A, B and C. 

Thermodynamically, metastable phases (MS) are somehow less-than-

stable phases. They correspond to local minima of the free energy in the system, 

whilst truly stable (TS) phases define the global free energy minimum at the same 

thermodynamic conditions (Kashchiev, 2000). Figure 2-10 illustrates the free 

energy of a van der Waals fluid as a function of its reduced volume. Taking 𝑉$ as 

the reduced volume of a liquid such that 𝑉$ =
B
B$

, 𝑉$ < 1 represents liquid phases, 

whilst 𝑉$ > 1 represents vapour phases. 𝑉$ = 1 constitutes the critical point (CP) 

where any distinction between liquid and vapour phases disappears (Guggenheim, 

1950). 

Figure 2-9A represents the reduced Gibbs free energy of a metastable 

liquid. Although a metastable liquid has some stability in the liquid phase (it has a 

local 𝐺$ minimum), true stability can only be achieved upon the nucleation of a 

vapour bubble and subsequent mass transfer to the vapour phase. The same is 
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valid for Fig. 2-9B, which shows a metastable vapour, and proper stability will be 

achieved upon droplet formation in the vapour. Finally, Fig. 2-9C shows vapour-

liquid equilibrium, the final stage of a first-order phase transition (Kashchiev 2000). 

At equilibrium, the system has two minima of the same depth. For this reason, no 

specific phase will be a global minimum, and both phases can coexist. 

Metastability is only viable because phase transformations are delayed by 

the energetic costs of creating an interface in the bulk of a liquid. This is manifested 

as the barrier in the free energy that separates local from global minima and needs 

to be overcome before nucleation (Vehkamäki 2006). This barrier is illustrated as 

the maxima between all local and global minima in Figure 2-9. 

2.3 The IAPWS model of water 

Physical constants (Table 9) and expressions for thermodynamic properties 

of water were taken from the 1995 release by the International Association for the 

Properties of Water and Steam (IAPWS) (Wagner & Pruß 2002). Such values have 

been used in previous theoretical and experimental works on nucleation (Delale et 

al. 2003; Caupin et al. 2012). The expression for surface tension (Equation 4.20) 

was obtained from a revision of the 1994 IAPWS Secretariat release (Vargaftik et 

al. 1983). 
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Table 2-8. Physical constants. (Wagner & Pruß 2002) 

Property Symbol Value Unit 

Molar mass 𝑀 18.015 268 × 10-3 kg mol-1 

Specific gas constant 𝑅 461.518 05 J kg-1 K-1 

Acentric factor 𝜔 0.348 ND 

Critical properties of water 

Temperature 𝑇# 647.096 K 

Pressure 𝑃# 22.064 MPa 

Density 𝜌# 322 kg m-3 

Viscosity 𝜂# 1 × 10-6 Pa s 

2.3.1 Vapour Pressure 

The expression for the vapour pressure of water is given as 

 ln �
𝑃B
𝑃#
� = (𝛼G𝑥 + 𝛼8𝑥G.I + 𝛼:𝑥: + 𝛼J𝑥:.I + 𝛼I𝑥J + 𝛼K𝑥L.I)𝑇$7G	, 2.25 

where 𝑥 = 1 − 𝑇$ and the values for α can be found in Table 2-9. 

Table 2-9. Coefficients α for Equation 2.25 representing the vapour pressure of water. Obtained 
from (Wagner & Pruß 2002). 

𝛼G 7.859 517 83  
𝛼8 1.844 082 59 
𝛼: 11.786 649 70 
𝛼J 22.680 741 10 
𝛼I 15.961 871 90 
𝛼K 1.801 225 02 
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2.3.2 Saturated Densities 

The IAPWS equations for the densities of the saturated liquid 𝜌5 and vapour 

𝜌B are such that 

 𝜌5 = 𝜌#(1 + 𝑏G𝑥
G
: + 𝑏8𝑥

8
: + 𝑏:𝑥

I
: + 𝑏J𝑥

GK
: + 𝑏I𝑥

J:
: + 𝑏K𝑥

GG%
: ), 2.26 

and 

 ln �
𝜌B
𝜌#
� = 𝑐G𝑥

8
K + 𝑐8𝑥

J
K + 𝑐:𝑥

V
K + 𝑐J𝑥

GV
K + 𝑐I𝑥

:L
K + 𝑐K𝑥

LG
K 	, 2.27 

where the values for constants b and c can be found in Table 6. 

Table 2-10. Coefficients b and c for Equations 2.26 and 2.27 representing the saturated liquid and 
vapour densities of water. Obtained from (Wagner & Pruß 2002). 

𝑏G 1.992 740 64 𝑐G - 2.031 502 40 

𝑏8 1.099 653 42 𝑐8 - 2.683 029 40 

𝑏: - 0.510 839 303 𝑐: - 5.386 264 92 

𝑏J - 1.754 934 79 𝑐J - 17.299 160 50 

𝑏I - 45.517 035 2 𝑐I - 44.758 658 10 

𝑏K -6.746 944 50×105 𝑐K - 63.920 106 30 

 

2.3.3 Viscosity 

The dynamic viscosity of pure water 𝜂 was obtained from the Release on 

the IAPWS Formulation 2008 for the Viscosity of Water Substance (Sengers & 

Parsi 2009; Huber et al. 2009). 𝜂 is of the form: 

 𝜂 = 𝜂%𝜂G𝜂8, 2.28 
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where 𝜂8 = 1 away from the critical point (Huber et al. 2009). 𝜂% and 𝜂G are 

defined as (Huber et al. 2009; Sengers & Parsi 2009) 

 
𝜂%(𝑇) = 100�𝑇$  x

𝐻%=
𝑇$=

:

=W%

¡

7G

, 2.29 

and 

 
ln(𝜂G) = 𝜌$x¢�

1
𝑇$
− 1�

=

x 𝐻G=X(𝜌$ − 1)
X

K

XW%
£

I

=W%

, 2.30 

where 𝜌$  is the reduced density of the liquid, the coefficients of 𝐻%  are 

defined in Table 12 and coefficients for 𝐻G defined in Table 2-11. 

Table 2-11. Coefficients 𝑖 and 𝐻! for Equation 2.29 of the viscosity of water. (Huber et al. 2009; 

Sengers & Parsi 2009) 

𝑖 𝐻%= 

0 1.677 52 

1 2.204 62 

2 0.636 656 4 

3 -0.241 605 

 

  



 74 

Table 2-12. Coefficients 𝑖, 𝑗 and 𝐻" for Equation 2.30 of the viscosity of water. (Huber et al. 2009; 

Sengers & Parsi 2009) 

𝑖 𝑗 𝐻G=X 

0 0 5.20094×10−1 

1 0 8.50895×10−2 

2 0 -1.08374 

3 0 -2.89555×10−1 

0 1 2.22531×10−1 

1 1 9.99115×10−1 

2 1 1.88797 

3 1 1.26613 

5 1 1.20573×10−1 

0 2 -2.81378×10−1 

1 2 -9.06851×10−1 

2 2 -7.72479×10−1 

3 2 -4.89837×10−1 

4 2 -2.57040×10−1 

0 3 1.61913×10−1 

1 3 2.57399×10−1 

0 4 -3.25372×10−2 

3 4 6.98452×10−2 

4 5 8.72102×10−3 

3 6 -4.35673×10−3 

5 6 -5.93264×10−4 

Where zero terms in 𝐻G=X were not included in Table 2-12. 

The range of validity of Equation A.4 is given by (Sengers & Parsi 2009) 

 
¤
					0	˚C ≤ 𝑇 ≤ 150	˚C	 0	MPa ≤ 𝑃5 ≤ 500	MPa,
150	˚C ≤ 𝑇 ≤ 600	˚C	 0	MPa ≤ 𝑃5 ≤ 350	MPa,
600	˚C ≤ 𝑇 ≤ 900	˚C	 0	MPa ≤ 𝑃5 ≤ 300	MPa.
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2.3.4 Enthalpy of Vaporisation 

The molecular enthalpy of vaporisation of water 𝛥𝐻" = 𝐻B − 𝐻5  is 

calculated from the Clapeyron equation (Polling et al. 2001) and approximated with 

the 1995 IAPWS formulation for vapour pressures and saturated densities where 

𝛥𝑉" =
G
Y%
− G

Y&
 is the difference in volume of the saturated vapour and liquid, 

(Wagner & Pruß 2002): 

 𝑑𝑃B
𝑑𝑇 =

𝛥𝐻B
𝑇𝛥𝑉B

≈ �
1
𝜌5
−
1
𝜌B
� �
𝑑𝑃B
𝑑𝑇 �𝑇 × 10

: 2.31 

2.3.5 Thermal Conductivity 

The thermal conductivity of liquid water away from the critical point 𝜅 was 

obtained from the Revised Release on the IAPWS Formulation 1985 for the 

Thermal Conductivity of Ordinary Water Substance (Sengers & Watson 1986). 𝜅 

is of the form: 

 𝜅 = 𝜅%𝜅G𝜅8, 2.32 

where 𝜅8 = 1  away from the critical point. 𝜅%  and 𝜅G  are defined as 

(Sengers & Watson 1986) 

 
𝜅%(𝑇) = �𝑇$  x

𝐿%=
𝑇$=

:

=W%

¡

7G

, 
2.33 

and 

 
ln(𝜅G) = 𝜌$x¢�

1
𝑇$
− 1�

=

x 𝐿G=X(𝜌$ − 1)
X

K

XW%
£

I

=W%

, 
2.34 

where 𝜌$  is the reduced density of the liquid, the coefficients of 𝐿%  are 

defined in Table 2-13 and coefficients for 𝐿G defined in Table 2-14. 
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Table 2-13. Coefficients 𝑖 and 𝐿! for Equation 2.33 of the thermal conductivity of water. (Sengers & 

Watson 1986) 

𝑖 𝐿%= 
0 1.000 

1 6.978 267 

2 2.599 096 

3 -0.998 254 

 

Table 2-14. Coefficients for 𝐿" in Equation 2.34 of the thermal conductivity of water. (Sengers & 

Watson 1986) 

𝑗 𝐿G%X 𝐿GGX 𝐿G8X 𝐿G:X 𝐿GJX 

0 1.3293046 1.7018363 5.2246158 8.7127675 -1.8525999 

1 -0.40452437 -2.2156845 -10.124111 -9.5000611 0.93404690 

2 0.24409490 1.6511057 4.9874687 4.3786606 0 

3 0.018660751 -0.76736002 -0.27297694 -0.91783782 0 

4 -0.12961068 0.37283344 -0.43083393 0 0 

5 0.044809953 -0.11203160 0.13333849 0 0 

Where the rage of validity of Equation 2.34 is given by (Sengers & Parsi 

2009) 

 
¤
					0	˚C ≤ 𝑇 ≤ 125	˚C	 𝑃5 ≤ 400	MPa,
125	˚C ≤ 𝑇 ≤ 250	˚C	 𝑃5 ≤ 200	MPa,
250	˚C ≤ 𝑇 ≤ 400	˚C	 𝑃5 ≤ 150	MPa.

 
 

 

2.4 Chapter Summary 

In this Chapter, an integrative literature review was carried out to pose the 

initial research questions that guided the development of original work in Chapters 

3 – 6 in this thesis, which are summarised in Chapter 7. Through a review of the 

literature, it has been identified that there is a wide range of empirical work on 
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ultrasound-induced cavitation that can be used to inform and guide the process of 

modelling ultrasound bubble nucleation mathematically. Amongst the ultrasound-

based techniques that exploit the nucleation and activity of bubbles, histotripsy is 

highlighted as a leading example with regards to the repeatability of the bubble 

nucleation process. The findings of this literature delineate novel ways to integrate 

knowledge and findings in domains such as phase-equilibrium thermodynamics 

and ultrasound cavitation, which were previously thought to be unrelated, into a 

coherent and novel whole for the simulation, planning and optimisation of 

histotripsy protocols. 

Currently, boiling and intrinsic pressure histotripsy are parameterised and 

planned in terms of the mechanistic trigger assumed to cause bubble nucleation 

following from extensive empirical validation carried out over the past fifteen years. 

This understanding is materialised as the achievement of temperatures around 100 

˚C within milliseconds timescales for boiling histotripsy (the time-to-boil), and 

pressures below – 28 MPa for intrinsic pressure histotripsy. Nonetheless, when the 

literature on phase equilibrium thermodynamics is taken into consideration, it is 

possible to hypothesise that both techniques exist at different extremes of a single 

process. Here, a research opportunity to integrate empirical and theoretical 

evidence between two fields arises. At the forefront of this opportunity is the need 

for a more informative distinction between cavitation and nucleation. Through this 

literature review it has been found that a convincing argument can be made for the 

terminology of cavitation being used to refer to the detectable activity of bubbles in 

the presence of an acoustic field, and nucleation as the mechanism by which a 

metastable fluid relaxes towards stability through the creation of a new phase. 

A detailed look into the techniques used for research on ultrasound-induced 

nucleation reveals important established knowledge about the phenomenon, 

summarised as: 

(i) Nucleation thresholds are highly sensitive to the timescales at which 

tensile pressures are applied, and acoustic methods can reach 

significantly higher magnitude tensile pressures in shorter time 

periods as compared to techniques such as a Berthelot tube. It was 
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found that sonication with acoustic shockwaves have been the most 

successful and repeatable method for investigating liquid water deep 

into its metastable zone with regards to a varying pressure. In this 

way, the mechanistic understanding of histotripsy in all its varieties is 

characterised as an informative case-study of the broad 

phenomenon of nucleation in water. 

(ii) Although the literature in boiling histotripsy suggests that bubble 

formation takes place as an analogue of boiling in untreated water 

volumes at atmospheric pressure, previous empirical evidence has 

demonstrated that water is able to sustain superheats as high as 

279.5 ˚C before boiling. Moreover, recent evidence has shown that 

an equation of state can be defined for metastable water from 0 to 

200 ˚C within ultrasound experiments, contesting that the 

fundamental mechanism at play in boiling histotripsy shares features 

to the literal meaning of boiling in everyday life. This brings to 

question the appropriacy of parametrising boiling histotripsy 

protocols such that the main energetic objective is to reach 

temperatures around 100 ̊ C. Here, a need to understand the intricate 

interplay between pressures and temperatures in the nucleation of a 

gas phase in a liquid is revealed. 

(iii) Nucleation thresholds as a phenomenon require investigation in 

purified, de-gassed liquids. In the presence of pre-existing bubbles, 

the nucleation threshold will be drastically reduced in magnitude 

unless the fluid has been subjected to a static positive pressure field 

that forces the gas within bubbles back into solution in the liquid. 

Although this finding involves material restrictions to the performance 

of histotripsy protocols, it also justifies focused ultrasound as a 

preferred methodology, since the small focal volumes and short 

tensile periods minimise the possibility that an experiment will be 

affected by impurities in the fluid. 

(iv) The protocol identified as the most rigorous and practical for the 

detection of bubble nucleation in acoustic fields employs 
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hydrophones to detect acoustic emissions from cavitation bubbles. 

Within this signal, a threshold can be established to distinguish 

between noise and bubble activity. By extensive repetition of pulsed 

ultrasound sonication at fixed parameters, it is possible to 

approximate a cumulative density function for the probability of 

nucleation. This function has been repeatedly shown to take the 

shape of a sigmoid, which can be interpreted as a threshold 

phenomenon with a degree of uncertainty. Finally, the median of 

such cumulative distribution can be assigned as the nucleation 

threshold of a medium with known precision and quantification of 

uncertainty. 

The questions and issues listed above give rise to the need of a quantitative 

framework to evaluate the occurrence of bubble nucleation and cavitation in 

ultrasound fields. This framework is required to connect practical ultrasound 

parameters such as electrical powers provided to transducers, pulse repetition 

frequencies and duty cycles to their resulting effects in the propagation medium, 

such as waveforms, peak-focal pressures, heating rates, and the probability of 

bubble nucleation. In this literature review, it has been identified that in the absence 

of pre-existing bubbles, the formation of a new phase in a liquid can happen 

through two related, but distinct, mechanisms. The first is nucleation, which is the 

way in which a single-phase fluid stretched below its vapour pressure at constant 

temperature relaxes towards becoming a two-phase system. The second, and less 

frequent, is spinodal decomposition, a phenomenon that takes place 

instantaneously should a fluid be brought to an unstable thermodynamic state. The 

fundamental theory identified for the treatment of bubble nucleation in acoustic 

fields was the theory of phase equilibrium in pure water volumes. This theory uses 

metrics of free energy such as the chemical potential of a substance to yield a 

numerical reference to its likelihood of changing phases. The theory of phase 

equilibrium underpins the development of the models shown in Chapters 3 and 4, 

which demonstrate the practical application of these concepts in simulating 

nucleation in boiling histotripsy. 
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Moreover, within the theory of phase equilibrium there is an intrinsic 

dependence of parameters on both pressure and temperature of the liquid. On the 

one hand, this suggests that a joint thermodynamic and hydrodynamic approach 

is needed for appropriate understanding of bubble nucleation and the growth of 

bubble nuclei. This approach should merge existing modelling frameworks such as 

that of vapour-liquid equilibrium and of bubble dynamics into synthesising joint 

energetic and dynamic information about bubbles and is explored in further depth 

in Chapter 5. Regrettably, this two-way dependence of phase equilibrium on 

pressure and temperature can create a large number of logistical challenges for 

the modelling process for ultrasound propagation. That is, if every variable needs 

to be evaluated in terms of both temperature and pressure, the timescales of 

analysis are then refined into the shortest timescales within acoustic simulations, 

and this would imply a large computational cost and unwarranted complexity. 

Throughout this thesis, this challenge is addressed with a blend of practical logistic 

assumptions and mathematical analysis: 

(i) Through the literature review, it was found that the sensitivities of 

parameters such as density and thermal conductivity to the liquid’s 

pressure are negligible at pressures below atmospheric pressure, 

and expressions for their behaviour at negative pressures are scarce 

or inexistent. Therefore, a simplifying assumption that the viscosity 

and thermal conductivity of water do not vary with pressure is made 

herein a priori. 

(ii) This heuristic question brings forth an important research question 

regarding the intersections of phase-change thermodynamics and 

acoustics. At the heart of the question is evaluating whether the 

timescales of ultrasound propagation are sufficiently long such that 

thermodynamic processes can reach their steady-state form as 

represented by the theory of thermodynamic stability. This constrain 

to the modelling process is analysed mathematically and discussed 

in Chapter 6.



 

Chapter 3 

3 A Thermodynamic Model of 

Bubble Nucleation 
Acknowledgement: The contents of this chapter are based on (de Andrade 

et al., 2021). Figures 3-2, 3-3, 3-4, 3-5, 3-6 and 3-7 have been reproduced with 

authorisation of the publisher. 

This Chapter establishes the thermodynamic basis for modelling bubble 

nucleation in focused ultrasound fields. It presents an overview of the 

thermodynamic stability of liquid and vapour phases and exemplifies the concept 

of metastability at temperatures and pressures relevant to ultrasound-induced 

bubble nucleation. 

In this Chapter, a mathematical model of nucleation of bubbles that grow 

exclusively by vapour (diffusive) transport from the medium is developed from the 

first principles. This first-order, steady-state approximation is parameterised with 

experimental data of bubble nucleation in water at both low and high temperatures 

taken from Tables 2-1, 2-2 and 2-3 presented in Chapter 2. Thermodynamic  

quantities of water are calculated with the IAPWS expressions reviewed in section 

2.3 of the literature review. 

Within this Chapter it is argued that a surface activity coefficient can account 

for both homogeneous and heterogeneous nucleation events. This results in a 

temperature-dependent activity factor that can harmonise Classical Nucleation 

Theory (CNT) (Kashchiev, 2000) predictions and focused ultrasound experiments 

when multiplied by the surface tension of water. The models and results discussed 

within this Chapter are largely based on  previously published results in (de 

Andrade et al., 2019). Outline of simplifying assumptions and their impact on 

applicability or generalisability of results presented in this chapter: 
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• Homogeneous Liquid Assumption: The initial state of the system is 

considered to be a homogeneous liquid, modelled herein with the 

properties of pure water. This simplification overlooks the presence 

of micro-heterogeneities or pre-existing nuclei in the liquid, which 

could influence the nucleation process. The impact is a potentially 

oversimplified view of nucleation initiation, particularly in systems 

where impurities or surface irregularities play a significant role. 

Improvements in the model to avoid assumption are proposed as 

avenues for future work in Chapter 7. 

• Constant Chemical Composition: The chemical composition of the 

liquid is assumed constant, simplifying the model by not accounting 

for possible changes in chemical potential due to chemical reactions. 

This assumption limits the model's applicability to systems where 

chemical reactions occur during nucleation. Improvements in the 

model to avoid assumption are proposed as avenues for future work 

in Chapter 7. 

• Time-Independent Nucleation in a Transient Acoustic and 

Temperature Field: The model assumes the nucleation process to be 

time-independent, despite the transient nature of the acoustic field 

and subsequent temperature fields. This simplification overlooks the 

dynamic interactions between the nucleating bubbles and the 

fluctuating pressures and temperatures, potentially limiting the 

model's accuracy in predicting nucleation under varying acoustic 

conditions. This is discussed in detail in Chapter 6. 

• Time-Averaged Approximation for Ultrasound Nucleation: The 

approximation assumes that changes in pressure and temperature 

are negligible over a small integration interval, allowing for a time-

averaged approach. This assumption may not capture the nuances 

of rapid or significant fluctuations in the acoustic field, affecting the 

model's predictive power for nucleation rates in highly dynamic 

environments. This is discussed in detail in Chapter 6. 
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• Phenomenological Approximation to Nucleation Pressure Threshold: 

The model employs a phenomenological approach to determine the 

nucleation pressure threshold, relying on finding a linear regression 

for the surface temperature with respect to the pressure and 

temperature in the liquid as taken from experimental studies. This 

method's accuracy depends on the accuracy of the experimental 

results used to parameterise the surface tension. 

• Temperature-Dependent Scaling Factor for Surface Tension: The 

introduction of a temperature-dependent scaling factor for surface 

tension aims to align theoretical predictions with experimental data. 

However, this approach assumes a specific relationship between 

temperature and surface tension that may not hold across all 

conditions or for all substances, potentially limiting the model's 

accuracy and generalisability. 

• Impact of Substrates on Nucleation: The model differentiates 

between homogeneous and heterogeneous nucleation based on the 

presence and type of substrates (impurities), simplifying the complex 

interactions at play. This approach may not fully capture the nuances 

of nucleation in systems with a mix of stabilising and destabilising 

impurities or accurately predict the impact of substrates on nucleation 

rates and thresholds. 

3.1 Free Energy of Bubble Nucleation 

In an isolated system, bubble nucleation is the transition from an initial state 

consisting of a homogeneous liquid to a final stage consisting of a bubble embryo 

surrounded by the liquid. The initial internal energy of the homogeneous liquid has 

the form: 

 𝑈% = 𝑇%𝑆% − 𝑃%𝑉% + 𝜇!%𝑁!%. 3.1 
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In Equation 3.1, 𝑈, 𝑇, 𝑆, 𝑃, 𝑉, 𝜇, and 𝑁 represent the liquid’s internal energy, 

temperature, entropy, pressure, volume, chemical potential, and number of 

molecules, respectively. A zero subscript or superscript refers to initial conditions 

of the system. Where 𝜎  represents the surface tension of the liquid, the final 

internal energy of the system has contributions from the liquid, vapour, and surface 

phases: 

 𝑈 = 𝑇%𝑆 − 𝑃"𝑉" − 𝑃!𝑉! + 𝜎𝐴 + 𝜇"𝑁" + 𝜇!𝑁! + 𝜇.𝑁.. 3.2 

Assuming that the pressure in the liquid is constant between the two stages 

(𝑃% = 𝑃!) and that this is a mass conservative system (𝑁EFE = 𝑁!%), a Gibbs potential 

can be used with equations 3.1 and 3.2 to derive the free energy barrier for this 

process. The Gibbs free energy in the initial state is: 

 𝐺% = 𝑈% − 𝑇%𝑆% + 𝑃%𝑉% = 𝜇!%𝑁!%, 3.3 

and the free energy at the final state is: 

 𝐺 = 𝑈 − 𝑇%𝑆 + 𝑃%(𝑉! + 𝑉")	

= 𝑃%(𝑉! + 𝑉") − 𝑃!𝑉! − 𝑃"𝑉" + 𝜎𝐴 + 𝜇!𝑁! + 𝜇"𝑁" + 𝜇.𝑁.. 
3.4 

By assuming that the chemical composition of the liquid remains constant 

(𝜇!% = 𝜇!), the free energy of bubble formation is given by: 

 Δ𝐺 = 𝐺 − 𝐺% = (𝑃! − 𝑃")𝑉" + 𝜎𝐴 − (𝜇! − 𝜇")𝑁"
− (𝜇! − 𝜇.)𝑁.. 

3.5 

This expression is derived under the assumption that the initial 

homogeneous liquid system is much larger than the bubble embryo. Literature data 

on the size of ultrasound-induced bubble nucleation (Davitt, Arvengas and Caupin, 

2010) estimates bubble nuclei to be of the order of nanometres at nucleation. For 

HIFU nucleation, the initial homogeneous system would be as large as the focal 

volume of the transducer being used. 
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3.1.1 Unstable Equilibrium 

Metastable and truly stable phases are separated by a local maximum 

�MZN
MB
�
4,Q,*

 in the change of free energy in the system. This local maximum 

corresponds to the energy barrier that needs to be overcome so that nucleation 

can occur and defines the critical point of nucleation (Vehkamäki, 2006). The 

critical point of nucleation is a state of unstable equilibrium, for it demarks the 

boundary between thermodynamic conditions of spontaneous growth or 

spontaneous collapse of embryos of the new phase (Kashchiev, 2000). Assuming 

isothermal, isobaric nucleation and applying the condition of criticality to Eq. 3.5 

yields 

 �
∂Δ𝐺
𝜕𝑉 �4,Q,*

= (𝑃! − 𝑃") + 𝜎 y
𝑑𝐴
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® + �

𝑑𝜎
𝑑𝑟�­

1
𝑑𝑉
𝑑𝑟
®𝐴 = 0. 

3.6 

If the embryos of the new phase are assumed to be spherical, Eq. 3.6 yields 

the generalised Laplace equation 

 𝑃" − 𝑃! =
2𝜎
𝑟 + �

𝑑𝜎
𝑑𝑟�, 

3.7 

where 𝑟 is the radius of the bubble embryo. Equation 3.25 states that the 

surface energy, and hence the free energy of bubble formation, is size-dependent. 

A similar analysis for �[ZN
[*"

�
4,Q,*'

 and �[ZN
[*'

�
4,Q,*"

will yield conditions of chemical 

equilibrium 𝜇! = 𝜇" =	𝜇..  

3.1.2 The Dividing Surface 

The value of �\]
\$
�  in Eq. 3.7 depends on the placement of the dividing 

surface (DS), i.e., the interfacial boundary between liquid and vapour phases. The 

position of the dividing surface determines the volume of the old and new phases 
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at nucleation and the surface area of the new phase embryo (Kalikmanov, 2013). 

The choice of dividing surface establishes a connection between the mathematical 

model and experimentally measurable quantities and provides meaningful 

simplification of the problem (Kashchiev, 2003). 

Amongst the various choices of DS, two are highlighted: 

i) The surface of tension (SoT) (Gibbs, 1928). This choice states that a 

spherical membrane with no rigidity and uniform tension across the surface 

separates liquid and vapour phases. It is the only case where the surface tension 

is the same as the specific surface energy of a spherical embryo. (Kashchiev, 

2003). The most important feature of the surface of tension is that it is defined such 

that �\]
\$
� = 0  and Eq. 3.7 is simplified to the Laplace equation of mechanical 

equilibrium (Vehkamäki, 2006). 

ii) The equimolecular dividing surface (EDS) (Gibbs, 1928). The surface 

tension is independent of the radius of curvature of the embryo. The equimolecular 

surface is defined such that 𝑁. = 0 and 𝑁" = 𝑁! (Vehkamäki, 2006). In this case, 

the relationship between 𝜎 and 𝑟 follows the generalised Laplace equation Eq. 3.7 

and can only be determined by prior knowledge of the spatial profile of density 

fluctuations across the dividing surface. Such functions can only be obtained by 

statistical-molecular models and not by purely thermodynamic methods 

(Kashchiev, 2003). In this work, the surface of tension is the dividing surface of 

choice. The surface of tension is one whose thermodynamic and mechanical 

definitions are the same, and this is a valuable property for the development of 

hydrodynamic models for nucleation in Chapter 5. 

3.1.3 The Critical Work of Nucleation 

The size-dependent energy barrier for creating a stable phase in a 

metastable fluid is given by the work of nucleation. Employing the surface of 

tension as the DS of choice and replacing conditions of unstable equilibrium into 

Eq. 3.6 yields 
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 𝑊∗ = Δ𝐺∗ =
2𝜎
𝑟∗ �

4𝜋
3 � 𝑟

∗: + 𝜎4𝜋𝑟∗8 = �
1
3� 𝜎4𝜋𝑟

∗8, 3.8 

where 𝑟∗ is the radius of the critical nucleus, also termed the critical size. In 

terms of the pressure in the liquid and vapour phases: 

 
𝑊∗ = �

16𝜋
3 �

𝜎:

(𝑃′ − 𝑃!)8
. 3.9 

Where 𝑃′ is the internal pressure in a critical nucleus. This form of the critical 

nucleation work has been extensively used in recent works on bubble nucleation 

in liquids (Caupin, 2005; Herbert, Balibar and Caupin, 2006; Davitt, Arvengas and 

Caupin, 2010). In short, the work 𝑊∗ is an account of the energy needed to bring 

nanoscopic thermal fluctuations to a critical size 𝑟∗ where the bubble nucleus has 

equal chances of spontaneous growth and collapse. 

3.1.4 The Nucleation Rate 

The critical work for nucleation is used to predict the nucleation rate. This is 

the net rate at which bubbles reach the critical size. The critical size 𝑟∗ of a bubble 

is a threshold at which the system under consideration cannot be considered a 

single-phase system anymore. The nucleation rate is the rate at which the number 

of critical bubbles form per unit time and is proportional to the difference between 

the forward rates of vaporisation and the backward rates of condensation 

(Kashchiev, 2000; Vehkamäki, 2006). Assuming that the timescales of nucleation 

are much shorter than the tensile period of the ultrasound wave, the nucleation 

rate can be approximated as a stationary quantity (Davitt, Arvengas and Caupin, 

2010). The validity of this approximation will be discussed in-depth in Chapter 6. 

The nucleation rate is an equilibrium average in time and space for the 

number of critical nuclei formed in the system under consideration. At the critical 

size, the steady-state nucleation rate is usually represented as (Blander, 1979; 

Delale, Hruby and Marsik, 2003; Herbert, Balibar and Caupin, 2006; Vehkamäki, 

2006; Davitt, Arvengas and Caupin, 2010) 
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 𝐽.. = 𝐽% exp �−
𝑊∗

𝑘/𝑇
�	. 3.10 

In this equation, the pre-exponential term 𝐽% accounts for the average kinetic 

and spatial properties of nucleation, 𝑊∗ is the critical work of nucleation defined in 

Eq. 3.9, 𝑘/  is Boltzmann’s constant and 𝑇  is the temperature of the medium. 

Equation 3.10 defines an upper mathematical bound for the nucleation rate since 

𝐽.. → 𝐽% for 𝑊∗ → 0. By neglecting the effects of viscosity and inertia in the liquid 

(Kashchiev, 2000), 𝐽% can be defined in the form 𝐽% = 𝑁%³
8]
^C
, where 𝑁% = 𝜌5/𝑚, 

having 𝜌5 as the liquid density and 𝑚 as the molecular mass of the liquid. 𝐽% has 

units of nuclei per unit volume and per unit time. The implications of this 

assumption will be discussed in detail in Chapter 5. 

3.1.5 The Tensile Strength of Liquids 

At sufficiently high nucleation rates, the control volume under consideration 

cannot be considered a single-phase volume anymore. The pressure and 

temperature in the liquid at this point are the nucleation threshold. For steady-state 

nucleation, the number of critical nuclei 𝛴 formed in a volume 𝑉%  during a time 

interval Δ𝑡* can be approximated by 

 
𝛴 = 𝑉% µ 𝐽..(𝑃! , 𝑇)𝑑𝑡,

ZE(

%

 
3.11 

where 𝐽.. is the nucleation rate in a liquid at a pressure 𝑃! and temperature 

𝑇 (Fisher, 1948). The quantity Δ𝑡* has been referred to as the “mean-lifetime of 

the metastable fluid” (Baidakov, 2016), the “average time of formation of the first 

supercritical nucleus” (Schmelzer, Abyzov and Baidakov, 2017) or the 

“experiment/observation time” at the steady state (Herbert, Balibar and Caupin, 

2006). Further consideration into the role of Δ𝑡* in the nucleation process is given 

in Chapter 6. 
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The definition of 𝐽.. in Eq. 3.11 is time-independent, but the acoustic field 

causes 𝑃! and 𝑇 to be transient. By assuming that the integration interval Δ𝑡* is 

sufficiently small so that no appreciable changes in 𝐽.. occur due to variations in 𝑇 

and 𝑃!, 𝛴 can be approximated as 

 𝛴 ≅ 𝐽..∗ 𝑉%Δ𝑡* . 3.12 

 

Figure 3-1. Simulated example of a focal waveform for HIFU propagation in water at 1 MHz. 

Considering the formation of the first 𝛴 nuclei, the detectable nucleation rate 

is defined as 

 𝐽..∗ =
𝛴

𝑉%Δ𝑡*
, 3.13 

where 𝛴 is the nuclei in a volume 𝑉%	after Δ𝑡* seconds in an experiment. 

The appropriacy of this time-averaged approximation to ultrasound nucleation is 

also examined in Chapter 6. 

Defining 𝑉%  as a control volume where Σ  bubbles nucleate after Δ𝑡* 

seconds, the value of this parameter is assumed to be the volume within the -3 dB 
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drop in intensity at the transducer focus (Davitt, Arvengas and Caupin, 2010). 

Therefore, the choice of 𝑉% depends on the transducer geometry. 

Given the nucleation rate 𝐽.. that forms the first 𝛴 nuclei in a time-volume 

setup 𝑉%Δ𝑡* , a phenomenological approximation to the nucleation pressure 

threshold of a liquid can be obtained by solving Eqs. 3.31 and 3.28 in terms of the 

pressure in the liquid 𝑃!. This approach for obtaining the temperature-dependent 

nucleation pressure threshold 𝑃!*(𝑇) was first employed in (Fisher, 1948) and has 

also been used in more recent work in bubble nucleation (Balibar and Caupin, 

2003; Herbert, Balibar and Caupin, 2006). 

Equating Eqs. 3.12 and 3.11, replacing the critical work of nucleation given 

by Eq. 3.9 and solving for 𝑃! gives 

 

𝑃′ − 𝑃!* =	­
16𝜋𝜎:

3𝑘/𝑇 ln �
𝐽%𝑉%Δ𝑡*

𝛴 �
®

G
8

. 

3.14 

In this expression, 𝑃!* is the pressure 𝑃! in the liquid at which an average of 

𝛴 nuclei appear during a time interval Δ𝑡* in a homogeneous volume of liquid 𝑉% at 

a temperature 𝑇. A Poynting correction (Delale, Hruby and Marsik, 2003) allows 

the VLE pressure of the liquid to be used instead of the nucleus internal pressure 

𝑃′. At high pressures, these are different quantities because of the assumption of 

unstable equilibrium used to obtain Eq. 3.9. 

The pressure drop (𝑃′ − 𝑃!) can be accurately approximated by 

 (𝑃′ − 𝑃!) = 𝜁(𝑃" − 𝑃!). 3.15 

where 𝜁 = 1 − �Y"
Y!
� + G

8
�Y"
Y!
�
8
, and 𝜌"  and 𝜌!  denote the saturated densities 

of vapour and liquid water, respectively. The nucleation pressure threshold then 

assumes the form 
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𝑃!* = 𝑃" −
1
𝜁 ­

16𝜋𝜎:

3𝑘/𝑇 ln �
𝐽%𝑉%Δ𝑡*

𝛴 �
®

G
8

. 

3.16 

This quantity can be evaluated by using standard thermodynamic quantities 

such as the VLE pressure of the liquid 𝑃" and its density in the liquid and vapour 

phases. For the calculation of 𝑃′, the IAPWS equations for the densities of the 

saturated liquid 𝜌! and vapour phases of water 𝜌" were employed as described in 

section 2.3. 

3.2 The Surface Tension 

The surface tension of a planar liquid-vapour interface of pure water is given 

by: 

 𝜎+(𝑇) = σG[1 − 𝑇$]_#[1 + σ:(1 − 𝑇$)], 3.17 

where 𝑇$  is the reduced temperature, σG  = 235.8 × 10-3 Nm-1, σ8  =1.256 

and σ: = -0.625. As established by the Gibbs phase rule (Turkevich and Mann, 

1990), the surface tension of pure water depends only on the system’s temperature 

(Takaishi, 1997). Alternatively, a strong pressure dependence on the liquid will be 

seen for water-gas mixtures, especially at low temperatures or high pressures 

(Chun and Wilkinson, 1995). 

Pendant drop measurements of the surface tension of water-carbon dioxide 

systems report relaxation times up to fifteen minutes for the surface tension of 

water-gas mixtures to assume their pressure-dependent value (Hebach et al., 

2002). Considering that histotripsy nucleation takes place in timescales shorter 

than one second, it is assumed in this work that the effects of dissolved 

contaminant gas in the liquid are negligible in HIFU-induced nucleation. 
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3.2.1 Phenomenological Corrections to the Surface Tension 

Finding an appropriate approximation for the surface tension is an essential 

step in implementing CNT (Bruot and Caupin, 2016). Approximations of the surface 

tension such as Equation 3.38 have been used to apply CNT in the modelling of 

bubble nucleation (Delale, Hruby and Marsik, 2003; Davitt, Arvengas and Caupin, 

2010). When the planar surface tension of water is used in CNT, it is called a 

capillary approximation (Schmelzer and Baidakov, 2016). The assumption that the 

surface tension of critical nuclei equals that of a planar interface is not intrinsic to 

CNT. This approximation is often only made for the sake of heuristics (Schmelzer 

and Baidakov, 2016). The capillary approximation is known for predicting finite 

values of 𝑊∗ at the spinodal liquid of stability, which is an nonphysical result (Cahn 

and Hilliard, 1959; Kashchiev, 2003). Furthermore, this approximation additionally 

carries the underlying assumption that the length of the nucleus wall is small 

compared to its volume. This is also known as the thin wall approximation (TWA) 

(Herbert, Balibar and Caupin, 2006). 

3.2.2 Heterogeneous nucleation 

If any substrates (impurities) are present in the fluid, the free energy of 

embryo formation takes a different form to that shown in Eq. 3.5 

 Δ𝐺 = 𝐺 − 𝐺% + Δ𝜙.. 3.18 

In this equation, the term Δ𝜙. = 𝜙. − 𝜙.%  accounts for the substrate’s 

surface energy variation before and after nucleation. Substrates are different 

phases or molecular species which might act as preferential nucleation sites in the 

metastable phase.  

For the case of pure substances, when no substrates are present, Δ𝜙. = 0, 

and homogeneous nucleation (HON) is said to happen. If impurities are present, 

HON will still be energetically favoured for Δ𝜙. > 0, where the substrate is said of 

the stabilising type. Stabilising impurities have been discussed in the context of 

HIFU-induced nucleation by (Davitt, Arvengas and Caupin, 2010). Alternatively, if 

Δ𝜙. < 0 , heterogeneous nucleation (HEN) will be the energetically favoured 
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process. Such is the case of destabilising impurities, which will be preferential 

nucleation sites because nucleation is less energetically demanding on their 

surface. 

The critical work of nucleation in the presence of a substrate follows the 

same expression as Eq. 3.17, however, the surface tension takes the following 

form 

 𝜎`,* = Ψ𝜎, 3.19 

where Ψ is an activity factor depending on the geometry, surface energies 

and wetting angle of the substances in question (Fletcher, 1958; Kashchiev, 2000). 

3.2.3 The Effective Surface Tension 

Literature data on bubble nucleation in acoustic fields in the MegaHertz 

range is such that experiments usually do not surpass pressures of about – 40 

MPa (Herbert, Balibar and Caupin, 2006; Davitt, Arvengas and Caupin, 2010; 

Caupin et al., 2012; Maxwell et al., 2013; Vlaisavljevich et al., 2016). This contrasts 

to CNT predictions using a capillary assumption and quartz inclusion experiments, 

where water can be stretched to rarefactional pressures of about – 150 MPa 

(Azouzi et al., 2013). Such discrepancy has been discussed in terms of 

destabilising impurities in the acoustic experiments or the presence of stabilising 

impurities in quartz inclusion experiments (Davitt, Arvengas and Caupin, 2010). 

It has been shown that employing a scaling factor correcting the liquid 

surface tension or the nucleation work can help harmonise CNT predictions and 

experiments. Nucleation rates obtained in HIFU experiments at 1 MHz in ultra-

purified water have been used in Eq. 3.19 in order to approximate an “effective 

value” of 𝜎+ up to temperatures of 200 ˚C (Davitt, Arvengas and Caupin, 2010). 

The data obtained in these experiments showed agreement to a phenomenological 

implementation of CNT where the surface tension was scaled to 23.7% of the 

planar surface tension 𝜎+ . Similar experiments have been performed more 

recently up to 90˚C (Vlaisavljevich et al., 2016), with scaling factors ranging from 

25 to 27.5% of 𝜎+. Furthermore, (Delale, Hruby and Marsik, 2003) have similarly 
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used a scaling factor on the critical work of nucleation to harmonise nucleation rate 

predictions with experimental values for liquid boiling. Values of Ψa(𝑇)  previously 

published in the literature use either a constant kinetic term (Vlaisavljevich, Lin, et 

al., 2015) or obtained as a single value for a wide temperature range (Davitt, 

Arvengas and Caupin, 2010). 

Here, a temperature-dependent scaling factor Ψa  for the surface tension 

was calculated such that 𝜎, = Ψa𝜎+. This was achieved by optimising in Ψa(𝑇) the 

absolute error between analytic predictions of Eq. 3.14 and experimental data for 

nucleation pressure thresholds in acoustic fields from Tables 2-1 through to 2-3. 

Ψa(𝑇) was calculated by minimising 𝐸(𝑃!*). This scaling factor can be expressed 

as: 

 𝐸(𝑃!*) = 	³(𝑃!*(𝑇,Ψ,(𝑇)) − 𝑃,bQ(𝑇,bQ))8, 3.20 

where 𝑃,bQ  and 𝑇  represent, respectively, experimental values of the 

nucleation pressure threshold and the temperature at which they were obtained. 

𝑃5*(𝑇,Ψ,(𝑇)) was calculated using Eq. 3.16. 𝑉% was approximated as an ellipsoidal 

focal volume within the - 3dB intensity drop region for a 2 MHz HIFU transducer 

such that 𝑉% = 1.7299 m3. Δ𝑡* is set as a tenth of the ultrasound wave period such 

that Δ𝑡* = � G
G%c
� = 5 ∙ 107V  s. Properties of the Sonic Concepts H-Series 

(H148/H106/H102) are used throughout this manuscript due to their wide 

applicability in biomedical ultrasound research.  
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Figure 3-2. Error minimisation parameters for obtaining Ψ#. (A) Percent error between analytical 
predictions and experimental values of 𝑃$%. (B) Number of iterations needed until minimum error was found. 
(C) Values of Ψ# and linear regression of points. © 2021 IEEE. Reprinted, with permission, from de Andrade 

et. al, “Modeling the Physics of Bubble Nucleation in Histotripsy”, IEEE Transactions on Ultrasonics, 
Ferroelectrics, and Frequency Control, September 2021. 

In order to calculate temperature-dependent thermodynamic properties 

over a continuous temperature range, linear regression was used in order to obtain 

a first-order dependence of the optimised values Ψa(𝑇) on the liquid’s temperature. 

For temperatures between 0 and 90 °C this reads: 
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 Ψ,(𝑇) = 	0.4869 − 6.1425 ∙ 107J(𝑇 + 273.15) 3.21 

It follows that the effective surface tension for HIFU-induced bubble 

nucleation is approximated as 

 𝜎 = Ψ,(𝑇)𝜎+(𝑇) 3.22 

For temperature values between 90 and 110 °C, Ψ, is extrapolated based 

on Eq. 3.21 with 𝑅8 = 0.7374. For temperature values above 110 °C a conservative 

approach is taken and a constant Ψ,(𝑇 > 110°𝐶) = Ψ,(110°𝐶) is assumed. 

 

Figure 3-3. Comparison between CNT predictions of 𝑃$% at different Ψ#. Blue and green curves 
represent a constant Ψ#, 0.24 and 0.275 respectively, and black curve represents a temperature-dependent 
Ψ# shown by Eq. 3.21. Asterisks denote experimental values of Ψ# obtained from the literature. © 2021 
IEEE. Reprinted, with permission, from de Andrade et. al, “Modeling the Physics of Bubble Nucleation in 
Histotripsy”, IEEE Transactions on Ultrasonics, Ferroelectrics, and Frequency Control, September 2021. 

Nucleation pressure thresholds are plotted as a function of temperature in 

Fig. 3-3, comparing the effects of the scaling quantity Ψ,  on the values of the 

nucleation pressure threshold. Asterisks represent experimental data for HIFU-

induced bubble nucleation taken from the literature (Davitt, Arvengas and Caupin, 

2010; Vlaisavljevich et al., 2016). By employing the linear approximation for Ψ, 

obtained in Eq. 3.21, it is possible to obtain nucleation pressure thresholds which 

are in close agreement with values reported in the literature throughout a 
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temperature range of interest in HIFU applications. Previously reported values for 

Ψ,  (0.24 and 0.275) are shown to underestimate the magnitude of 𝑃!*  at low 

temperatures and to overestimate it at higher temperatures. 

3.2.4 The validity of the capillary approximation 

Figure 3-4 compares the predictions of 𝑃!* obtained from a planar surface 

tension (capillary assumption), a temperature-dependent effective surface tension 

𝜎 = Ψ,𝜎+ with temperature-dependent values of the spinodal pressure of water at 

low temperatures numerically obtained from Waals-Cahn-Hilliard theory with the 

five-site transferable interaction potential (TIP5P) EoS (Caupin, 2005). 

 

Figure 3-4. Comparison of values of 𝑃$% obtained by CNT with a capillary assumption (black and red 
curve) and obtained with an effective surface tension (dashed line). Asterisks represent the liquid spinodal of 

water obtained numerically with a TIP5P EoS. Values of 𝑃$% below values of the spinodal of water represent 
nonphysical predictions. 

There is no consensus on the most appropriate computational model to be 

used when approximating the spinodal limit of water. The TIP5P model describes 

the properties of water within the realm of molecular dynamics at low temperatures 

with low computational costs. The parameters used in these models are fitted to 

reproduce bulk, macroscopic experimental properties of water such as liquid 

density and heat of vaporisation (Ouyang and Bettens, 2015). For example, a 

comparison of Speedy’s EoS and the TIP5P has found qualitatively different 

predictions in temperature-dependent behaviour and suggested that comparison 
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of the simulation with available experimental data suggested the appropriacy of the 

TIP5P model for applications regarding the phase diagram of water (Caupin, 

2005). 

Results indicate the inappropriacy of CNT with a capillary approximation for 

modelling nucleation at low (< 40˚C) and medium (< 80˚C) temperatures. As 

discussed in the sections above, the temperature-dependent spinodal pressure 

defines an envelope around the regions where the fluid is unstable. Waals-Cahn-

Hilliard theory predicts that the energy barrier to nucleation vanishes as the liquid 

pressure approaches spinodal pressures (Cahn and Hilliard, 1958; Cahn, 1959). 

When such is the case, liquids relax towards stability in an alternative process to 

nucleation, named spinodal decomposition. The spinodal pressure of water can 

then be used to assess the validity of CNT predictions (Debenedetti, 1996). 

3.3 Regimens of bubble nucleation  

In Fig. 3-5 the steady-state nucleation rate given by Eq. 3.27 is shown as a 

function of temperature for three pressure contours (-30, -15 and -5 MPa) in A, and 

as a function of pressure for three temperature contours (40, 100 and 200 °C) in 

B. These values are in units of the number of bubble nuclei per meter cubic per 

second.  Nucleation rates at temperatures below 100 °C are only appreciable in 

the presence of high magnitude rarefactional pressures (< -15 MPa). On the other 

hand, at high temperatures (100 – 200 °C), nucleation rates plateau and present 

virtually no change as the liquid's pressure decreases. In this case, 𝐽.. assumes 

asymptotic behaviour, close to its saturation value 𝐽%. This suggests that at low 

temperatures, rarefactional pressures are the fundamental trigger for bubble 

nucleation (cavitation) and, at high temperatures, the degree of superheating is the 

controlling mechanism (boiling). 
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Figure 3-5. (A) Nucleation rate as a function of temperature with pressure contours. (B) Nucleation 
rate as a function of pressure with temperature contours. © 2021 IEEE. Reprinted, with permission, from de 

Andrade et. al, “Modeling the Physics of Bubble Nucleation in Histotripsy”, IEEE Transactions on 
Ultrasonics, Ferroelectrics, and Frequency Control, September 2021. 

The terms boiling and cavitation nucleation are traditionally used to describe 

bubble formation in liquids, many times without explicit distinction between them. 

Brennen (2009) proposed that the nomenclature “boiling” should only be used for 

cases where nucleation is triggered by a superheat Δ𝑇 at constant liquid pressure. 

Conversely, cavitation would be the phenomenon caused by a “tension”, also 

termed rarefactional pressure (Kashchiev 2000), 𝛥𝑃! = 𝑃" − 𝑃! ≥ 0 at a constant 

temperature. In practice, it is challenging to design experiments that isolate the 

effects of both thermodynamic variables, and the distinction between the two 

phenomena is uncertain. Blander & Katz (1975) reported that at temperatures 

sufficiently close to the thermodynamic limit of superheat (𝑇 ≈ 0.89	𝑇#) nucleation 

rates increase approximately three or four orders of magnitude per degree Celsius. 

In such cases, it is appropriate to talk about the limits of superheating and boiling. 

Contrastingly, away from the thermodynamic limit of superheat (𝑇 < 2𝑇#/3 ), 

nucleation rates are only appreciable at negative pressures (Baidakov 2015). This 

happens because 𝑃! ≫ 𝑃", therefore the temperature-dependence of nucleation on 

the exponent of Equation 3.10 is significantly reduced. The surface tension term in 

𝑊∗ still has a negative derivative; however, this is of a much smaller magnitude. 
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At these conditions, it is meaningful to discuss the tensile strength and term the 

process as cavitation. 

HIFU-induced bubble nucleation can be primarily driven by two factors, 

high-amplitude negative pressures or high temperatures. However, such 

distinction only becomes evident at temperatures around 150 °C. Therefore, 

Histotripsy protocols have been broadly named intrinsic pressure histotripsy and 

boiling histotripsy, deriving from the sense that bubble nucleation at high 

temperatures is termed boiling and bubble nucleation at lower temperatures and 

high-amplitude negative pressures is termed cavitation. Although results in Fig. 3-

5 corroborate with this terminology, nucleation rates at 100 °C still present a non-

zero derivative in pressure, indicating that this could be a pressure-threshold 

phenomenon facilitated by high temperatures. 

3.4 Sensitivity to volume and time 

The quantity Δ𝑡*  defines the time interval over which the first 𝛴 bubbles 

nucleate. This quantity should be a fraction of the wave period estimated from the 

ultrasound frequency used (Bruot and Caupin, 2016). The choice of Δ𝑡* needs to 

be such that variations in 𝑃!  and 𝑇 are minimal so that these quantities can be 

assumed nearly constant, and their effects neglected. In Chapter 6, a quasi-

stationary formulation of CNT is employed to quantify the relative timescales for 

heating and pressure oscillations that render the current implementation of CNT 

valid. Moreover, the parameter 𝑉% represents the experimental volume, i.e., the 

volume of the nucleating system under consideration. For nucleation induced by 

focused transducers, this parameter can be estimated using the focal volume of 

the transducer within the -3 dB region. 
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Figure 3-6. The effects of Δ𝑡% (left column) and 𝑉! (right column) on 𝑃$%. Results in top row are 
obtained for 𝑇 = 40 °C, results in bottom row are obtained for 𝑇 = 100 °C. © 2021 IEEE. Reprinted, with 

permission, from de Andrade et. al, “Modeling the Physics of Bubble Nucleation in Histotripsy”, IEEE 
Transactions on Ultrasonics, Ferroelectrics, and Frequency Control, September 2021. 

By varying Δ𝑡* between 0.1 𝜇s and 1 s in Eq. 3.11 it was found that the 

magnitude of the nucleation pressure threshold monotonically decreases with 

increasing Δ𝑡* . Similarly, by varying 𝑉%  between 1 mm3 and 1 cm3 𝑃!*  also 

decreases  monotonically with increasing 𝑉%. This trend indicates that, at constant 

temperature, bubble nucleation is favoured at lower frequencies (< 10 MHz), since 

these would imply longer Δ𝑡* and larger 𝑉%. In Fig. 3-7, the maximum difference in 
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the value of 𝑃!*  predicted by Equation 3.14 was plotted, that is Δ𝑃!* =

|𝑃!*(1	s, 1	cm:) − 𝑃!*(0.1	µs, 1	mm:)|  . The effects of Δ𝑡*  (one tenth of the 

ultrasound central frequency) and 𝑉% (the ultrasound focal volume) are shown to 

decrease as the medium temperature increases. 

 

Figure 3-7. Maximum variation in 𝑃$% caused by the parametrisation of Δ𝑡% and 𝑉!. © 2021 IEEE. 
Reprinted, with permission, from de Andrade et. al, “Modeling the Physics of Bubble Nucleation in 

Histotripsy”, IEEE Transactions on Ultrasonics, Ferroelectrics, and Frequency Control, September 2021. 

3.5 Chapter Summary 

In this Chapter, a thermodynamic model for bubble nucleation in constant 

pressure and temperature fields was developed using the classical nucleation 

theory. This model yields an estimate for the temperature dependence of the 

nucleation pressure threshold in water. Parameters such as the experiment time 

Δ𝑡*  and volume 𝑉%  are included in the derivation of this model, under the 

simplifying assumption that pressure and temperature fields change sufficiently 

slowly to result in time-independent nucleation rates. 

As a first validation step, predictions of the nucleation pressure threshold of 

water were compared to numerical predictions of the spinodal pressure of water 

obtained with the TIP5P model. Through this comparison, it was found that CNT 

yields nonphysical results when a capillary assumption is used. To circumvent this 



 103 

problem, literature data on ultrasound-induced nucleation pressure thresholds 

outlined in Tables 2-1, 2-2 and 2-3 were used to evaluate a scaling factor for the 

surface tension of water. This scaling factor is positively correlated to the 

temperature of the liquid and was approximated linearly as shown in Eq. 3.21. The 

numerical procedure of linear fitting aimed at finding the values of Ψ, that minimise 

the RMSE between experimental results and Eq. 3.16. Results obtained from this 

approximation were in better agreement with available experimental data than 

fixed scaling factors published in the literature. 

Furthermore, numerical values of the nucleation rate were used to analyse 

the extent of the effects of rarefactional pressures and the degree of superheating  

in nucleation at different temperatures and pressures. It was found that the liquid 

pressure has a more significant effect on the nucleation rate at lower temperatures 

(< 40 ˚C). However, the degree of superheating was found to increase nucleation 

rates significantly at high temperatures (> 80 ˚C). Finally, the sensitivity of the 

predictions of 𝑃!* discussed in this Chapter to experimental parameters such as 

Δ𝑡* and 𝑉% was analysed. It was shown that the magnitude of nucleation pressure 

thresholds decreases with increasing 𝑉%  and Δ𝑡* . These results suggest  

ultrasound frequencies below 10 MHz and larger HIFU focal volumes favour 

bubble nucleation. 

 A central simplifying assumption in this Chapter is that nucleation takes place 

during a finite, and very small, period of the ultrasound wave Δ𝑡*  where the 

ultrasound pressure 𝑃!  and the liquid temperature 𝑇 can be assumed constant, 

therefore implying a steady-state nucleation rate 𝐽... This simplification contains a 

range of conceptual issues for acoustic nucleation, because in ultrasound fields 

the pressure and temperature of the liquid constantly change. The mathematical 

validity of Chapter 3 with regards to the transiency of acoustic and thermal fields 

within the focus of high-intensity acoustic fields was analysed in detail in Chapter 

6, which builds upon the hydrodynamic understanding of nucleation demonstrated 

in Chapter 5. Apart from the fundamental physics developed and discussed in 

Chapter 3, there are some important implications of how the understanding of 

bubble nucleation is advanced. 
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1. At the most essential level, nucleation means creating Σ  bubbles 

within the focal volume of the transducer V% during a time interval 

Δtd. This results in an experimentally verifiable nucleation rate 𝐽.. ≈
e

B)fE(
 with the natural implications that (i) lower ultrasound 

frequencies prolong the interval Δtd  and increase the chance of  

nucleation, and (ii) smaller focal volumes will make nucleation more 

difficult, but they will reduce the chance of heterogeneous nucleation. 

2. Nucleation must be seen as a thermodynamic process where both 

the temperature and pressure in the liquid are important variables. In 

water-like media, the pressure threshold that is necessary for 

nucleation will decrease with increasing temperature. Notably, the 

key parameter associated with a lowering of the magnitude of 

nucleation thresholds is the liquid surface tension. 

The implications of Chapter 3 can be summarised in terms of how they 

advance the understanding of bubble nucleation as follows: 

Fluids have an intrinsic type of energy that originates from thermal 

fluctuations and interactions between molecules. This intrinsic energy is of the 

order 𝑘/𝑇, and is manifested at the macroscopic scale in both mechanical and 

thermal form. The mechanical energy of fluids is observable through their volume 

and the pressure associated with that volume. Likewise, the thermal energy of 

fluids, which is based on the diffusivity of mechanical energy at the atomic scale, 

is manifested macroscopically as temperature. Both types of energy, although 

distinct in essence, interact via the manifestation of a pressure-volume-

temperature relationship such equations of state. 

Whenever energy is provided to a system, in the form of tensile pressures or 

heat deposition, the intrinsic energy fluctuations might be magnified causing a 

quantifiable change in the system. A cascade of rearrangements in the state of the 

system is then triggered, where nucleation is one of the possible outcomes. The 

fundamental question that Chapter 3 in this thesis addresses the magnitude of the 

energy disturbance necessary to cause a system to rearrange itself via bubble 
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nucleation. Any thermodynamic conceptualisation of energy must be followed by 

consideration on whether this energy can be used to carry out work (useful energy) 

or whether this energy has been dissipated from a process (entropy).  

The entropy of a system behaves as an opposite of what is called the free 

energy of a system. The free energy of a system measures exactly the energy that 

can be used by the system to kickstart any processes. There are many ways to 

represent the free energy of a system which relate to the parameters in this system 

that can be experimentally controlled. In this dissertation, the Gibbs free energy 

was employed because this canonical thermodynamic potential has pressure and 

temperature as independent variables. 

The Gibbs free energy is what drives the process of phase transformation 

according to nucleation theory. In this way, it can be argued that the point of 

minimum entropy in a system is the point where most of the energy in the system 

is useful, and a process (such as bubble nucleation) can be initiated. Conversely, 

the point of maximum entropy is the point where most energy within the system 

has been disorganised to a point where no work can be done with such energy. 

Most importantly, nucleation takes place in systems that are not in equilibrium. This 

means a pure fluid stretched below its vapour pressure or heated above its boiling 

point. 

The tendency of a system to change phase via nucleation, or its deviation 

from equilibrium, can be quantified as the supersaturation, often denoted as Δ𝜇. 

The supersaturation measures the chemical potential of a system that can lead to 

chemical reactions or phase change. If one considers that vapour and liquid 

phases of a liquid are different chemical species, the supersaturation is applicable 

for pure fluids without impurities. The concept of phase equilibrium is then directly 

derived from the rationale above. If at the point where entropy is at its maximum, 

the free energy is at its minimum, this point is a point of equilibrium, where the 

system simply does not have a drive to change and is stable. The concept of 

“change” discussed above is restricted to the idea of changing phase. 

In the literature review, the three manifestations of “stability” in a fluid were 

outlined as: (i) truly stable systems, such as water that has been left for days in a 
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glass; (ii) metastable systems, such as water that is heated above equilibrium 

conditions, or the focus of an ultrasound beam where negative pressures are 

present; and (iii) unstable systems which are systems that experience a sharp 

disruption to their equilibrium. The conclusion is that ultrasound fields cause a 

transient state of metastability in fluids during the tensile part of the ultrasound 

wave. Metastable states are local minima of the free energy of the system and are 

separated from the global minimum by an energy barrier. Provided that this energy 

barrier can be overcome by lowering pressures or raising temperatures, the system 

will move towards an equilibrium state where two phases coexist, even if 

momentarily, via the process of bubble nucleation. The bubble nucleation then 

takes place as the degree of metastability induced in a liquid surpasses a threshold 

where the naturally occurring thermal fluctuations of order 𝑘/𝑇 become significant. 

In his seminal work, Gibbs predicted that the energy of activation for new phase 

formation, denoted as 1
∗

)+4
 throughout this dissertation, will depend on the energetic 

requirements of creating a surface in the bulk of a liquid and the energy required 

for a nucleating bubble to create space for itself by pushing the surrounding liquid 

away. This means that much peer-reviewed work in the literature does not consider 

the possibility that the surface tension 𝜎,  of a nanometric, quasi-spherical 

nucleating bubble is different from the surface tension of a planar water-vapour 

interface 𝜎+. 

In the present Chapter, this issue was addressed for the first time by: 

I. Showing that the predictions of CNT using the surface tension of a 

planar water-vapour interface σ+ are far beyond the spinodal limit of 

stability of water for most temperatures, and therefore such models 

are conceptually incorrect. 

II. Arguing that unless it is appropriate to model the surface tension as 

σa = Ψσ+, where Ψ is a temperature-dependent activity factor that 

provides a linear correction to the surface tension, which is consistent 

with the thermodynamic theory of nucleation. 
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Once these issues are discussed, Chapter 3 shows that it is possible to obtain 

a rigorous formulation of CNT that is parameterised by independent experimental 

results and valid throughout most of the pressure-temperature range of interest for 

histotripsy. The methodology in Chapter 3 was based on the work of Caupin, 

Arvengas, and co-workers in France (Balibar and Caupin, 2003; Caupin, 2005; 

Caupin and Herbert, 2006; Herbert, Balibar and Caupin, 2006; Davitt, Arvengas 

and Caupin, 2010; Arvengas, Davitt and Caupin, 2011; Caupin and Stroock, 2013; 

Bruot and Caupin, 2016), which aimed at exploring the physical properties of 

metastable water using ultrasound to induce metastability. These researchers 

suggested that, within ultrasound nucleation, a correction of the form σa = Ψσ+ 

was appropriate to explain the results of cavitation in ultra-purified water at 1.1 

MHz. The theoretical framework used to justify this modelling strategy was inspired 

on the treatment of (Kashchiev, 2000, 2003; Delale, Hruby and Marsik, 2003) which 

attempted to find a thermodynamically consistent formulation of CNT that would 

not output results far below the spinodal of water. This work shows that a correction 

of the form σa = Ψσ+ is consistent with the fundamental theorems of nucleation, 

which are the very bridge between nucleation experiments and mathematical 

modelling. Finally, the main contribution of Chapter 3 is to propose an alternative 

hypothesis to a somehow dominant idea that the classical nucleation theory (CNT) 

is incompatible with the reality of cavitation experiments. In fact, this Chapter opens 

novel avenues of mathematical exploration for the effects of ultrasound focal 

volume, frequency, and medium parameters on the nucleation of bubbles in 

ultrasound. 

  



 108 

 Chapter 4 

4 Numerical Simulation of 

Nucleation in Boiling 

Histotripsy  
Acknowledgement: The contents of this chapter are based on (de Andrade 

et al., 2021). Figures 4-5, 4-9, 4-10, 4-11, 4-12, 4-13, 4-14 have been reproduced 

with authorisation of the publisher. 

In Chapter 3, a thermodynamic approach was employed to develop a CNT 

model of ultrasound bubble nucleation. This model was parameterised with data 

from histotripsy and HIFU-induced nucleation experiments available in the 

literature. The underlying assumptions were of stationary nucleation and that the 

mean lifetime of the metastable fluid is so short that the gas content of the medium 

can be neglected. 

In the current Chapter, the models developed in Chapter 3 are applied to 

boiling histotripsy pressure fields obtained numerically by solving the Khokhlov–

Zabolotskaya–Kuznetsov (KZK) equation within a wide-angle approximation, and 

temperature fields computed by using the Bioheat transfer equation. This approach 

enables the modelling and visualisation of bubble nucleation in boiling histotripsy 

in time and space, allowing for the calculation of the pulse duration (minimum duty 

cycle) needed for bubble nucleation, the temperature distribution of the treatment 

zone at the time of nucleation, as well as the location where bubbles first nucleate 

and size of the critical bubble nucleus. 
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4.1 Introduction 

The current rationale for parametrisation of histotripsy protocols is based on 

two general assumptions. The first is that bubble nucleation in soft tissue is 

comparable to bubble nucleation in untreated water volumes that boil at 100 ˚C 

under atmospheric pressure. The second is that if the pulse duration is not much 

longer than the time to boil, thermal damage in the resulting lesion will be negligible 

compared to the mechanical damage induced by bubble growth and its interaction 

with the acoustic field (Wang et al., 2013). The main issue with the first hypothesis 

regards the slim chances of survival of unstable microbubbles in viable biological 

media. Gas bubbles in the absence of a stabilising force tend to dissolve in liquids 

due to Laplace pressure (Yount, 1979; Yount, Gillary and Hoffman, 1984; Blatteau 

et al., 2006; Christopher E. Brennen, 2013b; Papadopoulou et al., 2013). 

Moreover, biomolecular processes ensure that gas is transported out of solution 

within the human body in the form of acids or attached to proteins.  In untreated 

water volumes, preferential nucleation sites are generally hydrophobic crevices 

where gas is trapped or free-flowing gas bubbles (Crum, 1982; Blatteau et al., 

2006; Christopher E. Brennen, 2013b). There is no evidence of the existence of 

such agents in soft tissue or interstitial fluid. A review of several studies concluded 

that no hydrophobic crevices had ever been observed in tissues or capillaries 

(Blatteau et al., 2006). 

Despite the availability of sophisticated methods for modelling the 

interactions between acoustic fields and bubbles (Lauterborn et al., 2007; 

Lauterborn and Mettin, 2015), there remain unknowns regarding the 

thermodynamic conditions needed for the onset of nucleation in HIFU. Similarly, 

the specific contributions of both temperature and pressure to this process and 

their interactions are unexplored. Such gaps in understanding HIFU-induced 

nucleation hinder our ability to optimise histotripsy protocols for performance in 

current clinically available HIFU systems without time- and resource-demanding 

trials with in-vivo or ex-vivo set-ups. 
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4.2 Numerical simulation setup and convergence 

The following sections detail a methodology for incorporating the model 

described in Chapter 3 into numerical simulations of acoustic propagation and heat 

deposition in boiling histotripsy. This model aims to compute nucleation pressure 

thresholds, the critical radius of nuclei and the critical work of nucleation as 

functions of spatially varying pressure and temperature pairs within the 

propagation region of focused ultrasound waves. 

The initial step is to compute pressure fields resulting from a wide-angle 

parabolic approximation of the KZK equation using the HITU Simulator as 

described in section 2.1.5 of the literature review. This is a freeware MATLAB 

package that solves the 2D axisymmetric propagation of high-intensity acoustic 

sources over many layers of material. This software calculates acoustic quantities 

for each 2D element (𝑧= , 𝑟X) in the grid, where 𝑖 and 𝑗 vary from one to the number 

of elements in the axial and radial directions of the grid, respectively. The pressure 

fields obtained from the acoustic simulation are used to compute spatially varying 

ultrasound heat deposition rates. Heat deposition rates are then fed onto 

simulations of heat deposition via Penne’s BioHeat equation, as described in 

section 2.1.5 and 2.1.6. The numerical solver for the BioHeat equation is included 

within the software package HITU Simulator. Finally, after simulations for both 

acoustic propagation and heat deposition have been completed, pressures and 

temperatures for the discretised spatial elements are obtained. These spatially 

varying quantities are used in simulations of bubble nucleation with the equations 

described in Chapter 3. Figure 4-1 shows a flowchart of this numerical framework. 
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Figure 4-1. Flowchart of the procedure for numerically modelling bubble nucleation in histotripsy. 



 

 

Figure 4-2. Schematic of acoustic simulation and discretisation of the domain. 



 

The HITU Simulator first discretises the spatial domain according to the 

number of elements per wavelength in the radial and axial directions. Baseline 

simulations used 10 points per wavelength in the axial direction and 15 points per 

wavelength in the radial direction in the discretisation of the grid. These step sizes 

were chosen in order to produce a grid that can resolve the ultrasound focus at 

lengths below 1 mm. After discretising the spatial domain, the HITU Simulator 

marches forward in space, solving elements left-to-right in the axial direction and 

centre-up in the radial direction.  

Acoustic propagation is then solved in the frequency domain for each 

element in the grid. Whenever the pressure in an element exceeds the Courant-

Friedrichs-Lewy (CFL) condition for non-linearity, the solution is shifted to the time 

domain. The pressure waveform of that element is then computed by integrating 

Burger’s equation. Subsequently, the element’s pressure waveform is converted 

back to the frequency domain, and the code keeps marching forward in space. The 

time that each simulation takes will depend mostly on the size of the physical 

domain, the step size of the spatial mesh, and the number of harmonics employed. 

There is no specific rule for defining the exact number of harmonics needed for 

obtaining accurate solutions of the KZK equation (Soneson, 2009). 

Convergence tests were carried out to define the ideal number of harmonics 

to be used in the simulations. Acoustic fields were computed at 32, 64, 128, 256, 

512, 1024 and 2048 harmonics at 150 W input electrical power and assuming 85% 

efficiency for the 2 MHz transducer and at 300 W for the 1.1 MHz transducers. The 

number of harmonics used in the simulations followed a power of 2 to speed up 

fast Fourier transforms in the MATLAB code. Convergence was assumed fulfilled 

whenever doubling the number of harmonics resulted in an absolute difference 

smaller than 5% for key acoustic quantities such as heat deposition rate, acoustic 

intensity and peak negative focal pressure. 

As shown in Fig. 4-3, key acoustic quantities in the calculation of nucleation 

pressure thresholds such as the focal peak negative pressure and focal heating 

rates converged monotonically for the increasing number of harmonics used in the 

simulations. At 512 harmonics, results were found to be within 5% difference from 
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simulations at 256 harmonics. The heating rate showed a slower convergence rate 

than both acoustic intensity and focal peak-negative pressure. This might have 

been caused by the frequency-dependence of the ultrasound absorption 

coefficient. Standard simulations throughout this manuscript were performed at 

512 harmonics for both 1.1 and 2 MHz transducers. 

 

Figure 4-3. Numerical convergence of acoustic intensity (black diamonds), focal heating rates (red 
circles) and focal peak negative pressure (blue squares) in terms of the number of harmonics used in the 
acoustic simulations. The top plot displays results for a 2 MHz transducer driven at 150 W, and the bottom 

plot shows results for a 1.1 MHz transducer driven at 300 W electrical power. 
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Figure 4-4. Plots of acoustic intensity (top) and focal heating rates (bottom) along the propagation 
axis. Black curves represent a 2 MHz transducer driven at 150 W, and blue curves show results for a 1.1 
MHz transducer driven at 300 W. The red vertical dotted line shows the position of the HIFU focal plane. 

Black horizontal dotted lines represent the power output range of clinically available HIFU systems 
(Khokhlova et al., 2015). 

The power outputs of the transducers simulated herein are shown in Fig. 4-

4. Acoustic intensity values for both transducers are measured within the output 

range of clinically available HIFU treatment systems along the propagation axis. 

These intensities are shown to be as high as acoustic intensities used in HIFU 

thermal ablation therapies; however, the short duty cycles involved in histotripsy 

might minimise any observable thermal effects. 
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4.3 Histotripsy Pressure and Temperature Fields 

Propagation at 150 W input electrical power for the 2 MHz transducer 

(H148) and 300 W for the 1.1 MHz transducer (H102) showed that both 

transducers could generate focal acoustic intensities as high as 10 kW ∙cm-2. 

Similarly, heating rates 𝑄0 were found to be the greatest around the geometrical 

focus of both transducers. Focal heating rates observed for propagation at 2 MHz 

were about two orders of magnitude as high as those observed for 1.1 MHz. In 

Figure 4-5, waveforms for propagation at 2 and 1.1 MHz were plotted focally, as 

well as 0.5 cm pre- and post-focally. 

Focal waveforms show the presence of shocks of higher magnitude for 

propagation at 2 MHz. Although both transducers have the same f-number, 

numerical simulation of focal quantities shows that key acoustic quantities for 

bubble nucleation such as the focal peak negative pressure and heat deposition 

rates differ by a large amount if both are driven at similar power outputs.  Additional 

simulations for input electrical powers in the range of 200 – 400 W were carried for 

the 1.1 MHz transducer (H102) to match the focal peak-negative pressures and 

heating rates obtained with propagation at 2 MHz in the power range 100 – 200 W 

as shown in Fig. 4-7. 
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Figure 4-5. Plots of HIFU waveforms for 2 MHz at 150 W (left column) and 1.1 MHz at 300 W (right 
column). The input electrical powers have been chosen such that the numerical result achieves peak-
positive and peak-negative pressures characteristic of boiling histotripsy. The top rows show pre-focal 

waveforms 5 mm away from the transducer geometrical focus, the middle rows display focal waveforms, and 
the bottom rows show post-focal waveforms 5 mm away from the focus. © 2021 IEEE. Reprinted, with 
permission, from de Andrade et. al, “Modeling the Physics of Bubble Nucleation in Histotripsy”, IEEE 

Transactions on Ultrasonics, Ferroelectrics, and Frequency Control, September 2021. 
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Figure 4-6. Comparison of key acoustic quantities between propagation at 2 MHz and 1.1 MHz as a 
function of input electrical power from 100 to 200 W. Black curves show results for the 2 MHz transducer, 

and blue curves show results for the 1.1 MHz transducer. Peak-negative and peak-positive focal pressures 
are shown in the second row of figures. 
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Figure 4-7. Key acoustic quantities for propagation at 1.1 MHz for input electrical powers between 
200W and 400W. 

Based on the magnitude nucleation thresholds obtained in Chapter 3, the 

window of input electrical powers for simulation in both transducers was defined 

as that which would result in focal peak negative pressures below – 10 MPa. Once 

this parameter window was defined for both transducers, the peak focal 

temperature was calculated using the Bioheat equation. 

Heat deposition simulations were performed assuming an initial 

temperature of 20 °C in both the tissue volume and the perfusion fluid. The spatial 

grid for thermal simulations was coarsened by a factor of 2 in the axial direction 
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and by a factor of 3 in the radial direction in order to speed up calculations. The 

results shown in Fig. 4-8 display the maximum temperature at the treatment zone 

caused by HIFU heating. These results were obtained under the assumption that 

thermoacoustic properties of the medium are constant as temperature increases. 

This assumption was made to simplify the modelling and analysis of soft-tissue 

properties. Temperature values above the critical temperature of water (393.95 °C) 

were discarded. 

 

Figure 4-8. Peak focal temperatures as a function of pulse duration (sonication time). © 2021 IEEE. 
Reprinted, with permission, from de Andrade et. al, “Modeling the Physics of Bubble Nucleation in 

Histotripsy”, IEEE Transactions on Ultrasonics, Ferroelectrics, and Frequency Control, September 2021. 

Figure 4-8 shows the dependence of the peak focal temperatures as a 

function of the pulse duration (sonication time). The pulse duration needed to reach 

temperatures around 100 °C was much shorter for propagation at 2 MHz compared 
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to 1.1 MHz. For input electrical powers of 150 and 200W, superheats of 100 °C 

were exceeded by the 2 MHz transducer in timescales as short as 10 ms.  For the 

1.1 MHz transducer, pulse durations as large as 200 ms were needed to exceed 

100 °C for an input electrical power of 300 W. In the literature, it has been proposed 

that the formation of boiling bubbles in histotripsy depends on non-linear heating 

caused by the formation of a shockwave and that the absence of thermal damage 

is due to the capability of HIFU fields to heat the focal volume to around 100°C in 

a few milliseconds (Khokhlova et al., 2015). Upon the nucleation of a bubble, HIFU 

focal heating is decreased due to scattering of the acoustic field from the boiling 

bubble and heat transfer into the bubble (Pahk et al., 2018). 

After the boiling bubble grows to a size that is comparable to the wavelength 

of the incoming acoustic field, this bubble acts as a scatterer and reflector of 

pressure waves due to the acoustic impedance mismatch between water vapour 

and soft tissue (Pahk et al., 2017). This decreases acoustic intensities at the HIFU 

focus and creates pre-focal regions where the constructive interference between 

the incoming and reflected acoustic field can cause nucleation of a cavitation cloud 

(Pahk et al., 2021).  

4.4 Temperature Dependence of Pressure 
Thresholds 

In Chapter 3, it was shown that HIFU-induced nucleation pressure 

thresholds could be modelled as a function of temperature upon appropriate 

parametrization of the medium’s surface tension. In this section, Eq. 3.16 was used 

to predict the time dependence of the nucleation pressure threshold at the point of 

highest temperature within the HIFU focus obtained with the Bioheat equation. 
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Figure 4-9. Focal nucleation pressure thresholds as a function of pulse duration (sonication time). 
Red asterisks denote focal peak-negative pressures for the equivalent input electrical power. © 2021 IEEE. 

Reprinted, with permission, from de Andrade et. al, “Modeling the Physics of Bubble Nucleation in 
Histotripsy”, IEEE Transactions on Ultrasonics, Ferroelectrics, and Frequency Control, September 2021. 

Figure 4-9 shows focal nucleation pressure thresholds for input electrical 

powers of 100, 150 and 200 W for the 2 MHz transducer and 200, 300 and 400 W 

for the 1.1 MHz transducer. Since the focal peak-negative pressure also depends 

on the electrical power provided to the transducer, these were indicated by red 

asterisks in the respective electrical power curve. These results agree with the 
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experiments of (Pahk et al., 2015), where input electrical powers above 350 W 

were necessary for creating boiling histotripsy lesions in ex-vivo porcine liver with 

an H102 transducer. 

Following from the assumptions in the derivation of Eq. 3.16, nucleation will 

happen in a time interval Δ𝑡* = 0.1𝑓% after the focal nucleation pressure threshold 

is equal to the focal peak-negative pressure. These results show that the time 

needed for the nucleation of a boiling bubble decreases as heating rates are 

increased and as focal peak-negative pressures are lowered. Propagation at 

1.1 MHz results in much longer times needed for bubble nucleation because heat 

deposition at these conditions is one to two orders of magnitude lower than at 

2 MHz for lower input electrical powers. 

4.4.1 Estimation of pulse-length required for nucleation 

Traditionally, the pulse duration required for nucleation has been modelled 

as the time that the HIFU focus takes to reach 100 °C in the presence of shocks. 

By evoking weak shock theory (WST) (Canney, V. A. Khokhlova, et al., 2010; 

Sapozhnikov, 2015), it is possible to approximate focal heating rates in focused 

ultrasound beams as 

 
𝑄12 =

𝛽𝑓%(Δ𝑝):

6𝜌%8𝑐%J
 

4.1 

where Δ𝑝 is the magnitude of the incoming shock and 𝛽 is the non-linearity 

parameter defined as 4.4 in simulations of propagation in the liver. The “time-to-

boil” 𝑡R can then be estimated by neglecting both diffusion and perfusion in Eq. 2.6 

(Canney, V. A. Khokhlova, et al., 2010; Khokhlova et al., 2017): 

 𝑄12𝑡R = Δ𝑇𝜌𝐶. 4.2 

This analytical model uses heating rates obtained from weak shock theory 

to approximate the time needed for boiling to occur. This approach relies on the 

assumption that entropy production at the shockwaves is negligible, and that the 

adiabatic equation of state can be used (Sapozhnikov, 2015). The main issue with 
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such an approach is that it neglects the effects of negative pressures in nucleation 

and thus underestimates the time for nucleation at low heating rates. 

Estimation of the timescales required for boiling histotripsy considering the 

effects of the ultrasound focal peak-negative pressure can be done with the aid of 

CNT. Since the nucleation pressure is a temperature-dependent quantity, the 

nucleation pressure threshold can be calculated as a function of HIFU-induced 

heating, as displayed in Figure 4-10. This involves solving in time an equation of 

the type 

 𝑝7 = 𝑃!* �𝑇&'()(𝑡)�, 4.3 

where 𝑝7 is the focal peak-negative acoustic pressure, 𝑃!* is defined by Eq. 

3.16 and 𝑇&'() is obtained with the solution of the Bioheat equation. This equation 

is solved numerically in time, recording the value of 𝑡 at which 𝑃!* = 𝑝7. Results for 

this approach to the estimation of the timescales for the formation of the first 

bubbles are shown in Figure 4-10. 

 

Figure 4-10. Time of nucleation as a function of input electrical power. © 2021 IEEE. Reprinted, 
with permission, from de Andrade et. al, “Modeling the Physics of Bubble Nucleation in Histotripsy”, IEEE 

Transactions on Ultrasonics, Ferroelectrics, and Frequency Control, September 2021. 

Figure 4-10 shows a comparison of the time of nucleation calculated via 

CNT and the time to reach 100 °C shown in Eq. 4.3. The time needed for nucleation 
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decreases monotonically with increasing input electrical power for both 

transducers. In comparison with CNT results, the “time-to-boil” approach 

underestimates the time of nucleation at powers below 150 W for the 2 MHz 

transducer, and overestimates it at powers above 150 W. For propagation at 1.1 

MHz Eq. 4.3 underestimates the time required for nucleation throughout the 

parameter space if compared to CNT. Physically, Eq. 4.3 overestimates focal 

heating by neglecting both heat diffusion and perfusion. Furthermore, the absence 

of terms regarding the pair of nucleation pressure and temperature in the liquid 

makes timescales shorter in regions where nucleation happens at temperatures 

higher than 100 °C and longer in regions where nucleation happens below it. 

4.5 Spatial Profile of Nucleation 

Focal temperature profiles right after the moment of nucleation are shown 

in Fig. 4-11 for propagation at 2 MHz and 150 W input electrical power (𝑡 ≈ 4.8	ms) 

and 1.1 MHz and 300 W electrical power (𝑡 ≈ 240 ms). In both simulations, the 

highest temperatures were in the range 100 – 120 °C. Heated regions were 

obtained as an ellipsoid around the HIFU focus. This spatial temperature profile is 

then used to calculate temperature-dependent nucleation pressure thresholds 

spatially, which can be seen in Fig. 4-10. 
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Figure 4-11. Focal temperature profile at the time of nucleation. The top figure shows temperature 
distribution after 4.8 ms of sonication at 2 MHz and 150W input electrical power. The bottom figure shows 
temperature profiles after 240 ms of sonication at 1.1 MHz with 300W input electrical power. © 2021 IEEE. 

Reprinted, with permission, from de Andrade et. al, “Modeling the Physics of Bubble Nucleation in 
Histotripsy”, IEEE Transactions on Ultrasonics, Ferroelectrics, and Frequency Control, September 2021. 

The spatial distribution of the nucleation pressure threshold shows contours 

of pressures with a similar shape to those created by heat deposition. These 

shapes are expected considering that Eq. 3.16 is solely temperature dependent. 

Nucleation then would take place within regions where the peak-negative acoustic 

pressure is below the pressure thresholds plotted. Results show that heat 

deposition facilitates nucleation by lowering thresholds and creates preferential 

nucleation sites around the regions of higher temperature. High-speed camera 

imaging of optically transparent tissue-mimicking gel phantoms has shown regions 

of highest heat deposition as the preferential site where vapour bubbles nucleate 

in boiling histotripsy (Pahk et al., 2017). 
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Figure 4-12. Temperature-dependent nucleation pressure thresholds at the time of nucleation. The 
top figure shows contours of nucleation pressure threshold distribution after 4.8 ms of sonication at 2 MHz 
and 150 W input electrical power. The bottom figure shows values of 𝑃$% after 240 ms of sonication at 1.1 
MHz with 300 W input electrical power. © 2021 IEEE. Reprinted, with permission, from de Andrade et. al, 

“Modeling the Physics of Bubble Nucleation in Histotripsy”, IEEE Transactions on Ultrasonics, Ferroelectrics, 
and Frequency Control, September 2021. 

In both sets of results, a cigar-shaped region is observed, in agreement with 

previous numerical simulation of HIFU heat deposition and experiments in boiling 

histotripsy (Pahk et al., 2017). It has been observed that boiling histotripsy lesions 

have a characteristic “tadpole” shape, consisting of a spherical “head” and an 

ellipsoidal “tail”. This cigar-shaped nucleation region would be the location where 

the first boiling bubble forms and starts the process of mechanical fractionation of 

tissue (Pahk et al., 2017). 

Spatial nucleation rates are plotted in Figs. 4-13 and 4-14, compared to 

spatial temperature profiles and peak-negative acoustic pressures in the focal 

region. The highest nucleation rates were found to occur within a sub-volume of 

the HIFU focus, which coincides with the regions of highest temperature where the 

peak-negative pressure surpasses the nucleation pressure threshold. The bottom 

plot in Fig. 4-13 shows that although the lowest acoustic pressures happened 
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slightly pre-focally, these were insufficient to generate appreciable nucleation 

rates. 

 

Figure 4-13. Overview of the bubble nucleation rate (middle figure) compared to temperature 
profiles (top) and peak negative acoustic pressures (bottom) at 4.8ms of sonication for propagation at 2 MHz 

and 150W input electrical power. © 2021 IEEE. Reprinted, with permission, from de Andrade et. al, 
“Modeling the Physics of Bubble Nucleation in Histotripsy”, IEEE Transactions on Ultrasonics, Ferroelectrics, 

and Frequency Control, September 2021. 

A similar trend was observed for both transducers simulated, having the 

preferential nucleation site within the regions of highest temperature. Since the 

nucleation pressure threshold is temperature-dependent, nucleation is spatially 

restricted to regions where the peak negative acoustic pressure overcomes the 

nucleation pressure threshold; however, these regions are not necessarily the 

regions of lowest acoustic pressure. 
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Figure 4-14. Overview of the bubble nucleation rate (middle figure) compared to temperature 
profiles (top) and peak negative acoustic pressures (bottom) at 240 ms of sonication for propagation at 1.1 
MHz and 300W input electrical power. © 2021 IEEE. Reprinted, with permission, from de Andrade et. al, 

“Modeling the Physics of Bubble Nucleation in Histotripsy”, IEEE Transactions on Ultrasonics, Ferroelectrics, 
and Frequency Control, September 2021. 

The size distribution of critical bubble nuclei at the HIFU focus is shown in 

Fig. 4-15. These range from 6 – 10 mm in both sets of results, where the size of 

critical nuclei increases towards the regions of highest heat deposition. These 

results agree with those found in HIFU nucleation experiments in water (Davitt et 

al., 2010a). This could imply that the HIFU focus is the location where bubble nuclei 

have higher chances of merging and forming larger bubbles that are mechanically 

stable within the thermodynamic conditions imposed by HIFU pressure and 

temperature fields. 
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Figure 4-15. Size distribution of critical nuclei during of nucleation. © 2021 IEEE. Reprinted, with 
permission, from de Andrade et. al, “Modeling the Physics of Bubble Nucleation in Histotripsy”, IEEE 

Transactions on Ultrasonics, Ferroelectrics, and Frequency Control, September 2021. 

It is important to note that the ability of Eq. 3.7 to predict the size of critical 

nuclei shown in Fig. 4-15 has limitations. This is an equation that predicts the 

minimum size of bubble nuclei so that nucleation happens under the assumption 

that the surface tension is size-independent. It does not consider either inertial or 

viscous terms present in standard equations for bubble dynamics. This highlights 

the need to integrate these terms into CNT for appropriate modelling of bubble 

nucleation in terms of hydrodynamic quantities, which is done in Chapter 5.  

Numerical simulations of histotripsy bubble nuclei found that they grow by vapour 

transport (Bader and Holland, 2016). It has also been shown that the temperature 

field around these bubbles limits their growth (Kreider et al., 2013; Pahk et al., 

2018). After the growth of these bubbles to dimensions like the wavelength of the 

acoustic field, these bubbles act as reflectors creating regions of extremely low 

negative pressure pre-focally where a cavitation cloud occurs (Pahk et al., 2017). 
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4.6 Chapter Summary 

The phenomenological implementation of CNT developed in Chapter 3 is 

applied to boiling histotripsy pressure and temperature fields and to bubble 

nucleation in soft tissue. This Chapter was developed following from the vastly 

studied solutions to the KZK equation, which is a specific case of the Westervelt 

equation (Soneson, 2017; Yuldashev et al., 2018). These models of acoustic 

propagation have been applied longitudinally to the modelling of highly focused 

acoustic beams and carries within itself the assumptions of axial symmetry along 

the propagation axis. Most notably, they yield pressure waveforms resulting 

ultrasound propagation in heterogeneous, sequential media and subsequent heat 

deposition caused by absorption of acoustic waves (Filonenko and Khokhlova, 

2001). Acoustic propagation was simulated for two bowl-shaped transducers by 

solving a KZK-type equation with the HITU simulator operating at 2 MHz (Sonic 

Concepts. H148) and 1.1 MHz (Sonic Concepts, H102). Heat deposition was 

modelled with the Bioheat transfer equation. Nucleation theory models were then 

used to calculate quantities such as the nucleation rate, nucleation pressure 

threshold, radius of critical nuclei and the pulse durations required for a vapour 

bubble to form.  

Results show that heat deposition in boiling histotripsy facilitates nucleation 

by decreasing focal nucleation pressure thresholds. With the present approach, it 

is possible to calculate the minimum pulse duration required to achieve nucleation 

in boiling histotripsy for a certain HIFU transducer. These results agreed with 

previous estimations of the time to boil in boiling histotripsy, decreasing 

monotonically with increasing input electrical power to the transducer. The present 

model shows that it is not sufficient to heat the HIFU focus up to 100° C in order to 

achieve repeatable bubble nucleation in histotripsy. The local nucleation of vapour 

bubbles happens because of the interaction of sufficiently high HIFU-induced 

temperatures and the tensile part of the ultrasound wave. This can inform the 

parametrisation of the duty cycle in boiling histotripsy protocols so that bubble 
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nucleation is consistently achieved and potential thermal damage to the treatment 

volume and intervening tissue is minimised. 

Similar spatial trends in nucleation were observed for both transducers. The 

regions with highest nucleation rate were a sub-volume within the focal regions of 

high temperature. Nucleation is spatially restricted to regions where the peak 

negative acoustic pressure overcomes the temperature-dependent nucleation 

pressure threshold. However, these regions are not necessarily those of lowest 

acoustic pressure. The radius of focal critical nuclei obtained through the 

simulations presented in this Chapter ranged from 6 – 10 nm, in agreement with 

previous experimental investigation into HIFU-induced bubble nucleation. The size 

of critical nuclei was found to increase in regions of higher temperature around the 

HIFU geometrical focus. Overall, results indicate that it is not possible to detach 

the effects of focal pressure and temperatures induced by HIFU in the nucleation 

of bubbles. 
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Chapter 5 

5 Hydrodynamic Nucleation in 

Ultrasound Fields 
 

Acknowledgement: The contents of this chapter are based on (de Andrade 

et al., 2022). Figures 5-2, 5-3, 5-4, 5-5, 5-6, 5-7 and 5-8 have been reproduced 

here with authorisation of the publisher. 

In Chapter 3, a thermodynamic formulation of CNT optimised for ultrasound 

nucleation was derived. This formulation of CNT was applied to boiling histotripsy 

protocols in Chapter 4, revealing temporal and spatial trends of nucleation within 

the ultrasound focus. The theory derived in Chapter 3 is a thermodynamic theory, 

which considers vapour transport to be the sole mechanism involved in nuclei 

growth. However, it is known that bubble growth is jointly determined by 

hydrodynamic effects via the acoustic field and thermal effects controlled by the 

liquid temperature (Church, 2002). This means that the formulation of CNT 

presented in Chapter 3 yields nucleation rates which ignore the effects of the 

acoustic field in the initial stages of growth of nuclei. In Chapter 4, the nucleation 

models developed in Chapter 3 were applied to the numerical simulation of boiling 

histotripsy protocols. It was found that boiling bubbles would first nucleate at the 

regions of highest heat deposition at the ultrasound focus (de Andrade et al., 2021), 

even though there were regions of peak negative pressure with higher amplitude 

within the field. 

High-speed camera imaging of boiling histotripsy in transparent tissue 

phantoms provides evidence that both cavitation and boiling might occur in boiling 

histotripsy (Pahk et al., 2017). The constructive interactions of the pressure waves 

reflected by boiling bubbles with the incoming acoustic field can create pre-focal 

regions of negative pressure that surpass the medium's intrinsic pressure 
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threshold, resulting in a cavitation cloud (Pahk et al., 2021). Such tensile pressure 

regions have been observed in linear and non-linear acoustic reflection simulations 

from a boiling histotripsy vapour bubble (Pahk et al., 2021, 2017). The possibility 

of distinct nucleation regimes within boiling histotripsy protocols warrants interest 

in the physics of bubbles nucleated throughout physiological, hyperthermic and 

boiling temperatures. Herein, the role of thermal, inertial, and viscous effects in 

ultrasound-induced bubble nucleation are analysed. We employ a hydrodynamic 

formulation of classical nucleation theory, where the dynamics of spherical bubbles 

is considered by including the Rayleigh-Plesset (Prosperetti, 1982) equation into 

the kinetic terms of a CNT model. This model is based on the hydrodynamic 

approach of Zeldovich developed in 1942 (Zeldovich, 2015), further developed by 

Kagan and discussed in detail by Blander and Katz (Blander, 1979; Katz and 

Blander, 1973). 

This formulation adds to the current understanding of ultrasound bubble 

nucleation by (i) accounting for the dynamics of bubbles throughout their nucleation 

window (Church, 2002), (ii) yielding nucleation rates that are fully pressure-

dependent and are not limited by vaporisation rates (de Andrade et al., 2021, 

2019), and (iii) quantifying physical similarities and differences between "boiling" 

and "cavitation" bubbles (Kreider et al., 2011). In addition, the present theory yields 

three non-dimensional quantities which provide information on the underlying 

mechanism controlling bubble nucleation when applied to histotripsy protocols. 

These quantities show how the balance between viscous and inertial forces affects 

the kinetics of bubble nucleation and how thermal mechanisms play a role in the 

quantity and size of nucleated bubbles. 

5.1 The Governing Equation of Nucleation 

The models discussed in Chapter 3 and 4 were based on well-known 

derivations and equations for bubble nucleation in the presence of tensile 

pressures. This model only accounts for uniform growth of nuclei via vapour 

transport and correlates the radius of a critical nucleus with its internal number of 

molecules via an ideal gas law and basic equations from liquid kinetics. The model 
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in Chapter 3 is a purely thermodynamic model, similar to the model obtained by 

Gibbs in his seminal works (Gibbs, 1928, 1878). However, it is possible to obtain 

this model purely in kinetic terms. Here, the interest is understanding the kinetic 

development of nucleation, which warrants a more fundamental approach. 

Physically, the model in Chapters 3 and 4 measures the number of nuclei of size 

𝑟∗ that are produced from 𝑡% to 𝑡 = 𝑡% + Δ𝑡*. 

5.2 Growth by vapour transport  

The problem of determining vapour transport rates across an interface given 

a supersaturation is one that can be approached with a macroscopic kinetic theory 

of mass transport. Therefore, the derivations within this section will focus on the 

kinetics involved in the time evolution of embryos through attachment and 

detachment of single vapour molecules. This implies that the process of nucleation 

occurs as a series of single reactions between monomers, i.e., single vapour 

molecules, and polymers, which are clusters of vapour molecules within the bulk 

of a liquid phase. 

Herein, it is assumed that the ever-changing thermal fluctuations in the 

liquid create a distribution of nuclei with distribution 𝑍(𝑛, 𝑡) . This function 

represents the concentration of embryos with 𝑛 internal molecules throughout the 

development of time 𝑡 in an experiment. It will be convenient to denote the true 

transient distribution of an embryo with 𝑛  molecules as 𝑍(𝑛, 𝑡) = 𝑍3(𝑡)  for a 

concise notation. However, one might also wonder the exact nature of these 𝑛-

sized embryos. 

In Chapter 3, it was discussed how the Gibbs free energy of the system 

leads to the formation of extremely small bubbles, that trigger nucleation upon 

growing to a certain critical size 𝑟∗. From a thermodynamic point of view, these are 

transient, short-lived formations that happen due to the molecular movement in the 

liquid, which has a characteristic magnitude of 𝑘/𝑇. However, these events happen 

randomly in space and time, meaning that in any liquid, even at equilibrium, there 

are short-lived fluctuations in density that can be understood as bubble embryos. 
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If one averages the number of fluctuations of all sizes that take place within a long 

observation time  and divides this by the volume under investigation, the result is 

a time-independent, spatially-averaged equilibrium distribution of nuclei 𝐶(𝑛, 𝑡) =

𝐶3(𝑡). The first mathematical challenge is then finding a way to represent the 

unknown true distribution of nuclei 𝑍3(𝑡) from the equilibrium distribution 𝐶3(𝑡), 

however this will be discussed later in this Chapter. 

5.2.1 Transition frequencies 

We can model nucleation as the process where embryos with initial 

distribution 𝑍(𝑛, 0) ≡ 𝑍3(0)  is subjected to a certain growth law 𝑣 =

𝑓 �\3
\E
, 𝑛, \$

\E
, 𝑟, … � towards 𝑍3∗(Δ𝑡*) after a time interval Δ𝑡*.  The growth law then 

acts as a characteristic line over which the initial distribution 𝑍3(0) travels in time 

until it becomes 𝑍3∗(Δ𝑡*), as illustrated in Figure 5-2. This characteristic line is a 

mathematical relationship between the radius of nuclei and time and takes on as 

many independent variables as needed for the description of the growth of 

embryos, although this was simplified as the rate of vaporisation into bubble nuclei 

in Chapter 3. 

If nucleation is seen as the transformation of a naturally-occurring unsteady 

distribution of n-sized nuclei 𝑍3(𝑡) ≡ 𝑍(𝑛, 𝑡)  into one that can be detected 

experimentally, this process fundamentally depends on the amount of growth Δ𝑛 

that a nucleus needs to undertake within a time interval Δ𝑡* =
Z3
"

 so that the initial 

population embryos of radius 𝑛 = 𝑛% at 𝑡 = 0 grows to a critical size  𝑛∗ at 𝑡 = Δ𝑡*. 

Therefore, the quantity 𝑍3(Δ𝑡*) − 𝑍3(0) measures the variation in the distribution 

of nuclei of all sizes 𝑛 in a time interval Δ𝑡*, with rate g,(ZE()7g,(%)
ZE(

. If one assumes 

vaninshingly small intervals Δ𝑡*, this becomes the derivative \g,(E)
\E

≡ Mg(3,E)
ME

. 

By focusing on how the concentration of embryos of 𝑛 internal molecules 

changes in time, it can be noticed that it is simply the rate of arrivals at the size 𝑛 

subtracted by the rate of departures from size 𝑛. Let us denote the rate of arrivals 

as 𝑓(𝑛, 𝑡) ≡ 𝑓3, denoting the frequency where 𝑛-sized embryos gain one vapour 
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molecule, and the rate of departures as 𝑔(𝑛, 𝑡) ≡ 𝑔3, denoting the frequency where 

𝑛-sized embryos lose one vapour molecule. This leads to an expression of the form 

 𝑑𝑍3
𝑑𝑡 = 𝑓37G𝑍37G + 𝑔36G𝑍36G − (𝑓3 + 𝑔3)𝑍3. 5.1 

This equation means that the rate of arrivals at the size 𝑛 will be given by 

the forward rate of 𝑛 − 1 sized nuclei growing into 𝑛 added to the backward rate of 

𝑛 + 1 sized nuclei shrinking into 𝑛. The rate of departures is given by 𝑛 sized nuclei 

either growing or shrinking away from 𝑛. Thus, the net movement of the cluster on 

the (𝑛, 𝑡) plane is given by the drift 𝑓3 − 𝑔3. 

 

5.2.2 Equilibrium 

We now make use of the equilibrium distribution of nuclei 𝐶(𝑛, 𝑡) as nuclei 

sizes are conserved in equilibrium. The number of nuclei that grow from the size 𝑛 

is balanced by the number of nuclei that shrink into 𝑛 and that the number of nuclei 

that grow into 𝑛 is balanced by the number of nuclei that shrink from 𝑛. 

 𝐶(𝑛, 𝑡) = 𝐶% exp�−
𝑊(𝑛, 𝑡)
𝑘/𝑇

�. 5.2 

The equilibrium concentration of nuclei is fundamentally time-independent, 

but whenever there are changes to the supersaturation of the medium via transient 

temperature 𝑇(𝑡)  or pressure fields 𝑃!(𝑡) , the work of nucleation 𝑊(𝑛)  can be 

defined as 𝑊(𝑛, 𝑡). 

The conservation of sizes in equilibrium is summarised by the identities  

 
𝑓3𝐶3 = 𝑔36G𝐶36G 	 ∴ 	 𝑔36G =

𝑓3𝐶3
𝐶36G

,	

𝑓37G𝐶37G = 𝑔3𝐶3 	 ∴ 	 𝑔3 =
𝑓37G𝐶37G

𝐶3
. 

5.3 



 138 

If these identities are replaced in Eq. 5.1: 

 

𝑑𝑍3
𝑑𝑡 = 𝑓37G𝑍37G +

𝑓3𝐶3
𝐶36G

𝑍36G − 𝑓3𝑍3 −
𝑓37G𝐶37G

𝐶3
𝑍3	

									= 𝑓37G𝐶37G �
𝑍37G
𝐶37G

−
𝑍3
𝐶3
� − 𝑓3𝐶3 �

𝑍3
𝐶3
−
𝑍36G
𝐶36G

�, 
5.4 

the following Euler forward steps in size are obtained 

 
𝑍37G
𝐶37G

−
𝑍3
𝐶3

=
𝜕
𝜕𝑛 ¢

𝑍(𝑛, 𝑡)
𝐶(𝑛, 𝑡)£

[(𝑛 − 1) − 𝑛] = −
𝜕
𝜕𝑛 ¢

𝑍(𝑛, 𝑡)
𝐶(𝑛, 𝑡)£, 5.5 

and 

 
𝑍3
𝐶3
−
𝑍36G
𝐶36G

=
𝜕
𝜕𝑛 ¢

𝑍(𝑛, 𝑡)
𝐶(𝑛, 𝑡)£

[𝑛 − (𝑛 + 1)] = −
𝜕
𝜕𝑛 ¢

𝑍(𝑛, 𝑡)
𝐶(𝑛, 𝑡)£. 5.6 

Therefore, 

 
𝜕𝑍(𝑛, 𝑡)
𝜕𝑡 =

𝜕
𝜕𝑛 ¢

𝑍(𝑛, 𝑡)
𝐶(𝑛, 𝑡)£

(𝑓3𝐶3 − 𝑓37G𝐶37G). 5.7 

Once again, the implicit differential in this equation is 

 

𝜕
𝜕𝑛 ¢

𝑍(𝑛, 𝑡)
𝐶(𝑛, 𝑡)£

(𝑓3𝐶3 − 𝑓37G𝐶37G)

=
𝜕
𝜕𝑛 Ã𝑓3𝐶3

𝜕
𝜕𝑛 ¢

𝑍(𝑛, 𝑡)
𝐶(𝑛, 𝑡)£Ä

[𝑛 − (𝑛 − 1)]

=
𝜕
𝜕𝑛 Ã𝑓3𝐶3

𝜕
𝜕𝑛 ¢

𝑍(𝑛, 𝑡)
𝐶(𝑛, 𝑡)£Ä. 

5.8 

This is the general form of the governing equation of nucleation 

 
𝜕𝑍(𝑛, 𝑡)
𝜕𝑡 = 	

𝜕
𝜕𝑛 Ã𝑓

(𝑛, 𝑡)𝐶(𝑛, 𝑡)
𝜕
𝜕𝑛 ¢

𝑍(𝑛, 𝑡)
𝐶(𝑛, 𝑡)£Ä. 5.9 
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5.2.3 Nucleation rates 

Now it is of interest to obtain the number of super nuclei that appear within 

a fixed volume 𝑉%  after a time interval Δ𝑡* . Knowing that if 𝑍(𝑛, 𝑡) is a density 

function of 𝑛-sized nuclei at the time 𝑡, the nuclei that are greater than the critical 

size can be quantified with the integral 

 Σ(𝑡) = 𝑉% µ 𝑍(𝑛, 𝑡)
h

3∗

𝑑𝑛, 5.10 

where the time derivative \i
\E
≡ 𝐽(𝑡)  is precisely the rate at which nuclei 

greater than the critical size are formed in time, i.e., the time-dependent nucleation 

rate 𝐽(𝑡). 𝑀 is the total number of molecules in the system, and 𝑍h(𝑡) ≈ 0 is a fair 

assumption, stating that there is never a nucleus that comprises all molecules in 

the control volume under consideration. 

It is then necessary to find an approximation for 𝑍(𝑛)  in terms of the 

equilibrium distribution 𝐶(𝑛∗) in the vicinity of the critical size. Knowing that the 

equilibrium distribution is defined as 𝐶(𝑛) = 𝐶% exp �−
1(3)
)+4

� , where 𝐶% =	�
Y!
C
� , 

𝑊(𝑛) can be expanded in a second-order Taylor series around 𝑛∗. 

 𝑊(𝑛) = 𝑊∗ + �
1
2� �

𝑑8𝑊
𝑑𝑛8 �

3W3∗
(𝑛 − 𝑛∗)8. 5.11 

This approximation is fundamental towards obtaining an understanding of 

nucleation around the critical region, yielding an explicit dependence of 𝐶(𝑛) on 𝑛 

for nucleating embryos around the critical size 𝑛∗: 

 𝐶(𝑛) = 𝐶(𝑛∗) exp[𝛽8(𝑛 − 𝑛∗)8]. 5.12 
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The quantity 𝛽 = Å7j-
#.
-,#

k
,/,∗

8)+4
 is a geometrical characterization of the 

curvature of 𝑊(𝑛), and a greater value of 𝛽 corresponds to a sharper maximum of 

𝑊(𝑛) at 𝑛∗ . Since 𝐶(𝑛, 𝑡) has a sharp maximum at 𝑛 = 𝑛∗ , all values of 𝐶(𝑛, 𝑡) 

away from the critical point will approach zero. Since vaporisation rates 𝑓(𝑛, 𝑡) are 

finite, 𝑓∗(𝑡)𝐶∗(𝑡) is a good approximation as shown by (Kashchiev 1968). Since 

the approximation of 𝐶3(𝑡) in Eq. 5.12 has a sharp maximum at 𝑛 = 𝑛∗, the critical 

values of this integral can be taken leading to the simplified form 

 

𝐽(𝑡) = �
1
V%
�
𝑑Σ(𝑡)
𝑑𝑡 = µ

𝜕𝐶(𝑟, 𝑡)
𝜕𝑡

h

3∗

𝑑𝑛

= µ
𝜕
𝜕𝑛 Ã𝑓

(𝑛, 𝑡)𝐶(𝑛, 𝑡)
𝜕
𝜕𝑛 ¢

𝑍(𝑛, 𝑡)
𝐶(𝑛, 𝑡)£Ä 𝑑𝑛

h

3∗

= −𝑓∗(𝑡)𝐶∗(𝑡) Ã
𝜕
𝜕𝑛 ¢

𝑍(𝑛, 𝑡)
𝐶(𝑛, 𝑡)£Ä

3W3∗
+ 𝑍∗

𝑑𝑛∗

𝑑𝑡 . 

5.13 

At this point, the rate 𝐽.. in which Σ nuclei within a volume 𝑉%	over a time 

interval Δ𝑡*, defined as 

 𝐽.. =
Σ

𝑉%Δ𝑡*
≈ −𝑓∗𝐶∗ y

𝑑
𝑑𝑛 �

𝑍3
𝐶3
��
3W3∗

, 5.14 

to which an analytical expression has been obtained by Zeldovich (Kashchiev, 

2000) by integrating Eq. 5.9 for a steady state process, i.e., Mg
ME
= 0, obtaining: 

 
𝑍3
𝐶3

=
∫ [𝑓(𝑚)𝐶(𝑚)]7G𝑑𝑚h
3

∫ [𝑓(𝑚)𝐶(𝑚)]7G𝑑𝑚h
G

. 5.15 

By taking the derivative of this expression with respect to the size 𝑛 and 

evaluating at 𝑛 = 𝑛∗, a general form of 𝐽.. is derived: 
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 𝐽ll =
Σ

V%Δ𝑡*
≈ µ

𝑑𝑛
𝑓(𝑛)𝐶(𝑛)

h

G

= 𝑧𝑓∗𝐶∗. 5.16 

Which is Equation 3.28 for the case of vaporisation. 

5.2.4 The critical region 

If one looks at the equilibrium concentration of critical nuclei in a metastable 

liquid, there will be a certain critical region with width 𝛥∗ = 𝑛8 − 𝑛G in which nuclei 

will be energetically equivalent. This happens because when |𝑊∗ −𝑊(𝑛)| < 	𝑘/𝑇 

for any size 𝑛 such that 𝑛G < 𝑛 < 𝑛8	(Kashchiev 2000). Since the nucleation rate 

has a peak at the critical value 𝑊∗ with sharpness defined by 𝛽 = Å−	
j-
#.
-0#

k
0/0∗

8)+4
, the 

region 𝛥∗ centered around 𝑟∗ (Debenedetti, 1991) will influence the final nucleation 

rates as not all nuclei will be able to cross this region without randomly fluctuating 

back to subcritical sizes. 

 

Figure 5-1. Illustration of the critical region. 

The definition of 𝛥∗ as given by (Kashchiev 2000) is 

 𝛥∗ =
√𝜋
𝛽 . 

5.18 

!(#)

##∗

!! = !∗ − Δ
∗

2 !# = !∗ + Δ
∗

2

'$(Δ∗
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This definition of the critical region has been implicitly considered in the 

derivations of Chapters 3 – 4, however omitted for the sake of simplicity. This 

quantity has an important physical implication with regards to the number of 

embryos that grow onto supercritical sizes. If nuclei within the size range 𝑛G < 𝑛 <

𝑛8  are energetically equivalent, that is, a change from 𝑛G  to 𝑛8  and vice-versa 

requires less free energy than the naturally occurring thermal fluctuations of the 

medium with magnitude 𝑘/𝑇, then some embryos of sizes between 𝑛∗ and 𝑛∗ + Z∗

8
 

are not “safe”, and might be randomly reduced to subcritical sizes between 𝑛∗ − Z∗

8
 

and 𝑛∗ by intrinsic thermal fluctuations in the medium. This physical mechanism is 

summarised in 𝑧 , the Zeldovich factor of nucleation. This factor is inversely 

proportional to the width of the critical region as 𝑧 = G
Z∗

 and is related to the 

probability that a thermally activated random walk of nuclei in size space will result 

in spontaneous growth of nuclei. 

5.3 Combined vapour transport and acoustic 

growth 

As mentioned earlier, the models of ultrasound nucleation discussed in 

Chapters 3 and 4 (de Andrade et al., 2021, 2019) were based on the Szilard model, 

where nucleation is thought to be a series of reactions between monomers (𝑛 = 1 

molecule clusters) and polymers (𝑛 > 1  molecule clusters). This results in a 

steady-state nucleation rate that carries the assumption that nuclei can only grow 

via the evaporation of the surrounding liquid phase. Nonetheless, the influence of 

the liquid vapour pressure in nucleation decreases at lower temperatures and 

might become insignificant compared to very large tensile pressures at play, as 

discussed in (de Andrade et al., 2021). It is now of interest to understand how one 

can apply macroscopic properties of bubble dynamics to understand the growth of 

bubble nuclei. This will now be done by using the approach of (Zeldovich, 2015) to 

approximate the continuous size transition 𝑟3 ⇄ 𝑟36G  in the radial coordinate 𝑟 

instead of the discrete transition 𝑛 ⇄ 𝑛 + 1 in the size coordinate 𝑛. 
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The first physical factor to consider is that there is an idealised relationship 

between the radius of a bubble embryo and the number of internal molecules it 

contains via the ideal gas law 𝑃𝑉 = 𝑛𝑘/𝑇. Therefore, a change of coordinates from 

(𝑛, 𝑡) to (𝑟, 𝑡) can be applied to Eq. 3.9. It is critical to notice that as a bubble 

embryo transitions from a size 𝑛 to 𝑛 + 1, the differential at play is Δ𝑛 = 1 in the 

discrete 𝑛 coordinate system, however Δ𝑛 is equivalent to an unknown number of 

radial variations 𝑑𝑟 in the continuous coordinate 𝑟 as illustrated by Figure 5-2. 

One can then assume that the transition from 𝑛 to 𝑛 + 1, or from 𝑛 to 𝑛 − 1, 

has a fundamental length scale 𝑙$ = 𝑟(𝑛 + 1) − 𝑟(𝑛), where 𝑟(𝑛) is a relationship 

derived from the ideal gas law. This length scale is useful in changing the 

independent variables of Equation 5.9 from 𝑛 to 𝑟, since Eq. 5.5 will be equivalent 

to 

 
𝑍$7!0
𝐶$7!0

−
𝑍$
𝐶$
=
𝜕
𝜕𝑟 ¢

𝑍(𝑟, 𝑡)
𝐶(𝑟, 𝑡)£

[(𝑟 − 𝑙$) − 𝑟] = −
𝜕
𝜕𝑟 ¢

𝑍(𝑟, 𝑡)
𝐶(𝑟, 𝑡)£ 𝑙$ . 5.19 

Similarly, Eq. 5.6 becomes 

 

𝜕
𝜕𝑟 ¢

𝑍(𝑟, 𝑡)
𝐶(𝑟, 𝑡)£ = �𝑓$𝐶$ − 𝑓$7!0𝐶$7!0�

=
𝜕
𝜕𝑟 Ã𝑓$𝐶$

𝜕
𝜕𝑟 ¢

𝑍(𝑟, 𝑡)
𝐶(𝑟, 𝑡)£ 𝑙$Ä

[𝑟 − (𝑟 − 𝑙$)]

=
𝜕
𝜕𝑟 Ã𝑓$𝑙$

8𝐶$
𝜕
𝜕𝑟 ¢

𝑍(𝑟, 𝑡)
𝐶(𝑟, 𝑡)£Ä 

5.20 

 



 144 

 

Figure 5-2. Schematic of the evolution of a nuclei distribution within the Szilard model (A.1, A.2, and 
A.3), where nuclei grow one molecule at a time and nuclei sizes are a discrete variable 𝑛 compared to the 

evolution of a distribution within the Zeldovich model (B.1, B.2, and B.3) where nuclei grow hydrodynamically 
and nuclei sizes are a continuous variable 𝑟. The center of mass of the continuous distribution of nuclei is 

given by Eq. 6, and the width of the distribution is a measure of the diffusivity given by Eq. 10. 
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The quantity 𝑓$𝑙$8  therefore has units of a diffusion coefficient and the 

governing equation can be rewritten as 

 
𝜕𝑍(𝑟, 𝑡)
𝜕𝑡 = 	

𝜕
𝜕𝑟 Ã𝐷𝐶(𝑟, 𝑡)

𝜕
𝜕𝑟 ¢

𝑍(𝑟, 𝑡)
𝐶(𝑟, 𝑡)£Ä. 5.21 

In the case where 𝐶(𝑟, 𝑡) is a constant, this reduces to Fick’s law: 

 𝜕𝑍(𝑟, 𝑡)
𝜕𝑡 = 𝐷

𝜕8𝑍(𝑟, 𝑡)
𝜕𝑟8  5.22 

The diffusion coefficient in Eq. 5.21 has a very specific physical meaning. It 

is the spread in bubble embryo size that is caused by a growth law acting on these 

nuclei within the critical region. As a mathematical analogy, the Szilard model is a 

linear translation of a probability mass function 𝐶(𝑛, 𝑡) of nuclei sizes that acts on 

a characteristic line 𝑣 = 𝑓(\3
\E
), translating a discrete distribution in space. 

Alternatively, the Zeldovich model in Equation 5.21 employs 𝑍(𝑟, 𝑡) as a 

probability mass function of a distribution that changes central value and spread 

through time. The time-dependence of its central value is advected on a 

characteristic curve 𝑣 = 𝑓(\$
\E
, 𝑟, … ) with a spread that is given by 𝐷. In summary, 

the hydrodynamic model assumes that the distribution of bubble embryos behaves 

like a distribution with a certain mean that varies along 𝑣 = 𝑓(\$
\E
, 𝑟, … ) and spreads 

with standard deviation 𝐷 . This process is analogous to the convection of a 

substance along an axis with flow velocity 𝑣 and diffusivity 𝐷. 

It is now interesting to understand the central value 𝑟̅ of the hydrodynamic 

distribution 𝑍(𝑟, 𝑡), via the rate \$̅
\E

. The expected value 𝑟̅ for the average nucleus 

radius is then obtained as the centre of mass of 𝑍(𝑟, 𝑡) 

 𝑟̅ = µ 𝑍(𝑟, 𝑡)𝑟𝑑𝑟
6+

7+

­ µ 𝑍(𝑟, 𝑡)𝑑𝑟
6+

7+

®

7G

 5.23 
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where ∫ 𝑍(𝑟, 𝑡)𝑑𝑟6+
7+  is the total number of nuclei, which is always conserved 

by assuming that there are no bubble-bubble interactions. Evaluating the time 

derivative of both sides of this expression: 

 

­ µ 𝑍(𝑟, 𝑡)𝑑𝑟
6+

7+

®
𝑑𝑟̅
𝑑𝑡 = µ ¢

𝜕𝑍(𝑟, 𝑡)
𝜕𝑡 𝑟 + 𝑍(𝑟, 𝑡)

𝑑𝑟
𝑑𝑡£ 	𝑑𝑟

6+

7+

	

= Ã𝑟𝐷𝐶(𝑟, 𝑡)
𝜕
𝜕𝑟 ¢

𝑍(𝑟, 𝑡)
𝐶(𝑟, 𝑡)£ − 𝐷𝑍

(𝑟, 𝑡)Ä
7+

6+

+ µ
𝑍(𝑟, 𝑡)
𝐶(𝑟, 𝑡)

𝜕
𝜕𝑟
[𝐷𝐶(𝑟, 𝑡)]	𝑑𝑟

6+

7+

+ µ 𝑍(𝑟, 𝑡)
𝑑𝑟
𝑑𝑡 	𝑑𝑟

6+

7+

. 

5.24 

The terms É𝑟𝐷𝐶(𝑟, 𝑡) M
M$
Êg($,E)
n($,E)

Ë − 𝐷𝑍(𝑟, 𝑡)Ì
7+

6+
 and ∫ 𝑍(𝑟, 𝑡) \$

\E
	𝑑𝑟6+

7+  vanish at 

the limits of integration (Zeldovich, 2015), leading to the expression:  

 ­ µ 𝑍(𝑟, 𝑡)𝑑𝑟
6+

7+

®
𝑑𝑟̅
𝑑𝑡 = µ

𝑍(𝑟, 𝑡)
𝐶(𝑟, 𝑡)

𝜕
𝜕𝑟
[𝐷𝐶(𝑟, 𝑡)]	𝑑𝑟

6+

7+

. 5.25a 

Now, by taking the derivative of both sides of this equation with respect to 

the size variable 𝑟, and replacing ∫ 𝑍(𝑟, 𝑡)𝑑𝑟6+
7+ = 𝑁4: 

 𝑁4
𝑑𝑟̇̅
𝑑𝑟 =

𝑍(𝑟, 𝑡)
𝐶(𝑟, 𝑡)

𝜕
𝜕𝑟
[𝐷𝐶(𝑟, 𝑡)] 5.25b 

which relates how the average embryo velocity 𝑟̇̅ ≡ �M$̅
ME
�  changes as a 

function of embryo sizes within the distribution 𝑍. If 𝐷 is a measure of spread of the 

distribution 𝑍(𝑟, 𝑡), it is assumed that the variations of 𝐷  with respect to 𝑟  are 

negligible compared to the other derivatives at play so that this process can be 

analysed as steady-state. This results in the expression 
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𝑑𝑟̇̅
𝑑𝑟 = ¢

𝑍(𝑟, 𝑡)
𝑁4

£ 𝐷
𝜕
𝜕𝑟
[ln 𝐶(𝑟, 𝑡)], 5.26 

Equation 5.21 can now be developed one step further: 

 

𝜕𝑍(𝑟, 𝑡)
𝜕𝑡 = 	

𝜕
𝜕𝑟 Ã𝐷𝐶

(𝑟, 𝑡)
𝜕
𝜕𝑟 ¢

𝑍(𝑟, 𝑡)
𝐶(𝑟, 𝑡)£Ä	

=
𝜕
𝜕𝑟 Ã𝐷𝐶

(𝑟, 𝑡) ¢
1

𝐶(𝑟, 𝑡)
𝜕𝑍(𝑟, 𝑡)
𝜕𝑟 − 𝑍(𝑟, 𝑡) y

1
𝐶(𝑟, 𝑡)�

8 𝜕𝐶(𝑟, 𝑡)
𝜕𝑟 £Ä	

= −
𝜕
𝜕𝑟 Ã𝑍

(𝑟, 𝑡)𝑣 − 𝐷
𝜕𝑍(𝑟, 𝑡)
𝜕𝑟 Ä.	 

5.27 

Equation 5.27 models the convection of 𝑍(𝑟, 𝑡)  with advective term 𝑣 =

𝐷 M
M$
[ln 𝐶(𝑟, 𝑡)] and diffusion coefficient 𝐷. This makes the evolution of the centre 

of the distribution be such that 𝑁4
\$̅̇

\$
= 𝑍(𝑟, 𝑡)𝑣. Here, there are two factors at play 

in changing 𝑍. The first, is that these embryos have a certain drift velocity 𝑣 that 

causes them to grow when 𝑣 > 0, to shrink when 𝑣 < 0, and to stay at the same 

size when 𝑣 = 0. This drift-type velocity translates the concentration 𝑍 horizontally 

as shown in Figure 5-2. The second important factor is assuming that by subjecting 

the nuclei population to a pressure 𝑃!  and a temperature 𝑇, one might cause a 

diffusion in nucleus sizes with coefficient 𝐷. That is, the pressure field might make 

nuclei oscillate around a mean radius, and very small oscillations do not result in 

mass transfer into the nucleus, but in a spread of the possible sizes of the nucleus 

around a mean equilibrium value. 

This means that the growth law does not change the nuclei population 

discretely, and that the diffusion coefficient spreads the size distribution around a 

mean value 𝑟̅ for the nuclei radius. The mean radius changes as a function of time 

following the integral equation 5.25 involving the diffusivity and the equilibrium 

concentration of nuclei. This is analogous to the convective diffusion of a substance 

within a cylinder in the presence of fluid flow, where the flow velocity is here 

represented by 𝑣. 
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The connection between macroscopic and microscopic behaviour in the 

hydrodynamic theory is given by the diffusion coefficient 𝐷, which following from 

𝑣 = 𝐷 M
M$
[ln 𝐶(𝑟, 𝑡)] is of the form (Zeldovich, 2015) 

𝐷3 =
𝑣3

𝜕
𝜕𝑛 [ln 𝐶(𝑛, 𝑡)]

= −
𝑘/𝑇𝑛̇
𝑑𝑊
𝑑𝑛

= −
𝑘/𝑇𝑛̇ �

𝑑𝑛
𝑑𝑟�

𝑑𝑊
𝑑𝑟

 
5.28-A 

𝐷$ =
𝑣$

𝜕
𝜕𝑟 [ln 𝐶(𝑟, 𝑡)]

= −
𝑘/𝑇𝑟̇
𝑑𝑊
𝑑𝑟

 5.28-B 

The most important feature of these expressions is that there is no advection 

of the nuclei population at the critical point, where \1
\$
= \1

\3
= 0, hence 𝑛̇ = 𝑟̇̅ = 0. 

Eqs. 5.28a and 5.28b also tell us that the diffusion in nuclei size represented by 𝐷 

is proportional to the velocity at which the distribution travels the (𝑟, 𝑡) or (𝑛, 𝑡) 

planes, and that size diffusion will be largest for bubbles with high wall velocities. 

In both cases of vapour and hydrodynamic growth, Eqs. 5.28 – A and B are 

a natural extension of the formula obtained by Einstein for the diffusion of a solute 

in a liquid solvent. Most importantly, there is a singularity in 𝐷∗. Since the variable 

𝑟 changes at much shorter timescales than 𝑛, it is of interest to check how radial 

changes affect the vapour flux. This is done by evaluating the critical diffusivity in 

Eq. 5.28-A as a limit with respect to the critical radius by using L’Hôpital’s rule 

 
𝐷∗ = lim

$→$∗
𝐷 =

𝑘/𝑇 �
𝑑𝑛̇
𝑑𝑟�

∗
�𝑑𝑛𝑑𝑟�

∗

�𝑑
8𝑊
𝑑𝑟8 �

∗ , 5.29 

where �\3
\$
� is obtained from the ideal gas law. 

The immediate next step (Blander, 1979) is to connect both radial oscillation 

and vaporisation rates at the critical size via the derivative	�M3̇
M$
�
∗
 by using the law 

of ideal gases 𝑃𝑉 = 𝑛𝑘/𝑇, and �M"
M$
�
∗
 by using the Rayleigh-Plesset (RP) equation. 
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Since 𝑣 = 𝑓(\$
\E
, 𝑟, … ) is a wall velocity that needs to be applicable to all embryos 

in the cluster, it is clear that 𝑣 ≡ 𝑟̇, where 𝑟̇ = 𝑟̇(\
#$
\E#

, \$
\E
, 𝑟, … ) is the bubble wall 

velocity. This differs from 𝑟̇̅ ≡ �M$̅
ME
� in the sense that 𝑣 ≡ 𝑟̇  is a size-dependent 

velocity, and 𝑟̇̅ ≡ �M$̅
ME
�  is an averaged, distribution-dependent velocity via \$̇̅

\$
=

Êg($,E)
*1

Ë 𝑣. 

 However, in resorting to the RP equation, it is assumed that variations in 

the microscopic system (that cannot be observed) are equivalent to variations in 

the macroscopic system that can be observed. The Rayleigh-Plesset equation 

establishes that the difference in pressure Δ𝑃 = 𝑃q − 𝑃!  within and outside of a 

spherical bubble in an isothermal, incompressible liquid is given as (Lauterborn 

and Mettin, 2015): 

 𝑃q = 𝑃! +
2𝜎
𝑟 + 𝜌!𝑟𝑟̈ +

3
2𝜌!𝑟̇

8 + 4𝜂
𝑟̇
𝑟 

5.30 

Where 𝜂 = 𝜂(𝑇)  is the liquid's temperature-dependent viscosity, 𝑟̇  is the 

bubble wall’s velocity and 𝑟̈  is its acceleration. If length scales of 𝑟  are much 

smaller than the ultrasound wavelenght, MQ!
M$
→ 0. By employing the chain rule 𝑟̈ =

M$̇
M$

M$
ME

 to take the derivative of Eq. 5.30 with respect to 𝑟 and evaluate it at the critical 

size: 

 
�
𝜕𝑃q

𝜕𝑟 �
∗

= −
2𝜎
𝑟∗8

+ 𝜌!𝑟∗ ¢�
𝑑𝑟̇
𝑑𝑟�

∗

£
8

+ 4𝜂
1
𝑟∗ �

𝑑𝑟̇
𝑑𝑟�

∗

. 
5.31 

The first and second terms on the right-hand side of Eq. 5.31 represent 

inertial and mechanical effects, whilst the third term accounts for viscous effects. 

Furthermore, the rate of vapour transport 𝑛̇ = M3
ME

 can be modelled in the presence 

of heat transfer from the liquid into the bubble as (Blander, 1979) 



 150 

 𝑛̇ = 	
𝐴(𝑃" − 𝑃q)

(1 + 𝛿)�2𝜋𝑚𝑘/𝑇
 5.32 

where the non-dimensional factor (1 + δ) accounts for a decrease in the 

influx ṅ  of molecules caused by enthalpy transport. Vapour transport into the 

bubble creates an enthalpy flux across the surface area 𝐴. The enthalpy of vapour 

is higher than that of liquid water, causing vapour to carry heat from the liquid into 

the bubble core. This transport cools the bubble surroundings from 𝑇 to 𝑇=. The 

quantity 𝛿 is non-dimensional and is of the form (Blander, 1979) 

 𝛿 = Å 2𝑘/
𝜋𝑚𝑇 �

Δ𝐻"
𝑘/𝑇

�
8

�
𝜎
𝜅𝑏�, 

5.33 

where 𝜅 is the thermal conductivity of the liquid [W∙m-1∙K-1] , Δ𝐻" [J] is the 

enthalpy of vaporisation of water, and 𝑏 = fQ
Qq

 is the order of magnitude of the 

underpressure caused by the ultrasound wave in comparison to the nucleus 

internal pressure 𝑃′. The case where vapour carries insignificant heat through the 

bubble surface arises at lim
r→%

𝑛̇. 

By taking the derivative of 𝑛̇  with respect to 𝑟  at the critical size 𝑟∗  and 

removing vanishingly terms: 

 
�
𝑑𝑛̇
𝑑𝑟�

∗

=	
𝐴∗

(1 + 𝛿)�2𝜋𝑚𝑘/𝑇
Ï
2𝜎
𝑟∗8

− 4𝜂
1
𝑟∗ �

𝑑𝑟̇
𝑑𝑟�

∗

− 𝜌5𝑟∗ ¢�
𝑑𝑟̇
𝑑𝑟�

∗

£
8

Ð. 
5.34 

This model can be closed by using an ideal gas law, such that 𝑛̇ can be 

obtained in terms of the bubble radius and its derivatives in time 

 
𝑛̇ =

𝜕
𝜕𝑡 �

4
3𝜋𝑟

: 𝑃q

𝑘/𝑇
� 

5.35 

By taking the derivative of Eq. 5.35 with respect to 𝑟, replacing Eq. 5.31 for 
MQ2

M$
 then evaluating at the critical size yields: 
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�
𝑑𝑛̇
𝑑𝑟�

∗

=
4𝜋
3𝑘/𝑇

Ï3𝑃!𝑟∗
8 �
𝑑𝑟̇
𝑑𝑟�

∗

+ 4𝜎𝑟∗ �
𝑑𝑟̇
𝑑𝑟�

∗

+ 4𝜂𝑟∗8 ¢�
𝑑𝑟̇
𝑑𝑟�

∗

£
8

+ 𝜌!𝑟∗
J ¢�

𝑑𝑟̇
𝑑𝑟�

∗

£
:

Ð	. 

5.36 

Using Eqs. 5.36 and 5.34, defining Γ = (1 + δ)³8^C
)+4

 and Χ = �G
J
� Γ𝑟∗ �\$̇

\$
�
∗
 

as auxiliary variables for ease of notation, the model is finalised as: 

 Φ8Χ: + �
8
9�ΦG �1 +

27
32
Φ8

ΦG
� Χ8 + �

2
3� �

3 − 𝑏
𝑏 + ΦG� Χ −

1
2 = 0. 5.37 

Where the non-dimensional parameters ΦG and Φ8 are defined as 

 6𝜂
𝜎Γ = ΦG, 

5.38 

and 

 16𝜌!𝑟∗

3𝜎Γ8 = Φ8. 
5.39 

ΦG  represents the ratio between viscous and thermal effects in bubble 

nucleation, and Φ8 represents the ratio between inertial and thermal effects. One 

non-dimensional group of interest is the ratio s3
#

s#
= 8L

J
� t#

]Y!$∗
�. If this quantity is much 

greater than unity, Eq. 5.37 can be reduced to a second-order approximation for 

nucleation controlled by viscous forces (Blander, 1979): 

Y8 + �
3
4ΦG

� �
3 − b
b + ΦG� Y −

9
16ΦG

= 0. 5.40 
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5.4 Dimensional analysis  

The extent where viscous effects dominate over surface tension and inertial 

effects in ultrasound nucleation can be visualised as a function of pressure and 

temperature in Figure 5-3. In this figure, the black solid curve represents the 

ultrasound temperature-dependent nucleation pressure threshold as calculated 

from Eq. 3.34, and the coloured contours illustrate values of the ratio ΦG
8/Φ8. The 

quantity ΦG
8/Φ8 is analogous to the inverse of the Laplace number, where u3

#

u#
∝

La7G = 8L
J

t#

]Y!$∗
. At values of u3

#

u#
> 1, one can say that viscosity dominates over the 

joint effects of surface tension and inertia in bubble nucleation. 

 

Figure 5-3. Values of the ratio Φ"
&/Φ& across the histotripsy pressure and temperature range. 

Higher values of Φ"
&/Φ& indicate that viscous effects dominate over the joint effects of surface tension and 

inertia.  

Figure 5-3 shows that the dominance of viscosity is particularly visible at low 

temperatures, indicating that nucleation in cavitation-based histotripsy methods is 

controlled by the liquid viscosity to a greater extent than the hydrodynamic effects 

of surface tension and inertia at the bubble surface. In particular, the ratio ΦG
8/Φ8 

stays within the range 200 – 100 for normothermic temperatures (20 to 40 °C) and 

around histotripsy intrinsic threshold pressures (-40 to -25 MPa). At higher 
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temperatures, viscous effects are less pronounced, and the ratio ΦG
8/Φ8  stays 

within the range of 25 – 10 around pressure-temperature pairs compatible with 

boiling histotripsy bubble nucleation, from 80 to 120 °C and from -5 to -25 MPa.  

Similarly, the order of magnitude of the effects of heat transport given by 

logG% 𝛿 is shown as a function of pressure and temperature in Figure 5-4. In this 

figure, the black curve represents the ultrasound temperature-dependent 

nucleation pressure threshold as calculated by Eq. 3.34, and the coloured contours 

illustrate values of the quantity logG% 𝛿 . Positive values of logG% 𝛿  will indicate 

extensive influence of enthalpy transport across the bubble surface in the 

nucleation process. As proposed by (Blander, 1979; Katz and Blander, 1973), 

enthalpy transport across the nucleus surface will cool down the surrounding liquid. 

This effect causes the liquid to lose supersaturation in the vicinity of critical bubbles 

via an increase in the energy barrier to nucleation Δ𝐺∗. This effect will favour the 

growth of the first bubbles to nucleate in detriment of a decrease in the number of 

bubbles nucleated subsequently. 

According to the results shown in Fig. 5-4, such heat transport effects are 

more pronounced at temperatures above 40 °C. In particular, the order of 

magnitude of 𝛿 increases by a factor of three in the temperature range 60 - 100 °C. 

Conversely, at temperatures below 40 °C, the effects of heat transport seem to be 

negligible, and the order of magnitude of 𝛿  ranges from 1078	 to 10% . The 

immediate physical implication of this analysis is that nucleation at low 

temperatures, like cavitation-based histotripsy, occurs in a regime where the 

nucleation of the first few nuclei does not hinder the nucleation of subsequent 

nuclei. This is an environment where it is thermodynamically favourable for 

nucleation to occur in densely populated clouds of small bubbles. Conversely, 

nucleation favours smaller quantities of bubbles above 9 nm at high temperatures 

as shown in Fig. 4-15. 
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Figure 5-4. Values of log"! 𝛿	across the histotripsy pressure and temperature range. Positive values 
of log"! 𝛿 indicate that enthalpy transport at the bubble surface decreases the total number of bubbles 

nucleated because thermal energy is redirected onto making existing critical bubbles larger. 

5.5 The effects of enthalpy transport 

Figure 5-5-A illustrates critical values of the constant (𝛿 + 1) as a function 

of temperature. These are the values of 𝛿∗ = 𝛿(𝑃!* , 𝑇*) calculated at pressure-

temperature pairs obtained with Eq. 3.34. This non-dimensional term appears in 

the definition of 𝑛̇ because of the effects of heat and vapour transport into the 

bubble nucleus. The enthalpy of vapour is higher than that of liquid water, and as 

water changes from liquid to a vapour phase, it absorbs thermal energy from the 

surroundings of the bubble nucleus (Blander, 1979). It can be observed in Figure 

5-5-A that this effect increases with increasing temperature, which results in a 

decrease in the nucleation rate of vapour bubbles shown in Figure 5-5-C. As 

numerical examples, the ratio G
G6[

 takes on values of 0.9664 at 20 °C, 0.3996 at 40 

°C, 0.0240 at 60 °C, and 9.4466 × 10-5 at 100 ˚C . Figure 5-5-C then shows that 

this effect reduces nucleation rates by 60% at 40˚C and by over 99% around 

100˚C. These results again suggest that dense cavitation clouds appearing at low 

temperatures are a consequence of negligible vapour transport into the nuclei 
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population characterised by small values of 𝛿 . This is a case in which the 

nucleation of bubbles does not change the free energy Δ𝐺∗  available for new 

bubbles to nucleate. 

 

Figure 5-5. (A) Values of the term (𝛿 + 1) representing the enthalpy flux across the bubble surface 
over the (𝑃$%, 𝑇%) nucleation curve, (B) values of Φ" and Φ& over (𝑃$%, 𝑇%) (C) percent estimate of the 

effective value of 𝐽'' due to the effect of enthalpy transport, and (D) values of the ratio Φ"
&/Φ& over the 

(𝑃$%, 𝑇%) curve. 

Moreover, critical values of the constants ΦG  and Φ8  are plotted as 

functions of temperature in Fig. 5-5-B. These non-dimensional terms originate from 

the non-linear ordinary differential equations in Eqs. 5.37 and 5.40, which describe 

hydrodynamic effects in bubble nucleation. If analysed in terms of the Reynolds 

number Re and the Weber number We, these results indicate that viscous forces 

dominate over inertial forces at low temperature, as shown by ΦG ∝ Re7G, however 

Φ8 ∝ We indicates that inertial effects overshadow surface tension effects at lower 
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temperature. It is important to highlight that the definition of both ΦG  and Φ8  is 

inversely proportional to 𝛿 , and the decrease of these quantities at high 

temperatures is likely to be linked to an increase in the extent of enthalpy transport 

effects via high values of 𝛿 as shown in Fig. 5-5-A. More information can be drawn 

from these results by then analysing Fig. 5-5-D. These results show that the 

dominance of viscosity over both surface tension and inertia reduces with 

increasing temperature. 

5.6 The mechanisms and timescales of nuclei 
growth 

In Figure 5-6, the critical diffusivity 𝐷∗ is calculated along (𝑃5* , 𝑇*) for the 

mechanisms of vapour and hydrodynamic growth with and without the presence of 

enthalpy transport. In this figure, curves shown in black represent values of 𝑋, 𝑌 

and 𝑛̇  as given by Eqs. 5.32 – 5.40 for the case where enthalpy transport is 

present, characterised by 𝛿 > 0. Conversely, curves shown in red represent the 

cases where enthalpy transport is neglected, which is characterised by 𝛿 = 0. 

Eq. 3.37 is a third order polynomial, therefore it has at least one real root of 

𝑋, whereas the other two roots might be either a pair of real roots or a pair of 

complex conjugate roots. Moreover, Eq. 3.40 has one pair of real roots, where one 

is positive, and the other is negative. In this figure, we show results for the largest 

real-valued positive roots of 𝑋 and 𝑌. In accordance with Figure 5-5-D, where u3
#

u#
≫

1 throughout the temperature range of interest, we can observe that there is no 

appreciable distinction between hydrodynamic growth dominated by viscosity and 

that dominated by inertial effects. 
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Figure 5-6. Critical diffusivity coefficients for vapour transport, heat transport and hydrodynamic 
growth. Red curves represent nuclei growth in the absence of enthalpy transport, whilst black curves 

represent growth in the presence of enthalpy transport. The largest real-valued positive solutions for 𝑋 and 𝑌 
from Eqs. 18 and 22, respectively, are selected as representing solutions for the third and second-order 

hydrodynamic approaches. 

These results show that hydrodynamic nuclei growth rates are at least one 

order of magnitude greater than growth caused solely by vapour transport 

throughout the temperature range of interest. Moreover, the results illustrated in 

Figure 5-6 show that the mechanism of enthalpy transport greatly reduces nuclei 

growth as given by the critical diffusivity in Eq. 5.29. The critical diffusivity 

coefficients present a turning point around 30˚C, which if analysed in conjunction 

with the inflection point in Fig. 4-A, might be interpreted as the point where enthalpy 

transport starts to play a role in nucleation. We can observe close agreement 

between the third and second-order hydrodynamic approximations throughout the 

0 – 120˚C temperature range, regardless of the presence of enthalpy transport. 

This behaviour can be explained by the results shown in Fig. 5-5-D, showing that 

the Laplace number u3
#

u#
≫ 1  for the temperature range considered, and thus 

viscous effects dominate the process. 
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5.7 Comparing ultrasound nucleation results 

In Figure 5-7, the constant 𝛿  is compared to histotripsy experimental 

protocols in the literature. It can be observed that all normothermic intrinsic 

pressure threshold histotripsy protocols take place at pressure-temperature pairs 

where 𝛿  ranges from 1078	 to 10% . On the other hand, most boiling histotripsy 

protocols are performed at pressure-temperature pairs where 𝛿 ranges from 108	to 

10I. This is evidence that there is considerable vapour and heat transfer into the 

bubble in boiling histotripsy protocols, which, as exemplified by Fig. 5-5-C, causes 

a decrease in the net number of bubbles nucleated. 

This result agrees with high-speed imaging of boiling histotripsy protocols, 

where boiling bubbles appear in greater size but smaller quantities at the distal 

side of the focal region (Pahk et al., 2017). On the other hand, small values of 𝛿 at 

intrinsic histotripsy pressure-temperature pairs suggests that no significant heat 

transport takes place into the nuclei, and these are free to nucleate in higher 

quantities. Again, this correlates with documented experimental results, which 

report the appearance of densely populated clouds of bubbles for intrinsic 

threshold histotripsy (Pahk et al., 2017; Xu et al., 2007, 2006). 
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Figure 5-7. Values of 𝛿 across the histotripsy range of pressures and temperatures. Equation 2 in 
(de Andrade et al., 2019) refers to Equation 3.16 in this thesis. 

Finally, Figure 5-8 shows values of the ratio ΦG
8/Φ8  as compared to 

histotripsy protocols. These results show ΦG
8/Φ8 assumes values within the range 

200 – 100 when bubble nucleation occurs within the pressure range from -40 to -

20 MPa, indicating that the liquid's viscosity plays a significant effect in nucleation 

at these pressure-temperature pairs. Conversely, when bubble nucleation takes 

place within the pressures ranging from -20 to 0 MPa and temperatures within 80 

to 120 °C, ΦG
8/Φ8 assumes values between 25 – 10, indicating that the liquid's 

viscosity has a less pronounced effect in bubble nucleation at higher temperatures. 

Concerning histotripsy, these results indicate that the liquid's viscosity plays a 

significant effect in defining nucleation pressure thresholds for cavitation-based 

histotripsy approaches, and this effect is less critical for boiling histotripsy. 
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Figure 5-8. Values of Φ"
&/Φ& across the histotripsy range of pressures and temperatures. Equation 

2 in (de Andrade et al., 2019) refers to Equation 3.16 in this thesis. 

5.8 Chapter Overview 

In this Chapter, the hydrodynamic theory of nucleation developed by 

Zeldovich (Zeldovich, 2015) and furthered by Kagan and Blander (Blander, 1979) 

was applied to analyse the role of thermal and hydrodynamic constraints on the 

growth of bubbles in ultrasound nucleation using histotripsy as a case-study. The 

Zeldovich theory is one that circumvents the need for a priori information on the 

initial distribution of bubbles by analysing how the size distribution of nuclei 𝑍(𝑟, 𝑡) 

evolves in time as compared to the equilibrium distribution of nuclei 𝐶(𝑟, 𝑡) from 

liquid kinetics. This is a convenient mathematical framework since it is applicable 

to distributions of all sizes and shapes if one can establish a relationship between 

the nuclei population under consideration to an equilibrium population of nuclei. 
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The present work furthers our understanding in ultrasound bubble 

nucleation by relating the direct effects of ultrasound pressure fields characterised 

by the drift 𝑣 to near-equilibrium effects characterised by the critical diffusivity 𝐷 in 

terms of the liquid’s temperature. This allows us to construct a fundamental set of 

equations which yields non-dimensional measures of the relative effects of 

constraints such as viscosity, inertia, surface tension and enthalpy transport in 

bubble nucleation. When compared to documented experimental data in bubble 

nucleation and histotripsy, these metrics outline well-defined parameter windows 

where nucleation takes place via equivalent mechanisms. The immediate 

implication of these results is that metrics such as Eqs. 5.33 – 5.40 can be used to 

compare the equivalence and similarity of protocols for ultrasound bubble 

nucleation in water. 

It is important to outline that amongst all constraints analysed for bubble 

nucleation, the surface tension of bubble nuclei is the only one that is present in 

the two fundamental components of nucleation, acting both as a kinetic term and 

an energetic term. The surface tension acts as an energetic term because it is very 

closely related to the energy barrier that needs to be overcome such that nucleation 

takes place. Alternatively, the surface tension affects the kinetics of bubble 

nucleation because it is an active term in determining both the radial dynamics of 

bubbles as given by the Rayleigh-Plesset equation, and the extent to which 

enthalpy transport decreases vaporisation rates into bubble nuclei. Therefore, it is 

important to highlight that, although the viscosity of the surrounding liquid is the 

dominant factor with respect to the growth of bubble nuclei, the surface tension 

remains the most critical parameter in nucleation, because the nucleation rate 

depends on it exponentially as shown in Chapter 3. 

Finally, the present model is based on several existing models in the 

literature which were often developed as local approximations. For example, as 

discussed in (de Andrade et al., 2021, 2019), our thermodynamic model of bubble 

nucleation assumes an isobaric and isothermal liquid, so that the work of 

nucleation can be constructed via the Gibbs free energy potential. For this 

assumption to be valid, the nucleation pressure threshold described by Eq. 3.34 is 



 162 

obtained within one tenth of the acoustic cycle (approximately 50 ns), such that the 

pressures and temperatures in the surrounding liquid can be considered constant. 

5.9 Chapter Summary 

A hydrodynamic model for ultrasound-induced bubble nucleation was 

obtained by including the effects of the liquid's viscosity and inertia via the 

Rayleigh-Plesset equation in a classical nucleation theory model. In addition, the 

effects of heat transport into the bubble were accounted for by including a model 

of enthalpy transport across the bubble surface. This approach was instrumental 

in calculating the critical diffusivity of nucleation, which affects the rate at which 

bubbles nucleate and grow in ultrasound pressure and temperature fields. 

With the hydrodynamic approach considered herein, it is possible to classify 

bubble nucleation in terms of its dominant mechanism. Bubble nucleation at 

temperatures below 30 °C is shown to be largely dependent on the liquid's 

viscosity, with negligible influence of inertial effects or heat transport. On the other 

hand, bubble nucleation at high temperatures has a much weaker dependence on 

viscous constraints in the liquid and is mainly controlled by heat transport into the 

bubble. 

We found that the timescales for hydrodynamic growth, as imposed by the 

radial oscillations of critical nuclei, are at least two orders of magnitude smaller 

than those that are characteristic of vaporisation-dominated growth. This means 

that bubble nuclei first grow via hydrodynamic factors, which are supplemented by 

vapour transport over longer timescales. 

Notably, the enthalpy transport effect is a possible explanation of the 

mechanism involved in the formation of cavitation clouds in ultrasound-induced 

nucleation. At higher temperatures, vapour flux into the bubble reduces the 

temperature of its surroundings because the enthalpy of vapour is greater than the 

enthalpy of liquid water. This cooling effect decreases the supersaturation around 

boiling bubbles, which then appear in greater size and smaller quantities. 

Conversely, negligible enthalpy transport at temperatures below 30˚C leads to 
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higher nucleation rates of smaller bubbles, resulting in the nucleation of clusters of 

small gas pockets, where a local nucleation event does not affect the likelihood of 

nucleation in its surroundings.
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Chapter 6 

6 The Timescales of Quasi-

Stationary Acoustic 

Nucleation 
 

In previous Chapters, efforts were focused into understanding how classical 

nucleation theory (CNT) can model the energy requirements for ultrasound bubble 

nucleation (Chapter 3) and be applied to characteristic histotripsy pressure and 

temperature fields (Chapter 4). Results showed evidence that CNT can accurately 

model ultrasound nucleation pressure thresholds by applying a linear temperature-

dependent correction to the bulk surface tension of water (de Andrade et al., 2021, 

2019). Moreover, these models were expanded to account for how thermal and 

hydrodynamic effects can improve the description and clarify the constraints to 

bubble nucleation and growth in Chapter 5 (de Andrade et al., 2022). An important 

finding of this Chapter is that intrinsic and boiling bubble nucleation interact 

distinctively with the surrounding hydrodynamics and temperature field. In 

cavitation, i.e., nucleation at low temperatures and high magnitude tensile 

pressures, hydrodynamic factors are dominant, and the liquid viscosity is the main 

constraint to nuclei growth. Conversely, at higher temperatures, enthalpy transport 

from the liquid into the bubble is the dominating constraint in nucleation. This 

happens as vapour transport into the bubble cools the surrounding liquid and 

prevents the formation of new bubble nuclei in the vicinity of an already existing 

vapour bubble. 

At the core of these models of nucleation is the assumption that nucleation 

takes place at much shorter timescales than those of pressure variations or 

temperature rises in the medium. This assumption is materialised by the need of 

defining a minimal observable timescale Δ𝑡* for nucleation to happen at the trough 
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of an ultrasound wave where fluid pressure and temperatures are roughly constant 

(de Andrade et al., 2021, 2019). 

A fundamental aspect of such models is the relationship between the 

equilibrium distribution of bubble nuclei 𝐶(𝑟, 𝑡), and the real distribution under 

consideration 𝑍(𝑟, 𝑡). The former can be described within the theoretical framework 

of continuous thermodynamics. The latter is often unknown a priori and one needs 

to find regimen where there is a mathematical relationship between the unknown 

𝑍(𝑟, 𝑡) and the idealised 𝐶(𝑟, 𝑡). This relationship describes how one understands 

the transient state of the nucleating system in an experimental distribution 𝑍(𝑟, 𝑡) 

in terms of the equilibrium state that can be fully described with thermodynamic 

theory and liquid kinetics (Blander, 1979; Zeldovich, 2015). 

In general cases, nucleation is considered a phenomenon that takes place 

at constant supersaturation Δ𝜇, where the chemical potential 𝜇 is a metric of the 

tendency of the liquid to change into another phase. The supersaturation of a 

nucleating liquid is a measure of how much the pressure and temperature to which 

the liquid is subjected to is different to those at thermodynamic equilibrium 

(Kashchiev, 2000, 1970, 1969a). Therefore, a model that considers constant 

supersaturation is of debatable validity for nucleation under an acoustic field 

because both pressure and temperature change as functions of time, however at 

different timescales. 

In the present Chapter, the hydrodynamic approach of Zeldovich (Zeldovich, 

2015) and a transient treatment of nucleation (Kashchiev, 1970, 1969a, 1969b; 

Schmelzer et al., 2017) are applied to determine the thermodynamic time and 

length scales at which ultrasound-induced nucleation occurs. By identifying the 

timescales of nucleation, it is possible to quantify the minimal timestep, or 

experimental sampling frequency, needed to accurately model the evolution of the 

process in time. These timescales are obtained in terms of the ultrasound 

fundamental frequency and waveform, as well as the heat deposition caused by a 

focus ultrasound wave. We then quantify the appropriacy of using a steady-state 

nucleation rate to model a phenomenon that happens while pressure and 

temperature vary at different rates. This is done by measuring whether, within the 
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timescales of ultrasound propagation, the real distribution of nuclei 𝑍(𝑟, 𝑡)  has 

sufficient time to adjust into the equilibrium concentration 𝐶(𝑟, 𝑡), which can be 

obtained by thermodynamic formulae. This Chapter will explore the parameter 

window ranging from 0 to 120˚C in temperature to identify temperature-dependent 

behaviour. Finally, numerically obtained ultrasound focal pressure and 

temperature fields are applied to visualise and discuss the effects of different 

waveforms in nucleation. 

6.1 Quasi-stationary in transient acoustic fields 

A generalised equation for nucleation at varying supersaturation has been 

obtained by (Kashchiev, 1970). This equation considers that the diffusivity of 

nucleation discussed in Chapter 5 can be modelled as a time-dependent quantity 

and is obtained via the hydrodynamic approach of (Zeldovich, 2015) which 

considers the size of embryos 𝑟 as a continuous variable. Kashchiev augmented 

the Zeldovich equation as 

 
𝜕𝑍(𝑟, 𝑡)
𝜕𝑡 =

𝜕
𝜕𝑟 Ã𝐷

(𝑡)𝐶(𝑟, 𝑡)
𝜕
𝜕𝑟 ¢

𝑍(𝑟, 𝑡)
𝐶(𝑟, 𝑡)£Ä, 6.1 

where the only change from Eq. 5.9 given Chapter 5 is that 𝐷 ≡ 𝐷(𝑡) is a 

transient quantity instead of a constant as defined by Eq. 5.29. 

We start working with this equation by considering nucleation taking place 

in a closed system such that mass conservation can be assumed. Moreover, it is 

assumed that temperature and pressure in the liquid are known functions of time 

𝑇(𝑡) and 𝑃!(𝑡), as shown in Chapter 4. Considering a true size distribution of nuclei 

𝑍(𝑟, 𝑡), nucleation obeys the boundary conditions 
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𝑍(𝑟, 0) = 0,																											(𝑟G < 𝑟 ≤ 𝑟8),	

𝑍(𝑟G, 𝑡) = 𝐶(𝑟G, 𝑡),	

𝑍(𝑟8, 𝑡) = 0, 
6.2 

where 𝑟8 represents the maximum embryo radius in the liquid, and 𝑟G	is the 

minimum radius of the volume occupied by an embryo with one molecule or less. 

These boundary conditions are equivalent to stating that there are no nuclei at the 

start of the process, but as time develops, there will be, at least, an equilibrium 

concentration of subcritical embryos of a certain radius 𝑟G  that is linked to the 

smallest radius possible for an embryo in the liquid. 

6.1.1 Quasi-stationary distribution of nuclei 

Following the steps described by (Kashchiev, 1970), it is then useful to 

introduce an auxiliary function 𝑌(𝑟, 𝑡) such that 𝑌(𝑟, 𝑡) = g($,E)
n($,E)

. This transforms the 

boundary conditions in 6.2 to 

 
𝑌(𝑟, 0) = 0,	

𝑌(𝑟G, 𝑡) = 1,	

𝑌(𝑟8, 𝑡) = 0. 
6.3 

If we evaluate Equations 6.1 – 6.3, taking 5.13 into account, we obtain: 

The solution of Equation 6.4 under the boundary conditions 6.3 is not 

known. However, the greatest contributions to its solution are obtained within the 

critical region, where 𝑟∗ − Z∗

8
< 𝑟 < 𝑟∗ + Z∗

8
. Within this region, all sizes 𝑟  are 

energetically equivalent via detailed equilibrium, so the approximations 𝐷(𝑟, 𝑡) ≈

𝐷(𝑟∗, 𝑡) ≡ 𝐷∗(𝑡) , and 𝐶(𝑟, 𝑡) ≈ 𝐶(𝑟∗, 𝑡) ≡ 𝐶∗(𝑡)  hold with sufficient accuracy 

 

𝜕𝑌(𝑟, 𝑡)
𝜕𝑡 +

𝜕 ln 𝐶∗(𝑡)
𝜕𝑡 𝑌 = y

1
𝐶∗(𝑡)�

𝜕
𝜕𝑟 ¢𝐷

∗(𝑡)𝐶∗(𝑡)
𝜕𝑌(𝑟, 𝑡)
𝜕𝑟 £	

𝜕𝑌(𝑟, 𝑡)
𝜕𝑡 +

𝜕 ln 𝐶∗(𝑡)
𝜕𝑡 𝑌 = 𝐷∗(𝑡)

𝜕8

𝜕𝑟8 𝑌
(𝑟, 𝑡) 

6.4 
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(Kashchiev 2000). Thus, the boundary conditions in 6.3 can be shifted to their 

equivalents around the critical region: 

Where 𝑟G = 𝑟 − Z∗

8
 and 𝑟8 = 𝑟 + Z∗

8
. Equation 6.4 can then be rearranged as: 

Our aim now is obtaining the conditions at which 𝑊∗(𝑡) ≡ 𝑊∗(𝑃!(𝑡), 𝑌(𝑡)), 

varies sufficiently slowly with time so that the true size distribution of embryos 

𝑍(𝑟, 𝑡) approaches the equilibrium distribution 𝐶(𝑟, 𝑡). This is only true when Mv
ME
≡

M
ME
Êg($,E)
n($,E)

Ë = 0. That is, we can find a solution for 6.6 when the ratio between the true 

size distribution 𝑍 and the equilibrium size distribution 𝐶 is constant in time. 

Therefore, the solutions of Eq. 6.6 which allow for Mv
ME
= 0 to be a good 

approximation are named quasi-stationary solutions, and are denoted by 𝑦 = g4(E)

n($,E)
, 

forming the ordinary differential equation with respect to 𝑟 

This equation is subject to the conditions 𝑦(𝑟G) = 1 and 𝑦(𝑟8) = 0, where 

primes represent derivatives with respect to the size variable 𝑟. This is clearly an 

ordinary harmonic equation with wavenumber 𝜒, where: 

 
𝑌(𝑟, 0) = 0,	

𝑌(𝑟G, 𝑡) = 1,	

𝑌(𝑟8, 𝑡) = 0. 
6.5 

 
𝜕𝑌
𝜕𝑡 = 𝐷∗(𝑡)

𝜕8𝑌
𝜕𝑟8 −

𝜕
𝜕𝑡 �

−𝑊∗(𝑡)
𝑘/𝑇(𝑡)

�𝑌(𝑟, 𝑡) 6.6 

 𝑦qq + 𝜒8𝑦 = 0 6.7 

 𝜒8 =
1

𝐷∗(𝑡) Ã
𝑑
𝑑𝑡 ¢

𝑊(𝑡)
𝑘/𝑇(𝑡)

£Ä
$W$∗

. 6.8 
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It is also evident from 6.8 that 𝜒8 depends implicitly on liquid pressure 𝑃!(𝑡) 

through 𝑊∗ and 𝐷∗(𝑡). The solutions of 6.7 can then be shown to be of the form: 

this solution can be used to derive an approximation for the time-dependent 

quasi-stationary distribution of critical nuclei 𝑍w(𝑡),  which is a subset of the 

solutions 𝑍 of Eq. 6.1 within the critical region: 

The second term on the right-hand side of 6.10 can be approximated in a 

second order Taylor series expansion around zero with truncation error 𝐸(𝜒:𝛥∗:): 

this approximation holds with good accuracy provided that 

Therefore, Eq. 6.12 shows the conditions where the transient distribution of 

nuclei 𝑍(𝑟, 𝑡) varies sufficiently slow with time such that it approximates the time-

dependent distribution 𝑍w that can be obtained solely in terms of the equilibrium 

distribution 𝐶∗(𝑡). 

 𝑦 =
1

2 cos 𝜒Δ
∗

2
 6.9 

 𝑍w(𝑡) =
𝐶∗(𝑡)
2

1

cos �𝜒Δ
∗

2 �
. 6.10 

 𝑍w(𝑡) =
𝐶∗(𝑡)
2 Ù1 +

𝜒8 𝛥
∗8

4
2 + 𝐸�𝜒:𝛥∗:�Ú, 6.11 

 𝜒8
𝛥∗8

4 < 1. 6.12 
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6.2 The fundamental timescale of nucleation 

This condition of convergence for the Taylor series expansion of 𝑦  is 

arguably the central result of this Chapter, since it illustrates how slowly the work 

of nucleation and the temperature need to change in time for a quasi-stationary 

assumption to be valid:  

Most importantly, this equation contains a fundamental timescale of the 

process of nucleation given by 

The quantity 𝜏 is the time-lag of nucleation and defines the timescales at 

which a metastable system approaches steady-state nucleation rates. 

The full transient solution of 6.1 then comprises two terms. The first, is given 

by the quasi-stationary solution accounting for nucleation rates that adjust 

sufficiently quickly to changes in the supersaturation at any time 𝑡 that is similar or 

greater than 𝜏. The second includes effects that will appear at shorter timescales, 

which appropriately model any events taking place when 𝑡 < 𝜏. Using this principle, 

a time-dependent solution for Eq. 6.1 was given by (Kashchiev, 1969a)as: 

 𝐽(𝑡) = 	 𝐽..(𝑡) Û1 + 2x(−1))
+

)WG

exp�−
𝑘8𝑡
𝜏 �Ü. 6.15 

This is a widely adopted expression for both theoretical and experimental 

treatment of non-stationary nucleation (Schmelzer et al., 2017; Schmelzer and 

Baidakov, 2016). Analysis of Eq. 6.15 shows that at sufficiently small values of 𝜏, 

 
𝑑
𝑑𝑡 ¢

𝑊(𝑡)
𝑘/𝑇(𝑡)

£
$W$∗

<
4𝐷∗(𝑡)
Δ∗8(𝑡)

. 6.13 

 𝜏 =
Δ∗8

4𝐷∗, 
6.14 



 171 

or say sufficiently large values of 𝑡, the term ∑ (−1))+
)WG exp �− )#E

?
� vanishes and 

the transient nucleation rate approaches the quasi-stationary rate  𝐽w.(𝑡). The 

quasi-stationary rate, in this case, is given by 

 𝐽w.(𝑡) = 𝑧(𝑡)𝐷∗(𝑡)𝐶∗(𝑡) = 𝐴(𝑡) exp ¢−
𝑊∗(𝑡)
𝑘/𝑇(𝑡)

£, 6.16 

where 𝐴(𝑡) = n)x∗(E)
Z∗(E)

∝ n)Z∗(E)
?(E)

. This expression very clearly relates the 

nucleation rate to the velocity of nuclei crossing the critical region Δ∗ within the 

timescale 𝜏. Thus, investigating the effects of a time-varying supersaturation via a 

quasi-stationary formulation is a fundamental, and dominating, component in 

understanding transient ultrasound-induced bubble nucleation at macroscopical 

length scales. 

6.2.1 Timescales of isothermal nucleation 

In the case where heating rates are negligible, \4
\E
→ 0 and nucleation is 

caused solely by the acoustic field. By the chain rule, we obtain Þ \
\E
Ê1

∗(E)
)+4

ËÞ =

G
)+4

Þ�\1
\Q!
�
∗
	 𝑃̇!(𝑡)Þ, and by calculating  �\1

\Q!
�
∗
	= :8^

:
� ]
Q27Q!

�
:
, we obtain: 

 If we define Δ𝑃 = 𝑃q − 𝑃! , the quantity 𝜖Q  that needs to be smaller 

than zero so that nucleation occurs as a quasi-stationary process is given as 

 à𝑃̇! 	à <
3

32𝜋:
𝑘/𝑇
𝜏 �

𝑃q − 𝑃!
𝜎 �

:

 6.17 

 𝜖Q = à𝑃̇! 	à −
3

32𝜋:
𝑘/𝑇
𝜏 �

Δ𝑃
𝜎 �

:

 6.18 
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6.2.2 Timescales in the presence of acoustic heating 

Acoustic heat deposition is a result of the attenuation of acoustic waves as 

they propagate in thermoviscous media. Here, we employ the approach of 

(Filonenko and Khokhlova, 2001) to calculate heating rates resulting from linear 

and non-linear acoustic propagation. We employ the heat transfer equation to 

evaluate temperature rises at the focus of a bowl-shaped transducer as: 

where 𝜅 is the thermal conductivity of the medium, 𝑐B is the heat capacity at 

constant volume, and 𝑞  is the acoustic volumetric heating rate. Here, we are 

interested in the case where most contributions to M4
ME

 originate from acoustic 

heating, hence we neglect the effects of thermal diffusivity and employ the 

approximation  

The expression for the source 𝑞 depends on the propagation regime. At 

sufficiently high-power outputs, ultrasound propagation results in the formation of 

shockwaves which are readily absorbed by the medium and turned into heat. Focal 

heating rates can then be evaluated through an analytic expression based on weak 

shock theory (Filonenko and Khokhlova, 2001): 

where 𝛽  is the coefficient of non-linearity of the medium, 𝑓%  is the 

fundamental HIFU frequency, 𝐴2 = 𝑃!6 − 𝑃!7  is the peak-to-peak focal shock 

amplitude, 𝑐B is the heat capacity at constant volume and 𝑐% is the sound speed of 

the medium. 

 
𝜕𝑇
𝜕𝑡 = 𝜅∇8𝑇 +

𝑞
𝑐B
, 6.19 

 
𝜕𝑇
𝜕𝑡 ≈

𝑞
𝑐B
. 6.20 

 𝑞* =
𝛽𝑓%𝐴2:

6𝑐%J𝜌!8
, 6.21 
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In cases where the derivative M4
ME

 is not negligible, quasi-stationary 

nucleation should be analysed in terms of both pressure and temperature 

variations with time. The inequality 6.13 then reads 

Assuming a nucleus in mechanical equilibrium with the pressure field 𝑟∗ =

2𝜎/Δ𝑃, where Δ𝑃 = 𝑃q − 𝑃!, this becomes 

Using the relationship \Q
2

\E
= �\Q

2

\4
� 𝑞/𝑐B = 𝑃′̇  yields 

We then define the quantity 𝜖` that needs to be smaller than zero so that 

nucleation occurs as quasi-stationary in the presence of heating as: 

6.3 Numerical results and discussion 

As defined by Eqs. 5.18 and 6.14, the width of the critical region can be 

used to calculate the nucleation time-lag. The nucleation time-lag 𝜏 is a measure 

of the diffusivity of nuclei sizes 𝐷∗	with respect to the characteristic length they will 

diffuse over, which is given by Δ∗. It is important to notice that Eq. 6.14 is effectively 

a Fourier-number, and that many approximations can be found in the literature for 

different limiting cases. 

 â
𝑑
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𝑊∗(𝑡)
𝑘/𝑇(𝑡)
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In Figure 6-1, five cases of interest are plotted and compared for the 

attention of the reader. The blue curve shows the expression obtained by 

(Kashchiev, 2000) for the case where bubble nuclei grow solely by the attachment 

of single vapour molecules and is used as a baseline for the other results. The 

orange curve is reproduced from a previous work (de Andrade et al., 2022), where 

we used the simpler approximation 𝜏	 = 	10/𝐷∗, which considers that about 10% of 

bubble nuclei can safely cross the critical region defined by Δ∗ and go towards 

spontaneous growth (Kashchiev, 2000). 

The remaining three curves, 𝜏G, 𝜏8 and 𝜏: respectively in yellow, purple,  and 

green, are obtained with the more exact approximation given by Equation 6.14. 

There are three different values for this quantity due to the three distinct solutions 

that are possible for 𝐷∗  when one accounts for how bubble dynamics and 

hydrodynamic effects change the behaviour of acoustic nucleation (de Andrade et 

al., 2022). Throughout this work, we employ the curve 𝜏8 (referred from now on 

simply as 𝜏) for analysis of results since this is the largest solution of 𝐷∗ which is 

strictly real and positive. 

Figure 6-1 shows that the fundamental timescales of nucleation depend on 

the underlying mechanism of bubble growth. The nucleation time-lag calculated 

with a hydrodynamic approximation has a global minimum between 20 – 40 ˚C, 

and then increases with increasing temperature, ranging between 107J and 10 𝜇s. 

This is in contrast with the approximation for sole vapour transport, where 𝜏 

increases monotonically with increasing temperature. This qualitative difference is 

caused by the maximum in the critical diffusion coefficient characteristic of bubbles 

nucleating in hydrodynamic fields, i.e., when one accounts for radial dynamics 

when modelling the growth of bubble nuclei (de Andrade et al., 2022). Such turning 

point is associated with the effects of enthalpy transport into nuclei as they grow, 

which cools the surroundings of critical nuclei and subsequently decrease 

nucleation rates. More importantly, the difference of about three orders of 

magnitude in the nucleation time-lag between ambient (20 - 40 ˚C) and boiling 

(around 100˚C) temperatures suggests that ultrasound bubble nucleation at high 
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temperatures has a longer intrinsic timescale, and that transient approaches are 

more appropriate for bubbles at high temperatures. 

 

Figure 6-1. (A) Nucleation time-lag 𝜏 in microseconds as a function of temperature for several 
approximations in the literature and (B) Width of the nucleation critical region in nanometres as a function of 

temperature. All quantities are calculated at the nucleation pressure threshold 𝑃$%(𝑇). 

Moreover, the width of the critical nucleation region is also plotted as a 

function of temperature at every temperature-dependent nucleation pressure point 

𝑃!*(𝑇) in Figure 6-1. This figure shows an increasing trend for Δ∗ with respect to 

temperature, with magnitudes between 0.22 –  0.36 nm throughout the 0 – 120 ˚C 

temperature range. As discussed in (de Andrade et al., 2022; Zeldovich, 2015), 

naturally occurring fluctuations within the critical region 𝑟∗ ± Z∗

8
 can stop bubble 

nucleation from taking place should such fluctuations bring bubbles to subcritical 

sizes. The region around the critical radius where such fluctuations are important 

is given by Δ∗. The length of the critical region shows how Brownian fluctuations in 

the liquid, which are of the order of 𝑘/𝑇, are manifested as variations of radius in 
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a critical bubble. Therefore, Δ∗ is the minimal timescale that can be resolved for 

nucleating bubbles within the scope of the CNT model employed herein. 

The most important application of the approach discussed in this Chapter is 

in determining whether nucleation takes place as a quasi-stationary process. A 

quasi-stationary process is one where although the main variables of interest 𝑃! 

and 𝑇 are time-dependent, their derivative in time is sufficiently small such that the 

quasi-stationary rate can be approximated at every point in time 𝑡  as 𝐽w.(𝑡) =

𝐽..(𝑃!(𝑡), 𝑇(𝑡)) . A quasi-stationary approximation has a strict mathematical 

meaning that M
ME
Êg($,E)
n($,E)

Ë → 0, which is subject to the inequalities in Eqs. 6.18 and 

6.25 being true. Given that this condition is satisfied, the approximations discussed 

in the previous Chapters of this thesis (de Andrade et al., 2021, 2019) are 

appropriate and hold with accuracy. 

To evaluate such appropriacy, the focal pressure waveforms obtained from 

non-linear ultrasound propagation are shown in Figures 6-2 and 6-3 for ultrasound 

central frequencies of 2 and 1.1 MHz respectively. In these figures, the focal 

waveform is plotted in black, and the periods where quasi-stationary nucleation 

holds via 𝜖Q < 0 are highlighted in red. These periods were calculated by replacing 

the numerically obtained focal waveforms into Eqs. 6.18 and 6.25 and retrieving 

the periods where 𝜖Q is smaller than zero. 

Figures 6-2 and 6-3 show that quasi-stationary nucleation holds throughout 

most of the tensile period of non-linear focal waveforms and is not restricted to the 

tensile part of an ultrasound wave for the case of propagation at 1.1 MHz. We can 

observe in Figs. 6-2 and 6-3  that since the validity of a steady-state approximation 

to nucleation is dependent on the time derivative of the pressure field, steady-state 

nucleation will hold at periods where the pressure is changing sufficiently slowly 

with respect to time. Naturally, these are the periods around the bottom-most of 

the tensile part of the focal waveform where the pressure field is not changing too 

fast with respect to time. 
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Figure 6-2. Illustration of the portions of a focal waveform generated by a 2 MHz transducer (black) 
where quasi-stationary nucleation is valid (red) for different input electrical powers to the transducer: 125, 

150, 175 and 200 W. 
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Figure 6-3. Illustration of the portions of a focal waveform generated by a 1.1 MHz transducer 
(black) where quasi-stationary nucleation is valid (red) for different input electrical powers to the transducer: 

250, 300, 350 and 400 W. 

The results displayed above show that although bubble nucleation occurs 

with certainty (Arvengas et al., 2011; Caupin et al., 2012; Caupin and Herbert, 

2006; Davitt et al., 2010a, 2010b; Herbert et al., 2006)after a certain threshold is 

overcome, this is not a discontinuous phenomenon. Provided that the inequality 

𝜖Q < 0 holds, there is a time-invariant proportionality between the distribution of 

bubble nuclei under investigation 𝑍 and the equilibrium concentration of critical 

bubbles 𝐶∗. This implies that, at every moment in time, the distribution of bubble 

nuclei in the liquid is synchronised to the acoustic field and can rearrange itself 

within timescales that do not significantly affect the rate at which they will nucleate. 

A summary of the total nucleation period Δ𝑡* as a function of temperature 

and input electrical power to the transducer is given in Fig. 6-4 for propagation at 

both 1.1 and 2 MHz. For the 2 MHz case, we simulated nucleation within the 100 
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– 200 W input electrical power range as this has been shown to be sufficient for 

bubble nucleation in previous works (de Andrade et al., 2021). Likewise, we 

confined the parameter window for input electrical power to 200 – 400 W for 

sonication at 1.1 MHz since these yield higher heating rates and peak-negative 

focal pressure amplitudes that are compatible with the requirements of bubble 

nucleation. 

The results in Figure 6-4 show that in the presence of time-dependent 

pressure and temperature fields, the time Δ𝑡* where quasi-stationary nucleation 

takes place is often a fraction of the ultrasound wave period. This nucleation time 

decreases with increasing temperatures and increases with increasing electrical 

power provided to the transducer. In Fig. 6-4, solid lines represent the values of 

Δ𝑡* obtained within the validity of Eq. 6.18 for 𝜖Q < 0 within isothermal acoustic 

fields. Alternatively, the dashed lines show the values of Δ𝑡* obtained within the 

validity of Eq. 6.25, in the presence of acoustic heating. 

These results show that the total time where quasi-stationary nucleation 

takes place is decreased in the presence of acoustic heat deposition. This 

difference is moderately small at low temperatures but increases at higher 

temperatures. These results do not speak about how long it takes for nucleation to 

take place. Rather, they describe how much time within the period of the acoustic 

wave a quasi-stationary formulation of nucleation is valid. Having that in mind, Fig. 

6-4 implies that when both the focal pressure and temperature are changing, the 

system will spend more time relaxing into the time-specific thermodynamic state 

and less time nucleating bubbles at a fixed rate, i.e., the rate is continuously 

changed with time. An immediate implication of this result is the confirmation of the 

appropriacy of the timescales used to parametrise a CNT model of ultrasound 

bubble nucleation in previous Chapters (de Andrade et al., 2022, 2021, 2019) 

Δ𝑡* = 0.05 𝜇s which is the lower limit for the case of propagation at 2 MHz at 120 

˚C in Figure 6-4. 
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Figure 6-4. The relationship between the total steady-state nucleation time within a focal waveform 
to temperature at various electrical power inputs for 1.1 and 2 MHz transducers. Solid lines represent trends 

for isothermal nucleation, dashed lines represent trends for nucleation in the presence of heat deposition. 
Colours identify the input electrical power provided to the transducer in both scenarios. 

6.4 Chapter Summary 

In this Chapter, we applied a transient treatment of nucleation to evaluate 

the fundamental time and length scales of nucleation in non-linear acoustic fields. 

By using a second-order approximation to the equilibrium solution of the 

generalised Zeldovich equation, we were able to derive the conditions at which 

quasi-stationary nucleation takes place by relating changes in the acoustic field 

and focal temperature to the nucleation time-lag. These models were applied to 

numerically obtained non-linear acoustic fields given by a wide-angle 

implementation of the KZK solution solved with 512 harmonics at 1.1 and 2 MHz. 

We found that quasi-stationary nucleation is valid throughout the tensile part 

of focal shockwaves on high intensity focused ultrasound fields due to the 

elongated tensile period of shockwaves. When measuring the period of validity of 
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quasi-stationary nucleation in focal waveforms, we found this to decrease with 

increasing temperature and to increase linearly with increasing electrical power 

provided to the transducer. These results provide numerical evidence that: 

• quasi-stationary nucleation regimens can be achieved within a single cycle 

of non-linear ultrasound waves at 1.1 and 2 MHz for a wide range of 

temperatures and electrical power inputs to the transducer. 

• non-linear distortion and shockwave formation favour quasi-stationary 

nucleation at the tensile part of an acoustic shockwave. 

• quasi-stationary nucleation holds for a significant part of the tensile period 

of an acoustic wave at low temperatures. 

• the effects of acoustic heat deposition are more evident at high 
temperatures, where they decrease the total time where a quasi-stationary 

approximation is valid. 

The present results confirm the validity of the steady-state approach to 

bubble nucleation described in (de Andrade et al., 2022, 2021, 2019). Finally, this 

model predicts that thermal fluctuations in the liquid can cause variations between 

0.22 to 0.36 nm in the radius of nucleating bubbles. 
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Chapter 7 

7 Thesis summary and Future 

work 
This Chapter is formed by four reflective essays where the original Chapters 

in this dissertation are reviewed, discussed, and contextualised. Future directions 

of research are given for each Chapter. 

7.1 Chapter 3 

Chapter 3 in this dissertation was dedicated to a review of first-order phase 

transitions, its associated thermodynamics, and applications in developing 

understanding of the energetic requirements of bubble nucleation in ultrasound. 

The main novel contribution of Chapter 3 is to demonstrate that upon rigorous 

physics reasoning and parametrisation with experimental data, the classical 

nucleation theory (CNT) can be harmonised with the reality of cavitation 

experiments, especially those of histotripsy methods. The results in Chapter 3 open 

novel avenues of mathematical exploration for the effects of ultrasound focal 

volume, frequency, and medium parameters on the nucleation of bubbles in 

ultrasound. 

 Chapter 3 was built on the cornerstone of the canonical work of Gibbs in the 

equilibrium of two-phase liquids (Gibbs, 1878). Additionally, it was developed 

considering more recent seminal work in metastable liquids and bubble nucleation 

such as that of (Debenedetti, 2020; Kashchiev, 2000; Skripov Kondor Reuven. 

Slutzkin Dinah., 1974). The skeleton of the mathematical model in Chapter 3 

considers that nuclei grow solely by the attachment of vapour molecules and that 

hydrodynamic constraints do not play a role in the kinetics of bubble nucleation. 

These assumptions are closely scrutinised in Chapter 5, where a more complete 

overview of the mechanisms of bubble nucleation and growth is given. In Chapter 
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3, nucleation is defined as a response to the system being provided with sufficient 

energy in the form of heat or tensile pressures. The key quantities explored in 

Chapter 3 are metrics of free energy, which is the energy a system has available 

to do work and change phases. 

The novel contributions to the field brought about by Chapter 3 in this thesis 

can be outlined as: 

• The novel development and demonstration from first principles of a 

rigorous theory of thermodynamic equilibrium of phases for single-

component systems with the aid of the classical nucleation theory. 

• A novel comparison, discussion and integration of empirical work on 
the acoustics of metastable water with experiments on histotripsy, 

resulting in a general framework for the analysis of bubble nucleation 

at constant pressure and temperature. 

• For the first time, a mathematical framework that erases the 

conceptual boundaries drawn by homogeneous and heterogeneous 

nucleation events was derived and applied to ultrasound-induced 

nucleation, demonstrating the concept of an activity coefficient in the 

equations used in the classical nucleation theory. 

• For the first time, a linear dependence of the surface activity coefficient 

on the liquid’s temperature has been evaluated in terms of 

experimental data in histotripsy and pure water. 

• A novel demonstration of the limits of validity of the classical nucleation 

theory with respect to the spinodal envelope of water as parameterised 

by Speedy’s equation of state and the TIP5P molecular dynamic 

model. 

• The first demonstration of the sensitivity of the classical nucleation 

theory to experimentally relevant quantities such as the mean lifetime 

of the metastable fluid and the focal volume. 

• The demonstration of different sensitivities of this mathematical 

framework to changes in pressure and temperature, shedding light on 
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the physical mechanisms responsible for phenomena such as boiling 

and cavitation. 

7.1.1 Future work on Chapter 3 

The models presented in Chapter 3 make the simplifying assumption that 

soft tissue shares the thermodynamic properties of water in nucleation. Future work 

extending and validating the models designed in Chapter 3 of this thesis should 

include formulations that account for the presence of dissolved gas in the medium. 

As a proof-of-concept model, a thermodynamic description of vapour-liquid 

equilibrium in a mixture of H2O and CO2 at temperature 𝑇 and ambient pressure 

𝑃 ≥ 0  following that of (Carey, 1988b; Carroll, Slupsky and Mather, 1991) is 

described below. The solvent (water) is modelled as 

 𝑥G𝑃" = 𝑦G𝜙G𝑃, 7.1 

and the solute (carbon dioxide) is modelled as 

 𝑥8𝐻8G = 𝑦8𝜙8𝑃. 7.2 

Where 𝑥=  is the liquid molar fraction of component 𝑖 and 𝑦=  is the vapour 

molar fracion of the same component. 𝑃",G is the vapour pressure of water given 

by Eq. 7.3 and 𝐻8G is the temperature-dependent Henry constant for the system 

H2O + CO2. 𝜙= represents the fugacity of the 𝑖th component. 

 
ln �

𝐻8G(𝑇)
1	MPa � = ℎG +

ℎ8
𝑇 +

ℎ:
𝑇8 +

ℎJ
𝑇:,	 7.3 

where 𝑇 is temperature in Kelvin, and the coefficients ℎ=  can be found in 

Table 6-3. A temperature-dependent 𝐻8G(𝑇) valid from 0 to 160 ˚C atmospheric 

pressures and below is given by (Carroll, Slupsky and Mather, 1991). 
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Table 7-1. Coefficients for Equation 7.3 (Carroll, Slupsky and Mather, 1991). 

ℎG -6.8346  

ℎ8  1.2817∙104 

ℎ: -3.7668∙106 

ℎJ  2.9970∙108 

The fugacity coefficients are defined as the ratio of fugacities of pure 

components in vapour and liquid phases as  𝜙G =
y3"

y3!
 and 𝜙8 = 𝜙8" .	 This makes it 

possible to employ the approach of (Peng and Robinson, 1976b) to calculate pure 

substance fugacity coefficients. The Peng-Robinson equation stablishes that in the 

vapour phase: 

 
ln 𝜙" = 𝑍" − 1 − ln(𝑍" − 𝐵) −

𝐴
2√2𝐵

ln �
𝑍" + �1 + √2𝐵�
𝑍" + �1 − √2𝐵�

�, 
7.4 

and in the liquid phase: 

 
ln 𝜙! = 𝑍! − 1 − ln(𝑍! − 𝐵) −

𝐴
2√2𝐵

ln �
𝑍! + �1 + √2𝐵�
𝑍! + �1 − √2𝐵�

�, 
7.5 

where 𝑍  is the compressibility factor of the Peng-Robinson cubic EoS 

described by the equation 

 𝑍: − (1 − 𝐵)𝑍8 + (𝐴 − 3𝐵8 − 2𝐵)𝑍 − (𝐴𝐵 − 𝐵8 − 𝐵:) = 0, 7.6 

where 𝐴 = (Q
(S4)#

 and 𝐵 = RQ
S4

. 

The smallest real solution of Eq. 7.6 defines 𝑍" and the largest real solution 

defines 𝑍!. Therefore, using the condition that ∑ 𝑦= = ∑ 𝑥== = 1, the temperature-
dependent equilibrium concentration of dissolved CO2 in water 𝑥8 is given by the 

solution of the linear system: 
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7.7 

By calculating 𝑥= and 𝑦= through a model such as the one presented in Eq. 

7.7, it is possible to reframe Equation 3.6 in this thesis to account for the gas 

content of the medium undergoing nucleation. This would allow for numerically 

evaluating the effect of dissolved gasses in the critical size of bubble nuclei, the 

energy barrier to bubble nucleation, potential variations of the scaling factor for the 

surface tension in terms of the gas composition of the liquid, as well as 

understanding how the equilibrium pressure of dissolved gas in soft tissue behaves 

as a function of temperature. 

7.2 Chapter 4 

Chapter 4 in this dissertation discussed, for the first time, the application of 

thermodynamic models of phase equilibrium to numerically obtained pressure and 

temperature fields that are characteristic of boiling histotripsy. At the forefront of 

the results in Chapter 4 is the idea that an appropriate understanding of pressure 

and temperature fields is essential for the description of bubble nucleation, 

especially in boiling histotripsy (Canney et al., 2010b; de Andrade et al., 2021; 

Khokhlova et al., 2019a). For the case of boiling histotripsy, the model developed 

in Chapter 4 interacts with the theory laid out in Chapter 3 by enabling the solution 

of the equation 𝑃!*(𝑇) = 𝑃!(𝑡) , where one can identify the moment where 

nucleation takes place by identifying the time 𝑡 where the temperature 𝑇 = 𝑇(𝑡) 

and acoustic pressure 𝑃! = 𝑃!(𝑡)  satisfy the thermodynamic conditions for 

nucleation by exceeding the temperature-dependent threshold 𝑃!*(𝑇). 

The results in Chapter 4 consist of a series of spatial-temporal trends in 

bubble nucleation that can serve as a distinctive metric of what exactly the 

ultrasound pulse is doing within the heterogeneous reality of surgical targets. As 

an example, we could consider the heterogeneity of soft tissue, which comprises 
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portions of parenchyma intertwined with connective tissue. Although basic metrics 

such as attenuation parameters and the speed of sound are obtained for a mean 

tissue sample, it is obvious that the bulk of interstitial fluid and cells has different 

thermoviscous properties than collagen and connective tissue. Although most 

methods of analysis are currently limited by the mean-field character of the 

approximations available for such constants, Chapter 4 establishes a framework 

where one could investigate whether nucleation would be quantitatively different at 

the interface between soft tissue and connective tissue, or around fatty regions 

within an organ. The most important message of this Chapter is that, once one 

knows the material at hand and the properties of the acoustic field in appropriate 

detail, it is possible to plan and optimise experiments and procedures considering 

the classical nucleation theory. 

The most distinctive numerical result in Chapter 4 is shown in Figure 4-13, 

where there is a mismatch between the region of highest nucleation rates and the 

region of lowest peak-negative pressures. This mismatch can be interpreted with 

the theory in Chapter 3 in simple terms: preferential nucleation sites are not 

necessarily the regions of lowest acoustic pressure, but rather the regions where 

the interaction between tensile acoustic pressures and temperature allows for 

bubble nucleation to take place. This approach allows the parametrisation of boiling 

histotripsy protocols, or rather, of any histotripsy protocol where one first employs 

the effects of acoustic heat deposition to lower the nucleation pressure threshold 

𝑃!*(𝑇) and then applies the tensile part of an ultrasound wave to trigger the process 

of nucleation. Therefore, Chapter 4 contributes toward the applicability of the 

models developed herein by relating the basic parameters of experiments such as 

electrical power input, pulse repetition frequency, and duty cycle, to the nucleation 

metrics predicted by CNT. Although the applicability of this Chapter is tentatively 

worded for boiling histotripsy, its implications are wide. Upon appropriate validation 

this approach can be envisioned to serve as a tool for protocol planning of 

histotripsy procedures where it is not trivial to propagate high-intensity waves 

through surrounding organs, for example through the skull or ribcage. 
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The novel contributions to the field brought about by Chapter 4 in this thesis 

can be outlined as: 

• The development of a novel computational algorithm that integrates 

simulations of acoustic propagation, acoustic heat deposition, 

temperature-dependent thermodynamic properties, and metrics of 

bubble nucleation. 

• The development of a novel numerical methodology for the 

parametrisation of boiling histotripsy protocols, where it is possible to 

identify the thermodynamic conditions where boiling bubbles have the 

highest likelihood to form within a histotripsy pressure field. 

• The demonstration of a novel methodology for optimising boiling 

histotripsy pulse durations and duty cycles, where it is possible to 

calculate the time taken for the formation of the first bubble nucleus 

without evoking the assumption that bubble nucleation will always take 

place at 100 ̊ C irrespective of time and length-scales of the application 

at hand. 

• A compound novel visualization of the thermodynamic variables 

involved in the process of bubble nucleation, demonstrating that the 

synergetic interaction of pressure and temperature within the HIFU 

focus can surpass the isolated effects of either pressure or 

temperature separately on the nucleation rate. 

• A novel prototype numerical framework for clinical protocol planning of 

boiling histotripsy surgery, where it would be possible to estimate the 

energetic requirements for bubble nucleation within a surgical target. 

7.2.1 Future work on Chapter 4 

The numerical framework presented in Chapter 4 integrates simulations of 

acoustic propagation, acoustic heat deposition, temperature-dependent 

thermodynamic properties, and metrics of bubble nucleation. This framework can 

be augmented with a more complex formulation of bubble nucleation that considers 

the effects of dissolved gasses presented in 7.1. For example: 
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• Future studies should aim to calculate the local differences in 

chemical potential between the vapour and liquid phases of water 

and gas mixtures. This involves a detailed analysis of the 

thermodynamic equilibrium conditions under varying temperatures 

and pressures, which are influenced by ultrasound-induced heating 

(Carroll, Slupsky and Mather, 1991). By understanding these 

differences in chemical potential, it will be possible to predict more 

accurately where and when nucleation is likely to occur within the 

tissue. This requires the integration of more sophisticated 

thermodynamic models into the existing numerical framework, 

allowing for a more nuanced simulation of bubble nucleation 

processes. 

• The possibility of changes in gas concentration due to temperature 

gradients, known as the Soret effect, presents a possible area of 

investigation (Rahman and Saghir, 2014; Guo et al., 2018; 

Bekezhanova and Goncharova, 2020). This phenomenon, where 

dissolved gases migrate along temperature gradients, could 

significantly impact the distribution of gases within tissues exposed 

to focused ultrasound. Future work will explore how these 

temperature-induced concentration gradients affect the likelihood 

and locations of bubble nucleation. This involves developing models 

that can simulate the diffusion of gases in response to temperature 

gradients created by ultrasound heating, providing insights into how 

to manipulate these effects to optimize therapeutic outcomes. 

• Another promising avenue is the modelling of local pH modulation 
within the ultrasound focus by altering gas saturation concentrations 

as a function of temperature (Krieg et al., 2014). This aspect is 

particularly relevant for treatments targeting the acidic 

microenvironments of tumors, where pH modulation could enhance 

the efficacy of certain therapies. Future models will need to account 

for the solubility of gases like CO2, which can significantly affect pH 

levels, and how these solubility changes with temperature. This 
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requires a multidisciplinary approach, combining acoustic physics, 

thermodynamics, and biochemistry to develop a comprehensive 

model of pH modulation through focused ultrasound. 

• Finally, future work will model the spatial pressure thresholds for 

nucleation in the presence of dissolved gases (Wilemski, 1983; 

Oxtoby and Kashchiev, 1994; Vehkamäki, 2006). This involves 

determining the conditions under which dissolved gases come out of 

solution to form bubbles, considering both the acoustic pressures 

applied and the effects of dissolved gases on the nucleation process. 

By accurately modelling these pressure thresholds, it will be possible 

to predict and control the formation of bubbles within targeted 

tissues, optimizing the therapeutic effects of focused ultrasound 

treatments. 

7.3 Chapter 5 

When analysing expressions for the nucleation rate in CNT in Chapters 3 and 

4, it is evident that most kinetic models for nuclei growth focus solely on the case 

of vapour transport. This is probably because, historically, it has been easier to 

study the effect of a superheat in nucleation than the effect of tensile pressures on 

bubble formation, and molecular detachment is the most direct effect of 

superheating in a fluid. In Chapter 5, the hydrodynamic theory of nucleation 

developed by Zeldovich and furthered by Kagan and Blander was applied in 

analysing the role of thermal and hydrodynamic constraints on the growth of 

bubbles in ultrasound nucleation using histotripsy as case-study. This means that 

instead of analysing the vaporisation rate \3
\E

 this Chapter aimed at establishing an 

understanding of the radial growth of critical nuclei 𝑣$ =
\$
\E

. 

An implicit simplifying assumption omitted from Chapters 3 and 4, was that 

the liquid could be instantly brought to an equilibrium concentration of nuclei. The 

equilibrium concentration can be exemplified as the case where one lowers the 

pressure in a liquid, and the density in a closed control volume within this liquid 
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subsequently decreases. From this decreased density, the intermolecular spaces 

increase, making room for empty pockets to be formed from the Brownian motion 

of molecules. This is an idealised model for homogeneous, well-characterised 

fluids with an equilibrium distribution 𝐶(𝑟, 𝑡). However, the reality of any fluid is that 

it contains impurities which will alter the profile of the real distribution of nuclei 

𝑍(𝑟, 𝑡) contained within it. Therefore, the only appropriate treatment of nucleation 

for realistic fluids depends on understanding how the liquid looks like at the 

microscopic scale. 

The theory developed in Chapter 5 is one that circumvents the need for 

having a priori information on the initial distribution of bubbles. This theory uses 

principles of statistics and transport phenomena to describe how the size 

distribution of nuclei 𝑍(𝑟, 𝑡)  evolves in time as compared to the equilibrium 

distribution of nuclei 𝐶(𝑟, 𝑡) from liquid kinetics. This is a convenient mathematical 

framework since it is applicable to distributions of all sizes and shapes if one can 

establish a mathematical relationship between the nuclei population under 

consideration to an equilibrium population of nuclei. 

The novelty brought by the work described in Chapter 5 is that it represents 

the distribution of bubbles across sizes within a mass conservation law. The 

conservative nature of the governing equation of nucleation (Eq. 5.9) makes it 

analogous to the evolution of a pulse modelled by Burgers’ equation, where 

dissipation occurs due to a certain diffusion coefficient 𝐷∗ and the advective term 

𝑣$ is non-linear. At this point, it is possible to merge the Rayleigh-Plesset equation 

into CNT. If the Rayleigh-Plesset equation describes how bubbles respond to an 

acoustic field with a certain size-dependent velocity \$
\E

, then this equation is 

applicable in finding the advective term 𝑣$ in Zeldovich’s theory, which is simply 

the characteristic equation over which the nuclei population will be advected. 

Chapter 5 furthers our understanding in ultrasound bubble nucleation by 

relating the direct effects of ultrasound pressure fields characterised by the drift 𝑣$ 

to near-equilibrium effects characterised by the critical diffusivity 𝐷∗ in terms of the 

liquid’s temperature. This Chapter comprises a theory that accounts for the 

fluctuational drift of bubbles up to nearly critical sizes, and for the size diffusion that 
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occurs around the critical size, i.e. when the intrinsic thermal fluctuations in the 

liquid 𝑘/𝑇 are the defining factor for nucleation to happen. This framework allows 

the construction of a fundamental set of equations which yields non-dimensional 

measures of the relative effects of constraints such as viscosity, inertia, surface 

tension and enthalpy transport in bubble nucleation. When compared to 

documented experimental data in bubble nucleation and histotripsy, these metrics 

outline well-defined parameter windows where nucleation takes place via 

equivalent mechanisms. The immediate implication of these results is that metrics 

such as Eqs. 5.33 – 5.40 can be used to compare the equivalence and similarity 

of protocols for ultrasound bubble nucleation in water. 

It is important to outline that amongst all constraints analysed for bubble 

nucleation, the surface tension of bubble nuclei is the only one that is present in 

the two fundamental components of nucleation, acting both as a kinetic term and 

an energetic term. The surface tension acts as an energetic term because it is very 

closely related to the energy barrier that needs to be overcome such that nucleation 

takes place. Likewise, the surface tension affects the kinetics of bubble nucleation 

because it is an active term in determining both the radial dynamics of bubbles as 

given by the Rayleigh-Plesset equation, and the extent to which enthalpy transport 

decreases vaporisation rates into bubble nuclei. Therefore, it is important to 

highlight that, although the viscosity of the surrounding liquid is the dominant factor 

with respect to the growth of bubble nuclei, the surface tension remains the most 

critical parameter in nucleation, because the nucleation rate depends on it 

exponentially as shown in Chapter 3. 

The most interesting paradox that is posed by Equations 5.29 and 5.34 is 

that, in the idealised case, there is a direct relationship between vaporisation rates 

and the radial oscillations of a bubble. Although very basic, this statement can be 

interrogated with the question “Does the bubble radius change because of the 

internal number of molecules in a bubble or does the internal number of molecules 

change because of the radius?”. This is a fundamental question that shapes and 

limits the analysis of the mathematics in Chapter 5 of this thesis. The primary step 

into an answer is given by the results of this Chapter, which depend on the 
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temperature at which the system is being observed. At low temperatures, viscous 

effects dominate bubble nucleation and absorb kinetic energy from radial 

oscillations such that bubble contents are always “catching up” with the bubble 

size. Alternatively, at high temperatures, enthalpy transport into the bubble 

decreases the supersaturation around a critical nucleus, bringing nucleation to a 

halt. In this case, the radius of the bubble is controlled by the rate at which its 

contents change. 

The novel contributions to the field brought about by Chapter 5 in this thesis 

can be outlined as: 

• For the first time, a hydrodynamic model of bubble nuclei populations 

is derived within the application of ultrasound-induced nucleation. This 

includes a novel visualization of the growth of bubble populations in 

terms of advective and diffusive transport mechanisms. 

• For the first time, metrics representing the magnitude at which 

enthalpy transport constrains the formation of bubbles has been 

developed, explored and demonstrated for ultrasound-induced bubble 

nucleation. It has been shown, for the first time, that this mechanism 

is a viable explanation for the difference in size and behaviour between 

boiling histotripsy vapour bubbles and histotripsy cavitation clouds. 

• For the first time, a mathematical model of bubble nucleation has 

integrated the Rayleigh-Plesset Equations to the Classical Nucleation 

Theory for the process of bubble nucleation. 

• For the first time, it was demonstrated that boiling and intrinsic 
pressure histotripsy protocols can be discerned with respect to 

dimensional analysis. Most importantly, this is a novel way of 

quantifying the character of bubbles as they nucleate. 

• Fort the first time, it was demonstrated that a second-order 
hydrodynamic approximation to bubble critical diffusivities is in 

excellent agreement with the third-order approximation. 

• For the first time, it was demonstrated that when only the effects of 

vapour transport are taken into account at low temperatures, these 
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yield nucleation rates that are significantly lower than those obtained 

by considering the effects of pressure fields. 

7.3.1 Future work on Chapter 5 

The hydrodynamic model presented in Chapter 5 integrates kinetic aspects 

of hydrodynamic nucleation into the calculation of nucleation rates. These models 

highlight that enthalpy of vaporisation can play an important role in reducing 

nucleation rates around a critical nucleus. By augmenting the fundamental 

thermodynamic model in Chapter 3 to account for dissolved gas, it is possible to 

arrive at an additional nondimensional factor 𝛿8 for Equation 5.32. This happens 

by acknowledging that while the water vapour transport rate into the critical nucleus 

core is 

 𝑛̇G =
𝐴

(1 + 𝛿G)�2𝜋𝑚𝑘/𝑇
y
𝑥G
𝜙G
𝑃" − 𝑦G𝑃q�,	

7.8 

the rate of gas transfer will be given by  

 
𝑛̇8 =	

𝐴
�2𝜋𝑚𝑘/𝑇

¢�
𝑥8𝐻8G
𝜙8

�
.
− 𝑦8𝑃′£.	 7.9 

This implies the existence of a second non-dimensional factor, such as that 

introduced in 5.33 that arises from heat transfer caused by the process of gas 

dissolution. Such work would be an important extension to the work in this thesis 

and other seminar works in the field (Katz and Blander, 1973; Blander, 1979; 

Zeldovich, 2015). 

7.4 Chapter 6 

A critical aspect of Zeldovich’s theory of bubble formation is that by establishing 

a relationship between the real distribution of nuclei in a liquid 𝑍(𝑟, 𝑡) and the 

equilibrium one 𝐶(𝑟, 𝑡) the adjustment of the former onto the latter requires time. 

The specific magnitude of this relaxation period needs to be conservatively 
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accounted for with the slowest process involved in nucleation, which is size 

diffusion as discussed in Chapter 5. This means that there is a Fourier-type number 

that relates the timescales at which bubble size diffusion takes place. At the centre 

of Chapter 6, is the idea that the key kinetic component of nucleation, the critical 

diffusivity 𝐷∗, shapes the speed at which any concentration of nuclei rearranges 

into an equilibrium concentration, which can be analysed mathematically within the 

scope of liquid kinetics. The mathematical validity of this idea underpins the 

transient validity of all mathematical models derived within this thesis. Starting with 

Chapter 3, where it was proposed that at the most essential level, nucleation is the 

process of creating Σ bubbles within the focal volume of the transducer V% during a 

time interval Δ𝑡d, which results in a steady-state nucleation rate 𝐽ll ≈
e

B)fE(
. 

 A critical interrogation of this statement needs to lead to questioning on how 

the time interval Δ𝑡*  is determined. On the one hand, this interval needs to be 

sufficiently small such that first-order approximations hold with sufficient accuracy. 

Likewise, this time interval needs to be significantly smaller than the acoustic 

period G
c
 such that neither the acoustic pressure 𝑃!  or the focal temperature 𝑇 

change significantly over the duration of Δ𝑡*. Provided that all these assumptions 

hold true, one can evaluate a linear steady-state nucleation rate as 𝐽.. ≈
e

B)fE(
. This 

approximation is the key to defining what is meant by a “nucleation pressure 

threshold” in Chapter 3. On the other hand, this interval needs to be sufficiently big 

so that a detailed time-series measurement of the nucleation rate can be obtained. 

In Chapter 6, the concept of quasi-stationary nucleation was applied to gauge 

and confirm the mathematical validity of results obtained in Chapters 3 through 5. 

Quasi-stationary nucleation is a special case of transient nucleation where, at 

every moment in time, the nucleation rate is very close to the steady-state 

nucleation rate at that pressure and temperature. During quasi-stationary 

nucleation, the system spends very little time doing rearrangements that will enable 

the formation of critical bubbles and spends most of the time nucleating them. 

Although the assumption of equilibrium is ubiquitous in the derivations of Chapter 

3, the concept of equilibrium is also largely associated with the limit of a property 
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at 𝑡 → ∞. Thus, it would be simply irresponsible to apply a steady-state analysis 

dependent on equilibrium quantities to a process that is, by definition, highly 

transient with frequencies within the MegaHertz range. 

The main finding of Chapter 6 is that the total time available for nucleation 

Δ𝑡* is a quantity that depends on a range of parameters such as temperature and 

pressure magnitude, but mostly on the acoustic waveform. The results in Chapter 

6 show that when the pressure wave changes sufficiently slow with time the system 

can quickly rearrange itself to the acoustic field, and nucleation is not hindered by 

the transiency of pressure and temperature. Most importantly, Chapter 6 shows 

that the elongated tensile period of shockwaves characteristic of high-intensity 

focused ultrasound are favourable to nucleation by prolonging the period of 

exposure to negative pressures with minimal changes to the equilibrium 

distribution of nuclei. 

The novel contributions to the field brought about by Chapter 6 in this thesis 

can be outlined as: 

• For the first time, a quasi-stationary model of bubble nucleation in 

acoustic fields was developed. This model includes considerations 

that are valid for the analysis of the metastability induced by time-

dependent pressure and/or temperature fields. 

• For the first time, it was demonstrated that the classical nucleation 

theory has timescales that are compatible with those of high-intensity 

ultrasound fields. 

• For the first time, it was demonstrated that quasi-stationary nucleation 

takes place at the tensile part of acoustic waves. This confirms the 

validity of the models developed and discussed in Chapters 3 – 5 for 

application in ultrasound-induced nucleation. 

• For the first time, the effects of temperature on the mean lifetime of a 

metastable fluid were calculated and evaluated as a function of 

temperature, and it was demonstrated that it decreases with 

increasing temperatures. 
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The quasi-stationary model presented in Chapter 6 elucidates the effects of 

time-varying temperature and pressure fields in the nucleation process and 

establish a comparison between steady-state and transient nucleation rates. 

These models can be extended to scenarios where dissolved gas is present, 

evaluating the minimal timescales for establishing the quasi-stationary regimes of 

nucleation for which the work in this thesis is mathematically valid. 
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Appendix 1: MATLAB Code 

Appendix 1: MATLAB Code 

The MATLAB code in this thesis is available online for review and replication 

of the results presented in this thesis. The code is hosted on UCL's OneDrive 

platform, accessible via the following link: 

https://liveuclac-my.sharepoint.com/:f:/g/personal/ucemoli_ucl_ac_uk/En4-

UBx5b45EtLedUZ60QWEBr6ARmddK4hx-czLMcVol2g?e=6kSjBL  

Please note that the folder is set to 'view only' to ensure the integrity of the 

code. 

https://liveuclac-my.sharepoint.com/:f:/g/personal/ucemoli_ucl_ac_uk/En4-UBx5b45EtLedUZ60QWEBr6ARmddK4hx-czLMcVol2g?e=6kSjBL
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