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Abstract

Change-point analysis has been successfully applied to detect changes in multivariate
and high-dimensional data streams over time. However, many existing methods did not
consider the additional structures that data may possess. In this thesis, we study the
problem of high-dimensional change-point estimation under structural assumptions. We
mainly study two structures: group sparsity structure and network structure. For group
sparsity structure, we assume that coordinates in mean vectors are naturally divided into
groups and changes only occur in a small subset of groups. We propose groupInspect
which uses the group information to estimate a projection direction so as to aggregate
information across the component series to estimate the change-point in the mean under
this structure. For network structure, we assume that coordinates are connected into a
network, and changes start from a source coordinate and then spread out to the neigh-
bouring coordinates. We propose SpreadDetect to estimate the initial time of change as
well as the location of the source coordinate of change. For both algorithms, we provide
theoretical guarantees on our proposed estimators. We also demonstrate the performance

of the two algorithms using simulation studies and real-data examples.



Impact Statement

Streaming data has become an increasingly important data type since the advent of
the Internet of Things. In many applications, one is interested in estimating changes in
the data distribution in the data stream, for example, the amount of greenhouse gases in
the atmosphere, fMRI imaging data and stock prices. Many methods have been proposed
to estimate the changes in distributions for high-dimensional data. A common assumption
is sparsity where the changes only occur in a small subset of coordinates. However, this
assumption often does not capture the full structure of the data. In this thesis, we propose
change-point estimation algorithms that exploit two additional structures.

The first structure is the group sparsity structure (in Chapter 3) which assumes that
the coordinates are clustered into groups and only a small subset of the groups may
experience changes. We propose a new algorithm to estimate the change in the mean
vector under this structure which first seeks an optimal projection direction to project
the data into a one-dimensional series and then locate the change. The algorithm can be
combined with existing top-down methods to estimate multiple change-points recursively.
We provide theoretical guarantees on the change-point location estimator under both
single and multiple change-point cases. We also extend the theory to settings where data
follows sub-Gaussian distributions or has temporal dependence. The simulation studies
also demonstrate the good performance over other existing methods under this group
sparsity assumption. In addition, this algorithm can be used to solve real-world problems
when data exhibit group sparsity structure. This includes financial data streams where
changes are often grouped by industry sectors, and functional magnetic resonance imaging
data where temporal changes are clustered by voxel locations within the brain. In this
thesis, we also present a real-world example with an S&P 500 stock price dataset.

The second structure we consider in this thesis is the network structure (Chapter 4).
Although there are many existing methods for change-point analysis with network struc-
tures, we consider a different setting of spreading change in this work. To be more specific,
the coordinates in the mean vector are connected into a network and initially, the change

occurs in a single coordinate (source coordinate) and then spreads out to the neighbour-



ing coordinates. As the change is quite sparse and the signal is weak initially, existing
methods may not be able to detect it. We proposed a new algorithm, SpreadDetect,
which can consistently estimate both the initial time of change and the location of the
source coordinate. We also provide the theoretical guarantees for the estimators and per-
form simulation studies to show the good performance of our method. This spreading
assumption is also of practical use, for example, locating the initial time point and the
individual (source coordinate) in the spread of infectious disease between individuals over
time. We also provide an example by applying our method to a US COVID-19 weekly

excess death data.
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Chapter 1

Introduction

Modern applications routinely generate time-ordered high-dimensional datasets, where
many covariates are simultaneously measured over time. Examples include climate data
that tracks the amount of greenhouse gases in the atmosphere (Reeves et al., 2007);
(Itoh and Kurths, 2010), wearable technologies recording the health state of individuals
from multi-sensor feedbacks (Hanlon and Anderson, 2009), internet traffic data collected
by tens of thousands of routers (Peng, Leckie and Ramamohanarao, 2004) and functional
Magnetic Resonance Imaging (fMRI) scans that record the time evolution of blood oxygen
level dependent (BOLD) chemical contrast in different areas of the brain (Aston and
Kirch, 2012). The explosion in the number of such high-dimensional data streams calls
for methodological advances for their analysis.

Change-point analysis is an essential statistical technique used in identifying abrupt
changes in a time series. Time points at which such abrupt change occurs are called
‘change-points’. By estimating the location of change-points, we can divide the time
series into shorter segments that can be analysed using methods designed for stationary
time series. Moreover, in many applications, the estimated change-points indicate specific
events that are themselves of great interest. In the examples mentioned in the previous
paragraph, they can be used to raise alarms about certain climate changes, abnormal
health events, detect distributed denial of service attacks on the network and pinpoint

the onset of certain brain activities.



Classical change-point analysis focuses on univariate time series. The current state-
of-art methods including Killick, Fearnhead and Eckley (2012); Frick, Munk and Sieling
(2014); Fryzlewicz (2014). However, classical univariate change-point methods are often
inadequate for high-dimensional datasets that are routinely encountered in modern appli-
cations. When applied componentwise, they are often sub-optimal as signals can spread
over many components. Recently, several methodologies have been proposed to test and
estimate change-points in high-dimensional settings by borrowing strength across multiple
coordinates to detect and localise change-points at a higher accuracy than would otherwise
be possible using univariate change-point algorithms alone. These methods include ¢5 or
l+ aggregation of the cumulative sums (CUSUMS) test statistics across different com-
ponents proposed by Horvath and Huskova (2012); Jirak (2015), the Sparsified Binary
Segmentation algorithm by Cho and Fryzlewicz (2015), the double CUSUM algorithm of
Cho (2016) and a projection-based approach by Wang and Samworth (2018).

However, in order to handle the high-dimensional nature of the problem, the mul-
tivariate or high-dimensional methods mentioned in the previous paragraph often make
simplifying assumptions such as all coordinates are exchangeable or that changes are
located in a sparse subset of coordinates. In reality, in many applications, there are ad-
ditional structures in the change-points that one can exploit to improve the estimation
accuracy. Examples include group structures where coordinates form natural groups and
changes tend to occur within the same group (Wang et al., 2021), and community struc-
tures where nodes belong to different (unknown) communities and may switch community
at the change-point (Wang, Yu and Rinaldo, 2021).

In this thesis, we focus on the high-dimensional change-point estimation problem under
structural assumptions. In Chapter 2, we first review some relevant literature on change-
point analysis, including classic offline change-point estimation procedures, recent de-
velopments on high-dimensional change-point analysis and online change-point detection
problems, as well as high-dimensional problems with structural assumptions. In Chap-
ter 3, we study the group sparsity structure that coordinates are naturally divided into

groups and only a small subset will undergo changes. We propose a new change-point esti-



mation procedure, named groupInspect which uses the pre-specified group information to
estimate a projection direction and then locate the change-point by applying a univariate
change-point estimation method to the projected series. The algorithm can be combined
with a top-down method to identify multiple change-points. In Chapter 4, we consider
the structure where the coordinates represent nodes of a graph/network and the change
initially appears in one coordinate (the source coordinate of change) and then spreads
across the network gradually over time. We propose a method called SpreadDetect, that
can estimate both the source coordinate and the initial change-point time. The idea is
to aggregate the CUSUM statistics across multiple coordinates with suitable time lags
according to the given network structure information and we propose both quadratic and

linear test statistics.

1.1 Notations

We close this chapter by introducing the notations used in this thesis. For n € N, we write
n) = {1,...,n}. For a vector v = (v,...,v,)" € R", we define ||v|lg = D1, L0},
V||loo = max;ery |v5] and [|v]|, = " (v;)? Y4 gor any positive integer ¢, and let S*~1 =
[n] q i=1
v € R” : |||l = 1}. For a matrix A € RP*™, we write ||All. = min(p,n) o;(A) for its
{ ’ =1

nuclear norm, ||A|o, = max; 0;(A) for its operator norm, where o1, ..., Ominpn)(A) are

its singular values. We write ||Al|p = \/ > im1 2y—y Aj; for its Frobenius norm.

For any S C [n], we write vg for the |S|-dimensional vector obtained by extracting
coordinates of v in S. For a matrix A € RP*" J € [p] and S € [n], we write A, ¢ for the
submatrix obtained by extracting rows and columns of A indexed by J and S respectively.
When S = [n], we abbreviate A;p,; by Ay, When S = {t} is a single element set, we
slightly abuse notation and write A, instead of A .

We use o to denote the Hadamard product. Given two sequences (a,)nen and (b, )nen
such that a,,b, > 0 for all n, we write a, < b, (or equivalently b, 2 a,) if a, < Cb,
for some universal constant C. We denote j = [p] if j is the smallest integer such that
j = p and denote j = |p] if j is the largest integer such that j < p. We write a, < b, if

0 < liminf, . |a,/b,| < limsup,,_, . |a,/b,] < o0.
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Chapter 2

Literature review

In this chapter, we review relevant literature in change-point analysis, as well as other
high-dimensional problems where structural assumptions can also be exploited to improve
statistical inference. In change-point analysis, we will mainly emphasise on the literature
on offline change-point estimation as this is also the key focus of this thesis. We start
by revisiting some classic one-dimensional estimation procedures and then review some
more recent developments in high-dimensional change-point settings. In addition, we
will also give a brief overview of the literature on the online change-point problems.
Finally, we conclude this chapter by discussing some other high-dimensional problems

where structural assumptions are used to improve inference.

2.1 Univariate offline change-point estimation prob-
lem

In the offline change-point analysis, we usually have access to the entire dataset prior
to performing statistical analysis. In the general setup of the problem, we are presented
with a data sequence X = (Xi,...,X,), such that for some (unknown) time points
1 <21 <29 <+ <2z, <n—1, the marginal distributions of the elements in the sequence
satisfy

Xy~ F;, for z;+1 <t < 241

10



for ¢ € {0,...,v} (by convention, we set zyp = 0 and z,.; = n). We denote f; as the

density of F;. The goal is to estimate z,..., z, given data X.

2.1.1 CUSUM-based approaches

In this subsection, we assume that p = 1. In general, there are two types of methods
for univariate change-point estimation. The first is based on cumulative sum (CUSUM)
statistic. For a data sequence X = (X});cpn, its CUSUM transformation at time ¢ between

the segment (s,e] (for s <t < e) is defined as:

T x) = 1 _65)_(68_ ‘) (eit S X, - tis i Xt> (2.1)

r=t+1 r=s+1
e t
e— s t—s
- (t_s)(e_t)(e_t > Xt—ZXt) (2.2)
r=s+1 s=1

Equation (2.1) and (2.2) are two commonly used equivalent ways of defining the CUSUM
transformation. If X;,..., X,, are independent and identically distributed normal random
variables, |7,”"(X)| can be viewed as the generalised likelihood ratio statistic for testing
the null hypothesis that there is no change against the alternative that there is a change
in mean at time t. In the single change-point case, we can detect a change-point if
max;<;cn_1 |7 (X)| is above a certain threshold and consequently estimate its location
by the location of the maximum.

While the above CUSUM-based method is designed for estimating a single change-
point, it can be applied in conjunction with a top-down approach to estimate multiple
change-points recursively. Binary Segmentation (BS) proposed by Scott and Knott (1974)
is one of the most widely used top-down method for locating multiple change-points. It
starts by applying a single change-point procedure to the entire data sequence (X):e(o,n]
to test the existence of a change-point and, if present, estimate its location 2. It then
splits the original data into two subsequences (X;)ic(,s) and (X¢)se(z,n) and repeats the
same process, until no more change-points can be detected in all the subsegments (see
Algorithm 1 for a pseudocode).

However, it should be noted that when used in conjunction with the BS approach to

11



Algorithm 1: Pseudocode for binary segmentation

Input: data sequence X = (X;);cpn, a single change-point test ¢ : R* — {0,1}
and a single change-point estimator n : R* — N
1 Set Z + 0
Function BS(s, e):

N

3 if ¥((X¢)te(s,g) = 1 then
a 2= n((Xie(s) +5
5 Z— ZU{z}
6 Run recursively BS(s, 2) and BS(Z, e).
7 Run BS(0, n)
Output: Z

estimate multiple change-points, the CUSUM estimator is applied in a misspecified way.
This is because the mean of the CUSUM statistics (7,7)ie(s,¢) is unimodal peaking at the
true change-point when there is only a single change-point present in the segment (s, e,
but when more than one change-points are present, neighbouring change-points may offset
each other in CUSUM calculation and the series may have a much less well-defined peak
at each of the true change-point locations. Such misspecification can lead to the sub-
optimality of BS in some scenarios. Figure 2.1 gives an illustration of this situation. We
randomly generated 300 independent random variables from a normal distribution with
a change in mean at t = 120, 150, 180. From the dotted curve, it can be seen that none
of the true change-points can be identified if we compute CUSUM statistics on the entire
series. However, if we look at the CUSUM curve calculated from a short interval around
150, the CUSUM statistics do appear to have an obvious peak at the true change-point
t = 150.

To remedy the problem of BS mentioned above, Fryzlewicz (2014) proposed a multiple
change-point estimation procedure, named Wild Binary Segmentation (WBS). The main
idea is that instead of computing global CUSUM statistics from the entire data sequence,

we first randomly draw a large number of intervals. Then for each interval, we apply
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Figure 2.1:  Comparisons of CUSUM statistics calculated from the entire data series
(the dotted line) and a short window around ¢ = 150 (the green curve). The dotted line
represents the absolute CUSUM statistics computed on the entire data series used for
binary segmentation. The true change points at 120, 150 and 180 are shown with vertical

dashed lines.

a single change-point algorithm to find a candidate change-point, which for a CUSUM-
based approach is the time point at which the absolute CUSUM statistic is maximise. We
then pick the best candidate change-point to be the one where the associated test statistic
is maximised. Provided that the test statistic associated with the best candidate change-
point is above a certain threshold, we admit it as an estimated change-point. We then
split the data from this point and repeat the process within each segment until no more
change-point can be detected (see Algorithm 2 for a pseudocode). By choosing M, the
number of random intervals, sufficiently large, it is guaranteed that with a high probability,
there exists an interval capturing each of the true change-points well inside its interior.

Theoretically, a choice of M =< 1/72 is sufficient, where 7 := mingeqo, v} 1 (Zip1 — 2;)

13



(cf. proof of Theorem 3.5).

Algorithm 2: Pseudocode for wild binary segmentation

Input: data sequence X = (X});e[n), number of intervals M € N, a single
change-point test statistic ¢ : R* — R with a threshold A € R, and a
single change-point estimator n: R* — N
1 Set Z 0

N

Draw M pairs of integers (s1,€1),. .., (Su, en) uniformly at random from the set
{((,r)eN?:0< (<r<n}.
3 Function WBS(s, e):

4 | Set Mg, ={me[M]:s<s,<e,<e}

5 Compute Ry, < ((Xt)ie(sm,em) for each m € M,
6 if max,,ea,, o > A then

7 M 4= argmaxX,,c v, , fm

8 2 n(Xo)e(smen)) T i

9 7+ ZU{%}

10 Run recursively WBS(s, 2) and WBS(Z, e).

11 Run WBS(0, n)
Output: Z

However, we remark that when applied with a CUSUM-based estimator, WBS is
choosing the interval with the maximum CUSUM statistic, and is not guaranteed that
the best candidate change-point belongs to an interval with a single true change-point.
If the interval contains more than one true change-points, it is still possible that the
estimated change-point may be away from any of the true change-points therein. To
guarantee that the chosen interval contains exactly one change-point, Baranowski et al.
(2019) further extended the idea of WBS and proposed the Narrowest-Over-Threshold
(NOT) algorithm. NOT also starts by drawing a large number of intervals and finding
the point with maximum CUSUM statistic within each interval. Unlike WBS, when
combined with the CUSUM-based estimator, it then searches for all the intervals which

14



have maximum absolute CUSUM statistics above a certain level and then picks up the
narrowest one to estimate the change-point. As NOT focuses on the narrowest intervals
in each step, it is guaranteed with a high probability that the interval we finally choose for
estimation at each recursion contains exactly one change-point (cf. proof of 3.5, proof of

Baranowski et al. (2019, Theorem 1)) . The generic form of NOT is stated in Algorithm 3.

Algorithm 3: Pseudocode for narrowest-over-threshold algorithm

Input: data sequence X = (X;);c[,), number of intervals M € N, a single
change-point test statistic ¢ : R* — R with a threshold A € R, and a
single change-point estimator n : R* — N

Set Z + ()

=

N

Draw M pairs of integers (s1,€1),. .., (Sy, ey ) uniformly at random from the set
{(t,r) eN?*: 0l <r<n}
Function NOT(s, e):

w

4 | Set Mg, ={me[M]:s<s,<e,<e}

5 Compute Ry, < ((Xt)ie(sm,em) for each m € M,
6 Set Rse :={m &€ M,.: R, > A}

7 if Rs. # () then

8 Find 7 € argmin,,cr,  [€m — Sml

o || 2 e n(Xretomen) + 50

10 7 — ZU{z}

11 Run recursively NOT(s, 2) and NOT(z, ¢)

1

N

Run NOT(0, n)
Output: 7

To better understand the difference between the three top-down approaches mentioned
above. We now use the following simulation to compare BS, WBS and NOT. We randomly
generate a series from a normal distribution with two changes in mean at 100 and 200
respectively. Figure 2.2 gives the interval picked up by three algorithms in the first step.
Both BS and WBS fail to pick out the true change-point. However, as NOT is picking

15



the narrowest interval, it avoids the influence from another change-point and estimates

the change-point correctly.

2.1.2 Piecewise model fitting with complexity penalties

Apart from CUSUM-based approaches, a separate line of works estimate the change-points
by fitting piecewise constant models to the data sequence with appropriate penalties
for model complexity. One common way to do this is by minimising the following cost

function:

ZC(XZi—l—H:Zi) +ﬂf<7/); (23)

where C is a cost function and Sf(v) is the penalty term to prevent overfitting. One
of the commonly used cost functions is the twice of negative log-likelihood (Horvéth,
1993);(Chen and Gupta, 2000). For the penalty function, linear function in terms of v is
commonly used, for example, AIC (Akaike, 1974) and BIC (Schwarz, 1978). The search
method Optimal partitioning (OP) proposed by Yao (1984) and Jackson et al (2005) was
aimed to solve the minimisation problem above with f(r) = v. Firstly, if we denote the

minimisation from 2.3 as F'(s), then it can be shown that:
F(s) = min{F(s') + C(Xsrsas) + 8}, 0<s' <s.

The OP algorithm iterates from s = 1 to n. In each step, it calculates the minimum of
F(s') for each s’ € [0,5) and then find out s* = argming,_{F(s') + C(X(s41)m) + 5}
which is the estimated change-point for data X;.,. Then, we record it into the estimated
change-point set cp(s) = (cp(s*), s*) and cp(n) is the set of estimated change-points for
the whole data. Although it has improved the computational efficiency to O(n?) compared
to previous work such as SN method (Auger and Lawrence, 1989), it is not competitive
to BS procedure which has a computational cost of O(nlogn).

In order to improve the computational cost of the OP algorithm, Killick, Fearnhead
and Eckley (2012) proposed a modified algorithm which adds a pruning step (PELT
method). To be more precise, it adds an additional step after updating the estimated

change-point set cp(s) each iteration to remove the time points s that can never be a

16



minimal based on the current minimisation. The cost in this case can be reduced to
O(n). In the worst case, the cost is O(n?) when no pruning is performed.

Another method we introduce here is through multiscale testing which can also be
seen as a penalisation method. Frick, Munk and Sieling (2014) proposed simultaneous
multiscale change-point estimator (SMUCE) for change-point estimation problems in ex-
ponential family. Here, we denote Fj = Fy(;/) and Fp, 0 € © comes from an exponential
family with densities fp with ¢ : [0,1) — © being a right continuous step function with
unknown number v of change-points. Let S be the space of all right continuous step
functions with an arbitrary but finite number of jumps on the interval [0, 1) taking values
in ©. The idea is to estimate an unknown step function by minimising the number of
change-points subject to a certain multiscale statistic below a chosen threshold. Let J (1)

be the set of change-points. Initially, we want to solve the following optimisation problem:

1igng |7 ()|, subject to T,,(X,¥) < ¢, (2.4)
S

B ; B en
T.(X, ) =  Jnax }{\/QTi (X,0) \/210g (j——i+1>} (2.5)

9(t)=0 for teli/n,j/n

where

Tl-j here is the local likelihood ratio test for testing Hy : 6 = 0* against Hy : 60 # 0*. Let

v(q) be the estimated number of change-points. We denote the solution to (2.4) as:
Clg) ={v € S:|T (W) = v(q) and T, (X, J) < ¢} (2.6)

This is the constructed confidence band for the true 9 that we want to estimate. The es-
timator ¥(q) is then the constrained maximum likelihood estimator within the confidence

set C(q) defined above:

~

(q) = argmax » _log(fi(i/m (X:)). (2.7)

vecla) =3
SMUCE gives a good estimate of the number of change-points by balancing the probabil-
ities of both overestimating and underestimating |7 (). It follows from equation (2.4)
that P(2(q) > v) < P(T,(X,9) > q). Therefore, we can control the probability of over-

estimating the number of change-points at level a by choosing ¢ as the (1 — a)-quantile

17



absolute CUSUM

Figure 2.2: Comparisons of BS, WBS, NOT methods on a synthetic univariate data set
with 2 change-points. The dotted line represents the absolute CUSUM statistics com-
puted on the entire data series used for binary segmentation. The red curve represents
the CUSUM computed in the window with the largest test statistic in wild binary seg-
mentation. The locations of the peak of each of the curves are used as the first estimated
change point in each of the procedures respectively. The true change points at 100 and

200 are shown with vertical dashed lines.
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of the null distribution of 7,,(X, ). Also, Frick, Munk and Sieling (2014) proved an ex-
ponential bound for the probability of underestimating. Combining these two results, the

probability that o # v tends to 0 for a suitable choice of q.

2.2 High-dimensional change-point estimation

Here, we consider the following setup: Xi,...X,, ~ N(u,0%I,) and the sequence of mean
vectors (p);, undergoes changes at times z; € {1,...,n — 1} for i € {1,...,v}, in the
sense that

floir =+ = o, = pD, Vi€ {0,... v}, (2.8)

where we use the convention that zp = 0 and 2,,7 = n.

2.2.1 Methods based on columnwise aggregation of CUSUM

matrices

The univariate change-point estimation methods we introduced so far can not be applied
directly to high-dimensional data. However, the idea can be adapted to high-dimensional
problems. One of the most frequently used quantities in high-dimensional change-point
analysis is the CUSUM statistic. We define the CUSUM transformation 7 : RP*" —

RP*("=1) for a matrix M for t € [n] as:

T(M);, = t(nn_ ) (n 1_ - > M, -) %Mj,r). (2.9)

r=t+1

The methods we are going to review are mostly CUSUM-based algorithms. We will focus
our discussion on how they estimate a single change-point. For notational simplicity, we
write z = z;. Similar to the univariate case, top-down methods, can also be combined to
estimate multiple change-points in high-dimensional data.

Horvéath and Huskova (2012) proposed the following test statistic based on the ¢y

aggregation of CUSUM statistics to test whether there is a change in mean:

— 2 o
e = e, 2 (T =) (2.10)
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under the condition that the coordinates are independent and p/n* — 0, which allows the
number of coordinates to be larger than the sample size. Jirak (2015) proposed another

test statistic based on the /., aggregation:

Uy = max max |T(X);,l. (2.11)

i 1<t<n—1 1<5<p

This method also allows for large p and small n, where n/p — 0. Also, the construction of
the test is non-parametric and can be generalised to many popular models such as ARMA
and GARCH.

However, this kind of aggregation may fail in cases such as when the signals are sparse
and spread out the coordinates. In order to reduce the impact from the series which do
not contain a change, Cho and Fryzlewicz (2015) proposed sparsified binary segmentation
which only aggregates the coordinates with the CUSUM values above a certain threshold

m, under the sparsity assumption. Specifically, it uses the following statistic:

\IISBS— max Z’T ]t’]l‘T(X)Nbﬂn (212)

1<t<n—1

Furthermore, Cho (2016) defines the followmg double CUSUM (DC) statistic to locate
the change-point. After performing a first CUSUM transform on the entire series in terms

of each time t, it performs a second CUSUM transformation on the coordinates:

DEEIT(X) gl }-)

() (g £ o)
:{“2g_f}¢x§i(mxm ——Z‘ o)

j=1 j=s+1

where j € {1,...,p}, ¢ € [0,1] and |T(X)(j).| is the ordered CUSUM statistic values
such that |7(X )y = [T (X))l = ... = [T(X) )| at each ¢. Then, the test statistic

is defined as:

Whe = max max DY{IT(X)0l0,): (2.13)

1<t<n—11<s<p
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If \II%C is above a certain test criterion, the following time point Z is identified as a
change-point:

z = argmax max DI ({|T (X)) }o_,)-

1<t<n—1 1<s<p

The innovation here is that in the second aggregation D?, the input is an ordering series.
This enables us to not only locate the time point with change but also the coordinates

with change. We can achieve this by finding

s? = argmax DY ({|T(X) )5 }7_y.

1<s<p

where Z is the estimated change-point location. The estimated number of coordinates
with change is given by sf and we can find out the exact coordinates according to the
sorted CUSUM statistics in the Zth column. We remark that the double CUSUM statistic
can also be viewed as a columnwise aggregation. For each time point ¢, we input the
sorted CUSUM statistics and perform a second CUSUM transformation after combining
a zero matrix of p X (n — 1) dimension and then take the maximum. We can rewrite
equation (2.13) as:

Whe = max [|[T(sort(|T(X)]),0,)]x. (2.14)

1<t<n—
where 7; denotes the CUSUM transformation of the ¢th column and sort(|7 (X)) =
<|T(X)(1),t|7 |T<X)(2),t|v R |7'(‘Xv)(p),t|>—r
Enikeeva and Harchaoui (2019) proposed linear and scan statistics to detect high
dimensional change-points under both sparse and dense regimes. The linear statistic is

identical to Wy, in equation (2.10) and the scan statistic is defined as:

Vyean = Max max 2 78)"5 _° (2.15)
SN 1 in—1 1<s<p V925 ’ ’

where [Ty = [Tio)e| = -+ = |T(s)4]- The decision rule is based on the combination of
two test statistics: U* = 1{Wy, > H}\/ 1{Wsan > T}, where H and T are pre-specified
thresholds chosen according to the significance level. We reject the null hypothesis if
U* = 1. The performance of two tests depend on the sparsity level. Following Enikeeva
and Harchaoui (2019, Theorems 1 and 2), in the dense case when the sparsity level is

low (s is large), the linear statistic is more effective while in the sparse case (s is small),
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the scan statistic works better. In addition, we know that the scan statistic can detect
a change with a smaller magnitude comparing to linear statistic. The boundary between

two sparsity regimes is s =< p'/2.

2.2.2 The Inspect algorithm

So far, the test statistics we reviewed above are based on columnwise aggregation. We
now introduce a projection based estimation procedure: Informative Sparse Projection for
Estimation of Change-points algorithm (Inspect) by Wang and Samworth (2018) which
is based on the aggregation across columns and rows. The idea is to seek a projection
direction v so that the signal-to-noise ratio is maximised. In other words, we would like

) is the vector of mean change. Since o is treated

to maximise v' /o, where = ™ — p
as fixed, the optimal projection direction is v = 6/||6||2. By linearity of the CUSUM
transformation defined in (2.9), we observe that 7(X) = T (u) + T(W) and that T (u)
has rank 1 with leading left singular vector parallel to 6. Viewing 7 (X)) as a perturbation
of T (i), Inspect estimates v by approximating the sparse leading left singular vector of
7T (X) through a convex relaxation scheme. Once the projection direction © was obtained,
Inspect estimates the location of the change-point by the peak of the univariate projected

CUSUM 4" T (X). The full algorithm for estimating a single change-point is summarised
in Algorithm 4.

Algorithm 4: Single change-point estimation using the Inpsect algorithm
Input: X € RP*", (J;)gc(q), and A > 0

1 Compute 7' <+ T(X) as in (2.9).
2 Set

~ soft (T, \)

—lsoft (T, N2
where soft(7, \) = sgnmax{|7; ;| — A\, 0} and A > 0.
3 Let 0 be the leading left singular vector of M
4 Estimate z by 2 = argmax;,,_; [0 T}|, where T, is the ¢th column of 7.

Output: 2, Thax = [07T%|
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2.2.3 Simulations for comparison of high-dimensional change-

point estimation methods

In this subsection, we compare the methods surveyed in the last section. Specifically,
¢y and {, aggregation, SBS, scan statistic from Enikeeva and Harchaoui (2019), Double
CUSUM and Inspect. Here, we randomly generated a data set with n = 500, p = 1000
and the change is located at z = 400. We compare two settings according to the sparsity:
sparse regime, s = 2 and dense regime s = 100. We take [|f]|s = 0.8 in sparse regime
and [|f]|2 = 1 in dense regime. For the threshold in SBS, we randomly generate 1000 of
N(0,1) matrices and take the maximum for each of them. The threshold is then the 95th
quantile of the maximum.

From Figure 2.3 and Figure 2.4, we see that /5 aggregation and Doule CUSUM work
well for dense signal but not sparse signal. For /5 aggregation, this is due to the fact
that for sparse signals, we add up, for each time point, squares of the CUSUM statistics
at both the signal and noise coordinates, which means that the sparse signal could be
diluted by the large noise variance when the dimension is high. For Double CUSUM, the
problem lies in the fact that for sparse signal, the second CUSUM transformation along the
spatial direction has a change-point at s at the population level. The fact that the second
CUSUM has a change near 0 means that the CUSUM magnitude is relatively small and
easily affected by noise, resulting in inaccurate estimates. On the other hand, both the /.,
aggregation and SBS work well for sparse signals but behaves poorly in dense signals. For
l aggregation, this is due to the fact that /., aggregation only looks at the maximum
CUSUM statistics in each column and does not accumulate evidence across multiple signal
coordinates. For SBS, this is likely a result of the hard thresholding operation being too
aggressive when the signal is spread across multiple coordinates. Finally, both the scan
statistic based approach and the Inspect algorithm appear to be robust to the sparsity
level. This is because both methods can be viewed as approximating an /¢, aggregation
over only the signal coordinates and so should behave like an oracle estimator, where we
have removed all the noise coordinates from the data. The Inspect algorithm achieves

this by first estimating a projection direction ¢ that is close to 6/||f||, which has support
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in the signal coordinates. The scan statistics approach achieves this if the maximum over

tin (2.15) is equal to the sparsity level s.

2.3 Online change-point estimation problem

While the main focus of this thesis is on offline change-point estimation with structural
constraints, we include this section for review of the online change-point detection problem

for completeness.

2.3.1 Classic methods

In this subsection, we review the univariate online change-point estimation problem. Un-
like offline change-point problem which obtains the entire dataset over all the time points,
online change-point analysis works on real-time series and aims to detect the change as
soon as it occurs. To be more specific, we have that X ... X, follow distribution Fy with
density fo and X, 1, X, 9,... follow distribution F; with density f;. We want to find z
as soon as it occurs. Online change-point detection can date back to the last century and
is often used in quality control in manufacturing. Shewhart (1931) introduced control
charts, which is to plot the statistics as well as control limits on the chart, and actions
are taken once the points fall outside the control limits. We first introduce some common
control charts. Shewhart (1931) used X chart which uses gy 4+ Cog as the control limit,
where 1y is the mean of X and o is the standard deviation of X. In many applications,
taking C' = 3 is enough to detect the change without taking actions unnecessarily. How-
ever, the detection is slow if the shifts in the mean are small. Therefore, various tests have
been used to supplement the Shewhart test so as to increase sensitivity to small changes,
for example, taking action if there are a few consecutive points on one side of the central
line or using multiple supplementary tests to speed the detection (Roberts, 1966).

The moving average chart plots the following term at time ¢ > k for a moving average

of index k:

k—1
X(k) Z X
’i k )
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with the limits jo+=Cog/vk. At time i, we plot Xi(i) = Zj.:l X; /i and use pig+Cog /i as
limits. Based on the moving average chart, the geometric moving average chart considers
plotting the following term:

i1
Zi=(l=nZi g +rX;=(1—1)Z + Tz(l N T)in_j’

=0
with Zy = o, 7 € (0,1]. The limits in this control chart is uo + Co5+/r/(2 — 7). Z; here
is a combination of all the points before 7, and the closer the point is to i, the higher the
weight.

Page (1954) proposed the cumulative sum chart. Let S; = 23:1 xj, where z; is
a score, for example )_(j — po. The action is taken once S, — minggi<, S; = c. Let
S/ = max(S!_; + x,,0) with S| = 0, Page (1954) also showed that the criteria above is
equivalent to S! > ¢. The likelihood ratio score x; = log{ f1(X;)/fo(X;)} is often used in
change-point problem.

The main criteria for online change-point detection are detection delay and false alarm.
We denote N as the stopping time which is the estimated time that a change occurs. The
false alarm is usually measured by 1/E(NN), where E (V) is the average run length until

the false alarm. Page’s procedure using the likelihood ratio score is to seek the following

stopping time:

_ : - S1(X5)
N = inf {n ; 1211331;10g(f0(Xi) >co. (2.16)
Lorden (1971) proposed the following minimax type criteria, which corresponds to the

worst case detection delay:

Ey(N) =supesssup E,[(N — 2)T|Xy,..., X,] (2.17)

220
The intuition behind is that, if z is the true change-point, the conditional expectation
of N — z given Xy,..., X, when N > z should be small. The expectation is maximised
over all pre-change observations and all possible change-point locations. Lorden (1971)
proved that Page’s procedure is asymptotically minimax optimal as 7 — co. Furthermore,
Moustakides (1986) proved that Page’s procedure is optimal in terms of minimising this

worst case detection delay subject to Eo(IN) > 7, where v is predetermined.
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Under the Bayesian framework, the location of change-point is random with some
prior distributions. In the special case of geometric prior distribution, the change-point
z with value n has the probability: P(z = n) = p(1 —p)" !, for n = 1,2,.... Shiryaev
(1963) proposed the following stopping time :

pr)_mf{ ZH _pfo >7}. (2.18)

k=1 i=k
Roberts (1966) modified the rule as:

n n X
where R, = Zk:l Hi:k j‘c;EXz;

In addition to the worst case detection delay, Pollak (1985) proposed the following

supremum conditional average delay:

Ey(N)=supE,(N — z|N > z).

z2=0
The stopping rule from Roberts (1966) and Shiryaev (1963) have shown to be asymp-
totically optimal in the sense of controlling the conditional average delay stated above.
Pollak and Tartakovsky (2009) further proved that they are exactly optimal in terms of

minimising the following integral average delay subject to Fo.(N) > ~:
SyXS
z=1

2.3.2 Multivariate and high-dimensional setting

High-dimensional online change-point detection problem has also been studied where we
have a sequence of p dimensional vectors: Xi;,...,X,; for i € [n]. For example, Mei
(2010) proposed a method based on CUSUM statistic by Page (1954). We now briefly
go through the idea here. We first define the following local CUSUM statistic of the kth

coordinate.

W = max {0 Wi +log—;j(Xj”;},
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where fJ and fJ are densities for the jth coordinate before and after change and W7 = 0.

The proposed stopping time is:

p
N=inf{n>1:) W] >c}
j=1

The statistic here is a summation over all the coordinates. Here, we assume that we do
not know the number of coordinates with a change. Therefore, it is quite natural to use
the sum of the CUSUM statistics over all the coordinates and a large value indicates a
possible change.

We list here some other existing methodologies for multivariate and high dimensional
online change-point estimation: Xie and Siegmund (2013),Chan (2017), Tartakovsky et al.
(2006). In addition, there are also some methods proposed for the structural change in

covariances, for example: Li and Li (2023).

2.4 Related problems where structural assumptions
are used in inference

This thesis primarily concerns with how structural assumptions can be exploited to im-
prove statistical inference in high-dimensional change-point settings. In this section, we
survey some existing results in the literature, where similar structural assumptions have
been successfully used in inferential tasks.

In high-dimensional problems, one typically assumes sparsity on problem parameters
to effectively reduce the complexity of the problem. However, high-dimensional data may
possess other structures in addition to sparsity. For example, the coordinates may be
naturally clustered into groups or connected in a network. We now review how such addi-
tional structures can be exploited in the context of high-dimensional regression. Consider
the following setup:

Y=XB+e¢ e~ N(O,O’2Ip>,
where X is a p x n data matrix, Y and [ are vectors of length n and p respectively.

The well-known lasso (Tibshirani, 1996) regression minimises ||Y — X 3|3 + A||8]|1, which
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induces sparsity on the coefficient vector by ¢; penalty to avoid overfitting. Yuan and
Lin (2006) generalises lasso to the group lasso, which assumes that the parameters can
be divided into groups and the penalty is summed by group index so that it can drive the
entire group of parameters to 0 if this group is not significant. To be more specific, for a

dxd

vector n € R? with d > 1, and a symmetric positive definite matrix K € R4, we first

define the following quantity:
Inllx = (0" Kn)'/2.

Then, given a sequence of positive definite matrices Ky, ... K¢, where K, € RPs*Ps_p_ is

the group size for group g, the group lasso is to minimise the following quantity:

G

1

SV = XBIE+ 2> 15ylx, (2.19)
g=1

where A > 0 is the tuning parameter and j3; is the vector of coefficients belonging to
group g. One reasonable choice of Kj is pyl,,, which was also used by Yuan and Lin
(2006) in their implementation. The second term in equation (2.19) is the group lasso
penalty, it calculates the sum of ¢, norms of parameters within each group and puts the
weights of the square root of group size for each group. There are two special cases for
the group lasso: if all groups are of size 1, it then reduces to the original lasso regression.
On the other hand, if there is only one group, it becomes ridge regression. Based on the
group lasso, Simon et al. (2013) proposed sparse group lasso which not only considers the
sparsity between but also the sparsity within the group. It adds an additional ¢; penalty

as follow:

1 G P
%IIY—XBH%AZII%HKg+(1—A)Z|ﬁj\, (2.20)
j=1

g=1
where A € [0,1]. It forms a convex combination between group lasso and lasso.
In addition to the group structure, Tibshirani et al. (2005) proposed fused lasso to
exploit the spatial dependence between covariates. The fused lasso minimises the following

objective:

1 p p
§HY_XBH%+)‘12WJ"+>‘2Z|5j_5j71|- (2.21)
p j=2
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The first penalty term is to induce the sparsity on the covariates, and the second one is to
penalise the difference between two adjacent covariates. Motivated by the gene clustering
problem, She (2010) proposed clustered lasso, which is a generalisation of the fused lasso,

but does not require the covariates to be ordered:

p P
SV = XBIE+ 0 D181+ 2 D 15— il (2:22)
Jj=1 1<j

In regression problems mentioned above, we have assumed that parameters have ad-
ditional structures. Similarly, we can also make assumptions on the coordinates in high-
dimensional change-point data. For example, the coordinates are naturally grouped into
clusters. In this case, we can aggregate the information from each coordinate by groups
which is motivated from the idea of group lasso. We will see the details in the next Chap-
ter. Regarding the network structure, the fused lasso sums over the differences between
two consecutive parameters. In fact, we can view the parameters as the coordinates that
are connected in a network. |3; — f;_1| is the distance between two coordinates that are
connected directly with each other, and the summation is an aggregation over the net-
work. This motivates us to aggregate the information along a certain path with suitable

time lags in terms of time series data. We will see the details in Chapter 4.
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Chapter 3

High-dimensional change-point
estimation under group sparsity

structure

3.1 Introduction

In this chapter, we provide a new high-dimensional change-point methodology that ex-
ploits the group sparsity structure of the changes. As mentioned in Chapter 1, existing
high-dimensional change-point methods often assume that the signal of change possesses
some form of sparsity such as the difference in mean before and after a change-point is
nonzero only in a small subset of coordinates. However, it often does not capture the
full extent of the structure in the vector of change available in real data applications.
For instance, in many applications, the coordinates of the high-dimensional vectors are
naturally clustered into groups and coordinates within the same group tend to change to-
gether. At each change-point, only a small number of groups will undergo a change. This
is what we mean by group sparsity structure. Such a group sparsity change-point struc-
ture is useful in modelling many practical applications. Examples include financial data
streams where changes are often grouped by industry sectors and a small number of sectors

may experience virtually simultaneous market shocks. Also, in functional magnetic reso-
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nance imaging data, voxels belonging to the same brain functional regions tend to change
simultaneously over time. We have summarised some problems with similar group spar-
sity assumptions in Section 2.4. The algorithm we proposed here, named groupInspect
(standing for group-based informative sparse projection estimator of change-points),
will use the given pre-specified grouping information of all the coordinates to first esti-
mate a vector of projection that is closely aligned with the true vector of change at each
change-point. It will then project the high-dimensional data series along this estimated
direction and apply a univariate change-point method on the projected series to identify
the location of the change. The above procedure can be combined with the narrowest-
over-threshold algorithm of Baranowski et al. (2019) to identify multiple change-points
recursively. We show that, in a single change-point setting, the projection direction esti-
mator employed in groupInspect has a minimax optimal dependence, up to logarithmic
factors, on both the ¢y sparsity parameter and the group-sparsity parameter, representing
respectively the number of nonzero elements and the number of nonzero groups in the
vector of change. Furthermore, under appropriate conditions, groupInspect achieves a
minimax optimal log log(n)/(n9?) rate of convergence for the estimated location of a sin-
gle change-point and a log(n)/(n¥?) rate of convergence for multiple change-points, where
¥ denotes the /5 norm of the vector of change.

In Section 3.2, we describe the formal setup of our problem. The groupInspect
methodology is then introduced in Section 3.3, with its theoretical performance guarantees
provided in Section 3.4. We illustrate the empirical performance of groupInspect via
simulations and a real-data example in Section 3.5. The extensions to sub-Gaussian and
temporal dependence settings are given in Section 3.6 and Section 3.7. Proofs of all
theoretical results are deferred to Section 3.8, and ancillary results and their proofs are

given in Section 3.9.
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3.2 Problem set up

We now formally describe the data generating mechanism, which is described in Sec-

tion 3.1. Let X4,..., X, be independent random vectors with distribution:
Xt~ Np(pu,X), 1<t<n, where|X|p <B (3.1)

for some B € (0,00). We remark that the main focus of the current chapter is to under-
stand the effect of group sparsity structure on the change-point estimation accuracy, and
as such, to simplify exposition, we have assumed here that observations are independent
normal random vectors. All our theoretical results can be extended to the case where
the observations are sub-Gaussian or have short-ranged temporal dependence (see Sec-
tion 3.6 and 3.7 for details). We can combine into a single data matrix X € RP*™ and
mean vectors undergo changes as described in equation (2.8). We assume that consecutive

change-points are sufficiently separated in the sense that
min{z;11 — 2z : 0 <1 < v} > nr

Suppose further that each of the p coordinates belongs to (at least) one of the G' groups.
Specifically, let J, denotes the set of indices associated with the gth group for g €
{1,...,G}, we have that

U7 =[nl. (3.2)

We assume that coordinates in the same group will tend to change together. We will
consider both the case of overlapping and non-overlapping groups. In the latter scenario,
we have J; N J; = () so that each coordinate belongs to a unique group and (Jy)e(c
forms a partition of [p].

Our goal is to estimate the locations of change zi,...,z, from the data matrix X
and the pre-specified grouping information (J;)e(q)- Motivated by Wang and Samworth
(2018), when the coordinates are independent, the best way to aggregate the component
series so as to maximise the signal-to-noise ratio around the 7th change-point is to project

the data along a direction close to the vector of change #®) = p — (=1 Let v be the
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unit vector parallel to 6

@ = g(i)/"g(i)HQ_

In our setting, we would like to maximise the signal-to-noise ratio: % and the
optimiser is X710. However, as ¥ is usually difficult to estimate, we still consider es-
timating 6. If we use the optimiser ¥7'6, the square of the signal-to-noise ratio is
12712012 < ||0]13/Amin(X). On the other hand, if we use ¢ instead, the square of signal-
to-noise ratio becomes: ||0%|/1|X20)|2 = [|0]|2/ Amax(E), where Apax(3) and Apin(X) are
maximum and minimum eigenvalues of Y respectively. Therefore, if ¥ is well-conditioned
in the sense that the maximum and minimum eigenvalues of ¥ are bounded away from 0,
using 6 instead of ¥ 710 incurs a loss of efficiency of at most a factor of Apax(X)/Amin(2).
If the fraction between the maximum and minimum eigenvalues is of order 1, then the

signal-to-noise ratios obtained from actual optimiser ¥~! and 6 are of the same order. We

measure the quality of any estimated projection direction v with the Davis—Kahan sin 6

loss (Davis and Kahan, 1970)

L(t,v%) = /1 — (6Tv®)2

and measure the quality of the subsequent location estimator Z; by E|z; — 2.
The difficulty of the estimation task depends on both the noise level ¢ and the vector
of change %) = p® — ;=1 More precisely, we assume that the change is localised

in a small number of the G' groups as defined in (3.2). Define ¢ : R? — R® such that

¢($) - (Hxﬁ ”27 ||$J2||27 cee ||:L‘JG”2)T7 we assume that
lo(0™)]lo < s, > Tl <k and 69y > 0. (3:3)
ge[G};eggﬁo

3.3 Methodology

3.3.1 Single change-point estimation

Initially, we will consider the estimation of a single change-point, where v = 1. This can

be extended to estimate multiple change-points in conjunction with top-down approaches
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such as wild binary segmentation and narrowest-over-threshold approach of Baranowski
et al. (2019), which we will discuss in Section 3.3.2.

We compute the CUSUM transformation of X: T'= 7 (X) as defined in equation (2.9)
of Chapter 1. As discussed in Section 3.2, our general strategy is to use the matrix T
to estimate a projection direction that is well-aligned with the direction of change, and
then project the data along this direction to estimate the change-point location from the
univariated projected series. More precisely, we would like to solve for:

ve argmax |ju' T|,. (3.4)
weSP~L[lp(uw)llo<s

However, the above optimisation problem is non-convex due to the group-sparsity con-
straint. Consequently, we perform the following convex relaxation of the above problem.
We first note that the set of optimisers of (3.4) is equal to the set of leading left singular
vectors of
arg max (M, T),
MeRP*(n=1)|| M ||, =1,rank(M)=1
2geic) LHIM g, Ip#0}<s

We relax the above matrix-variate optimisation problem by dropping the combinatorial
rank constraint, and replacing the nuclear norm constraint set by the larger Frobenius
norm set of S = {M € RP*("=Y . ||M|» < 1}. The constraint that M has at most s
groups of non-zero rows can be written as an ¢, constraint on the vector of Frobenius
norms of such submatrices, ie. ||(|[Myg,lr : g € {1,...,G})|lo < s. Motivated by the

group lasso penalty (Yuan and Lin, 2006), we replace this group sparsity constraint with

a group norm penalty, where the group norm for a matrix M € RP*(®1) is defined as

a
1M lgp = D 2?1 M, l2a, (3.5)
g=1
where ||[Mg,||2,1 is the sum of column ¢; norms of the submatrix My, and p, = |J|.

Overall, we obtain the following optimisation problem:

M € argmax{(T, M) — )\||M||grp}, (3.6)

MeS

where A € [0, 00) is a regularisation parameter.
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If the groups are non-overlapping, in the sense that J, N J, = () for all g # ¢, then
we see from Proposition 3.12 that (3.6) has a closed form solution

- T—-R*

M=——""" (3.7)
1T — Rl

where R , = Tz, min {%, 1}. Overall, equation (3.7) reveals a soft-thresholding
process between each column ¢, norm in each of the g th group with )\pé/ 2,

For overlapping groups, (3.6) can be optimised using Frank—Wolfe algorithm (Frank
and Wolfe, 1956), as described in Algorithm 5. We first compute the gradient of the
objective function which is the step 4 in Algorithm 5. We then project the M back onto
S.

After solving the optimisation problem, we can obtain the estimated projection direc-
tion © by computing the leading left singular vector of M. Then, we project the data along
¥ to obtain a univariate series for which existing one-dimensional change-point estimation
methods apply. Specifically, we perform the CUSUM transformation over the projected
data series, and locate the change-point by the maximum absolute value of the CUSUM

vector. The full procedure is described in Algorithm 6.

3.3.2 Multiple change-point estimation

When the data matrix possesses multiple change-points, we may combine Algorithm 6
with a top-down approach (Fryzlewicz, 2014; Baranowski et al., 2019, e.g), to recursively
identify all the change-points. Specifically, in Algorithm 7, we adopt the narrowest-over-
threshold approach of Baranowski et al. (2019). We start by drawing a large number of
random intervals [s1, e1],. .., [sg, €] and perform a test in each of these intervals to find
windows that contain at least one change-point (Line 5 of Algorithm 7, with justification
given by Corollary 3.4 in Section 3.4). We then select the narrowest interval for which the
test rejects the null and apply Algorithm 6 to estimate a change-point within that window.
We then partition the data into two submatrices to the left and right of this identified
change-point and repeat the above procedures until no windows within the segmented

submatrices contain any change-point.
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Algorithm 5: Frank—Wolfe algorithm for optimising (3.6)

Input: 7 € R~ orouping (J,)seic), A > 0 and € > 0.
1 Initialise M = T/||T||r and i = 0.
2 repeat
3 141+ 1

4 Compute Gl = (G[f], . ,Gﬁf])T € RP*(»=1) guch that

[i—1]
[4] gt
Gy T — E )‘QHM[i—l]H )
g:5€Jy Tgt IIF

where )\, = p;/ A

5 if GI! = 0 then break
6 Compute

< j , 2 Gli]
M — Yl T
i+ 2 MR Tel

7 Normalise M < pfli) /ll M || g
until || M — MU < e
Output: M

0]

Algorithm 6: Single change-point estimation procedure for data with group

structure

Input: X € RP*", (J;)ge(a), and A > 0
1 Compute T < T(X) as in (2.9).
2 Solve

M € argmax{(T, M) — )\HMngp}
MeS

using either the closed-form solution in (3.7) if groups are non-overlapping, or
Algorithm 5.

3 Let 0 be the leading left singular vector of M.

4 Estimate z by 2 = argmax,,.,,_; [0 T3], where T is the ¢th column of 7.

Output: 2, Thax = |07 T%|
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Algorithm 7: Multiple change-point estimation procedure

N

w

10

11

Input: X € R”*" (Jy)geic), A >0, 8, M € N

Set Z + 0
Draw M pairs of integers (s1,€1),. .., (Sum, en) uniformly at random from the set
{(t,r)eZ?:0<l<r<n}
Function NOT(s, ¢)
Set Mg, ={m e [M]:s<s, <e,<e}
Set Ry = {m € My, : | T(XEm+Bem=Bly|| . > A}, where X (@ is the
submatrix of X obtained using columns indexed in (a, b]
if Rs. # () then
Find m* € argmin,,cx__ [€m — Sl
Set 2[™] as the output from Algorithm 6 with inputs X (®m*¢m*l and X
b 2ml 4 s
Z «— ZU{b}
Run recursively NOT(s,b) and NOT(b, e)
Output: Z
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3.4 Theoretical results

In this section, we provide theoretical guarantees to the performance of the groupInspect
algorithm. As we have noted in Section 3.2, a key to the successful change-point estimation
in the current problem is a good estimator of the oracle projection direction v = 0/]0]|5.

The following theorem controls the sine angle risk of the estimated projection direction
¥ in Step 3 of Algorithm 6 when data has a single change. We define the following set to

be the set of data distribution that satisfying our data generating mechanism:

Definition 1. Suppose that data X = (Xy,...,X,) is generated from a probability dis-
tribution P. We say that P € 73,(112(5, k, 7,9, B, (Jy)geic)) if it satisfies (3.1), (2.8), (3.2)
and (3.3). For any P € 777%(8,/6,7,19,3, (Ty)geicr), we write v(P) = 0/||0]]2 where 6 is

the difference between post-change and pre-change means.

Theorem 3.1. For a given grouping (Jy)scic), let po = minge(q) | Jy| and suppose further
that there exists a universal constant Cy > 0, such that maxjcy {g : 7 € Ty} < Ch.
Let X ~ P € Pé}z);(s,k,T,ﬁ,B,(‘]‘,)gg[G}) be a p x n data matriz, let 0 be the vector
of change and let v be as in Step 3 of Algorithm 6 with input X, (Jy)geq) and X\ >
BY2(1 4 /8log(nG)/p.). Then there exists C > 0, depending only on Cy, such that

k172 1
¢ } (3.8)

sup )Pp{ sin Z(0,v) > g < G

PP (sk,79,B,(Ty) gec]

We remark that the condition max;cp) [{g : j € Jy}| < Ci is to control the extent of
overlapping between different groups. Specifically, it requires that each coordinate can
belong to at most C'; groups. In the special case when all groups J, are disjoint, which
is often true in practical applications, then it suffices to take C; = 1.

To understand the probabilistic bound in (3.8), we consider the optimal tuning param-

eter A\ = BY2(1 + /8log(nG)/p.), for which the upper bound on the sine angle loss is of

order \/Bk(1 + log(nG)/p.)/(n7292). The upper bound reveals an interesting interaction
between the {y-sparsity k and the group sparsity s when all groups are of comparable size.

Specifically, assuming that max,cjq py S ps, from (3.8) we can derive for this particular
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choice of \ that if ¥ < n®2, then

CAk/? 1 \/B{k+slog(na)}

Bisin (0, v)} < W20 (nG)3 ™~ nT219?

In other words, when the number of coordinates per group is at least of order log(nG), the

risk upper bound is of order %@2@. On the other hand, when number of coordinates

per group is smaller than this order, the risk upper bound is of order %. Similar
phase transitions have been previously observed in the context of high-dimensional linear
model where the regression coefficients satisfy a group sparsity assumption (see, e.g. Cai et
al., 2019, Theorem 3). We also note that when G = p, each group only has one element,
and the modelling assumption is identical to that in Wang and Samworth (2018) and

s = k in this case. The upper bound of the sine angle loss has the order of \/%ggj”),

Bklog(plogn)
nr29?

which could be slightly worse comparing to the bound achieved in (Wang
and Samworth, 2018, Proposition 1) if logn > logp. However, if the group structure is
nontrivial in the sense that each group has at least log(nG) elements, then the projection
direction estimator in groupInspect is closer to the truth compared to that from the
Inspect algorithm.

We now turn our attention to a minimax lower bound of the estimation risk of the
oracle projection direction. Theorem 3.2 below shows that the phase transition observed

in Theorem 3.1 is not due to the specific proof techniques employed but rather an intrinsic

feature of the problem.

Theorem 3.2. Suppose s > 0, k > 0 and a grouping (Jy)gecic) satisfy that T, N Ty =0
for all g # ¢, min{k, (s — 1)1log(G/s)} > 20, and Y ,_, piG—rt1) = k/2, where pay <
Pe) < - < P are order statistics of py, ..., pg. Let X = BI,. Then for some universal

constant ¢ > 0, we have

B{k + slog(G/s)}
nT? ’

inf sup EpL(0(X),v(P)) > C\/
v PE'P,,Q;(S,k,T,ﬂ,B,(jg)ge[G])

where the infimum is taken over the set of all measurable functions v of the data X.

The condition that > °_, p(g—r+1) = k/2 is to ensure that the upper bound & on the

ly-sparsity is not too loose in the sense that k is not too much larger than the cardinality
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of the union of the largest s groups. If we assume that log(G/s) < log(n), 7 < 1 and
maXye(q] Py S Px, then the lower bound in Theorem 3.2 matches the upper bound of
Theorem 3.1 up to universal constants, when all groups are non-overlapping. We remark
that the upper and lower bounds in Theorems 3.1 and 3.2 do not match in their dependence
on the parameter 7. As Proposition 3.15 shows, this suboptimality is unlikely due to the
convex relaxation carried out in (3.6) since the same 7 dependence appears in the risk
upper bound of the (computationally infeasible) optimiser of (3.4). We further remark
that if we derive this lower bound using ¥ instead of BI,, ¥? in the denominator would
become ||[Z710||2 < A2, /9% This implies our derived bound in Theorem 3.1 may be
sub-optimal in the generic setting.

After obtaining guarantees on the quality of the projection direction estimator, we
now provide theoretical guarantees of the overall change-point procedure. We note that
the projection direction estimator ¢ is dependent on the CUSUM panel T. While this
dependence is observed to be very weak in practice, it creates difficulties in analysing the
projected CUSUM series ©'7T in Step 4 of Algorithm 6. As such, for theoretical conve-
nience, we will instead analyse a sample-splitting version of the algorithm. Specifically,
we split the data into X and X @, consisting of odd and even time points respectively,
as described in Algorithm 8. We use X to estimate the projected direction o) and
then project X along this direction to locate the change-point via a univariate CUSUM
procedure (Step 4 of Algorithm 6). Theorem 3.3 below provides a performance guaran-
tee for the estimated location of the change-point of this sample-splitting version of our

procedure.

Theorem 3.3. Given data matric X ~ P € 73&),(8, k,7,9,B,(Jg)gelq)), let 2 be the
output from the Algorithm 8 with input X and X\ > BY?(1+ /p:'8log(nG)). There exist

universal constants C', C' > 0 such that, if n > 12 is even, z is even, and

OVEA (3.9)

Iryn

then for any Ay > V' B, we have

1 C'\3 8 >
P{—]é—z| < 1} >1—— — 3\ + 1)e /P logn.
n n n
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Algorithm 8: Change-point estimation procedure: sample splitting version
Input: X € RP*" and A > 0

1 Define XM as XV — X1 and X@ as X;,zt) = Xjt-

j7t

Compute T < T(XW) and T + T(X?) as in (2.9).

N

3 Solve

MW € arg max{(T™W, M) — \|M g }
Mes

using either the closed-form solution in (3.7) if groups are non-overlapping, or
Algorithm 5.

4 Let © be the leading left singular vector of M®.

5 Estimate z by 2 = 2argmax; ., _; |(@(1))TTt(2)|, where Tt(Q) is the tth column of
T®.

Output: 2

If we choose \; = Cy/Bloglogn for a sufficiently large absolute constant C' > 0, then
Theorem 3.3 shows that the location estimator Z/n converges to z/n at a rate of %
in probability. This rate is minimax optimal even for the problem of estimating a single
change in mean in a univariate series; see Proposition 3.10. While Theorem 3.3 concerns
primarily with the estimation task, we remark that the argument used in its proof can be
easily adapted to derive a testing procedure with good theoretical guarantees. Specifically,
given data matrix X ~ P € 77,(12(5, k, 7,9, B, (Jy)ecic]), We are interested to test the null
hypothesis Hy : 6 = 0 against the alternative Hy : 8 # 0. We can construct a test based
on the dual norm to the || - ||gp norm defined in (3.5). More precisely, for any R € RP*"

and a grouping (Jy)ge(c) of [p], we define

iy = sy Wl (3.10)

It can be seen from Lemma 3.11 that || - ||gp« is indeed dual to || - ||gp. For any A > 0, we

define a test 1) such that
UAX) = L7l gpr 22}

The following Corollary shows that with an appropriately chosen testing threshold A,

the test ¢, defined above has good size and power controls.
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Corollary 3.4. Given data matric X ~ P € Pfjg(s,k:,r,ﬁ, B, (Jy)geia)). Let k be the
total number of coordinates with change and ||0||2 be the magnitude of the change. Fix

A = BY2(1+ y/4p; ' log(nG)).
o [fs=0, then Pp(¢h(X) =1) < 1/(nG).

o IfV > then Pp(¢p =1) > 1 —1/(nG).

\ﬁ )

Our single change-point theory can be applied iteratively to show that the groupInspect
algorithm in in Algorithm 7 can consistently estimate both the number and the locations
of the true change-points. In line with Theorem 3.3, we consider a sample-splitting ver-
sion of Algorithm 7, which we call Algorithm Algorithm 7/, where we use Algorithm 8 in
place of Algorithm 6 in line 8 of Algorithm 7.

Theorem 3.5. Given data matrizc X ~ P € 777%2(8,16,7',19, B, (Jy)geicy)- Let 7 be the
output from the Algorithm 7 with input X and A = BY?(1 4+ /8p:'1log(nG)), @ and
B = n7/10. Let T\/n > C'Blogn/¥?. There exist universal constants C, C' > 0 such

that, if n > 12 1s even, z is even, and

CvB ( N M) <1 (3.11)
IT/nT Ds
then,
'B1 . 1
P(ﬁ =v and ’ZA’Z — Zl‘ < % Vi e [V]) 2 1— I/€772M/36 — @ — %

Theorem 3.5 shows that under suitable assumptions about the spacings between con-
secutive change-points, our multiple change-point estimator Z;/n converges to z;/n with
a rate of convergence Blogn/(n¥?). Up to a logarithmic factor, this rate is essentially

the same as the rate for single change-point estimation as proved in Theorem 3.3.

3.5 Numerical studies

In this section, we provide some simulation results to demonstrate the empirical perfor-
mance of the groupInspect method. In all our numerical studies, unless otherwise spec-

ified, we will assume that data are generated according to (3.1), (2.8), (3.2) and (3.3).
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In all simulations, we do not assume that the covariance matrix 3 is known. Instead,
we estimate the variance in each row using the mean absolute deviation of successive
differences of the observations. We then standardise the data by the estimated row stan-
dard deviation. The groupInspect procedure is then applied to the standardised data

assuming that X is a well-conditioned matrix with all diagonal entries equal to 1.

3.5.1 Theory validation

We first show that the practical performance of the groupInspect procedure is well cap-
tured by the theoretical results in Theorems 3.1 and 3.2. There are two related measures
of the signal sparsity in our problem, which are the total number of coordinates of change
k and the total number of groups with a change s. We conduct two sets of simulation
experiments fixing one of these sparsity measures and varying the other. Specifically, for
n = 1000, p € {600, 1200,2400} and ¥ € {1,2,4,8,16} and X = I,, we split the p coordi-
nates into disjoint groups of p, coordinates per group, where p, is allowed to vary over all
divisors of 60. In the first set of experiments, we fix k = 60 so that s = k/p, varies with
P«, Whereas in the second set of experiments, we fix s = 3 so that k = sp, varies with p,.
The vector of change is constructed so that the magnitude of change is equal across all
coordinates of change. We will use the theoretical choice of tuning parameter A\ for both
sets of experiments here. Figure 3.1 shows how the sin @ loss, averaged over 100 Monte
Carlo repetitions, varies with p,, for different choices of p and ¥ in both settings.

In the left panel of Figure 3.1, where the number of signal coordinates k is fixed, we
see that the average loss decreases as p, increases. Furthermore, at a log-log scale, and
for relatively large signal sizes of ¥ € {4,8,16}, we see the loss curves follow an initial
linear decreasing trend as p, increases before plateauing eventually. This is in agreement
with the two terms contributing to the loss described in Theorem 3.1. Specifically, for
small p,, we expect the second term of (3.8) to dominate and the loss decreases at a
rate approximately proportional to 1/,/p, initially. For large p., we expect the first term
of (3.8) to dominate and the loss will have minimal dependence on p,. In the right panel

of Figure 3.1, where the number of signal groups s is fixed, the average loss increases
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Figure 3.1: Average loss (over 100 repetitions) of groupInspect for varying elements per
group ps, plotted on a log-log scale. Left panel: k = 60 and s = k/p,. Right panel: s =3
and k = sp,. Other parameter: n = 1000.

with p,, as expected from our theory. It appears that for s = 3 studied here, the first
term of (3.8) is dominant and the average loss increases linearly at the log-log scale with
respect to p..

We further remark that in both panels of Figure 3.1, the average loss for large p, shows
equally spaced separation for the signal size ¢ in the dyadic grid {1,2,4,8,16}. This is in
good agreement with the 1/6 dependence of expected loss given in Theorem 3.1. Finally,
we note that the ambient dimension p has minimal effect on the loss curves, for all signal
strengths studied here. Again, this is predicted by our theory as the dimension p enters
the mean loss in (3.8) only through the log(nG) = log(pn/p.) expression in the second

term.

3.5.2 Practical choice of tuning parameter

The theoretical choice of A turns out to be conservative in practical use. In this subsection,
we will perform numerical simulations to suggest a suitable practical tuning parameter

choice. We fix n = 1000, z = 400, s = 3, G € {10,25} and assume ¥ = [,. The
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signal size ¢ is varied in {1,2,4,8,16} and p is chosen from {500,1000}. All groups
are set to have equal size. We run the groupInspect algorithm for tuning parameters
A = a(l + /4p: ' log(nG)), where a is chosen from a logarithmic sequence of values
between 0.1 and 3.

We plot sin 6 loss against a in Figure 3.2. In most cases, the loss is minimised when
a ~ 1/2, i.e. tuning parameter value is half of the theoretical value. This suggests that
when ¥ = I, the choice A = 271(1 + y/4pi ' log(nG)) leads to more accurate estimation
in practice. Theorems 3.1 and 3.3 suggest that for non-identity covariance structure,
the tuning parameter choice should scale proportional to the square root of the operator
norm of Y. It is in general a challenging statistical problem to estimate the operator
norm of the covariance matrix in a high-dimensional setting. One can in principal use
the estimator proposed by Liu, Gao and Samworth (2021), though we observe that this
estimator typically incurs a large upward bias when the dimension is high in comparison
to the sample size. Moreover, an inspection of our proof reveals that the presence of the
additional factor B is used to capture some worst-case large deviation bound, which is
often too conservative for a generic covariance Y. In view of the above, we recommend

that practitioners use the same A\ = 271(1 + /4p: ' log(nG)) when ¥ is unknown.

3.5.3 Comparison between different methods

Now, we would like to compare our method with other existing change-point estimation
procedures. As groupInspect is a two-stage procedure that first estimates a projection
direction before localising the change-point on the projected series, we will investigate
its performance both in terms of its accuracy in estimating the projection direction and
the quality of the final change-point location estimator. For the former, we compare the
estimated projection direction from groupInspect with that from the Inspect algorithm.

We measure the accuracy in terms of the sine angle loss introduced in Section 3.2. We use

the recommended values for tuning parameters in both methods, i.e., \/ 2=tog{plogn} in
Inspect as in Wang and Samworth (2018) and 271(1+4 +/4p; ' log(nG)) for groupInspect

as suggested in Section 3.5.2.
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Figure 3.2: Average loss (over 100 repetitions) of groupInspect for tuning parameter
A = a(1 + /4p:'log(nG)) with varying choice of a. Left panel: G = 10. Right panel:
G = 25. Other parameter: n = 1000, s = 3.

We fix n = 1000, p = 1000, vary ¥ in {1,2,4, 8,16} and set the covariance matrix to be
¥ = I,. We consider settings with both non-overlapping groups and overlapping groups.
For the non-overlapping setting, we have G = 10 groups of equal size p, = 100, whereas
for the overlapping setting, we have G = 19 groups of size 100 each, where neighbouring
groups overlap in exactly 50 coordinates. Both methods have access to exactly the same
data sets and the performance is averaged over 100 Monte Carlo repetitions.

Figure 3.3 shows the comparison of the average sine angle loss between Inspect and
groupInspect over all signal sizes on a logarithmic scale, in both the non-overlapping and
overlapping settings. In both cases, groupInspect outperforms the Inspect algorithm.
From the left panel, we can see that the estimation accuracy of the projection direction
using groupInspect is substantially better even when the signal is small.

We now turn our attention to the overall change-point localisation accuracy of the
groupInspect procedure. To this end, we compare the mean absolute deviation of var-
ious high-dimensional change-point procedures over 300 Monte Carlo repetitions using

the same data sets. In addition to Inspect, we also compare against the ¢, aggrega-
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Figure 3.3: Average loss (over 100 repetitions) comparison between groupInspect and

Inspect. Left panel: non-overlap setting. Right panel: overlap setting

tion procedures of Horvath and Huskova (2012) (f2-agg), the /., aggregation procedure
of Jirak (2015) (¢x-agg), the double CUSUM procedure of Cho (2016) (DC) and a mul-
tiscale testing procedure Pilliat et al. (2020). We set n = 1000, p € {500, 1000, 2000},
¥ €40.25,0.5,1,2,4} and ¥ = (2*|j*k|)j7ke[p]. The simulation results are presented in Ta-
ble 3.1. For simplicity, we have only shown the results for 10 equal-sized non-overlapping
groups here, but qualitatively similar results were obtained in other settings as well. We
see that groupInspect is very competitive over a wide range of dimensions and signal-to-
noise ratio settings, and groupInspect dominates the Inspect procedure in all simulation

settings by successfully exploiting the group-sparsity structure.

3.5.4 Multiple change-points simulation

The numerical studies so far have focused mainly on the single change-point estimation
problem. In this subsection, we investigate the empirical performance of groupInspect in
multiple change-point estimation tasks. We will compare its performance as implemented

in Algorithm 7 to that of the Inspect algorithms for estimating multiple change-points
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P ¥ groupInspect Inspect /(s-agg [l -agg DC pilliat

500  0.25 151 158 370 368 364 113
200 0.5 89.6 98.6 271 332 298 102.6
200 1 8.7 14.8 18.5 108 66.8  56.82
500 2 0.95 1.30 1.64 15.9 5.42  19.53
200 4 0.057 0.063 0.080 3.11 0.51 15
1000 0.25 116 147 368 344 385 115
1000 0.5 85 120 309 316 335 102
1000 1 23.4 32.6 41.0 194 110 67.2
1000 2 1.31 1.67 2.04 32.2 747 24.36
1000 4 0.09 0.14 0.123 6.29  0.850 15
2000 0.25 106 128 356 356 374 131
2000 0.5 89.6 118 321 344 341 119
2000 1 47.61 55.56 106 283 177 9291
2000 2 2.91 3.23 3.39 63.3 10.4  39.141
2000 4 0.11 0.160 0.17 9.94 1.32 30.75

Table 3.1: Average mean absolute deviation (over 300 repetitions) comparison between

different methods. Other parameters used: n = 1000 with G = 10
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under different settings. We choose n = 1200, p € {500, 1000}, s € {3,10}, G € {50,100}
and ¥ = [,. Each data series contains three true change-points located at 300, 600
and 900 with the /5 norm of the change equal to ¥, 1.5¢ and 29 respectively. We vary
Y in {0.6,0.8,1,1.2,1.4}. For simplicity, we further assume that the same s coordinates
undergo change in all three change-points and that all groups have 10 elements. The total
number of coordinates with change k is calculated as 10s. We use the A\ tuning parameter
choice suggested in Section 3.5.2 for the groupInspect method and that suggested in
Wang and Samworth (2018) for the Inspect algorithm. For the thresholding parameter
¢ of the wild binary segmentation recursion used in both groupInspect and Inspect,
we choose via Monte Carlo simulation. More precisely, we randomly generate 1000 data
sets from the null model with no change-points and take the maximum absolute CUSUM
statistic from Algorithm 7 and Wang and Samworth (2018, Algorithm 4) as &, and ¢
respectively. We compare the performance of two algorithms using the Adjusted Rand
index (ARI) of the estimated segmentation against the truth (Rand, 1971; Hubert and
Arabie, 1985).

From Figure 3.4, we see that the groupInspect algorithm generally performs much
better than the Inspect algorithm in the multiple change-point localisation tasks. The
advantage of groupInspect is more pronounced when the signal is sparser and when the
dimension of the data is higher.

To further visualise the output of the two procedures, we plot the estimated change-
point locations for one specific setting (s = 3 and ¥ = 1) of each of the two panels in
Figure 3.4. The resulting histograms in Figure 3.5 show that when p = 500, groupInspect
was better at picking out all three change-points with higher accuracy. When p = 1000,
Inspect was only able to pick out the change at ¢ = 600 in most of the trials, whereas
groupInspect was still able to identify even the weakest change signal at ¢ = 300 in a

substantial fraction of all trials.
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Figure 3.4: Average ARI comparsion between groupInspect and Inspect. Left panel:
p = 500, G = 50. Right panel: p = 1000, G = 100.

3.5.5 Real data analysis

In this section, we apply groupInspect to an S&P 500 daily stock return dataset. The
data consists of the logarithmic daily returns (computed from the adjusted closing prices)
of S&P 500 stocks traded during the period of 1 January 2007 to 31 December 2011.
We only included the 257 stocks which have continuously traded throughout this period
to construct a multivariate time series of dimension p = 257 and length n = 1259. We
divided the 257 companies into G = 11 non-overlapping groups according to their Global
Industry Classification Standard sector memberships. For each stock logarithmic returns,
we fitted an AR(1) model, and then rescaled the residuals by their estimated standard
deviation according to the method described in Section 3.5.

Figure 3.6 displays the ten most significant change-points identified by our groupInspect
algorithm. For each change-point, we derived a sector-weighting vector from the esti-
mated projection direction by groupInspect. Specifically, given the projection direction
© € SP7! for each estimated change-point, and the grouping (Jy)geic), we computed a

weight vector @ := (||0,])gej- This vector gives us information about which sectors
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Figure 3.5: Histograms of estimated locations by groupInspect and Inspect under two
settings when P = 500,G = 50 and p = 1000, G = 100. Other parameter used: s = 3,

¥ =1 are fixed in both settings.
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Figure 3.6: Estimated change point locations (red dashed lines) by groupInspect applied
to the stock return data. For ease of illustration, we have plotted the /5 norm of the returns

of all stocks within each of the 11 groups over time.

had driven the change for each change-point estimated. For instance, we see from Fig-
ure 3.6 that the change-point at 12 September 2008 was predominantly driven by price
fluctuations in financial stocks, which coincides with the Federal takeover of Fannie Mae
and Freddie Mac on 7 September 2008 and the bankruptcy of Lehman Brothers on 15
September 2008. The change-point identified at 10 February 2009, though still heavily
weighted on financial stocks, showed a broader impact across other sectors. This is con-
sistent with the passing of the American Recovery and Reinvestment Act of 2009 on 13

February 2009 sending a general positive signal to the entire economy.
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3.6 Extensions to sub-Gaussian distributions

In the previous sections, we assumed that X; = u; + W;, for Wy, ..., W, S N,(0,%).

In this session, we discuss how the previous results can be generalised to settings where
Wy, ..., W, are independent sub-Gaussian random vectors. Adpoting notation from Zhu,

Wang and Samworth (2022), for any random vector U in RP, we write

E(jwU|7)"
Ully, == sup sup ———————,
Ul = sup sup =

gz = Sup I Ully, = ||Var’1/2(U)U||¢ )
27 esr (wTVar(U)w)t/? 2

1U]

We say that a U is a p dimensional sub-Gaussian random vector if ||U|

vy < 00.

For sub-Gaussian data, Lemma 3.21 can be used in place of Lemma 3.18 to derive
the equivalent result of Theorem 3.1 for the sub-Gaussian data. In this section we de-
note 737%3(3, k,7,9,L, B, (Jy)4cic)) as the data generating mechanism, where the data is
generated in the same way as before except the noise W; are drawn from sub-Gaussian

distributions with ||[W;|

vz < L. Theorem 3.6 gives the result for the projection direction

and Theorem 3.7 gives the result for the estimation accuracy of change-point location.

Theorem 3.6. For a given grouping (Jy)seic), let po = minge(q) | Jy| and suppose further
that there exists a universal constant Cy > 0, such that maxjcp) [{g : j € Ty} < Ch.
Let X ~ P € Pﬁ%(s,kﬁ,ﬁ, L, B, (Jy)4cic1) be a p x n data matriz, let 0 be the vector
of change and let © be as in Step 3 of Algorithm 6 with input X, (Jy)geciq) and X >
CoLBY%(1 + /log(nG) /p.). Then there exists C > 0, depending only on C1, such that

C’)\kl/Q} < 1

_— —_ 12
nt/2r9 nG (3.12)

sup ]P)p{ sin Z(0,v) >
PGPT(Ll,z)j(S’kaTﬂg»L’B(jg)ge[G])

The proof follows the same argument as in that of Theorem 3.1, but using Lemma 3.21

in place of Lemma 3.18.

Theorem 3.7. Given data matric X ~ P € 73,(:2, s, k, 7,0, L, B, (Jy)4eic), let 2 be the

output from the Algorithm 8 with input X and X\ > CoLBY?(1 + \/log(nG)/p.). There
2

exist universal constants C, C' > 0 such that, if n > 12 is even, z is even, and

CVEN
I7/n

95

<1, (3.13)



then for any Ay > L\/C'Blogn, we have

1 C'\2 8 161
P2 —z| < —Lp>1 ogn
n ny?

n3 n

The proof of this theorem follows from Lemma 3.23.

Theorem 3.6 and Theorem 3.7 show that we can obtain the similar theoretical guar-
antee results in terms of both projection direction and location estimation accuracy if the
data is consisting of sub-Gaussian random vectors. We remark that the main challenge in
the derivation of the theorems above here is how to bound the error terms, i.e, || E||gp+,
as the usual concentration bounds designed for normal distribution could not be applied
here. We instead considered Hoeffding-type inequality. Also, we define the sub-Gaussian

random variable in a way that it is invariant for linear transformation due to projection.

3.7 Extensions to temporal dependence

In this section, we consider the case when the columns of X are not independent across
time. We assume that Wy,... W, are stationary and let K(u) = Cov(W;, Wii,,). We

further assume that the dependence is short-ranged in the sense that:
n—1
> K
u=0

The oracle projection direction maximises the signal-to-noise ratio after projection,

< B*. (3.14)

op

which does not change in the presence of temporal dependence. The main difference,
however, is that when the noise Wi,..., W, are dependent across time, the CUSUM
matrix F will have columns whose covariance will be inflated as we are taking a weighted
average of correlated noise. Condition (3.14) ensures that the temporal correlation is
short-ranged and that the covariance of the noise CUSUM is inflated by at most a constant
factor, depending on B*. The following theorems give the theoretical results on projection
direction (Theorem 3.8) and estimation accuracy (Theorem 3.9) in this case. In this
section we denote 737(1'2(3, k, 7,9, B*,(Jy)gelc)) as the data generating mechanism, where
the data is generated in the same way as before except the noise W; has the temporal

dependence structure as in 3.14.
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Theorem 3.8. For a given grouping (Jy)gec(c), let p« = mingejqy | Ty| and suppose further
that there exists a uniersal constant Cy > 0, such that maxjcp) [{g : j € Ty} < Ch.
Let X ~ P € 737(:1);(5, k, 7,9, B*, (Jg)gcic)) be a p x n data matriz, let § be the vector
of change and let © be as in Step 3 of Algorithm 6 with input X, (Jy)geciq) and X >
V2B*(1 4 +/8log(nG)/p.). Then there exists C' > 0, depending only on Cy, such that

C’)\kl/z} 1

(3.15)

sup IP’p{ sin Z(0,v) > 2y < G

PGP'SLI,% (S,k’,’T,’l?,B* 7(jg)g€ [G] )

Theorem 3.9. Given data matric X ~ P € Pr(jg(s,k,ﬂﬁ, B*, (Jy)geic1), let z be the
output from the Algorithm 8 with input X and X\ > vV2B*(1 + +/px '8log(nG)). There

exist universal constants C, C' > 0 such that, if n > 12 is even, z is even, and

O\/E)\<1

Grvm <L (3.16)

then for any \y > v/2B*, we have

C'\2
n9?

1 8 .
]P’{—]é—z| < } > 1——3—(3)\1+1)6_)\%/(8B ) log n.
n n

The proofs of two theorems above follow from Lemma 3.24.

3.8 Proof of main results

In this section, we will give the proof of our results in Chapter 3.

3.8.1 Proof of Theorem 3.1

Proof. From the definition of the CUSUM transformation in (2.9), we can explicitly write
the matrix A :=E(T) = (Aj+)jcp)tejn-1] a8

n(ntft) (Tl - Z)ej if1<t< z,

@/"n—_ttzej fz<t<n-—1.

In particular, we have that A is a rank 1 matrix of the form

Ajr =

A=0yT, (3.17)
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with

72%( nil(n_z)’\/z(”_z)""’
m,\/%z,---,\/z,z)T.

By Wang and Samworth (2018, Lemma 3), we have ||v||2 = n7/4, so || A|lop = [|0]l2]|7]| =
n7Y/4. By Lemma 3.18 with § = (nG)™*, we have

1
P|T — Allgrps > N) < ——.
(” ||g p ) (nG)3
By Proposition 3.16, on the event {||T"— Algp, < A}, we have
32X(C1k)/?
max{sin Z(v,d),sin Z(u, @)} < %,
as desired. ]

3.8.2 Proof of Theorem 3.2

Proof. We will use two different constructions to derive separate lower bounds of order

\/Bslog(G/s)/(nT9?) and \/Bk/(nT92) respectively. Without loss of generality, we may

assume that z < n/2.

For the first bound, let so = s — 1, Go = G — 1. By the Gilbert—Varshamov lemma
as stated in Massart (2007, Lemma 4.10) (applied with o = 3/4 and § = 1/3), we can
construct a set Uy of sg-sparse vectors in {0,1}9, with cardinality at least (Go/sq)%/®,
such that the pairwise Hamming distance between any pair of vectors in U is at least
so/2. Let € € (0,1) to be chosen later, we can define a set

{0

—1/2

> U € Z/{(]} - S¢-1L.

We remark that for any pair of distinct u,u’ € U, we have by construction that e/v/2 <
|u' — ully < €. We then define a map ¢ : R — RP such that for any u € U and
j € Jy, we have ¢(u); = ugpg_l/Z. Finally, let ¥V = {¢(u) : v € U}. We note that
|(u') — (u)||2 = || — ul|. Therefore, for distinct v,v" € V, we have

=l

€
vz T2

L(v',v) =+1—(vT0v)? (3.18)
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Now, for each v € V, we define a distribution P, € 737%(8, k, 1,9, B, (Jy)geic), such that
the pre-change mean is —Jv and the post-change mean is 0 (we check that P, indeed

satisfies the conditions of 77,%);(3, k, 7,9, B,(Jy)gelc1))- Then for any distinct v,v" € V, we

have
/ Z192 112
D(B,||Py) = zD(N,(=vd, B)|[N,(=v'"9, B)) < Sz llv — o/|[3
219262
2B (3.19)

By (3.18) and (3.19), we can apply Fano’s lemma (Yu, 1997, Lemma 3) to obtain that

inf sup EpL(0(X),v(P)) = infsupEp, L(9(X), v)

’ P€P7(L171)>(57k77—119737(\-79)g6[G]) v ovev
N 6{1 z19262/(2B)+10g2}
T4 (s0/5)log(Go/s0) J

By the condition (s — 1)log(G/s) > 20, we have (s0/5)log(Go/so) = 2log2. Moreover,

the choice of

. \/BSO log(Go/s0)
102192

ensures that (so/5)log(Go/sg) = 2209%¢*/B. Therefore,

_ _ € 1 [Bslog(G/s)
> — =2 =\ —= .
ugf sup EpL(0(X),v(P)) > T 72\/ 2 (3.20)

PP (s,k,79,B,(Ty) ge(c1)

For the second lower bound, let g1, ..., gs be the indices of the s groups with largest
cardinalities. By the given condition of the Theorem, we have that k= > Dy =
Yo 1 DG—rt1) = k/2. Let S = Ui_ T, so |S] = k. By Massart (2007, Lemma 4.7),
k/8

we can construct a subset Vy of {—1, 1}’;0 of cardinality at least e"/®, such that any two

points in the set are separated in Hamming distance by at least k /4. Construct

{ Vise
V=<Rwv:vg=

~ for some vy € Vy and vge = 0 .
o1/

Therefore, for distinct v, v € V, we have € < ||[v" — v]| < 2¢,then,

/_
L(Ulvv) =+/1—(vTv)?2 = HU—UHQ >

vz T2
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Following the same derivation as in (3.19), we have that

D(P,|[Py) = 2D(Ny(=v0, D) || Np(=0"d, )

Again, we can use Fano’s lemma (Yu, 1997, Lemma 3) to obtain that

2.2
infsupEp, L(0(X),v) > i{1 _ 20 /B+10g2}

v owey ’ - \/i ];5/8
€ 220%€*/ B + log 2
> 1 .
NG k/16
Now, choose € = (kB)Y/2271/29~1 /44/6. Since k > 20, we have k/16 > 9log(2)/5, so that
inf sup EpL(0(X),v(P)) =z infsup Ep, L(0(X), v)
! PEIP'SLJZLL(57k>7_719737(t79)ge[63]) v ovey

LIS ,/kB (3.21)
T 9v2 T 23V 262 '

The desired result follows by combining (3.20) with (3.21), and noting that z > nr. O

3.8.3 Proof of Theorem 3.3

Proof. Recall the definition of X and let 7® = T(X®). Define similarly u? =
(uf), . ,/Ai)) € RP*™ and a random W) = (1/1/1(2)7 ce Wr(f)) taking values in RP*™ by
12 = piy and W = Wy, Now, let A® = T (@) and E® = T(W®). We also write
X =W)X 5= @O0 @ W =>0W)TWe, A=>06MTAD, E = D)TE® and

T= (17(1))TT(2) for the one-dimensional projected images. Note that by linearity, we have
T=T(X),A=T(i) and E = T(W).

Now, conditional on 9!, the random variables X1,..., X, are independent with
Xi |9 ~ N(fiy, 0?)
and the row vector /i undergoes a single change at z(2) = 2/2 with magnitude of change

0 =iy — foe = 0170
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Finally, let 2® € arg max ;e 1 T3], so the first component of the output of the algo-

rithm is 2 = 2@, Consider the set
T ={uecS':sins(u,v) <1/2}.

By Condition (3.9) and Theorem 3.1, we have that

1
(mG)*

P eT)>1 - (3.22)

Moreover, on the event {0 € Y}, we have that |#| > /39/2. Noting that we have
E; | oW ~ N(0,9MTx5W), we have by Wang and Samworth (2018, Lemma 4) for any
AL > V/B that
P(|E|loo = M) < \/gﬂog nyl (L + 2) e M/B < 3ae M/ B logn. (3.23)
0 VB
Define Q := {6; € T, ||E|lc < A1}. From (3.22) and (3.23), we have P(Qg) > 1 —n;® —
3\e /B logn.
Notice that the procedure produces the same output if we replace (1) by —0™), hence
we may assume without loss of generality that § > 0, which implies that A, > 0 for all

t € [n1 — 1]. Condition (3.9) implies that
Vntd = CAy, (3.24)

for sufficient large C. Therefore, by Lemma 3.20 and (3.24), if we choose C' > 8/+/3, then

for ¢ satisfying |2(2) — t| > n,7/2, we have

ni

(2) — ~(2)) _ _
A \/(—)9 o T35 B s on,

In particular, we must have on €y that Tio) > T2 = A, — A\ =2 —As + A\ = =T, for
any t € [n — 1]. Hence, argmax,g, 1 |Ty| = arg max,, 1 T
Since T = A + E and (4;), and (T}); are respectively maximised at ¢ = 2 and

t = 2. We have on the event € that

Az(z) — A2(2) = (AZ(Q) — Tg@)) -+ (TZ<2) — Ti(z)) + (TA(g) — A2(2)) < Eé(z) — Ez(z). (3.25)

z
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Note that on €, the right-hand side of (3.25) is bounded by 2A;. Hence, applying
Lemma 3.20 to the left-hand side of (3.25), and using the unimodality of A, if C > 24

on the event {2y, we have that

]2(2)—22| 3\/_)\1 2\ _ 1
T 9,/n17' 19\/717'

By Lemma 3.19, there exists an event Q; with probability at least 1 — /2B logn on

which
_ ®_:0 @ _ 5
By — Be| < AIAM/u PR W ki) (3.26)
nTt nrt

Substituting the improved bound of (3.26) into the right-hand side of (3.25), and again

applying Lemma 3.20 to the left-hand side of (3.25), we have on Q4 N € that

9122 — 22 (2) _ 5(2) (2) _ 5(2)
A ittt ISP Uil SR ol
3 \/NT nr nrT

19 |z(2) Z(?)\
nTt

When C' > 96, from (3.9), we have 16\ ‘2(2) Z(2)| < . Consequently, on ¢ N €}y,

we have

as desired. Finally, we compute that the desired event occurs with probability

1 22
P(QoNQy) >1— = — 3\ + 1)e /B ogn,

n1

as desired. ]

3.8.4 Proof of Corollary 3.4

Proof. Define A := E(T') and E := T'— A. Under null hypothesis where there is no change
in the segment, by Lemma 3.18, we have that P(||T||grpx = A) = P(|| E||lgpr = A) < 1/(nG).

Under the alternative, we have:
”Tngp* = [|A+ E”grp* 2 ||A||grp* - ||E||grp*'

By (3.17), we have

< Il IOl
1Allgrpr = 1167 [lzrp- = HvHoomaﬁpgl/zl\@ oll2 = Y
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Also, by definition of 7, we have that |||« = 1/ @ > y/n7/2. Therefore, for ||0]]y >
2v2kX

nTt

that [|T]|gp = 2X — A = A. O

, combining with Lemma 3.17, we have that with probability at least 1 — 1/(nG)

3.8.5 Proof of Theorem 3.5

Proof. Let {z1,...,2,} be the set of true change points, such that 0 =: zp < 23 < -++ <

2, <n =:z,41. For each i € [v], define intervals

I = (2 —n7/3,2s —n7/6) and I = (2 +n7/6,2 +nt/3).

(2

These intervals contain at least one integer for n > 6. For simplicity of exposition, we

have ignored various rounding issues in this proof. Now, define the following event:
Qo :={Vi € [v], Im € [M], s.t. (Sm,em) € TF x T},

Then, we have

v

M M
P(QS) < Z H (1 - P((Smyem) S IzL X IzR)> < V(l - T_> < V€7T2M/36‘

i=1 m=1
On €, for each change point z;, we can find an interval (s,,, e,,] which only captures one
change-point, which is at least n7/6 away from the endpoints s, and e,, of the interval.
We write X for the submatrix of X obtained by extracting columns indexed in
(s,e]. Let T .= T (X&) Alsel .= BTl and Bl := Tl — Alsel Set
Q= { max || B¢ gp. < )\}.

1<s<e<n
By Lemma 3.18 and a union bound, we have that

(n—l)G< 1

C < 2 .
P(Q]) <n (nG)? =GB

Now, for any interval (s,e|, we write 2(>¢ to be the change-point estimate of Algo-
rithm 8 applied to data X (. We define the following set: O = {(s,e) : 0 < s <

e<n, zi_1 <8<z <e< zy forsome i € [v]} and min{z; — s,e — z;} > n7/10} to be
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the set of intervals (s,e| that captures exactly one true change-point, which is at least
nt/10 away from the boundaries. We then define the event

C'Blogn
92

For a sufficiently large C' and C’, by Condition (3.3) and Theorem 3.3 applied with
A1 = \/16Blog(nTB), together with union bound, we have that
7

nr3’

0, = {\é(sve] 45—z < for all (s,e] € O}.

P(€2) <

We will henceforth work on ¢ N €y N Q.
For any interval (s,e] C (0,n], we define Z¢ := {z;: i € [v] and 2 € (s,¢]} and the

following subsets of Z(*l:

Zg(zoec]l = {ze 259 min{z — s5,e — 2} > nr/3},
C'Bl
Zl()‘;f] = {z e 26 min{z — s,e — 2} < %},

where C” is chosen to be the same constant as in the definition of 5. We note that Zéifgl
and Zé;’c'f} respectively contain change-points within (s, e] that are well-separated from the
boundary and close to the boundary. We will informally refer to these change-points as
“good” and “bad” change-points in (s,e]. On Qq, for every i € [v], we can associate it

with an m; € [M] such that s,,, € ZF and e,,, € Z*. We claim that

{mi:z e 25N CR,.. (3.27)

good

To see this, we first note that from the definition of ZF and Z}, and the condition min{z; —

s,e — 2} > nr/3 that for every i with z; € Z°

sood We have (sp,, em,] C (s,e]. On Qy, by

Condition (3.11) with a sufficiently large choice of C' > 0 and the proof of Corollary 3.4
we have

[V R DY
Hence m; € R, establishing the claim. On the other hand, under Condition (3.11) for
sufficiently large C, we have % < nt/10 = 5. Hence on Qy, for any (sg, eo] C (s, €]

containing only “bad” change-points, i.e. (o, eo] N 2 C Z}S‘:;}, we get:
||T(So+ﬂ’eo_ﬁ]”grp* <A
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as there are no change points within the interval (so + 3, ey — 8]. Thus,
{m € Mgt (Smyem] N Zsel Z,g‘;’(f]} NRse=10 (3.28)

Given a set Z of estimated change-points, we can partition (0,7] into |Z|+1 segments.
We call these the segments induced by Z. We now prove by induction that throughout
the recursion of NOT, the following statement holds:

For any (s,¢] induced by Z, 2 = 24 zl>d, (P)

good

For the base case, at the beginning of the algorithm, we have 7 = (), so the only induced
segment by Z is (0,n]. The statement (P) is true since the cloest change-point from
the boundary is at least nT away. Now assuming that (P) is true at some stage of the
recursion when Z is the set of estimated change-points so far, we need to show that (P)
still holds when a new change-point is estimated by NOT. This new change-point must
be identified from running NOT on some (s, e] where (s, €] is one of the induced segments
by Z. From the inductive hypothesis, we know that Z( = Zg(z’oe(]i U Zl()‘;’(f]. We note that
Zéifji is necessarily nonempty for otherwise by (3.28) we have M, NR;. = 0 and hence
Rse = 0, so no new change-point will be identified in (s,e]. Thus, there exists some ¢’
with 2y € Zg(zf(]i and by (3.27), my € R, and hence ep+ — Spe < €, — S, < 07/3.
In particular, we have that (s,,+, en+] must capture exactly one change-point (it has to
capture at least one change-point by (3.28) and cannot capture more than one since two

consecutive change-points are spaced at least nT away), say zx. On the event s, we

know that the change-point output 2 of Algorithm 8 on X (sm=-¢m*] satisfies
C'Blogn

vz
We now check that the two new segments induced by Z U {2 + s,-} still satisfy (P). For

|12+ Spr — 2| < (3.29)

this, it suffices to check that z;_1, 2z;+ and z;+,1 are either within % of Z+ s,,« or
at least n7/3 away from it. This can be seen by combining (3.29) with the fact that
min{ z; — 21, Zi=11 — 2+t = n7. This completes the induction.

We remark that as a side product of the above inductive argument, we have shown
that if (s,e] N Zg(zoei # 0, then R, is non-empty and NOT will estimate a new change-

point. Hence, at the end of the recursion, we must have that all segments induced by
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Z contains no change-point at least n7/3 away from the boundaries. In other words, all
change-points zi, ..., 2, must be at most n7/10 away from the endpoints of one of the
induced segments. This, together with the fact that consecutive change-points (including
2o and z,41) are spaced at least nT away, means that there must be exactly v estimated
change-points in 7 at the end of the algorithm. Let 2; < 25 < --- < Z, be elements of
Z arranged in an increasing order. Then, since all change-points are “bad” at the end of

the NOT recursion, we must have

15 < C'Blogn
max |2 — zi| < ————
i€ 92

as desired. 0

3.9 Ancillary results

We collect in this section all ancillary propositions and lemmas used in Chapter 3. For
all results in this section, we assume that we are given a grouping (J;)4e(c) of [p] and the

associated group norm || - [/gp.

Proposition 3.10. Fizn € N. Let P, ,, ,, denote the joint distribution of (X;)icp) such
that X; ~ N(p;,0?) are independent random variables with p; = prlgcsy + prl{isz)-
Then

inf Sup Ep. i in 12— z|(ur, — pr)? = co” loglog n.
2 (z,pL,uR)E[n—1]xR2

Proof. Suppose n = 2% for some L € N. For ¢ € [L], we define u®) € R?" to be the vector

whose last 2¢ entries are equal to y/022-¢loglog,(2n)/60 and the remaining entries are 0.
Gao et al. (2020, Theroem 2.2 and the argument immediately above its statement) shows
that for some universal constant ¢; > 0, we have
inf sup E || ft — )2 > c10%loglog(16n). (3.30)
B oeelL]
Let ¢ > 0 be a constant to be chosen later. We assume that the conclusion of the

proposition does not hold, which means that there exists an estimator Z such that for all
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z € [n— 1] and pr, pr € R, we have

co?loglogn

e (3.31)

EPZ,[J,L,[J,R"% — Z‘ <

Let (Z;)ic[2n) be a sequence of 2n independent random variables such that Z; ~ N (1 {i<0.+
prlfis2:), 0?). We can apply the estimator 2 on data Z,qq := (Z1, Z3, . . ., Zon_1) of length
n to obtain a changepoint location estimate Z(Z,qq), which for notational simplicity, we

will denote also as Z henceforth. Now, define

fir, ::%;Z% and ﬂR::nig'Z Zo;.

Then the vector fu := (i, Lyicosy + firl{i>2:})icj2n] s an estimator of p := (EZ;)icpon)-

Without loss of generality, we may assume that Z > z; the opposite case can be handled

symmetrically. This means that

16— pll3 = 22(fn, — pon)* + 2(2 = 2) (ji, — pr)* + 2(n — 2)(fir — pr)* (3.32)

22—z

Using independence between 2 and (Z3;)icpn), we have fir, | Zodaqa ~ N(g,uL + =2 g, 02/2)

and fig | Zoad ~ N (pr,0?/(n — 2)). Hence, from (3.32), we have

- 22(2 — 2)?2  222(2— 2
Bl — w3 | Zoaa) = 407+ G —p?{ ZE R 4 22

< 4o® + 4(u — pr)*(2 - 2).

co?loglogn

(uL—nr)2 > " have

Then, since Ep, , , |2 — 2| <

A~

Ep. . .. (I —pl3) <40 +4(up — pr)’Ep., . (2 — 2)

< 40 + co*loglogn.

Now, choosing ¢ = ¢;/2, then for sufficiently large n, the above inequality contradicts

(3.30), which means that (3.31) cannot hold, thus establishing the desired conclusion. [

Lemma 3.11. The norm || - ||gp« 5 @ dual to || - ||gp with respect to the inner product

(,-) on RP*™,
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Proof. To prove the lemma, it suffices to show that [|[M]|,, = sup (R, M) for all
IRy <1

M € RP>*(=1_ First, for any M € RP*("=1 et Mg, be the tth column of My . Define
R = R(M) such that

By convention, we set ]N%Jg,t = 0if ||Mg, |2 = 0 Then,

~-1/2

- M M

|R||grps =  max ZM < max 91/2 1/2” Toitl|2 _q
g€[G] te[n—1], ||Mjg,t||2 g€[G],t€[n—1], ||Mjg |z
I1M7g,t127#0 [M74,¢ll27#0

Hence,

172 {Mg,6, Mg, ¢)

sup <R,M)><R,M)= Z Py M5 ||
||Rngp <1 gE[G],tE[n—l} jg,t 2
1M 7g,ell27#0
G n—1
= Zzplﬂ |M\7g7tH2 = ||Mngp~
g=1 t=1

On the other hand, for any R such that ||R||gpe < 1, we have [|[Rg, 4|2 < p/? for all g

and t. Consequently, by the Cauchy—-Schwarz inequality,

=3 N Ry Mz) <30S Ry ullall M, il

g€[G] t€[n—1] g€[G] t€[n—1]
<Y Y 2 IMa,lla = Mg,
g€[G] te[n—1]
thus establishing the result. O

Proposition 3.12. Let S = {M € RP*("=V : |M||, < 1}. For T € RP*"=D X > 0, we

have
T—-R*

argmax{(T, M) — )\HM”grp} T - R
F

MeS

/2
where R* satisfies R , = Tz, , min { e 1},
g9

Proof. Define functions h : RP*(=D x RP*(»=1) 5 R and f,g : RP*®=) — R such that
for M,R € R0V n(M,R) = (T — AR, M) and f(M) = infg,,.<1 h(M, R) and
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g(R) = suppes h(M, R). By (3.10) and Lemma 3.11, we have that
(T, M) = A|M]|grp = (T, M) = A o (R, M)
grp*<1

= it (T = AR M) = f(0M).

grp* =

By the minimax equality theorem (Fan, 1953, Theorem 1), we obtain that

sup f(M) =sup inf A(M,R)= inf suph(M,R)= inf g(R).

MeS MEeS IIRllgrps<1 [Rllgrox<1 MeS [ Rllgrps <1

Observe that g(R) = ||T'—AR|[p. To find the R* € argmin g < |7 —AR|r, we consider
the G groups individually. For each group g, and in the tth column, if |17, ;|2 < Ap;/ 2
then RY , = Ti7,./A; and if || Ti7, 4[> > Apy/?, then Ry, = p;/QTjg,t/||Tjg7tH2. Since the

minimiser of g(R) is unique, we have that

T — \R*
argmax f(M) = argmaxh(M,R") = ———,
]%ES J(M) ]%468 ( ) |T — AR*||r
as desired. O
Lemma 3.13. For any A, B € RP*", we have (A, B) < || Allgep | Bllgeps-

Proof. By Cauchy—Schwarz inequality, we have that

(A,B) =) (A7, Bz, < Y Az llell Bs,ulle

9 g€[Gl,te[n)]
<2 ) (s, 1B ) = Al Bl
g€[G],tE[n] g€[G],te(n]
as desired. ]

Lemma 3.14. Let p, = |J,| and suppose further that there exists a universal constant
Cy > 0, such that maxjep |[{g : j € Jy}| < Ci. Then, for any M € RP*™, we have
1M ]|grp < (Crn 32, pg) 2| M ]|

Proof. Define m withmy, ; = ||Mg, +|lr. Then by applying the Cauchy—Schwarz inequality
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twice, we have

1Mo =D p”QZ 1Mg,.ell2 < D (npg) % My, ||e

g€(G] =1 g€lG]
1/2 1/2 1/2
<vi(Tn) (Swl) < (cnXn) v
9€[G] 9€[G] 9€[G]

as desired. ]

The following proposition establishes a sine angle loss upper bound for the (compu-
tationally infeasible) optimiser of (3.4). We see that the risk bound has essentially the

same form as that given in Theorem 3.1.

Proposition 3.15. For a given grouping (Jy)ecic), let po = mingeq) |Jy| and suppose
further that there exists a universal constant Cy > 0, such that max ey [{g 1 j € Ty} <
Ci. Let X ~ P € 73,(1}2,(3, k, 7,9, B, (Jg)gecic)) be a p x n data matriz, let 0 be the vector

of change and let O € argmax;ego-1 40 |57 T||y. Let X\ > BY?(1 + \/4log(nG)/p.).

Mlo<s

Then, with probability at least 1 — % we have that

8v2C I \k1/?

sin Z(v, 0) < iy

(3.33)

Proof. Let A,~ be defined as in the proof of Theorem 3.1. Let u := ~/||v[|2 and @ :=
T"9/||T"9||2. Then, by the basic inequality, we have that:

(u" Ty =T ol = |T v|la = v Tu = (vu',T).

Combining with Wang and Samworth (2018, Lemma 2), we have:

2
low" — o0 ||E = ———((A=T,ou" —00") + (T,vu" —0a"))
16]]217]l2
2
<————(A-T,vu" —0u")
PRI
<A T = 0 g
[16]]21[7]l2
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T

Since vu' — 94" has at most 2k rows with non-zero entries, By Lemmas 3.14 and 3.18,

for the choice of A in the proposition, we have with probability at least 1 — 1/(nG) that

L A
o111, §

Consequently, by the same argument as in the proof of Proposition 3.16 we have

2\/§>\(Clnk)1/2 8vV2\(C1 k)12
Bl S P

luv ™ = oa" |[f <

sin Z(v,9) < |Jvu’ — 04" ||p <
as required. -

Proposition 3.16. Let p, = |J,| and suppose further that there exists a universal constant
Cy > 0, such that max;ep [{g: j € Ty}| < C1. Let A be a rank one matriz with A = dvu"
for & > 0, [[v]l2 = |Jull. = 1 and Zg,vj 2Py < k. Suppose T € RPX("=1) satisfies
|T — Allgeps < A for some A > 0, and let S = {M € RP*"=V . ||M||y < 1}. Then, for

any
M ¢ argmax{(T, M) — >\HMngp}7
MeS
we have
. 4 k)'/2
||UUT _ M”F < M7
)
and
8)\(01711{:)1/2

max{sin Z(v,0),sin Z(u,4)} < 5

Proof. Define Gy = {g : vz, # 0}. Since vu' € S, from the basic inequality, we have

(T, 0uT) = Ao |lgp < (T, M) = MM | grp. (3.34)

When ||A — T||gps < A, or equivalently, pg_1/2||AL7g7t — T ¢l < Afor all g € [G] and
t € [n — 1], we have by Wang and Samworth (2018, Lemma 2) and (3.34) that

~ 2 N 2 n N
|vu" — M|} < 5<A vu' — M) < 5(<T,UuT — M)+ (A=T,vou" — M))
2\ . .
< = 5 (”UUTngp ||M||grp + HUUT - Mngp)
4N(Cynk)'/? .
Z > i M)g, 4]l < AACunk) 15 ) lou” — M|,
gego te[n—1]
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where we used Lemma 3.13 in the penultimate inequality and Lemma 3.14 in the final
bound. This proves the first claim of the proposition, and the second claim follows from

the first by the same argument as used in Wang and Samworth (2018, online supplement

(18) and (19)). O

Lemma 3.17. Suppose ¥ € R¥™? is a symmetric positive semidefinite matriz and let

E ~ N(0,%). Then we have for any § > 0 that

P(IIE|* > tr(S) + 2] 2l v/log(1/0) + 2[|Z[lop log(1/5)) < 6.

Proof. Let ¥ = UTAU be the eigendecomposition of 3, such that U € R%*? is orthogonal

and A = diag(A\1(2), ..., A\g(X)) is a diagonal matrix with eigenvalues of E on its diagonal.

Hence, there exist Z,...,Zq ~ N(0,1) such that |E|3 = |UE|3 = Z;l:l Ai(X)Z2.
Applying Laurent and Massart (2000, Lemma 1), we have with probability at least 1 — §
that
d 1/2 .
B8 < S0 +2( 300 VioR(L/a) + 21k (9 log(1/9)
P =1
< tr(2) + 2[X][pv/log(1/6) + 2[X|op log(1/9)

as desired. ]

Lemma 3.18. Suppose ¥ € RP*P is a symmetric positive semidefinite matriz with || X]|op <
B. Let W = (Wy,...,W,) be an p x n random matriz with independent columns Wy ~
N,(0,%). Define E:=T(W). Let py = |T,| with p, = mingeig pg. Then for any § € (0,1)
and A = BY2(1 + /2pi " log(1/0)), we have that

P(|Ellgrpe > A) < (n = 1)Go.

Proof. By the definition of the CUSUM transformation 7 in (2.9), we have that Ez ; ~
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N(0,%y7,.7,). By a union bound, we have

P(|Ellgp > A) < D D PllEz.l3 > pA?)

g€[G] te[n—1]
21og(1/6)\”
<X 3 P(IEg > By (142U )
g€[G] te[n—1] Pg
<Y YoE ||Ejg,t||§>B<pg+2\/pglog<1/a>+2log<1/6>))
g€[G] t€ln—1]
<SS B(IBs R > (Sg,0) + 215, 5 lev/1og(1/0)
g€[G] teln—1]
+ 215, 5 llop log(1/9))
< (n—1)G6.

as desired, where we used the fact that ||X7 7 [lop < [[X[lop < B in the penultimate

inequality and Lemma 3.17 in the final bound. O

Lemma 3.19. Let W = (Wy,...,W,) be a p X n random matriz with W; Y »(0,%)
and E =T(W) = (E1,...,E,1). Suppose ||Elop < B and that min(z,n — z) > nt and

|z — t| < n7/2. For a deterministic vector v € RP and any Ay > 0, there ezists an event

Qq with probability at least 1 — 16e1/(4B) logn such that on this event, we have
Proof. Define event

—1
W'E, — v E)| < 2\/_/\1\/ Loan 2t
nrt
Ql = {
r=1

¢
Z o'W, — Z v
= r=1

Since v "Wy, ..., v W, S N(0,v"¥v), with v"¥v < B, by Wang and Samworth (2018,

|s —t], for 0 <t < nandsE{Ozn}}

Lemma 5), for any u > 0, and m € N, we have

max E v
( 1<t<m \/_

Applying the above bound four times, we have

> uBY? ) < 4e /4 logm. 3.35
g

P(Q) < 46_’\%/(43){210gn +log z + log(n — 2)} < 16e2/4B) o .
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It hence suffices to show that on €2y, the desired inequality holds. By symmetry, we
may assume without loss of generality that ¢ < z. From the definition of the CUSUM

transformation in (2.9), we have

v'E,—v'E =,/ n_z< ZTW ZTW>
— ./ n_t< ZUTW ZJW)
_ /Z(n_z ('Z—t; oW, — T;ﬂ TW)

N Q/ﬁ _ %ﬁ) (%ZUTWT - ZUTWT) (3.36)

On the event )y,

S Y

r=t+1

z

Zv

r=t+1

<= Al\/ﬁ +MVzE—t <20V —t (3.37)
n

s

r=1

Similarly, we have on 2; that
-I— )\1\/_ <20 \/%

DWUTES MR

Noticing that £ 3" oTW, =30 0TW, = 2=L5" oTW, =" v W,, we can sim-
ilarly bound the left-hand side above by 2A\;y/n — t. Therefore, on §2;, we have

" n t
— ZUTWT — ZU
n r=1 r=1

< 20 min{vt,vVn —t}

<2)\1min{\/2, n—z+%}. (3.38)

By the mean value theorem, there exists £ € [¢t, z] such that

e )

V2(z —t)

S min{(z — n7/2)3/2, (n — 2)3/2}

(3.39)
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Combining (3.36), (3.37), (3.38) and (3.39), we have on €2y that

|UTE _JTE | < 9\ n(z —t) +23/2)\1(Z — 1) min{Zl/z,(n B z+n7/2)1/2}
z t| X 1 Z(Tl — z) mln{(z — n7/2)3/27 (7’L _ 2)3/2}

2\/_)\M/ b2t
nTt

as desired. ]

Lemma 3.20. Suppose p = (u1, ..., in) has a single change point at z, in the sense that
pr ==, =p and proyy = - = pp = p¥. Let A=T(u) = (A1,..., A,). Define
0= — u®. Then for any v € RP, and |z — t| < nT/2, we have

2 —1
'UTAZ—UTAt > |Z ’

~3V6 VT

Proof. Observe that A is a rank one matrix given by (3.17). Hence, v' A = (v70)y". The

(v'6).

desired result is then a consequence of Wang and Samworth (2018, Lemma 7). ]

Lemma 3.21. Let W = (W, ..., W,,) be a pxn random matriz with independent columns

Wy satisfying |Wil|ys < L and ||Var(Wi)||op < B fort € [n—1]. Define E :=T(W). Let

g = | Tyl with p, = mingeig pg. There exists a universal constant C' > 0 such that for

any 0 € (0,1), we have

IP’{HEngp* > CLBW(l + M)} <0

P«
Proof. By the definition of the CUSUM transformation 7 in (2.9), we can write F; as
Ly = ) i asWs for a contrast vector a = (ai, ... ,a,)" such that ||, = 1. For each
€ [n], Since ||Wi|lys < L, we have for any v € 87! that |[o"W,/{v Var(W;)v}'/?||y, <
L. Therefore, by Vershynin (2012, Proposition 5.10), there exists a constant C; > 0 such

that for every ¢ € [n — 1] we have

n T
> asv Wy

R 7T
(vTVar(W;)v)1/2

E =
H ! veSr—1 (UTV&Y(Wt>U)1/2 veSr—1

< O L.

P2

Then, we can bound || E;||y, by:

1Bl < (1B o < CILBY2.
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Define S¥~' := {v € §”7' : supp(v) C J,} and let Ny € SP~! be a 1/2-net of the set
SP~!. By Vershynin (2012, Lemma 5.2), we can choose N, such that [Ny < 5Ps. Obseve
that

T T T
|Ez,lz= sup v E; < supv Ep+ sup |u' By
vesh! vENy wil|ull2<1/2,supp(u) CTy

1
= sup v By + = ||Ez 4|l < 2 sup v' E.
veNy 2 veNy

Hence, by a union bound and a tail bound of sub-Gaussian random variables, we have we

have for some universal constant Cy > 0 that

P(HEJg,tH2 > .17) < ]P’(sup UTEt > g) < 5pge—x2/(C§L2B)‘
veENy

By another union bound, we have

IP>{I|Ellgm* > 20, LB"? (1 n M)}

D
<> ) P(HE@,tuz > c2LBl/2\/2pg+1og(nG/5))
g€[G] te[n—1]
< Z (n — 1)5Pse2pa—los(nG/o) 5
g€(G]
as desired. ]
Lemma 3.22. Let Wy,...,W,, be independent centered sub-Gaussian random variables

with max, |Wy||y, < K fort € [n]. Define Z, := t=/23L_ W,. Then forn > 5 and

u > 0, we have for some universal constant C > 0 that

P(max Z; > u) < 2¢% /(%) Jog n.

1<t<n

Proof. Define S; := >.'_ W,. Then, (S;); is a martingle and (e%); is a non-negative

sub-martingle. Then, by a union bound, we have

[logs (n+1)]
]P’(max Zp = u> < Z ]P’< max J; > u)
1<t<n — 21t <2i
]:
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Then by Doob’s martingle inequality and Vershynin (2012, Lemma 5.9), we have for some

universal constant C; > 0 that

[logy (n+1)]
. (G-1)/2
IP’( max JZ; = u) < E mf]P’( max e > ¢? ’\“>
20 —1<t<29 — A>0 211t <27
]:
[logy (n+1)]
. C_9(i-1)/2
< E inf Eet2i g2 AU
/ 2A>0
Jj=1
[logy (n+1)]
. 20j—17:2 _o(i—1)/2
< 2 : Hlf(icl)\ 227K e 2y Au
/ 2A>0
Jj=1
[logy (n+1)]
2 2 .2 2
_ Z ¢ /(UCK?) < 9 —u?/(4C1K )logn,
Jj=1

where in the final step, we used the fact that n > 5. The desired result follows by taking

Lemma 3.23. Let W = (Wy,...,W,) be a p x n random matriz with columns satisfying
max, |Willy; < L and E=T(W) = (Ey,...,E,_1). Suppose min(z,n—z2) = nt and |z —
t| < nt/2. For a deterministic vector v and \y = Ly/CBlogn, we have with probability

at least 1 — 16171& that
—t —t
W B, — 0T By < 220/ " 4 8M, 5
nr nr

Proof. By a similar argument as in the proof of Lemma 3.21, we have for all r € [n] and

v € 8P that ||v" W, ||y, < LBY2. Define event

S t
QO = { ZUTWT — ZUTWT
r=1 r=1

Then, by Lemma 3.22, for any v > 0, and m € N, we have

<MVI[s—t], for0<t<nandse {O,z,n}}.

t

% ZUTWT

r=1

> )\1) < 4eM/(CL?B) logm.
Applying the above bound four times, we have

P(QS) < 4e M/ CLE B9 10gn + log z + log(n — 2)}

< 16€_>\%/(CL2B) logn < 1610gn
n
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It hence suffices to show that on €2y, the desired inequality holds. This deterministic

calculation follows verbatim from the proof of Lemma 3.19. m

Lemma 3.24. Suppose ¥ € RP*P 45 a symmetric positive semidefinite matriz. Let W =
(Wi, ..., W,) be an pxn random matriz with dependent columns Wy ~ N,(0,%) satisfying
equation (3.14). Define E := T (W). Let py = |J,| with p, = mingeie py. Then for any
6 € (0,1) and A = vV2B*(1 + v/2pi " log(1/6)), we have that

P Ellgrpe > A) < (n = 1)Go.

Proof. Fix t € [n — 1] and define k = (ki,...,k,)' € R" by K, = —1/%1{r<t} +
ﬁl{wt} (for simplicity, we have suppressed the ¢ dependence in the definition of
k). Then we have E; = Y "_, kW, ~ N(0,%*) for some positive semidefinite matrix

¥* € RP*P. For any v € SP~!, we have

v o v = Var( TEt ZZH“K’”QU K(|rg —m|)v

ri=1re=1
25 UTK E KoKt

gQZUTK(U)U{ n_t)(t_u)++t(n_t_u)+} <QB*

nt n(n —t)

Consequently, we have ||X*||o, < 2B*. Then, following the proof of Lemma 3.18 and B

with 2B*, we can obtaine the desired result. O
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Chapter 4

High dimensional change-point

estimation under network structure

4.1 Introduction

In this chapter, we proposed a method, called SpreadDetect, to estimate the change-
points under network structure. Existing work on change-point analysis with network
structure includes Chen et al. (2022), Wang et al, (2017) which detect changes in the
network, Dette et al. (2022) which detects changes in covariance structure. Here, we
consider a different setting where the coordinates represent nodes of a graph/network
and the change, instead of occurring simultaneously in all coordinates of interest, may
initially appear in one coordinate (the source coordinate of change), and then spread
across the network gradually over time. Such a statistical model is useful to represent, for
instance, the spread of infectious disease between individuals over time. We are interested
in estimating both the source coordinate and the time point where the change occurs at
the source coordinate. Note that different coordinates will have a change occurring at a
different time point. To avoid ambiguity, we refer to the time of the change in the source
coordinate as the initial change-point, or simply the change-point of the model, and the
time point of change in any given coordinate as the time of spread to that coordinate,

which is typically later than the change-point. In such a setting, the change signal may be
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very small and sparse when it first appears, and increases as the change is spread across
the network. Thus, a naive application of a multivariate change-point procedure may
miss the initial part of the change and likely estimate a change-point with a positive bias.
Moreover, in many applications, the coordinate(s) where the change first appears may be
of separate interest. The task is to estimate both the source coordinate and the initial
change-point time in a statistical model where the change is spread across the network
via adjacent nodes.

The key idea here is to aggregate evidence of change, measured in terms of coordi-
natewise CUSUM statistics, across multiple coordinates with suitable time lags. We then
centre these aggregated CUSUM statistics so that under the null distribution, candidate
change-points near and far away from the boundary of the time window considered are
treated on equal footings. The method is explained in detail in Section 4.2. Depending on
whether the signs of the change in different coordinates are equal, we propose quadratic
and linear test statistics respectively, indexed both in time and over the coordinates. The
final estimator for the time and coordinate of initial change is obtained by maximising
these aggregated statistics.

In Section 4.3, we derive theoretical guarantees of our proposed SpreadDetect method.
For simplicity, we focus on the case where the change is spreading across the network at a
deterministic rate. We assume that if the change-point and source coordinate pair varies
from (z*,j*) to (t*, k*), at least m nodes in the network will witness a difference in their
time of spread at least proportional to the sum of the time difference between z* and t*
and the graph distance between j* and k*. We first derive a key result in Theorem 4.1,
saying that assuming that the change is bounded away from the endpoint, and provided
the magnitude of change is up to logarithmic factors above /p/(nm) + p/(nm?), then
both the source coordinate and initial change-point time can be accurately estimated.
Theorem 4.4 then shows that our estimation procedure can be turned into a test with
good size and power controls for testing the existence of a change-point of the above signal
size. Theorem 4.5 shows that when m =< p (a condition that can be verified in many

common graphs), the signal size required in Theorem 4.1 is in fact minimax optimal. In
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addition, we derive in Theorem 4.6 the result for the special case when we know the sign of
the signal so that the linear statistics in Algorithm 8 is used. In this case, the estimation
accuracy is guaranteed if the magnitude of change is above 1/ vVmn7? up to logarithmic
factor.

In Section 4.4, we evaluate the empirical performance of the method through simulated
data and a COVID-19 real data example. We evaluate our method under two settings
when the signal spreads to the nearby coordinates in a fixed or random way using the
simulated data. Proofs of all theoretical results are deferred to Section 4.5, and ancillary

results and their proofs are given in Section 4.6.

4.2 Problem setup and methodology

Given a network represented by a connected graph G, with vertices V(G) := [p] and edges
E(G) C [p] x [p], let j* € V(G) be the source coordinate and z* € [n] the change-point
and write S; C [p| for the set of “infected nodes”, i.e., coordinates that have undergone
a change at or before time ¢t. We have S; = () for t < z*, S,» = {j*} and we assume
that the change spreads from infected nodes to their neighbours at a constant rate in the
sense that at any time ¢ > 2%, S; := {j : (j, k) € E(G) for some k € S;_;}. Suppose the
data Xi,..., X, € RV = RP follow multivariate normal distribution with an identity

covariance such that
E(Xy) =p’olg +p' olg, forte [n],

where ;% and p' are respectively vectors of means pre- and post-change, and 1, :=
(Ljea)jefp for any A C [p].

Let dg(j, k) be the graph distance between nodes j and k, i.e., the length of the
shortest path from j to k on graph G. Then, the data consists of independent random
variables:

N0, 1) ift < 2* +da(j, 57)
in N J for j € [p] and t € [n]

N(ub, 1) if t > 2" +da(h, 57),
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We define Pjs .- 0,1 to be the distribution of the data matrix X = (Xi,...,X,) € RP"
given parameters (j*, 2%, u% ') € © = [p| x [n] x R? x RP. Our task is to estimate j*
and z* given data X ~ Pj« « 0 1. Define 8 = (6y,...,6,)" := p* — pu°. We assume that
6] > a for some a > 0 for all j € [p].

Writing p = EX € RP*" we have the decomposition X = p+ W, where W isapxn
random matrix with independent N (0, 1) entries. we form 7' = 7 (X) to be the CUSUM
transform of matrix X as defined in equation (2.9). The CUSUM transformation is the
normalised difference before and after the change for a single entry in the data matrix.
Motivated by this meaning, and that in each coordinate, the CUSUM statistic is max-
imised at the time of spread, we propose to aggregate these CUSUM statistics in different
coordinates at appropriate lags. Specifically, given any candidate source coordinate and
change-point pair (j,t), we compute the time of spread to each coordinate k as t+dg(j, k)
and aggregate Ty ;14. (k) over k € [p] provided that ¢ 4 dg(j, k) < n. For each t € [n — 1]
and k € [p], we define J;; := {k € [p] : t + da(j, k) < n}. If we do not know the sign of

the signal, We form the following quadratic statistic

Qjt = Z (Tlit-i-dc(j,k) —1). (4.1)

keTjt
Here, we subtract 1 from the summands to make them mean-centred, so that candidate
change-points near the right boundary will not be disfavoured due to the set J;; being
smaller. We then estimate the location of the change-point z* and the source coordinate

of the spread via

(7,2) = argjr?ax Qjit- (4.2)

Practically, the pxp distance matrix (dg(j, k) : 7, k € [p]) between every pair of vertices
can be pre-calculated from the adjacency matrix in O(p?) time using the Floyd—Warshall
algorithm (Floyd, 1962). The entire estimation procedure is summarised in Algorithm 9.
Figure 4.1 illustrates the working of Algorithm 9 in action. Here, we have a data matrix

X € R200%200 wwhich contains a change spreading from the source coordinate j* = 50 from
the change-point time 2* = 50. The right panel displays the matrix (Q;¢);cp)tejn—1] of
aggregated squared CUSUM statistics from equation 4.1. The darker colour indicates
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Algorithm 9: Spreading change estimation procedure
Input: X € RP*" graph G

1 Compute T <+ T(X) as in (2.9).

2 Compute Q;, for j € [p] and t € [n — 1] via Equation (4.1).
3 Estimate (j, %) = arg max; , Q.

Output: (7, 2)

larger values of the @);, statistics. We can see that the aggregation proposed by 4.1
indeed helps us locate both the source coordinate and the true time of change-point.

In some practical applications, it is reasonable to assume additionally that signs of the
changes are the same across all coordinates. In such settings, we can modify the quadratic

aggregation proposed in (4.1) by using the following linear statistic instead:

Lj,t =

Z Ty t1de k)

k€T

. (4.3)

The source coordinate and the change-point are then correspondingly estimated via

(j,2) = argmax L. (4.4)

4.3 Theoretical results

In this section, we derive theoretical guarantees of the change-point estimation procedure
proposed in Algorithm 9.

The main challenge here is that when the change first occurs, it is localised in a
small number of coordinates in a neighbourhood of the source node, making the change
signal relatively weak. Hence, to accurately identify the time that the change first started
and the associated source node, we need to use information further down the line to
infer back the origin of the change. However, this is not always possible, as can be seen
from the following example. Suppose that we have G = (V| E) is a path graph, where
V =A{1,2,...,p}and E = {(1,2),(2,3),...,(p — 1,p)}. Then the data generated from

Py« 0,0 and Py «1q 0 1 have exactly the same distribution in all times ¢ except ¢ = 2*.
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Figure 4.1: Hlustration of the SpreadDetect algorithm. The heatmap of the original data
matrix X is shown on the left panel, where data consist of p = 200 nodes in a cycle graph
measured over a period of n = 200 time points. A true change occurs at z = 50 from
coordinate 50 and spread across the graph following the model described in Section 4.4.
The right panel depicts the heatmap of the aggregated CUSUM statistics generated in
the SpreadDetect algorithm. The estimated time of change Z = 52 and the estimated
origin of change j = 46 is where the matrix of the aggregated CUSUM statistics achieves

its maximum value.

In other words, knowledge of the later stage spread pattern is not helpful in testing apart
whether the source of the change is at j* =1 or j* = 2. A closer inspection of the above
simple example reveals that an essential condition for consistent for any fixed t*, k*, we

define the following set:

oo (C1) = {j EV(G) 1 2" + oG, i) — (' + daG k)| = Ci(|=* — ] + dau*,k*))}

(4.5)
This set counts the number of nodes that will witness a difference in their time of spread
at least proportional to the sum of the time difference between z* and ¢* and the distance
between j* and k* given that the change-point and source coordinate pair varies from
(z*,7%) to (t*,k*). We remark that J;- 4-(C1) also depends on z* and j*, though we will
suppress this dependence in the notation since in what follows, we will mostly treat z*

and j* as fixed or can be inferred from the context. For consistent estimation to be

possible, we would require ming y« |z« 1+ (C1)| to be sufficiently large, as demonstrated in

the theorem below.
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Theorem 4.1. Suppose nt = 2p and X ~ Pj o« 4 with po — 1 € {—a,a}?. Define

m = mg(C1) := ming g+ |Jp 1+ (C1)|. There exists a universal constant ¢ > 0 such that if

2> c{ /P +log(2pn) N plog(2pn) } (4.6)

nTm nT2m?

~

then, the estimator (j,2) from (4.2) satisfies with probability at least 1 — 1/(2pn) that

_ 12\/6{\/g3+102g(2pn) N \/pnlog(2pn) }

5k d A..*\
2=l +dal(G,7) < oo s ;

The nt > 2p condition is placed to ensure that the change happens early in the
time series to allow sufficient time to spread to all nodes in the network. This helps
simplifying our analysis and presentation. However, we note that a similar result can be
derived without this assumption; see Theorem 4.8. We remark also that Condition (4.6)
is mild in view of the conclusion of Theorem 4.1. Indeed, for the right-hand side of the
loss bound to be nontrivial (i.e. less than n + p), we would at least need a® 2 {,/p +
log(2pn)}/(nm) + plog(2pn)/(nm?). Thus, (4.6) only requires a® to be larger than a
factor of at most 772 than minimally what is required in Theorem 4.1. The final loss
bound is inversely proportional to C1ymg(C1). In general, mg(CY) is a decreasing function
of C; and by the triangle inequality, mg(C;) = 0 for all C; > 1. Hence, the optimal loss
bound we can obtain involves a carefully chosen trade-off between C; and mq(C) in the
denominator of the final bound. In practice, in many applications, we have mg(Ci) < p
for some C} =< 1. Under such assumptions, and if in addition log(n) = O(y/p), the
conclusion of Theorem 4.1 simplifies to

2= dolgt) O( 1 nlog<2pn>>
n p p211613 ploll
showing that both the location of change and the origin of change estimators are consistent

when [[0]2 > max{p~1/%, p~'\/n Tog(2pn)}.

As mentioned above, the quantity mq(Cy) plays an important role in our theoretical

control of the loss of change-point location and origin estimation. To get a sense of
the magnitude of this quantity, we compute mg(1/4) for grid graphs, binary trees and
random Erdds—Rényi graphs. Figure 4.2 shows that we have mg(1/4) > c¢p for some

constant ¢ > 0 in all these simulation settings. Moreover, for each specific type of graph,
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Figure 4.2: m¢(1/4)/p for different graphs.

ma(1/4)/p tends to be relatively stable when p is large. Theoretically, m(C}) needs to
be controlled in a case-specific manner. Below, we illustrate how this can be done in
the setting of a d-dimensional grid graph. For simplicity of exposition, we introduce
additional symmetry to require that the grid is ‘wrapped around the edges’, in the sense
that G = Hle G, where each G, is a p;-cycle C,,, with p¢ = p. Working with the product
of cycles instead of paths makes all vertices of G equivalent. The following proposition

controls mg(1/(4d)) of such a graph G.

Proposition 4.2. Suppose G = Hle G, with G, =2 C,, for all v € [d] and p = pf.
Assume further that nt > 2p;. Then we have mg(1/(4d)) > p/8%.

Treating the dimension of the grid as fixed, we have the desired bound that ma(Cy) < p
for some €} < 1. The following result is an immediate consequence of Theorem 4.1

together with Proposition 4.2.

Corollary 4.3. Under the same assumption as in Proposition j.2. Suppose X ~ Pj« .« 0 1,
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with po — w1 € {—a,a}?. There exist ¢,C > 0, depending only on d, such that if

2> e { VP +log(2pn) . pnlog(2pn) } (4.7)

nrp n2r2p?

then with probability at least 1 —1/(2pn), the estimator (7, 2) defined in (4.2) satisfies that

/P + log(2pn) | V/pnlog(2pn) }

a’p ap

5 — 2+ da(j ) < o{

While the focus of our discussion so far has been the estimation of a change-point
(both in terms of the time of change and location of the source of change), our method
can be easily modified for the related testing problem. More precisely, given the data X
described in Section 4.2, we are interest in testing Hy : § = 0 against the alternative:
Hy : 0 # 0. We can construct a test based on the quadratic statistics computed according

to Algorithm 8 as follows:

¢>\<X) = ﬂ{maxje[p],te[n—l] Qj,t=2A} (4'8)

The following theorem shows that for an appropriate choice of A, the test ¥, defined above
has small Type I and Type II errors.

Theorem 4.4. Given X ~ P = Pju « 0y For any 6 € (0,1) and X = 2y/plog(pn/d) +
2log(pn/d), the test ¥y defined in (4.8) has the following properties.

(a) If 0 =0, then
Pp(r(X)=1) <.

(b) There exists a universal constant C' > 0 such that if a* > mmif%, then

Pp(r(X)=1)>1— .

From Theorem 4.4 above, if p = O(n7) and taking 6 = 1/(pn), then the test ¢, defined
in (4.8) is able to detect a change when a? > C—V\;igm. Note that when mg(Ch) is of

order p and /pt 2 log(2pn), then the signal-size condition in (4.6) is equivalent to

R +10g(2pn)> 1

~ n7\/p ntip "~ m'\/]_o'
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Hence, the signal strength needed here for testing is consistent, up to logarthmic factors,
with (4.6) in Theorem 4.1 in such a setting. However, the estimation problem is harder
comparing to the testing problem, when Cymg(Cy) is much smaller than p for all choices
of Cy € (0,1). This can happen, for instance, in the case when there exists a t* close to z*
such that the signal from z* needs to pass from ¢* to spread over the rest of the coordinate,
it is hard to tell which time point does the signal start. However, for the testing problem,
we only need to know whether there is a change regardless of the location.

To understand the optimality of the signal-size condition in (4.6), we derive a minimax

lower bound for testing the existence of a change-point. Let

@0 = {(j*v'Z*J,uOnul) S @ C Mo = lul?min(z*’n - Z*) > TLT}

O14 :={(", 2" po, 1) €O : o — p1 € {—a,a}f, min(z*,n —2*) > nr}

be two subspaces in the parameter space ©. We consider the problem of testing the null

hypothesis (j*, z2*, po, i11) € Op against the alternative (j*, z*, po, p1) € O using data X.

Theorem 4.5. If nt > 1, then for a* < r—vé(;ii, we have that

iﬁf{( Sub P 2= o (Vv=1)+ sup Pjs o o m (Y = 0)} >1/2,

J*,2*%,110,11)€O0 (3*,2%,110,11)€O1,4

where the infimum is taken over all measurable test functions ¢ : RP*"™ — {0, 1}.

In the setting described after Theorem 4.4, Theorem 4.5 shows that Condition (4.6)
in our estimation result is necessary for the even simpler task of testing the existence of
a change-point.

We then consider the special case when we know the sign of the changes in each
coordinate. Without loss of generality, we may assume that all changes are positive. In
this case, we can use the linear statistic defined in equation (4.3) and the following theorem
shows that this linear statistic achieves good performance in terms of the estimation

consistency:

Theorem 4.6. Suppose nt = 2p and X ~ Pjp e o 0 with po — 1 € {—a}? U {a}’.

Define m = mg(CY) = ming g»

T i (C1)|. There exists a universal constant ¢ such that
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if a = c/log(pn)/(mnt2), then the estimator (j,2) from (4.4) satisfies with probability
at least 1 — 1/(2pn) that

C*log(pn)

s % d A <
"‘7’ z |+ G(]a] ) a2m

From this result, we can see that the estimation accuracy of the estimator from the
linear statistic achieves the convergence rate of log(pn)/(a?p) and a*p in the denominator
is the 5 norm of . Similar rates have also been observed in many change-point results
(Csorgo and Horvath | 1997). This condition is also the same as the second term in equa-
tion 4.6 in Theorem 4.1. The following result is an immediate consequence of Theorem 4.6

together with Proposition 4.2.

Corollary 4.7. Under the same assumption as in Proposition 4.2. Suppose X ~ Pj« .« 0 1,

with g — py € {—a}? U{a}?. There exist ¢,C > 0, depending only on d, such that if

a > cy/log(pn)/(pnt?), then with probability at least 1 — 1/(2pn), the estimator (j,%)
defined in (4.4) satisfies that
C'log(pn)

sk d - <
|Z < ‘—i_ G(]7] ) CL2p

We also present here a general result of Theorem 4.1 without the condition nt > 2p:

Theorem 4.8. Suppose X ~ Pjs .+ oy With po — 1 € {—a,a}?. Assuming

log(2
2 2C{\/ﬁJr og(2pn) N pnlog(2pn) }

nTmin(p,nt)  n?r2min(p, n7)?

(4.9)

Suppose we are using the quadratic statistics defined in equation (4.1), we have with

probability at least 1 — 1/(2pn) that

/P +log(2pn) pnlog(2pn) }

5 _ da(7,7) < C
|Z Z| + G(] j) =X { &2 min(p7 nT) Clmin(p7 nT)

4.4 Numerical studies

4.4.1 Deterministic spreading model

In this subsection, we compare our method with other possible ways to locate the change.
The first possible way is for each row of the data, we perform a one-dimensional change-

point testing, that is, pick out the time point with the largest absolute value of the CUSUM
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statistics for each coordinate. The earliest time and the coordinate corresponding to that
time is the desired change-point location. We try two different kinds of change-point
locations: in the middle and near the end of the boundary. For the first case, we set
n = 200 and vary p € {100,200, 500} and signal size uj — pf € {0.1,0.2,0.5}. For the
second case, we set n = 500 and vary p € {500,800,1000} and signal size ,ujl- — u? €
{0.2,0.3,0.4,0.5}. We compare the mean absolute deviation between the estimated and

true location of z* and j* respectively. Columns 25, and jg, are mean absolute deviation

*

Sk
coordwiseand Jcoordwise L€

for z* and j* from Algorithm 9 respectively while columns 2
results from testing procedure stated above. Table 4.1 shows that our method can locate
the change-point accurately especially when ,ug, u? grows above 0.2 in both change-point

settings.

4.4.2 Stochastic spreading model

In this subsection, we consider the case when the spread of the change occur independently
with probability ¢ each time from an infected node to each of its neighbours. In this case,
we can modify our existing methodology, which monitors for deterministic spreading of the
change as follows. If the probability ¢ is known, then we can adjust the distance between
coordinates j and k as the expected time that a change spreading from source coordinate
J will reach k under this stochastic model. For a line graph G' = C,,, this would simply be
dg(j, k)/q. When ¢ is unknown, we may search over a grid Q of ¢ values in [0, 1], compute
the test statistics max;, Qg-?t) for each ¢ as in (4.2) with this adjusted distance metric and
then choose the optimal ¢ by ¢ := argmax, .o max;; Qfg. The final estimator for the
source coordinate and the time of change-point is defined as (5, t) := arg max; y Qﬁ) In
Table 4.2, we compare the performance of the method described above (denoted by rSD)
and the vanilla SpreadDetect algorithm (denoted by SD), together with the baseline
coordinatewise procedure mentioned in Section 4.4.1. We set the true probability of
change spread to ¢ = 0.5, and search over the grid @ = {0.1,0.2,...,0.9} and vary n, p,
z* and j*. We see that the modified SpreadDetect algorithm described in this subsection

has the best performance over the wide range of parameter settings considered.
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* oL

. : 2% Sk Sk
n p < Slgnal S1z¢e ZSD Zcoordwise Jspb Jcoordwise

200 100 100 0.1 25.1 92.24  20.79  46.08
200 100 100 0.2 2.07 61.44 2.35 33.35
200 100 100 0.5 0.06 28.78 0.07 14.91
200 200 100 0.1 23.34 8528  33.12 87.6

200 200 100 0.2 1.72 59.36 1.69 62.19
200 200 100 0.5 0.01 29.78 0.01 19.92
200 500 100 0.1 09.84 8724 7793  204.56
200 500 100 0.2 4.14 60.92 4.05  110.07
200 500 100 0.5 0 34.61 0 26.35
500 500 400 0.2 104 106.24 10.36  101.2
500 500 400 0.3 0.2 98.02 0.16 31.39
500 500 400 0.4 0.04 12148  0.03 30.65
500 500 400 0.5 0 131.16 0 30.18
500 800 400 0.2 51.59 161.95 519  142.05
500 800 400 0.3 0.18 160.9 0.15 97.21
500 800 400 0.4 0 179.76 0 86.56
500 800 400 0.5 0 171.38 0 87.75
500 1000 400 0.2 77.04  160.7  77.18 173.15
500 1000 400 0.3 0.22  158.25 0.2 104.48
500 1000 400 0.4 0.02  166.98 0 98.88
500 1000 400 0.5 0.01 171.3 0 94.17

Table 4.1: Average mean absolute deviation (over 100 repetitions) comparison between

different methods. Other parameters used: j* = p/2.
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~
* -k

n p =z J* signals  Zip  Zigp

2k

Zcoordwise j SD jffsp Jeoordwise
200 100 100 50 0.2 17.29  9.05 97.79 6.64  3.35 48.59
200 100 100 50 0.3 27.86 4.35 83.97 341  1.89 41.79
200 100 100 50 0.4 16.67  3.57 41.47 2.53  1.62 21.46
200 200 100 100 0.2 19.23 20.67  96.43  23.07 16.33  96.29
200 200 100 100 0.3 19.10 5.79 88.02  11.24 2.38 85.25
200 200 100 100 04 17.07  3.66 52.35 4.6  1.81 46.18
200 500 100 250 0.2 61.09 44.43  98.15  77.36 42.95 246
200 500 100 250 0.3  39.23 7.82 87.6 42.23 5.3 209.06
200 500 100 250 04 22.59 4.16 46.55 106 1.71 83.5
500 200 250 100 0.2  41.69 6.68  152.61 5 2.61 64.23
500 200 250 100 0.3  41.47 5.77 29.53 3.92 236 14.77
500 200 250 100 04  41.15 5.39 43.72 3.37 239 12.28
500 500 250 250 0.2 43.69 576 17054 7.64 246  151.04
500 500 250 250 0.3 4234  5.09 35.02 6.16  2.38 14.48
500 500 250 250 0.4  43.02 5.19 44.59 499 241 13.11

Table 4.2: Average mean absolute deviation (over 100 repetitions) comparison between
different methods for estimating the time of change-point and source coordinate under a

stochastic spreading model described in Section 4.4.2
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4.4.3 Real data example

We now apply Algorithm 9 to the data set of weekly deaths between January 2017 and
December 2020 in United States. The aim is to find the time of the change in the number
of deaths and state where the change first occurs. We exclude two states: Alaska and
Hawaii in our analysis as they have no adjacent states. To form the adjacency matrix,
if two states are adjacent to each other, then we assign the corresponding entry with 1,
otherwise, the entries are 0. Before applying Algorithm 9 to the data, we first remove
the seasonal trend from the data. Specifically, we use the data up to 30 June 2019 as the
training data and estimate the daily death by averaging the weekly total death and then
use a Gaussian Kernel with bin width of 20 to estimate the deaths on each day of a year.
As daily death follows Poisson distribution, we stabilise the variance by applying a square
root transformation. Then, we calculate the difference between the actual data and the
fitted data and standardize it using the mean and standard deviation of the calculated
difference.

We apply Algorithm 9 to the pre-processed data set. The resulting time is 7 March
2020, and the state which first started to change is Pennsylvania. The date matches the
actual situation, as during that time, death due to COVID-19 began to occur. Figure 4.3
shows the aggregated CUSUM statistics with the states arranged such that Pennsylvania
is in the centre and the graph distance increases as we move towards the top and bottom
of the plot. The heatmap shown in the figure is consistent with a change spreading
from Pennsylvania. However, we remark that the conclusion here should be treated with
caution for two reasons. Firstly, this is a weekly recorded data and the frequency of
recording is likely to be inadequate to capture the rapid spreading of the disease across
multiple states. Secondly, we computed the distance between states by the number of
state borders one needs to cross from one to the other. While this is a proxy for the
distance between states during the pandemic spread, a better measure would involve, for
instance, the number of passengers crossing from one state to another, though the latter
data are difficult to obtain.

Furthermore, as the assumptions in our model are quite simple here, we discuss some
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possible extensions to the model to fit this COVID-19 data. The first one is that we can
extend the model to allow spatial dependency, as each state is more likely to have some
correlation with other states in reality. Temporal dependency can also be considered as
it has also been observed in COVID-19 data (Jiang, 2022). In addition, it is unlikely
that all the coordinates undergo changes of the same size. One possible way to extend
this is by assuming that the signal for each coordinate is randomly drawn from a uniform

distribution.

4.5 Proof of main results

In this section, we give the proofs of main results in Chapter 4.
Proof of Theorem /j.1. Let A;; be the entries of A = T (u) then for j € [p], we have

G+ de (G085, if t > 2" + da(5.5°).

Since the test statistic is unchanged by flipping signs in any one row of the data, we may

Aje =

assume without loss of generality that 6; > 0 for all j.
Fix k* € [p] and t* € [n — 1], we define
Bk*,t* = Z A?,t*-l—d(;(k’*,j)'
JET e 1
For each j such that ¢t* + dg(k*,j) < n, we have T}y 1agk ) ~ N(Aj e tdekej), 1) and

obtain that Qg+ s+ + [Jp= 1| ~ X%, . (By++). Therefore, by Birgé (2001, Lemma 8.1), for

each j € [p] and t € [n — 1], we have for any ¢ € (0,1) that

P(|Qk*,t* — By | > 2\/(|jk*,t*

4 2By 1) log(2/0) + 2 log(2/5)) <0

Taking a union bound over k* € [p] and t* € [n — 1] of the above inequality, we therefore

obtain that with probability at least 1 — 9,

By oo = 24/ (1Tje o] + 2B 2+) log(2pn/6) — 2log(2pn/6) < Qy- o+ < Q;

< B+ 2\/ (174 + 2B; ) log(2pn/5) + 2log(2pn/5).  (4.10)
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Figure 4.3: Aggregated CUSUM statistics as computed in (4.1) for the weekly COVID-19

excess death data in 46 US states during 2019-11-23 to 2020-04-04. Data are preprocessed

as described in Section 4.4.3.
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Notice that for every k* € [p] and t* € [n — 1], we have |Jj- s+

2 +dg(j, ) (n — 2" —da(j,5%)) _ nll6]3
B € 5 Mgy < LA 0TN0 =2 = A6l ) nl0l
J€lp] J

< p and

Thus, after rearranging (4.10), we have with probability at least 1 — ¢ that

By — B; . < 4/ (p + nll6]3) log(2pn/6) + 41og(2pn /6). (4.11)

On the other hand, we can obtain a lower bound of Bj: .« — B; ; as follows. For each
J € [p], the sequence (A;;); is unimodal with a single peak at z* 4+ dg (4, j*). Moreover,
since dg(j,j*) < p < n7/2, we have

2* +dg(7,7%)(n — z* —dg(7, 7* nt/2)(n/2 62\/nt
0 A, st _92\/( G(]J)(n G(]J))>Qj2 (7—/’/1(/> v

(
Therefore, by Wang and Samworth (2018, Lemma 7), we have for each j € 7 ;(C1) that

262 el MT
0;(Ajzr+dair) = Ajsrdati) = 3\/6n—7 mln{lz +da(j,7") — 2 — dG(]J)L?}
(

292
3\/ onr

where we have used the definition of J, 5(Cy) from (4.5) in the final bound. Combin-

mln{Cl(]z — 2+ da(5", ), ”27} 4.13)

ing (4.13) with (4.12), we obtain that

2 2
Bj« o« = B; s 2 Z (Ao tdoG) — A svaatin)

JeT; ;(C1)
> D At (A e — Ajsraeti)
jEJﬁﬁ(Cl)
> 20 il el — 2+ del ), (4.14)
min Z — Z —_— .
= 3\/6 1 G\J] »J))s 9 5

where we have used the fact that |J; ;(C1)| > m in the final inequality. Combining (4.11)
and (4.14), and choosing § = 1/(2pn), we have with probability at least 1 — 1/(2pn) that

2a°m
36

From condition (4.6), we have

c(y/p + log(2pn)) /P log(2pn) } S cy/p + clog(2pn) + \/cnpa? log(2pn)

min{01(|z* — 2| +da(5*, 7)), %} < 44/p + 2npa? log(2pn) + 8log(2pn). (4.15)

Y

a’ > max , I
nrm nrm 2ntm

96



which for sufficiently large ¢ implies that the minimum on the left-hand side of (4.15) is
achieved by the first term. Consequently, we derive from (4.15) that with probability at
least 1 — 1/(2pn),

2" = 2|+ da(j* — J) <

12\/6{ VP +log(2pn) LV log(2pn) }

4 a*m am

as desired. ]

Proof of Proposition 4.2. Denote G, to be the rth copy of C, making up G, ie. G =
[1°_, G,. Each vertex j € G can be represented by a d-tuple of coordinates (1 (5), . . ., 7a(j)),
where 7,.(7) € V(G,.) = [p1]. Define £(j) = lg(j) := (z* + dg(4,5%)) — (t* + dg(j, k*)), by
Proposition 4.10, we have that each of the following set

Ty = {5 ssgn(zt — g, (j) = Cinliins dGTiﬂr(j*>’m(k*)) },

has cardinality at least p;/8. Then, for all j € J := Hle Jr, when z* > t*, we have:

= o) - dalio) = Y T e (), () e ) ()}

r=1
d . d * g% - *
s 3o fadi) | §h 2 =t o (). 7o)
r=1 d r=1 4d
S Z* =t N da(j*, k*)
4d 4d

Similarly, if t* > 2*, we have

t*— 2z da(5* k")

" — 2" +dg(j, k") — da(4,57) = ot

Overall, we have for j € J that

| da(it k)
a4

[la()| = " ="+ dc(j,57) — dc(, k)| =
Hence, mg(1/(4d)) > |T| = Hle |T:| = (p1/8)¢ = p/8% as desired. O
Proof of Theorem 4.4. If § = 0, then T}, ~ N(0,1) for all t € [n — 1] and j € [p| and

hence Qj; + |Jji| ~ X‘2\7j,t|' By Laurent and Massart (2000, Lemma 1) together with a
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union bound, we have that

p n—1
P L2\ < P(Q: > A
( max Q>N ;Z (@)
p

t=1

n—1

<3S P{Q > 24/174l og(pn /) + 2log(pn/6)} <

=1 t=1
This establishes part (a). For part (b), let A;; and B;; be defined as in the proof of

Theorem 4.1. Note that under the alternative hypothesis, Q;; + |Jj:| ~ le ,1(Bie)-
Hence, by Birgé (2001, Lemma 8.1), we have

Under the assumption that Bj« .- > 8\, we have

+ 2B, ) log(1 /5)} >1-4.

B

j*VZ* —_— 2\/(|\7]*7t*

+2B;. ) 0g(1/8) > B .- — 2y/plog(1/) — 2,/2B;. .- log(1/0)
> By — A—2/Bj A

(B~ VAR =2

Since
, o (2" + da(f, 57)(n — 2 — da (4, 5)) _ 2 (n7/2)(n/2) _ 03nT
Ajz*+dc (7.3%) :ej n >9j n 2 ]4 ’

there are at least n7/2 points with dg(j, j*) < n1/2,

nT\a*nt  a*nTmin(2p, n7)

Bje e = Z AJz *+da(5*.9) Z min(p,T) 4 3
36«7]* z*
Then, for a® > 64)\/(nT min{2p, n7}), we have the desired result. O

Proof of Theorem J.5. Fix j* € argmin, ey MaXuey (q) dg(v, w) and 2* = n—[n7]. Let
7 be the uniform distribution on {—a, a}?. For notational simplicity, define Py := P}« .= 00

and Py := [ Pj« ;0 ,,dm(p1). Then, for any test function ¢, we have

Sup Pje ot o (¥ =1) + sup P o o (¥ = 0)
(j*,Z*,MO,Ml)GGO (j*,Z*,/JO,/Ll)Gel

>P(w=1)+P(=0)>1—dry(Fo, P)

1 [ldP, dpP; 1/2
—1—— [ qldpy =1 = Y1) ap

2/’dP0 0= 2{/(dPo > 0}

1 P, 2 1/2
_1—5{/<d—%> dPO—l} | (4.16)
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Let p be the conditional mean of X given y; under Pj« .« ,, and let fi be an independent
copy of p. By Ingster and Suslina (2012), we have for some independent Rademacher

random variables &1, ..., §, that

dpP\’ i . o
/(d_P(l)> dPy = Eexp(u, iy = Eexp (ZmaX{n — 2" —dg(4,57), 0}a2£j)
j=1

p
_ H [%énax{n—z*—dG(j,j*),O}a2 + %6— max{n—z*—dg(j,j*),O}(zZ]
=1

<
Il

ok -k 2.4 2.2 4
6max{n z*—dg(4,5%),0}%a*/2 < 62pn T“a < 2’

N
1~

1

[
Il

where the first inequality follows from the fact that (e* 4 e7)/2 < ¢**/? for all z € R and
the second bound uses the fact that n—z* —dg(7, j*) < [n7] < 2n7. Finally, substituting

the above inequality into (4.16) we arrive at the desired conclusion. O]

Proof of Theorem j.6. From the definition of (7, Z), we have Zjejm.(cl)(AJ,Z*+dG(j,j*) +
Ej o tdq(g) < Zjejﬁ(cl)(Aj’ﬂdG(j’j) + B 4.(;5), which can be combined with Propo-
sition 4.11 to obtain that for some universal constant Cy > 0, we have with probability

at least 1 — 1/(pn) that

2% = 3| + de (55, )
nr '

E (Aj,z*+dc(j,j*) - Aj,é+dg(j,j‘)) < C2{|~7§,3(Cl)| log(pn)
jET, 5(C1)
(4.17)

On the other hand, by (4.13), we have

2a|T.;(C1)| . o A NT
jeJZe(Cl)(Aj’Z*+dG(jJ*) = Ajsraciy) Z Wﬂﬂn{cﬂz — 2| +da(j", 7)), 7}-

(4.18)
Combining (4.17) and (4.18), we have with probability at least 1 — 1/(pn) that
2a|j23(01)|1/2 { . m’} A 1/2
’ mins C1(|z" — 2| +dg(§%, 7)), — ¢ < Cof|z" — 2| + da (5%, . (4.19
s o min{ O =34 dali" 7).y | < Gl 4 ol 9)) . (419)

We claim that when ¢ > 6\/302, the minimum on the left-hand side above cannot be
achieved at %7. Indeed, from the assumption on a, we have
2a|«7g,3-(01)|1/2 nT c/n
3/6log(pn) 2 ~ 3v6

> CVan > Cof|7" — 5 +da (%, )}
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Therefore, we have that

A 27C% log(pn) C*log(pn)
_ < .
|27 = 2+ da(77.7) < 202a2|$ (CD] © a?m

]

Proof of Theorem /.8. Following the proof of Theorem 4.1 and Proposition 4.9, there
exists J C [p| such that |J| > min(p,n7)/32, and for each j € J, we have

nt |2t — 2| + de(5", J)
16’ 4 '

nrt % ..
lj— 77 < < and 12"+ da(j,5°) — (2 +da(4,9))| = mm(

Combining equation (4.12) and Proposition 4.9, we have that

Aj,z*-i—dc(j,j*) - A_y 2+dg ]_7) SW m1n(|z + dG(] j ) (2 + dG(]7j))|7nT/2)

20; . (]z* — 2|+ da(5%, ) nT)
= min ,— |-
3vV6nt 4 16

Then

Bz = B 2 ) Ajariaotian) (A vdata)) = Ajsrdoi)
JjeET
2 . x 2 x>
-, @ min(p, n7) min(\z [ +da(y ,J)’”_T)_
961/6 4 16

Combining (4.11) in the proof of Theorem 4.1 and (4.20), and choosing 6 = 1/(2pn), we

(4.20)

have with probability at least 1 — 1/(2pn) that

5 . s do(i*
a® min(p, nt) - (|Z 2| +da(j*, ) nr

9616 4 16

) < 4v/p + 2npa? log(2pn) + 8log(2pn).

(4.21)
When c is sufficently large, we have from (4.9) that the minimum on the left-hand side
of (4.21) is necessarily achieved by the first term. Consequently, we derive from (4.21)
that with probability at least 1 — 1/(2pn), we have

/P + log(2pn) N pnlog(2pn)
a? min(p, nr) amin(p, nt)

2 — 5|+ Ao ) < c{

as desired. ]
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4.6 Ancillary results

In this section, we collect all ancillary propositions and lemmas used in Chapter 4. We
first show that when G = C),, a cycle graph, for a nontrivial fraction of coordinates j € [p],

the difference £(j) = la(j) == (2" +da(7,j%)) — (t* + da(j, k*)) is large in absolute value.

Proposition 4.9. Let G = C, be a p-cycle graph. Let 7 = min{z*/n,1—2*/n}. Assuming
that nT > 16 and p > 4, the following set

nt |2* —t*| + dg(5%, k%) nrt

has cardinality at least min(p,nt)/32.

Proof. Without loss of generality, we may assume by symmetry that j* = [p/2] and

k* > j*. This choice is convenience since dg(j,j*) = |7 — 7%|. With this choice, we can

write
p
== -5) K- <<
l(y) = (4.22)
(2" =)+ (k" =j") —2(k" —j) J"<j<K
(= 1)+ (k= %) K <j<p,

We then prove the result by discussing the following four cases.
Case 1: assume k* —t* > j* — z* and k* +t* < j* 4+ 2*. In this case, we have t* < z*
and k* — j* < 2* — t*. Hence £(j) > 0 for all j. Notice that £(j) is an non-decreasing

function of j for 7 > 5*. Then for all j such that
"+ min{nT/4, (k" = 57)/4} < J < j* + min{n7/2,p/4},
we have
((7) > min{{(j* + [n7/4]), €5 + [(k* = j7)/4])}
> min{(z* — ") +min{% — (K — ), K —j*},z* - %(k* —j*)}

> win 7, UL 2K

27 4
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Consequently, in this case, we have

|71 = min{|n7/4],p/8}.

*

Case 2: assume k* —t* > j* — 2" k" 4+ t* > 7 + 2" and z* > t*. In this case,
k* — j* > z* —t* > 0. We define h* to be the point such that h* — j* = [%1
Then j* < h* < k* and £(h*) € {0,1}.

We discuss three sub-cases. Case 2a: When k* — j* < n71/4,let A= {j: k““h* <7 <

min(j* + %, p)}. Then, for all j € A, we have that

([ e 5
> o(h) + {(Z* —t) J; (k* —j*)J > (zm —t) + (k" ")

4

and

, . ont\ kTRt K +h* nt (k4R
|Al = min{ p,j* + — ) — = ming p — S —J
p

2 2 2 2 2
>min(p—k:*+ 5 ,n7/4> }min( 8‘7 ,nT/4)

> min(p/32,n7/4).

Case 2b: When h* — j* > n7/8,let A={j:j*<j < ]%h} Then,

U ()| Ul e RS

and |A| > [(h* —5%)/2] = |nT/16] > n7/32.
Case 2c: When k*—j* > n7/4and h*—j* < n7/8,let A= {j : h*+55 < j* < W+ }
Then,

)1 > i) +2| | 7
and |A| > [n7/16] > n1/32.

Combining all subcases and noticing that A C 7, we have the desired result.

Case 3: assume k* —t* > 7* — 2" k* +t* > 7* + 2" and t* > 2*. We define h* to be

the point such that h* — j* = [wj Observe that ¢(h) € {0, —1}. In this case,
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B = >t =2 2 0. Let A= {j : j* ~min{2j" = k*,n7/2} < j < j*+min{*

n7/2}

Since £(7) is negative and increasing for j € [k* — j*, & ﬂ |, we have for all j € A that

|€(])|>‘€(V 5 D‘)Q{h*—v 5 J}*'f(h*”?Lh*—y*D j ! &

Finally, observe by the definition of h* and the condition ¢t* > z* that h* — j* > [(k* —
7 +1)/2] > (k* — j*)/2. Hence,

R R P T
Consequently, we have | 7| > |A| > min(p/16,n7/2).
Case 4: assume k* —t* < j* — z* and k" +¢* > 7° 4+ 2*. In this case, we have t* > 2*.
Let A= {j:j* —min{2j* — k*,n7/2} < j < j* + min{% (7)

is negative and increasing for j € [k* — j ,k*], we have

f({ﬂJ)\%*—z**”’“‘”

o = e |23

We have (k* — 5%)/2 4+ (25* — k*) > 7%/2 > p/8. Hence |J| = |A| =2 min{p/8,n7/2}. O

With the addition assumption that nt > 2p, for 7 = min{z*/n,1 — 2*/n}, we may
establish the following improved version of Proposition 4.9 that can be used to prove

Theorem 4.1.

Proposition 4.10. Let G = C,, be a p-cycle graph and T = min{z*/n,1 —2z*/n}. Assum-
g that nT > 2p, the following set

2" =t + da(J7, k*)}

7= {j sgn(z" — #)0(7) > .

has cardinality at least p/8.

Proof. Following the proof of Proposition 4.9, we may assume without loss of genrality
that j* = [p/2] and k* > j*, which imlpies that £(j) takes the form given in (4.22). We
then prove the result by considering four cases as in the proof of Proposition 4.9.

Case 1: assume k* —t* > j* — z* and k* +t* < j* 4 2*. In this case, we have t* < z*
and k* — j* < z* — t*. Hence £(j) > 0 for all j. Notice that £(j) is an non-decreasing
function of j for j > j*. Then, for all j such that j* + (k* — j*)/4 < j < p, we have

()2 00" + [0 = 3)/a1) > 2 = o0 S = ) » TS
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Consequently, in this case, |J| > p — 7% — [(k* — j*)/4] + 1 > p/4 as required.

Case 2: assume k* —t* > 7% — 2" B* +t* > 75 + 2" and 2z* > t*. In this case,
k*—j* > z*—t* > 0. We define h* := j*+ fuw and observe that j* < h* < k¥,
k* —h* > (k* — j*)/2 and ¢(h*) € {0, 1}, and that ¢(j) is increasing for j € [h*,p]. Then,
for all j such that (k* + h*)/2 < j < p, we have

((j) = E(V* ; kb = ((h*) + ZV* g hj > ((h*) + (k" — h")

2 - 2 ’

> ((h*) +

k*i‘*iz*i*
(=)t

(k*_j*)_(’z;_t*)H(h*). Consequently, in this case, | J| > p—[(k*+h*)/2]+1. The right-hand

where in the penultimate inequality, we have used the property that [

side is a decreasing function of k*. Hence, using the fact that £* < p and h* < (j*+£%)/2,
we have |J| > p/8 as desired.

*

Case 3: assume k* —t* > j* — 2", kK* +t* > 7" + 2" and t* > z*. We define

h* = j*+ LWJ Observe that ¢(h*) € {0, —1} and h* = (k*ﬂ*);(t*_z*) — f(g*).

In this case, k* — j* > t* — z* > 0. For all j such that k* — j* < j < 45 4(5) is negative

and increasing, satisfying

(] o[£}

Finally, observe by the definition of h* and the condition t* > z* that h* — j* > |(k* —
7 +1)/2| > (k* — j*)/2. Hence, we have

M 5 (k" =) 5 T2 ) : 173
Case 4: assume k* —t* < 7% —2z* and k* +t* > j* 4 z*. In this case, we have t* > z*.

For all j such that £* — j* < j < k*;“j*, we note that ¢(j) is negative and increasing,

* 3k k* t*_ * k*_ -k
_ﬁ(j)E—E(V ; J) St o> J; 2

Hence, We have |J| > (k* + j*)/2 — (k* — 5%) = j%/2 > p/4, completing the proof. [

satisfying
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For the case when we are using the linear statistics, we provide the following result

of the difference between the sum of Ej .- 1 q,¢;+) and Ej 4 1q4,(k+) for coordinates in set

T 1+ (C1).

Proposition 4.11. Fiz z* € [n—1] and j* € [p|. If nT > 2p, then there exists a universal
constant C > 0 and an event with probability at least 1 —1/(pn), such that on this event,
for allt* € [n—1], k* € [p| and Jp 4~ (C1) C [p| defined in (4.5), we have

T (COI([2% — 4 + de(k*, 7)) log(pn
5 Bt B < 0 e O el 7 o]

. nTt
JETpx kx (C1)

Proof. First, we claim that if |2* — t*| + dg(k*, j*) = n7/2, then the conclusion holds
trivially. To see this, we note that de ) iz tdalim) ~ N(0,p) and Zje[p] it da () ™
N(0,p). Taking a union bound over t* and k*, there is an event with probability at least
1 —1/(pn) such that

max{ Z Ej ot (g ) .., max Z Ej,t*—}—dg(j,k*)} < 24/plog(pn).

n—1],k*€
JET 1+ (C1) "1, [p]Jejt*,k*(Cl)

So it suffices to take C' = 2v/2 for the desired conclusion to hold. Hence, we may assume
without loss of generality that |z* — t*| + dg(k*, j%) < n7/2.

We control de:@* (00 Bizrtda () — Ejprrag(r) for fixed t* € [n — 1], k* € [p].
For simplicity of notation, we denote z; := 2* + d¢(j,7*) and t; := t* + dg(j, k*). Note
that Zjejt*,k*(cl)<EJ srde(g*) — Ejpetde(es)) 1s asum of | T g+ (C1)| independent normal
random variables. Hence, we start by controlling the variance of each summand. We

consider first the case where ¢; < z;. From the definition of the CUSUM transformation,
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we can write

Ejz = By, = L (% Z Wir — Z Wjﬂ")

A=) r=1 r=1
" tj
= (%ZW ZW)
— zj(nn_ ) (ZJ ) t Tile,r — T,%ler)
n t
(e | CO S o

By the mean value theorem, there exists £ € [t;, z;], such that

no 2 n— = min(€,n — £)3/2
Also, we observe that:

on t; n 4 n
ED SIS S DRTIEL) Sl
r=1 r=1 r=1

r=t+1

Since > W;, and Zij:tj +1 W, are positively corrected with each other, we have

2n (2 — t;)?
V(E,, —FE;;.) < J J C_t
( 1525 ]7tj) Z](n_zj)( n +Z] J)
4(Zj — t]‘)2 . t]? (n — tj)2
9 Lt —t I
+min(§,n—§)3mm n—f- jsn—t;+ -
1 1 8(z; — t;)* — 1,
<A4(z —t5) <— + ) + (1)) E max <1, " J)

Zj  n—z min(t;,n — z; n—z;

Since nT > 2p, we have |z; — 2*| = de(j — j*) < p < n7/2 and consequently nr <
z; < n—nt/2. Also, by (4.22), we have z; — t; < |z* — t*| + dg(k*,5*) < n7/2, so

nt/2 < t; < n —nt. Thus, for some universal constant C' > 0, we have

V(B — Eyu)) < 8(z; —t;) N Ant(z; —t;) (1 N nr/2>

nr (n1/2)? nt/2
nr nr
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If z; > t;, a symmetric argument will show that the same variance bound as in (4.24)

holds. Therefore,

V( Z (Ejzy — Ej,tj)) S Cl T i+ (CO|(|2* = ] + de (K", 57))

. nt
JETpx i (C1)

Then, for a fixed t* and k£*, we have that

IP’( Y (Bierac(in) — B vaoar) 2
JETp jx (C1)

\/wm,k*(qmz* v +da<k*,j*>>1og<pn>) _ 1

nT = (pn)?
The desired conclusion then follows by taking a union bound over t* € [n — 1] and

k* € [p]. O
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Chapter 5

Discussion

In this thesis, we considered high-dimensional change-point estimation problems under a
group sparsity structure and network structure. We proposed the estimation procedures
for both cases. We also provided theoretical guarantees for the two algorithms and demon-
strated the good performance using simulation studies. We can see that some structural
assumptions that appeared in high-dimensional problems, such as regression, can also be
adapted to change-point estimation problems. In this thesis, we mainly use the structural
information to seek an optimal way to aggregate the data.

In groupInspect, we used the grouping information between coordinates to seek an
optimal projection direction so as to aggregate the data. In SpreadDetect, we aggregate
the CUSUM statistics along potential spreading direction according to the network infor-
mation from coordinates. In both cases, the prior information about structures helps us
to find a better estimator for the change-point location. Further work can also be done to
extend two algorithms. For the groupInspect algorithm we proposed in this thesis, our
sparsity assumption is on the groups but not within the group. In reality, there may be
cases when there is sparsity within each group. A similar extension appears from group
lasso by Yuan and Lin (2006) to sparse group lasso by Simon et al. (2013). In this case,
we can use a similar idea to modify equation (3.6) by adding an ¢; penalty for each group

to form a convex combination between group norm and ¢; norm. That is, we can solve
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the following modified optimisation problem:
M € argmax {(T, M) — \||M|lgep + (1 = N[ M1}, (5.1)
MeS

where A € [0,1]. One possible way to solve this optimisation is by coordinate descent.

For SpreadDetect algorithm proposed in Chapter 4, we have assumed that the data
is of independent normal vectors with deterministic spread of signals. The model assump-
tions are quite simple here, we discuss some possible extensions. First of all, it is more
realistic to assume that there are some dependence structures with the data. We can use a
single covariance matrix 3 := Cov(vec(X)) € R™*" to capture both spatial and tempo-
ral dependence in the data matrix X, where vec(X) denotes the vectorised version of X.
For instance, one possibility is to model > = Yg ® Y, where Y1 captures the temporal
dependence of an individual coordinate series and Yg captures the cross-sectional depen-
dence over the graph. When Y1 = [,,, columns of W consist of n independent N (0, Xg)
random vectors. When Xg = I,,, rows of W are independent and generated from N (0, X1).
We can assume that both the temporal and spatial dependence are short-ranged in the
sense that ||X||,, < B in order to control the magnitude of the noise series. In addition,
it may be more realistic to assume that the change magnitudes of the signal in different
coordinates are not fixed to +a. To handle this, we may model the magnitudes of change
as drawn from some random distribution (e.g.uniform distribution over a pre-determined
interval). Under the above spatially and temporally correlated noise condition, as well
as possible randomly drawn change magnitude size, the current theoretical results will
remain qualitatively unchanged, for the following two reasons. Firstly, we expect that
with a high probability, there are at least order p number of coordinates with a change
signal that is large enough (e.g, > a/2). Therefore, the main results will only change with
a constant factor here. Secondly, both temporal and spatial dependence affect only the
noise part of the CUSUM series. As long as our covariance matrix is well-conditioned,
our main results will differ at most a constant factor.

Furthermore, the algorithm is based on the case when the spread of the signal is
deterministic, when the signal will definitely spread to the next coordinate at the next

time point. In reality, there is likely some randomness in the spreading of the signal. For
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example, at each time point, the corresponding coordinate changes with a probability ¢. In
this case, one possible way is to first estimate ¢ and use the expected time of spreading from
the source coordinate to a specific coordinate as the distance matrix. We have described
the modified algorithm and demonstrated its good performance in Section 4.4.2. Although
it works well under simulation study, the theoretical result remains an open question.
Although we roughly modified the algorithm to adapt to this case in the simulation
study, theoretical guarantees for this modified algorithm still need to be derived.
Finally, it is also possible to extend the algorithm in order to solve epidemic change-
point problems. The difference is that, the mean will change for a time period of length
[ and then go back to the original values. In this case, given t*, k*, we need to aggregate

the CUSUM statistics along all possible length [ and then find the maximum.
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