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Abstract—Generalization error bounds are essential for com-
prehending how well machine learning models work. In this
work, we suggest a novel method, i.e., the Auxiliary Distribution
Method, that leads to new upper bounds on expected generaliza-
tion errors that are appropriate for supervised learning scenarios.
We show that our general upper bounds can be specialized
under some conditions to new bounds involving the a-Jensen-
Shannon, a-Rényi (0 < a < 1) information between a random
variable modeling the set of training samples and another random
variable modeling the set of hypotheses. Our upper bounds based
on a-Jensen-Shannon information are also finite. Additionally,
we demonstrate how our auxiliary distribution method can
be used to derive the upper bounds on excess risk of some
learning algorithms in the supervised learning context and the
generalization error under the distribution mismatch scenario in
supervised learning algorithms, where the distribution mismatch
is modeled as a-Jensen-Shannon or a-Rényi divergence between
the distribution of test and training data samples distributions.
We also outline the conditions for which our proposed upper
bounds might be tighter than other earlier upper bounds.

Index Terms—Expected Generalization Error Bounds, popula-
tion risk upper bound, Mutual Information, o-Jensen-Shannon
Information, a-Rényi Information, Distribution mismatch.

I. INTRODUCTION

UMEROUS methods have been proposed in order to
describe the generalization error of learning algorithms.
These include VC-based bounds [2], algorithmic stability-based
bounds [3], algorithmic robustness-based bounds [4], PAC-
Bayesian bounds [5]. Nevertheless, for a number of reasons,
many of these generalization error bounds are unable to describe
how different machine-learning techniques can generalize: some
of the bounds depend only on the hypothesis class and not on
the learning algorithm; existing bounds do not easily exploit
dependencies between different hypotheses; or do not exploit
dependencies between the learning algorithm input and output.
More recently, methods that use information-theoretic tools
have also been developed to describe the generalization of
learning techniques. Such methods frequently incorporate
the many components related to the learning problem by
expressing the expected generalization error in terms of certain
information measurements between the learning algorithm
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input (the training dataset) and output (the hypothesis). In
particular, building upon pioneering work by Russo and Zou [6],
Xu and Raginsky [7] have derived expected generalization
error bounds involving the mutual information between the
training set and the hypothesis. Bu et al. [8] have derived
tighter expected generalization error bounds involving the
mutual information between each individual sample in the
training set and the hypothesis. Meanwhile, bounds using
chaining mutual information have been proposed in [9], [10].
Other authors have also constructed information-theoretic
based expected generalization error bounds based on other
information measures such as a-Rényi divergence for o > 1,
f-divergence, and maximal leakage [11]. In [12], an upper
bound based on «a-Rényi divergence for 0 < a < 1 is
derived by using the variational representation of «-Rényi
divergence. Bounds based on the Wasserstein distance between
the training sample data and the output of a randomized
learning algorithm [13], [14] and Wasserstein distance between
distributions of an individual sample data and the output of the
learning algorithm is proposed in [15], and tighter upper bounds
via convexity of Wasserstein distance are proposed in [16].
Upper bounds based on conditional mutual information and
individual sample conditional mutual information are proposed
n [17] and [18], respectively. The combination of conditioning
and processing techniques can provide tighter expected gener-
alization error upper bounds [19]. An exact characterization of
the expected generalization error for the Gibbs algorithm in
terms of symmetrized KL information is provided in [20]. [21]
provides information-theoretic expected generalization error
upper bounds in the presence of training/test data distribution
mismatch, using rate-distortion theory.

Generalization error bounds have also been developed to ad-
dress scenarios where the training data distribution differs from
the test data distribution, known as Distribution Mismatch. This
scenario — which also links to out-of-distribution generalization
— has attracted various contributions in recent years, such as
[22]-[24]. In particular, Masiha et al. [21] provides information-
theoretic generalization error upper bounds in the presence of
training/test data distribution mismatch, using rate-distortion
theory.

In this work, we propose an auxiliary distribution method
(ADM) to characterize the expected generalization error upper
bound of supervised learning algorithms in terms of novel
information measures. Our new bounds offer two advantages
over existing ones: (1) Some of our bounds — such as the a-JS
information ones — are always finite, whereas conventional
mutual information ones (e.g., [7]) may not be; (2) In contrast
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to mutual information-based bounds, our bounds—such as

the a-Rényi information for 0 < a < 1—are finite for

some deterministic supervised learning algorithms; (3) We

also apply ADM to provide an upper bound on population risk

of supervised learning algorithms under a learning algorithm.
In summary, our main contributions are as follows:

1) We suggest a novel method, i.e., ADM, that uses auxiliary
distributions over the parameter and data sample spaces to
obtain upper bounds on the expected generalization error.

2) Using ADM, we derive new expected generalization error
bounds expressed via a-JS divergence, which is known
to be finite.

3) Using ADM, we offer an upper bound based on a-Rényi
divergence for 0 < a < 1 with the same convergence
rate as the mutual information-based upper bound. Fur-
thermore, in contrast to the mutual information-based
bounds, the a-Rényi divergence bounds for 0 < a < 1
can be finite when the hypothesis (output of the learning
algorithm) is a deterministic function of at least one data
sample.

4) Using our upper bounds on expected generalization
error, we also provide upper bounds on excess risk of
some learning algorithms as solutions to regularized
empirical risk minimization by a-Rényi or «a-Jensen-
Shannon divergences.

5) Using ADM, we also provide generalization error upper
bound under training and test data distribution mismatch.
It turns out that training and test distribution mismatch is
captured in our upper bounds via a-Jensen-Shannon or
a-Rényi divergences.

It is noteworthy to add that, although the a-JS measure does
not appear to have been used to characterize the generalization
ability of learning algorithms, these information-theoretic
quantities as well as a-Rényi measure for 0 < o < 1, have
been employed to study some machine learning problems,
including the use of

e «-JS as a loss function under label noise scenario [25],
and Jensen-Shannon divergence ( «a-JS divergence for o =
1/2) in adversarial learning [26] and active learning [27].

« «a-Rényi divergence in feature extraction [28] and image
segmentation based on clustering [29].

II. PROBLEM FORMULATION
A. Notations

In this work, we adopt the following notation in the
sequel. Calligraphic letters denote spaces (e.g. Z), Upper-
case letters denote random variables (e.g., Z), and lower-
case letters denote a realization of random variable (e.g. z).
We denote the distribution of the random variable Z by P,
the joint distribution of two random variables (7, Z3) by
Pz, z,, and the a-convex combination of the joint distribution
Pz, .z, and the product of two marginals Pz, ® Pz,, i.e.
aPy, ® Pz, + (1 — )Py, z, for a € (0,1), by Py, . The
set of distributions ( measures) over a space /X" with is denoted
P(X). We denote the derivative of a real-valued function f(z)
with respect to its argument = by f’(-). We also adopt the
notion log(-) for the natural logarithm. The function f(x) is

Ly-Lipschitz if | f(xz1) — f(22)| < L¢||z1 — 222, where || - |2
is Lo-norm. Let N'(a, B) denotes the Gaussian distribution
over R? with mean ¢ € R? and covariance matrix B € R4x?,

B. Framework of Statistical Learning

We analyze a standard supervised learning setting where we
wish to learn a hypothesis given a set of input-output examples
that can then be used to predict a new output given a new
input.

In particular, in order to formalize this setting, we model the
input data (also known as features) using a random variable
X € X where X is the input space, and we model the output
data (also known as predictors or labels) using a random
variable Y € ) where ) is the output space. We also model
input-output data pairs using a random variable Z = (X,Y) €
Z = X x Y where Z is drawn from Z per some unknown
distribution p. We also let S = {Z;}7_, be a training set
consisting of n input-output data points drawn i.i.d. from Z
according to .

Our goal is to learn a parameterized function, fy : X — ),
where the parameters are a random variable W € W C R¢
and )V is a parameter space. Finally, we represent a learning
algorithm via a Markov kernel that maps a given training set .S
onto parameter W defined on the parameter space WV according
to the probability law Pyyg.

We introduce a (non-negative) loss function £ : Wx Z — RT
that measures how well a hypothesis (parameterized function)
predicts an output given an input. We can define the population
risk and the empirical risk associated with a given hypothesis
as follows:

L, (w):= /Zf(w,z)du(z), (1)
Lg(w,s) = %Zé(w,zi), (2)

respectively. We can also define the (expected) generalization
error,

3)

where gen(w, s, ) := L,(w) — Lg(w,s). This (expected)
generalization error quantifies by how much the population
risk deviates from the empirical risk. This quantity cannot be
computed directly because p is unknown, but it can often be
(upper) bounded, thereby providing a means to gauge various
learning algorithms’ performance. We are also interested in
excess risk under the learning algorithm Py s,

Er(Puvis: 1) = Epy o [L,(W)] = inf L, (w).
Note that the excess risk can be decomposed as follows,

87'(PW|S7/1')
= @(PW\Sa M) + IEPW,S [LE(W’ S)] - u;lglf/\v Lu(w)7

@(PW‘S, M) = ]EPW,S [gen(I/V, S, M)]a

“4)

where the first term is expected generalization error and the
second is statistical excess risk.

Furthermore, we analyse a supervised learning scenario
under distribution mismatch ( a.k.a. out-of-distribution), where

Authorized licensed use limited to: University College London. Downloaded on April 30,2024 at 10:31:25 UTC from IEEE Xplore. Restrictions apply.

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



This article has been accepted for publication in IEEE Journal on Selected Areas in Information Theory. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/JSAIT.2024.3391900

training and test data are drawn from different distributions (u
and p/, respectively). In particular, we define the population
risk based on test distribution p’ as,

Le(w,) 2 [ tw,2)di'(2).
Z
We define the mismatched(expected) generalization error as

(6)

®)

@(PWISW K, MI) 2 IEF’W,s [gen(VVa S, 1 N,)}v

where gen(w, s, i, ') 2 Lp(w, p') — Lg(w, s).

Our goal in the sequel will be to derive (upper) bounds on
the expected generalization errors (3) and the excess risk (4)
in terms of various information-theoretic measures.

C. Auxiliary Distribution Method

We describe our main method to derive upper bounds on
the expected generalization error, i.e., the ADM. Consider P
and @ as two distributions defined on a measurable space X’
and let f : X — R be a measurable function. Assume that we
can use an asymmetric information measure T'(P||Q) between
P and @ to construct the following upper bound:

[Ep[f(X)] = EQlf(X)]| < F(T(P|Q)),

where F'(-) is a given non-decreasing concave function.
Consider R as an auxiliary distribution on the same space
X. We can use the following upper bound instead of (7):

[Ep[f(X)] = Eqlf(X)]] <
[Ep[f(X)] = Er[f(X)]] + [EQ[f(X)] = Er[f(X)]]

(7

< F(T(P|R)) + F(T(Q|R)) (8)
From concavity of F', we have
F(T(P||R)) + F(T(Q|R)) <
o8 (T(PIR)/2+ T(@IR)2) ©)

We assume that T satisfies a reverse triangle inequality as
follows:

Jmin_ T(PIB) + T(Q|R) < T(P|Q).

Considering R* € argming T(P||R) + T(Q||R), we have
[Ep[f(X)] = EQlf(X)]] <
2F (T(P|R*)/2 + T(Q|R*)/2> :

(10)

Y

We can also provide another upper bound based on T'(R||P)
and T'(R||@) instead of T'(P||R) and T(Q||R):

[Ep[f(X)] = EQlf(X)]] <

[Er[f(X)] = Ep[f(X)]] + [Er[f(X)] - Eq[f(X)]]

< P(T(R|P)) + F(T(R|Q)). (12)

Considering R € arg mingep(x) T(R||P)+T(R|Q), we have
[Ep[f(X)] = Eolf(X)] <

2F (T<R||P>/2 n T(RIQ)/2>~ (13)

Via this ADM approach — taking T'(-||-) to be a KL divergence
— we can derive expected generalization error upper bounds
involving KL divergences as follows:

oKL(Pw,z |Pw,z,) + (1 — @)KL(Pw ® ul|Pw,z,), (14)
OLKL(PW721 PW,Z{,) + (1 — a)KL(PWZi PW (024] /L), (15)

where ﬁW, z.» Pw,z, and Py ® p are an auxiliary joint
distribution over the space Z x W, the true joint distribution
of the random variables W and Z; and the product of marginal
distributions of random variables W and Z;, respectively.
Inspired by the ADM, we use the fact that KL divergence
is asymmetric and satisfies the reverse triangle inequality [30].
Hence, we can choose the auxiliary joint distribution, Py, z,,
to derive new upper bounds which are finite or tighter under
some conditions.

D. Information Measures

In our characterization of the expected generalization error
upper bounds, we will use the information measures between
two distributions Py and Px: on a common measurable space
X, summarized in Table 1. The last two divergences are a-JS
divergence', a-Rényi divergence, which can be characterized
by (14) and (15), respectively (See their characterizations as
a convex combination of KL-divergences in Lemmas 2 and
3). They are the main divergences discussed in this paper and
defined in Table I. KL divergence, Symmetrized KL divergence,
Bhattacharyya distance, and Jensen-Shannon divergence can
be obtained as special cases of the first three divergences in
Table I.

In addition, in our expected generalization error charac-
terizations, we will also use various information measures
between two random variables X and X’ with joint distribution
Px x+ and marginals Px and Px-. These information measures
are summarized in Table II. Note that all these information
measures are zero if and only if the random variables X and
X' are independent.

E. Definitions

We offer some standard definitions that will guide our
analysis in the sequel.

Definition 1: The cumulant generating function (CGF) of a
random variable X is defined as

Ax () := log E[eN X —EXD], (16)

Assuming Ax(A) exists, it can be verified that Ax(0) =
A (0) = 0, and that it is convex.

Definition 2: For a convex function 1) defined on the interval
[0,b), where 0 < b < o0, its Legendre dual ¢* is defined as

P*(x) = sup (Az —9(N)). (17)
The following lemma characterizes a useful property of the
Legendre dual and its inverse function.
Lemma 1: [40, Lemma 2.4] Assume that ¢)(0) = +'(0) = 0.
Then, the Legendre dual *(x) of ¥ (x) defined above is a

ak.a. capacitory discrimination [31] for o = 1/2
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TABLE I
DIVERGENCE MEASURES DEFINITIONS

Divergence Measure Definition
KL divergence [32] KL(Px||Px) := [, Px(z)log ( Px ((JLT)) dx
JSa(PX/HPx) =

a-JS divergence [33], [34]

oKL (Px|laPx + (1 — a)Px/) +

(1 — a)KL (Px/||aPx + (1 — a)Px/)

Jensen-Shannon divergence [34]

ISD(Px:||Px) := JS1/2(Px/[| Px)

= 3KL (PxHM) +1KL (P HM)

a-Rényi divergence for a € [0, c0) [35] Ra(Px/||Px) = 225 log ([, P (z) Py, *(z)dx)
) DB(PX/HPX) = Ry/2(Px/ || Px)
Bhattacharyya distance [36] ~ log ( J Pr(2)Py (7‘)(1’1")
= © x z)dx
TABLE II

INFORMATION MEASURES DEFINITIONS

Information Measure

Definition

Mutual information

I(X; X)) :=

KL(Px.x/||Px ® Px')

Lautum information [37]

L(X; X'") :== KL(Px ® Px/||Px x)

a-JS information (0 < a < 1)

I?S(X,X/) = JSa(PX,X/HPX ®PX’)

Jensen-Shannon information [38]

IJS(X;X,) = JSD(PX’X/”PX & PX/)

«a-Rényi information

Ig(X; X') :==Rq,

(Px x||Px ® Px/)

Sibson’s a-Mutual information [39]

I§(X; X') :=ming ., Ra(Px x/[|[Px ® Qx")

non-negative convex and non-decreasing function on [0, o)
with ¢*(0) = 0. Moreover, its inverse function *~!(y) =
inf{z > 0:¢*(x) > y} is concave, and can be written as

*—1 . Y + 1?0\)
— inf <7
P (y) o y
Importantly, using these results, we can characterize the
tail behaviour of Sub-Gaussian random Variazblg,s. A random
variable X is o-sub-Gaussian, if ¢(\) = "2’\ is an upper
bound on Ax(A), for A € R. Then by Lemma 1,

P y) = V20%y.

The tail behaviour of sub-Exponential and sub-Gamma random
variables are introduced in [20].

), b>0. (18

19)

III. UPPER BOUNDS ON THE EXPECTED GENERALIZATION
ERROR VIA ADM

We provide a series of bounds on the expected generalization
error of supervised learning algorithms based on different
information measures using the ADM coupled with KL
divergence.

A. «-Jensen-Shannon- based Upper Bound

In the following Theorem, we provide a new expected
generalization error upper bound based on KL divergence
by applying ADM and using KL divergences terms, KL(Pyw ®
,uHPW z,) and KL(Py, z, HPW z;)- All the proof details are
deferred to Appendix A.

Theorem 1: Assume that under an auxiliary joint distribution
PWZ € POW x Z) — Ayw,z,)(A) exists, it is upper bounded
by ¥4+ (A) for A € [0,b4), 0 < by < +oo, and it is also
upper bounded by ¢_(—\) for A € (b_,0], Vi = 1,--- ,n
Also assume that 1, () and ¥ _(\) are convex functions and

$_(0) = ¢4 (0) =4’ (0) =4’ (0) = 0. Then, it holds that:
gen(Pyy (s, p) < — Z O A) + 9N (By), (20)
—gen(Pys, 1) < — Z +yrN(B)), @D

where 4; = KL(Pw ® u||Pw.z,), Bi = KL(Pw.z,||Pw.z):
P Nx) = infaep b )M and i '(z) =
infciop,) M

Note that Theorem 1 can be applied to sub-Gaussian (19).
It can also sub-Exponential and sub-Gamma assumptions on
loss function CGF, introduced in [20].

We can utilize Theorem 1 to recover existing expected
generalization error bounds and offer new ones. For example,
we can immediately recover the mutual information bound [7]
from the following results.

Example 1: Choose ]3W7Zi =Py@ufori=1,--- ,n It
follows immediately from Theorem 1 that:

)<= S w s 2),
i=1

gen( Py s, i (22)
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1 n
—gen(Pivys, 1) < Z;wi‘l(I(W;Zn)- (23)

Example 2: Choose ]3W7Zi =Pyg fori=1,---,n It
also follows immediately from Theorem 1 that:

1 n
gen(Pws, 1) < - Z;zzfrl(L(W;Zi)), (24)

1 n
—gen(Pwys, p) < — ;wt—l(uw; Z;). (25

The result in Example 1 is the same as a result appearing in [8]
whereas the result in Example 2 extends the result appearing
in [41].

The conclusion in Theorem | can be extended to many
auxiliary distributions by repeatedly using ADM. In this study,
we take into account just one auxiliary distribution and use
ADM just once.

Building upon Theorem 1, we are also able to provide an
expected generalization error upper bound based on a convex
combination of KL terms, i.e.,

oKL(Pw @ p|Pw,z,) + (1 — a)KL(Pw,z, || Pw,z,).

that relies on a certain o-sub-Gaussian tail assumption.

Proposition 1: Assume that the loss function is &-sub-
Gaussian— under the distribution Py, z, Vi =1,--- ,n— Then,
it holds Vo € (0, 1) that:

_ 1 & (@A + (1 —a)B;)
P <= 262 26
‘gen( W|Sa:u’)| = n 1221 o O[(l — Oé) ) ( )
where A; = KL(Pw.z,||Pwz) and B; = KL(Py ®

wllPw.z,) -
We propose a Lemma connecting certain KL divergences to
the a-JS information. R
Lemma 2: Consider an auxiliary distribution Py, gz €
P(W x Z). Then, the following equality holds:

aKL(Pw @ pl|Pw,z) + (1 — &)KL(Pw,z, || Pw.z) =
I8(W3 Z;) + KL(PY, | Pw.z,).-

Note that the proof is inspired by [42].

Using the result in Proposition 1 and ADM we can provide
a tighter upper bound. For this purpose, Lemma 2 paves the
way to apply ADM and offer a tighter version of the expected
generalization error bound appearing in Proposition 1 based
on choosing an appropriate auxiliary distribution, as well as
recover existing ones.

Theorem 2: Assume that the loss function is o(,)-sub-
Gaussian— under the distribution Péﬂ )Z,» Vi=1,---,n- Then,
it holds Va € (0,1) that: o

1 & I9%(W; Z)
=== 72 2 JS » £
‘gen(PWLSHu)' < n P 2 () a(l _ a) ’

Va € (0,1).

The bound in Theorem 2 results from minimizing the term
aKL(Pw @ pl|Pw,z,) + (1 — @)KL(Pw,z || Pw,z,), in the
upper bound (26), presented in Proposition 1, over the joint
auxiliary distribution Pyy,z,. Such an optimal joint auxiliary

distribution is Py}, := aPw Pz, + (1 — a)Py,z,. Note that,

the parameter of sub-Gaussianity, denoted as ¢ in Proposition 1,
relies on Py, z,. Consequently, the upper bound mentioned in
Theorem 2 is not the minimum of the upper bound presented
in Proposition 1. However, assuming a bounded loss function,
the upper bound in Theorem 2 becomes the minimum of the
upper bound in Proposition 1.

It turns out that we can immediately recover existing bounds
from Theorem 2 depending on how we choose «.

Remark 1 (Recovering upper bound based on Jensen-
Shannon information): The expected generalization error upper
bound based on Jensen-Shannon information in [1] can be
immediately recovered by considering o = % in Theorem 2.

Remark 2 (Recovering upper bounds based on mutual infor-
mation and lautum information): The expected generalization
error upper bound based on mutual information in [8] and
lautum information in [41] can be immediately recovered by
considering @ — 1 and o — 0 in Theorem 2, respectively.
Note that we can also establish how the bound in Theorem 2
behaves as a function of the number of training samples. This
can be done by using Py,z, = Py ® p in Lemma 2, leading
up to

(1= )I(W; Z;) = I55(W3 Z:) + KL(PG, | Pw @ p).
(27)

and in turn to the following inequality

I55(W3 Z) < (1 — a)[(W3 Z;), Vae(0,1).  (28)

We prove the convergence rate of the upper bound in Theorem 2
using (28).

Proposition 2: Assume the hypothesis space is finite and the
data samples, {Z;}_,, are i.i.d. Then, the bound in Theorem 2
has a convergence rate of O(—=).

The value of this new proposed bound presented in The-
orem 2 in relation to existing bounds can also be further
appreciated by offering two additional results.

Proposition 3: Consider the assumptions in Theorem 2. Then,
it follows that:

h(a)
a(l —a)’

where h(a) = —alog(a) — (1 — a)log(l — ).
This proposition shows that, unlike the mutual information-
based and lautum information-based generalization bounds that
currently exist (e.g. [7], [8], [9], and [11]) the proposed a-
JS information generalization bound is always finite. We can
also optimize the bound in (29) with respect to «, where the
minimum is achieved at o = 1/2.

Corollary 1: Consider the assumptions in Theorem 2. Then,
it follows that:

[gen( Py |s, )| < 20(1/2)v/210g(2).

Also, this result applies independently of whether the loss
function is bounded or not. Naturally, it is possible to show
that the absolute value of the expected generalization error is
always upper bounded as follows [gen(Py|s,u)| < (b —a)
for any bounded loss function within the interval [a, b]. If we

|gein(PW|Sa:u)| < () 2 Va € (07 1)a (29)

(30)
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consider the bounded loss functions in the interval [a,b], then
our upper bound (30) would be y/21log(2)(b— a) which is less
than total variation constant upper bound, 2(b — a) presented
in [15], [43].

It is worthwhile to mention that our result cannot be
immediately recovered from existing approaches such as [11,
Theorem. 2]. For example, if we consider the upper bound based
on Jensen-Shannon information, then there exist f-divergence
based representations of the Jensen-Shannon information as

follows:
dPx/
D(Px,Px:) = | dP
JSD(Px, Px:) / Xf(dPX)’

with f(t) = tlog(t) — (1 + t)log($*). However, [11, The-
orem. 2] requires that the function f(¢) associated with the
f-divergence is non-decreasing within the interval [0, 400),
but such a requirement is naturally violated by the function
f(t) = tlog(t) — (1+t)log(1tt) associated with the Jensen-
Shannon divergence.

€2V

B. a-Rényi-based Upper Bound

Next, we provide a new expected generalization error upper
bound based on KL divergence by applying ADM and using
the following KL divergences terms, KL(Pw.,z,||Pw ® p)

and KL(P, z,). All the proof details are deferred to
Appendix B.
Proposition 4: Suppose that Ayuy,z)(A) < 7v4(A) and

AZ(W,Zi)()\) < ¢+(/\), i = 1,---,n for A€ [O,CL+),
0 < ap < 400 and A € [0,¢4), 0 < ¢y < +o00, under
Py @ pand Py, z,, resp. We also have Ay, z)(A) < v (=A)
and A, 7, (A) < ¢_(=N), i=1,--- ,nfor X € (a_,0],
—o00o<a- <0and X € (¢c_,0], —00 < c— < 0 under Py @
and Py, z,, resp. Assume that y4 (A), ¢+ (X), v— () and ¢_(N)
are convex functions, y_(0) = v4(0) =+, (0) =+2(0) =0
and ¢_(0) = ¢(0) = ¢/ (0) = ¢’ (0) = 0. Then, the
following upper bounds hold,

S (D) + e

i=1

c)), 32

3\>—‘

gen (P s, i)

n

— G (s, 1) < i S (N C) + D) (33)
=1

where D; = KL(Py,z,|Pw ® p), C; = KL(Pw.z, | Pw,z,).

v N z) = infago,—a_) H%(A) .
Vi (@) T infycpo, a+)77+()’ ¢ (z) N
infyepo,—c_) z+¢§( ) and ¢ (@) = infrgpo,ep) z+¢;( ),

Proof: The proof approach is similar to Theorem 1 by
considering different cumulant generating functions and their
upper bounds. [ |

Inspired by the upper bound in Proposition 4, we can provide
an upper bound on expected generalization error instantly that
is dependent on the convex combination of KL divergence

terms, i.e.,
oKL(Pyw,z, |Pw,z,) + (1 — @)KL(Pw, | Pw @ ),

and assuming o-sub-Gaussian tail distribution.

Proposition 5 (Upper bound with Sub-Gaussian assumption):
Assume that the loss function is o-sub-Gaussian under distribu-

tion Py ® 1 and y-sub-Gaussian under Py, z, Vi =1,--- ,n—
Then, it holds for Vo € (0,1) that,
gen(Pw s, p)| < (34)
(O&Oi + (1 — Ot)DZ)
- 24 (1— 2
Z (a0 )i T
where C; = KL(P ) and D; =

KL(Pw,z [|1Pw,z,) -

Akin to Proposition 1, the result in Proposition 5 paves the

way to offer new tighter expected generalization error upper

bound by ADM. We next offer a Lemma connecting certain

KL divergences to the a-Rényi information [35, Theorem 30].
Lemma 3: Consider an arbitrary distribution ]3W, z,. Then,

the following equality holds for Vo € (0,1),
oKL(P )+ (1 — a)KL(P

(1= a)Ig(W; Zy)

z,) = (35)

~ Py @ Pw)*(Pw z,)1~

fWXZ(dPZi ® dPW)O‘(dPWZi)(l—a)

A tighter version of the expected generalization error bound
appears in Proposition 5 via ADM and using Lemma 3.

Theorem 3 (Upper bound based on «a-Rényi information):
Consider the same assumptions in Proposition 5. The following
upper bound for Vo € (0,1) holds,

Ly Ig(W; Z;i
[gen( Py g, )| < - Z \/2(@02 +(1- Q)W2)¥.
- (36)

The bound in Theorem 3 results from minimizing the bound
in Proposition 5 over the joint auxiliary distribution Py 7, €
P(W x Z). Such an optimal joint auxiliary distribution is

(Pz, ® Pyw)*(Pw,z,)'
foZ dPZ ® dpw) (dPW’Zi)(l_O‘)

Remark 3 (Deterministic algorithms per sample): If the
parameter, W, is a deterministic function of data sample Z;,
then I(W; Z,) is not well-defined as Py, z, is not absolutely
continuous® with respect to Py Pz,. However, by considering
the a-Rényi information for o € [0,1), we do not need to
assume the absolute continuous.

szz

Remark 4 (Upper bound based on the Bhattacharyya
distance): We can derive the expected generalization error
upper bound based on Bhattacharyya distance by considering
a = 1/2 in Theorem 3,

gen(Puis. )| < = /(02 +99)Dis(

i=1

),

Remark 5 (Recovering the upper bound based on mutual
information and lautum information): We can recover the

2We say pu < v, ie., p is absolutely continuous with respect to v if
v(A) = 0 for some A € X, then pu(A) = 0.
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expected generalization error upper bound based on mutual in-
formation in [7] and lautum information in [41] by considering
a — 1 and o — 0 in Theorem 3, respectively.

By considering ]3W7 z, = Pw,z,, we have,

al(W; Z;) = (1 — ) IS (W; Z;) (37)
+KL< (Pz, ® Pw)*(Pw,z,)' = )

(dPZ7 ® dpw)a(dpwvzi)(lfo‘)
Since that KL divergence is non-negative, based on Lemma 3
and the monotonicity of R,, with respect to o, we have,

}I(W; Z).

The result in (38) implies that our expected generalization
error bound based on «-Rényi information in Theorem 3
exhibits the same convergence rate as upper bound based on
mutual information [7].

Proposition 6 (Convergence rate of upper bound based on
a-Rényi information): Assume the hypothesis space is finite
and the data samples are i.i.d. Then, the upper bounds based
on a-Rényi information in Theorem 3 have a convergence rate
of O(ﬁ)

We can also provide an upper bound based on Sibson’s
a-mutual information.

Theorem 4 (Upper bound based on Sibson’s o mutual
information): Assume that the loss function is o-sub-Gaussian
under distribution p for all w € W and -sub-Gaussian under
Pw,z,,Vi=1,--- ,n. Then, it holds that:

(38)

13(W; 7)< mm{l,lo‘

I$(W; Z;)

_ 1<
[gen(Pws, )l < — > \/2(a02 +(1—a)y?)=2 -
i=1

The upper bound based on a-Rényi divergence could also
be derived using the variational representation of a-Rényi
divergence in [44]. This approach is applied in [12] by
considering the sub-Gaussianity under Pz, and Pz, . Our
approach is more general, paving the way to offer an upper
bound based on «-Sibson’s mutual information in Theorem 4,

which is derived via ADM. Since that,
Ig(W; Z;) = Rao(Pw.z, ) 39

< Ra(Pw,z ||Pw @ p) = Ig(W; Z;),

min
wEP(W)
(40)

the upper bound in Theorem 4 is tighter than the upper bound
in Theorem 3. It is worthwhile mentioning that we assume
the loss function is o-sub-Gaussian under Py ® p distribution
in Theorem 3. However, in Theorem 4, we consider the loss
function is o-sub-Gaussian under p distribution for all w € W.
We can also apply generalized Pinsker’s inequality [35] to
bounded loss functions for bounding the expected generaliza-
tion error using the a-Rényi information between data samples,
S, and hypothesis, .
Proposition 7: Consider ¢(w, z) be a bounded loss function
ie. [{(w,z)| <b. Then
KW Zy),

1 n
P — 1].
|gen( Py s, 1t . ; Vo € (0,1]

(41)

Considering the bounded loss function can help to provide an
upper bound based on «-Sibson’s mutual information between
S and W in a similar approach to Proposition 7.

C. Comparison of Proposed Upper Bounds

A summary of upper bounds on expected generalization
error under various o-sub-Gaussian assumptions is provided
in Table III.

Remark 6 (Bounded loss function): The bounded loss
function [ : W x Z — [a,b] is (%52)-sub-Gaussian under
all distributions [7]. In fact, for bounded functions, we have,
(b—a)

5

We next compare the upper bounds based on «-JS infor-
mation, Theorem 2, with the upper bounds based on a-Rényi
information, Theorem 3. The next proposition showcases that
the a-JS information bound can be tighter than the a-Rényi
based upper bound under certain conditions. The proof details
are deferred to Appendix C.

Proposition 8 (Comparison of upper bounds based on o'-
Jensen-Shannon and «o-Rényi information measures): Consider
the same assumptions in Theorem 2. Then, it follows that
o’-Jensen-Shannon bound given by:

(42)

gon o2 M /
lgen( Py s, 1) Z (a,) 0 —al)’ 0<a' <1
(43)
is tighter than the o-Rényi based upper bound for 0 < a <1,

given by,

1 n I(x W,ZZ
‘geT(PW|SaM)| S E z:; \/2(040'2 + (1 — Oé)’j/2)¥’
(44)

provided that % <

and ooy =0 =1.

Ig(W; Z;) holds for i = 1,--- ,n

I§(W;Z;), could be tightened by considering o =
and considering the upper bound based on Jensen-Shannon
information.

Remark 8: If we consider &« — 1 and o/ = % in Proposition 8§,
then the upper bound based on Jensen-Shannon information
is tighter than ones based on mutual information [8] provided

that 4log(2) < I(W; Z;) forall i =1,--- ,n and 0 = 0g.

Remark 7: The condition in Proposition 8, i.e.

ol [A

IV. UPPER BOUNDS ON EXCESS RISK
This section provides upper bounds on excess risks for
regularized empirical risk minimization (ERM) by a-Rényi
divergence or a-JS divergence.

A. «a-JS-Regularized ERM

It is interesting to consider the regularized ERM with a-JS
information between dataset .S, and hypothesis W,

min E[Lg(W,S)] + %I?S(W; S),

Py s

(45)
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TABLE III
EXPECTED GENERALIZATION ERROR UPPER BOUNDS. WE COMPARED OUR BOUNDS WITH MUTUAL INFORMATION AND LAUTUM INFORMATION BOUNDS
BASED ON THE FINITENESS AND THE ASSUMPTION NEEDED FOR SUB-GAUSSIANITY.

sub-Gaussian

ite?
Upper Bound Measure Assumption Bound Is finite?
Mutual information ( [8]) Py @ pu % S 202 (W, Z;) No
Lautum information ( [41]) Vi fvi/’z’ n % St 292 L(W; Z;) No
_JS i i () e Yes
a-JS information Py, 1 fog2  L5s(W:Zi)
(Proposition 3) Vi=1,...,n n =l (@) a(l-a) (9(a) \/ 2a?1(521))
a-Rényi information (0 < a<1) Pw ®pand Pw,z,, 1 n \/ 9 B o I8 (W32,)
(Theorem 3) Vi=1,...,n w 2=t \ 2a0® 4+ (1 —a)y?) g No

where 8 > 0 is a parameter that balances fitting and
generalization. Since the optimization problem in (45) is
dependent on the data generating distribution, p, we relax
the problem and replace «-JS information with the a-JS
divergence JS, (P s||Qw|Ps), as follows,

min E[Lg (W, S)]

Py s

1
+ = JISa(Pw sl Qw|Ps),  (46)

B
where Qw € P(W) is a prior distribution over parameter
space.

Lemma 4 (Solution existence of a-JS-regularized ERM): The
optimization problem in (46) is a convex optimization problem
and has a solution.

Proof: The first term in objective E[Lg(W, S)] is linear
in term of Py g and the second term %JSQ(PW|S\|QW|PS)
is convex in Py g for 0 < a < 1 due to [45]. Therefore, a
solution exists. ]
Let us define the solution of (45),

*,03,JSa .__
Pyg ™ =
1
in  E[Lg(W,S)] + ~JS.(P Pg).
argpwénelg(w) [LE( )H_B (PwsllQw|Ps)

In the following, we provide an upper bound on excess risk

under P;,‘Vf §]S” as a learning algorithm.

Theorem 5 (Upper bound on excess risk under P;V’f é‘ls‘* ):
Assume the bounded loss function, i.e., [((w,z)| < b for all
(w,z) € W x Z and L-Lipschitz. Then, the following upper

bound holds on the excess risk under P;V‘B é‘]s“,

202 ¢
*,8,J8qa e .
En(Pypg ™ m) < na(l—a) ‘5—1 I5s(W; Z;)

LVd | ISo(N(w*, 57 14)||Q)
+ + :
B B
where w* = arg min,, ey L, (w) and I; is identity matrix with
size d.

Corollary 2 (Convergence rate of excess risk for under
P;Vf éJS“ ): Under the same assumptions in Theorem 5, assum-
ing that hypothesis space is finite and g is of order /n, the

following upper bound holds on excess risk of P;V‘ﬁ é‘] « with

convergence rate of O(n~1/?),

202 =
*,8,JSq @ .
E’I‘(PW‘S ,,u) S TlOZ(l 70[) E_l ]JS(szi)
IVd h
PEATINICY

vnooo/n

Remark 9 (Comparison to the Gibbs algorithm): Our
convergence rate of the upper bound on the excess risk under
P;Vf S’JSQ is less than the convergence rate of the upper bound
on excess risk under the Gibbs algorithm as the solution of
KL-regularized empirical which is O(n~1/4), [7, Corollary 3]
and [46].

B. a-Rényi-Regularized ERM

Similarly, it is interesting to consider the regularized ERM
with a-Rényi-information between dataset, S, and hypothesis,
W,for0<a<l1,

min B{L(W. )] + STR(V: S). 7)

Py s
where § > 0 is a parameter that balances fitting and
generalization.

Since the optimization problem in (47) is dependent on the
data generating distribution, i, we propose to relax the problem
in (47) by replacing a-Rényi- information, i.e. I} (W;.S), with
Ra(Pwsl|Qw|Ps) as follows,

min E[Lg(W, S)]
Py s
where Qw € P(W).
Lemma 5 (Solution existence of a-Rényi-regularized ERM):
The optimization problem considered in (48) is a convex
optimization problem.

Proof: The first term in objective E[Lg (W, S)] is linear
in term of Py g and the second term %RQ(PW|SHQW|PS)
is convex in Py s for 0 < a < 1 due to [35, Theorem 11].
Therefore, a solution exists. |
Let us define

1
+ —Ra(Pwsl|Qw|Ps),  (48)

B

*7[37Ra 3
PW|S min

1
E[L(W. S)+=Ry (P Py,
Py |s€P(W) [Le(W, S)]+ZRa(Pws||Qw|Ps)

B

= arg
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as the solution of convex optimization problem (48).
Theorem 6 (Upper bound on excess risk under PV[}‘B 5 )

Assume the bounded loss function, i.e., |¢(w, z)| < b for all

(w,z) € W x Z and L- -Lipschitz. Then, the following upper

bound holds on the excess risk under PW‘ 3,

& (Pyg

)

IN

202
=N 1wz,
— ; & ( )

Lvd | Ra(N(w*,57'14)]Q)
+ + ,
B B
where w* = arg min,, ey L, (w) and I; is identity matrix with
size d.

Corollary 3 (Convergence rate of excess risk under P ’ﬂ LY):
Under the same assumptions in Theorem 6, assummg that
hypothesis space is finite and § is of order y/n, the following
upper bound holds on the excess risk of PV‘}l éR“ with
convergence rate of O(log(n)/v/n),

2b2”
Ie(W; Z;
> IR(W Z)

i=1

113 +

9 7R‘OL
Er(PRE ™ 1)

IN

E\f 1

o a
NIRENG

+ — d log ( ) + ——

4/n 2\/n(1—a)

V. EXPECTED GENERALIZATION ERROR UPPER BOUNDS
UNDER DISTRIBUTION MISMATCH

In this section, we extend our results in Section III under
distribution mismatch, where the training data distribution
differs from the test data distribution. All the proof details are
deferred to Appendix E.

Proposition 9: Assume that the loss function is o(,)-sub-
Gaussian — under the distributions P‘E‘fj )Z,i Vi=1,---,n and
ap 4+ (1 — a)p’ for all w € W — Then under distribution
mismatch (6), it holds Vo € (0, 1) that:

. / ISa (1]|1)
|gen(PW|Sal’La/j/ )I S (a) Oé(]. — Oé) (49)
= (W Z)
E TS
(a)ﬁ, Va € (071)

Proposition 10: Assume that the loss function is o-sub-
Gaussian under distributions g and ' for all w € W and also
«-sub-Gaussian under Py, z, Vi = 1,--- ,n. The following
upper bound for Vo € (0, 1) holds,

Ra (1
(P 5. )] < | 20? + (1 — 2y R s

+ %Z \/2(&02 +(1- a)yz)w_

The mismatch between the test and training samples distri-
butions is characterised in [21, Theorem 5] as KL divergence
between test and training samples distributions, i.e., KL(p'|| ).
However, assuming that the loss function is o(,)-sub-Gaussian
under ap + (1 — )y’ for all w € W, Proposition 9 allows us

log («

to explain the distributional mismatch in terms of a-Jensen-
Shannon divergence, which is finite.

In Proposition 10, the distributional mismatch is presented
in terms of «-Rényi divergence, i.e., Ro(p'||p). If p' is
not absolutely continuous with respect to u, then we have
KL(4/||p) = oo. However, for a-Rényi divergence (0 < o <
1), it suffices that the mutual singularity [35], i.e., p/ 1L pu,
does not hold, which is a less restrictive condition about u’
compared to the absolutely continuity condition.

Similar to Remark 6, the sub-Gaussianity assumptions in
Propositions 9 and 10 hold for bounded loss functions.

VI.

In this section, we illustrate that some of our proposed
bounds can be tighter than existing ones in a simple toy
example. We consider the a-JS and a-Rényi information only.
Our example setting involves the estimation of the mean of a
Gaussian random variable Z ~ N(3,0?) based on two i.i.d.
samples Z; and Z5. We consider the hypothesis (estimate) given
by W =tZ; + (1 —t)Z5 for 0 < t < 1. We also consider the
loss function given by /(w, z) = min((w — 2)?, ¢?).

Due to the fact that the loss function is bounded within the
interval [0, ¢?], then it is %-sub-Gaussian under all distributions.

herefore, we can apply the expected generalization error upper
bounds based on mutual information, «-JS information and
a-Rényi information Vo € (0, 1) as follows:

NUMERICAL EXAMPLE

5o0( Py 2,20 Pz) < Cz(\/ﬂ (W Z1) + 201(W; 2)),

(S
- A2 I(W; Zy) I5s(W; Z)
gen( Pz, 2, Pz) < 4(\/2 a(l —a) * \/2 ol —a) )7

(52)

(53)

It can be immediately shown that W ~ N(8,0%(t2 +(1—1)?))
and (W, Z1) and (W, Z3) are jointly Gaussian with correlation
coefficients p; = ——L—— and py = S ) B Therefore,
it can be shown that the mutual information appearing above
is given by I(W;Z;) = —ilog(l — p?) and I(W;Z,) =
—% log(1 — p3). In contrast, the a-JS information appearing
above can be computed via an extension of entropic-based
formulation of the Jensen-Shannon measure as follows [34]:

I;s(W; Z;) = (54)
h(PSY,) = (@h(Pw) + ah(Pz,) + (1 = a)h(Pz,w)),

gen(Pywz,,2,, Pz) <

— with h(-) denoting the differential entropy — where

h(Pz,)

i

1
=3 log(27m0?),

h(P) = 5 log(2ro™( + (1 = 1)),
h(Pu.z.) = log(2n0*( + (1 = 1))(1 - p2))

whereas h (P‘S‘?‘ )Z) can be computed numerically.
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Fig.l depicts the true generalization error, the mutual
information based bound in (51), and the a-JS information
based bound for a = 0.25,0.5,0.75 in (52) for values of
t € (0,0.5], considering 0> = 1,10, p =1, ¢ = §.

It can be seen that for = 0.75 the «-JS information bound
is tighter than the mutual information bound. For o = 0.5,
which is equal to traditional Jensen-Shannon information, if
we consider ¢t < 0.25 then the Jensen-Shannon information
bound is tighter than the mutual information bound; in contrast,
for ¢ > 0.25, the mutual information bound is slightly better
than the Jensen-Shannon information bound. This showcases
that our proposed bounds can be tighter than existing ones in
some regimes. Fig.2 also depicts the true generalization error,

0.035
=

001

0.005 [

Fig. 1. True generalization error, o-JS based bound for a = 0.25,0.5,0.75,

and Mutual Information based bound.

the mutual information based bound in (51), and the «-Rényi
information based bound for oo = 0.25,0.5,0.75 in (53). It can
be seen that the a-Rényi based bound is looser than the mutual
information based bound. In our experiment setup, when ¢ — 0

(or t — 1), we have I(W;Zs) — oo (or I(W;Z;) — 00).

However, the a-Rényi based bound is finite.

T T T
- -Mutual Information
— a-Renyi Information for a = 0.25

a-Renyi Information for o = 0.5 |
----- a-Renyi Information for oo = 0.75
— Generalization Error

005

Value

Fig. 2. True generalization error, «-Rényi based bound for a =
0.25,0.5,0.75, and Mutual Information based bound.
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VII. CONCLUSION AND FUTURE WORKS

We have presented the Auxiliary Distribution Method,
a novel approach for deriving information-theoretic upper
bounds on the generalization error within the context of
supervised learning problems. Our method offers the flexibility
to recover existing bounds while also enabling the derivation
of new bounds grounded in the a-JS and a-Rényi information
measures. Notably, our upper bounds, which are rooted in the
a-JS information measure, are finite, in contrast to mutual
information-based bounds. Moreover, our upper bound based
on a-Rényi information, for o € (0, 1), remains finite when
considering a deterministic learning process. An intriguing
observation is that our newly introduced «-JS information
measure can, in certain regimes, yield tighter bounds compared
to existing approaches. We also discuss the existence of
algorithms under «-JS-regularized and «-Rényi-regularized
empirical risk minimization problems and provide upper bounds
on excess risk of these algorithms, where the upper bound
on the excess risk under «a-JS-regularized empirical risk
minimization is tighter than other well-known upper bounds
on excess risk. Furthermore, we provide an upper bound
on generalization error in a mismatch scenario, where the
distributions of test and training datasets are different, via our
auxiliary distribution method.

As a direction for future research, we propose extending our
bounds to the PAC-Bayesian framework, leveraging the a-JS
and a-Rényi divergences for 0 < o < 1. Additionally, the
conditional technique based on individual sample measures, as
described in [18], could be applied to improve the effectiveness
of our upper bounds.
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APPENDIX A
PROOF OF SECTION III-A

Proof of Theorem 1: The proofs of the bounds to
gen(Py s, i) and —gen(Pyy (g, p) are similar. Therefore, we
focus on the latter.

Let us consider the Donsker—Varadhan variational represen-
tation of KL divergence between two probability distributions
« and S on a common space ¥ given by [47]:

KL(«||B) = sup/ fda —log/ efds, (55)
fJu v
where f € F = {f: ¥ — R s.t. Egle/] < oo}.

Using the Donsker-Varadhan representation to bound
KL(Pw,z, || Pw,z,) for A € (b_,0] as follows:

KL(Pw,z,[|Pw,z,) >

Epy, ., MW, Z))] —logEg,, , [ 7)) 2

AEpy,, (W, Zi)] =Ep | [((W, Zi)]) = - (=A), (57)

(56)
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where the last inequality is due to:
Aow,zi)(A) = (58)
log (Eg,,, [e ) <v-(-A).

It can then be shown from (57) that the following holds for
Ae (b-,0]:

NE(W,Z;)~E [e(W,Z3)])

Pw, z;

Ep, MW, Zi)] = Epy, , [((W, Z;)] < (59)
- KL(Pw,z,||Pw,z,) +¥-(\) _
inf —

A€[0,—b_) A

" (KL(Pyw, 2 | Pw.2,))- (60)

It can likewise also be shown by adopting similar steps that
the following holds for A € [0, b, ):

By, [0, 2] ~Ep, | (W, Z)] < (61)
inf KL(Pw,z, HﬁW,Zi) +(N) _
AE[0,by) A
T (KL(Pwz | P 2.)). (62)
We can similarly show using an identical procedure that:
EpyeultW; Z:)] = Ep,, , [((W, Z;))
< w*‘l(KL(PW & P,z (63)
L V. Z)) = Epys,l€(W. Z))]
< w* 1(K (P @ ul| Pz, )) (64)

Finally, we can immediately bound the expected generaliza-
tion error by leveraging (63) and (59) as follows:

1 n
@(PW|S7 :u) = E ZEPW®H[£(M/7 ZZ)] - EPW,Zi V(W Zl)]
=1

1 n

== EpyeultW, Z)] —Ep, , [((W, Z)))+
i=1

Es, y(W 2)) ~ Epy, [V, Z)]

1 S *—1
<=

n; i)+ (B)
where A; = KL(Py ® NHﬁW,Zi) and B; =

KL(Pw,z || Pw,z,)-
|
Proof of Proposition 1:
The assumption that the loss function is o-sub-Gaussian un-
der the distribution PW 7, implies that ¢* ' (y) = v} ' (y) =
V' 20%y, [8].

Consider arbitrary auxiliary distributions {13W z, 1, defined
on Wx Z.

gen(u, Pws) = Epy ps [LE(W,S)] = Epy, s [LE(W, S)]

1 n
= ZEPWPZi (LW, Z;)]
n i=1
LS~ By o, [6OW
et .

IA

Zi)] = Epy,, (W, Z;)]|  (66)

Using the assumption that the loss function £(w, z;) is 6°-
sub-Gaussian under dlstrlbutlon PW z, and Donsker-Varadhan
representation for KL( .), we have:

A (B, [0V, Z)] - Eﬁw‘zi (. z)) < 6

242

- A
NPwz)+ . VAER

KIL(

Using the assumption loss that the function /(w, 2;) is 62-
sub-Gaussian under distribution Py, 7, and Donsker-Varadhan
representation for KL( Py, z, | Pw Pz, ), we have:

X (B e, (W, 2)] ~Ep,, (W Z)]) < (©8)

24
/ 0_2

KL(Pw Pyz,||Pw.z) + V)N R

Now if we consider A\ < 0, then we can choose \ = =1

Hence we have:
Ep, . (W, Z)] = Ep,, , [((W, Z;)] <

KL(PwzPrz) | No?
w 2

(69)

YA eR™

and,
Epy, py, [((W, Z)]
KL(Pw Pz, | Pw.z,)
Y
Now sum up two Inequalities (69) and (70).
Epy py, [6(W, Zi)] — Epy ,, [6(W, Zi)] <

aKL( z,) + (1 — a)KL(
a| Al

~Ep, , (LW, 2)] <

N6?
+

(70)

v\ e Rt

(71)

)

+

Ng? | IMg250

2 2 ’

Similarly, using an identical approach, we also obtain:
- (EPWPZi [E(Wa Zl)] - IEPWZi M(W Zl)]) <

aKL( )+ (1 — @)KL(Pw Py, ||Pw.z,)
al

YAeR™.

(72)

+

A2 AT ~0 2

2 + 2 ’
Considering (71) and (72), we have a nonnegative parabola
in A\, whose discriminant must be nonpositive, and we have

Vo € (0,1):
|]EPWPZ,L [E(Wv Zﬁ)]
. (aKL(

YA eRT.

~Epy, (6. Z))][° (73)
APuw.z,) + (1= Q)KL(Py Pz, | Pw.2.,))
a(l —a) '

Now using (65), we prove the claim.

Proof of Lemma 2:
oKL(Py ® Pz, HﬁWZ)

/WXZ

+ (1 — )KL(Pw.z |Pw.z,) (74

a(dPy ® dPyz,) log(dPy ® dPy,) (75)
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dPy ® dPz,
+ 1 — a)dPw. z, log(dPw z, < dP dPyz, 1 _— 87
/sz( )dPyy,z, log(dPw,z,) _a/sz w @ dPz, log (a(dPW®szi)> (87)
5 dPw .z,
- / (a(dPw ® dPz) + (1 — a)dPw.z ) log(dPw.z)  + (1 a) / APy . log (W)
WXZ WX Z (1 _a)dPW7Zi
= a(dPy ® dPz,) log(dPy ® dPyz,) (76) = —alog(a) — (1 — a)log(1l — @) (88)
Wxz = h(a). (89)
+ (1 — a)dPyw,z, log(dPyw,z,) — AP, log(dPyw,z,) .
WxZ
() (@) () (@) Proof of Corollary 1: We first compute the derivative of
+ /sz APy 7, log(dPy 7,) — APy 7 log(d Py ) ) with respect to a € (0, 1)
_ 7o .7 (@) 1P h(a
= I5s(Ws Z0) + KL(Pyy 2, [ Pw.z ). 7n a0 _log(1—a)  log(a) 90
do a? B (1—a)? ©0)
[
) . L o)
Proof of Theorem 2: As shown in [48], and by considering Now for @ = 1. we have “20=51 _ (. -
the Lemma 2 we have 2 do
min oKL(Pw © p||Pw,z,) + (1 — @)KL(Pw,z, || Pw,z,) =
Pw.z; (78) APPENDIX B

PROOFS OF SECTION III-B
min I§5(W: Z) + KL(PY), || P.z,).
Pw.z, Proof of Proposition 5: Consider arbitrary auxiliary

e . . . = n
As we have 0 < KL(P‘ES )Z,L, |Pw,z,), therefore, the minimum distributions { P,z }i, defined on W x Z. Then,

of (26) is achieved with Pyy,z, = P, . Now, considering  80(Pw|s 1t) = Epy, ps[Le(W. 8)] = Ep,, o [Lp(W, 5)]

]3W z, = Pé;‘ )Z in Proposition 1, completes the proof. ] 1 &
Zi =—Y E W, Z;)] = Epy, ,, [((W, Z; 91
Proof of Proposition 2: Z P Pz, [ ) PWZ"[ ( ) O
Using (27), 1 —
<- Epy p, [((W, Zi)] = Epy, , [((W, Z;) 92)
Ifs(W: Zi) < (1 = a)I(W; Zy), (79) & [Br e EOV,20] = B OV, 2]
. 1 &
we have: <= Z’E P, [EOW, Z0)] = Epy , [((W, Z)| (93)
Sem 1N I5s(W; Zi)
[gen (P, )| < n Z 20(04)17_(1 (80) + ‘EPWZ [6(W, Z:)] = Epy, p,, [((W, Z:)]].
< 1 « I(W; Z;) g1 Using the assumption that loss function /(w,z;) is >3-
=n Z B sub-Gaussian under distribution Py, 7z, and Donsker-Varadhan
=t ) representation we have:
(W, Z,
= \/ ’ ®2 A (g, [0V, 2)] = Bpy,, [0V, Z,)]) < 9%)
(W S) 5 Ay
202, (83) KL( J+=L, WaeRr
20 (84) Using the assumption that /(w, Z) is o?-sub-Gaussian under
Pyw ® Pz, and again Donsker-Varadhan representation we
where the final result would follow from the finite hypothesis  have:
space. [ | ,
AM(E5 (W, Z;)] — E (W, Zy)] ) < 95
Proof of Proposition 3: This proposition follows from ( P W’Zt[ ( ) PW;ZZ[ ( )]) ©3)
the fact that I§y(W, Z;) < h(a) fori=1,--- ,n. KL(P _)+X 02' VN € R
We prove that I5(W, Z;) < h(c). '
o (W Z) _ (85) Note that ]EPWPZi [K(W, Zz) — Epzi [K(I/V, Zz)]] =0.
ISR (@) (@) Now if we consider A > 0, then we choose \ = ﬁ/\.
aKL( wz,) T (1 — a)KL( Wz, Hence we have
a/ dPy ® dPy, log (dPW@dPZi> (86)
= w Z; o
Wiz dPi, Epy, (W, Z;) ~ Bp, (W, Z)] < (96)
APy z, KL(Pw,z |Pwz,) = M2
+(1- a)/ dPy,z log | Bz llPvz) X7 gy eme.
W Z dPy7, A 2
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Using the assumption that /(w, Z) is o2-sub-Gaussian and
again Donsker-Varadhan representation,

- Eﬁw 2z [f(VV, Zz) - ]EPwPZi [é(Wa Zl)” < (97)
KL(Pyw.z, || Pw Pz, /|02
( W,|Z)1,\,| w Zz) ‘)\2|0. , VAleRf

Now sum up two Inequalities (96) and (97), to obtain

]EPWPZi [Z(W’ Zl)] - ]EPWZi [E(Wv ZZ)} < (93)
aKL (P z,) + (1 — 0)KL(Pw.z, WPZJJr
a
/\72 )‘ﬁ02 n
T + T’ VAeRT.

Considering (98), we have a nonnegative parabola in A\, whose
discriminant must be nonpositive, and we have:

|EPWPzi [E(Wv ZZ)] - Epwzi [E(I/Va Zl)” < 99)
(Oécl' + (1 - Oé)DZ)
2 2 1— 2
¢ (002 + (1 — o)y (BP0
where C; = KIL( P ) and D; =
KL(Pw,z,||Pw,z,). Finally, we prove the claim using
o). ™

Proof of Theorem 3: Using Lemma 3, we have:

min oKL(Py,z, | Pw @ 1) + (1 — )KL(Piv,z,|| P, z,) =

Pw,z,

(1—-a)Ig(W;Z;)

- P, a _ (1—-e)
+ min KL Pz, & Pw)* Pz ) =) |
Pw,z, Jovy 2 (dPz, @ dPy ) (dPy,z,)1—)
Now by considering the dﬁm Z: =

(dPz, ®dPw)® (dPw,z,)" ~)
Toon 2 (@P2, @dPw) (AP 7, )T the KL term would be

equal to zero. The final result holds by using Proposition 5. H

Proof of Lemma 3:

Our proof is based on [35, Theorem 30]. For 0 < o < 1,
we have:

aKL(Pw,z,||Pw ® 1) + (1 — &)KL(Pw,z, || Pw,z,) (100)
= / dPw, 7, 10g(dPw.z,) (101)
WXZ
= [ Pwzdos((Pw ©4P2)" (@Pwz) ")
WXZ
= / dPw, 7, 10g(dPw.z,) (102)
WXZ
= / dPu,z, log ((dPw @ dPz,)* (dPw,z,)" )
WXZ
+ log </ (dPw ® dpzi)a(dpw,zi)“—a))
WxZ
—log (/ (dPw ® dPZi)a(dPW,Zi)“*“))
WxZ
—log (/ (Pw ® szi)&(dPW,Zi)“_“)) (103)
WxZ

+ / dﬁW,Z,- log(dﬁw,zi)
WxZ

13

5 (dPw ® dPg,)* (dPw,z,)" =
— dPw z. lo 2 -
/sz o (fWXZ(dPW © APy, ) (dPy,z,) =)

=(1-)Ig(W;Z;) (104)
(Pz, @ Pw)*(Pw,z,) 1~
KL | P
+ ( W,Z; HfoZ APz, ® APy )*(dPy.z, )~
|
Proof of Proposition 6: Using (38),
I§(W; 2)) < T2 1(W; 2,), (105)

and considering the hypothesis space is finite and the upper
bound in Theorem 3, we have:

1 — I8(W: Z;
[gen(Pws, )l < — ; \/2(a02 +(1- oz)WQ)R(T)
(106)
< ,Z 2(ao? + 1—a)72)m1n{a,1a}I(W,Zl)
(107)
< \/2(a02 + (1 — @)y?) min {1, L } 2= [V Z1)
o l—-a n
(108)
< \/2(0402 + (1 —a)y?) min{l, ! } W5 S) (109)
o' l—a n
< \/2(Oé0'2 +(1- a)yQ)min{l, . ia} 2W) (110)

a’'l—a n

< \/2(a02 + (1 — &)?) min { L1 } IOg(k),

where (108) follows from Jensen inequality and (109) follows
from i.i.d assumption for Z;’s. [ ]

Proof of Theorem 4: Consider arbitrary auxiliary distri-
butions { Py, z, 7, defined on W x Z.

@(PW\& p) =Epy, ps [LE(W,S)] — Epy, s [LE(W, S)]
= *ZEPsz (W, Z)] = Epy, [€OW, Z)] (111)
<- ; By p,, [6OW, Z0)] — Epy,, [(W, Z))]| . (112)

Using the assumption centered loss function ((w,z;) —
Ep, [£(w, Z;)] is *-sub-Gaussian under distribution Py, z,
and Donsker-Varadhan representation by considering function
l(w, z;) — Ep, [€(w, Z;)] we have:

A(E P,
~Epy, (€W, Z)) — Ep, [€(W, Zz-m)
)\2,)/2

[U(W, Zi) — Ep,, [((W, Z))) (113)

< KL(P )+ VA ER

Note that Ep,, [(W.Z) — Ep, [(W.Z)] =
]EPWZi M(I/Va Z; )] ]EPWPZ [ (VV’ Zl)]
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Using the assumption that /(w, Z) is o2-sub-Gaussian under
Pz, for all w € W, and again Donsker-Varadhan representation
by considering function £(w, z;) — Ep, [((w, Z;)] we have:

N (Eﬁw,zi [E(W, Z;) — Ep, [E((W, Z))]] (114)

By py (W, Z2) — En, [V, Z»H)

12 2
AT v eRr

< KL(Pyw,z ||QwPz,) +

Note that IEQWpZi [e(W, Z;) — Epzi [¢(W, Z;)]] = 0.
Now if we consider A > 0, then we choose \ = =
Hence we have

Epy. 2, [6W, Zi) = Ep, [((W, Z,)]]
—Epy, [((W, Z;) — Ep, [((W, Z;)]]
5 2
< KL(Pw.z, (| Pwz) n Ai’
- A 2
Using the assumption /(w, Z) is o2-sub-Gaussian and again
Donsker-Varadhan representation,

(115)

YA eRT.

~Ep,, [((W.2) ~Ep, (W.Z)] < (116)
D 1 2
KL(PW,|Z>L\|/|QWPZL) + ‘)\2|0' 7 V}\/ cR.

Now sum up the two Inequalities (115) and (116) to obtain,

]EPWPZi [E(W’ Zi)] - ]EPWZi [K(Wv ZZ)] < (117)
OéKL(pW’Zi PW,Zi) + (1 — a)KL(PW,Zi QWPZL)+
aA
A2 )\1%02
—_ 2 RT.
5 + 5 VA €

Taking infimum on ]5W7 z, and using [35, Theorem 30] that
states

(1= @)Ra(P1]|P2) = inf{aKL(R[|P1) + (1 — )KL(R|| P»)}
Now, we have:

(1= a)Ra(Pw,z || QwPz,) = (118)
inf {aKL(Pw,z ||Pw,z,) + (1 — a)KL(Pyw,z,|Qw Pz)}

Pw,z,

and taking infimum on @y, we have:

w
Using (119) in (117), we get:
Epy Py, [6(W, Zi)] = Epy,, [€(W, Zi)] < (120)
(-3 (ZsW) N Ao’ .
= —_— R™.
o B + 5 VA€
Using the same approach for A € R~, we have:
]EPWZi [K(Wv Zi)] - ]EPWPZi [g(Wv Zl)] < (121)
(1- ) (ZsW) | AR Mo’ -
‘ YAeR™.
Mo 2 2 €

Considering (120) and (121), we have a non-negative parabola
in A, whose discriminant must be non-positive, and we have:

|Epy Py, [6W, Z2)] = Epy,, LW, Z3)]| < (122)
1&(Z;;
\/2(&02 + (1 —a)y?2) 5222 (Z:; W)
@
We prove the claim using (91).
]

Proof of Proposition 7: The Generalized Pinsker’s
inequality is introduced in [35], as follows,

TV(P.QP < ZRu(PIQ), ac (0.1, (23

where TV(P,Q) = [, |P(dz) — Q(dx)|. Denote f : X — R
a bounded function |f| < L, then

Ep[f(X)] - Eq[f(X)] =
/ F(@)(P(dz) — Q(dx)) <

sup f(2) - [ |Pldo) - Q)] < Ly ZRa(PIQ)

Let P = Py z,Q = PwPz and f(w, 2) = L,(w)—Lg(w, 2).
Then, we have the final result,

(124)

gen (P s, 1) = %Z]E[LIJ«(W) — Lg(W., Z;)]
i=1

1w /202
< = —R.(Pwz
n;\/a (W’ZI

Py Pz,).

APPENDIX C
PROOF OF SECTION III-C

Proof of Proposition 8: It follows from
h(a')

18(W: Z,) < —2)
JS( ’ ) = a’(l — a/)

that if we have 2205 < [a(W; Z;) for all i = 1,-+ ,m,
then the results holds for 0 = v = 0;5. |
APPENDIX D

PROOFS OF SECTION IV
Proof of Theorem 5: Let us define Py := N (w*, 3711,)
and w* := arginf,cw L, (w).

13,J8a
gr(P[fVIfS )

< [gen(Pyps"™ )| + Epy g py pase LB (W, 8)] = Ly(w”)
< 26 Y 1% (W: Z; E Lg(W.S L *
< mz Fs(W; Zi) + Epsgpy [LE(W, S)] — L (w”)
N JSa(N (w*, 67'14)]|Q)
B
202~ «
< \ m;IJs(Wé Zi) + Epy [Lu(W)] = L (w*)
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L B8N, 57 10) Q)
B
202 ~ )
< J m;ﬁ‘s(”@ Zi) + Epy [Lu(w*)
* —1
202 O o e LVd
< J m;IJs(W, Zi) + 5
4 ISaWw 5710)]Q)
/8 b
Note that LEp, [||W — w*[|o] = L2. m

Proof of Theorem 6: The proof is similar to Proof
of Theorem 5, by replacing the second inequality with the
following inequality,

*,3,Ra B,
5r(PW\ﬂs H) < |gen ‘ﬁ a,“)|
+ Epogpyose [Lp(W, 8)] = Ly(w")

< |
A\l na(l —a) 4

202 -
) Z IR(W§ Z;)
i=1

Ra W (w*, 87'14)||Q)

+ Epsopy [Le(W,5)] = L (w") + 3

Proof of Corollary 2: Using the boundedness of a-JS
divergence in Theorem 5, we have,

f h(a)

E-(Piyg’™ ) < —ZI& (W:2;) 5
where h(a) = —alog(a) — (1 — a)log(l — «). Therefore,

by setting 8 = n'/2, the convergence rate of excess risk is

O(1/y/n). n

Proof of Corollary 3:

We consider the normal distribution as prior, i.e., Q =
N(0, I), in Theorem 6. Then, we can compute the a-Rényi di-
vergence between two multivariate Gaussian distributions [49],

Ra (N (w*, 871 1a)IN(0, 1a)) = %Hw*Hg(O& +(1—-a)s !
d ﬁa_l
T3 —1) 8 (; Ta- a)6—1>

Then, the following upper bound holds on the excess risk under

15

*)/B)R‘LY
Pyg s

*,8,Ra
ET(PWfS

—ZI“ (W3 Zs)
S 3a+ (1 —a)p !

d 5(a—1)
28(a—1) log (a +(1- a)ﬂ*l)

« L\/>
ZI W Z;) 5

) <

L Lvd
E

26

+

IA

* d
+ﬁllw I + ﬂlog(ﬁ) 50—y 8 (@)-

APPENDIX E
PROOFS OF SECTION V

We first propose the following Lemma to provide an upper
bound on the expected generalization error under distribution
mismatch.

Lemma 6: The following upper bound holds on expected
generalization error under distribution mismatch between the
test and training distributions:

(125)
— Epyeult(W, 2)].

|ﬁ(PW\S7M7 ,LL/)l <
‘@(PW|Sa :u')| + “EPW@#’ M(I/Va Z)}

Proof: We have:

e (P s, 1, 1) (126)
= |Epy s [Lp(W, 1) = Lp(W, pu) + Lp(W, 1) — Le(E, S)]|
< |Epys[Lp(W, 1) — Lp(W, p)]| + [gen(Piw s, 1)

= [Epwauw [t(W, Z)] — Epy, ull(W, Z)]| + [geni(Piv|s, 1)

|
Proof of Proposition 9: In Lemma 6, the generalization
error under distribution mismatch can be upper bounded
by two terms. Considering Theorem 2, we can provide the
upper bound based on a-Jensen-Shannon information over
|gen( Py s, 14)|. We can also provide an upper bound on the
term |Ep,, g [0(W, Z)] — Epyoul¢(W, Z)]| in Lemma 6 by
applying ADM using a similar approach as in Theorem 2 and
using the a-Jensen-Shannon divergence as follows:

Epy eu [6(W, Z)] = Epy eut(W, Z)]| (127)
(@) a(l —a)
_ o ISa(W][p)
= \[20%,, 0] (129)
[

Proof of Proposition 10: Based on Lemma 6, the
generalization error is upper bounded by two terms (See
Equation (125)). We can provide the upper bound based
on «-Rényi information over |gen(Py (s, )| using Theo-
rem 3. We can also provide an upper bound on the term
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[Epy o [((W, Z)] — Epyeult(W, Z)]| by applying ADM
using a similar approach as in Theorem 3 and using a-Rényi
divergence as follows:

[1]

[3]
[4]
[5]
[6]

[7]

[8]

[9]

[10]

(11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

|Epy o (W, Z)] — Epy oult(W. Z)]| (130)
< \/2(040’24—(1—a)72)Ra(PW®Z/”PW®M) (131)
. \/2(aa2 (- aw)w. (132)
| ]
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