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Vd nasØhm antmcr enq Økk cdqhuØshudr ne sgd mnmqdkØshuhrshb Bntknlahb nmd“oØqshbkd cdmrhsx lØsqhw γ (w. x(
mdØq sgd chØfnmØk w + x0

fi0 Hmsqnctbshnm

Bnmrhcdq nm C1(2M ( sgd Rbgqéchmfdq nodqØsnq

D +D9 + U. D9 +�)+�
M

j+fl
)j.

U (v(+�Y
M

j+fl

fl
}wj }

+


fl≤ i,j≤M

fl
}w i�wj }

. –fl“fl(

cdrbqhahmf Øm Øsnl vhsg M oØqshbkdr –d0f0: dkdbsqnmr( vhsg bnnqchmØsdr v + (wfl. w1. . . . . wM (: wj ∈ 2:
j + fl. 1. . . . . M : Ømc Ø mtbkdtr vhsg bgØqfd Y / 90 Sgd mnsØshnm )j hr trdc enq sgd KØokØbhØm vhsg qdrodbs
sn sgd uØqhØakd wj 0 Sgd nodqØsnq D Øbsr nm sgd Ghkadqs roØbd C1(2M ( Ømc ax rsØmcØqc ldsgncr nmd
oqnudr sgØs hs hr rdke“Øcinhms nm sgd cnlØhm C(D( +L1.1(2M (, rdd: d0f0: )14: Sgdnqdl W0fl5[0 –Gdqd
Ømc sgqntfgnts sgd oØodq vd trd sgd rsØmcØqc mnsØshnm Lk.o enq sgd Rnankdu roØbdr: vgdqd k Ømc o
hmchbØsd sgd rlnnsgmdrr Ømc rtllØahkhsx qdrodbshudkx(0 Ntq ldsgncr Økknv bnmrhcdqØshnm ne sgd lnkdbtkØq
Rbgqéchmfdq nodqØsnq: ats vd qdrsqhbs ntq Øssdmshnm sn sgd Øsnlhb bØrd enq rhlokhbhsx0 Kds ψ + ψ(v( ad Øm
dhfdmetmbshnm ne sgd nodqØsnq D vhsg Øm dhfdmuØktd D ∈ : h0d0: ψ ∈ C(D( Ømc

(D� D(ψ + 9.

Enq dØbg i + fl. . . . . M : vd qdoqdrdms

v + (w i . ;v i (. vgdqd ;v i + (wfl. . . . . w i�fl. w i+fl. . . . . wM (.

vhsg nauhntr lnchøbØshnmr he i + fl nq i + M 0 Sgd nmd“oØqshbkd cdmrhsx lØsqhw hr cdømdc Ør sgd etmbshnm

γ9(w. x(+
M
i+fl



2M�2
ψ(w. ;v i (ψ(x. ;v i ( c ;v i . Ø0d0 w ∈ 2. Ø0d0 x ∈ 2. –fl“1(

LRBfi4fi4. oqhlØqx 24A54, rdbnmcØqx 24Ifl9: 7flU440
Jdxvnqcr. ltkshoØqshbkd rxrsdl: Rbgqéchmfdq dptØshnm: nmd“oØqshbkd cdmrhsx lØsqhw0
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Sghr etmbshnm hr nmd ne sgd jdx naidbsr hm ltkshoØqshbkd ptØmstl ldbgØmhbr, rdd )5, 6, 12, 13, 17[ enq
cdsØhkr Ømc etqsgdq qdedqdmbdr0 He nmd Ørrtldr sgØs Økk M oØqshbkdr Øqd rohmkdrr edqlhnmr –qdro0 anrnmr(:
h0d0: sgØs sgd etmbshnm ψ hr Ømshrxlldsqhb –qdro0 rxlldsqhb( tmcdq sgd odqltsØshnmr w i ↔ wj : sgdm sgd
cdømhshnm –fl“1( rhlokhødr sn

γ9(w. x(+ M


2M�2
ψ(w. ;v(ψ(x. ;v( c ;v. vgdqd ;v + ;vfl.

Ntq qdrtksr gnvdudq cn mns qdpthqd Ømx rxlldsqx Ørrtloshnmr0 Vd Øqd hmsdqdrsdc hm sgd rlnnsgmdrr
oqnodqshdr ne sgd etmbshnm –fl“1(0 Hs hr bkdØq sgØs enq sghr otqonrd hs rteøbdr sn rstcx dØbg sdql hm –fl“1(
hmchuhctØkkx0 Lnqdnudq: trhmf odqltsØshnmr ne sgd uØqhØakdr hs hr rteøbhdms sn enbtr itrs nm nmd sdql nm
sgd qhfgs“gØmc rhcd ne –fl“1(.

γ (w. x(+


2M�2
ψ(w. ;v(ψ(x. ;v( c ;v. ;v + (w1. w2. . . . . wM (. –fl“2(

Sgqntfgnts vd qdedq sn sghr etmbshnm Ør sgd nmd,oZqshbkd cdmrhsx lZsqhw0 Hm )8[ –rdd Økrn )fl7[( sgd
nmd,oZqshbkd cdmrhsx

ρ(w(+ γ (w. w(+


2M�2
}ψ(w. ;v(}1 c ;v –fl“3(

vØr rgnvm sn ad Ø qdØk“ØmØkxshb etmbshnm ne w ̸+ 90 Sgd qdØk ØmØkxshbhsx ne sgd etmbshnm γ (w. x( Ør Ø
etmbshnm ne svn uØqhØakdr nm sgd cnlØhm

�+ {(w. x( ] }w } }x} ̸+ 9. w ̸+ x{⊂ 2
·2. –fl“4(

vØr oqnudc hm )fl5[0 Sgd ldsgnc trdc hm )fl7[ vØr kØsdq dwsdmcdc hm )fl8[ sn oqnud ØmØkxshbhsx enq Økk
j“oØqshbkd cdmrhshdr Ømc j“oØqshbkd cdmrhsx lØsqhbdr nm sgd ØooqnoqhØsd rtardsr0 Hm oØqshbtkØq: sgd nmd“
oØqshbkd cdmrhsx γ vØr oqnudc sn ad ØmØkxshb nm sgd rØld cnlØhm –fl“4(0 ör vØr onhmsdc nts hm )fl5[:
nmd cndr mns dwodbs ØmØkxshbhsx hm w Ømc x sn gnkc nm sgd chØfnmØk w + x0 Hm eØbs: ptØmstl bgdlhrsqx
bØkbtkØshnmr hm )3[ –rdd Økrn )4[( rgnv sgØs enq dØbg w ̸+ 9: sgd etmbshnm γ gØr sgd enkknvhmf adgØuhntq.

Pd γ (w + v. w � v(� γ (w. w(+ B(w(}v}4 + f̂(w. v( Ør v → 9. –fl“5(

vgdqd B(w( hr rnld mnmydqn etmbshnm: Ømc sgd dwoØmrhnm ne etmbshnm f̂(w. v( cndr mns bnmsØhm onvdqr
}v}. }v}2 Ømc }v}40 LnshuØsdc hm oØqs ax –fl“5(: hm sgd btqqdms oØodq vd Øhl sn nasØhm dwokhbhs antmcr enq Økk
oØqshØk cdqhuØshudr ne γ (w. x( mdØq sgd chØfnmØk w + x nq sgd onhmsr w + 9 Ømc x + 90 Enq sgd cdqhuØshudr
ne γ vd trd sgd rsØmcØqc mnsØshnm >lw >

k
xγ (w. x(: vgdqd l. k ∈ �2

9: �9 + �: {9{0 Enq svn mnmmdfØshud
mtladqr –nq etmbshnmr( V Ømc X cdodmchmf nm rnld oØqØldsdqr: vd vqhsd V ≲ X –nq X ≳ V ( he V ≤ BX
vhsg rnld onrhshud bnmrsØms B hmcdodmcdms ne sgnrd oØqØldsdqr0 Sgd mnsØshnm A(w. Q( hr trdc enq sgd
nodm aØkk ne qØchtr Q bdmsqdc Øs sgd onhms w 0

Enq a ≥ 9: s / 9 vd cdømd

ga(s(+






fl he a , 4.
knf(s�fl

+ 1( he a + 4.
fl+ s4�a he a / 4.

–fl“6(

Sgd mdws sgdnqdl bnmsØhmr sgd lØhm qdrtks0
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Sgdnqdl fi0fi0 Kds ψ ad Zm dhfdmetmbshnm: Zmc kds Q / 9 ad zwdc0 Sgdm enq Zkk w ̸+ 9. x ̸+ 9: w ̸+ x: Zmc
Zkk k.l ∈ �2

9 rtbg sgZs }k}≥ fl. }l}≥ fl: vd gZud

}> kw>
l
x γ (w. x(}≲
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�
|ρ|Cfl(A(w.Q((

 fl
1
�
|ρ|Cfl(A(x.Q((

 fl
1 . –fl“8(

Sgd hlokhbhs bnmrsZmsr hm –fl“7( Zmc –fl“8( lZx cdodmc nm k: l Zmc Q: ats Zqd hmcdodmcdms ne w : x Zmc sgd
etmbshnm ψ 0

PdlYqi fi010 –fl( Sgdnqdl fl0fl mØstqØkkx dwsdmcr sn sgd bØrd ne Ø lnkdbtkd vhsg rdudqØk mtbkdh vgnrd
onrhshnmr Øqd øwdc0 Sgd lnchøbØshnmr Øqd rsqØhfgsenqvØqc0

–1( Nardqud sgØs |ρ|Cfl(A(w.Q(( ≤ |ψ|
1
C1(2M (

: Q / 9: rn sgØs sgd qhfgs“gØmc rhcdr ne –fl“7( Ømc –fl“8(
Øqd ømhsd0

–2( BnloØqhmf sgd cdqhuØshudr > kw>
l
x γ (w. x(. }k}≥ fl. }l}≥ fl: Ømc: enq dwØlokd: >mw γ (w. x( ne sgd rØld

nqcdq: h0d0: vhsg }l}+ }k} + }m}: vd rdd eqnl –fl“7( Ømc –fl“8( sgØs sgd cdqhuØshud >mw γ (w. x( hr ”Økknvdc;
sn ad lnqd rhmftkØq sgØm > kw>

l
x γ (w. x( Øs w + 9 nq x + 90 Sghr bØm ad dwokØhmdc ax sgd enkknvhmf

hmsthshud Øqftldms0 SØjhmf nmd cdqhuØshud cndr mns lØjd sgd etmbshnm ψ –Ømc gdmbd sgd etmbshnm
γ (w. x(( ”lnqd rhmftkØq;: Ør sgd antmc –3“5( –nq –3“6(( adknv rgnvr0 Sghr oqnodqsx hr dwoknhsdc
svhbd hm –fl“7( vgdqd sgd cdqhuØshudr eØkk nm dØbg ne sgd svn uØqhØakdr Øs kdØrs nmbd0 Sghr ”rØudr; nmd
nqcdq ne rhmftkØqhsx bnloØqdc sn –fl“8( vgdqd Økk sgd cdqhuØshudr eØkk nm nmd uØqhØakd0

–3( Sgd antmc –fl“8( enq }k} + fl hlokhdr sgØs γ (w. x( hr Ø Khorbghsy etmbshnm nm 2
·20

–4( Sgd antmcr –fl“7(: –fl“8( dmrtqd sgØs γ ∈L4.o
knb (�( vhsg ØqahsqØqx o ,∞, rdd –fl“4( enq sgd cdømhshnm

ne �0 Ax Oqnonrhshnm ö0fl hm sgd öoodmchw: sghr hlokhdr sgØs γ ∈ L4.o
knb

�
(2

\ {9{(· (2
\ {9{(


:

vghbg ldØmr sgØs γ ∈ �3.θ
knb

�
(2

\ {9{(· (2
\ {9{(


enq Økk θ , fl0 Sghr qdrtks itrs aØqdkx lhrrdr sgd

�3.fl“rlnnsgmdrr ne sgd eØbsnq }w � x}4 hm sgd enqltkØ –fl“5(0 Hm sghr rdmrd Sgdnqdl fl0fl hr rgØqo: to sn
Ø knf“sdql0

–5( Sgd nmd“dkdbsqnm cdmrhsx ρ(w(+ γ (w. w( hr jmnvm sn ad qdØk ØmØkxshb enq w ̸+ 9: rdd )8[0 ör rgnvm
hm )fl1[: sgd etmbshnm ρ(w( rØshrødr sgd antmc

}> kwρ(w(}≲
�
fl+ }w }fl�}k}


|ρ|Cfl(A(w.Q(( enq Økk k ∈ �2

9. w ̸+ 9. –fl“fl9(

ör hm PdlØqj fl01–2( Øanud: hs hr hlldchØsd eqnl sghr antmc sgØs ρ hr Khorbghsy0 Sghr eØbs vØr øqrs
oqnudc hm )fl6[0 Enq }k}≤ 3 sgd antmc –fl“fl9( enkknvr eqnl –fl“7( Ømc –fl“8(0

–6( Sgdqd hr Øm hmcdodmcdms –hmchqdbs( Øqftldms hmchbØshmf sgØs γ (w. x( rgntkc gØud Ø }w� x}4“rhmftkØqhsx
nm sgd chØfnmØk0 Lnqd oqdbhrdkx: Ørrtld sgØs γ (w. x( + γfl(w. x( + γ1(w. x(}w � x}a vhsg rnld
a /�2: vgdqd γfl. γ1 Øqd rlnnsg etmbshnmr ne w Ømc x0 Sgdm nmd bØm rgnv sgØs mdbdrrØqhkx a + 40
Sghr Øqftldms hr aØrdc nm sgd ØmØkxrhr ne rodbsqØk Ørxlosnshbr ne sgd –mnmmdfØshud( nodqØsnq  vhsg
jdqmdk γ9(w. x(, rdd –fl“1(0 Hs vØr rgnvm hm )15[ sgØs sgd dhfdmuØktdr λj(( gØud Ørxlosnshbr ne
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nqcdq j�7<2 Ør j → ∞0 Nm sgd nsgdq gØmc: Øbbnqchmf sn sgd qdrtksr nm rodbsqØk Ørxlosnshbr enq
hmsdfqØk nodqØsnqr vhsg gnlnfdmdntr jdqmdkr: rdd )2[ –Ømc Økrn )15[ enq Ø rtllØqx(: sgd rhmftkØqhsx
}w � x}a: a ̸+ 9. 1. 3. . . . : vntkc oqnctbd sgd rodbsqØk Ørxlosnshbr ne nqcdq j�(fl+a<2(0 Sgd dwonmdms
fl+ a<2 bnhmbhcdr vhsg 7<2 dwØbskx enq a + 4: vghbg oqnudr sgd onhms0

–7( TmcdqrsØmchmf sgd adgØuhntq ne γ (w. x( Øs sgd chØfnmØk gØr hlokhbØshnmr enq sgd qØsd ne bnmudqfdmbd
ne ØooqnwhlØshnm rbgdldr enq dhfdmetmbshnmr ψ , rdd: d0f0: )3[0 Hm oØqshbtkØq: sgd dhfdmuØktdr ne sgd
nodqØsnq  vhsg jdqmdk γ9(w. x( okØx Ø uhsØk qnkd hm sgd bnmudqfdmbd qØsdr ne sgd bnmøftqØshnmØk
hmsdqØbshnm –BH( lncdk: )17: Rdbshnm 303[0 Rdd )fl3[ enq Øm dwØlokd ne Ø BH bnmudqfdmbd qdrtks enq sgd
fqntmc rsØsd ne Ø Gdkhtl Øsnl0

Ntq oqnner gØud svn lØhm hmfqdchdmsr0 ös sgd gdØqs ne ntq ldsgnc Øqd qdftkØqhsx oqnodqshdr ne sgd
dhfdmetmbshnm ψ 0 Ax sgd rsØmcØqc dkkhoshb Øqftldms: sgd etmbshnm ψ hr qdØk ØmØkxshb ØvØx eqnl sgd
rhmftkØqhshdr ne sgd onsdmshØk –fl“fl(: h0d0: ØvØx eqnl sgd oØqshbkd bnØkdrbdmbd onhmsr0 öbbnqchmf sn S0 JØsn]r
rdlhmØk oØodq )19[: Øs sgd bnØkdrbdmbd onhmsr sgd etmbshnm ψ hr Khorbghsy0 Lnqd qdbdms bnmsqhatshnmr
sn sgd rstcx ne sgd qdftkØqhsx ne ψ hmbktcd )fl, 1, 8, fl9, flfl, fl6[0 ö cdsØhkdc ØmØkxrhr ne rlnnsgmdrr
oqnodqshdr ne ψ vØr bnmctbsdc hm sgd qdbdms oØodq )fl1[: sn vghbg vd Økrn qdedq enq etqsgdq ahakhnfqØogx0
Hm oØqshbtkØq: sghr oØodq oqnuhcdr fknaØk onhmsvhrd antmcr enq oØqshØk cdqhuØshudr ne ψ 0 Hm sgd rstcx ne sgd
nmd“oØqshbkd cdmrhsx –fl“3( bnmctbsdc hm )7, 8, fl1[ sgd jdx onhms vØr sn nasØhm antmcr enq bdqsØhm chqdbshnmØk
cdqhuØshudr ne ψ 0 Rtbg cdqhuØshudr Øqd Økrn bqhshbØk enq ntq ØmØkxrhr hm sgd btqqdms oØodq: Ømc vd dwokØhm
sgdhq hlonqsØmbd adknv0

Kds Q + {fl. 1. . . . . M { ad sgd rds ne Økk oØqshbkd kØadkr0 ö rtards D ⊂ Q hr bØkkdc Ø bktrsdq0 Enq dØbg
bktrsdq D vd cdømd sgd enkknvhmf bktrsdq –chqdbshnmZk( cdqhuZshud.

�l
� +

 
j∈�

>w ′j

l ′ 
j∈�

>w ′′j

l ′′ 
j∈�

>w ′′′j

l ′′′

. –fl“flfl(

Gdqd l + (l ′.l ′′.l ′′′( vhsg l ′.l ′′.l ′′′
∈�9 ]+�: {9{ Ømc w + (w ′. w ′′. w ′′′( vhsg w ′. w ′′. w ′′′ ∈0 Rtbg

bktrsdq cdqhuØshudr vdqd hmsqnctbdc hm )7, 8[ adbØtrd sgdx ØmmhghkØsd bdqsØhm Bntknla sdqlr hm –fl“fl( vghbg
qdlØhm rhmftkØq tmcdq trtØk oØqshØk cdqhuØshudr0 Sn hkktrsqØsd sghr nardqud sgØs enq Økk l ̸+ 9:

�l
�

fl
}w i � wj }

+ 9. he i. j ∈ D nq i. j <∈ D.

Sgdqdenqd sgd onsdmshØk –fl“fl( hr hmømhsdkx rlnnsg vhsg qdrodbs sn �� Ør knmf Ør w i ̸+ 9. i + fl. 1. . . . . M :
Ømc w i ̸+ wj : vgdqd i ∈ D. j <∈ D nq i <∈ D. j ∈ D0 ör Ø bnmrdptdmbd: sgd etmbshnm ψ hr Økrn hmømhsdkx
rlnnsg vhsg qdrodbs sn �� enq sgd rØld uØktdr ne sgd bnnqchmØsdr, rdd )7[: )8[ nq )fl5[0 Hm oØqshbtkØq: sgd
bktrsdq cdqhuØshudr ne ψ cn mns gØud rhmftkØqhshdr Øs sgd bnØkdrbdmbd onhmsr w i + wj : he i. j ∈ D nq i. j <∈ D0
Nmd ne sgd ohunsØk onhmsr hm )fl1[ vØr sgd onhmsvhrd antmc enq sgd bktrsdq cdqhuØshud �l

�ψ(v( vhsg dwokhbhs
cdodmcdmbd nm sgd chrsØmbd ne v ∈ 2M sn sgd bnØkdrbdmbd rds

� +


v ∈ 2M

]

i∈�
}w i }


j∈�.k∈�b

}wj � wk } + 9

.
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Enq ntq otqonrdr vd mddc antmcr ne rtbg sxod enq bktrsdq cdqhuØshudr hmunkuhmf Øm ØqahsqØqx ømhsd
mtladq L ne bktrsdqr Dfl.D1. . . . .DL : h0d0: enq �lfl

�fl
�l1
�1

· · ·�lL
�L

ψ , rdd BnqnkkØqx 3050 Sghr fdmdqØkhyØshnm
hr mns hlldchØsd Ømc qdpthqdr rtarsØmshØk etqsgdq vnqj: vghbg hr cnmd hm Rdbshnmr 2 Ømc 30

Sgd mdws rsdo ne sgd oqnne hr sn trd sgd antmcr nasØhmdc enq bktrsdq cdqhuØshudr sn drshlØsd oØqshØk
cdqhuØshudr ne sgd etmbshnm –fl“2(0 Sn sghr dmc vd trd Ø oØqshshnm ne tmhsx bnmrhrshmf ne rlnnsg etmbshnmr
(w. x. ;v( ne 2M + 2 uØqhØakdr sgØs vd bØkk dwsdmcdc bts,nee etmbshnmr: Ømc rstcx sgd hmsdfqØkr

γ (w. x=(+


2M�2
(w. x. ;v(ψ(w. ;v(ψ(x. ;v( c ;v. –fl“fl1(

Sgdrd dwsdmcdc bts“neer vdqd hmsqnctbdc hm )fl5[ sn drsØakhrg sgd qdØk ØmØkxshbhsx ne γ (w. x( ntsrhcd sgd
chØfnmØk0 Sgdx fdmdqØkhyd sgd bts“neer hmrsqtldmsØk hm sgd rstcx ne sgd cdmrhsx ρ(w( hm )7, 8[0

Sgd rtoonqs ne dØbg dwsdmcdc bts“nee chuhcdr sgd oØqshbkdr w1. w2. . . . . wM hmsn sgqdd chrinhms fqntor.
sgd øqrs svn fqntor bnmrhrs ne oØqshbkdr sgØs Øqd ”bknrd; sn sgd oØqshbkdr w Ømc x qdrodbshudkx: Ømc sgd
sghqc fqnto bnmsØhmr sgd oØqshbkdr sgØs Øqd ”eØq; eqnl sgd øqrs svn fqntor0 Sghr oØqshshnm mØstqØkkx fhudr
qhrd sn svn bktrsdqr: cdmnsdc D Ømc R. bktrsdq D kØadkr sgd oØqshbkdr bknrd sn w : Ømc bktrsdq R sgd oØqshbkdr
bknrd sn x0 Sgtr: vgdm cheedqdmshØshmf sgd hmsdfqØk –fl“fl1( vhsg qdrodbs sn w Ømc x: tmcdq sgd hmsdfqØk
sgdrd cdqhuØshudr bnmudqs hmsn sgd bktrsdq cdqhuØshudr �� Ømc �R qdrodbshudkx0 Sghr fdmdqØk ldsgnc ne
cheedqdmshØshmf hmsdfqØkr rtbg Ør –fl“fl1( vØr cdudknodc hm )7, 8, fl5[0 Vd bØm hkktrsqØsd hs trhmf sgd enkknvhmf
rhlokhødc dwØlokd0 Kds tr cheedqdmshØsd vhsg qdrodbs sn w sgd hmsdfqØk

E(w(+


e (w. ;v( c ;v.

vgdqd sgd hmsdfqØshnm hr bnmctbsdc nudq sgd roØbd 2M�2: Ømc vd Ørrtld enq rhlokhbhsx sgØs e ∈�∞

9 (2M (0
Sn sghr dmc tmcdq sgd hmsdfqØk vd lØjd sgd bgØmfd ne uØqhØakdr ;v + ;w+ ;y: vgdqd ;y + (y1. y2. . . . . yM ( ∈
2M�2 hr cdømdc ax y i + w. i ∈ D: Ømc y i + 9. i <∈ D: enq rnld bktrsdq D rtbg sgØs fl ∈ D0 Sgtr E(w(
qdvqhsdr Ør

E(w(+


e (w. ;w+ ;y( c ;w.

Bnmrdptdmskx: enq Økk k ∈ �2
9: vd gØud

> kw E(w(+


(�k
� e ((w. ;w+ ;y( c ;w +


�k
� e (w. ;v( c ;v.

Hm nqcdq sn drshlØsd sgd cdqhuØshudr ne sgd hmsdfqØk –fl“fl1(: vd trd sgd antmcr enq bktrsdq cdqhuØshudr ne ψ
khmjdc sn bktrsdqr D Ømc R sgØs Øqd nasØhmdc hm sgd øqrs rsØfd ne sgd oqnne0 HmsdfqØshmf sgdrd antmcr hm ;v
kdØcr sn –fl“7( Ømc –fl“8( sgdqdax bnlokdshmf sgd oqnne, rdd Rdbshnm 50

Sgd oØodq hr nqfØmhydc Ør enkknvr0 Hm Rdbshnm 1 vd fØsgdq hmenqlØshnm Øants bts“nee etmbshnmr Ømc
bktrsdqr ØrrnbhØsdc vhsg sgdl0 Lnrs ne sgd qdpthqdc eØbsr Øqd anqqnvdc eqnl )fl5[0 Rdbshnm 2 bnmrhcdqr sgd
fdmdqØk dkkhoshb dptØshnm ne sgd enql –2“fl( hm Ø aØkk A(v9. ℓ(+ {v ] }v�v9},ℓ{⊂2M 0 Gdqd vd rstcx bktrsdq
cdqhuØshudr ne rnktshnmr ne –2“fl(: Ømc sgd lØhm enbtr hr nm sgd dwokhbhs cdodmcdmbd ne sgdrd drshlØsdr nm sgd
qØchtr ℓ: rdd Sgdnqdl 2010 Hm Rdbshnm 3 sgdrd drshlØsdr Øqd Øookhdc sn sgd Rbgqéchmfdq dptØshnm sn cdqhud
sgd antmcr enq sgd bktrsdq cdqhuØshudr ne ψ : rtllØqhydc hm BnqnkkØqx 3050 Rnld drshlØsdr enq hmsdfqØkr
dldqfhmf hm sgd oqnne ne Sgdnqdl fl0fl Øqd fØsgdqdc hm Rdbshnm 40 Sgd oqnne hsrdke hr bnlokdsdc hm Rdbshnm 50
Sgd öoodmchw bnmsØhmr Øm dkdldmsØqx dwsdmrhnm oqnodqsx enq sgd Rnankdu roØbdr sgØs vØr oqnudc hm )16[0
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EnsTshnm3 Vd bnmbktcd sgd hmsqnctbshnm vhsg rnld fdmdqØk mnsØshnmØk bnmudmshnmr0

BnnqchmZsdr0 ör ldmshnmdc dØqkhdq: vd trd sgd enkknvhmf rsØmcØqc mnsØshnm enq sgd bnnqchmØsdr. v +
(wfl. w1. . . . . wM (: vgdqd w i ∈ 2: i + fl. 1. . . . . M 0 ör Ø qtkd vd qdoqdrdms v hm sgd enql v + (wfl. ;v( vhsg
;v + (w1. w2. . . . . wM ( ∈ 2M�20

Enq M ≥ 2 hs hr Økrn trdetk sn hmsqnctbd sgd mnsØshnm enq ;v vhsg w i : i ≥ 1: sØjdm nts0 Kds

v̂ i + (w1. . . . . w i�fl. w i+fl. . . . . wM (. –fl“fl2(

rn sgØs ;v + (w i . v̂ i ( Ømc v + (wfl. w i . v̂ i (0

Bktrsdqr0 Kds Q+ {fl. 1. . . . . M {0 ö rtards D⊂ Q hr bØkkdc Ø bktrsdq0 Vd cdmnsd }D} + bØqcD: Db
+ Q \D:

D∗ + D \ {fl{0 He D+�: sgdm }D} + 9 Ømc Db
+ Q0

Enq L bktrsdqr Dfl. . . . .DL vd vqhsd N + {Dfl.D1. . . . .DL{: Ømc bØkk N Ø bktrsdq rds0 Bktrsdqr
Dfl.D1. . . . .DL hm Ø bktrsdq rds Øqd mns Ørrtldc sn ad Økk chrinhms nq chrshmbs0

CdqhuZshudr0 Kds�9+�:{9{0 He w+ (w ′. w ′′. w ′′′(∈2 Ømcl+ (l ′.l ′′.l ′′′(∈�2
9: sgdm sgd cdqhuØshud >lw

hr cdømdc hm sgd rsØmcØqc vØx.

>lw + >l
′

w ′ >
l ′′

w ′′ >
l ′′′

w ′′′ .

Sghr mnsØshnm dwsdmcr sn w ∈ c vhsg Øm ØqahsqØqx chldmrhnm c ≥ fl hm sgd nauhntr vØx0 Cdmnsd Økrn

>l + >lfl
wfl >

l1
w1 · · · >lM

wM . l + (lfl.l1. . . . .lM ( ∈ �
2M
9 .

Kds N + {Dfl.D1. . . . .DL{ ad Ø bktrsdq rds: Ømc kds l + (lfl.l1. . . . .lL(: lj ∈ �
2
9: j + fl. 1. . . . .L 0

Sgdm vd cdmnsd

�l
N + �

lfl
�fl
�l1
�1

· · ·�lL
�L

.

vgdqd dØbg hmchuhctØk bktrsdq cdqhuØshud hr cdømdc Ør hm –fl“flfl(0 Hs hr dØrx sn rdd sgØs sgd bktrsdq cdqhuØshudr
rØshrex sgd Kdhamhy qtkd0 Vd trd sghr eØbs vhsgnts etqsgdq bnlldmsr sgqntfgnts0

Rtoonqsr0 Enq Ømx rlnnsg etmbshnm e + e (v(: vd cdømd rtoo9 e + {v ] e (v( ̸+ 9{0 Hs hr bkdØq sgØs sgd
bknrtqd rtoo9 e bnhmbhcdr vhsg sgd rtoonqs rtoo e cdømdc hm sgd rsØmcØqc vØx0 Vhsg sghr cdømhshnm vd
hlldchØsdkx fds sgd trdetk oqnodqsx sgØs

rtoo9( e f(+ rtoo9 e ∩ rtoo9 f.

Antmcr0 ör dwokØhmdc dØqkhdq: enq svn mnmmdfØshud mtladqr –nq etmbshnmr( V Ømc X cdodmchmf nm rnld
oØqØldsdqr: vd vqhsd V ≲ X –nq X ≳ V ( he V ≤ BX vhsg rnld onrhshud bnmrsØms B hmcdodmcdms ne sgnrd
oØqØldsdqr0 He V ≲ X Ømc X ≲ V : sgdm V ≍ X 0 Sn Øunhc bnmetrhnm vd nesdm lØjd dwokhbhs bnlldmsr
nm sgd mØstqd ne –hlokhbhs( bnmrsØmsr hm sgd antmcr0 Hm oØqshbtkØq: Økk bnmrsØmsr –hlokhbhs nq dwokhbhs( lØx
cdodmc nm sgd dhfdmuØktd D : sgd mtladq ne oØqshbkdr M Ømc sgd bgØqfd Y 0



SGD CHöFNMöK ADGöUHNTP NE SGD NMD“OöPSHBKD BNTKNLAHB CDMRHSX LöSPHW 83fl

10 Bts:nee etmbshnmr Ymc bktrsdqr

1ö0 öclhrrhakd bts:nee etmbshnmr3 Kds

ξ ∈ �∞

9 (( ] 9≤ ξ(s(≤ fl. ξ(s(+

fl he }s }≤ fl.
9 he }s }≥ 1.

–1“fl(

Mnv enq ε / 9 vd cdømd svn qØchØkkx rxlldsqhb etmbshnmr ζ ∈ �∞

9 (2(: θ ∈ �∞(2( Ør enkknvr.

ζ(w(+ ζε(w(+ ξ
3M

ε
}w }


. θ(w(+ θε(w(+ fl� ζε(w(. w ∈ 2. –1“1(

rn sgØs

ζ(w(+ 9 enq w <∈ A
�
9. ε(1M (�fl. θ(w(+ 9 enq w ∈ A

�
9. ε(3M (�fl.

Sgd cdodmcdmbd ne sgd bts“neer nm sgd oØqØldsdq ε hr hlonqsØms: ats hs hr mns ØkvØxr qdfidbsdc hm sgd mnsØshnm0
Ntq mdws rsdo hr sn athkc nts ne sgd etmbshnmr ζε Ømc θε bts“nee etmbshnmr ne 2M uØqhØakdr0 Kds { e ij{:

fl≤ i. j ≤ M : ad Ø rds ne etmbshnmr rtbg sgØs dØbg ne sgdl hr nmd ne sgd etmbshnmr ζε nq θε: Ømc e ij + ej i 0
Vd bØkk etmbshnmr ne sgd enql

φ(v(+


fl≤ i,j≤M
e ij(w i � wj(. –1“2(

Zclhrrhakd bts,nee etmbshnmr nq rhlokx Zclhrrhakd bts,neer0 Rtbg bts“neer –nq: lnqd oqdbhrdkx: Ø rkhfgskx
lnqd fdmdqØk udqrhnm sgdqdne( vdqd trdc hm )7, 8, fl5[0 Vd mddc nmkx Ø rtards ne sgdhq oqnodqshdr drsØakhrgdc
hm )8, fl5[0

ör hm )7, 8, fl5[: vd ØrrnbhØsd vhsg sgd etmbshnm φ Ø bktrsdq P(φ( cdømdc mdws0

Cdymhshnm 10fi0 Enq Øm Øclhrrhakd bts“nee φ: kds H (φ(⊂ {( i. j( ∈ Q·Q ] i ̸+ j{ ad sgd hmcdw rds rtbg sgØs
( i. j( ∈ H (φ(: he Ømc nmkx he e ij + ζ 0 Vd rØx sgØs svn hmchbdr i. j ∈ Q: Øqd φ“khmjdc sn dØbg nsgdq he dhsgdq
i + j: nq ( i. j(∈ H (φ(: nq sgdqd dwhrsr Ø rdptdmbd ne oØhqvhrd chrshmbs hmchbdr ifl. i1. . . . . ir : fl≤ r ≤ M�1:
Økk chrshmbs eqnl i Ømc j: rtbg sgØs ( i. ifl(. ( ir. j(∈ H (φ( Ømc ( io. io+fl(∈ H (φ( enq Økk o+ fl. 1. . . . . r�fl0

Sgd bktrsdq P(φ( ØrrnbhØsdc vhsg sgd bts“nee φ hr cdømdc Ør sgd rds ne Økk hmchbdr sgØs Øqd φ“khmjdc sn
hmcdw fl0

Hs enkknvr eqnl sgd Øanud cdømhshnm sgØs P(φ( ØkvØxr bnmsØhmr sgd hmcdw fl0 Mnsd Økrn sgØs sgd mnshnm ne
adhmf khmjdc cdømdr Øm dpthuØkdmbd qdkØshnm nm Q: Ømc sgd bktrsdq P(φ( hr mnsghmf ats sgd dpthuØkdmbd
bkØrr bnmsØhmhmf hmcdw fl0 Nm sgd rtoonqs ne sgd Øclhrrhakd bts“nee φ sgd uØqhØakdr w i : hmcdwdc ax i ∈P(φ(:
Øqd ”bknrd; sn dØbg nsgdq Ømc Øqd ”eØq; eqnl sgd qdlØhmhmf uØqhØakdr0 Hm nqcdq sn ptØmshex sgdrd eØbsr
adknv vd cdømd Ø mtladq ne rtardsr hm 2M Ømc 2M�20

Enq Ømx bktrsdq D vd hmsqnctbd sgd enkknvhmf rdsr cdodmchmf nm sgd oØqØldsdq ε / 9.

V�(ε(+


2M enq }D} + 9 nq M .
{v ∈ 2M

] }w i � wj }/ ε. ∀ i ∈ D. j ∈ Db
{ enq 9, }D}, M .
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Sgd rds V�(ε( rdoØqØsdr sgd onhmsr wj Ømc w i kØadkdc ax sgd bktrsdqr D Ømc Db qdrodbshudkx0 Mnsd sgØs
V�(ε(+ V�b(ε(0 Cdømd Økrn sgd rdsr rdoØqØshmf wj]r eqnl sgd nqhfhm.

S�(ε(+


2M enq }D} + 9.
{v ∈ 2M

] }w i }/ ε. ∀ i ∈ D{ enq }D}/ 9.

Hs hr Økrn bnmudmhdms sn hmsqnctbd bnqqdronmchmf rdsr hm sgd roØbd 2M�2.

V�(w. ε(+ { ;v ∈ 2M�2
] (w. ;v( ∈ V�(ε({ enq Økk w ∈ 2. –1“3(

Ømc

S�(ε(+


2M�2 enq }D∗} + 9.
{ ;v ∈ 2M�2

] }w i }/ ε. ∀ i ∈ D∗{ enq }D∗}/ 9.
–1“4(

Nardqud sgØs S�(ε(+ S�∗(ε(0
Sgd rtoonqs ne sgd Øclhrrhakd bts“nee φ hr dØrhkx cdrbqhadc vhsg sgd gdko ne sgd rdsr hmsqnctbdc Øanud0

Sgd mdws oqnonrhshnm hr ØcØosdc eqnl )8: KdllØ 302–h(, fl5: KdllØsØ 301: 302[0

Oqnonrhshnm 1010 Enq D+ P(φ( sgd hmbktrhnm

rtoo9 φ ⊂ V�
�
ε(3M (�fl

gnkcr0
Lnqdnudq: he i ∈ P(φ(: sgdm }wfl� w i }, ε<1 enq Zkk v ∈ rtoo9 φ0 He }wfl}/ ε: sgdm

rtoo9 φ(wfl. · (⊂ S�(ε<1(.

Vd cn mns trd Oqnonrhshnm 101 chqdbskx hm sghr oØodq: ats oqdrdms hs hm nqcdq sn cdlnmrsqØsd sgd qdkduØmbd
ne sgd ØrrnbhØsdc bktrsdq P(φ(0

1A0 Cvsdmcdc bts:neer3 Hm ntq ØmØkxrhr sgd bdmsqØk qnkd hr okØxdc ax Ømnsgdq bkØrr ne bts“nee etmbshnmr0
Sgdrd bts“neer Øqd etmbshnmr ne 2M + 2 uØqhØakdr Ømc sgdx Øqd cdømdc Ør enkknvr. enq dØbg w. x ∈ 2:
;v ∈ 2M�2 kds

(w. x. ;v(+


1≤ i≤M
f i (w � w i (


1≤ i≤M

g i (x� w i (


1≤j,k≤M
ejk(wj � wk(. –1“5(

vgdqd dØbg ne sgd etmbshnmr f i . g i Ømc e ij + ej i hr nmd ne sgd bts“neer θ nq ζ cdømdc hm –1“1(0 Vd bØkk
rtbg etmbshnmr dwsdmcdc bts“neer0 DØbg dwsdmcdc bts“nee tmhptdkx cdømdr svn Øclhrrhakd bts“neer.

φ(w. ;v(+


1≤ i≤M
f i (w � w i (


1≤j,k≤M

ejk(wj � wk(. –1“6(

µ(x. ;v(+


1≤ i≤M
g i (x� w i (


1≤j,k≤M

ejk(wj � wk(= –1“7(

rdd cdømhshnm –1“2(0 Vd rØx sgØs sgd oØhq φ: µ Ømc sgd dwsdmcdc bts“nee  Øqd ØrrnbhØsdc sn dØbg nsgdq0
Vd cdmnsd ax D+ P(φ( Ømc R+ P(µ( sgd bktrsdqr ØrrnbhØsdc vhsg φ Ømc µ qdrodbshudkx0
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Vd qdbØkk sgØs sgd etmbshnmr φ.µ Ømc  Økk cdodmc nm sgd oØqØldsdq ε0 Sgtr vgdmdudq mdbdrrØqx vd
hmbktcd ε hm sgd mnsØshnm Ømc vqhsd: enq dwØlokd: (w. x. ;v= ε(0 Mnsd gnvdudq sgØs sgd bktrsdqr D Ømc R
ØrrnbhØsdc vhsg sgd Øclhrrhakd bts“neer φ Ømc µ cn mns cdodmc nm ε0

Adknv vd khrs rnld trdetk oqnodqshdr ne sgd dwsdmcdc bts“neer Ømc ØrrnbhØsdc Øclhrrhakd φ: µ ØcØosdc
eqnl )fl5: KdllØsØ 305: 307[0

Oqnonrhshnm 1020 He D∗ ∩ R hr mnmdlosx Zmc }w � x}/ ε: sgdm (w. x. ;v= ε(+ 9 enq Zkk ;v ∈ 2M�20

Hm sgd drshlØsdr etqsgdq nm vd Ørrtld: Ør Ø qtkd: sgØs }w � x}/ ε: rn ctd sn Oqnonrhshnm 102 eqnl mnv
nm vd lØx rtoonrd sgØs D∗ ⊂ Rb –vghbg hr dpthuØkdms sn R∗ ⊂ Db(0 Tmcdq sghr bnmchshnm vd nasØhm sgd
enkknvhmf hmenqlØshnm Øants sgd rtoonqs ne sgd dwsdmcdc bts“nee .

Oqnonrhshnm 1030 He D∗ ⊂ Rb: sgdm enq Zkk w. x ∈ 2 vd gZud

rtoo9 (w. x. · = ε(⊂V�
�
w. ε(3M (�fl

∩VR∗
�
w. ε(3M (�fl

∩VR
�
x. ε(3M (�fl

∩V�∗

�
x. ε(3M (�fl. –1“8(

He : hm Zcchshnm }w }/ ε. }x}/ ε: sgdm

rtoo9 (w. x. · = ε(⊂ S�∗(ε<1(∩SR∗(ε<1(. –1“fl9(

Sn bnlokdsd sghr rdbshnm vd mddc sn lØjd Ø qdlØqj nm sgd bktrsdq cdqhuØshudr ne sgd dwsdmcdc bts“neer0
Enq Ømx bktrsdq P ⊂ Q vd cdmnsd ax �l

w.P(w. x. ;v( sgd bktrsdq cdqhuØshud ne  Ør Ø etmbshnm ne sgd
uØqhØakdr (w. ;v(: h0d0:

�l
w.P(w. x. ;v(+ �l

P̂x(w. ;v(. vgdqd ̂x(w. ;v( ]+(w. x. ;v(. –1“flfl(

RhlhkØqkx vd cdømd sgd cdqhuØshud�l
x.P(w. x. ;v(0 Hs hlldchØsdkx enkknvr eqnl sgd cdømhshnm ne(w. x. ;v(

sgØs enq Ømx bktrsdqr Pfl.P1 Ømc Økk l + (lfl.l1( ∈ �
5
9: sgd antmc

}�lfl
w.Pfl

�l1
x.P1

(w. x. ;v= ε(}≲


fl he }l} + 9.
ε�}l}Jε(w. x. ;v( he }l}≥ fl.

–1“fl1(

gnkcr: vgdqd

Jε(w. x. ;v(+


1≤ i≤M
ξ
�
Mε�fl

}w � w i }

+


1≤ i≤M

ξ
�
Mε�fl

}x� w i }

+


1≤ i,j≤M

ξ
�
Mε�fl

}w i � wj }

= –1“fl2(

rdd –1“fl( enq sgd cdømhshnm ne sgd etmbshnm ξ 0

20 PdftkYqhsx drshlYsdr

2ö0 �fi:qdftkTqhsx enq dkkhoshb dptTshnmr3 Hm vgØs enkknvr vd qdkx nm sgd vdkk“jmnvm �fl“qdftkØqhsx antmcr
enq rnktshnmr ne rdbnmc nqcdq dkkhoshb dptØshnmr nm antmcdc cnlØhmr0 Sghr sxod ne qdftkØqhsx hr chrbtrrdc:
d0f0: hm )1fl: BgØosdq 2, fl2: BgØosdq 7[0 Sn ad oqdbhrd: sgdqdhm nmd bØm ømc antmcr dudm hm sgd roØbd �fl.θ
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vhsg Ø rthsØakd θ ∈ (9. fl(: ats vd Øqd mns bnmbdqmdc vhsg sgd Gékcdq oqnodqshdr0 Lnqdnudq: hm sghr oØodq vd
cn mns mddc sgd lnrs fdmdqØk enql ne sgd dptØshnm0 Enq ntq otqonrdr hs rteøbdr sn bnmrhcdq sgd dptØshnm

�
�)+ T(w( · ∇ + a(w(


t + f. –2“fl(

nm Øm nodm aØkk A ⊂ c : vgdqd Økk sgd bndeøbhdmsr Øqd C∞(A(“etmbshnmr0 Sgd oqnonrhshnm adknv oqnuhcdr
rnld bnmudmhdms rto“mnql antmcr enq sgd vdØj rnktshnm Ømc hsr øqrs cdqhuØshudr0 Rhmbd sgd oqnne hr pthsd
rgnqs: vd oqnuhcd hs enq sgd rØjd ne bnlokdsdmdrr0 Hs hr rhlhkØq sn sgd Øqftldms hm )fl1: Oqnonrhshnm ö01[0

Oqnonrhshnm 20fi0 Kds AQ + A(w9. Q(⊂ c enq rnld w9 ∈ c Zmc Q / 90 Rtoonrd sgZs t ∈Lfl.1(AQ( hr Z
vdZj rnktshnm ne –2“fl(: vgdqd T. a. f ∈ C∞(AQ(: Zmc

|T|C∞(AQ(+ |a|C∞(AQ( ≤ L.

vhsg rnld bnmrsZms L / 90 Sgdm enq Zmx q ∈ (9. Q( sgd etmbshnm t adknmfr snL1.1(Aq (∩�fl(Aq ( Zmc

|t|�fl(Aq (
≲ |t|C1(AQ(

+ |f|C∞(AQ(. –2“1(

vhsg Zm hlokhbhs bnmrsZms sgZs cdodmcr nmkx nm sgd bnmrsZms L : chldmrhnm c Zmc sgd qZchh q Zmc Q0

Nqnne0 Sgd hmbktrhnm t ∈L1.1(Aq ( hr Ø chqdbs bnmrdptdmbd ne sgd rsØmcØqc hmsdqhnq qdftkØqhsx qdrtks fhudm
hm: enq dwØlokd: )fl2: Sgdnqdl 707[0

Hm nqcdq sn oqnud sgØs sgd vdØj rnktshnm t ∈Lfl.1(AQ( gØr sgd �fl“qdftkØqhsx hm Aq vd qdodØsdckx Øookx
sgd enkknvhmf dkdldmsØqx eØbs0

örrtld sgØs t ∈Lfl.o(Aρ( vhsg rnld o ∈ (fl.∞( Ømc ρ ≤ Q0 Sgdm enq Ømx µ , ρ sgd enkknvhmf hr sqtd.

–fl( He o ≤ c : sgdm t ∈Lfl.p(Aµ( vhsg p + o(fl+ c�fl( Ømc

|t|Lfl.p (Aµ( ≲ |t|Co(Aρ(+ |f|Co(Aρ(

≲ |t|Lfl.o(Aρ(
+ |f|C∞(Aρ(. –2“2(

–1( He o / c : sgdm t ∈ �fl(Aµ( Ømc

|t|�fl(Aµ( ≲ |t|Co(Aρ(+ |f|Co(Aρ(

≲ |t|Lfl.o(Aρ(
+ |f|C∞(Aρ(. –2“3(

Hmcddc: tmcdq sgd Ørrtloshnm t ∈Lfl.o(Aρ(: ax hmsdqhnq Co“drshlØsdr –rdd: d0f0: )fl2: Sgdnqdl 80flfl[(
vd gØud t ∈L1.o(Aµ( Ømc sgd rsØmcØqc antmc gnkcr.

|t|L1.o(Aµ( ≲ |t|Co(Aρ(+ |f|Co(Aρ(. –2“4(

He o , c : sgdm vd trd sgd antmcdc dladcchmf L1.o
⊂Lfl.p : enq Økk p ∈ ˜o. o∗[: o∗ + co(c � o(�fl0 Hm

oØqshbtkØq: sgd uØktd p + o(fl+ c�fl( adknmfr sn sgd hmsdquØk ˜o. o∗[: vghbg oqnudr –2“2(0 He o + c : sgdm
L1.o

⊂Lfl.p enq Økk p ∈ ˜o.∞(: Ømc gdmbd enq p + o(fl+ c�fl( hm oØqshbtkØq0 Gdmbd –2“2( gnkcr ØfØhm0
He o / c : sgdm vd trd sgd dladcchmf L1.o

⊂ �fl: rn sgØs –2“4( kdØcr sn –2“3(0
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Kds tr oqnbddc vhsg sgd oqnne ne –2“1(0 He c + fl: sgdm sgd rnktshnm t ∈Lfl.1(Q( rØshrødr –2“3( vhsg
o + 1: vghbg hlldchØsdkx hlokhdr –2“1(0 Rtoonrd sgØs c ≥ 1: Ømc cdømd sgd rdptdmbd

pm + 1(fl+ c�fl(m. m + 9. fl. . . . .

Kds j ≥ fl ad sgd hmcdw rtbg sgØs pj�fl ≤ c Ømc pj / c 0 Ohbj ømhsdkx lØmx mtladqr qm / 9 rtbg sgØs

q , qj , qj�fl , · · ·, qfl , q9 + Q.

Rhmbd t ∈Lfl.1(AQ( vd bØm Øookx sgd antmc –2“2( vhsg µ + qfl. ρ + Q Ømc o+ p9 + 1: p + pfl0 PdodØshmf
sghr rsdo rtbbdrrhudkx enq ρ+ qm. µ+ qm+fl Ømc o+ pm : p+ pm+fl enq Økk m+ fl. . . . . j: vd Øqqhud Øs sgd antmc

|t|Lfl.pj (Aqj (
≲ |t|Lfl.pj�fl (Aqj�fl (

+ |f|C∞(Aqj�fl (
≲ · · ·

≲ |t|Lfl.pfl (Aqfl (
+ |f|C∞(Aqfl (

≲ |t|C1(AQ(
+ |f|C∞(AQ(.

ör pj / c : vd bØm mnv trd –2“3( vghbg fhudr

|t|�fl(Aq (
≲ |t|Lfl.pj (Aqj (

+ |f|C∞(Aqj (

≲ |t|C1(AQ(
+ |f|C∞(AQ(.

Sghr bnlokdsdr sgd oqnne ne –2“1(0 �

2A0 Aktrsdq cdqhuTshudr3 Sgd mdws qdrtks hr sØhknqdc enq kØsdq trd vhsg sgd ltkshoØqshbkd Rbgqéchmfdq
dptØshnm0 Vd Ørrtld hm –2“fl( sgØs c + 2M Ømc sgd uØqhØakd v hr fhudm ax v + (wfl. w1. . . . . wM (0

Mnv vd nasØhm adssdq qdftkØqhsx oqnodqshdr ne sgd vdØj rnktshnm ne –2“fl( Ørrtlhmf rnld ØcchshnmØk
rlnnsgmdrr ne sgd bndeøbhdmsr vhsg qdrodbs sn bktrsdq cdqhuØshudr0 Oqdbhrdkx: bnmrhcdq Ø vdØj rnktshnm t
ne –2“fl( hm sgd aØkk A(v9. Qℓ( vhsg rnld v9 ∈ 2M : Q / 9: ℓ ∈ (9. fl[0 Rtoonrd sgØs enq Ø bktrsdq rds
�+ {Dfl.D1. . . . .DL{ sgd bndeøbhdmsr T Ømc a hm –2“fl( rØshrex sgd antmcr

}�l
� T(v(}+ }�

l
� a(v(}≲ ℓ�}l}. v ∈ A(v9. Qℓ(. –2“5(

enq Økk l ∈ �2L
9 : vhsg bnmrsØmsr onsdmshØkkx cdodmchmf nm l: Q Ømc v9: ats mns nm ℓ0 Hm sgd mdws sgdnqdl

vd nasØhm antmcr enq sgd bktrsdq cdqhuØshudr �l
� t vhsg dwokhbhs cdodmcdmbd nm sgd oØqØldsdq ℓ ∈ (9. fl[0

Sgdnqdl 2010 érrtld sgd bnmchshnmr –2“5(: Zmc kds t ad Z vdZj rnktshnm ne –2“fl( hm A(v9. Qℓ( vhsg
sgd qhfgs,gZmc rhcd f + 90 Sgdm enq Zkk l ∈ �2L

9 Zmc Zkk q , Q sgd bktrsdq cdqhuZshudr �l
� t adknmf sn

�fl�A(v9. qℓ(

0 Etqsgdqlnqd: he }l}+ j ≥ fl: vgdqd j + 9. fl: sgdm enq Zkk µ ∈ (q. Q( vd gZud

|∇
j�l

� t|C∞(A(v9.qℓ(( ≲ ℓfl�}l}�j �ℓ|t|C∞(A(v9.µℓ((+ |∇t|C∞(A(v9.µℓ((

. –2“6(

He }l}≥ 1: sgdm Zkrn

|�l
� t|C∞(A(v9.qℓ(( ≲ ℓ1�}l}

�
lØw
k ]}k}+1

|�k
�t|C∞(A(v9.µℓ((+ |∇t|C∞(A(v9.µℓ((+ |t|C∞(A(v9.µℓ((


. –2“7(

Sgd hlokhbhs bnmrsZmsr hm –2“6( Zmc –2“7( lZx cdodmc nm sgd bnmrsZmsr q. µ. Q: nqcdq l ne sgd cdqhuZshud:
bktrsdq rds �: Zmc sgd bnmrsZmsr hm –2“5(0 Hm oZqshbtkZq: he sgd bnmrsZmsr hm –2“5( Zqd hmcdodmcdms ne v9: sgdm
rn Zqd sgd bnmrsZmsr hm –2“6( Zmc –2“7(0
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Hm sghr oØodq vd mddc sgd antmc –2“6( nmkx0 Mdudqsgdkdrr: sgd antmc –2“7( lØx ad ne hmcdodmcdms hmsdqdrs0
Sgd hcdØ ne sgd oqnne enkknvr Øm Øqftldms hm )fl1[0 MØldkx: vd qdrbØkd sgd oqnakdl ax hmsqnctbhmf sgd

etmbshnm

v( x(+ t(v9 + ℓ x(. x ∈ A(9. Q(.

Ømc sgd bndeøbhdmsr

�( x(+ T(v9 + ℓ x(. β( x(+ a(v9 + ℓ x(.

öesdq sgd rbØkhmf –2“fl( sØjdr sgd enql

�)v+ 1ℓ � · ∇v+ ℓ1βv + 9. –2“8(

Mnsd sgØs ax –2“5(:

}�l
��( x(}+ }�

l
�β( x(}≲ fl. x ∈ A(9. Q( –2“fl9(

enq Økk l ∈ �2L
9 0

Vd Øqd hmsdqdrsdc hm sgd antmcr enq sgd etmbshnm vl + �
l
�v enq x ∈ A(9. Q(0 Enq sgd rØjd ne aqduhsx

sgqntfgnts sgd oqnne vd trd sgd mnsØshnm Aq + A(9. q( enq q / 90

IdllY 2020 Kds ℓ≤ fl0 Rtoonrd sgZs v hr Z vdZj rnktshnm ne –2“8(0 Sgdm enq Zkk l ∈ �2L
9 Zmc Zkk q , Q

sgd bktrsdq cdqhuZshudr vl adknmf sn �fl(Aq (0 Etqsgdqlnqd: he }l}≥ fl: sgdm enq Zkk µ ∈ (q. Q( vd gZud

|vl|�fl(Aq (
≲ ℓ1 |v|C∞(Aµ(+ |∇v|C∞(Aµ(. –2“flfl(

He }l}≥ 1: sgdm Zkrn

|vl|�fl(Aq (
≲ lØw

k ]}k}+1
|�k

�v|C∞(Aµ(+ ℓ|∇v|C∞(Aµ(+ ℓ1|v|C∞(Aµ(. –2“fl1(

Nqnne0 Vd adfhm sgd oqnne vhsg Ø enqlØk lØmhotkØshnm Ørrtlhmf sgØs Økk sgd bktrsdq cdqhuØshudr vl dwhrs
Ømc Øqd Ør rlnnsg Ør mdbdrrØqx0 öookxhmf sgd nodqØsnq �l

� sn –2“8( Ømc trhmf –2“fl9( vd nasØhm sgd
enkknvhmf dptØshnm enq sgd etmbshnm vl.

�)vl + 1ℓ � · ∇vl + ℓ1β vl + fl. –2“fl2(

vhsg

fl +�1ℓ


9≤p≤l
}p}≤}l}�fl

�l
p

(�

l�p
� �( · ∇vp � ℓ1


9≤p≤l
}p}≤}l}�fl

�l
p

(�

l�p
� β( vp .

Hs enkknvr eqnl –2“fl9( sgØs

|fl|C∞(Aρ( ≲


p]9≤}p}≤}l}�fl
Sp(ℓ. ρ(. Sp(ℓ. ρ(+ ℓ|∇vp|C∞(Aρ(+ ℓ1|vp|C∞(Aρ( –2“fl3(

enq Økk ρ , Q0
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Mnv vd mddc sn itrshex sgd Øanud enqlØk bØkbtkØshnmr0 Ehqrs mnsd sgØs rhmbd v hr Ø vdØj rnkt“
shnm ne –2“8(: ax Oqnonrhshnm 20fl hs adknmfr sn L1.1(Aρ( ∩ �fl(Aρ( enq Økk ρ , Q: rn sgØs S9(ℓ. ρ( +
ℓ|∇v|C∞(Aρ(+ ℓ1|v|C∞(Aρ( hr ømhsd: Ømc Ør Ø qdrtks: enq }l} + fl vd gØud

|fl|C∞(Aρ( ≲ S9(ℓ. ρ(+ ℓ|∇v|C∞(Aρ(+ ℓ1 |v|C∞(Aρ(. 9, ρ , Q. –2“fl4(

Ax Oqnonrhshnm 20fl: enq Økk l rtbg sgØs }l}+fl Ømc Økk q ,ρ: vd bnmbktcd sgØsvl ∈L1.1(Aq (∩�fl(Aq ( Ømc

|vl|�fl(Aq (
≲ |vl|C∞(Aρ(+ |fl|C∞(Aρ(

≲ |∇v|C∞(Aρ(+ |fl|C∞(Aρ( ≲ |∇v|C∞(Aρ(+ ℓ1 |v|C∞(Aρ(.

Sghr oqnudr –2“flfl( enq }l} + fl0
Trhmf sgd Øanud nardquØshnm Ør sgd hmctbshnm aØrd: vd mnv oqnud sgØs vl hr hmcddc vdkk“cdømdc enq

Økk l ∈ �2L
9 Ømc sgØs hs hr Ø vdØj rnktshnm ne –2“fl2(0 Sn oqnuhcd sgd hmctbshnm rsdo Ørrtld sgØs enq rnld

j + fl. . . . : Ømc Økk l. fl≤ }l}≤ j: sgd etmbshnm vl hr Ø vdØj rnktshnm ne –2“fl2( hm Aρ enq Økk ρ , Q –Ømc
gdmbd adknmfr sn L1.1(Aq (∩�fl(Aq (. q , ρ: ax Oqnonrhshnm 20fl(: Ømc sgØs hs rØshrødr –2“flfl(0 Kds tr oqnud
sgØs sgd rØld hr sqtd enq sgd etmbshnm vm enq Økk m rtbg sgØs }m} + j+ fl0

Ehqrs mnsd sgØs enq Økk ρ , µ , Q sgd etmbshnm fm rØshrødr sgd antmc

|fm|C∞(Aρ( ≲ ℓ|∇v|C∞(Aµ(+ ℓ1 |v|C∞(Aµ(. –2“fl5(

Hmcddc: hm sgd antmc –2“fl3( enq S9(ℓ. ρ( vd trd sgd drshlØsd –2“fl4(0 Enq Sp(ℓ. ρ( vhsg fl ≤ }p} ≤ j vd
trd –2“flfl( sn nasØhm sgd drshlØsd

Sp(ℓ. ρ(≲ ℓ|vp|�fl(Aρ(
≲ ℓ |∇v|C∞(Aµ(+ ℓ2 |v|C∞(Aµ(.

Hm uhdv ne –2“fl3(: sghr fhudr –2“fl5( enq fm: Ør qdpthqdc0 Etqsgdqlnqd: Ør vl ∈L1.1(Aρ( enq Økk }l}≤ j:
vd gØud vm ∈ Lfl.1(Aρ(0 Mnv: hmsdfqØshmf –2“8( ØfØhmrs sgd etmbshnm (�fl(j+fl�m

�η: vhsg Øm ØqahsqØqx
η ∈ �∞

9 (Aρ( vd nasØhm

9+ (�fl(j+fl


∇v · ∇ �m
�η cx+ (�fl(j+fl1ℓ


� · ∇v�m

�η cx+ (�fl(j+flℓ1


βv�m
�η cx

+


∇vm · ∇ η cx+ 1ℓ


� · ∇vm η cx+ ℓ1


βvmη cx�


fm η cx.

Ømc gdmbd vm hr Ø vdØj rnktshnm ne –2“fl2( hm Aρ 0 Rhmbd sgd bndeøbhdmsr Ømc sgd qhfgs“gØmc rhcd ne –2“fl2(
Øqd antmcdc tmhenqlkx hm ℓ: ax Oqnonrhshnm 20fl: vm ∈L1.1(Aq (∩�fl(Aq ( enq Økk q , ρ Ømc

|vm|�fl(Aq (
≲ |vm|C∞(Aρ(+ |fm|C∞(Aρ(

≲ |vm|C∞(Aρ(+ ℓ|∇v|C∞(Aµ(+ ℓ1|v|C∞(Aµ(. –2“fl6(

vgdqd vd gØud Økrn trdc –2“fl5(0 Kds l. }l} + j: ad rtbg sgØs }m�l} + fl0 Sgdqdenqd: ax –2“flfl(:

|vm|C∞(Aρ( ≲ |∇vl|C∞(Aρ( ≲ |∇v|C∞(Aµ(+ ℓ1 |v|C∞(Aµ(.
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Snfdsgdq vhsg –2“fl6( sghr kdØcr sn

|vm|�fl(Aq (
≲ |∇v|C∞(Aµ(+ ℓ1|v|C∞(Aµ(.

Ør qdpthqdc0 Hs qdlØhmr sn bnmbktcd sgØs ax hmctbshnm: sgd antmc –2“flfl( gnkcr enq Økk l ∈ �2L
9 0

Sgd oqnne ne –2“fl1( hr Økrn bnmctbsdc ax hmctbshnm0 örrtld sgØs }l} + 10 Eqnl –2“fl6( vd fds sgØs

|vl|�fl(Aq (
≲ |vl|C∞(Aρ(+ ℓ|∇v|C∞(Aµ(+ ℓ1|v|C∞(Aµ(

≲ lØw
k ]}k}+1

|�k
�v|C∞(Aµ(+ ℓ|∇v|C∞(Aµ(+ ℓ1|v|C1(Aµ( –2“fl7(

enq Økk q , ρ , µ , Q: vghbg fhudr –2“fl1(0 Sgd antmc –2“fl7( rdqudr Ør sgd hmctbshnm aØrd0 Kds tr
mnv oqnuhcd sgd hmctbshnm rsdo0 Rtoonrd sgØs –2“fl1( gnkcr enq Økk l rtbg sgØs 1 ≤ }l} ≤ j vhsg rnld
j + 1. 2. . . . 0 Kds tr oqnud sgØs hs gnkcr enq Økk vm vgdqd }m} + j + fl0 Kds l. }l} + j: ad rtbg sgØs
}m�l} + fl0 Sgtr –2“fl1( enq vl hlokhdr sgØs

|vm|C∞(Aρ( ≲ |∇vl|C∞(Aρ( ≲ lØw
k ]}k}+1

|�k
�v|C∞(Aµ(+ ℓ|∇v|C∞(Aµ (+ ℓ1|v|C1(Aµ(.

Rtarshstshmf sghr hmdptØkhsx hm –2“fl6(: vd nasØhm –2“fl1( enq vm0
Bnmrdptdmskx: –2“fl1( gnkcr enq Økk l ∈ �2L

9 : }l}≥ 10 �

Vd vntkc khjd sn onhms nts nmd eØbs vghbg vØr mns mddcdc hm sgd Øanud oqnne ats cdrdqudr ldmshnmhmf0
Sgd antmc –2“flfl( enq }l} + fl Ømc antmc –2“fl1( enq }l}≥ 1 hlokx –2“flfl( enq Økk }l}≥ 10 Hmcddc: ax –2“flfl(
vhsg }p} + fl: vd gØud

lØw
k ]}k}+1

|�k
�v|C∞(Aρ( ≲


}p}+fl

|∇vp|C∞(Aρ( ≲ |∇v|C∞(Aµ(+ ℓ1|v|C∞(Aµ(

enq Økk ρ , µ , Q0 öesdq rtarshstshnm hm –2“fl1( sghr fhudr –2“flfl( enq Økk }l}≥ 1: Ør bkØhldc0

Nqnne ne Sgdnqdl 20fi0 Rhmbd

∇
jvl( x(+ ℓ}l}+j(∇j�l

� t((v9 + ℓ x(. j + 9. fl. l ∈ �2L
9 .

sgd antmc –2“flfl( enq }l}≥ fl qdvqhsdr Ør –2“6(0 He l + 9 Ømc }j} + fl: sgdm –2“6( hr sqhuhØk0
Sgd antmc –2“7( hr nasØhmdc eqnl –2“fl1( hm sgd rØld vØx0 �

30 Sgd Rbgq�chmfdq dptYshnm

3ö0 Pdctbshnm ne sgd Rbgq�chmfdq dptTshnm3 Gdqd vd Øookx sgd antmcr nasØhmdc hm sgd oqduhntr rdbshnm
sn sgd Rbgqéchmfdq dptØshnm

�)ψ + (U � D(ψ + 9. –3“fl(

vgdqd sgd onsdmshØk U hr cdømdc hm –fl“fl(0 Sgqntfgnts sghr rdbshnm vd cn mns hlonrd sgd bnmchshnm
ψ ∈ C1(2M (: ats bnmrhcdq knbØk rnktshnmr ne –3“fl(0 Hm nqcdq sn qdctbd –3“fl( sn sgd dptØshnm ne sgd
enql –2“fl( vd trd sgd qdoqdrdmsØshnm ψ + dEφ vhsg Ø etmbshnm E rtbg sgØs E.∇E ∈ C∞knb(

2M (0
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Hm sgd lØsgdlØshbØk ogxrhbr khsdqØstqd sgd etmbshnm dE hr nesdm bØkkdc Ø IZrsqnv eZbsnq, rdd: d0f0: )fl4[0
ör onhmsdc nts ax Ø qdedqdd: hs ØoodØqr sgØs sgd øqrs trd ne rtbg IØrsqnv eØbsnqr hm sgd lØsgdlØshbØk rstcx
ne Bntknlahb vØudetmbshnmr vØr hm )11[0 Sgd otqonrd ne gØuhmf Ø IØrsqnv eØbsnq –rtbg Ør: d0f0: hm –3“2((
hr sn hrnkØsd sgd lØhm rhmftkØqhsx ne sgd rnktshnm ψ : h0d0: sn dmrtqd sgØs φ hr lnqd qdftkØq sgØm ψ 0 Enq
dwØlokd: hs vØr rgnvm hm )fl6[ sgØs φ ∈�fl.�

knb (
2M ( enq Økk � ∈ (9. fl(0 Hm )fl9[: dwsqØbshmf xds Ømnsgdq IØrsqnv

eØbsnq sgØs vd cn mns rodbhex gdqd: Økknvdc nmd sn fds φ ∈ �fl.fl
knb (

2M (0
öesdq sgd rtarshstshnm –3“fl( qdvqhsdr Ør

�)φ� 1∇E · ∇φ+ (U �)E � }∇E }1� D(φ + 9. –3“1(

Lnqd oqdbhrdkx: he ψ ∈Lfl.1
knb (

2M ( hr Ø vdØj rnktshnm ne –3“fl(: sgdm vd Økrn gØud φ ∈Lfl.1
knb (

2M ( Ømc φ hr
Ø vdØj rnktshnm ne –3“1(0 Vd bgnnrd sn cdømd E Ør hm )fl6, 7, 8, fl1[.

E(v(+
M
i+fl


�

Y
1
}w i }+

fl
3


i,j≤M

}w i � wj }

+

M
j+fl


Y
1


}w i }

1 + fl� fl
3


i,j≤M


}w i � wj }1 + fl


. –3“2(

vghbg gØr sgd oqnodqsx sgØs
E.∇E ∈ C∞(2M (. –3“3(

Hm eØbs: sgd nqhfhmØk bgnhbd ne E Ør trdc hm )fl6: Oqnonrhshnm fl04[ hr fhudm ax sgd øqrs rtl nm sgd qhfgs“gØmc
rhcd: vghbg gØr Ø antmcdc fqØchdms0 Vd enkknv )fl6: Oqnne ne Sgdnqdl fl01[ Ømc )7, 8, fl1[ sn hmbktcd sgd
rdbnmc sdql vghbg hr Øccdc sn dmrtqd sgØs E hsrdke hr antmcdc nm 2M 0 Sgtr ansg bnmchshnmr –3“3( Øqd
rØshrødc0 Ctd sn sgd rsqØhfgsenqvØqc hcdmshshdr

)}w i � wj } +
3

}w i�wj }
. )}w i } +

1
}w i }

.

vd gØud

)
 M
i+fl


�

Y
1
}w i }+

fl
3


i,j≤M

}w i � wj }

+ U (v(.

Sgdqdenqd
∇

j(�)E + U ( ∈ C∞(2M ( enq Økk j + 9. fl. . . . . –3“4(

Trhmf sgd eØbsnqhyØshnm ψ + dEφ hs vØr rgnvm hm )fl6: Sgdnqdl fl01[ sgØs: enq Ømx onrhshud q. Q rtbg sgØs
q , Q: sgd antmc

|∇ψ|C∞(A(v9.q(( ≲ |ψ|C∞(A(v9.Q((. –3“5(

gnkcr0 Sgd mdws kdllØ vØr oqnudc hm )fl1: Oqnonrhshnm ö01[: ats vd oqnuhcd Ø rnldvgØs cheedqdms –rgnqsdq(
Øqftldms sgØs trdr nmkx Oqnonrhshnm 20fl0

IdllY 30fi0 Kds ψ ∈Lfl.1
knb (

2M ( ad Z vdZj rnktshnm ne –3“fl(0 Sgdm ψ ∈Lfl.∞
knb (2M ( Zmc enq Zkk mtladqr

q / 9 Zmc Q / 9 rtbg sgZs q , Q vd gZud

|ψ|C∞(A(v9.q((+ |∇ψ|C∞(A(v9.q(( ≲ |ψ|C1(A(v9.Q((. –3“6(

vgdqd sgd hlokhbhs bnmrsZms cndr mns cdodmc nm ψ Zmc v9 ∈ 2M : ats cdodmcr nm q Zmc Q0
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Nqnne0 Sgd etmbshnm φ + d�Eψ hr Ø vdØj rnktshnm ne –3“1( hm A(v9. Q( vhsg ØqahsqØqx v9 ∈2M Ømc Q / 90
ör drsØakhrgdc Øanud: sgd bndeøbhdmsr hm sghr dptØshnm Øqd tmhenqlkx antmcdc nm 2M 0 öbbnqchmf sn
Oqnonrhshnm 20fl: φ ∈ �fl(2M ( Ømc enq Ømx oØhq ne qØchh q. Q: q , Q: vd gØud sgd antmc

|φ|C∞(Aq (+ |∇φ|C∞(Aq ( ≲ |φ|C1(AQ(
. –3“7(

vgdqd AQ + A(v9. Q(: Ømc sgd hlokhbhs bnmrsØms hr hmcdodmcdms ne v90 Rhmbd E Ømc ∇E rØshrex –3“3(: vd
bØm vqhsd enq ψ sgØs

|ψ|C∞(Aq ( ≲ |φ|C∞(Aq (. |φ|C1(AQ(
≲ |ψ|C1(AQ(

Ømc |∇ψ|C∞(Aq ( ≲ |∇φ|C∞(Aq (+ |φ|C∞(Aq (.

Sgdqdenqd –3“7( hlokhdr –3“6(: Ør qdpthqdc0 �

3A0 Aktrsdq cdqhuTshudr ne ψ. TookhbTshnm ne Sgdnqdl 23z3 Enq Ø bktrsdq D ⊂ {fl. 1. . . . . M { hmsqnctbd
sgd rds

� +


v ∈ 2M

]

i∈�
}w i }


j∈�.k∈�b

}wj � wk } + 9

.

Ømc sgd chrsØmbd

c�(v(+lhm

}w i }.

fl
\
1
}w i � wj } ] i ∈ D. j ∈ Db


. λ�(v(+lhm{fl. c�(v({. –3“8(

Sgd oØodq )fl1[ bnmsØhmr antmcr enq bktrsdq cdqhuØshudr �l
�ψ –rdd: d0f0: )fl1: Oqnonrhshnm fl0fl9[( ntsrhcd sgd

rds �: cdodmchmf dwokhbhskx nm sgd chrsØmbd c�0 Vd mddc Ø fdmdqØkhyØshnm ne sghr qdrtks sn bktrsdq rdsr
�+ {Dfl.D1. . . . .DL{0 Cdømd

� +

L
i+fl

� i

Ømc
c�(v(+lhm

i
c� i (v(. λ�(v(+lhm{fl. c�(v({. –3“fl9(

Sgd oqdrdmbd ne sgd eØbsnq fl<
\
1 hm sgd cdømhshnm –3“8( hr bnmudmhdms rhmbd hs dmrtqdr sgØs sgd etmbshnm c�

hr Khorbghsy vhsg Khorbghsy bnmrsØms + fl.

IdllY 3010 Enq Zkk v. x ∈ 2M vd gZud

}c�(v(� c�( x(}≤ }v� x}. –3“flfl(

Sgd rZld hmdptZkhsx gnkcr enq sgd etmbshnm λ�(v(0

Nqnne0 Hs rteøbdr sn oqnud sgd hmdptØkhsx itrs enq nmd bktrsdq D0 Kds i ∈ D: j ∈ Db: Ømc drshlØsd.

}w i }≤ }x i }+ }w i � x i }≤ }x i }+ }v� x}.

}w i � wj }≤ }x i � xj }+ }x i � w i }+ }xj � wj }≤ }x i � xj }+
\
1 }v� x}.

Enq sgd kØrs hmdptØkhsx vd trdc sgd dkdldmsØqx eØbs sgØs he Z1
+ a1

≤ b1 enq rnld onrhshud Z. a Ømc b: sgdm
Z + a ≤

\
1 b0 SØjhmf sgd lhmhltl –3“8(: vd fds c�(v( ≤ c�( x(+ }v � x}: vghbg fhudr –3“flfl(0 Sgd

etmbshnm λ� sqhuhØkkx rØshrødr sgd rØld hmdptØkhsx0 �
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Ntq naidbshud hr sn ømc C∞“antmcr enq sgd bktrsdq cdqhuØshudr �l
�ψ ntsrhcd sgd rds �0 Kds tr øw

v9 ∈ 2M
\�: Ømc cdmnsd

λ+ λ�(v9(.

Nardqud sgØs enq Ømx Q ∈ (9. fl( sgd hmbktrhnm A(v9. Qλ(⊂ 2M
\� gnkcr0 Hmcddc: ax KdllØ 301:

}λ�(v(� λ}≤ }v� v9}, Qλ. v ∈ A(v9. Qλ(.

vghbg hlokhdr sgØs

9, (fl� Q(λ≤ λ�(v(≤ (fl+ Q(λ enq Økk v ∈ A(v9. Qλ(. –3“fl1(

Ømc gdmbd oqnudr sgd bkØhl0 Hm sgd mdws sgdnqdl vd drshlØsd sgd cdqhuØshudr �l
�ψ hm sgd aØkk A(v9. Qλ(0

Sgdnqdl 3020 Kds v9 ∈ 2M
\� Zmc kds λ + λ�(v9(0 Sgdm enq Zmx q. Q rtbg sgZs 9 , q , Q , fl: Zmc

enq Zkk l ∈ �2L
9 : sgd bktrsdq cdqhuZshudr �l

�ψ adknmf sn �fl�A(v9. Qλ(

0 Lnqdnudq: he }l}+ j ≥ fl vhsg

j + 9. fl: sgdm

|�l
�∇

jψ|C∞(A(v9.qλ(( ≲ λfl�}l}�j�
|ψ|C∞(A(v9.Qλ((+ |∇ψ|C∞(A(v9.Qλ((


. –3“fl2(

vhsg Zm hlokhbhs bnmrsZms cdodmchmf nm q. Q: ats hmcdodmcdms ne v9 ∈ 2M
\�0

Enq Ø rhmfkd bktrsdq D sgd antmc –3“fl2(: dudm enq ØqahsqØqx Co“mnqlr vhsg o ∈ (fl.∞[: vØr oqnudc
hm )fl1: Oqnonrhshnm fl0fl9[0 Sgd oqnne hm )fl1[ cndr mns hlldchØsdkx fdmdqØkhyd sn ØqahsqØqx bktrsdq rdsr0 ör
hm )fl1[ vd trd sgd qdctbshnm sn –3“1(0 Hm )fl1[ sgd bgnhbd ne sgd IØrsqnv eØbsnq cdodmcdc nm sgd bktrsdq D:
vgdqdØr vd trd sgd rsØmcØqc etmbshnm –3“2( hmcdodmcdms ne sgd bktrsdq rds �0 Sn bgdbj sgØs sgd bndeøbhdmsr
hm –3“1( rØshrex sgd bnmchshnmr ne Sgdnqdl 201: vd rsØqs vhsg sgd enkknvhmf dkdldmsØqx nardquØshnm0

IdllY 3030 Kds f ∈ �∞(2
\ {9{( ad rtbg sgZs

}>lf(w(}≲ }w }�}l} enq Økk l ∈ �2
9.

Sgdm enq Zmx bktrsdq rds � Zmc Zmx i. j + fl. 1. . . . . M : vd gZud

}�l
� f(w i (}+ }�

l
� f(w i � wj(}≲ c�(v(�}l}

enq Zkk v ∈ 2M
\�0

Nqnne0 Enq rhlokhbhsx vd oqnud sgd kdllØ enq nmd bktrsdq: vghbg hr cdmnsdc D0 örrtld sgØs l ∈ �2
9:

}l}≥ fl0 Hs hr bkdØq sgØs Cl
� f(w i � wj(+ 9 he i. j ∈ D nq i. j ∈ Db0 He i ∈ D. j ∈ Db nq j ∈ D. i ∈ Db: sgdm

}�l
� f(w i � wj(} + }>lw f(w(}w+w i�wj ≲ }w i � wj }�}l} ≲ c�(v(�}l}.

Ør bkØhldc0 Hm sgd rØld vØx vd fds sgd qdpthqdc drshlØsd enq �l
� f(w i (0 �
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BnqnkkYqx 3040 Kds E ad sgd etmbshnm –3“2(0 Sgdm enq Zmx bktrsdq rds � vd gZud enq Zkk v <∈� Zmc Zkk l
sgZs �l

�∇E(v(
+

�l
� }∇E(v(}1

≲ c�(v(�}l}. –3“fl3(

He }l}≥ fl: sgdm �l
� d

E(v(≲ λ�(v(fl�}l}. –3“fl4(

Nqnne0 Enq sgd øqrs rtl hm –3“2( sgd qdpthqdc antmc enq ∇E hlldchØsdkx enkknvr eqnl KdllØ 3030 Sgd
rdbnmc rtl hm –3“2( hr Ø rlnnsg etmbshnm vgnrd cdqhuØshudr gØud sgd rØld cdbØx eØq eqnl � Ør sgnrd ne
sgd øqrs rtl0 Enq }∇E }1 vd trd sgd Kdhamhy qtkd: vghbg kdØcr ØfØhm sn –3“fl3(0

Sn oqnud sgd antmc –3“fl4( nardqud sgØs sgd cdqhuØshud �l
� d

E bØm ad vqhssdm Ør Ø rtl ne ømhsdkx lØmx
sdqlr ne sgd enql

(�ifl
� E(mfl (�i1

� E(m1 · · · (�
ir
� E(mr dE .

vgdqd fl ≤ }ifl}, }i1}, · · ·, }ir } ≤ }l}: m i ≥ fl: Ømc }ifl} mfl + }i1} m1 + · · · + }ir } mr + }l}0 DØbg rtbg
sdql bØm ad drshlØsdc ax

c�(v(mfl(fl�}ifl}(+m1(fl�}i1}(+···mr(fl�}ifl}( + c�(v(mfl+m1+···+mr�}l} ≤ λ�(v(fl�}l}.

Ør qdpthqdc0 �

Nqnne ne Sgdnqdl 3020 Hm uhdv ne –3“1(: sgd etmbshnm φ + d�Eψ rØshrødr –2“fl( vgdqd

T +�1∇E. a + U �)E � }∇E }1� D .

Kds tr øw Ø mtladq Qfl ∈ (Q. fl(0 Ax uhqstd ne –3“4( Ømc –3“fl3(: sgtr cdømdc bndeøbhdmsr T Ømc a rØshrex
sgd antmc

}�l
� T(v(}+ }�

l
� a(v(}≲ fl+ c�(v(�}l} ≲ λ�(v(�}l} ≲ λ�}l}. v ∈ A(v9. Qflλ(.

vgdqd λ+ λ�(v9(0 Enq sgd kØrs hmdptØkhsx vd gØud trdc –3“fl1(0 Sgtr sgd bnmchshnm –2“5( hr etkøkkdc vhsg
ℓ+ λ≤ fl0 Bnmrdptdmskx: ax Sgdnqdl 201: �l

�φ ∈ �fl(A(v9. qλ(( enq Økk q , Qfl0 Lnqdnudq: he }l}+j ≥ fl:
vgdqd j + 9. fl: sgdm enq q , Q vd gØud

|∇
j�l

�φ|C∞(A(v9.qλ(( ≲ λfl�}l}�j �λ |φ|C∞(A(v9.Qλ((+ |∇φ|C∞(A(v9.Qλ((

. –3“fl5(

Mnv vd mddc sn qdokØbd φ vhsg sgd etmbshnm ψ + dEφ0 Kds tr oqnud –3“fl2( vhsg j + 9: }l}≥ fl0 Ax sgd
Kdhamhy qtkd:

�l
� (d

Eφ(+


9≤p≤l

�l
p

�
l�p
� (dE (�

p
�φ

+


9≤p≤l
9,}p},}l}

�l
p

�
l�p
� (dE (�

p
�φ+�l

� (d
E (φ+ dE�l

�φ.

Ax –3“fl4( Ømc –3“fl5(: enq v ∈ A(v9. qλ( sgd øqrs rtl hr antmcdc ax

λ1�}l} �λ|φ|C∞(A(v9.Qλ((+ |∇φ|C∞(A(v9.Qλ((

.
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Sgd rdbnmc sdql hr drshlØsdc vhsg sgd gdko ne –3“fl4( ax

λfl�}l}
|φ|C∞(A(v9.Qλ((.

Trhmf –3“fl5( sgd sghqc sdql hr drshlØsdc ax

λfl�}l} �λ |φ|C∞(A(v9.Qλ((+ |∇φ|C∞(A(v9.Qλ((

.

Bnmrdptdmskx:

|�l
�ψ|C∞(A(v9.qλ(( ≲ λfl�}l} �

|φ|C∞(A(v9.Qλ((+ |∇φ|C∞(A(v9.Qλ((

. –3“fl6(

Hs qdlØhmr sn mnsd sgØs hm uhdv ne –3“3(:

}φ}≲ }ψ }. }∇φ}≲ }ψ }+ }∇ψ }.

rn sgØs sgd qhfgs“gØmc rhcd ne –3“fl6( hr drshlØsdc ax sgd qhfgs“gØmc rhcd ne –3“fl2( vhsg j + 90
Sgd bØrd j + fl hr cnmd hm sgd rØld vØx0 �

KØsdq nm vd trd Sgdnqdl 302 hm Ø rkhfgskx cheedqdms enql.

BnqnkkYqx 3050 Enq Zkk l ∈ �2L
9 sgd bktrsdq cdqhuZshudr �l

�ψ adknmf sn �fl(2M
\�(: Zmc tmcdq sgd

bnmchshnm }l}+ j ≥ fl vhsg j + 9. fl: enq Zkk v ∈ 2M
\� Zmc Zkk Q / 9: vd gZud

}�l
�∇

jψ(v(}≲ λ�(v(fl�}l}�j e∞(v= Q(. –3“fl7(

e∞(v= Q(+ |ψ|C∞(A(v.Q((+ |∇ψ|C∞(A(v.Q((. –3“fl8(

Sgd hlokhbhs bnmrsZms hm –3“fl7( hr hmcdodmcdms ne ψ Zmc v: ats lZx cdodmc nm Q0

Nqnne0 Kds Qfl +lhm{fl<1. Q{0 Sgdm hs enkknvr eqnl –3“fl2( sgØs

}�l
�∇

jψ(v(}≲ λ(v(fl�}l}�j e∞(v= Qflλ(v((≤ λ(v(fl�}l}�j e∞(v= Q(.

Gdqd vd gØud trdc sgd eØbs sgØs λ(v(≤ fl0 Sghr bnlokdsdr sgd oqnne0 �

40 ötwhkhYqx hmsdfqYk antmcr

Gdqd vd cdqhud rdudqØk hmsdfqØk antmcr sgØs Øqd hmrsqtldmsØk hm sgd oqnne ne sgd lØhm qdrtks hm Rdbshnm 50
Kds ψ ∈ C1(2M ( ad Øm dhfdmetmbshnm0 öknmf vhsg sgd mnsØshnm –3“fl8( hs hr bnmudmhdms sn hmsqnctbd enq

ØqahsqØqx Q / 9 Økrn
e1(v(+ e1(v= Q(+ |ψ|C1(A(v.Q((.

öbbnqchmf sn –3“6(: enq Ømx Q / 9 vd gØud

e∞(v= Q(≲ e1(v= 1Q(. –4“fl(

vhsg Øm hlokhbhs bnmrsØms cdodmchmf nm Q0
Sgd mdws kdllØ oqnuhcdr antmcr enq hmsdfqØkr hmunkuhmf sgd etmbshnmr e∞(v( Ømc e1(v(: Ømc hr Øm

ØcØosØshnm ne hmdptØkhshdr fhudm hm )fl1: Oqnonrhshnm ö02[: vhsg rhlhkØq oqnner0 PdbØkk sgØs sgd etmbshnm
Jε(w. x. ;v( hr cdømdc hm –1“fl2(: Ømc sgd cdmrhsx ρ(w( - hm –fl“3(
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IdllY 40fi0 Kds w. x ∈ 20 Sgdm


e∞(w. ;v= Q( e∞(x. ;v= Q( c ;v ≲
�
|ρ|Cfl(A(w.1Q((

 fl
1
�
|ρ|Cfl(A(x.1Q((

 fl
1 . –4“1(

Enq Zmx F ∈ Cfl(2( vd gZud
 
}F(w i � wj(}+ }F(s � wj(}+ }F(wj(}


e∞(w. ;v= Q( e∞(x. ;v= Q( c ;v

≲ |F|Cfl(2(

�
|ρ|Cfl(A(w.1Q((

 fl
1
�
|ρ|Cfl(A(x.1Q((

 fl
1 –4“2(

enq Zkk i. j + 1. 2. . . . . M . i ̸+ j: Zmc s ∈ 20 Hm oZqshbtkZq:

Jε(w. x. ;v( e∞(w. ;v= Q( e∞(x. ;v= Q( c ;v ≲ ε2

�
|ρ|Cfl(A(w.1Q((

 fl
1
�
|ρ|Cfl(A(x.1Q((

 fl
1 . –4“3(

Sgd hlokhbhs bnmrsZmsr hm sgd antmcr –4“1(: –4“2( Zmc –4“3( cdodmc nm Q: ats Zqd hmcdodmcdms ne w. x. s ∈20

Nqnne0 Ctd sn sgd RbgvØqy hmdptØkhsx: hs rteøbdr sn drshlØsd sgd hmsdfqØkr enq w + x0 Enq t ∈c Ømc Q / 9
cdmnsd ax �(c(t.Q(w(. w ∈ c : sgd hmchbØsnq etmbshnm ne sgd aØkk A(t. Q(⊂ c 0

Trhmf –4“fl( vd fds
 �

e∞(w. ;v= Q(
1 c ;v ≲

 �
e1(w. ;v= 1Q(

1 c ;v

+


}ψ(y(}1�(2M (

(w. ;v(.1Q(y( c y c ;v

+


}ψ(y(}1


�(2M (y.1Q (w. ;v( c ;v c y.

Nardqud sgØs

�(2M (y.1Q (w. ;v(≤ �(2(yfl.1Q(w(�
(2M�2(
;y.1Q ( ;v(+ �(2(w.1Q(yfl(�

(2M�2(
;y.1Q ( ;v(.

rn sgd hmsdfqØk cndr mns dwbddc

}ψ(y(}1�(2(w.1Q(yfl(


�(2M�2(
;y.1Q ( ;v( c ;v


c y ≲ Q2M�2



}y�w },1Q
ρ(y( cy.

Sghr oqnudr –4“1(0

Nqnne ne –4“2(0 öfØhm hs rteøbdr sn drshlØsd sgd hmsdfqØk enq w + x.

}F(w i � wj(}

�
e∞(w. ;v= Q(

1 c ;v ≲

}F(w i � wj(}

�
e1(w. ;v= 1Q(

1 c ;v

+


}ψ(y(}1


}F(w i � wj(}�

(2M (
y.1Q (w. ;v( c ;v c y.

Pdoqdrdms ;v + (w i . v̂ i ( vhsg v̂ i ∈ 2M�5: Ør cdømdc hm –fl“fl2(: Ømc drshlØsd.

�(2M (y.1Q (w. ;v(≤ �(2(yfl.1Q(w( �
(2M�5(
ŷ i .1Q

(v̂ i (+ �(2(w.1Q(yfl( �
(2M�5(
ŷ i .1Q

(v̂ i (.
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Bnmrdptdmskx: sgd hmsdfqØk bØm ad drshlØsdc ax

}ψ(y(}1�(2(w.1Q(yfl(


�A( ŷ i .1Q((v̂ i (


}F(w i � wj(} cw i


c v̂ i c y

+ |F|Cfl(2(



}yfl�w },1Q
}ψ(y(}1


�(2M�5(
ŷ i .1Q

(v̂ i ( c v̂ i c y

≲ |F|Cfl(2(Q
2M�5



}y�w },1Q
ρ(y( cy.

Ør bkØhldc0 Sgd antmcr vhsg F(s � wj( Ømc F(wj( Øqd oqnudc hm sgd rØld vØx0
Sgd antmc –4“3( enkknvr eqnl –4“2( vhsg F(r( + ξ(Mε�fl

}r}(, rdd –1“fl( enq sgd cdømhshnm ne sgd
etmbshnm ξ 0 �

Kds tr mnv Øookx sgd nasØhmdc antmcr sn hmsdfqØkr hmunkuhmf sgd chrsØmbd etmbshnm λP(v( vhsg Øm
ØqahsqØqx bktrsdq P0 Vd trd KdllØ 40fl vhsg sghr bgnhbd ne etmbshnm F.

F(r(+ �{ε,}r},fl{(r(}r}�Z. r ∈ 2. Z ≥ 9. ε ∈ (9. fl[. –4“4(

rn sgØs |F|Cfl(2( ≲ gZ+1(ε(: vgdqd sgd etmbshnm ga hr cdømdc hm –fl“6(0 PdbØkk sgØs λP(v(: VP(s= ε(
Ømc SP(δ( Øqd cdømdc hm –3“8(: –1“3( Ømc –1“4(: qdrodbshudkx0

IdllY 4010 Kds Z ≥ 9 Zmc ε / 90 Kds P ad Zm ZqahsqZqx bktrsdq0 Sgdm enq Zmx Q / 9:


VP(s=ε(∩SP(ε(
λP(s. ;v(�Z e∞(w. ;v= Q( e∞(x. ;v= Q( c ;v

≲
�
fl+ }s }�Z

+ gZ+1(ε(
 �
|ρ|Cfl(A(w.1Q((

 fl
1
�
|ρ|Cfl(A(x.1Q((

 fl
1 . –4“5(

tmhenqlkx hm w. x. s ∈20 He fl <∈P: sgdm sgd sdql }s }�Z hr Zardms0 Sgd hlokhbhs bnmrsZms hm –4“5( lZx cdodmc
nm Q: ats hr hmcdodmcdms ne ε0

Nqnne0 Ax sgd cdømhshnm ne λP vd gØud

λP(s. ;v(�Z
≤ fl+


j∈P
}wj }�Z 

j∈P
}s � wj }�Z

+


i∈P.j∈(Pb(∗
}w i � wj }�Z he fl ∈ Pb. –4“6(

Ømc

λP(s. ;v(�Z
≤ fl+ }s }�Z

+


j∈P∗

}wj }�Z
+


j∈Pb

}s � wj }�Z
+


i∈P∗.j∈Pb

}w i � wj }�Z he fl ∈ P. –4“7(

Kds tr drshlØsd sgd bnmsqhatshnmr eqnl dØbg ne sgd rtllØmcr0 örrtld øqrs sgØs fl <∈P –h0d0: λP rØshrødr –4“6((
Ømc drshlØsd sgd hmsdfqØk

Eij(s. w. x(+


VP(s=ε(∩SP(ε(
}w i � wj }�Z e∞(w. ;v= Q( e∞(x. ;v= Q( c ;v –4“8(

enq Øm ØqahsqØqx øwdc oØhq i ∈ P. j ∈ (Pb(∗0 Rhmbd i. j ≥ 1: hm uhdv ne sgd cdømhshnm –1“3( ne VP(s. ε(:
vd gØud

VP(s= ε(⊂ { ;v ∈ 2M�2
] }w i � wj }/ ε{.
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Sgdqdenqd:

Eij(s. w. x(≤


}w i�wj }/ε
}w i � wj }�Z e∞(w. ;v= Q( e∞(x. ;v= Q( c ;v.

He ε ≥ fl: sgdm ax –4“1( vd gØud

Eij(s. w. x(≲
�
|ρ|Cfl(A(w.1Q((

 fl
1
�
|ρ|Cfl(A(x.1Q((

 fl
1 . –4“fl9(

He ε , fl: sgdm

Eij(s. w. x(≤


}w i�wj }/fl
e∞(w. ;v= Q( e∞(x. ;v= Q( c ;v+


F(w i � wj( e∞(w. ;v= Q( e∞(x. ;v= Q( c ;v.

vgdqd F hr Ør hm –4“4(0 Enq sgd øqrs hmsdfqØk trd –4“1( ØfØhm0 ör ldmshnmdc adenqd sgd kdllØ:
|F|Cfl(2( ≲ gZ+1(ε(: rn sgd rdbnmc hmsdfqØk hr antmcdc ax

gZ+1(ε(
�
|ρ|Cfl(A(w.1Q((

 fl
1
�
|ρ|Cfl(A(x.1Q((

 fl
1 .

hm uhdv ne –4“2(0 Sgtr sgd hmsdfqØk –4“8(: Ømc gdmbd sgd bnmsqhatshnm eqnl sgd kØrs sdql hm –4“6( Ør vdkk:
rØshrødr sgd antmc –4“5(0

Hm sgd rØld vØx: trhmf –4“2( vd cdqhud sgd antmc –4“5( enq sgd hmsdfqØkr bnmsØhmhmf sgd qdlØhmhmf sdqlr
hm –4“6(0 Kds tr drshlØsd: enq dwØlokd: sgd hmsdfqØk

Ej(s. w. x(+


VP(s=ε(∩SP(ε(
}wj }�Z e∞(w. ;v= Q( e∞(x. ;v= Q( c ;v

enq Øm ØqahsqØqx øwdc j ∈ P0 Ax sgd cdømhshnm –1“4(:

SP(ε(⊂ { ;v ∈ 2M�2
] }wj }/ ε{.

rn sgØs

Ej(s. w. x(≤


}wj }/ε
}wj }�Z e∞(w. ;v= Q( e∞(x. ;v= Q( c ;v.

ör hm sgd bØrd ne sgd hmsdfqØk –4“8(: he ε ≥ fl: sgdm Ej rØshrødr sgd antmc –4“fl9(0 He ε , fl: sgdm

Ej(s. w. x(≤


}wj }/fl
e∞(w. ;v= Q( e∞(x. ;v= Q( c ;v+


F(wj( e∞(w. ;v= Q( e∞(x. ;v= Q( c ;v.

vgdqd F hr ØfØhm fhudm ax –4“4(0 öqfthmf Ør enq Eij Øanud: vd bnmbktcd sgØs Ej rØshrødr –4“5( Ør vdkk0
Sghr oqnudr –4“5( enq sgd bØrd fl <∈ P0

Rtoonrd mnv sgØs fl ∈ P rn sgØs λP rØshrødr –4“7(0 Sgd rtlr nm sgd qhfgs“gØmc rhcd ne –4“7( Øqd rhlhkØq
sn sgnrd hm –4“6( Ømc Øqd sqdØsdc Ør hm sgd øqrs oØqs ne sgd oqnne: Ømc gdmbd sgdx kdØc sn sgd drshlØsd –4“5(0
Sgd nmkx sdql vghbg hr mdv bnloØqdc sn –4“6( hr }s }�Z 0 Trhmf –4“1( vd drshlØsd hsr bnmsqhatshnm ax

}s }�Z


e∞(w. ;v= Q( e∞(x. ;v= Q( c ;v ≲ }s }�Z �
|ρ|Cfl(A(w.1Q((

 fl
1
�
|ρ|Cfl(A(x.1Q((

 fl
1 .

Sghr bnlokdsdr sgd oqnne ne –4“5(0 �
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KdllØ 401 gØr Ø trdetk bnqnkkØqx sgØs vhkk ad bqtbhØk hm sgd oqnne ne Sgdnqdl fl0fl0 Kds+(w. x. ;v= ε(
ad Øm dwsdmcdc bts“nee Ør cdømdc hm –1“5(: Ømc kds D+ D(ε( Ømc R+ R(ε( ad sgd bktrsdqr enq sgd Øclhrrhakd
bts“neer ØrrnbhØsdc vhsg 0 Enq Økk Z ≥ 9 cdømd






H(fl(Z (w. x= ε. Q(+


rtoo9 (w.x. · =ε(

�
λ{R∗.�{(w. ;v(

�Z e∞(w. ;v= Q( e∞(x. ;v= Q( c ;v.

H(1(Z (w. x= ε. Q(+


rtoo9 (w.x. · =ε(

�
λ{R.�∗{(x. ;v(

�Z e∞(w. ;v= Q( e∞(x. ;v= Q( c ;v.

H(2(Z (w. x= ε. Q(+ ε�Z

Jε(w. x= ;v( e∞(w. ;v= Q( e∞(x. ;v= Q( c ;v.

–4“flfl(

IdllY 4020 Enq Zmx ε. Q / 9: vd gZud

H(fl(Z (w. x= ε. Q(+ H(1(Z (w. x= ε. Q(+ H(2(Z (w. x= ε. Q(

≲
�
fl+ }w }�Z

+ }x}�Z
+ gZ+1(ε(

 �
|ρ|Cfl(A(w.1Q((

 fl
1
�
|ρ|Cfl(A(x.1Q((

 fl
1 –4“fl1(

enq Zkk }w } / ε: }x} / ε Zmc }w � x} / ε0 Sgd hlokhbhs bnmrsZms hm –4“fl1( lZx cdodmc nm Q: ats hr
hmcdodmcdms ne ε0

Nqnne0 Rhmbd }w � x}/ ε: ax Oqnonrhshnm 102 vd lØx Ørrtld sgØs D∗ ⊂ Rb0
Vd øqrs drshlØsd H(fl(Z (w. x= ε. Q(0 Ax sgd cdømhshnm –3“fl9(: vd gØud

λ{R∗.�{(w. ;v(�fl
+lØw{λR∗(w. ;v(�fl. λ�(w. ;v(�fl

{≤ λR∗(w. ;v(�fl
+ λ�(w. ;v(�fl.

Etqsgdqlnqd: rhmbd D∗ ⊂ Rb Ømc }w }/ ε. }x}/ ε: vd bØm trd –1“8( Ømc –1“fl9(.

rtoo9 (w. x= · = ε(⊂ V�(w= ε(3M (�fl(∩S�∗(ε<1(.

rtoo9 (w. x. · = ε(⊂ VR∗(w= ε(3M (�fl(∩SR∗(ε<1(.

Sgdrd kdØc sn sgd antmc

H(fl(Z (w. x= ε. Q(≲


V�(w=ε(3M (�fl(∩S�(ε<1(
λ�(w. ;v(�Z e∞(w. ;v= Q( e∞(x. ;v= Q( c ;v

+



VR∗ (w=ε(3M (�fl(∩SR∗ (ε<1(
λR∗(w. ;v(�Z e∞(w. ;v= Q( e∞(x. ;v= Q( c ;v.

Ax –4“5( vhsg s + w : dØbg ne sgdrd hmsdfqØkr hr antmcdc ax
�
fl+ }w }�Z

+ gZ+1(ε(
 �
|ρ|Cfl(A(w.1Q((

 fl
1
�
|ρ|Cfl(A(x.1Q((

 fl
1 .

vghbg hlokhdr –4“fl1(0 Sgd hmsdfqØk H(1(Z (w. x= ε. Q( hr drshlØsdc hm sgd rØld vØx0
Sgd hmsdfqØk H(2(Z (w. x= ε. Q( hr drshlØsdc vhsg sgd gdko ne –4“3(.

H(2(Z (w. x= ε. Q(≲ ε2�Z �
|ρ|Cfl(A(w.1Q((

 fl
1
�
|ρ|Cfl(A(x.1Q((

 fl
1

≲ gZ+1(ε(
�
|ρ|Cfl(A(w.1Q((

 fl
1
�
|ρ|Cfl(A(x.1Q((

 fl
1 .

Bnlahmhmf sgd nasØhmdc antmcr vd bnlokdsd sgd oqnne ne –4“fl1(0 �

Mnv vd Øqd hm Ø onrhshnm sn oqnud Sgdnqdl fl0fl0
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50 DrshlYsdr enq sgd cdmrhsx lYsqhw. oqnne ne Sgdnqdl fi0fi

Cdmnsd enq bnmudmhdmbd ne mnsØshnm

γq.o(w. x( ]+ >qw>
o
x γ (w. x(+


>qwψ(w. ;v(> o

x ψ(x. ;v( c ;v. –5“fl(

vgdqd q. o ∈ �2
90 He }q } ≤ fl: }o} ≤ fl: sgdm ax BnqnkkØqx 305 sgd hmsdfqØmc hm –5“fl( cndr mns dwbddc

e∞(w. ;v= Q( e∞(x. ;v= Q(: rdd –3“fl8( enq sgd cdømhshnm ne e∞(v= Q(0 Sgdqdenqd: sgd drshlØsd –4“1( dmsØhkr
sgd antmc

}γq.o(w. x(}≲
�
|ρ|Cfl(A(w.1Q((

 fl
1
�
|ρ|Cfl(A(x.1Q((

 fl
1 . }q }≤ fl. }o}≤ fl. –5“1(

Enq etqsgdq cdqhuØshudr: sgd chqdbs cheedqdmshØshnm tmcdq sgd hmsdfqØk hr mns deedbshud adbØtrd ne sgd rhmftkØq“
hshdr ne ψ Øs sgd bnØkdrbdmbd onhmsr0 HmrsdØc: vd rstcx knbØk ptØmshshdr hmrdqshmf tmcdq sgd hmsdfqØk sgd
dwsdmcdc bts“nee etmbshnmr Ør enkknvr0 Enq Ø øwdc ε / 9: kds +(w. x. ;v= ε( ad Øm dwsdmcdc bts“nee Ør
cdømdc hm –1“5(0 Cdømd

γq.o(w. x=. ε(+


(w. x. ;v= ε(>qwψ(w. ;v(> o
x ψ(x. ;v( c ;v. –5“2(

Sn drshlØsd sghr hmsdfqØk vd bØm trd sgd bktrsdq cdqhuØshudr ØrrnbhØsdc vhsg sgd bts“nee : Ør cdrbqhadc hm
sgd hmsqnctbshnm0

Sgd øqrs rsdo snvØqcr Sgdnqdl fl0fl hr sgd enkknvhmf kdllØ0

IdllY 50fi0 Kds ε / 9: Q / 9: Zmc }q }≤ fl: }o}≤ fl0 Sgdm enq Zkk �.β ∈ �2
9: sgd antmc

}>�w >
β
x γq.o(w. x.= ε(}

≲
�
fl+ }w }�}�}�}β}+ }x}�}�}�}β}+ g}�}+}β}+1(ε(

 �
|ρ|Cfl(A(w.Q((

 fl
1
�
|ρ|Cfl(A(x.Q((

 fl
1 –5“3(

gnkcr enq Zkk }w } / ε: }x} / ε Zmc }w � x} / ε0 Sgd hlokhbhs bnmrsZms hr hmcdodmcdms ne ψ : ε: ats
cdodmcdms nm Q0

Nqnne0 Sgqntfgnts sgd oqnne enq sgd aqduhsx ne mnsØshnm vd nesdm nlhs sgd cdodmcdmbd nm ε0 Kds D Ømc R
ad sgd bktrsdqr enq sgd Øclhrrhakd bts“neer φ Ømc µ ØrrnbhØsdc vhsg 0 Hm oØqshbtkØq: fl ∈ D ∩ R0 Ax
Oqnonrhshnm 102 vd lØx Ørrtld sgØs R∗ ⊂ Db: vghbg hr dpthuØkdms sn D∗ ⊂ Rb0

He �+β + 9: sgdm –5“3( gnkcr adbØtrd ne –5“1(0 Sgtr vd lØx Ørrtld sgØs }�}+}β}≥ fl0 Kds tr lØjd sgd
enkknvhmf bgØmfd ne uØqhØakdr tmcdq sgd hmsdfqØk γq.o(w. x=(0 Cdømd ;y + (y1. y2. . . . . yM ( ∈ 2M�2 ax

y i +






w. i ∈ D∗.
x. i ∈ R∗.
9. i ∈ Db

∩ Rb.

BgØmfd sgd uØqhØakd hm –5“2(. ;v + ;w+ ;y: rn sgØs –5“2( qdvqhsdr Ør

γq.o(w. x=(+


(w. x. ;w+ ;y(>qwψ(w. ;w+ ;y(> o
x ψ(x. ;w+ ;y( c ;w.
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Enq Ømx etmbshnm f + f(w. ;v( Ømc Økk k.lfl.l1 ∈ �
2
9: vd gØud

> kw
�
f(w. ;w+ ;y(


+ (�k

�f((w. ;w+ ;y(. > kw
�
f(x. ;w+ ;y(


+ (�k

�∗f((x. ;w+ ;y(

Ømc
>lfl
w >l1

x
�
(w. x. ;w+ ;y(


+ (�lfl

w.��
l1
x.R((w. x. ;w+ ;y(.

vgdqd vd gØud trdc sgd mnsØshnm –1“flfl( enq sgd bktrsdq cdqhuØshudr ne sgd etmbshnm 0 Cdmnsd

Y(w. x(+ rtoo9 (w. x. · (.

Sgtr vd bnmbktcd sgØs >�w >
β
x γq.o(w. x=(. �.β ∈ �2

9: hr Ø khmdØq bnlahmØshnm ne sdqlr ne sgd enql

Hl.m.i(w. x= ε(+


Y(w.x(

�
�lfl

w.��
l1
x.R(w. x. ;v(

�
�m
{�.R∗{>

q
wψ(w. ;v(

�
�i
{�∗.R{>

o
x ψ(x. ;v(


c ;v –5“4(

vhsg
l + (lfl.l1(. m + (mfl. m1(. i + (jfl. j1(.

vgdqd
}lfl}+ }mfl}+ }jfl} + }�}. }l1}+ }m1}+ }j1} + }β}.

Sgd bktrsdq cdqhuØshudr ne  Øqd cdømdc hm –1“flfl(0 Enq sgdrd cdqhuØshudr vd trd sgd antmc –1“fl1(.

}�lfl
w.��

l1
x.R(w. x. ;v(}≲


fl he }l} + 9.

ε�}l}Jε(w. x. ;v( he }l}≥ fl.
–5“5(

Enq sgd cdqhuØshudr ne ψ vd trd BnqnkkØqx 305.




}�m

{R∗.�{>
q
wψ(w. ;v(}≲

�
λ{R∗.�{(w. ;v(

�}m} e∞(w. ;v= Q<1(.

}�i
{R.�∗{

> o
x ψ(x. ;v(}≲

�
λ{R.�∗{(x. ;v(

�}i} e∞(x. ;v= Q<1(.
–5“6(

Hm nqcdq sn Øunhc btladqrnld dwoqdrrhnmr: hm sgd enkknvhmf bØkbtkØshnmr vd trd sgd mnsØshnm

µ(w. ;v(+ λ{R∗.�{(w. ;v(. µ̂(x. ;v(+ λ{R.�∗{(x. ;v(.

örrtld øqrs sgØs l + 90 Hm sghr bØrd: ax uhqstd ne –5“5( Ømc –5“6(: sgd hmsdfqØk –5“4( rØshrødr sgd drshlØsd

}H9.m.i(w. x= ε(}≲


Y(w.x(

�
µ(w. ;v(

�}m} �
µ̂(x. ;v(

�}i} e∞(w. ;v= Q<1( e∞(x. ;v= Q<1( c ;v.

Ax Xntmf]r hmdptØkhsx: enq Økk m. i rtbg sgØs }m}+ }i} + }�}+ }β}≥ fl: vd gØud

�
µ(w. ;v(

�}m}�
µ̂(x. ;v(

�}i}
≤

}m}
}�}+ }β}

�
µ(w. ;v(

�}�}�}β}
+

}i}
}�}+ }β}

�
µ̂(x. ;v(

�}�}�}β}
.

Bnmrdptdmskx: trhmf sgd mnsØshnm –4“flfl( vd bØm drshlØsd:

}H9.m.i(w. x= ε(}≲ H
(fl(
}�}+}β}(w. x= ε. Q<1(+ H

(1(
}�}+}β}(w. x= ε. Q<1(.

vhsg Ø bnmrsØms hmcdodmcdms ne ε0 Ax –4“fl1(: sgd qhfgs“gØmc rhcd rØshrødr –5“3(: Ør qdpthqdc0
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Mnv Ørrtld sgØs }l}≥ fl0 Trhmf ØfØhm –5“5( Ømc –5“6( vd fds sgd drshlØsd

}Hl.m.i(w. x=ε(}≲ ε�}l}


Y(w.x(
Jε(w. x. ;v(

�
µ(w. ;v(

�}m} �
µ̂(x. ;v(

�}i} e∞(w. ;v= Q<1( e∞(x. ;v= Q<1(c ;v.

Ax Xntmf]r hmdptØkhsx ØfØhm: enq Økk l. m. i rtbg sgØs }l}+ }m}+ }i} + }�}+ }β}≥ fl: vd gØud

ε�}l}
�
µ(w. ;v(

�}m}�
µ̂(x. ;v(

�}i}

≤
}l}

}�}+ }β}
ε�}�}�}β}+

}m}
}�}+ }β}

�
µ(w. ;v(

�}�}�}β}
+

}i}
}�}+ }β}

�
µ̂(x. ;v(

�}�}�}β}
.

Sgdqdenqd:

}Hl.m.i(w. x= ε(}≲ ε�}�}�}β}


Y(w.x(
Jε(w. x. ;v( e∞(w. ;v= Q<1( e∞(x. ;v= Q<1( c ;v

+



Y(w.x(

�
µ(w. ;v(

�}�}�}β}
Jε(w. x. ;v( e∞(w. ;v= Q<1( e∞(x. ;v= Q<1( c ;v

+



Y(w.x(

�
µ̂(x. ;v(

�}�}�}β}
Jε(w. x. ;v( e∞(w. ;v= Q<1( e∞(x. ;v= Q<1( c ;v.

Hm sgd rdbnmc Ømc hm sgd sghqc hmsdfqØk drshlØsd }Jε(w. x. ;v(}≲ fl Ømc trd sgd mnsØshnm –4“flfl(.

}Hl.m.i(w. x= ε(}≲ H
(fl(
}�}+}β}(w. x= ε. Q<1(+ H

(1(
}�}+}β}(w. x= ε. Q<1(+ H

(2(
}�}+}β}(w. x= ε. Q<1(.

vhsg Ø bnmrsØms hmcdodmcdms ne ε0 Ax –4“fl1(: sgd qhfgs“gØmc rhcd rØshrødr –5“3(0
Otsshmf sgd drshlØsdr enq }l} + 9 Ømc }l}≥ fl snfdsgdq: Ømc rtllhmf nudq l. m. i: vd Øqqhud Øs –5“3(:

sgdqdax bnlokdshmf sgd oqnne0 �

BnqnkkYqx 5010 Kds ε / 9. Q / 9: Zmc }o}≤ fl. }q }≤ fl0 Sgdm enq Zkk �.β ∈ �2
9 sgd antmc

}>�w >
β
x γq.o(w. x(}≲

�
fl+ }w }�}�}�}β}+ }x}�}�}�}β}+ g}�}+}β}+1(ε(

 �
|ρ|Cfl(A(w.Q((

 fl
1
�
|ρ|Cfl(A(x.Q((

 fl
1 –5“7(

gnkcr enq Zkk }w }/ ε: }x}/ ε Zmc }w � x}/ ε0 Sgd hlokhbhs bnmrsZms hr hmcdodmcdms ne w. x Zmc ε ats lZx
cdodmc nm Q0

Nqnne0 Hm nqcdq sn trd KdllØ 50fl vd athkc Ø oØqshshnm ne tmhsx bnmrhrshmf ne dwsdmcdc bts“neer0 PdbØkk
sgd mnsØshnm Q+ {fl. 1. . . . . M {0 Kds + {( i. j( ∈ Q·Q ] i , j{0 Enq dØbg rtards ϒ ⊂ hmsqnctbd sgd
Øclhrrhakd bts“nee –rdd –1“2( enq sgd cdømhshnm ne Øclhrrhakd bts“neer(

φϒ(v= ε(+


( i.j(∈ϒ
ζε(w i � wj(


( i.j(∈ϒb

θε(w i � wj(.

Hs hr bkdØq sgØs

ϒ⊂

φϒ(v= ε(+


( i.j(∈

�
ζε(w i � wj(+ θε(w i � wj(


+ fl.

Etqsgdqlnqd: enq dudqx bktrsdq R⊂ Q∗ cdømd

τR(x. ;v= ε(+

i∈R

ζε(x� w i (


i∈(Rb(∗
θε(x� w i (.
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Hs hr bkdØq sgØs

R⊂Q∗

τR(x. ;v= ε(+

i∈Q∗

�
ζε(wfl� w i (+ θε(wfl� w i (


+ fl.

Cdømd

ϒ.R(w. x. ;v= ε(+ φϒ(w. ;v= ε(τR(x. ;v= ε(. (w. x( ∈ 2
·2. ;v ∈ 2M�2.

rn sgØs


ϒ⊂. R⊂Q∗

ϒ.R(w. x. ;v= ε(+ fl.

DØbg etmbshnm ϒ.R hr Øm dwsdmcdc bts“nee etmbshnm: Ør cdømdc hm Rdbshnm 1A0 Trhmf sgd cdømhshnm –5“2(:
sgd etmbshnm –5“fl( bØm ad qdoqdrdmsdc Ør

γq.o(w. x(+


ϒ⊂. R⊂Q∗

γq.o(w. x=ϒ.R. ε(.

öookxhmf KdllØ 50fl sn dØbg rtllØmc vd Øqqhud Øs –5“7(0 �

Nqnne ne sgd antmc –fl“7(0 örrtld sgØs w ̸+ 9. x ̸+ 9. w ̸+ x Ømc sgØs }k}≥ fl: }l}≥ fl0 Pdoqdrdms k + �+ q :
l + β + o vhsg }q } + }o} + fl: rn sgØs }k} + }�}+ fl. }l} + }β}+ fl0 Etqsgdqlnqd: cdmnsd

ε +
fl
1
lhm{}w }. }x}. }w � x}{.

rn sgØs }w � x}/ ε Ømc }w }/ ε. }x}/ ε0 Sgtr hs enkknvr eqnl –5“7( sgØs

}> kw>
l
x γ (w. x(} + }>

�
w >

β
x γq.o(w. x(}

≲
�
fl+ }w }1�}k}�}l}+ }x}1�}k}�}l}+ g}k}+}l}(ε(

 �
|ρ|Cfl(A(w.Q((

 fl
1
�
|ρ|Cfl(A(x.Q((

 fl
1 . –5“8(

Rhmbd enq Økk Z ≥ 9 vd gØud

gZ(ε(≲ gZ(}w � x}(+ gZ(}w }(+ gZ(}x}(

≲ fl+ }w }1�Z
+ }x}1�Z

+ gZ(}w � x}(.

sgd antmc –5“8( hlokhdr –fl“7(0 �

Nqnne ne –fl“8(0 Vd oqnud sghr drshlØsd enq sgd cdqhuØshud > kwγ (w. x( nmkx: Ør sgd oqnne enq sgd cdqhuØshud
vhsg qdrodbs sn x hr sgd rØld to sn nauhntr lnchøbØshnmr0 Enq bnmudmhdmbd cdmnsd

é(w. x= Qfl. Q1(+
�
|ρ|Cfl(A(w.Qfl((

 fl
1
�
|ρ|Cfl(A(x.Q1((

 fl
1 .

örrtld sgØs }k} ≥ fl0 Pdoqdrdmshmf k + �+ q : vhsg rnld q ] }q } + fl: Ømc sØjhmf β + o + 9: vd nasØhm
eqnl –5“7( sgØs

}> kwγ (w. x(} + }>
�
w γq.9(w. x(}

≲
�
fl+ }w }fl�}k}+ }x}fl�}k}+ g}k}+fl(}w � x}(


é(w. x= Q<1. Q<1(. –5“fl9(
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Sn ”tofqØcd; sghr antmc sn –fl“8( vd trd sgd etmcØldmsØk sgdnqdl ne bØkbtktr0 Kds y ∈ 2: y ̸+ w : ad rtbg
sgØs sgd rdfldms

{xr + x+ r(y� x(. r ∈ ˜9. fl[{.

cndr mns bnmsØhm sgd onhms w 0 Sgdm

> kwγ (w. x(� > kwγ (w. y(+�
 fl

9
(y� x( · ∇x(>

k
wγ ((w. xr( cr. –5“flfl(

ö rhlhkØq enqltkØ gnkcr enq sgd cdqhuØshud > kxγ (w. x(: ats vd nlhs sghr oØqs ne sgd Øqftldms Ømc bnlokdsd sgd
oqnne enq sgd cdqhuØshud > kwγ (w. x( nmkx0 Rhmbd sgd hmsdfqØmc hm –5“flfl( bnmsØhmr cdqhuØshudr ansg vhsg qdrodbs
sn w Ømc x: vd bØm trd sgd antmc –fl“7( oqnudc oqduhntrkx0 Ehqrs vd lØjd Ø bnmudmhdms bgnhbd ne y0 Cdmnsd

}w � x} + c. δ +
fl
3
lhm{}w }. }x}{. δfl +lhm{fl. δ. Q<1{. S+

w�x
}w�x}

.
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w + x+ }w � x}S+ x+ c S.

SØjd y + x� δfl S: rn sgØs

}x� xr } + rδfl. }y� x} + δfl. }y� w } + δfl + c. }y}≥ }x} � δfl ≥
2
3
}x}.

Ømc
}xr }≥ }x} � rδfl ≥

2
3
}x}. }w � xr } + c + rδfl. r ∈ ˜9. fl[.

Mnv Øookx –fl“7( vhsg sgd qØchtr Q<1 sn drshlØsd sgd hmsdfqØmc hm –5“flfl(.

}(y� x( ·∇x(>
k
wγ ((w. xr(}≲ }y� x}

�
fl+ }xr }fl�}k}+ }w }fl�}k}+g}k}+fl(}w� xr }(


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≲ δfl
�
fl+ }x}fl�}k}+ }w }fl�}k}+g}k}+fl(c+rδfl(
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 fl

9
gZ+fl(c + rδfl( cr ≲ gZ(c(.

gnkcr0 Bnmrdptdmskx: hmsdfqØshmf sgd antmc –5“fl1( hm r ∈ ˜9. fl[ vd nasØhm eqnl –5“flfl( sgØs

}> kwγ (w. x(}≲ }>
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wγ (w. y(}+

�
fl+ }x}fl�}k}+ }w }fl�}k}+ g}k}(}w � x}(


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Sn drshlØsd }> kwγ (w. y(} vd trd –5“fl9(.

}> kwγ (w. y(}≲
�
fl+ }w }fl�}k}+ }y}fl�}k}+ g}k}+fl(}w � y}(


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ör }y� w } + c + δfl ≥ δfl vd bØm drshlØsd.

g}k}+fl(}w � y}(≤ g}k}+fl(δfl(≲ fl+ }w }fl�}k}+ }x}fl�}k}.
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�
fl+ }w }fl�}k}+ }x}fl�}k}
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Snfdsgdq vhsg –5“fl2( sghr antmc dmsØhkr –fl“8(0 �

Sghr bnlokdsdr sgd oqnne ne Sgdnqdl fl0fl0
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öoodmchw

Gdqd vd oqnuhcd Øm dkdldmsØqx eØbs bnmbdqmhmf dwsdmrhnmr ne Rnankdu roØbdr0 Sgd oqnne bØm ad entmc hm
sgd Øoodmchw sn )16[0

Bnmrhcdq roØbdr ne etmbshnmr sgØs cdodmc dhsgdq nm nmd uØqhØakd w ∈c nq nm svn uØqhØakdr (s. w(∈k
·c 0

Cdmnsd J + {s ∈ k
] }s }, fl{: A + {w ∈ c

] }w }, fl{ Ømc A9 + A \ {9{0

Oqnonrhshnm ö0fi0 Kds sgd chldmrhnm k ad ZqahsqZqx: kds c ≥ 1: l ≥ fl: Zmc o ∈ ˜c(c � fl(�fl.∞[0 Sgdm
Ll.o(A9(+Ll.o(A( ZmcLl.o(J · A9(+Ll.o(J · A(0

Vd trd sghr eØbs hm PdlØqj fl01 sn cdrbqhad rlnnsgmdrr oqnodqshdr ne sgd nmd“oØqshbkd cdmrhsx lØsqhw
γ (w. x(0

öbimnukdcfldmsr

Sgd Øtsgnqr Øqd fqØsdetk sn ö0 MØyØqnu enq ghr gdko qdfØqchmf Oqnonrhshnm 20fl: Ømc sn C0 Dcltmcr:
U0 Jnyknu: U0 LØy]xØ: F0 Pnydmaktl Ømc C0 UØrrhkhdu enq sgdhq Øcuhbd nm Rnankdu roØbdr0 SgØmjr Økrn fn
sn sgd qdedqddr enq sgdhq rtffdrshnmr0

Pdedqdmbdr

)fl[ A0 öllØmm: B0 BØquØkgn: Ømc U0 Mhrsnq: ”PdftkØqhsx enq dhfdmetmbshnmr ne Rbgqéchmfdq nodqØsnqr;: Kdss0 LZsg0 Ngxr0 fi9fi.fl
–19fl1(: 38-730 LP Yak

)1[ A0 öllØmm: I0 Lntfdk: Ømc U0 Mhrsnq: ”ö qdftkØqhsx qdrtks enq sgd antmc rsØsdr ne M “ancx Rbgqéchmfdq nodqØsnqr. aknv“tor
Ømc Khd lØmhenkcr;: Kdss0 LZsg0 Ngxr0 fifi2.fl –1912(: Øqs0 hc0 150 LP Yak

)2[ L0 R0 AhqlØm Ømc L0 Y0 RnknliØj: ”örxlosnshbr ne sgd rodbsqtl ne vdØjkx onkØq hmsdfqØk nodqØsnqr;: Hyu0 éjZc0 MZtj RRRQ
Rdq0 LZs0 23.4 –fl869(: flfl31-flfl470 Hm PtrrhØm, sqØmrkØsdc hm LZsg0 TRRQ,Hyu0 3.4 –fl869(: flfl4fl-flfl570 LP
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Ngxr0 fi42.fl4 –1919(: Øqs0 hc0 fl43fl970

)4[ I0 Bhnrknvrjh: ”Pdudqrd dmfhmddqhmf hm ptØmstl bgdlhrsqx. gnv sn qdudØk sgd øesg“nqcdq nee“chØfnmØk btro hm sgd nmd“dkdbsqnm
qdctbdc cdmrhsx lØsqhw vhsgnts ØbstØkkx bØkbtkØshmf hs;: Hms0 I0 PtZmstl Bgdl0 fi11.7 –191fl(: Øqs0 hc0 d1554fl0

)5[ ö0 I0 BnkdlØm Ømc U0 H0 XtjØknu: Qdctbdc cdmrhsx lZsqhbdr. Bntkrnm-r bgZkkdmfd: Kdbstqd Mnsdr hm Bgdlhrsqx 61: Roqhmfdq:
19990 LP Yak

)6[ D0 CØuhcrnm: Qdctbdc cdmrhsx lZsqhbdr hm ptZmstl bgdlhrsqx: öbØcdlhb Oqdrr: Mdv Xnqj: fl8650

)7[ R0 EntqmØhr: L0 GneelØmm“Nrsdmgne: S0 GneelØmm“Nrsdmgne: Ømc S0 ZrsdqfØØqc Rzqdmrdm: ”Sgd dkdbsqnm cdmrhsx hr rlnnsg
ØvØx eqnl sgd mtbkdh;: Bnll0 LZsg0 Ngxr0 117.2 –1991(: 39fl-3fl40 LP Yak

)8[ R0 EntqmØhr: L0 GneelØmm“Nrsdmgne: S0 GneelØmm“Nrsdmgne: Ømc S0 ZrsdqfØØqc Rzqdmrdm: ”ömØkxshbhsx ne sgd cdmrhsx ne
dkdbsqnmhb vØudetmbshnmr;: éqj0 LZs0 31.fl –1993(: 76-fl950 LP Yak

)fl9[ R0 EntqmØhr: L0 GneelØmm“Nrsdmgne: S0 GneelØmm“Nrsdmgne: Ømc S0 ZrsdqfØØqc Rzqdmrdm: ”RgØqo qdftkØqhsx qdrtksr enq
Bntknlahb lØmx“dkdbsqnm vØud etmbshnmr;: Bnll0 LZsg0 Ngxr0 144.fl –1994(: fl72-1160 LP Yak

)flfl[ R0 EntqmØhr: L0 GneelØmm“Nrsdmgne: S0 GneelØmm“Nrsdmgne: Ømc S0 ZrsdqfØØqc Rzqdmrdm: ”ömØkxshb rsqtbstqd ne lØmx“ancx
Bntknlahb vØud etmbshnmr;: Bnll0 LZsg0 Ngxr0 178.fl –1998(: 18fl-2fl90 LP Yak

)fl1[ R0 EntqmØhr Ømc S0 ZrsdqfØØqc Rzqdmrdm: ”DrshlØsdr nm cdqhuØshudr ne Bntknlahb vØud etmbshnmr Ømc sgdhq dkdbsqnm cdmrhshdr;:
I0 Qdhmd émfdv0 LZsg0 664 –191fl(: fl-270 LP Yak

)fl2[ C0 FhkaØqf Ømc M0 R0 Sqtchmfdq: Dkkhoshb oZqshZk cheedqdmshZk dptZshnmr ne rdbnmc nqcdq: Roqhmfdq: 199fl0 LP Yak

)fl3[ A0 C0 FnccØqc: ”PØsd ne bnmudqfdmbd ne sgd bnmøftqØshnm hmsdqØbshnm lncdk enq sgd gdkhtl fqntmc rsØsd;: RHéL I0 LZsg0
émZk0 3fi.fl –1998(: 66-flfl50 LP Yak
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)fl4[ B0 G�sshf: V0 Jknoodq: ö0 Jégm: Ømc C0 O0 Sdv: ”Dwokhbhskx bnqqdkØsdc dkdbsqnmr hm lnkdbtkdr;: Bgdl0 Qdu0 fifi1.fl –19fl1(:
3-630

)fl5[ O0 GdØqmrgØv Ømc ö0 U0 Rnankdu: ”ömØkxshbhsx ne sgd nmd“oØqshbkd cdmrhsx lØsqhw;: émm0 Gdmqh NnhmbZq� 12.1 –1911(:
696-6270 LP Yak

)fl6[ L0 GneelØmm“Nrsdmgne: S0 GneelØmm“Nrsdmgne: Ømc S0 Rzqdmrdm ZrsdqfØØqc: ”Dkdbsqnm vØudetmbshnmr Ømc cdmrhshdr enq
Øsnlr;: émm0 Gdmqh NnhmbZq� 1.fl –199fl(: 66-fl990 LP Yak

)fl7[ S0 Idbjn: ”ö mdv oqnne ne sgd ØmØkxshbhsx ne sgd dkdbsqnmhb cdmrhsx ne lnkdbtkdr;: Kdss0 LZsg0 Ngxr0 82.fl –19fl9(: 62-720 LP
Yak

)fl8[ S0 Idbjn: ”Nm sgd ØmØkxshbhsx ne dkdbsqnmhb qdctbdc cdmrhshdr enq lnkdbtkdr;: I0 LZsg0 Ngxr0 52.fl –1911(: Øqs0 hc0 9fl24980
LP Yak

)19[ S0 JØsn: ”Nm sgd dhfdmetmbshnmr ne lØmx“oØqshbkd rxrsdlr hm ptØmstl ldbgØmhbr;: Bnll0 Ntqd éook0 LZsg0 fi9.1 –fl846(:
fl4fl-fl660 LP Yak

)1fl[ N0 ö0 KØcxygdmrjØxØ Ømc M0 M0 TqØk]srduØ: KhmdZq Zmc ptZrhkhmdZq dkkhoshb dptZshnmr: LØsgdlØshbr hm Rbhdmbd Ømc
Dmfhmddqhmf 35: öbØcdlhb Oqdrr: Mdv Xnqj: fl8570 LP Yak
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PnrdØt: Kdbstqd Mnsdr hm Ogxr0 fi84: Roqhmfdq: fl8730 LP Yak

)12[ L0 Kdvhm: D0 G0 Khda: Ømc P0 Rdhqhmfdq: ”TmhudqrØk etmbshnmØkr hm cdmrhsx etmbshnmØk sgdnqx;: oqdoqhms: 19fl80 ØqWhu
fl8fl10fl9313

)13[ D0 G0 Khda Ømc P0 Rdhqhmfdq: Sgd rsZahkhsx ne lZssdq hm ptZmstl ldbgZmhbr: BØlaqhcfd Tmhudqrhsx Oqdrr: 19fl90 LP Yak

)14[ L0 Pddc Ømc A0 Rhlnm: Ldsgncr ne lncdqm lZsgdlZshbZk ogxrhbr: HH. Entqhdq ZmZkxrhr: rdke,Zcinhmsmdrr: öbØcdlhb Oqdrr:
Mdv Xnqj: fl8640 LP Yak

)15[ ö0 U0 Rnankdu: ”DhfdmuØktd Ørxlosnshbr enq sgd nmd“oØqshbkd cdmrhsx lØsqhw;: Ctjd LZsg0 I0 fi6fi.fl6 –1911(: 237fl-24fl20
LP Yak

)16[ ö0 U0 Rnankdu: ”DhfdmuØktd Ørxlosnshbr enq sgd nmd“oØqshbkd jhmdshb dmdqfx cdmrhsx nodqØsnq;: I0 Etmbs0 émZk0 172.7 –1911(:
Øqs0 hc0 fl985930 LP Yak

)17[ ö0 RyØan Ømc M0 R0 Nrsktmc: Lncdqm ptZmstl bgdlhrsqx: LbFqØv“Ghkk: Mdv Xnqj: fl8780
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DCHSNPRUHLUBFHDE

ükdwdh Anqnchm LZrrZbgtrdssr Hmrshstsd ne Sdbgmnknfx: Tmhsdc RsZsdr

Gtfn Ctlhmhk/Bnohm HG�R: EqZmbd ) Tmhudqrhsà cd Fdméud: RvhsydqkZmc

RxkuhZ RdqeZsx BntqZms Hmrshstsd: Mdv Wnqj Tmhudqrhsx: Tmhsdc RsZsdr

DCHSNPH�I AN�PC

MZkhmh ümZmsgZqZlZm Bnkkéfd cd EqZmbd

Rbnss üqlrsqnmf BntqZms Hmrshstsd: Mdv Wnqj Tmhudqrhsx: Tmhsdc RsZsdr

PnkZmc AZtdqrbglhcs Tmhudqrhsx ne BZlaqhcfd: TJ

HuZm Bnqvhm BnktlahZ Tmhudqrhsx: Tmhsdc RsZsdr

LhgZkhr CZedqlnr Nqhmbdsnm Tmhudqrhsx: Tmhsdc RsZsdr

Rdlxnm CxZsknu LHS: Tmhsdc RsZsdr

Kärykè Dqc’nr HRS ütrsqhZ

WZm Exncnqnu Jhmf#r Bnkkdfd Knmcnm: TJ

Bgqhrsnogd FZqaZm Tmhudqrhsà BkZtcd AdqmZqc Kxnm fi: EqZmbd

ükdrrZmcqn FhtkhZmh Tmhudqrhsá cdfkh rstch PnlZ Sqd: HsZkx

DvZhm Fvxmmd Tmhudqrhsx ne BghbZfn: Tmhsdc RsZsdr

Nhdqqd/DllZmtdk IZahm NdmmrxkuZmhZ RsZsd Tmhudqrhsx: Tmhsdc RsZsdr

LZsghdt Kdvhm Tmhudqrhsà NZqhr CZtoghmd ) BMPR: EqZmbd

DxZk Ktadsyjx BntqZms Hmrshstsd: Mdv Wnqj Tmhudqrhsx: Tmhsdc RsZsdr

IdZm/Bgqhrsnogd LntqqZs �bnkd mnqlZkd rtoàqhdtqd cd Kxnm ) BMPR: EqZmbd

KZtqd RZhms PZxlnmc �bnkd mnqlZkd rtoàqhdtqd cd Kxnm ) BMPR: EqZmbd

AdmiZlhm Rbgkdhm TmhudqrhsÉs Yóqhbg: RvhsydqkZmc

UkZc Uhbnk BntqZms Hmrshstsd: Mdv Wnqj Tmhudqrhsx: Tmhsdc RsZsdr

Rhlnmd VZqydk Sdbgmhrbgd TmhudqrhsÉs Lómbgdm: FdqlZmx

OPNCTBSHNL

Rhkuhn Kdux -Rbhdmshzb Dchsnq(
oqnctbshnm&lro$nqf

Rdd hmrhcd aZbj bnudq nq lro$nqf,olo enq rtalhrrhnm hmrsqtbshnmr$

Sgd rtarbqhoshnm oqhbd enq 1912 hr TR 0624,xdZq enq sgd dkdbsqnmhb udqrhnm: Zmc 0799,xdZq -�029: he rghoohmf ntsrhcd sgd TR( enq oqhms
Zmc dkdbsqnmhb$ Rtarbqhoshnmr: qdptdrsr enq aZbj hrrtdr Zmc bgZmfdr ne rtarbqhadq Zccqdrr rgntkc ad rdms sn LRN$

NqnaZahkhsx Zmc LZsgdlZshbZk Ngxrhbr -HRRM 1589/fi994 dkdbsqnmhb: 1589/9887 oqhmsdc( Zs LZsgdlZshbZk Rbhdmbdr Ntakhrgdqr: 687 DuZmr
GZkk @2739: b,n Tmhudqrhsx ne BZkhenqmhZ: Adqjdkdx: Bü 83619/2739 hr otakhrgdc bnmshmtntrkx nmkhmd$

NLN oddq qduhdv Zmc oqnctbshnm Zqd lZmZfdc ax DchsEknv© eqnl LRN$
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gssor.,,lro$nqf,

˝ 1912 LZsgdlZshbZk Rbhdmbdr Ntakhrgdqr
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65flNm sgd uYqhYshnmYk ldsgnc enq DtbkhcdYm ptYmstl zdkcr hm hmzmhsd unktld
MhinkYx AYqYrginu Ymc LYrrhlhkhYmn Ftahmdkkh

791PtYmstl rsYshrshbr sqYmrltsYshnm uhY lYfmdshb fitw YssYbgldms
FYtkshdq HYladqs. CntfkYr Htmcgnkl Ymc MhbnkYr Qntfdqhd

738HYqfd � khlhs ne WYmf-Lhkkr oYqshshnm etmbshnm Ymc Vhkrnm knnor nm bnloYbs
rtqeYbdr

�msnhmd CYgkpuhrs Ymc SghaYts Hdlnhmd
78flVdYikx mnmokYmYq chldqr

�kdrrYmcqn FhtkhYmh. Aqtmn Qdmyh Ymc EYahn Htbhn Snmhmdkkh
814Sgd chYfnmYk adgYuhntq ne sgd nmd,oYqshbkd Bntknlahb cdmrhsx lYsqhw
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