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The transition from term-based reference rates to overnight reference rates has created
a dislocation in the market-making processes between the interbank and non-interbank
funding, and their respective derivatives markets. This dislocation can be attributed to
differences in funding and corresponding interest rate swap transactions, a thesis we
explain and characterize in detail. It is then shown how this dislocation may be resolved.
Based on a systemic perspective of a stylized financial system, an aggregated banking
system is constructed that is void of idiosyncratic credit risks but still vulnerable to lig-
uidity risks. Within this setup, a mathematical modeling framework for term-cognizant
interest rate systems is derived that enables the pricing and valuation of bank term fund-
ing and associated derivatives transactions with varying liquidity characteristics. Other
outcomes include: (i) a detailed analysis of the incomplete market paradigm that encap-
sulates bank term funding rates and the risk management processes involved therein; and
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(ii) a recovery of consistency in the pricing and valuation between funding and related
interest rate swap transactions, along with a mechanism to exchange term risk.

Keywords: Term rates; interbank market; money market; interest rate derivatives; pricing
kernels; liquidity risk; SONIA and SOFR; LIBOR transition; benchmark reform.

1. Introduction

The global transition from risky term-based reference rates (TBRRs) to near
risk-free overnight reference rates (ONRRs) is generally considered as an innova-
tion that restores the single-curve framework within bank funding and associated
derivatives markets. In this paper, it is shown that while this may hold true within
the interbank funding and derivatives markets, it does not within the non-interbank
counterparts of these markets. In particular, it is conjectured that the ONRR regime
creates a dislocation between the market-making processes that is required within
the interbank and non-interbank funding markets — one that did not exist before
the 2007/2008 global financial crisis (GFC), as described briefly below.

Before the GFC, commercial banks were able to source term funding at near
risk-free term rates. This may be evidenced by the following:

(a) short-term interbank reference rates® moved in lockstep with central bank (CB)
policy rates, with subdued spreads and the three-month term being the key
funding rate,” in general;

(b) medium- to long-term deposit rates coincided with those implied from forward
rate agreements (FRAs) and interest rate swaps (IRSs), modulo insignificant
spreads; and

(c) spreads between IRSs that referenced interbank reference rates with different
tenors, or Basis Swap (BS) spreads, were negligible or nonmaterial.

These stylized features of the bank funding and linear derivatives markets are
described and corroborated in, for instance, the research undertaken by

(2014), Mercurid Bianchetti & Carlicchi Morini and Collin-
Dufresne & Solnik ). For an insightful book on systemic risk in bank systems,

and more generally in financial networks, we refer to (@) and references

cited therein. Two important implications of these features, within these markets,
were the following:

(i) Cross-sectional term agnosticism, i.e. nonmaterial credit and liquidity risks
implied that all term funding-related forward rates were tradable and repli-
cable, at least synthetically® via the linear derivatives market, i.e. using FRAs
and/or TRSs; and

aFor example, the set of London Interbank Offered Rates (LIBORS).

PThereby also the main derivative reference rate and transmission tool for the CB’s monetary
policy.

°It would have also been possible to trade and replicate term funding-related forward rates via
the classic textbook cash-and-carry type of strategy. However, the respective market-maker would
have to consider the sourcing and placement of funding carefully, for this to be practically viable.
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(ii) Punding-swap duality, i.e. consistency and coherence between the market-
making of banks’ term funding and linear interest rate derivative transactions.

Both of these implications manifested a single-curve framework for the primary
market pricing and secondary market valuation of funding and interest rate
derivative transactions.

Post the GFC, cognizance of significant credit and liquidity risks has persisted
within bank funding markets. As a result, only feature (a) from above remains,
albeit reduced in form, with the bulk of interbank funding transactions transitioning

from term-based to overnight rates — see, for instance, [Schrimpf & Sushkd (21!1&1)

for a review of this change.d Interbank markets have all transitioned, or are in

the process of transitioning, from indicative TBRRs to transacted ONRRs, with
the latter considered as being near risk-free while the former (in particular, the
three-month term) now incorporates material elements of credit and liquidity risk.

Therefore, the pre-GFC interbank market microstructure constructed upon key
three-month funding and reference rates has now, post-GFC, been replaced by a
similar one based on overnight rates, such that the interbank funding and its asso-
ciated linear derivatives® market remains the source of near risk-free term rates.
General bank funding that originates within the non-interbank funding market will
not transition into the overnight rate regime in general, primarily due to the fact
that nonbank entities will seek to earn funding yields in excess of risk-free rates. In
other words, these entities would want to be exposed to term risk, which naturally
manifests due to credit and liquidity risks.

From the perspective of implication (ii), the discussion above reveals that the
funding—swap duality should be maintained within the interbank market, condi-
tional on funding transactions that reference overnight rates. However, there is now
a dislocation between the interbank funding and derivatives market and the non-
interbank funding market, conditional on funding transactions that reference term
rates and yield term risk premia. This dislocation arises as a result of implica-
tion (i), cross-sectional term agnosticism, no longer holding in the presence of term
risk. While it is impossible to recover implication (i) within the post-GFC market
microstructure, it is possible to recover implication (ii) from a systemic perspective,
which is the primary objective of this research.

In order to achieve this objective, it is assumed that only the interbank cashf
and non-interbank funding markets exist, along with various reference rates. This
setup creates the potential for term-dependent floating interest rate risk.® Since each

dAlso, see [Guggenheind (2020), Klingler & Syrstad (2021), (2020), [Schrimpf & Sushkd
(2019) and (2021) for further discussion and specific details regarding the
potential creation and replacement of term rates.

©This market consists of futures and IRSs that reference the respective ONRR, with the latter
IRS referred to as an Overnight Indexed Swap (OIS).

fThis market includes overnight and term funding and borrowing activity amongst major banks
within a given economy, and is therefore classified as a primitive market.
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term rate embeds credit and liquidity risk, floating interest rate risk only manifests
contingent on: (1) available initial and subsequent funding at each roll-over time;
and (2) survival of the deposit-taking or borrowing bank, over each roll-over term
that constitutes the total funding tenor under consideration. In order to simplify
the exposition, a systemic perspective is postulated and assumed which preserves
liquidity risk, from a funding, market and systemic perspective as defined by Acerbi
& Scandolo (IZDDED, as well as systemic bank credit risk, but precludes the need to
consider idiosyncratic bank credit risks. The market-making process which enables
the exchange of floating-for-fixed interest rate risk in the derivatives market is then
developed, and is shown to be the dual process that would be required to do the
same within the funding market, thereby achieving the primary objective.

The analysis within this systemic perspective yields a pricing kernel (PK)

framework for the pricing and valuation of FRAs that is based on replication, which
in turn provides the following results and outcomes:

(i) modeled fair FRA rates are systematically lower than corresponding market
forward rates implied from the systemic term funding curve, which may be
attributed to potential liquidity risks within the postulated systemic setting;

(ii) multiple interbank swap curves" distinguished by the term of the underlying
interbank reference rates, i.e. the underlying FRA or IRS instruments associ-
ated with each curve reference the same interbank reference rate;!

(iii) a mechanism to exchange fixed interbank interest rate risk across the systemic
term funding and interbank swap curves; and

(iv) a framework for consistent pricing and valuation of interbank funding instru-
ments across curves, which also enables fair early liquidation or settlement
values.

This paper should be considered as the prequel to the framework developed
in Macrina & Mahomed @Oﬁ) In particular, the curve-conversion factor process
and the resultant across-curve pricing formula developed in Macrina & Mahomed

) is rigorously justified here via the careful construction of the mechanism
that enables the exchanges of risk — this is shown in detail in Sec. [l The research
by Filipovié & Trolld (2013), (Gallitschke et all (2017) and [Gefang et all (2011) is
also related — in their work tractable models are developed that capture multiple
term structures of interbank risk post the GFC, and then they attempt to untangle
credit and liquidity risks by calibrating these models to market data.j Also related

2This is the general interest rate risk that will emanate from a funding transaction that rolls-over

multiple times at the frequency of the term of the funding rate under consideration.

hEor a thorough account of multi-curve approaches, see (Grbac & Runggaldierl M)

"While not a primary objective of the paper, the results in Secs. @l and [ advocate for term-

(die?ﬁe?dent market prices of risk in interest rate markets, which is related to the work of
).

IThe untangling of credit and liquidity risk is also considered by [Schwar M) using an econo-

metric approach.
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is the research undertaken in [Alfeus et all d2ﬂ2d) and Backwell et _all (|2Q23), where

a reduced-form modeling framework is developed to model the dynamics of ONRRs
and TBRRs, with the use of a novel modeling quantity that captures liquidity risk
in the guise of refinancing or roll-over risk. However, these avenues of research are
focused on pricing and valuation within multi-curve interest rate derivatives mar-
kets, while the work here focuses on developing a systemic framework for pricing and
valuation within bank funding markets. Section 2] also discusses the subtle difference
between replicated and traded FRAs, with the former playing a fundamental role
in the theory that is developed. Unfortunately, a market for such replicated FRAs
does not exist, which hinders the possibility of specific model calibration.

The rest of this paper is structured as follows. Section [2 contextualizes the
funding—swap duality problem, the systemic financial system and PK mathematical
framework that are relevant to this research. Section [3] considers the modeling of
a systemic financial system with perfect liquidity and a single term rate. Section [

builds upon Sec. [8] by considering the effect of the availability of multiple term
rates. Section [B] then considers the same market considered in Sec. @ but now in
the presence of liquidity risk. Section B shows how the findings from Sec. Bl may be
adapted for practical use, which takes the form of reduced-form PK-based models,
and Sec. [ concludes with an exposition of how exchanges of risk enable pricing
and valuation. Some of the proofs and further supporting material are found in the
appendix to this paper.

2. Funding—Swap Duality and Dislocation

In this section, a systemic version of the financial system that is under consideration
is postulated. This setting enables the description of the notion of funding—swap
duality and the subsequent dislocation thereof. This section then concludes with
an outline of how funding—swap duality may be recovered at the systemic level,
along with the mathematical framework that enables the required analysis and the
derivation of the associated results.

2.1. A stylized systemic financial system

In any modern economy, idiosyncratic credit and liquidity risks must be carefully
modeled over and above the risk-free interest rate dynamics that underpin the
financial system. Figure[B.Ilshows a stylized financial system, along with an under-
standing of how various interest rates are determined using an axiomatic approach.
This reveals idiosyncratic credit and liquidity risks faced by important agents, bank
treasuries (TRs), who are tasked with the market-making of term funding. Another
important set of agents are bank sales and trading units (STs), who are tasked
with the market-making of financial derivatives. Being an internal client to their
respective TR, each ST is indirectly exposed to the same risks. These idiosyncratic
exposures are difficult to model in a concise and consistent manner, so that one may
make rigorous systemic inferences. Therefore, we make two simplifying adjustments,
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Fig. 1. Stylized systemic version of the financial system under consideration.

and consider the financial system depicted in Fig. [Il instead of the more involved
system presented in

In this setting, the banking system has a systemic representation and consists of
a systemic treasury (STR) along with a systemic sales and trading unit (SST). The
STR and SST are collections of the respective individual entities, and by defini-
tion and construction subsume the interbank cash and derivatives markets, respec-
tively. This representation enables a systematic analysis of all risks that affects the
market-making processes undertaken by the STR and the SST. This includes gen-
eral interest rate risk, systemic credit and liquidity risk. Idiosyncratic credit risk
only remains in loans offered by the STR to external borrowers (EBs), which is not
the focus here. Before moving on, the following description of shorthand notation
simplifies the technical exposition in the rest of the paper.

Notation 1 (Simple rates). Let A(u,u + nd) denote an arbitrary simple rate
with accrual period [u,u + nd], where § > 0, n € N and u € R>( denotes the start
of the accrual period. The shorthand notation A7, will be used for such rates, such
that an investment of one unit of currency at this rate will yield (1 + ndA?) at
maturity time u + nd.

Within this new systemic context, Axiom[B.4l which describes term funding and
interbank lending for an individual bank, may now be replaced by the following
systemic version.
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Axiom 2.1 (Systemic term funding and liquidity). The STR will quote to
internal (SST) and external clients (ECs) a funded, credit-risky and liquidity-cost-
adjusted simple rate

RN = alt 4+ dpN + 0N, (2.1)

for term deposits with a nominal value of N and a tenor nd at time u, where z]! is

the STR’s expectation of the risk-free component; and d”" and ¢

are systemic
term- and nominal-dependent debt and liquidity spreads/premiums. A quote (or

liquidity) is not guaranteed for all nominal values and terms.

Remark 1 (Systemic debt premium and default paradox). Since the STR
is an aggregation of individual credit-risky TRs, the systemic debt premium is also
a suitable aggregation of each TR’s idiosyncratic debt premiums, all of which are
positive in general, indicating a chance for systemic default. However, in reality,
the CB will preclude the possibility of a systemic default, and hence the systemic
banking entity (STR and SST), which is also what is assumed within this theoretical
context. Hence the paradox, which is a natural artefact of the systemic perspective.

Reference term rates are now a fair aggregated representation of the STR’s term
funding rates, i.e. an aggregate of those articulated in Axiom 21l and as shown in
Axiom This is by assumption and construction since the STR subsumes the
interbank cash market.

Axiom 2.2 (Reference rates). Benchmark rates R] are constructed by specific
aggregate functions.X Given the structure of such rates, as postulated in Axiom 1],
the aggregated benchmark is conjectured to be

R = al) +di) + 02, (2.2)

where d} and /! are now an aggregated expectation of the debt premium and
liquidity spread, respectively. Accordingly, R!' is also referred to as an interbank
reference or market-based term rate. The result here is identical to Axiom [B.A] as
expected and required.

In addition, this enables a direct representation of the STR’s term funding curve,
provided next.

Definition 1 (Systemic term funding curve). The fair aggregated
representation of the STR’s term funding curve at time w is then

{Rline{1,2,....,m}}, (2.3)
with the md-term assumed to be the longest available funding tenor. Analogous

in form to Definition [B.Il the fair aggregated representation of the STR’s nd-

KFor example, a trimmed median or average, which is utilized for rates such as JIBAR and LIBOR,
or a volume-weighted average for reference rates such as the SAFEX overnight rate and SONIA
(also trimmed).
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term funding rate at time wu is given by the nd-term reference rate, Eq. (Z2) from
Axiom

The systemic term funding curve is therefore a collection of nonhomogeneous
reference rates, which, in the absence of other interest rate financial markets and
information, forms the basis for fair valuation at the systemic level. The SST is
assumed to be an internal client of the STR, therefore both entities exhibit the
same level of credit risk. As a result, for the purpose of pricing in their market-
making process, the SST need only consider: (i) the arbitrage-free dynamics of the
set of reference rates or, equivalently, the systemic term funding curve; along with
(ii) the ad hoc liquidity risk that emanates from Axiom 21

2.2. Funding—swap duality

At the current time ¢, consider an external depositor (ED) that offers funding to
the STR over [t,t + 26] at the d-term rate.! Moreover, the ED would like to fix the
o-term rate that is applicable over [t 4 0,¢ + 26]. The STR therefore has one of two
funding transaction options:

(i) Actual Fixed Deposit: For one unit worth of funding, the STR will pay
the ED

(1+6R))(1 + 6 K;TRY, (2.4)

at time t 4 24, with the STR assuming the responsibility of market-making the

STR
Kt

fixed rate at the current time ¢, which has an accrual period equal to

[t +6,t+ 20)].
(ii) Synthetic Fixed Deposit: For one unit worth of funding, the STR can
passively pay

(14 0R;)(1+ 0Ry, ). (2.5)

If the STR enters a long position in a fair 6 x 26 FRA at time ¢ with nominal
equal to (14 0R}), offered by the SST, its net terminal payoff will be

—(L+0R)(1+0R},5) + (L + 0R})[Ri, 5 — K5T)6
= — (14 6RN(1 + 0KSST), (2.6)

at time ¢ + 23, where KT is the fair § x 2§ FRA rate, which must be market-
made by the SST. This is a negative cash flow for the STR, since it must be
paid to the ED.

Options (i) and (ii) have the same payoff apart from K7™® and KPST. However,
take note that option (ii) eliminates all floating interest rate risk for the STR, at the

IThe choice of § and 2§ as the terms under consideration is arbitrary. The same implications and
intuitions will apply for single- versus multiple-term funding, in general.
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cost of a residual short § x 26 FRA position for the SST. Therefore, by comparison,
this implies that option (i) must hide a residual synthetic short 6 x 26 FRA position
for the STR. As is standard in mathematical finance, devising hedging strategies for
these residual risks will provide an objective path to pricing the fixed rates. Both
of these options require the replication of a long position in a fair § x 26 fair FRA
rate in order to eliminate all of the residual risk.

From the above, it is conjectured that the pricing of such a funding transaction
is equivalent to the dual process of pricing a long position in the associated FRA,
which may also be thought of as a single-period IRS, hence the moniker funding—
swap duality.

Remark 2 (STR lending). By similar logic, it is possible to show that the pricing
of a similarly structured lending (or offering of funding) transaction is equivalent
to the dual process of pricing a short position in the associated FRA. However, a
lending transaction would expose the STR to the idiosyncratic credit risk of the
borrowing entity. Therefore, to preclude such risk one would have to postulate and
assume a lending transaction to another systemic banking entity.

2.3. Replicated versus traded FRAs and funding—swap dislocation

In order to eliminate risk in options (i) and (ii) above, a long position in a replicated
FRA is advocated. This is achieved by depositing one unit of currency at the 4-
term rate over the interval [t,¢ + 28], which yields (1 + 0R})(1 + 0R}, ), i.e. the
floating leg of the long § x 2§ FRA payoff. Then, the fixed leg of the FRA, which
is the source of the funding for the aforementioned deposit, is created as follows:
In option (ii), the deposit is funded by the SST borrowing one unit at the 26-term
rate. In option (i), the STR has already acquired funding of one unit for the period
[t,t + 20]. Considering the risks associated with these transactions in combination
with the short FRA exposure (i.e. the actual or implied exposure from options (i)
and (ii)) will ultimately enable the pricing of KPR and KST| respectively, and the
hedging of the residual risk. It is important to note that the replication approach
is theoretically appealing since it is instructive of the fundamental nature of the
funding risks at play, and therefore a novel tool for modeling and analysis, as will
be shown in sections that follow.

Remark 3 (Replicated FRAs and exchanges of term risk). Observe that
replicating a long FRA position, from the perspectives of both the STR and SST,
embeds a natural transformation of term risk, whereby funding acquired over the
24-term is actually exchanged for a deposit over the same tenor but at the d-term
frequency. Such an exchange is considered to be fundamental in nature, since the
risk characteristics of the underlying funding and deposit transactions are main-
tained. Within the systemic perspective constructed in this paper, the residual risk
is completely due to floating interest rate and liquidity risks.
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In practice, the replication approach is not viable for the market-making of a
FRA due to its punitive use of funding, and the associated credit and liquidity risks.
Traded FRAs are quasi-primitive instruments with the FRA rate treated as the key
pricing variable along with collateral and central clearing market microstructure
to mitigate counterparty credit risk. The FRA rate is practically determined via
demand and supply, but may be theoretically justified via classical risk-neutral
valuation, in addition to waluation adjustments (most notably, the margin value
adjustment (MVA), for centrally cleared traded FRAs).

Remark 4 (Traded FRAs and exchanges of floating-for-fixed interest rate
risk). Traded FRAs treat the FRA rate as a tradable variable in and of itself, and
may be liquidated at any time in the secondary market. Therefore, apart from
enabling the exchange of floating-for-fixed interest rate risk, none of the other fun-
damental features of related funding transactions are captured. Moreover, this is
further exacerbated by the fact that the respective market-maker must also consider
valuation adjustments, such as MVA, which are idiosyncratic and only necessary
for the fair valuation of derivatives within a risky market context.

Conjecture 2.1 (Funding—swap dislocation). The reason for the dislocation
between the funding and its associated linear derivatives market is three-fold:

(a) traded FRAs are not directly related to underlying funding transactions;

(b) the market-making process for traded FRAs requires idiosyncratic valuation
adjustments thereby exacerbating the issue from (a); and

(c) the transition from TBRRs to ONRRs implies that associated modern linear
derivatives only enable the exchange of floating-for-fized interest rate risk related
to the overnight term, and are thereby only applicable to interbank funding trans-
actions.™

In this paper, it is shown how funding—swap duality may be recovered in the
modern risky market context. This is shown to be achievable with replicated FRAs
within the constructed systemic setting, and therefore in the presence of liquidity
risk only — the main ideas are articulated in the next section.

2.4. Systemic funding—swap duality

In the constructed systemic setting along with perfect liquidity, the following will
apply: (1) The STR will be indifferent between sourcing funding at the J- or the
20-term rate over [t, ¢ + 2], since there are no liquidity risks. (2) The STR will be
indifferent between replicated and traded FRAs, since the traded FRA is replicable,
at least theoretically, which also means that KPTR = KPST. This setting, which is
presented in Secs. [Bland @], actually recovers the characteristics of the pre-GFC bank

"™The assumption here, which is commensurate with current market activity, is that the majority
of interbank funding will reference overnight rates, in order to limit exposure to credit risk.
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funding and associated derivatives market. Considering the same systemic setting
but now with illiquidity, the following applies: (1) The STR will rationally prefer 24-
over 0-term funding over [t, ¢ + 20|, since the latter implies that the funder is only
willing to bear liquidity risk over the d-term, or put differently, the funder requires
the availability of liquidity at the J-term frequency over the interval [t, t+24]. (2) The
STR will rationally prefer the replicated over the traded FRA, based on the previous
section. However, within this context, since the STR will be the counterparty to the
SST, this precludes the SST from any default risk and therefore the need for any
collateralization or valuation adjustments. In addition, the STR will not demand
the liquidity characteristics of a traded FRA, therefore the SST may once again
consider replication in its market-making process. Section Bl models this particular
illiquid setting along with details regarding the process undertaken by the SST to
market-make a replicated FRA.

Remark 5 (SST market-making replicated FRAs). Implication (2), com-
bined with Remark 2 is the reason that the market-making of replicated FRAs is
assumed to be the natural role of the SST.

Remark 6 (Funding—swap duality = Liquidation—liquidity duality). A
key quantity in the replicated FRA market-making process is the systemic liquid-
ity indicator, described in Definition [ When market-making the § x 2§ replicated
FRA, one specific version of this abstract quantity, viz. L} 15, defines the availability
of symmetric® systemic liquidity in the d-term rate at time ¢ 4+ 0 from the SST’s
perspective.

For the market-making of a long position in a replicated FRA, the lack of
systemic liquidity for a d-term deposit may seem counter-intuitive, however viewed
from the perspective of the STR’s dual process of market-making the corresponding
funding transaction, i.e. the actual fixed deposit, or option (i), this event coincides
with the funder choosing to liquidate their funding position at ¢t + § and thereby
forcing the STR to renege on rolling-over the d-term deposit at this time. Similar
logic may be applied to the market-making process for a short position in a repli-
cated FRA; however, the lack of funds to borrow at the d-term rate at time ¢ + ¢ is
an intuitive event in the realization of systemic illiquidity. Therefore, an implication
of funding—swap duality is liquidation—liquidity duality.

2.5. Mathematical framework for systemic interest rate modeling

The financial system depicted in Fig. [l forms the backdrop for the modeling frame-
work, with the addition of the following assumptions:

(i) The non-interbank funding and interbank cash markets are the primitive
financial markets, with the only market-maker being the STR.

nSymmetric here refers to the SST’s ability to deposit and borrow at the d-term rate at time ¢+ d.
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(ii) The interbank derivatives market is the considered derivative financial market,
with the SST and its constituents being market-makers.
(iii) There are no transaction costs, profit margins or tazes.

It is assumed that this market system is incomplete, arbitrage-free and supported by
a filtered probability space (2, F, (Fu)u>0, P) satistying the usual conditions, where
P denotes the real-world probability measure, and where

Fu =Gy V Zuv (27)

for w > 0. The filtration (G, ),>0 models information about all tradable variables,
(Zu)uzo models information about all liguidity variables associated with the funding
markets (i.e. items (i) and (ii)). The filtration (Ly)u>0, where £, C L., models
information about liguidity variables associated with the funding markets only (i.e.
item (i) only). Therefore, (F,,)u>0 models information about all tradable variables
and their liquidity characteristics.

It is assumed that the SST’s starting point for modeling the systemic term
funding curve or, equivalently, its set of nonhomogeneous constituent rates is the
specification of a corresponding set of statistically estimated stochastic discount
factors_(SDFs) — for more information on SDFs. see 2005). Constan-
tinides ), ICox et _all (1981), Duffid (2001) and ' (2000). The
next definition describes one such SDF for an arbitrary nd-term along with the
calculation of estimated nd-term rates, where n € {1,2,...,m}.

Definition 2 (Estimated ndé-term SDF and rates). The estimated nd-term
SDF, (f)g)uzo, is assumed to be a {(G,),P}-continuous semimartingale. At any
time w, it is possible to calculate an estimate for the nd-term zero coupon bond
(ZCB) price by writing

An 1 An
Pu,u-i—né = EEP{Du—&-né |gu]7 (28)

u

making use of the estimated nd-term SDF. Then

~ 1 1
n = — —_ — 1 2.
R (1) 29

w,u+nd
is the estimated nd-term rate at time w, using the definition of a simple rate. If the
current time is ¢, then it is assumed that the parameters associated with the SDF
are optimally estimated, with respect to PP, using the historical time series data for
the nd-term reference rate: {RZ su € {to, t1,... ,tk.}} C Gt, where {tg,t1,...,tx}
denote the set of trading days that lie within the interval [0,¢]. For further con-

text, we refer to for a specific example of a set of estimated nd-term
SDFs.

Having this setup, the objective now is to model the aforementioned interest rate
markets in a systematic manner. The following scenarios are analyzed for the
non-interbank funding and interbank cash markets: (i) a single term rate with
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perfect liquidity; (ii) multiple term rates with perfect liquidity; and (iii) multi-
ple term rates with illiquidity. Each of these are considered in the next three
sections.

3. Single Term Rate with Perfect Liquidity

The first system that we consider is constituted by a non-interbank funding and
interbank cash market with only a single reference term rate. This rate is assumed
to be tradable, i.e. any of the entities within the systemic structure may deposit or
borrow at this rate. Perfect liquidity also prevails, i.e. unlimited funding is available
for all tenors via the use of this single rate. Without any loss of generality, the
d-term rate is chosen as this rate and is formally defined next.

Definition 3 (Perfectly liquid d-term rate). The d-term rate is defined by
Axiom 22 (Axiom [B.5]) when n = 1, with the STR being the market-maker. Being
tradable, Rl is assumed to be G,-measurable, and it has the form

Rl =zl +dl, (3.1)

since perfect liquidity implies that £2 = 0.
Now, we assume that the SST’s objective is to market-make interest rate deriva-
tives based on the d-term rate. With an estimated d-term SDF, from Definition [2]

the SST may now estimate a set of ZCB prices, for various tenors but using the
d-term rate only. This procedure is described next.

Definition 4 (Estimated -term ZCB prices). Assuming that the current time
is t, then for i, j € Ny with ¢ < j, the expression

. 1 .
Pyisirs = T]EP[DtlJ,-jé | Gtris), (3.2)
t+is

is the estimated price at time ¢t 4 i for a d-term ZCB, with unit nominal, that
matures at time t + jd, i.e. a ZCB with (j — ¢)d-tenor that accrues interest via
compounding (j — 4) fixed d-term rates that are implied by the estimated J-term

SDF and information available at time ¢t+74. Shorthand notation: IstlZ ji= Ptlﬂ 5.t446
for all 7,7 € No, with ¢ < j and ¢ € R>g.

The SST’s estimated d-term ZCB term structure at time ¢ is then given by
{}3&0’]- ;7 € Np}. These ZCB prices are completely model-dependent and are
therefore not tradable, in general. Rather they may be utilized by the SST in the
market-making process for such products. These ZCBs are equivalent to synthetic
term rates with jd-tenors, which accrue compounded interest at a d-term frequency.
Later it will be shown how such ZCBs may be structured with FRAs or, equivalently,
IRSs. There is however one ZCB that is linked to the d-term rate, and therefore
tradable. This ZCB is introduced next.

Definition 5 (Tradable /-term ZCB). Assuming that the current time is ¢ then,
from Definition 3 the tradable -term rate is R}. The price at time ¢ of a tradable
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d-term ZCB, with unit nominal and é-tenor, is

1 1

Prits = T4 R (3.3)

Shorthand notation: P}, := P}, ;5,5 for each i € {0,1} and t € Rxo.

The SST’s estimated price 13t1,071 for this ZCB will not be equal to P}y ,, in gen-
eral. This discrepancy would expose the SST to potential arbitrage if their estimated
model were used for pricing and valuation. Therefore, their estimated model must
be adjusted to recover the price of the tradable ZCB. In the following lemma, we
introduce the d-term systemic pricing measure,® denoted here by Py, the calibrated
d-term SDF, and the PK.

Lemma 1 (Calibrated é-term SDF and PK). At time t+9, the Gi-measurable
SDF' associated with the §-term systemic pricing measure Py is given by

1 ~ 1 ~
Dt1+6 = E]EP[A%H Dt1+6 |G| = E_%EPI [Dt1+6 | Gt]. (3.4)
The {(Gu)t<u<t+s, P}-density martingale (AL)t<u<tts, with A} = 1, induces a

measure change P — Py wia the Radon—Nikodym derivative AL = (dPy/dP)|g,.
Moreover, D{ s = P}y ,. For j € {0,1}, the Giy js-measurable o-term PK is thus
given by

Tivjs = N jsDisjs: (3.5)

where D} = 1, and where the PK is calibrated to the tradable 6-term ZCB.

Proof. The estimated d-term SDF {lA)tlﬂ.(S ;7 € {0,1}} is considered as an ini-
tial candidate for the calibrated J-term SDF, which must be defined in discrete-
time on the set {t,t + &}. Since l/jtlﬁtl’o,l = EP[ﬁtlH |Gi] and 13t1,071 # Ply, in
general, the estimated d-term SDF and PP are not viable candidates for the cal-
ibrated SDF and pricing measure, respectively. Constructing and calibrating the
change-of-measure {(G,), P}-martingale (A}, ,s)o<v<1 such that Eq. @) holds,
with Dt1 5= Ptl,O,l , yields the correct calibrated SDF specification. The correct and
calibrated SDF model is obtained by introducing the {(G,, P) }-measure-change mar-
tingale (A},)i<u<t+s, with D} s = P}y |, which leads to Eq. B4). For i € {0,1}, the
o-term PK specification, Eq. (33, follows trivially, from where it may be verified
that %EP[WLF& ‘ Giris] = m—ER (D} s |(]t+¢5] = Ptl’i’17 which concludes the

t4i6 D%-H,s
proof. O

°If the é-term rate is a perfectly liquid ONRR, then dl, is approximately zero, R} is risk-free for
all practical purposes, and P; is an approximation of the classical risk-neutral measure.
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For a more practical perspective on Lemma [I, we refer to for a
specific example of a calibrated §-term SDF.

Remark 7 (Single-period arbitrage-free model). The availability of only one
tradable term rate, and its associated ZCB, enables the SST to construct a single-
period arbitrage-free model only, over [t, t+ 6], with volatility estimated statistically
since no derivative market exists.

Remark 8 (Market price of systemic risk). Under the real-world measure
P and with respect to the traded information filtration (G, ).>¢, the martingale
{A}y;5:7 € {0,1}} adjusts the real-world estimated d-term ZCB price to the
arbitrage-free tradable price, and therefore encodes the market price of §-term inter-
est rate systemic risk over [¢,¢ + ¢].

4. Multiple Term Rates with Perfect Liquidity

In this section, a second perfectly liquid reference term rate,, the 26-term rate
R? . is introduced. Its definition is analogous to that of the J-term counterpart. As
indicated later in Remark [I0 the extension to a nd-term rate system is produced
by postulating R” term rates as we do next for the 2d-term rate R2. Using the
estimated 2-term SDF, (-ﬁa)u207 the SST may estimate the 26-term ZCB-system
{}St%r2i6,t+2j6; 1,7 € No,i < j} at the current time ¢ by directly replicating all of the
results from the previous section. In what follows, we adopt the shorthand notation
}3521-’2]- = ﬁt%rzm’tﬁj& for all 4,j € Ny, where ¢ < j and ¢ € R>¢. From Lemma [I]
we obtain the Gy19j5-measurable 2-term PK

2 A2 2
Te1256 = At+2j6Dt+2j67 (4.1)

where j € {0,1}. The {(G.), P}-martingale (A7, ,, s)o<v<i, with A7 := 1, enables
the change-of-measure from P to P, the 25-term systemic pricing measure on Gy 5.
This PK is calibrated to

1 1
2 — _ Pr._2
Pt,t+26 =7 +25Rt2 = 7Tt2]E [7Tt+26 | Gt (4.2)

which is the price of the tradable 20-term ZCB at the current time t. We bear in
mind the notation Py, 5 := P2 55,495 for each i € {0,1} and t € Rxo.

In general, the estimated §- and 20-term SDFs are not equal, almost surely.
Even if they are specified as the same model, their statistical estimation relies upon
the historical time series of two nonhomogeneous reference term rates. Each of
these SDFs encodes different sources of floating interest rate risk. Accordingly, the
estimated prices of §- and 20-term ZCBs with tenor equal to 20 will also not be
equal in general, i.e.

Pt2,0,2 = %EP[D?ﬁa |~7:t] # %EP{Dtl+26 |~7:t] = Pt1,0,2' (4-3)
t t
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However, there are two relations between the tradable §- and 25-term ZCBs that
must hold to preclude arbitrage from the perspective of the SST. These relations,
described in the lemmas below, allow the definition of the d-term PK to be extended
from ¢t + 0 to t + 24.

Lemma 2 (Early liquidation enforced by replacement). At time t + 9, the
fair early liquidation value of the tradable 20-term ZCB, issued at time t, is equal to

1 1 1
Pl = = EF [} = EF D} 4.4
t,1,2 1+ 5Rt1+6 7Tt1+6 [Wt+26 |gt+5] Dt1+6 [ t+25 | gt+5]7 ( )

which is the initial value of the tradable §-term ZCB. Moreover, the calibrated §-term
SDF, defined in Lemmalll, may be specified at time t + 26 as

D; ~ D} ~
Dj}igs i= —— 2 BF[A} 55 Diyos | Grvs) = =2B [Dy 05| Grvs],  (4.5)
At+5Dt+6 t+46

with the definition of the {(G.),P}-martingale (A}, s)o<v<2 extended to t + 20
with time-inhomogeneous parameters, such that Atlﬁé/AtlJr(s = dP,/dP|g,,,, and
Dt1+25 = Dt1+5pt1.,1,2'

See Appendix [E.1] for the proof. The previous lemma enabled the specification and
calibration of the J-term PK up to time ¢ + 24, from the vantage point of time ¢ + 9.
The next result will provide information that will enable calibration up to the same
time, but using information at the current time t.

Lemma 3 (Synthetic j-term ZCB with 2J-tenor). At the current time t, the
tradable - and 26-term ZCBs allow the SST to create a fair FRA, i.e. at zero cost,

with payoff

Pl
(14 6RL,5) — =2t

Vvt_;,_gg =aN
2
Pt,0,2

; (4.6)

at time t + 20, where a is equal to 1 (—1) for a long (short) position and N denotes
the nominal amount. This in turn enables the creation of P}, 5, a tradable synthetic
d-term ZCB at time t with maturity time equal to t + 20, with P}, .5 = P2 5.
Shorthand notation: P}, , := Pt1+i6,t+26 fori€{0,1,2} and t € R>o.

See Appendix [E.2 for the proof. With the result of Lemma [ at hand, it is now
possible to consider the calibration of the d-term PK up to time ¢ + 24, using
market information that is available at time t.
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Theorem 1 (Initial calibration of the d-term PK to ¢ + 20). At the current
time t, the tradable synthetic §-term ZCB with 2§-tenor is modeled by

Ay 26D 26 D1 05
Pro = DiysB" | EX tjiAH Giss| |G| = Diys BT —Atj G|,
At+6 t+6 Dt+6

(4.7)

where the time-inhomogeneous {(G.),P}-martingale (AL)i<u<ii2s induces the
change-of-measure from P — Py on (Gy)i<u<t+2s, via the Radon—Nikodym deriva-
tive At1+26/A1 (dPP, /dP) |g , and the parameters associated with (AL);1s<u<t+2s

is calibrated such that EF* [DtlJrz(;/DtJr(s |Gi] = P2ya/Plo -

Proof. The definitions of the calibrated d-term SDF and PK are specified for matu-
rity time £4-20 with information at time ¢ + 6 in Lemmal2 viz. w}, 5 := A}, 55D} o5.
That structure is maintained here along with the observation that the no-arbitrage
initial value of the tradable synthetic J-term ZCB with tenor equal to 2§ must be
1
Plyy = FEP[thJrza |Gi] = FEP [Di 25 |Gil, (4.8)
t

where D} := 1 and A} := 1 = 7} = 1. Substituting expression (3] into the
right-hand side of the above equation yields

Dt+26

D ~
E™ [D}, 45 | G:] = E™ lDtM E™ [Dt+26 | Gets ‘gt] D}, ;E"
s

t+6
(4.9)

where the second equality follows by the tower property of conditional expecta-
tions, and since D} 5, defined in Eq. (84, is Gi-measurable. Now, working with the
expression after the second equality, observe that

D! AL D!
EP Tt+20 G| = EF |EP M gt+6 G EM [Ptl,l 2 | gt}v
D}.s AtysDlis N

(4.10)

i.e. the inner expectation computed with information up to Gy45 must equal Ptl,m,
such that

E D}y 95| Ge = Dy sE7 [Pl 5 | Gel, (4.11)

which follows after substituting Eq. (ZI0) back into Eq. (A3]). Lemma Bl states that
Ply 5 must equal P?, 5, and therefore it follows from Eqs. (@) and (@II)) that

P2 0,2 P25
E™ [P 2|Gi] = == (4.12)
B Dt1+6 Plos
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i.e. this enforces a numerical value for the expectation from Eq. (ZI0). Since the
time-dependent parameter associated with (Ai)t+5<u§t+25 is free to specify at time
t, it is possible to calibrate this quantity such that Eq. (£I1) holds, which concludes
the proof. O

Remark 9 (Term-dependent market price of systemic risk). Since the esti-
mated d-term SDF is used to model the tradable 26-term ZCB, it is conjectured
that a time-inhomogeneous market price of risk structure is necessary. There are
two notions of time in this framework: (i) universal calendar time defined by the
variable u and a current time denoted by ¢; and (ii) term and tenor times deter-
mined by natural number multiples of §. Therefore, the time-inhomogeneous pro-
cess {At1+j5 ;7 €{0,1,2}} actually implies that the framework advocates for term-
dependent parameters, or term-dependent market prices of systemic risk.

Remark 10 (Multiple term rates). Theorem [I] can be iteratively repeated out
to t+ jd, for j € {3,4,5,...,m} if the corresponding reference term rates, R?, exist
and are perfectly liquid. The calibrated §-term SDF may then be extended as

D¢y iimys ~
Dtlﬂ‘é = AL %1) EP[AtlJrj& Dt1+j6|gt+(j71)6]
t+(j—1)6 " t+(j—1)6

D! .
(G138 mPy A1
= 1317]}3 Dy js | Gev(i-1)s]-
t+(j—1)d
If one or a subset of these reference rates are not quoted, the result of the theorem
still applies but there will now be a range of viable values for the missing rates for
arbitrage-free calibration. For a specific example of a calibrated -term SDF, we

refer to

Remark 11 (Term-specific SDFs but a unique term structure). Each term
has a distinct estimated SDF, which encodes floating interest rate risk, along with a
unique single-period PK. The ability to replicate all tradable ZCBs via a system of
FRAs leads to a single-curve interest rate term structure, and enables multi-period
calibration for all PKs. Since the J-term bears the least credit risk relative to all
other terms, its pricing measure is the closest to the classical risk-neutral measure.

Theorem [ relied on the SST’s ability to create a FRA. The resultant d-term PK
therefore encodes the arbitrage-free mechanics to price and value such a product.
Pricing this FRA, which is formalized in the next corollary, will reveal the fair FRA
rate to be the simple forward rate that is constructed from the - and 20-term rates,
which is defined next.

Definition 6 (§ x 2§ forward rate). At u € R, the § x 20 forward rate is
a simple rate, denoted by F(u;u + d,u + 2§), at which one may deposit (borrow)

2450001-18



Int. J. Theor. Appl. Finan. Downloaded from www.worldscientific.com

by UNIVERSITY COLLEGE LONDON (UCL) on 02/28/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

Systemic Perspective of Term Risk in Bank Funding Markets

money over the future d-term [u + &, u + 26]. The net capital plus interest yield
(cost) at time u + 26 is

1+ 6F (uyu+ 6,u+20) == (14 20R2) /(14 6R.), (4.13)

with F'(u;u + 0,u + 20) being G,-measurable. Shorthand notation: In general the
Jjo x (j + 1)d forward rate will be denoted as

1 I - S, : :
Fii= Fu+id;u+ jo,u+ (j+1)9), (4.14)
for all 7, j € No, with ¢ < j and u € Rx.

Corollary 1 (§ x 26 FRA pricing). The fair strike rate process for the general
version of the § x 26 FRA defined in Lemma [ is given by the Gii;5-measurable
process

1 (Plia
Flio==|=>=-1/, (4.15)
b 4 <Pt1,i,2
fori € {0,1}, with F}, | = Ry 5, the 6-term rate at time t + 6.

See Appendix for the proof.

Remark 12 (Multi-period arbitrage-free models). The availability of mul-
tiple tradable term rates and ZCBs enables the SST to construct a multi-period
arbitrage-free model, over [t,t + md] for m > 2. Equation (@I5) emphasizes the
fact that volatility is still statistically estimated, even with the existence of FRAs.
Within this context, the SST may use the multi-period d-term PK for general pric-
ing and valuation, however to use the PK to risk manage derivatives written on
rates other than the d-term rate would be inconsistent.

5. Multiple Term Rates with Illiquidity

The multiple term rate system of the previous section is again considered here,
except that the assumption of perfect liquidity is revoked. The definition of the
respective term rates revert back to the general form in Axiom (Axiom [B5).
From the perspective of the SST, the added illiquidity features proposed by Axiom
P has to be modeled into the framework.

In [Appendix F} one such model for a general nd-term quote rate is provided, in
Definition [F.1] that incorporates term, nominal size, asymmetric liquidity spreads
(due to loans and deposits), as well as specific SST and systemic illiquidity. Through
fair valuation at the systemic level and suitable aggregation, Proposition [F.1] and
Corollary [I=1] provide the necessary justification for a simpler symmetric model
specification based on a systemic liquidity indicator. This construction is formalized
in the next definition, followed by the definition of a potentially illiquid nd-term
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rate, from the perspective of the SST. A more general three-state costly systemic
liquidity indicator is also presented in in Definition [.2, along with
comparable results, in Lemma [F.] that are derived later in this section. In order
to ease the exposition, the simpler two-state specification is considered here. All of
the results derived here still hold within the more general setting, modulo minor
adjustments and assumptions.

Definition 7 (Systemic liquidity indicators). At time u € Rxg, the binary
random variable L7, assumes a value of 1 if perfect systemic liquidity exists for the
nd-term rate, or 0 otherwise. If the current time is ¢, then the natural filtration
associated with liquidity is

Lo=oc({{LL, L2, .., L™} ;u e {to,t1,...,tx}}), (5.1)

where {tg,t1,...,t;} denotes the set of trading days that lie within the interval
[0,¢]. The systemic liquidity indicators are assumed to exhibit both serial and cross-
sectional independence, or more formally

E°[Ly [ Leno({Ly ¢ {0,131)] = EF[Ly] = P[Ly; = 1] := gy, (5-2)

u

for all ¢t < u, with ¢! := q(u, u+nd) being a deterministic function for the proba-
bility of perfect systemic nd-term liquidity at time wu.

Definition 8 (Potentially illiquid nd-term rate). At some arbitrary time u < ¢,
the né-term rate

R} := RPLY, (5.3)

is potentially illiquid from the vantage point of u if L} = 0, i.e. it will not be possible
for the SST to borrow from (or deposit with) the STR, at time ¢, for a tenor equal
to nd.

These liquidity indicators enable the definition of various liquidity regimes,
which in turn enables the definition of a set of term- and liquidity-dependent PKs
(LDPKs), all from the perspective of the SST. First, the various regimes of liquidity
are defined.

Definition 9 (Liquidity regimes). Let i,j € Ny, with ¢ < j, and define the
counting sets

N, ={i,i+1,...,j—1,5}, and
Ny ={i,i+n,...,i+ (k—1)n,i+ kn}, (5.4)

where k := [(j —i)/n| —1,N;; := 0 and N}, := 0. At time u, the following liquidity
regimes are possible over the interval [u, u + md]:
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(i) NPFL — No present nor future liquidity exists on the set

LNPEL o G({LT s = 01 € Ny i € NEL D). (5-5)

u,u+méd T

(il) NPL — No present liquidity only exists on the set
Ly s =o({Lh =03n € Nyl (5.6)
(iii) PPL — Only partial present liquidity exists on the set

Lo = o({L" =1;n CNy,}). (5.7)

w,u+m

(iv) CPL — Complete present liquidity only exists on the set
LSPL s =o({Ll =1;n €Ny} (5.8)
(v) CPFL — Complete present and future liquidity exists on the set

L s = Lo uims V Lo ms Vo VLT

u,u+mo * u,u+m w,u+mad
_ pCPL 1 2 m
- ‘Cu,u-‘,-mé v ‘Cu+6,u+m6 \ ‘Cu+26,u+m6 ViV Eu-{-mé,u-‘,—mé’ (59)

where L5 ims = a({LZH(; =1;j € N}, }) models liquidity in the nd-
term rate over [u+id, u+md| if (m—i) mod n = 0, or [u+1id, u+md) otherwise,

for ¢ € No .

Regimes (i) and (ii) are complements of (iv) and (v), respectively. Regimes (ii),
(iii) and (iv) pose uncertain future liquidity, with (iii) also posing uncertain present
liquidity for some terms. Shorthand notation: Eﬁ,i,j = Eﬁﬂ.&uﬂ.é for all 7,5 € Ny,
with ¢ < j and u € Rzo.

Remark 13 (Implications of the CPFL regime). Under the CPFL regime all
of the results from Secs. ] and @l may be recovered, i.e. multi-period arbitrage-free
term-dependent PKs with associated term-dependent systemic pricing measures.

In[Appendix G] the definitions of an nd-term LDPK is provided over a single period
[t,t+nd], and then over multiple periods [t,t +14d], for i € N, .. Both Definitions
[CTland[G.2] clearly reveal that the regime of liquidity has a significant impact on the
form of the PK associated with each tradable term. The impact of present liquidity
or illiquidity is fundamental, with the latter requiring the subjective process of
market-making. Modeling the term rate market-making process of the STR is not
an objective of this research, therefore the prevalence of the CPL regime will be
a minimal assumption in all that follows. Then, from a practical perspective, in
order to deal with potential future illiquidity, presently available liquidity must be

2450001-21



Int. J. Theor. Appl. Finan. Downloaded from www.worldscientific.com

by UNIVERSITY COLLEGE LONDON (UCL) on 02/28/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

A. Macrina & O. Mahomed

fully exploited. This is achieved through the definition of the following hybrid-term
LDPK.

Definition 10 (Hybrid-term LDPK). At the current time ¢, the PK defined by

Tt s, conditional on Egg’f; Y Etl,u, fori e Nj .1,

B T, conditional on ﬁﬁ&% VLE,, forieNs, o

Tt4is = . . ) . (5.10)
. : . : )

715, conditional on ﬁﬁ}i‘; v Ly, forie N

t,m,i? m,2m>
with 7 := 1, is called the hybrid-term LDPK.

The hybrid-term LDPK is only well defined at time ¢, and may be used to present
value future cash flows due at time ¢ + i¢d back to time ¢ only, for i € Ny ,,. For
the intertemporal valuation of the same cash flows back to a future time ¢ + hd, for
h € Ny ;—1, but from the vantage point of time ¢, one would require the prevalence
of the CPFL regime at time ¢ in order to have a well-defined PK over [t + hd, t +id].
However, invoking the CPFL regime would recover the setup of the previous section,
the PK would coincide with one of the term-dependent PKs defined in that section,
and there’d be no need for the hybrid-term LDPK.

With the hybrid-term LDPK it is now possible to consider again the pricing (or
market-making) of a § x 26 FRA, from the perspective of the SST, under potential
future illiquidity. Assuming that the CPL regime prevails at the time of pricing, the
SST will have to subjectively specify the probability of future liquidity, articulated
here via the liquidity indicators.

Lemma 4 (§ x 20 FRA pricing under potential future illiquidity). The fair
strike rate process for the general version of the § x 26 FRA defined in Lemmal3l is

qtlJr(;Ftl’O’l, it =0 and conditional on Eg&%,

F(t+i0;t+0,t +26) =
F, t1,1,17 i =1 and conditional on ﬁEi&
(5.11)

which is also Giyis-measurable. Shorthand notation: In general, the jo x (j 4+ 1)0
FRA rate is denoted by

Foiii= Flu+iu+ jo,u+ (j+1)8), (5.12)
for alli,j € Ng, with i < j and u € Rxg.
Proof. Assuming that £; = L£;- V Egg’fg, the standard FRA replication strategy
yields
Vires = aN[(1+0R}5) — (1 +0F) )]
= Viyas — aN6(1 — Liy5)Riys, (5.13)
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where I} | is defined in Corollary M and V; 45 is the payoff of a fair § x 26 FRA
that is not exposed to liquidity risk. Let My := G; V L;, then using the hybrid-term
LDPK from Definition [0, the current value of the above payoff is

7V = EX [Rip25Visos | My]
= B [E® [Frs2sVisas | My, Liy 5] | M]
= EF[E* [FirosVicas | My, Liss = UP(Lips = 1) | My]

+ EF[EF [%t+25‘7t+26 | My, Ly 5 = 0JP(Liy 5 = 0) | M], (5.14)

which follows by the tower property of conditional expectations. Since 7 := 1 and
observing that £}, = o({Ly, 5 = 1}) and L7, = 0, it follows that

‘7t = EP[th+26Vt+26 |Mt]qt1+6 - E* [Wt2+25aN5Ft1,o,1 | Me] (1 — qt1+6)

= qt1+6Vt —aN(1 - qt1+6)5Ft1,0,1Pt2,0,27 (5.15)

using the definition of the hybrid-term LDPK. V4 is the fair value of the FRA under
perfect liquidity, and therefore equal to 0. Trading this FRA with the strike rate
equal to the fair FRA rate defined in the perfect liquidity setting therefore leads
to an initial loss (gain) if the market-maker is long (short). The assumption here is
that Viio5 will still be the FRA payoff even when Lt1 15 = 0 and the strong case of no
systemic liquidity is in effect. In reality, there will still be a reference d-term rate that
is contractually specified for such a case by the relevant FRA ISDA documentation.
Setting the FRA strike rate to an arbitrary value, Ftl.o,l, and pricing via the same
process gives '

~ —1 1
Vi = CVQtl+5N[Pt1,0,1 - (1+ 5Ft,0,1)Pt1,0,2] —aN(1 - qt1+6)5Ft,0,1Pt2,0,2a (5.16)

while setting V; = 0, recalling that P?;, = Ply,, and solving for the fair FRA
—1

strike rate yields F o, = ¢/ sF/o 1, as required. Repeating this pricing process

at time t + J, for exactly the same contract and assuming that1 the CPL liquidity

regime, £§35T5, prevails at this time, it is trivial to show that Ftl,l = Ftl,m, which

completes the proof. O

Contingent on present liquidity, the pricing of a FRA still requires a subjective
view on future liquidity. Therefore, the SST must be afforded some level of risk
appetite in order to market-make such derivatives. This is in stark contrast with
the perfect liquidity setting where the SST could replicate FRAs perfectly, and
thereby required (nor deserved) any risk appetite. In general then, the SST will
have the capacity for exposure to residual risk. This, combined with the zero net
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supply? and unfunded? nature of linear derivatives, such as FRAs, allows the SST
substantial flexibility in their market-making process.

Remark 14 (FRA liquidity is not completely contingent on the CPL
regime). Even if the NPL regime were to prevail, the SST’s capacity to carry
residual risk and potentially hedge in the future, through offsetting positions, will
still enable the pricing of FRAs. Practically, this decouples the theoretical contin-
gency of the SST on the STR, or equivalently, interest rate derivatives on the set
of term rates. However, Lemma (] reveals structure to the decoupling with forward
rates required to dominate corresponding FRA rates.

LemmaBlenforced the early liquidation value of a 24-term rate (or ZCB) by replace-
ment. This result was used in conjunction with the replication of a § x 20 FRA to
create a synthetic J-term ZCB with 26-tenor. An analogous result is possible here,
however it is contingent on d x 2§ FRA and J-term rate liquidity. Therefore, based
on the discussion leading up to and including Remark [[4], it is now assumed that a
FRA market has been established within the interbank derivatives market. While
the individual STs that constitute the SST would be responsible for the establish-
ment of the FRA market through active market-making via model creation; here
the SST is considered to be a separate entity that is observing this market at a
systemic level and considering the problem of passive market-making via model
calibration. Only the stylized problem from Lemma Bl and Theorem [l is considered
again here — the general version of this problem is considered in the next section.

Assumption 1 (6 x 2§ FRA market-making). The individual STs have suffi-
cient risk appetite to market-make and enable liquidity of the § x 26 FRA at time
t. At this time, the fair or mid-market FRA rate, denoted here by F\tl,O,h is used by
the SST together with the result from Lemma [l for the purpose of calibration.

In particular, setting F;OJ = ﬁtl,o,l and assuming that £; = L, V Egg’fg enables
the SST to compute
—1
F
1 t,0,1
Qiys = J (5.17)
t,0,1

using Eq. (BIT]), which is now the market-implied probability of perfect J-term
liquidity at time ¢t + ¢ using information available at the current time ¢.

Definition 11 (Systemic 6 x 206 FRA liquidity indicator). At time ¢ + 40, for

each ¢ € {0,1}, the binary random variable ftlﬂ-’l assumes a value of 1 if perfect

PA derivative transaction only exists once there is a willing buyer and seller — the market-maker
may be either.

9In general, linear financial derivatives are exchange-traded and margined or over-the-counter
and collateralized, subject to a zero-threshold credit support annex, and require no initial capital
outlay.
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systemic liquidity exists for the § x 26 FRA, or 0 otherwise. When i = 0, perfect
systemic liquidity means that Assumption [ holds, and it is assumed that

—1
o({Lip1 =1}) D LG5 (5.18)
When ¢ = 1, perfect systemic liquidity is equivalent to Lt1 Ls=10r
—1
U({Lt,l,l =1}) = ‘Ctl,l,Q' (5.19)
If the current time is ¢, then the natural filtration associated with liquidity is now
— —1
Ly:=LyVo({Ly,oq1;uw€{to, b1, tk}}), (5.20)

where {tg,t1,...,t;} denotes the set of trading days that lie within the interval
[0,t] and L is defined in Definition [l Eq. (&1]). Since the systemic FRA liquidity
indicators will only be used to indicate regimes of liquidity and will not be used for
pricing, the probabilistic structure of these are left unspecified.

Using the 6 x 20 FRA along with the d-term rate, it is now possible to formulate
the analog to Lemma [3 within this setting of potential illiquidity. The synthetic
d-term ZCB that is constructed here is referred to as a liquidity-contingent ZCB
(LCZCB), since its definition relies on the availability of liquidity in the aforemen-
tioned instruments.

Lemma 5 (Synthetic J-term LCZCB with 2j-tenor). Assuming that
f2’0,1 =1, and setting Ftl,(m = F\tl,o,u it is possible to replicate the following ZCB:

Dt1+6 (1+ 5Ft1,0,1)’ i =0,
_1 .
Piio= Ptl,1,27 1=1, (5.21)

1, i=2,

provided that L} = Lt1+(5 =1, or equivalently that Etl’o’z holds.

Proof. Assuming that L] = Lt1+(5 = 1, it is possible to borrow (deposit) M units
of currency at the d-term rate at time ¢t and refinance (redeposit) the total cost
(proceeds) thereof at time ¢ 4 &, such that the cumulative cost (yield) is M /D} s at
time ¢ 4+ 24. Combining this loan (deposit) with a long (short) position in a fair § x 26
market FRA with strike rate Ft,(m and N = M / Dt1 5 will enable the conversion of

the floating cost (yield) to a fixed cost (yield) equal to M (1+ 5Ft1’0,1)/D1 at time

t+6
t+20. Setting M = Dt1+5 (1 —|—6Ft1’0,1), enables the creation of the synthetic §-term
LCZCB, with 24-tenor, given by Eq. (E21)). Since it is assumed that L, 5 =1, it is
—1 1 .
clear that P, ; 5 = P, o, as required. O
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Lemma M and provides the basis for the construction of a J-term
LCZCB-system, one that is created by exchanging §-term floating-for-fixed interest
rate risk. It is possible to model this system via the definition of a liquidity-
contingent PK (LCPK). The é-term LCPK is defined over the interval [t, ¢ + 2J] in
the next theorem.

Theorem 2 (J-term LCPK). Contingent on ftl’OJ =L} = Liys =1, or
equivalently

L= L4 VU({Lto 1 =1}) V‘CtOQv (5.22)

using the result from Lemma Bl and recalling that Fy := G; V Ly, the §-term LCPK
may be defined as

=1 1 1
Titjs = Tt jsOtijos (5.23)

for j € {0,1,2}, where the time-inhomogeneous {(G.),P1}-martingale (@t1+U6)
o<v<2, with O} := 1, enables the change-of-measure from Py to Q1 on Giyjs, i.c.

ST _ _

57t = G, Such that the E¥[T} ;| Fi] = Ploy and the EF[T} 55| Fe) =
_1, J
Pt,O,Q'

Proof. Since L{T5 C U({Ztl’(),l = 1}), by Definition [} it follows that L{{5" C
L; and that the é-term PK is well defined over [t,t + 26]. Therefore, {7rt+j5 RS
{0,1,2}} is a good initial candidate for the LCPK, however it does not recover the
initial price of the synthetic d-term LCZCB with 2d-tenor. The definition of the
{(Gu),P1}-martingale (6}, ,5)o<v<2 enables a change-of-measure such that

—1
]EP[AtI+26@t1+26Dt1+26 | }—t] = E™ [@t1+26Dt1+26 | }—t] E® [Dt+26 | }—t] = Pt,o,za
(5.24)

as required, recalling that A} = ©} = 1, i.e. the free time-dependent parameters
associated with (@t+v6)1<v<2 is free to specify at time ¢ such that the expectation

equals P t 0,2- Also, at the future time ¢ + 0, since Livs D Ly D L}, it follows
LH(s =1 and recalling Dt+26 is Giys-measurable, then

1 D}, o5
A B (A} 2501125 Dty o5 | Frs] = 7?@1 6]EP1 (O 05 | Fito]
t+ t+ t+
Dl 20
= Dtl* =P, (5.25)
t+06

which shows that the value of the synthetic §-term LCZCB, given by Eq. (521l),
is recovered by the d-term LCPK. Since D} s = P}, is G;-measurable, it follows
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straightforwardly that
EP[Atl+6@t1+6Dtl+6 |~7:t] = Ptl,o,lﬂ‘jﬂm1 [etl-i-é |~7:t] = Pt1,0,17 (526)

which completes the proof, showing that: (i) the free time-dependent parameters
associated with (O}, s)o<v<1 may be specified freely at time ¢; and (ii) the 6-
term LCPK is calibrated to the d-term rate and the synthetic §-term LCZCB with
20-tenor. |

It may not be apparent but the definitions of the synthetic d-term LCZCB and
its associated LCPK, from Lemma Bl and Theorem P had two steps and associated
contingencies:

(i) the interval [t,t+ 20], or more specifically the set {¢,t+ d,¢+ 25}, requires that
Etl,o,z holds, or equivalently that L} = Lt1+6 =1, and that ftl’oﬁl =1; and

(ii) the future interval [t 4+ 0,¢ + 2], or more specifically the set {t + d,¢ + 26},
requires that £t1,1,2 holds, or equivalently that L; 5= 1L

In general, to extend these definitions over the interval [t, t + md], would require m
steps:

(i) at the current time ¢ and over the set {¢t,t+0,...,t+md}, one would require
that £}, holds and that ftlﬁo’j =1for j € Ny ym_1;
(ii) at each future time ¢+ id and over the set {t +id,t + (i + 1)J,...,t +md}, for

1 € Ny ,,,—2, one would require L} and that fl =1for j € Nj4q1,m—1; and

t,i,m t,4,5
(iii) at the future time ¢t + (m — 1) and over the set {t + (m — 1)d,t + md}, one
would require that £;,, , ,, holds.

This will form the basis for the reduced-form modeling approach that is developed
in the next section. This section is concluded with a few remarks that aim to assist
the reader to build intuition in relation to all of the theory that has been presented
thus far.

Remark 15 (LCZCBs are not tradable). The o-term ZCB-system that was
introduced in Sec. @ assuming perfect liquidity, viz.

{Pli;1i€Noj,j € Nom}, (5.27)

denotes a set of tradable ZCBs whose tenors span the interval [¢,¢ + md]. More-
over, recall that under perfect liquidity all term ZCBs are replicated via the J-term
system, i.e. Pt{i’j = Pt]; Z_; Under potential illiquidity, the definition and tradabil-
ity of the above set of ZCBs requires Ega FL to hold. When Ega L holds, this set

reduces to

{P{o.n3n € Nomb, (5.28)
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i.e. the set of ZCBs derived from the systemic term funding curve, defined in Defi-
nition [[l Then, the §-term LCZCB-system, that was introduced in this section, is

{Pti;31€Noj,j € Nop}, (5.29)

1 1

and is contingent upon Zt,i,j = 1lforall j € Niyy -1 and £y, ,, holding for each

i € No,m. Apart from P, ;. = Ptl,i,i+1 which requires present liquidity at ¢ + 4,
ie. Ltlﬂ-(S = 1, for each ¢ € Ny,,—1, the remainder of the LCZCBs require the
availability of future liquidity and are therefore not tradable, in general.”

Remark 16 (Liquidity-contingent term-dependent market price of
systemic risk). Under potential illiquidity, the d-term market price of systemic
risk modeled by {AL}H& ;7 € No} is effectively adjusted for the potential cost of
illiquidity incurred when market-making FRAs through the process {@tl 4js3J €
No,m }. However, this is all strictly contingent on the availability of d-term and
FRA liquidity, as described above. Therefore, the product of the above processes
{At1 +j(;@tl 453 € No,m} models the liquidity-contingent term-dependent market
price of systemic risk associated with the d-term LCPK.

Remark 17 (Multiple LCPKs and liquidity-contingent term structures).
Each term, nd, will have a distinct LCPK, {7}, ;555 € Ng ., }, with an associated
liquidity-contingent systemic pricing measure, Q,, modeled upon its perfect lig-
uidity counterparts, {WZL-&-]‘(S ;J € N§ ) and P,,. This will be further illustrated in
the next section. The inability to replicate all tradable ZCBs via the system of
FRAs, along with the contingency on future term rate liquidity, leads to liquidity-
contingent multi-period calibration for each tradable term. This in turn leads to
multiple liquidity-contingent term structures.

Remark 18 (Classical risk-neutral measure). Within this context, Q; is the
best proxy for the classical risk-neutral measure, however it is not clear that this
measure produces consistent and coherent expectations of risk-free term rates con-
sidering the idiosyncratic and subjective market-making processes of the STR, and
the constituents of the SST, and the interactions thereof.

6. Reduced-Form Model Development

In order to formalize the construction of an arbitrary nd-term LCZCB-system and
LCPK over an arbitrary horizon [t,t + pnd], for p € N, it is useful to provide a

"From the perspective of an EC, long positions in LCZCBs may be enabled by the SST offering
FRA liquidity and the STR issuing floating rate notes (FRNs) that reference the J-term rate.
Short positions in LCZCBs would require the EC to secure bespoke variable rate loan agreements
from the STR that reference the §-term rate with zero additional spread for credit risk. This would
not be possible however, unless the credit risk of the EC was comparable to that of constituent
banking entities.
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definition for FRA liquidity regimes akin to the term loan and deposit regimes from
Definition

Definition 12 (FRA liquidity regimes). At an arbitrary time u + i, complete
ndo-term FRA liquidity over the interval [u 4 4, u + md] exists on the set

n

Zu+i6,u+m6 = J({fz,i,iJr] =1; j S Nn m— 7,}) (61)

where i,m € Ny with i < m and, as in Definition [[I] the binary random variable

I
or is equal to 0 otherwise. Also, it is assumed that

o ({Tuiirs =1}) 2o ({Bh s =100 = 1)), (6.2)

which is the analogous assumption to Eq. (@I8) from Definition [[Il Shorthand
notation: E = £u+u§ utjo for all i, j € No, with ¢ < j and u € Rxo.

is equal to 1 if perfect systemic liquidity exists for the jo x (j +n)d FRA,

Analogous to the construction of the d-term LCZCB-system and its associated
LCPK that was described in the previous section, the construction of the compara-
ble nd-term quantities, viz. {Pt innitJ €Nop,i < j}and {7Tt+jm;,] € Ny}, over
the interval [¢,t + pnd], would require p steps: (1) At the current time ¢ and over the
set {t,t+nd,t+2nd,...,t+pnd}, one would require that L}, ,, and ZZO,pn holds;
(2) at each future time ¢+ ind and over the set {t +ind,t+ (i + 1)nd,...,t + pnd},
for i € Ny 5, one would require that £}, , and Et in.pn holds; and (3) at the
future time ¢+ (p — 1)nd and over the set {t+ (p — 1)nd, t + pnd}, one would require
that Et (p—1)n.pn holds.

While the construction of such term-dependent and -consistent quantities is
theoretically appealing, it is far too rigid for real-world pricing, valuation and risk
management. This is practically demonstrated by the inability of the nd-term LCPK
to model the natural tenor transformation associated with fixed maturity financial
instruments through the passage of time, as well as the asynchronicity between
calendar (t), term (nd) and tenor (pnd) time. The objective of this section is to
adapt the framework to cater for the aforementioned considerations. This is achieved
through a reduced-form modeling approach.

To construct a reduced-form nd-term LCZCB-system and LCPK over an arbi-
trary time interval [t 4 id,t + md], where n < m and i € Ny,,, the following
assumptions are required.

Assumption 2 (CPL). At time t + id, the STR enables the CPL regime £STL

t,i,m"

Assumption 3 (FRA market-making). At time ¢+ 44, the individual STs have
sufficient risk appetite to market-make and enable the liquidity of each kd X (k +n)d
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FRA with fair or mid-market FRA rate F"

Fiitks for k € Ny p—p—i. This FRA

liquidity regime exists on the set

‘Cu—ﬁ-ié,u—&-mé = U({Lu,i,i-i-k' = 1;7k € Nl’m*n*i}) ) ‘Cu—&-ié,u—&-mé? (63)

and is therefore a richer set than that defined in Definition Using Lemma [
within this context, the model fair k6 x (k + n)d FRA rate is

—-—=n
Ft,i,i+k = qtn+(i+k)6Ft7,Li,i+k7 (6.4)
which the SST may set equal to ﬁt’h”k in order to calibrate qf+(i+k)6, the probabil-
ity of nd-term liquidity at time ¢ + (i + k)J. Assumption 2] enables the computation
of B ik

Assumption 4 (Future ndé-term liquidity). At time ¢ + id, future nd-term
liquidity according to the set
L= 0 (Ll iarys = 11k € Nimoni}) D L, (6.5)

t,2,m

is assumed to exist, with the definitions of the reduced-form nd LCZCB-system and
LCPK being contingent upon thus assumption.

Assumption 5 (Reduced-form ndé-term PK). Using the estimated nd-term
SDF from Definition [ and contingent on the CPFL regime, the calibrated reduced-
form nd-term SDF is
A
= [EF A(”%Dgﬂd Gri(j-1)5 | - (6.6)
t+(—1)8

Dl -

where the time-inhomogeneous process (A(n) is a {(Gu),P}-martingale,

t+v5)0§v§m
with Ain) := 1, that enables a change-of-measure from P to IP(,), the reduced-
form nd-term systemic pricing measure. Then, commensurate with the -term, the

calibrated reduced-form nd-term PK is defined by Wt(Z)J 5 = Aii)J 6D§i)j 5> with the
time-inhomogeneous parameters associated with Ag?] 5 chosen such that
m _ 1 ppp ) _ 1 mrapm _ pi—i
Py = = Bm s | Grviol = — BX ™ Dy s | Geviol = P, (6.7)
Titis t+id

which defines the reduced-form né-term ZCB-system, for i,j € Np,, with ¢ < j.
Finally, the reduced-form nd-term rate is defined by

1 (1
R, = — <p<"> - 1) : (6.8)

tyi,]

when j —i = n. For n = 1, the reduced-form §-term PK is identical to its counter-
part.
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It is now possible to define the reduced-form synthetic nd-term LCZCB-system,
the intertemporal values of which will be used in the definition of the reduced-form
nd-term LCPK.

Lemma 6 (Reduced-form synthetic ni-term LCZCB-system). Given
Assumptions ZHBL the reduced-form synthetic no-term LCZCB system is defined by

Dy 41y G0/ B
i H 1+ néFt,i,i+nk+1)71» mod(j —i,n) =1,
t+1i6 k=0
D2 . j—i—n—2)/n
t+(i+2)6 —n _ . .
# H (L +n0Fy ;i nkt2) 1 mod(j —i,n) =2,
t+1i6 k=0
—(n)
Piij = ; 7
n—1 (j—i—2n+1)/n
w H (1+n6f2i7i+nk+n_1)_l, mod(j —i,n) =n—1,
Dt+i§ k=0
Do s (j—i—2n)/n _
% [T Q+nsFriimminy) mod(j — 4,n) = 0,
t+i8 k=0
(6.9)
forn < (j —i) < m, while for 0 < (j — 1) < n the definition resolves to
Pt?j—n,j? Z:]*TL7
—1 . .
LT i=j—(n=1),
—(n) . .
Prij=19 1 : (6.10)
1 . .
Prj—1 =71
L i =7,

with 1,7 € Nom and i < j.
See Appendix [l for the proof.

Theorem 3 (Reduced-form né-term LCPK). Maintaining the setup of
LemmalGl as well as the result thereof, a reduced-form nd-term LCPK may be defined
as

—(n) ._ _(n) o(n)
Titis = TiyjsOuyjor (6.11)
for j € No p, where ®§n) =1 and
(n) 1, 0<j—i<mn,
®t+j6 . 6.12
= ) Xis o (6.12)
®t+i5 P n<j—i1<m
X{is
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The process (X['yys5)gcy<y, 5 chosen to be a time-inhomogeneous {(Gu), P }-

<v<
martingale, with X{* := 1, that enables a change-of-measure from P,y to Q) on
: Xihis _ dQen
Getjo, i-e i = T Go. g Such that
ﬁgi)uspt(?)] = Ep[fgi)jé | Grrisl, (6.13)

for alli,j € Nom with ¢ < j.

Proof. By Assumption[f and construction, the reduced-form nd-term PK recovers

)

the reduced-form synthetic né-term LCZCB value for 0 < (j — i) < n, i.e. FEZJ =

Pt]; ;JZ = Pt(,?,)j" Therefore, the reduced-form né-term PK {ﬂ't(:t)jé ;7 € Nogm} is a
good initial candidate for the reduced-form ndé-term LCPK. However, when n <

(j—1) < m then Pt(,?,)J' = Ptj;; + F?ﬂ-’j. The definition of the {(Gy.), P(y) }-martingale

(th-i-v 6)0 <o<m enables a change-of-measure such that

P A§Tj§ G?Jrj& Dt(i)](; P th+j6 Dt(i)jé
E Grpis| = EFem | Z1HS Grts
(n) @n (n) t+1i6 Xn (n) t+10
Ayis Ptrio Dyyys t+i0 Dy s
(n)
= RE%m t(g(s gt+i51 ) (6.14)
t+i0

may be set to the value of F;LZ ; by calibrating the free time-dependent parameters

associated with X/ ;. Finally, observe that

1, 7 —1=0,
_(n Pt i<
—(n) EY [77§+)j§ | gt-&-ﬁ} =q JTr="T (6.15)
t+id6 1 .
) ]EQ(n) [Dii?ﬂs ‘ gt+7§5]7 J—1>mn,
Dt+i5

for all 7,5 € Ny, with ¢ < j, which is the required dynamics and completes the
proof. O

7. Exchanges of Risk, Pricing and Valuation

Consider an EC, with negligible credit risk, that has initiated an agreement, at some
past time u, for a forward-starting term loan/deposit with the STR, should there
be liquidity at this future time. At the current time ¢ > w, the remaining tenor
until initiation and maturity equals id and (n + ¢)d, respectively. Importantly, this
agreement does not guarantee the EC liquidity in the respective term loan/deposit,
nor does it guarantee a fixed rate. Let the cash flow that the EC will pay/receive
at maturity time t + (n + )0 be denoted by N. Then, at initiation time ¢ + 0, the
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value of this cash flow will be

1 _p
Nptr,li,n—&-i =N —E [W?-l-(n-i-i)é | Gitisl, (7.1)
Titis
which is the effective nominal or principal value of the underlying transaction. At
the current time, the theoretical value of the overall agreement is

1

fgn)

—(n) — n
NPt,O,7L+i =N EP[”&:L-)iéPt.i,n—&-i | gt]7 (72)

since P/ ;= ﬁi’;)n 14> by construction. Since there is no guarantee in this agree-
ment, the value above is theoretical and need not be exchanged between the EC and
STR. If the future transaction is a deposit (loan), then the second equation above
is the amount that the EC must pay to (receive from) the STR. At any time prior
to initiation, the EC or the STR may wish to change the nature of the future trans-
action. They have one of the following options: (i) early terminate the agreement
prior to initiation; (ii) restructure interest and capital cash flows while preserving
the effective term rate; (iii) restructure the remaining tenor until maturity, from the
initiation time; (iv) perform (iii) and then (ii); or (v) perform (iii) and also reduce
the term of the underlying interest rate. Option (i) bears no current risk, nor any
exchange of cash flows, but the STR potentially loses: (a) term funding in the case
of a deposit; or (b) interest income in the case of a loan. In the case of a loan, option
(ii) is beneficial to the STR since it may fund the loan via a corresponding term
deposit and then demand for periodic loan repayments (capital plus interest) at an
internal rate of return that matches the effective cost of the aforementioned term
funding, and hence the corresponding term rate as well. In reality, such a mecha-
nism reduces credit risk exposure for the STR. In the case of a deposit, this option
enables the STR to offer periodic interest payments to the EC that matches the
effective term rate. The EC will therefore have improved liquidity, while effectively
securing a term rate. It should be noted however, that restructured interest rate
and periodic capital payments in an amortizing capital structure, will affect the
effective duration of the term loan/deposit, which will in turn impact the effective
term rate offered by the STR. Such a restructure will therefore overlap with option
(iii). The restructured cash flow for option (ii) at time ¢+ (n+¢)d may be generally
represented as

Ptni,nJri
Nt = N, (7.3)
t,i,n+1e

since P which is equivalent in value to P/ by construction, is the reduced-

t,i,n+1’ 1,41t
form version of the nd-term ZCB from Assumption[dl and thereby encodes potential

interest rate structures that yield the same effective nd-term rate. The nd-term
LCPK is still valid here, hence the current and initiation time valuation remains
unchanged. Apart from the restructured interest cash flows, this option is therefore
equivalent to the original agreement. Option (iii) leaves the effective nominal of the
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transaction unchanged, at initiation time, but reduces the tenor, say for example

to 76, with j < n. From the vantage point of the initiation time, the restructured

cash flow at time ¢ + (j + i)0 then becomes
PtT,Li,nJri

) (7.4)
Pl ji

and effects (a) and (b) on the STR are diminished in accordance with how much

smaller j is in comparison to n. The value of this cash flow at initiation time is then

given by

1 . Pl i

n _ P |=J t,i,n+1
NP i = =B [T, s N Gitis | (7.5)

Ti+io iyt

and is therefore unchanged from the original agreement. The choice to change
the tenor of the future transaction at the time of initiation implies a change
of the underlying numeraire and PK from the nd- to the ji-term, when viewed
from the vantage point of the current time. This is enabled by an exchange of
units between the respective numeraires at time t 4+ 70, when viewed from time ¢,
which yields

=(n)

T,
NP (7.6)
=) o

t+16

with the reduced-form quantities ensuring time synchronicity between the jd- and
nd-term. The theoretical value of the new agreement at the current time is then

—(n) 1 e [ ) Tibis npin)
NPt,O,7L+i = —() E ﬁtiié _(j)l NPt,i,n+i
Ty t+1i6

S

since ﬁgn) = ﬁij )= 1. Again, this initial theoretical value is unchanged from

the original agreement, as required. Option (iv) is identical to (iii), but Pg i
is replaced with Pt(.]z:,)jﬂ' Option (v) builds upon (iii) and (iv), with the EC/STR
wanting to pay/receive fixed interest on the effective nominal at a frequency less
than jé, say for example §. Assuming reinvestment of interim interest, the cash flow
at time ¢ + (n + j)0 now becomes

NPtr,Li,nJri

P

(7.8)
ti,j+i

from the vantage point at ¢ 4+ ¢6. This cash flow depends on the creation of the
synthetic d-term LCZCB with ji-tenor, and therefore exposes the EC to liquidity
risk in the J-term rate over the period [t 4 id,t + (j + )d]. The SST will separately
enable the exchange of §-term floating-for-fixed interest rate risk for the EC. Effect
(a) and (b) on the STR is therefore exacerbated as well, with term funding reduced
to the shortest available term and interest income being generally lower, while
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being contingent on the availability of d-term liquidity. The value of this cash flow
at initiation time is given by

1 P (=1 Ptr,LQ +i
NPinvi = B [Ty j1ips N2 Grvis | (7.9)
Tttis tivj+i

and is therefore unchanged from the original agreement. As with the previous case,
an exchange of units is required between the respective numeraires at time ¢ + i

Tobis (n)

n
= ! NPt,i,nH’ (7.10)
Tivis

when viewed from the vantage point at time t. The theoretical value at this time is
then

=(n)
—(n) Lop =1 Teis o p(n)
NPt,O,7L+i = __1E Ti4i6 =1 : NPt,?,nH G| » (7~11)
Tt Ti+is
since ﬁﬁ") =7, := 1. The next lemma generalizes this concept, using the reduced-

form quantities defined in Lemma 6] and Theorem

Lemma 7 (Exchange of risk). Assuming that the current time is t, a fived cash
flow N that is due at a future time t + (i + j1)0 with a fixed accrual rate based on
the nyd-term that is determined at time t + id may be exchanged for an equivalent
cash flow

=) )

Zt4dd 7 it (7.12)

—(n2) —(n2)
Toyis Lt.iitjo

which is payable at time t + (i + j2)0, accrues interest al a fixed rate that is
also determined at time t + id but based on the nsd-term, where i, j1,jo € Ng an
ni,no € N.

Proof. Using the nidé-term LCPK for valuation, the original cash flow has a value
of NF,EZ)I’Z)- +j, and NFEZ;)HI at times ¢ and t + 46, respectively. Exchanging the
underlying term rate requires an exchange of units across the respective numeraires
at the determination time of the respective term-dependent accrual rates. This is
enabled by Eq. (ZIZ). Then, valuing this new cash flow using the nyd-term LCPK
yields the same values as the original cash flow at times t and t + iJ, respectively,

as required. O

The next result shows how the stochastic cash flow given by Eq. (ZI2) may
be exchanged for an equivalent fixed cash flow through the creation of a forward
contract.

Corollary 2 (Fair forward pricing). The equivalent exchanged cash flow, given
by Eq. (CI2)), may be considered as a fived cash flow H that is due at time t + (i +
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J2)0 with a fixed accrual rate derived from the nad-term LCPK over the interval
[t,t+ (i + j2)d].

Proof. Consider a forward contract with the following terminal payoff:
—(n1) (1)
T risd tii4g _H

=(n2) -(n2)
t+7,6Pt i,i4j2

Vit (itia)s ; (7.13)
where H is a fixed strike price. Such a contract enables the exchange of the
floating/uncertain cash flow (ZI2]), measurable at time ¢ + i and payable at time
t+ (i+ j2)0, for a fixed cash flow H at time ¢ + (i + j2)d. Since the underlying cash
flow naturally accrues interest that is defined by the nod-term LCPK, the term-
and liquidity-consistent current value of such a forward is given by

T Ve = B s Ve s | ), (7.14)

N n (n1) H "
Vvt = _( )EP[ §+1u)§Pt zlz+]1 |gt] - (nz)EP[ t+2(3,+32)6 | gt] (715)
t

—(n1)
Ty () —(n2)
_Eng) Pt10171+j1 - HP; 021-1-]1’ (716)
Ty

where the first term on the right-hand side of the second line follows by the tower
property of conditional expectation, since Vii(iyj,)s is Gryis-measurable. Setting

Vi = 0, noting that 7 _("1) _("2) = 1, and solving for H reveals the fair forward
price to be
_(n Y55(n1) —(n1)
_ ' Pt Ot Pt ,0,i471 (7 17)
| (n2) —(n2) : :
(nQ)Pt 027,+32 Pt 027,+32

Lastly, observe that the fair forward price is G;-measurable, due at time ¢+ (i + j2)0
and accrues interest commensurate with the ngd-term LCZCB over [t,t+ (i + j2)d],
as required. O

Up to now, only replicated FRAs, as defined in Sec. 23] have been considered.
For a general id x (i + n)d replicated FRA, the perfect liquidity setting yielded a
fair FRA rate equal to the corresponding forward rate F, ; at the current time ¢,
with i,m € N. The potentially illiquid setting yields FZO,@' = qi" 5 Fi,; as the fair
FRA rate. The exchange of risk mechanism developed in Lemma [ and Corollary 2]
may now be utilized to model the pricing and recover the risk-free value of a traded
FRA.

Lemma 8 (Traded FRA). At time t < t + 0, the traded version of the generic
i0 X (i+n)d FRA has a fair strike rate given by

S(n) =)

—1,n Pt.O,i-‘rn -=n t,0,i4+n  n n
t,0i - — =1 LYo~ =T qt+i6Ft,O,i7 (7.18)
t,0,i4+m t,0,i4+n
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so that the fair value of such a FRA with arbitrary strike rate H is

1,n

Vi = aNF;,O,iJrn[Ft,’O,i — Hind, (7.19)
where the §-term rate has been assumed to be an ONRR.

Proof. First, an exchange of risk is required to convert the replicated FRA payoff
[R(") } no (7.20)
t+id ’ .

into an equivalent traded version that may be liquidated, and therefore must be
valued, at the highest frequency, the §-term. This is achieved by applying the result
from Lemmal[ll with ny = n, no = 1 and j; = j3 = i +n, which yields the equivalent
payoff

f(n)sﬁin)ﬁr (n)
Vit (inys = aN 20T R - — Knd, (7.21)
7rt+u3pt i,i+n

while an application of Corollary 2] enables the equivalent representation of the

exchanged fixed strike rate as a new fixed strike rate H := K?E?(L))’i+,L/ﬁtl’o,i+,L. The
current value of the FRA is then given by

1

Vi = ;Ep[ﬂl+(i+n)5‘/t+(i+n)5 | Gi] (7.22)
t
—onN (B [#, P, R™ |G| - HP, 5 7.23
=a Ty 564t iidn 15| t t,0,i+n | T ( )
. P
=aNP, g | =2 F o — H| nd. (7.24)

t,0,i+n

The second line follows by the tower property and from the fact that EF[7

| Geris) = 7Tt+usPt iitn and EP[WEi)mPETHn t+u$ |Gi] = ﬂn)Pi,T(LJ),iJrnFt,O’i' Setting

this to 0 and solving for H yields the fair FRA strike rate, given by Eq. (ZIJ]).
Then, for any traded FRA that references the nd-term rate with arbitrary strike
rate H, the value of such a FRA at time ¢ is given by Eq. (C.I9). O

7Tt+(7,+n)

From Eq. (ZIF)), note that the fair traded FRA rate is an exchanged version of
the corresponding fair replicated FRA rate, and is lower in magnitude in general.
However at the reset times of the FRAs, while the replicated version resets exactly
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at the respective underlying term rate, the traded version will reset at the exchanged
version of the aforementioned term rate. This is explained further below.

Remark 19 (Traded FRA reference rates). At any interim time between reset
and expiry, the traded FRA’s fair value is

. pm
Py jitnoN [_7?“% R{Ys — H] nd, (7.25)
t,i,i4+n
where j € {i,i+ 1,...,7 + n}. Therefore, the theoretically correct reference rate

for a generic traded FRA is the exchanged version of the nd-term rate, i.e. the
first term within the squared brackets above. The difference between this reference
rate and the nd-term rate is that the latter includes the premium for liquidity risk
over the nd-term, while the latter does not. In practice, traded FRAs reference
key bank funding reference rates, and since banks are forced, in general, to offer
secondary market liquidity on funding transactions, it is logical that these refer-
ence rates should not offer any liquidity risk premium. This also highlights the
fixed term contractual characteristics of the reference rates defined in Axioms 2.1
and [Z2 i.e. these term rates do not guarantee the existence of secondary market
liquidity.

8. Conclusions

This research paper analyzes liquidity risk implications for bank funding markets
before the GFC, and after the reference rate reform that has followed the GFC in
recent years. Theoretically, this is equivalent to analyzing a near risk-free versus
a risky market context. Using a systemic financial system, postulated in Sec. [
we show how one can focus the analysis on liquidity risk, only. Sections [ and [
present results for bank funding and linear derivatives markets when there are
no systemic-liquidity risks, revealing the fungibility of term rates and thereby the
recovery of the funding—swap duality — all enabled via the exchange of floating-
for-fixed interest rate risk across terms. Section [l introduces liquidity risk which
alters the fundamental nature of the set of term rates, with each offering a lig-
uidity risk premium to the provider of funding in return for foregoing their lig-
uidity for the respective term under consideration. Since liquidity risk cannot be
hedged, and is not fungible, a term-based multi-curve framework is derived that
consistently fragments and encodes the nature of term-based liquidity risks in the
bank funding market. This is achieved using FRA replication from first principles
which recovers the funding—swap duality within each term. Sections [ and [ reveal
how the term-based multi-curve framework may be modeled in a reduced-form
setting. This in turn enables a method for an exchange of risk across terms, and
the consistent pricing and valuation of funding transactions, and traded standard
derivatives.
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Appendix A. Characterization of Liquidity Risk

The systemic perspective of the stylized financial system constructed in Sec.
enables the modeling undertaken in this paper to focus on liquidity risk. The chosen
characterization of liquidity risk is consistent with that provided in Acerbi & Scan-
dolo (IM), Bianchetti & Carlicchi (201 ) and Morini (Il)ﬂd) Within the context
of funding, this translates into the following three categories:

(i) funding-liquidity risk,® which refers to the uncertainty associated with the gen-
eral availability of funding at the initiation or roll-over time of a funding trans-
action;

(i) market-liquidity risk,' which refers to the uncertainty related to the difficulty
and cost of liquidating an existing funding transaction; and

(iii) systemic-liquidity risk," which is the realization of risks (i) or (ii) as a result of
systemic instability.

It is hopefully clear that categories (i)—(iii) are all related and are terms that are used
synonymously in practice, as reported in|Acerbi & Scandold (lZDjL‘j) For the purpose
of defining term rates in Sec. Bl the current existence and the expectation for the
existence of any subset, or all, of the categories above, over the duration of the term
of the rate under consideration, leads to the existence of a term-dependent liquidity
premium. This premium is captured in the definition of various term rates via the

specification of a term-dependent liquidity spread. For modeling future liquidity
and its uncertainty, this characterization is used again in the definition of the set
of systemic liquidity indicators, i.e. in Definition [F.1l

Appendix B. Stylized Financial and Axiomatic Interest Rate
Systems

This section provides a description of the financial system under consideration and
an axiomatic construction of the interest rates therein.

B.1. Stylized financial system

Figure [B1] provides a depiction of a financial system within a generic economy,
along with interactions between the constituent entities.

We draw attention to the TR and ST of each banking entity, highlighted in
Fig. Bl The TR is solely responsible for the sourcing of funding (or deposits) and
lending, while the ST is responsible for engineering financial products. Interactions

SThe work by [Eisenschmidt. & Tapking (@) supports the existence of this type of liquidity risk

within money markets.
tFor an in-depth analysis on funding and market liquidity, albeit with a slightly different interpre-

tation, see Brunnermeier & Pedersen (M)

“For a more practical macroeconomic, perspective on systemic-liquidity risk within the banking

context, see (2011)) and (2011).
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Fig. B.1. Stylized version of the financial system under consideration.

between TRs define the interbank cash market, which enables the transfer of surplus
funds among banks. Each ST will borrow (or deposit) funds required for (generated
through) creation of products, and for trading and hedging processes with their
respective TR. Interactions among STs define the interbank derivatives market,
which enables hedging, arbitrage and speculative strategies within the interbank
system. Individuals, corporations and government entities constitute ECs of the
banking system. Functionally, this group may be categorized further as depositors
(EDs), borrowers (EBs) and end-product users (EPUs). In this setup, EDs and EBs
interact with TRs while EPUs interact with STs. These categories are not mutually
exclusive, in general. The interactions between the EDs and the TRs define the non-
interbank funding market, which is a subset of the money market and an important
source of term funding for banks. An important entity that is not explicitly shown
in Fig. [B] is the CB, which is the regulator and central entity for all banking
agents and activities. Banks may engage in repurchase (repo) transactions with the
CB to settle reserve account deficits. The CB is thus considered as the lender of
last resort. This facility is used in Remark [I] to argue against the possibility of a
banking system default.

B.2. Interest rate system: An axiomatic construction

Axiom B.1 (CB policy rate). CBs enable local banks to earn interest on account
surpluses or to settle account deficits via a short-term (one week or less) repo facil-
ity, offering government bonds as collateral. The respective rate for these facilities
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is the policy rate set by the monetary policy committee (MPC) periodically in
response to changes in inflation and economic growth expectations. Assuming that
§ is representative of the tenor of these transactions, it is assumed that . denotes
the MPC’s repo rate and a pure risk-free rate. This rate is only accessible by local
banks.

Axiom B.2 (Government bond repos). The secondary government bond mar-
ket enables all participants to engage in repo, or buy-sell back, transactions. These
are short-term (one year or less) collateralized loans, where the borrower offers
government bonds as collateral. Suitably aggregating many such transactions, the
effective simple rate for an nd-term transaction is conjectured to be

SIimal O (B.1)
and is also referred to as a secured funding rate,” where

(i) a2, = SB[ (1+0rL,;5)] — 1) is an né-term risk-free rate based on
lenders’ expectations for the evolution of the MPC’s policy rate over this period
given information available at time u, expressed here via the operator E,[-];

(ii) €3 . is a liquidity spread, which is term-dependent and may be less than or equal
to zero when lenders have significant surplus funds available but is generally
positive, and increases with term, since funding liquidity and market liquidity
is generally limited;

(iii) cj; . is a spread for potential collateral-liability mismatch, which is nonnegative

and dependent on term, x!' . and /£ ., government bond volatility and the

u,r U,
initial loan-to-collateral value ratio.

For an understanding of liquidity risk as it is applied here, refer to [Appendix A}

Axiom B.3 (Government bonds). The local currency government bond market
provides a benchmark for funded default-free term rates.” While cash flow struc-
tures and quoted yield conventions may be nonhomogeneous, a set of consistent
effective simple term rates

Gy =y, + 0, (B.2)

u ’U,,g’

may be recovered from traded government bonds. This effective rate is conjectured
to constitute a risk-free component, a7, , as defined in Axiom [B:2l but now based on
primary market borrowers’ and secondary market agents’ expectations of the MPC
policy rate. It also constitutes a liquidity spread, £}, ;, akin to £3 . from Axiom[B2is
now based on the supply of funding for local government debt in the primary market
and the market liquidity of the respective government bond under consideration in

the secondary market.

VThe Secured Overnight Financing Rate (SOFR), the benchmark rate for USD-denominated
derivatives and loans is derived from the US Treasury repo market.
WBased on the assumption that a government will not default on debt issued in its local currency.
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Axiom B.4 (Term funding and interbank lending). The TR that forms part
of the arbitrary banking entity ¢ will quote a funded, credit-risky simple term rate

RyN =all +diy + 0, (B.3)
to internal (i.e. ST of bank ¢) and ECs (other TRs and EDs) for term deposits
with a nominal size equal to N and a tenor of nd at time u. The component 7
is the risk-free component according to the ith TR’s policy rate expectations.* The
components dn N and En N are term- and nominal-dependent debt and liquidity
premiums offered as compensatlon for bearing the credit and liquidity risk of bank
1 over the fixed term. The credit spread will generally be positive; however, the
liquidity spread can be negative, zero or positive depending on current funding-
liquidity risk and expected market- and systemic-liquidity risks.

The pricing/quoting mechanism for interbank loans are also consistent with
Axiom [B4] since such a loan may be considered as one bank’s TR (the borrower)
quoting a deposit rate to another bank’s TR (the lender), subject to the usual
processes of negotiation involved in the general market-making process. With Axiom
[B4] it is now possible to define an individual bank’s term funding curve. This is
a term structure of nonhomogeneous rates that is created, or market-made, by the
respective bank’s TR.

Definition B.1 (Idiosyncratic term funding curve). Consider an arbitrary

time u, funding term nd, and banking entity i. Let {N}, ;, N}, 5,..., N7, .} and
{wy i1, w9, wy,; .}, where a € N, denote a set of nominals and correspondmg

weights that reflect the respective likelihoods of the TR, associated with bank i,
securing funding at the respective nominal values for the nd-term at time w, with

Z? 1 Wy i ; = 1. Then, a fair aggregated representation of the TR’s nd-term funding
rate at time u is

-—n —n -n

Ru,i = xz,i + du,i + Eu,ia (B4)
where Ru ;= D W mRZ”f\’"'i’j, with its components defined similarly. More-

over, a fair aggregated representation of the TR’s term funding curve at time w
is then {R ;n € {1,2,...,m}}, with the mé-term assumed to be the longest
available funding tenor.

U’L’

Axiom B.5 (Reference rates). Benchmark term rates R] are constructed by
specific aggregate functions,” applied to collated indicative quotes or retrospective
traded bank deposits or interbank lending data. Given the structure of such rates,

*Being a risk-free term rate, z” w,i s not contingent on nominal value, by definition.

YFor example, a trimmed median or average, which is utilized for rates such as JIBAR and LIBOR,
or a volume-weighted average for reference rates such as the SAFEX overnight rate and SONIA
(also trimmed).
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as postulated in Axiom [B.4] the aggregated benchmark is conjectured to be
Ry =y +dy, + 07, (B.5)

where 27}, d7t and ¢! are now an aggregated expectation of the risk-free rate, debt
premium and liquidity spread, respectively. Accordingly, R;, is also referred to as
an interbank reference or market-based term rate.

Appendix C. Example of an Estimated nd-Term SDF

Assume that {(Z%),>0;i € {1,2,...,£}} is a set of real-valued continuous-time
homogeneous {(G, ), P}-Markov processes, which represent latent factors underpin-
ning all tradable market variables. Then, the classical notion of a short rate process
(r")u>o0 and estimated SDF (ﬁﬂ)uzo, associated with the nd-term rate, may be
defined by

u
ri = fu(Z,) and Dy = exp(f/ ry dv),
0

respectively, for n € {1,2,...,m}. Both quantities above are G,-measurable, and
fn : RP — R is some suitably behaved and measurable function, with Z, :=
[(ZL 72 ..., ZP]T, for some p € {1,2,...,/}. As a practical example, assume that
the set of time-homogeneous Markov processes are independent Ornstein—Uhlenbeck
processes of the form

dZ! = a;(b; — Z) du + ¢; AW,

for u > 0, with (W?),>o being a standard {(G,),P}-Wiener process, for i €
{1,2,...,¢}. Next, assume that the set of short rate processes are defined by
rioi= Z?Zl Zi, for n € {1,2,...,m} and h < £. Then, the estimated nd-term
SDF is given by D" = [, exp (= [y Zidv), and

Dn h nd
Pgu-ﬁ-né =EF | = Gu =E° HeXp _/ Z?Z-i—v dv ‘gu
7 Dy i=1 0
h .
= Hexp [Ai(né) — B;(nd)Z}] ,
i=1
where
Bi(z) = ~(1—e=%) and Ai(z) = b L [B;(z) — ] — i Bi(z)?
1 A a}/L X3 A 1 20}? 1 40}1 K2 )

and x > 0. It follows that if the current time is ¢, the set of parameters
{{Z5, ai, bi,ci} i€ {1,2,...,h}}, (C.1)

2450001-43



Int. J. Theor. Appl. Finan. Downloaded from www.worldscientific.com

by UNIVERSITY COLLEGE LONDON (UCL) on 02/28/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

A. Macrina & O. Mahomed

may be estimated using the historical set of nd-term rates { Ry, Ry, ..., R{’ }, where
{to,t1,...,tx} denotes the set of trading days in the interval [0, ¢].

Appendix D. Example of a Calibrated §-Term PK

Consider an estimated d-term SDF as given in but only driven
by a single Ornstein—-Uhlenbeck process. Then, }31},“_% = exp[A1(6) — B1(6)Z}].
Assuming a multiple term rate in a perfect liquidity market context, the
initial d-term ZCB term structure is given by {P, .5 P!yiosi- s Pliimsts
for the current time ¢. A calibrated J-term PK may then be defined via
a time-inhomogeneous change-of-measure from P to P; through the density
martingale

dAL = ¢y (u)AL dW

for u € [t,t +md]. Here, A} := 1, and ¢, (-) is a real-valued deterministic function
of time, so that

AW} = ¢1(u) du + dW?,

where (WE1), >, is a standard {(G,),P1}-Wiener process. Setting ¢1(u) := 2di(u),
the factor process under the Pi-measure becomes

dZ! = a1(by +dy(uv) — ZL) du + c; AW,
The deterministic function d; (u) may be defined by

di, u € [t,t + 0],
ds, u € (t+d,t+26],

Ml * )

dl,, u€ (t+ (m—1)5,t+ md],

where d} € R for i € {1,2,...,m}. The following result is then required:

EF:
10

exp ( / " zsﬂdv) ‘ gms] — explAf(t+ 6+ j6) — Bi((j — 1)8) 2l
(D.1)
where A% (t +id,t+ j6) := A1((j —4)d) + C1(t + 140, + jd) and
J
Ci(t+i6,t+j6) == Y di[Bi((j — k +1)8) — Bi((j — k)6) — 4],

k=i+1
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fori < je{1,2,...,m}. Then, using this result and Lemma[I] it follows that

5
D} s =E" lexp (—/ Ztl_H}dv) ‘gt] = exp[A}(t,t +6) — B1(6)Z}],
0

where Aj(t,t+08) = A1(6)+ C1(t,t+0) and Cy(t,t+06) = di[B1(6) — 6], and di
may be set such that D} ; = P&Ha = P/; ;. Next, using the above result and
Lemma 2 it follows that

25
exp </ Ztl_H}dv) ‘QH(;]
5

=exp [A}(t +6,t+26) — B1(86)Z} ],

1
Dy — P

1
Dt+6

where A} (t+8,t+26) = A1(8)+C1(t+0,t+26) and Cy (t+6,t+268) = d3[B1(5) —4].
Thus
E™ [Diy 95| Gt] = E™ [Dfysexp [A1(0) + d3[B1(8) — 6] — B1(8)Z} 5] | G¢)
=Dy, sexp [A1(8) + d3[B1(6) — 6]] E™* [exp [~ B1(6) Z}4 4] | Gt
=Py 1 exp [A1(8) + d3[B1(5) — O] E [exp [~ B1(0)Zyy,] | Ge],
which reveals that dj is a free parameter that may be set to ensure that
EF1[D}, 55| Gi] = P!y In general, this construction may be repeated iteratively
and it can be shown that
E™ D551 Gi]
= Plo 1 exp[A1(0) + dj[B1(8) — G]JE" [exp[~B1(8) 2}y ;_1)s) | G,

such that d} is a free parameter that enables EF1[D} my |gt] = Ptl,o,j7 for j €
{3,4,...,m}.

Appendix E. Multiple Term Rates With Perfect Liquidity
E.1. Proof of Lemma 2]

Proof. While the 2-term rate and its associated ZCB is a fixed-term product,
the prevailing assumptions along with perfect liquidity enables early liquidation via
replacement. The SST, as a market-taker, could easily terminate (redeem) the loan
(deposit) at time ¢ + 4, by taking an opposite position using the tradable d-term
rate. Therefore, to preclude arbitrage, Eq. (£4]) must be the fair liquidation value
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of the tradable 26-term ZCB at time ¢ + §. At time t + 26, the calibrated §-term
SDF must have the representation
Dl 1 1
T2 (1+6R)) (1+6RL,)’

(E.1)

to preclude arbitrage. Since R. is G,-measurable, respectively, it should be clear that
Dy}, 55 is Giys-measurable. From Eq. @), it then follows that D} ,5 = D} ;P! ,.
Finally, Eq. (£3)) follows in a similar manner to Lemma [I with the free time-
dependent parameter associated with (At1 1o 5)1<U -, enabling the calibration, which

concludes the proof. O
E.2. Proof of Lemma

Proof. The long (short) FRA payoff, Eq. ({0]), may be replicated, at zero cost (i.e.
Vi = 0), by borrowing (depositing) NP}, ; at the 26-term rate and simultaneously
depositing (borrowing) NP}, | at the d-term rate at time ¢, and depositing (bor-
rowing) the proceeds thereof, which is the nominal amount N, again at the J-term
rate at time ¢+ 6.% Using Lemma 2] it is straightforward to show that the fair value
of the FRA at time ¢ + ¢ is

) (E:2)

Ploa
Vies =alN |1 - 3= Ply,
£,0,2

Borrowing (depositing) PE’Q2 units of currency at the d-term rate at time ¢ and
refinancing (redepositing) the total cost (proceeds) thereof at time ¢ 4+ ¢ would
cumulatively cost (yield) Pt2,0,2 / D} 405 at time ¢ +24. Combining this position with
a long (short) FRA, with N = P2, ,/D},s = P, 4/Ply,, would result in a net
cost (yield) of one unit of currency at time ¢+ 26, and a net cost (yield) of P}, , at
time ¢ + &, using Eq. (E2]). The combined strategy therefore has a value of Pt2.0,2
at time ¢ and replicates the value of the 20-term ZCB at times ¢ + 0 and ¢ + 26.
Having the §-term SDF as the key building block, this strategy creates a synthetic
o-term ZCB, {Pt{m ;1€ {0,1, 2}}7 at time ¢ with maturity time ¢ + 24§, such that
Ploo = PRyy, Ploy = P2y =1and Py, is the interim fair value at time ¢ + 0,
which concludes the proof. O

E.3. Proof of Corollaryl

Proof. The general version of the § x 26 FRA has the following terminal payoff

Vigas = aN[(1 4 6RL5) — (14 6K)] = aN [Pll ~(146K)|,  (E3)

t,1,2

“Depositing (borrowing) at one of the term rates is equivalent to buying (selling) the associated
ZCB.
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where K is an arbitrary fixed rate specified at initiation of the contract, at time ¢.
Using the calibrated §-term PK from Theorem [Il the initial arbitrage-free value of
the FRA is

1 1
Vi = B [miy05Viras | Gl = 51 BV [DyyasVisas | Gi]
t t

= aE" [Dy, 5G] — a1+ 6K)E" [D} 55 | G¢]
=aPly, —a(l1+0K)P},, (E.4)

where the third line follows from Lemma [2 viz. Dt1+26 = Dt1+6Pt1,1,27 and the last
line by definition of the §-term PK. Setting V; = 0 and solving for the fair strike
rate yields K = (P}, /P!y, —1)/d. Repeating this process at time ¢+, for exactly
the same contract, would then yield K = (P}, | /P!, , — 1) /4, as required, which
concludes the proof. O

Appendix F. Systemic Liquidity Indicators

Definition F.1 (General ni-term quoted rate). Assume that u and ¢ are
quoting and trading times, respectively, with u < t. For a nominal amount NV, the
SST may model a future STR nd-term deposit/loan quote rate as

N N
RN, =Ry (F.1)

where « is equal to sgn(1) for a deposit, sgn(—1) for a loan; 3 is a state variable equal
to 3 if the SST can source perfect liquidity, 2 if the SST can source costly liquidity,
1 if only the SST can’t source liquidity and 0 if there is no systemic liquidity; and
the £;-measurable liquidity indicator

1, if = 3, with probability qlf ;]Yga
v e aly Y J(ndRy Ly ), if B = 2, with probability ¢, .2)
bl S if B =1, with probability q;';";, |
0, if # =0, with probability qlf ;]Yoa
with ALY = A(t,t + né, N, ), a positive real-valued function which models

the absolute future cost per unit nominal, and the probability qZ ;ﬁﬁ = q(t, t +
nd, N, a, ) both assumed to be deterministic functions. By the law of total prob-
ability 22:0 qz;i\fﬁ = 1, while it must also hold that L;L’i\{o(u}) = L?,’i\fo (w) a.s., so
that the likelihood of systemic illiquidity is equal for both loans and deposits, i.e.
@it =4

Proposition F.1 (Expected future value and cost of né-term liquidity).
Consider {N{'y 1, N{lq2,---s N{', p}, a set of nominals with associated weights
{wf a1, Wi 0s Wi} that reflect the respective likelihood of the SST engaging
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in deposit and loan transactions at such nominals at time t for a term of nd, with
Zf L Wi =1, where b € N. To ease notation here, N; and w; are used to denote
N{'y.; and wy', ;, respectively, for i € {1,2,...,b}. From the vantage point of the
SST at time u, the weighted average future value at time t of an nd-term deposit/loan

with unit nominal is
Vvtr,boz = {qgoz,O t”,LO,n + qgoz,lpt’?o,n + qga,Q(l - aA;Loz) + qlfa,?)} ’ (F3)

where the aggregated probabilities and cost function are, respectively, defined by

b
Uhap = <Z w;Niq; 5) / <Z wiNi>,and (F.4)
i=1
b
A;i = <Z w; zqt .o ’A” Ni > / <qﬁa’2 ZwiNi>. (F.5)
i=1

The expected future cost of nd-term liquidity per unit nominal at time t is given by

(a - t??a)‘

Proof. At time ¢ if 8 = 3 then perfect liquidity prevails, the reference ndé-term rate
will exist and the fair value of the SST’s deposit/loan will be

%EP |miasalNs (14 n0REN) |G| = aNiPly, (14 n0R;Y) = ol

(F.6)

If B8 =2, costly liquidity prevails, the reference nd-term rate will exist and the fair
value of the SST’s deposit/loan will be

1 .
—E" {7‘(‘?+n504Ni (1 + néRlloiVQ) | Qt} =aN;P[y , (1 +ndRy, 2)

g
n,N;
= aN; — NiAt”a . (F?)

If B =1, only the SST can’t access liquidity, the reference nd-term rate will still
exist and the fair value of the SST’s position will now be

1
—EP [ﬁgnéaz\a (1 + noR)] 1) \gt} = aN, P}y (F.8)

'
In the case of a deposit, this represents the value foregone by not being able to
access the nd-term rate. For a loan, this represents the value gained by having
to settle a liability early as opposed to deferring payment by accessing funding
through the nd-term rate. When 3 = 0, there is no systemic liquidity and therefore
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no reference nd-term rate. In this scenario, the SST may estimate the fair value of
their position as

1 _pra ; .
EEP [D{Zrm;aNi(l +ndREN) | gt} = aN; By ., (F.9)
t

by making use of the estimated ndo-term SDF. Then, the estimated value at time
t is

n,N; __ |, nNi Bn n,N; pn n,N; n,N; n,N;
‘/t,oz - aNl |:qt,a,OPt,O,n + qt,a,lpt,O,n + qt,a,2(1 - aAt,oz ) + qt,a,S ’ (FlO)

and the weighted average future value equation (£3)) is recovered by setting

b b
VZLO( = (Z wi‘/t’:l(;Ni> / <Z wiNi> , (F.ll)
i=1 i=1

which holds for both nd-term loans or deposits, and concludes the proof. O

Corollary F.1 (Mid-expected future value and cost of ni-term liquidity).
From Eq. (E3), it follows that the mid-weighted average future value is

Vi = a @l Prlo + 6 Pl + a1+ €) + gl (F.12)

where the mid-probabilities and cost function are, respectively, defined by

1
Gp = 5(tt+p+ - p), and (F.13)
1
6? = 20" (qlf—aQAZ— - q2+,2AZ+)7 (F14)
)

with the expected future cost of nd-term liquidity per unit mominal now given by
(a=V").

Proof. Setting V" := a(V;", —V;"_) /2 yields the mid-future value equation (EI2),
with the expected future cost of liquidity result then following trivially. O

Remark F.1 (Spread quantity €}'). Having constructed a mid-value in Corollary
[F1] the quantity € may be interpreted as the mid-value of the bid-offer spread
associated with né-term deposit and loan liquidity at time ¢, suitably weighted by
the probability of each transaction at specific nominals, from the perspective of the
SST. The magnitude and sign of this mid-spread depends on the funding market
climate. In particular, one would expect

(1) € > 0, in a stressed market where the STR has difficulty sourcing term funding;
may be attributed to profit

(2) € ~ 0, in a normal market where A}, and A}
margins;
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(3) € < 0, in a stressed market where the STR has excess access to term fund-
ing, a scenario that is most likely to realize for near or shorter terms-to-
maturity.

Remark F.2 (Systemic liquidity indicators). Proposition 1] and Corollary
[l have enabled the aggregation of the nominal effect in the general nd-term
quoted rates, as well as the averaging of the spread asymmetry due to loans and
deposits. The structure of the mid-expected future value, Eq. (E12)), indicates that
a simpler symmetric and systemic specification for the liquidity indicator will suffice,
especially under the assumption of a normal market, or €' ~ 0. Therefore, in order
to ease the exposition, the £;-measurable random variable

1, perfect systemic liquidity with probability ¢;’,
L} = (F.15)
0, no systemic liquidity with probability 1 — ¢p*,

models systemic nd-term liquidity at time ¢, with ¢f* := ¢(¢,t + nd) being a deter-
ministic function that determines the probability of perfect systemic liquidity. With
this indicator, states § € {2,3} and 8 € {0,1} of the general indicator are essen-
tially combined, with V;* = « {(1 —qP) Ist’fo’n + qt"} now being the mid-expected

future value of nd-term liquidity per unit nominal at time ¢.

A more general version of the systemic liquidity indicator, defined in Remark
F. 2 which incorporates the state of costly liquidity is considered next. Using the
definition of this new liquidity indicator, the lemma below reveals the impact of
costly liquidity on the fair 6 x 20 FRA rate derived in Lemma [4]

Definition F.2 (Costly systemic liquidity indicators). At time u € Rx>q, the
random variable

0, no systemic liquidity with probability gy o,
Cpl =41, perfect systemic liquidity with probability gy ;, (F.16)

1 +e¢,, costlysystemic liquidity with probability ¢ 5,

models né-term systemic liquidity, where €], € R is the deterministic spread quantity
defined in Corollary [l and Remark [F1] If the current time is ¢, then the natural
filtration associated with liquidity is

= U({{C’i, Cﬁ, Ol su e {0, e, e 1)), (F.17)

where {tg,t1,...,t;} denotes the set of trading days that lie within the interval
[0,t]. These costly systemic liquidity indicators are assumed to exhibit both serial
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and cross-sectional independence, or more formally

EF [Cy | Leno ({C) ¢ {0,1,1+€p}})] =EF[C}}]
—P[CT = 1]+ (1+€)P[CT =1+
=qu1t+qo(l+e), (F.18)

forall ¢ < u, with g7 , := ¢i(u, u+nd) being a deterministic function for ¢ € {0, 1, 2}.

Lemma F.1 (0 x 20 FRA pricing under potentially costly liquidity).
The fair strike rate process for the general version of the 6 x 26 FRA defined in
Lemma3] is

Fiiq=

sty

-1 Ftl,O,l [qtl-i-&,l + (It1+6,2(1 + et1+5)] , 1 =0 and conditional on Ct1 = Cf =1,
Fya, i = 1 and conditional on C}, 5 = 1,
(F.19)

which is also Gyii5-measurable.

Proof. Assuming that £, = £;- V o({C} = 1,0% = 1}), the FRA replication
strategy yields Viyo5 = Vigos — aNJ(1 — C’t1_~_6)Rt1+67 as was the case in Lemma [4]
with the proof following similarly. O

Appendix G. Liquidity-Dependent Pricing Kernels

Definition G.1 (nd-term LDPK over a single period). At the current time
t, under the CPL or CPFL liquidity regime the nd-term LDPK is defined by

%tn+in5 = 7Ttn+in57 (Gl)

for i € {0,1}, i.e. perfect liquidity enables the definition of the nd-term PK. This
scenario therefore allows a market-taker, such as the SST, to access nd-term lig-
uidity. If the NPFL or NPL liquidity regime prevails then the nd-term LDPK is
given by

~

~n . n
Tting = Dt-l—iné? (GQ)

for i € {0,1}, i.e. no liquidity requires the estimation of an nd-term rate using the
respective estimated SDF. This scenario therefore requires market-making to create
liquidity. Under the PPL liquidity regime with the né-term being illiquid but the
10- and jo-terms being liquid such that j < n < k, the SST may define the né-term
LDPK by

= AT n
Tihins = MrinsDitins (G.3)
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where the {(G,), P}-martingale (A}, s)o<v<1 must be chosen so that
B (D74 15| Gt) = Diyns € (Ds » D{-i-jé)? (G.4)

in order to ensure positive forward rates over [t + jo,t + kd]. Therefore, this scenario
also requires market-making to create liquidity, however, liquidity in the other adja-
cent terms provides information to create an arbitrage-free range for the calibrated
SDF.

Definition G.2 (né-term LDPK over multiple periods). At the current
time ¢, under the CPFL liquidity regime the nd-term LDPK is defined by

Titis = Tiiss (G-5)
for i € Ny 4, 1.€. perfect liquidity enables the definition of the nd-term PK over
the interval [¢,¢ + md] if m mod n = 0, or [t,t 4+ md) otherwise. If the CPL or PPL
(as defined in Definition [G)) liquidity regime prevails then

n o mn
—n Tihis 1 €N{op,
Titis =\ ~, ) " (G.6)
Dt+iz§7 (S NZn,m-‘,—n?

i.e. potential future illiquidity requires market-making beyond the first period. If
the NPL or NPFL liquidity regime prevails then the nd-term LDPK is defined by

~

Tivis o= Diyiss (G.7)

for i € Nij,,,,,, i.e. no present and no/uncertain future liquidity requires market-
making to create liquidity.

Appendix H. Reduced-Form Model Development
H.1. Proof of Lemma

Proof. At time t + id, the present value of one unit of currency due at time ¢t + 50
is equal to

J—t 1 _
YT (- i)oRIE

(H.1)

provided that ¢ < j < m, according to Assumption [2l Therefore, considering a
synthetic nd-term LCZCB with tenor less than or equal to nd, i.e. (j —1i) < n, it
follows that ﬁif)j = Pt]; Z_;, which is the result shown in Eq. (GI0).

For the case of n < (j — i) < m and mod(j —4,n) = h, h € Ny ,,—1, a synthetic
nd-term LCZCB with (j — ¢)d-tenor may be constructed using Assumptions 2H4l as

follows. At t + i, if h > 0
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(i) Borrow (deposit) M units of currency at the hd-term rate.
Diyis
Dh

(0) Long (short) the hd x (h 4+ n)d fair FRA with nominal equal to M .
t+(i+h)s

(1) Long (short) the (h + n)d x (h + 2n)d fair FRA with nominal equal to
n —=n
]\/[D—f{jpmS (1 + n(SFt,i,iJrh)'

t+(i+h)s

(N) Long (short) the (j —n)d x jo fair FRA with nominal equal to

Dth—&-‘é Snll ik ik
MDhiz(l Fn0F )L+ n0E ) (L+n0F, o). (H.2)
t+(i+h)s

At time ¢ + (i + h)J, using Assumption F]

D

R .
Diyirnys

(ii) Refinance (redeposit) the costs (proceeds) from (i) at the nd-term rate.

h
t+id

(i) The loan (deposit) matures which costs (yields): M

At time ¢ + (i + h + n)d, using Assumption [

n
Dy s D (iymys

T n .
Dtbﬁ»(/ﬂ»h)é Dt+(i+h+n>5

(ii) The loan (deposit) matures which costs (yields): M

h n .
(0) The long (short) FRA payoff: (—)M Ditis [ Diviems (1+ n5in,i+h)}

D Giinys DY Gi4ntnys
(iii) Add (ii) and (0), and refinance (redeposit) the costs (proceeds) at the nd-term

rate.

Repeating this process at each time ¢+ (i +h +nk)d, for k =2,3,...,(j —i—n —
h)/n, will eventually result in a total cost (yield) equal to

Dh . — — —
M#(l +n6Fy ;i) A+10F, i) (L+ndFy 5 ), (H3)
t+(i+h)s

at time ¢ + 70, which is measurable at time ¢ + ¢5. This strategy may then be used
to create the synthetic nd-term LCZCB with (j — ¢)0-tenor by setting

M := %(1 + n(SFt,i,iJrh)_l(l + n(SFt,i,i+h+n)_1 (T n(SFt,i,jfn)_17
t+i6

(H.4)

and therefore fii)] = M, which is consistent with Eq. (69) for h > 0. If L = 0
then the relevant contracts are the (k 4+ n)d x (k 4+ 2n)d FRA contracts for k =
0,n,2n,...,(j —i — 2n). The same strategy may be employed for h = 0, which

completes the proof. O
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