This article has been accepted for publication in IEEE Transactions on Wireless Communications. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TWC.2024.3363499

Revisiting Outage Probability Analysis for
Two-User Fluid Antenna Multiple Access System

Hao Xu, Member, IEEE, Kai-Kit Wong, Fellow, IEEE, Wee Kiat New, Member, IEEE,
Kin-Fai Tong, Fellow, IEEE, Yangyang Zhang, and Chan-Byoung Chae, Fellow, IEEE

Abstract—Fluid antenna system (FAS) is a new flexible antenna
technology that offers a new approach to multiple access, referred
to as fluid antenna multiple access (FAMA). The performance of
FAMA has been investigated but previous results were based on
simplified spatial correlation models. In this paper, we will revisit
FAMA for the two-user case and study the outage probability by
characterizing the joint spatial correlation among the ports. We
first derive a closed-form lower bound on the outage probability
and reveal that in the absence of spatial correlation, the outage
probability of the system decreases exponentially as the number
of ports increases. We then show that the channel model can be
greatly simplified by focusing upon a limited number of channel
variables, allowing us to derive the outage probability using the
approximate model. To gain insight, we further approximate the
channel model and provide another approximation of the outage
probability that is easier to compute. Simulation results validate
the approximations and demonstrate that the outage probability
decreases with the number of ports but has an error floor unless
the antenna size is increased. Also, when the number of ports
is fixed, the outage probability initially decreases exponentially
with the size but eventually approaches the lower bound.

Index Terms—Fluid antenna, fluid antenna multiple access,
outage probability, spatial correlation.

I. INTRODUCTION

Due to the limited radio spectrum and the explosive growth
of mobile data and devices, massive connectivity has become a
major driver for the fifth generation (5G) and beyond mobile
communication systems [I]. Realizing massive connectivity
is however a difficult task. Massive multiple-input multiple-
output (MIMO) [2], [3] is currently the de facto technology
in 5G to support a large number of users on the same channel
by separating multiuser signals in the spatial domain while
non-orthogonal multiple access (NOMA) [4], [5], [6] is an
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ambitious scheme to overload the spectrum by requiring each
user with intelligent power allocation to eliminate inter-user
interference utilizing interference cancellation. Under practical
conditions, both techniques however could struggle to cope.
One reason is that channel state information (CSI) is required
at the base station (BS) and complex optimization (precoding
for massive MIMO and user clustering and power control for
NOMA) needs to be performed, limiting their scalability. In
5G, massive MIMO is not designed to serve more than 12
users while NOMA (or rate-splitting multiple access (RSMA)
[7]) is too expensive to handle more than 3 users.

To improve scalability, we need a much simpler approach,
one that scales better with the number of users and requires
less CSI at the BS. To this end, recent efforts in fluid antenna
system (FAS) show potential [8], [9]. Specifically, if a user
is equipped with FAS, the user will have the ability to scan
through the channels in the spatial domain and choose to
receive the signal at the position (referred to as ‘port’) where
the interference suffers from a deep fade. This is referred to as
fluid antenna multiple access (FAMA). FAS relies on flexible
antenna technologies that may come in the form of liquid-
based antennas [10], [11], [12], reconfigurable RF pixel-based
antennas [13], [14], [15], stepper motor-based antennas [16],
[17], and flexible structures using metamaterials [18].

Despite being a new topic, recent researches in FAS already
cover single-user [19], [20], [21], [22], [23], [24], [25] and
multiuser systems [26], [27], [28]. The interest of this paper
will be on the multiuser scenario where FAS is used primarily
for multiple access. FAMA was first introduced in 2022 by
Wong and Tong [26]. The idea of FAMA lies in the fact that
multiuser signals fade independently in space and as such, the
FAS at a given user can find and operate at the port where
the interfering users all fade deeply to have interference-less
signal reception for communication. Depending on how fast
the user updates the port of FAS, FAMA can be classified into
fast [26], [27] and slow FAMA [28].

Fast FAMA requires each user to switch its port on a
symbol-by-symbol basis while slow FAMA is more practical
and only has users switching their ports if their channels
change. In [28], it was demonstrated that several users can
be accommodated on the same channel using slow FAMA to
achieve a high multiplexing gain without CSI at the BS side
and interference cancellation receivers at the users. In [29],
an analytical framework for the outage performance of large-
scale FAS-enabled communications was presented, where all
users employ a circular multi-FAS array. To reduce the channel
estimation overhead, a novel sequential linear minimum mean-
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TABLE 1

LIST OF NOTATIONS

Notation Definition I

Notation Definition

WX  Size of the fluid antenna, where W is the
normalized size and X is the wavelength

M,L  Key parameters in the approximation

N Number of ports

DPoutk (Tr)  Outage probability of the FAMA system

s;  Data symbol intended for user j

~(n) A7) ~nyd —n,l S —
gj(j;c) , gﬁg , g]'.L o> g;L , _ Approximations of g/

(n)

9;,7;@) Channel gain from the j-th BS antenna to the 45,2") @,(Cn) = g,gf,2| /| f]é",z
n-th port of user k ’
n,(cm Additive Gaussian noise q%Zl q%Zl = \g;,i /|§£’Il€|
y,(Cm Received signal at the n-th port of user k @k !f/k = max {éZ’l, 1<n<N,1<IL< L}
T N =n,l =nl —n,l | 1=n,l
gk (@ T oy By = g/l

> - .
052  Covariance matrix of g;

7, @k:max{52’l,1§n§N,1§l§L}

UOUY  Eigenvalue decomposition of X

Zero-order Bessel function of the first kind

Yh  SIR threshold

Tk Tk = \/YPgE/Pk

)
) Marcum Q-function of order 1
) Modified Bessel function of the first kind

squared error (LMMSE)-based channel estimation method was
performed for only a very small number of antenna ports.
It was shown that the developed framework can accurately
capture the channel estimation errors on the performance of
the considered network deployments. In [30], the NOMA and
FAS techniques are combined to expand the communication
range of a downlink millimeter wave (mmWave) system.

Accurate performance evaluation is crucial in understanding
the true potential of FAMA but the performance analysis of
FAMA so far has been limited to a simplified channel model
[31], which is unable to accurately characterize the spatial
correlation amongst the ports of the FAS. In [32], Khammassi
et al. adopted the eigenvalue-based model to fully account for
the channel correlation over the ports, and revealed that the
outage probability performance for a single-user FAS could
be quite different from what was originally reported in [19].
In particular, the results in [32] illustrated that increasing the
number of ports (i.e., the spatial resolution of FAS) has a
diminishing return. However, the situation in FAMA is much
less understood. In [33], the eigenvalue-based channel model
was considered for a two-user slow FAMA system.

In this paper, we extend the work of [33] focusing on the
two-user slow FAMA system.! Our goal is to approximate the
fully correlated channel model, analyze the outage probability
of the system based on the accurate but simplified model, and
gain more insights on how the performance scales with the
fluid antenna size W and the number of ports N. The main
contributions of this work are summarized below.

« Assuming that each user has access to the received signals
from all ports, we first derive a closed-form lower bound
on the outage probability. We show that this bound can
be viewed as the outage probability of a special FAMA
system with no spatial correlation among the ports. In
this idealized scenario, increasing N provides each user

!'This paper improves [33] by further simplifying the analysis and making
the resulting expressions more tractable. In contrast to [33], the distinctive
contributions of this paper include: a closed-form lower bound on the outage
probability that serves as a benchmark; a second-stage approximation of the
channel model and the outage probability analysis based on it; and more
insightful observations derived from both the analysis and simulation results.

with a larger number of alternatives in selecting a port
with minimal interference. Consequently, the lower bound
experiences an exponential reduction with an increase in
N and can thus be arbitrarily small. As we will analyze
and also show by simulations, this is quite different from
the real FAMA system since the channel gains of different
ports are usually highly correlated.

Although the eigenvalue-based channel model in [32] can
accurately characterize the spatial correlation among the
ports, it results in expressions involving N nested inte-
grals in the analysis of the outage probability, which are
computationally intractable. To facilitate the analysis, we
show that the channel model is determined by a Hermitian
Toeplitz matrix whose energy is mainly concentrated in
a few largest eigenvalues. As a result, it is possible to
approximate each channel coefficient by considering M
dominant eigenvalues, where M is considerably smaller
than N. Based on this simplified channel model, the
outage probability of the system is analyzed. However,
despite the significant simplification achieved in the first
stage, the approximated outage probability is still difficult
to compute, as it is a 4V -fold integral. Therefore, we
extend the second-stage approximation scheme for the
single-user FAS in [32] to the FAMA system. Adopting
this new model, another approximation of the outage
probability is derived and expressed as a 2-fold integral,
which is easy to compute and more insightful.
Simulation results validate the performance of the two-
stage scheme in approximating the channel model. We
see that as IV increases while the normalized size of the
fluid antenna W is fixed, the outage probability initially
decreases dramatically. However, it eventually saturates
due to the strong inter-correlation between closely spaced
ports, which suggests that an excessive increase in [V does
not lead to additional gain if W is fixed. Furthermore,
for a given N, we observe that the outage probability
decreases almost exponentially as W increases at the
beginning and then approaches the lower bound we have
derived. This indicates that increasing the size of a fluid
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antenna can significantly improve the performance of the
FAMA system, especially when W is small.

The remainder of this paper is organized as follows. In Sec-
tion II, we introduce the two-user FAMA system and the exact
channel model. Section III provides the analysis of outage
probability. Section IV then attempts to make some interesting
observations of two-user FAMA using some numerical results.
Finally, Section V draws some concluding remarks. Auxiliary
technical results are given in the appendices.

Notations: We use boldface upper and lower case letters
to denote matrices and column vectors. E [-] and Cov [-] are
respectively the statistical expectation and covariance. CN
represents the complex Gaussian distribution. (-)” and || stand
for transpose and magnitude, respectively. (-), s denotes the
element of a matrix in the n-th row and n’-th column. To
help readers follow the mathematical contents, the meanings
of some key notations are summarized in Table I.

II. SYSTEM MODEL AND PROBLEM FORMULATION

As shown in Fig. 1, we consider a downlink slow FAMA
system, comprising a BS and two users. The BS has two fixed
antennas, while each user is equipped with a FAS. Each BS
antenna serves one particular user. Without loss of generality,
we assume that the k-th antenna at the BS serves user k. The
fluid antenna’s location can be instantaneously switched to one
of the N predetermined ports, which are evenly distributed
along a linear dimension of length W and share a common
radio frequency (RF) chain.” Then, the received signal at the
n-th port of user k is given by

ZgngJ‘H?k) for k=1,2, (D)

2This structure can be seen as an approximation of an RF pixel-based linear
FAS that has many compact antenna pixels, among which one antenna (formed
by several pixels) can be activated at each time [34]. Using this technology,
it is possible to switch the antennas with almost no time delay.

A downlink slow FAMA system with a BS using two fixed antennas to communicate to two FAS-assisted users.

where s; ~CN(0 ( ,p;) denotes the signal intended for user j,
gj k ~ CN (0,07 7 1) is the channel coefﬁc1ent from the j-th

BS antenna to the n-th port of user k, and 77k ~ CN(O 0?)
denotes the additive white Gaussian noise. Here p; and o3 are
respectively the signal and noise power, and 0]2-’ , can be seen
as the large-scale fading of the link from the j-th BS antenna

to user k.

T
Let g; & gj(lk), e ,gj(]Z) and X, = 0 x> be the

covariance matrix of g; . As in [19] and [ ] the spatial
correlation over the ports is characterized based on the Jake’s
model [35]. Thus, the (n,n')-th entry of X is given by

1 (n) (n)

O_TCOV [g]l’g]ﬂ]; ]
ik

T <27rn )\n'|)\A>

= Jo(2n(n —n')A),

(Z)n,n/

2

where A = W/(N — 1) is the normalized distance between
any two adjacent ports and Jy(-) is defined in Table I.
Considering that a FAS usually has a large number of
ports, it would be very complicated and time-consuming to
estimate the full CSIL, ie., g;x, Vi, k € {1,2}, if all the
ports are involved in the estimation. There have been some
works studying the performance of FAS-assisted systems with
channel estimation errors and the channel estimation problem
in FAS-assisted systems. For example, in [29], a novel se-
quential LMMSE-based method was performed to estimate the
channel gains for only a very small number of antenna ports.
Then, an analytical framework for the outage performance
that accurately captures the channel estimation errors was
presented. In [36], it was shown that in the case of finite
scattering channels, it is possible to transmit a small number of
pilots and estimate the sparse channel parameters at only a few
selected ports. Then, the full CSI can be reconstructed based
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on the geometric channel model. In this paper, we assume that
the full CSI is known at the BS for convenience. If only partial
CSI is known, one may modify the analysis in this paper by
using the technique proposed in [29].

It is known from (1) that the signal-to-interference plus
noise ratio (SINR) of user k at the n-th port is found as

(n)2
(a) Pk|9k k| 3)

(")|2

(n) _ Pk |91(¢n12 |?
Tk

pelg) >+ 03 pilg

where k = 1if k = 2and k = 2if k = 1, and (a) assumes that
the interference power is much greater than the noise power.
Though SINR provides a more precise measure of the system
performance, the signal-to-interference ratio (SIR) serves as a
suitable approximation in interference-limited environments.

This paper aims to analyze the outage probability of the
considered FAMA system, which is defined as

(1) N)
B ‘gk 2 |9k k |2 YthPg
poul,k(Tk) - Pr (1) )
19z, R ng ME Pr
g 95|
=Pr | ](Ci]; < Tk .- ‘ ]Z]\I;)| <7TK g, 4

where 7, is the SIR threshold and 74 = \/Ynps/Pr-

In order to analyze poy, k(rr) and comprehend the perfor-
mance of the FAMA system under consideration, it is crucial
to model the channel vector g; i such that it adheres to
the aforementioned distribution, i.e., g; " eN (0,073 k) and
IE[ngng] = 3,192 As demonstrated 1n[ ], the elgenvalue-
based model can effectively achieve this objective by repre-
senting each channel coefficient gj( k) as a linear combination
of N independent and identically distributed (i.i.d.) complex
Gaussian random variables. In particular, let UOGUH denote
the eigen-decomposition of X', where U is a unitary matrix
and ©@ = diag{6y,...,0n} is the eigenvalue matrix, and
assume that the eigenvalues in @ are arranged in descending

order, i.e., 61 > --- > 0y. Let
gjk = Uj,kU@%mj,h &)
where ;) = (3351,2, xﬂ))T and :c] ~ CN(0,1). Note

that xgn) k) = a(n) + Zb§nk) , where

(”k) and b( k) are i.i.d. real Gaussian varlables with zero-mean

and varlance 5 It can be easﬂy checked that g; ;, constructed
o5 2, X In addition, based on (5),

in (5) satisfies E[g; xg;] =
the n-th element of g;, i.e., gj(.jz, can be expressed as

can also be expressed as T,

N
9% = 03 2 VOt
m=1
N
=050 > VOt (a3 + ), ©)

m=1

where u, ,,, is the (n, m)-th element of U. Since Jy(0) = 1,
it is known from (2) that (X), , = 1. Then, the variance of

4
gﬂ) constructed in (6) is given by
N
O’ik Z F)muim = O’ik(z)n,n = Jik,. (7N
m=1

Hence, g](.ﬁc) ~ CN (0,07 ,,). The model in (5) and (6) can thus
perfectly characterize the distribution of the channel gains and
the spatial correlation among the ports. However, using this
model for analysis results in expressions involving N nested
integrals, which are difficult to compute. Therefore, a channel
model that can accurately approximate the strong correlation
of fluid antennas, and at the same time, maintain analytical
tractability, is of great importance to the study.

III. MAIN RESULTS

In this section, we analyze the outage probability of the
two-user slow FAMA system. We first provide a lower bound
on the outage probability. Then as in [32], we approximate
the channel model (6) in two steps, and analyze the outage
probability of the FAMA system using the simplified models.

A. Lower Bound on the Outage Probability

Let yr = (.. oyt™)7 and oy = (V... )T

The received signal of user k, i.e., (1), can be rewritten in a

vector form as )

Yo = Y GjkS) + M- ®)

j=1
Assume that user k& can observe the received signals at all
ports, i.e., it knows all elements of yj. Obviously, this is an
ideal assumption that cannot be realized because each FAS has
only one antenna and one RF chain. Therefore, within each
symbol, the antenna can only stop at one port and observe the
signal at that specific point. We make this assumption here
mainly to derive a lower bound on the outage probability
in Theorem 1, and we no longer need it in the following
subsections. Applying the unitary matrix U, resulted from the
eigen-decomposition of X, to yy, and using the model of g; ;.

constructed in (5), we obtain

Ui = UHyk
2
=D hyks;+ 1, fork=1,2, )
j=1

where

1
hijw=U"gjr =010, (10)

and My, = U ny, ~ CN(0,0¢1y). From the definition of T
in (5), hj ~ CN(O,J‘%,C@). Hence, different from g; 1, the
entries in h;; are independent of each other. The correlated
channel (1) is thus de-correlated by (9). Denote

A Y]
B ]

P (rk) = Pr <. D

In the following theorem we analyze pgfn’ & (7%) and show that
it is a lower bound to the outage probability pour(7%)-
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Theorem 1. The outage probability poy k(i) in (4) is lower
bounded by pf$t7k(rk), where

Ib 7“1% N
Pom,k(Tk) = (H—Tﬁ) .

Proof: See Appendix A. ]

(12)

Remark 1. As we explained in Appendix A, plobm’ x(T%) can be
seen as the outage probability of the special case of (1) with
no spatial correlation among ports and additive noise. In this
idealized scenario, increasing the number of ports N provides
each user with a greater number of alternatives in selecting a
port with minimal interference. Therefore, as shown by (12),
the outage probability experiences an exponential reduction
with an increase in N. However, in practice, the N ports of
a fluid antenna are evenly distributed within a limited linear
space of length W \ and the ports are correlated. Hence, with
a fixed W, increasing N helps reduce the outage probability at
the beginning, but then saturates since a smaller port distance
causes strong inter-correlation. Accordingly, with a fixed N,
if W increases, the distance between two adjacent ports gets
larger and the outage probability approaches the lower bound
pé’;tyk(rk). We will further show this by simulations. O

B. First-stage Approximation

Here, we show that the channel model g](j;) in (6) can be

approximated by taking only a few eigenvalues into account.

1) Channel Model Approximation: In (6), the exact channel
model is mainly determined by 3, which on one hand, ensures
gﬂ) ~ CN (O,O'JQ», .), and on the other hand, determines the
correlation of the elements in g; ;. In [32, Theorem 5], it is
demonstrated that when N is large, the fraction of eigenvalues
of X less than a small threshold approaches a constant that is
independent of the threshold. Then, it is proposed to consider

only e-rank eigenvalues in the channel model, where (see [32,

(19D N
e-rank ~ 2W (N—l) .

In the following we study the property of the eigenvalues of X/
from another perspective and show that similar observations
can be made as [32].

It can be found from (2) that the elements of 3 satisfy

(E)nm’ = (E)n’,n
= (2)n+1,n/+17 for 1 < ’I’L,TL/ < N —1.

13)

(14)

Y is thus a Hermitian Toeplitz matrix. Since a FAS usually
has large numbers of ports, i.e., NV is large, we prove later that
0, > Oy and only a few eigenvalues of X' are significant.
This makes it possible to approximate gj(;) in (6) by taking
only a few eigenvalues into account. Specifically, we consider
M < N terms in (6) with the largest eigenvalues, neglect the
other terms, and obtain the following approximation

=(n) _

M
G = Ojk Z \/ﬂun;m (a;fz) + Zbgnkl)) ’
m=1

By considering only M terms with dominant eigenvalues,
which capture the most significant channel variations, we

15)

are able to reduce the complexity of the analysis while still
maintaining reasonable accuracy. Then, a crucial question is
to what extent g( k) can approximate g( k) To address this, we
introduce a threshold Oy, for the elgenvalues of 3/ and define
the step function

A ].7 0 > G[h,
H(0,0) _{ 0. 0< 0y, (16)
In addition, we define
N () £ < ZH O On),
(17)
N (0n) & = Ze H (0, Oun)-

Obviously, we can interpret Dy () as the proportion of
eigenvalues greater than 6y, and S (6y) as the average value
of those eigenvalues. The limits of Dy (6y) and Sx (6y) are
derived in the following theorem.

Theorem 2. As the number of ports N grows large, the limits
of DN (0m) and Sn(04) are, respectively, approximated as

s

. 1 -
N1—1>I-rs-loo Dy (0m) ~ - . H(f(x),0n)dx (13)
1 g S
NLiIEOO SN (Om) = ] f@)H(f(x),0n)dz,  (19)

where f(x), given in (44), is an exponential-form Fourier
series, and H(f(x),0y), provided in (45), is a smooth ap-
proximation of the non-continuous step function H(0,0,).

Proof: See Appendix B. [ ]
In the following Table II, we compute the limits of Dy and
Sy based on (18) and (19). Since ZnN:1 0, = tr(¥X) = N,
which is large, we set 6y, = 1. For comparison, the value of
e-rank/N for different W is also provided in the table, where
e-rank is defined in (13). Note that when computing the limits
of Dy and Sy, we consider a fixed 4, i.e., fixed adjacent ports
distance, since otherwise the elements of X' vary with A (see
(43)). Here we set A = W/99, i.e., the distance between any
two adjacent ports is fixed as if there are 100 ports.

TABLE I
LIMITS OF D (1) AND Sy (1), AND €-RANK/N FOR DIFFERENT W

w o5 | 1 | 2 | 3 | 4 | 5
Limit of Dy (1) | 1.3% | 2.3% | 4.3% | 6.3% | 8.3% | 10.4%
Limit of Sy (1) [0.9997 | 0.9996 | 0.9993 | 0.9990 | 0.9988 | 0.9996
erank/N in [32] | 1.0% | 2.0% | 4.0% | 6.1% | 8.1% | 10.1%

Table II illustrates that the limit of Dy (1) is very small,
indicating that only a small fraction of eigenvalues exceed 1.
On the other hand, the limit of Sy(1) is quite close to 1.
This observation, combined with the fact that - Zn 10, =1
suggests that the energy of X is concentrated in the largest
few eigenvalues. Moreover, it can be seen that Dy (1) is quite
close to e-rank/N. Therefore, with a sufficiently large N, gﬁj

in (15) can accurately approximate g( ") using a small M. We
will further show this by 51mulat10ns in Section IV.
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To facilitate the analysis of outage probability, following the
approach in [32], we introduce two additional variables cﬁ)

and dg.”), which are i.i.d. Gaussian variables with zero-mean

and variance 3, to gﬁ), and get

k_a]szunm(

+ lb(m))

(oéf;j + zdﬁ)) . (0)

~(n)

M
+Uj,k 1-— E Gmu%’m
m=1

In contrast to g( k) given by (15), the new approx1mat10n g

offers two advantages First, its variance is precisely cr - Sec-
ond, as we will demonstrate in the subsequent subsectlon this
approximation simplifies the analysis of the outage probability,
making it more feasible to evaluate.

2) Outage Probability Analysis: According to (20), the
outage probability of user k£ in (4) can be approximated as

| (1)

1
Ig,%,)c

:Pr{@,ﬂl) <'f‘k7...7¢](€ )<7"k}

9%
| (N)| < Tk

Dout,k (Tk') ~ Pr

- Fmax{cl')il),,__,@i’v)}(rk)a 21
where dsgc”) = |9(n)|/ |g(")| In the following theorem,

we provide the cumulatlve dlstribution function (CDF) of
max{@g), . ,@éN)}.

Theorem 3. With the approximation g](’}j provided in (20), the

CDF of max Qi(l) e ,@;N)} is given by (22) at the bottom
of this page, where

Famiq

)(Tk)

(o TR TN TR T

(n)

(n)

_ _/+00Q1 akk rez P exp _Z +a
: @ om | g 2507
k,k kk kk
g7z)
xIo | 2~ :)”“ dz, (23)
k.k

in which Q1 (-,
well as 5](7,?
Proof: See Appendix C. [ |

-) and Iy(-) are defined in Table I, and ozglk) as

are given in (49).

Based on (21) and Theorem 3, we could obtain an approx-
imation of the FAMA system’s outage probability poutx(7%)-
To differentiate it from the scheme presented in the subsequent
subsection, we regard this as the first-stage approximation.

C. Second-stage Approximation

By taking into account only M largest eigenvalues, the
channel model g(? in (6) has been significantly simplified
by g(”) and gj( k) in the first stage. However, as shown by

(22), "the CDF expression F W PTIPILY (rg), which is an
EEe

approximation of poul’k(rk), is still hard to compute as it is a
4 M -fold integral (let alone the integral (23)). Therefore, in this
subsection we further approximate the distribution of g( k) in

(20) or g; 1 = (gj(lk), . ,g]( k)) using the strategy proposed

in [32]. As in [32], we also call it second-stage approximation.

1) Channel Model Approximation: Here, we approximate
gjk in two steps. In the first step, we define a random
matrix G 5.k of size N x L, where each column has the same
distribution as g; x, while different columns are statistically
independent. Therefore, G ;.1 can be seen as an L-dimensional
extension of g; . Here L is a key parameter that affects the
approximation accuracy and has to be well designed. Then in
the second step, we define another random matrix ém of the
same size to approximate the distribution of G ke

In particular, we define

N/ .7m,l
L T sz )

M
an,l 2 : / A
gjvk =05k emun,m (CLJ
m=1

M
o1 — D Omul,, (¢ (ﬂ +@d?,}i) , (24
m=1
and
~1,1 ~1,2 ~1,L
Jik  9jk ik
g2,1 gz,z o g2,L
S ik ik ik
Gip=|""" 77 S (25)
N1 N2 . N.L
9k Y9k 9j.k

7m,l Anl
where a]k, ka, e andd

k are i.i.d. Gaussian variables
with zero-mean and varlance 5 It can be seen from (24)

that each ¢ A”’ consists of 2(M + 1) random variables, i.e.,
1.0 AM,l 1,0 SMINT aml .l

(@ sy )7, (bjk,...,bjk ) ,c]k,anddll Theejr\lltrlles

in the same column of G/  share the same (& Al oo g )z

and (b] k,...,b%cl) . Therefore, Gj,k has dependent rows

Fmax{@i”,...,@ECN) } (’rk)

~ [ o () () ) (42)
o0 —o0 m=1

| (@k ka5 jobr kg k)

N
XHF(
n=1

(re) daj’), -+

db(]\l)

dayy dajl) - da)dbyy - db )b bl (22)
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and each of its column has the same distribution as g; . In
addition, it can be found that all entries in GJ % use different

e *and d” ,ﬁ, and distinct columns use different variables
11 SMNT 71,0 £ M.l
(@ ks ---ra;, )" and (b, ..., b; )T Therefore, G, x has

independent Columns and it can be seen as an L-dimensional
extension of g; 1.

Next, we define another random matrix éj, i of size N x L
to approximate the distribution of G 4,k In particular, we define

M
—n,l n,m 7n,m
g]‘,k =0k § V Gmun,m ( +1 b] k )
m=1

M
_n.l —n,l
+ 0k, |1— Z Omu2 (C;Lk + zdj7k.) , (26)
m=1
and
1,1 1,2 _1,L
9ik 9k T ik
§2 1 gz,z o gz,L
ral , i,k j,k
Gr=|"" " ! 27
N1 71\/ 2 7N L
9;, i 9k 93 k

We see from (26) that all entries in GJ . use different c"l

and d k, and the entries in the same row share the same
(7?161,“.’6?7&1) and (bykl,,bykM)T Therefore, differ-
ent from C;’jﬁk, G, 1. has independent rows and dependent
columns. As we will show below, the introduction of the
new random matrix éj,k makes the analysis of the outage
probability much more manageable.

To ensure an effective approximation of (A}’j,k by éj, k» 1L 1S
essential to determine a well-designed parameter L. As in [32],
we vectorize both éj,k and §j7k, and minimize the distance
between the covariance matrices of the obtained vectors by
optimizing L. Then, according to [32, Theorem 8], we have

I i { {1.52(1\[ ~1

)
N,
2 W ’
where | -] is the floor function.
2) Outage Probability Analysis: Now we analyze the out-
age probability of the considered FAMA system based on the
new approximation. First, we define

(28)

Am,l
|gk’k|
1977

)

gn,l
b =

Ik (29)

Wk:max{qs;;’l,lSnﬁN,lglgL}.

Since éj,k,Vj,k € {1,2} has L independent columns and
each column has the same distribution as g; ., the CDF of ¥,
can be expressed as

F‘j,k(rk):Pr{i)Z’l <7“k71§n§N,1§l§L}

L
:HPr{@i’l < Ty

=1

AN
,@k < Tk}

L
- |:Fmax{¢>§:>,___7<p§€N>}(rk):| ) 30)

where I e (rg) is the first-stage approximation
k

SFICH

of the outage probability given in (21). Furthermore, we define
—n,l
|9;c1 k|

- |7nl

=n,l

Py,

(31)
7, :max{@Z’l,l <n<N1<I< L}.
Since G, 1,Vj,k € {1,2} has independent rows, the CDF of
!Z’;C is
Fy (ry) = Pr{EZ’l <rm,1<n<N1<I< L}

N
—T1pedd <r1<i<l. 32)
[17 {2 }

n=1
In the following theorem, we provide the closed-form expres-
sion of Fig (7).

Theorem 4. According to the above definitions, the CDF of
V. can be computed as

Fg, (rx)
A o ay
,352/ / eXp( o7 ln M&)
N L
L

(33)

ﬁ::12

z | dz

\
\E\E
Y

X IO dOé]dOZQ,

)

—(n) o’?k
m and ﬂj)k = S5 (1 = &)

Proof: See Appendix D. [ ]

Since éj’k approximates éj’k, according to (21), (30), and

Theorem 4, we can get the second-stage approximation of the
outage probability as

where &, = ZM 1 0, u?

m=

pout,k(rk) ~ Fmax{‘is;cl)wn,qsl(cN) } (’rk)

I
—
|

ISS
—
3
=
N
[

&l

(34)

Theorem S. If M is large enough such that &, — 1, the CDF
of Wy, can be approximated as

2 A\
Fk”’“(rk)z<1+ri> '

Proof: See Appendix E. [ ]

(35)

IV. RESULTS AND DISCUSSIONS

In this section, we present simulation results to evaluate
the performance of the two-user slow FAMA system, and
study the accuracy of the proposed lower bound as well as
the approximation schemes. For convenience, we assume equal
transmit power for both BS antennas, i.e., p; = p2. In addition,
we assume equal large-scale fading from different BS antennas
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Fig. 2. Outage probability versus vy, with N = 50.
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Fig. 3. Outage probability versus W with vy = 5 dB.

to the same user, i.e., 01, = 02 . Then, it is obvious from (4)
that o 5, does not affect the value of the outage probability.
Thus, we simply set 01, = 02, = 1. We assume that the FAS
operates at frequency of 5GHz with a wavelength A = 6¢cm [9].
It is thus reasonable to consider W in the interval [0, 5], i.e.,
the size of a FAS on the user side (mobile phone or laptop)
varies from 0 to 30cm. In most figures in the simulation, we
consider W € [0, 5]. However, in some cases, to observe a
trend in the outage probability or to see the performance of the
proposed approximation schemes under more configurations,
we also show large W. For example, in Fig. 2, by varying
W from 2 to 20, we see that the outage probability quickly
approaches the lower bound as W increases.

In the following simulation, some results are obtained based
on the closed-form expressions, e.g., the lower bound (12) and
the second-stage approximation of the outage probability (5).
Some results are obtained using Monte Carlo simulations by
averaging over 10® independent channel realizations. For ex-

(n)
7,k

Gin

W=05,1,23,4,5

Average variance of

2 4 6 8 10 12 14
M
Fig. 4. Average variance of gﬁj}j,\m € {1,..., N} versus the approxima-

tion level M with N = 100.

ample, the empirical value of the outage probability is obtained
by Monte Carlo simulation based on the exact channel model

gﬁ) given in (6).

A. Lower Bound on the Outage Probability

In Fig. 2 and Fig. 3, we compare the empirical results
of the FAMA system’s outage probability with the lower
bound. It can be seen from these two figures that when the
normalized size of the fluid antenna W is large, the empirical
curves get quite close to the lower bound. This is because,
as shown in Appendix A, the lower bound can be seen as
the outage probability of an idealized FAMA system with no
spatial correlation among ports and additive noise. For a true
FAMA system, when N is fixed and W increases, the distance
between two adjacent ports gets larger and the correlation
between any two ports diminishes. The empirical results thus
approach the lower bound in this case. Moreover, Fig. 3 shows
that when N = 30 and NV = 40, the empirical results generally
decrease with W, but the monotonicity of the curves vary at
some points. This is because the channel model is generated
based on the Jake’s model. As shown in (2), this model
involves the zero-order Bessel function of the first kind Jy(+),
whose amplitude is not strictly monotonically decreasing with
respect to the variable. Therefore, in cases where the value of
W is large and its increment is relatively small, it is possible
for the empirical curves to exhibit oscillations.

B. First-stage Approximation

In this subsection, we investigate the performance of the
first-stage approximation. It should be noticed that although
the channel model gj(»?;g) in (6) has been significantly simplified
by g](f,j, the CDF expression in Theorem 3 is still hard to
compute as it is a 4M-fold integral (let alone the integral
(23)). Therefore, we obtain the first-stage approximation of

the outage probability based on the channel models gﬁ) and
4% in (15) and (20) by Monte Carlo simulations.

Authorized licensed use limited to: University College London. Downloaded on February 26,2024 at 21:26:17 UTC from IEEE Xplore. Restrictions apply.

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



This article has been accepted for publication in IEEE Transactions on Wireless Communications. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TWC.2024.3363499

\
|

— _
—— Exact q(") L — —
09— Approx. g(. )
)
osl— Approx. 9k
>07[
=
%0‘6, M=1,234,5
QO =
e M=1,2,34,5
505
% 0.401
& 0.4 -
5
0.4
O osf
0.399
02
.398
0.1F
9.85 9.9 9.95 10
0 . . . . . )
0 5 10 15 20 25 30 35 40

SIR threshold v, (dB)

(n) 5(n)

L35, and g7

Fig. 5. Outage probability based on g versus the SIR

threshold ¢, with W = 1 and N = 106

Outage probability

o) +
— Exact g;; ‘~+~

— — First-stage Approx g(") B -~

10 I I I I I I
10 20 30 40 50 60 70 80 90 100

Number of ports N

Fig. 6. Outage probability and the first-stage approximation versus N with
Yh = 5 dB and M = 10.

It is known from (15) that g ~(n ~CN(0, M i m)-
Fig. 4 depicts the value of

N M
ZCOV[](")} 122 b2, (36)

which can be seen as the average variance of § g;. k),Vn e {1,

,N}. Note that in the extreme M = N case, the value of
(36) is 1 since Zgzl Omu? ,, =1 (see (7)). Therefore, when
M is smaller than N and increases, the value of (36) should
gradually approach 1. Fig. 4 shows that this is true and can be
realized by a small M (in contrast to N). For example, when
W = 0.5 and W = 2, the value of (36) is close to 1 with
M, respectively, being 3 and 6. Therefore, the exact channel
model gj%) in (6) can be accurately approximated by taking
into account only a few eigenvalues of Y. This is consistent
with the observation in Table II.

2
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Fig. 7. Outage probability and the first-stage approximation versus W with

N =100 and M = 10.

Fig. 5 illustrates the outage probability using the exact
channel model g( k), as well as its approximations g(k) and

™) 1t can be observed that compared to the curve obtained

gj k-
from gj( k), the outage probability resulting from g( k) and gJ( n)

respectively serve as upper and lower bounds. As M increases,
the bounds approach quickly to the curve obtained from gj(72
The approximation is considered sufficiently accurate when
M =4 (with W =1 and N = 100), which aligns with the
observations in Fig. 4. Since both g](.j}j and g](.f;j can provide

(n ), and it is more convenient to

5(n)

good approximations of g;

analyze the outage probablllty based on g

curves for g( k) g™

, we only plot the

and g g;. 1n the subsequent Figs. 6 and 7.

Figs. 6 and 7 prov1de insights into the impact of N and W
on the outage probability. Several observations can be made.
First, when W is small, e.g., W = 1, the outage probability
remains almost constant as IV increases. In contrast, when W
is large, the outage probability first decreases greatly with N
and then saturates. This is because the antenna ports are highly
correlated. With a fixed W, increasing [V initially helps reduce
the outage probability by introducing additional diversity.
However, as N becomes large, the benefits of increased [NV
diminish due to the stronger inter-correlation resulting from
smaller port distances. Secondly, for a given NN, the system’s
outage probability decreases exponentially with W. But this
is not always true. In fact, as demonstrated in Fig. 3, for
a given N, when W becomes sufficiently large, the outage
probability approaches the derived lower bound. Furthermore,
both Fig. 6 and Fig. 7 highlight an interesting observation
regarding the approximation level M. When W is small, the
solid and dashed lines completely coincide, indicating that the
approximation scheme using QJ%) with M = 10 is sufficient
for accurate results. However, when W becomes larger, for
example, W = 4.5 or W = 5, the outage probability obtained
using g( k) is noticeably smaller than that resulted from g( ")
This d1screpancy arises because we set the approximation level
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with v, = 5 dB and M = 10.

M to be 10 for all configurations. It is known from Fig. 4 that
this is adequate to accurately represent the channel behavior
when W is smaller than 4. However, when W = 5, a higher
approximation level, such as M = 12, is necessary to ensure
that the value of (36) approaches 1. In this case, the outage
probability obtained from QJ(.TQ is a lower bound to that based

on g](:;g), which is also demonstrated by Fig. 5.

C. Second-stage Approximation

Now we investigate the performance of the second strategy
in approximating the outage probability. Fig. 8 compares the
empirical CDF with the second-stage approximation over the
SIR threshold 7. Different values of M and N are also
investigated. It is evident that the curves approximated through
the second strategy are not as accurate as those obtained by the
first strategy. However, they still exhibit a commendable level

——, = 10 dB, Empirical result

Outage probability

- = 10 dB, Second-stage approx.
-8, =5 dB, Empirical result \ p

e,
&

-0 Yy, = 5 dB, Second-stage approx. \
7 —6— 7y, = 0 dB, Empirical result \ E
-0 7, = 0 dB, Second-stage approx. b---o0---0

108
0.5 1 1.5 2 25 3 35 4 45 5

Normalized size of the fluid antenna W

o

Fig. 10. Outage probability and the second-stage approximation versus W
with N = 50 and M = 10.

of similarity with the empirical curves, especially when W is
relatively large (e.g., W = 10) or when N is of medium size
(e.g., N = 30 or 40). The difference in performance between
the first and second strategies stems from the fact that they
approximate the channel model in different ways. In the first
stage, the channel model gﬁ) is approximated by gj(.? or gﬁ)
by only considering the lafgest M eigenvalues. Hehce, for a
fixed N, with a well-designed M, this scheme performs quite
well. In the extreme case with M = N, it can be easily seen
from (6), (15), and (20) that ¢} = 3} = §\")). Obviously,
the first-stage approximation of the outage probability in this
case is exactly the true one. Despite this advantage, as shown
in Theorem 3, it is a 4M-fold integral, which is difficult to
compute and makes further analysis complicated. To address
this problem, the second scheme first constructs a random ma-
trix CAT”j,k, whose columns have the same distribution as g, r,
and then proposes another random matrix G, to approximate
CAJL k. The similarity between éjyk and CAT”M is characterized
using the distance between their covariance matrices, which
is minimized by designing L [32]. This approximation (from
G .k 1O éj, ) makes the formulation of the outage probability
easier to compute, but compromises the performance slightly.
Figs. 9 and 10 investigate the impact of N and W on the
outage probability. Similar observations about the performance
of the two-user FAMA system, e.g., the relationship between
the outage probability and N as well as W, can be made
from the empirical results as Figs. 6 and 7. It can also be seen
that when the outage probability is above 10~°, the second
strategy exhibits a good approximation performance. Another
interesting observation is that unlike the empirical result, the
approximation curves are not smooth and approximate the
empirical curves in a regressive manner. This is because the
approximation is obtained as follows (see (34))

Pouck (i) ~ [Fy, ()] © | (37)

where Fig, (7)) is given in Theorem 4. Though Fg (ry) varies
smoothly with N and M, the value of L does not. Since L =
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min { {%J ,N }3, L generally increases with N and
decreases with . Due to the floor function |-], the value of
L may change abruptly and this makes the curves unsmooth.
For example, as shown in Fig. 9, when W = 5 and N changes
from 60 to 65, the value of L increases frlom 2 to 3, and this
causes an obvious increase in [F@ (rk)} L. After that, as N
continues to increase to 80, the value of L remains fixed at 3.
Hence, as shown by Fig. 9, [F@ (ri)] -
this interval (65 < N < 80).

decreases with N in

V. CONCLUSIONS

This paper presented an investigation into the outage per-
formance of a downlink slow FAMA system with two users.
The study focused on a fully correlated channel model that
effectively captures the correlation between any two ports of
the fluid antenna. In order to simplify the analysis, it was
demonstrated that each channel coefficient could be adequately
approximated by the M largest eigenvalues, in which M
is considerably smaller than N. By employing this approx-
imation, the outage probability can be expressed as a 4M-
fold integral. To further simplify the expression, we extended
the second-stage approximation scheme for the single-user
FAS in [32] to the considered FAMA system. Using this
new model, another approximation of the outage probability
was obtained, which involves a 2-fold integral and is easy
to compute and more insightful. Simulation results have vali-
dated the approximation and demonstrated remarkable outage
performance of the FAMA scheme. It is worth mentioning
that although the second-stage approximation can help greatly
simplify the analysis, its performance in approximating the
channel model under some configurations is not as good as the
first one. Therefore, further investigation is needed to explore
alternative modeling approaches and achieve a more accurate
approximation of the channel model.

APPENDIX A
PROOF OF THEOREM 1

It is known from (10) that
0 kO |$§€n;2|

|h(n)| Uka |33 |
| (71)

| (n)| (38)

where the last step follows from the assumption that oy, ;, =
of - Since for all 1 < j < K and 1 < n < N, x(")

are independent of each other and |x k| ~ Rayle1gh(f)
Pom,k(f‘ &) in (11) can be rewritten as

|a:(1)
I ‘<’I”}g,...,|(N)‘

% N
:Pr{X<rk} ,

1.52(N—=1) | _
WJ = 0, we force L to be 1

p:)lzlt,k(rk) =Pr Tk

(39)

3Note that if {

where X, X ~ Rayleigh(

obvious from (39) that pout «(T%) can be seen as the outage
probability of the following channel

2
Y = E $j,k8j.
j=1

In contrast to (8), the channel in (40) has uncorrelated channel
coefficients and no additive noise. Obviously, (40) can be seen
as a special case of (1) with no noise and far-apart ports
such that the channel gains at different ports are uncorrelated.
Therefore, its outage probability pg’ut’ w(r%) is a lower bound
to Pout, k(7). Now the result (12) can be proven by

Pr{§ <rk} :Pr{X<rkX}

12) and they are independent. It is

(40)

—+oo
[ Fetno)fx(@yis
0
(a) _ _
= 1—e "% ) 2ze™ " dx
/0 (1)
“+o0
= 2/ ~(tride® gy
0
= 41
1+T§7 41

where (a) follows from using the fact that X, X ~
Rayleigh(%) and their probability density function (PDF)
as well as CDF. Combining (39) and (41), we then get (12).

APPENDIX B
PROOF OF THEOREM 2

Since X' is a Hermitian Toeplitz matrix, it can be found as

b0 ¢1 ON-1
X = ¢’_1 %0 (42)
: 1
éN-1 - 91 ¢

According to (2) and [32, (47)], the coefficient ¢, can be
represented in the following Fourier form

bn = Jo(2mnA)

1 T .

— % ezQTrnA sinz 7.
1 _

=— f() iy, forn=0,...,N -1, (43)
2

where
m=-4o00 .
flz) = Z Jo(2rmA)e'™* Vr € [—7, 7], 44)

is a real and integrable function.

Then we apply [37, Theorem 1.1] to evaluate the limiting
distribution of Dy (6y) and Sy (6y). Note that [37, Theo-
rem 1.1] requires H (0, 6y,) to be a continuous function. Thus,
we replace H (6, 0y,) by a smooth and analytic approximation.
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There are different ways to approximate a step function. Here
we adopt the logistic function

1

T B 45)

H(0,0p) =

as an approximation of H (6, 0y,), where a larger ¢ corresponds
to a sharper transition at 6 = 6y,. Then we have

N
Nl—i>r-r|rloo D (0) = Nl—ifilm N Z:l H{(0n, 6n)
LN
~ N1—1>I—I‘rloo N ; H(On, Ow)
1

o | H(f(@).0n)dz,  @6)
Tr —T

where the last step follows by using [37, Theorem 1.1]. Hence,
(18) is true. Analogously, based on the definition of Sy (6y) in

(17) and (45), (19) can be proven by following similar steps.

APPENDIX C
PROOF OF THEOREM 3
. 1 M

For convenience, we denote a; = (a;,z, e a§ k)) and
bjr = (b§1,37 e b;lf))T. It is known from (20) that g(’}j is a
Gaussian variable, and for a given (a; i, b; ), it follows

~(n) /9 (M)

9ikl(a;p.bjk) ™ CN <UJ k Z mUn,m ( +ib; )

m=1

M
o2, (1 -y 9muiym>> . (47)
m=1

| follows Rice or Rician distribution as

~ Rice (\/@’ \/@),

~(n)
Hence, | 5.5l
shown below

(aj,k,bj5.1)

(48)

Ji:kl(aj,k,bjk)

12
Based on (48), we have
(n) brr) ~ Rice (\/ a,(;f,z, \/ 5&3) ) 50

)
k kl(ag k,bk k)

e (L)

Note that |g(")| and |§,%7"]3\ are independent. Then for user
k, QS,(C ™) conditioned on (@kk> @ ks br 1, by 1) s the ratio of
two independent Rice random variables. We now derive its
CDF. For convenience, we consider two independent Rician

variables Z ~ Rice(y/a1,v/P1), Z ~ Rice(\/az,v/B2), and
denote R = Z/Z. Then the CDF of R can be derived as

FR(T‘)
“+o0

Fy(rz)fz(z)dz

0
+oo
ol Rk )
C2))

where the last step follows from the CDF and PDF of Rice
distribution, Q1 (-, -) is the Marcum Q-function of order 1, and
Iy(+) is the modified Bessel function of the first kind. Using
(51), the CDF F. (") can be obtained

| (ax, TNV k)(Tk
directly using (23). For a given (ak k> Q% ks Ok, b 1), (20)
indicates that @i"),Vn e{l,...,
other. Therefore, we have

rz

V)5

22+a2)I <\ﬁ
26, )"\ B

N7} are independent of each

1 (N)
F@S)w--@;m)l(ak k,a;: kB kDR, k)( koo Tk )
H | (ri)- (52)
(n ‘ ak,k,aé,kabk,k;bk,k) k ’

The joint CDF of (@21)7 . ,@;N)) is thus the expectation of
(52) over (agk, @y, brk, by ) and is given in (53) at the
bottom of this page. Since

where Fmax{ﬁl)_’””@;ﬁm}(rk) = F(gp;l)y...@;czv))(?“ka c ), (54)
M 2 27 by replacing all r]gn) in (53) with rg, we get (22).
o2 = (3 B ) (32 V)|
m=1 m=1 APPENDIX D
(n) o2, M PROOF OF THEOREM 4
n 75 2
ik = 2 1= Zl Ormtn,m For convenience, denote af, = (dz’g,...,dg’é\4)T and
" (49) l_);,C = (b?kl7 e b;lkM) . According to the definition of ¥y,
N
(1) (N) (n)
F(@S),A..,égv))(rk s Ty ) E(ak ksQF, 10k kbR k) H F, (T’ (ag k7a%'kybk,k7bg=k)(,rk )‘|

LT { f

M) (1)
1_[1Flpgcn)|(ak’k’aE’k’bk=kvi,k)( pA )dak,

m2M

[<a,<:,z>> ()= )" (42

cda\Vdal) - dal*Davl) b av) b (53)

Authorized licensed use limited to: University College London. Downloaded on February 26,2024 at 21:26:17 UTC from IEEE Xplore. Restrictions apply.

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



This article has been accepted for publication in IEEE Transactions on Wireless Communications. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TWC.2024.3363499

13
in (31), its CDF can be computed as According to [32, (68)], the PDF of (nk) is given by
Fg (rg) 1 !
W’“N fom(@) = 5—exp| -5+ ], Va>0, (60)
—n,l aH 05 kbn 07 kén
- Hpr{qﬁk' <rp, 1 <l<L}
n=1 where &, = Z%Zl 0, u> Uy, m- Then, based on (59) and (60),
N o we have
_ =T N n n
= [ Eap,az 5,60 [Pr{ék (@ @ g bR 1o O 1)
n=1 in | Fent, -
<rp,1<I< LH Lt PLebhy) { G
N Feo
@ nogn gn oy =Egm gmy |1 —/ Q1
= HE(% 0 @p bR b lHPr{ ak’k’a’;,k’bkak’b@,k) (@) 0
n=1
L
o N I x exp | — 25(71) Iy —m z | dz
® an F.. _ k.k
(55) 2022 )y o of1ln 0% En
h d (b) follow f the fact that gi ay,,a?
where (a )aimg ) follow from 'f': act thal gilven (?k’k’flk Iy i +OOQ ar r s _22 +a
k. k,b" ), @, .1 <1 < L areiid. For a given (a};,b},), ; 1 B,(Cn;i’ \/@ ) XP 723@)
gjy,C in (26) is Gaussian, i.e., ’ K.k bk bk
) w I [ Y2, | az| daydas. 61)
n,l n,m TN, M *(’ﬂ)
g] k|(ar bn. ~CN 04,k Z mun,m (aj,}c -+ ij,’k: ) ) k.k
Substituting (61) into (55), we obtain (33).
2 1— Z 0 2
k mun,’m . (56)
m= APPENDIX E

PROOF OF THEOREM 5

Hence is Rice or Rician distributed, i.e.,

—n,l ~
T 79:kI(@] b7 ) If M is large enough such that &, — 1, then we have

1- 27]\5—1 Omu? . ~ 0. Hence, the second term of (26) can
771 l ’

g; K@ 5| ™ Rice (./ A/ B i k) (57) be ignored, i.e.,
M
where g?,i ROk Z VO0mtnm (@ ( ik mo4 zb” m) TS V;Lé (62)

m=1

2 /M
(7;3 70] (Z /0,1, ma?]j) (Z ) /9mun,ml_7?7};n> , It is obvious that
m=1

n,l
g% =/ay, (63)
2
Bﬁ) = Tk <1 — Z emui m) . in which a(k) is given in (58). Based on the PDF of a( ")
’ 2 ’ 58) provided in (60) we could obtain its CDF as
. _ _ = = —=n,l . . +oo
n n n n 1
Then, given (ay ;,a; . by ;. by ). the CDF of &," is given Fon(a) = / I 22 o
by @k 0 05 kén 05 kén
@
Fan. g ap BB, () =1—exp <—0_2§> , Ya > 0. (64)
J k51
oo agcnli k2 z 2+ aé"; Denote
e AN exp | ———t
o —(n) ) | z(0) Qﬂ(n) nl
ik \ Bri/) Prk Fnl |9k,’k|
k =m, l
al) |95 (65)
x Iy : dz. (59) - 20,1
%”lz ka:max{ék’,lgngN,lglgL}.
—_(n) . It is known from (62) that for a given n,
It can be observed from (58) that a; is a sum square of }
Gaussian variables, and thus follows Chi-squared distribution. @Z’ll = @Z’l27 V1<l,ly <L, (66)
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indicating that the columns of the /N x L dimensional matrix
consisting of @Z’l,l <n < N,1<I[<L are all the same. In

addition, since yj’k R Gj

n,l .n,l

we have

3~ V1<n<N, 1<I<L 1<k<K,

U =W, V1<k<K,
(67)

where 52’1 and U, are defined in (31). Now we compute the
CDF of ;. First, we have the CDF of @Z’l given by

Fg

Zv’(rk)
(i < i) o) <t

+o00

F 2yf d

| Fatert) e (ayda

+o00 9

ar 1 o
/ I—exp|{—7 : 2 p 3 do
0 0 kSn a’;,kfn U,;7k§n
2

Tk
[ 68
L+ (68)

where the last step holds due to the assumption that oy ) =
0,5+ Then, we can derive that

Fy(r) =Pr{@p! <1 <n<N1<I<L)

@ Pr{dp! <m,1<n< N}

(69)

N
1+r£

where (a) holds due to (66), (b) follows from the fact that
for a given I, 5Z’l,V1 < n < N are independent, and (c) is
obtained by using (68). Combining (67) and (69), Theorem 5
can be proven.
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