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Abstract

In this thesis we present contributions to the theoretical foundations of large-scale reinforcement
learning (RL) with linear function approximation, with a focus on establishing classes of prob-
lems that are theoretically solvable in polynomial time and ones that are not. The problem classes
differ in learning paradigm and structural assumptions. We start with the problem of planning un-
der g*-realizability (i.e., when the optimal action-value function lies in the span of a feature map),
and establish exponential statistical hardness of this class. Next, we consider v*-realizability with a
small constant number of actions, and establish an algorithm that solves the planning problem with a
polynomial query complexity. Next, we present a computationally efficient algorithm that improves
on the state of the art query complexity guarantees for planning under ¢” -realizability (i.e., when
g-values for all policies lie in the span of a feature map). Finally, we present the first algorithm that
solves online RL under g™ -realizability with a polynomial query complexity, establishing that this

problem class is statistically tractable.



Impact Statement

All the results presented in this thesis is of a theoretical nature. As such, they do not target any spe-
cific application area. However, these results can inspire further research and algorithms targeting
sequential decision-making and representation learning. As for the impact already observed, our
negative results won the best student paper award at Algorithmic Learning Theory, 2021, and it are
quoted in the book “Reinforcement learning: Theory and algorithms” (Agarwal et al., 2019) as a
“breakthrough result”. In particular, a consequence of these negative results is that reinforcement
learning is fundamentally harder than supervised learning, and one should not expect the structure
of g*-realizability yield tractable learning problems. In other words, one should not hope that rep-
resentation learning targeting only the optimal action-value function would be the key to scaling up
RL, and different (likely stronger) structural assumptions are required. This finding contrasts with
the algorithms presented for g™ -realizability, which in turn implies that capturing representational
structure for all g™ functions is sufficient at scaling RL to possibly infinite state-spaces, at least
from a statistical perspective. These results can thus be seen as steps towards establishing the key
structural assumptions that unlock practical scaling of RL methods to real-life problems with large

state spaces.
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Chapter 1

Overview

1.1. Background

For the purposes of this overview, we assume that the reader is familiar with the reinforcement
learning (RL) problem and Markov decision processes (MDPs), and related concepts, for which the
precise definitions are given in Section 1.2. A great many problems of interest can be formulated
as optimal sequential decision making in a stochastic environment. If the model of the environment
is given, perhaps because it has been learned with a sufficient accuracy, one only has to figure out
how to use the model to find good actions. This is the problem addressed by planning algorithms
(Chapter 6 Mausam and Kolobov, 2012). An elegant, minimalist approach to describe such prob-
lems is to adopt the language of MDPs. Dynamic programming methods in MDPs with § states, A
actions and a horizon of H can solve the planning problem with poly(S, A, H) resources (Littman
et al., 1995; Kallenberg, 2002; Ye, 2011; Scherrer, 2016; Sidford et al., 2023). However, in the lack
of extra information, the required resources grow at least as Q(A) when the number of states is
unbounded (Kearns et al., 2002). The price of simplicity (and thus generality) is therefore that effi-
cient planning in large state-spaces is intractable, a phenomenon pointed out by Bellman (1957) and
today informally referred to as Bellman’s curse of dimensionality. An intriguing approach to avoid
intractability when both S and H are large is the use of “function approximation” which promises to
empower planners to extrapolate beyond the states that the planner has encountered. This approach
has been proposed shortly after MDPs have been introduced when it was observed that in various
problems of practical interest, value functions that the dynamic programming algorithms aim to
compute can be well approximated with the linear combination of only a few basis functions, which
themselves can be guessed by studying the structure of the problem to be solved (Bellman et al.,
1963; Schweitzer and Seidmann, 1985). This raises the question of whether under such a favorable

condition a provably efficient planner exist, i.e., whether the curse can be lifted.



2 Chapter 1. Overview

While this question was arguably one of the main driving forces behind much of the research
in both operations research and reinforcement learning since the 1960s, most of the early results
focused on the case when the function space underlying the features have a certain completeness
property when dynamic programming algorithms can be successfully adopted (e.g., Bertsekas and
Tsitsiklis, 1996; Tsitsiklis and Van Roy, 1996; Munos, 2003, 2005; Szepesvéri and Munos, 2005).
For more recent works in this, and some other related directions, see, e.g., (Du et al., 2019a; Latti-
more et al., 2020; Du et al., 2021) and the references therein.

While interesting, these works left open the question of whether efficient planners exist in the
case when the function space may lack the completeness property but is still able to represent the
optimal value function. Though Wen and Van Roy (2013) addresses this for deterministic systems,
the focus of Chapters 2 and 3 is to investigate this question for stochastic systems. In Chapter 4 we
investigate planning when the function space can represent all value functions, an assumption that is
still weaker than the completeness assumption. Finally, Chapter 5 removes the need for a simulator

and tackles this problem under the setting of online RL.

1.2. Notation and problem setup

The purpose of this section is to introduce the notation we use and the necessary definitions that will
allow us to precisely formulate the problems we study. We start with the notation. This is followed
by a quick review of definitions and basic concepts concerning MDPs. The section will be closed

by describing the main problems considered.

1.2.1. Notation

Let N, = {1,2,...} be the set of positive integers, and N = {0} UN,. Let R denote the set of real
numbers, By(r) = {x € R¢ : ||x||, < r} the d-dimensional ball of radius r, and let [i] = {1,...,i} be
the set of integers from 1 to i for an integer i € N,. Fori,j € N, weuse [i: j] ={i,i+]1,...,j} if
i <j,and [i: j] = {} otherwise. For x € R, | x] is the largest integer that is at most x. For vectors a
and b of compatible sizes, {(a,b) = a'b denotes their inner product. For a True or False statement
X (possibly depending on random variables), let I{X} take 1 if X is True, and O otherwise. Let
a Ab=min(a,b) and aV b = max(a,b). For an event E, let EC denote its complementary event.
Let () denote the empty sequence. We use @ and Q from the big-O notation, and we denote by O

the variant of O that hides polylogarithmic factors.

For (column) vectors M, M,,..., let us denote by [M;, M,,...] their concatenation

(M, M],...)". Let b(M) map a tensor of any rank m and any shape dj X d> X ...Xd,, to the
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vector of dimension [];¢[,,)d; by laying out its elements in a canonical order. Let ® denote the

tensor product. We will use the following result to linearize products of vectors:

Lemma 1.2.1. For any positive integer n and any vectors ay,as,...,a, and by,b,,...,b, of equal

dimension:

<a1,b1)(a2,b2)...(an,bn> = (b(d] ®a2®-~-®an),b(b1®b2®~--®bn)) .

1.2.2. Episodic Markov decision processes with bounded rewards

A Markov decision process (MDP) is defined by a tuple M = (S, A, Q) of states, actions, and
a transition-reward-kernel, respectively. The structure M defines a discrete time sequential de-
cision making problem where in time step ¢t = 0,1,..., an environment responds to an action
A; € A of an agent by transitioning from its current state S, € S to a new random state S;4+; € S
while also generating a random reward R;,; € R so that the distribution of (R, S:+1) given
S0, A9, R1,81,-..,A;-1,R;,S;, Ay is given by Q(-|S;, A;) regardless of the history before S;, A;. For-
mally, Q is a probability kernel from state-action pairs to reward-state pairs. For simplicity, it is
assumed that R, above is supported in [0, 1].

To simplify the presentation, we assume that the state space is finite, noting that all the defini-
tions and results presented in this thesis can be naturally translated to infinite state spaces by using
the more technical definitions of Weisz et al. (2021a) included in Chapter 3, that involve measure
theoretic considerations. Similarly, assume that the set of actions is finite and A = [A] for some
integer A.

In this thesis we focus on the fixed-horizon undiscounted total expected reward objective.
Denoting the horizon by H, under this objective, the goal is to find a policy, a way of choosing
actions given the past, such that the total expected reward over H steps is maximized regardless of
the initial state of the process. More formally, a policy defines a probability distribution over actions
(A) given the history of So, Ag,R1,S1,...,S; for 0 <t < H. The H steps of the process is also called
an episode. As it is well known, the optimal policy, which maximizes the stated objective, depends
on the number of steps left before the episode finishes. In this thesis, we will use an equivalent
formulation which avoids this dependence. In this formulation, only the first H rewards can be non-
zero, while the process continues indefinitely and the objective is changed to the total undiscounted
expected reward. To emulate the fixed-horizon setting, one can then create H disjoint copies of the

state space, each corresponding to one step of the process while copying the transition structure to
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transition from one copy to the next one, and add an extra state (L) such that after H steps this state
is reached from which point this state is never left while the reward incurred remains zero regardless

of the actions taken. This is summarized below:

Definition 1.2.2 (Fixed-horizon MDP). The state space S satisfies S = UfZOSh with pairwise dis-
joint sets {Sp}nefo:r1, with Sg = {1}, and with Q is such that for any s € S, h € [0: H—1]
and a € A, Q(-|s,a) is supported on [0,1] X ({L} U Sp+1), while for h = H, this support is
{0} xSy ={0} x{L}.

Thanks to this assumption, when writing definitions, we can consider the infinite horizon total
expected reward criterion. This latter criterion assigns to a policy x used in MDP M from initial

state s € S the value v (s), which is defined as
vi(s) =B}, [ Res] - (1)

Here ]E]’\T/IS is the expectation corresponding to the probability distribution IP;\’/I’S over trajectories
of infinite length composed of state-action-reward triplets where this probability distribution arises
from using policy 7 in every step, with the first state fixed to s, while next states and rewards
are generated according to Q. We will also need the action-value function of a policy. This is
defined similarly as above, except that one fixes both the initial state and the initial action. Thus, for

(s,a) e Sx A,
q"(s,a)=E}; , , [ZzoRt+l] . (2)

where E;\rl,s,a is the expectation corresponding to the probability distribution P;\rl,s,a over the tra-
jectories as before, except that this time the first state-action pair is fixed to (s,a) instead of just
fixing the first state to s. Note that by Definition 1.2.2, both v (mapping states to reals, the value
function of 1) and g™ (mapping state-action pairs to reals, the action-value function of ) are well

defined and take values in [0, H] and the infinite sums can be truncated after stage H.

Define v* : S — R and ¢* : S X A — R, the optimal value and, respectively, optimal action-

value function as

v*(s) =supv”(s), g*(s,a) =supq”(s), seS,acA. 3)
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A policy 7 is said to be optimal if v* = v”. It is well known (Puterman, 1994) that in our setting
an optimal policy always exists and in fact the policy that uses any maximizer of ¢*(s,-) when the
state S; is s is an optimal policy. This policy, as the choice of the action only depends on the last
state, is called memoryless. Since the choice is also deterministic, the policy is also deterministic.
A deterministic memoryless policy can be concisely given as a map from states to actions. By
slightly abusing notation, in what follows, we will identify such policies with such maps and write
.S — A to denote a deterministic memoryless policy. Given such a policy 7 : S — A, its value

functions v and g™ satisfy the following equations:

vi(s) =q" (s,m(s)), “4)
q”(s,a)zr(s,a)+zP(s’ls,a)v”(s’), se€S,ac A, (5)
s’eS

where P(s’|s,a), derived from the transition kernel Q, is the probability of arriving at state s’ when
the process is in state s and action a is taken while (s, a) is the expected reward along this transi-

tion. Formally, P(s’|s,a) = Q([0,1] x{s"}|s,a) and r(s,a) rdQ(r,s’|s,a). The coupled

:/[0,1]x5

equations Eq. (5) are known as the Bellman equations for 7 (Puterman, 1994).

Oftentimes in MDPs the rewards and the next states are independently chosen. In this case,
Q(-]s,a) takes the form of the “product” of a probability kernel R mapping state-action pairs to
[0, 1] and the probability kernel P mapping state-action pairs to states. In some constructions below,
we will thus specify an MDP with the help of two such kernels.

When the dependence of v7, v*, or ¢* on MDP M is to be emphasized, we put M in the index
of these symbols. For example, for a policy 7 for M, we will write vy, to denote its value function

in M.
1.2.3. Online RL and planning

We first introduce the setting of online RL, before introducing the more permissive setting of plan-
ning with access to a simulator. Online RL is the suitable framework when a simulator of the MDP
is not available, or when the available simulator does not have the capability to reset the state of
the simulation to any state apart from a dedicated start state. Note that resetting to the start state is
a natural requirement when solving fixed-horizon MDPs (as such a reset happens whenever a new
episode starts), so we consider online RL the most challenging model.

In online RL, given a H-horizon MDP M = (S, A, Q) satisfying Definition 1.2.2, an agent is

given direct access to the MDP by providing its current reward, state, and associated features, and
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the capability for the agent to take any (possibly random) action in the current state of the MDP. The
MDP is initialized and reset to a dedicated initial state so € Sy after every episode (every H steps).
The agent P may stop at any time and output a memoryless policy 7 p, which we recall is a mapping
from the current state to a probability distribution over actions. At this point, the agent may not
learn or update its output policy anymore. The agent P is 6-sound for a class of MDPs M, if for any
M e M, when deploying the agent in MDP M as described above, its output policy is d-optimal in

expectation from the M’s dedicated initial state s, that is,

Expvyy (s0) = vy, (s0) =6,

where the expectation is over the agent’s output policy. Another important metric to measure agents
is their their expected number of actions they take on their underlying MDP before returning with a

policy. We call this the query cost of an agent P with an MDP M.

In contrast with online RL, our setting of planning involves a simulation oracle that can be
queried with state action pairs (s,a) € S X A, to which the oracle responds with a reward-state pair

(R’,S’) generated from Q:

(R,’S,) ~ Q('|S,Cl) .

In our planning setting, a planner is used in a closed-loop configuration: in step ¢ € [0 : H — 1] of
using the planner, the planner is given access to state S; of the process. By convention, Sy € Sp
and thus we also have S; € S;, for every ¢, where (Sp)o<n<p is the decomposition of S from
Definition 1.2.2. In each step ¢ of using the planner, the planner is given access to the simulation
oracle, with the freedom to decide which queries and how many of them to use before it returns.
Eventually, the planner needs to stop querying and return an action A; € A, which is then used to

generate the next state in M and an associated reward:

(Rt+1,St+1) ~ Q('|St’At)~

The planner is then called with state S;,; for step 7+ 1, and the process repeats until the episode is
over (i.e., t = H). Using a planner P in this closed-loop configuration is equivalent to running the
planner-induced policy mp in MDP M, where the planner-induced policy responds to any history

by calling the planner with the current state and relaying its output. Defined in this way, there is
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an important distinction between planner-induced policies and the regular policies defined before:
planner-induced policies, while executing the underlying planner, have access to the simulation
oracle as described above, and to any memory that the planner saves (which is persisted between
calls). In contrast, recall that the memoryless policies that agents are allowed to output in the online
RL setting are simple mappings from states to action distributions. Observe that mp is a stochastic
policy (possibly history-dependent, if the planner saves information between its calls), where the
stochasticity comes from the randomness of the entire planner-oracle interaction (and possibly some
independent randomization). However, note that p itself is not a random element, in contrast to

the output policy of an agent in the online RL setting.

When the process is started from the dedicated initial state s, the goal of the planner is to max-
imize total expected reward incurred in the episode, or equivalently, to maximize v,/ (so). Analo-
gously to 6-sound agents in the online RL setting, we introduce the concept of §-sound planners:
a planner P is ¢-sound for a class M of MDPs if for any M € M, when deploying the planner in
MDP M in the closed-loop fashion described above, its induced policy is ¢-optimal from the M’s

dedicated initial state sg, that is,

vy (s0) = vy, (so) —6.

Analogously to agents, a planner P also has a query cost with an MDP M, which is defined as the
worst-case expected number of queries that the planner uses in a planning step (or call). Here, the

worst-case is over all possible calls to the planner.

1.2.4. Featurized MDPs

As mentioned in the introduction, Without any additional information or structure, for a general
class of MDPs, even %-sound planners must have a query cost of min{|S|, A"} (Kearns et al., 2002).
Intuitively, this is because planners and agents need to learn about every stage separately, and this
knowledge does not transfer to a new, unseen state. To scale our methods to large, possibly infinite
state spaces, we therefore need to introduce additional structure. We do this in the form of a feature
map that comes with an MDP. This maps states or state-action pairs of the MDP to R¢, with the
goal of describing the important aspects of the state or state-action pair, so that the planner or agent
could generalize based on information it acquires in this d-dimensional space. In this setting, the
number of states can be arbitrarily large, but d is manageably small in the sense that a polynomial

query cost in d is considered efficient, while a polynomial query cost in |S| is infeasible.



8 Chapter 1. Overview

The agent or algorithm interacting with an MDP has access to its corresponding feature maps
according to an access model. In the case of local access, which can be used either with online RL
or planning, the agent (or planner, respectively) can observe state features (or state-action features,
depending on which is available) corresponding to each state encountered during the process (i.e.,
the state it is called with, and any state returned by the simulator or the MDP). In the case of
planning under local access, another important restriction is that the planner can query the simulator
for transitions and associated features only at states previously encountered. In the alternative
access model of global access (often referred to as generative model), the planner is given the
set of all states and associated features in advance (no queries required), and the option to query
the simulator for transitions and rewards at any state of its choice. This model is only used with
planning and not with online RL, and it is the most permissive setting considered. As we will see,
the access model plays an important role, as there are problems that can be efficiently solved with
global access, but not with local access. Intuitively, this is because global access relies on receiving
(and potentially pre-processing) an amount of data that is polynomial in |S| at a query cost of zero,

a somewhat unrealistic setting.

1.2.5. Query complexity

For some ¢ > 0, denote the set of §-sound agents for some class of featurized MDPs M under the
online RL, local access model by Prp(M,d). As online RL is only used with the local access
model, in the future we omit specifying local access when the online RL setting is used. Denote
the set of 6-sound agents for M and § under the local and global access models by Ppa (M, d) and
Pca(M,6), respectively.

What primarily differentiates the quality of agents and planners P in these sets is the query
cost of the agent or planner P with an MDP M € M, as previously defined. Naturally, a measure of
difficulty of solving a particular class of featurized MDPs to accuracy d is the minimax query cost
that -sound agents incur on the class. For online RL, and planning with local and global access,

we correspondingly define the query complexity of the class M under each setting as:
2L (M,6) = inf (M,6) sup query cost of P with M
PePrL MeM
Ci (M, 6) = Pinf (M,68) sup query cost of P with M

€Pra MeM

Caa(M,6) = inf (M,8) sup query cost of P with M.
PePga MeM
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As alluded to before, there is a clear order between the permissivity of these settings. It is
easy to see that any d-sound agent in the online RL setting is also a §-sound planner under planning
with local access (by converting the agent’s interaction with the MDP into queries to the simulator
until the agent returns with a policy). Similarly, any §-sound agent in the local access model is also

o-sound in the global access model. It follows that
CEA(M,6) < C5 (M, 6) < CRp (M, 0) 6)

no matter the choice of M and 6.

1.2.6. Classes of featurized MDPs

So far, we have made no demands that the feature maps corresponding to an MDP are in any way
grounded to the MDP, or useful. The problems we are interested in involve classes of featurized
MDPs where the features satisfy specific requirements, so that we can hope to construct a §-sound
agent or planner for such classes, with a query cost that is polynomial in d (the dimensionality
of the feature map) instead of |S|. In this thesis we are primarily concerned with establishing the

query complexities (C}, , C*

2L Cla» and C% ) for four classes of featurized MDPs. For B > 0 and positive

integers d, H, A, these classes are defined as follows:

. *
* y*-realizable class: MYV

B.d.H.A is the class of H-horizon (Definition 1.2.2) finite-state-space

featurized MDPs with A actions, where the feature-vectors are d-dimensional. For any (M, ¢)
in this class, M is an MDP with some state space S and random rewards confined to (say)
[0, 1], the associated feature-map ¢ : S — R¥ with sup, 5 [|¢(s)|l, < 1 is such that for some
0* € RY with [|0*||2 < B, v}, (s) = ¢(5)T6* holds for all s € S where v}, is the optimal value
function in M.

*
* g*-realizable class: M% .

here for any (M,¢) in the class, for [A] := {I,...,A}, ¢ : S x [A] — R? with

is the class of featurized MDPs as above except that

SUPses.acfal lle(s,a)ll, < 1 and 6* € R with ||6*||, < B, we now require that gy (s,a) =
@(s,a)"6* holds for all states s € S and actions a € [A], where g}, (s,a) is the optimal

action-value at (s,a).

1. Recall that according to Definition 1.2.2, the states of the MDP encode the stage index that the process can be at within
an episode. This allows us to use a notation where the dependence on the stage index of values can be suppressed
(as otherwise, e.g. the optimal policy would depend explicitly on this stage index), and also means that we can talk
about the initial states in an MDP.
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* Reachable-v*/g*-realizable class: M;tc/f;rjm is the class of featurized MDPs as above
except that here the MDPs M are associated with two feature-maps, ¢, : S — R¢ and
0q: SX[A] — R4 (their 2-norms bounded by 1 as before), and it is assumed that there exists
some 6* € RY with ||6* ||, < B such that v}, (s) = ¢, (5)T6* and g3, (s,a) = ¢, (s,a)T6* hold

for any action a and any state s of the MDP that is reachable from the initial states (with

positive probability with some policy).”

F *
+ g”™-realizable class: M is a variation of M4

B.d.H.A B.d.H.A where linear realizability

holds for the action-values of all memoryless policies (stochastic or deterministic). More
precisely, for any (M,¢) in the class, for [A] := {1,...,A}, ¢ : S x [A] — R¢ with
SUPses aefa] ll9(s,@)ll, < 1, we now require that for any memoryless policy , there exist
some 6, € R? with ||0,]|, < B, such that gy (s,a) = ¢(s,a)" 6, holds for all states s € S and

actions a € [A], where g7, (s,a) is the action-value at (s,a) corresponding to policy 7.

1.3. Related work

Planning with simulators: Minor variations of the online planning problem defined in Section 1.2.3
have been investigated by various groups in the literature. It is known as Model Predictive Control
(MPC) in the process control literature (Meyn, 2022), while in Artificial Intelligence (AlI) this prob-
lem is called planning (Chapter 6 Mausam and Kolobov, 2012). Without explicitly realizing its
importance at the time, Rust (1997) used online planning in the closed-loop fashion that we adopt
for this thesis. This is the key reason why the corresponding positive result does not contradict the
negative result of Chow and Tsitsiklis (1989), who set up the planner to run offline, and not part
of a closed-loop process. The local planning problem was introduced by Kearns et al. (2002), who
noticed that a planner which is given a simulator and an input state and asked to return a good action
can do so with computation/query time independent of the size of the state space. However, this
runtime is exponential in H. Munos (2014) gives algorithms that use optimism to improve on this
exponential runtime in benign cases. With linear features, a negative result of Du et al. (2019a) (see
also Van Roy and Dong (2019); Lattimore et al. (2020)) states that an exponential in min{H,d}
runtime remains for any planner with constant suboptimality, even if the feature map nearly realizes
the action-value functions of all policies but the approximation error is & = Q(\/H_/d). For target
suboptimality O(Vde), assuming access to the solution of a feature-map-dependent optimal design

problem, Lattimore et al. (2020) gives a planner with polynomial computational (and query) com-

2. It is without loss of generality that we use that same #* in the inner products that yield V;\(/I (s) and qX/[ (s,a): if these
parameters are not shared, we can concatenate them with only a factor 2 increase in d and B.
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plexity. These results are complemented by the lower bound of Weisz et al. (2021b) (presented in
this thesis), showing that an exponential lower bound still holds when only g* is realizable even
if there are no approximation errors. When only the optimal value function is well-represented,
Shariff and Szepesvari (2020) give an algorithm for the case where the features are contained in the
convex hull of a “core set” of feature vectors. Their planning algorithm, which builds on top of Lak-
shminarayanan et al. (2017), has computational and query cost that scales polynomially in the size
of the core set and the other relevant quantities. A similar approach appears in Zanette et al. (2019).
By contrast, we only provide a bound only on the query complexity of our algorithm, but our query
complexity is independent of the size of the core set, whose size, in general, is uncontrolled by the

other quantities.

Online learning: Any online learning algorithm that controls regret can also be used for local plan-
ning by recommending the most frequently used action at the start state. Of the sizable literature on
online learning with linear function approximation (Jiang et al., 2017; Du et al., 2019b; Jin et al.,
2020a; Wang et al., 2019; Yang and Wang, 2019; Ayoub et al., 2020; Modi et al., 2020; Wang et al.,
2020b; Zanette et al., 2020a), the most relevant are the works of Wen and Van Roy (2013); Jiang
et al. (2017). Both works give algorithms for the online setting with realizable function approxi-
mation, and are based on the principle of optimism. The algorithm of Wen and Van Roy (2013) is
restricted to MDPs with deterministic rewards and deterministic transitions, and guarantees that at
most d trajectories will be suboptimal. Their proof is based on a similar eluder dimension argument.
On the other hand, the algorithm of Jiang et al. (2017) is restricted to the case when a complexity
measure called the Bellman rank is low. In fact, our agnostic guarantee (see Definition 3.2.1) is re-
lated to a similar agnostic guarantee of their algorithm (see their Appendix A.2), where optimism at
the initial state allows them to compete with the best policy whose state-value function is realizable.

Despite the similarities, neither the algorithm nor the analysis applies to our setting.

1.4. Summary of contributions for ¢* and v*-realizability

Our first contribution, published as (Weisz et al., 2021b), proves an exponential lower bound that
arises due to the stochasticity of the MDP’s rewards, while the transitions are deterministic (such
a result would not be possible if the rewards were also deterministic, see Theorem 1.4.5). To state

this result, let MP% be the class of featurized MDPs with deterministic transitions:
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Theorem 1.4.1 (Weisz et al., 2021b, Theorem 9, lower bound for exponentially many actions).

There exists 6 > 0 and B > 0, such that as HAd — oo, for A = 28(dAH) 3
CEA(M%’d’H’A N MPdet’6) — 29(d/\H) )

According to this result, as long as there are exponentially many actions, planning remains
intractable even for featurized MDPs where the features provided realize the optimal action-value
function of the associated MDP and even if the MDP’s transitions are deterministic. Note that
the exponential lower bound in this theorem is nontrivial since the query complexity of finding a
good approximation to a function that lies in the span of d features from input-output examples is
polynomial in the number of features regardless the cardinality of the input domain of the function,
hence, the intractability in the above result cannot be solely attributed to the presence of a large
action set. Indeed, by setting H = 1 we arrive at the linear bandits problem, which has a polynomial
query complexity (Lattimore and Szepesvari, 2020). The same approach fails when a sequential
element is introduced (by setting H > 1), as the transition observation of (R’,S’) ~ Q(:|s,a) is
missing the crucial information ¢g*(S’,-). This leads to a chicken-and-egg problem, where to find a
near-optimal policy from some stage / it would suffice to know the optimal policy from stage 4 + 1

onwards, but this information is exponentially difficult in H to obtain.

Theorem 1.4.1 uncovers the fundamental reason why function approximation in RL

and planning is necessarily much harder than in bandits.

A limitation of this result is that the hardness result only applies to MDPs with exponentially many
actions, where even knowing the entire ¢* function would not necessarily lead to a computationally
efficient implementation of a near-optimal policy (as even solving 7(s) = arg max . 4 ¢*(s,a) may

be computationally inefficient).

An intriguing question is whether planning for the same setting as considered by

that of Theorem 1.4.1 but with polynomial number of actions is tractable.

This question is answered by our next contribution, published as (Weisz et al., 2022b), which
states that even with an action count that is polynomial in d and H, planning remains intractable for

the same class of MDPs:

3. a Ab=min(a,b).
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Theorem 1.4.2 (Weisz et al., 2022b, Theorem 1.1, lower bound with global access, at least
poly(d A H) actions). There exists 6 > 0 and B > 0, such that as HAd — oo, for A > d'* AH'?

CEA(M mMPdet,(S) — 2Q(dl/4/\Hl/2)

p* q* v*/q*reach
for Me {MB,d,H,A’MB,d,H,A’MB,d,H,A .

Together with Eq. (6) this result also gives a lower bound on the query complexity of planning
when only local access is available to the featurized MDP. Apart from the larger exponential in the
lower bound of Theorem 1.4.1, Theorem 1.4.2 is a more general result, with its proof including all
of the mechanics of the proof of the former result. Thus, in this thesis we only give proof of Theo-
rem 1.4.2 (see Chapter 2), and refer the reader to (Weisz et al., 2022b) for a proof of Theorem 1.4.1.

The remaining problem is whether planning is tractable when 2 < A = o(d'/* A H'/?). For a
constant number of actions, our next contribution published as (Weisz et al., 2021a) answers this

V*

question in the positive when M = MB’d’H,A.

We present this result and its proof in Chapter 3
as Theorems 3.3.2, 3.3.4 and 3.3.5. We call the planner achieving this result TensorPlan. It learns
directly from the Bellman equations as the transitions are observed. At the core of the proof lies
an argument that the number of learning steps before the near-optimal policy is discovered can be

bounded by the solution to the following self-contained and elegant linear algebraic problem:*

Problem 1.4.3. Given an integer d and a d-dimensional real vector space V, what is the largest
positive integer T with the property that we can find T pairs of vectors (ey, f1),...,(er, fr) inV
such that for all 1 <t < T,there are x; € {e;, f;} for i <t such that neither e; nor f; is in the span of

XlyeousXio1?

Weisz et al. (2022b) extends the polynomial upper bounds to two additional settings, for a fixed
number of actions. As the extension is fairly straight-forward but heavy on notation, for simplicity
we only present the resulting Theorem 1.4.4 in this thesis, and refer the reader to Weisz et al. (2022b)

for its proof:

Theorem 1.4.4 (Weisz et al., 2022b, Theorem 1.2, upper bound with local access). For M €
{M)_f;d H A’M%*d AN Mpdet,/\/l;:/lq;rezm}, arbitrary positive reals 6, B and arbitrary positive
integers d, H,
A
ClA(M,0) = O(poly((dTH) B)) :

4. The version of the problem presented here is relevant for the A =2. The solution of this problem is a contribution
due to Barnabds Janzer, a co-author of the paper.




14 Chapter 1. Overview

While the aforementioned query cost upper bound is polynomial when A is a small constant,
a corresponding negative result shown by Liu et al. (2023) is that the computational cost of any
o-sound planner has to be exponentially large in d or H under the Randomized Exponential Time
Hypothesis (rETH) (Dell et al., 2014).

Intriguingly, even the new results leave open whether planning with local access is statistically
tractable under ¢g* realizability when the MDPs involved have stochastic transition dynamics and

rewards while the number of actions is constant:

q*

B.d.H.A»0) (the query complexity

Open problem: for A constant, what is C}‘, (M
of the class of q*-realizable featurized MDPs)?

In fact, even though our upper bound holds generally for the v*-realizable and reachable-
v* /q*-realizable classes of MDPs, for the ¢g*-realizable class our upper bound only holds for MDPs
with deterministic transitions. While our lower bounds (Theorems 1.4.1 and 1.4.2) also only require
deterministic-transition MDPs, the difficulty of the planning or online RL problem immediately col-
lapses when the last remaining source of stochasticity, the rewards, is also set to be deterministic. To
present this result, denote by MPRAet the clags of MDPs where in addition to transitions, rewards are
also deterministic. For such MDPs, Optimistic Constraint Propagation (Wen and Van Roy, 2013)

can be used to show a polynomial query (and even computational) complexity for online RL:

Theorem 1.4.5 (Wen and Van Roy (2013)). Forany B,d,H, A,
Cro (ML AMPRE0) < gp

Proof sketch. Let © be the set of possible values of 6* that based on the transitions observed so far
may satisfy ¢*(s,a) = ¢(s,a)T6* for all 5, a, and initialize this to B4(B). At the start of each episode
choose 0 = arg max y .o Max,e 4 ¢(s0,a) T6’. For this episode, play the policy that in each state Sy,
chooses the action Ay, = arg max . 4 ¢(Sh, a) "0, and observe Rj41,Sh+1. When the episode is over,
take the largest stage 0 <i < H such that X5 ;5; R # ¢(S;,A;)T0. If such an i does not exist, stop
and return the current policy, which will be an optimal policy. Otherwise, for this deterministic-
reward MDP write the reward as r(s,a) and observe the fact that for s € Sy_1, ¢*(s,a) = r(s,a).
By an inductive argument using optimism and this property, >\ > j; Rj = q*(S;,A;). Therefore the
dimensionality of © reduces by 1 when intersecting it with the subspace that satisfies >\ > ;»; R;j =
q*(Si,A;) = ¢(S;,A;)T6. This can happen at most d — 1 times, so this algorithm returns with the

optimal policy after at most d episodes. |
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Publications Action count MDP class poly(-) query
complexity?
Wen and Van Roy (2013) any M?; AT Mdet v
Du et al. (2021) any My 7
Weisz et al. (2021a) o(1) My i v
Weisz et al. (2021b) P MY | g AN M X
Weisz etal. 2022b) | Q(d'*AH'?) | ME - A MP® X
_n__ o M})B*d,H ) N M Pdet X
— — [ S
—"— o(1) ME | AN MPE %
" " Ml‘é*d,*H,A v
—— —— | M /

Table 1: Comparison of various query complexity results for planning with global access, and features
realizing the optimal value or action-value function. The symbol M%! stands for the class of finite MDPs
with deterministic transitions and rewards. v  indicates the existence of a sound planner with query cost
polynomial in relevant parameters (excluding S and A); X indicates that such a planner does not exist.

Given that our upper bound is polynomial when the number of actions is fixed, one may spec-
ulate that when the number of actions is large, perhaps one should replace each stage of an episode
with log, (A) stages, where actions would be chosen by determining their “bits” one by one, in a
sequential fashion. The difficulty then is that this calls for an extension of the state space and a new,

suitable feature-map.

Corollary 1.4.6 (of Theorem 1.4.2; informal). Let B,H,d,A be as in Theorem 1.4.2 (in particu-

lar, A > dY'* ANH'Y?), let d be some polynomial of H,d, A, and let M € {./\/l"*

q*
B.d,H,A’ MB,d,H,A N

MPdet Mv*/q*reach

My 'y A} For any featurized MDP M in M, apply the above action binarization pro-

cess to derive a corresponding 2-action MDP M’. Consider the task of deriving a corresponding
d-dimensional feature-map, together with which M’ belongs to 2-action version of the class M.

The local access query complexity of this task is 2Q(d EAE1)

Proof sketch. By contradiction, if the query complexity of the featurization task is asymptotically
smaller than the lower bounds of Theorem 1.4.2, one could take any featurized MDP in M, apply
the action binarization and featurization tasks, and apply Theorem 1.4.4 with A =2 to solve the
resulting featurized MDP with query cost O (poly((dTH)z, B)) This approach leads to a total query

cost that contradicts the query complexity lower bound of Theorem 1.4.2. |

Recently, the topic of planning and online RL with good features has also seen many new

results. We would like to emphasize two results in this topic closely related to Theorem 1.4.4. For
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the first result, we define the class /\/lv*/ 7" like the class MV*/ arreach oy cept that realizability is
’ B.d,H.A B,d,H,A ° P y
required to hold over the entire state-space, and not only for states reachable from the initial states.

Then, as all the features are given in advance in the case of global access,

Theorem 1.4.7 (Du et al. (2021)).
SAMy b1 .6) =poly(B.d.H,67").

Note that while according to Theorem 1.4.2, planning with global (and thus also local) access
over M}’; C/lq;rejm is intractable, the result just mentioned implies that planning with global access

* *
over M}, a/qu , is tractable. Thus, while it is immediate from the definitions that

v¥/q* v*/q*reach
MB,d,H,A < MB,d,H,A ’
the two results together imply that the class on the right-hand side (RHS) is substantially larger than

the one on the left-hand side (LHS). However, the difference is irrelevant when it comes to local

access, as the following corollary shows:

Corollary 1.4.8 (of Theorem 1.4.2). There exists 6 > 0 and B > 0, such that as HAd — oo, for
A>d'*NH'?,

* [k 1/4 1/2
CfA(M;"/i’qH’A ﬂMPdet,(S) — ZQ(d AH /%)

Sketch proof. For any featurized MDP M in M;*C/lq;rej‘wh N MPt ), we can derive a featurized

MDP M’ in M:; C/iq; na MPdt 5) by removing the states unreachable from the initial state. As only
the unreachable states are removed, any local access simulator for M is also a local access simulator
for M’. Furthermore, every policy in M has the same value in M’. Therefore a 6-sound local access
planner for ./\/l;* 6/;1;1 na MP4tis also a §-sound local access planner for /\/llv; C/lf’;r’ez(;h N MPet and

the lower bound of Theorem 1.4.2 applies. |

When combined with Theorem 1.4.7, we arrive at the first exponential information theoretic

separation result in the literature between local and global access:

Corollary 1.4.9. There exists § > 0 and B > 0, such that as HA d — oo, for A > d'/* NH'/?,

_ * [k * [ ok 1/4 1/2
poly(B.d. H,67") = CG A (M [T .6) < ClA (M [T 6) = 22 A
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For convenience, we summarize the results discussed so far in Table 1.

For some p > 0 constant, let the class of featurized MDPs where in each state there is a gap of
at least p between the g*-values of the best and second-best actions be MP~8P_ The second result
of interest is in online RL, due to Wang et al. (2021), who give an exponential lower bound in the
flavor of Theorem 1.4.1 on CﬁL(/\/l(g’ a.1.4 NVMPTEP,6). They achieve this by adapting the hard
MDP construction of Weisz et al. (2021b) to satisfy the constant suboptimality gap p. Instead
of exponentially downscaling the values in the more advanced stages, such a result is possible
by implementing this reduction effect through zero-reward transitions to the episode-over stage,
such that the probability of reaching an advanced stage (instead of the value at such a stage) is
exponentially small. This does not lead to a hardness result in our planning setup, at least under

global access, showing an exponential query cost separation result between global access and online

RL:
Theorem 1.4.10 (Du et al., 2019a, Theorem C.1.). Forany B,d,H,A,p > 0,
> 1
CEA(MqB’d’H’A NMP™EP () < poly (d, H, /—)) }
On the other hand, we note that we expect similar modifications to the hard MDP class under-

lying our Theorem 1.4.2 to lead to a similar, constant suboptimality gap version of the theorem in

the online RL case.

1.5. Summary of contributions for g”-realizability

Recall that the g7 -realizable class, Man dH A’ is the class of finite-state-space featurized MDPs
with actions A = [A] :={1,...,A}, where the feature-vectors are d-dimensional, the length of

the episodes is H. For any (M, ) in this class, M is an MDP with some state space S and
random rewards confined to (say) [0,1], the associated feature-map ¢ : S x [A] — R¢ with
SUPses.aefa] llo(s,a@)|l, < 1 is such that for any memoryless policy 7, there is a 6" € RY with
16712 < B, such that for all states s € S and actions a € [A] g7, (s,a) = ¢(s,a) 767 holds. A relax-

qn

B.d.H.A & Here, a maximum

ation of this class with some misspecification & > 0 is denoted by M

difference of & is allowed between the left and right hand sides, over all states and actions:

Hq”(s,a) - tp(s,a)TQ”H <e& for all 7 memoryless policies, s € S,a € A.
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Table 2: Comparison of best achievable suboptimality and corresponding query complexity guarantees of
various planners with misspecification & > 0, for the class M? B.d.H. A . Drawbacks are highlighted with red,
the best bounds with blue.

Algorithm (Publication) Query cost  Suboptimality Access model

MC-LSPI (Lattimore et al., 2020) O(dH*s™?) O(eVdH?)  global access
CONFIDENT MC-LSPI (Yin et al., 2022) O(d’H*s™?)  O(eVdH?) local access
CONFIDENT MC-POLITEX (Yinetal., 2022) O(dH %)  O(sVdH) local access
CAPI-QPI-PLAN (Weisz et al., 2022a) O(dH*s™?)  O(eVdH) local access

It is easy to see that M2" is a strictly smaller class than the ones previously considered:

h ..
M% a1 .4 and Mg L/qurﬁc As such, we naturally expect more positive results, such

B,d,H,A
MY

B,d,H,A’
as a stronger upper bound or upper bounds that holds in less permissive settings. On the other hand,

it is also known that M% is a strictly larger class than the class of linear MDPs (Zanette et al.,

B,d,H,A
2020b, Proposition 4), for which there are efficient algorithms to find a near-optimal policy in the
online setting (without a simulator) (Jin et al., 2020b), even in the more challenging reward-free
setting where the rewards are only revealed after exploration (Wagenmaker et al., 2022).

In this thesis we also present a planner, called CAPI-QPI-PLAN, for the class of ./\/lB d.H.Ae
originally published as Weisz et al. (2022a). This planner (1) works in the most permissive local
access planning setting, and (2) improves on the state of the art query cost and suboptimality guar-
antees. Its guarantees are compared to existing solutions in Table 2. This result is summarized in
Theorem 1.5.1, which is a consequence of the more general theorems Theorems 4.1.2 and 4.1.3

presented in Chapter 4.°. Note the graceful degradation with the aforementioned misspecification &,

in that effectively it only puts a bound on the best suboptimality ¢ achievable by the planner.

Theorem 1.5.1. For arbitrary non-negative reals B, &, arbitrary positive integers d,H, and 6 >

s\/EH,
CEAME g 4000 = Od2H 572),

and there is a planner called CAPI-QPI-PLAN achieving this query cost while using a computa-

tional and memory cost that scales polynomially in the relevant parameters.

There is a corresponding lower bound due to Weisz et al. (2022a), presented in this thesis as
Theorem 4.1.4, that shows that CAPI-QPI-PLAN enjoys query cost and best achievable suboptimal-

ity guarantees that are asymptotically optimal in all parameters except H.

5. In Chapter 4, for generality, we switch to the y-discounted infinite horizon objective. Theorems 4.1.2 and 4.1.3
together imply Theorem 1.5.1 for the fixed, finite horizon case by letting H = O(1/(1 —y)) be the effective horizon
and noting that a 6-suboptimal policy for the discounted setting is a 2d-suboptimal policy in the H-horizon setting.
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Online RL Local access planning
MDP class poly(+) sample \ poly(+) compute | poly(-) sample \ poly(+) compute
Linear MDP Jin et al. (2020a)
g™ -realizable MDP | Weisz et al. (2023) | Open problem | Yin et al. (2022)

Table 3: Comparison of efficiency results for linear MDPs and g™ -realizable MDPs under online RL and local
access planning. Weisz et al. (2023) establishes that g™ -realizable MDPs are also sample efficiently solvable
under online RL. This result is presented in this thesis as Theorem 1.5.2 and Chapter 5. The computational
complexity of this problem remains open.

The largest outstanding gap between linear MDPs and g™ -realizable MDPs (i.e., M%T d.H.A)
is that while all previous provably efficient algorithms tackling the latter case required the planning
setting with local or global access, it is known that linear MDPs can be efficiently (with polynomial
query complexity) solved in the more challenging online RL setting too (Jin et al., 2020a). It has
been unclear whether having at least a local access simulator is crucial for achieving an efficient
(polynomial query cost) solution for ¢g”-realizable MDPs. This was perhaps one of the most impor-
tant differences between the power of the local access planning and online RL regimes (summarized
in Table 3). The final contribution presented in this thesis closes these gaps by showing that efficient

learning of g™ -realizable MDPs is possible even in the online RL setting (see Theorem 5.4.1 for the

formal version of the theorem, and Chapter 5 for the proof):

Theorem 1.5.2 (consequence of Theorem 5.4.1, published as Weisz et al., 2023, Theorem
4.1). For arbitrary positive reals 6,B and arbitrary positive integers d,H, for any 0 < & <
poly(8,d,H,log B)~! (for some fixed polynomial),

cx (ML

ap a0 =O(dTH"672).

The main difficulty of the online RL setting compared to local access is that while in the
latter, any (previously observed) state can be reset to in a single step, the query complexity required
to reach some specific state in the MDP with online RL must scale at least with the inverse of
the maximum reaching probability of the state over any policy. This quantity may be arbitrarily
small. As an illustrative example, take an MDP with a sequence of states, each reachable from the
previous state only, with 1/2-probability by any policy. Under the local access model, each of these
can be discovered in polynomial query cost, while in general the discovery of such a sequence of
states might take at least an exponential (in the length of the sequence) number of samples. This
fundamental challenge renders any method relying on a local access simulator unsuitable to tackle

the online RL regime. Instead, our approach relies on discovering rich structure in g”-realizable
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MDPs that allows for techniques similar to those applied on linear MDPs to be adaptable to this
regime.

Theorem 1.5.2 leaves two notable open questions: first, Theorem 1.5.2 proves a query complex-
ity result that, while polynomial in the relevant parameters, is less efficient than existing methods
for linear MDPs under online RL or for g”-realizable MDPs under local access planning. Second,
perhaps most notably, it is unknown whether there exists a method that achieves both polynomial

sample and computational complexity for g™ -realizable MDPs under online RL.
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Exponential lower bound under g*-realizability

In this section we give the proof of Theorem 1.4.2. We start by introducing the high level ideas

underlying the proof.

2.1. Overview

We prove the lower bound by designing a class of MDPs where by traversing the MDP, the agent
effectively has to pick corners of a p-dimensional hypercube, in sequence, until either K picks were
made or a pick was sufficiently close to the secret “solution” corner w*. Here, p ~ H'/2 A d'/4
(large if both H and d are large) and K ~ H/p (large if H is large). If the agent picks a corner close
to the solution, the episode is effectively terminated and the agent receives the highest possible re-
ward achievable from that state. Otherwise, the agent’s next pick has to substantially differ from
the previously picked corner. After each choice, the highest reward achievable shrinks by a penalty
factor that is governed by how different the subsequent picks are: picking dissimilar corners results
in a larger penalty (i.e., a smaller penalty factor). Since subsequent picks need to be substantially
different, this means that ¢g* (or v*) reduces at an exponential rate throughout the episode until
a guess is sufficiently close to the solution or all K picks are exhausted, in which case the agent
receives a Bernoulli reward with expectation exp(—Q(K)). Without additional information, guess-
ing sufficiently close to the solution is a needle-in-a-haystack problem with an exponentially large
haystack: with probability above (say) 3/4, the secret corner will not be found within exp(Q(p))
guesses. Additional information is not provided to the agent as long as the final reward is 0. Since
the probability that this Bernoulli outcome is identically zero for the first exp(Q(K)) guesses can be
made to be 3/4 or larger, if a planner uses at most exp((p A K)) guesses, with probability at least
1/2, neither blind guessing nor the Bernoulli outcomes will lead to success. Thus, in expectation,

any sound planner has to query more than exp(Q(p A K)) times.
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To achieve realizability of g* (or v*), it is sufficient if the value of the optimal policy is a
low-order polynomial of the p-dimensional secret solution at any state in the MDP. To achieve this,
the mechanics of choosing a guess and the penalty factor are carefully chosen in such a way that
the optimal policy has a simple “greedy” structure that moves any guess as close as possible to the
solution. The value of this greedy optimal policy is then proved to be a 4M-order polynomial of w*,
which gives rise to a d ~ p* dimensional feature-map that can realize the optimal values.

For the sake of simplicity and modularity, rather than defining the MDP, we first define a
simplified “abstract game” where an “abstract planner” has to guess the above-mentioned secret
parameter. This abstract game is essentially what has been described in the previous paragraph.
This construction focuses on the information theoretic aspect of the proof, leaving the construction

of the MDP with the required realizability properties to the subsequent sections.

2.2. Abstract game

The abstract game has a length parameter K € N, and an integer dimensionality parameter p > 2,
which are known to the abstract planner. Let W = {—1,1}”. Let 0 and 1 indicate the p-dimensional
vectors of all zeros and all ones, respectively. For vectors x and y from W, define diff (x,y) as the
Hamming distance between x and y, i.e., the number of components where x and y are different. We
will use the property of the Hamming distance that it can be written as an (affine) bilinear function

of its arguments: for wi,w, € W,
. 1
diff (w1, w2) = 3 (p—(wi,w2)) . (M
Note that diff (-, ) is a metric on the set W. Let
W*={weW: p/4 <diff(1,w) <3p/4} ®)
be the set that will hold the game’s secret parameter: w* € W*. For any k € N, let
W = {(wi)iepky € W 2 diff(wimi,wi) > p/4 fori € [k]}, ©)

with wg := 1 defined for convenience, be the subset of k-length sequences of W where the elements
are “sufficiently far” from each other.
The union of these over k < K is the action set of the bandit-like game. Given w*, the re-

ward function fi,« : {)}UUke[k] W°k — R (index dropped when clear from context) is defined as
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follows (again wo := 1):° £(()) = g(diff (wg, w*)), and for k € [K],

e (wiiepwr) = | | @(diffOwir,wi)) | (diff (wi, w*) where
i€lk]
(x-1)
glx)y=1- % + % .

The game is sequential. It proceeds in steps where the abstract planner performs a query and
receives a corresponding response (both the query and the response may be randomized). At each
step ¢ € N, the abstract planner randomly chooses whether to continue or not, and what its output
or next query (correspondingly) is. If it continues, it chooses a sequence length L, € [K], and a
sequence S; = (W!)iez,] € Wel: | Otherwise, if it returns, it chooses its output S; = (Whiers) € Wes.
Note that the output is confined to have the fixed length of 8.” To distinguish this from the case
when the planner continues, we let L; = 0 denote that the planner wants to return an output. Let
N =min{t € N, : L, =0} indicate the step at which the planner returns. Thus, the planner’s output

18 SN.

At step t, denote the choice of the planner by X; = (L;, S;). If the planner is not done yet (L, > 0,
and thus ¢ < N) then, in response to the planner’s query, a random response Y; = (U;,V;,Z;) €

{0,1}x{0,1}x[0,1] is generated as follows:

* U, indicates whether the penultimate component of S; is close to w* (for convenience define
wg = 1):

U, = I[{diff(wlLr_l,w*) <pl4}.

* V, indicates whether the last component of S; is close to w*:

V, = {diff(w, ,w*) < p/4}.

6. The reason for this form of f will become clear only when the MDP corresponding to the abstract game is defined.
For now, let us only note that (1) as the input sequence grows in size, their elements being sufficiently far ensures an
exponential rate of reduction of f, and (2) g(x) is the second-order Taylor expansion of (1 —1/p)*, which ensures
through some inequalities that the optimal strategy for maximizing f is to greedily move towards w* in the MDP as
fast as possible. A simple optimal policy with a low-order polynomial expression for f allows deriving linear features
for the MDP’s value function.

7. The constant 8 here is sufficiently small to prove that planners cannot guess close enough to w* with any of these 8
attempts, yet large enough so that to achieve a small suboptimality in the MDP problem (that will be derived later), it
will be crucial to guess a vector among these 8 vectors that is close to w*.



24 Chapter 2. Exponential lower bound under g* -realizability

7, is distributed as Ber(f,,«(S;)) if either V, = 1 (the last component of S; is close to w*)
or L, = K (all components are used in S;), else Z, = 0. Here, Ber denotes the Bernoulli

distribution. This is well-defined as f,,~(S;) € [0,1] by Lemma 2.2.2.

If, on the other hand, the planner indicates that it is done (L, = 0, and thus = V) then there is

no feedback, but the payoft (reward) to the planner is
R= fur (0 iciion) (10)

where k* = k*(S;;w*) denotes the first component of S, = (wkN )ke(g] that is sufficiently close to

w*, or 8 if none of them are:
k* =min{k € [8] : k=8 or diff (W} ,w*) < p/4}.

For future reference, it will be useful to introduce 7, () to denote the first k* (s, w*) components
of s = (w;);e(g] so that R = f,,»(7,,+(S;)). While the interaction is over at this stage, for simplifying

notation, we introduce Y; and define it as Y; = (0,0,0).

This finishes the description of the abstract game; for a given value of w* we will refer it as
“abstract game w*”. To summarize, in this game, the planner can choose actions from a combina-
torially structured action set to collect information for the final round where it needs to choose an
action from a smaller (but still combinatorially large) subset of the action set. The feedback is non-
linear. The essence of the information theoretic argument that will follow will be that good planners

essentially need to find w*.

For these information theoretic arguments, as well as the statement of the main result of this
section, some extra definitions are necessary. For t € Ny, let F; = (X;,Y;);e[;—1]. For each step ¢
sequentially, if the game is not over yet, i.e., f — 1 < N, the planner A defines the distribution of X;
given F;. Given F; and X;, the distribution of Y; is defined as above. Together, A and w* define
]P;‘V‘*, the probability distribution over interaction sequences (X;,Y;);e[n] between the planner and
the game, where the sequence needs to satisfy that L, > 0 for < N and Ly = 0.8 The planner
is well-defined if Pé* [N <oo] =1. Let E“‘;‘* be the expectation operator corresponding to P’v‘v‘*.

The abstract planner is sound with worst-case query cost N if for all w* € W*, E;‘V‘* [N-1] <N,

8. Luckily for us, F; takes values in a finite set, which makes it trivial to show that P’vf}* with the required properties
exist.
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and Efv‘* [R] > maxcyyos frox (Tyx (5)) —0.01. We note in passing that max,cy s fo* (Tyx(s5)) =
Sfw*(()), i.e., the maximizing sequence is the empty sequence.
The main result of this section is the following claim, which states that the abstract game is

hard:

Theorem 2.2.1. For any abstract planner that is sound with query cost N,

N =290nK),

The proof is given in a number of lemmas. We start with some elementary properties of f,,«:

Lemma 2.2.2 (Properties of fi,). For any w* € W*, k € Ny, s = (wi)wex] € WK, the following

hold:
11 25
— < fiox < =
35 S fwr(0) <55, 11
k+I{diff (w,w*)>p/4}
0< fw*(S) < (3—2) (12)
Proof. We prove Eq. 12 by first showing that
k
25
0< fiur(s) < (ﬁ) . 13)

This follows since f is the product of k + 1 terms, each defined using the function g. Now, notice that
g(x) decreases as x increases in the range 0 < x < p, so for all £’ € [k], thanks to diff (wy—1,wy) >

p/4 which holds since by assumption s € W°*, we have

. 25
0 <g(p) < g(diff(wi—1,wi)) <g(p/4) < 5.
This, together with 0 < g(0) < 1 proves Eq. 13. To finish the proof of Eq. 12, note that if

diff(wg, w*) > p/4 then, similarly to the previous case, we have 0 < g (diff (wy, w*)) <g(p/4) < &

32°

which implies Eq. 12. As w* € W*, 1p < diff(1,w*) < 2p. Hence, fo+ () = g(diff(1,w*)) >

8(3p) = and fur (0) S8(3p) < 3. -
Let

< 52! 14
n=|min E_ s 75 ) ( )
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where
25 K+1
E= (ﬁ) .

For any w* € W*, let E)Y * be the event when in the first n steps the planner does not hit on any

vector that is close to w*:

W m {t > N or (t:Nand irél[igl]diff(wfv,w*) > %)

te[n]

or (t < N and diff(w’Lt_l,w*) > p/4 and diff(tht,w*) > p/4) }

We define the “abstract game 0” (and, for any planner .4, the associated probability distribution P(“)“)
to be a variant of the game where the responses are Y; = (0,0,0) for all r € N, (irrespective of the
choices of the planner).

Our next lemma claims that the bad event E)” ) happens with large probability in abstract game
w* whenever it happens with large probability in abstract game 0. The reason for this is that the
probability of ever receiving nonzero feedback on the bad event is a small value, which in fact
can be bounded by & (the only way to receive nonzero feedback is by playing to the end, hence &
appears). From here it will follow that since the number of steps is at most n (bad events are defined
for interactions of length at most #), the probability of E}” " in game w* is at least the probability of
this event in game O times (1 —&)", and the latter is lower bounded by an absolute constant because

n is chosen to be not too large compared to 1/¢.

Lemma 2.2.3. Take n as defined in Eq. 14. Then, for any abstract planner A and for any w* € W,
A pwty o Tp Al pw*
POL(EY ) > g]P’O (E) ).
Proof. We prove that
POL(EY) 2 (1-2)"BHEY"). (15)

it follows that

Since by its choice, n satisfies n < (é - 1) /7.5, or, equivalently, 1 —& > 1 — ﬁ,

n n
_e)" _ - _ _ -1/15
(1-¢) 2(1 1+7.5n) 23590(1 1+7.5n) ¢TI,
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which shows that it suffices to prove Eq. 15.

Let (X;,Y;);c[n] be a complete interaction history and let H denote the first n A N components
of this (thus, H is shorter than the complete sequence when n < N). Let H be the set of all possible
values that H can take. For h € H, let Ej, = E,VIV* N{H = h}. Clearly, E,Vf* is the disjoint union of the
sets {Eptnen. Let Hr ={heH : P64(Eh) > 0}. Then, P()‘l(E;f*) = D hen+ P64(Eh), and we prove

Eq. 15 by showing that for any & € H,

P4, (Ep)

p= PA (B >(1-g)". (16)

Fix h € H* and let h = (x;,y:);e[n] for some O < n” < n. Further, letx; = (/;,s;). Note that for t < n’,
l; >0 and eithern’ =norl, =0.

As P(“)“(Eh) >0, y; =(0,0,0) for all ¢ € [n’]. By definition of Pé* and Pg‘, both the numerator
and denominator factorizes into the product of n’ terms. Given the same history, the distribution of

X; under both P“y‘v‘* and PB“ are identical, so the terms that do not cancel remain:

) 1_[ PA, (¥, =(0,0,0)| X, =x,)
P = 0,00 1% =x)

t=1

n/
= l_lpé* (Zz :0|Xt =x,) .
t=1

where Y; = (U, V;,Z;). Here, the last equality follows since Pa“[Y, =(0,0,0)| X; = x;] = 1 by defi-
nition and Pﬁ* (Y; =(0,0,0) | Xy =x;) = Pé* (Z; =0] X; = x;) because on Ej, C E}f*, U=V, =0

p/dorl,=K}. Since Ej, C E,Vlv*, diff(w;t,w*) < p/4 does not hold. Hence, P“V‘V‘* (Z;=1|Xy=x;) =

holds Pé* almost surely. Now, by definition, va‘* (Z,=1|X,=x;) = fw*(s,)]I{diff(wZ,w*) <

fwr (s)I{l, = K} < (25/32)K*! = &, where the inequality follows from Lemma 2.2.2 using again
that E, C E)Y * and thus the last component of s, must be “far” from w*. Putting things together

and using that n” < n gives that p > (1 —¢)", as required. |

We plan to argue that the bad event happens with large probability in game 0. In this game, by
definition, the planner needs to guess w* blindly (as there is no feedback ever). Hence, the success
of the planner depends on whether they can without any feedback stumble upon w*. To bound this
success rate, it will be useful to bound the number of vectors close to a given vector in the hypercube

W:

Lemma 2.2.4. For any w € W, let Wjose (W) = {w € W | diff(w, W) < p/4}. Then,

[Welose (W) | < 2P exp (_g)
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Proof. By symmetry of the p-dimensional hypercube, without loss of generality, let w = 1 and
Welose = Welose (W). Let X = (X;); € W be a uniformly distributed random variable on W. Note that

the components X; of X are independent Rademacher random variables. We have

Wetosel = > H{(w, 1) > p/2} = [W|P((X, 1) > p/2)
wew

=2PP

ZXi > p/2) <?2? exp(#p/z)z) =2Pexp (—%) ,

iep

where the second inequality holds by Hoeffding’s inequality. |

Our next lemma shows that for any planner the probability of a bad event has an absolute
lower bound. We use the previous lemma to show that for any planner there exists a w* such that
the probability of the corresponding bad event is lower bounded in game 0, and then we apply

Lemma 2.2.3 to get a lower bound for the same event in game w*.

Lemma 2.2.5. For any abstract planner A there exists w* € W* such that

NS
PAL(EY )z(g) .

Proof. For any W € W*, under event (E) )C, either there exists r € [n A (N — 1)] such that
diﬁ“(wit_l,W) < p/4 or diff(w’Lt,W) < p/4, or for some i € [8], diff(wfV,W) < p/4. That is,
(E¥)¢ c {W € Z} where

Z:= U (Wclose(tht_l) U Wclose(WtL,)) U U Wclose(wgv) .
te[nA(N-1)] ic[8]

By Lemma 2.2 .4,
|Z] < (2n+8)2P exp (—%) . (17)

We also have that W* = W\ Weiose (1) \ Wetose (—1), s0 [W*| > 27 (1 -2exp (-%£)). As w* € Z is the

good event for the planner, we define

w* = arg minPJ (W € Z) . (18)

weWw*
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Putting things together and using that Z € W, we get

27 (1 —2exp(—§))1@g‘ (w* € Z) < [W*[PA (w* € Z)

< > Blwezy< ) B (wez)=Ey[IZI] §(2n+8)2pexp(—§),

wew* weWw

Rearranging and using (E,VLV*)C c {w* € Z}, we get

’

(")) <7 (v e 7) < 92w ()

3 14
“ = (200 D)) S2(n+5)exp(—§) <

oo | —

where the last two inequalities follow by our choice of n. Combining this with Lemma 2.2.3 finishes

the proof. |

With this, we are ready to prove Theorem 2.2.1. In fact, all that is left to show is that if the
planner is sound, then the probability of the bad event cannot be too high. That is, connecting the

bad event to poor performance.

Proof of Theorem 2.2.1. Take a sound abstract planner A with query cost N. Let w* be the vector

whose existence is guaranteed by the previous lemma. By Markov’s inequality,

" _
Plw[N-12n] <-N.

S|

Let E’ be the event under which both N—1 < n and E” hold: E’={N -1 <n}NE"". By the

union bound and Lemma 2.2.5,
2
7 1 -
A ’
PoL[E'] 2 (—) ——N. (19)

Under the event E’, the output of the planner (wlN),-e[g] satisfies diff(wfv,w*) > p/4 forie [8],
9
and therefore k* = 8 and, by Lemma 2.2.2, the reward R of the game satisfies R < (%—;) . Therefore,

combined with the soundness of A, we get

11 " 25\’ At 25

— —0. < * — 0. < * < |= - * Py

35~ 001 < fur(0) ~0.01 <EJL, [R] 32) +(1-FL [E') 3
S 9+ (7 2 25+1\725
=132 8| 32" n32
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where we used Lemma 2.2.2 to bound f,,«(()), and the maximum value of R (maximum value of

f) by % To satisfy this inequality, we must have N > 0.05#, and thus by substituting Eqs. 14 and

K+1
(2) )) _2Q(prK)
25

simplifying we get

D 1
1_
min(ﬁ —5,8—)) — min (290’),9

2.3. Description of the hard MDP class

Given a large enough horizon H and a large enough dimension d, in this section we construct a class
of featurized MDPs with horizon H and feature-space dimension d, such that (i) each featurized
MDP in the class corresponds to an abstract game with parameters (K, p) such that H =~ Kp, A =
p~d"*AH'? (ii) each MDP M,,« is associated with some abstract game w* € W* c W = {-1,1}7;
(iii) the feature-maps associated with the MDPs do not depend on w*; (iv) the respective realizability
assumptions are satisfied by the featurized MDPs in the class; (v) a planner that is guaranteed to
achieve a high value in the MDPs can be used to achieve high values in the associated abstract
game, which also means that (vi) for every w* € W*, one should be able to emulate the queries in
the featurized MDP associated with w* using queries that are available in the abstract game with w*,
while the MDP planner should not get any information about w* by any other means than through
these queries.

In the abstract game, at the end the planner needs to choose a sequence (w;);e(g] € W8, This
will correspond to the first 8p steps of the path that the MDP planner traverses in the MDP, which
will have deterministic dynamics. To guarantee that the number of actions is small, choosing such
a weight sequence will be implemented in the MDP by first choosing w in p steps, then choosing
wy in another p steps, etc. In each of the p steps of these rounds, choosing an action a € [p] will
allow the MDP planner to flip component a of the weight associated with the round. In particular,
in the first p steps, the components of w; are chosen this way, starting from the weight vector
wo = 1. In the next p steps, the components of w, are chosen this way, but this time starting with
wi. The process is identical for choosing wy based on wy_;, where we let 1 <k < K goup to K
to support arbitrary queries in the abstract game. To guarantee that the path chosen is in U W°k,
further rules are necessary. In particular, since we need to guarantee that wy differs from wy_; by
at least p/4 positions, the dynamics is chosen so that in the first [p/4] steps within the kth round,

if an action is repeated then it is called illegal, and leads to the end-state L, while in the remaining
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p—1[p/4] = 3p/4 steps an action repeat is called legal and leads to a “frozen” weight, i.e., starting
from the first such repeated action the weight associated with the path cannot be changed until
the round is over. These rules guarantee that if a path of length kp does not end up in L, the
path uniquely determines an element of W°* (in fact, the last state alone uniquely determines such
an element). We associate with every action sequence subject to the constraints just described a
unique state, which can be seen as a node on the action tree. We will say that a state s # L belongs
to some round k € [0 : K — 1], if the length [ of the associated action sequence (a;);<; satisfies

kp <1< (k+1)p. We say that the state is in step i of round k if also [ = kp +1i.

Normally, the transitions of the MDP follow the path in the action tree just described, and the
rewards are zero. However, there are two exceptions that depend on w*. To describe them, note
that a state s # L that is in step p — 1 of some round £ is one step away from finalizing the choice
of weight vector wi.1. Indeed, such a state, together with the action performed in that state, defines
the weight sequence (w;);c[k+1] € Wek+! while a shorter sequence (Wi)ie[k] € Wek is defined by

all states s # L that are in any step i of some round k.

For a state that is in some step i of some round k, the aforementioned exceptions to the MDP
dynamics are: (i) if k > 0 and diff (wg,w*) < p/4; (ii) else if i = p — 1, and either k = K — 1 (last step
of episode), or diff (wi+1,w*) < p/4. In case (i), the next state is L, and the reward is determinis-
tically set to (@, 8*), where ¢ is the feature-vector associated with the state or the state-action pair
(depending on which class of featurized MDPs are considered), and 6* is a hidden weight vector
corresponding to w*. In case (ii), a Bernoulli reward with parameter f,,»((w;);c[k+1]) is generated,
while also transitioning to L. Note that the states associated with case (i) are unreachable from the
initial state as any path to such state goes through a state that satisfies (i7). While there is much
information to be gained from any query where the state is of this type, planners with local access
can never issue such queries, while planners with global access still have very little chance of en-
countering such a state (the proportion of these states is exponentially small as can be seen from,
e.g., the result of Lemma 2.2.4). We refer the reader to Figure 1 for an illustration of the MDP

dynamics and the associated reward structure, and to Eq. 23 for a more precise definition.

The next step is to show that one can define appropriate feature-maps such that the respective
realizability conditions hold, which also means that we will need to compute the optimal value
(or action-value) functions and then we will also need to show that a sound MDP planner for the

appropriate class of MDPs can be used to derive a sound planner for the abstract game.
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Figure 1: Tllustration of an MDP associated with a weight vector w*. The nodes represent states, which
are members of the action tree. Subtrees are illustrated with triangles. Edges represent actions, red edges
transit to the episode-over state L. Unless the action was illegal, there are next-states that an MDP with some
other w* would have transited to. These states still exist in M, but are unreachable, and illustrated with a red
triangle. The blue triangle represents a part of the action tree where a legal repeated action freezes the weight
corresponding the round. Unless written on the edge, there is no reward for the action. In the figure, (sg; )i
represents a path through the state space, while for k, 7 fixed, wy; represents the weight vector of step i of
round k.

Here, the main idea is that the optimal value corresponding to a state s that is in some step

0<i<p-1ofround 0 < k < K -1 takes the form

V() = fur ((Wiiex)) = g (diff (wo, w1)) . .. g (diff (wye—1, wi)) g (diff (i, ™)),

where wo = 1 by convention, w; for 1 < j < k is the weight vector for the corresponding round,
while wy is obtained by performing the component manipulations on wg_; prescribed by the action
in round k until step 7, after which, the weight obtained is moved as much as possible towards w*.
Note that wy here depends on both s and w*, while the other weight vectors only depend on s. In
fact, one can write wy = A(s)w* + b(s) for some matrix A(s) and vector b(s) that depend on s.

Therefore,

vi(s) = h(s)g(diff (wi_1(s), A(s)W* +b(5)))g(diff (A(s)w* +b(s),w™)) (20)
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where h(s) = g(diff(wo,w1))...g(diff(wg_o,wr—1)) is a scalar that depends only on s. The ex-
pression in Eq. 20 is a fourth-order expression of w* since g is a quadratic function, and while
diff is (affine) bilinear in its two arguments and so it appears that diff(A(s)w™* + b(s),w*) could
be quadratic itself, due to the special structure, this expression is still linear in w*. As such, v*(s)
is (roughly?) a linear function of (w*)®*, the fourth-order tensor product of this vector with itself,
which gives rise to the definition of ¢, and 8*, which is (roughly) the flattening of (w*)®*. Of
course, it remains to verify that ¢, (s) and 8* have small norms as required and also that this defi-
nition extends to states that are not reachable from the initial state (to prove the result with global
accessibility). In fact, it is exactly this second requirement that made us define the deterministic

rewards of (¢, (s),0*) and the associated transitions to L. (In this case it will be necessary to show

that this reward is indeed in the [0, 1] interval.)

A similar argument can be used for ¢* realizability, and also for v*/g* reachable realizability
(in which case the reward at unreachable states could be arbitrary). To finish, one needs to show
that a sound MDP planner can be used to implement a sound abstract planner. For this, note that the
steps that an MDP planner makes in the first 8 rounds of an episode can be directly translated into
an admissible weight sequence of length 8. Further, by construction, the value achieved with this
weight sequence is at least as high as the value that the MDP planner would achieve by completing
the episode (the function f,+ and the MDP are such that cutting short a weight sequence obtained

from a path in the MDP increases the value of the sequence).

In the remainder of this section, we fill in the gaps of this argument.

2.4. The MDP construction

We start with defining A, p and K as a function of the horizon H > 81 and dimension d > 31:

A =p=min (max{x eN, : x*+xd+x%+x+1 < d}, {HUZJ) , 2D
K=[H/p],
H =Kp.

By our definition of H-horizon MDPs, any H’-horizon MDP for H’ < H is also a H-horizon MDP

(cf. Definition 1.2.2). Hence, we shall construct a H’-horizon MDP with H’ defined above. For

9. The precise argument will also include lower-order tensor products.
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future reference, it will be useful to note that

A(:P)=®(Hl/2/\d1/4), K=®(H1/ZVH/(d1/4))’
(22)
p=2 and K>9.

Similarly to the abstract game, we fix some w* € W* (Eq. 8). In what follows, we define two
MDPs M?, = (S,A,0",) and M? , = (S,A,0% ).

The state and action spaces are the same for all these MDPs. The superscript v and ¢ indicates
which realizability setting the MDP is tailored for. Together with the indices, we drop them and
just use M and Q to minimize clutter. The difference between Mv"v* and M:ZV* is minuscule (see
Case 23a). As noted beforehand, A = [p].

Apart from L, states in S are uniquely identifiable with an action sequence of length at most
Kp—1. Of all action sequences, we need to remove any action sequence that has a “repeated” action
in the critical first [p/4] steps of any round. For k > 0, let U, ¢ A¥ be those sequences of in A*
which do not have any repeated elements. Then, letting r = [p/4], V = (U;c[) Ui) U (U;e[p-r) Ur X
A, we define

S={L.0yu [J WxAarmFxv,
0<k<K-1
where () denotes the empty sequence. The elements of S (other than L) can thus be uniquely
identified with a sequence of actions (ag,...,@0,p-1,--->Ak0s---,ak;) With0 <k < K—1and 0 <
i < p—1, where the double indexing emphasizes that the steps are grouped into rounds of length
p, and commas between indices are often dropped to minimize clutter. For convenience, we let
[<k,i]={(n,m):ne[0:K-1],me[0:p—1],np+m < kp+i} denote the index set in this
double indexing, so that we can write (@nm)(n,m)e[<k,i] for the above action sequence. Here, we
can think of a,,, as the action performed in step m of round n.

As described beforehand, we associate a “weight”, an element of W, to each state s # L that
corresponds to all the “flips” described by the action sequence for s. Let w : S — W be the cor-
responding map, where we let w(L) = 1. We will also find it useful to introduce w : Sx A — W,
where for (s,a) € S X A, w(s,a) is the weight sequence where component a of the last weight vec-
tor of w(s) is flipped, except when s is a frozen state or s = L, in which case w(s,a) =w(s) (s is a
frozen state when there is a legal repeated action in the actions that correspond to the current round

of the state).
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In what follows, we will often find it useful to fix a path, i.e., a complete action sequence
of the form (ax;)(k,iye[0:k-1]x[0:p-1] € AKP_ Note that here we allow all action sequences. We
then describe the behavior of the MDP in terms of its transitions and rewards encountered during
this fixed action sequence. Notationally, we refer to the state (deterministically) reached in round
k, step i for the fixed action sequence as sy;. This means that sqp = (), and for 0 <i < p—1,
Sk,i+1 = Yw(Skisax;) and for 0 < k < K —1, k41,0 = Skp, Where v, is the transition function of
the MDP. Note that the state sequence has extra elements, to help with the notation. In particular,
SK0 =SK-1,p = L. By a slight abuse of notation, for the fixed action sequence, we also let wy; =
W(Sk-1i-ak-1,;) (f sg; # L, wi; = w(sk;)). To disambiguate, the notation wy; always uses two
indices for w, while the notation in the abstract game always uses one. To match the weight values
of the MDP with those of the abstract game, we introduce the shorthand wj = wo. To complete the
definition of wy;, we define wgp = 1 (similarly to the abstract game’s definition of wy = 1). We will
also find it useful to introduce the function wy,g : S — W which to a given state s = s3; # L at step {

or round k assigns the “last complete weight” wi = wyo while wg (L) = 1.

The (k,i)-indexed notation, such as sy; and wy; (along with other similarly in-
dexed quantities introduced later) is designed to avoid clutter by hiding the implicit
dependence on the action sequence, which is assumed to be fixed whenever we use
such notations. The action sequence that is fixed should always be clear from the con-
text. Whenever we state a result concerning these symbols, the result is meant to hold

for an arbitrary action sequence.

For a state s € S, s # L that is in step i of round k, and an action a € [A], the transition and
reward of taking action a in state s leads to the following reward-next state pair (R’,S”) (which

specifies the kernel Q of the MDP):

((¢.0*),1), ifk>0and diff(we,w*) < p/4 (23a)

o (Z,1), else if i = p — 1,diff (Wys1, w*) < p/4 (23b)
(8= (Z,1), elseif k=K —1,i=p—1(last step) (23¢)
(0, 8k.i+1) » otherwise , (23d)

Here, the symbols not yet introduced beforehand are defined as follows: (i) (W) e[k+1{i=p-1}] 18
the sequence of round-start weights (W’ 0)x’e[k+1{i=p—1}] that correspond to state s and action a.
If i = p — 1, this sequence also includes the newly “compiled” weight w10 =w(s,a). (ii) Z has

distribution Ber( fy, = ((Wk/)krek+1{i=p-1}]))- (iii) 0* will be defined in Eq. 31. (iv) for feature-maps
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¢y and @, (defined in Egs. 32, 37), ¢ = ¢, (sx;) if we are in the v*-realizable setting (MDP M )
and ¢ = ¢, (ski,a) otherwise. In either case, the reward in Case 23ais in [0, 1] by Eq. 35 and Eq. 39.
Later in the proof, the following lemma will be useful to convert a sound planner for the MDP

into a sound planner for the abstract game:

Lemma 2.4.1. We can simulate an outcome of (R’,S’) in the MDP using at most one query to the
abstract game, if the length, dimensionality, and secret parameters of the game are K, p, and w*,

respectively.

Proof. For k=0, i < p—1, we fall under Case 23d and no query to the abstract game is required.
Otherwise, let [ = k+I{i = p— 1} > 0, and query the abstract game with (I, (Wx)xrefs7). This is
a valid query as (Wr/)rrei] € Wk, The result to this query allows to determine which case the
transition falls under, and it also contains Z (with the required distribution) when the case calls for

it. |

As alluded to before, Case 23a is somewhat pathological: the transitions are such that if at the
end of round k the newly “compiled” weight wy. o is close to w* (diff (wg+1.0,w*) < p/4) then
the next state is L. This means that by following the transitions, it is impossible to arrive at a state

s € S, where Case 23a would apply.
Lemma 2.4.2 (Case 23a is unreachable in M). In MDP M, for all s € S; and s’ € S—;,
s” ¢ Reachyy (s)
where
S ={s€8 :s# Land diff (Wi (5),w*) < p/4}, S =8\5. (24)

We will find some further notation useful to describe essential properties of the MDP states.
Take any path in the MDP and the corresponding states (s;). Pick k and i such that s;; # L. Let
the “bit mask” fixg; € {0, 1} indicate for each component of wy; whether it is fixed (1) in round k
at step i or not (0). Recall that a component is fixed if either the corresponding action is performed
in round k before step Z, or there was a legal repeated action, in which case all the components are

frozen. Let ctziip be the number of components flipped in round & by step i. Because each component
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can only be flipped at most once in a round, this satisfies

flip

ct,; = diff(wro, wii) .

Let ez’i‘ (and e;lﬁx) be the number of components that are fixed (and not fixed, respectively) at step
i and have the opposite sign of the respective components of w*. These are “error counts”. (As
opposed to ctziip and fixy;, the error counts obviously depend on w*). Let the operator - : R x R —
R4 return the componentwise product of its inputs. For i € {0,1}, let =i = 1 —i, which is also
extended to binary-valued vectors in a componentwise manner. The definitions imply the following

identities:

1
el = 3 (€1, fixgi) = (fixg; - wii, w*)) (25)

i

1
et = 5 (L i) = (St i, w)) (26)

Consider the case when fixy; # 1. Thanks to si; # L, the first i actions of round k are unique.
Therefore, in this case, ctziip = i. Furthermore, each unique action adds 1 to (1,fixy;), thus eg’i‘ <
(1, fixg;) =i= ctgiip. Similarly, e;lﬁx <1, fixg;))=p—-i=p- Ctziip. If on the other hand, fixy; =1,

then e;?" = (. This leads to the following result, which will be useful for our calculations:

Lemma 2.4.3. Assuming si; # L, e;lﬁx <p —ctﬂ'ip, and e;?" < p —i. Furthermore, if fixy; # 1, then
flip

the following also hold: ctzil.p =i=(1,fixy;), and eg’i‘ <cty; -

2.5. Defining a policy and calculating its value function

We now define a deterministic policy m,,~ : S — [A], which later will be shown to be the optimal
policy. The purpose of the current section is merely to compute the value function of this policy.
The policy is defined as follows: Let si; € S; be a state along step i of round k and assume that
sxi # L. Then m,,» greedily flips all the components of wyg; that have the wrong sign and are not
fixed yet. Once this is done, m,,~ freezes the round by repeating an action. Ties are resolved in a

systematic fashion.

More formally, let A; be the set of actions where the component of wy; has not been fixed yet

and where wy; disagrees in sign with w*; let A, be the set of actions where the component has been
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fixed:
A ={a € [A] : (fixg), =0and (wg;), # w}}
(27)
Ay ={a e [A] : (fixg;), =1}
Then,
1, if spi=L; (28a)
arg max (¢ (sk;,a),0%) , elseif diff (wko, w*) > p/4; (28b)
Ty (skin) = 4 <17
min A, else if | A = el > 0; (28¢)
min Ay, else if [As| = ctj” > 0, (28d)

where ¢, is the state-action feature-map defined in Eq. 37, and 6* is defined in Eq 31. Note that
ski € Sy and si; # L implies that either Case 28c or 28d must apply.

With this, the promised result of the section is as follows.

Lemma 2.5.1. Assuming si; € S; and sy; # L, we have

N . flip | -
v () =| || e(diff(wirr 0,wi0)) |g(etpr +e7i)g(efy) -
k’elk]
The high level argument underlying this lemma is that the policy reaches the end state L, either
after reaching the last step of the current, or the next round. In either cases, the only reward incurred
from the current state to the end is when the transition to the end state happens. The definition of

this reward can then be invoked to show the result. The detailed proof is as follows:

Proof. Starting from round k step i and letting A; be as in Eq. 27, the policy m,,~ flips all the
components in .4; (that have the wrong sign and are not fixed yet). We note that 4, = {} if there
was a repeated action in this round (which freezes the components). In this case, e;lﬁx =0 and

ski # L implies the repeated action was legal, i.e., i =i +e;?" > [p/4], and therefore wy; is frozen,

: fli flip .
thus regardless of myy, Wis1,0 = Wii, 30 diff (Wio, wie1,0) =ty F =ct, ¥ +e .
. .. . - flip N
Otherwise, by definition the first i +|A;| = z+eki.ix = ctklip +ekiﬁ" < p actions in round k are

unique (noting the inequality comes from Lemma 2.4.3). Furthermore, in this case observe that
all components where wy differs in sign from w* are flipped in round k by step i+e;f”‘: either
because it was flipped in the first i steps (and thus setting the relevant component of fixg; to 1), or

because the action corresponding to the component is in .4, and thus flipped by m,,+. Therefore
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i+e ﬁﬁ" > diff (wgo, w*) As L # 54; € Sy, diff (wro, w*) > p/4. As z+eﬁﬁx is an integer, i+e;ﬁ" >

[p/4]. At step 1+e;ﬁx > [p/4], all the actions in A; are exhausted, and if there are any remaining

steps in the round, 7, « freezes the round by repeating an action (Case 28d). This is a legal action

e -
as i+ep;™ 2 [p/4]. Therefore w10 =Wy ;e

Regardless of whether wy; is fixed at step i, the number of components that have the wrong

sign that are not flipped in round £ is exactly 62);, and therefore

diff (w0, Wi+1,0) = ct;, P P e

diff (wgs1,0,w*) = e

At the end of round &, at step p — 1, either Case 23b or 23c applies and the expectation of the

reward is

For (wrowernn) = [ s(diff(wirr 0,wer 0) |g(difF (Wit 0,w™)
k’e[k+1]

= [ ] @iffowi10.wi0) |g(ctif +e™)g (el
k’elk]

or Case 23d applies and the episode continues with round k + 1. In this latter case, fixg41,0 =0,

flip —fix w* . ..
(41,0 = =0, €ri0= =diff(Wg+1,0,w™) = ek , and so in round k + 1, m,,« sets all the remaining compo-

nents to match w*, i.e., wg42.0 = w*. The transition at the end of round k + 1, at step p — 1, then falls

ct

either under Case 23b or 23c, and the expectation of the reward is the same as before as g(0) = 1:
For (wiodeerena)) = [ | 8 (diffwiri.0,wi0) |(diff (Wi 0,w*))
k'€ [k+2]

[ ] s(diff(wir1.0.we0) |g(ctyr +eii™)g(el)2(0),
k’elk]

As in MDP M any transition with a positive reward expectation transitions to state L, the value of

.+, the expected sum of rewards along the episode, reduces to the expectation of this single reward

in the episode.
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2.6. Showing that 7.« is an optimal policy

We start with a lemma that will be used to optimize the attainable reward, given the constraints of

the MDP.

Lemma 2.6.1. For p > 2, > 2 integer, let (x}) jc(1) be integers 0 < x; < p, and let0 < cy, ¢, ¢c3 < p

be further integers such that the following all hold:
e cp<crorc3=0;
e c1+c3<p;
s crteates < e Xjs

* 2 < XjerXjs

[ ]2t <glei+ea)glen).

Jjell
Proof. Note that g(x) > 0 and decreases monotonically for x € [0, p]. First we prove for integers

x >ysuchthat1 <x,y < p—1, it holds that

gx)g(y) <glx+1)g(y-1). (29)

x-y+1

Note that g(x)g(y) —g(x+1g(y—1)=— 7 (p(x=2)+y(p—x)+x), and as x >y, it only re-

mains to prove that p(x —2)+y(p—x)+x > 0. If x =1 then y = 1 and the above holds with equality.
Otherwise x > 2 and all terms are non-negative, finishing the proof of Eq. 29.

We now claim that for any 0 < y < x < p integers, g(x)g(y) < g((x+y) A p). Since over
[0, p], g takes values in [0, 1], this clearly holds when either y = 0 or when x = p. Furthermore, if
1 <y <x < p-1, then from Eq. 29 it follows that g(x)g(y) <g(x+1)g(y—1) <g(x+2)g(y-2) <
glx+y)Ap)g((x+y—p)VvO0) < g((x+y) A p) where the last inequality follows again because
g(u) € [0,1] when u € [0, p].

Now, g(x2)g(x3)g(xa) < g((x2+x3) Ap)g(xa) < g((((x2+x3) Ap)+xa) Ap) =g((x2+x3+

x4) A p). Continuing this way, letting x>2 = 3’ je2.7 Xj> We get

[] et <gezanp).

jel2:1]
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Thus, []er18(x;) < g(x1)g(x=2Ap).

Consider first the case when ¢3 = 0. Then, by monotonicity of g, as x; > ¢; = ¢| +c¢3 and
c2 <x52, [1ep 8(x;) < g(c1+c3)g(c2) and we are done.

Now, if ¢3 > 0, by assumption ¢; < ¢. In this case, c; +ca+c3—(x1 A(c1+¢3)) <x2Ap, as
(1) c1 < (x1A(cr+c3)) andthus ci+cr+c3—(x1 A(c1+c¢3)) € cr+c3 < c1+c3 < p, while (2) by our
assumptions, x> > ¢p and x| + X7 > ¢| +c¢3 +¢3, and therefore (x; A (¢1+c¢3)) +X52 = c1+cp+c3.

By the monotonicity of g, we can then conclude that

l_l g(xj) < g(xi1A(ci+e3))glcr+crtez—(x1A(c1+c¢3))).

Jelll
Let x| and x} be the above arguments of g in decreasing order, i.e., x; = (x1 A (c1 +¢3)) V (c1 +
ca+c3—(x1A(cr+c3))) and x] = (x1 A (c1+c3)) A(cr+ca+c3—(x1 A(cr+c3))), so that we have
[Tjep8(x;) < g(x})g(x}) with x| < ¢y +c3 and x| +x) = ¢y +c2+c3. Applying Eq. 29 on this

product ¢j +c3 — x| times, we get that

[ ]2t <0 <glci+enzglen).
Jelll

We now show that m,,+ is an optimal policy by arguing that its value function matches the

optimal value function.

Lemma 2.6.2 (r,,» is an optimal policy). In MDP M,
VseS,ac[A]l, v (s)=v*(s).

Proof. For s = L, the claim holds by definition as v™* (L) = v*(L) = 0. Otherwise, let s = sg;
be a state along step i of round k. Let us first consider the case when sg; € S—;. For any action
a performed, the transition will happen under Case 23a, and the deterministic reward given equals
q* (ski,a). If we are in the v*-realizable setting (for MDP MVVV*), this reward does not depend on the
action and therefore v™w* (s) = v*(s) regardless of m,,+. Otherwise, m,,~ chooses an action under
Case 28b, which by definition maximizes the reward, so again v™w* (s) = v*(s) in this case as well.

Let us turn to the case where si; € S;. There is at most one reward with positive expectation
in any round (or none, if an illegal action is taken). As no state in S, is reachable from si; (by

Lemma 2.4.2), this reward is collected at the end of some round K’ € [0: K — 1], at step p — 1, and
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has expectation

Fowrx (Wrro)kerkr+1]) = l_[ g(diff (wrr—1,0, Wi ,0)) | (diff (Wkrs1,0,w™))
k’e[K’+1]

- l_[ g(diff (Wir—1,0,wrr 0))
k’e[K+1]

where, for convenience, we let wig = w* for k’ > K’ +2 (as g(0) = 0). This reward expectation is

strictly positive (by Lemma 2.2.2), so the optimal policy will never take an illegal action.

At round k, g(diff(wg—1,0,wi,0)) is fixed for &’ € [k], and the policy can only influence the
terms g (diff (wxr—1,0,wir0)) for k" € [k+1: K +1]. We have by definition that 0 < diff(,-) < p. In
any round, once a component is flipped it cannot be flipped back in the same round. This implies

that
flip

diff (W0, Wi+1,0) = diff (Wgo, wii) +diff (Wi, Wie1,0) = diff (Wro, wii) = ¢t ;.

fi

: X —fix
On top of this, e} +e

i components differ in sign between wy; and w*. By the triangle inequality,

as wi 1,0 = w*, this implies that

flip
ki

diff (Wgr—1,0, wir.0) = diff (g, wii) +diff (Wi, w*) = ct +eg’i‘+e;?x.

k’e[k+1:K+1]

Finally, 62’; of these have already been flipped in round k by step i. These cannot be flipped again
in the same round k, so they need to be included in some future round, i.e., in diff(wx'—1,0, wr’.0))

for k' > k+2:

. . * ﬁ
DT diff(wir1.0,wir0) 2 diff (wier 1 W) 2 el
k’e[k+2:K+1]

By Lemma 2.4.3,
flip

—fix
i SP~=Chy s

. 1 . ~fix _ fix flip,
and either fixg; = 1, implying €, =0, or ey <ct, -:

fix flip

—fix _
e < Cty; . 0.

or Cri =
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Therefore, we can apply Lemma 2.6.1 with ¢| = ctzlip, cr= 62);, c3= e;f‘" to optimize the parameters

(xj)je[K—kH] where Xj= diﬁ(Wj+k_1,Wj+k), to get that

. fli _
g(diff(wrr—1,0.wrr0)) < glet, ¥ +epi™)g(ely).
k’e[k+1:K+1]
Therefore, the optimal policy’s expected value (which equals the expectation of the only reward in

the episode) is upper bounded as:

. fli - *
V¥ (ski) = l_l g(diff(wrr—1,0.wi0) |g(ct, P +e, M) g (efy) = v™™* (s4)
k’elk]

by Lemma 2.5.1. Therefore v™w* (s5;) = v*(ski).

2.7. Defining 6%, ¢,, and ¢,, and showing realizability

By Lemma 2.4.2, and because MV‘L* and quv* have the same transitions and rewards for any state
s € S, we do not notationally distinguish between M, and va* when describing the value or

action-value functions of these MDPs on states s € S;, as these are the same in the two MDPs.

We define the feature-map ¢, : S — B4(1) and ¢, : Sx[A] — B4(1). For state L, let ¢, (L) =
0 and for all actions a € [A], ¢4(L,a) = 0. Realizability immediately holds as v*(L) = ¢*(L,a) =
0=(0,0%). For any state s € S, s # L, let s = s4; be a state along step i of round k. Let us introduce

the function

v (ski) = n g(diff (wrr—1,0, Wi 0) 8(Ct2iip+62?x)g(e£’f : (30)
k’elk]

By Lemmas 2.6.2 and 2.5.1, it holds that v/ (sg;) = v*(sg;) if sx; € S;. Observe that out of the terms

—fix
ki

fix
and e .

above, only e depends on w*, and this dependence is linear. In particular, recall that
ctziip depends only on the actions, and not on w*. Combined with the fact that g is a second-order
polynomial, v/ (sx;) is a fourth-order expression in w*, which can thus be linearized in 1+ p + p* +

p> +p* < d dimensions. Let w* = w*/|[w*||, =w*/+/p, and

0* =63 |1,w*, (W*)®2 (W) ®3 ’ (W*)®4, 0d—(1+p+p2+p3+p4) ) (31)
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24 p3ept) . L .
where 04~ (+P+P™+P"+P%) jq 4 vector of zeros of dimensionality d — (1+ p+ p2 + p®+ p%), serving the
purpose to pad the vector to exactly d dimensions, as required by the definition. As ||w*|, = 1, we

have that

6*], <63-5=315:=B.
Finally, for Z(o),Z(1).Z2),Z(3),Z(4) calculated in Appendix 2.A.1, if we let

1 1 _ 2 3 4
0y (Ski) = — l_[ g(diff (wrr—1,0,wir,0)) || Z(0y - Z(1y - Z(2) s Z(3) s Z(a) .04 (1+p+p*+p3+p*) ,

63 k' e[k]
(32)
then by Eq. 41,
(v (k) 0*) =| [ ] e(diffwirs0,we0) |g(ctef +ei™)glel) =v/(sw)  (33)
k’elk]
(34
Eq. 32 completes the definition of ¢,, while Eq. 33 implies that
0 < (¢ (sxi),0*) < 1, (35)

as v/(sg;) is a product of g(-) € [0, 1] terms (as diff(-,-) € [0, p]). Furthermore, combining this with

I[Zw):Z1y,Z2). 2y, Z4) ||2 < 63 (by Eq. 41), we have that
llev ()l <1 foralls€ S,

which ensures that ¢,, : S — B;(1). We stress that, as required, ¢, (sx;) does not depend on w*.

To show v*-realizability with these features, i.e., that v*(sg;) = (¢, (sxi),0*), we start by

pointing out that if s; € S_; then this immediately holds:

Lemma 2.7.1. For any state s € S-; and action a € [A], regardless of the values of ¢, (s), ¢q4(s,a),

and 0*, v*-realizability for M , and q*-realizability for quv* immediately holds as the transition
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falls under Case 23a:

V;\}v\;* (s) = <‘Pv (S),9*>

Gy (5:0) = (pq(5,).0%)

Otherwise si; € S;, and v*-realizability follows from Eq. 33 by recalling that v/ (sx;) = v* (sx;)

in this case. We conclude the following lemma from this:

Lemma 2.7.2. M, is v*-realizable with features ¢,: (M} ., ¢y) € Mgtd,H,A N MPdet,

We move on to defining ¢, and showing g*-realizability for MZ*. For any state s € S, s # L

a

. denote the value taken
Ji+1

and action a € [A], let s = s%; be a state along step i of round k. Let s

by sk,i+1 if ag; = a, and similarly for wi , . For i = p —1 only, let us introduce

q'(Sk,p-1,a) = l_[ g(diff (wrr—1,0,wr0) g (diff (Wro, Wi, ))& (diff (Wi, 0, w™)).  (36)
k’elk]

Let

1 . .
c(skina) = 2| | | 8(diff(wir.o.wie0) |(diffwio. W, o))
k’elk]

which is a scalar that does not depend on w*. The only remaining term in ¢’ has a second-order

dependence on w*. For X(¢), X(1), X(2) calculated in Appendix 2.A.2, we let

gov(sz’m) else if i < p; (37a)

("2 (Sk',a):
A c(skia) | X(0)» X(1y» X(2), 0P+ otherwise, (37b)

where 09-(*P*P%) i a vector of zeros of dimensionality d — (1+ p + p?). Then by Eq. 44, for * set

according to Eq. 31,
<‘pq(sk,p—l’a)a9*> =6]/(Sk,p—1,a)- (38)
Eq 37 completes the definition of ¢, while Eq. 38 together with Eq. 35 implies that

0< <<pq(ski,a),9*> <1 foralla € [A], si; €S, spi # L, (39)
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as q'(sk,p-1,a) is a product of g(diff(-,-)) € [0,1] terms. Furthermore, combining this with

|| [X(O) X1 ,X(z)] ||2 < 8 (by Eq. 44), we have that.
||g0q(s,a)||2 <1 for all s,a e Sx[A],

which ensures that ¢, : SX [A] — By (1), as required. Again we stress that ¢, (si;) does not depend
on w*.
To show g*-realizability, we first consider the case when sy; € Sy and i = p — 1 i.e., ¢, (ski,a)

falls under Case 37b. In this case,

<90q(sk,p—1’a)y 0*> = q,(sk,p—lea)

[ ] s(diff(wir1.0,wer.0) |(diff(wio, wi, ) o)) g(diffF (W, o w*))
k’elk]

q*(sk,p—19a) b

where the first equality comes from Eq 38. The last equality holds by definition if the transition and

reward follows Case 23b or 23c; otherwise under Case 23d, it holds since

q*(sk,p—l9a) = V*(SZ+]’()) = q/(sk,p—laa) ’

where the second equality follows from Lemmas 2.5.1 and 2.6.2.
Turning to the case where s;; € S; and i < p — 1, we note that ¢, (sx;,a) falls under Case 37a,

while the transition and reward follows Case 23d. Therefore

q*(Skl‘,Cl) = V*(S]f’l}[) = <‘10V(sz,i+1)99*> = <(pq (Sk,i+l’a)’9*> s

where the second equality follows from Lemma. 2.7.2.
Together with Lemma 2.7.1 that proves g*-realizability for the case of si; € S, we conclude

that the following holds:

Lemma 2.7.3. quv,, is q*-realizable with features ¢, : (quv*, ¢q) € Mthd,H,A N MPdet,

Recall that Reach(so) € S; under either MDP M | or M fv* (by Lemma 2.4.2), and that value
and action-value functions on such states take the same value for the two MDPs. Then, combining

Lemmas 2.7.2 and 2.7.3, we have the following result:
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Lemma 2.74. M|, is reachable-v* | g*-realizable with features ¢, and ¢q: (M} v, 0q) €
v*/q*reach Pd
Mg iga DML

2.8. Reduction to planning in the abstract game

Proof of Theorem 1.4.2. Let 6 > 0.01, B > 315,d > 31, H > 81. In what follows, we prove the
theorem only for A (and p) set according to Eq. 21. This is sufficient to prove the result for A >
{\/ﬁ J A0.8d"™ > p (Eq. 21) as soundness with a lower action count cannot be harder to achieve,
since it is always possible to duplicate some actions without changing the difficulty of the problem.

Let P be any §-sound planner with worst-case query cost N for some class class M N APl

where

p* q* v*/q*reach
Me {MB,d,H,A’MB,d,H,A’MB,d,H,A .

We show that P gives rise to a sound abstract planner for the abstract game of Section 2.2 and

therefore, by Theorem 2.2.1, it must use exponentially many queries.

q
s \ M. ,
wrxeW* W wrxew*

(MVVV*) w respectively, together with feature-maps ¢, and ¢, belong to these classes. There-
w*xeW*

Lemmas 2.7.2, 2.7.3, and 2.7.4 show that MDPs (M;’V*) and

fore, the §-sound planner P satisfies, for any MDP M with parameter w* in its class:

v (s00) = vy, (s00) —0.01,

where sqq is the initial state in M and 7y, is the policy induced by the interconnection of P and MDP
M in a closed-loop fashion, according to Section 1.2.3. Let P and E be the probability measure and

expectation, respectively, induced by this interconnection. Then,

vy (so0) =E

H
ZRt | So = Soo] > V*(So()) -0.01
t=1
H

R¢|So = s00
=1

8p
E R,+v*(Sg.p)|S()=So()
t=1

>E > v*(s00) —0.01,

t

where we put - in the index of S to signify multiplication: as opposed to s, S only has a single
index. It is valid to refer to the state Sg., as K > 9 by Eq. 22. Let us map any partial trajectory
S0,A0,81,A1,...,88.p-1,Ag.p_1 to the sequence (W;);e[3] € W8 as follows. Let j € [8] be the

smallest index for which S;.,_1 = L, or let j =9 if no such index exist in [8]. For i e [j—-1],
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let w; =w(S;.p-1,Ai.p-1); fori € [j : 8], let w; be any values such that (W;);c[3] € W8 (which is

always possible as (W;);e[j-1] € Wei~1 when j>1). Let
k* =min{i € [8] : i =8 or diff(W;,w*) < p/4}.

Let R be the final reward of an abstract game (with the same parameters K, p, w*) for this sequence
(Wi)ies)- By Eq. 10,
R= fw*(W(Si-p))ie[k*] .

Observe that if there is an illegal action in the sequence Ao, ..., Ag.,—1, then fol R; +v*(Ss.p) =
0. Otherwise, if diff(;,w*) > p/4 for all i € [8], then all transitions leading to Ss.,, fall under
Case 23d as K > 9, and by Lemmas 2.5.1 and 2.6.2, R = v*(Ss.p,) = fol R; +v*(S3.p). Finally, if
diff (Wir,w*) < p/4, then Sgx.,, = L, v*(Sk.p) =0, R = Ryx.pp, and the rest of the rewards are zero.

Therefore, either way,

8p
E[R] 2 E ZR: +1*(Sg.p) | So = s00| = v*(500) —0.01 = £+ () . (40)

t=1

Recall that each response to P’s query to the MDP’s simulator, as well as the transitions
(Ri+1,St+1) ~ Q(+|Ss,Ay) (for t € [0 : H—1]) can be implemented with at most one simulator call
(respectively) to the abstract game (with the same parameters K, p,w*; see Lemma 2.4.1). In ex-
pectation, this results in at most 8pN +8p such queries to the abstract game simulator. Together
with Eq. 40, and noting that the choice of w* € W* was arbitrary, we see that P can be used to
construct an abstract planner A that is sound with worst-case query cost 8pN +8p. Therefore, by

Theorem 2.2.1, and using Eq. 22,

8pN +8p =22P"K)

]\7 — zﬂ(Hl/z/\dlM) . ]



Appendix

2.A. Calculating the linear features

2.A.1. Calculating feature components of ¢,

We follow the notation of Section 2.7. In particular, for any state s € S, s # L, let s = sp; be a state

along step i of round k. We intend to linearize the expression g(ctzil.p + e;lﬁ") g(ez’i‘).

—fix

Letx = ctziip +e/ M and y = eg’i‘. Then, x and y can be written according to Egs. 25, 26 as:

y= % (1, fixr) = (fixes - Wi, %)) = (v1,005 1) + (1,1, W)
for y(1.0 = % (1.fixi;) and y(1.1) = —gﬁxki A
with [yl [yanll, <p
x= ctﬂi}u% ((1, ~fixgs) = (=fixgi - wri %)) = (e1,0)s 1) + (21,1, *)

in 1
for X(1,0) = Ctzlip+ E (l,ﬂﬁxki) and X(1,1) = —g—'ﬁxki “Whki

with [x,0||,- k.l < p
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Notice that x(..) and y. ., do not depend on w*, only on the current state si;. Furthermore, using

Lemma 1.2.1

x2= <x%1,0), 1> + <2)C(1,0)X(1,1),W*>+ <b(X(1’1) ®X(1’1)),b(W*®W*)>

= <x(2,0), 1> + <X(2’]), W*> + <)C(2,2), (W*)2>

for x(2,0) =X%1,0),X<2,1) =2X(1,00X(1,1)> X(2,2) = b(x(1,1) ®X(1,1)),

and (W*)®2 =b(w* @ w*)

X2, <2p°

with ||X(2,0)||2a||x(2,1) |2’

op-1 1 ) )
g(x)=1+x 5 +x2—2:<X(0),1>+<X(1),w*>+<X(2),(w*)2>

2p 2p

—op—1 1
for X(g) =1+ 27 X(1,0) + 2_}?2x(2’0)’
X =Pt dX !
= X ——X(2.1), an =—x
()= X0+ Fxen @ =575

with [[Xo[l, <4 [IXo[l, = 3. X[l < 1.

and by a similar calculation,

¥ = (v 1)+ (v ) +(yea. (79)%)
for Y(2,0) = y%l’o)’ Yo, = 2y(1’0)y(1,1), Y22 = b()’(l,l) ®y(1’1))
with [[yc.oll,. el yesl, < 2r°

g(») = (Y, 1) + (Y1), w*) + (Y2, (0*)?)

p—1 1
for Yoy =1+ Ty(m) + E)’(z,op

-2p—1 N 1 dy 1
_ s an = —
Y(1,1) 2p2y(2,1) (2) ZPQY(Z,Z)

with ||Y()[], <4, |

Yol <3, Yo ll, < 1.
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Therefore, again using Lemma 1.2.1,

fli _fi
glety] +erMg(ey) = g(x)g(y)

= (b (X0 ®Y(0)) . 1) + (0 (X(0) ®Y(1) + X(1) ®¥(0)) . W¥)
+(0 (X0 ®Y(2) + X)) ®Y(1) + X(2) ®Y()) . (%) ¥?)
+(0 (X ®Y0) + X2 ®Y(1)) . (7)) + (b (X2 ©Y(2)) . () %)
=(Z0), 1) +(Z1) w* ) +(Z2), (7)) +(Z3), (3*) ) +(Z (), (%))
for Z () =b (X(0) ®¥(0)) »
Z1) =b (X0 ®Y(1)+X(1)®Y(0)),
Z@o) =b (X0 @Y+ X(1) ®Y(1) +X(2) ®¥(0)) .
Z3) =b(X1) @Y+ X0 ®Y()),
(W) =b (W* @w* @w*),
(W) =b (W @w* @Ww* @ w*)

with [|Zo [}, < 16, ||z [l, < 24,

Zol, <17, ||12@)], <6

(41)

2.A.2. Calculating feature components of ¢,

We follow the notation of Section 2.7. In particular, for any state s € S, s # L and action a € [A],
let s = s4; be a state along step i of round k. Let s} ., denote the value taken by s ;41 if ag; = a,

and similarly for w,‘("m. We intend to linearize the expression g(diﬂ:(wZH’O, w*)).

Letx = diff (w, o, w*). By Eq. 7,

1
w25 (P {wienwe)) = (a0 1)+ G ow)
1 1
fOI‘X(l,o) :Ep andx(m) :_EWZH,I (42)

with x| [k, < p
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By a similar calculation to the previous case,

x2= <x%1’0), 1> + <2)C(1’0))C(1,1),w*> + <b(X(1’1) ®x(1,1)),b(w*®w*)>

= (x@0, 1)+ {x@n,w*) +{x 22, (w*)?)
for x (2,0 =X%1,0),X(2,1) =2X(1,00X(1,1)> X(2,2) = b(x(1,1) ®X(1,1))> (43)

and (W*)®2 =b(w* @ w*)

with |lx2.0[l,- [kl x|, < 20

-2p-1 1
g(x) = 1+x——5—+x" == = (X(0), 1) + (X (1), w*) + (X2, (w*)?)
2p 2p
—-2p-1 1
for Xo) =1+ 2—])2)6(1,0) + z—pzx(w)’
—2p-1 1 1 (44)
Xy = 27 X(1,1)+ mx(z,l)’ and X(2) = 2—pzx(2,2)

with |[X ()], <4 [Xll, <3, [ X, < 1.



Chapter 3

TensorPlan: efficient planning for few actions

3.1. Introduction

This chapter focuses on proving the upper bound of Theorem 1.4.4. We start by considering the

MDP class MY

B.d.H.A Despite the fact that linear function approximation reduces the number of

unknowns to d (from the unbounded size of the state space), it is not clear at all whether this setting

is tractable.

In fact, the lower bound (Theorem 1.4.2) proved in the previous chapter establishes that the
related problem when the action-value function of the optimal policy is linearly realizable requires
an exponential number of queries, either in H (the horizon of the MDP) or d (the dimension of the
feature mapping). The construction however crucially relies on having an action set that scales as
a polynomial in the relevant parameters. In contrast, in this chapter, we establish that poly(H,d)
planning is possible with state value function realizability whenever the action set has a constant size.
In particular, we present the TensorPlan algorithm which uses poly((dH/§)?) simulator queries to
find a d-optimal policy relative to any deterministic policy for which the value function is linearly

realizable with some bounded parameter (with a known bound).

This is the first algorithm to give a polynomial query complexity guarantee using only linear-

realizability of a single competing value function. We extend the upper bound to the near-realizable

case, to the infinite-horizon discounted MDP setup, and finally to the MDP classes ./\/qu dH AN
Pdet v*/q*reach
M and./\/lB’d’H’A .

To summarize, the central question we address first in this chapter is the following:

Is a polynomial query complexity achievable under linear realizability of v*, when the number of

actions is A=0O(1)?
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We provide a positive result to this question in the fixed-horizon setting, where our algorithm
TensorPlan enjoys a per-call query complexity poly((dH /&)%), where H is the horizon and § is
the suboptimality target that the policy induced by continuously running the planning algorithm
at every state encountered needs to satisfy. Given an input state at the beginning of the horizon,
in its initialization phase, TensorPlan uses simulations to estimate the parameters of v*. In this
and subsequent calls, given an input state, the estimated v* is used by another procedure that uses
additional simulations to compute one-step lookahead action-value estimates. We prove that the
resulting policy loses at most  total expected reward compared to optimality, regardless of the
choice of the initial state, while the number of queries both for the initialization and the subsequent

steps stays below the quoted polynomial bound.

In fact, TensorPlan enjoys a stronger guarantee — it will automatically compete with the best
deterministic policy whose value function is realizable by the features. This recovers the previously
mentioned “classic” setting: when v* is realizable the best deterministic policy is an optimal policy

a*.

Loosely, the initialization phase of our algorithm works in the following way: The algorithm
keeps track of a list of critical data that is used to refine a hypothesis set that contains those d-
dimensional parameter vectors that (may) induce a value function for some deterministic policy.
Call these parameter vectors consistent. The algorithm refines its hypothesis set in a number of
phases. For this, at the beginning of a phase, it chooses a parameter vector from the hypothesis
set that maximizes the total predicted value at the initial state; an “optimistic choice”. Next, the
algorithm runs a fixed number of tests to verify that the parameter vector chosen gives a value
function of some policy. If this consistency is satisfied, it also follows that the predicted value
is almost as high as the actual value of the parameter-induced policy. As such, by its optimistic
choice, the parameter vector gives rise to the policy whose value function is linearly realizable and
whose value is the highest in the initial state. When the test fails, the hypothesis set is shrunk
by expanding the list of critical data with data from the failed test. To show that the hypothesis
set shrinks rapidly, we introduce a novel tensorization device that lifts the consistency checking
problem to a d4-dimensional Euclidean space where the tests become linear. This tensorization
device allows us to prove that at most O(d*) constraints can be added (in the noise-free case) if

there exist a deterministic policy with linearly realizable value function.

The rest of the chapter is structured as follows. The upcoming section (Section 3.2) introduces

notations, definitions, and the formal problem definition. This is a slight variation of the definitions
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introduced in Chapter 1 that better suits the specific problem class of MIV; dH.A" Then, Section 3.3
presents the TensorPlan algorithm for efficient planning in the finite-horizon setting, and states
the query complexity guarantee (Theorem 3.3.2), as well as an extension of this result to the near-
realizable case (Theorem 3.3.4) and infinite-horizon discounted case (Theorem 3.3.5). Finally, we

conclude in Section 3.4.

3.2. Preliminaries

We recall the most important facts about MDPs and introduce a slight variation of our previous
notation that allows infinite state spaces. Given a measurable space (X,X), we write M (X)) for
the set of probability measures on that space (the o-algebra will be understood from context). Here,
an MDP is given by a tuple 4 = (S,X, A, Q), where (S,X) is a measurable state space, A is a set
of actions and for each (s,a) € S XA, Q5.4 € M;(][0,1] XS) is a probability measure on rewards
and next-state transitions received upon taking action a at state s. Note that it follows that the
random rewards are bounded in [0,1]. We denote by r,, the expected reward when using action
a in state s: 7y = E(r/ 5/)~0(-|s,a)R’. Further, we let Py, denote the distribution of the next-state:
Psa(s") = Pr,57)~0(-Is,a) (S = s"). We assume that A is finite, and thus without loss of generality
we let A = [A] for some integer A > 2. For notational simplicity, in this chapter, for any two
tensors A, B of compatible shapes, let (A, B) denote their flattened inner product, i.e., (A, B) =
(b(A),b(B)) =b(A)Tb(B).

In the fixed-horizon setting with horizon H > 1 the agent (a decision maker) interacts with the
MDP in an H-step sequential process as follows: The process is initialized at a random initial state
S1 €S8. Instep h € [H], the agent first observes the current state S;, € S, then chooses an action
Aj € A based on the information available to it. The MDP then gives a reward Rj, and transitions

to a next-state Sy, where (Rp, Sp+1) ~ Os,,.a, - After time-step H, the episode terminates.

The goal of the agent is to maximize the total expected reward ., c;) Ri for the episode by
choosing the actions based on the observed past states and actions in the episode. A (memoryless)
policy n takes the form (ﬂ(h))he[H] where Vh € [H], 1™ : S — M, (A). A deterministic policy ©
further satisfies that for any 4 € [H] and s € S there exists a € A such that 7(") (s) = 6, where ¢ is
the Dirac delta distribution. Given a memoryless policy r, a state s € S and step & € [ H] within an
episode, the value v (s) is defined as the total expected reward incurred until the end of the episode
when the MDP is started from s in step / and 7 is followed throughout. Writing p f = / f(s)u(ds’)

for the expected value of a measurable function f : S — R with respect to u € M (S), these values
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are known to satisfy
V() =rg(s)+Pr(s)vy,,» sES,

where vy, | =0, r7(s) = X gean(als)rsa, and Pr(s)(ds’) = X ye a7(als)Psa(ds’). The maximum
value achievable from a state s € S when in step & € [H] is denoted by v} (s). We also define
vy .1 (8) =0, for convenience. We let v* = (v¥)ne(m+1] and call v* the optimal value function. It is

known that v* satisfies the recursive Bellman optimality equations:
vy (s) = max {rsa+PsavZ+1} , seS. (45)
ac

As is well known, the policy that in state s € S chooses an action that maximizes the right-hand
side of Eq. (45), is optimal. It also follows that there is always at least one optimal deterministic

memoryless policy.

3.2.1. Featurized MDPs, feature map compatible optimal values

As noted earlier, we provide the planner with a feature mapping which captures the optimal value

function. In the finite-horizon setting this translates to the existence of some 8* such that
vi(s) = {en(s),0%), forallhe [H] and s € S. (46)

We also consider the nearly-realizable case, where for some “misspecification” parameter n7 > 0

there exists some 6* such that
vi(s)—{pn(s),0*)| <n, forallhe[H]andseS. (47)

The parameter 6* is unknown to the planner in both cases. Here, ¢, : S — R? is the so-called
feature map. As will be described in more details in the next section, the planner is given local
access to the feature map. That is, the planner can access ¢y, (s) for all the states s € S that it has
previously encountered while interacting with the simulator, but has no access to the features of
other states. For convenience, in the finite horizon-setting we will also define ¢g 41 (s) = 0 for all
s € S, regardless of the other maps. An MDP together with a feature map ¢ = (¢5)ne[m] O its
state-space is called a featurized MDP. When Eq. (46) holds we say that v* is (linearly) realizable
by the feature map .
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In this chapter we consider a setting that relaxes linear realizability of the optimal value func-

tion. To define this setting we need the notion of v-linearly realizable policies:

Definition 3.2.1 (v-linearly realizable policies). We say that a policy r is v-linearly realizable with
misspecification 1 > 0 under the feature map ¢ = (¢n)ne[H| if there exists some 6 € R such that its
value function satisfies |v;l’(s) —{n(s), 9>| <nforall he [H] and s € S. Furthermore, if 0 satisfies

101, < B we say that n is B-boundedly v-linearly realizable with misspecification n under .

In what follows we will be concerned with designing a planning algorithm that, given local ac-
cess to a feature map, competes with the best v-linearly realizable memoryless deterministic (MLD)
policy under that feature map (if one exists) in the following sense: For B > 0 and n > 0, define the

function vy _ S —>Ras

Vi, (8) =sup {v](s) :m is MLD and is B-boundedly v-linearly realizable “8)
with misspecification 1 given go} .

We call will v°B’ . the p-compatible optimal value function at scale B and misspecification nj. Note
that if there are no v-linearly realizable policies with misspecification 7 in an MDP, VOBJ](S) =-—o00
for each state s € S of the MDP. Competing with the best v-linearly realizable MLD policy (at scale
B > 0 and misspecification > 0) means the ability to generate actions of a policy whose value
function is close to v%,n (for the fully formal definition, see the next section). Note that if the optimal
value function of an MDP is linearly realizable with parameter vector * and misspecification n’
then for any B > ||6*||,, V. n= v* for any n > n’. Hence, the setting we introduce generalizes
the one where the optimal value function is exactly or near-realizable with B-bounded parameter

vectors.

3.2.2. Local Planning

In the fixed-horizon local planning problem, a planner is given an input state and is tasked with
computing a near-optimal action for that state while interacting with a black-box that simulates the
MDP. In the (state-)featurized local planning problem, the black-box also returns the feature-vector
of the next state. Access to the black-box is provided by means of calling a function SIMULATE,
whose semantics is essentially as just described, but will be further elaborated on below.

More formally, the planner needs to “implement” a function, which we call GetAction and

whose semantics, in the context of fixed-horizon MDPs, is as follows:



58 Chapter 3. TensorPlan: efficient planning for few actions

Definition 3.2.2 (GetAction(d, A, H,SIMULATE,s, h, ¢ (s),0, B)). The meaning of inputs is as
follows: d is the dimension of the underlying feature map, A is the number of actions, H is the
episode length, SIMULATE is a function that provides access to the oracle that simulates the MDP,
s is the state where an action is needed at stage h € [H], 6 > 0 is a suboptimality target, and B is
the parameter vector bound. This function needs to return an action in A with the intent that this is

a “good action” to be used at stage h when the state is s.

Given a featurized MDP and a planner as described above, the planner induces a (randomized,
possibly memoryful) policy, which is the policy that results from calling Get Act ion along a tra-
jectory and following its recommended actions. If the initial state is S| = sg € S, the first action taken
by this policy is A| = GetAction(...,S1,1,...), the second is Ay = GetAction(...,52,2,...)
where S ~ Ps, 4, etc. If GetAction does not save data between the calls, the resulting policy
would be memoryless, but this is not a requirement. In fact, we require that GetAction is first
called with h = 1 and then h =2, etc. A practical planner which is used across multiple episodes
can also save data between episodes. In this case GetAction can be called with & =1 after being
called with & = H, designating the start of a new episode. For now, we assume that this is not the
case, as this allows for cleaner definitions.!?

Inside GetAction the planner can issue any number of calls to SIMULATE. The function
SIMULATE takes as inputs a state-stage-action triplet (s,/,a). In response, SIMULATE returns a
triplet (R, S’, ¢n+1(S’)) where (R, S’) is a “fresh” random draw from Q(s,a). For generality the sim-
ulator is also allowed some inaccuracy, in the sense that it returns (clipyg (R +Asa), S’ ¢n+1(S"))
where Ay, € R is a constant satisfying |As,| < 4, for some A > 0 that we call the simulator’s accu-
racy, and clipy ;1(x) = max(0,min(1,x)) (ie. inaccurate rewards are clipped in [0, 1]). Neither Ay,
nor A are known to the planner. The planner can only access states that it is given access to either
when GetAction is called, or returned by a call to SIMULATE. The same holds for the features
of the states. We note that this is essentially the same setting as what is called sampling with state
revisiting by Li et al. (2021).

The quality of a planner is, on one hand, assessed based on the quality of the policy that
it induces and, on the other hand, by its worst-case (per-episode) query-cost, which is defined as
the largest total query-cost (ie. number of calls to SIMULATE made by Get Act ion) encountered

while running the planner for the H stages of an episode, starting at stage i = 1.

10. Jumping a bit ahead of ourselves, if we cared about long-run average per-state query-complexity, one could perhaps
do better by allowing planners to save data between episodes.
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Definition 3.2.3 (Sound planner). Let B,6 >0, 1,7 >0, H > 1. A planner is (6, B)-sound with
simulator accuracy A and misspecification n if for any featurized H-horizon MDP (M, @) with
rewards bounded in [0, 1] and with 1-bounded feature maps (i.e. for all h € [H], s" € S, ||lon(s')|l, <
1), the (random) H-horizon policy rt that the planner induces while interacting with the A-accurate

simulation oracle satisfies
vi(s)>vi(s)=d forallseS, (49)

where v™ is the H-horizon value function of mt in M and v° = v . is the H-horizon @-compatible

optimal value function of M (cf. Equation (48)).

Further notations For v e R, and a < b < d positive integers, let v, € RP=4+1 pe the vector

corresponding to the entries with indices in {a,a+1,...,b}, i.e., Vap)i = Vari-1.

3.3. Efficient planning for the finite-horizon setting

In this section, we present TensorPlan (Algorithm 1) and prove its soundness (cf. Definition 3.2.3)
and efficiency (Theorem 3.3.2). We start with a high-level description of the main ideas underlying
the planner. Initially, we only prove soundness for exact realizability (ie. n = 0), which we later

generalize in Theorem 3.3.4.

The planner belongs to the family of generate-and-test algorithms. To describe it, let A =
(S,%,A,Q) denote the MDP that the planner interacts with and let ¢ = (¢ )nc[n] be the underly-
ing feature map. Further, let ®° c R? be the set which collects the parameter vectors of the value
functions of B-boundedly v-linearly realizable DML policies with misspecification = 0 (Defini-

tion 3.2.1). That is, ®° is such that for any 6 € ®°, ||||, < B and for some DML policy 7 of ./,

vy (s) ={¢n(s),8) forallhe[H]andseS. (50)

Let so be the state which the planner is called for. The algorithm will maintain a subset ® of
R4 such that, with high probability, ®° c ©. The set is initialized to the £2-ball of radius B, which
obviously satisfies this constraint. Given the set ® of admissible parameter vectors and sg € S, the
planner finds the optimistic parameter vector 8" = arg maxg (¢1(s0),6) from the set ®. Let us write

vi(s;0) = (@n(s),0). If 6 € ®° then for any & € [H]| and s € S, since the policies defining ®° are
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deterministic, it follows that there exists an action a € A such that
Vh(S;e):rsa"'PsthH(';H)- D

For any 0, let my denote the policy which chooses the action satisfying the above equation when
in state s and stage h (when there is no action that satisfies the consistency condition Eq. (51), the

policy can choose any action).

To test whether 6* € ©°, the algorithm aims to “roll out” mg+. By this, we mean that upon
encountering a state s in stage % in such a rollout, the algorithm checks whether there is an action a
that satisfies Eq. (51). If such an action is found, it is sent to the simulator, which responds with the
next state. If no such action is found, the test fails — this means that * ¢ ®°. When this happens,
the data corresponding to the transition where the test failed is used to refine the set of admissible
parameter vectors and a new admissible set @’ is established. Assuming that the test failed at stage

h* and state s*, this new set is
O ={#€®:3Jaec As.t Eq.(51)holds with s =s* and h = h*}.

Then the testing of 6" is abandoned, © is updated to ®’, and the process is repeated. Clearly, ®° C ©’

still holds, so ®° C @ also holds after the update.

When a rollout continues up to the end of the episode without failure, the algorithm is given
some evidence that 6* € ®°, but this evidence is weak. This is because the states encountered in a
rollout are random, and the trajectory generated may just happen to avoid the “tricky” states where
the consistency test would fail. Luckily though, if the algorithm keeps testing with multiple rollouts
and the tests do not fail for a sufficiently large (but not too large) number of such rollouts, this can
be taken as evidence that g+ is indeed a good policy in starting state sg. It may happen that 6% is

still not in ®°, but the value of mg¢+ cannot be low.

This is easy to see, if for the moment we add a further, (seemingly) stronger test. This test
checks whether v (so;6") correctly predicts the value of g+ in state so. To this end, the test simply
takes the average sum of rewards along the rollouts. If we detect that v{(so;6%) is not sufficiently
close to the measured average value, the test fails. If this strengthened test does not fail either then
this is strong evidence that vir“ (s0) is as high as v{(so;6"). Now, since ®° C O holds throughout the

execution of the algorithm, v (so;6%) > maxgeee v{r" (s0) = v (s) (since we pick 6* optimistically),
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and hence policy g+ can successfully compete with the best v-linearly realizable policy in .# under

¢ and at scale B (Eq. (48)).

To complete the description of the algorithm, there are three outstanding issues. The first is
that due to the randomizing simulation oracle, for any given state s € S, one can only check whether
Eq. (51) holds up to some fixed accuracy and only with high probability. Luckily, this does not

cause any issues — when the tests fail, the parameters can be set so that ®° C © is still maintained.

The second issue is whether the algorithm is efficient. (So far we have been concerned only
with soundness.) This is addressed by “tensorizing” the consistency test. For ¢ : S — R¥, we let
Pt = f W(s")Psq(ds’). Using Lemma 1.2.1 we then observe that the existence of an action such

that Eq. (51) holds is equivalent to:

0= 1—[ rsa+<PsaSDh+l —QDh(S),0> = 1—[ <[rsa,Psa‘Ph+l —(,Dh(S)], [1,0])
acA acA

= <®a€A[rsa7PsaSDh+l _Soh(s)]a®a€A[179]> .

Now, defining Mg = Q,c4[1,6] and Ty = Qe alFsa> Psa@n+1 —¢n(s)], we see that 8 € ®° is equiva-
lent to that (T, My) = 0 holds for all s € S. Testing a parameter vector at some state is equivalent to
checking whether My is orthogonal to 7. Clearly, the maximum number of tests that can fail before
identifying an element of ®° is at most d*, the dimension of M. Since our tests are noisy, we use
an argument based on eluder dimensions (which allow imperfect measurements) to complete our

efficiency proof (Russo and Van Roy, 2014).

The final issue is really an optimization opportunity. In our proposed algorithm we do not
separately test if the value estimates at sg are close to the empirical return over the rollouts, and
instead rely only on the consistency tests. This can be done since, when consistency holds, the
expected total reward in an episode is close to the predicted value. This follows from a telescoping
argument. Let S| = s9,A1,52,42,...,5H,An,SH+1 be the state-action pairs in a rollout where the

tests do not fail, and note that

H H
v (50) =En,. erh,Ah =En,. th(Sh;9+)—Vh+1(Sh+1;9+) =vi(s0:6"),
h=1 W=l

where the first equality uses the definition of v7¢*, the second equality uses rs, 4, = Vi (Sn;0") —

Ps, A, vh+1(-;0%), and the last equality uses that v, = 0. When measurements are noisy, a similar
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telescoping argument gives that with high probability, vf‘” (s0) is almost as high as v (sg;6*) when

consistency tests do not fail for a number of rollouts.

3.3.1. The TensorPlan algorithm

The pseudocode of GetAction of TensorPlan is shown in Algorithm 1.

Algorithm 1 TensorPlan.GetAction Algorithm 2 ApproxTD
1: Inputs: d, A, H,SIMULATE, s, h, ¢ (s),6, B 1: Inputs: s,h, ¢, (s), A,n, SIMULATE
2: if h =1 then > Initialize global 6° 5. for g =1 to A do
3: TensorPlan.Init( 3: for/=1tondo
) d,A,H,SIMULATE, s, ¢ (s),5) 4 (R1,52,90h+1 (Sl/)) — (
4: end if

= SIMULATE(s, h,a))
5: A. «— ApproxTD(s, h, ¢ (s), A, ny, SIMULATE)

6: Access 6" saved by TeEsorPlan.Init Z endAfi);_ [R1, on+1(S)) —on(s)]
7: return arg min, ¢, KA“’ [1,9+]>’ 7: Ay = %Zze[n] A

8: end for

9: return (Ag)qe[a]

The main workhorse of TensorPlan is the initialization routine, TensorPlan.Init (Algo-
rithm 3), which generates a global variable 8+ € R that is an estimate for the parameter of the
best realizable value function v3,. Within an episode, this parameter is used by the current and sub-
sequent calls to Get Act ion. In particular, given 8%, Get Action approximately implements 7 g+
of the previous section. For this, GetAction calls ApproxTD!!' (Algorithm 2), which produces

an estimate of 74, Psa@n+1 — @n(s)] for all actions a € A.

The Init function uses

HA
Sol(Al,...,AT):{QeRd 1011, < B.Yi €[] : [{An, ®acra[1.6])] < c } (52)

WE,

where ¢ is a function of the target suboptimality and E; = O (dAA), defined in Eq. (58), is an
upper bound on the the eluder dimension of a tensorized clipped-linear function class (cf. Eq. (59)).
The Sol(+) set stands for the successfully refined sets ® of the previous section and its arguments
A; € R(d+D? correspond to estimates of ®uecA[rsa, Psa@h+1 —@n(s)] for the various states s and
stages h where the algorithm detects a failure of the consistency test it runs. Estimates of these in

Init are obtained by calls to ApproxTD.

11. Thusly named since {[rsq, Psa®n+1 —¢n(s)], [1,0]) corresponds to the “temporal difference” error of value function
v at state-action pair (s,a) (Sutton, 1988).
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Algorithm 3 TensorPlan.Init

1: Inputs: d, A, H, SIMULATE, 59, ¢1(50),0

2: X —{} > X is a list
3: Initialize £, &,n1,n2,n3 via equations (53), (54), (55), (56), (57), respectively.

4: fort=1to E;+2 do

5: Choose any 0+ € arg max cgo1(x) (¥1(50),0) > Optimistic choice
6: CleanTest <« true
7: fort=1ton; do > n; rollouts with 6,-induced policy
8: S:t1 =50 > Initialize rollout
9: for j=1to H do > Stages in episode
10: KT,]-,. — ApproxTD(S++;,j,¢;(Sz:j), A, na, SIMULATE)
11: if CleanTest and minge(4] |<Kﬂja, [1,9,]>| > % then » Consistency failure?
12: AT,]-’. — ApproxTD(S+;j,j,¢;(Sz:j),A,n3, SIMULATE) > Refined data
13: X.append (®ae[ A]Aﬂ ja) > Save failure data
14: CleanTest « false > Not clean anymore
15: end if
16: Azpj e arg mingepa; <K7,ju, [1,0,] >’ > Find most consistent action
17: (Rz1jsSt1js1,9j+1(S7rjr1)) < SIMULATE(S 74, j, Azt ) > Roll forward
18: end for
19: end for
20: if CleanTest then break > Success?
21: end for

22: Save into global memory 8% « 0,

Note that Init as described continues to generate rollout data even after a consistency test
fails. This is clearly superfluous and in an optimized implementation one could break out of the
test loop to generate the next candidate immediately after a failure happens. The only reason the
algorithm is described in the way it is done here is because this allows for a cleaner analysis: every

policy will have access to data from n; rollouts, even if the policy fails a consistency test.

Remark 3.3.1. The reader might wonder why TensorPlan follows the most consistent action
in Line 7 of GetAction, instead of the best action according to its 0%, which would be
arg max, ey <Ka, [1,6%] > Indeed, a practical implementation might adopt this, together with the
same change to Line 16 of Init, and a strengthening of the consistency test of Init’s Line 11
to require that the best action (according to 0:) be consistent, instead of any action. This test
would fail if |maxa€[A] <Z7,ja, [1,67]>’ > %. One might hope that this strengthened consistency
test improves sample efficiency, and indeed the proofs go through (giving the same query complex-
ity bounds), albeit with a significant weakening of the final guarantee: this version of TensorPlan

could only compete with optimal policies that are realizable, instead of the best of all realizable
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DML policies. TensorPlan, as presented, is able to compete with the latter, with its only source of

pressure to do well coming from the optimistic choice of 6 in Line 5 of Init.

The following theorem gives a query complexity guarantee on using TensorPlan to find a near-
optimal policy. The precise values of {,&,n1,n;, and n3 mentioned in the theorem can be found in
Section 3.A. For the theorem statement recall that B is the bound on the 2-norm of value-function

parameter vectors that the algorithm competes with.

Theorem 3.3.2. [Weisz et al., 2021a, Theorem 4.2] For any § > 0 and B > 0, there exists values
of {,e,n1,na, and n3 such that the TensorPlan algorithm (Algorithm 1) is (6, B)-sound (Defini-
tion 3.2.3) with misspecification n = 0 and simulator accuracy A < €/ (4VEg) = O ((Nﬁ)A /‘/Z)
for the H-horizon planning problem with worst-case per-episode query-cost

0] (dAA432 /62 (H5B2d/62 +dAAHMATD 24 /5“)) = poly ((dH/(S)A ,B) .

Corollary 3.3.3 (Weisz et al., 2021a, Corollary 4.3). When the optimal value function v* is linearly
realizable with the given feature map with misspecification n = 0, then TensorPlan, given access
to a simulator with accuracy A < €/(4VEy) induces a policy m within the budget constraints of

Theorem 3.3.2 for which vT (so) = vT (s0) = 6.

Proof (of Theorem 3.3.2). We provide here a very brief sketch, and defer the full proof to Appendix
3.A. The proof proceeds in a few steps. First, fix any starting state so € S and any 6° € ©°. Sec-
tion 3.A.1 establishes that despite the simulator’s inaccuracy, the estimates A and A are close to
their respective expected values (Lemma 3.A.1) and that <K, 9°> is close to its expected value
(Lemma 3.A.2). This entails that 6° does not get eliminated from the solution set (Lemma 3.A.3).
In Section 3.A.2, we use the eluder dimension to bound the maximal length of X (essentially, the list
of states where consistency is broken). It follows that, with high probability, the iteration over 7 will
be exited in Line 20 with CleanTest being true for 7 < E;+ 1. The last subsection (Section 3.A.3)
bounds the suboptimality of the policy induced by #* in terms of the inner product between 6 and
the measured TD vectors (Lemma 3.A.6). We then bound these suboptimalities by the desired sub-
optimality (Corollary 3.A.7) and finally establish in Corollary 3.A.8 that the policy induced by the
planner is §-optimal compared to v (s9;6°). Since this argument holds for any s¢ € S and 6° € ©°,

the planner is (8, B)-sound according to Definition 3.2.3. |

Our next theorem generalizes the previous results to the misspecified case (ie. n > 0) by trading

off simulator accuracy for misspecification. Formally, we provide a reduction to the realizable
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case and run TensorPlan with a slightly modified simulation oracle SIMULATE’ which requires
no additional information beyond that provided by the original simulator. The proof is deferred
to Section 3.B. The main idea of the proof is to define an alternate MDP with an expanded state
space where states are indexed by which stage they belong to so that the misspecification error of
a target policy can be “pushed” into the rewards of the new MDP. This way, the target policy will
not have misspecification errors. The simulator for the new MDP still reports the rewards from the
original MDP, but this is allowed since the previous result was stated for the case when the simulator

introduces (small) errors when reporting the rewards.

Theorem 3.3.4. [Weisz et al., 2021a, Theorem 4.4] For any §,B > 0, TensorPlan is (8, B)-sound
with misspecification 1 < €/(12VEg) and simulator accuracy A < g/(12vEg) with worst-case
per-episode query-cost poly ((dH / 5)A ,B), when run with input 6’ = 0.986 and simulation oracle

SIMULATE’.

3.3.2. Discounted MDPs

In the discounted MDP setting, instead of maximizing the expected value of the reward ;¢ Rn
over a horizon H, the goal of the agent is to maximize the expected value of the discounted total
reward, 3o, ¥Ry, over an infinite horizon, where 0 < y < 1 is a fixed discount factor, given to
the agent. The value function for a policy 7, v : § — R is defined as v (s) = r(s) +yPgqv”™. The
stage index & is dropped from the feature mapping (¢ : S — R9), and the definition of v-linearly

realizable policies (Definition 3.2.1) changes from requiring |vZ (s) = {on(s), 9)| < 7 to requiring
[V (s)—{p(s),0)| <n foralls e S.

Soundness is otherwise defined identically to the H-horizon case, except for swapping the value
function to v”™. Importantly, value guarantees are only required for the initial state the planner is
called with, and not for every state that the planner ever encounters. As the episodes are infinitely

long in this setting, we use the per-state (instead of per-episode) query-cost.

We use a reduction of the discounted case to the finite-horizon case with an “effective horizon”
H,_s. Our next theorem shows that the guarantees of TensorPlan in the H, s-horizon setting trans-
fer to the discounted setting if it is run with a slightly modified simulation oracle SIMULATE?"?,
which once again does not require any additional information beyond that of the original simulation

oracle. As this is a reduction, the input 4 given to TensorPlan’s Get Act i on should be incremented
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for each transition, exactly as in the finite-horizon case. The definition of H, s and SIMULATE??,

as well as the proof can be found in Section 3.C.

Theorem 3.3.5. [Weisz et al., 2021a, Theorem 4.5] For any 6,B > 0, TensorPlan is (6, B)-sound
for discounted MDPs with discount factor 0 <y < 1, with misspecification n < €/(24VEy) and
simulator accuracy A < g/(12vE ), with worst-case per-state query-cost poly ((dHy, s/ 6)A,B),

when run with input 8’ = 0.985 and simulation oracle SIMULATE?*Y.

3.4. Conclusions and discussion

We presented TensorPlan, a provably efficient algorithm for local planning in finite-horizon MDPs
which only requires linear realizability of v*. When the action set is small (i.e. O(1)), TensorPlan
is the first algorithm that enjoys polynomial query complexity without further assumptions. Our
results are also complemented by an extension of the positive result to the near-realizable as well as
the discounted setting.

In contrast to ADP-type algorithms (Schweitzer and Seidmann, 1985), our algorithm does not
use value fitting. In fact, without stronger assumptions such as a core set, ADP algorithms appear
to be susceptible to an exponential blow-up of errors (Tsitsiklis and Van Roy, 1996; Dann et al.,
2018; Zanette et al., 2019; Wang et al., 2020a; Weisz et al., 2021b). For the same reason, our
algorithm works with a weaker simulation oracle that provides access only to states that have been
encountered previously. Learning via local consistency (‘“bootstrapping’) also allows us to provide

a more agnostic guarantee, which automatically matches the best realizable value function.



Appendix

3.A. Proof of Theorem 3.3.2

To prove that TensorPlan (Algorithm 1) is (8, B)-sound (Definition 3.2.3) for the H-dimensional
planning problem, we fix § > 0, B > 0, H > 1, a featurized MDP (., ) with 1-bounded feature
maps, a suboptimality target 0 < § < H, and a (starting) state state so € S. We assume that 6 < H
as otherwise, for 6 > H, Eq. (49) trivially holds due to the rewards being bounded in [0, 1] (and

therefore the values in [0, H]).

The precise values of hyperparameters used in TensorPlan will be set to:

1
g:Eé (53)
A 1
8=(12H2) /(1+2\/E_d) (54)
[32H2(1+2B)?2 . Ey +1
p = (52+ ) log d;‘ (55)
- 2 2
ny = [ 1867H (1;;21) (d"'l)log(4(Ed+1)n1HA(d+1)/§)w (56)
2

We assume H > 1 for simplicity of presentation, as for H = 1 the same analysis will apply, replacing
H with H+1 in the above display for €.

Denote by 7+ the final value of 7 at the end of TensorPlan.Init. For the proof let P de-
note the probability distribution induced by the interconnection of TensorPlan with the MDP when
the initial state of the episode is s¢o and the planner is used for the H steps. In particular, P is
defined over some measurable space (£2,PP) that carries the random variables Sy, A, S2, A, ...,
Ag, SH+1, where S| =50, S; ~ Pa,_,(S;-1) fori > 1, and for j € [H], A; is the action returned by

GetAction when called with S and h = j. (Q,P) also carries the random variables A, A, A, and
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(Sttj,Artj)r<Eg+2.e[n],je[H] Of the TensorPlan algorithm. For the latter, assume for now that
TensorPlan.Init does not break out from the loop over T when the test fails, but that it keeps run-
ning, so that we can refer to (S;;,Ar;;) even for 7 > 7*. Note that all other quantities that appear
in TensorPlan can be written as a function of these. We denote the expectation operator underlying
P by E.

3.A.1. Concentration bounds

This section establishes concentration bounds on the estimated difference vectors A and K, and then

establishes that the true parameter is unlikely to be eliminated from the solution set.

£

4VEq’
for A, with probability greater than 1 — ¢, for all 6 € R with ||0||, < B, forall t € [Eg+1], t € [n1],

Lemma 3.A.1. If the simulator’s accuracy A < then with ny samples for A and n3 samples

j € [H] and action a € [A], KT,ja and Aﬂja satisfy
|<Zn_,~a —A(Sej,a), [1,9]>| <6/(12H) and  |(Asrja—A(Seaa). [1,6])] < 6/(12H),

where A(Sz1j,a) = [rs,j.as PseiaPjrt — 05 (Seej)]-

Proof. We show this for A, ja»1,€., that the first inequality holds with probability at least 1 —¢ /2. As
n3 > np, by a similar argument this statement holds for An ja 100, and a union bound on the failure
probability finishes the proof. Let us refer here to the measurements A; done by ApproxTD called
in Line 10 in Algorithm 3 as (AT, jal)le[ny]- By the bounded rewards (the simulator’s rewards are

clipped in [0, 1] despite its inaccuracy), triangle inequality, and the assumption that VA€ [H+1],s €

< Wasal, <3

|00

S, llen(s)]l, £ 1, we have that Hﬁﬂjal
Since Ay, ja 1s the average of n; independent identically distributed bounded samples of the
distribution of A‘rtjala which has expectation A’(S+;j,a) = [clipg 11(Fs,,j.a+ DSy j.a)s Psja® i —

¢;(S+:;)], we can apply Hoeffding’s inequality for each component i € [d + 1] of the vector:

<2exp| -

P(|(Z-rtja —A’(Sm-,a))l_| > 6/(75—2H(B+ 1)%)) i 21,62

() #2(B+D2(d+1)3

Setting ny = [ 1867H2(f(;1)2(d+1) log(4(Eq+1)n HA(d + 1)/{)} allows this probability to be bounded
by {/(2(Ez+ 1)niHA(d +1)). A union bound over 7 € [Eg+ 1], t € [n1], j € [H], a € [A],
and i € [d + 1] achieves the /2 failure probability bound. Under this high-probability event

Artia —A’(ST,j,a)“m < 6/(75—2H(B+ Vd+ 1), 50 mea — A (Seejaa), [1,0]>| <

we have that |
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Artja =N (Sejs@)|| L6 < [Berja— A (Serps@)|_N1LONLVEFT < 6/(2H). By the ui-

angle inequality:

|<ZT,ja — A(Szij ), [1,9]>| < |<Kﬂja — A (Spjaa), [1,9]>’+a < 5/H(75—2+7i2) 5/(12H),

as A <

< 7= < 0/(12H)/4/(1+1). m

Lemma 3.A.2. If the simulator’s accuracy A < r then with n3 samples for A, with probability

atleast 1 = ¢, forall Tt € [Eq+1], t € [n1], j € [H] and action a € [A],

|<A711a A(Sth’a) [1,6° ]>| 2\/—

where A(S+1j,a) = [s,,;.as Ps,ja® el =€ (Seej)]-

Proof. Let us refer here to the measurements A; done by ApproxTD called in Line 12 in Algo-
rithm 3 as (Aﬂ jal)ie[n;]- Since 6° € ©°, §° satisfies Eq. (50) for some policy. Furthermore,
due to the bounded rewards, horizon H, and the simulator’s clipping of rewards into [0, 1] (de-
spite its inaccuracy), and the bounded values (of any state for any policy) in [0, H], we have
that (Aﬂjal, [1,9°]> € [-(H+1),(H+1)]. Since Aﬂja is the average of n3 independent identi-
cally distributed bounded samples of the distribution of Agy jal, Which has expectation A’(S+;j,a) =

[clipjo,11(7Sej.a + ASe.a)s Pseija® it — 9 (Szej)], we can apply Hoeffding’s inequality:

ns&2 )

P(KAT”'(J, [1,00]> - <A'(ST,‘,~,a), [1,‘90]>| > %) < 26Xp (—m

Setting n3 = [max {nz, 32(1{;# log((2(Ez+ l)anA))/{H allows this probability to be bounded
by {/((Eq+1)niHA). By the triangle inequality, under the high-probability event, the desired

bound with A instead of A’ is guaranteed as:

[(Aetjar [1,6°1) = (ASerj, @), [1.6°1)] < [(Arrja [1,6°1) = (A" (Szejsa), [LOT)]+]As,, 0l < 24«%

A union bound over T € [Eg+ 1], t € [n1], j € [H], and a € [A] achieves the desired probability

bound. |
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Lemma 3.A.3 (6° € Sol(X)). For 7 € [Eg+1], let X<1 denote the first T elements of X, where X
is defined in Line 2 of Algorithm 3. Then, with probability at least 1 —  we have thatVt € [Eg+1],
6° € SOl(XST).

Proof. As in Lemma 3.A.2, by MDP reward boundedness, |<A(Snj,a),[l,0°]>| < H for any
A(S+j,a). Let Ajtj be the action satisfying Eq. (51) for 6° in state S;;. Then we have that
<A(Snj,Ajlj), [1,0°]> = 0. Thus, using Lemma 3.A.2, with probability at least 1 — ¢, for all

Te|Eg+1],te[n1],je[H], aelA],

[(Aztjas [1,6°1)| = |{A(Szej,a), [1,6°]) +{Arsja = A(S7ej.a), [1,6°1))

<|(A(Szej,a), [1,6°1)|+|(Artja = A(Szej.a), [1,6°1))
E

2VE; '

<Ha+ A2, }H+

Ttj

where I{S} is the indicator of a set S. We can then bound the product across a € [A] as

A-1

A-1
1—[ (A,,ja,[1,9°])s(H+ © ) ¢ :(1+ © ) H ,
aClA] 2VE, 2VE,4 2WE H 2VE,4

and

<1+2%

£ A-1
(1+ ) <1+041-1)

€
2VE4H 2VE H
A

A
<1+2A6—:1+ 20 <2<H,
(12H2)A 1202

0 [Taera) (AT,ja,[1,0°]> < HAZ\/%. Let 7 € [Eg+1]. The ™ element added to X will be

®ue[A]Artja computed in Line 12 of Algorithm 3 for some 7 € [Eg+1], t € [n1], j € [H], so

6° € Sol(X<,) according to Eq. (52). |

3.A.2. Eluder dimension

This subsection uses the eluder dimension to bound the maximal number of iterations. For © €
RE@+D* and x e R(d”)A, let

fo(x) = (truncate(x), ®),

where truncate(x) = m min{||x||,,34}. Notice the similarity between these functions and the form

of the constraints we use in Eq. (52) to define the set of parameter vectors Sol(-) consistent with our
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observations. Let

A
Fr={fo :0eR¥D" |0], < (B+1)*}

and

Eg= -0 (dAA) . (58)

HAe

2
3(d+1)Aee%11n{3+3(M) }+1

By Russo and Van Roy (2014), dimg (F*, H¢), the eluder dimension of F* at scale H4¢ is the

length 7 of the longest eluder sequence x1,...,x., such that for some &’ > H4¢, for each [ € [7],

-1

DA - )P <e, fiheFry>e.

i=1

wyi=sup | fi(x) = ()] -

-~

Also by Russo and Van Roy (2014) (Appendix C.2), dimg (F*, HA¢) < E4. Now let
F={fo:30 R |6ll, < B,® =b(®acra) [1,6])} . (59)

Since [|0]l, < B implies ||p(®qe(aj[1,6])], < (B+ DA, F € F*, and so dimg(F,H%) <
dimg (F*,HAe) < Ey.

Lemma 3.A.4. With probability at least 1 -2, at any point in the execution of Algorithm 3, the

sequence X< 41 is an eluder sequence for F at scale H Ag.

Proof. Let us assume the event under which 6° € Sol(X<,) for 7 € [E;4+ 1], which has probability
at least 1 — ¢ by Lemma 3.A.3. Let us also assume the high-probability event of Lemma 3.A.1. Let
g’ = H&. The empty sequence is trivially an eluder sequence. By induction, assume for some 7 €

[Eq+1] that X<,_; is an eluder sequence. Let 8° =b(®,e[a1[1,6°]) and let §; =b(®qe(a1[1,6;]).

7-1
wr =sup1 | f1(X7) = (X7)] - JZ(]CI(XL') - h(X))2 <He, fi,fpeF

i=1
Zsup{lfl(XT)—fz(XT)I:ViE[T 1. 1(fAi(X) - fz(X))I_f/I—_ fl,fzef}
) HAs _ HA,
WE;,

|f9,(X) foo (Xe )|>(5/(4H))A |f9 (Xr)|>HA ( N

where the first line expands the definition of w, the second comes from proving that Vi € [7 —

1. (X)) - (X)) < ’;g \/ SN AKX = f(Xi))? < HAe. We show this by assuming
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the former and letting v € R™"! be v; = f1(X;) — f>(X;), and then ||v||, < ||v]le VT =1 < HAe as
7 —1 < E4 by the induction assumption.

The last line comes from substituting f1 = f5_ and f> = fg.. For this we have to show that

fa,-fa- € F, and that Vi € [t — 1], |(fg_(X;) —féo(Xi))’ < Ij%‘j. The former holds by definition

(as ||6°]l, < B and ||6.||, < B as 6; € Sol(X<,_1)). For the latter, we use that 6°,6, € Sol(X<,-1),
so for either 6 € {6°,0.}, Vi € [T —1] |f9(X)| [(X:,0)| <
Vie [r=1].|f5. (X)) - f5(Xi)| < H
For some r € [n1], j € [H], X; = ®ae[AJAT,ja. Since ||AT,J~a||2 <3, | Xcll, <34, so Vf; €

<5 r, so by the triangle inequality,

it is left to show that |fHT (X7) - fao (XT)| > HAs.

F, f3(Xr) = (truncate(X;),0) = (X,,0). Furthermore, because the algorithm added (Xrq)q =
A N . — /A

(Aztja)a in Line 13, mingepa) |<Aﬂja, [1,9],> > 6§/(4H) = 3He!/A (1+2\/;E7) . Under the

assumed high-probability event of Lemma 3.A.1, for a € [A], since 7 € [Eg+ 1] and ¢ € [n],

~(Azrjas [1,6]7)| < 26/(12H), so

by Lemma 3.A.1 and the triangle inequality, ‘< Ttjas [1,6]T>

. A 1/A N
mmae[A]KAnja,[l,@] >|>6/(12H) Hgl/A(1+2r) , therefore [, ¢ A]|<Anja, [1,60] >|
A
H (1+T) We finish by bounding |f90(X )| < ZF
assumption, so by the triangle inequality, and noting that f (X;) = [14e(4] (Aﬂ jas [1,9]T>, we

have that |5, (Xe) = £ (Xo)| 2 [aeia) (Arijan [1,6] )] = |fa (Xo)| > HAe (14 =) - 2. m

as 6° € Sol(X<,) by our high-probability

By definition of the eluder dimension, we then have:
Corollary 3.A.5. With probability at least 1 —2¢, % < dimg (F,HAe)+1 < E4+1.

Proof. Assume the high-probability statements of Lemma 3.A.4 hold and that 7+ > dimg (F, HA¢) +
1. Take X _gim, (714 )41 Which is of length dimg (F, H€) + 1. Also, dimg (F,H%)+1 < Eg+1.
Therefore, by Lemma 3.A.4, X _4im . (7. HAs)+1 15 an eluder sequence for F at scale HA¢ of length

> dimg (F, HA¢), which is a contradiction. |

3.A.3. Value bound

Denote by nrp the policy induced by TensorPlan.

Lemma 3.A.6. With probability 1 =27, if " € [Eq+1], vap(so) > (gol(so),@*)—nll Yrein] Lje[H] <ZT+U'AT+,,’ [1,9+]>—
16
50.

Proof. Let us denote the state we reach after H steps (once the episode is over) by Sy in the

following. For ¢ : S — RY, we let Py, = f;.//(s’)Psa(ds’).
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Recall that under P, the random variables S| = sg, A1, S2, A2, ..., Ag, Sg+1 have the distribu-

tion of an episode in the MDP that starts from s¢ and follows the policy mtp induced by TensorPlan.

VTTP(SO):E Z rSj,Aj:E [ Z rSj,Aj,QDH_},](SH_},])],[1,6+]
JE[H] JElH]

=E|{¢1(s0),0")+ Z ([rs;.a,,0j+1(Sjs1) —@;(SHL[1,6%])

JelH]
=(p1(50),0") + Z E([rs;.a;»@j+1(Sjs1) =@ (S)H1. [1,6%])
JelH]
= (p1(s0),0") + Z E[([rs;a;5Ps;a;@j41 =9 (S [1,671)]
JelH]
1 1
Z<901(S0),6+>+n_1 Z Z [<[rST+,j,AT+tj’PST+tjAT+tj‘10j+1_QDJ(ST+lj)]9[1,0+]>:|—Z(S
te[n] je[H]

1 N 1
Z<901(So),9+>+n— Z Z <AT+tjAT+tj,[1,0+]>—§5,

te[ni] je[H]

where in the first line we used that ¢p 41 (Sg+1) =0, in the second that 5o = S, in the third that sq is
fixed so can be moved out of the expectation, and in the fourth we used the tower rule for expecta-
tions. In the fifth line we replace the outer expectation with an average of rollouts by the algorithm
that is close to the expectation with high probability, while we also switched to the variable notation
used in Algorithm 3. More specifically, we use the fact that forall he [H+1],s€S,andt € [E4+1],
we have that |l@n(s)ll, < 1 and [10%]ly < B, [([7S,0;.Ave;» PSerjAr; @501 =5 (Sze)] [1,64])] <
1 +2B (as rewards are bounded in [0, 1]). We can therefore apply Hoeffding’s inequality on the
n1 independent rollouts:

P(ni Z

te[ny]

Z [<[rST[j,Ale’PST[jAT)‘j¢j+1 _SDJ'(STl‘j)]a [1’0+]>
JjelH]

_E<[rSrtj’A-rtj’PSrtjArthD.i+1 _9041'(‘5“”‘./')]’ [1’0+]>]} > é‘/4)

n1(52 ) Z;

< — <
‘eXp( 2H>(142B)?2) " Eq+1°

ifn| = [32H 2(1+2B)?/6%log %-‘ With an union bound, the probability that any of these bounds

fail for any T € [E4+ 1] is upper bounded by £. We can therefore apply this bound for 7 = 7%, noting
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that
E < (7S ey oApee;s PSpvy A, 001 = 0 (o) L [1 6’+]> =E([rs,.a,.Ps;a,0j+1—¢;(S)1,[1,67]) .

This is because 8* = .+, so for all 7 € [n;], the episode (Sz+;1,Ar+r1s. s Apter, See 1) is dis-
tributed identically to the episode (S1,A1,S2,A>,...,An,Sg+1). Finally, in the sixth line we replace
the remaining expectation with the average measured by the algorithm, which is close to the expec-
tation with high probability (Lemma 3.A.1) for 7 € [Eg+1],t € [n1],j € [H],a € [A]. By a union

bound, this adds another { to the probability that our bound does not hold. |
Corollary 3.A.7. With probability at least 1 -3, v™ (so) = {(¢1(s0),0") — 5

Proof. Under the high-probability event of Corollary 3.A.5, t* < E;+ 1. From the proof of
Lemma 3.A.6:

V(502 (150042 TS (Brajae[107]) = 36> (9 (s0.07) - 39
Uiélm1jelH]
where we use the fact that, since 7+ < E;+ 1, we exited the 7 loop as CleanTest was true in
Line 20, so for 7*, all ¢ € [n;] the path in Line 16 was chosen (otherwise we would have finished
with a larger 7%). This directly bounds the inner product of interest. Taking a union bound over
the underlying high-probability events, v™ (so) = (¢1(s0),6") — %6 holds with probability at least
1-3¢. |

Corollary 3.A.8. v (s0) = vi(s0;6°) = 6.

Proof. Assume all high-probability events introduced so far, which hold with probability at least
1-3¢. By Corollary 3.A.5, 7" < E4+ 1. By Lemma 3.A.3, 6° € Sol(X<,+). Since 8* was chosen
optimistically in Line 5, {(¢1(s0),0") > (¢1(s0),6°) = vi(50:6°). By Corollary 3.A.7, v (s9) >
(p1(s0),0)— %5 >v1(s0;6°) — %6. Therefore, with probability at least 1 -3/ =1— ﬁé, vap(so) >
vi(sp;0°)— %6, o) v"TP(so) > (1 - %5) (vl(so;G") - %6) >v1(s0;0°)— 6 (using that due to bounded
rewards, v (so) < H).

3.A.4. Final bound

We can now combine all the ingredients together to get the final result.
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Theorem 3.3.2. [Weisz et al., 2021a, Theorem 4.2] For any 6 > 0 and B > 0, there exists values
of {,e,ny,ny, and n3 such that the TensorPlan algorithm (Algorithm 1) is (6, B)-sound (Defini-

N‘)

tion 3.2.3) with misspecification n =0 and simulator accuracy A < £/ (4VEz) = O (( 12WH2)

for the H-horizon planning problem with worst-case per-episode query-cost
0] (dAA432 /62 (HSBzd/éz LA AHH A 1924 /52A)) = poly ((dH/a)A , B) .

Proof. Fix 6 > 0 and B > 0. By Corollary 3.A.8, v{™(so) > v1(s0;6°) =6 for any 6° € ©°.
Denoting by v° = vi; the H-horizon ¢-compatible optimal value function of ./, v P(s0) >
SUPgoc@e V1(50;6°) = = v{(so) — 6 by definition, proving soundness. In each episode, Line 5
in TensorPlan.GetAction is called H times, and TensorPlan.Init is called once. The for-
mer results in HnpA calls to the simulator. We turn our attention to the query complexity of
TensorPlan.Init. The loop variable 7 of Init goes up to E;+2 so % < E;+2. Line 10
can therefore be called at most (E; +2)n HA times, each performing n, interactions with the
simulator. Line 17 can be called at most (Eg4 +2)n1H times, each performing 1 interaction
with the simulator. Line 12 can be called at most (E; +2)n;A times, each performing n3 in-
> \FHZ) / \/_) Further-
more, using that n; = O (H*B2A/82), ny = O (H*B?*dA[58?), ny = O (dAA*H? [ + H*B?dA [§?) =

teractions with the simulator. Using that E; = O (d*A), 1= O (

@(dAA2H4A+2122A/62A+H2B2dA/62), the (worst-case per-episode) query-cost of TensorPlan

(along any episode) is

O(Hn2A+Edn1A(Hn2+n3)) = ( dl’l]A(an +n3)) = (dAA H2Bz/(52 (an +I’l3))

(dAA4Bz/52 (HSBZd/52 dAAH4(A+1)122A/62A)) m

3.B. Proof of Theorem 3.3.4

Theorem 3.3.4. [Weisz et al., 2021a, Theorem 4.4] For any §,B > 0, TensorPlan is (6, B)-sound
with misspecification 1 < €/(12VEg) and simulator accuracy A < g/(12vVEg) with worst-case
per-episode query-cost poly ((dH /6)4 ,B), when run with input 6’ = 0.986 and simulation oracle

SIMULATE’.

Proof. Fix6>0,H>1,n=¢/(12VE;) and A = ¢/ (12VE4). We assume that 6 < H as soundness
trivially holds otherwise. Let (., ¢) be any featurized MDP with 1-bounded feature maps and

rewards bounded in [0,1]. Let SIMULATE be the A-accurate simulation oracle for (/,¢). We
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will shortly define a slightly modified simulation oracle SIMULATE’ corresponding to a featurized
MDP (#’,¢") derived from (., ). This oracle will simply use the data returned from calls to
SIMULATE while we will claim that it is a simulator for (', ¢’) with inaccuracy not more than
&/(4VEa).

Denote by nrp the policy while TensorPlan interacts with the simulator SIMULATE’. By the
correspondence between the two MDPs, rp can be interpreted as a policy of 4. We will then

prove that for all states s € S of A,
Vi (s) 2 vi(s) -0,

where v”™ is the H-horizon value function of TensorPlan’s policy ntp in # and v° = v(’BJ7 is the
H-horizon ¢-compatible optimal value function of . (cf. Equation (48)).
Let HE,U be the set of memoryless, deterministic (MLD) policies that are B-boundedly

v-linearly realizable with misspecification n and features ¢. Then, by definition, v} 7I(s) =

o

SUPrermy, | v (s). Itis enough to prove that for any 7 € HBW,

Vi (s) = vi(s)=9.

Fix a 6 € R such that |v,’f(s) - (goh(s),0>| <nforall he[H] and s € S. Such a 6 exists by definition.
We now construct an alternative featurized MDP (', ¢’) that will mimic ., but with slightly
different rewards and an expanded state-space. The main point of introducing this MDP is that the
value function of 7 (when “used” in /") will be realizable with 7 = 0. The function SIMULATE’ will
be defined to act as a simulator for (', ¢’). Then we will use an extension Theorem 3.3.2 to argue
that TensorPlan induces a policy that can compete with 7 in .#’ and hence, by the correspondence
between the two MDPs, it also competes with 7 in . The required extension of Theorem 3.3.2 is

as follows:

Claim 3.B.1. The conclusions of Theorem 3.3.2 remain valid with the following two changes:
(i) The rewards in the MDP are allowed to belong to [-2,2];

(i) A set S| C S is fixed and the requirement of soundness is redefined so that the initial state cho-
sen at the beginning of an episode must belong to S| while v-realizability (cf. Definition 3.2.1)
of a policy r is redefined so that instead of maxy e[| SUP;cs |v;l’(s) — (goh(s),9>| <1 we re-

quire maxpe[H|SUPges, |vl’1’(s) - (goh(s),9)| < n where S, C S is defined as the set of states
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that can be reached with positive probability in M from some state in S| and action sequence

of length h—1.

Proof. For (i) note that shifting the rewards does not impact the proof, while the range of rewards
scales the query cost quadratically (this comes from the use of Hoeffding’s inequality, where ranges
of temporal difference errors appear, which scale linearly with the range of rewards). For (ii) we
only need to check that if 6° is a parameter vector of a policy with the modified definition, this
parameter vector will not be eliminated by TensorPlan. A quick look at the proof of Lemma 3.A.3
confirms that this is the case. Indeed, TensorPlan constructs data for checking consistency at stage /
only with states that it reaches through 4 — 1, or 4 actions from the initial state it is given. Therefore
the states that appear with ¢, always belong to Sj,. As such, Lemma 3.A.3 continues to hold true,

and the result follows. [ ]

Let us now return to the definition of /#’ = (S’,Z’,[A],Q’) and ¢’. We let the states of .’
be S’ =S X [H]U{L}, that is, the state space of .#’ contains H copies of each state, and a final
absorbing state L. The intention is that only states of the form (s, 2+ 1) are accessible from states
of the form (s,/). We let ¥’ to be the smallest o algebra under which { L} and all the sets of the
form §x {h} are measurable where S € X and h € [H]. We let ¢} ((s,-)) = ¢pn(s) and ¢, (L) =0, a
d-dimensional vector of all zeros.

The transition kernel Q' in .’ will follow that in .#, with the appropriate modification to
create the promised “levelled” structure, while the rewards are modified to “cancel out the misspec-
ification” of policy n. That is, for & < H, from state (s, /) € S’ taking action a € A, kernel Q’ gives

(R+2z(s,h),(S’,h+1)) where (R,S") ~ O, and

Z(S,h) = Eafwn(h)(s) [(QDh(S) _Psa’80h+l,9> _rsa/] .

From state (s, H) € S8’ or L, any action leads deterministically to L while incurring zero reward.
Notice that any (s’,#) € S’ can only be reached after exactly / steps when starting from some
other state (s,1), s € S. Furthermore, denoting by r’ the immediate rewards in .#’, we have
rES’h)’a =rgq+2(s,h). Note that |z(s, k)| < 2n, since |v,’lr(s) - (cph(s),9)| < n for all h € [H] and
s€S8,and Eygqy, () [vZ(s) = Psarvy, — rmr] = 0 by the Bellman equation. Hence, the rewards in
A’ are supported on [—-27,1+2n] C [-2,2] (asnp < 1/2).
For any (s,h) € &', let v, ((s,h)) = (w%((s,h)),@) = (pn(s),0). We claim that v satisfies the

Bellman equation of 7 when policy 7 in .4’ is taken as a policy of .#’ with the understanding that
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in state (s, k) and stage A, following 7 means using 75, (s), while in stage A’ # h, an arbitrary action

can be taken. Indeed, for any (s, /) € S” we have

‘7;1((5, h)) = <90h(s)a 9) = Ea~7r(h) (s) [rsa + <90h(s) _Psa‘ph+la9> —Fsat+ <Psa90h+l’9>]
= Ea~7r(h) (s) [rsa +Ea/~7r(h) (s) [<90h(5) - Psa’¢h+la8> - rsa/] + <Psa¢h+la8>]

= anﬂ(h) (s) [rEs,h),a + <Psa()0h+17 9>]
= Ea~7r(h) (s) [rEs,h),a + st,h),a‘_};l+1:|

=12 ((5,1) + Pl ((s,h)) 7)., »

where P’ is the transition kernel in .#’ and P/, (r},) is the corresponding kernel (respectively, reward

’

H+l — V,F;r+l
for any (s,h) € S', v/7((s,h)) =7}, ((s,h)) = (¢} ((5,h)),0). Now, define S| = Sx {1}. Then, S,

function) induced by x. Since v’'” also satisfies this equation and v =0, it follows that
the set of states reachable in .4 with positive probability from S| with an action sequence of length
h—1, is easily seen to be a subset of S X {h}. Therefore, policy 7 is v-realizable with " = 0 in the

sense of the definition of v-realizability given in Part (ii) of Claim 3.B.1.

For state and action s € S,a € [A], recall that SIMULATE(s, /,a) is implemented by a A-
accurate simulator for (., ¢), and that the state transitions of .# and ./’ are the same apart from
that in the latter the stage counter is incremented in each transition. Hence, we define SIMULATE’ as
follows: SIMULATE’((s, h),h’,a) for (s,h) € S’ calls (R,S’, ¢p+1(S’)) « SIMULATE(s, h’,a) and
returns (R, (S",h+1),¢p41(S")) for h < H and (R, L,0) otherwise. We also let SIMULATE'(L, -, -)

deterministically returns (0, L,0).

Let 7’ be a policy of .’ that is induced by a planner interacting with .#’ using SIMULATE’
where the episode starts in ./ are restricted to S{. Then, on the one hand, 7 can be seen as a policy
in /: For a history in ./, one just needs to add the respective stage counters to the states in the

history and then use nr’ to return an action.

Now note that the reward distribution of .#"’ is shifted by up to 25 compared to the reward
distribution of .. The distribution of the simulator’s rewards clip [0,1] (Rsq+Asq) are shifted by up
to Agq < A compared to the reward distribution of .Z, so by the triangle inequality it is shifted by up
to 2+ A compared to the reward distribution of .Z’. Since 2+ A = &/(4VE,), using the reward of
the simulator call SIMULATE(s, &', a) as the output of SIMULATE'((s, i), h’,a) ensures SIMULATE’

is a simulator for (.#’, ¢’) with inaccuracy £/(4VE;).
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Therefore, applying Claim 3.B.1 with n’ =0, A’ = &/(4VE;), and ¢’ = 0.985, TensorPlan
is (6”, B)-sound for .4’ and initial states from S’ when run with the simulator SIMULATE’, with
worst-case per-episode query-cost poly((dH /6)A,B). Thus, for all (s,1) € &’ (le. all s € S),

vi"“’((s, 1)) 2 v{°((s,1)) = 0.986, where v"° is the H-horizon ¢-compatible optimal value

=VEo
function of ’. As r is v-linearly realizable in MDP .#" with no misspecification, v{*((s,1)) >
vi™((s,1)), so vi"“’((s, 1)) 2 v{™((s,1)) —0.986. As the state transition distributions of .Z and .Z’
are the same except for the stage counter incrementation in .#’, the distribution of any policy 7
in / producing an episode (S1,A1,52,A>...,85H,Aq) is the same as the distribution of 7 in /'
producing the episode ((Sy,1),A1,(S2,2),As,...,(Sy,H),Ay). Furthermore, the rewards of .’

are shifted by up to 25. Therefore, the H-horizon value functions vf/(s) and v’I”'((s, 1)) for any =’

differ by at most 2H7, and thus by treating wrp as a policy of both ./ and .#’, we have

viT(s) 2 v{"((s,1)) —0.986 - 2Hn > v{'(s) —0.986 —4Hn > v{' (s) -6,

H—%/(140.5)
_ He 12H2
as4Hn = WES < WE,

< 127/3 <0.026. |

We note in passing that the result as stated could be (slightly) strengthened and simplified:
Since SIMULATE’ generates the same data (with some redundancy) as SIMULATE, using TensorPlan
on (M’,¢") via SIMULATE’ produces the same policy in .4 as using it directly on (4, ) via
SIMULATE. Thus, SIMULATE’ is only needed for the proof; the conclusion of the result applies
when TensorPlan directly uses SIMULATE with a near-realizable featurized MDP.

By reiterating the arguments of Claim 3.B.1 in the context of Theorem 3.3.4, we get the fol-

lowing claim, which will be needed in the next section:
Claim 3.B.2. The conclusions of Theorem 3.3.4 remain valid with the following two changes:

(i) The rewards in the MDP are allowed to belong to [-2,2];

(ii) A set S| C S is fixed and the requirement of soundness is redefined so that the initial state cho-
sen at the beginning of an episode must belong to S\ while v-realizability (cf. Definition 3.2.1)

of a policy n is redefined so that instead of maXpe[p|SUPscs |vZ(s) - <<,0h(s),0>| < n we re-

quire Maxpe[H|SUPses, |Vi () — (goh(s),9)| < n where S, C S is defined as the set of states
that can be reached with positive probability in M from some state in S| and action sequence

of length h—1.

3.C. Proof of Theorem 3.3.5
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Theorem 3.3.5. [Weisz et al., 2021a, Theorem 4.5] For any 6,B > 0, TensorPlan is (6, B)-sound
for discounted MDPs with discount factor 0 <y < 1, with misspecification n < €/(24\E ) and
simulator accuracy A < g/(12vE4), with worst-case per-state query-cost poly ((dH),, s/ 6)A,B),

when run with input 6’ = 0.985 and simulation oracle SIMULATEY*®.

Proof. Fix a suboptimality target 6 > 0. We assume that 6 < H as soundness trivially holds oth-
erwise. Fix n = &/(24VE ) and A = £/(12VE,;); proving soundness and the query-cost bound for
these values implies the same results for smaller 7 or A. Let (/,¢) be a featurized MDP in the
discounted setting with 1-bounded feature maps and rewards bounded in [0, 1]. Take a A-accurate

simulation oracle SIMULATE for (., ¢). Let

_[log((I—=y)n) /logy
- o .

Hy s

In the remainder of the proof we shorten H, s and will just use H (i.e., in what follows H = H, ).
We now construct a featurized, fixed-horizon MDP (', ¢?-®) with horizon H. Let the states of
M be S’=Sx[H]U{L}, that is, the state space contains H copies of each state, and an additional
state L, which will play the role of a final, absorbing state. The o algebra for S’ is constructed as in
the proof of Theorem 3.3.4 (we omit the definition). The action set of .#’ remains [A]. The kernel
Q’ is inherited from ., again, with the appropriate modification to create the promised “levelled”
structure, while the rewards are modified to accommodate discounting: That is, for 4 < H, from
state (s, ) € S’ taking action a € A, kernel Q’ gives (y"~'R, (S’,h+1)) where (R,S’) ~ Q4. From
state (s, H) € 8’ or L, any action leads deterministically to L while incurring zero reward. In words,
states with associated stage h < H lead to respective states with associated stage 2+ 1, and the
episode is terminated after H steps by transitioning to the absorbing state L. By letting " denote
the immediate expected rewards in ', for state (s,/4) € S’ and action a we have rES’ Wa = Y rsa.
Let goZ’é((s,-)) = y"1p(s) and goZ’é(L) =0, a d-dimensional vector of all zeros. We de-
fine SIMULATE”>® as follows: SIMULATE”*® is a simulation oracle for (.Z’,?>%) so that for
(s,h) € S’ with h < H, h’ € [H] and a € [A], SIMULATEY*®((s,h), h’,a) first gets (R, S, ¢(S)) «
SIMULATE(s, h’,a) to return (yh‘lR, (S, h+ 1),¢Z,’fl((S,h+ 1))), while it returns (y#~1R, 1,0)
when & = H. Finally, SIMULATEV"S(J_, -,+) deterministically returns (0, L,0). As y < 1, the inaccu-
racy of SIMULATE?*? is at most the inaccuracy of SIMULATE, which is at most A, by assumption.
Next, we prove that the value function of the discounted MDP . is close to the corresponding
values of its H-horizon counterpart .#’. For this, we first need to agree on a way of transporting

policy between .4 and .#’. This is done as follows: Let « be a function that maps histories in .#
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to histories in .’ by adding stage counters to them. Let a~! be the “inverse”, which simply drops
stage indices from histories of .#’. For any h history of ./, a~'(a(h)) = h, while a(a~' (k")) = i’
holds for all histories 4’ of .4’ whose start state is from §] = & x {1} and where the states in the
history do not include L. If 7’ is any (possibly memoryful) policy of .#’, following 7’ in .# means
that given some history & of ., the action A ~ n’(-|a(h)) should be taken. Conversely, using a
policy 7 of / in /' means that given a history /’, A ~ n(-|a~'(h’)) should be taken. This way, we

can view a policy of either .# or ./’ as a policy of the other MDP.

Now take any policy m of ./ and take any (s,h) € S’. As 7 is also a policy of ', we
can talk about its value function in .#’, which we denote by v'”. By definition, v;"((s, ho)) =
E;r,(s,ho) [Zg;lml rE Sy hoshi—1), Ah,], where E’ , denotes the expectation operator underlying the
distribution P’_, over state-action trajectories induced by the interconnection of 7 and .’ given

the initial state s € S’. Similarly, we will use E ; to denote this operator when the MDP is .# and

the initial state is s € S, and we let P, ; denote the underlying distribution. With this note that
P;’(S’h)(UXV) :Pﬂ,s(a'(UXV)) (60)

holds for any measurable subset U of (S x [H] x [A])"~"*! and where V = (S x [H] x [A])™* is

the set of all histories. We claim that the following holds:

Vi ((s,h)) =y" v (5)] < 7. (61)

We calculate

Vi ((s, ) =" 17 (s)]

H-h+1 )
_ | ’ A h-1 h'-1
= E:r,(s,h) Z F(Sym+h=1),4, | ~7Y Exr.s ZV TSy A
h'=1 h'=1
H-h+1 H-h+1
_oh-1r h—1 h-1 h—1
= Er s Z Y UrsAn [ =Y B Z Y TS, A
h'=1 h'=1
o0
h-1 n-1
-y Eﬂ',s Y rSh/,Ah/
W=H—-h+2
(o)
H W —(H-h+2
= |-¥"En.s YT HEHI D A (by Eq. (60))
hW=H—-h+2
0 H log((1- lo
o H Py <y g((1-y)m)/ gy_
=Y Y= = =1,
. -y
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where in the last line used the fact that rewards are bounded in [0, 1]. Now, notice that if 7 was a

policy of .#’, Eq. (60) would still hold true, and as such, Eq. (61) also holds for 7.

Take any policy « that is v-linearly realizable in . with misspecification  under the feature
map ¢. By definition, there exists a 6 € R? such that |[v7 (s) — (¢(s),0)| < nforall s € S (ie. for all
(s,h) € S’). By Eq. (61) and the triangle inequality, for all (s,h) € S’,

V() = (9 (G5, ),0) = [vi7 (5, 1) =¥ (5),0)]

<[V ((s, ) =y" I ()] +" T v (5) = (e (5),0)] < 2.

Therefore any such policy 7 is v-linearly realizable in MDP .#’ with misspecification 25 under the

feature map ¢?>% for the respective stage & for each state (s,/) € S’.

Therefore we can apply Claim 3.B.2 for featurized MDP (./Z’, %), initial set S x {1}, and
A-accurate simulator SIMULATE”*, with misspecification 5’ = 27 and 6’ = 0.985, which guarantees
that TensorPlan is (6’, B)-sound for MDP .’ when run with this simulator and features. Further-
more, it has a worst-case per-state query-cost poly ((dH /6)4, B). Denote by p the policy induced

by TensorPlan while interacting with the simulator SIMULATE?>®. We then have that 7rrp satisfies
v ((s,1)) = v°((s,1)) —0.986,

where v/ is the H-horizon value function of 7tp in 4’ and v’° = is the H-horizon ¢?>%-

v;;,Zr]
compatible optimal value function of .’ under misspecification 25 (cf. Equation (48)). Similarly,

o]

B,

n. Let Iy o be the set of MLD policies that are B-boundedly v-linearly realizable in MDP .’

letve =v - be the discounted ¢-compatible optimal value function of .# under misspecification
with misspecification 25 and features ¢?>%, and let I . be the set of MLD policies that are B-

boundedly v-linearly realizable in .# with misspecification i and features ¢. Then, by definition,

/70 — /7T o —_ Ve
VB,277(S) = SUPrerrs , V] ((s,1)) and vB’n(s) =SUPreqs V (s).
o 3 1 /70 1 o /70 3
As we have seen, € I1 B.n implies 7 € HB,zq’ in other words, I1 By S HB,Z)]' For any policy

7 Eq. (61) applies with any (s, 1) € .Z’, and therefore

vp.,(s)= sup v7(s) < sup v7(s) < sup vi"((s,1))+n

o 10 o
HGHB’” 7r€l_IB’2,7 "GHB,ZU

=vp2,((s,1))+n < v ((5,1))+0.986 +1 < v/ (5) +0.986 +277,
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. oz /(140.5)
24VEq = 24VEq
%/24 < 0.016 to obtain v n(s) < vi"TP((s, 1)) + 8, which establishes that TensorPlan’s policy

where the last inequality used again Eq. (61) with rpp. Lastly we use that p =

nrp is (6, B)-sound for the featurized MDP (., ¢) in the discounted setting, with misspecification

: <_c
and simulator accuracy A < NE |

< —£
n=3%VE,



Chapter 4

Planning with ¢” -realizability

Switching to g™ -realizability, this chapter focuses on proving Theorem 1.5.1. For generality, for
this chapter only, we switch to the discounted, infinite horizon MDP setting. This requires a slightly
different notational framework, which we introduce in this chapter shortly. The improvement in
generality comes from the fact that in discounted MDPs, the same state can be entered multiple
times in an episode (unlike in our finite horizon setup, where the state space is disjoint for each
stage). In our discounted MDP setup however, the only policies that we require to be g”-realizable
are the stationary ones, that behave the same way when seeing the same state, regardless of where
in the episode they encounter that state. As a result, g™ -realizability becomes a more permissive
setting for featurized MDPs (as fewer policies need to be realizable), consequently making this a
more challenging setting for planners. Thus, the planner and corresponding guarantees we present
for this discounted setting (Theorems 4.1.2 and 4.1.3) are more powerful than if we had continued

with the finite horizon setting.

We start by considering approximate dynamic programming in y-discounted Markov decision
processes and apply it to approximate planning with linear value-function approximation. Our first
contribution is a new variant of APPROXIMATE POLICY ITERATION (API), called CONFIDENT AP-
PROXIMATE POLICY ITERATION (CAPI), which computes a deterministic stationary policy with
an optimal error bound scaling linearly with the product of the effective horizon H and the worst-
case approximation error € of the action-value functions of stationary policies. This improvement
over API (whose error scales with H?) comes at the price of an H-fold increase in memory cost. Un-
like Scherrer and Lesner (2012), who recommended computing a non-stationary policy to achieve a
similar improvement (with the same memory overhead), we are able to stick to stationary policies.
This allows for our second contribution, the application of CAPI to planning with local access to

a simulator and d-dimensional linear function approximation. As such, we design a planning algo-
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rithm that applies CAPI to obtain a sequence of policies with successively refined accuracies on a
dynamically evolving set of states. The algorithm outputs an O(VdHze)-optimal policy after issuing
O(dH*/&*) queries to the simulator, simultaneously achieving the optimal accuracy bound and the
best known query complexity bound, while earlier algorithms in the literature achieve only one of
them. This query complexity is shown to be tight in all parameters except H. These improvements
come at the expense of a mild (polynomial) increase in memory and computational costs of both the

algorithm and its output policy.

4.1. Introduction

In this chapter we focus on the problem of planning with linear function approximation. Our goal is
to design a planner and prove that it finds and outputs a near-optimal policy with high probability in
response to any call, when given query access to a simulator. Instead of the global access, we adopt
the more practical and challenging local access setting. The efficiency of a planner is measured in
four ways: the suboptimality of the policy found, that is, how far its value is from that of the optimal
policy; the query cost, that is, the number of queries issued to the simulator; the computational cost,
which is the number of operations used; and the memory cost, which is the amount of memory used
(we adopt the real computation model for these costs).

In this chapter, for featurized MDPs, we consider a feature-map to be a “good fit” to an MDP
if the worst-case error of using the feature-map to approximate value functions of all stationary,

deterministic, memoryless policies of the MDP is small:

Definition 4.1.1 (¢”™-realizability: uniform policy value-function approximation error). Given an
MDP, the uniform policy value-function approximation error induced by a feature map ¢, which
maps state-action pairs (s,a) to the Euclidean ball of radius L centered at zero in R, over a set of

parameters belonging to the d-dimensional centered Euclidean ball of radius B is

g=su inf  sup |g”(s,a) —{p(s,a),0)],
npe:nansz(s,f)'CI( ) —{¢(s,a),0)|

where the outermost supremum is over all possible stationary deterministic memoryless policies

(i.e., maps from states to actions) of the MDP.

Our goal is to design algorithms that scale gracefully with the uniform approximation error
€ at the expense of controlled computational cost. To achieve nontrivial guarantees, the uniform
approximation error needs to be “small”. As we recall from Chapter 1, this (implicit) assumption is

stronger than the ¢*-realizability assumption (where the approximation error is only considered for
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optimal policies), which Weisz et al. (2021b) showed an exponential query complexity lower bound
for. At the same time, it is (strictly) weaker than the linear MDP assumption (Zanette et al., 2020b),
for which there are efficient algorithms to find a near-optimal policy in the online setting (without
a simulator) (Jin et al., 2020b), even in the more challenging reward-free setting where the rewards
are only revealed after exploration (Wagenmaker et al., 2022).

In the local access setting, the planner learns the features ¢(s,a) of a state-action pair only for
those states s that have already been encountered. In contrast, in the global access setting, the whole
feature map ¢(-,-), of (possibly infinite) size d|S||.A| (where S and A are the state and action sets,
resp.), is given to the planner as input. In the latter setting, when only the query cost is counted, Du
etal. (2019a) and Lattimore et al. (2020) proposed algorithms (the latter working in the misspecified,
£ > 0 regime) that issue a number of queries that is polynomial in the relevant parameters, but require
a barycentric spanner or near-optimal design of the input features. In the worst case, computing any
of these sets scales polynomially in |S| and |.4|, which can be prohibitive.

In the case of local access, considered in this chapter, the best known bound on the subopti-
mality of the computed policy is achieved by CONFIDENT MC-POLITEX (Yin et al., 2022). In the
more permissive global access setting, the best known query cost is achieved by Lattimore et al.
(2020). Our algorithm, CAPI-QPI-PLAN (given in Algorithm 6), achieves the best of both while
only assuming local access. This is shown in the next theorem; in the theorem ¢ is as defined in
Definition 4.1.1, vy is the discount factor, and v* and v™ are the state value functions associated with
the optimal policy and policy 7, respectively (precise definitions of these quantities are given in the
next section). A comparison to other algorithms in the literature is given in Table 2; there the accu-
racy parameter w of the algorithms is set to &, but a larger w can be used to trade off suboptimality

guarantees for an improved query cost.

Theorem 4.1.2 (Weisz et al., 2022a, Theorem 1.2). For any confidence parameter 6 € (0,1], ac-
curacy parameter w > 0, and initial state sg € S, with probability at least 1 — 5, CAPI-QPI-PLAN

(Algorithm 6) finds a policy m with
V¥ (50) =7 (s0) = O (e+@)Vd(1-7)7) (©2)

while executing at most O (d (1- y)_4w_2) queries in the local access setting.

CAPI-QPI-PLAN is based on CONFIDENT MC-LSPI, another algorithm of Yin et al. (2022),

which relies on policy iteration from a core set of informative state-action pairs, but achieves inferior
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performance both in terms of suboptimality and query complexity. However, CAPI-QPI-PLAN’s
improvements come at the expense of increased memory and computational costs, as shown in the
next theorem: compared to CONFIDENT MC-LSPI, the memory and computational costs of our
algorithm increase by a factor of the effective horizon H = O(1/(1 —7v)), and the policy computed
by CAPI-QPI-PLAN uses a dH factor more memory for storage and a d>H factor more computation

to evaluate.

Theorem 4.1.3 (Weisz et al., 2022a, Theorem 1.3, memory and computational cost). The mem-
ory and computational cost of running CAPI-QPI-PLAN (Algorithm 6) are O (dz/(l -y)) and
@) (d4|A|(1 —y)_Sw_z), respectively, while the memory and computational costs of storing and
evaluating the final policy outputted by CAPI-QPI-PLAN, respectively, are O (dz/ (1-7y)) and
O (d°Al/(1-7)).

Next we present a lower bound corresponding to Theorem 4.1.2 that holds even in the more
permissive global access setting, and shows that CAPI-QPI-PLAN trades off the query cost and
the suboptimality of the returned policy asymptotically optimally up to its dependence on 1/(1—7).
See Weisz et al. (2022a) for the proof.

Theorem 4.1.4 (Weisz et al., 2022a, Theorem 1.4, query cost lower bound). Let a € (0, % ,
0 €(0,0.08], vy € [17—2, 1], d 2 3, and € > 0. Then there is a class M of MDPs with uniform policy
value-function approximation error at most &€ such that any planner that guarantees to find an «-
optimal policy n (i.e., v*(s9) —v™ (s0) < @) with probability at least 1 — & for all M € M when used
with a simulator for M with global access, the worst-case (over M) expected number of queries

issued by the planner is at least

max (exp (Q(%)),Q(ﬁ)) . (63)

If w is set to € for CAPI-QPI-PLAN, the first term of Eq. (63) implies that any planner with
an asymptotically smaller (apart from logarithmic factors) suboptimality guarantee than Eq. (62)
executes exponentially many queries in expectation. The second term of Eq. (63), which is shown
to be a lower bound in Weisz et al. (2022a, Theorem H.3) even in the more general setting of linear
MDPs with zero misspecification (& = 0), matches the query complexity of Theorem 4.1.2 up to an
O((1—-1v)>?) factor. Thus, the lower bound implies that the suboptimality and query cost bounds of
Theorem 4.1.2 are tight up to logarithmic factors in all parameters except the 1/(1 —+)-dependence

of the query cost bound.
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At the heart of our method is a new algorithm, which we call CONFIDENT APPROXIMATE
PoLicy ITERATION (CAPI). This algorithm, which belongs to the family of approximate dynamic
programming algorithms (Bertsekas, 2012; Munos, 2003, 2005), is a novel variant of APPROXI-
MATE POLICY ITERATION (API) (Bertsekas and Tsitsiklis, 1996): in the policy improvement step,
CAPI only updates the policy in states where it is confident that the update will improve the per-
formance. This simple modification allows CAPI to avoid the problem of “classical” approximate
dynamic programming algorithms (approximate policy and value iteration) of inflating the value
function evaluation error by a factor of H> where H = O(1/(1—-7)) (for discussions of this prob-
lem, see also the papers by Scherrer and Lesner, 2012 and Russo, 2020), and reduce this inflation
factor to H. A similar result has already been achieved by Scherrer and Lesner (2012), who pro-
posed to construct a non-stationary policy that strings together all policies obtained while running
either approximate value or policy iteration. However, applying this result to our planning problem
is problematic, since the policies to be evaluated are non-stationary, and hence including them in
the policy set we aim to approximate may drastically increase the error £ as compared to Defini-

tion 4.1.1, which only considers stationary memoryless policies.

While the improvements provided by CAPI allows CAPI-QPI-PLAN to match the perfor-
mance of CONFIDENT MC-POLITEX in terms of suboptimality, it is unlikely that a simple modifica-
tion of CONFIDENT MC-POLITEX would lead to an algorithm which matches CAPI-QPI-PLAN’s
performance in terms of query cost (see Table 2): Both methods evaluate a sequence of policies at
an O(g) accuracy each (requiring O(1/&?) queries, omitting the dependence on other parameters).
However, while CAPI-QPI-PLAN (and CONFIDENT MC-LSPI) evaluates O(log(1/g)) (again in
terms of € only) policies to find one which is O(g)-optimal, CONFIDENT MC-POLITEX needs to
compute O(1/&?) policies to achieve the same. As a consequence, CONFIDENT MC-POLITEX
only achieves O(1/£*) query complexity, and to match CAPI-QPI-PLAN’s O(1/&?) complexity,
one would need to come up with either significantly better policy evaluation methods (potentially
using the similarity in the subsequent policies) or a much faster (exponential vs. square-root) con-

vergence rate in the suboptimality of the policy sequence produced by CONFIDENT MC-POLITEX.

The rest of the chapter is organized as follows: The model and notation are introduced in
Section 4.2. CAPI is introduced and analyzed in Section 4.3. Planning with g”-realizability is
introduced in Section 4.4, with CAPI-QPI-PLAN being built-up and analyzed in Sections 4.4.1

and 4.4.2. In particular, the proof of Theorem 4.1.2 is given in Section 4.4.2. Several proofs are
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relegated to appendices, in particular, Theorem 4.1.3 is proved and implementation details of CAPI-

QPI-PLAN are discussed in Section 4.G.

4.2. Notation and preliminaries

We recall the most important facts about MDPs and introduce a slight variation of our previous
notation. In particular, we switch to the discounted infinite horizon objective. This allows us to
present the advantage of our method that we can stick to stationary policies only. This improves
both the strength of our modification to API, and leads to a more general result for g”-realizable
MDPs, where only the stationary policies need to be realizable.

For some integer i, let [{] ={0,...,i —1}. For x € R, let [x] denote the smallest integer i such
that i > x. For a positive definite V € R¥*? and x € RY, let ||x||%, = x"Vx. For matrices A and B,
we say that A > B if A— B is positive semidefinite. Let I be the d-dimensional identity matrix. Let
M (X) denote the space of probability distributions supported on the set X (throughout, we assume
that the o--algebra is implicit). We write a ~, b for a,b,e € Rif |a—b| < £. We denote by O(-) and
O(-) the variants of the big-O notation that hide polylogarithmic factors.

A Markov Decision Process (MDP) is a tuple M = (S, .4, Q), where S is a measurable state
space, A is a finite action space, and Q : S X A — M (S x [0, 1]) is the transition-reward kernel.
We define the transition and reward distributions P : Sx A — M (S) and R : Sx.A — M;([0,1])
as the marginals of Q. By a slight abuse of notation, for any s € S and a € A, let P(:|s,a) and
R(:|s,a) denote the distributions P(s,a) and R(s,a), respectively. We further denote by r(s,a) =
folde(xls,a) the expected reward for an action a € A taken in a state s € S. Without loss of
generality, we assume that there is a designated initial state sg € S.

Starting from any state s € S, a stationary memoryless policy 7 : S — M (A) interacts with
the MDP in a sequential manner for time-steps ¢ € N, defining a probability distribution P, ¢
over the episode trajectory {S;,A;,R;}ien as follows: So = s deterministically, A; ~ 7 (S;), and
(Si+1,R;) ~ Q(S;,A;). By aslight variation, let P, s , denote (for some a € A) the distribution of
the trajectory when Ag = a deterministically, while the distribution of the rest of the trajectory is
defined analogously.

This allows us to conveniently define the expected state-value and action-value functions in the

discounted setting we consider, for some discount factor 0 < y < 1, respectively, as

Z?’th Z)’th

teN teN

vi(s)=Ens and ¢”(s,a)=Ers.a forall (s,a) e SxA, (64)




90 Chapter 4. Planning with g™ -realizability

where throughout the chapter we use the convention that E, is the expectation operator correspond-
ing to a distribution P, (e.g., E.  is the expectation with respect to P, ). It is well known (see,
e.g., Puterman, 1994) that there exists an optimal stationary deterministic memoryless policy 7*

such that
sup, v’ (s) = v (s) and sup,q”(s,a) = g™ (s,a) for all (s,a) e SxXA.

Letv* =v™ and ¢* = ¢™ . For any policy 7, v™ and ¢” are known to satisfy the Bellman equations

(Puterman, 1994):

v”(s):Zﬂ(als)q”(s,a) and ¢™(s,a) =r(s,a) +y/v”(s’) dP(s’|s,a) for all (s,a)eSx A. (65)
acA s’eS

Finally, we call a policy 7 deterministic if for all states, 77 (s) is a distribution that assigns unit
weight to one action and zero weight to the others. With a slight abuse of notation, for a deterministic

policy mr, we denote by 7 () the action 7 chooses (deterministically) in state s € S.

4.3. Confident Approximate Policy Iteration

In this section we introduce CONFIDENT APPROXIMATE POLICY ITERATION (CAPI), our new
approximate dynamic programming algorithm. In approximate dynamic programming, the methods
are designed around oracles that return either an approximation to the application of the Bellman
optimality operator to a value function (“approximate value iteration™), or an approximation to the
value function of some policy (“approximate policy iteration”). Our setting is the second. The
novelty is that we assume access to the accuracy of the approximation and use this knowledge to
modify the policy update, which leads to improved guarantees on the suboptimality of the computed
policy.

We present the pseudocodes of API (Bertsekas and Tsitsiklis, 1996) and CAPI jointly in Al-
gorithm 4: starting from an arbitrary (deterministic) policy g, the algorithm iterates a policy es-
timation (Line 2) and a policy update step (Line 3) I times. The policy update for API is greedy
with respect to the action-value estimates ¢ and is defined as 74 (s) = arg max, . 4 4(s,a). We as-
sume that arg max, . 4 breaks ties in a consistent manner by ordering the actions (using the notation
A= (A,..., A 4))) and always choosing action A4; with the lowest index i that achieves the max-
imum. For CAPI, the policy update further relies on a global estimation-accuracy parameter w,

and a set of fixed-states Six € S. For the purposes of this section, it is enough to keep Sax = {}.
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Algorithm 4 APPROXIMATE POLICY ITERATION (API) and CONFIDENT APPROXIMATE POLICY
ITERATION (CAPI)

1: fori=1to7do

2: G < ESTIMATE(m;_1)
g API
Mg, xS, CAPI

3: T —

4: end for
5: return my

CAPI updates the policy to one that acts greedily with respect to § only on states that are not in
Ssx and where it is confident that this leads to an improvement over the previous policy (Case 66a);
otherwise, the new policy will return the same action as the previous one (Case 66b). To decide,
4(s,m(s))+w is treated as the upper bound on the previous policy’s value, and max,e 4 4(s,a) — w
as the lower bound of the action-value of the greedy action (Eq. 66):

arg maxq(s,a), ifs¢ Sax and §(s,7(s))+w <maxgeq§(s,a)—w; (66a)

7Tz§,7r,$ﬁx(s) = { acA
n(s), otherwise. (66b)

Note that 74 . s, also depends on w, however, this dependence is omitted from the notation (as w
is kept fixed throughout).

CAPI can also be seen as a refinement of CONSERVATIVE POLICY ITERATION (CPI) of
Kakade and Langford (2002) with some important differences: While CPI introduces a global
parameter to ensure the update stays close to the previous policy, CAPI has no such parameter, and
it dynamically decides when to stay close to (more precisely, use) the previous policy, individually
for every state, based on whether there is evidence for a guaranteed improvement.

Let 7 be any stationary deterministic memoryless policy, §* : S X A — R be any function,
w € Ry, and Sgx C S. First, we show that as long as §” is an w-accurate estimate of ¢”, the CAPI

policy update only improves the policy’s values:

Lemma 4.3.1 (No deterioration). Let n” = ngx r.s;. Assume that for all s € S\ Sy and a € A,
G7(s,a) ~o q7(s,a). Then, for any s € S, v™ () > v7(s).

Proof. Fix any s € S. If s € Six or §7(s,7(s)) +w = maxgea 7 (s,a) — w, then 7'(s) = n(s)
and therefore ¢” (s,7'(s)) = v™(s). Otherwise, s ¢ Sgx and §7 (s,7(s)) +w < max e §” (s,a) —
w, hence 7'(s) = arg max,. 44" (s,a), and it follows by our assumptions that g™ (s,7’(s)) >
G" (s,7'(s)) —w =maxgea " (s,a) —w > §7(s,7(s)) +w = q" (s,7(s)) = v™(s). Therefore, in
any case, ¢” (s,7’'(s)) > v™(s). Since this holds for any s € S, the Policy Improvement Theorem

(Sutton and Barto, 2018, Section 4.2) implies that for any s € S, v™ (s) > v7(s). |
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Next we introduce two approximate optimality criterion for a policy on a set of states:

Definition 4.3.2 (Policy optimality on a set of states). A policy r is A-optimal (for some A > 0) on

a set of states S’ C S, if forall s € S, v*(s) —v™(s) < A.

Definition 4.3.3 (Next-state optimality on a set of states). A policy n is next-state A-optimal
(for some A > 0) on a set of states S’ C S, if for all s € 8’ and all actions a € A,

fs’eS (v*(s")=v™(s"))dP(s']s,a) < A.

Note that in the special case of S’ = S the first property implies the second, that is, if 7 is
A-optimal on &, then it is also next-state A-optimal on §. Next, we show that the suboptimality of

a policy updated by CAPI evolves as follows (the proof is relegated to Section 4.A):

Lemma 4.3.4 (Iteration progress). Let n’ = m4r n.s,,. Assume that for all s € S\ Spiy and a € A,
g™ (s,a) = q™(s,a), and that rr is next-state A-optimal on S\ Sgy. Then n’ is (4w +yA)-optimal
on S\ Sjy.

4.3.1. CAPI guarantee with accurate estimation everywhere

To obtain a final suboptimality guarantee for CAPI, first consider the ideal scenario in which we
assume that we have a mechanism to estimate ¢ (s,a) up to some w accuracy for all s € S and

a € A, and for any policy 7:

Assumption 4.3.5. There is an oracle called ESTIMATE that accepts a policy ©n and returns g™ :

SXA— R suchthat forall s € S anda € A, §"(s,a) ~, g7 (s,a).

Theorem 4.3.6 (CAPI performance). Assume CAPI (Algorithm 4) is run with Sg = {}, iteration
count to I = [logw/logy], and suppose that the estimation used in Line 2 satisfies Assumption 4.3.5.

Then the policy nty returned by the algorithm is Sw/ (1 —vy)-optimal on S.

Proof. We prove by induction that policy 7; is A;-optimal on S for A; = 4w ¥ jc(q v+ % This
holds immediately for the base case of i =0, as rewards are bounded in [0, 1] and thus v*(s) < 1/(1-
v) for any s. Assuming now that the inductive hypothesis holds for i — 1 we observe that z;_; is next-
state A-optimal on § = S \ Six. Together with Assumption 4.3.5, this implies that the conditions of
Lemma 4.3.4 are satisfied for 7 = 7r;_1, which yields v*(s) —v7i (s) < 4w+7yA;_1 = A;, finishing the
o L Y Sw [ |

4w YV L Dw
l—y+ 1-y

induction. Finally, by the definition of /, 7y is Aj-optimal with Ay < -y
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4.4. Local access planning with ¢”-realizability

Our planner, CAPI-QPI-PLAN, is based on the CONFIDENT MC-LSPI algorithm of Yin et al.
(2022). This latter algorithm gradually builds a core set of state-action pairs whose corresponding
features are informative. The g-values of the state-action pairs in the core set are estimated using
rollouts. The procedure is restarted with an extended core set whenever the algorithm encounters
a new informative feature. If such a new feature is not encountered, the estimation error can be
controlled, and the estimation is extended to all state-action pairs using the least-squares estimator.
Finally, the extended estimation is used in Line 2 of API.

CAPI-QPI-PLAN improves upon CONFIDENT MC-LSPI in two ways. First, using CAPI
instead of API improves the final suboptimality bound by a factor of the effective horizon. Second,
we apply a novel analysis on a more modular variant of the CONFIDENTROLLOUT subroutine used
in CONFIDENT MC-LSPI, which delivers g-estimation accuracy guarantees with respect to a large
class of policies simultaneously. This allows for a dynamically evolving version of policy iteration,
that does not have to restart whenever a new informative feature is encountered. Intuitively, this

prevents duplication of work.

4.4.1. Estimation oracle

To obtain an algorithm for planning with local access whose performance degrades gracefully with
the uniform approximation error, we must weaken Assumption 4.3.5. This is because under local
access, we cannot guarantee to cover all states or hope to obtain accurate g-value estimates for all
states. Instead, we are interested in an accuracy guarantee that holds for g-values only on some
subset S’ C S of states, but holds simultaneously for any policy that agrees with 7 on &’ but may

take arbitrary values elsewhere. For this, we define the extended set of policies:

Definition 4.4.1. Let [, be the set of all stationary deterministic memoryless policies, © € Iy,

and 8’ C S. For (n,S’), we define Il s/ to be the set of policies that agree withm on s € §’:
;s ={n" €lye : n(s)=n"(s) forall s € S} .

We aim to first accurately estimate ¢” (s,a) for some specific (s,a) pairs, based on which we
extend the estimates to other state-action pairs using least-squares. To this end, we first devise a
subroutine called MEASURE (Algorithm 5). MEASURE is a modularized variant of the CONFIDEN-
TROLLOUT subroutine of Yin et al. (2022). The modularity of our variant is due to the parameter

&’ that corresponds to the set of states on which the planner is confident for CONFIDENTROLLOUT.
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Algorithm 5§ MEASURE

—

: Input: state s, action a, deterministic policy x, set of states S’ C S, accuracy w > 0, failure
probability ¢ € (0, 1]

2: Initialize: H — [log((w/4)(1-7v))/logy],n « [(w/4)72(1-y)21l0g(2/¢)/2]
3: fori=1tondo

4: (S,R;0) < SIMULATOR(s,a) > Call to the simulator oracle
5: forh=1to H-1do

6: if S ¢ S’ then return (discover, S)

7: end if

8: A —n(S)

9: (S,R; ;) < SIMULATOR(S, A)

10: end for

11: end for

12: return (success, = " YU yAR, )

MEASURE unrolls the policy 7 starting from (s,a) for a number of episodes, each lasting H steps,
and returns with the average measured reward. Throughout, we let H = [log((w/4)(1—7))/logy]
be the effective horizon. At the end of this process, MEASURE returns status success along with
the empirical average g-value, where compared to Eq. (64), the discounted summation of rewards is
truncated to H. If, however, the algorithm encounters a state not in its input S”, it returns with status
discover, along with that state. This is because in such cases, the algorithm could no longer guar-
antee an accurate estimation with respect to any member of the extended set of policies. The next
lemma, proved in Section 4.B, shows that MEASURE provides accurate estimates of the action-value

functions for members of the extended policy set.

Lemma 4.4.2. For any input parameters s € S,a € A,mw € My, S’ € S,w >0, € (0,1), MEASURE
either returns with (discover, s’) for some s’ ¢ S’ (Line 6), or it returns with (success, §) such that

with probability at least 1 -,
g™ (s,a) = G forall ' €llys. (67)

Suppose we have a list of state-action pairs C = (s;,a;);¢[|c|] and corresponding g-estimates
g = (gi)ie|c|- We use the regularized least-squares estimator LSE (Eq. 69) to extend the estimates
for all state-action pairs, with regularization parameter A = w?/B? (recall that B is defined in Defini-

tion 4.1.1):

V(C) = A+ Fiepicp(si-ai)e(siai)’, (68)

LSEc 4(s.a) = {¢(5,a),V(C) ' Ticicpy@(si-ai)di) - (69)



4.4. Local access planning with q” -realizability 95

For C = g = () (the empty sequence), we define LSEc 4(-,-) = 0. This estimator satisfies the guar-

antee below.

Lemma 4.4.3. Let r be a stationary deterministic memoryless policy. Let C = (s;,a;)ie[n] be se-
quences of state-action pairs of some length n € N and § = (G;)ie[n] a sequence of corresponding

reals such that for all i € [n], ¢ (s;,a;) = Gi. Then, forall s,a € S X A,
[LSEc 4(5,a) - 4" (5,0)] < &+ l9(5,0)ly ()1 (VAB+(@+2)Vn) (70)
where ¢ is the uniform approximation error from Definition 4.1.1.

The proof is given in Section 4.C. The order of the estimation accuracy bound (Eq. 70) is
optimal, as shown by the lower bounds of Du et al. (2019a) and Lattimore et al. (2020).

We intend to use the LSE estimator given in Eq. (69) and the bound in Lemma 4.4.3 only
for state-action pairs where [[¢(s,a)ly (c)-1 <1 (and n = O(d)). We call these state-action pairs
covered by C, and we call a state s covered by C if for all their corresponding actions a, the pair

(s,a) is covered by C:

ActionCover(C) = {(s,a) € SX A : |lo(s,a)lly ()1 < 1} (71)

Cover(C)={s €S : Vae A, (s,a) € ActionCover(C)}. (72)

We will use the parameter Sy of CAPI (see CAPI’s update rule in Eq. 66) to ensure policies are

only updated on covered states, where the approximation error is well-controlled by Eq. (70).

4.4.2. Main algorithm

Finally, we are ready to introduce CAPI-QPI-PLAN, presented in Algorithm 6, our algorithm
for planning with local access under approximate g”-realizability. For this, we define levels

[=0,1,...,H, and corresponding suboptimality requirements: For any [/ € [H + 1], let

l

A =8(s+w) (\/EH) Z yj+1):—y,
Jell]

for some d = ©(d) defined in Eq. (74). For each level /, the algorithm maintains a policy 7; and a set
of covered states on which it can guarantee that 71; is a A;-optimal policy. More specifically, this set

is Cover(C;), where C; is a list of state-action pairs with elements C; ; = (s;',a;) fori € [|Cy]]. The
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algorithm maintains the following suboptimality guarantee below, which we prove in Section 4.E

after showing some further key properties of the algorithm.

Lemma 4.4.4. Assuming that Eq. (67) holds whenever MEASURE returns success, m; is Aj-optimal
on Cover(Cy) (Definition 4.3.2) for all | € [H + 1] at the end of every iteration of the main loop of
CAPI-QPI-PLAN.

CAPI-QPI-PLAN aims to improve the policies, while propagating the members of C; to Cy41,
and so on, all the way to Cy . During this, whenever the algorithm discovers a state-action pair with
a sufficiently new feature direction, this pair is appended to the sequence Cy corresponding to level
0, as there are no suboptimality guarantees yet available for such a state. However, such a discovery
can only happen O(d) times. When, eventually, all discovered state-action pairs end up in Cy, the
final suboptimality guarantee is reached, and the algorithm returns with the final policy. Note that
in the local access setting we consider, the algorithm cannot enumerate the set Cover(C;), but can
answer membership queries, that is, for any s € S it encounters, it is able to decide if s € Cover(C;).
The algorithm maintains sequences §;, corresponding to C;, for each level . Whenever a new (s, a)
pair is appended to the sequence Cj, a corresponding L symbol is appended to the sequence gy, to
signal that an estimate of g™ (s,a) is not yet known.

After initializing C to cover the initial state s (Lines 4 to 6), the algorithm measures ¢ (s,a)
for the smallest level ¢ for which there still exists a L in the corresponding g,. After a successful
measurement, if there are no more L’s left at this level (i.e., in g), the algorithm executes a policy
update on 7, (Line 20) using the least-squares estimate obtained from the measurements at this
level, but only for states in Cover(Cy) (using Sgx = S \ Cover(Cy)). Next, Line 21 merges this new

policy " with the existing policy m¢.; of the next level, setting 74,1 to be the policy 7”” defined as

mer1(s), if s € Cover(Cpyr);
n_/l(s) —

' (s), otherwise.

This ensures that the existing policy ¢, remains unchanged by 7’ (its replacement) on states that
are already covered by Cy.1, and therefore 7' € I, cover(Cyy1) = a7 Cover(Cy,,)- We also observe
that C; can only grow for any / (elements are never removed from these sequences), thus for any
update where C; is assigned a new value C; (Lines 5, 13, and 23), V(C/) = V(C;), and therefore
Cover(C/) 2 Cover(C;) and H,,I’COVH(CI/) C I, cover(c;)- Combining these properties yields the

following result:
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Algorithm 6 CAPI-QPI-PLAN
1: Input: initial state 5o € S, dimensionality d, parameter bound B, accuracy w, failure probability
0>0
2: Initialize: H « [log((w/4)(1-=7y))/logy], for [ € [H+ 1], C; « (), g1 <« (), n «
policy that always returns action A;, 1 « w?/B?

3: while True do > main loop
4 if 3a € A, (s9,a) ¢ ActionCover(Cp) then
5 append (sg,a) to Cy, append L to g
6: break
7: end if
8 let € be the smallest integer such that g, ,, = L for some m; set £ = H if no such / exists
9: if { = H then return ny
10: end if
11: (status, result) « MEASURE(SZ”,a;”,ﬂg,Cover(Cg),a),é/(ciH)) > recall ¢, = (57", a}")
12: if status = discover then
13: append (result,a) to Cy for some a such that (result,a) ¢ ActionCover(Cp)
14: append L to go
15: break
16: end if
17: Ge.m < result
18: if Zm’ such that g, ,,v = L then
19: g «— LSEC{,(Z{
20: e~ g, n,,8\Cover(Cy)
21: e — (s mepq(s) if s € Cover(Cpyq) else 7/ (s))
22: for (s,a) € Cp such that (s,a) ¢ Cey; do
23: append (s,a) to Cey1, L t0 Jps1
24: end for
25: end if

26: end while

Lemma 4.4.5. If for any | € [H], n; and C; take some values nlOld and ClOld at any point in

the execution of the algorithm, then at any later point during the execution, r; € Iz, cover(c;) €

Hnl"[d,Cover(Cl‘”d) :

Any value in §; that is set to anything other than L will never change again. Since as long
as the sample paths generated by MEASURE in Line 11 of CAPI-QPI-PLAN remain in Cover(Cy),
their distribution is the same under any policy from I, cover(c,)» the g; estimates are valid for these
policies, as well. Combined with Lemma 4.4.5, we get that the accuracy guarantees of Lemma 4.4.2

continue to hold throughout:

Lemma 4.4.6. Assuming that Eq. (67) holds whenever MEASURE returns success, for any level
I and index m such that g, # 1, q”’(s;”,a;”) X qim for all n" € Iy, cover(c;) throughout the

execution of CAPI-QPI-PLAN.
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Once mp4 is updated in Line 21, in Line 23 we append to the sequence Cy.; all members of C,
that are not yet in Cy,1, while adding a corresponding L to g, indicating that these g-values are not
yet measured for policy 7¢.1. Thus, whenever all L values disappear from some level [ € [H+1], by
the end of that iteration Cj,; = C;, and hence ActionCover(C;) = ActionCover(Cy,1). Together with
the fact that for any / € [H + 1], whenever a new state-action pair is appended to C;, an L symbol is

appended to g;, we have by induction the following result:
Lemma 4.4.7. Throughout the execution of CAPI-QPI-PLAN,after Line 8 when € is set,

ActionCover(Cy) = ActionCover(Cy) = --- = ActionCover(Cy) .

As a result, whenever the MEASURE call of Line 11 outputs (discover,s) for some state s,
by Lemma 4.4.2, there is an action a € A such that (s,a) ¢ ActionCover(C,) = ActionCover(Cp).
This explains why adding such an (s,a) pair to Cy is always possible in Line 13. Consider the i
time Line 13 is executed, and denote s by s; and a by q;, and V; = AI+Z£;% o(sp,a)o(se,ar)’.
Observe that as V; = V(C), (si,a;) ¢ ActionCover(Cpy) implies ||(,0(Si,ai)||vi—l > 1. There-

fore, Zi:l min{1, ||go(st,at)||vt71} =i, and thus by the elliptical potential lemma (Lattimore and

Szepesvari, 2020, Lemma 19.4), i < 2dlog (d’l;fle ) This inequality is satisfied by the largest value

of 7, that is, the total number of times MEASURE returns with discover. Since any element of C;
is also an element of Cy for any / € [H + 1], we have that at any time during the execution of

CAPI-QPI-PLAN,

412 -
|Cy| < 4dlog 1+T =d=0(d). (74)

When CAPI-QPI-PLAN returns at Line 9 with the policy 7y, it is Ay -optimal on Cover(Cg)
by Lemma 4.4.4 when the estimates of MEASURE are correct. Furthermore, so € Cover(Cp) is
guaranteed by Lines 4 to 6, and hence sg € Cover(Cpg) by Lemma 4.4.7 when the algorithm finishes.

Hence, bounding Ay using the definition of H immediately gives the following result:

Lemma 4.4.8. Assuming that Eq. (67) holds whenever MEASURE returns success, the policy n

returned by CAPI-QPI-PLAN is A-optimal on {so} for

A=9(s+w) (\/§+1) (1=y)""! :@((gm)«/ﬁ(l—y)—l) .
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To finish the proof of Theorem 4.1.2, we only need to analyze the query complexity and the
failure probability (i.e., the probability of Eq. (67) not being satisfied for some MEASURE call that
returns success) of CAPI-QPI-PLAN:

Proof of Theorem 4.1.2. Both the total failure probability and query complexity of CAPI-QPI-
PLAN depend on the number of times MEASURE is executed, as this is the only source of ran-
domness and of interaction with the simulator. MEASURE can return discover at most |Cyp| times,
which is bounded by d by Eq. (74). For every [ € [H], MEASURE is executed exactly once with re-
turning success for each element of C;. Hence, by Eq. (74) again, MEASURE returns success at most
dH times, each satisfying Eq. (67) with probability at least 1 — ¢ = 1 —&/(dH) by Lemma 4.4.2. By
the union bound, MEASURE returns success in all occasions with probability at least 1 — . Hence
Eq. (67) holds with probability at least 1 — 9, which, combined with Lemma 4.4.8, proves Eq. (62).

Each successful run of MEASURE executes at most nH queries (n is set in Line 2 of Algo-
rithm 5). Since H < (1 —y) 'og(4w™'(1-y)"") = O((1 =y)™"), in total CAPI-QPI-PLAN exe-
cutes at most O (d(1- y)‘4w‘2) queries. As this happens at most dH times, we obtain the desired

bound on the query complexity. |

4.5. Conclusions and future work

In this chapter we presented CONFIDENT APPROXIMATE POLICY ITERATION, a confident version
of API, which can obtain a stationary policy with a suboptimality guarantee that scales linearly with
the effective horizon H = O(1/(1 —v)). This scaling is optimal as shown by Scherrer and Lesner
(2012).

CAPI can be applied to local planning with approximate g”-realizability (yielding the CAPI-
QPI-PLAN algorithm) to obtain a sequence of policies with successively refined accuracies on a
dynamically evolving set of states, resulting in a final, recursively defined policy achieving simul-
taneously the optimal suboptimality guarantee and best query cost available in the literature. More
precisely, CAPI-QPI-PLAN achieves O(eVdH) suboptimality, where ¢ is the uniform policy value-
function approximation error. We showed that this bound is the best (up to polylogarithmic factors)
that is achievable by any planner with polynomial query cost. We also proved that the O (dH 48_2)
query cost of CAPI-QPI-PLAN is optimal up to polylogarithmic factors in all parameters except for
H; whether the dependence on H is optimal remains an open question.

Finally, our method comes at a memory and computational cost overhead, both for the final
policy and the planner. It is an interesting question if this overhead necessarily comes with the

API-style method we use (as it is also present in the works of Scherrer and Lesner, 2012; Scherrer,



100 Chapter 4. Planning with q™ -realizability

2014), or if it is possible to reduce it by, for example, compressing the final policy into one that is

greedy with respect to some action-value function realized with the features.



Appendix

4.A. Proof of Lemma 4.3.4

Take any s € S\ Skx.

VE(8) =v™ (s) =v*(s) = ¢” (5,7 (5))
=v*(s) =" (5,7"(5)) + " (5,7" (5)) = g™ (5,7 (5))

<v¥(s)—q" (s,7'(s)), (75)
where the first equality holds because 7’ is deterministic, and the inequality is true because

7 (5.7(8)) g% (5.,7(s)) =y /

s’eS

(v”(s') - v”'(s')) dP(s’|s,n’(5)) <0
by Lemma 4.3.1. Next observe that
G (s,7'(s)) = max g™ (s,a) —2w (76)
acA

since, as s ¢ Shyx, either n'(s) is defined by Case 66a as n’(s) = arg max,. 44" (s,a) and
so §7(s,7m'(s)) = maxaea 4™ (s,a), or it is defined by Case 66b in which case §™(s,7'(s)) =

G™ (s,m(s)) = maxgeq G” (s,a) —2w. Combining Egs. (75) and (76), we obtain

v¥(5)=v™ (s) <V¥(5) =47 (5,7" () +G" (5,77 (5)) — g™ (5.7 (5))
<v(s)=4¢" (5,7’ (s)) +w

<v*(s) —max§” (s,a)+3w,
acA

where in the first line we added and subtracted §” (s,7’(s)), and the second inequality holds as

47 (s,a) =, q” (s,a) for s ¢ Six and a € A by the assumptions of the lemma.
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We continue by adding and subtracting max,ec 4 g™ (s, a):

V() =v™ (5) < v*(s) —maxg” (s,a) +max g™ (s,a) —max §” (s,a) + 3w
acA acA acA
<v*(s) —maxq” (s,a) +4w
aceA
= max [r(s,a)+y/ v*(s’)dP(s'ls,a)}
acA s’eS

— max [r(s,a)+y/ V(s )dP(s'|s,a) | +4w
acA s’eS

< max y/ (v*(s") =v™(s"))dP(s'|s,a) | +4w
aceA s’eS
<4w+vyA,
where in the fifth line we used that 7 is next-state A-optimal by assumption. |

4.B. Proof of Lemma 4.4.2

For an episode trajectory {Sy, An, Ry} hen, let K be the smallest positive integer such that Sg ¢ S’.
Foranyi € {1,...,n}, let I; denote the indicator of the event that at the i iteration of the outer loop
of Algorithm 5, the algorithm encounters S ¢ S’ in Line 6. Note that E; s 4[/;] =Pr.s.a[1 < K < H].
Then, by Hoeffding’s inequality (see, e.g., Lattimore and Szepesvdri (2020)), with probability at
least 1-//2,

Prsall <K <H] lzn:I L=y
n,s,a = ni: i| = 4 .

MEASURE only returns success if all indicators are zero; therefore, the above inequality implies that

if MEASURE returns success then, with probability at least 1 — /2, we have

w(l—y)_

Prsall <K <H]< 7

(77)

Recall that if MEASURE returns (success, §), then g = % A ZhH:f)l Y"R; . Since

H-1 00

H
0< qﬂ(S,a) _En,s,a Z 'thh = Eﬂ',s,a Z 'thh < 7_

w
S -
h=0 h=H -y 4
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another application of Hoeffding’s inequality yields that ¢” (s,a) and g are close with high proba-

bility: with probability at least 1 — /2,

lq”" (s,a)— gl =

1
CI”(S,G)—; YR p

<w/4+Brsa ¥ Y'Ry— Y'Rin| < w/2, (78)

where we also used that the range of the sum of the rewards above for every i is [0,1/(1—7v)].

Pick any n’ € Il 5. Observe that for any s € S and a € A, the distribution of the trajectory
S0, A0, Ro,S1,A1,R1,...,Ax—1,Rk_1,Sk is the same under P, s , and Py s 4, as m and 7’ select

the same actions for states in S’. By Egs. (64) to (65), we can write

q",(s,a)—q”(s,a)|= En’,s,a Z tht+7KVn/(SK) _Eﬂ,s,a Z 'tht+’yKVﬂ,(SK)

te[K] te[K]
, 1
= En,s,a [71( (Vﬂ (SK) _V”(SK))” < mEﬂ' s,a [YK]
1 yH 1
S—Prsall <K<H|+— < —Prall <K<H|+w/4.
-y l—y 1=y ™7

(79)

Combining Egs. (77) to (79), it follows by the union bound that if MEASURE returns with

(success, ), then with probability at least 1 — ¢,

g~ (s,a) —q™ (s,a)|+1g™ (5,0) G| < w. ]

g™ (5.0) - <

4.C. Proof of Lemma 4.4.3

We start the proof by showing that there exists a € R? such that
6], < B and forall s € Sand a € A, g™ (s,a) =~ (0, ¢(s,a)). (80)

For any finite set W € S X A, max s q)ew | (s,a) — {(p(s,a),0")| is a continuous function of ¢’,
hence it attains its infimum on the compact set {§” € R : ||0’|l, < B}. By Definition 4.1.1, this
infimum is at most &. Therefore, the compact sets @, , = {6” € RY : ||0’|l, < B and |¢” (s,a) —
(p(s,a),0"Y| < &} are non-empty for all (s,a) € S X A, and any intersection of a finite collection

of these sets is also non-empty. Therefore, (5 4)esx4 ©s.a i non-empty by (Rudin et al., 1976,
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Theorem 2.36), and any element 6 of this set satisfies Eq. (80). For the remainder of this proof, fix

such a 6.

For any i € [n], with a slight abuse of notation, we introduce the shorthand ¢; = ¢(s;,4a;),
and let §; = (0, ¢;) and &; = §; — §;. Note that by the triangle inequality, |&;| < |g; — g™ (s;,a;)| +
lg™ (si,a;) —Gil <w+e. Letd=V(C)™! 2ic[n] iqi and G=v(C)™! 2ie[n] Pidi-

For any v € R? by the Cauchy-Schwarz inequality,

(G-0.9)] < [{(6-0.0)|+ (G- 0.0)] < IV lly (-

é—0||v(c)+ <V(C)_1 Z 90i§i7V> .

i€[n]

To bound the first term on the right-hand side above, observe that

-6l e, =[V©| D e |0=6||  =all6lly ) < ANl < VAB,

i€[n] V(C)

where in the last line we used that V(C) > AL

The second term can be bounded as

<V(C)‘1 D, ¢i§i,v> < > VO i)

i€[n] i€[n]

< (w+eg) Z (V(C) " gi,v)]

i€[n]

<@+ | > (VO giv))

ie[n]

< (w+e) Vi, [VTV(O)| DT gii™ [V(C) v +vTV(C) AV (C) !y

i€[n]

= (w+e)Vn|vily ¢y

where the first inequality holds by the triangle inequality, the second by our bound on |&;|, the third

by the Cauchy-Schwartz inequality, and the fourth by the positivity of A. Putting it all together, for
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any s € S and a € A, using the previous bounds with v = ¢(s,a),

|LSEC,q(S7a) _qn(sﬂa)| < |qn(sva) - <67 QD(S,CZ)>| +|<0__9’ ‘P(S9a)>|

< &+ lle(5,0)ly (o1 (VAB+(w+2)Vn)
completing the proof. |

4.D. Deriving next-state optimality of 7, for Lemma 4.4.4

Lemma 4.D.1. Assume that Eq. (67) holds whenever MEASURE returns success. At any point of

CAPI-QPI-PLAN after Line 19 is executed, for any n” € I, cover(c,), S € Cover(Ce), and a € A,
4(s,a) —q””(s,a)| < (w+8)(\/3~+ 1).

Proof. By Lemma 4.4.6 and Eq. (67), G1.m ®w q””(Cl,m) for all m € [|Cy|] (recall that C; ,, is the
m™ state-action pair in C;). Therefore, applying Lemma 4.4.3 with g™, C; and G, as § = LSEc,.g,»

we get that for any s € Cover(Cy) and all a € A,

i(s.0) = (s,0)| £ e+ 1lp(s. @)y ¢+ (VAB+(@+2NIC)
< (w+8)(\/3+ 1),

where the second inequality holds because ||¢(s,a)|ly (¢,)-1 < | since s € Cover(Cy), |Ce| < d by

Eq. (74), and the definition of A. |

Lemma 4.D.2. Assume that Eq. (67) holds whenever MEASURE returns success. Consider a time
when Lines 20 to 23 of CAPI-QPI-PLAN are run and assume that at this time, for all | € [H+1], m;

is Aj-optimal on Cover(Cy). Then, ity is next-state (Ag+4(0)+8)(\/3+ 1)/y)-optimal on Cover(Cy).

Proof. Let nr}; be defined as in Eq. (83). As 7} € I, cover(c,)» by Lemma 4.D.1, for any s €
Cover(Cy) and all a € A,

4(s,a)— q";(s,a)| < (w+s)(\/§+ 1).
Similarly, applying Lemma 4.D.1 with 7, (which trivially belongs to I, cover(c,)), We also have

|G(s,a)—q™ (s,a)| < (w+8)(\/§+ 1).
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Therefore,

q";(s,a)—q"‘)(s,a)| 32(w+8)(\/§+1). (81)

Since 7r¢ is Ac-optimal on Cover(Cy) by assumption, this makes 7r; A-optimal on Cover(Cy) for

A=A +2(w+e)(Vd+1). (82)

For a trajectory in the MDP, let the random variable 7 be the first time the state is in Cover(Cy):
7 =min{t € N|S; € Cover(Cy)}.

Since 7r; agrees with 7* on states not in Cover(Cy), the distribution of the trajectory up to and

including S, is the same under both policies, starting from any state s € S. Therefore, for any s € S,

V() =V (8) = Bon o | D V' Re | =By s | Y V'R
teN teN
=B [y (v (50 v (50|

<A,

as y* < 1 and 7} is A-optimal on Cover(C¢). That is, 7} is also A-optimal on S (with A defined in

Eq. 82). Using this, for any s € Cover(C¢), and a € A, we have

/ < (v*(s") =v™(s"))dP(s'|s,a)

S/ S(v*(s')—v";(s'))dP(s’ls,a)+

/s'es (v"tt (s7)—v™ (s’)) dP(s’|s,a)

< Ag+2(w+£)(\/§+l)+% q”;(s,a) —q”f(s,a)|
< Ag+2(w+8)(\/§+1)+2(w+8)(\/§+1)/7

=A€+4(w+8)(\/3+ )/y,

where the third inequality holds by Eq. (81). Therefore 7, is next-state (Ay+4(w+¢) (\/E~ +1)/v))-

optimal on Cover(Cy). |
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4.E. Poof of Lemma 4.4.4

Proof of Lemma 4.4.4. We prove by induction on the iterations of the main loop of CAPI-QPI-
PLAN the inductive hypothesis: at the start of iteration i, for all / € [H + 1], m; is A;-optimal on
Cover(C;). We first observe that after initialization, C; is the empty sequence for every [, so we
can apply Lemma 4.4.3 with ¢* and empty sequences (n = 0) to get that for any s € Cover(()) and
ac A, g*(s,a) < e+VAB=e+w. Then, v*(s) < e+w < A;. Therefore, at initialization, any policy

is Aj-optimal on Cover(C)) for any [ € [H +1].

Assuming that the inductive hypothesis holds at the start of some iteration, it is left to prove
that it continues to hold at the end of the iteration (assuming Eq. (67) holds whenever MEASURE
returns success); this implies that the hypothesis also holds at the start of the next iteration and hence
also proves the lemma. For any (s,a) appended to Cp, the inductive hypothesis trivially continues
to hold as Ag = 1/(1—=7) = v*(s) for any s € S because the rewards are bounded in [0, 1]. The only
other case in which C; or 7; changes for any / is in Lines 21 and 23, where the changes happen only

forl=¢+1.

We will use Lemma 4.3.4 to analyze the effect of these updates, thus next we show that the

conditions of the lemma are satisfied:

(a) In Lemma 4.D.2 we show that 7, is next-state (As +4(w +s)(\/§+ 1)/y)-optimal on
Cover(C¢). In the proof of the lemma, we introduce a policy in Eq. (83) that acts as 7, on states in

Cover(Cy), and as an optimal stationary deterministic memoryless policy 7* otherwise:

me(s) if s € Cover(Cy);
ny(s) = (83)

7*(s) otherwise.

Intuitively, this policy corrects , on the low-confidence states. The proof of Lemma 4.D.2 then
uses the fact that this policy is also g™ -realizable (Definition 4.1.1) and satisfies n}f €I, cover(cy) tO
show (i) that the g-values of 7, and 7} are close on the measured state-action pairs (via Lemma 4.4.6
and Lemma 4.D.1); (ii) an optimality guarantee on 7 for all s € S; and, as a consequence, (iii) the

next-state optimality of .

(b) Next, to analyze the effect of Line 21, we introduce hypothetical g-approximators §; for

[ € [H+1], defined as follows: At initialization, §;(s,a) =0foralll € [H+1],s€ S,anda € A. It
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is updated every time after Line 19 of the algorithm is executed as

Ge(s,a) if s € Cover(Cey1); (84a)

Ge(s,a) — {
§(s,a) otherwise. (84b)

In other words, g, is only updated to the newly computed § for states that are not in Cover(Cp.1),
and stays unchanged for other states. We show in Lemma 4.F.2 that the new policy that mp,; is
updated to, which is constructed in two steps (Lines 20-21), can be expressed as the result of a

single CAPI policy update that uses §:

Te+1 < TG, e, S\Cover(Cy) -

We show in Lemma 4.F.1 that §¢ ~. ¢™ with @’ = (w+s)(\/§+ 1) on Cover(Cy).

By the above, we can apply Lemma 4.3.4 with policy m;, g-approximation §, (with approx-
imation error guarantee w’ on Cover(C¢), and Sgx = S\ Cover(Cy) to get that the new value of
e is a Apy1 = (8(w+ 8)(\/§+ 1) +yAy)-optimal policy on Cover(Cy). By the end of the loop in
Line 23, Cover(Cy+1) = Cover(Cy), so e+ 18 Agy1-optimal on Cover(Cy.p). This finishes the proof
that the inductive hypothesis continues to hold at the end of the iteration, finishing the proof of the

lemma. |

4.F. Auxiliary results for Lemma 4.4.4 about ¢,

Throughout the execution of CAPI-QPI-PLAN, for [ € [H +1], let §;, 7/, C; denote the values of
variables G¢, me, Cg, respectively, at the time when Lines 19-23 were most recently executed with
¢ =1 in a previous iteration of the main loop of CAPI-QPI-PLAN. If such a time does not exist, let
their values be the initialization values. Thus, C;” may (only) change at the start of some iteration
if Lines 19-23 were executed with £ = [ in the previous iteration i — 1. Observe that whenever this
happens, Lines 19-23 may also change Cy,; in iteration i — 1, and this is the only time Cj;; can
be changed for any [ € [H]. After this, at the beginning of iteration i, C;;; always has the same
elements as C /- Therefore, since it also holds at the initialization of the algorithm, we conclude that

at the start of each iteration,

Cover(Cy41) = Cover(C; ). (85)
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Lemma 4.F.1. Assume that Eq. (67) holds whenever MEASURE returns success. Then, whenever

Line 21 of CAPI-QPI-PLAN is executed, for all s € Cover(Cy) and a € A,

Ge(5,0)—g" (5,0)| < (@) (Va4 1) forall n” €Ty, covericiy- (86)

Proof. We prove this by induction for every time Line 21 is executed with any value of £. We first
observe that after initialization, C; is the empty sequence for every /, so we can apply Lemma 4.4.3
with ¢* and empty sequences (n = 0) to get that for any s € Cover(()) and a € A, ¢™ (s,a) <

g*(s,a) < e+VAB =g+w. Also, §;(-,-) =0 at initialization, so Eq. (86) holds for any value of £.

Consider a time when Line 21 is executed and assume the inductive hypothesis holds for the
previous time Line 21 was executed with the same value of ¢ (or at the initialization if this is the

first time), that is,
G, (s,a)— q””(s,a)| < (w +8)(‘/§+ 1) forall "’ € Iz Cover(c;)» S € Cover(C,).

To prove that the statement now holds for any s € Cover(Cy), first consider any s € Cover(Cey1) =
Cover(C,). For such an s, by Lemma 4.4.5 we have that I1;, cover(c,) € H,,(;,Cover(cg). Also,
by definition, G¢(s,-) = G, (s,-) for s € Cover(C¢y1). Combining with the inductive hypothesis, it
follows that Eq. (86) holds for s € Cover(Cp41).

It remains to show that Eq. (86) also holds for s € Cover(Cy) \ Cover(Cey1). For such an s,

Ge(s,-) =4(s,-) by definition, and hence Lemma 4.D.1 implies that Eq. (86) holds in this case.

Combining the two cases, it follows that the inductive hypothesis continues to hold when

Line 21 is executed. [ |

Lemma 4.F.2. Throughout the execution of CAPI-QPI-PLAN, at the start of any iteration, for all

le[H],
Tyl = ”(jl’,nl’,S\Cover(C[’) . (87)

Proof. We prove this by induction for the start of any iteration. Eq. (87) holds at the start of the
algorithm due to its initialization (because at initialiaztion, g, (s,a) = 0 for all 5, a, and hence by our
tie-breaking rule, the policy on the right-hand side of Eq. (87) always chooses action A, which is

the initial policy for 7).
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In what follows, we use the fact that for any ¢ : S X A — R, policy x, and Sgx C S, the CAPI
policy update 7, . s; is a policy whose value at any s € S only depends on g(s,-), m(s), and

whether or not s € Sy, by definition (Eq. 66). Therefore, for an alternative ¢’, n’, S/_, for any s € S,

fix’
g, 7,8 (8) = Mg, n',S) (s) whenever the following three conditions hold: (C1) ¢(s,a) = ¢q’(s,a) for
all a € A; (C2) n(s) = n’(s); and (C3) either both or none of Sgx and S/ include s.

Assume the inductive hypothesis holds at the beginning of some iteration. Let 7’ be the policy
Line 21 updates me,; to, noting that this is the only place where policies are updated. All we need

to prove is that 7"’ is equal to

=T, 70,8\Cover(Cy) -

First, for any s ¢ Cover(Ce11), n”(s) = n'(8) = 74, z,,8\Cover(Cp) (8) and §(s,-) = g¢(s,-) by
definition. Hence, 7”(s) = 74, x, S5\Cover(C;) (8) = T4,z ,.8\Cover(Cp) () = (s), as all of conditions
(C1)-(C3) are satisfied for s (C2 and C3 hold trivially).

Next, take any s € Cover(Cy41) = Cover(C,). Then, by Line 21, n”'(s) = m¢41(s). By the in-
ductive hypothesis, the current value of 7y, can be written as Mg, 77 .S\Cover(C; ) - We prove that this
policy takes the same value as 7 at s, by showing conditions (C1)-(C3). First, by Lemma 4.4.5,
me € Iz cover(c;)- Thus, as s € Cover(C,), m¢(s) = n,(s), showing condition (C2). Further-
more, as s € Cover(Ce41), by definition, G (s,-) = G, (s,-), showing condition (C1). Finally, as
s € Cover(Cr41) = Cover(C,) € Cover(Cy), s € S\ Cover(C,) and s ¢ S\ Cover(Cr), showing
condition (C3).

Combining the two cases, "' (s) = 7 (s) for any s € S, finishing the induction. |

4.G. Efficient implementation and proof of Theorem 4.1.3

In this section we consider the efficient implementation of CAPI-QPI-PLAN in terms of memory
and computational costs of both the algorithm itself and the final policy it outputs.

Focusing on the memory cost, first we can observe that throughout the execution of the algo-
rithm, C; for all [ € [H +1] only stores up to d unique state-action pairs altogether (cf. Eq. (74)), as
they use the same pairs; let W = (s;,a;),.; denote these for some d < d. Furthermore, throughout
the execution of the algorithm, for any level /, the only features that 7r; depends on are the features
associated with members of W. Storing all these features takes dd memory. Denote all the policies
that CAPI-QPI-PLAN constructs in Line 21, in order, as 7O,z ... 7("=D where n is the num-
ber of times Line 21 is executed. Recall from the proof of Theorem 4.1.2 that the number of times

MEASURE returns success, which is an upper bounds on n, is itself bounded by dH, hence n < dH.
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Together, Lines 20-21 construct a policy that, for an s € S, decides whether the action should be
arg max, . 4 {¢(s,a),d) for some 6 given by LSE (Eq. (69)), or the value of the policy should be de-
termined by a recursive call to a previously constructed policy, either 7oy or 7, (through 7”). Now
there exist some a, b € [n] such that 7@ =7, and 7®) = 74, before the new policy is constructed
in Line 21. To implement the new ¢, constructed policy, it is enough therefore to store, in addition
to the existing policies, 8 (from §), the decision rules, and the indices a and b. The decision rules
are fully defined by 6, C,, and C¢y. It is therefore enough to further store C,Cry; € W, which
can be encoded as d-dimensional vectors each, storing the bitmask of which state-action pairs are
included. We also store the current value of £ (the level) for the newly constructed policy. Together,
a policy thus consumes 3 +d +2d memory. We store all policies constructed, along with the features
of W, and the final value of V(Cg)~!, at a memory cost of dd +dH(3+d+d) +d* = O(d*/(1-7)).
This is the memory cost of the final policy outputted by CAPI-QPI-PLAN. The memory cost of
running CAPI-QPI-PLAN itself is of the same order, as additionally storing C;, G;, and V(C;)~! for
I € [H+1] takes O(d?/(1-7)) memory.

To efficiently implement the final policy found by CAPI-QPI-PLAN with the stored informa-
tion described above, we start from evaluating the last policy constructed, 7 for i =n—1. We
introduce auxiliary variables V(C;)™! and C; for [ € [H + 1] to efficiently track the required val-
ues of V(C;)~! and C;. We keep updating these variables so that for [ € {¢,{+ 1}, they match
the values of V(C;)~! and Cj, respectively, at the time of construction of the current policy ¥
under consideration, where € is the (saved) level of 79, For i = n— 1, observe that when it was
constructed, Cop = C; = --- = Cy by Lemma 4.4.7. We therefore start by initializing variables
V(Co)7L,...,V(Cy)™" to the saved final value of V(Cg)~', and variables Co,...,Cy to W. Im-
plementing the decisions of a policy takes an order of |.4|d*> computation (|.A| vector and matrix
multiplications), after which we recover either the policy output or a previously constructed policy
to recurse into. For the latter case, we have to consider the evaluation of this policy, denoted by
7). Let the (saved) level of 7 be ¢'. Before we set i to i’ and start evaluating it, we need
to update the values of V(C;) and C; for [ € {¢’,{’ +1}. The updates are needed for these two
levels only, as the decision rule of policy i’ only depends on these levels, as shown before. Let
us describe the update procedure for some [ € {¢’,¢’+1}: Since 7*") was constructed earlier than
7D (i.e., i’ <i), and Cp can only grow during the algorithm for any I’ € [H + 1], we only need
to remove members of the variable C; to match the value of C; at the time of construction of 7@,

The members to be removed are given by the difference of the members of C; and the bitmasks
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stored for 7(*) for level I. For each state-action pair (s,a) removed, we also need to update V(C;)~!
to (V(Cl) —go(s,a)tp(s,a)T)_l, which can be done in order d?> computation using the Sherman-
Morrison-Woodbury formula (Max, 1950). The total number of such removal operations for any
level / is bounded by the sum of the number of state-action pairs in the initialization of Cp (for
I’ € [H+1]), that is, by (H + 1)d. As a result, the computational cost of the final policy of CAPI-
QPI-PLAN is O((H +1)dd?) + nO(| A|d?) = O(d3| Al /(1 -7y)).

Finally, we consider the computational cost of running CAPI-QPI-PLAN. The number of
iterations of the outer loop is bounded by O(dH) = O(d/(1 7)), as each iteration involves either a
MEASURE call that returns success, or a new member added to some C;. For each iteration, Line 4
takes O(d?|A|), Line 8 takes O(d/(1—7)), Line 13 takes O(d?|.A|) computation; for Line 19,
calculating 6, the second component of the inner product of the least-squares predictor in Eq. (69)
takes O(d?) computation, and if C; ever changes for some [, updating V(C;)~! by the Sherman-
Morrison-Woodbury takes O (d?) computation. Overall, all the operations except those associated
to the MEASURE call of Line 11 take O(d?|.A|/(1 —v)) computation in total. We conclude our
calculations by considering the computational cost of the MEASURE calls, which will dominate
the overall computational cost. Line 6 of Algorithm 5 has a computational cost of order d?|.A|,
while the majority of the computational cost comes from evaluating the policy at Line 8. By our
previous calculations, this takes O(d>|.A|/(1—7)) computation and happens (at most) once for each
simulator call. Using the query cost bound of Theorem 4.1.2, we conclude that the computational

cost of CAPI-QPI-PLAN is O(d*| A|(1 —y)Pw™?). |



Chapter 5

Online RL with g”-realizability

In the final chapter of this thesis, we tackle online RL, the most challenging setting considered. The
goal of this chapter is to prove Theorem 1.5.2. To do this, we switch back to finite-horizon episodic
Markov decision processes (MDPs), and employ the linear g”-realizability assumption. Recall
that the class of g”-realizable MDPs is known to be more general than linear MDPs (where the
transition kernel and the reward function are assumed to be linear functions of the feature vectors).
As our first contribution, we show that the difference between the two classes is the presence of
states in linearly g™ -realizable MDPs where for any policy, all the actions have approximately equal
values, and skipping these states by following an arbitrarily fixed policy in those states transforms
the problem to a linear MDP. Based on this observation, we derive a novel learning algorithm for
linearly g™ -realizable MDPs that simultaneously learns what states should be skipped and runs
another learning algorithm on the linear MDP hidden in the problem. The new algorithm returns
an g-optimal policy after polylog(H,d)/&?* interactions with the MDP, where H is the time horizon
and d is the dimension of the feature vectors, giving the first polynomial-sample-complexity online
RL algorithm for this setting. The results are proved for the misspecified case, where the query

complexity is shown to degrade gracefully with the misspecification error.

5.1. Introduction

There are several sample-efficient algorithms discovering near-optimal policies in linear MDPs un-
der various MDP access models and settings (online RL: Jin et al. (2020a); batch setting: Jin et al.
(2021); reward-free setting: Wagenmaker et al. (2022)). The best known sample-complexity bound
for the online RL setting is achieved by the computationally inefficient algorithm of Zanette et al.
(2020b), called ELEANOR, which serves as a starting point of our work.

As opposed to linear MDPs, before the work of Weisz et al. (2023), sample efficient solutions

were only known for g”-realizable MDPs when the MDP is accessed through a simulator that
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implements some form of a state-reset function (Lattimore et al., 2020; Yin et al., 2022; Weisz et al.,
2022a). In this thesis we present the work of Weisz et al. (2023), showing that having access to a
state-reset is not essential in this setting. To this end, we present SKIPPYELEANOR (Algorithm 7)
and a corresponding theorem (Theorem 5.4.1) that shows that SKIPPYELEANOR, which uses online
interactions only, is a provably sample-efficient solution to this problem. The rest of this chapter
is organized as follows. In Section 5.2 we introduce the basic definitions. In Section 5.3 we give
an insight into the difference between linear g™ -realizability and linear MDPs, which motivates
our approach. In Section 5.4 we describe our algorithm and the most important technical tools
we discovered for its analysis. Notably, we develop a novel, modular theory in Section 5.4.2 that
establishes a rich structure inherent in g™ -realizable MDPs, which acts as the technical foundation
to the main results of the chapter, and may be of independent interest. Finally, Section 5.5 gives a

summary of the proof of the main result (Theorem 5.4.1).

5.2. Preliminaries

For a linear subspace X of R?, let Projy denote the orthogonal projection matrix onto X. Throughout
we fix d e N,. For L > 0, let B(L) = {x € R? : ||x||, < L} denote the d-dimensional Euclidean ball
of radius L centered at the origin, where || - ||> denotes the Euclidean norm. Let PD denote the set
of positive definite matrices in R¥*¢. We write a ~,. b for a,b,e € Rif |a—b| < €. Let I{ B} be the
indicator function on boolean-valued (possibly random) B taking value 1 if B is true, 0 if false. We
let M (X) denote the set of probability distributions supported on set X.!> The rest of our notation
is standard, but described in Section 5.A for completeness.

We recall the most important facts about MDPs and introduce a slight variation of our previous
notation. For the setting of episodic finite horizon RL, with horizon H, a finite-action Markov
Decision Process (MDP) describes an environment for sequential decision-making. It is defined
by a tuple (S, [A], P,R) as follows. The state space S is split across stages: S = (S;),¢[g) With
81 = {1} for some designated initial state s;. Without loss of generality, we assume the (S;); ¢
are disjoint sets. We define the function stage : S — [H] as stage(s) =t if s € S;. We consider
finite action spaces of size A for some A € N, and without loss of generality, define the set of
actions to be [A] :={1,...,.A}. The transition kernel is P : (U;c(zr-1]Sr) X [A] = M (S), with
the property that transitions happen between successive stages, that is, for any # € [H — 1], state
s; € S;, and action a € [ A], P(s;,a) € M{(S;41). The reward kernel is R : S x [ A] — M ([0, 1]).

An agent interacts sequentially with this environment in an episode lasting H steps by taking some

12. Here, and in what follows, we assume the availability of appropriate measurability structures when necessary.
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action a € [ A] in the current state. The environment responds by transitioning to some next-state

according to P, and giving a reward in [0, 1] according to R."3

We describe an agent interacting with the MDP by a policy n, which, to each history of in-
teraction (including states, actions and rewards) assigns a probability distribution over the actions.
Policies where this distribution only depend on the last state in the history are called memoryless,
and these are identified with elements of the set IT= {n : S — M ([.A])}. Using a policy r, starting
at some state s in an MDP induces a probability distribution over histories, which we denote by P .
For any a € [A], Pr s.q is the distribution over the histories when first action a is used in state s,
after which policy 7 is followed. E, is the expectation operator corresponding to a distribution P,
(e.g., En s is the expectation with respect to Py ). The state- and action-value functions v” and g™

are defined as the expected total reward within the first episode while 7 is used:

H H
vi(s) =Enrs Z R, forseS and ¢"(s,a)=Ers.q Z R, forseS,aclA.

u=stage(s) u=stage(s)

Let 7* € I1 be an optimal policy, satisfying g™ (s,a) =sup <y ¢ (5,@) = SUp ; can1 policies 4 (8, @)
for all (s,a) € Sx[A]. Let ¢*(s,a) = ¢™ (s,a) and v*(s) = SUpyrepa1 4 (s,a) for all (s,a) €
Sx|[A].

5.3. From linear g”-realizability to linear MDPs

As described in the introduction, we endow our MDP with a feature map ¢ : S X [ A] — B(L) for
some L; > 0. For reference, we start with a definition of linear MDPs with a parameter norm bound
B > 0, formalizing that the transition kernel and the expected rewards are approximately linear

functions of the features:'*

Definition 5.3.1. [«-approximately linear MDP] For any k < 1, an MDP is a «-approximately
linear MDP if (i) there exists 01,...,0y € B(B) such that for any h € [H] and (s,a) € S X [A],
|ER~R(s,a)R —(@(s,a),0p) | < k and (ii) for any f : S — [0,H] and h € [H — 1], there exists 0, €
B(B) such that for all (s,a) € Sy X [Al, |Es~p(s.a) f(S") = {¢(s,a),0} )| < k.

13. Here, the reward and next-state are independent, given the current state and last action. Independence is nonessential
and is assumed only to simplify the presentation.

14. Compared to the definition of Jin et al. (2020b), our definition does not require the existence of a vector-valued
measure to represent the transition kernel. This is a generalization that is compatible with all existing algorithms for
linear MDPs.
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A key consequence of the linear MDP assumption is that the inherent Bellman error

sup inf sup ER'vR(s,a),S/NP(s,a)R(Ssa)+ max <¢(S,>a,)79h+1> - <(,0(S,a),0h> ’
Ons1€B(B) On€B(B) (5.a)eS),x[A] a’e[A]

scales with the misspecification k. This property is also referred to as the closedness to the Bellman
operator, and is a crucial component in the analysis of approximation errors for algorithms tackling
linear MDPs.

In this thesis we consider a weaker linearity assumption where we only assume that the action-

value functions are approximately linear:

Definition 5.3.2 (¢”-realizability: uniform linear function approximation error of value-functions).
Given an MDP, the uniform value-function approximation error (or misspecification) induced by a

feature map ¢ : S X [A] — B(L), over a set of parameters in B(B) is

n=sup max inf sup lqg” (s,a) - <¢(S,a),9(h)> |
nellh€[H] 0 eB(B) (s5,a)eS,x|[Al

For the MDP and the corresponding feature map, for all h € [H] fix any 6y, : I1 — B(B) mapping

each memoryless policy n € Il to its “parameter”, such that
q" (s,a) =y (p(s,a),0n(m)) forallm€ll, s€ Sy, and a € [ A]. (88)

The set of all parameters ®y, C B(B) for a stage h € [H] is given by ©y, = {0, (x) : n € I1}.

Note that 8, satisfying Eq. (88) always exist (Weisz et al., 2022a, Appendix C). We focus
on the feasible regime where 7 is polynomially small in the relevant parameters. Specifically, we
assume that 7 is bounded according to Eq. (108). The main problem of interest in this thesis is the

following:

Problem 5.3.3 (informal). For any &,{ > 0 and any MDP with corresponding uniform value-
Sfunction approximation error 1, derive an algorithm that, with probability at least 1 -, will find
an g-optimal policy (i.e., a policy  such that v™(s1) > v*(s1) — &) by interacting with the MDP
online for T steps with T bounded by a polynomial function of (d,H,e~",log ™", 1og L,log B). That
the interaction with the MDP is online means that it is only possible to observe the features corre-
sponding to the current state, and to take an action and subsequently observe the resulting reward
and next state, which then becomes the current state. We consider the fixed horizon episodic setting,

that is, the next state is reset to the initial state s| after every H steps.
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1/1

(b) 2/1

Figure 5.3.1: Left: MDP with deterministic transitions and rewards (edges are labeled with action/reward).
Right: The same MDP with the red “low-range” states “skipped” over. ¢(s1,-) = (1),¢(s3,-) =(0.5),¢(-,") =
(0) otherwise. Both MDPs are g™ -realizable, but only the right MDP is linear.

Algorithms developed for linear MDPs are not directly applicable to Problem 5.3.3 when the
MDP is only g”-realizable: While a linear MDP is also g™ -realizable, a g™ -realizable MDP may
be neither a linear MDP, nor one with a low inherent Bellman error (Zanette et al., 2020b). As an
illustrative example, Fig. 5.3.1, left shows an MDP that is ¢”-realizable but not linear. To see this,
observe that the features for both actions in s; are identical, but their transitions and rewards are not.
As illustrated in the figure however, if we skip over the red states (with identical actions) by taking
the first action on them and summing up the rewards received until we reach a black state, we arrive
at a linear MDP. This serves as the main intuition behind our work: the red states have no bearing

on action-values, so they can be skipped, and the resulting MDP is linear.

More generally, we can define the range of any state as the maximum possible difference in

action-value that the choice of action in that state can make:

range(s) = sup max (¢(s,i,j),0) forall he [H],s €Sy, (89)
gegslage(s) i,jE A]
where ¢(s,1,j) = ¢(s,i) — (s, j) is the notation for feature differences. Clearly, the choice of action

in low-range states is not too important, as
v™(s)—q” (s,a) <range(s)+2n for any 7 € ITand all a € [ A]. (90)

Not only are the action choices in low-range states unimportant for the task of finding a near-optimal
policy for the MDP, these choices can affect transitions and rewards in a nonlinear way. Interestingly,
the existence of low-range states is the reason why g”-realizable MDPs are not necessarily linear,

as shown by the next result (proved in Section 5.C), which follows easily from Lemma 5.4.7.

Proposition 5.3.4. Consider an MDP with uniform value-function approximation error n > 0. If

there are no states s € S with range(s) < a for some a > 0, then the transitions and rewards of
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the MDP are linear (Definition 5.3.1) with misspecification scaling with n, and parameter norms

scaling inversely with a.

Our approach. The above result immediately offers a strategy to learn under the (linear) ¢”-
realizability assumption. Assuming access to an oracle that can determine whether or not range(s) <
a for any state s, the MDP could be “converted” to one that has no low-range states but has near-
identical state and action-value functions of any policy (compared to the original MDP), by skipping
over low-range states (by executing an arbitrary action) until a state with a range at least « is reached.
We will call such a multi-state transition a skippy step and refer to such a policy as a skippy policy.
The reward presented for a skippy step is the cumulative reward over the skipped states. When the
oracle is correct, the new MDP is a linear MDP, allowing techniques such as ELEANOR to efficiently
learn a near-optimal policy. This conversion argument is part of the intuition of our method, but it
is not strictly part of the proof, so we defer the details to Section 5.C. The only missing piece for
solving the general case, Problem 5.3.3, is learning an oracle that can suggest when to skip over a
state, and combining it with the learning algorithm for the linear MDP. This general approach leads
to our algorithm, SKIPPYELEANOR, which runs a modified version of ELEANOR with guessed or-
acles. During the algorithm, we detect when an incorrect oracle leads to suboptimal results, and

refine the oracle accordingly. The details of the algorithm are explained in the next section.

5.4. Algorithm

In this section we present our main results following our plan outlined above. We first give Algo-
rithm 7, along with a high-level overview of the algorithm; the details are explained throughout the

section. The parameters of the algorithm are presented in Section 5.B.

For every stage h € [H], the algorithm keeps a progressively refined estimate of the geometry
of the parameter space ®,, by maintaining an ever shrinking ellipsoid enclosing ®;,. This ellipsoid
is parametrized by an ’inverse covariance matrix’-like quantity Qj,, determined by O(d) vectors,
which guarantees maxg, co,, ||6x|| Q2 = O(Vd). Looking at the definition of range in Eq. (89), it is

clear that the smaller the ellipsoid becomes, the better estimate we can give for the ranges.

Given some data collected so far and (Qp,)ne[r], SKIPPYELEANOR computes optimistic esti-
mates of the action-values by calculating an optimistic policy parameter &, as well as a guess G to

a near-optimal design which is used to estimate the range for the states (due to technical reasons, G

will guess a near-optimal design for the transformed parameter space Q#@h).
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Algorithm 7 SKIPPYELEANOR

1: Input: accuracy € > 0, failure probability £ > 0

2: Initialize m < 0, m’ <0, Q, =Bl forh e [H], n° = (s — 1)
3: while m’ <m/,,, do

me—m+1,m «—m'+1 > m’ also counts iterations repeated due to Line 15
Estimate optimistic problem parameters G, by solving Optimization Problem 5.4.10

for k € [H] do

5
6
7: Let 7% be the policy defined by SKIPPYPOLICY (G, 8, k)
8
9

B

Sample n trajectories by executing 7" from s; for n episodes
Record data (SZ””,AZM],RZ””);,E[H],J-E[,,] and stage-mapping functions (pmkj)je[n]
10: end for

11: Solve Optimization Problem 5.4.12 with input (G, ), > Consistency check
record its value x (maximum discrepancy), and arguments v (direction) and 7 (stage).

12: Calculate useful component w < Projz g ;v > Definition 5.4.2

13: if x > discrepancy_threshold then

14: Q; — (9% + Ql._lwaQi_l)_% > append Q; 'w to C; according to Eq. (91)

15: mee—m-—1 > redo this iteration

16: continue

17: end if

18: if average_uncertainty < uncertainty_threshold then

19: return policy 7"

20: end if

21: end while

Data is collected by running stochastic versions of skippy policies on the MDP, where the
states to be skipped over are determined based on the range estimates; when a state is skipped,
an action is selected using a deterministic policy ¥ that always chooses the first action in every
state. To ensure that the estimation problem is smooth in terms of G, we use a smoothed version
of skippy policies, where states are skipped randomly, and the probability of skipping is larger for
states with lower ranges, while high-range states are never skipped. Similarly to ELEANOR, we
aim to estimate the action-value function of a state-action pair by adding the estimated one-step
reward to the estimated value-function of the next state. However, unlike ELEANOR, we would
like to do this in the reduced MDP, where the low-range states that are skipped over are removed
(and the corresponding transitions are replaced by skippy steps). Since we do not know these states
in advance, we run exploratory policies that skip over next states starting from any state: namely,
we run SKIPPYPOLICY (G, 8, k) for all k € [H] with a maximum number of unskipped states k
(Phase 1), and once this is skip budget is exhausted, all remaining states are skipped over by rolling
out ¥ (Phase IT), which ensures that we collect enough data at every stage of the MDP to be able
to estimate the one-skippy-step reward of any skipping mechanism. Compared to ELEANOR, this

introduces an additional loop in Line 6 of SKIPPYELEANOR; see Section 5.D for additional details.
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Algorithm 8 SKIPPYPOLICY

1: Input: G,60,k
2: Initialize S| < s1, j « 1, n° « (s — 1), stage mapping p
3: fori=1to H do

4: Compute skip probabilities 7; «— 74 (S;) and non-skip action a* « JTB(SZ') from Eq. (95)
5: Sample independently B; ~ Bernoulli(t;)
6: if B;=0then A; « 1 > skip (follow 7°) with probability 1 —7;
7: else
8: p(j)—i,je—j+1
9: if j < k then A; < a* (Phase I) else A; < 1 (Phase II)
10: end if
11: end if
12: if i = H then
13: p(jY=H+1forj =j,....H
14: end if
15: end for

For any execution, SKIPPYPOLICY maintains a stage-mapping function p, which, for any stage % of
the trajectory in the reduced MDP gives the stage index in the original MDP. In other words, p(j)

is the stage of the landing state of the j* skippy step.

Finally, we check if the data collected is consistent with our estimates G and 8, by calculating
the maximal discrepancy of the estimates of the action-value difference at the last non-skipped state
of 7% = SKIPPYPOLICY(G, 8, k) and that of the fixed skipping policy 7° in different directions in
the parameter space. If the discrepancy is too large for any k, we add the discrepancy-maximizing
direction to @ and throw away the data collected in this (i.e., the m’ h) iteration; this is achieved by
reducing the iteration counter /. by 1. On the other hand, if the discrepancy is small enough, we can
guarantee that the gap between the value of 7/ and v*(ss1) scales with how much new information
we collected, thus the algorithm can terminate returning this policy if this term is sufficiently small

(which it eventually has to be).

The following theorem shows that with high probability, SKIPPYELEANOR finds a near-
optimal policy after polynomially many interactions with the MDP. Rhe proof sketch is provided in
Section 5.5, while our method and proof strategy is explained from the perspective of ELEANOR in

Section 5.D.

Theorem 5.4.1. With probability at least 1 —, SKIPPYELEANOR interacts with the MDP for at

most O (H11d7/82) many steps, before returning a policy © that satisfies v*(s1) < v™(s1) +e&.
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5.4.1. Preconditioning: the enclosing ellipsoid

In this section we give the technical details about the effects of using the matrix Qj, describing an

enclosing ellipsoid for ®, (see Lemma 5.4.3) as preconditioning the features.

Definition 5.4.2 (Valid preconditioning). Q = (Qp)ne[H] is a valid preconditioning matrix sequence

if forall h € [H]

-1/2

Q= (B I+ X e, ") 1)

for some sequence Cy, = (v1,...,vp) of vectors in R? such that for all 1 <i < n,

2

>1 and |vl,<Ls, (92)

1
SUpgeg, [(0.vi)| <1 and “(3—2]+23—:11 VjV}—) .

2
where Lj is some fixed polynomial of the problem parameters (d,H,s',1og{ ™!, log L,log B). (see
Eq. (122) for its precise value).

For a valid preconditioning Q and some h € [H|, let Z(Q, h) be the linear subspace spanned

by those eigenvectors of Q whose corresponding eigenvalues are at least ng. Let Projz gy be the

orthogonal projection matrix onto this subspace.

Sometimes it will be convenient to precondition the features and parameters so that the enclos-
ing ellipsoid is transformed to a ball of controlled radius (as Lemma 5.4.3 will show). To this end,

introduce for all /2 € [H] and (s,a,b) € S, x [ A] x [A] the following:!?

QDQ(S,Q):Q},(,D(S,CI), QDQ(S’a’b):Qh‘p(S’a’b)
02(n) = Q;'0n(n),  O2={02(n) : mell}={Q;'0:0€0,} (93)

47 (s.a) = (p(5,a),0 (1)) = (pa(s.a),02(m)) forall w e I1.

The next lemma (proved in Section 5.F) shows that for all & € [H], Oy, defines an enclosing

ellipsoid for @y ; that is, ®;, C {6 : ||9||Q;2 <Vd;+1}.

Lemma 5.4.3. Let d; =4dlog(1+16L‘3‘B4) =O(d). Then, for any valid preconditioning Q and h €
[H],

SUPyeo, ”6”Q;l2 =SUPyepQ 161, < Vd;+1.

15. Note that Qy,, h € [H] is invertible by construction.
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Clearly, every time a new vector is added to Cj,, the enclosing ellipsoid {6 : ||6]| o <+d;+1}
shrinks (as a positive semidefinite matrix is added to Q;z). The following lemma (also proved in

Section 5.F) uses an elliptical potential argument to bound the number of times this can happen.

Lemma 5.4.4. For any valid preconditioning Q, for all h € [H], the length of sequence Cj, corre-

sponding to Oy, according to Definition 5.4.2 is at most d,.

Near-optimal design for G)}?. As Qp, only provides an enclosing ellipsoid for ®j, we introduce an
(unknown) ellipsoid that aligns better with @%. For all h € [H], fix a set G}? of policies of size
do :=4dloglog(d) + 16, together with a probability distribution p}? on G%, such that (G%, p}?) is a
near-optimal design for 8}? (i.e., satisfying Definition 5.F.1). The existence of such a near-optimal
design follows from (Todd, 2016, Part (ii) of Lemma 3.9).

We apply G}? to define a cruder version of range that depends only on a small set of policies,

and can therefore be succinctly parametrized to inform SKIPPYPOLICY:

rangeg(s) = max _ma&] (p(s,i,)),0,(n)) forall he [H],s €Sy. (94)

i,je
neGh J

range, is easy to estimate, and can be used to bound the range function (proved in Section 5.F):

Proposition 5.4.5. Forall s € S and Q € PDH range(s) < V2drangeg(s).

5.4.2. Linearly realizable functions

g™ -realizability (Definition 5.3.2) implies the linearity of many more functions than the action-value
functions. In this section we characterize an interesting set of such functions, whose (approximate)
linearity plays a crucial role in our algorithm and analysis, as their parameters can be conveniently
estimated by least squares using the features. We rely on functions f : S, — R (for some & € [H])

being small for all states, relative to the states’ range -value:

Definition 5.4.6. For any h € [H], f : S, — R is a-admissible for some a > 0 if for all s € Sy,

|f(s)| < rangeg(s)/a.

The key observation is that expected (admissible) f values are linearly realizable.

Lemma 5.4.7 (Admissible-realizability). If f : S, — R is a-admissible then it is realizable, that
is, for all t € [h—1] and r € 11, there exists some 6 € R? with ||§||2 < 4dyB/a such that for all

(s,a) € S; x [A],

Eﬂ,s,af(Sh) ~10 <90(S, a), é> where 19 = 5don/a.
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The proof relies on constructing a set of policies that at states s € Sy, take a higher value action
as opposed to a lower one with a certain probability, configured such that the expected action-value
difference of some pairs within the set of policies is (approximately) proportional to f(s). Thus,
a linear combination of the action-values of policies in this set are also (approximately) propor-
tional to f(s). The statement of the lemma then follows from setting 6 to the corresponding linear
combination of the policies’ parameters. The full proof is presented in Section 5.G.

Next, we define matrix-valued functions with a special admissibility guarantee even when
the underlying scalar-valued function does not satisfy any non-trivial admissibility criterion. We
introduce a guess on the near-optimal design parameters that define rangey (Eq. (94)) for some

valid preconditioning O:

Definition 5.4.8. For h € [2: H], fix some arbitrary order of the policies in the set G,? (recall that
this set is the support of the near-optimal design for @% ). Let the parameter of the i policy in
G}? be 19;1 fori € [dy]. Call a “guess” of these parameters G = (Gh)he[z;H] = (5Z)he[2:H],ie[do]
“valid”, if for all h € [2: H],i € [dy], ﬁ;l € B(\d; +1). Let the set of valid guesses be G.'® By

Lemma 5.4.3, (ﬁ;)he[z:H]’,-e[do] € G, that is, it is a valid guess, and we call this the “correct” guess.

From a guess G = (ﬁ;)he[z:H],ie[dO] we can calculate corresponding guesses of the range -

values:

G _ N .
rangeg(s) = max max <¢Q(s,z, ]),ﬂstage(s)> forall he [2: H],s € Sp.

Note that for any ~€[2: H] and s€Sp, rangeg(s) =rangeg(s) if G is the correct guess for stage h.
Let @o(ss) be the unit vector in the direction of the largest feature difference between actions
in s and the zero vector if all feature vectors are the same (see Eq. (114) for a formal definition).

Then, for anyG €G,he[2:H],and f: S, — [-H,H], let

\2dH

&

£(s) = ¢Q(s)¢g(s)Tmin{1,rangeg(s) }f(s) for s € Sp.

For such f : S, — R4, we adopt the notation a"fb for any a,b € R? to denote the function
s € Sy +— a'f(s)b, and similarly, Tr(f) to denote the function s € Sy, > Tr(f(s)).
Let Proj o, ) be the projection matrix onto the linear subspace spanned by those eigenvectors

of the design matrix V(G}?, p}?) (defined in Eq. (112)) whose corresponding eigenvalues are at

16. Note that while G}? contains policies, G and its elements (commonly denoted by G) contain policy parameter vectors.
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least v (for some y > 0 specified in Section 5.B). Intuitively, this is the subspace where @f has a
sufficiently large width. Let Proj, o ;) be the projection to the orthogonal complement subspace.
For any v € RY, we write v| (o) and v, (g ) for Proj I(,n v and Proj, g ) v, respectively.

We are now ready to state our special admissibility guarantee, which is proved in Section 5.G.

Let @ = O(g/(d'H?)) be as in Eq. (103).

Lemma 5.4.9. Forany he [2: H|, G € G, any function f constructed as above from some f : S, —

[-H,H], and any v,w € B(1), vﬂ fw is a-admissible. Furthermore, g‘é = (ﬂ;)he[z:H],ie[do]

(Q,h)
(the correct guess), Tr(f) is also a-admissible.

5.4.3. Least-squares targets and Optimization Problem 5.4.10

Recall that SKIPPYELEANOR estimates action-values of states by first adding the estimated one-step
reward and the estimated value-function of the next state in the reduced MDP (where low-range
states are skipped). Due to the linearity of g”-values, these can be used as target variables of a
least-squares estimator to estimate the policy parameters. This estimator is only guaranteed to be
accurate if the right (low-range) states are skipped; otherwise, we will argue in Section 5.4.4 that
a discrepancy is detected and it is handled by changing the preconditioning Q. Finally, to ensure
optimism, we select parameter estimates that lead to the largest estimated policy values. The whole
estimation process leads to Optimization Problem 5.4.10, which we define in this section along
with the functions that it uses as least-square targets. Each estimation is for a particular stage 4 and
may use the estimates 6; of Optimization Problem 5.4.10 for stages i > h. In this subsection, we
consider the m™ iteration of the optimization called by SKIPPYELEANOR, and consider Q fixed. As

a shorthand, we introduce the following notation for [ € [m],j € [n],k € [H]:

p(lkj) = p*i (k) as recorded in Line 9 of Algorithm 7, and

Ikj _ olkj Ikj _ glkj lkj _ plkj Ij _  colkj slkjy  Ikj _ colkj  glkj
Sp(k) _Sp”‘f(k)’ Ap(k) _Ap”‘j(k)’ RP(k) _Rp’kf(k)’ o = (ST AT, Pok) = "D(Sp(k)’Ap(k))'

We collect the set of (1, k, j) tuples for which the k™ skippy step lands at stage ¢, for t € [H], as
I"(t) ={(L,k,j): L € [m=1],j € [n].k € [H],p(lkj) =1}

Note in particular that here [ € [m — 1], so I'" only considers data collected prior to iteration .
To estimate the parameters G and §, we consider (simulated) trajectories of SKIPPYPOLICY

starting from stage ¢. For simplicity, we suppress the dependence of quantities on G and 8, which
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will be brought back later. The skipping probability 1 — 7, the policy n* (to be also used in SKIPPY-

PoLICY), and corresponding clipped action-value estimates are defined as

\2dH

&

7(s) = min{l,rangeg(s) } if stage(s) > 1, and 7(s1) = 1;

95)

7t (s;) = arg max (@(s;,a),0;), C(si) =clipyo g (@(si,7*(5:)).0;) -
acel[A]

Let s;—»= (s;,ai,7i,...,Sg,ag,rg) € S; X [A] X [0,1] x---x [0,1] be any ending of a trajectory.
For s;+1—, let I be the (random) index of the first state that is nor skipped by SKIPPYPOLICY
with the above 7 (or H + 1, if such an index does not exist). Then the estimated policy value of

SKIPPYPOLICY from stage ¢ is

B[Sl ru+1{I < H+1}C(sp)],

the sum of rewards along the skipped states plus the policy-value estimate from stage . It follows
from Corollary 5.4.11 below (proved based on Lemma 5.4.9) that if rangeg is an accurate estimate
of range 5, then this quantity decomposes into terms that are linearly expressible using the features.
Therefore, we use such quantities as least-square targets. Indeed, writing out the expectation, we
can re-express the estimated policy value as the sum of all rewards ZuH:t r, plus a correction term

E™(s;41—) defined as

H j-1 H
E7(si—) = ZD(SJ'H)T(SJ') l_l(l —7(s;)) where D(s;—) = C(s;) —Zru fori>1. (96)
J=i u=i

=i
The next optimization problem aims to find optimistic parameters yielding the largest estimated

action-value function for s, where @ is in the confidence ellipsoid of the least-squares estimates 6.

Optimization Problem 5.4.10 (for iteration m). With B defined in Section 5.B (emphasizing the

dependence of functions defined above on G and 0 by adding them as subscripts):
arg max Caa(s1) subject to, for all t € [H]
GeG,6,eB(4dyHB/ ) forte[H]

H
Xpu =+ Y oM 8 -0l <BH, =Xt > Y (EZ SR+ R
ISETIO " Ikj e (1) =

least-squares target

Since our realizability results in Section 5.4.2 only apply to functions defined at a given stage

(as only memoryless policies are g™ -realizable), to be able to show that the least-squares targets are
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linearly realizable, we first decompose E~ (s;—) (i € [2 : H]) to directly express the effect of each
stage in the trajectory (backwards): defining E (s;—) = E—(s;—) — E—(s;+1—) (for convenience, we

use the notation E~ (sg+1—) = 0), we easily obtain
E™(si>) =YL E(sj=)  and  E(si=) =7(s)(D(si=) —E~ (si11)). 97)

Next we define matrix-valued functions, whose trace equals E(s;—), that have the same form
as f in Section 5.4.2, for which Lemma 5.4.9 applies. This is crucial in establishing optimism of
Optimization Problem 5.4.10, as well as learning from instances where we detect that £~ is not

realizable in Optimization Problem 5.4.12. To this end, let

F(Si—>) :¢Q(Si)55g(si)TE(Si—>) and F(Si) :Eno,si [F(Si,Ai,...,RH)] for Si ESl'.

Let ® = (B(4dyHB/a))" denote the base set for the variables §, in Optimization Prob-
lem 5.4.10. As F is of the same form as f, we can apply Lemma 5.4.9 and then Lemma 5.4.7

to arrive at the following:

Corollary 5.4.11. Forany G € G, 6 € ©, v,w € B(1), and for anyt € [H—1], i € [t+1 : H], there
exists some 0,; € R with ||9~n~||2 < 4doB/a = 1/NA such that for all (s,a) € S; x [ A], where g is
defined in Lemma 5.4.7.

Eno,s,a [VH(Q,i)FGH_(Si)W] ~no <‘10(s’a)’éti> : (98)

Furthermore, if G is the correct guess, there exists some é;i e R? with ”5;”2 < 4dyB/a such

that for all (s,a) € §; X [A], E 0 5 o[Egg(Sis-. .. Ru))] =Eﬂo’s,a[Tr(FG§(S,~))] X0 <g0(s,a),9~;i>.

5.4.4. Checking consistency

Considering the m™" iteration of SKIPPYELEANOR, we want to verify if the estimated targets of
Optimization Problem 5.4.10 are accurate (and learn if a discrepancy is detected), by using Corol-
lary 5.4.11 on the targets” decomposition into F-functions. We filter the data collected in the m™

iteration with the indicator éil. = 1{p(mkj) <i} for j € [n], k e [H+1],i € [H+1], and further

constrain this by another indicator cii (defined in Section 5.B) that requires the data-point’s least-
squares uncertainty term to be sufficiently low, and the prediction non-negative (the contribution
of the rest of the data will be analyzed separately). Next, we define the least-squares solution for
estimating the matrix-valued F, as well as the empirical average prediction and realization of F" on

the data collected in the m" round. For any i € [2: H], k € [i — 1] (recall that ® denotes the tensor
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product):
0l =Xo > @ @Fa(S, Ry forreli-1]
lkjel™(t) (99)
1 . T . 1 . : .
ki _ Jmkjl ap(mkj),i ki _ J . (omkj mk j
yé;lé_; C1iPpk) 9(;9' F@;lg—; Z CkiFGB(Si N )
Jj€ln] Jjeln]

In Section 5.E.1, it is established via the usual least-squares analysis techniques and covering
arguments, that with high probability the norm of the product of the matrix y’gé -F (k”;ig and the
projection matrix Projj g ;) is small (Lemmas 5.E.2 and 5.E.3). The next optimization problem

tests if this is true in arbitrary directions:

Optimization Problem 5.4.12 (Consistency check). Input: (G, 60)

arg max v’ (y’(‘;‘ - F/f‘_) v
ke[H-1],ie[k+1:H],veR:||v|,=1

Lemma 5.E.1 shows that the projection w = Proj g ;) v is close to v, where v is the outcome of
Optimization Problem 5.4.12. Also, Lemmas 5.E.1-5.E.3 imply that if the consistency check fails
(i.e., Line 14 is executed because the value of Optimization Problem 5.4.12 is large), then w aligns
well with the subspace Proj, (g ;) projects to, and therefore Q stays a valid preconditioning after
appending w to the list of values Q is calculated from (Lemma 5.E.4). Thus, Q is always a valid

preconditioning.

5.5. Proof overview

The proof of Theorem 5.4.1 is presented in Section 5.E. It is composed of the following main steps:
First, we bound the number of times the consistency check can fail (i.e., Line 14 is executed) by
Lemma 5.4.4. Combining this with Lemma 5.E.5, an elliptical potential argument bounding the
number of times the average uncertainty can be large (these are the only two ways that the main
iteration can continue) implies a sample-complexity result for SKIPPYELEANOR (Corollary 5.E.6).
Having limited the number of times the consistency check can fail, we derive guarantees regarding
the performance of the policy returned by the algorithm: Via an induction argument (Lemma 5.E.8)
we show Corollary 5.E.9, which shows that with high probability the difference between the op-

timization value of Optimization Problem 5.4.10, Cs 5(s1) and y™"" scales with the average un-

certainty term Zgl a". Thus, they are close when SKIPPYELEANOR returns in Line 19. This is
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complemented with the optimism property proved in Lemma 5.E.10, stating that the optimization

value C 5(s1) is close to v*(s1). Combined, this proves Theorem 5.4.1.

5.6. Future work

Since we are not aware of a computationally efficient implementation of SKIPPYELEANOR, it re-
mains an open question whether the problem of learning near-optimal policies from online interac-
tions with a g”-realizable MDP (Problem 5.3.3) is possible if the computational resources as well
as the query complexity are bounded by a polynomial in the relevant parameters. One approach is to
replace ELEANOR with LSVI-UCB as the underlying algorithm, as the latter, despite having worse
query complexity, has a computationally efficient implementation (Jin et al., 2020b). The challenge
is to compute the optimal solution for the parameter G in Optimization Problem 5.4.10. This param-
eter interacts with the least-squares targets in a highly nonlinear way. We have been unable to derive
a computationally efficient approximation that has an additive instead of a multiplicative approxima-
tion error (additive errors increase linearly in H, while multiplicative errors increase exponentially).
Alternatively, it may be possible to show a computational hardness result for Problem 5.3.3 by e.g.,
reducing it to the satisfiability problem. These are left for future work. Our work on the realizability
of auxiliary functions (Section 5.4.2) may be of independent interest for designing provably efficient
algorithms for related problem settings, e.g., the setting of g”-realizability in batch RL, where the

data collection is not controlled.
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5.A. Notation

Let R, N, and N* denote the set of reals, non-negative and positive integers, respectively. For i € N*,
let [{] ={1,...,i}; for another positive integer j, let [i : j] ={i,...,j}if i < j, and [i: j] = {}
otherwise. For a,b,x € R, let clip, ;,;(x) = min{max{x,a},b} and let [x] denote the smallest
integer i such that i > x. Let 0 be the all-0 vector in R and I the d-dimensional identity matrix. For
a (square) matrix V, let V' denote its Moore-Penrose inverse, and Tr(V) denote its trace. Let PD
(and PSD) denote the set of positive definite (and positive semi-definite, respectively) matrices in
R4*d_ For some A € PSD let A2 denote the unique matrix B € PSD such that A = BB. For V € PD
and x e R?, let ||x||%, =x"Gx. For matrices A and B, we say that A > B (or A < B)if B— A (or A— B,
respectively) is positive semidefinite. Ker(A) and Im(A) are the kernel (or null space), and image,
respectively, of matrix A. For compatible vectors x, y, let {x,y) be their inner product: (x,y) =x"y.
We write y®A for the tensor product between y and matrix A, and then (x, y®A) = (x,y) A. Where
Q and h are obvious from the context, we write v|| and v, for v| (g ) and v, (g n), respectively.
Throughout the chapter, we omit commas between quantities in subscripts or superscript for clarity

of presentation, for example, by writing A for Ap ..

For the big-Oh notation O, we introduce its counterpart O that hides logarithmic factors of the

problem parameters (d, H, e 1,7 L, B).
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5.B. Parameters of Algorithm 7

n=0 (d5H6/82) (for precise value see Eq. (129))
w=7(d1+1)+7/3=0(d) (100)
y ' =8d =O(d) (101)
B=0OH"d) (for precise value see Eq. (123)) (102)
N 2
a = M =O(d' H?/¢) (103)
Ve
A= (4dyB/a)? (104)
) HmnL? — A3 2
mmax—ﬁlog(1+ = +1_0(Hd)

m’.. =mmax +Hd, = O(H>d?)

max

1 ; )
~m _ ~J ; -1 || mkj
o= Z ck’HHmln{Z(,deH) : "”p<k>||x—1 | } for k € [H] (105)
jeln] m,p(mkj)
(106)
' N kj - kj 7
cii =1 {p(mk]) <iand ||<p;rzk§||x_l " <2(BwdH)™" and <<pgl(k]),9p(mk_,~)> > 0} (107)
m,p(mk j

H
average_uncertainty = Z oy
k=1

uncertainty_threshold = &/ (dH?*Bw)
£

di threshold = " Bw +3
iscrepancy_threshold = 77" Bw i

Assumption on the maximum discrepancy:

2
a : 3 ’ _ A &
1S o0 min {s/(dH W), 1 /\/mmaXnH} -0 (déHg) (108)
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5.C. Proof of Proposition 5.3.4

Proof of Proposition 5.3.4, and the MDP conversion argument. First, for (i), we show the linear-
ity of rewards with 61,...,0y. For this take any / € [H]. Fix any policy 7 € IT and let 8;, € B(B)
be such that for all (s,a) € Sy x [A], ¢™(s,a) ~;, {¢(s,a),0;,) (the existence of such a § fol-
lows from Definition 5.3.2). If h = H, Eg <r(s,a)[R] = ¢ (s,a), so Oy = Oy satisfies Defini-
tion 5.3.1. For h < H, let f : Sp41 — R be defined as f(s) = v™(s). Fix an arbitrary Q € PD¥ | e.g.,
Q=(I,...,I). Since v™(s) € [0, H] and range (s) > range(s)/V2d > a/V2d by Proposition 5.4.5,
f is @/ (V2dH)-admissible, and therefore by Lemma 5.4.7 we can take 6, € B(4HdyV2dB/a) such
that for all (s,a) € S, X [A],

E(v" (She1) |5,a) % 5gp o (9(5,0),0n) ,

where, as before, g = 5don/a. Since

ER ~R(s,a) (R) = q”(saa) _E(VH(S}H]) | s,a) >

letting 6, = 8, — 0}, satisfies (i) of Definition 5.3.1 with k = n+V2dHno = n+5H\2ddon /.
To show (ii), take any f : S — [0,H] and h € [H — 1]. As before, f is a/(V2dH)-admissible,
therefore Lemma 5.4.7 immediately provides ¢, satisfying the required conditions.

Therefore, the MDP is shown to be linear with misspecification 1 + V2d Hng, and parameter
bound B(4HdyV2d/a+1). |

Sketch of the g™ -to-linear MDP conversion argument. We elaborate on the conversion to
linear MDP mechanism presented in Section 5.3. As the basis of this argument is that an idealistic
range-determining oracle is present, we note that this argument only serves as intuition and is oth-
erwise tangential to our proof. Instead of a direct approach of learning this oracle, our proof argues
that learning about this oracle happens whenever there is a need (performance shortfall) for it. A
formal reduction to linear MDPs given this oracle however is fairly straight-forward but cumber-
some, with the caveat that the linear MDP will end up with dH (instead of d) dimensional features.
One would proceed by copying the features of each state s in stage 4 into the A" chunk of size d
of this vector of size dH (the rest of the vector remains zero). A similar transformation is applied
to all 85, (). Then, H copies are made of each high-enough-range state, with all possible stages
(but keeping the feature vectors). These will be the states of the new MDP we construct. When a

transition from state s leads to skipped states, the linear MDP returns with the copy of the first non-
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skipped state that has a stage counter of stage(s) + 1, so that in this linear MDP the stage numbers
are consecutive (as required by our definitions). g”-realizability of this modified MDP is easy to
show, and (as it has no low-range states) Proposition 5.3.4 can be used to show that the modified
MDP is linear. To account for the fact that this new MDP may finish an episode in fewer than H
steps due to the skips, we add a special, zero-reward, self-transitioning state called “episode-over”.
To ensure that the MDP stays linear, we extend the feature vectors of each state by a scalar 1, and a
scalar indicator of being in this state, with all original features of the “episode-over” state defined to
be zero. It is easy to see that this construction leads to a linear MDP with the desired action-value

functions.

5.D. Intuition behind our method and proof strategy from the

perspective of ELEANOR (Zanette et al., 2020b)

The starting point of our method is the ELEANOR algorithm, which is designed for linear MDPs.
Similarly to SKIPPYELEANOR, ELEANOR solves an optimistic optimization problem inside a loop.
The optimization problem computes optimistic estimates 8, of the parameters of the MDP simultane-
ously for all r € [H], and in each iteration of the loop, more data is collected according to the policy
that is optimal for the MDP defined by the estimated parameters. Initial estimates 6, are computed
via solving least-squares problems whose covariates are the features corresponding to state-action
pairs (S;,A,) from all the data collected so far, while the corresponding least-squares targets are
computed as the sum of the immediate reward R, and the estimated value for S;.;, computed from
6:41. 0, is then optimistically chosen as the solution of the optimization problem, in the neighbor-
hood (confidence ellipsoid) of 8;, the solution to this least-squares problem. It is shown that this
optimistic choice of estimates results in an optimistic estimate of the value of v* of the initial state,

and the regret is upper bounded in terms of the sum of elliptic potentials of the covariates.

This argument appears in our analysis too, with minor modifications due to our PAC-like set-
ting (instead of aiming to bound the regret), leading to our final-iteration condition of Line 18 in
Algorithm 7. Our Optimization Problem 5.4.10 is similar to ELEANOR’s, and the parameters 6, and
6, have the same meaning. A key difference between the optimization problems of ELEANOR and
SKIPPYELEANOR are how the least-squares targets are determined. For ELEANOR, it is the sum of
the immediate reward R; and its estimated value for S;.1); with this target, only one on-policy roll-
out is required for each episode in order to get the least-squares parameter estimate for all H stages.

In contrast, our least-squares targets are formed as the sum of R; +. ..+ R;; and the estimated value
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for S;.i+1, where i, the number of stages “skipped”, depends on the guess G. The guess G is selected
only in Optimization Problem 5.4.10, and we do not know its value at the time of data collection,
so we cannot know which stages will have to be skipped for each rollout. Therefore, (i) we need
access to the rewards of the current policy at any stage (similarly to ELEANOR), and hence we run
the current policy to any stage (including the last one); and (ii) perform rollouts with the fixed pol-
icy n° (from any stage) to be able to estimate the reward R; + ...+ R;4; collected while skipping
over i stages (for any 7). To ensure this happens for every stage, we start Phase Il from every stage
k, resulting in the additional for loop in Line 6 of Algorithm 7 compared to ELEANOR. Finally,
the randomization in Phase I is applied to make the optimization problem smooth, as described in

Section 5.4.

One could analyze this algorithm similarly to the analysis of ELEANOR if it were not for the fact
that the least-squares targets we just introduced are not realizable in general. We can, however, prove
the realizability of certain components of the matrix-valued version of these targets, F (Lemma 5.4.9
and Corollary 5.4.11). This enables us to detect when the realizability of our least-squares targets
fail, measure the direction (component) of the largest error, and learn from that. This is the job of
Optimization Problem 5.4.12: F gié corresponds to the matrix-valued empirical measurements of F,
while the ykéié are the average predictions of the same quantities. If the targets are realizable, which
happens if we manage to skip the right number of stages), these matrices are very close; if not, the
direction of their largest discrepancy tells us something about L (Q,7), and allows us to learn.

Optimism ties all this together: either there is no shortfall between predicted and measured
g-values (and we are done) or we grow the elliptical potential of X (the two cases present in the
analysis of ELEANOR, Zanette et al. (2020b)), or we grow the elliptical potential of Q (the new case

due to the lack of realizability guarantees).

5.E. Proof of Theorem 5.4.1

In this section we present the proof of Theorem 5.4.1. Recall that some quantities are defined in

Section 5.B.

5.E.1. Checking consistency

We introduce some lemmas to establish the required guarantees of the consistency checker. Their
proofs, which rely on the usual least squares analysis techniques and covering arguments, are pre-

sented in Section 5.H.
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Lemma 5.E.1. Let (k,i,v) be the outcome of Optimization Problem 5.4.12 any time during the

execution of SKIPPYELEANOR, and let w = Projz(g’i) v as in the algorithm. Then,

e
dH?w

T(,,ki [ki T(,,ki [ki
w (yA_—FA _)w>v (yég_—FGé)v
Lemma 5.E.2. There is an event £, that happens with probability at least 1 — ¢, such that under £,
during the execution of SKIPPYELEANOR, when the beginning of any iteration (Line 5) is executed,
foranyte [H—-1], i€ [t+1:H], forany G € G, 8 € ©, and v,w € B(1), for all (s,a) € S; x [ A],

At _ &
] (P05 ) T8 =B s P (S0 Wl < llp(s.a) Ly B+ =

where o denotes ®(0.i)-

The next lemma uses the average least-squares predictions’ (capped) uncertainty term 07" (de-
fined in Eq. (105)), where the average is taken over predictions from the state-action pair where

Phase I of SKIPPYPOLICY(-,, k) ends.

Lemma 5.E.3. There is an event & with probability at least 1 —{, such that under £, N &,, during
the execution of SKIPPYELEANOR, when Optimization Problem 5.4.12 is solved (Line 11), for
(G,0) as recorded in Line 5 for all k € [H—1], i € [k+1: H], and v,w € B(1),

T( ki _ ki —m &

where o denotes (g, ).

Together, these lemmas can be used to show that the vector w derived from Line 11 in SKIP-
PYELEANOR is sufficiently aligned with both Z(Q, -) and the subspace Proj, (¢ .y projects to, which

leads to the following important result:

Lemma 5.E.4. Under the £, N &, if Line 14 is executed any time during the execution of SKIP-
PYELEANOR (i.e., when the consistency check fails), then the resulting O continues to be a valid

preconditioning.

From now on, our lemmas assume the high-probability events of Lemmas 5.E.2 and 5.E.3 hold,

and therefore Q is a valid preconditioning at any time during the execution by Lemma 5.E.4.
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5.E.2. Query complexity bounds

We bound the number of iterations of m that SKIPPYELEANOR can execute. The proof of the

following lemma is presented in Section 5.1:
Lemma 5.E.5. Throughout the execution of SKIPPYELEANOR, m < M4y

Note that throughout the execution of SKIPPYELEANOR, m’ < m/,.. As m’ —m equals the
number of times Line 14 is executed, i.e., the sum of sequence lengths corresponding to Q, by

Lemma 5.4.4,

Corollary 5.E.6. Under £ N&,, SKIPPYELEANOR returns with a policy before exiting the while
loop of Line 3, and as each iteration executes Hn trajectories in Line 8, the number of interactions

of SKIPPYELEANOR with the MDP is bounded by O (H''d7/&2).

5.E.3. Performance guarantee

We next consider the m™ iteration of SKIPPYELEANOR under the assumption that the consistency

check passes, that is, Line 18 is executed. We intend to guarantee the performance of 77 in terms

E

of Zfi 1 0% given that the optimization value x satisfies x < 07w +3 7

(which follows from
the execution reaching Line 18). Next we introduce variants of C']l;l. and ¢ ]éi (Eq. (107)) which act,
instead of the data collected during the execution of the algorithm, on a trajectory (Sy, An, Rp)ne[H]
and corresponding stage mapping p obtained by an independent run of SKIPPYPOLICY, which will

be clear from the context: ¢x; = 1{p(k) <i}, and

cri=1 {p(k) <iand H"D(Sp(k)’AP(k))||X’;1p(k) < Z(ﬁa)dH)_1 and <‘,0(Sp(k)9Ap(k))’9_p(k)> > 0} .

Remark 5.E.7. In our analysis we rely on the obvious fact that the laws of the trajectories of
SKIPPYPOLICY(G, 8, k) and SKIPPYPOLICY(G, 8,k + 1) are the same until stage p(k +1) (as the
policies are the same until then), for any parameters G and 8. This includes S p(k+1) but not Ap, (ics1)

if p(k+1) < H, and includes the whole trajectory ending with Ry otherwise.
We prove the following using induction on k = H,...,1 in Section 5.J:

Lemma 5.E.8. There is an event &3 with probability at least 1 — 3, such that under £, NE; N Es,
during the execution of SKIPPYELEANOR, whenever Line 18 is executed, for (G,8) as recorded in

Line 5 of the current iteration, for k € [H],

H H
- » -m &
CK =B iy, &k m31C65(Spx)) < Epmr g, Z Ru+22(rk,8wdH+4(H—k+1)ﬁ. (109)
u=p (k) i=k
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As S| =) is fixed and 7(s1) = 1, we get the following corollary, which shows that the value
Cg g of the solution (G,0) of Optimization Problem 5.4.10 can be used as a lower bound on the

value of the policy 77" up to the uncertainty and some & terms:

Corollary 5.E.9. Under £ N&E, N &, the value of Optimization Problem 5.4.10 with the solution
(G, 0) satisfies

H H H
Cig(51)=C' <Emm ZRM +2) G BwdH? +4g =v™"" (51) +2Z G BwdH® +4¢ .

u=1 i=1 i=1

5.E.4. Optimism of Optimization Problem 5.4.10

The following establishes the optimistic property, that is, that the value of Optimization Prob-
lem 5.4.10 competes with v*(s;). The proof relies on the fact that the correct guess G and a good
choice of 0 are feasible for the optimization problem, combined with the fact that this 6 induces a
policy 7 = SKIPPYPOLICY(G, 8, H) that takes action-value maximizing actions according to a very
accurate approximation of action-values almost everywhere. In fact, it only skips states whose range

is at most £/H. The proof is presented in Section 5.K.

Lemma 5.E.10. There is an event 4 with probability at least 1 — {, such that under £, N E; N &y,
throughout the execution of SKIPPYELEANOR, the value of Optimization Problem 5.4.10 is at least

v¥(sy) —2e.

Proof of Theorem 5.4.1. We combine Lemma 5.E.10 with Corollary 5.E.9, Corollary 5.E.6, and the
fact that the condition of Line 18 is satisfied when SKIPPYELEANOR returns with a policy, to get
that under £, N E; N E3 N &y, that is, with probability at least 1 —6/, SKIPPYELEANOR interacts with

the MDP for at most O (H a7y 82) many steps, before returning with the policy 7/ that satisfies
H Ll H
Vv¥(sy) < Cisg(s1)+2e < p" (s1)+226',’<"ﬁwdH2+68 <v™" (1) + 8¢,
i=1

where the final inequality follows from the fact that when SKIPPYELEANOR returns in Line 19,

Zle a'<e /(BwdH?). By scaling the parameters, this finishes the proof of Theorem 5.4.1. |
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Proof of Lemma 5.4.3. For any 6 € 0%, it holds that 6 = Qzlé for some § € ©,. Since ||0A||2 <B,

and writing Qy, as in Definition 5.4.2,
1615=07 (B21+ Xy cc, vT) 0 < B2B2+|Cy| < 1+,

where we used Definition 5.4.2 and Lemma 5.4.4. Finally, we conclude that ||6||,

Definition 5.F.1. (G, p i ) is a near-optimal design for 0L, if for any 0 € 0L,

v, 0)=0 forallve Ker(V(GQ,ph )), and

2
101, o 0y < 2d-

where V(Gg,ph )= Z p%(ﬂ)(@g(ﬂ))(HQ(ﬂ))
7r€GQ

<+d+1. |

(110)
(111)

(112)

An important corollary of the above definition is that if M = Projlm(V(Gg £9))> then
h Fh

V(GQ,ph)”V(GQ,ph)2Mv—Mv and (6, Mv) = (6, v) due to Eq. (110), and so

67y = HTV(Gh ,pQ)“V(GQ,ph )2v for all 9 € ®hQ and v e RY.

(113)

Proof of Proposition 5.4.5. Take any h € [H], s € Sy, and Q € PD¥. Take i,/ € [.A] such that

range(s) = supgycq, (¢(s,4,/),0). Then,

range(s)” = sup (¢(s.i./).0)” = sup (@o(s.i.j).0)>
00y, HEOQ

< sup |16]1} llea(s,i, I
, @PQ V(G2 ,pQ)t 9a(s,i,]) V(G2,p2)

<2dpo(s,i, )| Y PO OF(1) " |pals.if)

71'€G}Q
1

=2dg(s,i, /)| Y. pR () On(m)(On ()T |0 (5,0, ))
nEGQ

< 2d max (go(s i)’ Oh(n)> < 2drangeg(s)

neG,
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where the first inequality uses Eq. (113) and the Cauchy-Schwarz inequality, and the second in-
equality follows by substituting the definition of V(G}?, p}?) and using Eq. (111). Finally, the first
inequality in the last line holds as we replace the weighted sum from the previous line with the

maximum operator. We therefore get that range(s) < V2drangeg(s), finishing the proof. |

Proof of Lemma 5.4.4. Take any h € [H] and the sequence Cj, corresponding to Q. Assume that
this sequence is of length /, and let X, ; = B‘21+Z§.z1 vjv]T. for i € [l]. By the second part of

Eq. (92),

1
i-1 2

2
[ [
= min{ 1,2\ B21+ > vivT | v szzmin{1,||v,-||§l_,_l}.
i=1 i=1 v

J=1
2

Applying the elliptical potential lemma (Lemma 5.L.1),

! 2 2
Tr(Z +IL IL
ISZZmin{l,llv,-Hz_l }S4dlog Lﬁ =4dlog 1+—23 .
= hi-1 ddet(Zy )74 B~2d
where ¥, o = B™2I by definition. Using that log(1+x) < vx for x > 0, we have [ < 4d,[IL3B?/d,

which implies [ < 16dL§BZ. Substituting this into the previous bound yields

2p2\72
(16dL2B*)L}

[ <4dl 1+
Og( B-2d

):4dlog(1+16Lg‘B4) =d. n

5.G. Deferred proofs for Section 5.4.2

For any vector v € R?, we define v = v/||v||, as the unit vector in the direction of v if v # 0 and 0=0
otherwise. For any h € [2: H], s € 5, the normalized version of the largest preconditioned feature

difference is denoted by

®o(s) =¢g(s,i,j) where (i, ) =arg n[lj? lea(s,i’,j)I, - (114)
ir,j'e

Proof of Lemma 5.4.7. Fix h € [H], a-admissible f : S, —» R, r € [h—1], and 7 € [1. Our aim is
to construct policies 7}, 7, € ITfor k € [do], such that for all (s,a) € S; X [A], Xke[ay] (g7 (s,a) -
g™ (s,a)) is approximately proportional to the desired E s o f(Sy). Let G}%I,G}%Z, ... denote the
policies in G% underlying the near-optimal design of 02, and for any s € Sy, denote by ord(s) €

[do] the index of the policy maximizing the range of the action-value function in state s, that is,
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Giord(s) = arg max . o max; jera1(g™(s,i) — g™ (s,j)); to simplify notation, we define G(s) =
Q
Gh’ord(s). For s € S, let

arg max, ;1414 (5.)) =499 (s.j) if f(5)=0

1

(a*(s),a”(s)) =

arg min; ;¢4 c}G(S) (s,0) — cjé(s) (s,j) otherwise.

By Eq. (94) and Definition 5.4.6 have that

149 (s,a*(5)) = 9 (s,a™ (5))| =range o (5) = al f(5)] 2 0.

Since g% (s,a*(5)) = g% (s,a7(5)) ~2, °) (5,a* () = GO (5,a7(5)), if | f (5)| = 4n,

we have

g% (s5,a*(s) - g% (s.a™(s) 2 @f () =20 2 S[(5) >0 if f(5) 20
] ~ C2x (115)
qG(S)(S,,f(s)) - qG(S) (s,a”(s)) <af(s)+2n < Ef(s) <0 otherwise.

Let us define f': S, —» R as

af ()2 .
F(s) = { CTGa©)=g0 T (5. () ifalf(s)l = 4n

0 otherwise.

By Eq. (115), there can be no division by zero in the above definition, and 0 < f’(s) < 1.

Now we are ready to define 7; and ;. Both policies follow 7 up to stage 2 — 1, when they

switch to G,? > €xcept if at stage h a state s € S, is such that G}? . has the maximal action-value

function range. In this case 7} selects a*(s) with probability f’(s) and a™(s) with probability

1= f'(s), while 7, always selects a™ (s). Formally, for k € [do], we define for s € S

w(s) if stage(s) < h;
T (s) = a*(s) w.p. f'(s), and a(s) w.p. 1 — f’(s) if stage(s)=h and ord(s) = k;

G,% < (5), otherwise,
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where w.p. stands for with probability. Similarly,

7(s) if stage(s) < h;
7 ($) =9 a(s) wp. 1 if stage(s) = h and ord(s) = k;
G%k(s) otherwise.

Note that ﬂ'z e IT and mr, €11, as desired. Since for all k € [dy], the policies follow G, ¢ for s € Sy

for ¢’ > h, therefore for all k € [dp],

Vi (5) = v (s) = VO (s) forall s € Spip, and (116)

g™ (s,a) = g™ (s,a) = thQ’k (s,a) forall (s,a) € Spx[A]. 117)

Also, for any s € S with stage(s) < & and any a € [A],

> (1@ =g 5.0) =By, (S -vT ()

ke[do] keldo]

=B (74050 (S1) =000 (53,

=B 4% (S a (S F/(S1) % (Snoa™(S)) (1= £/(Sn))
=% (Sh,a”(Sn))

=B (705 (4% (Sh.a" (81)) = 5 (S (Sn)) )

04 04
:Eﬂ',s,aﬂ{(ﬂf(sh)l e 477}§f(sh) ~2n EEﬂ,s,af(Sh)’

where the first line is due to both q"l: and g™« following 7 on states with stage less than h, the
second line follows from the fact that for any s € Sy, 7 (s) = 7, (s) for any k # ord(s); combining
this with Eq. (116) leads to all k # ord(s) terms of the sum to cancel. The third line follows from

expanding the definition of the policies and Eq. (117).

Letd = (—21 Skedo) (6 () —6; (7). Since [|6;(-) ||, < B by definition, we have ||§||2 <4dyB/a.
By Definition 5.3.2, for all (s,a) € S; X [A],

a ~ + - %
<¢(s,a),59> Rdyn Z q"(s,a) = q"(s,a) %25 7 Br.5.af (Sh),
ke[do]
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and hence

<()0(S7 a)a §> ~4(do+) /] a En,s,af(Sh) .

Since 4(do+ 1)n/a < no =5don/a as dy > 4 by definition, this completes the proof. |

Proof of Lemma 5.4.9. Take any s € Sy,. For the correct guess, rangeg(s) =rangeg(s). Then, using

that ||@o ()|, < 1, Tr(f(s)) < rangeQ(s)@, proving the second claim of the lemma (as y < 1).

For the first claim, take any G= (ﬁ;l)he[Z: Hl,ie[dy] € G. Let ¢’ be the unnormalized version
of go(s) of Eq. (114), that is, ¢" = ¢g(s,i, j) for the same i, j as in Eq. (114) (i.e., with the largest

{>-norm). Then, using that G egG,

range(s) = max max (o (s.i. /). 95) < ¢ ll, max 9], < ¢l Vi +1.
keldo] i.j keldy]

Using that above in combination with | f(s)| < H, v,w € B(1), [[@¢g(s)]l, < 1, we obtain

A 2

v E()wl < [{Fa(s),v)) (Fols),w) |rangeG(s) VZZH
V2dH? SdH
S||¢Q(S)”H2H¢/H2WTH=|‘Pf| ZWV gH |

As the eigenvalues of V(G%,p}?) =2 reGe p}?(n) (9}? (7)) (Hf(n))T corresponding to the subspace
h

in which (’DII lies are by definition at least y, we can write
2 ’ 7’ ’ 2
(rangeg(s))* > max, (¢, 02(m)) 2 ¢ V(G p )¢ 2 0| TV(GR.0) ¢ 2 Hso||||27-
e nh

Combining with the previous result, we get that

\ye

5 > —lvﬁf(s)wl = a|vﬂf(s)w|,

V2dd, + 1H?

rangeo(s) > \/?‘ ¢

finishing the proof. |
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5.H. Deferred proofs for Section 5.E.1

The definitions (Egs. (96) and (97)) immediately give rise to the following facts:

H
D(si—) € —Zru,H C [-H,H] and 7(-) € [0, 1], implying

H

E7(s;—) € [—Zru,H

u=i

€ [-H,H], implying (18

E(si—) € [-27(s;)H,27(s;)H] C [-2H,2H].

Furthermore, since either 7(s;) =0 or [[@o(s;)|l, =1 (as [[¢o(s;)|| = 0 implies that range 5 (s;) and

hence 7(s;) are both zero), we have
Tr(F(si—)) = E(si—), (119)
which was used to establish the last part of Corollary 5.4.11.

Proof of Lemma 5.E.1. We drop the subscripts (G,6). Let (ﬁ;:l)he[Q:H]’ie[do] =G eG. Letz=
v —w be the projection of v to the subspace orthogonal to Z(Q,i), denoted by Z(Q,i)*. In other

words, z = Projz g ;+ v. Let M = yki — ¥ By the symmetry of M,
vIMy =z M(+w)+w Mw.

It is enough to prove therefore that

£ T
o >z M(v+w).

As ||v]l, < 1 and |[v+w]||, < 2, and using the definitions and Eq. (118), for any input (s;—),

2" F(si=) (v+w)l = (2. 6a(s:) (v +w. G (s:)) E(si~)]

V2dH?
E

< 4H1(5)| (2. Go(s1)) | < 4range§(s:) 1{z. @a(si)) |

V2dH?
E

ey V2dH?

N1, ¥

V2dH?

€

- ak
<4{z,@o(si)) |a,br,rllae)[(d0] (pg(s,a,b),dF)

< 4||Proj g - @Q(S)”z ||90'||2k12[%l7§

< 4[[Projz(g,i+ ¢'ll, Vi +1
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where ¢’ is the unnormalized version of @ (ss;) of Eq. (114), that is, ¢’ = ¢o(s;,a, b) for the same

a,b as in Eq. (114) (i.e., with the largest £,-norm).

As Projz gt ¢’ = Projz g (pa(s,a) — vo(s,b)) = Projz g ;- Qi(e(s,a) — ¢(s,b))
for some s € S;,a,b € [A], and by definition Projz (g i+ Qi < L;ZI, “Projz(g,i)L go’“z <
L% lg(s,a) —(s,b)|l, < 2L32L, so

V2dH?
12T F(si=)(v+w)| < 8L72L/d) +1 — (120)
and hence
i 2dH?
12T F¥ (v+w)| < 8L2LAJd; +1 v2d . (121)
£
To bound |z" y¥(v +w)|, note that by the definition y*’,
1 )
T ki J mkj xp(mkj),i
(v+w)= - Z Cyi <g0p(k),€ >
Jjeln]
where =x1 Z tplk] ( TF(Sﬁkj,...,Ri,i;j)(v+w)) forte [i—1]
lkjel™(t)
Therefore
12T yM (v +w)| < max (p(s,a),0") .

teli-1],s€8;,a€[A]
Fix any t € [i —1],s € &;,a € [ A]. By repeated application of the Cauchy-Schwarz inequality, the
fact that X,,,; > A/, the triangle inequality, and using Eq. (120),

{e(5,0),8) < (sl || D) @t (TR R 4 w)

lkjel™ (1) x:1
_ _ V2dH? Ikj
< lle(s,a)ll, A7 - 8L Ld; + 1 - Z ||90t ! |X71
lkjel™(r) mt
V2dH?
< 8L2L2AV2d +1 |Im(t)|J > ||soﬁ'”||x 1
- &
lkjelm(r) mt

V2dH?
< 8L;L2A7V2\d) + 1 VmmaxnHd,
&
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where we use that |I"(¢)| < mnH, m < mp,x by Lemma 5.E.5, and that

112 - —
J > = Y TG < T X X = V.

; Xk ;
Ikjel™ (1) lkjelm (1)

Combining with Eq. (121), with an appropriate choice of L3, we obtain

2dH?
1Z"M(v+w)| < 8L72L+Jd; +1 v2d (1 +L/l_1/2\/mmaand) <

122
€ dH?w (122)
as desired. |
Proof of Lemma 5.E.2. Choose 8
12doHB Lo H?
,832+2H\/2dH(d0+1)10g af)f +2log mm? +dlog (1+mpnHL?/d), (123)

satisfying 8 = O(H>/%d) as given in Eq. (102), and define

£ (min {8/(dH2w),1/\/W}—n0).

= SR )L

Note that subtracting ng keeps & positive, and of the same order, by our assumption that 7 is small
enough: 1 < 3 min {g/(dHZw), 1 /W} which follows from Eq. (108).

We start with a covering argument for the set of functions of the form vﬁFGA gw. for different
choices of G, @, v, and w. By (Vershynin, 2018, Corollary 4.2.13), there is a set Ce C B(1) with
|C¢| < (3/€)4 such that for all x € B(1) there exists a y € C¢ with ||x — yl|, < £&. Therefore, there
isaset CF (xhe[z:m,ke[do] B(\/m)) x (xhe[z:m B(4doHB/a)) x B(1)x B(1) with || <
(12doHB/(a€))*H (d*D) such that for any G = (8! )ne[2:m1.ic(ay] € G, 0 € ©, and v,w € B(1),
there exists a y € Cf, such that if we let G = (5");,6[2;11]’1-5[610] = (Y (h=1)dy+i)he[2:H].i€[do]> 6=
(On)nepzr) = (VH-1dprh)ne[2:H]> Ad a = Y(H_1)(dy+1)+1> b = Y (H-1)(dp+1)+2, then G € G, § € O,
a,b € B(1), and

la=vl, <& and [b-w|,<§&, and
9%, = ||, < € and |64 — 81|, < £ forall h € [2: H],i € [dy)] .

As a result, for all s € S\ Sy, |rangeg(s) - rangeg(s)| < 2L¢, and therefore |74 5(s) —7a4(s)] <
2V2dHLE e, Furthermore, [Dag(s,....ta) —=Dgg(s,...,rg)| < L&E. Combining these with the
facts that in either case, 7(-) € [0,1], D(-) € [-H,H], and E—(-) € [-H,H] (Eq. (118)), and using
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the definition of £ and £~ ,we have that for any i € [H + 1] and inputs,

|Egg(si>) —Ega(si=)| < 4V2dH?LE [e+ LE+|EZ 5(siv1~) = EZ5(si1))]

H
=4V2dH LE[e+ LE+ ) |Eg(si=) = Egg(s;=)]

j=i+l

< (H+1)5V2dH’Lé ¢,

where the first inequality sums over the contributions of 7, D, and E—, and the second applies
induction. By combining this bound with the bounds on ||v —a||, and ||w —b||,, and that E(-) €

[-2H,2H] (Eq. (118)) implying that F(-) € [-2H,2H], for all s € S\ S, we have that

VI Feg(s)w—aj Fggbl(s) < 6HE+(H+1)5V2dHLE /&

< 5V2d(H+1)’L¢ /e = min{e/(dH*w), 1 /\[m/ymnH} =10

(124)

Take any m’ € [m],,,] (this includes the entire execution of SKIPPYELEANOR). and let the
quantities of Section 5.4.3 (such as F) be calculated with the value of Q at the beginning iter-
ation m’ (Line 5). Take any t € [H—1], i € [t+1: H]. Take any y € Cg and assign values
to a,b,G,and 6 based on y as above. For any lkj € I"'(¢), observe that given all the history

of SKIPPYELEANOR interacting with the MDP up to (and including) Sﬁkj ,Aikj , the trajectory

ik j

Ikj Ikj
ST A i

t+1° T+ 0

,R,’ is an independent rollout with policy 7°, with its law given by P o gtki gixi- The
random variable aﬂFG g (Sﬁkj e jo )b has range [-2H,2H ] and expectation (conditioned on this

history) E lkjaﬁ—FGé(Sl’)b. Let §,; be 6,; from Corollary 5.4.11, satisfying Hét,-||2 < l/ﬁ

70,8157 A

and Eq. (98) for a|, b, G, and 0 instead of Vi W, G, and 0:
E 0,50 Fea(Si)b =, (¢(s,a).0,:) . (125)

Take the sequence A formed of (pikj (for [kj € I"(¢), in the order that these random variables are
observed), and the sequence X formed of v”FGg—(kaj,...,RZ{j)w (for lkj € I'"(¢), in the same
order), and the sequence A formed of Eno,sikj’Azrkjv”FGg(Si)w - <go§kj, Gvn-> (for lkj € I (1), in the
same order, for any v,w,é,and 0 as in the statement of this lemma). Then the sequences A, X,

and A satisfy the conditions of Lemma 5.M.4 with a subgaussianity parameter o = 2H. Due to this



146 Chapter 5. Online RL with g™ -realizability

lemma, with probability at least 1 —/(m],, H 2|C§ |), for any choice of v,w,G,and @ (as above),

~ o o mllnaxl_lzlc>< | det X,

100 =il < NAlfall, + Al V1" (1) +2H 2log(% +log( Ad””) (126)
lkj lkj lk'

where G,=X,} Z @, TFGQ(S LRy Dw

1kjerm ()

A union bound over all m’ € [m],,], t,i, and y € Ciﬁ guarantees with probability at least 1 — ¢,
the above holds for all choice of these variables, any time beginning of any iteration (Line 5) is
executed. Note that we need the union bound over m because the value of Q underlying the targets

of least-squares estimations can potentially change between iterations.

To finish the proof, under this high-probability event, take any m,r,i,G,and @ as in the state-
ment of this lemma, and choose y € C; as before, to satisfy Eq. (124). Combined with Eq. (125),

this immediately implies that the sequence A formed of quantities with absolute value

|E 20,5149 AlkJV”FGG(S w— < i,éti>|

< [B 0 gits_ytv1 Fe(Sw = P (S0bI +|a P (Si)b - < f,ét,->| (127)

< min{e/(dH>w), 1 //mipynH} =10+ 10

satisfies ||A|l, < min{e/(dH?w),1/\m}nH}. Take any (s,a) € S, x [ A], and let §,; and 6,; be
as above (in Eq. (126)) for v, w, G, and 4. Note that

VTe(s.a)" 0% w = (¢(s.0).0,) .
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By the triangle inequality, using Cauchy-Schwarz, and Egs. (126) and (127),

T (5.0 s =B s aF5(S0)) ]

< (5@ 8= 01i) |+ (B o o] P (S = (((s.).801)) |

) (s Minax F|C| det X
< llp(s,@)llx- ‘/3||9n'||z+_| 2 +2HJ210g( 7 +1Og( - mt) +d8
mit / H

Mypax g Ad sz

2doHB r H?
0 +210gmm“x

1
< lle(s,a)llx-1 2+2H\/2dH(d0+1)10g +dlog (/l+mI’naXnHL2/d))+dH2
mt w

£
dH?w

’

<llp(s.a)lly.1 B+

(128)

where in the fourth line we used that [I"(1)| < my,nH, |C¥| < (12dyHB/(a&))dH (do+1) " and

max

d
we used the inequality of arithmetic and geometric means to bound detX,,, < (%Tert) <

T AL+ 17 (1) |12\ ¢ -
S0 )

Proof of Lemma 5.E.3. Choose n to satisfy

1 129
+log . (129)

{ (dew)2
n=
g2

3 2
2 P (Zdl 18dH Zmiﬂ .
£

This leads to n = O(d>H®/&?).

Similarly to the proof of Lemma 5.E.2, we start with a covering argument. This time, as G and

6 are fixed, we only consider v and w, to cover vﬁF(”w and v”F(J)w. Leté’ = 12dH3

C;;, C B(1)xB(1) with [C¢/| < (3/£7)%4 such that for all v,w € B(1), there exists an (a,b) € C*,

There is a set
with ||v —a||, < £’ (and therefore “V” —aH”2 < &', and ||w—b||, < £’. Take such a choice of (a, b)
for any (v,w). As E(-) € [-2H,2H] by Eq. (118), and ||¢o(-)||, < 1, Fori € [2 : H] and any input,

E
2dH?’

|vﬂF(s,-H)w —aﬁF(s,-%)b| <6H¢ =
and therefore for any s € S\ 51, |v F(s)w— a, F(s)b| < g/(2dH?). For j € [n] let

~ki mk_] mk] mk j
Fjl E 0 Smk[ Amkj G()(S -’ ) E 70 S’"l‘J AMk’ GQ(S )
p(k) (k) p(k)
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By the triangle inequality, for any k € [H—1],i € [k+1: H],

1 0Geéa)

mkjT Ap(mkj),i _ ki 1 J T pki L _(omkj mk j
< Z civT (ene) O PR Yl = 3 LT (P = Fag(SM™ o Ry | wi
j€eln]
1 mk j £ £ 1 ki mk j mk j
= n Z ckl “pp(k)”)(-‘p( k.>'8+dH2a)+dH2a)+|; Z C’“ (FJ ~Fea(Si Ry ))bl’
j m,p(mkj

Jjeln]
(130)

where the second inequality uses Lemma 5.E.2 and applies the triangle inequality twice again. Ob-

serve that for all j € [n], given all the history of SKIPPYELEANOR interacting with the MDP

mk j Amkj

up to (and including) S5, A )

(which also includes the value of c ; for i € [H+1]), the tra-

jectory S”;gH,Am(llij)'H, .. .,ng’ is an independent rollout with policy 7°, with its law given by
P o ki qmkis Therefore, for any fixed (a,b) € C%,, ¢ .. T (ij’ —FGQ—(STH,...,RZ”)) b are in-
p(k) *p(i)

dependent zero-mean random variables with range [-4H,4H]. Applying Hoeffding’s inequality

with a union bound over m’, k,i,a, and b, with probability at least 1 — £, for any of the m’ € [m],,]

times the beginning of the iteration (Line 5) is executed (this includes the entire execution of SKIP-

PYELEANOR),
2 +
1 : o ki ki 2mmaxH C
o D el (FY = Feg(s7™ . ki) b|<— log—————
Jjeln]
_8H 18dH?3 2m!.. H?
2dlog +log maxT o _©

\/ﬁ e e dH?w

where we used Eq. (129). To finish, note that unless cii =0, "¢;1(1;<§"X-1 < 2(BwdH)™!, so we
m,p(mkj)

can continue from Eq. (130) by bounding the average feature-norm by 07" as

T( ki _ pki —m €
|V” (yéé—FGé)W|S0'kﬁ+3m |
Proof of Lemma 5.E.4. Recall that (k,i,v) are the arguments and x the value of Optimization Prob-
lem 5.4.12. Throughout the proof we write Q to refer to its value just before Line 14 is executed. We
write o for ¢ ;),and e, fore, g ;). Let M= y’i Fk‘ Therefore, vIMv =x > 5" fw+3 55,
and by Lemma 5.E.1, wTMw > 5" fw +2—-%5.

Line 14 changes Q; by appending Ql.‘]w to the sequence C; of vectors from which Q is cal-

culated according to Eq. (91). Eq. (92) lists the conditions on the new sequence C; that need to be
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satisfied for Q to stay a valid preconditioning. Consider the third condition, i.e., HQ.‘IWH2 < Ls.

Observe that Qi‘1 Projz (g = L I and ||v||, = 1, therefore ||Q w||2 = ||Q Projz (0. v||2 < Ls.

Now consider the second condition. To prove that it holds, we need to show that ” Q;9 w||2

lwll, = % Let x = ||w||5 . Since v was the argument of the optimization problem, and using

Lemma 5.E.1,
20T™Mw < v My < w Mw + ° <w Mw(1+1/2)
dH?*w
Therefore, ||w||% > % We immediately get that
o2l 2
19: Q7 wl; = 5

satisfying the second condition.

It remains to prove that the first condition also holds. First, noting that M is symmetric, we can
decompose w " Mw as

w Mw = W?l—MW +wﬁMwL +wIMwl .

Applying Lemma 5.E.3 on the first two terms,
w' Mw <257 ﬁ+6d o +w ] Mw), .

Due to w > 3 and wTMw>a'm,Ba)+2 —7 and the above, w, # 0. Let w’ =w, /|lw,|l,. Since v

was the argument of the optimization problem, have that v Mv > w’"Mw’. Putting this together,
£
||wL||£2 wiMw, =w Mw <v My <w Mw+—no <207 ,8+7 +w ] Mw,,
dH?>w ~ H?w

Since vIMy > 5" fw +3 7%, w [ Mw, > (w=7/3) (5‘,2",8+3ﬁ) > 0 and therefore dividing the

above by w [ Mw |,

7/3

—2
hwalls® < 2=+
7/3
25— for ¢ =
||Wlllz—1+c w3
2 1
lwil,<1-—  as|wly<1.

1+c¢
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Now to prove that the first condition also holds,

sup [ (0,97 'w)| = Sup [0, w)| < Sup 16112 |[wyll, + Sup. KCATIDY
0€0; 6e0f2 6e02 002

<vdi+1 Vl__c"' SUP HQHV(GQ Q)T ”WJ_H\/(GQ Q)
f¢e @

SN TN IRy oo
N T ESLEE7 e N I

where in the second line we used Lemma 5.4.3 to bound sup,, o2 l16]l5, and for the second term
we used Eq. (113) with Cauchy-Schwarz. In the third line we used Eq. (111), and the definition of
Proj, . Finally in the last line we use that w , is perpendicular to a; for i < d’ (by definition) and that
A; <y fori > d’. Ttis left to prove that Vi + 14/1— = < L. This holds if ¢ > 1/(4(d;+1) - 1),
which is satisfied as ¢ = 1/(3(d; + 1)), due to w =7(d; + 1) +7/3 (Eq. (100)). |

5.1. Deferred proofs for Section 5.E.2

Proof of Lemma 5.E.5. The features go”?i) are observed by SKIPPYELEANOR in the order of in-

lkj

creasing [, within that increasing k, and within that, increasing j. Each time the next Poky 1 is
observed, we sum the elliptic potential as follows.
Fori e [m],r € [H],u € [n],t € [H], let the set of indices observed before tp;r(':) whose Phase

IT (rollout phase) starts at some stage ¢ be:
I'"“(ty={l € [i]l,k e [H],j€[n] : IHn+kn+j <iHn+rn+uand p(lkj) =1}
Let a version of this where only the whole iteration i’s data is included be

J()={l=ike[H]jen]:plkj)=1}

Let

_ lkj 1kj T
Xiru (t) =Al+ Z Sop(k)(pp(k)
Lk jel'™ (1)

Observe that X;,, defined in Optimization Problem 5.4.10, is the version of this that only updates at

the start of each iteration i, that is,

Xir = Xin (1)
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The total elliptic potential, observed by the end of iteration m is, writing k = p(iru) on the left hand

Xlkj(t)l} )

Applying the elliptical potential lemma (Lemma 5.L..1) H times for ¢ € [ H], this can be bounded as

> 3 minft

te[H].ie[m]lkjei(r)

side:

lk]

]l{k<H+l}m1n{1 H«p”””x (k)‘l}: Z Z rmn{
ie[m],re[H],ucln] ie[m],te[H]IlkjeJi (1)

lkj

HmnL?
}SZdHlog(1+ mn )

Xk (1)

On the other hand, by Lemma 5.L.2, then switching to an ¢;-bound, then observing that by definition,

> &,i sums the same quantities but caps them by some threshold,

2 1 2
lk_] . lkj
mln{ Hx,k~(z)‘1} > Z min 1,5 Z ’% -
te[H,ie[m]ikjeJi(t) 4 te[H],ie[m] IkjeJi(r) i
lkj
> —_
> Z minA 1, Z Z ’ Hx
HlkjeJi(1)
2
lkj
= 2 minitam 2 2 el
ie[m] te[H]lkjeJi (1) i
2
. 1 _i
> Z min l’ﬁ n Z O'k
ic[m] kelH]

Whenever an iteration finishes without returning in Line 19, ¥ ¢y} 0} > &/(dH 2Bw). Therefore,

2

L? .
2dH10g(1 Hmn ) Z min 1 Z o

ie[m] ke[H]

1 & 2
> ind1 —
—i%;dmm{ ’2Hn(dH2,8w) }

> Z min{l,Hd/,Bz} =mHd/B*,

i€[m]
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Therefore, even for the iteration that returns in Line 19,

HmnL?
da

msﬁzlog(1+ )+1=mmax. |

5.J. Deferred proofs for Section 5.E.3

Proof of Lemma 5.E.8. For notational simplicity we drop the subscripts (G,d). We first use the
usual high-probability bounds on the least squares predictor and Hoeffding’s inequality on the em-
pirical mean quantities, to prove that with probability at least 1 — 3¢, during the execution of SKIP-

PYELEANOR whenever Line 18 is executed, for all k € [H],

H
~ ~ N — &
Enmk,slck,H+]C(Sp(k))SEnmk,sl Z Ru+Ck’H+1E (Sp(k)+1,...,RH)+2O'ITﬁwdH+4E.
u=p (k)

(131)
The proof of this is presented as Lemma 5.J.1.

Next, to prove the statement for k € [H], assume by induction that Eq. (109) holds for i €
[k+1:H].

Observe that SKIPPYPOLICY performs a rollout with policy 7° for the rest of the episode
starting from stage p(k) +1, that is, 1 = A, (x)+1 = --- = Ay. Therefore, the law of the random
variables S, (x)+1,...,Ru, given (Spk),Ap(k)) is fully determined by the dynamics of the MDP,
and is independent of the values of p(k+1),..., p(H). Therefore,

H
Enmk,slC~k+l,H+lC(SP(k+1)) :E?rmk,slEk+l,H+1D(Sp(k+l)""’RH)+ Z Ru
u=p(k+1)
H
:Enmk,s15k,H+1E_)(SP(k)+]""’RH)+ Z Ru,
u=p(k+1)

(132)

where we use Eq. (96), and that ™k (SKIPPYPOLICY) is in phase II after stage p(k), but defines
the the mapping p(-) independently of whether the policy is in phase I or phase II, in such a way
that for any H > j > p(k),

j-1

Pk s, [P(k+1) = j|p(k),Spa)s Ap(iy| = Prom s, [7(S) l_l (1=7(S;) | P(K), S p(x)» Ap )
J'=p(k)+1
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Combining Eq. (132) with Eq. (131),
pk+1)-1 .
Enmk’sl 5k,H+1C(Sp(k)) < Eﬂ-mk’sl Z R, +5k+1,H+1C(Sp(k+l)) +25',:"ﬁa)dH+4ﬁ .

u=p (k)

By Remark 5.E.7, Enmk’sl 5k+1,H+1C(Sp(k+l)) = Eﬂm,,kJrl’515k+1’H+1C(Sp(k+])) = Ck+] . Therefore,

combining with the inductive hypothesis,

p(k+1)-1
Bt 5, G H1 C(Spi) < By, > Ry +CF* 4257 ﬁa)dH+4—

u=p (k)
p(k+1)-1

SEamkg, D, RutEgnn g, Z R +2Zo’kﬁwdH+4(H k+1)—
u= p(k) u=p (k+1) i=k

=Bt , Z Ry +2Zakﬁwdﬂ+4(ﬂ k+1)—
u=p (k) i=k

where the last equation uses Remark 5.E.7 again, finishing the induction. |

Lemma 5.J.1. Adopt the notation of Lemma 5.E.8. With probability at least 1 -3, during the

execution of SKIPPYELEANOR, whenever Line 18 is executed, for all k € [H],

- ~ N _ &
Eﬂ-mk,slck,H+]C(Sp(k)) SEﬂmk’sl Z Ry+CrunE (Sp(k)+l’---,RH)+20-],<"ﬁwdH+4E-
u=p (k)

Proof. We refer as 6 to the value of the argument of Optimization Problem 5.4.10 recorded in Line 5.

For k € [H], recall the definition of " (Eq. (105)), along with the fact that unless ci’ a1 =05

”(,0;'2]]?)”)( ] < 2(BwdH)™', we get a useful bound on the average norm of the features under

p(mkj)
cons1derat10n

2 2 bl
n k,H+1||Pp(k) X

jeln (k]

<o, (133)

If Line 18 is executed, the consistency check passed, and therefore forall k € [H—1],i € [k+1: H],

Tr ( F’”) ,Ba)d+3H— (134)
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For t € [H] let the least-squares predictor of rewards sums under the policy 7° be

H
Xt H+1 _ y—1 Ikj 1k j
gt = xS YR
u=t

Ikjerm ()

For k € [H] and j € [n] let us introduce the shorthand

mkj Z Rmk]

u=p(mk;)

and similarly when the trajectory is clear from context: Ry, = Zf: (k) Ru- Fork € [H] let

N 1 N kj k k
Bl S el (BT e R £ RY)

J€ln]
~ 1 :
k _ mk j
c" = 0 Z Ck H+1C(Sp(k))
Jj€ln]
1 .
k,H+1 _ J mk j (mkj),H+1
Y ) Z CkH+1 <‘pp<k>’9p " >
Jj€ln]
1 . .
k,H+1 _ Jj mkj
z = Z e RS
Jj€ln]

Fort e [H—-1],i € [t+1: H], along with §-7+! et

Xti - lkj lkj lkj - lkj Lk j lkj
0 =Xp > @ ITFS R =X Y GVESH LR,
1k jel™ (1) 1k jelm (1)

where the second equality is by Eq. (119). Observe that for any v € R?, Tr(vT %) = (v, gt i). There-
fore, for k € [H],

H 1 H+1 1 H+1
k,H+1 kiy _ J mk j k J mk j gp(mkj),i
youoA Z (™) =+ Z Z “k <"Dp(k>’9p(m e >_Z Z C"’””< Po(k)’ Z e >
i=k+1 je[n]i=k+1 jeln] i=p(mkj)+1

For any ¢ € [H], by the definitions,

H+1 H H
Xti - Lk lkj lkj kj
§ g =x1 § tptj(E E(S; J,...,RHJ)+§ R;"f)
u=t

i=t+1 lkjel™ (t) i=t+1

H
- lkj - olkj lkj kj
=X > o ET(SK Ry + Y R
lkjel™(t)
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Plugging this into the previous calculation,

. ki A
kH+1+ Z Tr(yk‘) = - Z Ci,H+1 <(,D;n(kj),0p(mkj)>

i=k+1 Je[n]
1 j mkj j
> ; Z ck,H+l <‘Pp(k)’9p(mkj)>
jeln]
= 2 cualliil,, Voo =i
Cr,H+1||Pp(k) X p(mkj) = Yp(mk )X, o)
1 D) (135)
. Z ChoHa1 <90;rzk])aép(mkj)>_6-]’<nﬂH
j€ln]
1 i . ki z .
> - Z Ci,HH chp[O’H] <‘,0;:1(k§,9p(mkj)>_o—]’<nﬁH
j€ln]
1 i kjy = Ak
=~ 1 unC(Sy0)) —03'BH = C" - 57'fH,,
Jj€ln]

where the first inequality uses Cauchy-Schwarz. The second inequality bounds the average of the
first norm by Eq. (133), and the bound on the second norm (for any j) is by definition of Op-
timization Problem 5.4.10. The third inequality relies on the fact that ci’ g1 = 0 if the clipped
inner product is negative, and the final equality is due to the definition of C along with the fact
that A™*/ = +(Smkj ), as this is the last state in the trajectory where SKIPPYPOLICY takes the

p(k) p(k)
inner-product maximizing action (7*) before rolling out with 7°.

By Egs. (99) and (119), we have that

H+1
Zk,H+1 + Z Tr(Fkl) _ Z k el Z E(S;nkj, ) mkj) +Rmk1
ie[k+1:H] ]e[n] i=p(mkj)+1 (136)
1 — omkj mk] mk j Ak
== Z Ck H+l (E (Spyere Ry D+ R ) E

Jeln]

Combining Egs. (135) and (136),

IA

Ck _ fk 5 BH + (yk,H+1 _Zk,H+1) + Z Te(yki — £
ielk+1:H]

= k,H+1 k,H+1 = i
< lznﬂH"'(|E7rmk,slck,1‘1+1Rk—)—Z + |+|y + —Enmk,slck,H+1Rk—>|)+0—/ZnﬁwdH+3ﬁ

(137)

where the sum (last term) is bounded by Eq. (134), and we apply a triangle inequality on the second

term. To continue bounding this term, we apply Hoeffding’s inequality on the independent random
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variables ci 1141 Ri— (for j € [n]) that have range [0, H], along with a union bound over the iteration

m’ e [m},,.] and k € [H], to get that with probability at least 1 — ¢,

H 2mil . H g
k,H+l| < max <

Z < .
iV 2T A0

|E ks, kb1 Rk — 2 (138)

k. H+1 —Emk 5, CkH+1Rk—| is bounded using the realizability of q"0 (Defi-

The remaining term |y
nition 5.3.2) as follows. Take any ¢ € [H]. By definition there exists 6} € @tQ C B(B), such that
for all s € S; and a € [A], q”o(s,a) ~y (ga(s,a),@f). Take the sequence A formed of cpikj (for
lkj € I'"(¢), in the order that these random variables are observed), and the sequence X formed of
kaij (for Ik j € I™(7), in the same order), and the sequence A formed of g™ (kaj , Aikj )— <<pikj , 6;‘>
(for lkj € I'""(¢), in the same order). Then the sequences A, X, and A satisfy the conditions of
Lemma 5.M.4 with a subgaussianity parameter o = H. Due to this lemma, applied with a union

bound over m’ € [m;,,,] and ¢ € [H], with probability at least 1 — ¢,

0, < AT 1y Pl "5 g 4o

24
faxH det X,
£2+H\/210gmm%+log( c mt)S,B,

/ld

by Eq. (128). Therefore by Cauchy-Schwarz and Eq. (133),

gp(mkj),H+1 _ gk
0 9p<mkj)||xm, +’7)

|

1 . .
k,H+1 2 J mk j
|y _Eﬂ”"k,slck,H+1Rk—>| < Z Ck,H+1 ||‘pp(k)“X71
i m,p

Jjeln] (mkJ)

_ _ e
Combining this with Egs. (137) and (138),

&

dH?

Ck—B* <1567 BwdH +3= +2 : (139)
H w

We introduce the following notation for j € [n], k € [H+1],i € [H+1]:

—_j . , kj - kj 5
C.llci =1 {p(mk]) <iand ”cplr:EkJ)H}rl " > 2(BwdH) ™" and <"0}’)r2kj)’9p(mkj)> > O}
m,plmkj

é{;i =1 {p(mkj) <iand <¢;r:1(];<§’ép(mkj)> < 0} ,
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such that for all j,

~J
ckl—ckl+ckl+ckl (140)

Continuing from Eq. (139), as E—(s; —) +Z ;Tu = 0 by Eq. (118), and if ck 4 = 1 then
C(5™%7) = 0, we have that

p(k)
kj — kj kj kj _
= Z (bl (OO = (B (S R + RYY)) < 1557 pwdH +3 5 42—
" et

As (evenif & . =1)C(S™) < H,

k,H+1 p(k)
1w ) 1
- D& C(Sp) < HEY'/(2(BwdH) ™) = 501 BwdH.
J€ln]
which combined with the previous inequality and Eq. (140) yields
- Z & (C(S'"kj) - (E_’(Smkj ,...,Rmkj)+Rmkj)) <257 BwdH +3% +2
n L k. H+1 p(k) p(k)+1 H k— k H de
Observe that the random variables 5£,H+1 (C(S;'zg) - (E_’(SZEIIXH, ) ..,Rzkj) +kaij)) are

independent (for j € [n]) with range [-2H, H] (Eq. (118)). By Hoeffding’s inequality, with prob-

ability at least 1 — ¢, for all iteration m’ € [m (this includes the entire execution of SKIPPYE-

max]

LEANOR) and k € [H],

Enmk’sl Ck,H+1 (C(Sp(k)) - (E_)(Sp(k)_H, ...,Ryg) +Rk_>))

1 mk j - omkj mkj mk j
e 3 (COIED ~ (B (I o R + R
J€ln]
4H log 2mmaXH< £
- \/_ " dH?w

Combining with the previous bound, under the intersection of the high-probability events referred

to above, which by a union bound has a probability of at least 1 — 3£, we have that for all k € [H],

~ ~ N _ &
Bt Ch i1 C(Sp(t)) < By D RutCtiatE7 (Spyatse oo Rip) 4207 podH +4— . W
u=p (k)
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5.K. Deferred proofs for Section 5.E.4

Proof of Lemma 5.E.10. Let m be the current iteration. Unlike in previous lemmas, here we in-
troduce (G,6) that does not refer to the outcome of Optimization Problem 5.4.10. Instead, let
G = (ﬂZ)hE[ZHJ’ieldOJ € G be the correct guess. For h=H,...,1, 6}, is defined in sequence along

with the behavior of a policy 7 on stage A.

For h = H,...,1, assuming that this process already defined 0j,1,...,0y (in Eq. (142)), let &
be the policy that, for any ¢ > h and s € &;, takes action on s as ﬂgg_(s) with probability 74 ;(s), and
action 1 with probability 1 —74,(s) (7 is defined in Eq. (95)). Simultaneously, using the second

part of Corollary 5.4.11, define 6,; € B(4doB/a) fori € [h+1 : H] to satisfy for all s € Sy, a € [A]:
Ero .0 Tr(Eg5(S0) 2y (@(5,0),0n:) .

We also define 6, g4 € B(B) to satisfy for all s € Sp,, a € [A]:

H
Eﬂo,s,aZRM zi] <(p(saa)a9~h,H+1> .
u=h

By Eq. (119),

H H
Eﬂo,s,a Z Tr(FGé(Si))+ZRu =E7r0,s,aEgg(Sh+l’---,RH)+ZRu ~H g <‘10(saa),9_h> >

i€[h+1:H] u=h u=h
(141)
where we define
o= > O (142)
i€[h+1:H+1]
We first show that (G,8) is feasible for Optimization Problem 5.4.10. Clearly, |9_h||2 <

4dyHB/a. Foranyi € [h+1: H], let
A - lkj 1kj 1kj
Oni=X_) Z O Te(Fe g (S, . RINT)),
1kjel™ (h)

and let

H
A vl lkj lkj
9h,H+1—th Z b ZRM .
lkjel™(h) u=h
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Then, § of Optimization Problem 5.4.10 satisfies for all i € [H], by Eq. (119),

i€e[h+1:H+1]

To show that (G,8) is feasible, it thus suffices to show for all h € [H], i € [h+1: H+1], that

161 - éhi”th <B.

Fixany h € [H] andi € [h+1: H+1]. Take the sequence A formed of goﬁkj (for lkj € I'"(h),
in the order that these random variables are observed). For i < H + 1 take the sequence X formed
of Tr(FGg(kaj,...,RZ(j)) (for lkj € I'"(h), in the same order), and the sequence A formed of
Eﬂ_o’silkj’Alhkj Tr(Fg(Si) - <<pilkj,9~h,~> (for lkj € I'"(h), in the same order). For i = H+1, the
sequence X is formed of Zf:h Rikj, and A is formed of q”O(SZk‘i,Ailkj) - <¢2kj,9~hi>. Then the
sequences A, X, and A satisfy the conditions of Lemma 5.M.4 with a subgaussianity parameter

o = H. Due to this lemma, applied with a union bound over m’ € [m;,,.]. t, and i, with probability

atleast 1 -,

/ld

Oni — 0 j hax H? detX,
=il <ﬁl!@m!lﬁ||A||w\/—|1m<z)l+H\/21°g(—mm? J 1og (57

rax H? det X,
s2+H\/210gm”‘%+log( e/ldmt)sﬁ,

by Eq. (128).

Next, we show that the resulting policy 7 is near-optimal. Assume by inductionon h=H,...,1,

that forallt € [h+1:H],alls €S, and a € [A],

v(s) > v*(s)—(H-t+1)(e/H+2H?no) and (143)

{(¢(5,a),0:) ~(H—r+1E 7y 47 (5,0) . (144)

To prove the above for ¢ = h as well, take any s € Sy, a € [ A]. Introduce the random variable P that,

for a trajectory following P takes as its value the index of the first Bernoulli draw of 1 (starting

70, s,a°

from index A+ 1), when the Bernoullis have means 74;(S;) for j € [A+1 : H], and takes the value

H +1 if all of these Bernoullis have outcome 0. Write E 0 ¢ , p[] for E o ¢ JEp[-|Shs1,...,RE].
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Then,
H H
Eﬂ'o,s,aEgH_(Sh+17 L ’RH) + ZRM = Eﬂ'o’s,a’PDGé(Spr v ’RH) +Z Ru
u=h u=h
P-1
=E0s0.p ) Ru+1{P < H+1}Cs4(Sp)
u=h
where we use Eq. (96). Combining with Eq. (141),
P-1
(#(5:@),00) iy Bro s 0p Y Ru+1{P < H+1}Cs5(Sp)
u=h
P-1
=Eqoap ) Rut1{P<H+1}clipj s <<p(sp,ngé(sp)),ap>
u=h
P-1
~(H-h)Hno E7r°,s,a,P Z R,+1 {P <H+ 1}6[”(5[571’59(5;»)) s
u=h

where we used the inductive assumption along with the fact that action-values are bounded in [0, H].

Observe also that

P-1

47 (5,0) =B 0 p ). Rut1{P < H+1}q™(Sp, 5, 5(Sp)),
u=h

and therefore

{(o(5,a),0n) ~(H-ns1yHn, 4" (s,0),

proving Eq. (144) of the inductive assumption for ¢ = A.

To show Eq. (143) for ¢t = h, by Eq. (144) for ¢ = h and the inductive assumption for ¢ > A,
(e(s.a).0n) =2, g™ (s.a) 2 q*(s,a) - (H - h)(g/H+2Hn0).
Either 7 chooses the action ¢’ maximizing the inner product above, for which
q” (s,a’) > arg[aj(] q*(s,a)— (H—h)(e/H+2H10) —2H?no > v*(s) — (H—h+1)(e/H +2H"no),

or it chooses action 1. This can only happen with non-zero probability if 7445(s) < 1, in which

case we have by definition that rangeg(s) = rangeg(s) < ﬁ. Combining with Eq. (90) and
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Proposition 5.4.5, range(s) < 4, and therefore, using Eq. (143) for z = h+ 1, in this case

g™ (s,1) 2 q* (s, 1) = (H = h) (/ H+2H?10)

> % (s) - % —2n—(H—h)(e/H+2H10) = v*(s) — (H—h+1)(e/H+2H?0).

Therefore for any choice of action a’ of policy x in state s, ¢” (s,a’) > v*(s)—(H—-h+1)(e/H+
2H?19). Therefore
v¥(s) = v*(s)— (H-h+1)(g/H+2Hn),

finishing the induction.

We thus conclude that

VT(s1) = v*(s1)—e—2Hnp.

Combined with Eq. (144) of the inductive assumption, the value of Optimization Problem 5.4.10

can be bounded as

Cgg(s1) =clippy g1 (@(s1.7(s1)).01) > Hno+v™(s1) 2 v*(s1) - 28,

by assumption on 1 being relatively small (Eq. (108)). |

5.L. Deferred lemmas

Lemma 5.L.1 (Elliptical potential, Lemma 19.4 from Lattimore and Szepesvari (2020)). Let Vj €
R4 pe positive definite and aj . ..,a, € R? be a sequence of vectors with ||a;||, < L < oo for all

€[n], Vi=Vo+ X< asa;. Then,

detV, TrVy+nL?
me{l ||a,|| } 2log %) <2dlog _ornt .
etV ddet(Vy) /4

Lemma 5.L.2. Let V € R?*? be a symmetric positive definite matrix and (a;)ien) be a sequence of

n d-dimensional real vectors. Let Vi =V + 3. jei ajajT. Then,

2, lailly, -, = min 1—Z||a||

i€[n] i€n]
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Proof. If 3¢y aia] <V, then V; <2V, and therefore

1

2 2

2o Mailly = 30 laill3y - = 5 lailly-r -
] 3

i€[n i€[n]

Otherwise, Xic[n] al-al.TV‘1 has an eigenvalue that is at least 1. As all the other eigenvalues are

non-negative (as V is symmetric positive definite), we have that

Z la:ll? . =Tr Z aal V' |>1. n

ie[n] i€[n]

5.M. Estimation error blow-up guarantees

We borrow Assumption 5.M.1 and Theorem 5.M.2 from Lattimore and Szepesvdri (2020) and refer

the reader to the book for the corresponding proof.

Assumption 5.M.1 (Prerequisites for Theorem 5.M.2). Let 1 > 0. For k € N*, let A} be random
variables taking values in R%. For some 0, € R?, let Xi = (Ax,04) +nx for all k € N*. Here, iy, is

a conditionally I-subgaussian random variable (“noise”), ie. it satisfies:
(1’2
foralla eRandt > 1, Elexp(ani) | Fr-1] < exp (7) a.s.,

where Fi_1 is such that A, X1, ...,Ak-1, Xi-1, Ar are Fi_1-measurable.

Theorem 5.M.2 (Lattimore and Szepesvari (2020), Theorem 20.5). Let ¢ € (0,1). Under Assump-
tion 5.M. 1, with probability at least 1 —(, it holds that for all k € N,

A 1 detVi ()
165 = 0xlly, (2 < \/7l||9*||2+\/210g (Z) +log (T) :

where for k € N,

k
V() = Al + Z AgAT

s=1

k
O = V()™ Y XA,
s=1

We generalize this theorem to handle non-zero-mean noise with parametrized subgaussianity.
To handle non-zero-mean noise, we use (Zanette et al., 2020b, Lemma 8). We state the lemma here

and refer the reader to Zanette et al. (2020b) for the proof:
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Lemma 5.M.3 (Zanette et al. (2020b), Lemma 8). For n € N¥, let {A;}i=1....n be any sequence of

.....

vectors in R and {A;}i=1..._, be any sequence of scalars such that |A;| < & € R with &€ > 0. For any

.....

A20andV(2) =2, AiA] + Al we have:

2

< nfz

V()

n
ZA,A,-
i=1

Lemma 5.M4. Let { € (0,1), 1 >0, 0 >0, and £ > 0. For k € N*, let Ay be random variables
taking values in RY. For some 0, € RY, let Xi = (Ax,04) +nx for all k € N*. Here, ng is a

conditionally o-subgaussian random variable, ie. it satisfies:

a’o?
foralla eRandt > 1, Elexp(ani) | Fr-1] < exp( > ) a.s.,

where Fy_; is such that A1, X1, ..., Ak—1, Xk—1, Ax are Fy_,-measurable. With probability at least

1= ¢, it holds that for any sequence {A;};=,... such that |A;| < ¢, forall k € N,

R 1 detVi (2
16k = 6xlly, ) < V|0, +EVE+ 0'\/210g (Z) +log (,1—2()) .

where for k € N,

Xk =Xk+Ak

k
V(1) = Al + ZASAST

s=1

k
Ok =Ve()™ ) XAy

s=1

Proof. Let X = (Xi —A)/ow, A} = AxJow, X = A2, and 0}, = 0, V() = X1+ 35 ALALT,

and él’{ =V, (a1 Zle XgA;. By assumption, X;, A, A" and 6} then satisfy Assumption 5.M.1.
Therefore by applying Theorem 5.M.2, with probability at least 1 — ¢, it holds that for all k € N,

/1/d

N 1 detV’ (1)
A —9*||VN,) < x/?||e*||2+\/210g (Z) +log (4) .



164 Chapter 5. Online RL with g™ -realizability

Under this high-probability event, since V/(1") = Vi (1)/ o2, substituting into the previous display

yields
A 1 detVi (1)
107 = 0ully, ) < ﬁ||9*||2+a\/210g (Z) +1og(7 . (145)
Take any sequence {A;};=1,... such that |A;| < & and apply the triangle inequality:
Hek - g*Hvk(/l) s HH;C - 9*||Vk(/1) + ”‘92 — Ok Vi ()’ (146)
so0 it remains to bound ||6?A',’< - ék”Vk(/l)'
k k
107 = Olly, oy = ||V () D XIAL Vi) Y XA
s=1 s=1 Vie ()
k k
= Vi)™ Y (X = ADA = Vi)™ Y XA,
s=1 s=1 Vi () (147)
k k
= (Ve D AL =] A,
s=1 V() lls=1 Vie()!

< Vké,

where the final inequality uses Lemma 5.M.3. The proof is finished by plugging in the bounds of
Egs. (145) and (147) into the triangle inequality of Eq. (146). |



Chapter 6

Summary

In this thesis we presented contributions to the field of reinforcement learning with linear function
approximation. Most notable are the query complexity results under optimal (action-)value function
approximation for various access settings, and results under g’ -realizability (all-policy realizability)
for both local access planning and online RL. For ¢* and v*-realizability, this includes the lower
bounds of Theorems 1.4.1 and 1.4.2 (Theorem 9 of Weisz et al., 2021b, and Theorem 1.1 of Weisz
et al., 2022b) that hold in the most permissive global access setting, and the algorithm and corre-
sponding upper bound of Theorem 1.4.4 (Theorem 1.2 of Weisz et al., 2022b), that holds in the less
permissive local access setting. For g™ -realizability, we present an algorithm and corresponding up-
per bound of Theorem 1.5.1 (consequence of Theorem 1.2 and Theorem 1.3 of Weisz et al., 2022a)
for local access planning, and another algorithm and corresponding upper bound of Theorem 1.5.2
(consequence Theorem 4.1 of Weisz et al., 2023) for online RL. These results are summarized in
Sections 1.4 and 1.5. Along the way, we present various open problems and promising directions

for future work, many of which are summarized in Chapter 1.
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