Stability properties of Lane-Emden and
Goldreich-Weber solutions to the

Euler-Poisson system

King Ming Lam

UCL

A thesis presented for the degree of
Doctor of Philosophy



I, King Ming Lam, confirm that the work presented in this thesis is my own.
Where information has been derived from other sources, I confirm that this has

been indicated in the thesis.



My immense gratitude to what makes this thesis possible — the helpful guid-
ance of my supervisor Prof Mahir HadZi¢; the stimulating collaboration with him
and Prof Juhi Jang; the support of family and friends; and the EPSRC studentship
grant EP/R513143/1.






Abstract

The Euler-Poisson equation (or system) is the compressible Euler equation (which
describes a compressible fluid) coupled with the Poisson equation (which describes
Newtonian gravity). In a free boundary context where the domain evolved accord-
ing to the fluid motion, this system describes a classical model of a star — a lump
of compressible gas or liquid surrounded by a vacuum subject to forces created by

its own pressure and gravity — and has been long studied by astrophysicists.

Two classes of important special solutions to this system are the Lane-Emden
stars and the Goldreich-Weber stars. The former is a class of spherically symmet-
ric static solutions describing a static star, while the latter is a class of expand-
ing/collapsing solution which could describe for instance a supernova expansion
or gravitational collapse. An important question regarding these solutions are their

stability properties under perturbations.

The expanding Goldreich-Weber stars consist of two types — one that expands
at a linear rate and one that expands at a self-similar rate. In this thesis we prove that
the former is non-linearly stable under perturbations (allowed to be non-radial), and
the latter class is codimension-1 non-linearly stable under irrotational perturbations

(also allowed to be non-radial).

In the next part of the thesis, we will establish the linear stability properties
of the liquid Lane-Emden stars, in particular we found that it differs from that of
gaseous Lane-Emden stars. We establish various qualitative properties of the liquid
Lane-Emden stars and using them we show that their linear stability properties
depend not only on the adiabatic index but also the central density of the star. Such

dependence on central density is not seen in the gaseous Lane-Emden stars.



Impact Statement

Partial differential equations (PDEs) are ubiquitous in almost every area of sci-
ence, whether natural science like physics, chemistry and biology, or social or ap-
plied science like engineering, epidemiology and economics. It is tremendously
important and useful to science as it gives a description of how quantities change

or evolve according to rules.

The physics of how our world behaves are described by various partial differ-
ential equations — Maxwell’s equations in electromagnetism, Navier—Stokes equa-
tions in fluid dynamics, Schrodinger equation in quantum mechanics or Einstein’s
equations in general relativity which describes gravity and spacetime. Hence for
the advancement and understanding of science, it is important to have a good math-

ematical understanding of PDEs.

My study of the stability properties to solutions of the Euler-Poisson equation
not only further the understanding of this particular PDE, but has the potential to
shed light on other important PDEs that are similar or related. The Euler equation
with the Euler-Poisson system is in particular a special case of the Navier—Stokes
equations, whose problem of existence and smoothness is one of the biggest and
most important open problems in mathematics, one of the Millennium Prize Prob-

lems.

Euler-Poisson equations also share similarities to many other equations for
being a wave-like equation, as is for example Einstein’s equations. And it was
through the understanding of PDEs, by discovering a certain solution to Einstein’s
equations and proving its stability using mathematics, that physicists were able to
predict the existence of black holes and gravitational waves before they were even

directly observed in our universe.

For many discoveries in pure mathematics, its direct impact to the wider world
might not be immediately apparent, but like number theory in computer cryptogra-
phy, many were to find unexpected use many years later in previously unimagined
places and go on to hugely impact and benefit the wider world. Therefore, I be-
lieve my study of the Euler-Poisson equation here not only contributes to the field
of PDE analysis, but has the potential to have a wider impact in our world too, even

if not as much as the distinguished examples that I mentioned.
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Chapter 1

Introduction

1.1 The Euler-Poisson system

A classical model for stars is given by the Euler-Poisson system, as a lump of
compressible gas or liquid surrounded by vacuum, subjected to forces created by
its own pressure and gravity. This is a system widely studied by (astro)physicists,
for example by Chandrasekhar [4]. The fluid is modelled by the compressible Euler

equations, which model perfect fluids with no heat conduction and no viscosity. It

is given by
Du
—_ — 1.1
"o Vp + pg (1.1)
Op+V-(pu)=0 (1.2)

where p is the fluid density, u the fluid velocity, g the body accelerations acting
on the fluid (e.g. gravity, inertial accelerations, electric field acceleration etc.), p
the fluid pressure. All these quantities are functions of space x (in R?) and time
t. Here % := 0; + u - V denotes the material derivative. Equation is the
so-called momentum equation which describes the forces on the fluid particles and
conservation of momentum. Equation (1.2) is the so-called continuity equation

which describes the conservation of mass.

We take g to be the Newtonian gravity

g=Vo
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Chapter 1. Introduction
where ¢ is the gravitational potential is defined by the Poisson equation

A¢ = 4mp and | llilm o(t,x) =0. (1.3)

X||—00
Here the boundary condition at infinity lim x| ¢(t,%) = 0 ensures that we have
a unique solution for ¢, and furthermore we require this boundary condition to
be zero since we want to model an isolated star where no energy is coming from
infinity. This case describes a self-gravitating star, subject to gravity induced by

its own mass as well as force coming from its own pressure.

The lump of liquid does not have a fixed shape, its shape and volume can
change - the pressure of the liquid will try to force the liquid to occupy more
space/volume and expend the domain, while any gravitational force will try to
do the opposite. As a result we have a free surface problem where the domain
Q(t) = supp p changes with time, being deformed by the fluid motion itself. We

have the following boundary conditions:

a) the pressure on the boundary matches that of the vacuum outside, i.e. p = 0
on 0€2;

b) the normal velocity at which the boundary changes is equal to u - n at any

point on the boundary, where n denotes the outward unit normal vector to Of).

We now have d + 1 equations for our fluid (the scalar continuity equation (1.2])
plus the vector momentum equation (I.1))), but d + 2 unknowns (p, p and u). To
close the system, we need to specify an equation of state. The classical model
which we will consider is that of a barotropic fluid where pressure is a function
of density only, wherein we have a equation of state p = P(p) that relates the
pressure to the density. Under this assumption, we shall consider the classical case
of polytropic fluid where p is related to p via

KpY for gasous stars
p= (1.4)
Kp?—C  forliquid stars.

for some constant X, C' > 0 and 2 > ~ > 1. Note that under , since pressure is
0 on the boundary 02, the density of the fluid will be 0 on the boundary for the gas
case, and (C'/ K)/7 on the boundary for the liquid case. Without loss of generality,
we can take X' = C' = 1. The constant for the power ~, called the adiabatic index,
makes a difference however since it defines the fundamental relationship between
p and p. With respect to the natural scaling of the system, the parameter 7y plays a

crucial role as natural criticality parameter, with different behaviour to be expected
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1.1. The Euler-Poisson system

from different values of v. We will refer to the Euler-Poisson system with adiabatic

index + as the (EP),-system.

1.1.1 Physical vacuum condition

Generically, the body of fluid will have non-zero pressure away from the vacuum
boundary. Since the vacuum is the area of zero pressure, we should expect the
forces from the pressure to work to expand the domain €2(¢) (while gravity work to
shrink it). In other words, heuristically, the acceleration due to pressure of the vac-
uum boundary should be non-zero. And in order for the movement of the boundary
to be well-defined it should also be finite. The acceleration of fluid particles due to

pressure is —p~ 1 Vp (see momentum equation (T.1])). Note that

=1 wheny > 1
—p'Vp ~ —Vuw where w = P K

Inp  wheny=1.

Hence a “fluid particle” at the vacuum boundary x, € 0€)(t) is accelerated by the
pressure by an amount proportional to —n - Vw(x,). Hence in order for the free

boundary problem to be well defined, heuristically we expect the condition
0< —n-vw‘ag < 00

to be generic and natural to the free boundary problem. This specifies the rate the
density decay towards the vacuum boundary. This condition is known as the physi-
cal vacuum condition. Indeed, it has been shown that outside of this condition, the
problem is in general ill-posed; and when solution exist, it should come to satisfy
the physical vacuum condition in finite time. Whereas within the physical vac-
uum condition framework, well-posedness of the problem has been established via,

for example, the methods of Jang and Masmoudi [33]] and Coutand and Shkoller
(71

Note that gas with v = 1 can never satisfy the physical vacuum condition, so
it does not admit well-defined solutions with a vacuum region within the physical
vacuum condition framework. For more discussions on the physical vacuum condi-

tion and well-posedness of solutions with a vacuum region, see [32] and [33]].
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Chapter 1. Introduction

1.1.2 Conserved quantities and scaling

The Euler-Poisson system (I.I)-(L.3]) possesses the following important conserved

quantities — mass, momentum and energy, given respectively by:

M|p] ::/ p dx, (1.5)
Q(t)
Wip, u] ::/ pu dx, (1.6)
Q(t)
( 1 1 1
/ (—p\u\z + —po + p"*) dx for gas, v > 1
o) \2 27 Ty -1
1 1
/ (—p\u|2 + —po + plnp) dx for gas, v =1
[p;u] == 1 1
/ (—p\u\z + —pod + P+ 1) dx forliquid, v > 1
o) \2 27 Ty -1
1 1
/ (—p\u|2 + —pp+plnp+ 1> dx for liquid, v = 1
(S \2 2

(1.7)

The Euler-Poisson system possess scaling structures so that if (p,u) is a clas-

sical solution of the (EP),-system, then (p, 1) defined by

~ __2 t X

p(t,x) =A"27p (—1 —> (1.8)
Az A

ﬁ(t,X) = Ai%u (le E) (19)
AT A

is also a solution to the (EP),-system for any fixed A > 0. And we have

M7 = X5 M[p)
Elp, 0] = \* 25 Elp, ).

The mass critical and energy critical indices are the indices v for which the mass
and energy respectively remains unchanged under this scaling. For d = 3, the mass

critical index is y = 4/3 and the energy critical index is v = 6/5.

A y larger than the mass critical index is said to be mass sub-critical where
good behaviour is expected; while a v smaller than the mass critical index is said
to be mass super-critical where bad behaviour is expected. A heuristic way to see
this is as follows. Imagine we have a solution in equilibrium where pressure and
gravity are in perfect balance. When A > 1, the density/mass of (p,u) is more

concentrated in space (has larger maximum value and smaller support) than that of
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1.1. The Euler-Poisson system

(p, ). Heuristically this should be due to a stronger gravity effect due to a larger
overall mass. In the mass sub-critical range, the mass of (p, u) is larger than (p, )
as expected, hence good behaviour is expected. Whereas in the mass super-critical
range, the mass of (p, u) is smaller than (p, i), this strangeness suggest behaviours
might be not so good, at least when it comes to the stability of such a equilibrium

solution.

Similarly, a  larger than the energy critical index is said to be energy sub-
critical; while a y smaller than the energy critical index is said to be energy super-

critical.

1.1.3 Lagrangian formulation

A changing domain is difficult to do analysis on, but since we are dealing with a
fluid made up of “fluid particles”, using this structure we can convert to Lagrangian
coordinates by tracing “fluid particles” and obtain an equivalent formulation where
the domain is fixed. This formulation is particularly well suited to the analysis of

fluids featuring a vacuum boundary.

The Lagrangian formulation is as follows. Let n(¢,x) be the the fluid flow
map, defined through

Om=uon  with  n(0,x)=mny(x),

where u o n(t,x) = u(t,n(t,x)). The spatial domain is then fixed for all time
as Qy := 1y (2(0)). To reformulate the (EP),-system in the new variables, we

introduce

v=uon (Lagrangian velocity)
f=pomn (Lagrangian density)
Y=¢omn (Lagrangian potential)
A= (Vn)! (inverse of the deformation tensor)
J = det(Vn) (Jacobian determinant)
a=JA (cofactor matrix of the deformation tensor)

Under this change of coordinates, the continuity equation becomes f.J = fyJy and

the momentum equation (I.1)) in the domain €2 reads

O + —— O (A (fodo) T + AV = 0, (1.10)
foJo
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Chapter 1. Introduction

where Einstein summation convention is used (see Definition [1.4.1). Moreover, v

solves the Poisson equation
(AV) - (AV) = drfo ot (1.11)

For details of the Lagrangian description of the Euler-Poisson system, we refer
to [22].

1.2 Lane-Emden and Goldreich-Weber stars

There are two classes of special solutions to the Euler-Poisson system of much

physical importance.

1) The first is the Lane—Emden stars (LE stars) [4], which are time independent
spherically symmetric solutions modelling a static star where pressure and
gravity are in perfect balance. Lane—Emden stars exist for all 2 > v > 1 and

for both gas and liquid (see section [4.T)).

2) The second is the Goldreich-Weber stars (GW stars) [17], which are spheri-
cally symmetric expanding or collapsing solutions modelling a star that is ex-
panding or collapsing in time. Goldreich-Weber stars exist at the mass critical
index v = 4/3 (when d = 3) for gas.

To obtain these solutions, we look for spherically symmetric solutions to the
Euler-Poisson system of the form n(t,x) = A(¢)x, and assume without loss of
generality that A\(0) = 1. Under this affine ansatz, the momentum equation (I.10)

in R3 reduces to
JoAx + AT Y L A2 [ VK fy =0 (1.12)

where
K = 4r A1 (1.13)

Le. Hf(x) = — [o ‘i(_"}),|dy for any f € L?(R3); and we observe that

_ o) — p(y) _ [ ==
vix) = (Ep)(n(x)) / ) — 5y / () — @)

L o(z)ho(z) 1 [ folz) .1 N

- /|n(X)—n(Z)!d A/\x—zrd 3 Lo)(x):
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1.2. Lane—Emden and Goldreich-Weber stars

1.2.1 Lane-Emden stars

To look for time independent solutions like the Lane—Emden stars, we further take
A(t) = 1 in our ansatz. This reduce (1.12) to

1

VI +VHfy=0
Jo

or equivalently

ﬁAf371+47rf0 when v >1
Aln fo + 4r fy when ~v=1

The assumes d = 3, but a slight modification to the derivation shows the same

formula works for general d > 3. Assuming spherically symmetry, we have A =

r=(@=19,(r?=19,), this gives the ODE which defines the Lane—Emden stars.

Definition 1.2.1 (Lane-Emden solutions). Lane—Emden (LE) stars are time-
independent static solutions of the free-boundary Euler-Poisson system (1.1))—(1.4)),
its density p is given by the ODE:

L.

1.

when v > 1,

or equivalently

dw vy—1 1 o N
= —dr———= [y w(y)"dy
0

dr v oord
where w = p" L and o = (y — 1)L,

when v =1,

or equivalently

% — _ 1 " d—1 _h(y)
dr ri=1 J,

where h = In p.

(1.14)

(1.15)

(1.16)

(1.17)

We will also refer to these ODEs as the steady state equation since they define
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Chapter 1. Introduction

steady state solutions to the Euler-Poisson system. We also call w the enthalpy and
the ODE for it the enthalpy equation. Solution to these ODEs exist (see Theorem
. Moreover, the gaseous solutions has compact support when y > 2d/(d+2)
(energy sub-critical indices), and infinite support otherwise (see Theorem @4.1.4]).
Liquid solutions always have compact support - they are the gaseous solutions

truncated at p = 1.

1.2.2 Goldreich-Weber stars

The mass-criticality of the problem allows for the existence of a special class of
expanding solutions, known as the Goldreich-Weber stars [17]. The reason such
solutions exist is, roughly speaking, because the scaling properties of the Euler-
Poisson system in the mass critical case allows us to scale solutions while maintain
the overall mass. This suggests that natural solutions that evolve in time under this
scaling exist (note that solutions must conserve overall mass in time). For reader’s
convenience we provide a brief summary of this special class of solutions of (I.1)—
(1.4)) which has been analysed in [17, 146, 15, 11]. A comprehensive overview can
be found in [20]].

For notational simplicity, here we will restrict to the physically relevant case
of d = 3. In the mass-criticality index of v = 4/3, the equation (1.12)) becomes

separable. Indeed, we get

4
3

xA2x+fiV(fO)+V%f0:o
0

Assuming spherically symmetry we get

- 1 4 1
2 3 - _
N2 4 _rfoar<f0 )+ 0% fy = 0.

Since we can separate variables above, we look for a 6 € R and a J-dependent
solution (A, fo) = (\s, fJ) so that

AOA()? =, (1.18)

4 1
~ 0,05 + ~O,FK (w3) = —6, (1.19)
r r
where 1w is the enthalpy associated with fJ satisfying
(w5)® == f3. (1.20)
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1.2. Lane—Emden and Goldreich-Weber stars

We also equip (1.18]) with initial data

A0) =1, A0) =\ € R (1.21)

It can be shown that there exists a negative constant 6 < 0 such that the solution
(As(t), ws) to (TI8)—~(T-21) exists for all § > 4, see [13, 20]], whereby As(-) either
blows up in finite positive time, or exists globally for all ¢ > 0. Moreover, for any
such § > ¢, the enthalpy profile ws is compactly supported, has finite total mass,
and by adapting the value w;(0) it can be normalised to be supported on the interval
r € [0, R] for a fixed R > 0. At the vacuum boundary, by analogy to the classical
Lane-Emden stars [20], the Goldreich-Weber star satisfies the so-called physical

vacuum condition, which in this context reads

wy(r)| <. (1.22)

Self-similarly expanding Goldreich-Weber stars

The self-similarly expanding Goldreich-Weber stars are the subclass of solutions
to (I.18)—(1.21)) of total energy 0, for which As(-) exists for all ¢ > 0. Since the

total conserved energy of the above affine motion is easily seen to be
Es(t) = (A2 +20) / o £z dz, (1.23)

solutions with vanishing energy necessitate 6 < 0. For any such 6 <6 <0,
equation (1.18) with (1.21])) is explicitly solvable with

3 2/3
As(t) = (1 + 5)\115) : A= —20. (1.24)

In particular, for any \; > 0 we obtain an expanding solution with the explicit rate
of expansion A\s(t) ~; 00 ¢5. This is the self-similarly expanding Goldreich-Weber

solution.

Definition 1.2.2 (Self-similarly expanding Goldreich-Weber solutions). To any ¢ €
[5 ,0) we associate the Goldreich-Weber (GW) star which constitutes a solution of
the mass-critical free-boundary Euler-Poisson system (1.1)—(1.4):

A&(t)x Qt) = Bys1(0),

(1.25)

p(t,x) = As(t) >w; ( )\L}ZL)) , u(t,x) =
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with \s(t) given by (1.24) with \; > 0 and w; the normalised solution to (1.19) as

above.

These solutions are spherical symmetric about the origin, have zero momentum
W/{p, u] = 0 and zero energy E[p, u] = 0. Without loss of generality, this can be

assumed by setting our frame of reference.

Remark 1.2.3. The Galilean invariance of the Euler-Poisson system (1.1))—(1.3)
implies the conservation of momentum. If we change our frame of reference, we can
obtain an enlarged family of the GW-solutions with arbitrary momentum W € R3.

More precisely, for any motion p(t) = po + tp1 we can obtain a new solution via

Po(t,x) = p(t,x — (1)),
i, (t,x) = u(t,x — p(t)) + p1,

or equivalently n,(t,x) = n(t,x) + p(t) in Lagrangian coordinates. It is easy
to verify that (pp, Qp) so obtained solves the Euler-Poisson system with the total

sMp,u]|p1|% The

freedom to choose p; € R3 thus parametrises the three degrees of freedom associ-

momentum W [py, 0| = M |p, u|p; and energy E|pp, 0p| =

ated with the total linear momentum, and this will play a role in our analysis.

Linearly expanding Goldreich-Weber stars

In the case

>0 or §=0with\; >0 or &€ (5,0) with )\ > /2|4,
(1.26)

the solution \s(-) exists for all ¢ > 0 and expands indefinitely at a linear rate, i.e.

there exists a constant ¢ > 0 such that

lim A(t) = c.

t—o00

These solutions have strictly positive energy
Esa (t) = (A} +29) / 2nfiz*dz > 0. (1.27)

This subclass of solutions to (1.18)—(1.21) is the linearly expanding Goldreich-
Weber solution.

Definition 1.2.4 (Linearly expanding Goldreich-Weber solutions). To any d, \; sat-
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isfying (1.26) we associate the Goldreich-Weber (GW) star which constitutes a so-
lution of the mass-critical free-boundary Euler-Poisson system (1.1)—(1.4):

plex) = dann (00t (125 ) a0 =32k 00 = Bu, 0(0)

with \s(t) the solution to (L.I8)(1.21)) and ws the normalised solution to (1.19) as

above.

Unless stated otherwise, we shall drop the subscript ¢ in the definition of the

GW-solution, as this will create no confusion in the analysis.

1.3 History and results

1.3.1 History and background

The Euler equations were first described by Euler in 1757, but even in the absence
of vacuum it is a highly non-trivial problem. In particular, the Euler equations are
prone to singularity/shock formation even from quite regular data, see for example
[6] by Christodoulou and [61] by Sideris. This made the study of existence and
behaviour and global solutions non-trivial. In the presence of vacuum the problem
is even trickier due to the degeneracy of the boundary and its movements. When
the density is bounded away from zero, the system is strictly hyperbolic and the
classical theory of hyperbolic systems for local existence applies: [45]. In the
presence of the vacuum, we have singularity or discontinuity across the boundary
and this no longer applies, and so even local existence is non-trivial, with various

local existence theory only establish recently.

The Euler-Poisson equations with the polytropic equation of state has long
been used to model stellar structure and evolution by astrophysics such as Chan-
drasekhar [4]], Shapiro and Teukolsky [59]. Despite and because of its simplicity,
it is a good approximation for certain regions of various types of stars, and so it
serves as the classical model of stars. In particular, many equations of state that
are of astrophysical interest behave like polytropes for low and for high pressures.
One of the most important class of solutions to the Euler-Poisson equation with the
polytropic equation of state are the time independent steady state solutions known
as the Lane—Emden stars (for any -y € [1,2]). It is the classical model of a spher-
ically symmetric stationary steady star where pressure and gravity are in perfect
balance. In 1980 astrophysicists Goldreich and Weber [17] found a special class of
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expanding and collapsing solutions for 7 = 4/3, the mass critical index where the
natural scaling preserves the mass. This is another important class of solutions as
it models stellar collapse and expansion such as supernova expansion. Importantly,
both the Lane—-Emden stars and the Goldreich-Weber stars in the gaseous case has

w ~ dist( -, Q°) near the vacuum boundary.

Therefore, given these special solutions of physical interest, it is important to
have an existence theory for the Euler and Euler-Poisson equation that is com-
patible and includes this particular boundary behaviour — the so-called physical
boundary condition. However, this is not easy due to the degeneracy near the vac-
uum boundary and the fact that w is not smooth across it. There are works, for
example [47] by Makino, Ukai and Kawashima in the 1980s, which established an
existence theory for compact solutions to the compressible Euler equations. How-
ever, their solution can only exist for a finite time, and moreover do not apply
to data satisfying the physical boundary conditions since their method requires a
degree of smoothness across the boundary not satisfied by the physical boundary

conditions.

It was only recently that progress on local existence theory in this area has
been made. In this formulation, one has a moving domain €)(¢), treating 0€2(t) as
an unknown that evolves with the flow, prescribing the so-called physical boundary
condition 0 < —n - Vw < oo on the boundary where n is the outward normal of
the boundary, i.e. w ~ dist( -, Q) near the boundary. For the Euler equations in
the gaseous case in this setting, Coutand and Shkoller [7], and Jang and Masmoudi
[33] have recently independently proved local existence. A different proof based
on Eulerian approach (rather than using Lagrangian coordinates as previous work)
was later given by Ifrim and Tataru [28]]. Extensions of local existence result to the
Euler-Poisson equations has been done by using the fact that the gravity term is of
lower order - see [19] by Gu and Lei, and [22] by HadZi¢ and Jang. For the lig-
uid case, local-existence for the Euler system is established by Lindblad [37] using
Nash—Moser construction; Trakhinin [63]] using the theory of symmetric hyperbolic
systems; and Coutand, Hole and Shkoller [8] using the vanishing viscosity method
with a parabolic regularization together with some time-differentiated a priori es-
timates. Local existence for the liquid Euler-Poisson equation has been proven by
Ginsberg, Lindblad and Luo [16]. In the relativistic setting, this has been done by
Oliynyk [49]] and Miao, Shahshahani and Wu [48].

Since already the Euler equation alone is prone to singularity/shocks which

made global-in-time behaviour non-trivial, when coupled with an additional at-
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tractive gravitational force, we expect the Euler-Poisson to be even more prone to
singularity or blow ups. Indeed, it has been shown that solutions could blow up in
a finite time - [[11, 46]. As a result there are not many global-in-time existence and
uniqueness results for the Euler-Poisson system outside of the aforementioned spe-
cial solutions. One new result in this direction is [3] a global existence result with
radial symmetry in the class of weak solutions. As an aside, we should mention
that in the presence of viscosity (which we do not have here), the parabolic effect

takes over and various asymptotic stability results are available [42, 43]].

Due to their physical significance, it is important to understand what happens in
the vicinity of these special Lane-Emden and Goldreich-Weber solutions, whether
they are linearly and non-linearly stable. On the problem of stability of gaseous
Lane—Emden stars it is known [38] 34} 39] that the Lane—~Emden stars in R? are
linearly unstable in the mass super-critical range when 1 < v < 4/3 and linearly
stable when 4/3 < - < 2 (The nonradial linear stability question is treated by
[34)139]] from the Lagrangian and the Eulerian perspective respectively). Recently,
nonlinear instability in the range 6/5 < 7 < 4/3 has been proven in [30, 31] by
Jang. Nonlinear stability in the range 4/3 < v < 2 has not been fully proven yet
and remains open, but under the assumption that a global-in-time solution exists,
nonlinear stability in the range 4/3 < 7 < 2 has been shown by variation argu-
ments, see [53] by Rein, and [40] by Luo and Smoller. In the critical case v = 4/3
the Lane-Emden star is nonlinearly unstable despite the conditional linear stability
- in fact the family of expanding/collapsing Goldreich-Weber stars that exist for
this v can get arbitrarily close to the Lane-Emden star. Nonlinear stability of the
expanding gaseous Goldreich-Weber stars against radially symmetric perturbations

was proven by Hadzi¢ and Jang [20].

1.3.2 Statement of main results and plan for the thesis

The first two results to be presented in this thesis are the generalisation of
Goldreich-Weber stars’ nonlinear stability under radial perturbations proven in [20]
by Hadzi¢ and Jang to nonlinear stability under non-radial perturbations. In Chap-
ter [2] and [3] respectively, we will prove our results, the following two theorems,

which are joint work with Hadzi¢ and Jang.

Theorem 1.3.1. The self-similarly expanding Goldreich-Weber stars are co-
dimension 4 non-linearly stable under irrotational perturbations. The class of self-
similarly expanding Goldreich-Weber stars is co-dimension 1 non-linearly stable

under irrotational perturbations.
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Theorem 1.3.2. The linearly expanding Goldreich-Weber stars are non-linearly

stable (under general perturbations).

The precise statement of these theorems will be stated (formulated in detailed
notations) in Chapter [2| and |3| respectively. More precisely, Theorem corre-
sponds to Theorem and Corollary [2.1.8] while Theorem [I.3.2] corresponds to
Theorem The content of Chapter [2 proving Theorem [1.3.1]is the content of
our paper [23]].

Since in the mass critical case v = %, the Lane—-Emden solutions are embedded
in a larger family of collapsing/expanding Goldreich-Weber solutions, our results
can be viewed as a definitive nonradial instability statement about the mass-critical

LE-solutions.

The driving stabilisation mechanism that allows for the global existence in The-
orem is the expansion of the support of the background GW-star. Intuitively,
this is because density must goes to zero as the support of the star expanding since
overall mass of the star is conserved. When there is no vacuum boundary present,
the dispersion induced by the expansion was used by Grassin [[18]], Serre [58]], and
Rozanova [57] to give examples of global-in-time solutions to the compressible

Euler flows.

The GW-stars belong to a class of so-called affine motions. In the context
of compressible flows the notion of an affine motion goes back to the works of
Ovsiannikov [50] and Dyson [[13]]. In the presence of vacuum, Sideris [62]] showed
the existence of a finite-parameter family of compactly supported expanding affine
flows, whose nonlinear stability was shown by HadZi¢ and Jang [21]] and Shkoller
and Sideris [60] for the pure Euler flows. For expanding profiles with small initial
densities, but not necessarily close to the Sideris solutions, see [52]. Further results
in this direction, in the nonisentropic setting and in the presence of heat convec-
tion can be found in [54, 55, 156]. A similar method works for the Euler-Poisson
system and global-in-time flows were shown to exist in both the gravitational and
electrostatic case [22], where the Euler part of the flow entirely dominates the grav-
itational/electrostatic response of the model. Another application of an expansion-
induced stabilisation is the work of Parmeshwar [S1] where an N-body configura-
tion of expanding stars is shown to exist globally in-time. If damping is present
in Euler flows it can drive sublinear expansion of Barenblatt-like solutions, see
[44. 164, 165].

Our result concerning the self-similarly expanding GW stars in Theorem [[.3.1]

has one notable difference to the above results. Our result for the linearly expanding
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GW stars in Theorem [1.3.2]1s in fact easier than that for self-similarly expanding
GW stars in Theorem The reason for that is that the linearly expanding GW
stars expands at a faster rate than the self-similarly expanding GW stars, as a result
the stability resulting from the dispersion due to expansion is stronger. As a result
in particular, the gravitational forces in the linearly expanding case are of secondary
order. The various results we mentioned above, interestingly, like this linearly
expanding GW case in Theorem do not depend on the attractive/repulsive
nature of the force field. Our result on the self-similarly expanding GW stars in

Theorem [I.3.1]are for this reason in a different dynamic regimes.

My final result is on the liquid Lane—Emden stars. Despite the linear stability
results on the gaseous Lane—Emden stars, the question of linear stability of liquid
Lane-Emden stars has not been established. My third result presented in the final

Chapter []is thus on exactly this, and it is the content of my paper [36].

The linear stability of the gaseous Lane—Emden stars does not depend on its
central density. However, notably, we found that in the liquid case, the stability of

the Lane—Emden stars does depend on its central density.

Definition 1.3.3. For a liquid Lane—Emden stars with density profile p, we say that

it has small relative central density if p(0) — 1 is close to 0.
The main theorem we will prove in the final Chapter @] is the following.

Theorem 1.3.4. Assume d < 10. The liquid Lane—Emden stars are, against radial

perturbations,
i. linearly stable when v > 2(d — 1)/d;

ii. linearly stable when v < 2(d — 1)/d for stars with small relative central
density (see Definition ;

iii. linearly unstable when v < 2(d — 1)/d for stars with large central density.

This kind of dependence on central density is seen in relativistic stars described
by the Einstein—Euler equations, where it was found in [24] by HadZi¢, Lin and
Rein that strongly relativistic steady stars (those with very large central density) are
unstable. It turns out the imposition of a liquid boundary creates extrema points on
the mass-radius plot when vy < 2(d—1)/d so that they end up similar to those in the
relativistic case, where a turning point principle proven by Hadzi¢, Lin and Rein
[24} 25] dictates that such extrema points introduces unstable modes (see diagram).
The two problems share similarity in such a way that the methods of dynamical
system utilised in [24] can be adapted for use in our study of liquid Lane—Emden

stars - we use that to prove part iii of our theorem.
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Making use of my linear (in)stability analysis concerning liquid Lane—-Emden
stars, very recently Hao and Miao have proven in [26] non-linear instability of
liquid Lane—Emden stars in R? with large central density in the regime 1 < v <
4/3.

1.3.3 Overview of methods and results in this thesis

In this subsection we will mainly only outline the connections, relationships, sim-
ilarities and differences between the three main results of this thesis. More detail
outline of methods specific to each results will be described in their own respective

chapters.

Chapter[2]and [3|are on the non-linear and non-radial stability of expanding GW
stars, whereas Chapter[d]is on the linear radial (in)stability of liquid LE stars.

The mechanism that allows for proving non-linear stability for GW stars is the
dispersion effect coming from the expansion of the GW star. But this relies on hav-
ing linear stability firstly, hence in both Chapter[2]and [, we have to prove positivity
of the linear operator L and L associated with the Euler-Poisson system linearised

around the self-similarly expanding GW and liquid LE stars respectively.

Since for GW stars we seek to establish non-radial stability, this requires the
analysis of a PDE operator L in Chapter [2| rather than just an ODE operator L
for the radial (in)stability results for the liquid LE stars in Chapter 4. For this we
adapt and extend the methods by Jang and Makino in [34], where they proved non-
negativity for the linear PDE operator associated with the gaseous LE stars in the
mass-subcritical range, to the GW star. In this thesis we have not extended this
non-radial analysis to liquid LE stars — in that case there will be extra challenges
arising from boundary terms coming from the discontinuity of density near the

vacuum boundary — this deserved to be studied in future works.

Thus our results on liquid LE stars in Chapter[d were just on radial (in)stability.
However, the work to establish this radial (in)stability is not trivial, since we have
to obtain precise estimates regarding the profile of the liquid stars in order to prove

properties of the linear operator L for the liquid LE stars.

These kind of precise linear analysis is not needed for the linearly expanding
GW star in Chapter [3] because there the rate of expansion is fast enough that gravi-
tational effects essentially becomes lower order in the dynamics and which means

the pressure effect automatically gave the desired positivity.

The radius of the expanding GW stars is proportional to A(¢). For the self-
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similarly expanding GW star \(t) ~ t2/3, while for the linearly expanding GW star
A(t) ~ t. The faster rate of expansion for the latter case means that the problem is
easier since there is a stronger dispersive effect that we can harness. Using the high
order energy method, this dispersive effect allow us to upgrade linear stability into

non-linear stability for the expanding GW stars.

For both cases we convert to a rescaled time coordinate s such that In A(s) ~ s,
and rescaled all variables so that they centred around the expanding GW profile. In

the new coordinate, the deviation @ away from the expanding GW star satisfies

(27) and (3.7))

1
020 —51%930 +50 +P+G =0 (self-similarly expanding GW star)
——
v
N20 +N0,04+50 +P+G =0 (linearly expanding GW star)
—_——
e

where 6 is some negative constant, P is the pressure term and G is the gravity

term.

In the first equation for the self-similarly expanding GW star, the term ' comes
from and represents the dispersive effect of the expansion. It gives an effect analo-
gous to the “damping term” & in a damped harmonic oscillator & + = + = = 0. Its
stabilising behaviour allows us to close the estimate to prove non-linear stability

for the self-similarly expanding GW star.

In the second equation for the linearly expanding GW star, the even stronger
dispersive effect is expressed in W. Since A\ ~ e for some C' > 0, for large

s, the equation is approximately just 920 + C'9,0 = 0. So heuristically we can
—C's

expect ||0s0||. ~ e~“* in some appropriate norm || - ||., i.e. we have great decay
on the “velocity level”. And again this stabilising behaviour allows us to close the
estimate to prove non-linear stability for the linearly expanding GW star. However,
the term P in this case is not negligible and is in fact very important, the reason
being that it contains the highest number of space derivatives with P containing
something like VV - 8. To obtain control for space derivatives of 0, it is thus

necessary to use the structure of P.

Due to the good decaying effect of the “velocity level” ||0,6||., control for
|@||« comes basically for free in a process analogous to the fundamental theorem
of calculus. This is also the reason why the gravity term G, being not top order
in space derivatives unlike P, is basically negligible in the dynamics in this case.

We do not have this very strong decaying effect of the “velocity level” for the
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self-similarly expanding GW star however, so obtaining control for ||@]], is more
difficult for the self-similarly expanding case. In this case we need to assume the
fluid to be irrotational and use this extra structure to help control ||8||.. It is not
very clear whether this restriction is just technical or more fundamental, future
work could probably investigate if the irrotational condition can be dropped in this

case.

1.4 Notation

As Chapter[2] [3|and[4]are devoted to the self-similarly expanding GW stars, linearly
expanding GW stars and liquid LE stars respectively, we will write w to denote the
the self-similarly expanding GW stars, linearly expanding GW stars and liquid LE
stars enthalpy profile respectively (see Definition [1.2.2] [1.2.4] and [1.2.T)) in these

chapters.

Since the gaseous Euler-Poisson system is degenerate near the vacuum bound-
ary, we will need to make use of weighted Sobolev spaces. Let L?(Br, w) denote
the L? space on By weighted by a non-negative weight w. Of crucial importance

in this thesis are the weighted inner products

(g, M)k = / ghw"dx, (1.29)
Br

(g, h)y = / g - hw'dx, (1.30)
Br

defined for any scalar fields g,h € L?(Bg,w*) and vector fields g,h €
L*(Bgr, w"*)3. The weighted inner product for tensor fields are defined in the same

way. The associated norm is then given by
1912 = [ 1#GoP oo’ ax (1.31)
Br

To capture the structure of the roughly spherical stars, we will need to use the
following specially defined radial and tangential derivatives in our analysis. We
define

X, = 2'0; =10,
@i = Eijk.’tjak
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where €, is the alternating symbol (see Definition |1.4.1). Note that @;; = €;;,Ps.
We denote

divg =V -0
[curl 9]F := 0,0 — 9,0
divy 0 := (4V) - 6
[curly 0] := 40,0% — 0,,6"

where AV := %0, and H0; := AF o).

In this thesis, especially Chapter[2]and 3] we will be using some fairly standard

notations in the following that the reader will have seen elsewhere.

Definition 1.4.1 (Standard notations).

I.

ii.

il

v.

VI.

Greek letter superscript on derivatives are multi-index notation for deriva-
tives. For example, §* = P P5205° where a = (ay, g, a3). And |o =

a1 + Qo + as.

Roman letter indices such as 1, 3, k,l, m on derivatives and vector or tensor
fields are assumed to range over {1,2,3}. However, this does not apply to
s which we reserved to denote the rescaled time variable. Also, it does not
apply when they are indices of non-vector or non-tensor objects, for example
Uy, and Ay, in Chapter[2}

The Einstein summation convention will be used, i.e. repeated indices on
derivatives and vector or tensor fields are summed over. For example, 9;,0" =
Z?Zl 0,0'. However, this does not apply to non-vector or non-tensor objects,

for example V,,,, and A,,,, in Chapter[2}

I denotes the identity matrix, 6;; or 5; the Kronecker delta, €;j;, the alternating

symbol (Levi-Civita symbol).

C will denote generic “analyst’s constant”, whose exact value can change
from line to line and term to term. When appearing in equalities, it can po-
tentially denote any real constant, but when appearing in inequalities, it is
generally assumed to be non-negative. We will use subscript to emphasise its
dependence on certain variables, for example Cy is a constant that depends

on 0.

e; (i = 1,2,3) denotes the standard basis of R3, while e, denotes the radial

unit vector X /|x|.

Now we will define some important special new notations that the reader prob-
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ably will not have seen before.

Definition 1.4.2 (Special notations).

i

ii.

iii.

.

We will denote O, as a generic derivative, so it can be any of Os, 0;, P or X,.

We will use e to denote an unspecified index, or to emphasise the vecto-
rial/tensorial nature of non-scalar quantities. For example if A is a matrix,

we can write A,

When the exact value/ordering of the indices is not important, we shall often
write (x) for a generic term that looks like x to avoid invoking indices. For
example, (CAN @) could represent a term like C’sﬂj@kﬁl for some i, 7, k,l and
constant C' € R.

We will write R [*] to denote terms that can be bounded by x, e.g. | R[S, E,]| <
SnEn.

We will write 1, to denote the usual indicator function, and write 1[x] to denote

the Iverson bracket. For example, 1,4(x) = 1][x € A].
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Chapter 2

Nonradial stability of self-similarly
expanding Goldreich-Weber stars

2.1 Introduction

2.1.1 Equation in self-similar coordinates

Let (p, u) be a given self-similarly expanding GW-flow from Definition with
the corresponding radius RA(¢) and the associated enthalpy w : [0, R] — R,. In
order to study the stability of the flow, we follow the strategy introduced in [20, [21]

and renormalise the equation by introducing a new unknown

£(t,x) = 2.1

We suitably renormalise the inverse of the Jacobian gradient and the Jacobian de-

terminant, so that

d = (VE)™ =\

¥ = det(VE) =\"?J

o =34 =\"2a
o (@) fo(z) . _

*= | b~

We next formulate the problem in self-similar variables. To this end we introduce

the self-similar time coordinate s adapted to the expanding profile via

dS 3
— = A(t)" 2.
o = A
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We then have the following change of coordinate formula 9, = A=%/20,. The
condition A\? = § (T.18) becomes

_ o’\ 3 (0 )\)2 O\ 1(0 /\)2 1
— \1/2 3/2 _ st P \Us _ s Y _ _~p2
d = A720s(\ Os) 3 5 2 O, < 3 ) 2 26
2.2)
where
6 = —8§\>\ = —+/2|d] < 0. 2.3)

Then the Euler-Poisson equations (1.10]) becomes

0=0v+ (fojo)_lﬁk(Ak(foJ0)4/3J_1/3) + AV
= A\ 7320,(A320,(NE)) + N2 (foJo) LOR(AR (o Jo)BF Y3 4 AT2AV D

Times the equation by \? we get

0 = A20,(A7320,(\6)) + (foJo) L0 (st* (fo Jo) /23 1/%) + AV @
2 2
= <a§§ + %6;Aas€ + (8;)\ - g(@;\) ) €> + (fodo) " Ou(A™(foJo) /P F /)
+ AV

- (agg - %ﬁ@sg + 55) + (foJo) ' O(AF (foJo)PF ) + AV D

So the Euler-Poisson equations in terms of & (2.1J) is:

02€ — %ﬂasﬁ + € + ﬁak(dk<f0a]0)4/3jl/3) +dAVD = 0. (2.4)

The self-similarly expanding GW-star is a particular s-independent solution
of 24) of the form &(x) = x and fy = w?. Before formulating the stability
problem, we must first make the use of the labelling gauge freedom and fix the
choice of the initial enthalpy (fo.Jo)'/? for the general perturbation to be exactly

identical to the background enthalpy w, i.e. we set
(fodo)V? =@ on Br(0). (2.5)

Equation (2.3)) can be re-written in the form py o 7, det[Vn,] = @? on the initial
domain Bg(0). By aresult of Dacorogna-Moser [[10] and similarly to [20} 21] there
exists a choice of an initial bijective map 1, : Br(0) — §2(0) so that (2.5)) holds
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true. The gauge fixing condition (2.5) is necessary as it constrains the freedom to

arbitrary relabel the particles at the initial time.

We now introduce the perturbation

0(x) = &(x) — x, (2.6)

which measures the deviation of the nonlinear flow to the background Goldreich-
Weber profile.

Lemma 2.1.1 (Euler-Poisson in self-similar coordinate). The perturbation 0 de-
fined in (2.6) formally solves

1
00 — 5&850 +00+P+G =0, (2.7)

where the nonlinear pressure operator P and the nonlinear gravity operator G

read
P = w30, (w* (b g~V — IF)), (2.8)
G = dV® — AV = KV - (dow?) — KVw? (2.9)
= Fe((A — IV — wPdl AL0,00™) + (Ke — K )V, (2.10)

and
X 2.11
(Feg)( / € (2.11)

Proof. Recall that the GW-enthalpy satisfies

0 =6x+4Vw + VEw* (2.12)
Using the gauge condition (2.3), the momentum equation becomes
w® (age — %ﬁasa - 50) + Op (0 (AP — 1)) + 0*(AV P — VHD®) = 0.
Note that formally

(VEp)(x

e frte
|x —ZI \X—ZI
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and so

AVY(x) = (Vo) (n(x)) = (VEp)(n(x)) = (XVp)(n(x))
Vo(y) AV f(z)J(z)

AR e <>|dz
__[VUIIE ( (@),
() — 1(z)] “ (@)
[V (a0’ T Y)(2) S (Aw?’) (z)
- /|n<> <z>|d /InX) (@)
S ARG

where we denote V - M = 9;M* for a matrix M and recall (2Z.11)). We then have
AVD = N AVY(x) = KV - (dw?).
Hence, we can write the momentum equation as

1
0=20%0 — 5600 + 36 + @ BN (AFF TV~ IF)) + KV - (Aw®) — VD
1
:639—§ﬁ850+60+P+G7
where we have also made use of (2.12). Note that we can write

G = He(V - (dw®) — Vio?) + (He — K)Va?
= He((d — )V — @°sh;, 4,0,00™) + (Ke — H) Vo’

2.1.2 Total energy and momentum

Next we will give expressions for the total momentum and energy in terms of 6.
We will write the expressions in a way that separates the linear and non-linear terms

of O clearly. To that end, we first derive the following identity.

Lemma 2.1.2. For any 0 sufficiently smooth we have the identity
—4 1.5 4 L 5 o) 3
W'V -0 + S67w°0 - x — Sw (K w”) | dx =0,
Br 2 2
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where
and we recall [2.3)).

Proof. We have

Also, using (2.12)), we have

/ (0'V -0 — w*6 - VHw®) dx = / (-6 - Vo' — w0 - VEw®) dx
= /571)30 -xdx = —%62/11730 - xdx.

O

With this identity we can now derive the expression for the momentum and the

energy in terms of 6.

Lemma 2.1.3 (Momentum and energy in self-similar coordinate). Fixa d € [5 ,0).
In self-similar Lagrangian coordinates introduced above, the total momentum (1.6)
and energy (1.7)) are respectively denoted by

W;5(0](s) := Wy(s,0(s),0:0(s)),
Es[0](s) := Es(s,0(s),0:0(s)),

where

Wis(s,0(s),050(s))
1

()2

Es(s,0(s),0:0(s))

=W + (0,0(s) — 60(s))w’dx,
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_ P+ ﬁ/ (%w?’ (\@9@) — 60(s)]? — 6x - (2359(5) - gﬁe(s)») dx
ﬁ/ (3@4 (Z(s)é —1+ %v : e(s)> + %u—ﬁ’(%g — K — %él))w3(5)> dx,

and W := W;[0] = 0 and E := Ej3[0] = 0 are respectively the momentum and
energy of the GW star given by Definition[1.2.2}

Proof. We clearly have

= /fJ@m dx = /foJoam dx = /w3)\3/285()\(x+ 0))dx

1 -3
W+W2/(ae 6.0)w’dx,

Elp,u] = / (—fyamP +3f3 + %w) Jdx
/ ( foJoloml? + 37 (fojo)g + %ngow) dx

3 1
L -31\—3/2 2 9 -3
/(2w IAT20s(AN(x + 0))]7 + )\j st + 2/\w <I>) dx

E +

; / (%w3(|850 — 60> — 26x - (0,0 — 60))

+3(53—1) %w
:E+§/(% ‘(|ae 60 — ( ——fw ))dx
+§/( (53—1+ vo) b 0P — o~ A )dx.

When re-writing E[p, u] above, we have used Lemma |2.1.2|and (2.12). O

%5 — %)w3) dx

Remark 2.1.4. If instead we consider the GW solutions n, translated at constant
velocity py as in Remark we will get W = Mp, and E = %M|p1|2 instead
of W =0and E = 0.

2.1.3 High-order energies and the main theorem

We now introduce high-order weighted Sobolev norm that measures the size of the
deviation 0 without time derivatives. Recall the notation in section [1.4]in Chapter

Assuming that (s,y) — 0(s,y) is a sufficiently smooth field, for any n € Ny
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and s > 0 we let

)= 3 X0t 3 [V .14
|Bl+b<n c<n

Z,(s) := sup Z,(1). (2.15)
T€[0,s]

Next we define energy norms with time-derivatives - they will be a basis of our

high-order energy method explained in Section [2.5]

Su(s) =Y (107 X29761 5, + 102 X70°015,, + 105V X963,

a+|B|+b<n
a>0

Suels) = Y (|05 X0°015,, + |10:X7976] 3., + 105V X79°0)17,,)

a+|B|+b<n
a>0
|Bl+b<c

Snea(s) = Y (|07 X29°0)3,, + 100 X29°013,, + 02V XLD6]5.,)
a+|B|+b<n
a>0
|8]+b<c
b<d

Quls) = D 110:V°Ol3
=

Quals) = > [0:V°0|3 s
a+c<n—+1

a>0
c<d+1

Note that S,, ,, , = S,,. We will also use the convention that .S,, _; = 0 etc.

Remark 2.1.5. The indexing above is needed to describe qualitative differences
between taking the time, the angular, and the radial derivatives. We shall need this
distinction to later close our estimates via a delicate induction argument in high-
order spaces, which not only depends on the number of derivatives, but also on the

order in which the derivatives are taken.

We define the total instant energy via
E, =5,+ Q. (2.16)

We shall run the energy identity using F£,,; energies S,, and (),, will be used for
high-order estimates near the vacuum boundary and near the origin respectively.

In particular, the control afforded by (), is stronger near the origin, while S, is
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stronger near the boundary. Finally we define

Se(s) := sup So(7) +/s Se(7)dT, (2.17)
T€[0,s] 0

Q.(s) := sup Q.(7) —|—/ Q. (7)dr, (2.18)
T€[0,s] 0

€.(s) := sup E,(1) +/ E,(1)dr, (2.19)
T€[0,s] 0

where e stands for indices of the form n; n, ¢; n, ¢, d in (2.17), and of the form n;

n, cin (2.18)). The norms (2.17)—(2.19) will play the role of the “left hand side” in
the high-order energy identities.

Remark 2.1.6. We emphasise that the higher order energies E,, we defined (always
with a subscript n € Ny) are different from the total conserved energy E (and Ej)
defined in (1.7). Where no confusion arises, we will refer to both as “energy”.

In this chapter, we make the following a priori assumption:

A priori assumption: F,, Z, < € where ¢ > 0 is some small constant. (2.20)

We now state our main theorem.

Theorem 2.1.7 (Nonlinear stability of GW stars). Let n > 21. There exists 5 <
0* < 0 such that for any 6 € (6%,0) the associated GW expanding star from
Definition is codimension-4 nonlinearly stable in the class of irrotational

perturbations. More precisely, there exists an €y > 0 such that for any initial data
(0(0),0:0(0)) satisfying

E,(0)+ Z,(0)* < ¢ (2.21)
W;5(0,0(0),0,0(0)) = Ws[0] =W =0 (2.22)
E5(0,0(0),0,0(0)) = E;[0] =: E=0 (2.23)
curly 9;m(0) = 0, (2.24)

the associated solution s — (0(s, -),0s0(s, -)) to @.7) exists for all s > 0 and is
unique in the class of all data with finite norm E, + Z>. Moreover; there exists a
constant C' > 0 such that

E,(s) + Z,(s)* < Ceg for all s >0,

and E, (s) decays exponentially fast in s.

42



2.1. Introduction

Note that condition (2.24)) is the Lagrangian statement that the fluid veloc-
ity is irrotational. The momentum and energy constraints (2.22)—(2.23)) define the
codimension-4 “manifold” of initial data.

Heuristically speaking, since momentum and energy are conserved quantities
for the Euler-Poisson system, it is necessary that our perturbation does not alter the
momentum and energy if our background solution were to be the right asymptotic-
in-time “limit”. Indeed, the momentum and energy constraints (2.22)—(2.23) are
necessary in our stability analysis due to the presence of growing modes of the
linearised operator in self-similar coordinates induced by the conservation of the
energy and momentum. However if our perturbation does alter the momentum
W and energy E away from 0 and 0 such that E = £|W|?>/M, our proof can
be easily adapted to show that it still leads to global existence with the solution
staying close to a GW star for all time, but one translated at constant velocity p;
with W = Mp; and E = 1M|p;|? as described in Remarks [1.2.3/ and [2.1.4]

In this sense the “manifold” of GW-solutions is codimension-1 nonlinearly stable

in the class of irrotational perturbations, even though each individual GW-star is
only codimension-4 stable. In particular, given any initial data (py, ug) such that
Elpo,uo] = 5|W/po, ug]|*/M [po, ue], we can change our frame of reference and

subtract a constant velocity of p; = W /pg, ug||/M [po, ug| from u, to obtain

Wipo, ug — p1] = W{po, ug] — Mpo, uglp1 =0

Elpo,ug — p1] = Elpo, ug] — /

1
poug - prdx + 5/ polp1|dx
R3 R3

1
= E[Poa 110] —P1- W[Poa 110] + §|P1|2M[P07U0] =0

So in this new frame of reference, the constraints (2.22)) and (2.23) are satis-
fied.

To formalise this, note that for any p; € R3, 8 = pitA(t)~! is a global-in-
time solution to (2.7) which corresponds to a Lagrangian description of a GW-star
translated by a constant velocity. Then, as a corollary of Theorem [2.1.7| we have

the following result.

Corollary 2.1.8. Let n > 21. There exists 0 < 0* < 0 such that for any § € (6*,0),

the “manifold” of GW-stars (pp, Up), p = pit, p1 € R? (from Remark is
codimension-1 nonlinearly stable in the class of irrotational perturbations. More

precisely, for given any initial data (6(0), 3,0(0)) define

9, = 0(0)
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(650)0 = asé(o) — P1,

where

Then, there exists an €; > 0 such that for any initial data (6(0), 9,0(0)) such that

(En+ Z2)[00, (0:0)0] < €0
E5(0,60(0),0,0(0)) = =[W4(0,0(0),3,0(0))*/M[w®]
curly 9y (0) =

the associated solution s — (0(s, -),0,0(s, -)) to @7) exists for all s > 0 and is

unique in the class of all data with finite norm (E,, + Z2)[0]. Moreover, there exists

a constant C' > 0 such that
(B, +Z3[0)(s) < Cey  forall s >0,

where @ = 0 — p1t\(t)~", and E,[0](s) decays exponentially fast in s.

Remark 2.1.9. Our goal is not to optimise the number n of derivatives in our
spaces. As usual, the size of n is conditioned by the Hardy-Sobolev type embed-
dings, which allow us to bound the L>-norms of contributions with less than | % |

derivatives by w"-weighted Sobolev norms.

Remark 2.1.10. The subclass of expanding GW-stars with non-zero total energy
(in the frame of reference of 0 momentum) consists of stars that expand at a linear
rate in time, i.e. not at the self-similar rate considered above. This problem leads
to a stronger damping effect which allows the “Euler part” of the flow to dominate
the dynamics. The stability of such GW-stars is the content of Chapter 3}

Local-in-time well-posedness. The presence of vacuum is known to pose
challenges in the well-posedness theory for compressible fluid flows. To develop
a satisfactory local existence and uniqueness theory, one needs to impose an ad-
ditional assumption on the initial data - the so-called physical vacuum condi-
tion (I.I.T)). In the works of Jang and Masmoudi [33] and independently Coutand
and Shkoller [[/] the local well-posedness for the compressible Euler equations was
shown in the Lagrangian coordinates (for a more recent treatment in Eulerian co-
ordinates see [28]). From the point of view of regularity theory, gravity represents
a lower order term, so the techniques from [33, 7] can be adapted to obtain a local-

in-time well-posedness result for the free boundary EP-system [31, 119,41} 22]. In
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particular, a simple adaptation of the methods in [33}22] yields the following local

well-posedness result in the weighted high-order energy space E,, + Z2.

Theorem 2.1.11 (Local well-posedness). Let n > 21. Then for any given initial
data (6(0),0,6(0)) such that E,(0) + Z,(0)? < oo, there exist some T > 0 and
a unique solution (60,0,0) : [0,T] x Br — R3 x R3 to 2.7) such that E,(s) +
Zu(8)? < 2(E,(0) + Z,(0)?) forall s € [0,T).

Theorem [2.1.11]is a starting point for the continuity argument that will culmi-
nate in the proof of Theorem

2.1.4 Proof strategy

The basic idea behind the global existence in Theorem [2.1.7]is the presence of the
damping term —%6850 in (2.7), which clearly suggests a stabilising mechanism in
the problem. Such a term appears as a direct consequence of the expanding charac-
ter of the underlying GW-motion (and it would be of the opposite sign if we were
linearising about a collapsing GW-star). This stabilisation effect was first exhibited
in [20] where the purely radial version of Theorem was established.

Since the problem features the vacuum free boundary satisfying the physical
vacuum condition ((1.1.1)), we use weighted high-order energy spaces introduced by
Jang and Masmoudi [33]. The key idea to overcome a possible loss of derivatives
is to introduce increasing powers of w into the function spaces, as we increase the
number of radial derivatives, but not the tangential ones. In particular, the proof of
the main result is based on a high-order energy method which necessitates commut-
ing the equation with operators of the form 92 X"@". To understand the energy
contribution from the combined pressure and gravity term P + G (see (2.8)-(2.9)),
we must linearise (2.7). As shown in Lemma this linearisation reads

1
020 — 5&889 + L6 =0, (2.25)
where the linearised operator L takes the form

Lo~ —%V(v‘ﬂv (@0)) — VHV - (), (2.26)

where we recall (2.3)) and (1.13]). The fundamental challenge with respect to the
radial result [20] is to show the coercivity of the operator L in suitably weighted

spaces, dictated by our local-in-time well-posedness theory.

The difficulty in proving a useful coercivity bound for the operator L lies in the
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antagonism between the nonlocal nature of the gravitational interaction described
by G in (2.9), and the Lagrangian perspective, which is naturally imposed on us
by the problem. The operator L has a nontrivial unstable space, spanned by the
eigenvectors x and the standard basis e;, ¢ = 1,2, 3. The 4-dimensional nature of
the unstable space is a reflection of the energy and momentum conservation laws,

which in self-similar variables induce formally unstable modes.

Nonradial linearised analysis around the Lane-Emden stars (6 = A\; = 0) is
given in [34] where the non-negativity of the associated quadratic form is shown
using the expansion in spherical harmonics. In this work we work in a similar spirit,
but our linear analysis around the GW-stars improves upon [34] considerably, as

we show strict quantitative coercivity bound

Lo.6), 2 [

Br

w2 AP |Pdx + / |V |2dx, (2.27)
R3
under the crucial orthogonality conditions
(0,x)3 =0=(0,¢e;)s3, 1=1,2,3, (2.28)

where AU = div(w®@). This is the central estimate of Section (see The-
orem and it relies on a careful decomposition in spherical harmonics. It
is non-trivial as it requires a careful use of the above orthogonality conditions to
obtain quantitative lower bounds for the 0-th and the 1-st order spherical harmon-
ics. In the former case, the problem essentially reduces to the radial coercivity
bound from [20]], while the analysis of the projection of L onto 1-st order spherical
harmonics requires a careful use of Sturm-Liouville theory, see Lemma [2.2.10] a

related argument was used in [34]].

One of the main challenges is that the quantity [, @™ ?|AV[dx+ [, [V¥[*dx
on the right-hand side of a priori does not appear useful for the energy esti-
mates as we need to control the norms |02 + || V0|2, which are localised to the set
Bpr by definition, see (I.31). An intermediate step towards a resolution of this is-
sue is to relate the general estimate (which holds for any sufficiently smooth
map 0), to the nonlinear dynamics. In Section by linearising the nonlinear

energy-momentum constraints

Elp,u] = E, Wp,u] =W, (2.29)
we obtain effective ODEs (modulo lower order nonlinear terms) that allow to dy-

46



2.1. Introduction

namically control the inner products (@, x); and (0, e;)3. With this in hand we
prove in Proposition [2.3.6] a high-order differentiated version of the bound (2.27)
for the solutions of (2.23) satisfying the constraints (2.29)):

/ @2V - (@*0°9°0)Pdx + |97 9%
Bgr

< (LO'D°0,0°9°0)5 + |0°T 97012 +1.o.t.  (2.30)

The final and crucial step toward useful lower bounds is to exploit the irrota-
tionality assumption V x u = 0 to obtain a dynamic control over ||0]3 + || VO||3.
Looking at (2.30), this necessitates a careful examination of the w-weighted di-
vergence appearing on the left-hand side. It is clear that any vectorfield such that
V - (030) = 0 formally belongs to the kernel of L and therefore, to obtain strict
coercivity, we must mod out this infinite-dimensional kernel. The orthogonal com-
plement with respect to the (-, -)s-inner product consists precisely of the gradients,
so the first key observation is the content of Lemma [2.4.1] which roughly states
that 0¢0 is a gradient modulo “good” terms for a > 1, assuming V x u = 0. Here,
in simplest possible terms, the issue is that the irrotationality in Lagrangian vari-
ables creates error terms that a priori seem problematic, but luckily all such terms
can be absorbed into a pure gradient. The second key ingredient is Lemma [2.4.6]
which is an exact identity relating the norm of the weighted divergence of 6 to the
weighted norms of the derivative of 8. This can be viewed as a form of “elliptic reg-
ularity”. Finally, we use these ingredients in the central statement of Section [2.4]
- Proposition [2.4.7] - to show that natural energy norms obtained via integration-
by-parts from control the weighted norms of the pure time derivatives of
6. In Proposition we treat also the angular derivatives in our operators, and
the same statement as in the previous proposition holds, modulo the presence of a
linear (and therefore not small) contribution, which fortunately involves one angu-
lar derivative less. This decoupling structure enables us to use a careful inductive

procedure to eventually close the nonlinear estimates.

The nonlinear arguments are presented in Sections and The global

nonlinear stability will follow from the bound
€, < 6,(0) + (€, + E2)V%8, (2.31)

in the regime where F,, + Z2 is sufficiently small. To prove such a bound, we
commute (2.7 with high-order derivatives and while the discussion above refers

to the extraction of coercive bounds for the linear part of the operator, we are still
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left with the nonlinear estimates. Propositions [2.5.5] [2.5.6] and [2.5.12] show that

the deviation of the pressure term P and the gravity term G from its linearisation,

can be controlled by the good trilinear error (6, + %?2)'/2%,, modulo some terms
that scale like the linear norms, but always decouple at the top order of differenti-
ation, so that they involve, for example, “one spatial derivative less and one time
derivative more”. This decoupling is crucial for the closure of the estimates, and
the key effective reduction to the linear problem is formulated in Theorem [2.5.14
This feature of the problem suggests that we can show inductively by taking
derivatives in the right order. Key energy bounds for the nonlinear contributions

from the pressure and the gravity are presented in Sections [2.6.1] and [2.6.2] respec-

tively. The final continuity argument and the exponential decay based on (2.31)) is
presented in Section[2.6.3]

2.2 Linearisation and coercivity

2.2.1 The linear and non-linear part of Euler-Poisson sys-

tem

The proof of Theorem [2.1.7] crucially relies on good coercive properties of the lin-
earisation around the background GW-star. In the next lemma we formally derive

the linearised Euler-Poisson system.

Lemma 2.2.1 (Linearised Euler-Poisson). The formal linearisation of reads
926 — %ﬁaso +LO=0 (2.32)

where
Lo = —gV(w_QV (0°0)) — VEV - (0°0) (2.33)

and we recall (2.3)). Moreover, the formal linearisation of the gravitational contri-
bution G is given by the operator

G0 :=0 VVH©® — VEV - (0°0) = H'Va® — HO,(w*Ve'), (2.34)
where we recall (2.11)) and (2.13).

Proof. Since V&€ = I + V@, to first order (in @) we have d = I — VO and
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F =1+ YV -80. So to first order we have

AF VP =(T-VO)(1+V-0)'=(I-V8) (1—%v-9>

:(1—%V-9)I—VG

and
SO g 1) = V(@'Y - 6) — 0,0V )
- —§V(wv 10) — AV(0 - V) + 46 - VV@
— —§V(w_2v - (w0*0)) + 46 - VVw
= —%V(U_JQV (w0°0)) — 0 - V(6x + VEw?)
— —%V(w_QV (0°0)) — 00 — 0 - VVHw®
Since

€(x) — €£(2)]" =[x — 2+ O(x) — O(2) |
=|x—z" +2(x—2) - (0(x) - 6(2)) +[0(x) — (2)]",

to first order we have

1 1 (1_ (x—Z)~(0(X)—9(Z)))_

N x — 22

€(x) —&(z)]  [x—2

So to first order we have

e

Sy . /(x—z)-<9<x>—e<z>>w(z>3dz

x—2°

and

AV = (I' = V)0, (HKw® 4+ 0 - VEw* — KV - (0°))
= VEw® — (VO Kw* + V(0 - VEw®) — VEV - (10°0)
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=VED* + 6 - VVHw® — VEV - (10°0)
= VH* + G0,

where we have used (2.34) in the last line. Therefore the linearisation of the mo-
mentum equation (22.7)) takes the form (2.32). Note that

G0 =0 -VEVD® — K0;(Vw*0') — KOy (w*Ve")
_ / (x—2) (0(x) — e(z))Vu‘J(z)Sdz — KO, (w*VE)

|x —zf°

= HVw® — HO,(wPV),

which completes the proof of the lemma. ]

Finally, it will be important to keep track of the precise structure of the nonlin-

ear correction G — G0, which is given in the next lemma.

Lemma 2.2.2 (Non-linear part of gravity term). We have

G — G0 = He (A} (00" (VOO0 — w? (ol AL — T! 11)0;0,0™)
— (He — H)O(*VO) + (He — K — KV (2.35)

Proof. Since ol = (V&)™!, we have
I = o, 0;6" = ol (1T + 0,0).
Therefore i’ — I = —sd},0;0". We have

G — G0 = Ke((s — )VD® — @l AL0,00™) + (Ke — K — K )V
+ KO, (V)
= K (VO — diVO) w0 — w (sl Al — I! 11)0;0,6™)
+ (T — He) O (°VO) + (e — K — H )V
= Fe (i (00" (VOF)0yi0® — 0 (Al AL — TE 11)0,0,0™)
— (He — H)(*VO) + (He — K — K )V,

We next derive helpful identities for the operators K¢ — K and K¢ — K — %él)
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appearing on the right-hand side of (2.35]). We first note that

(Ke —FK)g(x) = — . K;(x,2)g(z)dz, (2.36)
(Ke — K — H)g(x) = — 5 Ko (x,2)g(z)dz, (2.37)
where
1 1
B2 = e gl 239
xz): — 1 1 (x —2z) (6(x) — 6(2))
B e el A ke Y

In the following lemma, we write /{; and K, explicitly in terms of 8, which will
play a role in our energy estimates. In particular, we see that @ appears at least
linearly in Ky, and at least quadratically in K.

Lemma 2.2.3. We have

x — 2) - ((x)  6(z))

|x —2f°

Ky(x,z) = Ky(x,2z) + (

10— 0@)

2.40
2 |x—1z (2.40)

3 (x—2)- (0(x) —0(z)  |0(x)—0(z)]*\’
+Mx—ﬂ(2 x—2f | x—2 )
oy (227200 200D ot 0
2 |x — z|? |x — z|?
where
(y) = /01 ﬁdz, y>-1, qcR (2.42)

Proof. Letq € R\ {—1,0}. Thenfory > —1and y # 0

1 1—=z2 1 1—=z2 ! 1 1
" dr=— _ dz
o (1+yz)it? (¢+1Dy [QL+yz)t ], (¢+Dy Jo (I+yz)it?

1 1 1 !
(a+1)y (1 T {(1 + yW]o)

1 1
~ (g + Dy? <_1 T (1 +y)q>
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and thus

1
(1+y)e

= 1—qy+qlg+1)y'=,(y), y>-1 Q4
where we note that (2.43)) trivially holds for y = 0 and ¢ = —1, 0. Since

§(x) — &(z)]" = [x — 2+ O(x) — 0(2)|"
=[x — 2 +2(x —z) - (0(x) — 0(2)) + |8(x) — 8(2)[",

we have

€(x) —E)F | ,(x—2) (0(x) ~6(z) [0(x)—6(z)]"

x — 2 x —2f? x — 2

Hence by applying (Z.43) with y = 2&=21000-0@)  060-0@)I° pq 4 — 5, we

Ix—z[? |x—z[?

see that

x—2| | ((x—2) (0(x)—6(z)  1/6(x)—6(z)
2 ( * )

€(x) — & P R
3 (X — Z) . (O(X) — G(Z)) ‘H(X) _ H(Z)P 2
Ty (2 x — z|? + x — 22 )
w1 <2 (X — Z) . (O(X) — O(Z)) 4 |9(X) _ 9(Z)|2) |
’ |X—Z|2 |X—Z|2
Therefore, we obtain
_ 1 B 1 (X — z) . (H(X) _ O(Z))
Ky(x,2z) = JE() - 5(@ = Z|,+ "
=K1 (x,z)

118(x) — 82
2 |x—1z

3 (2 (x—z) (0(x) —0(z)  |0(x)— 9(Z)|2>2

4|x — z| x — 2 I — 2]
o (20 B2

2.2.2 Coercivity of L

A fundamental prerequisite for the understanding of the nonlinear stability is a

good linear stability theory. This entails a precise understanding of the coercivity
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properties of the operator L and this is the subject of this section.

For sufficiently smooth @, we have

(L6, 05)5 — /

B

(%UJQV (0°09)V - (0°0,) + V - (0°09) KV - (u‘;301)> dx

Note this is defined in a weak sense for 8; (i = 1,2) such that V - (0®0;) €
L?(Bgr,w™?). We see that L is symmetric under (-, - )3 since

/v (020,) KV - (0°0,)dx //V (@°0;) )V - (0'01)(y) 4 dy.

|X—Y|

Before stating the main theorem, we first characterise the growing modes for

the linearised dynamics.

Proposition 2.2.4 (Growing modes). Let e; (1 = 1,2,3) be the standard basis of

R3. Then e; and x are eigenfunctions for L with eigenvalue & and 36 respectively.

Proof. Let f € R? be a constant vector. Since 0 = dx + 4Vw + VHw?, we have

4 4
Lf = -V (gw‘QV (W) + KV - (w3f)) =-V (gw‘Qf -Vt + K- Vw3)
— —V (4f - Vo + - VH@*) = V (6f - x)
= of

And

4

x=-V <§w2v - (0Px) + KV - (u‘f”x))
= -V (4x - Vo + Ex - Vo© + 40 + 3K ©°)
= -V (4x- V0 + x - VED® + 40 + K ©*)

:V(éx-x—4w—3{w3) = 20x + 0x = 3%
where we have used

H(x- Vi) (y) = —/%

-/ (% +w(x)3x-Vxﬁ> dx

< (5o e )
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-/ (—Xj Fly - g o

= 2FKw® +y - VED’.

The main result of this section states that if the perturbation 6 is orthogonal to
the four eigenvectors from Proposition [2.2.4] then the operator L is non-negative

and we provide a quantitative lower bound.

Theorem 2.2.5 (Non-negativity of L). Recall that w = ws and L (2.33) depends
on 0. There exists € > 0 such that for any 6 € (—¢,0) the following holds. If 0 is
such that ||0]3 + || V0|, < oo and

<0,X>3 :O: <0,e7;>3, 9 = 1,2,3 (244)
then we have
(L6, 0); > / w | AVPdx + [ |V [|Pdx (2.45)
Br R3

where the constants do not depend on 6, and V is the gravitational potential in-

duced by the flow disturbance w30:

U= %%v (w°0) € H'(R*) N C'(R?)
™

AV =V - (0’0) € L*(Bgr,w?)

The proof of Theorem [2.2.5]is a simple consequence of Lemmas[2.2.8H2.2.11
Our strategy is to use spherical harmonics to break down the problem into a se-
quence of scalar problems for each individual mode, by analogy to [34]. The
modes [ = 0,1 correspond to radial and translational motion, and therefore, al-
though formally unstable, can be factored out from the dynamics through suitable

orthogonality conditions.

Lemma 2.2.6 (Spherical harmonics decomposition). Suppose 0 is such that ||0||;+
V0|4 < oc. Then

g:=V-(0°0) € L*(Bg,w?) (2.46)
U(x) := %%g(x) € H'(R*) N CHR?), (2.47)
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2.2. Linearisation and coercivity

and they can be expanded in spherical harmonics

) l
= Z Z Gim (7)Y (%) on Bp, (2.48)

=0 m=—1

00 l
=D Ui (r)Yim(x) on R?, (2.49)

=0 m=-—I

that converge in L*(Bg,w™?) and L*(R3) respectively, where the spherical har-

monics Yy, are introduced in Appendix|A.2] Moreover, U,,,, are related to g;,,, by

-1 ryl+2 Rl

Ui (r) = A1 (/o mglm(y)dy +/r F!]lm(y)dy) (2.50)
1 (141

Gim = AT, = (72 (r2w;,) — ( > )\plm> : (2.51)

With this, the following identity holds:

(LO,0); = Z Z A, (2.52)

=0 m=—1

R4
Ay, = / (—w_Qg?m + 47rglm\Iflm> r2dr, [ >0, me{-Ll,... [}
0

3
(2.53)

Proof. From ||0]|5 + || V0|4 < oo, Corollary of Hardy-Poincaré inequal-
ity means that we have ||@|; + |[V8||4 < oo. This immediately gives that g €
L?*(Bgr,w™?). Since ¥ is a convolution of g with the kernel || - || 7!, where g is triv-
ially extended by 0 on R*\ By, standard computation shows ¥ € C'(R3)NH!(R?).
Since spherical harmonics form an L? basis (see [1},29, 9] and Appendix , we

have the spherical harmonics expansion (2.48))-(2.49)) for g and ¥ in L2

By Lemma we have

N min{ x|, |y}’
x — Y| z; Z 21 + 1 max{|x|, |y|}l+1Yl () Yin (%)

which converge uniformly on all compact set in {(x,y) : |x| # |y|}. So we have
FKg(x)

55



Chapter 2. Nonradial stability of self-similarly expanding Goldreich-Weber
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BT D Py | [ gy av+ [ X ¥y
=0 m=—1 2l + 1 B\xl(o) |X|l+1 B\x|(0 |y-|H_1

I+2 R | |l

1 x| y
:—4§j§j—ym Y d d
Tl Ll gii (x) (/0 Y y+/ g y)

x|

We therefore conclude that

—1 T‘lerQ R Tl
Uin(r) = —— ——gim(y)d —gim(y)d
) =5y ([ Lo+ [ o)

since spherical harmonics expansion is unique (using standard Hilbert space theory
and the fact that spherical harmonics forms a L? basis for L? functions on the
sphere). Inverting this expression, we get (2.51).

Now using the spherical harmonics expansion for g and ¥, we get

(1.6,6), — / (%w‘2|v (@O + V- (0K - (w30)) dx

l

= / (%w_2|g|2 —|—47Tg\11> dx = i Z A,

=0 m=—1

with A, as in (2.53). O

From [20]] we have the following lemma.
Lemma 2.2.7. There exists ¢ > 0 such that for any 6 € (—¢,0) and the associated
w = Ws, we have

<g907 (70>1D37‘4 Z ||SDI|| 4pd + ||90Hw3r4 whenever <907 1>'LT)31'4 =0

where the constants do not depend on 9, and

SALRES ia( r0,) + 360

3w3 4

fgwwu—/)f o(r)ridr.

We shall use Lemma[2.2.7]to obtain coercivity for the quadratic form Ay, under

the orthogonality assumption (6, x); = 0.

Lemma 2.2.8 (I = 0 mode bound). Suppose 0 is as in Lemma[2.2.6land (0, x)s =
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2.2. Linearisation and coercivity

0. Then we have W{,(r) = 0 for r > R and

R
Ao 2 / (0 g50 + (Vhy)?) rdr, (2.54)
0

where we recall (2.53)).

Proof. From [|0||3 + ||VO||4 < oo, Corollary of Hardy-Poincaré inequality
means that we have 0], + [|[VO||s < co. It follows that w38 is well defined on
OBp (trace theorem) and must vanish there. Since w30 = VU + C where C is

divergence-free, we have

/ 0,0 dS = V\If~dS:/ w30 - dS = 0.
OBRr OBRr

OBR

It follows that W(,,(R) = 0. Now taking the derivative of (2.50) and using goo(r) =
0 for r > R, we see that in fact we must have

U,(r)=0 for r>R (2.55)

From the orthogonality condition (8, x); = 0 we infer that
1 -3 2 1 2
0=(0,x)3 = 5| @ 0-Vx|*dx = 5 glx|” dx.
This means
R
/ goo(r)rtdr = 0. (2.56)
0

and therefore by (2.51)) and (2.53]) in terms of W,

R
/ Wy (r)ridr = 0. (2.57)
0

Since ¥ € H(R?) N C*(R?), we have that 9,¥ € L?(R3) N C(R3\ {0}). So
0, W has spherical harmonics expansion 9, ¥ = >~ °/ Zlm:fz W, Yim in L*(R3)
with

1 1 /
U, (1) = - /aBr@T\Ij)YlmdS = 4—8 /Br UY;ndS = 0,9, (r) = W, (r).

'
T2

(2.58)
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If we denote
Y= \I]E)O/<TU_}3)7

then by (2.57) we have

R R

0= / U)o (r)r*dr = / o(r)wirtdr
0 0

and thus (p, 1) 43,4« = 0. Using (2.51)) and (2.53), we get
— w2 g5 + 47T900\I’00) ridr

(
= /0 ' (ﬁwz ((rz%o)’)2 +4m (rPT)' qfoo> dr
(

R/ y N
= / <ﬁw_2 ((rgw?’go) > — 47rg02w67“4) dr
0

Ago = / (—w‘2 <(r3w3<p) ) + (30 + 4Aw)<p2w37“4) dr
0

R
— / (ﬁw_2 (3r2@’p + 3riw* W' + rPw’y’)’
0
+ 4(r*w') p*wir? + 3(5g02w37"4) dr
e 2 2 / 22 1\2
:/ §(3ru‘)go—|—3ru‘)u‘)<p+ru‘)<p)
0

— 4w’ (p*wir?) + 3(5@2@37’4) dr

R
4
:/ (5(97‘2104@2 +9,'6411}2(11)/)%02 +7“4217}4(%0/)2
0

+ 180w’ v + 6riwi W'y’ + 6riwtpy)

4

— 4(2pp' w3 w'rt + 30%w? (W)t + 2% W' r?

R
4
= / (— (9r?wte? + riw'(¢')? + 12r°0° W' p* + 6riwpy’)
0

3

+ 35@21037”4) dr
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R
4
:/ (§r4w (90) +35g02 Ik 4)dr = (L, ) g
0
R
> 11 s + il = / (¢ + 2aP)rdr
0

Then for € small enough, we get

R 4
Aoo Z/ (6 (§T4w (¢')? + 36p*w® 4) +g02w3r4)dr
0
R 4
= /0 (e (gw_zggo - 4#(11160)2> + w—3(\1;60)2> r2dr.

Finally by choosing € small enough we get (2.54). O

In order to prove positivity of the higher modes, we will need the following
lemma which provides an estimate from below for A;,, by an elliptic operator; a

related bound was also used in [34]].

Lemma 2.2.9. Suppose 0 is as in Lemma Then for any | > 0,m €
{=1,...,l}, we have

R
Ay > dn / (—AD = 3r@?) (Wy,,) W, 72dr
0

Proof. We have

Ry
Ay = / (gw_zgfm + 47Tglm\Iflm) r2dr
0
R 2
- |7

> 47T/ ( AL 371'@2) (\Illm)\lllmTQdT.
0

—=—Gim + 27T\/_w\11lm

R
r2dr — 47?/ (glm\I/lm + 37rw2\1l2 ) r2dr
0

]

With this bound from below by an elliptic operator, we can prove the positivity
of A, using elliptic ODE theory.

Lemma 2.2.10 (! = 1 modes bound). Suppose 0 is as in Lemma and
(0,e;)3 =0 fori=1,2,3. Then we have V,,,(r) = 0 forr > R and

R
A 2 / (0 2g;,r* + W r? +03,) dr, m=—1,0,1, (2.60)
0
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where we recall (2.53)).

Proof. For these modes, we adapt the method of proof as found in [34] that makes
use of the Sturm-Liouville theory. We have by Lemma [2.2.9]

A > A7 (A1 V1, Ui ) 2
where (y1,ya),2 := fOR y1yor2dr and
Ay = =AY — 3702 (2.61)

As this operator A; resembles the operator A analyzed in [34] (cf. (7.15) of [34]]),
by arguing analogously, we deduce that the operator A; has the Friedrichs exten-
sion in the Hilbert space induced by the inner product (yi,y2),2, denoted by the
same A;. Moreover it is of Sturm-Liouville type and the eigenvalues are simple
under the Dirichlet boundary condition on r = R, i.e. y(R) = 0 (cf. Section VII
of [34]).

We next claim the least eigenvalue p; of A; is strictly positive. Let ¢, be an
associated eigenfunction such that A;¢; = p1¢;. Since ¢; must have no zeros on
(0, R) by Sturm-Liouville theory, we may assume that ¢;(r) > 0 for r € (0, R)
so that ¢|(R) < 0 and ¢1(R) = 0. In fact we must have ¢|(R) < 0, for if
¢, (R) = 0, then ¢; must be the zero function, which is a contradiction. To see the
latter assertion, note that A, is a second order ODE operator with C! coefficients
away from the origin. Picard-Lindel6f existence theorem implies that for any € > 0
the solution u on (€, R] satisfying u/(R) = u(R) = 0 must be unique. Since u = 0
is such a solution, we must have ¢| = v = 0. On the other hand, recalling A(4w) =
—38 — 4mw?, we see that A;w’ = 0. Note that w'(R) # 0, so @’ & Dom A; where
Dom A; denotes the domain of A; under the Sturm-Liouville theory framework.

By using A;w’ = 0, the properties of ¢; and integration by parts, we have

0= (AW, 1) = (W', Arpy) 2 + sz,(R>¢,1(R>
= w (W', ¢1),2 + R*w'(R)¢; (R).

Since w'(r) < 0 for r € (0, R], we see that (@', ¢1),2 < 0. Also R*w'(R)¢}(R) >
0. Therefore we must have 1 > 0.

By the orthogonality condition

0=(0,e;)s = / w0 - Va' dx = / gz’ dx,
BR BR
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we conclude that 0 = fOR g1mr3dr and therefore
Uin(r) =0 for r > R. (2.62)
This (2 means that ¥,,,, € Dom A;, it follows that

A > 47 (A1 1, Vi )2 > A7 p (Wi, W) 2 > 0. (2.63)

The second inequality of (2.63)) implies

R 2 R
/ (\11’2 + = \IJ - 37Tw2\11fm> r2dr > ,ul/ w2 ridr
0 0
which we can rewrite as
R 2
(1+ e)/ (\11’2 + 503, — 37?11‘)2\1%71) r2dr
0

R 9 R

=€ / (\If’z + 50, - 3m2\1/§m) rdr + / Ui, ridr
0 0
R

> e/ (\11’2 r? + 202 )dr + (g — 3e7rw(0)2)/ \If%mrzdr
0 O

Chose € small enough so that the last term is non-negative. Hence we see that
R 9 R
/ (\1;’2 + S0, — 3ww2qf§m) r2dr > / (U2 r* +03,) dr
0 0
Together with (2.63) we deduce that
R 4 R
Ay = / <§1D2gfm + 47Tglm\I/1m) rdr 2, / (\11’2 r? + Ui )d
0 0

We can rewrite this as, for some C' > 0,

R 4 R
(1+ €Ay, > e/ (Bw_ngm + 47rglm\111m) r2dr + C/ (\11'127717‘2 + \If%m) dr
0 0
Ry
+ C/ \11’2 2 )dr
—e/ (gw Gimr? — A (U7 + 207 )>d
0
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R
v [ (W) e
0

Choosing € small enough we obtain (2.60). O

Lemma 2.2.11 (! > 2 modes bound). Suppose 0 is as in Lemma Then for
[ >2

R )
Aim z/ w_2912m7”2d7”+/ (U2 r? +1(1+ 1)T7) dr, me{—l,...,1}.
0 0
(2.64)

Proof. For these higher modes, we use a continuity argument. We have by Lemma
2.2.9

R
Ny > 47T/ (—A<l> — 37T1T)2) (U3 Wy 2dr
0

I(1+1)

Blon +1) 20,2 2 2
— 47r/0 (\If; + T\I/lm — 3w ‘Illm> r*dr — 47 R°V,,,,(R)¥), (R)
( + T\If%m - 37Tw2111l2m> r?dr (2.65)

/ (\IIE%LTQ + (TQKI’;m)’\Illm) dr)

R
. / A l(l;; D2 _ 37rw2\11,2m) r2dr (2.66)
0
— 4mr / b (=AY — 37w?) (V) W, r2dr + 4 / oo(l(z +1)—2)02 dr
0 0 (2.67)
where we used
gim(r) = AV, (r) = %(Tz‘lﬁm)' — M\le =0 for r > R.

r r

Recall that w = ws depends on 6. In the proof of Lemma [2.2.10] we have
shown that

R
/ (—A<1> — 3mwy) (y)yr’dr >0
0

for all y € H%([0, R],7?) such that y(R) = 0. In fact when ws = w, (the Lane-
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Emden star), the same analysis can be extended to any R’ > R to give rise to

R/
/ (—A<1> — 3mwg) (y)yr*dr >0 (2.68)
0

for all y € H?([0, R'],?) such that y(R') = 0. To do so, we replace w}, (used
to argue the non-negativity of the least eigenvalue) with @', where @ := —}L%wg
(recall wy = 0 for r > R). Note that w0 is C*(R?), or C*3([0, 00)) as a function of
the radial variable. By (1.19), we see that W' = wj, on [0, R]. Moreover, @' < 0
on (0, 00). Since Aw = —7wy, taking 0, we get AV = —3rwiw) = —3Twid'.
So we have (—AfY — 37wd)w’ = 0 on [0, 00) which allows us to apply the same
proof in Lemma[2.2.10}

Let

r

Yr (r) = Ui (r) — Uy (R) (R)ZH T

R

From (2.50) we see that y (R') = 0. By using A"y = 0 and applying (2.68)) with
Y = Yr/, We obtain

R/
/ (—AW = 3mwg) (Vi) Uimr*dr
) I+1
_ /0 (—A<1> o 37-‘-11—)8) (yR/(’/’)) (yR/ (T) + Wlm(R) (£> L) 7’2(17’

R I+1
— / BWwS\I/lm(r)\I/lm(R) (R> L’/’2d’f’
0

R) R
R . ) R I+1 7“3
> [T (a0 = 3rad) rt)un(e) ()
0
R I+1 3
N R r
—/0 37ng\lflm(7’)\1/lm(R) (ﬁ) ﬁdr

Denote the last two integral terms by K. By integrating by parts and using the
boundary condition yr (R') = 0,

R I+1
K = —R*y(R)V,,.(R) (ﬁ)
R +1 3
- [seatmirmain (£) " 2
0

R +1 3
- / 3TGE U1 (1) Uy (R) <£) " dr
0
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) ) ) R +1 ) R 2042
= RV, (R)Uim(R) | & )  + R (Wim(R)? |+
R R
R R\ 242 4

R R +1 7’3
— 671'/0 wg\lflm(r)\lflm(R) (E) ﬁdr

—0 as R — o

when [ > 1, where we used (2.50) to see for example that V) (R') — 0as R’ —

Q.

Therefore we have proverﬂ that for any [ > 1,

> (l+1
/ (\I/ﬁn + L+ >\1112m — Sng\Iifm> rdr
0 r

2

> / (I(1+1)—2)2 dr forall U, (2.69)
0

So we have

> I(1+1
/ (\Irﬁn + i+ >\11,2m — 3m§xpfm> r2dr
0 r

2

> /00(5(1 +1) —2)¥}, dr — 37 || (w5 — @g)r?|| /OO U2 dr
Jo 0

g

=M

For sufficiently small § we have
M>(I(1+1)— 3)/ w2 dr
0
which leads to

Ay > 4711+ 1) — 3)/ w2 dr > 0.
0

Observe that

2

> I(1+1
(1+¢) / (\Ifﬁn + Uns >qzl2m — 37rw§\pl2m> r2dr
0 T

2

o0 I(1+1 >
> ¢ / (qufn + ( : )qfﬁm - 3m§\pfm> r2dr + (I(1 + 1) — 3) / U2 dr.
0 0

"The proof of (2.69) can be easily adapted to correct an inconsistency appearing in [34] and
establish the non-negativity of the quadratic form (L, )3 around the Lane-Emden stars.
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Choosing € > 0 small enough we see that

o0 (141
/ (\I/ﬁn + ( t )\me — 37Tw§111l2m> rdr
0 T
> / (P 4+ (I(L+1) — 4)0; ) dr
0

2 / (Wi + (1 +1)W7,) dr.
0

We have

Ry
i = / <§w‘2g?m+4wglmwzm) 2 / (Wir® + 10+ 1)) dr.
0 0

We can rewrite this as, for some C' > 0,
Ry
(1 + E)Alm > E/ (gw_2912m + 47T.glm\:[jlm) T2dT
0
+C/ (U + 11+ 1)9;,) dr
0
R4
[ (b e (05 D )
—l—C’/ (U + 11+ 1)97,) dr
= 56/0 w2gh ridr + 471'6/() (\II?mTQ — (14 1)\1112m) dr
+C/ (TR r*+1(1+1)0;,) dr
0

where we used the fact that

R I(l+1
47r/0 (\Ifﬁn + ( ; )‘Iffm> r’dr — 4w R* Uy, (R) V7, (R)

o0 I(l+1
— 47?/ (\Ilﬁn + ( —Z )\Il?m> r2dr
0 r

proved in (2.66). Choosing € > 0 small enough we obtain the desired (2.64). [

Proof of Theorem Combining all the bounds we have for each [, m from
Lemmas we have

<L093_22Alm

=0 m=—1
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R [e%)
/ w2gE ridr + / (P + 11+ 1)97,) dr.
0 0

We know
00 l R
/ DAY PAx =47y 0 Y / w g} ridr.
Br 1=0 m=—1"0
It remains to show that
9] l 0o
/ VUPdx =4r> " ) / (U272 +1(1+ 1)) dr (2.70)
R? 1=0 m=—1"0

Since V¥ € L?(R?)3, it has a vector spherical harmonics expansion in L?(R3)3
(2,141,

[e’e) l
ve=3 3 (‘I’EEJLY}?A + U Y+ \PﬂYl{ﬂ) . @2.71)

=0 m=—1

where
Yl[g]l = Y}.r, Yl[;]] =rVY,, Yz[i]z =rx VY,

are the vector spherical harmonics [2, [14]]. We have

1 1
U (r) = — / VYOS = / (0,9)Y}dS = W), (1)
" JoB, ™ JoB,
using (2.58). And
ol () = ;/ v -Ylds
m (L +1)r2 Jyp, i
1
S — UrAY,, + Uf - VY},,)dS
z(l+1)r2/aBT( riYim + VL - Vi)
1 1
== UY;,,dS = — 0y, (r)
T 9B, T

where we used the fact that AY},, = —I(l + 1)r=2Y},,. Also,

1
V) = s v-YdS
lm(r) l(l+ 1>7,2 8Brv lm
1

= —— LVAVAR x VY, )dS = 0.
TG /aBT (rx V¥in)
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Evaluating [, |V¥|*dx using 2.71) we get (2.70). This completes the proof of
2.70). O

2.3 Momentum and energy

The energy and momentum conservation account for a four-dimensional freedom
in the parameter space of the self-similar Goldreich-Weber solutions, see Defini-
tion [I.2.2] We shall require that the initial perturbation belongs to a codimension
4 “manifold” of initial data so that they have the same total momentum and total
energy as the background GW star, i.e. and (2.23). We will show that the
linearisation of this requirement allows us to dynamically control the inner prod-

ucts
<07X>37 <07ei>3a 1= 172a37

modulo nonlinear terms, which is necessary for the proof of linear coercivity in
Theorem Hence, by fixing the total momentum and energy, we will be able
to apply the non-negativity results we have for the linear operator L to control
[5, @2V - (@*0:70)|*dx with (LI;P°0, 99°0) 5 + [0+ 978||3 modulo a cor-
rection involving non-linear terms. This is the main result of this section, stated
and proved in Proposition [2.3.6]

Firstly, the momentum condition (2.22) gives us the following.

Lemma 2.3.1. Let 0 be a solution of (2.7) in the sense of Theorem [2.1.11} and
such that W = W (2.22)). Then

SO0 ) = 502070, 3 00,1520,
Proof. From Lemmal[2.1.3] we see that when W4[0] = W we have
(0:0,€;)3 = 6(0,e;)3 for i=1,2,3.
and hence for any a with @ sufficiently smooth,
(00710, e;)3 = 6:(0°0,e;)5  for  i=1,23. (2.72)
Now note that, using integration by parts,

(59,070, e:)s = —(057'970, Pei)s (2.73)
=0=06(0"9,0"0,e)s for =123 (274
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We are done noting § = —162 (2.2). O

We now turn our attention to the energy condition (2.23).

Lemma 2.3.2. Let 0 be a solution of (2.7) in the sense of Theorem and
such that E = E 2.23)). Then

5
562@?9, X>3 = 20’(02“9, X>3
1
- / (w3ag|ase — 60|* + 6w*0" (;—é —1+3V- 9)) dx
- / DO (He — K — K )wdx. (2.75)
Proof. From Lemma [2.1.3| we see that when E;[0] = E we have
) 2
620, %) = 26(0,6,%);
1
— / (w3|ase — 60* + 6w’ <5—§ — 143V 0)
+ 0 (He — K — 3{,§1>)w3> dx.
And hence for any a > 0 the identity (2.73) easily follows. ]

We collect a few more easy statements in the next lemma.

Lemma 2.3.3. (i) Forany K : Br x Br — R sufficiently nice and g € H}(Bg)

we have

Pix | K(x 2)9(z)dz = / (9(2)(Dix + Pia) K(x,2) + K(x,2)P; ,9(2)) dz

Br Br
(ii) For any 0 : Br — R? sufficiently smooth and x,y € B we have

10¢9°0(x) — 0:9°0(2)| < ||VOLP 0| oo () Ix — 2] (2.76)
]&ﬁx—@ﬁz| < |x —z| 2.77)

Proof. For part (i), integrate by parts to get

K(x,2)P;.9(z)dz = —/ 9(2)P; . K (x,z)dz.

Br Br

For part (ii), use the mean value inequality to get (2.76]). Bound (2.77) follows from
Pija® = a0k — I oF. O
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2.3. Momentum and energy

Lemma 2.3.4. Let n > 20 and a + |B| < n with a > 0. We have

. E, +Z2 1/2 990 Z 99 g
o+ Kalx )| £ I S e - 0097600
0<a’<a
B'<p

1/2
FErE > 1970(x) - 97 0(z),

B'<p

where we recall Ky (2.39).

Proof. From Lemma|2.2.3]

116(x) — 6(2)?

Ka(x.2) 2 |x—z)
3 [ (x—2) (0(x)—0(z)  |0(x)— 62\
+4|x—z|(2 X~z L= >
i (2 (x=2)- (0x) = 6(z)) , 00) - e<z>|2)
;| Koo a7 )
=y(x,z)

Note that |y(x,2z)| < ||VO| L~. Our a priori assumption (2.20) together with the
embedding theorems [A.3.5/ and |A.3.6| mean that ||V ||, is bounded by a small
constant. So we can assume |y(x,z)| < 1/2. Then from the definition of w, (2.42)

we can see that
o (y(x,2z)) <1 for any k> 0.

1
2

Now using part (ii) of Lemma [2.3.3] chain and product rule for derivatives and
the embedding theorems |A.3.5[and |A.3.6, we can see that 9%(Py + @,)° Ko(x, z)
satisfies the stated bounds. []

Lemma 2.3.5. Letn > 20 and a+ |B| < nwitha > 0,|8| > 0. Let 0 be a solution
of 2.7) in the sense of Theorem and such that E = E (2.23)). Then

36(0:970,%)3 + (3"’“@69 X)3| S Sujsi-10 + Cs(Bu + Z3) V2 E,.
Proof. First we deal with the case || = 0. From (2.75]) we get
a+1 ) a
2(85 9,X>3 = 5&(88 0,X>3
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1 1
+ ﬁ1/ (11‘)38;1]830 — 60) + 6w*0" (}3 -1+ §V . 0)) dx
+67! / GO (He — H — K)o dx. (2.78)
With the embedding theorems[A.3.5|and[A.3.6] it is easy to see that

‘/ (wBaf; 10,0 — 660)? + 610" <;é 14 %v : 9)) dx

<5 (B, + Z2)V2EV?,

Now using Lemmas [2.3.3H2.3.4{and Young’s convolution inequality we have

‘ / / 03 ( (2)0% Ky (x, z)dxdz

(B, + Z)V2EM2. (2.79)

'/ W0 (He — K — %(1) widx| =

Therefore, upon taking the square of (2.78) and using the simple bound
1
(020, x)3| S Ei, we obtain

25

‘4(0?“9,)()% — —ﬁ2(8“0 x)2| <5 (B, + Z>)'?E,,

which concludes the proof for when || = 0 since § = —362 (recall (2.2)).

Now note that, using integration by parts,

(019,07 0,%)s] = (0279° 0, 9yx)a] S S2,,.

Similarly we have [(99@;9°'0,x)3] < S /‘ g0 Noting that |5] < 1 and we are

done. L]

Proposition 2.3.6. Let n > 20 and a + |5| < n with a > 0. Let 0 be a solution
of @27) in the sense of Theorem [2.1.11| such that W = W 222) and E = E
(2.23). Then

B [V @ 000)Pax S (L0, 02°0)s + 10 97
Br
+ Spyg-10 + Cs(Ey + Z2)VE,.  (2.80)
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2.3. Momentum and energy

Proof. Let

6 =°p°0 —

(]

a8 3 199980 e.
(029 97X>3X_ZM | (2.81)

%13 ~  leil3

0HP0.x); -~ (0511976, e

0 =090 — < TR (2.82)

2
13 i1

Then (8,x)3 = 0 = (8, ;)3 fori = 1,2,3, and

0719°0.x)3 |~ (0571970, )3

(2.83)
Il = el

los+ 97615 = 116'1]5 +

Since x and e; are eigenfunctions of L with eigenvalues 39 and 0 respectively, we

have
3 s }
(LO:9°6,0:9°6)5 = <L0 + 35%X =S 5%%
3 i=1 113
- (0°9P0, 2 (99990, e;
9—|—< 2970, X)s X—i—Z 070, e)s
%13 el .

~ ~ a 9B a
(L8, 8), + 36.0:0°0.%)5 Zam. (2.84)

I3 = el

We use Lemmas[2.3.T|and [2.3.53]to control the last two terms on the right-most side

of (2.84) to get

(LO.0)s < (LOIP"0.0:9°0); + -5 leil|3

24 (97195, 1 <~ (0911970, e,
CAl Y Y Cal L
fukE T2
+CSpig-10 + Cs(Bn + Z2)'°E, (2.85)
24
< (LO:P"0,0:9°0)5 + %Ha?“@’gellg

+ CSpg-10 + Cs(En + Z2)'E,, (2.86)

where we have used (2.83) in the last line. We now use the decomposition (2.81))
and then apply Theorem 5| (with @ = 0) to obtain

e/ w 2|V - (0209°0) |Pdx
Br

~ “HP0, x)2 3 109950 e:)2
S OE/ w‘2|V . (@30)|2dx—|— Cew + OEZ <85@ anz>3
Br

B 2 el
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o~ C
<(L0,8)s + T 05797013 + CSu o 10 + Cs(Bn + 22)'2E,

0]
u " 24 .. Ce
< <Las @BO, 83@69>3 + 2_5||as+1$50“§ + W

|51 9763
+ CSnyp-10 + Cs(E, + Z2)'*E,
49
< (L0, 009°0); + = |02 9701R + CS, g 10+ Co(By + 22)2E,,
(2.87)

where we have chosen e small enough so that C'e < 1 in the second line and then

further shrink e so that {jf < g in the fourth line. Note that since § = —367
(recall (2.2))), the dependence of € on 6 is € ~ |6|>. We have used Lemmas m
and [2.3.5]in the second bound, and (2.86) in the third bound. O

2.4 Coercivity via irrotationality

Note that Proposition only controls the weighted divergence g = V - (0°0)
and not the norms of @ in our energy spaces. It is therefore still not strong enough
for our energy estimates in Sections [2.5H2.6] To derive the coercivity we seek, we
must mod out the kernel of L, i.e. the subspace of 8 with weighted divergence
g = 0. This is naturally linked to the assumption of irrotationality (2.24)) which
guarantees, we show this in the key result of this section — Proposition [2.4.9] that
we can in fact dynamically control [|02@°8]|2 + ||02VP?8]|2 modulo lower order

nonlinear terms.

2.4.1 Lagrangian description of irrotationality

From it is clear that any H? vectorfield 8 such that g = V - (w3@) = 0 is in
the kernel of the operator L. In particular, to obtain strict coercivity of L we restrict
ourselves to (-, -)3-orthogonal complement of K = {6 : V - (w3@) = 0}. Note that
{6 = VI} C K+ since for any 8, € K we have

<V19, 00)3 = /Vﬂ : e[ﬂﬁgdx = /19V . (90w3)dx = 0.

Therefore, the natural assumption to hope for the strict coercivity of the term
on the left-hand side of (2.80) is that @ is in fact a gradient. In this section we
show that this is true to the top order if we assume that the fluid is irrotational. The

challenge is that the irrotationality condition in the Lagrangian variables (2.24) is
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2.4. Coercivity via irrotationality

expressed at the level of the s-derivative of the flow map, and a careful analysis is

necessary to obtain satisfactory lower bounds.

Lemma 2.4.1. Let 0 be a solution of (2.7)) in the sense of Theorem |2.1.11| given
on its maximal interval of existence. Assume further that the fluid is irrotational,
i.e. initially (2.24)) holds. Then for a > 0 we have

~ 1
0,0 =V <H + §ﬁ|¢9 + XP) — (0,6%)V o (2.88)
L25+]
000 = VH, — Y C,;(0:790")Vol6* (2.89)
§=0
for some real constants C, j, j € {1,..., L%J} and H'-functions H, and H.

Proof. Since the Euler-Poisson equation preserves the fluid irrotational condition,
implies that curly 9;n = O for ¢, or equivalently in Eulerian coordinates
V x u = 0. Since any curl-free vector field can be written as a gradient, we have
u = VH for some H, or equivalently 9,7 = AV H for some H in Lagrangian

coordinates. Since
Om = A320,(M0 +x)) = X2((0 + x)0\ + MD,0) = A71/%(9,0 — 6(6 + x)),
this means on the level of 8 we have
0.0 —6(0 +x) =AVH.
Hence we have

0,0 =VH+ (A —-IVH+60+x)=VH+ (- HAVH + 6(8 + x)
= VH — (0,0" — 66" + 2*)VO* +6(0 +x)
~ 1
=V (H + 5610 + x|2) — (0,6")V*.

This proves (2.88). To prove (2.89), we will use induction. We have shown that it
is true for @ = 1. Suppose it is true for some a > 1. Then

1252
00710 = VO, H, — 0, Y Coy(00770F) V0"

J=0
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La;lJ La;lJ
= VO,H, — Y Coj(05H76MVOI0F — Y Cuy(00770") VI 6"
j=0 Jj=0
L25+] Lozt )+l
=VO,Hy, — Y Coj(0T0M\VOI0" — " Coya (0077905 VOI6".

=0 j=1

Note that [ %+ |+1 > | 2] if and only if a is odd. Assume therefore that a = 2a’+1
for some ' € NU {0}. Then % | +1=¢a'+1and || =a’. Whenj =d' +1

in the last sum, we have

Char 1,0 (027 T2 DGV TG = Copr g 0 (0 10%) VO H0F
1 ,
= 502a'+1,a/V(8§ tlgky2

which can be absorbed into H, ;. Therefore

1 /
v =V (@Ha + 51[a 0dd]C,, oV (0° +19k)2)
1%5+) L5]
= Y Cog(OTTONVNO — > Coya (05T 0F) V0"

=0 =1

L3
= VHop1 — Y Cos1;(0076%)V0I0",
=0
where 1[x| denotes the Iverson bracket (see Definition |1.4.2)). This completes the

induction argument. [

Remark 2.4.2. The above lemma is a purely structural statement about (suitably
smooth) irrotational fields. Strictly speaking we do not need 0 to be a solution of
the Euler-Poisson system (2.77)).

With this we can now show that the curl of 9*X’@” equals lower order terms

and non-linear terms.

Lemma 2.4.3. Let 0 be a solution of (2.7) in the sense of Theorem |2.1.11} given
on its maximal interval of existence. Assume further that the fluid is irrotational,
i.e. initially (2.24)) holds. Then for a > 0 we have

V x 0% = —0°"1((VO,0%) x Vo). (2.90)
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2.4. Coercivity via irrotationality

Moreover, for some constants C., g3 > 0 we have

V x 05000 = 011 ((VO,0%) x VOr) + Y~ CL5(Vaipe), (291
IvI<IBl
V x 0! X0°0 = —0i X0PP((VO.0F) x Vo) + Y CLp(VILXIP6),
[v|+d<|B|+b

(2.92)

where we recall notations defined in Definition[1.4.2)]

Proof. Apply V x 97! to (2.88) to get (2.90). Formulas 2:91)—[2.92) follow

trivially when |5| = 0 = b. Now assume formula (2.91)) is true for a multi-index /3,
|5| > 0. Then

V x 0°9;0°0 = (V0D 0) + §;V x 0°9°0
= (VOp°0) — 0:7'9,0°(VO0*) x VO*) + Y C, 5(9;V:078)
<18l
—0' PP (VO.6%) x VO* )+ > C y(VOLpe),

lvI<|Bl+1

where we recall the notation from Definition [1.4.2] and the commutation relation
[9;, V] = (V) from Lemma The proof then follows by induction. The proof

of (2.92)) is similar, using the commutation relation [X,, V] = (V) from Lemma
A.1.2) []

Corollary 2.4.4. Let 0 be a solution of (2.7) in the sense of Theorem|[2.1.11} given
on its maximal interval of existence. Assume further that the fluid is irrotational,
i.e. initially (2.24)) holds. Let n > 20.

i. Fora+ |B| < nwitha > 0we have

IV % 059813 < Sujoi-10 + (En + Z2) En.

ii. Fora+ |B|+b<nwitha > 0we have
IV % 0:X70°01[11 S Sujsiso—1 + (En + Z3) En.
Proof. Use Lemma[2.4.3]and note that
10971 9P (V0,6%) x VM2 S (Ew + Z2)En
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2

> Ca(VOD )| S Sujporo

<18 A

which yields the first claim. The second claim follows similarly. ]

2.4.2 Coercivity of L

The lemmas in the last subsection showed that 0¢6 is a gradient on the linear level,
which will ultimately help us show that ||0¢@°0||2 + ||02V@?0]|2 can be “con-
trolled” by the linearised dynamics. We start by showing we can control [|026)|2 in

the following lemma.

Lemma 2.4.5. Let 0 be a solution of (2.7) in the sense of Theorem |2.1.11} given
on its maximal interval of existence. Assume further that the fluid is irrotational,
i.e. initially (2.24) holds. Let n > 20. Then we have the bound

169012 < / TV - (T00)dx + (B + ZD)YV2E,  for  O<a<n.
Br
" (2.93)

Proof. Let g = V - (w?0?0). Multiply both sides of this equation by H, and

integrate over B to get

/ w3 (VH,)-0°0 dx = —/ gH,dx = —/ 9(Ha — (Ha) By 5 )dx
BR BR BR
< 6_1/ w_QQQdX + 6/ (Ha - (Ha)BQR/S)zwde
Br

Br

Se_l/ w_292dx+60'/ |V H,|*w*dx
Br Br

where we have used the Hardy-Poincaré inequality in the last line, see Theo-
rem[A.3.1] From this and Lemma[2.4.T| we get

/ w?|0%0)2dx < e_l/ w_Qdex+eC”/ 100 *w*dx
Bgr Br

Br
+(L+6)C" (B, + Z3)'?E,

where we bound for example
L%+

/ 0 | Y Coy(007708)VOI6F | - 026 dx
Br

J=0
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2.4. Coercivity via irrotationality

< (B, + 222 / 0 [ Y Cay(05796%) | - 006 dx

Bpgr

S (Bu+ 23)'2S,
Choosing € small enough, we get (2.93). O

Before proving the key result of this section, we have the following structural

decomposition, which holds for any sufficiently smooth vectorfield 6.

Lemma 2.4.6. For any 0 such that ||0||; + || V|4 < oo we have

4
/ —w 2|V - (0°0)2dx
B 3

= / (u‘f‘ (%\V 01> + |VO|* + [curl e]fakel) - 4w30’“918kalw> dx
Br

1 1
:/ (w‘* (—\V~0|2+|V0|2——]cur10|2>
- 3 2

—/
ik (w”|0 e * + w7(|9|2 —10- er|2)) )dx.

where e, denotes the radial unit vector x/|x|.

Proof. The first line follows from the following identity:

1

4
—§V(w—2v-(w39))=—3—w W'V - 0) — w38 L (WVOF) — 40 - VVw©

= _B_V( W'V - 9) — —8k( (0,0 + [curl 0]%)

— 460 - VVw.

And then the second line follows from

[curl 8]F [curl B]F = (9,6% — 0,0")(0,6% — 0,0")
= (Op0" — 0,0%)0k0" — (0,0 — 0,0") 00"
= —2(9,0" — 010" Ok0' = —2[curl B]7 0,0

and

l L.k l Ik
0"0'0, 00 = 6°6'0), ( ) — §*6! (’—f Lol g ﬂ)
r

r r r3

w/
=uw"|0-e.]*+ —(|0]* - |0 -e.*).
T
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]

Using this, we can now prove that we can control ||020||2 + |02V 8]|3.

Proposition 2.4.7. Let n > 20. Let @ be a solution of (2.7) in the sense of The-
orem[2.1.11} given on its maximal interval of existence. Assume further that the

energy, momentum, and irrotationality constraints (2.22)), (2.23)), and (2.24) hold
respectively. Then for any 0 < a < n we have

4
Jox61 + 102 VIE 161 (5 050 + (Laze.o26) ) + (ki + 221,
(2.94)

Proof. Combining Proposition and Lemma we have, for small e,

e/ @2V - (@50°0)[2dx + 0762
Br

N J/
-

=M

49
<ior (waro.mon + 2018 + s+ 227,

Note that by Corollary | curl 920|)2 < (E, + Z%)E,. Using Lemma we
have

M= [ (ew?|V-(@°0%0)] + w’06)?) dx

RS

A
JAS

Choosing € small enough, we then have

1
w? (|V8§0|2 — §| cur18§0|2> — e%iﬁ@"@?@ e >+ w3|8§0|2> dx

3
w*|Vore* — ezw?’w'qage e + w3|age|2> dx — ¢C(E, + Z2)E,

o s W

M+ (E, + 228, > / (0" VL0)* + w*|076]°) dx.

R3

]

Next we will upgrade our estimate to control ||2@°0)||2+|0¢VP?0)||? for | 5] >

0. First we will need the following lemma.

Lemma 2.4.8. For any vector field @ and € > 0,
18115 < el X015 + (1+ e )[6]]3.
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Proof. We have

1
—/ 0> rw'widx = ——/ 10> X, w*dx
Bgr 4 Br

1 3
— _/ w0 - X,0 dx+—/ 0|*w*dx
2 BR 4 BR

1 _
< el X015+ 73+l

Now

1
1615 < 116117 — / 6P raw’dx < e X,0] + 7(7+ e I0]::

Br

Proposition 2.4.9. Let n > 20. Let 6 be a solution of in the sense of The-
orem [2.1.11} given on its maximal interval of existence. Assume further that the
energy, momentum, and irrotationality constraints (2.22)), (2.23)), and (2.24) hold
respectively. Then for any a + |B| < n with a, || > 0 we have

[ezo°6ll, + [[0:v ool
<67 (% los+o7ell, + (Lozp’e, as@ﬁm)wsn,m1,0+05<En+z,%>1/2En
(2.95)

Proof. By Proposition [2.3.6/and Lemma[2.4.6| we have
1
VOBl — 5 curl o0l — [ u"wl0i%e e
Bpgr
4
< [ Guv- @ope)ax
Br 3
4
< \ﬁ]*Q ((L@g@ﬁe, 8?@50>3 + %H@g“@fgmlg) + Cs(E, + Zfb)En.
By Corollary [2.4.4 we have
[vorgUel:— [ wtio:pe- e fax
Bgr

49
<161 (Lr9%0. 029°6). + L5108 9612 ) + CSuppov + OB+ Z2) B,

Now by Lemma [2.4.8 we have 5 [|0:970|5 — 3|[VO{p70|F <. [0:970]F <
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Sh,|8—1,0- Adding this and the above equation, and chosing € small enough we get

lozp" 6|15 + Vo p°e|l:

49
<1617 ((L029°6,080°0)s + L3105 97018 )45, vt Bt 220 B

O

Remark 2.4.10. Estimate (2.93)) features an order 1 term CS,, 5-1,0 on the right-
hand side. This could be problematic for the closure of the estimates, but the key
point is that this term is effectively decoupled, as it features one tangential deriva-
tive less. This will allows us later to close the estimates via induction on the order

of derivatives in the problem.

2.5 Reduction to linear problem

In order to prove the bound (2.31)), we will need to apply the coercivity estimates
from Section [2.4] In particular, we must control the non-linear terms in order to
effectively reduce the problem to a linear one. In Sections [2.5.1]and 2.5.2) we will

prove high-order energy bounds for the nonlinear contributions from the pressure

and the gravity term respectively. We will also prove high-order energy bounds for
the full gravity term (including the linear part) in Section[2.5.2]that we will need for
induction on radial derivatives. Then using these, we will reduce the full non-linear
problem to the linear one in Section [2.5.3] This will then allow us to prove energy

estimates and our main theorem in Section 2.6l

2.5.1 Estimating the non-linear part of the pressure term

In this subsection we will estimate the non-linear part of the pressure term
0° X PP ([2.7), and show that it can be bounded by (€, + F2)1/%E,,.

Recall from that P := w30, (0! (4*F /% — I¥)). In the next two
lemmas, we will compute the commutators between the operator 92 X°®” and the
weighted derivative w30y (w?-). Lemma deals with the case b = 0 (no ra-
dial derivatives) while Lemma includes the radial derivatives. Lemmas
and are necessary to control all the non-*“top-order” contributions coming

from 02 X @°P by our energy norms.
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Lemma 2.5.1. For any tensor field TF sufficiently smooth, we have

P’ (0 P0p(0'TF)) = @ 2o (@*PPTF) + Y (Ca*V(a'P7T))  (2.96)
151<[8]-1
fori = 1,2, 3, where we recall notations defined in Definition[I.4.2]

Proof. We will prove this by induction. Assume this is true for /3, then we have

P;0° (W20 (W' T})) = w2 Op(@*P; P T} ) — w0 (w* P TY)

19 Y (CoV(@'T)
13’1<18]-1
— (@9 TH + Y (Ca

181<18]

W (@’ T)).

where we used the commutation relation for [@;, 0| from Lemma O

The use of radial derivatives naturally changes the weighting structure, which
is one of the key observations that makes the high-order energy argument possible
and goes back to [33]].

Lemma 2.5.2. For any tensor field T sufficiently smooth, we have

( 708 ( 1+ch>) _ —f(1+c)8k<u—]2+chTik)

+ (14 ) (TF X, 0,0) + (0410) P T! — w04 T
P (0= O (w'°TF)) = 0= O (w' P T})

— eua((1 + ¢)(Ow) T} + wo,T}))

X;l@ﬁ ( 38k( 4Tk)) —(3+d)ak (w4+dXTfl@BIvik)

+ Y+ D | CuxtpiT)

d'<d d'<d—1
1B'1<18]-1  |B'|<]BI+1

+ Y+ Y [ exfprvr

d<d—1  d'<d—2
[B'1<181-1  |B"I<18]

+ Y+ Y | CcaxiprvT)

d'<d d'<d—1
[B"1<181-1  |B"I<I8]

(2.97)

forany ¢ > 0 and 1 = 1,2,3, where w denotes some derivatives of w. Here we
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used notations defined in Definition[1.4.2]

Proof. First note that
IEZ)(TT'z = .I'i.TjajTi = 7’231-Ti + xj(xiﬁj — xJGZ)T’ = TZaiTi — Z‘Z@”T]
Using this we have

X, (ﬂfc@k(chTf)) — X, ((1 + C)Tikaku_} 4 u_)aka)

= (1+¢) (X, TN oww + T X, 0pw) + (x - V)R T}
+ 0 X, 0 TF

= (1+¢) (X, T})opw + TFX,0p0)
+ (x- Va)r (2" X, TF + 2" @, T7)
+ WX, T — wo, T

= (1+¢) (X, TF)opw + TFX,0,0)
+ (00 0) (X, TF + P TY) + 00 X, TF — w0, T}

= w0~ U9 (0* T X, TF) + (1 4 o) (TF X, 0,w)
+ Ok @) oy T) — WO TY

P (0 Op (@' Tf)) = @ (WY TT) — a0 (0 T}).

where we used commutation relations from Lemmal[A.1.2] The final formula can

be proven by induction. O]

The next lemma deals with the terms we get when we apply 92X°%" to
Ag—3 — 1.

Lemma 2.5.3. Let
T:=dg /3 —1T. (2.98)

Recall notations defined in Definition For a > 0 and |y| > 0, we have

0,1 = Tr[0, V), (2.99)
0°XIP°T = Tr[0° X9V O] 4 Treapa (2.100)
T = Tr[0"VO] + Th.,. (2.101)
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where
1
Tr[M]F = —g~1/3 (d,’;dl - gmkmﬁn) M, k=1,2,3 (2.102)
a+d+|8| c
TR:a,ﬁ,d = 571/3 Z Z <O> <&q>1+c H(@ngﬁlZ@’BZVO)
c=2 Zf:l(aivdhﬁi):(a’?d?B) i=1
lail+]d;|+]8i|>0
(2.103)
vl c
Tre =323 3 (O™ [0 V8). (2.104)
c=2 Zle Yi=" 1=1
[7i[>0

Proof. Applying Lemmal|A.1.1|we get that

1
55—1/3mkm§na.alem

3.(94kj_1/3 o ]k) — _5—1/3dfndlaalem .
1
= _5—1/3 (dﬁggl + géﬂk&qir) 0.0,6™.

Hence 9,7% = Tr[0,V0]*. By repeated application of this we get the next two

formulas. L]

We have from (2.7))
IXLPP = 00 XLD° (w20 (w'TT))
Let
Py0 := w0, (0 T [V O)F) (2.105)
= —p By, (w4+d (mfnsﬂ + égﬁkgﬂﬁn) alem) (2.106)

Let P, 1, be the linear part of P, i.e.

1
Py.0 = —w G99, (w4+d <J,’;Il + glklfn) alem>
1

1
_ —dtd
- _3U—J3+dv<w V-0) - 3+

O (w4 O) (2.107)

In doing energy estimates, the term (9°X'P°P,02XP°0) and
(00 X2PPP, 091 X°@P@) will arise. Using the lemmas in this subsection, we

will next show that P here can be reduced to P;; modulo remainder terms that
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can be estimated.
To that end we will first derive the following identity.

Lemma 2.5.4. For any vector field 0, 0, sufficiently smooth we have

<Pd917 02>3+d

_ / ((saamel) - (s10,,0,) +

1 (dngq 01) (diVQq 02)

w

1
-3 [curly 61]7"[curly 02];”) g~ V3p*dx (2.108)

(Pq,r01,602)314a
- / ((8m01) (Om2) + %(div 6)(div 6,) — %[curl&ﬂ}"[cwl 02]}”) w*Tdx
(2.109)

Proof. We have
L, .. . 13 -
(P41, 02)3,40 = / ((Q@ZHT) - (s80,05) + g(lem 01)(divy 92)) g3t dx.

We are done for P, noting that

[curly 6] [curly 0o]7 = (40,07 — 540,,,07) (40,05 — 0,03
= 2(H0;07") (s80,05") — 2(sh0;07") (40,0

Similarly for P 1. O]

Using this lemma, we will estimate the difference between “P;” and

13 2
Pb,L .

Proposition 2.5.5. Let n > 20 and a + |f| + b < n with a > 0. For any 0 that

satisfies our a priori assumption (2.20) we have

S 1 s
| x990, X100 0)s 0t — 5 (PLLDXID0. X0,
0

< (8, + F2)'%,

| 0. 00X ) ar — [ (11006, 00X10°8)
0 0

< (8, +F2)V%e,
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Proof. By Lemma
(P! X0P°0,0:M X09P0) 34,
= [ ((0.zxtp0) - (0,07 x197)
+ = (divy 0°X 97 0) (divy 0°T X% 0)

N | — W] —

[curly 92 X297 6] [curly 8;”1)(7’3@50];?1) §- 13 ghbgx
- / ((&@ma? X!p°0) - 0,(s10,,0: X }9°6)

+ = (divy 9°X°9%0)0,(divy 0° X 9°0)

— | =

— —[curly 8¢ X2PP0)7 O, [curly 8§XT’?@50];") §-Usghbgx

(\V]

+R[(E, + Z7) 2B,
= 50, / <|9@m3?Xf~’@59|2 + §| divy X176
- yllewt 22X ) 75
+R[(E, + Z})'V?E,)
= 50 [ (10002 X00°0P 4 31 aiv X290 — Jlcwn X0 )0 x
+OR((Ey + 23) P Enl + RU(E, + 23) P E
_ %as<Pb,L8;‘Xf3@ﬁe, 0 X D501, + OR[(Ey + 22)V2E,]

+R((E, + Z2)'*E,)]

where we recall notation R [+] introduced in Definition Integrating in time

we get the first equation. For the second equation, note that
(Pyd X970, 0:X,0°0) 51, = (Py,r0:X]9°0, 01 X;0°0)5 + R[(En + Z;)' 2 B,).

Integrating in time we get the second equation. ]

And finally we will estimate the difference between “P” and “P};”.

Proposition 2.5.6. Let n > 20. For any 0 that satisfies our a priori assumption
(2.20) we have
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i. Fora+|B| < nwitha > 0we have

| e~ porpe. o p0r| SV

0 Syl + (€ + E2)1?8,

/ (PP — P 9°0, 09°0) sdr

0

1/2 1/2 2\1/2
S8 s-1.08ms0 T (B +E5) 776,

ii. Fora—+|B|+b<nwitha> 0 we have

/ (0°X20PP — Py0° XP9°0, 00 X297 0) 5, dr

0

1/2 1/2 1/2 2\1/2
S (S st T Sallsiren1)Sn s + (En + E5) .

| @xtp°P - Pu X170, 0:X1°6)ar
0

1/2 1/2 1/2 2\1/2
S (S T Sasrns—1)Sn s + (8 + E5) %,

Y

Proof.  i. Using Lemma[2.5.T)we have

/ (0°9°P — P L0770, 00 p0)dr

0

s

< 8k( TR p))0 T @P0" dxdr

/ /B (CV (@' 97 T)) (057 976) dxdr

R1p1<I8l-1

08, (Thia ) 008,P°0" dxdr

Br

/ / (CoTT' PP T}V 0) dxdr
Br |g1<|g]-1
+ (By+ Z2)(0) B, (0) + (B, + Z2)() 2 Eo(s)
+ Sp151-1,0(0)28,, 15,0 (0) % + Sy 151-1,0(5) 2 Sy 0(5) 2
1/2 1/2
S8 s1-10Sn 0 T (B + E2)'/%8,..

Proof of the second formula is similar and easier.
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ii. By Lemma we need to estimate the following.

/ / Z + Z (Cwd* XY 9% T) (0 XL PP 0) P dxdr
0 JBg

b'<b b <b—1
[B1<I81-1  |8'I<]B|+1

/ / CCL)T [aa+1Xb/@ﬁ/V0]> <aaxb@59> 3+bdXdT
Br

b'<b
18'1<|8]-1

/ / (CwTp[02 XY 97V 0)) (9 X PP 0)w P dxdr
Br py<p
18'<181+1

1/2 1/2
+ 83 o 1Salie T (B T ENE,

1/2 1/2 1/2 2\1/2
S (Sny\ﬂl%fl + Sn,|ﬁ|+b,b71)8 18|+b + (an + Zn) / €

// Z + Z (CoXY PPN T2 XPPP0)w P dxdr
0 JBr | py<p—1  p<b—2
1B'1<IBl-1  |8'[<IB]

S / / S+ > | (CoXT 9T TV XD 0y dxdr

Y <b—1 b <b—2
1B1<181-1  |8'|<|8]

* / / Yoo+ D |t XY P T wor X 9 0)w*  dxdr
0 JBp

B<b-1  b<b—2
1B'1<I81-1  |8'[<I8]

1/2 1/2
+ Sna/|/3|+b—18n,/|ﬁ\+n + (%n + 22)1/2%71

1/2 1/2 211/2
S 8n7|ﬂ\+b—18n,\ﬁ|+n + (an + zn) €,

/s/ Z + Z <CUJXb/@BIVT><8a+1Xb@50> 53t dxdr

b'<b b <b—1
[B'1<|8]-1  |B'[<]B]

s / / Yoo+ D | (CaTXY P TV X 0)wt  dxdr
0 JBp

b'<b b <b—1
[B"1<181-1  |B'I<]8]
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+ / / Y+ > [ (Co XY PP T (wo XY 0)w* P dxdr
0 JBr v'<b by <b—1
18'1<I8]-1  |8'I<|B]

1/2 1/2
+ Snflﬁl+b718n{|5\+n + (&, +Z2)'8,

<§ME SR (g, + E2)E,

~ T Bl+b—1"n,|Bl+n

This proves the first formula. Proof of the second formula is similar and easier.

]

2.5.2 Estimating the linear and non-linear part of the gravity

term

In this subsection we will estimate the gravity term 90° X?°G (2.7)) and show that
it can be bounded by F,,. We will also estimate the non-linear part of 9*@”°G, and
show that it can be bounded by (&,, + £2)1/28,,.

Since the gravity term is a non-local term, we need to estimate convolution-
like operator. However, rather than the convolution kernel |x — z|~! we actually
need to estimate |£(x) — &(z)|~!. The next two lemmas tell us how to reduce the
latter to the former, which will allows us to estimate using the Young’s convolution

inequality.

Lemma 2.5.7. Let € be as in (2.6). For any x,y € Bg we have

|x — 2| < ||| (B [§(x) — &(2)]
02 PE(x) — 020, €(2)] < IVOP || Lo 5 I — 2|

Proof. Using the mean value inequality we have

[x — 2| = [€7'¢(x) — £ '¢(2)|
< IVE (s €x) = E(@)] = Il () (€ (%) — £(2)]

and
O PLE(N) — PP E) < VO €l x — 2.
O]

Lemma 2.5.8. Let € and 0 be as in (2.6), and 0 satisfies our a priori assumption
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(2.20). Letn > 21 and a + | 3] < n with a > 0.

i. When a+ |B| > n/2 we have

0% (P + P’ (m) ‘

1 ’ /
S o Y. 10096(x) — 9 9;6(2)]

|x
n/2<a’+|v|<n

a’>0
p/2
+’X_—Z|2 > 1PIEx) — PiE(2)]
n/2<ly|<n

ii. When |B| > n/2 we have

00 (e )| S eap L 0600~ pi€(o)

£6) — €@ )|~ Ix =2 o=

iii. When a + |B| < n/2 we have

0020+ 2 (=g )| < |XEE/;2

iv. When || < n/2 we have

0t 20" (=g )| < e

Proof. These follows from Lemma [2.5.7] the embedding theorems [A.3.3] and
/A.3.6] the a priori bounds E,,, Z, < 1 (2.20), and the following.

O (P + D)’ (M)

(—=1)™(2m)! 1
2k 6= €@

la;|+18:]>0
m

[T plex) — ouplie(a)) - (O pe(x) — 0P € (2)).

i=1

]

Since we cannot commute extra weights into the non-local gravity term, the
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radial derivatives which eat up weight need to be estimated differently in a way
that would negate the non-local integral and allow extra weights to be used. Using
methods from [22]], the following two lemmas provide the way to do this. More
precisely, the radial derivative can be estimated with curl, divergence and tangential
derivatives. And this is useful because the curl and divergence of the gravity term

consist only of local or non-linear terms, which we can estimate.

Lemma 2.5.9. For any vector field G e H}

loc

3
XGPSV -GP+ 'V x G+ > [5G
k=1

Proof. Note that
x- G2 = ('G) (' GY) = (G (2'G?) = (a7 G) (2 G + (/G (2'G7 — 27 GY)
_ xP|GP? - %(ﬁéﬂ‘ _ PG @G — 29 = |G — |x x G2
We have by definition
I’i

xd
0 = =P + =
4 TQ@]Z 7”2

X, 1=1,2,3.
The divergence and the curl of G can be written as
V-G =2'9;G' +x - X,G and 1V x G = 270;e x G +x x X,G
We then obtain
| X, G = [r*V - G — 270,,G'* + [r*V x G — 279;4 x G|?
from which we deduce the result. [

Lemma 2.5.10. Let G be as in (2.9). We have

V-G=I-d)V-G+ (I —-d)V-VED* +drw’(F' - 1)
VxG=(-d)VxG+(I—-d)V x VEwD*.

Proof. By definition G = AV® — VH w3, so

AV -G = (4V) - (V)P — AV - VEw*
= (dV) - (AV)® + (I — A)V - VEw® — 4rw®
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And we have

(AV) - (AV)D(x) = N(AV) - (AV)9h(x) = AV - VHp)(n(x))
= NMarp(n(x)) = anf(x) = Narw® T = 4w’ gL
(2.110)

So we get the first formula. Proof for the second formula is similar but we use
(AV) x (4V) = 0. [

Finally we can prove the main results of this subsection.

Proposition 2.5.11. Let n > 21 and suppose 0 satisfies our a priori assumption
(2.20). For a + |8 + b < nwitha > 0 we have

106X G340 S B (2.111)

Proof. By definition

Oy (d*w3) q Vw? q
w16 €@ S x—a

Consider first when b = 0. Since a > 0, by Lemma we have

G =HV - (Aw’) — KVD® = —

959" G(x)
@k(sﬂkw3)
re [€(x) — &(2)]

_ a1 B1 ; az 752 kwg 2\dz
— /]RS aléza 83 (@X +$Z) <|€(X) — E(Z)|) as @z ak(gﬂ )( )d
B1+B2=08

= PPHV - () (x) = ~ 019 dz

= — /IRS Z 9 (P + @Z)Bl (m> 0§2$520k(91kw3)(z)dz

a1+az=a
B1+P2=0
a1+|B1|>n/2

X e () B )

a1+az=a
B1+B2=p
a1+|611<n/2

a1 1 ; a2 752 —
- _/RS ) +Z_ 0 (P + D) (|£(X) —§(z)|) 0229220, (1" 0% (2)dz
G142
a1+|B1|>n/2

ay B1 1 a2 7B2 @3 7)dz

+/Rs a1+§a2_a (V)05 (Px + Pa) (—|€(X)_£(Z)|> (02922 o) i5%) (z)d
B1+B2<p
a1+|B1|<n/2
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Now using Lemma[2.5.8] we get

eprels [ o Y e - o gl

_ 7|2
R? ’X Z| n/2<a’ +|v|<n

a’>0
EY? ) i
- d
* /R:a |X — z|2 n/2§§n |$x£<x) &ZE(Z” Z
1 a2 fB2 _
* /R3 ongjga |x — z|? (022 @2 styw’) (z)dz
B2<B
E}/Q I&; 3
*d)w”)(z)d
: /ﬂzﬁ =g (P sty (2)dz

Now using Young’s convolution inequality we get
10:0° G (%) || 2qes) S B2

Hence ||0¢@°G||? < E,. From the above proof, with small modification, we can

further see that

H@g@ﬂ(}(x)HLm(Rs) < E,l/2 when a+ 6] <n/2
PG S1 when |8 <n/2

Now we deal with the case b > 0. Let

Whe = Z Hang@BGHngb

a+|8l+b<n
a>0
|B|+b<c

Wn,c,d = Z ||85X£$ﬁG‘|§+b

a+|B|+b<n
a>0
|B|+b<c
b<d

Vie= Y sup (a"|0:X7p°GP)

3
a+|Bl+b<n B
a>0
|B]+b<c

Viea= Y sup (@0} X)0°G[).

at+|l+b<n R
a>0
|B8|+b<c
b<d
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For a + || + b < n/2, using the above lemmas [2.5.9|and [2.5.10| we have

W' |0} X9 G

3
S rosv - XY PGP + al|rogv x XTGP + ) a’|oi X gk’ G
k=1
5 wb|r8§Xf‘1@5V . (}|2 -+ U_)b|7’ang,)_1@BV X G|2 + Vn,b+\6|—1 -+ Vn,b+|ﬁ\,b—1

SaP|rot X PP (I — A)V - G2 + @°ro? XEPP (1 — o)V x G?
+ B+ Vaprjs-1 + Vapriss-1

Sa’|r(I — )02 X '@V - G2 + @b |r(I — )0 X2 PPV x G2
+ B+ Vaprjs-1 + Vapriss-1

S (Ey+ Z2)rdi X PPV G + En 4 Visrisi + Vapsigl o

So
Vasrials S (Bn + Z)Vaseigls + En + Vapriai- + Vaprjsio
By a priori assumption (2.20), we have E,, + Z> < 1, so
Vo186 S En + Vit i8-1 + Vaps(816—1-

We know Vs .o S E, forall ¢ < n' < n/2, so by induction we get V,, .4 S E,
foralld < c<n <n/2.

Now for a + |3| + b < n, using the above lemmas [2.5.9|and [2.5.10| and results
for V' we have

102 X297 G5 4

3
S roeV - XPT PG + P05V x X 0PG5y + D 100X D Gl
k=1

S ros X719V - G54 + 795 X771 0°V < G54y + Wapsisi 1 + Wapsigio-t
SrosX? 197 (1 = )V - G54, + [lros X797 (1 = )V x G54y
+ En + Wopnig-1 + Wapti -1
Slr(1 =)oy X197V - G5 + r(1 — )95 X797V < G354,
+ En+ Wapsis-1 + Wapsis)6-1
S (B + Z)|roi X7 PV G54y + En + Wapgis 1+ Wasiisio
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So
Wageigrs S (En+ Za)Wasriale + En + Wapris-1 + Wassiglo-1
By a priori assumption (2.20), we have E,, + Z2 < 1, so
Woptialo S En + Wapria-1 + Wapsis6-1-

We know W, .o < E, for all ¢, so by induction we get W,, ., S E, forall d <
c<n. ]

We are now in the position to estimate the difference between the high

order derivatives of nonlinear gravity term G and its linearised part
G, (2.34).

Proposition 2.5.12. Let n > 21 and suppose 0 satisfies our a priori assumption
(2.20). For a + || < nwith a > 0 we have

S (6 + £,

/ (0°9°G — GLO"D"0,0° ' 9°0)5dr
0

< (8, +F2)V%e,

/ (PPG — GL0°0°0, 09 0)sdr
0

Proof. Since ||0°19%0||5 + (|0°9%6||5 < Ex/*, it suffice to prove that
10590°G — G705 < (B + Z7) P E)2.
Recall from Lemma [2.2.2] that

G — GO = He (i (00" (VOO0 — wP (Al AL — T' 11)0;0,0™)

=M

—(He = H)O(@*VE) + (He — K ~ %g”)vwi’:.

=M :=Ms3s

Now [|02@° M, ||3 can be estimated in a similar way as the previous Proposition
2.5.11} and [|02@° M3]|3 can be estimated in the same way as in Lemma in

equation (2.79). Now in the same way as in Lemma [2.3.4] and recalling /; (2.38)
we can show that

1
|x — 2

02 (P + ) K (x,2)| S

> 1007 0(x) — oY 97 6(z)]
0<a’<a
B'<B
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2.5. Reduction to linear problem

£
’22\@5/ ~976(2)|
B'<B
|(Px + P2) K1 (x, 2) Z|2 > 1976(x) - 97 6(2)]
B'<B
And when a + | 5] < n/2,
B2

101,205 (Dx + D) K1 (x,2)| <

x — 2z
and when |3] < n/2,

(E. + Z2)Y?
[x —zf?

|0i.2(Px + @Z)BKl (x,2)| <

Using these bounds (in the same way we use Lemma in the proof of the
previous Proposition [2.5.11)), we can estimate ||0@° M, ||3. O

2.5.3 Reduction to linear problem

Having estimated the non-linear parts of the equation in the last two subsections,
in this section we will use them to reduce our problem to the linear problem for
which we have the coercivity result that we can apply. We only need to do this for
the case with no radial derivatives, the case with radial derivatives can be obtained

by induction.
Lemma 2.5.13. For any 0 that satisfies our a priori assumption (2.20) we have
S 1 s
[ (Grospte.or % e)ar = - (Grop . 00070);
0
(LO;P70,0:0°0)5 = 5(|0;976|3 + (Po,L0:9°0,050°0)5
+(GLOP78,9:0°0)s,

where we recall (2.33)), (2.34) and (2.107)).

Proof. We have from (2:3)
(GLOP70,0:719°0),
_ / ((ag@ﬁei)(agﬂ@ffef)w?*aiaj%w?’
— (4n) Y VHY - (020°9°0)) - (VHV - (w%g“@ﬂa)))dx
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= %as / (05970 (0267 )w*0,0; K w* — (4m) " VHV - (w*9°P°0)[?) dx
1

= §8S(GL8§@’30, 0°9°0).

The second formula follows from the definition of L, P 1, and G. O]

The following theorem reduces the full non-linear problem to the linear

one.

Theorem 2.5.14. Let n > 20 and suppose 0 satisfies our a priori assumption
(2.20). For a + || < n with a > 0 we have

[ (o0 + P+ G0 e — 5 (L0, 009%6),
0

1/2 1/2
< 8 p—10Sn 0 + (B + F2)V%€, (2.112)

/ (0°@°(50 + P + G), 00)3dT — / (LO*P°0,0°9°0)sdr
0 0

1/2 1/2 2\1/2
S8 ai—108 50 + (B +E2) 2g, (2.113)

Proof. Using Lemma and Propositions[2.5.5] [2.5.6] and[2.5.12] we conclude
the proof. ]

This theorem above reduces the non-linear problem for time and tangential
derivatives to the linear problem. Now applying our linear coercivity results from
before, we get the following coercivity result for our non-linear problem, allowing
us to control |03 970113, + [[0:970]3,, + |0: V703,

Corollary 2.5.15. Let n > 20. Let 0 be a solution of in the sense of The-
orem[2.1.11} given on its maximal interval of existence. Assume further that the
energy, momentum, and irrotationality constraints (2.22)), (2.23)), and (2.24) hold
respectively. Then for a + |B| < n with a > 0 we have

los96ll, + llosp°el, + llosvorell,

1 s s
< |6]72 ((JSH,W,O(O) +3 Hag“aﬂeng T /0 (0°9P (60 + P + G), ag+1¢’950>3d7>

+C (Sn,mm,o + |ﬁ|‘28711’/‘2m_1’08i7/‘26|70> +C5(6, + F2)%g, (2.114)
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| (lezwaells + ool orvorolf;) ar
Si612 [ (a6 + @20°00 + P+ @), 02970} ar
0

+C (Sn,lﬂl—l,o + !ﬁI*QSi,/\fﬂ_l,oSi,/\Zm,o) +C5(%, + E7)'/*8, (2.115)

Proof. Combining Theorem and Propositions [2.4.7| and [2.4.9| we conclude
the proof. ]

To control the version with radial derivative |[02T'X!9°0|3,, +
109 X973, + |05V XEPPO|3,,. we do not need to apply the linear co-
ercivity result like Theorem above. This is because we get control
of [0¢VXPP°0|3., directly from the pressure term, while the control of
1091 XED50||3,, + 0°XEP°0]|3,, and the gravity term we get automatically

from induction from the step with one less space derivative, as follows.

Corollary 2.5.16. Let n > 21 and suppose 0 satisfies our a priori assumption
(2:20). For a+ |5+ b < nwitha,b > 0 we have

loe ' x19%6]5,, + l: X198, + | 0:v X976,
1
S OSpspnnl0) + 5 |05 X09%0) (2.116)
+ [ @06+ P+ G0 X 0)
0

e <8”"5‘+b—1 (8, Bt + S s )8 (€0 + ED Q%n)
2.117)

| (ool + onxiovels,, + |osvxiioll,) ar
& / (o X10%0]5.., + (O:X1D7(50 + P + G), 0 X9°0)3. ) dr
+C (Sugprm (8 s + 81 b )8+ (Bt ED'E,)
(2.118)

Proof. By Propositions and [2.5.5, we can replace 9°X'?°P by
P}, 0° X »°0. Now by Lemma we have

S

1 a 1 a 1 a
3 |1V XL, ST - (KPP0, — 0% curl X6

0
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= / (P02 X9°6, 00T X 9°0) 5, ,dr
0
Now using Corollary we get
|’agVX£@69Hi+b S Csn7lﬁl+b7b(0> + / <Pb,LagX£@607 agHXf@ﬁO)Mde
0
+C (Sn7\5|+b—1 + (Bn + ZEL)EH) .

Furthermore, note that

a 2 “ 2
|03 X976, + 102 X976 .,

< Hég+1vx}3—1aﬁe\\i+(b_l) + ||agng—1,pﬂeHj+(b_l) < St

Now note that, using Proposition[2.5.11]

S S iBl4b—1

/ (60° X 9°0, 0T X205, ydT
0

1/2 1/2
'S Sn,|ﬁ|+b—1%n

/ (O X PG, O X PP0)
0

then we are done for the first formula. Proof for the second formula is similar. [J

2.6 Energy estimates and proof of the main theo-

rem

In this section we finally commute the momentum equation and then derive
the high-order energy estimates. Since the bounds near the vacuum boundary are
more delicate as they are sensitive to the weights, we present them in Section [2.6.]
and the estimates away from the vacuum boundary in Section [2.6.2} Then finally

we will prove our main theorem in section [2.6.3| using the energy estimates.

2.6.1 Near boundary energy estimate

In this subsection we will prove the energy estimate for §,, (recall (2.17)).

Theorem 2.6.1 (Near boundary energy estimate). Let n > 21, and assume that
e > 0 and )| are sufficiently small. Let @ be a solution of (2.7) in the sense of

Theorem[2.1.11} given on its maximal interval of existence. Assume further that the
energy, momentum, and irrotationality constraints (2.22), (2.23)), and (2.24) hold
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2.6. Energy estimates and proof of the main theorem

respectively. Then there exist m > 0 such that
Sp — Ce8, <, |6]78,(0) + C5(€, + F2)/?E, (2.119)

whenever our a priori assumption (2.20) is satisfied. Here we recall Defini-
tion (2.19) of the total norm §,,.

Proof. Leta+ |B|+b < n. Apply 92 X°®” to the momentum equation (2.7)) to get

e Xxbple — %ag“x}zaﬁe + 07X PP (60 + P+ G) =0

Taking the (-, -)3,-inner with 9*T1 X°#°0 we get
0= SO0 X0, + (DXL (00 + P+ G), 0 XD0)s
e
On the other hand, taking inner product of the equation with 92 X’?°0 we get
0= 0,087 X19°0, 02 X185 — |06 X0, — S0sa |06 X0,
+ (5 X79°(00 + P + G),0:X,976) 3.4

where  we used the identiity  (99T2X°0°0,0°XtP°0) =
(09T XPPO, 00X PP0) — (|01 X°@P0]|>.  Multiply the latter equation

by ¢, add to it two times the equation before, and then integrate w.r.t. s to obtain

S

1 cb
0= (SOOI, + el X200, X1 )0 — L IOLXOR, )

0

+ /0 S ((63)(;’@5 (60+P+G), 0" X20P0) 5, +c(0° X PP (50+P+G), 0° X 9°0) 5.,
~ (e 5 ) leEnxelR, Jar
i. When b = 0, using Corollary we get
oz %6l + oo | + ool
ve [ (ool + ozgell; + |rvprsl;) or

S

_ a . cb | ..,
wio (e ve.oe0) - Tlorels)

0
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“tor [ (2045 ) s ipoliar
0
S16172801810(0) + S jai—ro + [6]28)/5 1 oSa150 + Co(Bn + E2)2E,.
Choosing ¢ small enough (e.g. ¢ = [6]?/100 when 6 < 1), we get
[zt 9%]], + [|ozp°6 ]l + v e,
+ [ (lozmpll; = ozoell; + lozwprell:) ar
0

S 1617216172 S181.0(0) + Sujai-10 + [617285 1 oSil10
+ C5(8, + F2)V/%8,),

and so (noting that the constant implicit in the notation < do not depend on s)

_ _ — 1/2 1/2
S0 S 161780 151.0(0) + 617280 51-1.0 + 6] 48n,/|m71,0'3n,/\m,o
+ C5(€, + F2)V?8,,.

In particular when |3| = 0 we have S, 00 < [6]7%8,00(0) + Cs(6, +
F2)1/2%,,. And so using Young’s inequality and by induction on |3| we have

Snislo S 161717818, 150(0) + Cs(€, + E2)V/?8, (2.120)

for all | 5] < n.

ii. When b > 0, using Corollary [2.5.16| we get

a 2 a 2 a 2
oz 2900l + 020970, + 02V X970,

o [ (ool + o], + | xpoly,,) or
0

+ (closvixtpo.onxipo), - ool

—/ (20—1—%) 10T X270 |3dr
0

0

/%I+b—1 + 81/2 )%711/2

1
S Snal+bb(0) + Snjgro-1 + (8, n,|Bl+b,b—1

+ C5(8, + E2)?%,
Choosing ¢ small enough we get
o x9% ., + 0200765, + [losvxiale|,,
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*—jﬁ (llos+ xtool3,,, + s xto®olly,, + |orv Xl ) ar

_ 1/2 1/2
S (S p1405(0) + Snjspin-1 + (Sn,/‘5|+b_1 + Snﬂm%,b_l)%}zﬂ
+ Co(8, + E2)1/*8,)

and so

S840 S 1B (Sny81+66(0) + Snyjgl46-1 + Snj8+bb-1
1/2 1/2
(8, B + S B B+ Co(6, + EDYE,).

or equivalently

Sn,c,d 5 |ﬁ|_1(8n7c7d(0) + Sn’c_l T Sn’c’d_l
F(8Y2 4 Srll,/cz,dq)%i/z + O5(8, + F2)V2E,).

n,c—1

We already know S0 < |6]74758,.00(0) + C5(€, + F2)Y/?€,,. And so

Y

using Young’s inequality and by induction on ¢ and d we have
Sncd — C€8y Se [6]7"8.0a(0) + Cs(, + E2)*6,.

for all d < ¢ < n. This means we have S,, — Ce$,, <. |6]7™S,,(0) + C5(E,, +
F2)1/2%E,,.

2.6.2 Near origin energy estimate

In this subsection we will prove the energy estimate for @Q,,, see (2.18).

Lemma 2.6.2. Let k > 0. For any 0 we have
IVO[3o SV - Bli7ys + IV x 01,5+ 11613
Proof. We have
/ Vo2 2dx
= [ (0,6")(0,0)w"2dx = [ (0,60°)(0;6" + [curl 8]} )w* 2 dx
J J J J
= 9:0M) (0,0 w*2dx + [ (9,0")[curl O w*+2dx
J J J

101



Chapter 2. Nonradial stability of self-similarly expanding Goldreich-Weber
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= - [@a) @ exs [@am e
—(k+2) /(ajei)(m)wk*l@iwdx
= / (0:6")(0;67 )™ dx + / (9;6")[curl 8] 1" +2dx
+(k+2) (/(aiei)(ej)wkﬂajwdx _ /(3j9i)(9j)wk+1aiwdx)

< 5// |V0]2u‘;k+2dx—|—% (/(W Q> + |V x 9’2)wk+2dx+/]0|2u—)kdx> .

Picking ¢’ small enough, we are done. O

Using this lemma, the following lemma shows that in fact we only need to con-

trol the divergence 0¢V°V - @ in order to control the near origin energy ().

Lemma 2.6.3. Let n > 20 and ¢ < n. Let 6 be a solution of (2.77) in the sense
of Theorem[2.1.11] given on its maximal interval of existence. Assume further that
the irrotationality constraint (2.24). Then

Qn.e S |O5VV - 0”§+2(c+1) + Que—1 + (Bn + Z2)E,.
Proof. Let a + ¢ < n with a > 0. Using the previous Lemma[2.6.2] we have

||8ZVC+10H§+2(c+1) S05VeV - 0H§+2(c+1) + [|05VEV x 9‘|§+2(c+1)
+[105VeO]3 120
< |05VV - 0|34 9(cr1) + 105VEV X 13, o001 1) + Qnc1-

Recalling (2.88) we have 92V°V x 0 = —9271V((9,VH*) x VO*) and therefore

H@gVCV X 0||§+2(c+1) S/ (En + Zz)En‘

[
Lemma 2.6.4. For any tensor field T' smooth enough we have
0" (0720 (0*TY)) = wd O, T* + Y wh=P(Cor'T").
V1<
where we recall notations introduced in Definition[I.4.2]
Proof. The statement follows easily by induction. O]
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2.6. Energy estimates and proof of the main theorem

Theorem 2.6.5 (Near origin energy estimate). Let n > 21 and § small. Let 0
be a solution of 2.7)) in the sense of Theorem [2.1.11] given on its maximal inter-

val of existence. Assume further that the energy, momentum, and irrotationality

constraints (2.22), (2.23), and (2.24) hold respectively. Then we have
Qn S [6]7€,(0) + Cs(8, + F7) 78, (2.121)
whenever our a priori assumption (2.20)) is satisfied.

Proof. Recall the momentum equation (2.7) is
1
0=20%0 — 50056 + 36 + w30 (W (AP TP — TF)) + AV D — VH P
N————
=T

where we recall 7' in ([2.98). Also recall from 2.110) (AV) - (AV)P(x) =
473§ . So taking the divergence of the gravity term makes it easy to estimate.
From Lemma [2.6.3 we also know that to control @), it suffices to estimate the di-
vergence. Let a + || + 1 < n. Evaluating the dot product of with 0207V

we get
0=00"dV - 960 — %ﬁ@gamv - 050 + 60°07AV - 0
+ 0L AV - (WO (W' TF)) + AT 0L (WP F ) — (9207 AV) - VHw®
1
= 0%0"dV - 920 — S0V - 0,0 + 60507V - 0

+ 0L AV - (WO (W' Tr)) + 4m 020" (WP (F - 1))
— (0997 (s — )V - VH T

From here we will the do two things (i) and (i1) as follows

(i) Times the equation with w%2"19?+197gIV - @ and integrate in time and space

we get
s 1
0= / (<agamv - 0%0 — §ﬁagamv - 0,0 + 60°0" AV - 0,
0
oAV - 0>

6+2[7|

+(0007AV - (@ (@' TY)) , 07T AV - 0)
+ (4m 020" (w*(F 1 — 1)) — (9207 (d — I)V) - VE D,

PHOAY - 9>6m>d7
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Now commuting & with space and time derivatives, we get a non-linear re-
mainder R[(€,, +%F2)'/2€,] (recall notation R [« defined in Definition|1.4.2)),

s 1
0= / ( <asgqv 0LT1070 — 6V - 910,51V 9>
0

6+2]~|

+ (0AV - 05070, 0,4V - 02070)¢ .,

+ (A - 9107 (00w TH)) , 0,V - DL0)

+{@n(F7 = D)oL (@%) - (sl = )V - VHI; 0",
agﬂav&qv . 9>6+27) dr

+ R[(8, + F2)V?8,]

Now terms in the first two line we factorised, and terms in the last line in the

1/2 ®1/2 1 nd©1/2 ©1/2

integral we can estimate by Q oy Q|+ 410

° 1 Qa 2 1 a 2
0— /O <§as||g4v-as+lamu6+2w—§ﬁ\mv.as+1me”6+2m
1
+ 500, |V - 0500|5151
+(AV - (W[ OT") OV - 200, )dT

|+ x[Q)al?

MH]

+R[(€, + FH)V?*8,] + R[Q) Q2

VT ||+

Now terms that are full time derivatives can be evaluated, and (9;187(9ka can
be converted to Tr[02070, VO] (recall Lemma[2.5.3)) leaving a reminder that
we can estimate with (&, + F2)'/%8,,.

1 S
=5 (st - 91003, + 01187 - 207613, )|
S 1 "
+/O (— S0 v oo,
+(dV - (T [0;070,V O] , DAV - 0;070) ¢, )dT

+ R[S, +FD)%6,) + R0 1+ ]

sy 1+
Now all the term before the term with 7’y can be bounded by @1/ Ii\@l/ |i| .1 and

@1/2 @1/2

1 and we integrate by parts on the term with 77,

_ / (T [0007 O,V O)", 0,AV (IV - 020°6)) ., dr
0
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+ R[(&, + F2) 26 + R[Q 1] + R[Q,2 0,7

|y, [y 41

|+ R10,50,7 ]

n—1%n,|y|+1

Now we expend the terms by definition and simplify,

0

s 1 . .
= / <5_1/3 <&1§L&1l + gsﬂksﬂﬁn) 0:070,0,0™, 85(&1”&158j858§87€’)> dr
0 7+2|7|

|+ R[@2 a2

n—1 nv"YH’l]

+ R[(, + F2)%8,] + R[Q, ] + R[Q2 QL7

n, |y |y |+1
s 1 A |
N / <j_1/3 <Qgﬁl&qi’ - 35&59@”) h9:076™, 88(Qgi&qfajae(9§3792)> dr
’ +2|y
+ R[(En + FD) 28] + R[Q ] + R 62 N+ R[@62 ]

|y n, |41 n—=1"n,|y[+1

54 iy " m ; a %
:/0 5 (7Pt 00,05070™, O (A};0,00050°0")) .\

|+ R[@2a?

n—1 nv"YH’l]

+ R[(, + F2)%8,] + R[Q ] + R[] QL7

n, [y, y]+1

Now the term in the integral can be factorised into a time derivative,

0= 2/5 571/3(98 Hdkdinakalaga'yemHQU_J7+2|,Y|dXdT
3Jo Ja,

|+ R[@46M?

n—1 n,|'y|+1]

+R[(E, + FD)V?E,] + R[Q, ] + R[] Q)

|y, [y 41

Now we can evaluate the time integral using integration by parts, leaving a

remainder term that can be estimated with (%, + %2)'/2%,, when the time

derivative falls on § /3,
2 S

0==2 [ g3 |t a0,0007 0™ @ N dx
3 Br 0
+ R[(E0 + EDV?6,] + R[Qn ) + R[Q)72 Q02 )+ R (6507 ]
2 S

:—/IWv0wwWWme

3 BR 0
+ R+ ED)?E,] + R[Q ) + Qi[@li,/@@iﬁ\ﬂ] + %[0, ]

It follows that

va ) 8;1870H§+2(2+M)

S Qi 41(0) + Qg + QL2 @12

v[+1
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Using Lemma we get
1/2 1/2 1/2 1/2 2\1/2

(ii) Times the equation with w5*2719207V - @ and integrate in time and space

we get
s 1
0= / (<agavsav 070 — Eﬁagawv - 0,0 + 60°0"AV - 0,
0

AV - 9>

6+2]~|

+ (0007 dAV - (070 (' TF)) , L0V - B)
+ (4L (@ (7 = 1)) — (000 (sh — D)V) - VK,
%AV - 9>6+2M> dr

Now commuting o with space and time derivatives, we get a non-linear re-
mainder R [(€, + F2)V/2¢€,),

s 1
0= / ( <a9,91v LMt g — 6V 0“9, AV IO - 9>
0

6+2[7

+ (0AV - 02070,V - DL0"0) o

+(AV - 9207 (w20 (w*T*)) , AV - 8gam>6+z|y|

+(4r(F ! = 110" (@°) — (sl = )V - VHOL 0w,
AV - 9>6+2M) dr

+ R[(8, + F2)V?8,]

Now all the terms, apart from the top order term involving 77 from the pres-

sure, can be bounded by (€, +Z2)"/28,,| + R[Q,, 11| + Qo +®1/|27|®1/‘27|+1 +
Q2 @1/2
sy +1°

0= —/ (<&1V - 0571070, 0,4V 97 - 0>6+2\'y\
0
+{(AV - (00} TY) AV - :70) )dT

|+ a2 )

Jy]+1

+ R[(€, + FN)V?8,] + R[] + R[Q)2 Q2

N Tes MR !
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N /0 (AV - (@Tr[0{070VO]") AV - 0.070), ,  dr

|+ R[Q26}2

n—l n»lvl+1]

+ R[S, + F2)?6,] + R[Q, )] + R[Q)2 QL2

n,ly Fn 41

Now we integrate by parts,

Do 97

0=— / (WTr[020" 0V O]F, AV (AV - 92070
0

|+ R[Q26}2

n—l n,|v|+l]

+ R[(€, + FN)V?8,] + R[] + R[Q)2 Q2

| sy |+1

Now we expend the terms by defintion and simplify,

: 1 | |
0= / <51/3 (g«,’;g«’ + §mkmfn> agawakalem,w&qfajagagaw> dr
0

T+2|v|

|+ R10,50,741]

n—1%n,|y|+1

+R[(6, + F2)26,] + R[Qn ) + R[Q,)]0 Q)7

| sy |41

8 1 ) )
= / <;z—1/3 (&ﬂﬁl.@ﬂiJr—sﬂ’jsﬂfqz) akalagawm,mggﬂfajagagmm> dr
0

3 742|
7l
1/2 1/2 1/2 1/2
+ 9{[(%” + 22)1/2%n] + Q{[QHJ’H] + Q{[Qnﬁﬂ@n,/h\-i-l] + Q{[Qn/*l@lnﬁﬂ‘*‘l]

S 1 | |
/ 3 < ? —1/3 ;quﬂfmék l(?saié)m’ J f ] X 88797'> d,7_
0 0 f Qq gﬂ 8 8 aa

7+2]|

|+ R[Q26}2

n—l n,|v|+l]

+ R[(€, + FH)V?8,] + R[Q ] + R[Q)2 Q2

| sy |41

_ / s FV ||stt st 00070 ||t w2 dxdr
3 0 JBr

|+ R[Q26}2

n—l n,I'YIH]

+ R[(€, + FH)V?8,] + R[Q ] + R[Q)2 Q2

|y [+1

4 S
= —/ / IVV - 02070)|* @+ dxdr
3 Jo Br

|+ [e)20)? ]

J|y[+1

+R[(B + )28, + R[Q ] + R [0 Q)]

| sy |41

It follows that

/O VvV - 0?8”0||§+2(2+M> dr

< Quy1(0) + Qo + QL2 @12

@+ QAR+ (8 + D)V

n—1

Using Lemma [2.6.3| we get

/ Qn,\'yHldT
0

5 @n7|7|+1(0) + @"»M + @1/2 @1/2

n, [y, +1

L @2ql?

n—1"n,|y[+1

+ (8, + F2)V%8,
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Combining the results of (i) and (ii) and noting that < does not depend on s, we
get that
n ©1/2 ©1/2 4 (% + 22)1/2%n

Jv[+1

+ (8, + F2)V%8,

1/2 ~1/2
Q41 S Quy+1(0) + Qg + Q0 Q)1

1/2 ~1/2 1/2 ~1/2
S €.(0)+Qupy + Q0,0+ Q50

We have by definition and equation (2.120) in the previous theorem

Qn0 < Sno S 6]718,(0) + Cs(8, + F2
< |6]7*6,(0) + C5(&, + F

And so using Young’s inequality and by induction we have
Qua S [6]7"6,(0) + C5(6, + E7)'/*8,

for all d < n. Therefore we have Q,, < [6]746,,(0) + Cs5(€,, + F2)/?€,,. O

2.6.3 Bootstrapping scheme and final theorem

In this subsection we will prove our main theorem that the energy F,, decays ex-
ponentially while Z,, remains bounded. To do so we will use the bootstrapping

scheme in the following lemma and proposition.

Lemma 2.6.6. Suppose E : [0,T] — [0, 00| is continuous and

E(t) < CiE(0) + CQE(t)3/2 whenever sup E(1) < Cs.

T€[0,¢]

where C > 1. Then E < 2C,E(0) whenever E(0) < min{(2°C,C3)~!, C3/2C }.
Proof. We will prove this by a standard bootstrap argument. Let

I= {t €[0,7]: sup E(1) < min{QClE(O),Cg}}.

T€[0,t]

Then [ is non-empty (since 0 € I) and closed (since E is continuous). If I = [0, 77,
then we are done. Otherwise, let to = inf{t € [0, 7] : t € I}. We must have ¢, € [

since 0 € I and [ is closed. Then we have

Elty) < CLE(0) + Co(2C,E(0))%/2 < gol E(0) < 203_
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2.6. Energy estimates and proof of the main theorem

So by continuity of £, a neighbourhood of ¢, must lie in /. But this contradicts the
definition of ¢y. So we must have I = [0, 7. O

Proposition 2.6.7. Suppose E.Z : [0,00) — [0, 00] are continuous and for all
t >ty > 0we have

By, (1) < CoByy (L) + CLZ ()G, (1) + Co(1 + (t — 1)) By, (1)
Z(t) < Z(to) + Cs(t — t0)' €. (1)

whenever sup, ¢, 4(E(7) + Z(7)) < Cy, where k,1 > 0 and

¢
€, (1) = sup E(T)+/ E(7)dr.
TE(to,t] to
Then there exist € > 0 such that €y < 6Cy%y(0) whenever €,(0), Z(0) < e
Moreover, E(t) < 16(471/32C0)CyE(0).

Proof. Let T = 32Cy and C1Z(0) < min{1/4,C,Cy/4} < 1/2. Then by the
above Lemma[2.6.6] for small enough ¢, we have €, < 4C%;(0) on [0, 7] when-
ever €,(0) < e. On [T'/2, T'], there must exist a point 7} such that E(73) < 1%,(0),
otherwise €y(7") > 4C,%(0).

By having a small enough ¢, we can assume 2C)/°CiC3T'%y(0)"/? <
mln{l/& 0104/8} Now

C1Z(Th) < CLZ(0) + 20201 C3 T80 (0)1/?
1
< min < —, % + min 1, G104 < min 1, GiC .
4 4 8 8 2 2
Then by the above Lemma 2.6.6, we get that €7, < 4Cy6r, (T1) = 4CoE(Th) <

Co&o(0) on [T1, Ty + T). On [T} + T/2, T + T, there must exist a point 75 such

that E(TQ) < %%Tl (T1> = ZILE(TI)’ otherwise %Tl (T) > 400%T1 (Tl)

Repeating inductively, we can get 7}, € [1,,_1 + T/2,T,,—1 + T such that

C1Z(T,) < C1Z(Ty_y) + C1C3T'€r,_ (T,,)Y?

4 £ ogm T g on

m=0

lea 1 11 1
< <_ Z + ——) min{1, C;Cy} < Emin{l,C1C4}

Er, <4'7"Cy€(0)  on [T, T, + T
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Now
%0 < %0(00) < %O<Tl) + %Tl (Tz) + c(gT2 (Tg) 4+ < 600%0(0)
U

Finally, before proving the main theorem, we provide a simple lemma based

on the fundamental theorem of calculus, which relates the Z,-norm (2.15)) to the
total energy norm €,, (2.19).
Lemma 2.6.8. We have

Z1(0) + Cs728]%(s)
F,(s) < F,(0) + Cs'/2€L2(s)

Proof. We have h(s) — h(0) = [ 9sh(7)dr and therefore

(h(s) — h(0))? = ( /0 S (9Sh(7')dr)2 < /0 (Ouh(r))%dr.

This easily gives ||k(s) — h(0)[|7 < s[5 ||0sh(7)|[Zd7 and thus [|h(s)][r <
1R(0)][x + s*2 (3 ||6sh(7')||zd7)1/2 , which concludes the proof. O

Theorem 2.6.9. Let n > 21 and 0 small. Let (0,0:0) be a solution of 2.7) in
the sense of Theorem 2.1.11| and that satisfies (2.22), (2.23) and (2.24)) (i.e. the

perturbation does not change the momentum or energy of the star, and correspond

to an irrotational flow). Then there is some m > 0 such that we have
8, (5) < [6]76,(0) + Cs (Fn(0)8n(s) + (1 + 52)8,(s)*?) (2.122)

whenever our a priori assumption (2.20)) is satisfied. Moreover, there exists ey > 0
such that if E,(0) + Z,(0)? < ¢, then we have €,, < €,,(0) with E,,(s) < e~ C1¢1™s
(decaying exponentially on [0, 00)) and Z,, bounded on [0, o).

Proof. By the energy estimates in Theorem [2.6.1and 2.6.5| (for S,, and Q,,) in the

last two subsections and Lemma [2.6.8| we have (choosing e small enough)

En S S+ Q, — CeB, < [6]7,(0) + C5(8,, + F2)V?8,
S 67"%,(0) + Cs (Z,(0)Bu(s) + (1 + 5%, (5)*?)

Using Proposition above, we get €, < €,(0) with E,,(s) < e CltI"s and 7,
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bounded on [0, c0).
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Chapter 3

Nonradial stability of linearly
expanding Goldreich-Weber stars

3.1 Introduction

3.1.1 Equation in linearly-expanding coordinates

Let (p,u) be a given linearly expanding GW-flow from Definition with the
corresponding radius RA(¢) and the associated enthalpy w : [0, R] — R, . In order
to study the stability of the flow, like in the last chapter renormalise the equation

by introducing a new unknown

(t,x) = 1% (3.1)

We suitably renormalise the inverse of the Jacobian gradient and the Jacobian de-

terminant, so that

d = (VE)™ =\

¥ = det(VE) =\"?J

o =34 =\"2a
o (@) fo(z) . _

*= | b~

We next formulate the problem in “linear” variables. To this end we introduce the

linear time coordinate s adapted to the expanding profile via

ds
— =\t
o =)
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Chapter 3. Nonradial stability of linearly expanding Goldreich-Weber stars

In this new coordinate, A(s) is an increasing function such that
A(s) ~ VAR a5 0. (3.2)

We have the following change of coordinate formula 9; = A~'d,. The condition
AN2 = § (T.18) becomes

(0:A)?

5 =20, 19N) = OA - 2=

(3.3)
Then the Euler-Poisson equations (I.10) becomes

0 =0 + (foJo) " Ou(A*(fodo) 2T ~1%) + AVY
= A10,(ATL0,(AE)) + A2 (fo o) T H Ok (st (fo Jo) P FTY3) + AT 2AV D

Times the equation by \? we get

0 = A3 (A ' 05(AE)) + (fodo) " Ou(sA¥(foJo)*PF 1) + AV P

(o Zrog (E2-L200Y ) b (o) ou(att o) o5

+ AV D
= (AOZE + (DM€ + 0€) + (fodo)  Ou(A®(foJo) /3 13) + AV D

So the Euler-Poisson equations in terms of & (3.1]) is:

NO2E + NO& + 06 + f%ak(mk(fojo)wzl/?*) +dVP =0, (3.4)
040

where N := J,\.

The GW-star is a particular s-independent solution of (3.4)) of the form &(x) =

x and fo = w?

. Before formulating the stability problem, we must first make
the use of the labelling gauge freedom and fix the choice of the initial enthalpy
(foJo)'/3 for the general perturbation to be exactly identical to the background

enthalpy w, i.e. we set
(fodo)¥? = w on By(0). (3.5)

Equation (3:3)) can be re-written in the form pg o 7, det[Vn,] = @? on the initial
domain Bg(0). By aresult of Dacorogna-Moser [10] and similarly to [20} 21] there
exists a choice of an initial bijective map 1, : Br(0) — §2(0) so that (3.5)) holds
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3.1. Introduction

true. The gauge fixing condition (3.5)) is necessary as it constraints the freedom to

arbitrary relabel the particles at the initial time.

We now introduce the perturbation

0(x) = &(x) — x, (3.6)

which measures the deviation of the nonlinear flow to the background Goldreich-
Weber profile.

Lemma 3.1.1 (Euler-Poisson in linearly-expanding coordinate). The perturbation
0 defined in formally solves

AO?0 +N0,0 +60 +P+G =0, (3.7)

where the nonlinear pressure operator P and the nonlinear gravity operator G

read
P = w O (w (e g~ - 1)), (3.8)
G = dV® — AVD® = KV - (do®) — EVw? (3.9)
= He((dl — 1)V’ — @°sl}, A,0,0,0™) + (Ke — K)Vw*, (3.10)
and
K / (3.11)
(Keg)( e

Proof. Recall that the GW-enthalpy satisfies
0 = 0x +4Vw + VE @’ (3.12)
Using the gauge condition (3.5), the momentum equation (3.4)) becomes
w* (AO20 + N 0,0 + 60) + Oy (w* (¥ /% — I*)) + 0¥ (AVE — VHw®) =

Note that formally

(VEp)(x

e frte
|x —ZI \X—ZI
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Chapter 3. Nonradial stability of linearly expanding Goldreich-Weber stars

and so

AVY(x) = (Vo)(n(x)) = (VEp)(n(x)) = (XVp)(n(x))

L) [ AV@IE
) — ] () o)
V(1IN < I,
) — (@) “ (@)

[V (a0’ T Y)(2) S (Aw?’) (z)

- /In() @) /InX) (@)

= L (HeV - (A0)) (),

)\2

where we denote V - M = 9;M* for a matrix M and recall (3.11)). We then have
AVD = N AVY(x) = KV - (dw?).
Hence, we can write the momentum equation as

0 = N0 + N0,0 + 60 + w30 (w (X F /3 — %)) + KV - (Aw®) — KV
= \920 + N0,0 + 560 + P + G,

where we have also made use of (3.12). Note that we can write

G = He(V - (Aw®) — V?) + (He — H)Va?
= He((d — )V’ — @}, AL0,0,0™) + (Ke — K)V®.

3.1.2 High-order energies and the main theorem

We now introduce high-order weighted Sobolev norm that we will use for our high-
order energy method explained in Section Recall the notation in section|1.4|in
Chapter [I] Assuming that (s,y) — 6(s,y) is a sufficiently smooth field, for any

n € Ny we let

Sa(s) = > (AIXLP°0.0115,, + 1 X20°01I5,, + VXP70I13,,)
|B]4+b<n

Qu(s) =) (MIVOB3 20 + IVl 00 + VN0

c<n

Zn(s)i= > AXI°(AV x 0,0)[|31, + AV (AV x 0:0)|3,2,
1Bl+b=n
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3.1. Introduction

We define the total instant energy via
E, =85,+Q,+ Z,. (3.13)

We shall run the energy identity using E,; Z, controls the curl of the velocity,
while the energies S,, and (),, will be used for high-order estimates near the vacuum
boundary and near the origin respectively. In particular, the control afforded by @),
is stronger near the origin, while .S,, is stronger near the boundary. Finally we
define

8,(s) :== sup Sp(7), (3.14)
T7€]0,s]

Qn(s) == sup Qu(7), (3.15)
T7€]0,s]

€n(s) := sup E,(7), (3.16)
T€]0,s]

The norms (3.14)—(3.16) will play the role of the “left hand side” in the high-order
energy identities.

Remark 3.1.2. We emphasise that the higher order energies I, we defined (always
with a subscript n € Ny) are different from the total conserved energy E (and Ej)
defined in (1.7). Where no confusion arises, we will refer to both as “energy”.

In this chapter, we make the following a priori assumption:

A priori assumption: £, < e where € > 0 is some small constant. (3.17)

We now state our main theorem.

Theorem 3.1.3 (Nonlinear stability of GW stars). Let n > 21. The linearly ex-
panding GW star from Definition nonlinearly stable. More precisely, there
exists an €* > 0 such that for any initial data (6(0), 0,60(0)) satisfying

E,(0) <€, (3.18)

the associated solution s — (6(s, - ),0:0(s, -)) to (3.7) exists for all s > 0 and is
unique in the class of all data with finite norm E,,. Moreover, there exists a constant
C > 0 such that

E.(s) <Ce  forall s> 0.
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Chapter 3. Nonradial stability of linearly expanding Goldreich-Weber stars

Remark 3.1.4. Like in the last chapter (cf. Remark , it is not our goal to

optimise the number n of derivatives in our spaces.

Local-in-time well-posedness. The same process as described in section|2.1.3
for the self-similarly expanding GW star can be use to obtain the equivalent well-
posedness result in the weighted high-order energy space £, defined in the current

section for the linearly expanding GW star.

Theorem 3.1.5 (Local well-posedness). Let n > 21. Then for any given initial
data (6(0),0,6(0)) such that E,(0) < oo, there exist some T > 0 and a unique
solution (0,0,0) : [0,T] x Br — R? x R? to (B3.7) such that E,,(s) < 2E,(0) for
all s € [0, 7).

Theorem 3.1.5|is a starting point for the continuity argument that will culminate

in the proof of Theorem [3.1.3

3.1.3 Proof strategy

The basic idea behind the global existence in Theorem [3.1.3|is similar to that of
the self-similarly expanding GW case in the last chapter. In fact, it is easier here
than in the last chapter owing to the fact the linearly expanding GW expands at a
faster rate that the self-similarly expanding GW star, and hence there is a stronger
dispersion effect. Therefore, the basic outline and method of the proof is similar to

the last chapter, but it is simpler here.

In particular, we have the exponentially increasing A(t) factor in the first term
in (3.7), this means we get a \ factor in front of the “velocity” terms in the higher
order energy in (3.13). This gives terms on the velocity level (terms with at least
one time derivatives) an extra decay that in effect made it of secondary importance

on par with the non-linear term and hence negligible in the dynamics.

This in particular renders the effect of gravity in the dynamics to be sec-

ondary:

S0 S0
Here €,,(s) [° A~'/2dr have effect on par with non-linear term €%/2, see Proposi-
tion[3.5.3]and Theorem

These also means we do not need a precise coercivity result like in the self-
similarly expanding GW case for L in the last chapter. Hence in particular we do
not need the fluid to be irrotational in this case. Instead it is sufficient to just do a

vorticity estimate (section [3.4)) to estimate the curl, similar to what is done in [21]].
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3.2. Pressure estimates

Note also that linear motion is secondary (bounded) in a linearly expanding coor-
dinate. So a non-zero momentum in the initial data, which in theory should make
the overall GW star to travel at constant speed in the direction of the momentum,
is automatically encapsulated by the linear expanding coordinate about a linearly

expanding GW star centred at the origin.

Many terms that appeared on the primary “linear level” in self-similarly ex-
panding case of the last chapter now thus appear in the linearly expanding case in
the secondary “non-linear” level. This also means that we do not need higher time
derivatives in our higher order energy in (3.13)), and also do not need the sophisti-
cated triple induction scheme on the higher order energies that we have to do in the

last chapter.

3.2 Pressure estimates

In this section we will estimate the non-linear part of the pressure term X’@°P and
P (.7).
Recall from (3.8)) that P := w30, (w*(4*F /3 — I*)). In the next two lem-

mas, we will compute the commutators between the operator X’@” (and 97) and
the weighted derivative w30, (w?-). Lemmas are necessary to control all
the non-“top-order” contributions coming from X’@°P and 9"P by our energy

norms.

The use of radial derivatives naturally changes the weighting structure, which
is one of the key observations that makes the high-order energy argument possible
and goes back to [33]. And for Cartesian derivatives, we need two powers of weight
for every derivatives, which gives a weaker control than those given by the radial
and tangential derivatives.

Lemma 3.2.1. For any tensor field T sufficiently smooth, we have

X, (50 (@'TF)) = o~y (@ X, TF)
+ (1 + )T} X, 0,0) + (O5w)Phy T] — wORTY
P; (0 Op(@"°T})) = @O (@' Py T})
— (L + ) ()T} + wd,T}))
aj (w—cak(wl-i-CjWik)) — w—(2+c)ak(u—}3+cajj‘;k)
+ (1 + o) (TF0;0w) + (9;0)0 T} — 2(0; T} ) Oy
X197 (0720 (0 T})) = w~ T Do (@ XPOTY)
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+ Y+ Y | (CwxfpPT)
d'<d d'<d—1
81<I8l-1 1818141

+ >+ Y [exfprvr
d'<d—1 d'<d—2
B1<I8-1  |871<I8)

+ >+ Y | (caxiprvT) (3.19)
d'<d d'<d—1
1<lsl-1  187<I8

Bl (w—f’)ak(w‘*Tf)) — @—(3+2lvl)ak(w4+2\7\avTik)
+ Y <<Cw87/T>+(C’w87'VT>>

1< lyI-1

forany ¢ > 0 and 1 = 1,2,3, where w denotes some derivatives of w. Here we

used notations defined in Definition

Proof. Proofs for all but the last equation are the same as Lemma [2.5.2] For the
last equation we have

aj (@_Cak(u_)Hcﬂk))

= 0; (1 + )T} 0w + wOTY)

=(1+¢ ((@Tf)@kw + Tfajakw) + (0,00, TF 4 w0; 0, TF

=0~ *HIO (@ O TT) + (L + o) (T} 0;000) + (0;0) 0T} — 2(0;T ) Oy

where we used commutation relations from Lemma The final two formulas

can be proven by induction. ]

The next lemma deals with the terms we get when we apply X’@° or 97 to
Ag-—3 1.

Lemma 3.2.2. Let
T:=dg~ 3 —1. (3.20)
Recall notations defined in Definition For |y| > 0, we have

d.T = Tr[0, V1), (3.21)
X4PPT = Tr[X2PPVO] + Trpa (3.22)
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N'T = Tr[0"VO] + Trer - (3.23)
where
Tr[M]F = —g~1/3 (sd’:nml - %dkdfn> M, k=1,2,3 (3.24)
d+|B] c
Trpa:=F ) > oyt [ixptve) (3.25)
=2 3¢ 1 (di,Bi)=(d,B) i=1
|di|+|B:[>0
o7 c
Try =3 2> > () ][0 V8). (3.26)
=2 31 =Y =1
;>0

Proof. Applying Lemma[A.T.T|we get that

1

Dol g7 = 1Y) = =g 7oty 000" — 3l o, 0,00

1
= _g1/3 (gqf;.gﬂl + 5.91%1@ 0s0,0™.

Hence 9,7% = Tr[0,V0]*. By repeated application of this we get the next two

formulas. O]
We have from (3.7))
XPPPP = X29P (w2 0k (w'T))
Let
P.0 := w0 (0T [V O)F)
—~ BTy, <w4+d (gﬂfngﬂ’ + %sﬂk&ﬂn) alem> (3.27)

Let P, 1, be the linear part of P, i.e.

1
-G (w4+d (I,’;IZ + gf’fffn> a,em)

1

11_}3+d

1 dd
:—?)u_)gle(w+ V-0) -

O (0 OF) (3.28)

In doing energy estimates, terms like (X’@°P, 9, Xt)°0) will arise. Using the
lemmas in this subsection, we will next show that P here can be reduced to P,

modulo remainder terms that can be estimated.
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To that end we will first derive the following identity.

Lemma 3.2.3. For any vector field 01, 05 sufficiently smooth we have

(Pab1,602)31q

= / ((gqamal) - (40,,03) + %(div&q 0,)(divy 65) (3.29)

1
- é[curlgq 0,7 [curly 92}7)5—1/3w4+ddx (3.30)
<Pd,L017 92>3+d
— / ((am01> - (OmB2) + %(div 0,)(div ;) — %[curl@ﬂgn[curl 02]?> o idx
(3.31)

Proof. Same as Lemma (except here w is the linearly expanding GW star
profile rather than the self-similarly expanding one). ]

Using this lemma, we will estimate the difference between “P;,” and
“Pb,L”_

Proposition 3.2.4. Let n > 20. Let |5| +b < n and |y| < n. For any 0 that

satisfies our a priori assumption (3.17) we have

S 1 s .
| ®uXp0.0.X00) 0t — 5 (PLXIPO X0, | S Bl
S0
S 1 s
/ (P211070,0.070)31915dT — ) (Payy,.0"0, 870>3+2M|50 S %"<S)3/2
50

Proof. By Lemma[3.2.3]
(PyX70°0,0,X7076)31

1
= / ((gqamX,’zé)ﬁe) - (A0, 0 X°P°0) + g(div&q X 9°0)(divy 0,Xt9°0)
1 baB n1m baB n1m —1/3,-4+b
_ p . ) .
§[curl X970 [curly 0, X970 | § /2w P dx
_ / ((aqamxf@ﬂo) . 0,(40, X"978) + %(dw X19%0)0, (divy X9°6)
1 baBpim baBpgim \ ¢—1/3, -4+b —1/2 13/2
_ Zeurly "o, .
2[curl X, 97017 0s[curly X @701 | F~/"w ™ Vdx + R[A/TEL]

1 | ,
- 585/ ('dame%'Q + 5l diva X7970) — 5 [curly X}Z@ﬂeH?) P
+ RINY2ER
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1 1 1
= 533/ (\amxfzaﬁey? + gy div X°9°0)? — 5llourl Xf@%]ﬁ) ' dx
+ O R[E¥? + RNV2EY?
1
= 50s Py X2D°0, X20P0) 5,y + O.R[EZ?) + RINV2E3?]
where we recall notation % [«] introduced in Definition Since [~ A/2ds <

00, integrating in time we get the first equation. Proof for the second formula is

similar. L]

And finally we will estimate the difference between “P” and “P;”.

Proposition 3.2.5. Let n > 20 and |B| + b < n. Suppose 0 satisfies our a priori
assumption (3.17). Then we have

/ (X°0PP — P, X'9°0,0,X°0°0)5.,,dT

50

< / A2 E,dr
S0

/ <87P - P2|.y|879, (95(()70>3+2Md7'

S0

< / A2 E,dr.
50

Proof. By Lemma [3.2.1] we need to estimate the following.

/ / oo+ D> | (CwxV PP T (0.X09° 0y dxdr
so J Br

b'<b b <b—1
18'1<IBl-1  |8'I<IBl+1

* / / Y.+ > [(CX)PIVTNOX POy dxdr
so Y Br

¥ <b—1 ¥ <b—2
1B1<181-1 |B'1<18]

* / / Yoo+ > | (CaxTPIVTNOX P 0w dxdr
S0 BR

y<b p<b-1
1B'1<IBl-1 18181

< / A2 E,dr

S0

where the A~1/2 factor comes from estimating ||0, X¢@?6|5,, < A~Y2Ex”. The
terms with 7" can be estimated noting the structure given in Lemma [3.2.2] This

proves the first formula. The proof for the second formula is similar. O]

123
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3.3 Gravity estimates

In this subsection we will estimate the gravity term X’@°G and 9"G (3.7) and
show that it can be bounded by E,,.

Since the gravity term is a non-local term, we need to estimate convolution-
like operator. However, rather than the convolution kernel |x — z|~! we actually
need to estimate [£(x) — £€(z)|~!. The next two lemmas tell us how to reduce the
latter to the former, which will allows us to estimate using the Young’s convolution

inequality.

Lemma 3.3.1. Let € be as in (3.6). For any x,y € Bg we have

|x — 2| < ||| oo (B [€(x) — &(2)]
PE(x) — 9,€(2)| < VP Ell (5[ x — 2l

Proof. Same as Lemma[2.5.7] O

Lemma 3.3.2. Let € and 0 be as in (3.6), and 0 satisfies our a priori assumption
(B.17). Let n > 21 and || < n.
i. When || > n/2 we have

040 (e )| S ap L 0600 - pi€(o)

£6) — €@ )|~ Ix =2 o=

ii. When |B| < n/2we have
O; (D , )P (;)‘ < ;
0 e — 2@ )|~ P

Proof. These follows from Lemma [3.3.1] the embedding theorems [A.3.7] and
)A.3.8] the a priori bounds F,, < 1 (3.17), and the following.

8 1
(@+@)Qam—am0
18]

B (—=1)™(2m)! 1
P> m2n J€(x) — (@)

m=137", (B:+B;)=8
|Bi|>0

m

[[@ex) — Poé()) - (Peé(x) — pa'é(2)).

=1
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Since we cannot commute extra weights into the non-local gravity term, the
radial derivatives which eat up weight need to be estimated differently in a way
that would negate the non-local integral and allow extra weights to be used. Using
methods from [22]], the following two lemmas provide the way to do this. More
precisely, the radial derivative can be estimated with curl, divergence and tangential
derivatives. And this is useful because the curl and divergence of the gravity term

consist only of local or non-linear terms, which we can estimate.

Lemma 3.3.3. For any vector field G € H}

loc

3
X, G S IrV-GP+rV x G+ ) |G

k=1
Proof. Same as Lemma[2.5.9 O

The corresponding version for Cartesian derivatives is as follows.

Lemma 3.3.4. Let k > 0. For any vector field G € H].,
IVGIE2 S IV - Gllisa + IV % Gl + IGIIE

Proof. Same as Lemma |[2.6.2 ]

The div and curl of the gravity term can be written as the following form that

will allow us to estimate them later.

Lemma 3.3.5. Let G be as in (3.9). We have

V-G=I-d)V-G+ (I —-d)V-VED + 47w’ (F' - 1)
VxG=(-d)VxG+(I—-d)V x VEw*

Proof. Same as Lemma [2.5.10] (except here w is the linearly expanding GW star

profile rather than the self-similarly expanding one). O]

We next derive helpful identities for the operators K, — K. We first note
that

(%E - %)9<X) = KI(X’ Z)g(Z)dZ, (3.32)

R3

where

Ki(x,z) : =

E(x) — €£(z)|  |x—z| (3.33)
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Chapter 3. Nonradial stability of linearly expanding Goldreich-Weber stars

In the following lemma, we write K explicitly in terms of 6, which will play a
role in our energy estimates. In particular, we see that 0 appears at least linearly in
K.

Lemma 3.3.6. We have
(x—2)-(6(x) —0(z)) 1]|0(x)—06(z)

Ki(x,z) = — x — z[? ) x — 23
—z). — _ 2\ 2
L8 (2(X z) (0x) —6(z)) | [0(x) 9(2)|)
4|x — z| |x — z|? |x — z|?
(x—2)- (0(x) —0(z))  |6(x)—6(z)
w; (2 r— e ) (3.34)
where
(y) := /1 1o g I, qeR 3.35
wqy)— 0 (1+y2>q+2 2 y>—1 q . ( )
Proof. Same as Lemma[2.2.3] O

We collect a few more easy statements in the next lemma.

Lemma 3.3.7. (i) Forany K : Br x Br — R sufficiently nice and g € H;(Bg)

we have

Pix | K(x,2)g(z)dz = / (9(2)(Pix + Pin) K (x,2) + K(x,2)(;29(2)) dz

BR BR

(i) For any 0 : B — R? sufficiently smooth and x,y € By we have

0:070(x) — 0:970(2)| < IVOLP"0| L5, |x — 2] (3.36)
#°x — PPz| < |x — 2 (3.37)
Proof. Same as Lemma[2.3.3] O

Lemma 3.3.8. Let n > 20 and || < n. We have

1
x — 2

|(Px + )" Ka(x,2)| <

> 1976(x) =97 6(2)]

p<p

where we recall K7 (3.33).
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3.3. Gravity estimates

Proof. From Lemma|3.3.6]

(x—2z)-(0(x) —0(z) 1]6(x)—6(z)

ke == x —zf 2 |x—zP
3 (,x=2)- (000 = 0(2) , [0(x) ~ O(x)*\?
T ix—4 (2 P e )
— (2 (x—12z)-(0(x)—0(z)) N 10(x) — 0(z)|2)
: ’X—ZP . ‘X—Z|2
—y(x,2)

Note that |y(x,z)| < ||[VO|/L~. Our a priori assumption (3.17) together with the
embedding theorems [A.3.7| and |A.3.8| mean that ||V ||, is bounded by a small
constant. So we can assume |y(x,z)| < 1/2. Then from the definition of @, (3.35)

we can see that
o (y(x,z)) <1 for any k> 0.

1
2

Now using part (ii) of Lemma chain and product rule for derivatives and
the embedding theorems |A.3.7| and |A.3.8] we can see that 9%(Py + @,)° K (x, z)
satisfies the stated bounds. [

Finally we can prove the main results of this subsection.

Proposition 3.3.9 (Gravity estimates). Let n > 21 and suppose 0 satisfies our a
priori assumption (3.17). Then we have

IXP°GlEy S Bn when |5l +b<n,
10”2 XD Gl e sy S En when || +b < n/2,
VG52 S En when c<n,
|0/ VG2 ®) S En when c<n/2.

Proof. By definition

_ _ 8k(91kw3) Va?
G=%.V - (da? —%Vw:g:—/ — _dz + dz
eV (e o 800 — €@ Ju k-2

Ok ((s* — I")w?) 3
= — dz — K (x,z)Vw’dz
L e e [ faen
By Lemma we have

BG(x) — —)P On((A" — ]k)w)z x,z)V’dz
v = ([ Aeeg e et | benvate)
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Chapter 3. Nonradial stability of linearly expanding Goldreich-Weber stars

/R Z (P +7.)° (Wig(z)y) D20 (¥ — IF)10°)(2)dz

B1+B2=

/R 2 (a"+&Z)ﬂlKl(xZ)(@f“’vz@?’)(z)dz

B1+p2=p

=" /R > (Pt )™ (m) Dy on((st* — I")w®) (2)dz

? Bi+Pa=8
|B1|>n/2

[ @ (m) D0L((l" — 1)) (2)dz

® Bi+Ba=8
|B11<n/2

- /R D (Pt )" K (x,2)(9 Vi) (2)dz

? Bi+Pa=8

- _/R 2 Bt ) (m) PP 0((l — 1¥)0%)(z)dz

® Bi+Pa=8
|B1|>n/2

A ; B2 _ ) (z)dz
+/]R D (V)P + ) (|§<x>—§(z)|)<<@z (A — I))w*)(z)d

S B4 B2
1811<n/2

- /R D (Pt )" K (x,2)(9 Vio*) (2)dz

® B1+Pa=8

Now using Lemma|[3.3.2]and [3.3.8] we get

1/2
|&?@5G(x)|§/ x 2P > 1PrE(x) — P&(z) | dz
n/2<|y|<n
/Z|X z|2 @62 _I>> )( )d
R 3,<8
8 5'0(z

[ 2y B gt e
R 81 +8:=8 8'<p:

Now using Young’s convolution inequality we get
19° G ()| 2y S B2

Hence ||@°G|2 < E,. From the above proof, with small modification, we can

further see that

H@ﬁG(X)HLw(RS) < E}Lﬂ when 18] < n/2
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3.3. Gravity estimates

Now we deal with the case b > 0. Let

Wo= > IX9°Gll3,

|Bl+b<n
Woa= Y XG5y,
|B]+b<n
b<d
Vo= Y sup (a"|X}9°GP)
Bl+b<n K
Vi = Z sup (w”|Xf¢95G|2) .
Bl+b<n B
b<d

For | 5| + b < n/2, using the above lemmas [3.3.3|and [3.3.5| we have

@) X PGP

SarV - XTGP + 0 rV x X) TG + iwb\xle@k@ﬁc;ﬁ
k=1
S@rX) PPV -G+ @ [rX) T 0V X G Viggon 4 Vigjsea
S lr Xy P = )V - G)P + @’ [r XTI ((1 = )V x G|
+ En 4 Vorig—1 + Vor(sp-1
Sa°lr(l = )X}V - G2+ @|r(I — ) X197V x GJ?
+ En + Viyig-1 + Vogi,0-1
SO E|r X' VG + En + Vg1 + Vigjio

So
Voriglo S EnVorips + En + Vorjgi-1 + Vorigro-1
By a priori assumption (3.17), we have E,, < 1, so
Vosi81b S En + Voyg—1 + Vorig),o-1-

We know Vg < B, for all n’ < n/2, so by induction we get V,, 4 < E,, for all
d<n'<n/2.

Now for |3| + b < n, using the above lemmas 3.3.3|and [3.3.5|and results for V/
we have

X297 GlI3,,
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Chapter 3. Nonradial stability of linearly expanding Goldreich-Weber stars

3
SV - X G R, + 1V < XP7G 5+ Y I1X Gl
k=1

S Xy 197V - G, + [1r X7 97V X G4, + Wagig1 + Wasigp-
S X291 =)V - G) |3 + [ X1 97((1 = o)V x G) |32,
+ En 4 Worjg-1 + Wotg16-1
Slr(1 = s)XP7 PPV - G5, + [Ir(1 = ) X797V < G5,
+ En+ Wiyg—1 + Werig10-1
< En||rXf_1@’BVG||§+b + Ep + Wypg-1 + Wiypi0-1

So
Woriso S EnWoriss + En + Wirjgi-1 + Wosig16-1
By a priori assumption (3.17), we have E,, < 1, so
Wosigo S En + Wirjgi-1 + Wosjgp-1-

We know W, o < E,, so by induction we get W, ; < E, forall d < n.

Let

Vo= VGl

c<n

By Sobolev embeddings like those used to prove the embedding theorems
and[A.3.8] we have that

||wc/2VCG||%oo(R3) 5 En + Yn when ¢ S n/Q

Now for ¢ < n, using the above lemmas[3.3.4and [3.3.5| we have

VG5 o

SV -Gl + VIV X G340 + VG oo

SV =)V - G510 + VA = )V X G)[[5 10 + B + Yoo

S =) VIV G5 + [[(1 = ) VIV X G540 + En(1+Y,) + Yoo
S E|VIVG| e + En(14Y,) + Yoy

130



3.4. Vorticity estimates
So
Y. SEY,+E,+Y.
By induction on ¢ < n we have
Y, S EY,+E,

By a priori assumption (3.17), we have E,, < 1, so we get Y,, < E,. O

3.4 Vorticity estimates

In this section we will estimate the vorticity Z,, ||V x X!@°0||,, and |V x
070|442}, which will be needed to control the “curl” part of the pressure term
as seem in Lemma[3.2.3

By taking curl to the Euler-Poisson equation (3.7) we can essentially get rid
of the pressure and gravity terms, which allows us to estimate the curl sepa-

rately.
Lemma 3.4.1. Let 0 be a solution of (3.7) in the sense of Theorem Then for

any s > so > 0 we have

A(s0)

A(s)7 (AV x 0,0)(s) = NORE

(Y x 0,8)(s0) + A(s) > / (Ou)V % 0,045’

S0

(AV x 0)(s) = (AV x 0)(s0) + /S(asga)v x 6 ds’

S0

° >‘(30> /
+ / a4V 2.0)(s0)

/

4 / M) ! / (0,50)V x 0,0ds"ds’

S0 S0

Proof. Recall (3.4) is
1
0 = \O%€ + NO£ + 6¢ + Eak(mkwﬁﬁ) + AV P (3.38)
Now note that

1
Eak(&qsz}j—l/?,) _ w‘?’(’)k(w4akj‘4/3) _ ﬂ}_gﬁ,kak(w4j_4/3)
é.QW(w?*g—l)

— (wj_l/s)_ldkak(w4j_4/3) — 2
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Chapter 3. Nonradial stability of linearly expanding Goldreich-Weber stars
and AV x & = e.jk&flé-alfk = €10, = 0. So taking AV x to (3.4) we get

0= \dV x 920 + N'dV x 0,0
= A (05(AV x 9,0) — (0,4)V x 3,0) + NV x 0,0
= 0s(AAV x 0,0) — (0:,4)V x 050

So
M)V % 0.0)(5) = Aso)(SAY x 8,0)(s0) + / (Du)V % 0,045’
So
ALV % 8)(5) = ADust)V x 8(s) + A(so) (AT x 3,0)(s0)
+ / (Du)V X 0,045’
So

(AV x 0)(s) = (AV x 0)(so) + /s(asgﬂ)v x 6 ds’

S0

8)‘<80) / « s
+ / S 45 (Y < 0.0)(s0)

4 / ) / (0.50)V x 0,0ds"ds’

S0 S0

]

Proposition 3.4.2. Let 0 be a solution of (3.7)) in the sense of Theorem Let
n > 21. Then for any s > sy > 0, we have

(s — so

Zn(8) < Zn(so) + /\(S)) Bn(s) + A(s5) 718, ()%

Proof. Take X'P” (b + 3 = n) to the first equation in Lemma we get

As0)
A(s)1/2

+A(s) "2 XPPP / (8,90)V x 9,0ds’

S0

A(8)2 X% (AV % 0,0)(s) = XPPP(AV x 8,0)(s0)

Since \ is an increasing function (3.2), we have A(s¢)/2/\(s)!/? < ¢ which we can

used to bound the first term on the RHS. And for the other terms we can estimate
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3.4. Vorticity estimates

for example

I,
< A(s)™! /B )
A [

(s — 30)2 s s) 1 )2
S )+ M) ()

2

A(s)72 / (X PP O, )V x 0,0 ds’

S0

2

/ (X2PPO,A)V x 0,0 ds’

S0

/ (XEPPA)V x 020 ds’

S0

2
w*dx 4+ \(s) 1€, (s)?

where we used 9?0 = —\'9,0 — 660 — P — G (377).

We can then repeat this process for 9 (|| = n) in place of X’?” to complete
the proof. ]

Proposition 3.4.3. Let 0 be a solution of (3.7) in the sense of Theorem Let
n > 21. Then for any s > so > 0 and n' < n, we have

> IV x X29°0(3)lI34s < En(s0) + Sw-i1(s) + Gu(s)?

b+B<n/
S1+ (s —s0)?,
———————d5' §,
1 B e KO

S I 2
Z IV x 879(5)”421+2|7| < Ea(s0) + 6u(s)? —|—/ 1+ (5"~ s0)”

ds’ €, (s).
ly|<n 0 As)

Proof. Take X’@® (b + 3 = n) to the second equation in Lemma and then
estimate in a similar way to Lemma[3.4.2] We estimate

‘/ A(s’)l/ * ds"ds’

50 50 44b

§/ (/ )\(s’)_lds') / (s
Br S0 50
s s’ 2

§/ )\(s’)lf / * ds”
S0 Br v s0

1+ (s —s0)?,
< S S A
< /SO N ds’ €,(s)

2

/

2
S
/ * ds”
S0

wildxds’

ds' | w*ttdx

where we used the Cauchy—Schwarz inequality to get the first inequality, and the
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Chapter 3. Nonradial stability of linearly expanding Goldreich-Weber stars

fact that [ A~'ds’ < oo for the second inequality (see (3:2)). And

Y IV X9710(s) |3y S S (s)

b+B<n
DX (st = D)V x 0)(9) 131, < Bals)™.
b+8<n
Then we get the first formula. Proof for the second formula is similar. ]

3.5 Energy estimates and proof of the main theo-

rem

In this section we finally commute the momentum equation (3.7)) and then derive
the high-order energy estimates. Then finally we will prove our main theorem using

the energy estimates.

Theorem 3.5.1 (Energy estimates). Let n > 21. Let 0 be a solution of (3.7) in the

sense of Theorem[3.1.5] given on its maximal interval of existence. Then
() < Bnls0) + Gul(5)*? + €, (s) / AV24r, (3.39)
50

for any s > s’ > 0 whenever our a priori assumption (3.17)) is satisfied. Here we
recall Definition (3.16)) of the total norm €,,.

Proof. Since §,, = §,, +Q,, + Z,,, we need to prove the formula with LHS each of
these three component terms.

We first deal with the S, part. Let |3] + b < n. Apply X?@” to the momentum
equation (3.7)) to get
NZXEPP0 + NOX9°0 + XP9P (60 + P+ G) =0

Taking the (-, -)3,-inner with 9, X°9°0 we get

1
0= 5Aas||asX£’¢'9ﬁt9||§+b + N0, X29°0]13.,

+(X2DP(00 + P + G),0.X°9°0)5.4

1 Ly,
= 583 ()\‘|83X7l«)@/30|’§+b) + §>\ Hast@BOII%M
F(X2DP(00 + P + G),0.X°9°0)5.4
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3.5. Energy estimates and proof of the main theorem

Integrate in time we get

1 s 1 [°
0= 5 (IXPOIRL), + 5 [ XX 6. ar

S0

T / (X29°(50 + P + G),0,X'9°0)y,dr

S0

By Proposition[3.2.5] [3.2.4 [3.3.9)and Lemma [3.2.3| we get

1
2

1
(AH@XS@B@H%% + VX 0I5y + Sl div X970,

S 1 S
+§/ (|0, X p6||2dr

S0 S0

1
- ylleu Xtz

< En(s)Y% + / A YV2E.dr

S0

Using Proposition [3.4.3| we get
M) 0. X70°0(s) 515 + IV X7070(s) 11
S 1 ! _ 2
< Eu(so) + EBn_1(s) +€,(s)* + / * (5 = 50) dr €, (s) + €, (s)>/?

s A(s')
+ / A\ V2E dr

S0

f§ En<50) + En—l(s) + %n<5)3/2 + %n(s)/ )\—1/2d7_

S0

where we used (3.2)) and (3.17)). Add to it

1X80%6(5)| 2., = [ X29%0(s0) |21y + 2 / CX1P0(s), 0, X" 970(5)) s pdr

S0

< E,(s0) +/ \V2E, dr,

S0

sum over |3| + b < n' < n and we get

() S Ealso) + Sa(5) + 652 + Bas) [ A1V

S0

Induct on n’ we get

Sn(s) 5 En(SO) + %n(8)3/2 + %n(s)/ )\_1/2(17'.

S0

To prove the @, part, we repeat the above with 97 in place of X’?”, and weight
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Chapter 3. Nonradial stability of linearly expanding Goldreich-Weber stars

3 + 2|v| instead of weight 3 + b.

Finally the Z,, part is given by Proposition |3.4.2| noting that

A(s) '€, (s)% + ik ;(5)0) 8u(s) S 8nl5)*? + Guls) / A2

S0

where we used (3.2)) and (3.17). O

To proof our main theorem that the energy F,, remains bounded, we will use

the bootstrapping scheme in the following lemma and proposition.

Lemma 3.5.2. Suppose E : [0,T] — [0, c0] is continuous and

E(t) < CLE(0) + CLE(t)3/? whenever sup E(1) < Cs.

T€[0,t]

where Cy > 1. Then E < 2C, E(0) whenever E(0) < min{(2°C,C%)~!, C3/2C }.
Proof. Same as Lemma[2.6.6 O

Proposition 3.5.3. Suppose E : [0,00) — [0, 00| are continuous and for all s >

sp > 0 we have

E(s) < C1E(sq) + CoE(s)** 4+ C5F(sq, s)E(s) whenever — sup E(t) < C,4

TE[s0,9]

where F : {(sg,$) € [0,00) X [0,00) : s > so} — [0, 00) is a function such that
i limg, o0 SUP,s,, F(S0,5) = 0;
ii. limg o supjs_g <o F'(S0,5) = 0.

Then there exist € > 0 such that E <S¢, E(0) whenever E(0) < €*.

~Y

Proof. Pick s, large enough so that

Cs sup F(Se0, ) <

8> S00

N | =

Then by Lemma there exist €, > 0 such that sup,c(, o) < 4C1E(5x)
whenever E(Sq) < €.

Now pick ¢’ small enough so that

C3 sup F(sg,s) <

[s—s0]|<d’

N —
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3.5. Energy estimates and proof of the main theorem

Then by Lemma there exist €9 > 0 such that sup (5 (m41)5 < 4C1E(md’)
whenever E(md’) < e.

Let ¢* < min{eg, e }/(4C1)1*=/%1. Then E(s) < (4Cy)l*=/"1+1 E(0) for all
s > 0 whenever £(0) < €*. O

Theorem 3.5.4. Let n > 21. Let (6,0,0) be a solution of (3.7) in the sense of
Theorem Then there exists € > 0 such that if E,,(0) < €, then we have
€, S 6,(0).

Proof. By the energy estimates in Theorem [3.5.1 we have
() < Bnls0) + Gul(5)*? + €, (s) / AV24r, (3.40)
S0

Applying Proposition above with £ = 6, and F(sg, s) = fsso A~1/2dr (which
satisfies the properties required for the proposition because of (3.2)) we get the
desired result. [
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Chapter 4

Linear stability of liquid

Lane-Emden stars

In order to be able to prove linear (in)stability of liquid Lane-Emden stars, we will
need detail information about the Lane—Emden stars. So in the first section of this
chapter, we will establish various qualitative properties of the liquid Lane-Emden
stars, including bounds for its density profile and radius. And using these results,
in second section we will prove Theorem [I.3.4] concerning the linear stability of
Lane-Emden stars, where we will prove the existence and non-existence of unstable

modes using the variational formulation.

4.1 Lane-Emden stars and its properties

4.1.1 Basic properties of Lane—-Emden stars

Theorem 4.1.1. Let v > 1. For every py > 0, the ODE defining the LE stars
(Definition admits a unique solution p > 0 such that p(0) = po. The interval

of existence [0, R) is such that either R = oo or lim,_, p(r) = 0.

Proof. This is a know standard result, we included the proof in the appendix for

completeness. [

In fact, due to the following decay estimate, we must have lim, ,z p(r) = 0
even if R = oo. This is a elementary decay estimate that we will be using in many

places later on.

Lemma 4.1.2 (Decay estimates). Suppose p is a solution to the Lane—Emden ODE
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Chapter 4. Linear stability of liquid Lane-Emden stars

(Definition on [0, R) with p(0) = po. Then forr € [0, R) we have

1

—(2— 2m 2 — S 2y
_ (,00 = 4 FﬂTfyrQ) when v #2
plr) < 271 '
exp | In(pg) — — " when v =2
Y

Equivalently, we have when v > 1

1
2m 2 — Cal
(wo (=) ;r i 2) when a#1
< g
w(r) < 2y —1 2
exp | In(wp) — FT when a=1
and when v = 1,

2
h(r) < —In (e_ho + grg) :
Proof. Case1,~ > 1 From we have

vy—1 1 Td—l

w'(r) = —4x S Yy w(y)*dy
7_1 1 a/r d—1 471—7_]— o
< 4 = dy= 272
<L [y = <A

where we have the first inequality because w is decreasing. Rearranging and

integrating we get

277—12<_/ ,(y)dy:/woidz
d Y N 0 (y wr)za

B a—l(wr“l 1) when a#1

Inwy — Inw(r) when a=1

Rearranging gives the desired result.

Case 2,y =1 From (1.17) we have

1 " 1 " 47
) — — A d—1,h(y) A oh(r) d=14, — _ =" Jh(r)
h'(r) 47T7“d A y“e"Wdy < 47rrd_le /0 Yy dy en’r

where we have the first inequality because w is decreasing. Rearranging and

integrating we get

2%7"2 < — /T W (y)e "Wdy = () — g=ho,
0
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4.1. Lane—Emden stars and its properties

So

2
—h(r) > In (eho + %7’2) :

]

In particular if py > 1, then p would reach 1 at some r = 7* < oo with

w'(r*) < 0 (by (1.15)) or &'(r*) < 0 (by (1.17)). We can cut off the solution at this
point to obtain a state state for fluid stars.

Note that if we consider gas stars, i.e. p = p?, then whether R = oo or not

correspond to whether the star is compactly supported or not.

Following is the so-called Pohozaev integral for the Lane—Emden stars, more

generally considered in [27].

Proposition 4.1.3 (Pohozaev integral). Suppose p is a solution to the Lane—Emden
ODE (Definition on [0, R). Then forr € [0, R) we have

2 _ '
2m (2 — —7d> / p(y)y*dy
Y 0

1

= 570 =1 (o)) 1 4 am T

+ 5 (d = 2plr)? 7 (e

Equivalently, we have for v > 1,

2772( > —(d—2)) /Orw(y)““ydldy

v 1+ o

- %w,(T)QTd +dnm (77_1> w(r)* e+ %(d — 2)w'(r)w(r)r .

and for v =1,
—47?/ "Wyd=tdy = B’ (r)rd-t.
0

Proof. Case 1,y > 1 Recall w satisfies the Lane—-Emden ODE (Definition [I.2.1)

—1 1 d d d—1
4 ’y w(r)® = g (rd_ld—i}) =w"(r) + w'(r).

for 7 € [0, R). Times this by w and integrating w.r.t. r¢~1dr we have

_ 1 T T T
4 / w Tyt ldy = / w"wy?tdy + (d — 1) / w'wy?2dy
7 Jo 0 0
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Chapter 4. Linear stability of liquid Lane-Emden stars

= /() w(r)rit — /T(w')de_ldy 4.1)
0

On the other hand times by rw’ and integrating w.r.t. r¢~'dr we have

dm oy -1 +1,.d /T +1,,d-1
. octlpd _ . 4.2
l+a v (w(r) riod Wty Ty 4.2)
—1 r
— 4 g / wawlyddy
7 Jo
= / w'w'y'dy + (d - 1) / (w')?y"dy
0 0
1 T
— S @z =) [y @3)
0

where we used
/ ww'ydy = w(r)*rt — / (cw*w'y® 4+ dw* Ty 1)dy.
0 0
Using (4.1) to eliminate the [ (w’)?*y?~'dy term in (4.3) we get the Pohozaev

integral.

Case 2, v = 1 Integrating the h-equation —4me” = h"+ (d—1)r='h’ w.r.t. r?tdr

we have
—4m / e"Wyt~ldy = / R (y)y" ' dy+(d—1) / W (y)y* 2y = W' (r)rd ",
0 0 0
[l

Theorem 4.1.4 (Support of Lane—Emden stars).

i. Suppose w is a gas star. Then w has compact support if

S 2d alent] - d+ 2
[ r [
v T2 or equivalently « 71—

and infinitely support otherwise.

ii. (Explicit solution when v = %) When ~y = 2d/(d+2) we have explicit steady

state solution
or . 1-d/2
w(r)=A4A (1 + ﬁAHTQ)

or equivalently

o 4\
p(r)y=C_ (1 + ECW'rg) )
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4.1. Lane—Emden stars and its properties

And the support of the liquid star is
2 a :
R=|(—Caz(C#z -1 .
(50 e )

Proof. Both of these are known standard results (see for example [27] for i.). 1. can
be proven from the Pohozaev integral. We included the proof in the appendix for

completeness. ]

Proposition 4.1.5 (Self-similarity of solutions). Let p be a gaseous steady state.
Then p,.(r) = kp(k'™7/?r) is a gaseous steady state for any k > 0, and the corre-

sponding liquid star has support R = k=172 p=1(1/k).

Proof. This is standard result based on scaling argument, we included the proof in

the appendix for completeness. []

4.1.2 Singular solutions to the steady state equation

Proposition 4.1.6 (Singular star). When 2(d — 1) —dy > 0, the following solve the
Lane—Emden ODE (Definition on (0, 00)

(1 AP 2d =g\
= (g o)

And this is the only solution of the form p(r) = Ar.

Proof. First we consider the v > 1 case. Consider w(r) = Ar®. Substitute into the
Lane-Emden ODE (Definition |1.2.1))

we get

-1
Aala — 1)r* 2 + A(d — 1)ar®? = g LT pogaa

Y
For this to have the possibility of holding, we need
2 1 v—1
ao =a — 2 — a=— - _ =_9l =
a—1 o] 2—79
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Chapter 4. Linear stability of liquid Lane-Emden stars

Then the equation becomes

-1 1 -1

YT T L (g 1) T T = gp LT pe
2—v2—v 2—7 v

— 2 4 (d—1)(2 = 7)y = 27m(2 — 7)?A%

So we need

We also need

—dy? +2(d—1)y >0 = 2(d — 1) —dy > 0.

For the v = 1 case, substituting p(r) = Ar® in the Lane—Emden ODE (Defini-
tion|1.2.1))

// 1\ 2 1 /
0=A(lnp) +4mp ="~ (pQ) +(d—1)=2 +amp
p P TP
we get
0=(ala—1)—a*+ (d—1)a)r 2 + 4w Ar®.
Soweneeda = —2and 6 —4 —2(d — 1)+ 47rA = 0. O

4.1.3 Dynamical system formulation of the steady state equa-

tion

In order to prove our main (in)stability theorem for liquid stars, we will need a pre-
cise estimate for the radius of the liquid star, and due to the self-similar scaling of
steady state solutions, this means we need to understand the precise tail behaviour
of gaseous stars. And to do that we reformulate the Lane—Emden stars as a solu-
tions to a dynamical system, and utilise methods of dynamical system analogous
to that in [24]).

Let .
m(r) = 4 / Yy p(y)dy.
0
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4.1. Lane—Emden stars and its properties

When ~ > 1, the steady state equation (1.15)) is

d -1
o__r=- m(r) where w=p'!
dr voord-l

When v = 1, the steady state equation (1.17)) is

dh - m(r)

dr rd—1

where h =1np.

Let

The steady state equation for v > 1 is then

duy 2 dw 2 2 1

e r= aw* ! I + 5 Vrﬁ_ p = ——r i Ty + 5" fuy
% = 4qrz= " p — ( —m) re= T = dpr Ty — (d—%)r L
And the steady state equation for v = 1 is

% = 3" om + 2rp = —r gy + 2r My

% = dnrp — (d — 2)r' "m = drr~luy — (d — 2)rtuy

Now let v;(7) = u;(e”), i.e. the change of variable 7 = Inr, then we obtain the

planar autonomous dynamical system

dUl . 1 2—~ 2
> 7111 Vg + 5 _ 701
d 2
& _ drv; — (d — —— ) vy
dr 2—7
or equivalently
L5, 2
d ——v] U2+ — U
d—V =F(v) where F(v) = v 22
T dmvy — (d —— vy
2y

Note that F € C°((0, 50) x R) N C([0, 50) x R).
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Chapter 4. Linear stability of liquid Lane-Emden stars

The following two propositions established bounds for p, u;, us, which will be

needed later on when we apply results from dynamical systems to prove the tail

behaviour of p.

Proposition 4.1.7. Suppose v < 2. Then

Proof. The first inequality follows from the decay estimates. Then we have

m(r) = 4 /O ¥y p(y)dy
N B
471' (2_77'2—’}/) 2 ’7/ yd_l_%d/y
d 7y 0

-1 _ﬁ
dr(d——2-) (F2Z2) 77 e
2—v d v

IN

O
Proposition 4.1.8. We have
uy (1) ~ r%p((}) as r—0
2 4
ug (1) ~ rﬁp(O)% as r—0
Proof. We have
121(7“) = pr) —1 as r—0
r2-7p(0) p(0)
us(r) d 4 /r d—1 d 4 /T d—1
p = —=r Y ply)dy = —=r ¥ (p(0) + o(1))dy
2= p(0)47 p(0) 0 p(0) 0
d_(p(0) —d_(..d )
= — [ ==< 4+ r —1 as r—0
o7 (5 o0
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4.1. Lane—Emden stars and its properties
Steady states of the dynamical system

In order to apply results from dynamical systems to our case, we need to know the
steady states of the dynamical system. The following lemma detailed the steady

states of the dynamical system and their property.

Lemma 4.1.9. Let 2(d — 1) — dy > 0. The dynamical system

Loy, 2

J ——v; g — U1

= F(v) where F(v) = " 22

dr 47TU1 — (d — — | U2
21

has two steady states
v=0 and
1
1 2 2=y
1oy (g 2\
oot 2m2 — v 2—n
= = —1
2 (1 v [, 2 =
2—y \2m2—7 2—r

(i —dy? +2(d — 1)7) =

*

2 (2—9)?
2y (1 -dy®+2d-1)y\*
2—y \ 27 (2 —7)?

2d

Moreover, if v < 75,

then v* is (exponentially) stable.

Proof. Tt can be checked directly that F(v) = 0 iff v. = 0 or v = v*. Note that F
is differentiable at v*, but not at 0 (unless v = 1). On (0, c0) x R we have

2 2 1
— vi_%g + 2— ——Uf_’y
VF(v) = 9 T,
. - (d - _)
2-7
So
2 . 1 —dy+2(d—-1)
_ _ 2
. - <d - _>
2—vy
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Chapter 4. Linear stability of liquid Lane-Emden stars

The eigenvalues of VF(v*) are

2 1 —dy +2(d—1
re 2 o4y g ogp gz A=Y
22— 27 2 (2—7)2

So assuming

d+2 > 4 <— < 2d
2~ TS d12

the system at v* is (exponentially) stable provided

0 > Re <2L_1_C_l+1\/<d_2)2_8—d7+2(d—1)>

(2—7)?

Y e Iy F2(d-1)
= (d+2—2_7) > (-2 -8—5 =5
8
— 8d>m(d7—2(d—1)—2)
— d2—7)?>dy—2(d—1) -2
— d2—-y((2-7)+1)>0
= d2—-79)3—=7)>0
which is true. [

4.1.4 Tail behaviour for gaseous star

The following result gives detailed estimate for the tail behaviour for gaseous stars,
and hence the boundary behaviour of liquid stars, that is crucial to prove our main
(in)stability result in the next section.

Theorem 4.1.10. Suppose v < 2d/(d + 2). Then the gas star tends asymptotically

to the singular star as v — 00. More precisely, there exist c > 0 such that

C

2 < 1 —dy* +2(d - 1)7)2%

e b PR = lua(r) = vi] S 7

2y <i—d’yz+2(d— 1)7)5

"7\ @ = Jus(r) — 3| S 7

Proof. We will work with the dynamical system formulation formulated in the
previous section. From Proposition and the non-negativity of p and m we
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4.1. Lane—Emden stars and its properties

have

v

2 \ ' /2m2—7\ T
0<vy<dm(d——2— Rt
e W( 2—7) (d gl )

We will show that there exist ¢ > 0 and 7' € R such that v;(7) > € forall 7 > T.
By Proposition we have vy (1) ~ e¥/C=)p(0) as 7 — —oo. So for € > 0

small enough, we can find 77 € R such that v;(71) = € and vy (7, + ) > € for small

1
22—\ T
0<us (F20)

d > 0. If v (1) > e for all 7 > 7, then we are done. Otherwise there exist a least
Ty > 71 such that v, (72) = €. Since Fj(e,v2(m1)) > 0, from the expression of F}
we see that F(e,y) > 0 forall y € [0,v2(71)]. So we must have vy(72) > va(71).
We must have Fi(e,v9(m2)) < 0. We claim that there exist 73 > 75 such that
Fi(v(73)) = 0. Suppose no such point exist, then F;(v(7)) < 0 for all 7 > 75, in
other words

1 2

2—y
v (T Vo(T) >

v1(7) for all T > To. (4.4)

We will show that this is impossible. Using (4.4) we have for all 7 > 7,

Fy(v(r)) = dmvy () — (d _ L) va(7) < dre — (d - %) o120

2—7 — 2—v

By choosing e small enough, we can make F5(v(7)) less than a fix strictly negative

number for all 7 > 75. This means vy(7) — 0 as 7 — oo.
i. When vy = 1, (4.4) gives vo(7) > 2 for all 7 > 75. This is a contradiction.

ii. When v > 1, {#.4) gives

1

2—7 =1
5 v (T) > v1(7) for all T > Ty
~

So for all 7 > 7 we have




Chapter 4. Linear stability of liquid Lane-Emden stars
So we must have

lvi(7)] =0 as T — 00

vo(7)] = O e (=257 as T — 00.
[va ()| = O(
In other words we have

lug ()] — 0 as T — 00

lug(r)| = O(r~""2=2))  as 1 — oo,

The Pohozaev integral gives

1 92— r
27 (2 — Jd) p(y)y"dy
Y Y 0

= L (d = 2 () Mun(r)r P

but the LHS of the equation becomes more and more negative as r — oo. This

is a contradiction

Therefore we have 73 > 7, such that F(v(73)) = 0 and F5(v(73)) < 0. From the
expression for F' we see that F}(vy(73),2) > 0 for all x € [0, v9(73)]. Let 79 < 7y
be the point such that v, (1) = v1(73). Since Fy(v(1p)) > 0and Fy(v(73)) = 0, we
see from the expression of F that we must have vo(73) > vo(70). Hence for 7 > 73,
v(7) stays in the region bounded by the arc v([vg, v3]) and the line {(vi(73), ) :

x € [va(79), v2(73)] }. Hence T = 75 works.

So {v(7) : 7 > T} lies in a compact set within the region v; > ¢/2 where F is
C'. This means its w-limit set is non-empty, compact and connected by a standard
result in dynamical systems. By the Poincaré-Bendixson theorem, the w-limit set

must be either

(@ {v'}

(b) a periodic orbit;

(c) homoclinic obits connecting v*.

But by Bendixson-Dulac theorem, there is no periodic orbits in (0, 00) x (0, 00)
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4.1. Lane—Emden stars and its properties

since on this region

vy 2—79 2—7
:_( 7 ) -2-1) _
2—vy
where we note that
2y 2d
d>—— S < —.
2~ TS a2

Since v* is (exponentially) stable, the w-limit set cannot have homoclinic orbits
connecting v* either. So the w-limit set of v must be {v*}. So v(7) — v*as 7 —
oo. Since the fixed point v* is exponentially stable, we have ||v(7) — v*|| < ™"
for some ¢ > 0. Converting to the variable r gives us the desired result. ]

Corollary 4.1.11. Suppose v < 2d/(d + 2). Let p be a gaseous steady state and
px(r) = kp(K*™/%r). Then there exist ¢ > 0 such that

P pe(r) = of

2 1 —dy? +2(d — 1)\ ==
r _’Ypli(,r) - % (2 _ 7)2

< (R

2y (i —dy? +2(d — 1)7)3—7 2 4 .

= 2= "my(r) — v3
2—y \ 27 (2 —7)?

2= "my(r) —

< (s

Proof. Using the last theorem we have

2

727 (1) — v S (R

= |72 75 ol 12 - 0

‘We have

mmszy“mwwzmm“WHM/m”%meWMM
0 0

wl=7/2p

= dmp! 02 / 2 p(2)dz = kI D (1/2)
0

So using the last theorem we have

r%_dm,@(r) — v

= ‘(/ilﬂ/zr)%_dm(/ilﬂ/zr) -y < (&1*7/27")70.
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Chapter 4. Linear stability of liquid Lane-Emden stars

]

Corollary 4.1.12. Suppose v < 2d/(d + 2). Let p be a gaseous steady state and
pr(r) = kp(k'/%r). Then the liquid star p, has radius

1 —d?+2(d—1)v\?
Rn%RwZZ(UT)I_V/QZ(% 7(;_(7>2 )’7) as K — 00.

Proof. From the last theorem, we have

2
1\ 1 1\ ¢
p! (—) ~— =i <pt (—) -0 as K — 00
K K K
So we have
1 2 1 1—7/2
-7
R, =r" 12" (1/k) = (pl (—> —> — ()% as Kk — 0.
K K

4.2 Linear stability for radially symmetric perturba-

tions

4.2.1 Equations with spherical symmetry

Assuming spherical symmetry, so that u(r,¢) = wu(r,t)r, the continuity equation
Op+ V- (pu) = 0 becomes

0=0p+V-(pu)=0p+puV-1t+71-V(pu)
1
=0+ (d— 1)pu; +1 - 0.(pu)Vr

1 1
=0+ (d— 1)pu; + 0,(pu) = Dip+p ((d - 1)u; + &,u)

(r*u)

= Dip+ p— (4.5)

prd—1

The momentum equation (I.T)) reads

D . . . . .
0= pﬁ‘; +Vp+ pV = p(dhut + (ub - V) (ub)) + (0,p)F + p(9,0)F

= p(Ouut + ud, (ut)) + (Orp)t + p(0,P)E
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4.2. Linear stability for radially symmetric perturbations
= (p(Oyu + udyu + 0,¢) + O,p) T
So the momentum equation is
1 1
Dyu+ 0,¢ + =0,p = Oyu + ud,u + 0,0 + ~0,p = 0.
P P
The Poisson equation reads
. d—1 2 1 d—1

We can put this into the momentum equation to get

T

4 1
Oyu 4+ ud,u + d__7r1 s p(s)ds + —0,.p = 0. (4.6)
r 0 P

4.2.2 Equations in Lagrangian coordinates

Let n(y, t) be the (radial) location of the fluid particle that was at 70(y) at time 0. 7
is given by

om=wuon  with  7(y,0) =no(y)

where u o n(y,t) = u(n(y,t),t). The spacial domain is then fixed for all time as
[0, R] :=ny ' ({r : 7t € Q}). We then have the Lagrangian variables

v=uon (Lagrangian velocity)
f=pon (Lagrangian density)
Y=¢gon (Lagrangian potential)

We have for any h,
dy(hon) = ((0:h)on)dyn  andso  (8.h)on = (9yn) 'dy(hon).

di(hon) = (0:h) on+ ((0-h) o n)dim = (Dih) on.

Let i
o 1 d
J = Fazﬂ? = W@;(U ).
Then
1
O = dyd,lay(dnd”@m) = ((d = Dy 2vdyn +n'~"0,v)
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Chapter 4. Linear stability of liquid Lane-Emden stars

= o ((d = 1)n" 208, + 1" ((8ru) 0 1)dyn)
v ré 1y
= (d— 1)J; + J((Oyu)on) =J (%) on

So the continuity equation (4.5)) in Lagrangian is
O J
Oz@tf—l—fT and so OIn(fJ)=0 and so fJ = fodo.

The Poisson equation is

4 Lo (1
mf= 10, <ay7] y¢> :

And so

8L = /f An( 7747T ; s41(fodo)(s)ds

And the momentum equation (4.6)) is

1 1
0=0wv+ —0Y+ —20,f"
t ayn yl/} fayn yf
A Y 5 1 77d—l dydl
:8,5277+nd_1/0 s (fodo)(s )d5+fJ — y(foo oy )

4.2.3 The eigenvalue problem for the linear stability of steady

states

Let p be a Lane-Emden steady state solution. Before formulating the stability
problem, we must first make the use of the labelling gauge freedom and fix the
choice of fy.Jy for the general perturbation to be exactly identical to the background
enthalpy p, or equivalently (pg © 170)(n0/y)¢ 1n, = p on the initial domain [0, R].
By a result of Dacorogna-Moser [10] and similarly to [20, 21]] there exists a choice
of an initial bijective map 7 : [0, R] — Supp po so that this holds true. Then our

equation becomes

47‘(’ Yy 1 77d 1 ( dyd—l ) ol
02 s? ds 4+ = o, | p = 0. 4.7)
t 7T 77 0 ( ) D yd 1 P aynd

Since p is a steady state solution, we have

47
i1

Y 1
/ s p(s)ds + =0,p" = 0.
0 P
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4.2. Linear stability for radially symmetric perturbations

To study linear stability, we linearised the equation about the steady state as

follows.

Proposition 4.2.1 (Linearised momentum equation for perturbation). Let n(y,t) =
y correspond to the steady state solution p = p. Consider a perturbation of this
given by n(y,t) = y(1 4+ ((y,t)). Then the perturbation variable ((y,t) satisfies,
to first order,

2(d—1 1
00+ 20,5~ 020, (7 +90,6)) = 0

d((R,t) + RO,((R,t) = 0.
Furthermore, if ((y,t) = e x(y), then X satisfies

=70y(p7y 1 0,x) + (2(d — 1) — dy)y'x9, 0" = =Ny*Tlpx  (4.8)

-~

=Ly

dx(R) + RO,x(R) = 0. 4.9)
Proof. We have n(y,t) = y(1+ ((y,t)), so
Oyn =1+ (+yo,C.
Assuming ¢ and 9,( is small, we have

Nt =y 1+ (d = 1)+ 0())
T — V(1 — (d = 1)+ 0(())
Ayn® = dn*0yn = dy* (1 + (d — 1)¢ + () (1 + ¢ +yd,Q)
= dy™ (1 4 d¢ + y8,¢ + o([¢] + 19,¢))
(@yn")™ = (dy™") ™7 (1 = 4 (dC + y9,€) + o([¢| + [,¢1))

Ui

So the momentum equation (4.7)) is

A7

0= 90 + (1= (d = 1)0 / <1 p(s)ds

. (14 (d=1)¢)9, (p” (1 = ~(dC +y9,())) + o[¢] +[9,¢])-

p
Discarding non-linear terms and simplify we get the linearised momentum equation

2(d —1 1
0=yorc+ 2o, — 20, (dc +0,0).
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Chapter 4. Linear stability of liquid Lane-Emden stars

For solutions of the form ((y,t) = e*x(y), we have that y satisfies

0= Nypx +2(d — 1)x8,p" — 79y, (p" (dx + yI,x))
= Nypx + (2(d — 1) — dy)x0yp" — vy(0yXx)0yp” — vp"0y(dx + yd,X)
= Nypx+ (2(d = 1) = D, = 50,7 0,)

So we want to solve a Sturm-Liouville type equation
Ny oy = 70,(pTy T 0yx) — (2(d — 1) — dy)y"xd,p" = —Lx
Since fJ = foJo = pand f(R) = p(R) = 1, we have J(R) = 1. Now
-1
sr0mn = (19, y(1+ Q) = (140" (14 +99,0)

= 1+dC+y0,¢ + o(|¢] +10,¢])-

J:

Discarding the non-linear terms and evaluating at R we get a Robin type boundary
condition d((R) + RJ,((R) = 0. In terms of x this condition reads

dx(R) + Ro,x(R) = 0.

In this chapter, we say the system is linearly unstable to mean that the linearised
equation admits an growing mode solution of the form ((y,t) = e x(y) with

A > 0. Otherwise we call the system linearly stable.

Given x1, x2 € C*([0, R]) satisfying the boundary condition (4.9), under the
usual L? inner product, we have using integration by parts

R

(L) = [ p O Oe) + (20~ 1)~ d)y et dy
0
— p(R)YR™ xa(R)D,x1(R)
R

= - / X170, (P"y" 0y x2) — (2(d — 1) = dy)y"x1x20,p"dy

0

- ’Yﬁ(R)FYRdH(Xz(R)ayXl(R) - Xl(R)ayXZ(R))
= <X17 LX2>

So L is symmetric under C*([0, R]) functions satisfying the (4.9). Note that in
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4.2. Linear stability for radially symmetric perturbations

particular

R
L) = [ w00+ (2ld = 1) - N0, dy + dRN(RY
0

(4.10)

Define the bilinear form

R
Qlx1, X2] = / Y0y (0, x1) (Oyx2) + (2(d — 1) — dy)y“x1x20,0"dy
0

+ dyRX1(R)x2(R).

Note that this equation is well defined for spherically symmetric functions in
H'(Bgr(R%2)), where we consider y the radial variable, because 1) the trace theo-
rem for Sobolev space which meant that x(R) is well defined; and 2) the fact that

d,p" ~ y which means the the integral was weighted by ~ 1.

We want to solve Ly = —A\2y?*1 5y on [0, R] with the boundary condition
dx(R) + RO, x(R) = 0. If there exist a negative eigenvalue yn = —\* < 0, the we
found a growing mode of the original linearised problem, so the system is unstable.
So we want to find the smallest eigenvalue . The following lemma help to make

a criterion for finding p in terms of the quadratic form Q).

Lemma 4.2.2. Let H!(Br(R%?)) denote the subspace of spherically symmetric
functions in H'(Br(R%*?)). We consider functions in H}( Br(R*?)) to be func-
tions of one variable defined by radial distance y € [0, R]. In this space we have

inf  (Lx, X)r2(jo,r)) =: pt« = inf{p: Ix # O s.t. Ly = py oy

Ixllya+1,=1

where || X%, = (X, wX)r2(0,r). Moreover, the infimum is attained by some x. €

H(RY*2) which is an eigenfunction of L with eigenvalue ..

Proof. 1tis clear that

pe = inf  (Lx,x) <inf{p:3Ix # 0s.t. Ly = uy* px}.

Ixllya+1,=1

To prove equality, it suffice then to prove that 1, is an eigenvalue of L.

Pick x,, with |xy|[ya+1; = 1 such that (Lx,,x») — ianX”deﬁ:l(Lx,x).

Since 5
/‘fﬁ%W@NWMMHmZL
0
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Chapter 4. Linear stability of liquid Lane-Emden stars

and the first and last term in || are positive, inf) ,., —1(Lx, x) is finite. Now
yartlp

R
10y X012 (B ety S / 10"y (Oyxn)*dy + dyRxw(R)?
0

R
= (LXn, Xn) — (2(d = 1) = dv) [ y*X*0,p"dy
0
S (L, Xn)| =+ Xl ya+15-

And obviously

||XnHL2(BR(Rd+2)) S ||Xn”yd+1ﬁ-

Hence Y, is bounded in H'(Bgr(R%*?)). Wlog, picking an appropriate
subsequence, we can assume Y, converge weakly to some .. By the
Rellich-Kondrachov theorem, Y, — x in L?(Bgr(R%?)). It follows that
[X«|lya+1; = 1 By the lower semi-continuity of weak convergence, we have

liminf||XnHH1(BR(Rd+2)) > ||X*|| Since ||Xn||L2(BR(]R‘i+2)) — ||X*||L2(BR(Rd+2))»
we must have

lim inf [|0y x| 22 s mere)) = N0 XsllZe (g ravey)-

Since || - ||,4+1, is an (equivalent) norm for L*(Bg(R*™?)), we have

R R
lim inf / 1y (Oyxn) dy > / 1y (O ) dy.
0 0

Since the trace operator 7' is continuous and linear, we also have Tx,, — T'x. and
so by the lower semi-continuity of weak convergence, liminf y,(R)? > x.(R)%
It follows that (Ly., xs) < ianX”deﬁ:l(Lx, X), and that means we must have

equality and the infimum is attained.

For any f we must have

i( QX+ + €f, X+ + €f] )

de \ (x« +efixe tef)yariz /)|

_d ( QD X +26Q[x, f] + €QLf, f] )
de <X*7 X*>yd+1ﬁ + 2€<X*, f)yf“rlﬁ + €2<f> f>yd+1,3
2Q0¢ 1 2Q06 Xal Ot fyanip

<X*7X*>yd+1ﬁ <X*aX*>zd+1ﬁ

e=0

and so Q[X«, f] = p«(Xx, f)yar1,. Hence x, is a weak solution to Ly = fi.x.

By elliptic regularity, y, is smooth on (0, R], and so the weak solution is in fact
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4.2. Linear stability for radially symmetric perturbations

a classical solution. Therefore ., is in fact an eigenfunction of L with eigenvalue
s ]

From this we get the linear stability criterion in terms of whether the quadratic

form () is non-negative definite.

Proposition 4.2.3. If (Lx, x) > 0 for all x, then the corresponding liquid Lane-
Emden star is linearly stable under radial perturbations. And if there exist x such

that (L, x) < 0, then it must be linearly unstable.

Proof. If there exist x such that (Ly, x) < 0, then by the previous lemma there
exist —p < 0 and x, such that Ly, = —uy® ! py,. This, by the last proposition,
means the linearised momentum equation admits a solution of the form ((y,t) =
evVFix,(y). This grows exponentially in time, and hence the corresponding liquid
Lane-Emden star is linearly unstable. Conversely, if (Ly, x) > 0 for all y, then no
such growing solutions exist and hence the corresponding liquid Lane-Emden star

is linearly stable under radial perturbations. O]

4.2.4 (In)stability results

We will now prove our main Theorem [I.3.4] on the (in)stability results for liquid
Lane-Emden stars. This will be split into three theorems below, that together will
established Theorem [[.3.4l

Theorem 4.2.4. The liquid Lane—Emden stars is, against radial perturbations, lin-
early stable when ~y > 2(d — 1) /d.

Proof. Since 0,p" < 0, if 2(d — 1) — dy < 0, then it is clear from equation (4.10)
that (Ly, x) > 0 for all x # 0, hence the system must be stable. O

When v < 2(d — 1)/d, the proof of linear stability for stars of small rela-

tive central density require Poincaré-Hardy-type inequalities in the following two

lemmas and proposition.

Lemma 4.2.5. Let v € C*([a, b)), then

b b

/ 0(2)2dz Sap [v(@)]? + / v/ (2)Pdz
“b .

/ [0(2) 2z Sap [o(B)P + / v/ (2)Pd=.
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Proof. We will prove the second statement, the first is proven in the same way. By

the fundamental theorem of calculus

Using the fact that |z + y|? < |z|> + 2|z||ly| + |y|* < 2|z|* + 2|y|* and Holder’s

inequality we have
b
/ v'(y)dy

/abyv(z)y2dz§/ab(2|v()]2+2b—a /\v 2dy>dz

2(b — a)|v(b)|* + 2(b / v/ () |dy.

2

[o(2)[* < 2[v(b)* +2 < 2w()[* +2(b - 2)2/ [v'(y)|"dy.

So

Lemma 4.2.6. Leta > 2 and 0 < b < ¢ < oo. Then for any v € C'([0,c]) we

have ,
/ 2*|v(2)|*dz Nabc/ z“|v/(z)|2dz+/ 2*|v(2)|*dz.
0 0 b

Proof. Let ¢ € C*(]0,00)) be a decreasing function such that ¢(z) = 1 for z < b
and ¢(z) = 0 for z > c. First note that integration by parts tells us that

/C 2 Lov(pv)'dr = — /C(a — 1)z 2(¢v)? + 27 Hgw) pv dz.
0 0

Using the lemma above, we have

b b c
/ 2*pv]dz —/ |z“/2gz§v|2dz 56/ ‘(z“/2<bv)/|2dz
0 0 0

2 e c ¢

<% [ ok a [ s ouonas+ [ 2loopa:
0 0 0
1 ¢ ‘
< jla* = 2a(a = 1) [ ozt [ 2oy Pas
0 0

1 ¢ ¢

——jala=2) [ = oopaz+ [ 2oy Pas
0 0

< / 24 (pvy Pz
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4.2. Linear stability for radially symmetric perturbations

Using the fact that |z + y|* < |z|* + 2|z||y| + |y|* < 2|z|* + 2|y|* we have

b b c c
/z“|v|2d2§/ 2| pv|*dz Sc/ z“|(¢v)'|2dz:/ 2| ¢'v + ¢’ [Pdz
0 0 0 0
<2 [ (ol + o)z
0

§2||¢'||zo/ z“|v|2dz+2/ 2*[v'|*dz.
b 0

Proposition 4.2.7. Let a > 2. We have

1 1
/ 2lu(2)]Pdz <, / 2 (2)]Pdz + (D) forall v e CY([0,1]).
0 0

Proof. Using the first of the above two lemmas we have

1 1 1
[ #@pra < [ pepa s+ [P
1 1 1
2 2 L 2
< |U(1)|2—|—2a/ 2|0/ (2)|*d=
0

And using the second of the above two lemmas we have

1

1 1 1
/ 2u(2)]Pdz <, / 21 (2)|*dz +/ 2"|v(2)|*dz
0 0 3

2

but the rightmost term we have already estimated in the right form. Hence we are
done. []

With this Poincaré-Hardy-type inequality, we can prove linear stability for stars
of small relative central density (see Definition|1.3.3) when v < 2(d — 1) /d.

Theorem 4.2.8. Suppose v < 2(d — 1)/d. There exist € > 0 such that the liquid
Lane—Emden stars are linearly stable against radial perturbations whenever p(0)—
1 < € (i.e. small relative central density, Definition|[I.3.3).

Proof. Let z = y/R. Let X(z) = x(Rz) and p(z) = p(Rz). Then (4.10) becomes

(o) = [ (e (R g0

F2d-1) - dv><Rz>d>z<z>2}lzazm<z>R> dz + dy R (1)?
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1
= R! / (7P 2 (0.%)? + (2(d — 1) — dv)2'X%0.5") dz + Ridvyx(1)%.
0

We know from our derivation of the existence of steady states that

dp—1 vy—1 1 Y

TR A
> —arp(0) s [Tt = —amp(0) Ty
So
07 =707 = 0 =~ A0y
0.5 > R pl0Y (Rz) = — 5 pl0) %

So when 2(d — 1) — dy > 0 we have

1
(o) = 80 [ (957 0.07 - Tpl0PR e - 1) - )2 0
0

+ Rldyx(1)2
From the decay estimates we have for the steady states we see that R — 0 as

p(0) N\ 1. So the above proposition tells us that for small enough relative central

density p(0) — 1, we have

4 ! - ! - -
— PO R*(2(d —1) — dv)/ 2z < 7/ 2MH0.%)%dz + dyx(1)?
0 0

for any y. It follows that we have stability. 0

Finally, it remains to prove linear instability for stars of large central density
when v < 2(d — 1)/d.

Theorem 4.2.9. Suppose v < 2(d —1)/d and d < 10. There exist C' > 0 such that
the liquid Lane—Emden stars are linearly unstable whenever p(0) > C' (i.e. large

central density).

Proof. We deal with three sub-cases individually.

Case 1: v > 2d/(d + 2) We saw that the family of gaseous steady states are self-
similar, so that the family is given by p.(y) = kp.(k'™/%y) where p, is a
steady state. The corresponding liquid star has R = x~(=7/2)5-1(1/k). So
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4.2. Linear stability for radially symmetric perturbations
Pr(2) = kpi(pr 1 (1/kK)z). With this, (4.10) reads

(Lox, X) = R / 0.0 (1)) 25 (0.7)°

+ (2(d = 1) — dy)p.  (1/k) 22 (p)) (P, (1) k) 2)dz
+ Redyx(1)*

When v > 2d/(d + 2), the gaseous steady state p, has compact support.
Then p;'(1/k) — p;1(0) =: R, as k — 00. So

/0 0.0z = K7 P (1/R) /0 2(p) (P (1/k)z)dz

N J/
-~

— R, fol 24(pY) (R«z)dz as K—00

by dominated convergence where the integrand is dominated by 2%||(7)']| so-
So

(L.1,1)

= R~ 1) — dy)rp2 (1/k) / S22 (0 (1/w)2)dz + Ridy

— —00 as K — OQ.

Hence we have instability for large central density.

Case 2: v = 2d/(d + 2) From the explicit formula, we have

2 2 - 2 2 —d
pn<y) _/id+2 1+d—/€d+2y =K d+2 _|_d_/<ud+2y
4 9 —d—1
0u01y) = iy (H n d_g,wzzyz)
and
R d _d%z( s 1)é
k — ——K K — .
V2T

Let x.(y) = Hﬁx(ﬁﬁy) From 1} we have

<L/€Xm XH>

Ry
= / YLy 9y xk)® + (2(d — 1) — dy)y*X20,p)dy + dyRex . (R,)?
0
R, —d
~ 24 9
- H/O 3 (n w4 d—ﬁmizy > y Y (7 y)dy
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Ar 2d?
—k— | 2(d—1) —
R d ( ( ) d—i—2)
" —d—1
. 2
/ S <ﬁ+d_uy) (k) dy
0

+ dvﬁﬁiz Rﬁx(mﬁ R,)?

I o ,\ ¢
= — (/i 7 d—wz ) 2 (2)2dz

Cd+2
o nﬁRK —d—1
— 8%% </<a T 4 Z—sz) 2y (2)%dz
2
+ 2wt Rl (et )

2 AN
N ﬁdQ (Qd_ﬂ-) vam Z_d+1X/(Z)2dZ
_ S_Wﬂ < )dﬂ/m fdfl 2dz
dd+2

+ 2d° i as —
d+2 27r X ~/27r " >

Let x(z) = 1, then we see that (L, X, Xx) — —00 as kK — oo. Hence we

have instability.

Case 3: v < 2d/(d + 2) From (4.10) we have

(Lex; X)

Ry
= / Vory T (0,x)* + (2(d — 1) — dv)y*X*0,pldy + dyRIX(R,)?
0
Ry
= [ O~ (2 1) = ey + dyRI(R)
0

Fix 6 > 0, and suppose y is constant on [0, ¢]. Then we have

(LiX, X)
Ry
< / Yory T (0,x)* — (2(d — 1) — dy)yx*Mprdy + dyRIX(R,)?
Roo
— (W) Y5 (9,x)7 — (2(d — 1) — dy)y T Cosuidy
+ dyRL X (Roo)?

* fiec A1 2 d—2t1 o
=7(v1)” y (9yx)? — d_ﬂ y Ty
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4.2. Linear stability for radially symmetric perturbations
+ dyRE X (Rec)?

as Kk — 0o. Let x(y) = e * Ay~ ® Then

*\ Y Ro d-i-1—27’y 2 2 d—m 2 d 2
y(v7) YT (0yx) T =2 (d— —— |y T x“dy + dy R x(Reo)

2—y
* 2 2 fioe d—213 24 d—2
=q()" (o =2 {d-5— y* = dy + dy R
-7 €
Leta = 5(d— 21_7;) so that d — gf—,y — 2a = —1. By choosing € small enough

we can make the integral large enough in magnitude. So if we have instability
if )
<a2_2 (d__>) <0
22—y

(d/2—a)(2-7)=" — v

We have

. d—2a
C1+d/2—a

So the above condition is
0>a>-2(d—(1+d/2—a))=a*—2a—(d—2)
By definition a < %(d — 2), so it suffice to have
a’? —2a—(d—2)<a®>—4a <0

a? — 4a is negative when a € (0,4). Hence we are done if (d — 2) < 4, or

equivalently d < 10.
[

This completes the proof of Theorem|1.3.4
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Appendix A

Goldreich-Weber stars appendix

A.1 Differentiation and commutation properties

Here we first collect some standard results on how derivatives interact with ¥ and
o, which can be found for example in [33]]. After that we state various derivative

commutators frequently used in the article.

Lemma A.1.1. Recall notations defined in Definition We have

dy — I = —s;.0;0"
0uF = Fot,,0,0,0™
Oostll = —ol;, A0, 0,0™

Proof. Since ol = (VE&)™!, we have
Il = d,0;6" = olj,(IF + 0,0").

It can be proven that if U : ¢t — U(t) is a differentiable map of invertible square

matrices, then
ddetU dU
i ST det(U)p (U—l—);

dt dt
du-—1 dA

=_U =y

7 at

Using i. we get 9,J = JA¥9,0,n', and using ii. we get 8.A§ = —A};(é’.(‘?mk)Aé-.
Converting to g and ¥ by tracing the definition and keeping track of the factors of

A, we get the stated formulas. O

We commonly use various commutation properties between the Cartesian, ra-
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dial, angular derivatives, and their Lagrangian counterparts.

Lemma A.1.2 (Commutation relations). We have the following commutation rela-

tions

[X,, V] = -V

(X, x] =x

(@i, 0;] = —€ix0k

(91, 27) = —egpa®

(X, K] = 2K

@i, K] =0
[0s, sH0;] = —(40;050™ ) O,
[V, ;] = —(s0; V0™ )ty
(X, s0;] = — (A X, 0,0™ ) shDy, — 540
@, 0] = — (AP, 00™ )50, — 051",

(X @] =0

/]

= x’@aj — GJ:UZ@ = —(?j

=x'0yr! — 22" 0; = &’

= —(d} A X,0,0™)0 — A0,
9;, Sd0;] = @i(dfﬁk) — sﬂf@k@ = —(gafngag.@ialem)ak + d?@iak — sﬂfak@i
= — (AL P00 )0,y — €A,
(X, 9] = eijkmlﬁl(xjf)k) — eijka:jf)k(xl(?l)
= €k (5ljxl8k + 2'479,0, — 5,lcxj8l — :ijlﬁk@l) = €ijk (xj(?k — xjé?k)
=0
D1, 00] = eisnev (a:j@k(:z:jlak/) - leﬁk/(xj(?k)>
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-/ . . 3
= €ijkEijIK/ <5i 2! O — 07,7 8k)
) y ) y
= Eijkei’kk’xjak’ - Eik’k‘fi’j’k’xj Ok = Ekijffkk'i/ﬂlf]ak' - Ek’kin’i’j’xj Ok
- -/
= (5ik/5jz'/ - 5ii’6jk’>xjak’ - (5ki’5ij’ - 5k:j'5u")$3 Ok
, )
= :El 61 — x’&v = _&ii’

st Va)ly) = - [ X [ (T g v L) o

ly—x| *ly — x|

-/ (2“2 o Y5 Y a
-/ <|ygfx>)c| o)y ﬁ) o

=-2Kg+y -VHg
ik g (%) Yt —at
H(Pig)(y) = — / wdx = g(X)Eijkxjde

gk gk
= / IX)euny’ [ mdx = DiHg)y).

A.2 Spherical harmonics

Spherical harmonics has a real as well as complex version. For the definition and
basic properties of the complex version, see [29]]. The relation between complex
spherical harmonics Y;™ : S? — C and real spherical harmonics Y, : S — R

are

%( l,—m — Z}/;m) m <0

Y™ =4 Y m =0
“\}%m (Yim +iY, ) m>0

We also have the relation (Y;™)* = (—1)™Y,"™. The zeroth and first order real

spherical harmonics are given by

1 [ 3 x?

Yoo(x) = \/T_w’ Yi1(x) = Emy
3 23 3 z!

Yio(x) = X 11(x) = 17 x|
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The spherical harmonics satisfy the following orthonormal conditions

/ Vi Y dS = 8110y = / YY) dS
S2

52

and they form a basis for L?(5?) [1]] so that, in particular, any function g € L*(S?)

has a spherical harmonics expansion

9] l
g = Z Z gleEm, Jim € R

=0 m=—1

that converge in L?*(S?). More generally, a function g € L?(Bg) has a spherical

harmonics expansion in L?(Bp),
9= Z Z G (1) Vi Gim : [0,R] = R. (A1)
=0 m=—1

Indeed, since L?*(Bg) = L*([0, R]; L*(S?%),7?) = L*(|0, R]; L?(0B,)), or in other

words "
/ |-|dX=// | - | dSdr,
Bgr 0 OB,

glop, must be in L?(9B,) for almost every € [0, R]. So a spherical harmonics

expansion exist for almost every . Now

N 1 2
- Z Z gleZm dr

=0 m=—1 L2(8B,)

N 2

=0 m=—1 L2(Bg)

-0 as N — o0

by dominated convergence theorem (where the dominating function is
A9l725p,)- Hence (AI) converge in L?*(Bg). Similarly, functions in
L*(Bg,w™?%) and L*(R?) have a spherical harmonics expansion.

The following lemma allows us to expand gravitational potentials in spherical

harmonics.

Lemma A.2.1. Forx,y € R3 we have

- min{|x], |y}’
Zo Z 2l+1max{]x| ]y|}l+1YEm< Y)Yim(x)

[x — y\
and this expression converge uniformly for (x,y) in any compact set in {(r,r’) €

170



A.2. Spherical harmonics

R® : [r| # [r[}.

Proof. From [29] we have

N min{Jx], [y}
Ym *Ym
|X Y| ZO Z 2l + 1 max{|x|, |y|}l+1 (¥)Y,"(x)
One derivation of this formula is as follows. Assume ' = |r/| < |r| = r, otherwise

swap r’ and r. By the law of cosines,

1 1 1 . ‘ !
— T = with h:=
r I“| 2+ (1')2 = 2r1' cosy r\/1+h — 2hcosvy

=

We find here the generating function of the Legendre polynomials P(cos):

1 [e.e]
% (cos (A.2)
/14 h% —2hcosy ZZ:: "
Use of the spherical harmonic addition theorem
4dr ‘
Pieosy) = gz D (<™ (0, )Y" (0 )

m=—

gives our first formula. Since | Py(cosy)| < 1 for all ¢, the power series in has
radius of convergence 1, and uniform convergence for any compact set in B;. By
Identity theorem for analytic functions, the equality of holds for h < 1. We
thus conclude that the expansion for |r — /| ! converge uniformly on any compact

setin {(r,r’) € R®: |r| # |r/|}. Moreover, in real spherical harmonics,

1
x —yl

_ min{|x[, [y[}' o . epm
4WZ Z 2z+1max{\x| W)

_ )" _min{}x|, [y[}' -
47TZ Z 2l+1max{\x] \y|}l+1Y )

_ 1 1 min{x| [y[}' . .
- 4”2; 220 + 1 max{|x|, |y[}*! Y (¥) = Y12 (7)) (Vi (%) + 1Y7—m (%))

E ( 1 min{]x], [y[}'
4 Y, v
e 20 + 1 max{|x|, |y |}t 0(¥)Yio(x)
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o~ 1 1 mingx] [y]} Z. I
T D ST T,y )+ i) (Y09 = i¥in ()

a3 Y i )3 )

]

There also exist a vectorial version of spherical harmonics which allow the

expansion of L? vector fields, details can be found in [2} [14].

A.3 Hardy-Poincaré inequality and embeddings

Here we will state and prove a version of the Hardy-Poincaré inequality and the

embedding theorems, which are important for our analysis.

Denote B = Br(R™) the ball of radius R in R™, and L?*(Bg, w) the L? space

on Bp weighted by w. Denote dyp,, the distance function to 0 Bp.

Theorem A.3.1 (Hardy-Poincaré inequality). Let R > 0 and k > 0. For any
0 € H} (Br(R™)) we have

16 = O syl 2Bt ) S HVQHLz(BR,dyB;), (A.3)
where O, denotes the average of 0 on B,.

Proof. Using only the standard Poincaré inequality and elementary methods, we
will provide here a proof for the case £ > 0. However, in this thesis we also used
the case k = 0. A slightly different version of the case k£ = 0 was first proven in [3]
which makes use of the Hardy inequality. A proof of the £ = 0 case for the version
here (and a more general form) can be found in [12] by Drelichman and Durén, the
proof of which (with very slight modification) will work for the £ = 0 as well as
the £ > 0 case.

It suffice to show this for § € C'(Bg) since C'(Bg) is dense in the
type of Sobolev spaces we are considering [35)]. In particular we can assume

lim ) r 0(x)dop, (x) *T1)/2 = 0 for integration by parts later.

Let w be a smooth function on Bp such that dgp, S w < daop, and w = dyp,,
on Bg \ Bim—1)r/m- Let G = 0w"/2. Then

/ ‘VQ’ka+2dX:/ IV (w™2G) Pwdx
BR BR
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—/ w2V G — EG’uﬁkﬂ’le\2wk+zdx
Br 2

= / lwVG — EGVw|2dx
Br 2
k2
= / (w2|VG\2 — k(GVG)(wVw) + Z|Vw\2G2) dx
Bgr
2 2 Kk 2 LA 22
= w?|VG|)* — =(Vw?)(VG?) + —|Vw|*G* | dx
By 1 1
= / (w2|VG|2 + k (Aw* + k|Vw|?) G2) dx
Br 4
On Bg \ B(m-1)r/m We have

F(Aw? 1 K[Vuf?) = — % (rn—ld(R—_”Q> iy (MY
d

pn—1 dr dr

o

n—1 2
r”—la(r (—2R—i—2r))+k
R 2
=k|—2n—1)—+2n|+k
r
k2 k>0
E+2k k<0

which is strictly positive when & € R\ [-2, 0]. So we have

k% + min{0, 2k}
4 Br
_ k?* 4+ min{0, 2k}

4 Br

k
S/ (VO 2dx 4+ = (k + || Aw? || +k||Vw||oo)/ G?dx
Bgr 4 B(m-1)r/m
SJ/ |V«9|2wk+2dx+/ 0 dx
Br B(mfl)R/m
2
5/ V02w 2dx + / 6dx —i—/ |Vo|*dx
Br B(m-1)R/m B(m-1)R/m
2
< / V02w 2dx + / Odx
Br Bim-1)R/m

where we used the Poincaré inequality on B(,_1)r/m. Replacing ¢ with 0 —

O whdx

G*dx
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0 Bm—1)5t/m (valid when k > —1) we see that

/ (0~ 05, 1) wdx < / V62w +2dx.
Bpr / Br

An immediate corollary of the Hardy-Poincaré inequality is the follow-
ing.

Corollary A.3.2. Let k,l > 0. We have
1011 S NOl: + V0|42 (A4)
Proof. We have

< NN 2281y 1 2B 1y g 1L+ (VO] 12
S0+ (VO]

Using this corollary we will next derive the embedding theorems. We will
show that terms with less than /2 the derivatives can be estimated in the L> norm
by E, or E,, + Z2, which is relevant for the energy estimates. For this we will need

the following lemmas.

Lemma A.3.3. We have

n n
Z IV X207012 (s b0m 200} S Z VX903
c=0 c=0

44-2n

102 X990 (5) 1% S S IVEXED012,
c=0
6+2n

|22V X0 ()i S D IVX/P0

c=1

Proof. The first formula follows from repeated application of the above Corollary
The formulas after follows from the first with n replaced by 4 + 2n and
6 + 2n respectively. ]
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Lemma A.3.4. We have

8
102 X20°0(5) [ < Y IVXIP 03,0
c=0
ST SR (P ] PV S A 4%
b/+|B'|<8+b+|8] c<8+b+|5|
10

|02V X2p°0(s) 17 S D IVXLP 03

c=1
S Y X0+ Y IVl
b'+|B[<10+0+(8] c<10+b+|8]
Proof. This follows from Lemma and the embedding H? — L. O

A.3.1 Embedding theorems for self-similarly expanding GW

stars

Using Lemmas [A.3.3] and [A.3.4] we can derive the Embedding theorems for self-
similarly expanding GW stars, relevant for Chapter

Theorem A.3.5 (Near boundary embedding theorem). We have

> aHarx07e(s) |

a+|Bl+b<n

S Y leExipteli, + Y 100VUblE.

a+|B|+b<8+n a+c<8+n

S Enys+ 20
> llwlorxtp’e(s) ]~

a+|B|+b<n
a>0
SIS 19/, €701 PR N (s A1 P
a+|B|+b<8+n a+c<8+n
a>0 a>0
SEn+8
> @vorxp?o(s) ]~
a+|B|+b<n

S X8, + D 1109VeOlf3, 0

a+|B|+b<10+n a+c<10+n
S Enyio+ ZTQL+10
> wlvorxp?o(s)

a+|B|+b<n
a>0
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< Y exPeli, Y 10:Ve6lEa

a+|Bl+b<10+n ates10+n
a>0 a>0
5 En+10
Proof. The proof is a direct consequence of Lemma [

Theorem A.3.6 (Near origin embedding theorem). We have

N7 @0veO(s) e S Buio + 22,410

a+c<n+1

Proof. Similar to above |A.3. O]

A.3.2 Embedding theorems for linearly expanding GW

stars

Using Lemmas[A.3.3|and[A.3.4]we can derive the Embedding theorems for linearly
expanding GW stars, relevant for Chapter 3]

Theorem A.3.7 (Near boundary embedding theorem). We have

Y eHX%0()ie D 1X0P76015, + D (VO3 e

|Bl+b<n |Bl4+b<8+n c<8+n
5 En+8
ST @06 he S 10X 0+ S 10,7603,
|B]+b<n |B]+b<8+n c<8+n
SA'E s
Yo AV eGs)Ee S Y 10970050+ Y (Vo8I
|B+b<n |Bl4+b<10+n c<10+n
5 En+10
Proof. The proof is a direct consequence of Lemma O

Theorem A.3.8 (Near origin embedding theorem). We have

Y @Vee(s)lie S Buto

c<n+1

Z @0, VO(5)||200 < A B0

c<n

Proof. Similar to above O
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Appendix B

Lane-Emden stars appendix

B.1 Standard results for gaseous stars

Lemma B.1.1. Let x,y € [a,b] where 0 < a < b.
i. Ifa €[0,1], then |z — y*| < aa® |z —y|.
ii. Ifa€[l,00), then |z —y*| < ab® |z —yl.
Proof. This follows from the mean value inequality apply to the function f(x) =

2. In case i, | f'(x)| is bounded by aa®~! on [a, b]. In case ii, | /()| is bounded
by ab®~! on [a, b]. O

Lemma B.1.2. Let x,y € R, then

|e” — €| < max{e”,y "}z —yl.
Proof. This follows from the mean value inequality apply to the function f(z) =
e”, noting that | f'(x)| is bounded by max{e”, y¥} on [z, y]. O

Theorem B.1.3. For every py > 0, the Lane—Emden ODE (Definition admits
a unique solution p > 0 such that p(0) = po. The interval of existence |0, R) is

such that either R = oo or lim,_,r p(r) = 0.

Proof. When v > 1: (1.15) is equivalent to

-1 [ 1 i
w(r) = wy — pi S /0 por /o ytw(y)*dydz == T(w)(r).

Assume wy > € > 0, we claim that for small enough 6 > 0, 7" maps
(10, 6], [e, wo)) to itself. Note that for » € [0,d] and w € C(]0, d], [¢, wo))
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we have
_]_ a
/Zdl/y )*dydz
’Y d—1 v—1 R

<4 dydz =4 — 2%
_7T/y /zdl/ ydz vaoozdldzz

2 -1
_ T wod>

d ~

Choosing ¢ small enough we can make this smaller than wy — €. It follows
that T'(w) € C([0, 0], [e, wo]). Now for u, v € C(]0, d], [¢, wp]) we have using
the first lemma

|7 (w) =T (v) | (o, 5]

< 47r sup / / —v(y)*)dydz
rel0,d] [Jo Zd !
27y a—
< 7752 max{ e, awi ™ Hu — vl o)

By shrinking § > 0 further, we can make 7" a contraction map. Hence a
unique fixed point for 7" exist. It follows that our equation has a unique
solution in a small interval [0,d]. For o > 0, we claim that as long as

w(ry) > 0, we can extend the solution beyond 7. Indeed, our equation

T -1 z - N
_wm—i—/ Zd_l(rgl;o—élw > /ydl ()dy)dz
0
d—1
= Wy, + d_20 (’["(d)_Q_ )—47r /0 gy / )*dydz

Fix € > 0 such that € < w,,. A similar computation as above show that for

small enough § > 0, T maps C(B;(ro), [€, wo]) to itself. Furthermore,

|1H (u) — H() |l e85 r0))
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v—1 "l © i
< Ar sup / —/ Y (u(y)® — v(y)*)dydz
Y ore(0,0] | o 2
d—1
v — 1 To -+ 5 a— a—
< dr ¥ o (7”0 — 5) max{ae 1’ awy l}Hu - UHC(Ba(To))

By shrinking 6 > 0 further, we can make H a contraction map. Hence a
unique fixed point for A exist. It follows that our equation has a unique
solution on small interval Bs(ry). The overlapping bit with the previous

solution agrees, so we have extended our solution.

It follows that a solution our equation exist on a maximal interval [0, R) such
that either R = oo or lim,_, g w(r) = 0, noting that w is a deceasing function

because w’ is always non-positive as can be seen from (1.15)).
When v = 1: This time we consider the (I.16) and (I.17). Using the second

lemma instead of the first, the same proof of existence carries over, with-

out having to cap h at 0. It follows that our equation exist on a maximal

interval [0, R) such that either R = oo or lim,_,z h(r) = —o0.

]

Theorem B.1.4. Suppose w is a gas star. Then w has compact support if

- 2d alent] <d+2
— or equivalen o< ——
7 d+2 1 Y d—2

and infinitely support otherwise.

Proof. When v = 1, (1.17) gives

1 " 4
W(r) > —4r——: eho/ yldy = —%ehor.
r 0

4 " 2
h(r) > ho — —Weho/ ydy = hy — T ehoy2,
d 0 d
So the gaseous star cannot have compact support.

We will prove the v > 1 case in three steps:

Step 1 If the gaseous solution w has compact support, then the Pohozaev integral

gives

v—1 2d /R 1 ode1 1, 9
Y —(d—2 @ dy = =
<1 ( )) ; woyY Y 2w (R)°R* >0
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This means w cannot have compact support if

2d <d—2 <= a>—d+2 — d—2 2d
l1+a — —d-2 ~—d+2 d+2

Step 2 Now suppose the condition in the proposition hold but w has infinite sup-
port. Fix some € > 0. From (I.T5) we have

/ y 4w (y)dy for r>e.
0

me 1

oo [e.e] 1
= — ! d > € d - .

Combining this and the decay estimate for w we get

2y —1
d v
2
1 1 1 d—2\72 )
1 < a—1 a—l) ( ) w(T)d*Q when «a #1
< a— w(r) Wy ) me
N d—2\72 2
(Inwy — Inw(r)) ( ) w(r)a=> when a=1
e
It
2 .
T-9 " (—1)>0 or equivently (a—1)(d—2) <2,

then the RHS tends to 0 as » — oo but not the LHS, this is a contradiction.
So R < oo. So we know there exist compactly supported gas solutions at
least when (o — 1)(d — 2) < 2.

Step 3 Last step, we prove compact support for when (o — 1)(d — 2) < 2. So we

can assume now

2a
a—1

(a—1)(d—2)>2 = d>
In particular o > 1. Note that by the decay estimate we must have

wr)* ' =0 as r—oo forany o €[0,2).
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The decay estimate also gives us

1
(a—1 2my —1 Ta-l
w(r) < (wo( '+ (a— 1)F 7 7

oy —1\ a7
< ((a— 1)%77) .

Now using (), we can bound w’ as follows

-1 1 "
0>w(r)= —4r 7 ) Y lw(y)ody
0
1 " a
2= (wg +/ ?Jdl;ldy)
r 1
(O 4rtat
> o prd—1
~ C+1nr
( pd-1
e when d# 2@1
> o—
~ 2
—p=(d=1) = d=D) ]y when d=_2
\ a—1

where C' is some constant. Recall we assume in this step

2 2
a <= d—1> a
a—1 o —

— 1.

So the estimate means that

2
w'(r)yr® =0 as T — 00 for any o€ {O, @ 1).
«

Using these estimates, we see that w’(r)%r? — 0 as 7 — oo if

4 d+2
Y _9ud = da-2a+2>da—d = a<iff
a—1 d— 2

Also w(r)*trd — 0 asr — oo if

1 d+2
ot >d <= 20+ 2 >da—d <— a<L.
a—1 d—2

2

And finally, w'(r)w(r)ré=t — 0 as r — oo if

% 9 a+1 d+2
1 d—1 += 2 d e atz
a1 Ta_1” a_1_ SN
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Since we assumed w has infinite support, the Pohozaev integral holds for

r € [0, 00). Taking limit » — oo in the Pohozaev integral then gives

vl 2d )/OO +1, d-1
2 —(d—-2 ¢ dy = 0.
() [Tyt

But the LHS must be strictly positive, this is a contraction. Hence w must be

compactly supported.

Proposition B.1.5. When v = 2d/(d + 2) we have explicit Lane—Emden steady

state solution
2m a4 1-d/2
w(r)=A4A (1 + ﬁAd—?rz)
or equivalently
2T _ a —1=d/2
p(r)=C <1 + ﬁCMﬁ) :
And the support of the liquid star is

1
2

d?> a2
R = (%C a+2 (Cd+2 — 1))

Proof. Consider

w(r) = A(1 4 Br?)*
w'(r) = ABabr®~ (1 4 Brb)o~?
w”(r) = ABab(b — 1)r*2(1 4+ Br®)*! + AB?ab*(a — 1)r2(b_1)(1 + Brb)a—?

Substitute into the Lane—Emden ODE (Definition [.2.1)

-1
w’ + (d—1)r ' = g LT e
Y

we get

v—1
~
= ABab(b—1+d — 1)r" (1 + Br’)*™' + AB%ab*(a — 1)r**"V(1 4 Brb)*?

= ABab(1 + Br®)*?
(b=1+d—1)r"?+B(bla—1)+ (b—1+d— 1))r2(b_1))

—47 A%(1 + Brb)ee
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For this to have the possibility to hold, we need b = 2 and @ = 1 — d/2. Then the

equation becomes

v—1
g

—Am——A%(1 4 Br*)*"=?) = ABd(2 — d)(1 4 Br*)”" /2

For this to have the possibility to hold, we need

vl YT T d T A2 TT A 2T T a2

And then we also need

—47rd2_d2A?§tg = ABd(2—d) <= 2rA77 = Bd’
< B= Zl—;TAJ12

So when v = 2d/(d + 2) we have explicit steady state solution
9 1-d/2
w(r)=A (1 + d—;TAf?rQ)

or equivalently
2m 4 —1-d/2
p(r)y=C (1 + ﬁC’Mﬁ) :

The support R of the liquid star is then given by

R ~i-d/2 2 4, 2
1:C<1+¥C¢H2R) — 1—1—?0‘?2}%:0@

2 3
= R= (;l—ﬂC‘cli?(Cdi? — 1))

]

Proposition B.1.6 (Self-similarity of solutions). Let p be a gaseous steady state.
Then p.(r) = kp(k'=7/%r) is a gaseous steady state for any r > 0, and the corre-

sponding liquid star has support R = k=172 p=1(1/k).

Proof. First we deal with the v > 1 case. Recall the Lane-Emden ODE (Definition

[L2.T)

-1
Y

w(r)®.

w’(r) 4+ (d — Dr ' (r) = 47
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Let v(r) = kw(kPr). Then v'(r) = k1w (kPr) and v"(r) = k1w (kPr). So

V(1) + (d — Dr~ ' (r) = &2 (5°r) + (d — 1) (5°r) 7 625! (Pr)

—1 —1
— 2y I T w(kPr)® = _p2Btay T v(r)®
Y Y
So if we choose . 19
-7
f=sla—1) =51,
2 2y -1

then v is again a solution to the Lane—-Emden ODE (Definition [[.2.1). Converting

back to p gives the desired result.

For v = 1, it is clear by substitution that p,(r) = kp(+y/kr) is a solution to the
Lane—-Emden ODE (Definition|1.2.1)
/! /\2 1 /
O:A(lnp)+47rp:p—— (p2) +(d—1)—£+47r,0.
PP rp
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