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Eisenstein cohomology classes for GL y over
imaginary quadratic fields

By Nicolas Bergeron at Paris, Pierre Charollois at Paris and Luis E. Garcia at London

Abstract. We study the arithmetic of degree N — 1 Eisenstein cohomology classes for
the locally symmetric spaces attached to GL ; over an imaginary quadratic field k. Under nat-
ural conditions we evaluate these classes on (N — 1)-cycles associated to degree N extensions
L/ k as linear combinations of generalized Dedekind sums. As a consequence we prove a re-
markable conjecture of Sczech and Colmez expressing critical values of L-functions attached
to Hecke characters of L as polynomials in Kronecker—Eisenstein series evaluated at tor-
sion points on elliptic curves with complex multiplication by k. We recover in particular the
algebraicity of these critical values.

1. Introduction

The relationship between Eisenstein series, the cohomology of arithmetic groups and
special values of L-functions has been studied extensively.

A classical example is that of weight 2 Eisenstein series attached to (o, ) € (Q/Z)>.
Such a series can be defined as limits of finite sums:

2it(ma+npB)

M
/e
L(Ohﬂ)(r) M_lf_?_oo ZM (N_l)r_?_oon;N (mt + n)2 ) (T )

The prime on the sum means that we exclude the term (m2, n) = (0,0). When («, 8) # (0,0),
the holomorphic 1-form E5 (4 g)(7)dt on Poincaré’s upper half-plane J¢ is invariant under
any subgroup I' C SL,(Z) that fixes (c, 8) modulo Z?. This holomorphic form then represents
a cohomology class in H (T, C). A remarkable feature of these classes is that they are rational
and even almost integral.
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A convenient and compact way to state the precise integrality properties of these co-
homology classes is to consider for each prime integer the *“p-smoothed Eisenstein series”

p
E;{Z)‘,ﬂ)(r) = Z E3 (a+j/p.8)(T) = PE2 (a.p)(7)
j=1
= p(E2 (pa,p)(PT) — E2 (a,8)(7)),

(p)

and suppose furthermore that I' C I'o(p). Then E, (@ ﬂ)(r) yields a homomorphism

CI)(p)

(a’ﬂ):F—>(C

by the rule
) YO ()
Do) (V) = /r i E) (wp)(DdT,

for any base point 79 € #, and it is classical (see e.g. [36, Theorem 13]) that we have

a b 0 ifc =0,
(1.1) @ —
@B \e g (2)? - sign(c) - (Dpa.p (7)) — pDy g (IZ_I)) otherwise.

le]

Here D g denotes the generalized Dedekind sum

pus(4) =3 (D) (22 0)) e omitaer=1.

Jj=1
where the symbol ((x)) is defined by

x —[x] =L if x is not an integer,
((x) = { 2

if x is an integer.

These sums define rational numbers and enjoy many beautiful arithmetical properties, see
e.g. [29]. On the other hand a formula of Siegel [36] expresses the values at non-positive inte-
gers of the ¢-functions attached to real quadratic fields as periods of Eisenstein series. The
expression (1.1) can therefore be turned into a very explicit expression for these special val-
ues. This implies in particular that they are essentially integral which is the key input in the
construction by Coates and Sinnott [10] of p-adic L-functions over real quadratic fields.

Using Selberg’s and Langlands’ theory of Eisenstein series Harder has vastly generalized
the above mentioned “Eisenstein cohomology classes.” In [18] he constructed a complement
to the cuspidal cohomology for the group GL, over number fields and managed to construct
rational representatives. In a more recent work Harder even managed to address some integral-
ity properties of these classes, see [20]. However for the group GLy it is hard to check that
Eisenstein classes are rational and the automorphic form theory is not yet adapted to the study
of integrality properties of these classes.

For GLy over the field of rational numbers, Nori [27] and Sczech [32] have proposed
constructions of Eisenstein cohomology classes that have turned out to be very efficient in
practice to study the fine arithmetical properties of L-functions over totally real number fields,
see e.g. [2,7,8,17]. Sczech’s approach more generally gives formulas analogous to (1.1). The
goal of this paper is to prove similar formulas for the group GLy over an imaginary quadratic
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field k. As a consequence we prove a remarkable conjecture of Sczech and Colmez [11, Con-
jecture, p. 205] expressing critical values of L-functions attached to Hecke characters of finite
extension of k as polynomials in Kronecker—Eisenstein series evaluated at torsion points on
elliptic curves with complex multiplication by k.

We now describe in more details our main results.

1.1. An Eisenstein cocycle for imaginary quadratic fields. Fix a positive integer
N > 2. Let k be a quadratic imaginary field with ring of integers @ and let p C @ be an
ideal of prime norm Np. Our first main result is the construction of an (N — 1)-cocycle for the
level p congruence subgroup

)
To(p) = {(j D) eSLy(O):ac®,beON ! cep¥ I D eMN_l(O)}

of SLy (O) taking values in the space of polynomials in certain classical series called Kron-
ecker—Fisenstein series.

Let us recall the definition of Kronecker—Eisenstein series (see [37, VIII, Section 12]).
We fix once and for all an embedding o : k — C. For a fractional ideal 3 of k and non-negative
integers p and ¢, define

z+ A7
(z+ 2Pz 4 Als°

KP4z, 3.5)=p! Y

A€a(3)

where we assume that z € C satisfies z ¢ o(3). The series converges whenRe(s) > 1 +¢g — p
and has analytic continuation to s € C that is regular at s = 0. It is a classical result due to
Damerell [13] that the values at s = 0 have the following algebraicity property:

(1.2) KP4(z,3,0) € QLIPTI779Q for zg € k\o(3).

Here Qoo denotes any period of a Q-rational holomorphic differential against a non-zero ratio-
nal homology class on an elliptic curve with CM by k defined over Q. In fact, these series have
almost integral values; we refer to [24] for precise results.

We introduce polynomials in the series K?*9(z, 3, s). For fractional ideals 37,...,3n
and multi-indices I = (i1,...,iy) € Z]ZVO and J = (j1,...,JN) € Zgo, we set

KN (31 @@ 3n,5) = K1 (21, 31,8) - KNIV (2, 3w, ).

More generally, for an O-lattice A C kv, we pick fractional ideals 31,...,3y such that
31 @ --- @ Iy has finite index in A and set
KBz A, 5) = > K Gz4+o0),31 @ @ 3y,5)

AEAN/T 1 DDBIN

=> Il @ a+ot”
AeA 1<k<N (zk + o)tz + o (M)l
As the last expression shows, K7/ (z, A, s) does not depend on the choice of the fractional
ideals 3. We set
K5 (z,A) := K17 (2, A, 0).
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Each K77 (z, A) defines a smooth function on an open subset of CV obtained by removing all
A-translates of a finite number of hyperplanes. We write

F = (K (yz,A) 1y € SLy(k), A C kN an O-lattice)
for the C-span of SLy (k)-translates of all functions K-/ (z, A).
Next we introduce the p-smoothed series
KM (z,0N)y = KT . p ' @ OV —Np - K1 (2, 0V)
and, for A € My (0O), we define the generalized Dedekind sum D,g’J (z, A) by
DI (z, A) = det AT KD (471 z, ATTON)

if A is invertible and set Dé’J(z, A) = 0 otherwise. These sums are natural generalizations of
Dedekind sums for imaginary quadratic fields and N variables.

Our first theorem shows that the series D£ o (z, A) can be combined into a homogeneous
(N — 1)-cocycle for I'g(p). In the following statement, for a multi-index / € Zgo, we write
|I| =iy +---+iy. When I (resp. J) runs over multi-indices with |/| = p (resp. |J| = ¢),
the vectors

el = ei‘ ---ei\’," € Sym?CY  (resp.e’ :=e;/1 ---ex/V € SymICN)
form a basis of Sym? C¥ (resp. of Sym?CH).

Theorem 1.1. Given y1,...,yN € To(p), define

A(y) = (nel---lyner) € My (0).

The map
59 : To(p)V — F @ Sym?CY ® Sym?CN
given by
e0lz.y) = Y DI Aw) @AW ®e))
[Il=p,|J1=q

is a homogeneous (N — 1)-cocycle. Here the sum runs over all multi-indices I, J € Zgo with
|| =pand|J|=gq.

More concretely, the cocycle property of <I>g Y means that

0 (yz yy1...ovyn) =y R (yzoy1. .. YN)
= Y DM Ay) @yAQ)(’ ®e’)
[I|=p, |J]=q
forany y, y1,...,yn € ['o(p), and
> DRIy T YN =0
1<k<N+1

for any y1,...,yYN+1 € To(p) (here as usual the notation y; means that the term yy is to be
omitted).

More generally, in the body of the paper we introduce a cocycle <I>£ (z,y, A(3)) for the
O-lattice A(3) =371 @ ON 1 of kN, B
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1.2. Application to critical values of Hecke L-functions. We refer to [15, Section 1]
or [9, 30, 34] for generalities on Hecke characters. Let L/k be a field extension of degree
N > 1landletn : L — k denote the norm map. We fix an algebraic Hecke character ¥ of k
of infinity type (p, ¢) € Z? and a Dirichlet character y of L, and consider the algebraic Hecke
character

(1.3) ¢=x-Wron)

of L. We denote the conductor of ¢ by f, so that for« = 1 mod { we have

¢ () = n(@)Pn(@)”.

Note that if k is a maximal CM field in L, then any algebraic Hecke character ¢ of L is of the
above form.
The Hecke L-function of ¢ is

L@g.s)= [[ A=¢@®NB) "= > ¢@Na¥,
(B.7)=1 (a,7)=1

where the sum, resp. the product, runs over integral ideals a, resp. prime ideals 3, of Of,
coprime to f. The global L-function of ¢ is

A((:b’S) = LOO(¢’S)L(¢’S)7

where

Loo(¢.5) = [[ T (@0, ).

v|oo
Here each ¢, with v|oco is of the form

pP—4q

et (2) T

with w = p + ¢ (the weight), and

[N]

[(o.5) = 2(2n)—<s—“z’+”§q>p(s vy P ;q|)‘

The value L (¢, so) at an integer so € Z is said to be critical if and only if
ordg—sy Loo (¢, 5) = ords=sOLoo(¢_1, 1—s)=0.
In our case this is equivalent to

w |p—gq| w - [p—q]
2 2 So<lt o+

Our second main result is that for critical so the value L(¢,so) can be expressed as
an explicit polynomial in Kronecker—Eisenstein series; answering positively a conjecture of
Sczech and Colmez [11, Conjecture, p.205]. Note that the complex conjugate 1/ has weight
(g, p) and that multiplying ¢ by an integral power of the norm character shifts s by an integer.
Thus we may assume that p < 0 and ¢ > 0 and consider only the critical value L(¢, 0).
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Our result is more conveniently expressed in terms of partial zeta functions, as follows.
For integers p, ¢ and integral ideals a, f of O, define

— 4
X' _ ! n(x)
é—f (a,s) = Z 1 n(x)?+1n(x)2s’ Re(s) > 0.
xeU(f)\1+fa™

Here U(f) denotes the group of units of @ that are congruent to 1 modulo f. (Since uu = 1
for every u € @, this is well-defined provided that p + ¢ + 1 is divisible by the order of
the subgroup n(U(f)) of O, which we assume.) Choosing integral ideals ay, ..., a, giving
a system of representatives for the ray class group Cs, we can write

L(g.5) = Y ¢(@)Na;*t 7 (a;, 5).
J

Given two distinct prime ideals 8 and “E of O, coprime to { and a, we define also the
“smoothed” partial zeta functions

E{%(a,s} = NEB_SE,f”‘](a%G,s) — Nfﬁl_sé'{)’q(a,s),

(P8 (@) = NE gl ) - NE T 0 (o).
These modified zeta functions appear in an expression for L(¢,s) with modified Euler factors
at 8 and L. Namely, setting

Ly(@-N.s) = (1= gBNB' ™)', Lg(g,s) = (1 —p(@NB )7,

and using the fact that a1 %3, ..., a, is also a system of representatives of Cs, we have

Lyy(@-N,5) " L(g,$) = Y ¢(a;P)Naj ¢ By, 9),
J

L(@.5)" Ly -N.o) ' L) = D (o BPINaj "¢ 0 (). 9).
J

Theorem 1.2 below shows that, for appropriate choices of {3 and *j@, the zeta function
4 A (aj, s) can be expressed using the Eisenstein cocycle of Theorem 1.1.

"Let U(f)! € U(f) be the subgroup of units of relative norm one, and let U(f) € U(f)*
be a torsion—free subgroup that maps bijectively to U(f)!/U(f)L . We also fix a isomor-
phism & : L — kN of k-vector spaces and denote the O-lattice a(fa™!) € kN by A(fa™1).D
Through the isomorphism « the automorphism of L defined by multiplication by u; corre-
sponds to a matrix U; that belongs to the intersection I'(A(fa™1)) of Autg(A(fa™!)) with
SLy (k). Moreover, given a prime ideal L8 of O coprime to f and a and of prime norm
p = n(P), the matrices U; belong to To(p, A(fa™1)).

We denote by 01, ..., on the embeddings of L into C that restrict to the fixed embedding
o:k—C.

Theorem 1.2. Let p, g be non-negative integers, § be an ideal of O, and let ay, ..., a,
be integral ideals that form a system of representatives of the ray class group Cs. Then there

D In Lemma 4.1 we prove that A(fail) is of type A(J).
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exist vo € kN and two prime ideals B and ‘E with p = n(B) prime, such that

[U(F) : U(F)']det(0i (e(e)))¢73d < (a,0)

7.8.8
1
Sy 2 )

ogeESN—1
> (@Y (o + a(x). 1y AfaT). (o) @ (noa D))

xeB15/f
x#0

for a € {ay,...,a,}. Here the first sum runs over the symmetric group Sy—1 of permutations
on N —1letters and foro € Sy we setu; = (1, Us1), Us()Us(2)- - - -» Us(1) - Ug (N =1))-

Note that each term of the double sum on the right hand side is a generalized Dedekind
sum and therefore a polynomial in Kronecker—Eisenstein series evaluated at torsion points
on elliptic curves with complex multiplication by k. From (1.2) we deduce the following
corollary. Note that ¢(a;) € @, so that the algebraicity of L(¢,0) follows from that of the
&7 (0. 0).

Corollary 1.3. Let Qoo be any non—zero period of a Q-rational global differential on
an elliptic curve with complex multiplication by k, defined over Q. Let ¢ be an algebraic Hecke
character of the form (1.3). Assume that p < 0 and q > 0. Then

L(¢.0) € QN@=P z=Nag

Remark. As was pointed out to us by Don Blasius, one can take 24, to be a period of
aholomorphic differential on an elliptic curve defined over k, — the maximal abelian extension
of k. Then

L(¢.0) e QN@=P z=Naj . E.

where E is the CM field generated by the values of ¢. This follows from the fact that the ratio
of two arithmetic automorphic functions with Fourier coefficients in QQ,j, and having the same
weight, takes value in k,p; when evaluated at a CM point.

In fact, one can be more precise: Blasius [5] proves a reciprocity law for values at CM
points of modular forms which generalizes that of Shimura for functions. According to it, if
a value transforms by a Hecke character, then it is the Deligne period of the motive attached
to the Hecke character. Since Theorem 1.2 expresses the L(¢,0) as a linear combination of
products of values of L-functions of modular Eisenstein series, the general law of Blasius
should apply to show the following: Let M (¢) be the motive — defined over L, with coefficients
in £, and of rank one — attached to ¢ and let ¢ *Resy, /@M (¢) be the period attached by Deligne
[14, Section 8], we have

L(Resz oM(¢)) = ctResy oM (¢) € (E ® C)*/E™

as conjectured by Deligne [14] as part of a much more general picture.

Relation to other works. In the case N = 2 Theorem 1.1 is proved by Sczech [31]
and Ito [22], in case (p,q) = (0,0), and Obaisi [28] proved the corresponding Theorem 1.2.
In general, partial results towards both Theorem 1.2 and Corollary 1.3 are obtained by Colmez
in [11]; see also [16] for related works.
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Corollary 1.3 is not new. In the case L. = k itis due to Damerell [13]. In the case N = 2 it
is due to Ito [22]. In general, it is a particular case of a theorem announced by Harder in [19,21]
that deals with Hecke L-functions associated to extensions L /k with k an arbitrary CM fields.
When L = k is CM, this was known before thanks to works of Shimura [35] and Blasius [5].
Harder provided a proof of his theorem for N = 2 in [18], but to the authors’ knowledge the
full details of Harder’s proof for N > 2 have never appeared in print. However, the fact that
the (regularized) L-value of the Hecke character divided by the “Katz period” is algebraic has
recently been fully proved by Kings and Sprang [25] using completely different techniques that
allow them to deduce good integrality results. This generalizes works of Shimura and Katz in
the case of a CM field to arbitrary extensions of CM fields. In the case where k is a quadratic
imaginary field, integrality results of the same quality could be deduced from Theorem 1.2
and works of Katz [24] showing that certain regularization (“smoothing”) of the expression
(1.2) are algebraic integers. We expect that, in combination with recent work of Andreatta and
Iovita [1], the explicit formula of Theorem 1.2, conjectured by Sczech and Colmez, could be
used to p-adically interpolate L-values of algebraic Hecke characters of F' in the non-split
case.

Note that, quite similarly as in the work of Kings and Sprang, the cohomology class stud-
ied in this paper takes its roots in a certain equivariant cohomology class; we discuss the latter
in [4]. The topological origin of this class is enough to give an elementary direct proof of the
integrality of critical values of Hecke L-functions associated to totally real fields, see [2,3,27].

To conclude let us mention that it is not clear to us if the formula of Theorem 1.2 can be
generalized to the case where k is an arbitrary CM field.

1.3. Notation and conventions. We write | S| for the cardinality of a set S. Throughout
the paper we fix an integer N > 2 and let

v =cVN (column vectors).

We write V = V ®c C for the complex conjugate of ¥ and V' for the (C-linear) dual of V;
we identify V'V with the space of length N row vectors using the standard dot product. We

write e1, ..., ey for the standard basis of V and zq, ..., zy for the standard coordinates on V'
and set 0;; = 0/0z;. For a multi-index I = (i1,...,in) € Zgo’ we write
I i i N
el =e' ey €Sym"V,
I i i Ny, v
8 =z ez e SymT VY,
— — PR —V
I =z .z e SymN Y

We denote the transpose of a matrix X by /X and set X* = X. We denote by 1y the

identity matrix of rank N and by diag(#y,...,#y) a diagonal matrix with diagonal entries
f1.....ty. Let

G =SLy(C),

K = SU(N),

X = SLy(C)/SU(N).

The Lie algebras of G and K are denoted by g and f respectively.
We write A*(X) for the space of smooth differential forms on X .
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Throughout the paper we fix an imaginary quadratic field k and an embedding o : k — C.
We write Np for the norm of a prime ideal p. We denote by (@ the ring of integers of k and
define

Vi = kN (column vectors),
Gy = SLy (k),
G = Resg/@SLy i

The standard simplex (a simplicial set) is denoted by Ay, and its geometric realization
by |An|. We write Ay * A, for the join of two simplices.

2. Differential forms on the symmetric space of SLy (C)

Fix an integer N > 2 and let V = C¥ (column vectors). We identify the points of the
symmetric space
X :=G/K

of G = SLy (C) with positive definite hermitian N-by-N matrices / of unit determinant via
the map

gK>h:="g7 1. g1

under this identification the action of g € G on X by left multiplication corresponds to the

action g -h :='g 'hg™!. A matrix & € X defines a positive definite hermitian form on CV

given by v — v*hv. The entries ;; (1 < i, j < N) of h define smooth functions s;; : X — C.
We write § (V) for the space of Schwartz functions on V. For p,q > 0, let

2.1) VP4 =Sym? VY ® Sym?V;

it is naturally a representation of G. We will identify elements of V' 7-¢ with linear function-
als on the tensor product of the complex vector spaces Sym?” V' (homogeneous holomorphic
polynomials of degree p on V') and Sym? v’ (homogeneous anti-holomorphic polynomials
of degree g on V).

The natural action of G on (V') defined by (g - f)(v) = f(g~'v) turns (V) @ VP4
into a smooth G-module. Let A*(X;8(V) ® VP9) be the space of differential forms on X
valued in 8 (V) ® VP-4, This space carries an action of G given by

(g.ox. V) > g -w(E@ 'x,g71Y), xeX, Y enTX.
In this section we introduce G -invariant differential forms
P e AN_l(X;/S(V) ® VIMI)G

valued in this G-module.

2.1. Polynomial forms. Fix a vector v € V. We write (hv)y, ..., (hv)y (respectively
(dhv)1,...,(dhv)y) for the components of the vector hv (respectively dhv):
(hv)i = Y hijv; € C®(X),
1</=<N

(dhv); = Y dhjjv; € A(X).
1<j<N
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Define

p) =2(-D" 7 3 (D) )i (dhv)y A A (dhv);

i>1

A=A (dhv); € ANTL(X).

(Here, as usual, the term under the symbol ~ is to be omitted.) Note that, as a function of v,
p is a (holomorphic) polynomial of degree N and so defines a form

p e AN L(x;C[v)).

The conjugate polynomial p(v) defines a form in AV ~1(X; C[V]). Since % is hermitian, we
have

(hv); = Zhijvj = Zv_jhji = (v*h);
J J

and so we can write

N(N—-1)

2.2) pv) =2(-1) =D )i dh)y

i>1 P
AN dR); Ao A (0 dR)y.

Lemma 2.1. The form p is G-invariant. That is, for g € G we have
g p(gv) = p(v), veV.

Proof. Let us assume that v # 0 (the case v = 0 is obvious). The statement then fol-
lows from the fact that given a representation of a group G on an N -dimensional complex
vector space W, and a basis eq,...,ey of W with dual basis ey, ... ey, € WV, the element
e1®e) +--+ey ®ey of W WY is G-invariant.

Namely, consider the C-vector space W C €°°(X) spanned by (v*h)1,..., (v*h)y. For
g € G we have

(gv)*(g-h) =v'g(g  hg™") = v hg™".
This shows that W is naturally a representation of G that is isomorphic to the dual V' of V.
The same statement (with same proof) holds for the C-vector space W c Al (X) spanned by
(v*dh)1,...,(v*dh)N.
Consider the map

WRIANTIW o AW, weid=dwAib.

Here ANW ~ C - (v*dh)y A -+ A (v*dh); is isomorphic to the trivial G -representation via
the map z - (v*dh)y A -+ A (v*dh)1 + z. Thus we obtain a pairing

weAN-IWw - C.
A direct check shows that the basis
()N W*dh)y A A @ dR)i A A FdR), (1 <i <N)

of ANZ1W is dual to the basis (v*h); (1 <i < N)of W, and the lemma follows. o
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Lemma 2.2. Let v # 0. Then the form
W hv)~Vp(v) € AV (X)
is closed.

Proof.  An equivalent statement is the equality
(2.3) Nd(*hv) A p(v) = (V*hv)d p(v).

Differentiating (2.2) we obtain

(2.4) dpv) =2(-)"7 d (Z(—l)i_l(v*h)i(v*dh)N
i>1

A A (05 dD); /\---/\(v*dh)l)

(N+2)(N—1

—IN(=1) TR 0 ARy A - A (0FdR), .

On the other hand we have d(v*hv) = }_;(v*dh);v; and hence

Nd(w*hv) A p() = 2N(=1) " 7 (Z(v*dh)jvf) " (Z(_l)i_l(v*h)i(v*dh)N
J

i>1
A---A(mi /\---/\(v*dh)l)
= 2N S (=) T R dh) o (0% ) (vFdh) g
j

/\--~/\m/\-~-/\(v*dh)1
— IN(—1) T (Z vj (v*h)j)(v*dh)N Ao A WFdh),
7

= (v*hv)d p(v)

and the assertion follows.

2.2. Schwartz forms. We can now define the forms ¥ #>¢ mentioned in the introduction

to this section. First we consider the case p = g = 0: for v € V, we define

1)00,0(1)) — e—v*hvm.

Remark. The form -0 arises naturally as a component of a characteristic form defined
by Mathai and Quillen. More precisely, the vector bundle V = X x V over X with fiber V
carries a tautological metric, and the main result of [26] is the construction of a canonical Thom
form U € A2V (X x V) and an infinitesimal transgression U of U in A2N ~1(X) (denoted
—ix U; in [26, Section 7]). A vector v € V defines a section of V over X, and the form WO’O (v)
is essentially obtained from U by contracting with the vector fields 9;,,...,0;, (this gives
a form in AV ~1(X x V)) and then pulling back by this section. We refer to [3] for more

details on this perspective.

11
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Note that the hermitian form v — v*hv on V is positive definite and so ¥ %°, as a func-
tion of v, belongs to the Schwartz space & (1'). Also note that, for any g € G, the expression
v*hv is invariant upon replacing & with g*h and v with gv, and so Lemma 2.1 implies that
¥ %0 is G-invariant:

(2.5) g Y®0»gv) =y "), geG.

Thus %0 € AN-1(X; 8(V))C.
For arbitrary p, g > 0 we define

yPee AN (X 8(V) @ VI)©

so that its value on P ® Q, where P (resp. Q) is a holomorphic polynomial of degree p on V'V
(resp. a holomorphic polynomial of degree ¢ on V'), is given by

Wp’q(v, P® Q) = Q(E)P(_azl s _aZN)wO’O(U)-

From now on we often omit the indices p, g and simply write ¥ (v, P ® Q). One can give
a more explicit expression for ¥ (v, P ® Q): the identity

=0z, (¢7"1Y) = (e
gives
P(=0zy,. ., =0) (€7 ") = P(W*I)1, ..., @*h)w)e s

since if p(v) is an anti-holomorphic polynomial, we have d,, p(v) = 0 for all 7, and we con-
clude that

Y, P®0)=eV"pw P 0Q),
with

p(v, P, Q) = QW) PW*h)p(v).

Note that p(-, P, Q) is an anti-holomorphic polynomial in v of degree N + p + ¢. This
expression shows that, generalizing the invariance property (2.5), we have

(2.6) g*V(gv.gP ®g0) =v(v.P ® Q).
The following is a generalization of Lemma 2.2.
Lemma 2.3. Letv # 0. Forany P € Sym?V and Q € Sym?V"Y, the form
*hv) N Pp. P, Q) € AN (X)
is closed.

Proof.  Since d Q(v) = 0, it suffices to assume that Q = 1 and that P is monomial, say
P = el for some multi-index I of degree p. Then P(v*h) = (v*h)} ---(v*h)’I{,V and

AP h) = (Zij d(f)f;’;)i)p(v*h),
j ./
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and so
dP(*h) A p(0) = 2= 2 P(v*h)(zij d(v:h)j)
)
A (Z(-])i—l(v*h)i(v*dh)N N (v/*d7)l Avee A (v*dh)l)
i>1
N(N—1)

=2(-1)" 2 P*h) Y _ij(-)/ T w*dh); A (v*dh)y
J
Ao A@Fdh); Ao A (0¥dR)y

— 2(—1)M2(N_”(Zij)P(v*h)(v*dh)N Ao A (FdR),

J
= pN~'P(*h)d p(v),

where the last equality follows from (2.4). Using (2.3) we compute
d((w*hv) NP P@*h)p(v))
= (W*hv) ™ NPT (N + p)d(v*hv) A P(v*h) p(v)
+ (v hv)dP(W*h) A p(v) + (v hv) P(v*h)d p(v) |
= o)™V TP[~(N + p)N~' + pN~ + 1]P(*)d p(v)
=0. O
2.3. Mellin transform. We define 7n(v, s) to be the Mellin transform of i (v); that is,

for holomorphic polynomials P and Q define

dt

(2.7) n(v, P ® Q,s) = [oo v (tv, P ®§)ts+N+P—q7.
0

Then
(2.8) g n(gv.gP ®¢0.5) =n(. P ® 0.5). ge€G.
because v is G-invariant. Since p(tv, P, Q) = tN P+ p(v, P, Q), we have

(2.9) N P ®0.s) = /Ooo e—tzv*hvts+2N+2P?m
=27'T(N + p + ) ) 2N Pp(v, P, 0).
Lemma 2.4. We have
dn(v, P ® 0.s) = c(s)(v*hv) 2N PO ) P(v*h)d p(v),

where ¢(s) = (—4N)"LsT(N 4+ p + 5).

Proof. By Lemma 2.3 we have

d((v*hv) ™M =Pp(v, P, Q)) = 0.
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Using (2.3), we compute

2T(N +p+5) " dn(w. P ® 0.5)
= d((W*hv)"2(*hv) NP p(v, P, Q)
= 2" Ls(*hv) 1 2d(v*hv) A W hv) N Pp(v, P, 0)

—2N) Ls(*hv) 2 NP @) P(v*h)d p(v). O

Using Lemma 2.4, we can represent the form dn(v, P ® Q,s) as a Mellin transform:

we define
e AN (X:8(V) @ VP90

by
(2.10) p(v, P @ 0) =e VMO P(v*h)d p(v);

then the above lemma implies that

dt

(2.11) dn(v, P ®§,s) = _%/0 ¢(tv, P ®§)ts+N+p—q ~.

For further reference we note the homogeneity property (which follows from (2.9))
(2.12) N(zv. P(z) ® Q(z71).9) = |22V (0. P ® 0.5)

forz € C*.
2.4. Example: The case N = 2. We compute the form ¥ %°(v) when N = 2. We have

¥00(v) = =27V ((hv), (dhv)s — (hv),(dhv)y)
= —2¢7V (0 T12 + 0120107 + 02722),

with
w11 = hi1dha1 —hardhyy = hy1dhia — hiadhyy,

w12 = h11dh2s — h12dha1 + ha1dhi2 — haadha,
w2 = ha1dhay — haadhay.

Let us rewrite the expression in classical coordinates. For r = (z, y) € H? = C x Rx, write

1 _1
_(y? 2
gt_(o Y‘i)'

The map t — g K identifies H? with X = SL,(C)/SU(2). In these coordinates we have

1 —1 y_% 0 y_% —Zy_%
he ="g¢ 8 = _ 1 1
—zy72 y2J\ 0 y

D=
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and
v hev = g7 P = y T (vn = zual® + [yval?).

1 —z 1 —Z
dh, = —y2d +yld
e (—z y2+|z|2) g (—z y2+|z|2)

Tl s
—dz 2ydy +zdzZ +zd:z

Hence

and we compute
w1 =y~ dz,
w12 = =2(y~dy + y?zdz),
wyr =2zZy tdy —dz + 7%y 2dz.
Writing ¥ %%(v) = ¥ (v)ydy + ¥ (v);dz + ¥ (v)zdZ, we obtain
Y()z =2e7V Y052,
Y()y = —2¢7" =2y oz + 22y 7127
=4y L™V MV (y] = zu)va,
Y (v), = =2y 2eV M (572 — 2707, + 22152)
= 2y 27V vy —sz)z.
The Mellin transform 7%%(v, s) = n(v, s)ydy + n(v, s)2dz + (v, s)zdZ (defined in (2.7)
below) is then given by
(712)?
(Jv1 = 2022 + |ya|?)2 42

N, s)z =05 +2)y2

(v1 —zva)yv2
(lv1 — zva|? + [yva[?)2 2

n(,s)y =2T(5 +2)y2

_—2
(v1 — zv2)
(lv1 — zva|? + [yva[?)2F2

n(v,$): = —T(5 +2)y2
Thus we recover the form introduced by Ito in [22].

2.5. Fourier transform. Recall that the Cartan decomposition g = p & £ identifies
the tangent space T,x X at the point eK € X with p. Given ¥ € AN ~!p and polynomials
P and Q, evaluation at Y defines a Schwartz function

v(Y,P®Q)ec8(V)

given explicitly by -
Y. Y:P®Q)=¢""p.Y:P.0Q),

with p(v, Y P, 0) = 0(v) P*)p(v, ).
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We write (-, -) for the scalar product on V defined by (v, w) = 2Re(w*v) and given a
Schwartz form f € 8(V'), we define its Fourier transform ¥ f € §(V') by

?fww=ﬁjnmﬁmwwdm

where dw denotes the Lebesgue measure on CN. Since the polynomial p(v,Y; P, Q) is anti-
holomorphic, it is also harmonic and hence we have

(2.13) Fy(Y.P@Q)=Cy(.P®Q)
for some constant C satisfying C* = 1. In particular,
FYO.Y:P®Q)=vy(0.Y:P & Q) =0.

Similar statements hold for ¢ (Y, P ® Q) forany ¥ € AN p.

2.6. Integral on a maximal torus. Let 7 C G be the torus of diagonal matrices. The
inclusion of 7" in G induces an embedding

T/TNK — X

identifying 7/ T N K with the submanifold of X consisting of diagonal hermitian matrices.
This submanifold is diffeomorphic to RIIO_ 1: writing

(2.14) C={(t1.....tn) eRYy ity -ty =1},

the map (t1,...,IN) — diag(tl_l, . ,t;,l)T N K identifies C >~ T/T N K. We use this iden-
tification to orient 7/T N K as follows: forgetting the coordinate 5 gives a diffeomorphism
C ~ Rivo_ 1. We orient C, and hence T/T N K, by pulling back the standard orientation

N-1 . dty din_1
of RYy " (given by the volume form TN TS ).

Lemma2.5. Letv # 0.If Re(s) + 2N +2p >0, the formn(v, P @ Q,s) is integrable
onT/TNK. For P = el and Q = z7 monomial with I = (iy,....iN)and J = (J1,---5JN)
multi-indices, we have

=

_ _ ij
n, P ®Q0,s) = F(L-i‘l-i—lk)#‘
/T/TﬂK klj[—l 2N |vk|WU;€k+l

Proof. Sincen(v, P ® 0,s) = Q(v)n(v, P ® 1,s), we may assume that Q = 1. In the

above coordinates for C we have h = diag(zf, cee, t%,) and dh = 2diag(t1dty,...,tydtn),
and so the restriction of P(v*h)p(v) to T/T N K is given by

N
- (N=1) '
(7o) 2= Y ) T T iy diy)
=1 J

J S
A AN (052tde ) A - A (V1281 d 1)

N —
N(N—1 Ty . dt dt; dt
:2N(_1) 2 ljl'lvjl/+1 E (_1)/ I_N/\.../\_j/\.../\_l
jl=11 - N 1 t
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since ty---ty = 1. Fort € C and u > 0, set u; = t;u. This gives

N du; dt; du
Up-UN = U and — = — + —,
U; t; u
and hence
-~ di; dy\ du d d
(Z(_l)]_l_N/\.../\_J/\.../\_l)/\_u= uN/\.../\ﬂ.
; IN tj 151 u UN Ui
The map ((t1,...,tx),u) — (uy,...,uy) induces a diffeomorphism C x R~y >~ RQO. Using

this as change of variables, we compute

o0 N du
/ nw,PR1,s) = / / V(uv, P @ DustN+tP_—
T/TNK cJo u

N
N(N-—1) _ 2 P 20 7. 1 i +1
=2V ()™ / e [ T s
J
RY, /

Jj=1

duy duy
.us-l-N—i-p_/\.“/\_

Un Ui
N N 1 Sl 2| 2 M-}-Zi-duj
-2 [y [T g
j=1 0 /
N ji_/-i-l
— (<5 1 O
1_[ (2N +1+1i)) ” |1§]+2+le
J=

The above lemma shows that the integral of n(v, P ® Q,s) on T/T N K has meromor-
phic continuation to s € C that is regular at s = 0. Its value at s = 0 for P = ¢/ and Q = z/

is
/ n, P ® @, s)
T/TNK

It follows easily that for arbitrary P we can write

ok

N

_ l_[ ! Uk

- TS
$=0 k=1 Yk

N .
/ N, P ® Q.s5) = C(s)mm—azl,---,—am)( [ v—’)
T/TNK

2
j=1 |vj|N+

for some meromorphic function C(s) such that C(0) = 1.

3. Eisenstein cocycle

Let k be an imaginary quadratic field with ring of integers (9. We fix an integer N > 2
and let Vi =k and G, = SLy (k) (recall that V = CV and G = SLy(C)). We also fix
an embedding o : k — C, which makes V' a k-module and induces inclusions V; C V and
G, C G.

Given a non-zero ideal 3 of @, define

(3.1) AR) =31 oN L.
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It is an @-submodule of k¥ that we regard as a lattice in CV via the embedding kN — C¥V
induced by o. We write I'(A(3)) for the intersection of Autg(A(3)) with SLy (k); more
explicitly,

T(A®)) = {(“ t;’) eSLy(k):a €O, D e My_,(0),
C
be (@ HN-1 ce SN‘l}.

Let p C O be a prime ideal coprime to 3. We define a congruence subgroup o (p, A(3))
of I'(A(J)) by

a 'b _
Fo(p, AR)) = {( ) eT(AR)) :c € (p)Y 1} ;
¢ D
thus T'o(p, AJ)) = I'(A(®I)) N T(A(I)). When 3 = O, we have I'(Q) = SLy(O) and
To(p, A(O)) = Tp(p) is the standard level p subgroup of SLy (O).
In this section we prove Theorem 1.1. We first define a more general cocycle

@2 (ARR)) : To(n, AR)N - F @ VP4,

where VP4 is given in (2.1) and F is a certain space of functions defined on complements of
unions of affine hyperplanes in V', endowed with a natural action of SL (k). In the last section
we will show that its cohomology class is non-trivial by computing its value explicitly on the
units of degree N field extensions of k.

3.1. Definition of the cocycle. Let 3 C k be a fractional ideal. Then o(3) C C is
a lattice. Given a pair of integers p,q € Zs¢ and z € C, define the Kronecker—Eisenstein series

Z—i—aq
(z 4+ a)PTlz +als’

KP9(z,3.5)=p! Y.

aco ()

z ¢0(3).

The sum converges absolutely for Re(s) > 1 4+ g — p and for z in a compact subset of C. The
series K?4(z, a, s) has an analytic continuation to the whole s-plane that is regular at s = 0,
seee.g. [11,12,37].

More generally, for an O-lattice A C kv, let U(A) be the open subset of CV obtained
by removing all translates of coordinate hyperplanes by A € o(A). For I = (iy,...,iy) and
J = (j1,...,jn)in ZY; and z € U(A), define

ot
K'Y (2, A, s) = Z 1_[ il Zk Ak

reo(A) 1<k<N (zk + AR)EF Yz + Ak]S

The function K7/ (z, A,s) can be expressed as a homogeneous degree N polynomial of
Kronecker—Eisenstein series: pick non-zero fractional ideals 31, ..., 3y of k such that

A231 @ ®3N.

Then
K (z, A, 5) = > K Gz4+0(0),31 @ @3N, )
AEAN/3 1 DBIN
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and
KI’J(Z,«NSl@"'EBSN,S): 1_[ Kik’jk(Zk,Sk,S).
1<k<N

Thus K7/ (z, A, 5) converges absolutely for Re(s) > 1 + max{ j; — it} and has analytic con-
tinuation to all s € C that is regular at s = 0. We set

K7z, A) = K'Y (2, A, 0)
and define
¥ = span(K"7 (y71z,A) : y € SLy (k). A an O-lattice in k),

which carries a natural action of SLy (k).

Definition 3.1. Let A be a matrix in End(A(3)) N GLy (k). Then
ATIA(3) D A®®)
and we define the generalized Dedekind sum
DT (z, A, A(3)) = det AT KDY (4712, A7TA(R))

=detA™! > KU (A7 z + 0 (1), A(®)).
AeA(I)/AA(R)

Let p be a proper ideal of (9 coprime to 3 and let Np be its norm. Define
Dy (2, A, A®)) = DI (2,4, A(®3)) —=Np - D' (2, 4, A®3)).
If A € End(A(3)) but A is not invertible, set

D' (z, A, A(3)) = D} (2. A. A(¥)) = 0.

For p,q € Z>o, recall the G-representation V' 7+4 introduced in (2.1). A basis of V74 is
given by the vectors

el = ((er) - (en)'V) ® (17" ---en V),

where [, J € Zgo satisfyiy +---+iy = pand j; +---+ j§y =¢q.
Recall that given a group I" and a Z[T']-module M, a map « : TV — M is said to be
a homogeneous (N — 1)-cocycle if it is equivariant, that is,

(3.2) a(yvi,....YyN) = ya(¥1,....¥YN)s Vs¥1....,¥YN €T,

and satisfies

33) Y =Dlar o VicnVitte N+ =0, yi...ynp1 €T
I<i<N+1

Theorem 3.2. Ler 3,p € O be non-zero coprime ideals of O and assume that p # O.
Giveny = (y1,....¥n) € Lo(p, AN, let

A(y) = (neil---lyner) € My(0)
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be the matrix formed by the first columns of y1,...,yN. Then A(y) € End(A(3)). For fixed

P.q in Zxo, define a map

®29(AR)) : Tow. AQ)Y — F @ VP4

o09(z.y. AR) = Y DI (2. AWy). AR)) & A(p)e’’ .

[I|=p
|J]1=q

Then <I>g 4(A(R)) is a homogeneous (N — 1)-cocycle.

Note that the first row of the matrix A(y) in the statement has entries in @ whereas all its
other rows have entries in 3. The statement that A(y) € End(A(J)) follows. Note also that

A(yy1,....yynN) = YAW1.....YN),  ¥:V1.....¥N € Do(p, A(J)).

The equivariance property (3.2) of <I>€ “1(A(3)) follows from this. Thus it remains to show
the cocycle property (3.3). To prove it we will next define — as an Eisenstein series — a closed
Co(p, A(3))-invariant differential form

Ep(z,¥P, A(3)) € AN (X) @ VP4
and (N — 1)-dimensional submanifolds

A(y) C X, yeTop, AR)Y,

such that
LIy A®) = [ By AQ)).
A(y)
The cocycle property will follow from the fact that for yq,...,yn+1 € Io(p, A(3)) we can

find a simplex
A(yr.....¥N+1) C X

with boundary

OA(1.....yn+1) = D (=D7TNAWL L Yie1 Vidde o YN 11)
1<i<N+1

and such that Ey(z, ¥4, A(3)) decreases rapidly on A(y1, ..., yn+1) for fixed z.

3.2. Eisenstein series. For v € VV, an O-lattice A C Vj and a holomorphic polyno-
mial P (resp. @) on V'V (resp. on V), consider the theta series

0w.P®Q:y.A):=> Y+ P®O).
A€A
The series converges rapidly as ¥ (v, P ® Q) is rapidly decreasing. By (2.6), we obtain a dif-
ferential form O(v, P ® Q: ¢, A) € AN ~1(X) satisfying

yOyv,yP @ yQ; ¥, A) =0, P ® 0:y,A), yeTl(A),
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where T'(A) := Autg(A) N SLy (k). The Mellin transform of 8 (v, P ® Q: v, A) is the Eisen-
stein series

— +o00 - dt
E@.P®Q:y. A.s):= / O(tv, P ® Q; ¥, t A)s TN HP=a
0

t
= Z nw+A,P®0.s),
AEA
where 7(v, s) is given by (2.9). Here the sum converges when Re(s) > 0 but can be analytically
continued to the whole s-plane in a standard way using Poisson summation. To do this, consider
the scalar product (-, -) on C¥ given by

(v,w) =2Re(v-w™)
and define
AV ={weCV:(v,w)eZforallve A}

Given g € G and a tangent vector Y € p = T.x X we can define a vector g«Y € Tog X.
The invariance property (2.6) can be rewritten as

V(gv.g+Y:gP ®gQ) =y (v.Y; P ® 0).

By (2.13), (-, Y: P ® Q) € 8(V) is an eigenvector for the Fourier transform and so Poisson
summation gives

Y VYt +2),gY;P®0)

AEA
=Y yg w+1).Yig (P ®0))
A€A
— CVOI((CN/A)_IZ_ZN Z eZn’l’(v,A)w(t—lg*k’ Y,g_l(P ®§))

AEAY
Using this, we can write
E(v,g+Y:P ® Q: V¥, A,s)

* — Nt pqdl
:/ O(tv,g+Y: P ® Q;y, t A)tsTN+P 47
0

> — dt
N / 0(v, &Y P @ Q; 9, t Ay VP72 4 € Vol(C /A) 7
1
2mi(v,A) oo * . -1 vy —s+N+g—p dt
' Z ¢ V(g™ A, Y:g (P ® Q) -
AEAY 1

The last expression converges for all s € C and gives the desired analytic continuation (with
no poles since ¥ (0) = F¥(0) =0)of E(v, P ® Q; ¥, A,s). We set

Ew,P®Q;¥,A)=E@v,P®Q;y,A,0) e AN1(X).
Proposition 3.3. For a fixed column vector v € CN and polynomials P and Q, the
form E(v, P ® Q; ¥, A) is closed.

Proof. Fort > 0 define the theta series

0(tv. P ® 0:¢.1A) = > ¢t (v + 1), P ® 0),

AEA
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where ¢ is given in (2.10). The same argument used above shows that
el * el s+N+p— dt
EWw,P® Q:¢,A,s) := (v, P ® Q;¢,tA)t p qT’ Re(s) > 0,
0
admits analytic continuation to s € C (with no poles). The relation
dE(W, P ® 0: ¥, A, s) = —%E(v, P®R0:4.A.5)

which follows from (2.11), proves the claim. O

Thus we may regard E(-, P ® Q; ¥, A) as a closed differential (N — 1)-form on X
valued on the space of smooth functions €°°(V'), and by (2.8) we have the equivariance

property
Y*E(yv,yP @ yQ:¥.A) = E(v,P ® Q; ¥, A), y eT(A).

For A = A(SJ) defined in (3.1), we set
Ey(v, P ® ;9. A(3),5) = E(v, P ® O; ¢, A(p3),s)
—Np-E(v, P ® 0: ¥, A(3).5)
and o o
Ey(v, P Q:¥.AF)) = Ep(v. P ® Q: ¢, A3),0).

Again we regard Ep(-, P ® Q; v, A(3)) as a closed differential (N — 1)-form on X valued
in €°°(V), equivariant under o (p, A(3))(= ['(A(®I)) N T(A())).

3.3. Behavior on Siegel sets. Fix two coprime ideals p and ¥ of @ with p of prime
norm. Recall that proper rational parabolics of G = SLy (k) are in bijection with proper flags

We:0GWoG---CWr Sk, r>o0.

Before stating our next result we recall the definition of Siegel sets. For a strictly increas-
ing sequence J = {j1 <--- < jr} of integers in {1,..., N — 1}, let W;, = (eq,... e}, ) and
let Py be the standard parabolic of SLy (k) stabilizing the flag

Wy 0G Wy, G G W, SV,

- -

We can write Py = NM A, where (setting jo = 0 and j,4+1 = N)

1j, * *
0 1,_j, -  *

(34) N =Nj= 2 :
0 0 R *
O 0 O 1jr+1_jr
A1 0 0
0 Ay --- 0

M= M, = | : Ag € Ly, (). [det(Ag)] = 1¢ .

00 . 0
0 0 0 Ay

A=Ay ={a(ty,... . tr41) : tr >0, deta(ty,....tr41) = 1}.
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where
nl, 0 .. 0
0 tzlj —j 0
a(ty,....tr41) := > )
0 0 . 0
0 0 0 tr+11jr+l—jr

An element g € G can be written as
g=nmak, ne N, meM,aecA, keSUWN).

In this decomposition n and « are uniquely determined by g and m and k are determined up to
an element of M N SU(N).
Fort € R~y, let

1
A = {a(tl,...,trH) cd: K ztforallk}.
lk+1

The Siegel set determined by # > 0 and a relatively compact set w C NM is
(3.5) S, w) :=wA; -SUN) C SLy(C);

we refer to its image in X also as a Siegel set.
More generally, suppose that W, is a proper flag of k¥ A Siegel set for the cusp defined
by W, is a set of the form
S(g.t,w) := g 'wA; - SUN),
where g € SLy (k) is such that gW, is a standard flag (i.e. of the form Wj for some J).
We say that W, defines a good cusp it ye; € Wy for some y € Io(p, A(J)).

Proposition 3.4. Suppose that We defines a good cusp. If v € kN satisfies
v+ A®I)NW, =0,

then Ep(v, P ® 0:Y, A(3)) is rapidly decreasing on every Siegel set for the cusp defined
by We.

For the proof it will be convenient to work with adeles. Given a finite Schwartz function
¢f € S(Vk(Af)) andt > 0, let

0,1, P @ 0:¢y ®Y) = Y ¢V ((+1),P&0)
AekN

E(”’P®§?¢f®w,5)=[0 9(v,z,P®§;¢f®w)t5+N+1)—q£

t
= > ¢+, P®0.5).
AekN

N

Using Poisson summation as in Section 3.2, for Y € AN ~1p, we may write

0(v.g+Y.1,P @ Q:¢r @ ¥)
= CVol(CN JA(3)) 12N

Y e Ay Tlg* A Y g7 (P ® 0)
A€V
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and
E(,g+Y. P ® Q:¢r ® Y, 5)
dt

= Z ¢f(k) /oo w(tg_l(v + 1), Y;g_l(P ®§))ts+N+p—Q_
AV 1 t
+CVOl(CN /AN Y gryemitvA)
AGVk

o0 — dt
- / VgAY g (P e Qe
1

showing that E(v, P ® Q; ¢r ® ¥, s) admits analytic continuation to s € C that is regular at
s = 0. Note that we can write

Ep(v, P ® Q; ¢, A(3) = E(v, P ® 0:¢7(p,3) ® ¥, 5)|s=0,
where ¢7(p,3) € 8(Vi(Ay)) is given by

0 if 1 ¢ A(p3) R O,
dr(lip,3) =11 if 2 e A(pS) ®p O and A1 ¢ 371 ®¢ O,
1—N(p) ifAeA®I)®e Oand A € 37 ®p 0.

~Pr00f0fPr0p0siti0n 3.4. FixY e AN~1panda vector v € k. Define ;ﬁ; eS8 (Vi(Ay))
by ¢r(A) = ¢r(A—v:p.3).Forg = (gr. goo) € SLy(Ag), polynomials P and Q and ¢ > 0,
define . -
Opgo(@ 1) = Y br(gr' VY (gd A Y:P ® Q)
AekN
and

dt

o0
Epgg(g.s) =/0 9P®§(g,f)fs+N+p_q7

= Y br(gr gAY P ®0,9).
AckN

Then our Eisenstein series Ep(v, P ® 0: ¥, A(3)) satisfies

Ep(v,(800)+Y; P ® 0: 9. A(R).s) = Eggol(p(g@)((gf =1,8).5).

Since E PRO is linear in P and Q and V74 is a polynomial representation of G, it follows that
2o (P ® Q) grows at most polynomially on any Siegel set. It follows that it suffices to show
that £'p @@((gf_: 1, g00), §) is rapidly decreasing on every Siegel set for the cusp defined by
W, for all P ® Q € VP74 since Ep ®§(g, s) is an automorphic form, we can check this by
showing that the constant term

Epgo((er = l.g >,s)N=/ Epoon(gs = 1. goo). ) dn
PRQO\\SS 00 N(Q)\N(A) PRQO f o0

vanishes, where N denotes the unipotent radical of the parabolic P corresponding to W,. Let
us fix P and Q and drop P ® Q from the notation and write simply E(g, s) and E(g, s)N. By
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transitivity of constant terms, we may assume that P is maximal, i.e. that the flag W, consists of
just one proper subspace Wy of kV. Note that under our assumptions on v we have $r(A) =0

for A € Wy. For A € kN — Wy, the orbit of A under N(Q) is A + Wy. Writing N (Q) for the
stabilizer of A in N(Q), we have

E((gy = 1goohshy = [ ( > Et;?(n;lx)

NQW®A) \ S

/ w(tg 1 —lk Y P®Q)tS+N+p tht)dn

— rud / _1A
2. /N«@)\N(A)( 2, (T

rekN | Wo n’eN; (Q)\N(Q)
AF#0
N(tg L(n'nee) A Y P ® 0, s)) dn
— VoI, (Q)\Ni (A7) 3 f &7 (n7'2) dny
AekN /W N (As)\N(A /)
AF#0
/ (tgoo oo)tYP(X)Q §)dneo.
Na (R)\N(R)

Lety € T'o(p, A(J)) such that [ := (ye1) € Wpy. As the Schwartz function ¢, (3), the p-com-
ponent of ¢y, satisfies

/ Pp(w +xe1:3)dx =0, w e Vi(kyp),
ky

using that ¢ (3) is invariant under o (p, A(3)), we compute

/ br (7' A dny = / ¢r (A + w) dw
NA(A£)\N(A£) Wo(Ay)
:/ ¢r(—v+ A+ w)dw
Wo(Ar)
=/ ¢r(—v 4+ A+ w' + xyer) dx dw'
Wo(Ap)/1(Ay) JAy,
=0,
showing that indeed the constant term is zero. |

3.4. Tits compactification and modular symbols. First recall that the Tits building
Aq(G) is a simplicial set whose non-degenerate simplices are in bijection with (proper) ratio-
nal parabolic subgroups P of G, or equivalently with proper k-rational flags

Wei0SWo S-S W, SN, r=0.

The stabilizer P(W,) of this flag is a rational parabolic of G that defines an r-simplex in Ag (G).
Its i-th face is the simplex corresponding to the flag obtained from W, by deleting W; (degen-
erate simplices correspond to proper flags where we allow W; = W; ;1 for any 7).
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For a parabolic subgroup P, denote by Np its unipotent radical and write Lp = P/Np for
its Levi quotient, Sp for the maximal QQ-split torus in the center of Lp and Ap = Sp (R)? for the
identity component of the real points of Sp. Writing X (Lp)q for the group of rational characters
of Lp, we define Mp = (), cx(Ly) o ker «?. Then we have the direct product decomposition

Lp(R) = Mp(R)Ap.

The simplex in Ag(G) corresponding to P admits a natural geometric realization. To
define it, let ap and np be the Lie algebras of Ap and Np respectively, and let @+ (P, Ap) be
the set of roots for the adjoint action of ap on np. These roots define a positive chamber

ap ={H €ap:a(H)>0,acd (P, Ap)}.
Writing (-, - ) for the Killing form on g, we define an open simplex
ap (00) ={H €af : (H,H) =1} Cag
and a closed simplex
aif(c0) = {H € ap:a(H) >0, (H H) =1, o € (P, Ap)}

in ap. Note that for P maximal the Lie algebra ap is one-dimensional and so a;f (00) is just
a point. Moreover, if Q is another rational parabolic, then ag (00) is a face of the closed sim-
plex a;,r (00) if and only if P C Q. It follows that af: (00) gives a geometric realization of the
simplex in Ag(G) corresponding to P, and so the Tits building Ag(G) admits the geometric

realization

(3.6) 1A0(G)] ~ [ J o (c0)/~.
P

where the union runs over all proper rational parabolics P of G and ~ is the equivalence relation
induced by the identification of ag (0c0) with a face of a;f (00) whenever P C Q. As a set we
may write

1A@(G)| =] [ af (c0)
P
as a disjoint union of open simplexes a;{ (00).

3.4.1. Tits compactification. Here we follow [23] and [6, Section III.12]. The Tits
compactification g X T has boundary |[Ag(G)|: as a set we have

QYT =XU ]_[af:(oo).
P
The topology on QYT can be described in terms of convergent sequences (for a full description
see [6]). Note that we have fixed xo € X corresponding to the maximal compact subgroup
K =SU(N) C G = G(R) and hence a unique Cartan involution 6 of G that fixes K and
extends to G (namely, 8(g) = ‘g~ !). There is a unique section ig : Lp — P of the quotient
map P — Lp with image invariant under 6. We write

P =P(R), Np=Np(R), Ap(xo) =io(Ap), Mp(xo) = io(Mp(R))
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and obtain the Langlands decomposition (explicitly given by (3.4) for standard parabolics)
P = NpAp(xo)Mp(x0).
Writing Xp = Mp(x¢)/(K N Mp(xg)), this induces a diffeomorphism
(3.7) Np X Ap(xg) x Xp — X, (n,a,mK)+— namK.
The topology on QYT is characterized by the following properties:

(1) The subspace topology on the boundary |Ag(G)| is the quotient topology given by (3.6).

T . .
(2) Let x € X. A sequence x, € X , n > 1, converges to x if and only if x, € X for
n > 0 and x, converges to x in the usual topology of X.

(3) Let Hyo € a;,r(oo) and let (x;);>1 be a sequence in X. Write x; = n; exp(H;)m; for
unique n; € Np, H; € ap and m; € Xp according to the horospherical decomposition
(3.7). Then x; — Hyo if and only if x; is unbounded and

(i) Hj/”HjH —> Hoo in ap,
(i) d(njmjxo,x0)/|H;|l = 0,
where d denotes the Riemannian distance on X .

With this topology, QYT is a Hausdorff space on which G(Q) acts continuously.

Given points x € X and x’ € QYT, we denote by [x, x’] the unique oriented geodesic
segment starting at x and ending at x’. More explicitly, if x’ € X, we define [x, x'] to be the
image of

(3.8) s(x,x"):[0,1] = QYT, ts(t;x,x),

the constant speed parametrization by the unit interval of the unique oriented geodesic seg-
ment with 5(0; x, x") = x and s(1; x, x’) = x’. If x’ belongs to the boundary of @YT, then
there exists a unique parabolic subgroup P such that x” corresponds to Hoo € a;{ (00). In the
coordinates given by (3.7), we have x = n exp(H )m, and we define [x, x'] to be the image of
the map

nexp(H + {5 Hoo)m  if1 <1,

(3.9) s(x,x"):[0,1] —>@7T, ts(tx,x') = { ) W
X iftr =1.

Given subsets S C X and S’ C QYT, the cone C(S, S”) (also known as the join S * S’) is the
subset of QYT defined as
c(s.8) = [x.x]

xes
x'eS’

If S = {x}, we say that C(S, S’) is the cone on S’ with vertex x. When S’ is given by a sim-
plicial map A, — Ag(G) into the Tits boundary, the cone on S’ with vertex x is naturally
the image of an (r + 1)-simplex |A;4+1] — QYT (oriented so that the boundary orientation
agrees with that of S”). More generally, if S is given by a simplicial map |Ax| — X and S’ is
given by a simplicial map A, — Aqg(G), then the cone C(S, S’) is the image of a map

Akl > A x [0.1] »o X7
that factors through the join
(3.10) |Aksrril = [Ag % Ar| >g X7
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3.4.2. Modular symbols. For k > 0, let A;c be the first barycentric subdivision of the
standard k-simplex. Its vertices are in bijection with the non-empty subsets of {0, ..., k}, and
a set of vertices {vg, ..., v,} forms an r-simplex if and only if they are linearly ordered, i.e.
vo € -+ C v,. Denote this simplex by Ay, 4, .

For a collection y = (yg,...,Vr—1) of kK < N elements of I'g(p, A(3)), let us define
a continuous map B

AQy) : 1A} | — X7

Assume first (yoe1, ..., yr—1e1) # k. For each chain vy C --- C v, defining an r-simplex
in Ak 1> the flag
(3.11) 0C (yie1|i €vo) S (yie1|i €evy) S---C (yie1]i €v,) < kN

is a proper flag of length r. We define A(y)(Ay,,...,v,) to be the corresponding (possibly
degenerate) r-simplex in Ag(G); we give this simplex the orientation induced by A(y) by
the standard orientation on A;{_l. This assignment preserves faces and degeneracies and so
defines a simplicial map A(y).

Next assume that k = N and the vectors Yoei,...,YN—1€1 are linearly independent.
Define

A(y) = (yvoer|---lyn—1€1) € Mn(O) N GLy (k)

to be the matrix formed by the first colurnnsl of yo,...,yYnN—1. Fix an N-th root (det A(Z))_ﬁ
of detA(Z)_1 and let a(y) = (det A(y))”~ A(y); the matrix a(y) has determinant one and
defines a point

(3.12) xo(y) =a(y)K € X

(independent of the choice of N-th root above). Suppose that vg < -+ € v, is a chain defining
anon-degenerate r-simplex in A’y _;. If v, # {0,..., N — 1}, then we define A(Y)(Av,...,v,)
to be the r-simplex of Ag(G) corresponding to the flag (3.11). If v, = {0, ..., N — 1}, then
we define

(3.13) A(Z)(Avo ,,,,, v,) = cone on A(Z)(Avo v, ) With vertex xO(Z)'

.....

These assignments are compatible with face maps and therefore give rise to a well-defined
continuous map A(y) : Ay_; = oX T By induction on k one shows that

AWY'vo, ...V vk=1) = V' Ao, ..., vk—1). fory’ € To(p, A(3)).

Note that when the vectors y,el are linearly dependent, the image of the map A(y) is
contained in the boundary of QX . When they are linearly independent, the intersection

A®(y) == X NIm(A(y))

of the image of A(y) with the interior X of QYT is a submanifold of dimension N — 1, namely

N
(3.14) AO(Z) = {a(z)diag(rl,...,tN)K 1t € Roo, 1_[[,- = 1} C G/K = X.
i=1

(To see this, we may assume that y;e; = e;, so that a(y) is the identity matrix 1. Consider
first a non-degenerate simplex Ay, v, in A’y with vg = {1,... Jvg|}. If [v,| < N, then
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the r-simplex A(1x)(Ay,
proper flag

v,) in the Tits compactification of X corresponds to the standard

.....

0 (ei|i=<|vol) &+ S (ei |1 =|vs]) # Vi,

e

and the subgroup Ap of the corresponding parabolic P is
Ap = {a(t(), e tr+1) it >0, deta(lo, . ,Zr+1) = 1},

where
10 + Ly,

11+ Ly, |—Jwo|
a(to,...,tr4+1) :=

1IN o,
If [v-| = N, then the cone of A(1x)(Ay,,...,v,_,) With vertex xg is

{a(to.....tr41)K | a(to. ... . tr41) € Ap,tog = -+ > tr41}.

The statement follows since any r-simplex A(1xy)(Ay,,...,v,) can be obtained as a translate of
a simplex corresponding to a standard flag as above by a Weyl group element.)
The coordinates
a(y)diag(ty, ..., tN)K — 1

identify A°(y) with the manifold C defined in (2.14). This isomorphism is orientation preserv-
ing.? For convenience we define A°(y) = @ if A(y) is not invertible.

Note that (3.14) implies that A°(y) admits a finite cover by SLy (k)-translates of (images
in X of) standard Siegel sets of the form (3.5). One may take this cover to consist of one Siegel
set for every parabolic P stabilizing a flag consisting of subspaces of the form (y;eq |i € I)
for/ €{0,...,N —1}.

3.5. Evaluation on modular symbols and the cocycle property. We can now relate
the Eisenstein series Ep (v, P ® 0y, A(3)) and the Eisenstein cocycle.

Proposition 3.5. Assume that v does not lie in any A(p3I)-translate of a proper sub-
space of V of the form (yie1 | i € I) for I € {0,..., N —1}. Then (I>£’q(- .Y, AR)) is defined
at v and

$29(v.y. A®)(P © 0) =fA B0, P @Dy YA
°(y

Proof.  Consider the matrix A(y) = (yoe1] ... |yn—1e1). If A(y) is not invertible, then
both sides are zero by definition. Now assume that A(y) is invertible and take A(Z)_l P and
A(y)~'Q to be monomial, say

A(Z)_IP(Z) =z = zi' z;\’,\’ and A(y)~1Q(2) = 7/ =iy
it suffices to show that with this choice of P and O we have

/A o, T ® 0: ¢ AR)) = Dy (v, A(y). AR)).
(v

2) Recall that we have defined the orientation of AO(Z) to be induced by the boundary and that the
orientation on C is fixed in Section 2.6.
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Note that the proof of Proposition 3.4 shows that, for any s, the Eisenstein series E, (v, P ® 0;
Y, A(3),s) is rapidly decreasing on any Siegel set corresponding to a good cusp; since A°(y)
admits a finite cover by such Siegel sets, it follows that Ey (v, P ® 0:v, A(3), 5) is integrable
over A°(y). For Re(s) > 0, we compute

/ E@, P ® Q;yP9, AJ),s)
A°(y)

= 2 /A "+ 24 P®Q.s)

AeA(]) )
- *P4(v+ A, P®O0,
xg(:m /T/TmKa(Z) U Q.s)
= p:q -1 4 _
Ag(:S) /T/TﬂK n"aly) (v +A).aly) (P ® Q).s)
= |det A(y)| "V det A(y)" Y / 1P9(AG) " + 1), Ap) (P ® 0),9),
T/TNK

AEA(R)

where the last equality follows from the homogeneity property (2.12). The desired identity
follows by analytic continuation from Lemma 2.5. m)

We can now use Proposition 3.5 to prove that <I>f,’ “4(A(3)) is indeed an (N — 1)-cocycle,
i.e. that it satisfies property (3.3).
Given N + 1 elements yo.....yn € To(p, A(3)), write S; for A(yo.....Vj.....YN)
and fix x € X such that
x ¢ U S;.

0<j=<N
Then S; is an (oriented) (N — 1)-simplex in the boundary of QYT, and we denote by (—1)/ S i
the same simplex with opposite orientation if j is odd. Note that ) j (-1)/S 7 1s a cycle, i.e.
2(—1)1'65,- = 0. For each j with 0 < j < N, we next define an N -simplex
Cj:|An| — oXT.

Assume first that (yoer, ..., yj€1,...,yne1) # k. We define C; to be the cone on (—1)/ S;
with vertex x (cf. Section 3.4.1); its boundary is 0C; = (—=1)/ S; — (=1)/ C(x, 0S;).

Now assume that (ype1, ..., yjei,...,yne1) = kY. Then the intersection S? of S; with
X is non-empty, and in (3.12) we have defined a barycenter x; := xo(Yo.....7j,...,YN) € S]‘?

such that S; is the cone on dS; with vertex x;. We define C; to be the cone C([x, x;],9S;),
where [x, x;] denotes the oriented geodesic segment from x to x;. More explicitly, let

s 1[0, 1] = [x, x/]

be the constant speed parametrization of the geodesic segment joining s(0) = x to s(1) = x;.
For each simplex A(yo,...,7j,....YN)(Ay,...,v,) contained in S}, let P be the correspond-
ing parabolic; writing s(¢) = n(t) exp(H;)m(t), we obtain a map

(3.15) [0,1]xaf — X, (t,H') > n(t)exp(H; + H')m(t),

whose closure is C([x, x;], A(Yo....,Vj,---+ YN)(Ayy,...v,)). Since dS; has empty bound-
ary, the boundary of C; is the union of §; (= the cone on § j‘.’ with vertex x;) and the cone
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C(x,0S;); we orient C; so that the induced orientation on S; is that given by (3.13), so that
oC; = (-1)/S; — (=1)/ C(x,0S)).

It follows that the sum A(yo,...,yN) = Zj C; has boundary Zj (—1)7 S;. The cocycle
property (3.3) follows immediately from Stokes’ theorem and the following lemma.

Lemma 3.6. Assume that v does not lie in any A(p3)-translate of a proper subspace
of V of the form (yje1 |i € I) for I C{0,..., N}. Then the Eisenstein series Ey(v, P ® Q;
Yyl A(3)) is rapidly decreasing on A(yo, ..., YN).

Proof. By Theorem 3.4, it suffices to show that each C; can be covered by finitely many
Siegel sets of good cusps, which is obvious from the explicit description (3.15). |

4. Eisenstein cocycle and critical values of Hecke L-series

4.1. Units of extensions of k. Let L be a field extension of k of degree N > 2. We
denote its ring of integers by O, and write o1, ..., oy for the complex embeddings of L in C
extending 0. We obtain an embedding

o € Homg(L,CY), o) = (01(]),...,on(])).

Let n : L* — k> be the norm map and L! be the kernel of n. We fix ideals a, 8 and § of
O that are pairwise coprime and such that p := n() is prime. We let U(f) = O N (1 + )
and U(f)! = U(f) N L!. We denote by U(f).  the torsion subgroup of U(f)! and fix units
ui,...,un—_1 € U(F) that generate a subgroup U(f)" := (uy,...,uny_1) of U(f)! that is free
abelian of rank N — 1 and maps bijectively to U(f)!/U(f)L ; via the quotient map.

Lemmad.1. Let 3 be a fractional ideal of O coprime to p. Assume that 3 is isomorphic
to (detg (fa™ 1)L, There exists a k-isomorphism o : L => kN making the diagram

fa=l —— A®®)

[ [

f@P) ™ —5—= A®I)

commute.

Proof. Fix an isomorphism &@ : fa~! <> A(3). Then the O-lattices A = A(p3) and
Ar = @(F(aP)™ ) contain A(3) and A;/A(I) ~ O/p for i = 1,2. For each finite place v
of k andi = 1,2 we obtain an @y-lattice A; , = A; ®9 Oy in kf)v, and we have A1y = Az y
for all v # p. Pick g € SLy (A(3)p) such that gpAs , = Aq,p and let

Up = SLN(A(I)p) NSLy (A2 p).

Then Uy, is an open compact subgroup of SLy (kp) and U = gpUyp X ]_[U?ép SLy(A(3)y)isan
open subset of SLy (Ag, 7). As SLy (k) is dense in SLy (Ag, r), we may find g € SLy (k) N U.
Then g stabilizes A(3) and gA> = Ay (since gA2, = A1,y for every finite place v), and so
« := g o @ makes the diagram in the statement commute. o
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From now on we fix an isomorphism « as in the above lemma. These choices define:

a vector
vo = a(l) € kY,

ak-basisaj = a~l(e;) (j =1,...,N) of L and a matrix
_ 1
ag = (07 ()" det(0i (aj)) ¥ € SLy(C)

(here det(o; (o j))ﬁ denotes a fixed N -th root of det(o; (¢)))),

an inclusion
le : L™ = GLy (k)

sending / € L* to the map x +— (/e !(x)), that can be described using ay:
tall) = aqdiag(o (1))ay".

Define
[1(vo, AR)) ={y e T(AR)) : (y — Dvo € AR)}

and
I':=To(p, ARR)) N T'1(vo, A(I)).

As multiplication by u € U(f)! induces an O-linear automorphism of fa™! and f (aP3)~*
of determinant 1 that preserves 1 + fa ™!, the restriction of ¢4 to U(f)! defines an inclu-
sion

UM > T

Write (L Qg & C)! for the elements of (L ®k,o C)* of norm 1 and (L ®k C)! for the
maximal compact subgroup of (L ® C)!. The map u — 14 (1)aq (= agdiag(o(u)))
induces an embedding

4.1 ta (L ®k0 ©)'/(L ®po C)¢ = X
and hence a basepoint x4 = doSU(N) € X and a map
e+ X() 1= U(H'\(L ®k,0 CO)'/(L ®ko C)¢ — T'\X.

By Kronecker’s theorem (“algebraic integers all of whose conjugates are of norm one are
roots of unity”), the kernel of the action of U(f)! on (L ®k,o C)Y'/(L Rk.o C)! equals
the torsion subgroup U(f).} ., of U(f)!, and the action of

UF) = (u1,...,un—1) =~ UG UL

on (L Q¢ )/ (L ®k,o C)! is free. Fix the orientation on (L ®k.o C)'/(L ®k.o C)}
associated to the canonical orientation of CV and write

[X(F)] € HN—1(X(F).Z) ~ Hy—1((u1. ... . un-1).Z)
for the fundamental class of the (compact, oriented) (N — 1)-manifold X (). We write

cor : He((u1, ..., un—1),Q) - He(U(F)', Q)

and
res : Hy (U(F)', Q) = Ha((u1,....un—1).Q)
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for the corestriction and restriction maps respectively and set
Zg = [U(F) : U1 eor[X(F)] € Hy—1(U(H)'. Q).

* The embeddings o1,...,0n5 : L — C give a basis for (L ®k , C)V; let us denote by
9 =2 the dual basis of (L ®; 5 C)V ~ L ®, C. Writingac = a ® 1 for the

E’ “ Jon
extension of & : L — k™ to an isomorphism L ®k,c C — V, we define polynomials

Pu = ac -2 9 ) esymy
e =ac| g )ac| 50 ) €SymTV,

Oy = ﬁoo@l € SymNVV.

Note that these polynomials satisfy

(42)  ag' Py =det(oj(@;)) " (e1---en), az'Qa = det(oi(e))) - Z1- 2N
For non-negative integers p, g, we define

PP = pi=N . pP @ 0,7 e (vPNaN)V,
Then PZ>? is invariant under 1o (U(f)1). We define

zP1 = Z; ® PP e Hy (U, (vPNaN)Y),

Let
res(Ep(vo: PNV A®)) € HY TN U VNN

be the cohomology class defined by the restriction of the closed form Ey(vo; YPNAN A (3))
and define

(Ep(vo; yPV IV A(R)), Z01)
= res(Ep(vo; y V4V, AR)) N 211

— UG : UG /X B0 PPy A

4.2. Partial zeta functions. Given integers p, g > 0, define the partial zeta function

——q
P:q _ ! n(x)
Flas)= ) P Re(s) >> 0.
xeUF)\1+Ffa™

(Since uu = 1 for every u € 0%, this is well-defined provided that p + ¢ + 1 is divisible by
the order of the subgroup n(U(f)) of @*, which we assume.) Define also the “3-smoothed”
partial zeta function

(e, s) = NP5/ @B, s) = NP ¢ (a, 9).

These partial zeta functions admit meromorphic continuation to s € C that is regular at s = 0.

Proposition 4.2. We have
(Ep(vo: yPMIN A(3)), Z{) = det(oi (@))¢] (@, 0).
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Proof.  For s in the range of convergence of the Eisenstein series, we compute

/ 2 E(vo, P29 yPNN A (). 5)
X()

N,gN ,
:/U L*( Z nPa (v,POf’q,s))

(DN\LSK O /(Lero O "\ | )

LZ( > nPN"wa(x),P;’q,s))

xel—i—fa_l

X e, ps)

xeUF)\1+fa" ! ueUF)

= Z [;UPN,QN (a(x), Pap’q» 5).
reUEN 1 45a * LOkoO /(Lo C

/U(f)’\(L®k.a(C) /(L®k.oC)e

L*(
/U(f)f\(mk.a@l/(L®k.a<C)é “

Writing T for the torus of diagonal matrices in G, note that the image of ¢ is identified with
the translate ao,(7/T N K) C X. Since

(a3 v); = det(o; (@;)) "V oy (e (v)),

using (4.2) and Lemma 2.5 and writing A = det(o; (« j))_%, we compute

*ppNaN p-q
/(AL@’k,a(C)l/(L@kﬂC)é i (ce(x), PP 5)

- /T N ). L)
N
_ ——gN____
- p' ! /T/T{‘]K UPN,qN(Ag(x)’ APN(el "’eN)p ® A 7 Z1 "'ZNq,S)

= prrVaPNEIN / N (B0 (o1 o) @ TR
T/TNK

N

PTGy +1+pV ]
k=1

(Aoy (x))?
| Aok (x)| N (Ao (x))P+1!
n(x)4?

|n(x)| ¥ n(x)P+1!

—gN

= APNA

= [AZA N pr TGy + 1+ p)N
and the statement follows. O

4.3. Moving cycles to the Tits boundary. We now give a fundamental domain £ for
the action of (u1,...,un—1) on the image of the map (o defined in (4.1), and a decomposition
of O into (N — 1)-simplices indexed by the symmetric group Sy —i.

4.3.1. Simplices. Let us first define the relevant simplices. For any integer k >0, x € X
andy = (yo,.... k) € To(p, A(3))k*1, we define a continuous map

Z(Z,x) ARl > X
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inductively on k as follows:
* For k = 0 we have A = {x} and we set Z(yo,x)(*) = YoX.

e Assume that k > 1 and that we have defined Z(yo, ..+, Vk—1,X) for every collection
of elements yo,...,Vr—1 € To(p, A(3)). We define Z(yo, ..., Yk, X) to be the cone on
Z(yo, .y Vk—1,X) with vertex yrx (we orient this cone by declaring that its vertices
Y0X, ..., VX are in increasing order).

By induction on k one shows that
AY'Y0, ¥ V1, %) = VAo, .. vk—1, %) fory’ € To(p, A(R)).

4.3.2. Fundamental domain. Consider now the fundamental domain O for the action

of (u1,...,un—_1) on the image of the map 1o defined as follows: for ¢ € [0, 1]V 1, let
o) (@) = (o1 ()" - or(uy—)™ .. on )" oy (1)) € (CHY
and let

D ={a,0)(OK :1€[0.1JN""} C X.
There is a standard decomposition of [0, 1]1¥~1 into (N — 1)-simplices:
[0, 1]V = U {(t1, o tv—) € [0, 1IN ity < -0 < tov—n))-
geSN—1

This induces a corresponding simplicial decomposition of D: writing

Ui = wa(ui) € To(p, A(3))

and
(4.3) U, = (L, Us1), Us()Us2) - - - Us1y - Us (v 1))
we have
(44) D= ), sen0)A(Ly. xa).
ogeESN—1

4.3.3. Deforming A(y,x). Letk >0, x € X and y€ I‘O(p,A(Ns))kJrl with k < N.
In this subsection we define a homotopy between the simplices A(y x) and A(y); that is,
a map
H(y.x): |Ag] x [0.1] - X

such that
(4.5) H(y. X)|ag1x{0} = Z(Z’ x),
H(y, X)ljapix1y = Ay).

Since the cones in X depend on the order of the vertices we try to define this homotopy with
a bit of care.

Moreover, we will show that H can be covered by a finite number of Siegel sets attached
to good cusps (recall that we say that a cusp corresponding to a rational flag W, is good if we
can find y € o(p, A(3)) such that ye; € W) and has the equivariance property

(4.6) HY'vo.....Y'vi,x) =y H(yo,....yx,x) fory’ € To(p, A(J)).
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To define H, we use a decomposition of |Ag| x [0, 1] defined inductively as follows. For
k = 0 we take the decomposition of {*} x [0, 1] ~~ [0, 1] with O-simplices {0} and {1} and the
I-simplex (0, 1). The decomposition of |Ag| x [0, 1] is defined inductively on k by joining
every simplex of (Az_; x {0}) U (0A; x [0, 1]) with the barycenter of Ay x {1}, as in the
following figure.

(y2e1)

(y1e1, y2e1)

(yoe1, yae1)

/ (yoe1, y1e1) \

Yox yix

(yoer) (y1e1)

More precisely, we define, inductively on k, a subset Sj of A X A;{ satisfying
CH) Al 0.1 = [ | ClsIx {015 > {1})

(s,8")ESK

(here the symbol |_|° denotes an almost disjoint union: the cones indexed by different pairs
in Sy have disjoint interiors). We define S as follows:

e For k = 0 we have Ag = {*} and we set So = Ag X Ayp.

e Let k > 0 and assume that S;_; has been defined. Let x¢ be the barycenter of Ag. To
describe which pairs (s, s”) belong to S, recall that every simplex s” € A;c either (i) is
the O-simplex {xo}, or (ii) lies on a face of 0Ag, or (iii) is the cone C({xo}, s”) with
vertex xg for a unique simplex s” of A;{ contained in the boundary dAy. In case (i)
we declare that for every s € Ag we have (s, {xo}) € Sk. In case (ii), the vertex s’ lies
on a face Ap_; C 0Ag. We declare that (s,s’) € S if and only if s belongs to the
same face of 0Ay as s’ and (s,s’) € Sk_;. In case (iii), we declare that (s,s’) € Si
with 5" = C({xo},s”) if and only if s and s” belong to the same face of dA; and
(s,s”) € Si_;. Property (4.7) follows by induction on k.

With this decomposition of |Ag| x |[0, 1]| in hand, we can now define H by induction on
k. For k = 0 we recall the definition of s(x, x") : [0, 1] — QYT (see (3.8) and (3.9)). Writing
(yoe1) for the point of the boundary of QYT corresponding to the flag given by the line (ype1),
we set

H(yo.x) = s(yox. (yoe1)).
Note that the image of H (yy, x) is the cone C({yox}, {{yoe1)}).

Assume that £ > 1 and we have defined H (yo, ..., yr—1,x) for every collection of ele-
ments Yo, ..., Vk—1 € Lo(p, A(3)). Let y = (yo, ..., yx) € Lo(p, A(3))**1. Assume first that
(yoe1.....yre1) # kN. Then A(y) corresponds to a simplex in Aq@(G). We define H(y, x)
using the decomposition (4.7) by taking the restriction of H(y, x) to C(|s| x {0}, ]s’| x {1}) to
be the simplicial map (3.10) whose image is the cone C (Z(y?x)(s), A(y)(s))).
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Now assume that (yper, ..., yre1) = k% (and hence k + 1 = N). Given (s, s") € Sy_1,
we define the restriction of H(y, x) to C(|s| x {0}, |s’| x {1}) to be the simplicial map (3.10)
whose image is the cone defined as follows:

e If s is the barycenter xo of Ay_1, take the cone to be C(Z(Z, x)(s), {xo(y)}) (recall
that xq (Z) € X denotes the barycenter of the modular symbol A(Z))'

e If 5" belongs to the boundary 0A y_1, then s and s’ belong to the same face of 0A N _1,
and the restriction of H(y,x) to C(|s| x {0}, |s’| x {1}) has already been defined to be
the map whose image is the cone C(A(y, x)(s), A(y) (s7)).

e In the remaining case we have s’ = C({x¢},s”) for a unique simplex s”" € 0Ax_1. In
this case we form the cone C’ := C(A(y.x)(s).{xo(y)}) C X and take the cone to
be C(C', A(Y)(s")).

By induction on k one shows that H(y, x) is well-defined and continuous® and satisfies
(4.5) and (4.6). Note that the image of H ()/ X) is given by a finite union of cones of the form
C(S,S’), where S is a compact subset of X and S’ is a simplex in the boundary of oX x7
corresponding to a good cusp; it follows that the image of H(y, x) can be covered by finitely
many Siegel sets attached to these cusps. B

4.4. Smoothing and evaluation. We can use the above results to express values of
partial zeta functions as polynomials in Kronecker—FEisenstein series, by using the fact that
the Eisenstein series Eyp(vo; ¥, A(3)) is closed and moving the simplices in (4.4) to the Tits
boundary. In order to guarantee that the Eisenstein series is rapidly decreasing, we will use the
following lemma due to Colmez and Schneps [12, Lemma 5]. In its statement we write vg for
the valuation defined by a prime ideal EB of @1, and denote by Sy /i the set of all non—zero
prime ideals ‘B of @y, such that the residue field O / EB has degree one over 9/ (iB N Q).

Lemma 4.3. Let {¢;}ic 1_be a finite collection of non-zero k-linear forms on L. There
exists a constant C such that if ?B € Sp/k satisfies N‘B > C and ! € L satisfies vg (l ) < 0and
v (1) = 0 for every other prime divisor Pty of (?B N O)Oyr, then ¢;(l) # 0 for every iel.

In particular, if ‘:B e SL/k satisfies NSB > C, a is a fractional ideal of L coprime to
(SB‘ NO)Or andl € aSB — a, then the forms ¢; are all non-vanishing on the coset | + a.

Proof.  We can write ¢; (/) = trpjx(l;1) for unique /; € L*. Take C so that N’,ﬁ >C
implies that p = B N O is unramified in L and for every prime divisor 8’ of pO1 we have
vy (l;) = Oforalli. Fori € I and/ as in the statement, we have vgf}(l,'l) < Oand vy ([;1) >0
for every other prime divisor B’ of @y . This implies ([33, II, Section 3, Corollaire 2]) that
try sk (l;1) is not a p-integer, and hence is not zero. ]

For a prime ideal iﬁ of @y, coprime to f, a and B, define the “(, %)—smoothed” zeta
function

(a g(@s) = NE el @) — NE ).

The following theorem implies Theorem 1.2 of the introduction.

%) This latter statement can be deduced from the following general principle: let X and ¥ two topological
spaces, (F;);ey a finite cover of X by closed sets, and f; : F; — Y continuous maps. If f; and f; coincides on
F; N F; foralli, j, then there exists a (unique) continuous map f : X — Y thatis equal to f; on F; for each .
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Theorem 4.4.  There exists a constant C such that if iﬁ is a prime ideal of Op, such that
the residue field O /B has degree one over O /p and N3 > C, then

det(o1 (027 (0.0) = UM : UG Y seno)
oeSN—1

S @2V (g all), uy, A (PP),
1eP—1§/§
10

Proof.  Let us define a collection {¢; };es as in Lemma 4.3. Writing u; ; (0 < j < N)
for the components of the N-tuple u,, in (4.3), we consider the finite set {W; };<; of all proper
subspaces W; of Vi of the form (u,, je1 | j € J),forallo € Sy—jandallJ € {0,..., N —1}.
For each subspace W; we choose a non-zero linear form ¢; on L such that W; C ker(¢; o a™1).
Let C(/) be the constant provided by Lemma 4.3.

Now take C > C([I) such that any prime ideal i? with N‘-ﬁ > C is coprime to a, |
and ; then Lemma 4.3 and Theorem 3.4 show that, for any / € ‘Ii_lf — {, the Eisenstein
series Ep(vo + (1), PY N’qN; YP4 A(3)) is rapidly decreasing on every Siegel set of every
cusp corresponding to a flag W, given by a chain of subspaces W; withi € I; in particular, for
such / we have

/ Ey(vo +a(l), PL9y?NN A(3)) = 0.
0H (U, ,xq)

Since

Y. Ep(vo+al), PPy PN IN A®3)
1eP1§/f
170

is invariant under U(f)!, the equivariance property (4.6) shows that

48) 0= > sgn(o) / > Ep(ota(l). PPy NN A(3))
0H (uy,Xa)

oeSN-1 1R §/f
1#£0
= Y @ [ Y Esatal) RPN AG))
oeSn-1 ") e
1#£0
— Y sen(o) [ Y Ep(vo+a(l), PPy NN A®3))
oeSN - Altr X)) sy
1#0

The proof of Proposition 4.2 shows that

() : U / Y Elo+a) PEGy NN AQ)
leﬂ;;;f/f

= det(o1 ())& (@.0).
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We compute

Y. Ep(vo +a(l), PPy PNV A(3))

1ep—1/f
10

= Y o [, S Eylvo + all), P29 yPNaN A (3))
oeSN-1 AlloXe)  goies
[#0
= Y @ [ Y Eelo+a) PGy NN A®)
Ao(ﬂo*) “"_1
leB~ f/f
1#0
= > s Y. @F¥N (o +all).u,. AR)(PLY).
oeSN-1 1R /1
120

X

ogeSN_1

using (4.4), (4.8) and Proposition 3.5, respectively. |
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