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Abstract

On each complete asymptotically conical Spin(7) manifold constructed by Bryant and
Salamon, including the asymptotic cone, we consider a natural family of SU (2) actions
preserving the Cayley form. For each element of this family, we study the (possibly sin-
gular) invariant Cayley fibration, which we describe explicitly, if possible. These can be
reckoned as generalizations of the trivial flat fibration of R® and the product of a line with
the Harvey—Lawson coassociative fibration of R”. The fibres will provide new examples of
asymptotically conical Cayley submanifolds in the Bryant—Salamon manifolds of topology
R* R x $% and Ocpi(—1).

Keywords Spin(7) manifolds - Calibrated geometry - Cayley fibrations - Multi-moment
map - Riemannian conifolds
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1 Introduction

In 1926, Cartan showed how to associate a group to any Riemannian manifold through par-
allel transport [7]. He called such a group the holonomy group of the Riemannian manifold,
and he used it to classify symmetric spaces. Almost 30 years later, Berger found all the groups
that could appear as the holonomy of a simply-connected, non-symmetric, and irreducible
Riemannian manifold [4]. The exceptional holonomy groups G, and Spin (7) belonged to this
list. The existence of Riemannian manifolds with such holonomy was unknown until Bryant
[5] provided incomplete examples and Bryant—Salamon [6] provided complete ones. In par-
ticular, Bryant and Salamon constructed a 1-parameter family of torsion-free G,-structures on
A% (T*S%), A2(T*CP?), $(S%), and a 1-parameter family of torsion-free Spin (7)-structures on
$_(5%). The holonomy principle implies that the holonomy group of these manifolds is con-
tained in G, and Spin (7), respectively. As Bryant and Salamon proved that their examples have
full holonomy, the problem of the classification of Riemannian holonomy groups is settled.
Manifolds with exceptional holonomy are Ricci-flat and admit natural calibrated sub-
manifolds. These are the associative threefold and the coassociative fourfold in the G, case,
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while they are the Cayley fourfold in the Spin (7) one. A crucial aspect of the study of man-
ifolds with exceptional holonomy regards fibrations through these natural submanifolds.
One of the main reasons for the interest in calibrated fibrations comes from mathematical
physics. Indeed, analogously to the SYZ conjecture [25] that relates special Lagrangian
fibrations in mirror Calabi—Yau manifolds, one would expect similar dualities for coassoci-
ative fibrations in the G, case and Cayley fibrations in the Spin (7) one. We refer the reader
to [1, 9] for further details. Another reason lies in the attempt to understand and construct
new compact manifolds with exceptional holonomy through these fibrations [8].

Some work has been carried out in the G, case (see f.i. [2, 3, 8, 15, 19]), while lit-
tle is known in the Spin (7) setting. In particular, Karigiannis and Lotay [15] constructed
an explicit coassociative fibration on each G, Bryant—Salamon manifold and the relative
asymptotic cone. To do so, they chose a 3-dimensional Lie group acting through isometries
preserving the G,-structure, and they imposed the fibres to be invariant under this group
action. In this way, the coassociative condition is reduced to a system of tractable ODEs
defining the fibration. Previously, this idea was used to study cohomogeneity one cali-
brated submanifolds related to exceptional holonomy in the flat case by Lotay [21] and in
A?(T*S*) by Kawai [16]. Analogously, we consider Cayley fibrations on each Spin (7) Bry-
ant—-Salamon manifold and the relative asymptotic cone, which are invariant under a natu-
ral family of structure-preserving SU (2) actions.

The first key observation, due to Bryant and Salamon [6], is that Sp (2) X Sp (1) is con-
tained in the subgroup of the isometry group that preserves the Spin (7)-structure. Indeed,
one can lift an action of SO (5) on S* to an action of Spin (5) & Sp(2) on the spinor bundle
of $*. The Sp (1) factor of Sp (2) x Sp (1) comes from a twisting of the fibre. Clearly, this
group admits plenty of 3-dimensional subgroups. The family we consider consists of the
subgroups that respect the direct product, i.e. that do not sit diagonally in Sp (2) X Sp(1).
Through Lie group theory, it is easy to find these subgroups. Indeed, they either are the
whole Sp (1), appearing in the second factor or the lift of one of the following subgroups of
SO (5), which are going to be contained in the first factor:

SO@3)xId,, Sp(l)xId,,
SO(3) acting irreducibly on R>,

where Sp (1) x Id, denotes both the subgroup acting on H X R by left multiplication and by
right multiplication of the quaternionic conjugate. Observe that their lifts to Sp (2) are all
diffeomorphic to SU (2) = Sp (1). Moreover, the Sp (1) contained in the second factor will
only act on the fibres of §_(S*), leaving the base fixed.

1.1 Summary of results and organization of the paper

In Sect. 2, we briefly review some basic results on Spin (7) and Riemannian geometry. In
particular, once fixed the convention for the Spin (7)-structure, we recall the definition of
Cayley submanifolds, together with Karigiannis—Min-Oo’s characterization [12, Propo-
sition 2.5], and Cayley fibrations. Similarly to [15, Definition 1.2], our notion of Cayley
fibrations allows the fibres to be singular and to self-intersect. Finally, we provide the defi-
nitions of asymptotically conical and conically singular manifolds.

Section 3 contains a detailed description of the 1-parameter family of Spin (7) manifolds
constructed by Bryant—Salamon. Here, we also discuss the automorphism group. In par-
ticular, we briefly explain why the system of ODEs characterizing the fibration induced by
the irreducible action of SO (3) on $* is going to be too complicated to be solved.
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Cayley fibrations in the Bryant-Salamon Spin(7) manifold 1133

Starting from Sect. 4, we deal with Cayley fibrations. Here, we study the fibration
invariant under the SU (2) acting only on the fibres of §_(S*). In this case, the fibration
is trivial, i.e. coincide with the usual projection map from §_(5*) to S*. We compute
the multi-moment map in the sense of [22, 23], which is a polynomial depending on
the square of the distance function. Blowing-up at any point of the zero section, the
fibration becomes the trivial flat fibration of R®,

In Sect. 5, we consider the action on §_($*) induced by SO (3) x Id, C SO (5) act-
ing on $*. Under a suitable choice of metric-diagonalizing coframe on an open, dense
set U, the system of ODEs characterizing the Cayley condition is completely inte-
grable, and hence, we obtain a locally trivial fibration on U/ whose fibres are Cayley
submanifolds. Extending by continuity the fibration to the whole §_(S*), we prove
that the parameter is S* and the fibres are topological R*s, Ogpi(=1)s or R x $3s.
Through a asymptotic analysis, it is easy to see that the R*s separating the Cayleys
of different topology are the only singular ones. The singularity is asymptotic to the
Lawson—Osserman cone [18]. Each Cayley intersects at least another one in the zero
section of §_(S*), and, at infinity, they are asymptotic to a non-flat cone with link S°
endowed with either the round metric or a squashed metric. While in the G, case [15,
Sects. 5.7, 6.7], the multi-moment map they explicitly compute has a clear geometrical
interpretation, it does not in our case. Finally, keeping track of the Cayley fibration,
blowing-up at the north pole, we obtain the fibration on R®, which is given by the prod-
uct of the SU (2)-invariant coassociative fibration constructed by Harvey and Lawson
[10, Section IV.3] with a line.

We deal with the Cayley fibration invariant under the SU (2) action induced from
Sp(1) x1d; in Sect. 6. The left quaternionic multiplication gives the same fibration
as the conjugate right quaternionic multiplication up to orientation. Contrary to the
previous case, we cannot completely integrate the system of ODEs we obtain on an
open, dense set /. However, we deduce all the information we are interested in via a
dynamical system argument. In particular, we show that the fibres are parametrized
by a 4-dimensional sphere and that they are smooth submanifolds of topology $* x R,
R* or §*. The unique point of intersection is the south (north) pole of the zero section,
where all fibres of topology R* and the sole Cayley of topology S (i.e. the zero sec-
tion) intersect. It is easy to show that all Cayleys are asymptotic to a non-flat cone with
round link S3. We also compute the multi-moment map and show that the fibration con-
verges to the trivial flat fibration of R® when we blow-up at the north pole.

The last group action that would be natural to study is the lift of SO (3) acting
irreducibly on R>. However, in this case the ODEs become extremely complicated
and cannot be solved explicitly. Moreover, the analogous action on the flat Spin (7)
space and on the Bryant-Salamon G, manifold A% (T*S*) was studied by Lotay [20,
Sect. 5.3.3] and Kawai [16], respectively. In both cases, the defining ODEs for Cayley
submanifolds and coassociative submanifolds were too complicated.

2 Preliminaries

In this section, we recall some basic results concerning Spin (7) manifolds, Cayley sub-
manifolds and Riemannian conifolds.
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1134 F.Trinca

2.1 Spin(7) manifolds

We use the same convention of [6] and [10] to define Spin (7)-structures and Spin (7)
manifolds.

The local model is R® ~ R* @ R* with coordinates (Xgs ---» X3, 4y, ..., a3), and Cayley
form:

3
Dps = dxy Adx; Adxy Adxy +day Ada, Ada, A daz + Z w; A 1;,
i=1
where w; = dxy A dx; — dx; A dxy, n; = day A da; — da; A day and (i, j, k) is a cyclic permu-
tation of (1, 2, 3). Note that {co,»}f:1 and {#; ?:1 are the standard basis of the anti-self-dual

2-forms on the two copies of R*. It is well known that Spin (7) is isomorphic to the stabi-
lizer of ®ps in GL(8, R).

Remark 2.1 This choice of convention for @y is compatible with the fact that we will be
working on §_(5*). Indeed, we can identify our local model with §_(R*). Further details
regarding the sign conventions and orientations for Spin (7)-structures can be found in [13].

Definition 2.2 Let M be a manifold, and let ® be a 4-form on M. We say that @ is admis-
sible if, for every x € M, there exists an oriented isomorphism i, : RS — T.M such that
7 ® = Dps. We also refer to @ as a Spin (7)-structure on M.

The Spin (7)-structure on M also induces a Riemannian metric, g4, and an orienta-

tion, vol 4, on M. With respect to these structures @ is self-dual. We refer the reader to
[26] for further details.

Definition 2.3 Let M be a manifold, and let @ be a Spin (7)-structure on M. We say that
(M, ®) is a Spin (7) manifold if the Spin (7)-structure is torsion-free, i.e. d® = 0. In this
case, Hol (g4) C Spin (7).

2.2 Cayley submanifolds and Cayley fibrations

Given (M, ®), Spin (7) manifold, it is clear that ® has comass one, and hence, it is a
calibration.

Definition 2.4 We say that a 4-dimensional oriented submanifold is Cayley if it is cali-
brated by @, i.e. if ®|y. = vol .. Fixed a point p € M, a 4-dimensional oriented vector
subspace H of T,,M is said to be a Cayley 4-plane if @|, calibrates H.

Remark 2.5 Observe that N is a Cayley submanifold if and only if 7,N is a Cayley 4-plane
forallp e N.

We now give Karigiannis and Min-Oo characterization of the Cayley condition.
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Cayley fibrations in the Bryant-Salamon Spin(7) manifold 1135

Proposition 2.6 (Karigiannis—Min-Oo [12, Proposition 2.5]) The subspace spanned by tan-
gent vectors u, v, w, y is a Cayley 4-plane, up to orientation, if and only if the following
form vanishes:

n= 7r7<ub ABwv,w,y) + W ABw,u,y) + w’ A B(u,v,y) +y" AB(v,u, w)),

where
B(u,v,w) :=w v ju @

and
Jr7(ub/\vl’) i= i(ub/\vb+quJ(D).

Remark 2.7 The reduction of the structure group of M to Spin (7) induces an orthogonal
decomposition of the space of differential k-forms for every k, which corresponds to an
irreducible representation of Spin (7). In particular, if k = 2, the irreducible representations
of Spin (7) are of dimension 7 and 21. At each point x € M, these representations induce
the decomposition of Az(T)’:M ) into two subspaces, which we denote by A% and A%I, respec-
tively. The map 7, defined in Proposition 2.6 is precisely the projection map from the space
of two forms to Ag. Further details can be found in [26].

Following [15], we extend the definition of Cayley fibration so that it may admit intersect-
ing fibres and singular fibres.

Definition 2.8 Let (M, ®) be a Spin(7) manifold. M admits a Cayley fibration if there
exists a family of Cayley submanifolds N, (possibly singular) parametrized by a 4-dimen-
sional space B satisfying the following properties:

M is covered by the family {N, } ,c;

there exists an open dense set 5° C B such that N, is smooth for all b € 57,

there exists an open dense set M’ C M and a smooth fibration z : M’ — B with fibre N,
forallb € B.

Remark 2.9 The last point allows the Cayley submanifolds in the family B to intersect.
Indeed, this may happen in M \ M’. Moreover, we may lose information (e.g. completeness
and topology) when we restrict the Cayley fibres to M’.

We conclude this subsection explaining how we determine the topology of R? bundles over
§% =~ CP! arising as the smooth fibres of a Cayley fibration. This is the same discussion used
in [15]. Let N be the total space of an R%-bundle over CP' which is also a Cayley submanifold
of a Spin (7) manifold (M, ®@). Since N is orientable and it is the total space of a bundle over an
oriented base, it is an orientable bundle. We deduce that N is homeomorphic to a holomorphic
line bundle over CP!. These objects are classified by an integer k € Z and are denoted by
Ocp: (k). Moreover, for k > 0 we have the following topological characterization of Ogpi (—k):

Ocpi (k) \ CP! = C*/7, = R* x ($°/Z,).

In the situation we will consider, the submanifolds we construct have the form
N\ $? = R* x $°. Hence, the only possibility is to obtain topological Ogpi(—1)s.
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1136 F.Trinca

2.3 Riemannian conifolds

We now recall the definitions of asymptotically conical and conically singular Riemann-
ian manifolds.

Definition 2.10 A Riemannian cone is a Riemannian manifold (M,, g,) with My, = R* X =
and g, = dr? + r’gy, where r is the coordinate on R* and gy is a Riemannian metric on the
link of the cone, X.

Definition 2.11 We say that a Riemannian manifold (M, g) is asymptotically conical
(AC) with rate A <0 if there exists a Riemannian cone (M), g,) and a diffeomorphism
Y : (R,o0) XX —> M\ K satisfying:

IV(P*g—g) =00"7) r—>o VjEN,

where K is a compact set of M and R > 0. (M, g,) is the asymptotic cone of (M, g) at
infinity.

Definition 2.12 We say that a Riemannian manifold (M, g) is conically singu-
lar with rate g > 0 if there exists a Riemannian cone (M,,g,) and a diffeomorphism
Y :(0,e) XX - M\ K satisfying:

V(¥ —g)l =0G"7)  r—0 YjeN,

where K is a closed subset of M and € > 0. (M), g,) is the asymptotic cone of (M, g) at the
singularities.

Remark 2.13 As X does not need to be connected, AC manifolds may admit more than one
end and asymptotically singular manifolds may admit more than one singular point.

3 Bryant-Salamon Spin (7) manifolds

In this section we will describe the central objects of this work, i.e. the Spin (7) mani-
folds constructed by Bryant and Salamon in [6]. There, they provided a 1-parameter
family of torsion-free Spin (7)-structures on M := §_(S*), the negative spinor bundle on
S*. The 4-dimensional sphere is endowed with the metric of constant sectional curvature
k, which is the unique spin self-dual Einstein 4-manifolds with positive scalar curvature
[11]. Without loss of generality, we rescale the sphere so that k = 1.

Remark 3.1 The Bryant-Salamon construction on S* also works on spin 4-manifolds with

self-dual Einstein metric, but negative scalar curvature, and on spin orbifolds with self-dual
Einstein metric. However, in these cases, the metric is not complete or smooth.
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Cayley fibrations in the Bryant-Salamon Spin(7) manifold 1137

3.1 The negative spinor bundle of §*

Let S* be the 4-sphere endowed with the Riemannian metric of constant sectional curva-
ture 1. As §*is clearly spin, given Pgq () frame bundle of S* we can find the spin struc-
ture P, ) together with the spin representation:

uoi=y,pu) s Sp(1)x Sp(1) = Spin(4) - GL (H) x GL (H),

where p, (p,)(v) :=vp,. Let # : Py, )y = P o be the double cover in the definition of
spin structure, and let Z; : Spin (n) — SO (n) be the double (universal) covering map for
all n > 3. The negative spinor bundle over S* is defined as the associated bundle:

$.(SY) 1= Pgpinga) X, H.

The positive spinor bundle is defined analogously, taking y, instead.

Given an oriented local orthonormal frame for $*, {¢,, ¢;, ¢,, €5}, the real volume ele-
ment ¢ - e, - e, - e; acts as the identity on the negative spinors and as minus the identity
on the positive ones. Now, let {b,, b, b,, b5} be the dual coframe of {ej, e, e,,e;}, let
@ be the connection 1-form relative to the Levi-Civita connection of S* with respect to
the frame {ey, e, €,, €3} and let {0}, 6;, 5;, 6, } be a local orthonormal frame for the nega-
tive spinor bundle corresponding to the standard basis of {1,4,/, k} in this trivialization.
Hence, we can define the linear coordinates (ay, a,, a,, a;) which parametrize a point in
the fibre as ay6, + a,0; + a,0; + a;0;.

By the properties of the spin connection and the fact we are working on the negative
spinor bundle, we can write:

Vo, = (P1M_(ez ce3)+ pop_(ez-e) + pyu_(e - 92))%;
= (p1_() + pou_() + p3u_(K)) 0,

where 2p, =@ — @}, 2p,=—@;— @ and 2p; =@’ —d@,. It is well known that
these are the connection forms on the bundle of anti-self-dual 2-forms, with respect
to the connection induced by the Levi-Civita connection on S$* and the frame given by
Q; 1=DbyAb; — b; Aby. As usual, (i, j, k) is a cyclic permutation of (1, 2, 3). The p;s are

characterized by:

Q, 0 —=2p; 2p, Q,
Al =] 2p;4 0 =2p (A2, 3.1
Q; -2p, 2p, O Q3

and the vertical one forms are:

o =dag + pray + pyay + psas, §1 =da, — pyay — p3ay + pyas, (32)

&y =day — pyag + p3a; — pyas, &3 =das — p3ay — pra; + p1ay. '
Remark 3.2 1f we denote by 7 the vector bundle projection map from §_(S*) to S%, we can
obtain horizontal forms on §_(S*) via pullback. For example, {7/7:4(bl-)}?=1 and the linear

combinations of their wedge product are horizontal forms on $_(S*). In order to keep our
notation light, we will omit the pullback from now on.
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1138 F.Trinca

As §% is self-dual and with scalar curvature equal to 12k, we have:

] P2AP3 Q
dlpy|=-2|ps AP |+ 2|2,
p3 PIAP Q3

which is equivalent to [6, p. 842] and [15, 3.24]. We can use it to compute:

déy =& Api+E APy +E Aps+1/2(a1Q) + a Q) + a3 ),

déy=—=8gAp1 =& AP+ S AP+ l/2(_4091 — 4y +a3Q2),
déy == Apy+E Ap3—EAp + 1/2(_‘1092 +a,8, _a391)’
déy =~ A py =& APy +E A py +1/2(=agQs — a1 Q@ + 4, Q)

(3.3)

that is going to be useful below.

Remark 3.3 A detailed account of spin geometry can be found in [17]. Observe that, there,
the definition of positive and negative spinors is interchanged. We opted to stay consistent
with [6]. Indeed, the vertical 1-form we obtain coincide with the ones obtained by Bryant
and Salamon, up to renaming the p;s. The same holds for the relative exterior derivatives.

3.2 The Spin (7)-structures

Ifr? .= aé + a? + a% + ag is the square of the distance function from the zero section and ¢

is a positive constant, then the Spin (7)-structures defined by Bryant and Salamon are:

@, :=16(c+ ) E NE A& AE +25(c + )by Aby Aby A by

1/ (3.4)
+20(c+ IHSA AQ + 4, AQy + A5 AQy),

where A; (=&, A — fj A & As usual, (i, j, k) is a cyclic permutation of (1, 2, 3).
The metric induced by ®, is
8 =4+ PE+E+E+EN+5+ DB+ P+ 3+ DD, (3.5)
while the induced volume element is
vol . := (20)%(c + 1?3 (Ey A& A&y A&y Ay Aby Aby Aby). (3.6)

Setting c = 0 and M,, := §_(5*) \ $* = R* x 57, we obtain a Spin (7) cone (M, ®,), i.e. M,
with the metric induced by the Spin (7)-structure @ is a Riemannian cone.

Theorem 3.4 (Bryant—Salamon [6, p. 847]) The Spin (7)-structure @, is torsion-free for all
¢ > 0. Moreover, these manifolds have full holonomy Spin (7).

It is well known that the Bryant—Salamon Spin (7) manifolds we have just described are
asymptotically conical (see, for instance, [24, p.184]); hence, we state here the main results

concerning their asymptotic geometry.

Theorem 3.5 For every ¢ > 0, (M, ®,) is an asymptotically conical Riemannian manifold
with rate A = —10/3 and asymptotic cone (M, ®,).
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3.3 Automorphism Group

A natural subset of the diffeomorphism group of a Spin(7)-manifold is the automor-
phism group, i.e. the subgroup that preserves the Spin (7)-structure. Clearly, the auto-
morphism group is contained in the isometry group with respect to the induced metric.

In the setting we are considering, Bryant and Salamon noticed that the diffeomor-
phisms given by the Sp (2) X Sp (1)-action described as follows are actually in the auto-
morphism group [6, Theorem 2]. Consider SO (5) acting on S* in the standard way. This
induces an action on the frame bundle of $* via the differential, which easily lifts to
a Spin (5) = Sp(2) action on Pg, 4. If we combine it with the standard quaternionic
left multiplication by unit vectors on H, we have defined an Sp(2) X Sp(1) action on
P gpiny X H. As it commutes with u_, it passes to the quotient $_(S*).

By Lie group theory [16, Appendix B], we know that the 3-dimensional connected
closed subgroups of Sp (2) are the lift of one of the following subgroups of SO (5):

SO (3) x Id,, Sp(1) x1d,,

SO(3) acting irreducibly on R,
where Sp (1) x Id, denotes both the subgroup acting on H X R by left multiplication and by
right multiplication of the quaternionic conjugate. Observe that they are all diffeomorphic

to SU (2). In particular, the family of 3-dimensional subgroups that do not sit diagonally in
Sp(2) X Sp (1) consists of

GX1g,1) C Sp(2)x Sp(1)
and
lsp2) X Sp(1) C Sp(2) X Sp(1),

where G is one of the lifts above. These are going to be the subgroups of the automorphism
group that we will take into consideration.

4 The Cayley fibration invariant under the Sp (1) action on the fibre

Let M :=$ ($%) and M, := R* x 7 be endowed with the torsion-free Spin (7)-struc-
tures @, constructed by Bryant and Salamon and described in Sect. 3.

Observe that (M, ®,) and (M, D,) admit a trivial Cayley Fibration. Indeed, it is
straightforward to see that the natural projection to S* realizes both spaces as honest
Cayley fibrations with smooth fibres diffeomorphic to R* and R*\ {0}, respectively. In
both cases, the parametrizing family is clearly S*

The fibres are asymptotically conical to the cone of link S* and metric:

dS2 + %gsﬂ,

where s = r3/°10/3 and g is the standard unit round metric.
Since Id sp@) X Sp (1) acts trivially on the basis, and as Sp (1) on the fibres of §_(S*)
identified with H, it is clear that the trivial fibration is invariant under Idg, ;) X Sp (1).
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1140 F.Trinca

Remark 4.1 We compute the associated multi-moment map, v,, in the sense of Madsen and
Swann [22, 23]. This is:

C

v, 1= @(rz —5¢)(c+ 1*2)1/5 + @66/5,

3 3
where we subtracted ¢®/°100/3 so that the range of the multi-moment map is [0, ).
Observe that the level sets of v, coincide with the level sets of the distance function from
the zero section.

Remark 4.2 As in [15, Sect. 4.4], this fibration becomes the trivial Cayley fibration of
R® = R* @ R* when we blow-up at any point of the zero section.

5 The Cayley fibration invariant under the lift of the SO (3) x 1d, action
on Ss*

Let M := § (5% and M, := R* x S7 be endowed with the torsion-free Spin (7)-structures ®,
constructed by Bryant and Salamon that we described in Sect. 3. On each Spin (7) manifold,
we construct the Cayley Fibration which is invariant under the lift to M (or M,) of the standard
SO (3) x Id, action on §* C R & R

5.1 The choice of coframe on §*

As in [15], we choose an adapted orthonormal coframe on S* which is compatible with the
symmetries we will impose. Since the action coincides, when restricted to S, with the one
used by Karigiannis and Lotay on A2 (T*S*) [15, Sect. 5], it is natural to employ the same
coframe, which we now recall.

We split R’ into the direct sum of a 3-dimensional vector subspace P~ R3 and its
orthogonal complement Pt =~ R2. As S*is the unit sphere in R, we can write, with respect
to this splitting:

St={xyyePdP : |x*+|y*=1}.

Now, for all (x,y) € S* there exists a unique « € [0, 7/2], some u € S2 c P and some
v € S' c PLsuch that:

X = cosau, y = sinav.

Observe that u and v are uniquely determined when a € (0, 7 /2), while whena = 0,7 /2, v
can be any unit vector in P+ (y = 0) and u can be any unit vector in P (x = 0), respectively.
Hence, we are writing S* as the disjoint union of an S2, corresponding to @ = 0, of an § 1
corresponding to @ = z/2, and of §? x S' X (0, z/2).

If we put spherical coordinates on S? and polar coordinates on S, then we can write

u = (cos 8, sin 6 cos ¢, sin 6 sin ¢),
and
v = (cos 3, sin ),

where 6 € [0, z], ¢ € [0,2x) and f§ € [0,2x). As usual, ¢ is not unique when 6 = 0, x.
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Cayley fibrations in the Bryant-Salamon Spin(7) manifold 1141

It follows that if we take out the points where 8 = 0,z from §? x S' x (0, z/2), we
have constructed a coordinate patch U parametrized by (a, 8, 8, ¢) on S*. Explicitly, U is
S* minus two totally geodesic S?:

s? ={x,0ePdP : |x*=1},

V1:52=0 -
corresponding to « = 0, and

Si,)@:o = {(cos @,0,0,sinacos B,sinasinf) e PP P : a € (0, 77.')},

corresponding to # = 0 and # = z. Observe, that the S! corresponding to @ = z/2 is a
totally geodesic equator in Si e
A straightforward computation shows that the coordinate frame {d,,dj,dy, 0} is

orthogonal and can be easily normalized obtaining:

0 0 0
B ¢
Jo 1=0, fi= h = ’ 5=

B s - - . A
sin cos a sin @

The dual orthonormal coframe is given by:
by :=da, b, :=sinadp, b, :=cosad®, by :=cosasinfdg. (5.1)

Observe that {b,, b, b,, b5} is positively oriented with respect to the outward pointing nor-
mal of $%, hence, the volume form is:

vol ¢ = sina cos? asinfda A df A dO A de.

5.2 The horizontal and the vertical space

As in [15, Sect. 5.2], we use (3.1) to compute the p;’s in the coordinate frame we have
just defined. Indeed, (5.1) implies that:

Q, =sinada A dff — cos® asin0dO A d,
Q, = cosada A df — sina cos a sin d¢g A dp, (5.2)
Q; = cosasinfda A dp — sina cos adp A db;

hence, we deduce that:

dQ; =2sinacosasinfda AdO A de,
aQ, = (sin® @ — cos” @) sin @da A dp A df — sin a cos a cos 0dO A dp A dp,
dQ; =cosacos0dO Ada Adp + (sin® @ — cos” a)da A df A d6.

‘We conclude that in these coordinates we have:
2p, = —cosadf +cos0d¢p; 2p, =sinadf; 2p; =sinasinOdep.

Now that we have computed the connection forms, we immediately see from (3.2) that the
vertical one forms are:
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& = da0+al(_co%dﬁ+ C°;9d¢>> +a2511210!d0+a3 smazsmedd)’
& =da, —ao(—%dﬁ+ cozsedd)) —a2smasmad¢+a3smad0,
i i i (5.3)
£ =da2_aosmade+alsmasm0d¢_a3<_cosadﬂ+ cosOdd’)’
2 2 2 2
sin « sin 6 sin cos cos @
& = day —ag=———dd = d9+“2<_ S+ = dd’)‘

5.3 TheSU (2) action

Given the splitting of Sect. 5.1, R> = P @ P+, since P =~ R’ and P+ =~ R?, we can con-
sider SO (3) acting in the usual way on P and trivially on PY. In other words, we see
SO(3) = SO(P) xIdp. C SO(P @ PL) = SO (5). Obviously, this is also an action on S*.

By taking the differential, SO (3) acts on the frame bundle Pgq 4 of S*. The theory of
covering spaces implies that this action lifts to a Spin (3) & SU (2) action on the spin struc-
ture P gy ) OF S*. In particular, the following diagram is commutative:

oy PSpin(4)

. (5.4)

Spin(3) X Ppin4) == SOB) x Psoy —— Pso)
0

Finally, if Spin (3) acts trivially on H, we can combine the two Spin (3) actions to obtain
one on P g, ) X H, which descends to the quotient P g, 4y X, H = $_(SH.

Remark 5.1 Recall that 7S* = P so@) X R*, where - is the standard representation of SO (4)
on R*. Let G be a subgroup of SO (5) which acts on Pgoy X R* via the differential on the
first term and trivially on the second. It is straightforward to verify that this action passes to
the quotient and that it coincides with the differential on 7S*.

Now, we describe the geometry of this Spin(3) action on §_(S*). Since # is fibre-
preserving and (5.4) represents a commutative diagram, we observe that, fixed a point
p=(x,y) € S* C P @ P, the subgroup of Spin (3) that preserves the fibre of P gpin (4) OVer
p is the lift of the subgroup of SO (3) that fixes the fibre of P gq 4, over p.

We first assume a # 7 /2. The subgroup of SO (3) that preserves the fibres of Pgq 4
rotates the tangent space of S> C P and fixes the other vectors tangent to S*. Explicitly, if
{ei}?=0 is the oriented orthonormal frame of Sect. 5.1 (or an analogous frame when a = 0,
6 = 0, m), the transformation matrix under the action is:

Id, |
h, 1= cosy —siny | € SO4), (5.5
siny cosy

for some y € [0, 27).
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Claim 1 Forally € [0,4r), under the isomorphism Spin (4) = Sp (1) X Sp (1), we have:
7ah,) = h,,
where h, = (cos(y /2) + isin(y /2), cos(y /2) + i sin(y /2)).

Proof It is well known that, in this context, 7773((1, r))-a = larforall (I,r) € Sp(1) x Sp (1)
and all @ € H & R*. The claim follows from a straightforward computation. a

Using once again the commutativity of (5.4) and Claim 1, we deduce that the action in
the trivialization of §_(S*) induced by {e; }1.3=0 is as follows:

U xH —— (U x Spin(4)) Xy H —— (U x Spin(4)) x,_ H — = L UxH

(.0) —— [, Lspin(a)) @) ——— [(p.By),0] ——— (p,ah)
where fzy 1= cos(y/2) —isin(y/2) and where a € H. If we write both R? factors of
H =~ R? @ R? in polar coordinates, i.e.
a = scos(y_/2) + issin(y_/2) + jtcos(y,/2) + kt sin(y, /2),
fors,t € [0,c0) and y, € [0,4x), we observe that
ah, = scos ((y_ —y)/2) +issin ((r_ — y)/2) + jtcos ((r, +7)/2) + ktsin((r, +7)/2).

Geometrically, this is a rotation of angle —y/2 on the first R? and of angle y/2 on the
second.
Now, we assume a = /2. In this case, the whole Spin (3) fixes the fibre of §_(S*).

Claim 2 Spin (3) acts on the fibre of $_(S*) as Sp (1) acts on H via right multiplication of the
quaternionic conjugate.

Proof Consider an orthonormal frame such that, at p = (0, cos f, sin f), has the form:
ey = —sin fi0; + cos ff0,; e; = 0y; e, =0;; e;3 = 0,,

where 9; are the coordinate vectors of R> = P @ P+. Observe that the SO (3) action fixes ¢,
and acts on ey, e,, e; via matrix multiplication. In particular, given G € SO (3), the trans-

formation matrix of the frame at p is:
1
al

Moreover, for all g € Sp (1) = Spin (3) and (g,g) € Sp (1) X Sp(1) = Spin (4), then

1
73((8:8) = [«%@] :

where we recall that ﬁg(l) .x=1Ixlforalll e Sp(1) and x € ImH = R3. Indeed, the left-
hand side reads:
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7?3 ((g,8)) - a = gag = gReag + glmag = Rea + glmag,

[1 ]a_< Rea >
7@ | \glmag )

We conclude the proof through the commutativity of (5.4). a

while the right-hand side is:

We put all these observations in a lemma.

Lemma 5.2 The orbits of the SU (2) = Spin (3) action on §_(S*) are given in Table 1.

5.4 Spin (3) adapted coordinates

The description of the SU (2) action that we carried out in Sect. 5.3 suggests the following
reparametrization of the linear coordinates (a,, @, , a,, a;) on the fibres of §_(S*):

6 — 6 — ) é
ay = s Cos oY ; a; =ssin Y ;  ay =1cos oty ; ay=tsin aad s
2 2 2 : 2
(5.6)

where 5,1 € [0, 00), ¥ € [0,47) and 6 € [0,2x). This is a well-defined coordinate system
when s and ¢ are strictly positive; we will assume this from now on. Geometrically, y rep-
resents the SU (2) action, while § can be either seen as the phase in the orbit of the action
when (g, a;) = (s,0) or as twice the common angle in [0, z) that the suitable point in the
orbit makes with (s, 0) and (¢, 0). These interpretations can be recovered by putting y = &
and y = 0, respectively.

Similarly to [15], we introduce the standard left-invariant coframe on SU (2) of coordinates
7,0, ¢ defined on the same intervals as above:

o, =dy +cosfd¢; o, =cosydd +sinysinfdep; o5 =sinydf — cosy sinOdep.
5.7
Observe that:

6y Aoy = —sin0d0 A d¢. (5.8)

Our choice of parametrization of §_(S*) implies that (5.7) is a coframe on the 3-dimen-
sional orbits of the SU (2) action.

Table 1 Spin (3) Orbits

a (5, 0) Orbit
# 2 =(0,0 s?
#2z #(0,0) $3
=2 =(0,0) Point
= % #(0,0) 53
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So far, we have constructed a coordinate system a, f3,0, ¢, s, t, 6,y defining a chart U
of $,(S4) and a coframe {0}, 0,, 03, da,dp,ds,dt,dé} on that chart. These coordinates and
coframe are such that y, 6, ¢ parametrize the orbits of the SU (2) action and {0, 0,, 05}
forms a coframe on these orbits. Let {0,, 0, d5,9,,, 05, 05,0, 95 } be the relative dual frame.

5.5 The Spin (7) geometry in the adapted coordinates

In this subsection, we write the Cayley form @, as in (3.4), and the relative metric g,, as in
(3.5), with respect to the SU (2) adapted coordinates defined in Sect. 5.4.

Lemma 5.3 The horizontal 2-forms Q,, Q,, Qs, in the adapted frame defined in Sect. 5.4,
satisfy:

Q, =sinada A dff + cos® ac, A oy

and
cos Y&, +sinyQ; = cosa(da A o, —sinadf A o3),
—sinyQ, + cos yQ; = cosa(—da A o3 — sinadf A o,).
Proof The equations follow from (5.2), (5.7) and (5.8). O

Lemma 5.4 The vertical 2-forms A, A,, A, in the adapted frame defined in Sect. 5.4, have
the form:

A, =1(sds _tdi) A ds + S22

(sds +tdt)y Adp — —(sds +tdt) A oy

sin a SlIl2 o stsin a

+ (tds — sdt) A o5 + (s> + P)——0, A o3 +

o, Adb,

A, = cos yds A df — % sinyds A (dy + d6) — % sinydr A (dS — dy) — s—’ cosydy A ds

C (P4 2)SDECOSE G 0dB A dep + sin y(sdt — tds) A ( cos “dﬂ cos 9d¢)
+ stcosyds A ( cos adﬁ cos 6 dd;) sin ad@ A (tdt + sds)
sinasin @ % sin a sin 0

n dy +dé) Adep + Tdd) A (dé —dy);

A, = sinyds Adt + % cos yds A (dy + d6) + % cos ydt A (d6 — dy) + SEt sinydé A dy

+ (241 )Sm“(cos adp A d6 + cos 0dO A dp)

cosa cos @

dp +

cosa cos @

40+ 55 0)-

+t 31nad9/\(dy+d6)+s sin a0

— cos y(sdt — tds) A ( dd))

sin « sin @
2

(ds — dy) A db.

+ stsinydé A <— do A (tdt + sds)

(5.9)
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Proof Computing the exterior derivatives of the ,’s in the coordinates (5.6), we can reduce
our statement to a long computation based on (5.3). O

Corollary 5.5 The vertical 2-forms A,, A,, As, in the adapted frame defined in Sect. 5.4,
satisfy:

<d +ts1na >A<£d5+scosadﬁ__ tsma63>
2 2 2 (5.10)
_<dt_ssina6>A<£d5_tcosadﬂ+£6+ssin(x ) ’
2 2 2 2 2! 2 3
and
Cos YA, +sinyA; = ( tsma >/\(dt— s512na62>
z .
+(2d6 scosadﬁ__ 512110503) G.11)
t rcosa ssina
A(Las- 8554 Lo 4+ )
(2 7 AP+t
cosyA; —sinyA, = <ds + ts12na0_2> A (%d& tcosadﬂ + = s512na63>
+<dt_ssma%)/\(gd&_'_scosadﬁ__ ts1n(xo_3)'
2 2 2
(5.12)
Proof The first equation in Lemma 5.4 is exactly the development of (5.10).
A straightforward computation involving (5.9) gives:
cos 7A, + sinyA, = ds A dt + %’dﬁ Aoy — %t cosads A dp + (s + tz)mdﬂ Aoy
2 _ 2\ 2 1 2\
+ _51121050_2 A (tdt + sds) + —([ s4)sma 3 AdS — —(Z + S4)Slllwc)'1 A0o3;
cos yA; — sinyA, = —(tds —sd) Aoy + 5(zazs +sdf) AdS + (2 + zz)SinOC#dﬁ Ao,
2 2\ o
4+ & a(sdt tds) ANdp + w(tdt + sds) A o3 — wgl Ao,
2 2
(t° == )s1na62/\d6;
4
which coincide with the development of (5.11) and (5.12), respectively. O
Remark 5.6 Using the identities:
by Aby Aby Aby = —%91 AQ,,
(5.13)

1
S NE NG NG =_§A1 AA,

and
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3
ZA,- AQ; =A; AQ| + (cosyQ, + siny€3) A (cos YA, + sin yAj;)

i=1

(5.14)
+ (—sinyQ, + cos y€2;3) A (—sinyA, + cos yA;),

one could easily find @, in the adapted frame of Sect. 5.4. It is clear from Corollary 5.5 that
it is not going to be in a nice form.

Lemma 5.7 Given ¢ > 0, the Riemannian metric g, in the adapted frame of Sect. 5.4, takes
the form:

= 5(c + r*)*/(da® + sin adf? + cos® a(o3 + 0'1))

r*cos? a rzcosa r2sin® a

dpo, +

+4(c+ )P (ds +df + ———dp* + —o7 — (03 +03)

GRS ? = s*)cosa

2

+ dbo, + (st sin a)ddos + ’Zdaz + sin a(tds — sdi)o, — d5dﬁ>,

where 12 = 5% + 2.

Proof Combining (3.5), (5.1), (5.3) and (5.7), it is easy to obtain the Riemannian metric in
the claimed form. |

5.6 The diagonalizing coframe and frame

In this subsection we define the last coframe on §_(S*) that we will use. The motivation
comes from the form of A;, cosyA, + sinyA; and cos yA; — sin yA, that we obtained in
(5.10), (5.11) and (5.12), respectively. We let:

tsina - ssina

ds = ds + 0y} dt =dt —

0'2;
@, = sdbé + scosadf — so; + tsinaoy; w, = tdé — tcosadf + to; + ssinao;.

(5.15)
Since tw, + sw, = 2tsds + (* + s*) sinaoy and sw, — tw, = 2sto, — 2stcos adpf + (s> — 1) sinao;,

itis clear that {65, 03, da, df, @, @,, ds, dt} is a coframe on U. Let {e,, e5. e, ¢5. €, . €0, . €, ¢, }
denote the relative dual frame.

Corollary 5.8 The vertical 2-forms A,, A,, As, in the coframe defined in this subsection,
satisfy:

Ay = Z(ds A, — dt Aw,) (5.16)

l\)l'—‘

and

cosyA, +sinyA; = ds Adt + icol N (5.17)
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cosyA3—sinyA2=%(d}/\a)2+57t/\wl). (5.18)
Proof 1t follows immediately from Corollary 5.5 and (5.15). O

Proposition 5.9 Given ¢ > 0, the Cayley form ®,, in the coframe defined in this subsection,
satisfies:

®, = 4(c+ ) ds Adt A wy Ay +25(c + 1) sinacos® ada Adp Aoy Ao,

10(c + )/ <(Js A, —dt A wz) A (Sin ada A dp + cos® ac, A 03)

+ = (4ds Adt + w; Aw,) A (cosa(da A o, — sinadp A c3))

1
2
+ (ds Aw, +dt Aw,) Acosa(—da Aoy — sinadﬂA62)>,

(5.19)

where r* = 52 + 1~

Proof This is a straightforward consequence of Lemma 5.3, (5.13), (5.14) and Corollary
5.8. a

Proposition 5.10 Given ¢ > 0, the Riemannian metric g,, in the coframe defined in this
subsection, satisfies:

g, =5(c+ P23 (a’oc2 + sin® adp? + cos® a(o-% + 0'32))

(@] + )
)

- ~ 5.20
+4(c+ )73 (ds2 +dr + (520)

where r* = s + 1%

Proof The first addendum remains invariant from Lemma 5.7, while (5.15) implies that the
remaining part is equal to the second addendum in Lemma 5.7. O

In particular, using this coframe, we sacrifice compatibility with the group action to obtain
a simpler form for @, and a diagonal metric.

We conclude this subsection by computing the dual frame with respect to the SU (2)
adapted frame {9, 0,, 03, 9,, 9y, 05, 9, 95 }.

Lemma5.11 The dual frame {e,, e5, ¢,, €5, ¢, . ¢, . €, €,} satisfies:

e, =0, e; = 0g+cosady;
tsina ssina (s> + )sina (% - s?)sina
=0, — Jd. + a, = — ;
€ =0, 5 % 7 O e3 =0, o ds + 51 93
e, =0 e, =0
11 1.1
€y, = 2 5_2_S‘317 €w2=505+2_tal§
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where {0,,0,, 05, 0,, dﬂ, 0,,0,, 05} is the dual frame with respect to the SU (2) adapted coor-
dinates of Sect. 5.4.

Proof 1t is straightforward to verify these identities from (5.15) and the definition of dual
frame. =

5.7 The Cayley condition

As the generic orbit of the SU (2) action we are considering is 3-dimensional (see Lemma
5.2), it is sensible to look for SU (2)-invariant Cayley submanifolds. Indeed, Harvey and
Lawson theorem [10, Theorem IV .4.3] guarantees the local existence and uniqueness of
a Cayley passing through any given generic orbit. To construct such a submanifold N, we
consider a 1-parameter family of 3-dimensional SU (2)-orbits in M. Hence, the coordinates
that do not describe the orbits, i.e. a, f, s,  and 6, need to be functions of a parameter 7.
Explicitly, we have:

N ={ ((cos a(7)u, sin a(r)v), ((s(r) cos ((S(T)T_y> s(r)sin (MT_],> ,

#(z) cos <5(T)%>,t(r)sin (@))) Cjul=1,|v] = Ly € [0,47), 7 € (=, e)},

(5.22)
and its tangent space is spanned by: {d;,0,,05,30, + 10, + &0, + f0; + 605}, where the
dots denotes the derivative with respect to 7. The Cayley condition imposed on this tangent
space (see Proposition 2.6) generates a system of ODEs on «, f, s, 1, 6.

Theorem 5.12 Let N be an SU (2)-invariant submanifold as described at the beginning of
this subsection. Then, N is Cayley in the chart U if and only if the following system of
ODE:s is satisfied:

>+ sin® & cos af =0

cos?a(ts —st) =0

cos?asté =0

—5(c + r*) cos? asq + r? sin” ads — 2 sin a cos ar*§ — 4 cos a sin as>§ — 2 sina cos astt = 0,

2 sin® aar + 2 sin @ cos as’t + 4 cos a sin ar’# + 2 sin a cos asts = 0

5(c + r*) cos® ati — r
5(c + r?)sina cos? afis — 2 sin a cos ar’sé — r* sin® afis = 0

—5(c + %) sina cos® afit — 2 sin a cos ats*$ + ¥ sin® afir = 0

(5.23)

2

where 12 = s + 1 as usual.

As it mainly consists of computations, we leave the proof of Theorem 5.12 to Appendix
A.

Corollary 5.13 Let N be an SU (2)-invariant submanifold as described at the beginning of
this subsection. Then, N is Cayley in the chart U if and only if the following system of
ODEs is satisfied:
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p=0
(ts—st)=0
6=0 ’

5(c + r?) cos? asti — (s> + 12)st sin® ac + 2 sin a cos a(s* + 2)(st + 15) = 0
where r* = 52 + 1% as usual.

Proof As a € (0,7/2) and s,¢ > 0, we get immediately the first three equations from the
first three equations of (5.23). The last two equations of (5.23) are superfluous as f = 0
and 6 = 0. The same holds for ¢ times the fourth equation plus s times the fifth equation
of (5.23), where we use t5 — st = 0 this time. We conclude by considering s times the fifth
equation minus ¢ times the fourth equation of (5.23). a

5.8 The Cayley fibration

In the previous section we found the condition that makes N, SU (2)-invariant submanifold,
a Cayley submanifold. Explicitly, it consists of a system of ODEs that is completely inte-
grable; these solutions will give us the desired fibration.

Theorem 5.14 Let N be an SU (2)-invariant submanifold as described at the beginning of
Sect. 5.77. Then, N is Cayley in U if and only if the following quantities are constant:

s e 9 inS/2 1/2 St
s S, -, F :=2sin”“ acos'/* ast + S5c————H(a),
b t (s2+72) (@)

where H(a) is the primitive function of h(a) := (cos a sin a)*/%.

Proof The condition on f and 6 follows immediately from Corollary 5.13. Taking the
derivative in 7 of s/t, we see that

O=i<£) _ St—ts,
dr \t 2

which is equivalent to the second equation in Corollary 5.13, as ¢ > 0. Analogously, one
can see that the derivative with respect to 7 of F is equivalent to the last equation of Corol-
lary 5.13 if we assume that s/t is constant. O

Setting

the preserved quantities transform to:
b, o, v, F :=2sin’? acos'? a(v? + Du + 5evH(a),

where we multiplied F by the constant (v> + 1). Observe that this is an admissible trans-
formation from s, ¢ € (0, ) to u, v € (0, o0). Moreover, fixed f, §, v, we can represent the
SU (2)-invariant Cayley submanifolds as the level sets of F reckoned as a R-valued function
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of a and u. An easy analysis of F shows that these level sets can be represented as in Fig.
1.

The dashed lines in the two graphs correspond to the curves formed by the u-mini-
mums of each level set and to the two vertical lines: a = arccos(1/ \/8). For ¢ = 0, these
coincide, while in the generic case the locus of the ¥-minimum is:

u(v? +1)
a = arccos| 4/ ———————|,
6u(v2 + 1) + 5¢cv

which is only asymptotic to a = arccos(1/ \/8) foru — oo.

5.9 The conical version

We first consider the easier case, i.e. when ¢ = 0. It is clear from the graph that the
SU (2)-invariant Cayleys passing through U are contained in U, have topology S* X R,
and are smooth. Moreover, we can construct a Cayley fibration on the chart I/ with base
an open subset of R*. To do so, we associate with each point of U the value of g, 6, s/t
and F of the Cayley passing through that point. This SU (2)-invariant fibration naturally
extends to the whole M, via continuity. Using Table 1 and Harvey and Lawson unique-
ness theorem [10, Theorem IV.4.3], we can describe the extension precisely. Indeed,
when a = 7/2, the fibres of zg are SU (2)-invariant Cayley submanifolds; when a # 7 /2
and s =0 or ¢t =0, the suitable Cayley submanifolds constructed by Karigiannis and
Min-Oo [12] are SU (2)-invariant; finally, when @ = 0 and (s, #) # 0, the fibres are given
by an extension of [14]. The topology of these Cayley submanifolds that are not con-
tained in I is R* \ {0} in the first case and R x S° in the remaining ones. Observe that
this fibration does not admit singular or intersecting fibres.

o
INM
o

»

o

>
o|x
o
INF

o o
() Level sets of F with c=1 and v=1 (b) Level sets of F with ¢=0 and v=1

Fig.1 Level sets of F in the generic and in the conical case
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5.10 The smooth version

Now, we consider the generic case, i.e. when ¢ > 0. Differently from the cone, the graph
of the level sets of F shows that the SU (2)-invariant Cayley submanifolds passing through
U do not remain contained in it, and they admit three different topologies in the extension.
The red, black, and blue lines correspond to submanifolds with topology R x S, R* and
Ogcpi1 (—1), respectively. Indeed, the first two cases are obvious, while if we assume smooth-
ness, we can deduce the third one through the argument of Sect. 2.2. We define an SU (2)
-invariant Cayley fibration on U/ that extends to the whole M exactly as above. If we fix a
value of F corresponding to a Cayley of topology O¢pi(—1), then, for every 6, v, all the
different Cayleys will intersect in a CP' C %, where S* is the zero section of §_(S*). In
particular, the M’ of Definition 2.8 is equal to M,, in this context, i.e. we can assume u > 0.

5.11 The parametrizing space

Using Fig. 1, we can study the parametrizing space B of the Cayley fibrations we have just
described. We will only deal with the smooth version, as the conical case is going to be
completely analogous.

Ignoring f for a moment, it is immediate to see that if we restrict our attention to the
fibres that are topologically O¢pi(—1) and the ones corresponding to the black line, the
parametrizing space is homeomorphic to S X [0, 1]. The remaining fibres are parametrized
by B3(1), open unit ball of R3. As we removed the zero section of §_(S*), it is clear that
we can glue these partial parametrizations together to obtain B3(2). Now, § gives a circle
action on B3(2) that vanishes on its boundary. We conclude that the parametrizing space B
of the smooth Cayley fibration is S*. Indeed, this is essentially the same way to describe S*
as we did in Sect. 5.1.

5.12 The smoothness of the fibres (the asymptotic analysis)

In this subsection, we study the smoothness of the fibres. Observe that this property is
obviously satisfied as long as they are contained in the chart /. Hence, the Cayleys of
topology S* X R are smooth, and we only need to check the remaining ones in the points
where they meet the zero section, i.e. when the SU (2) group action degenerates. To this
purpose, we carry out an asymptotic analysis (Fig. 2).

Let fy, vy, 6y and F|, be the constants determining a Cayley fibre N. By the explicit for-
mula for F, we see that N is given by:

Fig.2 Approximation of a Cay-
ley atu = 0 when o, € (0,7/2)
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— ScvyH(a)

u=
2sin®/? a cos!/2 a(+1)

We first check the smoothness of the fibres that meet the zero section (x = 0) at some
ay € (0,7/2), i.e. the ones of topology Ogp:(—1). For this purpose, if we expand near a;
and we obtain the linear approximation of N at that point. Explicitly, this is the SU (2)

-invariant 4-dimensional submanifold ¥ characterized by the equation

Scvy

_2 tan ao(v(z) +1)

(a — ap),

and where v, 6, f are constantly equal to v, 8, f,.

Now, we want to study the asymptotic behaviour of the metric g, when restricted to
%, and then, we let a tends to a;, from the left. To do so, it is convenient to compute the
following identities using the definition of u := st and v := s/1:

dt = du— —4 [ =dv,
24/ uv v\ v
v u
is= Vg +£dv,
24/u 24/v (5.24)
ds* = Ldu + dv + 1dudv
4u
1
2 _
dr = 4—wdu + I 3dv ——dudv

The metric g, in the coframe {o,, 0,, 03, da, df, du, dv,dé}, then can be rewritten as:

g, = 5<c + %(1 + vz)) (da® + sin® adf* + cos® a(c] + 03))

— /5
+ 4<c %04 v2)) L(l FR + (1 + ) + 2= 07 = 1dudy
v 4uy 4y3 212

+ ’:(1+v2)COS O8N X2+ v(1+v2) , ‘:0”’”(1+v2)¢i/)a1
+’:(1+ 2)sm )
—? 2
+ M=) 56, + usinadso; + AL (1 +12)ds? + sina“dvo, — Md&dﬂ),
v 4y Y 2v
(5.25)

where we used (5.24) and Lemma 5.7. Now, if we restrict (5.25) to Z, and we let « tend to
a, from the left, we get:

d 2
ey ~ (2)) (L + uaf) + 563 cos? ao(og + ag)
u

2
2%

o2 “1 3/5 2 2 2
dr- +r 1 +5¢77 cos” ay(o; + 03),

where
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1+v2

0
=1/ —2Vu
r VST \/;

As the length of ¢, is 47, we deduce that the metric g, extends smoothly to the CP' & §?
contained in the zero section (Fig. 3). This two-dimensional sphere corresponds to the base
of the bundle O¢pi(—1).

Finally, we check the smoothness of the fibres meeting the zero section at ay = 7 /2,
i.e. the ones with topology R*. Expanding for &« — 7 /2~, we immediately see that the first
order is not enough and we need to pass to second order. Explicitly, this is the SU (2)-invar-
iant 4-dimensional submanifold X of equation:

u=Aa—r/2)7>

where A := cv(1 +v?)7is the constant depending on ¢, v determined by the expansion. As
above, the remaining parameters v, 6, § are constantly equal to v, &, f.
If we restrict g, as defined in (5.25) to X, and we let & tend to 7 /2, then we obtain:

2
8|y ~ 5@ - /2% (02 + 62) + AcT? <ﬂ>(a ~ /2202 + 62 + 02)
” :

2
¥ <5c3/5 ¥ 4Ac—2/51i>da2
14

~ c3/5((x - (xo)z(af + 6(0% + ag)) + 93 da?,
where we also used the expansion of cosa around /2 and the explicit value of A. We

conclude that N is not smooth when it meets the zero section, and it develops an asymptoti-
cally conical singularity at that point.

Remark 5.15 The singularity is asymptotic to the Lawson—Osserman cone [18].

5.13 The main theorems

We collect all these results in the following theorems. Observe that we are using the notion
of Cayley fibration given in Definition 2.8.

Theorem 5.16 (Generic case) Let (M, ®,) be the Bryant-Salamon manifold constructed
over the round sphere sS4 for some ¢ > 0, and let SU (2) act on M as in Sect. 5.3. Then, M
admits an SU (2)-invariant Cayley fibration parametrized by B =~ S*. The fibres are topo-
logically Ogpi(—1), $* X R and R*. Apart from the non-vertical fibres of topology R*, all

Fig.3 Approximation of a Cay-
ley atu = O when ay = /2

ol
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the others are smooth. The singular fibres of the Cayley fibration have a conically singular
point and are parametrized by (B°)° = S? x S' (8,8, v in our description). Moreover, at
each point of the zero section S* C §_(S*), infinitely many Cayley fibres intersect.

Theorem 5.17 (Conical case) Let (M), D) be the conical Bryant—Salamon manifold con-
structed over the round sphere S*, and let SU (2) act on M, as in Sect. 5.3. Then, M, admits
an SU (2)-invariant Cayley fibration parametrized by B = S*. The fibres are topologi-
cally §3 X R and are all smooth. Moreover, as these do not intersect, the SU (2)-invariant
Cayley fibration is a fibration in the usual differential geometric sense with fibres Cayley
submanifolds.

Remark 5.18 1t is interesting to observe that, in the generic case, the family of singular R*s
separates the fibres of topology S* x R from the ones of topology Ocpi (—1).

Remark 5.19 Similarly to [15, Sect. 5.11.1], one can blow-up at the north pole and argue
that in the limit the Cayley fibration splits into the product of a line R and of an SU (2)
-invariant coassociative fibration on R7. By the uniqueness of the SU (2)-invariant coas-
sociative fibrations of R, we deduce that the latter is the Harvey and Lawson coassociative
fibration [10, Section IV.3] up to a reparametrization.

Remark 5.20 From the computations that we have carried out, it is easy to give an explicit
formula for the multi-moment map v, associated with this action. Indeed, this is:

v, = 5(c +5* + t2)1/5<(s2 +2)cos’a — é(s2 +7 - 5(,‘)) — %CWS c>0.

Obviously, the range of v, is the whole R. Under the usual transformation u = st and
v = §/t, the multi-moment map becomes:

24\ 175 2 2
vc=é C+u(1+v) 6M(1+v)cosza—m+50 —§c6/5.
6 % v % 6

We draw the level sets of v, in Fig. 4.

The black lines correspond to the level set relative to zero, the red lines correspond to
negative values, while the blue lines correspond to the positive ones.

Differently from the conical case, the O-level set of v, for ¢ > 0 does not coincide with
the locus of u-minimum of each level set of F. Moreover, for every ¢ > 0, it does not even
coincide with the set of SU (2)-orbits of minimum volume in each fibre.

5.14 Asymptotic geometry

Inspecting the geometry of the Cayley fibration (see Fig. 1), we deduce that there
are two asymptotic behaviours for the fibres: one for @ ~ 0 and one for a ~ 7z /2. In
both cases, as u — oo, the tangent space of the Cayley fibre N tends to be spanned by
0,, 01, 05, 05. We can use the formula for the metric (5.25) to obtain, for a ~ 0:

u’
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o
o

o
o

04 06 08 10 12 14 0s 1 15
o o

() Level sets of vy with v =1 (b) Level sets of v with v =1

Fig.4 Level sets of the multi-moment map in the generic and conical case

3/5 -2/5
1+? _ 1 ++? 142 du?
e A T G I e [
142\
= (—) (u3/5(5(6§ + 0'?%) + 612) + u_7/5du2)
v

21’2 (O'f + 5(0‘% + ag))

_ g2
—dr+25 -

and, fora ~ 7 /2:

142\
gC|N~< . > (u3/5(612+6§+6§)+u_7/5du2)

2, 2., 2
— P+ 2’,2(61 +"'z'H"s)
25 4 ’

where, in both cases,

3/10
7= 10 _1+v2 w0,
3 v

When a ~ 7/2, the link S® is endowed with the round metric, while when a ~ 0, the round
sphere is squashed by a factor 1/5.

Remark 5.21 Observe that 1/5 is also the squashing factor on the round metric of S that
makes the space homogeneous, non-round, and Einstein. It is well known that there are no
other metrics satisfying these properties [27].
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6 The Cayley fibration invariant under the lift of the Sp (1) x Id, action
on s*

Let M := §_(S*) and M,, := R* x S7 be endowed with the torsion-free Spin (7)-structures
@, constructed by Bryant and Salamon that we described in Sect. 3. On each Spin (7) mani-
fold, we construct the Cayley Fibration which is invariant under the lift to M (or M,)) of the
standard (left multiplication) Sp (1) x Id, action on $* C H @ R.

Remark 6.1 The exact same computations will work for the Sp (1) X Id, action given by
right multiplication of the quaternionic conjugate. In this case, the role of the north and of
the south pole will be interchanged.

6.1 The choice of coframe on §*

As in Sect. 5, we choose an adapted orthonormal coframe on S$* which is compatible with
the symmetries we will impose.

Consider R? as the sum of a 4-dimensional space P = H and its orthogonal complement
PL =~ R. With respect to this splitting, we can write the 4-dimensional unit sphere in the
following fashion:

St={xy)eP®P : x*+y*=1}.
Now, for all (x,y) € S* there exists a unique a € [—x /2, z/2] such that
X = COos au, y=sina,

for some u € S3. Note that u is uniquely determined when a # +7z/2. Essentially, we are
writing S* as a 1-parameter family of S°s that are collapsing to a point on each end of the
parametrization.

Let {0,, d,, 05} be the standard left-invariant orthonormal frame on $3 =~ Sp(1). Consid-
ering this frame in the description of S* above, we deduce that

0 0 0
Jo 1= 0gs fi= . fi= 2 = >

cosa’ cosa’

cosa’
is an oriented orthonormal frame of §* \ {a = +x/2}. The dual coframe is:
by :=da; b, :=cosao; b, :=cosao,; by 1= cosaos, 6.1)

where {o; }?z , is the dual coframe of {9; }?= ,in S3, which is well known to satisfy:

(23] Oy A O3
dlo,|=2]|o3A0]. (6.2)
o3 o1 A0,

We deduce that the round metric on the unit sphere $* can be written as:
gg = da* + cos” agg.,

and the volume form is:
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vol ¢ = cos® ada A vol g,

where g = 67 + 05 + 03 and vol s = 6, A0, A 03,

6.2 The horizontal and the vertical space

Exactly as in Sect. 5.2, we can compute the connection 1-forms p; for i = 1,2,3 with
respect to the coframe we have constructed. Indeed, a straightforward computation involv-
ing (3.1), (6.1) and (6.2) implies that p; = lo; for alli = 1,2, 3, where

_ sina—1

l:
2

Hence, we can deduce from (3.2) that the vertical 1-forms in these coordinates are:

&y = day + (a0, + a,0, + a305), & =day + l(—ayo| — a,03 + a30,),

&, =da, + l(—ayo, + a,05 — a30), & =day + l(—ago3 — a0, + a,0,).
(6.3)

6.3 TheSU (2)action

Given the splitting of R’ into P = H and its orthogonal complement P+, we can consider
SU(2) = Sp(1) acting via left multiplication on P and trivially on P+. Equivalently, we
are considering Sp (1) = Sp (P) xIdp. € SO (5). Being a subgroup of SO (5), the action
descends to the unit sphere S*.

We first consider a@ # —x /2, where we trivialize $* \ {southpole} using homogeneous
quaternionic coordinates on HP! = §*. In this chart, diffeomorphic to H, the action is given
by standard left multiplication.

We extend the action on S* to the tangent bundle of S* via the differential. In this trivi-
alization, H X H, the action is given by left multiplication on both factors. Hence, if we pick
the trivialization of Pgq 4 induced by {1, i,, k}, the action of p € Sp (1) maps the element
(x,Idgg4y) € HX SO@) to (p - x, p), where

Po —P1 —P2 —DP3
Pr Po —P3 P2
P> P3Py —Di
pP3 —P2 P11 Po

et
Il

By the simply connectedness of Sp(1) = Spin(3), we can lift the action to the spin
structure Pgp, ) Of $4. Using a similar diagram to (5.4) and the fact that the lift of
pis (p, Idsp(l)) € Sp(1)x Sp(1), we can show that in the trivialization of P s pin ays
H x Sp (1) X Sp (1), the element (x, (Idsp(l), Idsp(l))) is mapped to (p - x, (p, Idsp(l))).

As in Sect. 5, this passes to the quotient space: ,X,(S“), and, in the induced trivialization,
H x H, the action of Sp (1) is only given by left multiplication on the first factor by defini-
tion of pu_.

A similar argument works for the other chart of HP!. However, the left multiplication
becomes right multiplication of the conjugate, and the lift of the new pis (Idg, ), p). It fol-
lows that Sp (1) acts on the fibre over the south pole as it acts on H.

@ Springer



Cayley fibrations in the Bryant-Salamon Spin(7) manifold 1159

In particular, we proved the following lemma.

Lemma 6.2 The orbits of the SU (2) action on §_(S*) are given in Table 2.

When a # +x /2, we can use the orthonormal frame of Sect. 6.1. Obviously, it is invari-
ant under the action. Hence, in the induced trivialization of §_(S*), Sp (1) acts only on the
component of the basis. In particular, it follows that {c;, 65, 05} is a coframe on the orbits
of the SU (2) action, and, {9,, d,, 05} is the relative frame. Observe that we are working on
the coframe {da, 0|, 0,, 05,da, da,,da,,da}.

6.4 The choice of frame and the Spin (7) geometry in the adapted coordinates

Since the considered SU (2) action only moves the base of the vector bundle $_(S*) in the
trivialization of Sect. 6.1, it is natural to use: {da, 0}, 6,5, 05,&), &, &, & ). The metrics g,
and the Cayley forms @, admit a nice formula with respect to this coframe. Recall that we
are working on the chart I := §_(§*) \ {a = +7/2}.

Proposition 6.3 Given ¢ > 0, the Riemannian metric g,, in the coframe considered in this
subsection, satisfies:

8. =5(c+ ;’2)3/5 (da2 + cos? 05(0'12 + a% + ag)) +4(c+ rz)—z/s (é‘g + 512 + f% + f;‘g),
6.4)
2_ 20 24 2, 2
where r* = a; + a7 + a5 + a;.
Given ¢ > 0, the Cayley form ®,, in the coframe considered in this subsection, satisfies:

@, =16(c + r2) 3 A& AE A&y +25(c + 1) cos® ada Aoy Aoy Aoy

3

6.5

+20(c + ) cos a(Z(éO NE =& ANE) A(da Ao, —cosao; A ak)>, ©)

i=1
2 2,2 2 2

where r- = as+ay +a; +a;.

Proof 1t follows immediately from (3.4), (3.5) and the choice of the coframe. O

If we denote by {e,, e, e, €3, €s €€z, € } the frame dual to {da, 6, 6,, 03, &), &, &, & ),

it is straightforward to relate these vectors to d,,, 0, 9,, 03,0 . d ,0 ,0

ay’ Yay Yay Yay

Table 2 Spin (3) Orbits

a a Orbit
#Fx+7 s3
=-z #0 $3
= _% =0 Point
= % Point
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Lemma 6.4 The dual frame {e,, e, e,, e, €z €5 Cs,n s } satisfies:

e, =0, e; =0, +l(—a]00U +a00a] +a3002 - a20a3);
e, =0, + l(—azda0 — a0, +ay0, + a,daB); ey =05+ l(—aﬁa0 + a0, —a,0,, + aodaz);
ex =0, Vi=0,1,2,3,

where l is as defined in Sect. 6.2.
Proof 1t is straightforward from the definition of dual frame and (6.3). O

6.5 The Cayley condition

Analogously to the case carried out in Sect. 5, the generic orbits of the considered SU (2)
action are 3-dimensional (see Lemma 6.2). Hence, it is sensible to look for invariant Cayley
submanifolds. To this purpose, we assume that the submanifold N consists of a 1-param-
eter family of 3-dimensional SU (2)-orbits in M. In particular, the coordinates that do not
describe the orbits, i.e. a,,a,,a,,a; and a, need to be functions of a parameter 7. This
means that we can write:

N :{((cos a(t)u, sin (1)), (ay(7), a (1), a,(1), a3(r))) Dul=1,7 € (—e, e)}. (6.6)

The tangent space is spanned by {0,, d,, 95, @9, + Z?:o a;0, }, where the dots denote the
derivatives with respect to 7. The condition under which N is Cayley becomes a system of
ODE:s.

Theorem 6.5 Let N be an SU (2)-invariant submanifold as described at the beginning of
this subsection. Then, N is Cayley in the chart U if and only if the following system of
ODE:s is satisfied:

aga; — aag — a,as +aza, =0
aga, + ajaz — a,ay —aza; =0
agaz — a;a, + a,a, —azay =0
{ cosa(—f cos® a + 3P gr*)a, — I(Pgr* — 3f cos® @)aye = 0
cos a(—f cos® a + ?)lzgrz)éz1 — I(Pgr* — 3f cos® a)a; & =0
cos a(—f cos® a + 312 gr*)a, — (P gr* — 3f cos® a)ayi = 0

cos a(—f cos® a + 3lzgr2)a3 — I(Pgr* — 3f cos® a)aza =0

L

2 2 2 22T = (i _ 213/5 _ 2\-2/5
where r —a0+a1+a2+a3,l—(sma—1)/2,f—5(c+r)/ and g = 4(c + )~

Proof We first write the tangent space of N, which is spanned by {9, , 9,, 95, @d,, + Z?:o ;0 }
in terms of the frame {e,, e}, e, e, €s €0 €c,0 }. This can be easily done using Lemma
6.4. Through a long computation analogous to the one carried out in Appendix A, we can
apply Proposition 2.6 to this case, and we obtain the system of ODE:s. a

Remark 6.6 1t is interesting to point out that, exactly as in the SO (3) x Id, case (see

Lemma A.4), the projection 7, of Proposition 2.6 will just be the identity in the proof of
Theorem 6.5.

@ Springer



Cayley fibrations in the Bryant-Salamon Spin(7) manifold 1161

6.6 The Cayley fibration

In the previous section, we found the condition that makes N, SU (2)-invariant submani-
fold, Cayley. This consists of a system of ODEs, which will characterize the desired Cayley
fibration.

Harvey and Lawson local existence and uniqueness theorem implies that any SU (2)
-invariant Cayley can meet the zero section only when a = +x /2, i.e. outside of ¢/. Other-
wise, the zero section of §_ (S%), which is Cayley, would intersect such an N in a 3-dimen-
sional submanifold, contradicting Harvey and Lawson theorem. It follows that the initial
value of one of the g;s is different from zero. We take a,(0) # 0, as the other cases will
follow similarly. Now, it is straightforward to notice that:

a0 0,0) a;(0)

YT L 2T 40" BT L0

6.7)
solves the first 3 equations of the system given in Theorem 6.5. Moreover, it also reduces
the remaining equations to the ODE:

cos a(—f cos® a + 312gr2)a0 — I(I*gr* — 3f cos? a)aya =0,

where, as usual, rP=a+al+ai+al, [=Gina—-1)/2, f=5c+r")5 and
g = 4(c+r»)72/>. As (6.7) implies that a, = p~'r, where p is the positive real number sat-

isfying p> =1 + Z?:] (a;(0)/ay(0))?, we can rewrite the previous ODE as:

cos a(—f cos’a + 3l2gr2)f - l(lzgr2 -3f cos? a)ra = 0. (6.8)

Remark 6.7 1t is easy to verify that (6.8) is not in exact form. Hence, it cannot be easily
integrated. It is a non-trivial open task to verify whether, possibly up to change of coordi-
nates, (6.8) can be integrated in closed form.

In order to understand the SU (2)-invariant Cayley fibrations, we analyse the ODE (6.8).
First, we deduce the sign of f; := cos a(—f cos’ a + 32gr?). If we let

2r + 50)

a.(r) 1= arcsin <_8r2 o

it is easy to verify that f; is positive on the left of a, for (a,r) € (—7 /2,7 /2) X R*, and
negative otherwise. Moreover, f; vanishes along the 3 curves a,.,a = +x/2; there, f
changes sign. Note that @, — arcsin(—1/4) as r — 0.

Now, we consider f, := I(’gr? — 3f cos? a)r. Letting

2

p.(r) := arcsin <—12;—Ii§z>,

then f, is positive on the right of g, for (a,r) € (—x/2,x/2) X R*, and it is negative oth-

erwise. Obviously, f, vanishes along the curve f, and the vertical line @ = z /2. Note that

p, — arcsin(7/8) as r — oo. The last key observation is that f, /f, tends to zero as a tends
to /2.

Putting what said so far together, and observing that g.(r) < a.(r) for all r > 0, we can

draw the flow lines for (6.8) (see Fig. 5).
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Fig.5 Flow lines for (6.8) VN 7 oGl LR S U W W SN
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Finally, we can use these to deduce the form of the solutions from standard arguments
(see Fig. 6). We give further details in Appendix B .

6.7 The conical version

We consider the easier conical case first. From a topological point of view, it is obvious
that the red and green Cayleys of Fig. 6b are homeomorphic to § x R. As the group action
becomes trivial on @ = /2, the topology of the fibres in blue cannot be recovered from the
picture. However, it will be clear from the asymptotic analysis that these are smooth topo-
logical R*s. As a consequence, we have constructed a Cayley fibration on the chart U N M,
which extends to the whole M, by continuity (i.e. we complete the Cayleys in blue and we

.
\

-15 -1 =05 0 05 1 15 -15 -1 -0.5 0 0.5 1 15
o o

(a) generic case (b) conical case

Fig.6 Solutions of (6.8)
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add the whole zy-fibre at « = —z/2). On M,, the Cayley fibration remains a fibration in
the classical sense. A reasoning similar to the one of Sect. 5 shows that the parametrizing
space B of the Cayley fibration is R*.

6.8 The smooth version

Now, we deal with the generic case ¢ > 0. As above, the topology of the red Cayleys of
Fig. 6a is $3 X R; the blue ones have topology R*. In the latter, we use the same asymptotic
analysis argument of the conical case. Finally, the submanifolds in green are smooth topo-
logical R*s. As usual, we extend the Cayley fibration on U/ to the whole M by continuity
(i.e. we add the whole 7 _-fibre over « = —z /2, we complete the Cayleys in blue and green,
and we add the zero section S*). Observe that the zero section, the 7z, -fibre over & = —z /2
and the green Cayleys all intersect in a point p. It follows that the M’ given in Definition
2.8 is equal to M \ {p}. Once again, a reasoning similar to the one of Sect. 5 shows that the
parametrizing space B3 of the Cayley fibration is S*.

6.9 The smoothness of the fibres (the asymptotic analysis)

In this subsection, we study the smoothness of the fibres. This is trivial as long as the sub-
manifolds are contained in I{; hence, the Cayleys of topology S* X R are smooth, and we
only need to check the others at the points where they meet dl{. To this purpose, we carry
out a asymptotic analysis similar to the one of Sect. 5.

As a first step, we restrict the metric g, to N. Combining (6.4) together with (6.7) and its
consequence a, = p~!r for p positive real number satisfying p*> = 1 + Z?zl(ai(O) Jag(0))%,
we can write the restriction as follows:

8|y = (5(c + 23 cos? a + 4(c + rz)—z/slzrz)(o_% + 0'5 + 0'32)

69
+a(c + P3P +5(c + P de?, (6.9)

where a and r are related by the differential equation (6.8) and, as usual, [ = (sina — 1)/2.

Recall that f,/f; — 0 as @ — x /2. Therefore, the Cayleys around a = z /2 are asymp-
totic to the horizontal line a = r,, for some constant r, > 0. By (6.9), the metric in this first
order linear approximation becomes:

8|y ~ 5(c+ 12 (dla — n/2) + (@ — 2/27(0? + 6% + 62) ).

In this way, we have proved that near « = 7 /2 every Cayley we have constructed is smooth.
Moreover, we can also deduce that the blue Cayleys of Fig. 6 are topologically R.

Finally, we need to check whether the remaining Cayleys of topology R* are smooth or
not. In this situation, we can approximate them near & = —z /2 with the submanifold asso-
ciated with the line:

a=Ar—£,
2

where A is some positive constant (as the lines corresponding to the Cayleys live between
a, and f,). The metric in the linear approximation is asymptotic to:

S|y ~ ¢ (5cA? + ) (dr* + (o7 + 07 +03)),
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and hence, we conclude that these submanifolds are smooth as well.

6.10 The main theorems
Putting all these results together we obtain the following theorems.

Theorem 6.8 (Generic case) Let (M, ®,) be the Bryant—Salamon manifold constructed over
the round sphere S* for some ¢ > 0, and let SU (2) act on M as in Sect. 6.3. Then, M admits
an SU (2)-invariant Cayley fibration parametrized by B = S*. The fibres are topologically
3 x R, S* and R*. All the Cayleys are smooth. There is only one point where multiple
fibres intersect. This point lies in the zero section of $_(S*), and there are S* U {twopoints)
Cayleys passing through it.

Theorem 6.9 (Conical case) Let (M, @) be the conical Bryant—Salamon manifold con-
structed over the round sphere S*, and let SU (2) act on Mg as in Sect. 6.3. Then, M, admits
an SU (2)-invariant Cayley fibration parametrized by B = R*. The fibres are topologically
S3 X R or R* and are all smooth. Moreover, as these do not intersect, the SU (2)-invariant
Cayley fibration is a fibration in the usual differential geometric sense with fibres Cayley
submanifolds.

Remark 6.10 Blowing-up at the north pole, it is easy to see that the Cayley fibration
becomes trivial in the limit.

Remark 6.11 As in the previous section, we are able to compute the multi-moment maps
relative to this action explicitly. Indeed, this is:

v = %(r2 —50)(c+ ) Bsina - 1)° - %(c + )%/ cos? a(sina — 1).

In order to provide an idea on how the multi-moment maps behave, we draw the level sets
of v, and v, (see Fig. 7).

6.11 Asymptotic geometry

The first observation we need to make is that there are only two asymptotic behaviours for the
Cayleys constructed in Theorem 6.8 and in Theorem 6.9: one corresponding to @ ~ —z /2 and
the other to @ ~ arcsin(—1/4). In both cases, we can use (6.9) to obtain the asymptotic cone,
which is:

2
25

2 202, 2, 2
8|y ~ ds* + 5% (o] + 05 + 03),

fora ~ x/2, and it is

El
16

for a ~ arcsin(—1/4), where s := (10/3)r/°.

2 202, 2, 2
8|y ~ ds* + —s*(o] + 05 + 03),
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Fig.7 Level sets of the multi-moment map in the generic and conical case

Appendix A

In this appendix, we prove Theorem 5.12. First, we need to rewrite the tangent space of N
in the diagonalizing frame of Sect. 5.6.

Lemma A.1 The tangent space of N is spanned by:

i sina
ui=te, —se,,

vi=e,+ (te, —se), w:=e;+ sina(tew] + sem2)

and
y i=Se, +te, + ae, + ﬁ’eﬂ + 5(sewl + t€w2)~
Moreover, through the musical isomorphism, we have:

W= (c+ r2)_2/5(ta)2 —5®,), W= 5(c + r?)*/° cos? ao, +2(c+ )™ sin a(tds — sdr),

w’ = 5(c + 1) cos® aoy + (c + rH) > sina(tw, + sw,)

and
Y = 5(c + r)(ada + sin® afdp) + 4(c + r*) 2 Gds + idr) + (¢ + r?) 8 (sw, + tw,),
where r? = s% + 1%

Proof One can immediately see from Lemma 5.11 that 0, = u, d, = v and 05 = se,, + te,,
We use these equalities to obtain:

(s> + )05 — (* = 57)0) = (5" + )(se,, +1e,,) — (= 57)te,, —se,)
= 2st(te,, + se,,),
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which implies that d; = w. We conclude noticing that so, + id, + &d, + fd; + 60; = y — fcos ad;,
where we used once again Lemma 5.11. Obviously, the space spanned by {u, v, w, y} coin-
cides with the one spanned by {u, v, w,y — ﬂ cos ad, }.

The second part of the Lemma follows immediately from Proposition 5.10, where we
proved that the metric is diagonal in this frame. O

Let B be as in Proposition 2.6. We compute the terms of B in the basis {u, v, w, y}.

LemmaA.2 Letu,v,w,y asin Lemma A.1. Then, we have:
B(v,w,y) =25(c + r2)6/5 sin @ cos? a(fda — adp)
+ 2sin’ a(c + )5 ((t + 55)(tw, — sw,) — (I — s7)8(tdt + sds))
+5(c+ )3 (2 cos? a (5w, — itw, + 8(tdt — sds) + sin a(tséc, + (st — 15)03))
+ 2 sin a cos oz((s2 —)éda + a(tw, — sw, )) + (s> + ) sin® a(adp — fda)
+ 4 cos a sin® a(ﬂ'(sa?s + tdf) — (s5+ ti)dﬂ)),
B(w,u,y) = 4(c + )3 + s%) sin a(ids — 5d)
+5(c+ r2)1/5( —2cos? a(ss + tt)o, — 2 cos a sin astédp + cos a sin aﬁ(zwl + sw,)
+ 2 cos a(st — £5)da + 2 cos aa(tds — sdf) + cos a sin a(*> + sz)aaz
— cosasin® a( + 5%)fos),
B(u,v,y) = 2(c + rz)_4/5 sin a(—26st(tdt + sds) + (11 + s8)(tw, + sw,))
5(c + )3 (= 2cos? a(ss + ti)oy — 2 cos astéda + cos aa(sw, + tw,)
+ 2 cos a sin a(ts — st)df + 2 cos a sin af(sdt — tds) + (s> + 1*) cos a sin ados
+ (8% + £*) cos a sin? aﬂo-z),
B(v,u,w) =2(c+ rz)"‘/5 sin’ a(? + $*)(tdt + sds) + 10(c + r2)1/5( — cos? a(sds + tdf)

+ sin a cos oz(t2 + sz)da),

where B is defined in Proposition 2.6 and r* = s> + 1%

Proof The multi-linearity of the Cayley form @, implies that the same property holds for B.
Now, expanding the formula (5.19) for ®_, we obtain:

@, =4(c+ ) s Adt Awy Aoy +25(c + )% sinacos? ada Adf Aoy Ao,
10(c+r2)1/5<sinozd~s/\cu1 Ada Adf +cos® ads A w, A6y Aoy —sinadt Aw, Ada Adp

—cos®adt Aw, Aoy Aoy +2cosads Adt Ada Aoy —2cosasinads Adt Adf Ao

cosa cosasina

+Ta)]/\a)2/\da/\0'2— > @) Awy Adf A 6y —cosads Awy Ada Aoy

—cosasinad}/\a)zf\dﬂ/\az—cosac?t/\a)lAdaAa3—cosasinaJtAw1/\dﬂ/\02>.

It is straightforward to conclude using the definition of B. O
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Consider the two-form given in Proposition 2.6 that projects to # through z;. The sum-
mands of such two-forms can be computed through a direct computation involving the
terms obtained in Lemma A.1 and Lemma A.2.

Corollary A3 Let u, v, w, y as in Lemma A.l and let ¥, := W’ A B, w, y),
Y, = v A B(w,u, v, ¥; = w” A B(u, v, », ¥, = yb A B(v,u,w), where B is as defined in
Proposition 2.6. Then, we have:

¥, = 25(c + r2)* sin a cos® a(tw, — sw,) A (fda — idp)
—(c+ )52 sin? a(? — s2)5(la)2 —sw)) A (tdt + sds)

+5(+ )5 <2 cos? a((t& —shw, A @, + 5(1(02 —sw)) A (rdt — sa7s))

+ 2 sin a cos? a(tsS(th —5W,) A 0y + (st — 15)(tw, — sw;) A 0'3)

+ 2 sina cos a(s®> — t2)5(ta)2 —sw;) Ada + (# + s%) sin® a(tw, —sw;) A (adf — pda)
+ 4 cos a sin® a(Btw, — sw) A (sds + tdt) — (s3 + 11)(tw, — sw,) A dB) ) ,

¥, =25(c+ r2)4/5( —2cos’® asinastéo, A df + cos® asinafio, A (tw, + sw,)

3 asin® a( + s foy A o3)

+2cos’ a(st — t5)o, Ada + 2 cos® ado, A (tds — sdt) — cos
+ 10(c + r2)‘1/5<2 sin a cos? a(? + 52)0'2/\0‘073' — §df)—2 cos? a sin a(ss + 11)(tds — sc?t)/\(f2

— 2cos a sin” asté(tds — sdt) A dp + cos a sin® af(tds — sdf) A (tw; + sw,)

+ 2 cos a sin a(st — £3)(tds — sdf) A da — cos a sin” a(r* + s2)a62 A (tds — sd)
+ cos a sin® a( + sz)ﬂ63 A (tds — scit)) + 8(c 4+ 2)%3 sin? a(? + s)(st — t5)ds A dt,

Y, =25(c+ r2)4/5( —2cos’ astStr3 Ada + cos? ados A (s, + tw;) + 2 cos® a sin a (15 — st)oy Adp

w

+ 2cos® a sin (Xﬂ63 A (sdt — tds) + (s* + 12) cos® a sin® aﬁa3 A 0'2)

— 4(c + r*)7%/ sin® a5st(tw1 + 5w,) A (tdt + sds)
+5(c+ )13 <2 sin a cos? a((t't + 58)o3 A (tw; + s@,) — 253ta3 A (rdt + st))

— 2sina cos® a(ss + tt)(tw; + sw,) A 63 — 2 cos a sin atsté'(tco1 + sw,) Ada

+2cos a sin® a(ts — si)(tw, + s@,) A df + 2 cos asin® af(tw, + sw,) A (sdt — tds)
+ (5% + %) cos a sin® ad(tw; + sw,) A o3 + (s> + %) cos a sin® aﬂ(tw, +5m,) A 0'2> s

Y, =2+ )% sin? a(? + 52)(5(“«)1 +tw,) A (tdt + sds) + 4(ts — st)dt A Js)
+50(c + 12)*/3 (— cos? a(ada + sin® afdp) A (sds + tdf) + cos a sin® a( + sHPdp A da)

+10(c + r2)71/3 < sin® a(r? + s*)(ada + sin> afdp) A (tdt + sds) — 4 cos® a(st — ts)ds A dt
+ 4sina cos a(? + s7)(sds + tdf) A da — cos? a5(scol + tw,) A (sds + tdr)

+sina cos a(? + sz)é'(sw1 + tw,) A da),
where r? = §% + 12

Moreover,
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n=mn +¥,+¥;+%,),

where 1 and rt; are defined in Proposition 2.6.

Finally, we turn our attention to the map 7. As recalled in Remark 2.7, this map is the pro-
jection to the linear subspace A% of the space of 2-forms on M.

Lemma A.4 In the coframe {0,,05,da,df, w,, ®,, ds, Jt}, a basis for A% is given by the fol-
lowing 2-forms:

A = —cosac, Aw; +da Aw, +2sinadf Adt+2cosacy Ads,

Ay 1= cosac, A,y +da Aw, —2sinadf Ads+2cosac, Adt,

Ay = cosacy A, + sinadf A @, +2cos ac, Ads — 2da A dt,

Ay 1= —COSacy A w, + sinadff A w; +2cosac, Adt+2da Ads,

As 1= 5(c+ %) cos aoy Ada +5(c + r?) sin a cos ac, ANdp + 2w, A ds + 20, A dr,

Ag 1= 5(c+ ?) sin @ cos aoy Adp —5(c+ %) cos ao, Ada +w, Aw| + 4dt A ds,

Ay 1= 5(c+ rP)sinadf Ada + 5(c + 1) cos® ac; A 6, + 2ds A w; — 2dt A w,.
Proof Using the explicit formula for 7z, given in Proposition 2.6, it is easy to verify that

7;(A;) = A; for all i = 1...7. We deduce that the A;s form a basis of A; as they are linearly
independent and the dimension of A; is 7. O

At this point, the proof of Theorem 5.12 follows easily. Indeed, we can rewrite the sum of
the P, given in Corollary A.3 as follows:

Y, + W, + Wy + W, =5(c+ )73 (=5(c + r*) sina cos® afit + r sin® aft — 2sina cos ats?8) 4,

+5(c + ) {5(c + r*) sina cos® afs—r? sin® afis — 2 sin a cos ar’sé) 4,

+5(c+ 2P (5(0 + %) cos? atd + 4 cos a sin ari + 2 sin @ cos asts
+ 2 sin a cos as’F — 12 sin? adt) Ay +5(c+ rz)‘l/5 ( — 5(c + r*) cos? asa

— 4.cos asin as?§ — 2 sin @ cos asti — 2 sin a cos ars + r sin’ ads) Ay

—2cos? ast5<25(c + r2)‘1/515)
+2cos” a(ts — si)(25(c + r2) 3 Ag)
+2(s% + ) sin® acos af (25(c + )77 4;).

From Corollary A.3 and Lemma A.4, we deduce the ODEs of Theorem 5.12.

Appendix B

In this appendix, we study in detail the ODE (6.8). First, observe that in the chart we are con-
sidering the orbits are 3-dimensional; hence, the derivative (&, 7') cannot vanish. In particular,
we can reparametrize the curve such that @ = f; and deduce from (6.8) that i = f,. Indeed, we
recall that (6.8) can be rewritten as:
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i = fa=0.

Since (&, #) || (f;.f2), we recast the problem into finding the integral curves of the vector
field X = (f;,f;). Observe that X makes sense on the whole strip {r > 0,a € [-7n/2, 7z /2]}
and vanishes at (—z/2,0) or along the curve @ = 7 /2. It follows that two solutions of the
ODE can only intersect there. Moreover, {r = 0} and {a = —z/2} are solutions.

We split our analysis in 3 parts, corresponding to the different coupled signs of f; and

fa:

(M a <L p(r);
2 a(n=La
3) p.(r<a<a. (.

B.1.Theseta < B.(r)

Since in this set f; > 0 and f, < 0, starting from an initial point and going forward in time
the solution needs to decrease in r and increase in a in a monotonic way, until it hits f,.
There, i = 0, so, the solution intersects the curve horizontally.

If we instead go backwards in time, a decreases, while r increases. Hence, the solution
can either meet the vertical line @ = —z /2 at some r, > 0 or explode at infinity. However,
the first instance cannot occur since the vertical line « = —z /2 is a solution of the system
of ODEs as well.

B.2.Theseta . (r) < a

In this case, we have f; < 0 and f, > 0, hence, if we take a point and study the solution
going backwards in time the solution needs to decrease in r and increase in . We deduce
that it passes through the vertical line @ = z /2 horizontally at some r, > 0. Indeed, it does
not meet {r = 0}, as the zero section is another solution of the system of ODEs. Moreover,
if we reparametrize (6.8) such that @« = 1, which we can do in the complement of a,, we
see that the solution is r = r(a) in this region and that dr/da = f, /f; < 0. Since f,/f, = 0
as @ — x /2, each solution tends to the vertical line horizontally, and hence, they cannot
intersect there.

If we go forward in time, we either have r — oo or we pass through a, vertically. Under
the same reparametrization as before, we deduce that the solutions r(a) with initial condi-
tions along the line {a@ = arcsin(—1/4)} cannot explode and they need to intersect a,.. More-
over, each point of a, can be reached by such a solution.

B.3.Theset B.(r) < a < a(r)

As before, we pick a point and we see what happens to the solution going forwards and
backwards in time. From the fact that f},f, > 0, there are only two possibilities forward in
time: we either have r — +o00 as @ — arcsin(—1/4) or we meet a, vertically. The latter case
will not happen, otherwise, we would have a solution with a cuspid singularity.

If we go backwards in time, we either intersect a,, f. or (—z/2,0). It is obvious that
there are solutions intersecting «, and f,. In order to prove the existence of the last case,
consider the segment given by an horizontal line restricted to this set. Let K, be the subset
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from which the solutions will meet a, backwards in time, and let K| 5, the one relative to g..
It is easy to show that these subsets are disjoint connected open subintervals arbitrarily
close to each other, using continuity of the initial data. As this cannot cover the starting
interval, we conclude.
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