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LONG TIME BEHAVIOR OF AN AGE- AND LEAKY
MEMORY-STRUCTURED NEURONAL POPULATION EQUATION*

CLAUDIA FONTE! AND VALENTIN SCHMUTZ!

Abstract. We study the asymptotic stability of a two-dimensional mean-field equation, which
takes the form of a nonlocal transport equation and generalizes the time-elapsed neuron network
model by the inclusion of a leaky memory variable. This additional variable can represent a slow
fatigue mechanism, such as spike-frequency adaptation or short-term synaptic depression. Even
though two-dimensional models are known to have emergent behaviors, such as population bursts,
which are not observed in standard one-dimensional models, we show that in the weak connectivity
regime, two-dimensional models behave like one-dimensional models, i.e., they relax to a unique
stationary state. The proof is based on an application of Harris’s ergodic theorem and a perturbation
argument, both adapted to the case of a multidimensional equation with delays.
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1. Introduction. Multidimensional mean-field models in theoretical neuroscience
are challenging to analyze [41, 48, 2, 32|, but their study is a necessary step towards
understanding how multiple timescales present at the single-neuron level [40, 45] affect
the dynamics of large networks of neurons.

One-dimensional mean-field equations for populations of spiking neurons with de-
terministic drift and stochastic jumps have been a subject of mathematical studies
since the works of Pakdaman, Perthame, and Salort [35, 36, 37], providing rigorous
foundations for earlier works in theoretical neuroscience [50, 21, 18, 19]. These pop-
ulation equations correspond to the mean-field limit of large networks of interacting
neurons [10, 15, 6]. However, they are derived from spiking neuron models that are of
the “renewal” type (with the exception of [37]), which means that, while they capture
the effect of neuronal refractoriness, they neglect slower neuronal timescales, such as
those of spike-frequency adaptation and short-term synaptic plasticity.

To take into account slow neuronal timescales, state-of-the-art phenomenological
spiking neuron models must be multidimensional [28, 45] or kernel-based [46, 38, 39]
(see also [20, Chap. 6.4]). In the following, we consider a class of neuron models that
characterize neuronal refractoriness by an “age” variable (the time elapsed since the
last spike) and effects of spike-frequency adaptation or short-term synaptic plasticity
by a “leaky memory” variable. For this class of neuron models, the mean-field limit
is characterized by a multidimensional transport equation with a nonlocal boundary
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condition [43]. In this work, we study in the two-dimensional case the long time
behavior of the solutions to the equation proposed in [43].

1.1. The age- and leaky memory-structured model. The population model
we consider describes the evolution of a density p; over the state-space (a,m) €
Ry x R%, where a and m are the “age” and “leaky memory” variables of the neuron,
and p¢(a, m) represents the density of neurons in state (a,m) at time ¢.

The nonlinear evolution problem for the density p;, for the initial datum ug, reads

(1.1a) Opr + V- (bp) = f(a m,Ext) Pt

(11b)  pe(0,m) = 1p5n(0) ’/ Fa, v 1 (m), exy)pe(a, 7~ (m))da,

t 00
(1.1c) Ty = / / / h(t — s,a,m)f(a,m,ecxs)ps(a, m)dadmds,
o Jo Jo

(1.1d) po = Up.

The dynamics of the model can be decomposed into three elements: (i) the behavior
of neurons between spikes, (ii) the spike-triggered jumps, and (iii) the interaction
between neurons, which we discuss in turn.

(i) Between spikes, neurons are transported along the vector field b(a,m) =
(1, =Am), with A > 0 (V- denotes the divergence operator over the state-space).

(i) Neurons spike at rate f(a,m,ex;), where f : R x RY x R — Ry is the
“firing rate function” corresponding to the stochastic intensity of the spike generation
process, and € € R is the connection strength. When a neuron spikes, its age a is
reset to 0, and its leaky memory variable m jumps to v(m), where v : R, — R is the
“jump mapping” and is assumed to be a strictly increasing C'-diffeomorphism. As a
consequence, the border condition (1.1b) has a simple interpretation: the density of
neurons in state (0, m) at time ¢ is equal to the marginal density of those neurons that
have their leaky memory variable in state y~!(m) and spike at time t. The indicator
function 1,,~~(o) reflects the fact that m is always strictly positive, and the term
|(v~1)/(m)] is necessary to guarantee the conservation of the total mass of neurons.
Indeed, formally,

515//715
_/]lm>’v o |y ‘/ fla m),exy)py(a,~ " (m))dadm —/f(avmﬁfﬂt)m:oa

by a change of variable.

(iii) Neurons interact through the “total postsynaptic potential” x;, which inte-
grates the past spiking activity of the population, filtered by the “interaction function”
h:Ry xRy x R} — R, and which weighted by the connection strength € € R, in-
fluences the firing rate f. If we write N(¢) the population activity (the mean firing
rate)

:/ / fla,m,ex;)pi(a, m)dadm,
o Jo

and if we take h independent of a and m, then x; takes the form

Xy = /t h(t — s)N(s)ds,
0
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where h is now a simple delay kernel, as in [21, 18, 19, 35]. In our formulation, h in
(1.1c) allows us to model more general interactions. For example, in subsection 1.2.2,
we show that by choosing h(t,a,m) = h(t)(1 — m), we can include the effects of a
classical short-term synaptic plasticity model [47].

1.2. Motivation. The model (1.1) extends the time-elapsed neuron network
model [35] (see also [18, 19]) by the addition of a leaky memory variable which can
accumulate over spikes (as opposed to the age variable which is reset to 0 at each
spike) and hence introduces a slow timescale in the population dynamics. Such a slow
timescale is typically used to account for some form of fatigue mechanism, which can
act on the spiking activity (spike-frequency adaptation) or on synaptic transmission
(short-term synaptic depression). Slow fatigue at the single-neuron level can lead
to nontrivial emergent behaviors at the population level, such as population bursts
[49, 22, 17] (see Figure 1), which have not been observed in the age- or voltage-
structured models of [35] and [10] (but see [37]). Even though some population equa-
tions have been successfully used in the computational neuroscience literature to study
emergent behaviors in networks of neurons with fatigue, these population equations
were obtained at the cost of a timescale separation approximation [22, 17] or a “mix-
ing” assumption [33, 44], making them inexact. In contrast, the model (1.1) is the
exact mean-field limit [43] for spiking neuron models with spike-frequency adaptation
or short-term synaptic depression, as we discuss now.

1.2.1. Spike-frequency adaptation. The recent spike history of a neuron can
modulate its firing rate f, leading to spike-frequency adaptation [3]. If A is indepen-
dent of @ and m, and if y(m) = m + I for a fixed I" > 0, (1.1) becomes

(1.2a) Opt +V - (bpy) = —f(a,m,exy)py,

o0
(1.2b) pe(0,m) = lm>f‘/ fla,m —T,ex)pi(a,m —I)da,
0

(1.2¢) xy :/0 h(t—s)/o /o fla,m,exs)ps(a, m)dadmds,
(1.2d) Po = Ug-

If n: Ry — Ris a bounded function such that lim,—, 4. 7(a) = 0 (7 is the “refractory
kernel” [20, sect. 9.3]), we can define f more explicitly as

(1.2e) fla,m,exy) == f(n(a) —m +exy),

where f : R — R, is typically a nondecreasing function. Since m makes jumps
of size I' > 0 at each spike and decays exponentially at rate A between spikes, m
accumulates over spikes, which decreases the firing rate f (1.2e), leading to spike-
frequency adaptation [3]. More specifically, (1.2) is a population equation for adaptive
SRMj (Spike Response Model) neurons [27, 20].

Populations of spiking neurons with spike-frequency adaptation exhibit self-
sustained population bursts when the connectivity strength is sufficiently strong [49,
22, 17]. We call self-sustained population bursts a periodic pattern of activity charac-
terized by an alternation between periods of low population activity and sequences of
population spikes (short time intervals where almost all the neurons in the population
fire). This definition is borrowed from the following definition of single-neuron burst-
ing [26]: “When neuron activity alternates between a quiescent state and repetitive
spiking, the neuron activity is said to be bursting.” In Figure 1, we show simulations of
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Self-sustained bursts (¢ > 0)
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Relaxation to a stationary state (small €)
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FiGg. 1. Depending on the connectivity strength €, a population of adaptive SRMp neurons
can exhibit self-sustained bursts (€ > 0) or relazation to a stationary state (small €). We show
simulations of a network of 5 -10° adaptive SRMy neurons, approzimating the mean-field limit
(1.2), with identical parameters (except for €) and identical initial conditions. The raster plots
below the plots for the time-evolution of the total postsynaptic potential xi represent the spikes of
100 randomly selected neurons.

(1.2) for two different connectivity strengths e. For large e, we observe self-sustained
bursts, whereas for small ¢, we observe relaxation to a stationary state. Note that
the neurons considered here are not intrinsically bursting: if an adaptive SRM{ neu-
ron receives no input (or a constant input), it does not burst. Population bursts are
therefore an emergent behavior of the mean-field model (1.2).

For comparison, in Appendix A we show similar simulations for the time-elapsed
neuron network model [35], where, as expected, we only observe self-sustained oscil-
lations or relaxation to a stationary state.

1.2.2. Short-term synaptic depression. The recent spike history of a presy-
naptic neuron can modulate the synaptic transmission, leading to short-term synap-
tic plasticity [51]. We will consider here the case of depressive synapses and use the
model of [47] (with a change of variable for convenience). In this case, the state-space
is (a,m) € Ry x]0,1[. Taking f independent of m, and choosing h and ~y of the form
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h(t,a,m) := h(t)(1—m) and y(m) := 1 —v+wvm for a fixed v €]0,1[, (1.1) becomes
(1.3a) Oipt +V - (bpt) = —f(a,ex¢)py,

(136)  pl0m) = Loy [ flaca)m(ay ! (m)d.

t 1 o
(1.3c) Ty = /0 h(t — s)/o /0 (1 —m)f(a,exs)ps(a, m)dadmds,
(13d) PO = UQ.

Note that the term L on the right-hand side of (1.3b) simply comes from the fact
that [(y~!)'(m)|= 1 for all m €]0,1[. Here, at each spike, m makes strictly positive
jumps whose size tends to 0 as m tends to 1 (since (1) = 1) and decays exponentially
at rate A between spikes. If m is close to 1, synaptic transmission is weak because of
the factor (1 —m) in (1.3c).

As observed in [42], the stationary state of populations of neurons with short-
term synaptic plasticity can be described by a simple formula, which we rederive in
subsection 4.3.

1.3. Assumptions and main results. The main result of this work is the ex-
ponential stability of (1.1) in the weak connectivity regime (Theorem 1.4)—or, more
explicitly, there exists e** > 0 such that (1.1) is exponentially stable for all connec-
tivity strength e €] — &**, +e**[. Before proving the exponential stability, we first
establish the well-posedness of (1.1) in the appropriate function space (Theorem 1.2)
and show that stationary solutions exist and are unique for sufficiently weak connec-
tivity (Theorem 1.3).

Here, we study the weak solutions to (1.1) for an initial datum in L} := L'(R; x
R*,Ry) and write L (R%) := LY(R%, Ry).

DEFINITION 1.1 (solutions). (p,z) € C(Ry, L) x C(Ry) is a solution to (1.1),
for the initial datum uy € LY, if
(1.4a

)
t [e'e] [e%e]
wo= [ [ ] ht = s.am)fa.m,zn)pu 0 m)dadmds vt 20
0 0 0

and if for all p € C°(Ry x Ry x RY),

(14b) 0= /0ij /000 uo(a, m)p(0,a, m)dadm
s [T [ mtemf{iec+ 0, - xma e + ott.09(m)
—(t,a,m))f(a,m, sxt)}dadmdt.

To prove the well-posedness of (1.1), we need some simple assumptions on the
firing rate function f and the interaction function h.

ASSUMPTION 1. f is bounded and L¢-Lipschitz, i.e.,
\f(a,mw) - f(a*7m*7 {E*)|§ Lf(‘a - a*|+‘m - m*|+‘$ - l'*|),

and h is bounded and continuous.
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Since we want to apply Harris’s theorem, the well-posedness in L! (which is
treated in [43]) is not enough, and we need the well-posedness in a weighted L' space
(where the weight satisfies a Lyapunov condition [29]) with a global-in-time estimate
in the weighted L' norm.

Using the weight function

w:Ry xRy — [1,00[, (a,m)—1+m,

we define the function space

(o) oo
L (w) := {g € L'(Ry x R* | Ry) 1911 21 () ::/0 /0 g(a, m)w(a, m)dadm < oo}.

To obtain a global-in-time estimate in the L}r(w) norm, we further require the jump
sizes of v to be bounded.

ASSUMPTION 2. There exists a bounded function I : R} — R such that for all
m € R%, y(m) =m +T(m).
THEOREM 1.2 (well-posedness).  Grant Assumption 1. For any initial datum
ug € LY, there exists a unique weak solution (p,x) to (1.1). This solution satisfies
(i) (L*-stability) el =|luollp: for allt > 0.
(ii) (Global bound in L! (w)) If, in addition, Assumption 2 holds and uy €
LY (w), then

—a b —a
(15)  Ve> 0, lpel gy < lluoll sy e + = (1= e™*lluo]l s

for some constants o > 0 and b € R.

In contrast to [43], the well-posedness proof presented here does not involve any
probabilistic argument. The proof consists of two consecutive applications of Banach’s
fixed-point theorem, where a first fixed-point gives the unique solution to a linearized
version of (1.1) which is then used in a second fixed-point treating the nonlinearity
of (1.1).

The second step towards the exponential stability proof is the study of the exis-
tence and uniqueness of the stationary solutions to (1.1). For this step, we require
the following assumption.

ASSUMPTION 3.
(i) There exist Agps > 0 and o > 0 such that

fla,m,z) >0 V(a,m,x) € [Agps, +00[ X R} x R,

(ii) There exists Cy €]0,1] such that Cy <+ < 1.

(iii) h(a,m)= [~ h(t,a,m)dt is bounded.

The first point of Assumption 3 sets a lower bound on the firing rate function f for
any a > A,ps while allowing neurons to have an absolute refractory period A,ps > 0,
i.e., a period of time following a spike during which f can be 0 (which is an important
neurodynamical feature [20, sect. 1.1]). This assumption is also used in [5].

In the second point of Assumption 3, the lower bound 0 < C, < 7/ guarantees that
v is strictly increasing, which reflects the idea that m is a “leaky memory” variable
of the past neuronal activity. On the other hand, the upper bound ' < 1, which can
be rewritten in terms of the jump size function I" as IV < 0, prevents the variable m
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from growing too fast and allows for a potential saturation of the memory, as in the
example with short-term synaptic plasticity (1.3). The third point of Assumption 3
reflects the fact that a single spike has a finite impact on the neuron that receives it.

We emphasize that the two examples shown above—spike-frequency adaptation
(1.2) and short-term synaptic depression (1.3)—satisfy Assumption 3.

THEOREM 1.3 (stationary solutions). Grant Assumptions 1-3.

(i) There exists a stationary solution to (1.1).

(ii) There exists €* > 0 such that for all e €] — &*,4+¢*[, the stationary solution
to (1.1) is unique.

Over the course of this work, we obtained the existence of the stationary solu-
tion by two different approaches. The first approach is based on the Doeblin—Harris
method [23] and is similar to that of [5]. First, we show that when z; is fixed and
time-invariant in (1.1) (neurons are noninteracting), the system satisfies a Harris
condition—this constitutes a key result of this work—and we can use Harris’s the-
orem to get the stationary solution. Then, we use the Lipschitz continuity of the
stationary solutions with respect to the fixed x to prove the existence of a stationary
solution for arbitrary connectivity strengths . Finally, for € small enough, we also
get the uniqueness of the stationary solution by Banach’s fixed-point theorem.

The second approach relies on the fact that the stationary solutions solve an inte-
gral equation, for which we can show that a solution exists by Schauder’s fixed-point
theorem. In the process, we get several estimates on the stationary solutions, namely
that they are continuous, bounded, and exponentially decaying in m. However, this
approach does not give uniqueness.

As mentioned above, the application of Harris’s theorem requires us to consider
solutions in the weighted space L'(w). However, in the case where the state-space
of the leaky memory variable m is bounded, the situation is simpler: we can use
Doeblin’s theorem in L'. The following assumption guarantees that m stays in a
bounded state-space.

ASSUMPTION 4. There exists G > 0 such that for all m € R% , v(m) < G.

Note that this assumption is satisfied in the example with short-term synaptic
plasticity (1.3), with G = 1.

Finally, to study the exponential stability of (1.1), we need an exponential decay
on h.

ASSUMPTION 5. There exists b,Cy > 0 such that h(t,a,m) < Cpe™" for all
(t,a,m) € R+ X R+ X Ri

By a perturbation argument similar to that of [30], we obtain our main result.

THEOREM 1.4 (exponential stability in the weak connectivity regime). Grant
Assumptions 1-3 and 5. For any W > 0, there exists €l > 0 such that for ¢ €

| — i, el there exist C > 1 and cw > 0 such that for all initial data ug € LY (w)
with|luol|,, =1 and [|uol| 1,y < W, the solution (p,x) to (1.1) satisfies

(16)  llpr = poolliaguy + loe = 2ocl < Ce™ (uo = pocllpny +1) W20,

where (Poo, Too) 18 the unique stationary solution given by Theorem 1.3(ii).
If, in addition, we grant Assumption 4, then there exists €** > 0 such that for all
e €] —e**, +&**[, there exist C' > 1 and ¢ > 0 such that for all initial data uy € Li_
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with [Juol| . =1,
(1) o= puells + 1t — 2l < O (fug — pucllys +1) V=00

From the neuronal modeling point of view, this result is not surprising: when the
connection strength is weak enough, neurons do not synchronize, and the population
activity converges to a stationary state. This was already proved for simpler one-
dimensional models (see below), and the addition of a leaky memory variable carrying
the effect of spike-frequency adaptation or short-term synaptic plasticity does not
change this behavior.

1.4. Discussion of the methods. The asymptotic stability of the age-structured
model of [35] in the weak connectivity regime has been studied using entropy methods
(assuming that f is a step-function) [35, 36], spectral analysis of semigroups in Banach
spaces [31, 30], and Doeblin’s theorem [5]. For treatments of the strong connectivity
regime, we refer the reader to [35, 36, 30].

The asymptotic stability of the closely related voltage-structured model of [10]
in the weak connectivity regime has also been studied by Cormier, Tanré, and Veltz
[8] using Laplace transform techniques. In addition, the same authors have analyzed
the nonlinear stability of the stationary solutions [7] (see also [12]) and proved the
existence of periodic solutions [9].

Doeblin’s theorem has also been used in [14] in the case of the “threshold crossing”
neuronal population equation of [34]. Note that closely related methods have been
used by probabilists to study the ergodicity of single-neuron models [25, 13].

Our approach combines strategies from [31] and [5], even though [5] uses Doeblin’s
instead of Harris’s theorem. On the one hand, our proof is based on the application
of Harris’s theorem for the linear problem, which simplifies the proof of [31]. On the
other hand, we use an argument from [31] to deal with delay effects, which are not
considered in [5]. Note that our model is two-dimensional (by the addition of the leaky
memory variable), whereas the aforementioned works only considered one-dimensional
models.

1.5. Plan of the paper. The proof of Theorem 1.2 (well-posedness) is pre-
sented in section 2. In section 3, we prove the exponential stability of (1.1) in the
noninteracting case € = 0 using Harris’s or Doeblin’s theorem. The proof of The-
orem 1.3 (stationary solutions) is presented in section 4 which is divided into three
parts: in the first part, we present a proof which uses the exponential stability of
the noninteracting case; in the second part, we present an alternative proof for the
existence of stationary solutions which does not involve the Doeblin—Harris method;
and in the last part, we present a proof for the formula of [42] in the case of short-term
synaptic plasticity (1.3). Finally, section 5 is dedicated to the proof of Theorem 1.4
(exponential stability in the weak connectivity regime).

2. Well-posedness. This section is dedicated to the proof of Theorem 1.2,
which we decompose into several lemmas. First, we verify the a priori L!-stability of
the solutions to (1.1), a technical result we use later in the proof. Then, we introduce
a linearized version of (1.1) and show that it is well-posed by an application of Ba-
nach’s fixed-point theorem. Another application of Banach’s fixed-point theorem is
used to treat the nonlinearity of (1.1) and concludes the proof of the well-posedness
in L'. Finally, we prove the global bound in L} (w) (Theorem 1.2(ii)), which we will
use to apply Harris’s theorem in the next sections.
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LEMMA 2.1 (a priori Ll-stability). Grant Assumption 1. If (p,x) is a weak
solution to (1.1) for the initial datum ug € LY, then

lpell e =lluoll,y V¢ >0,

Proof. By a standard cut-off in time argument, we have that for all T > 0 and
for all ¢ € C(RL x Ry x RY),

/ / pT(a7m)g0(T7a,m)dadm—/ / uo(a, m)p(0,a, m)dadm
o Jo o Jo

= /OT /Ooo /O°° pt(a, m){[ﬁt + 0q — AmOp ) + ((t,0,7(m))
— o(t,a,m)) f(a,m, Ext)}dadmdt.
Let x be a function in C°(R4 x R% R ) such that
x(a,m)=1 Va*+m?<1.

For all n € N*, we write " € C®(R. x Ry x R%), the classical solution to the
transport equation

(2.1a) 0" (t,a,m) + 0,8" (t, a,m) — AmOpy,@" (t,a,m) = 0,
(2.1b) 7" (0,a,m) = x(a/n,m/n).
Because of the finite speed of propagation of the transport equation, for all n,

there exists a function ¢™ € C°(Ry x Ry x RY) such that ¢"(t,a,m) = ¢"(t,a,m)
for all (¢,a,m) € [0, T] x Ry x R*. Hence, for all n € N*,

/ / (T, a,m)pr(a, m)dadm — / / (0, a, m)ug(a, m)dadm
_ / [ [Hawr +our amdner+ (0,09

—"(t,a,m)) f(a,m,ex;) }pt(a, m)dadmdt.

As ¢, is a solution to (2.1a) on time [0, T], we get

/ / (T, a,m)pr(a,m)dadm — / / "(0,a, m)ug(a, m)dadm
/ [ [ { e woam) - o am) sem, a0 forto midaamae.

For all (t,a,m) € [0,7] x Ry x R%, ¢"(t,a,m) —— 1, since the initial datum
n—oo

tends to 1 as n — oo (2.1b) and by finite speed of propagation. Thus, by dominated
convergence, we get

(2.2) /000 /000 pr(a, m)dadm — /000 /000 uo(a, m)dadm = 0.

Since p is nonnegative, this concludes the proof. 0
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Lemma 2.1 will allow us to prove the well-posedness of (1.1) by means of fixed-
point arguments. Let us first introduce a linearized version of (1.1): for all z € C(Ry.),
we consider the linear evolution problem

(2.3a) Owpr +V - (bp) = —f(a, m,exy)py,
(2:3)  pu(0,m) = Loy | (571 ()

(2.3C) PO = UQ-

o0

Fla, v~ (m),exe)pe(a, v~ (m))da,

0

We can see (2.3) as the Kolmogorov forward equation of a time-dependent Markov
process. Indeed, we can rewrite (2.3a) and (2.3b) as

(2.4) Opr = Lipr,
where, for all suitable test functions ¢ : Ry x R} — R,
(2.5) L;d(a,m) =bla,m) - Vo(a,m) + [¢(0,v(m)) — ¢(a,m)] f(a, m,exy).

L} is the time-dependent generator of a piecewise deterministic Markov process with
degenerate jumps.

The linearized equation (2.3) will play a special role in the following sections and
therefore deserves its own proposition.

PROPOSITION 2.2 (well-posedness of the linearized equation (2.3)). Grant As-
sumption 1. For any initial datum ug € L}r and any x € C(Ry.), there exists a unique
weak solution p® € C(Ry, LY) to (2.3). Furthermore, p” satisfies the following:

(i) For allt >0 and for all m € R,

ptm(oa m) = ]]-m>'y(0) ‘(771)/(’,”)‘ /0 f(avvil(m%sx)ptr(afyil(m))dav
pf (a’ m) =
ug(a —t,erm) exp (/\t — fot fla—t+s,e =)m, sx)ds) ifa>t,
pF_.(0,erm) exp (/\(l - ftt_a fla—t+s,eNt=Im, Ex)ds) if 0<a<t.

(i) For allt >0 and for all $ € CZ(Ry x RY),

(2.6) (0) = (w0} + [ (o2 L300

Proof. Fix # € C(Ry). For all p € C(Ry, LY (R%)) and ug € LY, we know from
the standard theory of transport equations that there is a unique weak solution to
Orpr +V - (bpy) = —f(a, m, exy) py,
pt(ov m) = pt(m)v
Po = Uo,
which we denote by p™P, and it is given by the representation formula,
ug(a —t,eNm) exp ()\t — fot fla—t+s,ert=Im, sxs)ds) if a >t,

py P (a,m) = .
Pi—a(erm) exp (/\a — [ fla—t+s, M=), sxs)ds) if 0<a<t.

© 2022 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 10/11/23 to 138.199.6.184 . Redistribution subject to CCBY license

AN AGE- AND LEAKY MEMORY-STRUCTURED POPULATION 4731
The solution p®? is in C(R,, L!) since

t
vieR., |27, < lluolly + / Ipell s ds.

We have
(st (7] [ a7 0,000 o

€ C(Ry, L} (RY))

(t,m)eR 4 XR;

since

ek [ fom o] [ e om0y )dad

t
< lellot ™l <MFlle {Huollzr + | psllzids | -
0

Hence, we can define, for any 7" > 0, the operator ®7:

C((0,7], LY (RY)) — C([0, 7], LY (RY))

2 (Lot 70| [ Ha0m), 21057 () )

(t,m)€[0,T] xR

For any p,q € C([0,T], L} (R})),

1950) = 2@y, <I e 12 l107” = 2

T
<Ifle / Ips — gsll 2 ds
ST fllollp = qHC([O,TLLl) :

Therefore, if 0 < T < ||f|\;ol7 ®7. is a contraction. By Banach’s fixed-point theo-
rem, there exists a unique p” € C([0,T], L) solving (2.3). Since the choice of the
contracting T' does not depend on the initial datum, we can iterate the above argu-
ment on successive time intervals of length T" and conclude that there exists a unique
p* € C(Ry, LY ) solving (2.3), for which formula (i) is satisfied. Then, (ii) follows from
a standard cut-off-in-time argument. ]

Now, we can prove the existence and uniqueness of a solution to the nonlinear
problem (1.1) by means of a second application of Banach’s fixed-point theorem.

Proof of the well-posedness of (1.1) in L*. For any x € C(R,), we take the p®
given by Proposition 2.2. We have

(/ / h(t — s)f(exs)p? dadmds> eC(Ry)
0 JRy xRy

teRy

since

t
vt ER,. <Rl ol f / 161 1 ds.

¢
/ / h(t — s)f(exs)ps dadmds
0 JRyxR?
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Hence, for any T' > 0, we can define the operator

Wz : C([0,T]) — C([0,T))

t
T </0 /]Rer]R:_ h(t — s)f(exs)ps dadmds)

For any x,y € C([0,T7]), we have

te[0,T)

[0r(e) = Ur@legory < Tl swp [ If(emer = flew)ot] dadm
’ te[0,T] JRy xR,
< Tkl sup (cLslae = willloflls + 1710 = oIl ) -
te[0,T)
By Grénwall’s lemma, [[pf || .2 <||uo|| 1 exp(| f]| t) since

t
e 0T, (6l <luollp +1/1 / 10710 ds.

On the other hand, we have, for all ¢ € [0, T7,

t [e%s) t
|oF = p¥|l,: < / / p%(0,m) exp <—/ flu— Sae_k(“_s)w(m),swu)du>
0 0 s

t
— p2(0,m) exp (—/ flu— 876_’\(“_5)7(m),5yu)du> dmds

t t
Wl | 107 = 21 ds 420l Lelle = oy [ 16500 s
Hence, by Gronwall’s lemma, for all ¢ € [0, T],

. exp(|fllot) — 1
Hpt - p?t!HLl < E':Lf”uOHLl ( ”fH ) ||£L’ - y”C([O,T]) :

2

Gathering the bounds, we get

[Wr(z) - ‘I’T(y)HC([o,T])
< Tl Ly luoll 1 xp(1 1l T) [1 4 expll flloo T)] I~ leqosry -

For T small enough, ¥ is a contraction and, by Banach’s fixed-point theorem, has a
unique fixed-point. Thus, there exists a unique solution (p,z) € C([0,T], L} ). Since,
by Lemma 2.1, ||pr||,: = |luol/;1, we can iterate this argument on successive time
intervals of length T and conclude that there exists a unique solution in C(R, Li_) O

To conclude the proof of Theorem 1.2, it remains to show the estimate (1.5).
Under Assumption 2, the weight function

w:Ry xRy — [1,00], (@,m) —14+m
satisfies w(a,m) — oo when m — oo and the Lyapunov condition on m:

(2.7 Joa>0,b>0 suchthat Liw < —aw+b.
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Indeed, for all (t,a,m) € Ry x Ry x R%,
Liw(a,m) = —Am+T(m)f(a,m,ex;) < —Aw(a,m) + A+l o[ fllo -

Importantly, the constants a and b do not depend on z.

LEMMA 2.3 (global bound in L} (w)). Grant Assumptions 1 and 2. If the initial
datum uq is in L (w), then p, € L! (w) for all t > 0. Moreover,

- b _
(2.8) V>0, ol <luollprawy e + —(1=e™*)uoll 1

where the constants « and b are taken from the Lyapunov condition (2.7).

Proof. We divide the proof into two steps. First, we prove that the solution is
stable in Li(w) with a weaker and time-dependent bound; then we use this first
bound to apply the dominated convergence theorem and obtain (2.8) by Gronwall’s
lemma.

Step 1. Fix any T > 0. Let x € C°(R4+,R;) be a nonincreasing function such
that x(z) = 1if 0 <z <1 and x(z) = 0if z > 2. For all n € N*, let us write
vr(a)xn(m) := x(a/k)x(m/n). We also consider gps(w) a smooth approximation
of w A M, such that ||¢'[|cc< 1 and M1,>y < g(w) < M. For all n,k, and M,
gm (W)xner € CX(Ry x Ry, Ry). Hence (by Proposition 2.2(ii)) the solution (p, )
to (1.1) satisfies

T
Vn € N*, (o1, g (W) Xn k) = (U0, gar (W) XnPk) +/ (o, L3 (gar (W) Xnox))dt,
0
where

‘C;(QM(w)XnQDk) = 8a<gM(w>Xn<pk) - /\mam(gM(w)XnQOk)
+ (gm (w(y(m)))xn (v(m))er(0) — gar (w)xner) f

= g2 (@) X (0/) = Xmgas ()X (m /) = gl ()Xo
+ (90w (m))xn (101)26(0) = gar ()Xo -

From the L!-stability and the fact that both gas(w)0m Xn and gar(w)x, are bounded
and have compact support, we can go to the limit in & by dominated convergence:

(2.9)  (pr; gmr(w)xn) = (w0, gr1 (W) xn)

v ' (o1 =Nmgns(w) e ) gty () )

T
+/O (Pes (gar (w(y(m)))xn (Y(M)) = grr(w)xn) f) dt.

On the other hand, from the properties of x and gjs, we have

2n
< /\gM('LU);Hx’HooS 2AM [|x[|oo

’)\mgM (w) %X'(m/n)
and

|Amgh (w)Xn| < Agar(w) < AM,
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whence

(prs gn (W) xn) < (w0, gar (W) Xn)

T
+ / (9r: Agag ()X oo+ Agar (w))dt
0

T
+ / (oo (an1 (w3 (1)) x (7 () — g (w)xn) f ),

and we can take the limit in n by dominated convergence:

(pr, g (w)) < (uo, gnr(w))

+ [ o Agas @)+ Agas (w)he
0

T
+ [ o aawr(m)) = gartw))

0
From the properties of v, we get

w(0,y(m)) < w(0,m+[T,) < 1+ )wla,m)
and

gar (w(0,7(m))) < (1 +[T]| o )gar (w(m)).

This, together with the fact that f is bounded, shows that there exists a constant C,
which does not depend on M, such that

T
(o1 gar(w)) < (o, gar(w)) + C / (e, gt (w)) .

and we can apply Gronwall’s lemma to obtain
(o1, grr(w)) < (uo, gar (w))e".

Finally, it follows from Fatou lemma that pr € L} (w).
Step 2. To improve the previous estimate, we come back to (2.9) and use domi-
nated convergence in n and M (domination being guaranteed by Step 1) to show

(pr,w) = (uo, w) + /0 (o1, Liw)dt.

By the Lyapunov condition (2.7),

T
o5 <ol = |l e+ T
and by Gronwall’s lemma, we have, for all ¢ € [0, 7],

a b o
”pT”Ll(w) < ||UO||L1(w) et 4 a(l —e t).

Since T can be chosen arbitrarily large, this achieves the proof. ]

Remark 2.4. Following the same steps as in the proof above, we can show that
the bound (2.8) also holds for the linearized equation (2.3) and does not depend on
x or the constants « and b.
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3. Exponential stability in the noninteracting case. If x € C(R;) in the
linearized equation (2.3) is time-invariant, i.e., x = & for some Z € R, then (2.3) can
be seen as the dynamics of a noninteracting population of neurons. In this section, we
prove the exponential stability in the noninteracting case using Harris’s or Doeblin’s
theorem. This is the key result of this work and will allow us to prove the existence
and uniqueness of the stationary solution to (1.1) (section 4) and the exponential
convergence towards it (section 5).

For € R, up € L', we denote by p¥ the unique solution to (2.3) for the initial
datum ug and for x = I given by Proposition 2.2. We write, using the semigroup
notation,

(3.1) STug = pf vt > 0.

To show that the semigroup (3.1) is exponentially stable, we will use Harris’s the-
orem in the general case or Doeblin’s theorem if Assumption 4 is granted. The original
theorems of Doeblin [11] and Harris [24] have since been refined and extended—see
the well-known works of Meyn and Tweedie [29] and Hairer and Mattingly [23]. More
recently, these theorems have been generalized to stochastic semigroups [16, 5, 1, 4].
Below, we give general statements of Doeblin’s and Harris’s theorems. For complete-
ness, a short yet enlightening proof of Doeblin’s theorem is presented in Appendix B.
A proof of Harris’s theorem can be found in the recent work of Canizo and Mischler
[4].

Let © denote a general state-space, and let (S;);>0 be a stochastic semigroup;
i.e., for all t > 0, S; is a mass and positivity preserving linear operator on L(Q); Sy
is the identity operator; and for all ¢, s > 0, S;Ss = Ss4¢. We say that po, € LL(Q)
is an invariant probability measure of the semigroup (S;)i>0 if ||poc|/zr= 1 and if, for
all t > 0, Stpoo = Poo-

THEOREM 3.1 (Doeblin). If there exist T > 0 and a nonzero v € L such that
(32) STug > V||u0||L1 Yug € L}F’

then there exists a unique invariant probability measure pso, and for all initial data
ug € LY with||uol| ;. =1,

(3-3) 1Stuo = poollpr < Ke™luo — poolpr - VE >0,

with
1 los(l = vllzr)

Kzi’ =
iz T

> 0.

We call (3.2) the Doeblin minoration condition. Very loosely speaking, the Doe-
blin minoration condition is best suited for compact state-spaces (but see [16, 5] for
examples on Ry). In the case of unbounded state-spaces, Harris’s theorem tells us
that the Doeblin minoration condition can be relaxed to a more local form if there is
a Lyapunov-type localization condition.

THEOREM 3.2 (Harris). Let w: Q — [1,4+00) be a measurable weight function.
If there exists T > 0 such that
(i) (operator Lyapunov condition) there exist A €]0,1[ and B > 0 such that

(3.4) 1S710ll 1 oy < Alltoll () + Blluoll s Vuo € Ly (w);
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(ii) (Harris minoration condition) there exist a nonzero v € LY and R > 0 such
that

(3.5) Srug > 1// uy Vug € LY, with€={z€Q|w() <R},
¢

then there exists a unique invariant probability measure poo such that ps € L}F (w),!

and there exist K > 1 and a > 0 such that for all initial data uo € L% (w) with
luoll L =1,

(36) ISt0 = poolliaguy < Ke™luo = poclloy Yt 0.

For the model (1.1) considered in the present work, Assumption 3 will be necessary
to show the Doeblin or Harris minoration conditions. We then have to distinguish
two cases: either Assumption 2 holds, and we can use Harris’s theorem since the
Lyapunov condition (2.7) implies the operator Lyapunov condition (3.4) by Lemma 2.3
(the constants are then A = e~ and B = g), or Assumption 4 holds, and we can
simply use Doeblin’s theorem. The main technical difficulty is to verify the minoration
conditions, as the jumps of the process described by (2.5) are degenerate, and the
model is two-dimensional. The rest of the section is devoted to the verification of the
minoration condition.

LEMMA 3.3 (minoration condition). Grant Assumptions 1 and 3. Fiz any x € R.
For all R > 0, there exist T > 0 and a nonzero v € Li such that

(3.7 SZug > 1// ugdadm Vug € LY.
Ry x ]0,R]

If, in addition, Assumption 4 holds, then there exist T > 0 and a nonzero v € Ll+
such that

(3.8) Stug > v|uollr  Vuo € LL.

Proof. We proceed in two steps. First (Step 1), we choose a time T" > 0 and
a rectangle [0,a] x [m,m] C Ry x R% (with nonzero Lebesgue measure) and show
that the density S%uo € L! has a lower bound on [0,a] x [m,m] which depends on a
Lebesgue integral in Ri involving ug. Then (Step 2), we perform a change of variable
to express this lower bound in terms of fR+ «10,R] Y0 dadm. The proof only relies on the

expression of SFug given by the method of characteristics (see Proposition 2.2), and
this allows treating a typically probabilistic question—the Doeblin/Harris minoration
condition—from a transport point of view. This is possible because S is the stochastic
(mass-conservative) semigroup of a piecewise deterministic Markov process.

The constants A,yg, o, and C, are taken from Assumption 3.

Step 1. Fix R > 0. Since y(e~*2abs4(0)) > v(0) and (e~ y(e= 22 R)) — 4(0)
as t — oo, there exist @ > 0 and T > a + A,ps such that

(39)  m=:y(e MmO Bl (e A R)) < e Ay (e A y(0)) =: .

Equation (3.9) has the following heuristic interpretation: if we see S as the stochastic
semigroup of the piecewise deterministic Markov process defined by the generator

INote that Harris’s theorem does not exclude the existence of an invariant probability measure
with infinite L!(w) norm.
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(2.5), for any initial point (ag, mg) € R4 % ]0, R] and any landing point (a,m) € [0,a] x
[m, m] at time T, there is a “possible” trajectory going from (ag, mg) to (a,m), with
exactly two jumps (spikes). Since the trajectories of the process are determined by
the jump times, we will exploit the fact that these “possible” trajectories correspond
to jump times with strictly positive probability density. Below, we take a transport
point of view on this probabilistic argument.

For all (a,m) € [0,a] x [m, ],

(STuo)(a,m)
T

> lia<ty (S5 u)(0, e>‘“m) exp </\a - fla=T+s, M3, i)ds)

T—a

> ]l{a<T}e_“fHmTeAa(S%—QUO)(Ov ekam)

Y| [ (S o) @' e

Aabs

Aa

> Lggerye Wll=Toe

d _ a > T — a
e [ (SE ) ) o

()

= Ligerye =75

Above, we went back in time to the last jump time T'—a. Let us note that v~ (e*m) >
y~1(e*m) > 0. We can therefore define

* _l o —1/ Xa
Aam 'fA(logv(O) logy™ (e m)>~

Note that a} ,, satisfies 71 (eMam~y~1(erm)) = 0. In other words, ay ., is the
minimal time between the last and second-to-last jumps for a trajectory landing at
(a,m) at time T. We can easily verify that, by our choice of {T,a,m,m}, Aaps <
ay < T—a—Aups. This guarantees that it is possible to make two jumps in [0, 7] and
land at (a,m) at time T" while respecting the absolute refractoriness of the neuron (i.e.,
there needs to be a time interval > A,ps between jumps). This allows us to go further
back in time to the second-to-last jump as follows: for all a’ € [a;; ,,,, T' — a — Aupg],

(5) = Ligrer—aye M I=Ta | (771 (X7 (eXm)) | X

x / (S5 wuo)(a”, 7 (7 (X*m))) da”
Aabs
(5x)

Then, we can go further back to time 0 to get ug:
(%) > ]]-{a”ZT—a—a/}e_HfH‘X’Te)\(T_a_a/)
« UQ(CLN —(T—a-— a/>7e)\(T—a—a’),y—l(e)\a’,y—l(e)\am)».

Putting all the lower bounds together, we get

(SFuo)(a,m) > Ligeqye W= o?

/T&Aabs /oo
a T—a—a'

uo(a” — (T —a—ad'), e)‘(Tfafa,)fyfl(6)‘a/'y*1(e)‘am)))da"da'.

d —a—a'),— a . — a
ATy (A ey

dm
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Since 7' < 1 (Assumption 3),

d / /
‘GA(T—a—a )’}/_1(€>\a V—I(BAam)) > BAT.

dm
Thus,
(SZug)(a,m) > 1{a<T}6(’\_3”f”°°)TU2
(3.10) . /TaAabs /000 wo (g, NT=0=0) =1 (A 4= () ) dagdd.

We have obtained that on [0,a] x [m,m], the density (S%ug) is lower bounded by a
constant depending on a Lebesgue integral on Rﬁ_ involving ug.
Step 2. Now, we want to express the lower bound (3.10) in terms of

/ up dadm
Ry x ]0,R]

by a change of variable. Let us define the function zlxaT,m:

T

a,m

al T —a—Aaps) = Ry, a s T80y =T (Ao,

a,m?’

We verify that (17 ,,)" > 0 as follows: for all o’ € [a}; ,,,T — al,

(3.11)
(Yam)' (')

_ /\e)\(Taa’){(,yl)/(e)\a’,y1(6)\am))e>\a',y1(€Aam) _ 771(6)\11 ,yl(e)\am))}.

AsT >0 and v <1 (Assumption 3), we have

/

(wT )/(a/> > )\e)\(T—a—a’){(,y—l)/<e)\a’,y—1(e)\am))€)\a

a,m

,y—l(e/\am) . e)\a’,y—l(e)\am)}

/

_ )\eA(T—a),y—l(e/\am){ (,y—l)/(e)\a ,y—l(e/\am)) _1} > 0.

>1

Therefore, ! is a strictly increasing C!-diffeomorphism from [ag 1y T — @ — Aqps]

a,m

to [WL, (ax ), I (T —a— Aups)]. We can now rewrite (3.10) as

a,m\*%a,m a,m

~ T*G*Aabs o0
(SFug)(a, m) > e(>‘*3‘|f”oo)T02/ / uo(ao,wgm(a’))daoda'
* 0

Ao, m

¢£m(T_a_Aabs) [e%s)
:e<A—3\|f|\m>TU2/ / oo, m0) | (V)™ (1m0)| daodmo.
0

YT m(at m)

Going back to (3.11) and using the fact that there exists C,, such that C, <~+' <1
(Assumption 3), we have, for all o’ € [a}; ,,, T — a — A,

( Zﬂ,m)/(a/) < /\eA(Tfafa’)C;le/\a',yfl(eAam) < )\GATC,;IW.
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Hence,

~ e 3IflT 20 Yo o (T—a—Aaps) oo
(SII“UO)(aam) > —/ / uo(ao,mg)daodmo.
¥ 0

& m(agm)

A\

In addition, by our choice of {T,a, m,m}, we have
am (@) =0,
wT (T —a— Aabs) _ e)\Aabs,y—l(e)\(T—a—Aabs),y—l(e)\am)) > R.

a,m

Therefore,

- e 3 To20, B o
(SFuo)(a,m) > —-"> / / uo(ag, mo)dagdmy.
Am o Jo
Since we have assumed that (a, m) € [0, a] x [m, ], this concludes the proof of (3.7).

In the case where Assumption 4 also holds, the proof of (3.8) is similar except that
we can simply take R = 400 and m =: (e MNT=378abs) G) < e7 Ay (e7Aabeny (0)) =:
m. 0

In summary, by Harris’s theorem, we have the following.

~ THEOREM 3.4. Qrant Assumptions 1-3. For al~l T € R, there exists a unique
P € Li_(w) with ||P§0HL1 =1 such that S} pZ, = pZ, for allt > 0, and there exist
K >1 and a > 0 such that for all initial data ug € LY (w) with ||ug||;: =1,

S Ke—ﬂt
L' (w)

vt > 0.

(3.12) ‘

T
U) ~ Po

T T
Stuo_poo

L (w)

Furthermore, by Lemma 2.3, we have that”pioHLl(w) < g, where the constants o and

b are taken from the Lyapunov condition (2.7).

If Assumption 2 is replaced by Assumption 4, we can simply apply Doeblin’s
theorem.

THEOREM 3.5. Grant Assumptions 1, 3, and 4. For all T € R, there exists a
unique p%, € L}r witthf;oHLl =1 such that S¥p% = pZ, for allt >0, and there exist
K >1 and a > 0 such that for all initial data uy € LY with ||ug|| ;. = 1,

< Kefat

Lt

STug — pZ, ug — p vt > 0.

(3.13) ‘

Lt
Note that both theorems imply the following.

COROLLARY 3.6. Grant A~ssumptions 1-3 (or Assumptifms 1, 3, and 4). For all
T € R, there exists a unique p%, € L} (w) (or € LL) with ||p§OHL1 =1 solving

(3.14a) 8ap§o (a,m) — )‘am(mpi;o (a,m)) = —f(a,m, 2)pZ (a,m),

) 0m) = Lo | (7Y ()] [ " Fay ™ m). £ (a7 (m)da

in the weak sense. Furthermore, we have that p%, € C(Ry, LY (R%))NL> (R4, L (R%)).
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4. Stationary solutions for arbitrary connectivity strength. In this sec-
tion, we study the stationary solutions to (1.1), namely the solution to

(4.1a)  Ogpoo(a,m) — X0, (mpoo(a m)) = —f(a,m,exs)poc(a,m),

(10)  peel0m) = Lo | (7 \ / Fla.77 (). 20 ) poc (0, (m)

(41c) Zoo= /000 /000 h(a,m)f(a,m,exo0)poo(a, m)dadm.

DEFINITION 4.1. (poo, #oo) € LY (w) NC(Ry, LA (R%)) N L>®(Ry, L (RY)) x Ry
is a stationary solution to (1.1) if | po|| 2 = 1 and if it solves (4.1) in the weak sense.

4.1. Existence and uniqueness using the Doeblin-Harris method. We
present two Lipschitz continuity results, which will allow us to prove the existence
(and the uniqueness when ¢ is small) of stationary solutions. The following lemma
plays the same role as Theorem 4.5 in [5].

LEMMA 4.2 (Lipschitz continuity at finite T'). Grant Assumptions 1-3. For all
initial data ug € L}F(w) and for all T > 0, there exists a constant Cr |y, > 0

(w)
such that

(42) VLT €R, ‘

S%l ug — S;z ug ‘

<C 75— T3
Lty = OT ol 11— 2

Proof. For all t > 0,

|

S;El’LLO — SfQ’U,O‘

I

t
—ug(a—t,e*m)exp <)\t - / fla—t+s, eA(t_s)m,Ei)ds> ’w(a, m)dadm
0

A

— %2 (0, m) exp </\a -

=: Q1+ Q2.

Lt (w)
t

uo(a —t,e*'m) exp /\t—/ fla—t+s,eNm, 77)ds
0

t
P (0, m) exp ()\a - fla—t+s,eN=m, ﬁ)ds)
t—a

t—a

fla—t+s,eN=Im, @)ds) ’w(a7 m)dadm
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Qi = /O h /O " o, m) |exp (— /0 flat s,e-*Sm,mds)

¢
—exp (— / fla+se*m, @)ds) w(a +t, e m)dadm
0

< [ ([

—f(a+s,e*m, ?17‘5)‘ ds> w(a + t, e Mm)dadm

f(a =+ s, e—ksm7 EI)

<tLy|zy —x2|/ / uo(a, m)w(a +t,e”"*m)dadm

< tLglluoll pryy 121 — 2],
where, in the last inequality, we used

(4.3) w(a+t,e Mm) <w(a,m) Ya>0,m>0.

ngfooo/ot

— pi2,(0,m) exp (—

. t
pit (0, m)exp (— fla—t+s, eMt=s=a)y, ﬁ)ds)
t—a

¢
fla—t+s, e/\(t_s_a)m,fg)ds> ’w(a, e~ m)dadm.

t—a

By changes of variables,

Q, = 7 (0, m) exp< Ot " f(u, e Nom xl)du>
— p®2(0,m) exp< Ot Sf( Um wg)du> ‘w(t—&e’\(ts)m)dsdm
<[ [ Omexp</ fu M)d)
—exp< / f(u, e *m xg)du> ‘w(t— 5,e =) m)dsdm
— (0, m)| wit = 5, eI m)dsdm
=: Q21+ Q22
Qi < tfll.o Ly 55 — 7l / [ e 7 (0,77 (m))w(t, m)dadmds
< Ufll Ll - 2 / I / w(t,m +|T|,.)dadmds

<t TN Moo Lpl2x ds,

Lt (w)
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where, in the last inequality, we used
(4.4)  w(t,m+[T ) =1+ m+|T <A+l )wla,m) Va=0,m=0.

By Lemma 2.3,

b\, —
Q21 <A HITI oo Ls (ol g2y + = ) |71 — 72
@ Ty

asifle [ [ [ |eyom)
SN

<a +||r||m>||f|oo/0t\

P (a,y 7 (m)) — p?(a,w‘l(m))‘ w(t, m)dadmds

P2 (a,m) = p2 (a,m) | w(t, m + ||, Jdadmds

SSEI’LLQ — SS%E’LL()H dS,
Lt (w)

where again, in the last inequality, we used (4.4). Fix T > 0. Gathering the bounds

for Q1, Q2,1, and Q22 we see that there exist constants C' > 0 and C/T,Huol\Ll( ) >0
such that, for all ¢ € [0,T],

—_— —_— t —_— —_—

ZT1 €T x x ! — —

’ St uo - St2u0‘ Ll(w) S C/O ‘ Ssluo - SS2UOHL1(w) dS + tCTy”“OHLl(w)LrEl - ZCQ .
By Gronwall’s lemma, for all ¢ € [0, T,
5 5 é“’HHO||L1(W) |71 — 2]

(4.5) ‘ Situg — S} ZHOHLl(w) < C (exp(Ct) —1).
Since (4.5) holds for all ¢ € [0, T, this achieves the proof. d

LEMMA 4.3 (Lipschitz continuity at T = 00). Grant Assumptions 1-3. Writing
pE € Li_ (w), the invariant probability measure given by Theorem 3.2 for any & € R,
we see that the function

T:Ry — Ry, T(z) = / / h(a,m)f(a, m,ex)pE(a, m)dadm
o Jo
is Lipschitz, and there exists C > 0 such that

Vi, e € Ry, [T (z1) — Y(z2)|< |e|Clzy — x2].
Proof. Since f is Lipschitz in x, we have, for any z1,29 € Ry,
T (1) = T(w2)| <||Af|  AFlacllpset = P52l e + Lylellzr — 22|}
<10l {17 ps2 = P22 Ny + Ly lellzn — 221}

from where we only need to bound the first term on the right-hand side. We can use
Theorem 3.2 and Lemma 4.2 as follows: for any 7' € Ry,

5" = Py = 15T Pt — ST Pee? + 577 pae? — ST P32 1 (w)

< Kem™pR = p&lpr () +Crlellay — al,
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where K and a are the exponential stability constants of Theorem 3.2. Choosing T’
such that Ke™*T =1/2, we get

ET1 ET2

P58t = P52 L1 (uy < 2C7lel|21 — -

Gathering the bounds concludes the proof. O

THEOREM 4.4 (stationary solutions). Grant Assumptions 1-3. We have the fol-
lowing:
(i) There exists a stationary solution to (1.1).
(ii) There exists €* > 0 such that for all e €] — e*,+e*[, the stationary solution
to (1.1) is unique.

Proof. For all & € R, let us write pZ, € L% (w) the unique invariant measure
given by Theorem 3.2, and let us also take the function T from Lemma 4.3. By
Corollary 3.6, (poo, o) € LY (w)NC(R4, LL(RY))NL>® (R, LE (R%)) X Ry is a weak
solution to (4.1) if and only if ps = pS¥>~ and z is a fixed-point of Y. Hence, the
study of the existence and uniqueness of stationary solutions is reduced to the study
of the existence and uniqueness of the fixed-point of Y.

Since for all x € Ry, ||p52]| ;. = 1, we have that for allz € Ry, T(z) < HFLHOOHfHOO
Therefore, the set [0, || BHOO | fll o) (which is compact and convex) is stable by T. Then,
the continuity of T guarantees the existence of a fixed-point, which proves (i).

To obtain (ii), we observe that the Lipschitz constant of T is |e|C: if we take
le|]< e* := C~!, then Y is a contraction, and we can apply Banach’s fixed-point
theorem to conclude the proof. 0

4.2. Alternative proof for the existence using Schauder’s fixed-point
theorem. We include here an alternative proof for the existence of a stationary
solution, which is interesting for two reasons: on the one hand, it does not rely on
the Doeblin—Harris method, and on the other hand, it provides some estimates on the
stationary solutions.

For any (4, %) € LY (]7(0), +oc[) X R, consider the transport equation

aa@(aam) - )\am(mg(aa m)) = _f(avmvi')g(aﬁm)v
0(0,m) = a(m).

It has a unique weak solution p%* € C(Ry, LL (R%))NL>(Ry, L1 (R%)) given by the
method of characteristics, i.e., for all (a,m) € Ry x R¥,

(4.6) pL% (a,m) = (e m) exp <)\a - /a f(s, eA(aS)m,i)ds) .
0

We can now define the operator ® := (®1, ®2) on L1 (]7(0), +00[) x R, where, for
all (a,%) € L (]7(0), +o0[) x R,

(472) #1(8,5)(m) = Lo (7Y )| [ 0™ 0m). 218 a7 o)
(4.7b) Dy (1, ) ::/O /0 h(a,m)f(a,m,Z)pL" (a, m)dadm.

A stationary solution (peo,Zoo) is a fixed-point of ®, and vice versa. Therefore, we
have the following a priori estimates.
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LEMMA 4.5. Grant Assumptions 1 and 3. There exists 0 €0, 1] such that for all
(a,z) € LY (]7(0), +o0[) x R, we have the following:
D) @@ )|, =l

(i) For allm € R%., |1 (i £)(m)|< Loy (0) sobies 1] 1
(i)

/000 @4 (1w, 7)(m)mdm < max (/OOO a(m)mdm, I,Y(O)QHMLl) _

(iv) For all 8 €]0, M[,

> @y (@, 3)(m) Il (min() N,
/7(0) 1m0 ( ) ﬂ)ll I

(v) ®a(a &) <||B|| 1l

Proof. (i) By changes of variables on m,
H<I>1(12,§:)HL1 = / / fla,m, @)u(em) exp (/\a —/ f(s,e)‘(as)m,ij)ds> dadm
o Jo 0

= /000 a(m) /000 f(a,e *m, &) exp (— /Oa f(s,e_)‘sm,ij)ds> da dm.

=1 (by Assumption 3(i))

(i)

4520 < Lo ] | " (A () exp(Aa)da

11l

= L0 3 15 / (X (m))y ™ (m)hexp(Aa)da

| —

7~ (m)

Sl

where, for the last equality, we used the change of variable y = e’y ~!(m).
(iii) Performing the same change of variable as for (i) and using the fact that
~v(m) < 4(0) +m for all m € Ry (since 4’ < 1), we have

oo

D4 (@, Z)(m)mdm

= /OO a(m) /OO y(e72m) f(a, e m, ) exp (— /a f(s,e_’\sm,:fc)ds) dadm
0 0 0
S./o ﬁ(m)m/o e M f(a, e m, i) exp(—/o f(s,e)‘Sm,i)ds)dadm+7(0)||ﬂ|L1.

=:9(m)

S—

There exists 6 €]0, 1] such that for all m € R%, 9(m) < 1, as we show in the
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following. Fix € > 0.

d(m) < ‘ f(a,e *m, &) exp (— /a f(s, e)‘sm,f)ds) da
0

<1—(1—e ) exp(—[lflloe) =0 <1.
Therefore,
/ Oy (a, Z)(m)mdm < 9/ m)mdm +(0)[|a[ 1. -
0

To see that

" 1@ 3) mymdm < max [ am)mam, 2 ja,, ).
/ (f =

we can distinguish three cases: if fooo a(m)mdm = oo, the inequality is trivial; if
7(0 il < fo (m)mdm < +oo, then

/Ooo B (i, 5) (m)mdm < /OOO a(m)ymdm — (1 — ) /OOO a(m)mdm + v(0)||a|| .
</ " a(mymdm;

and, finally, if [° @(m)mdm < 7 ||u||L1, then

v( ) 7(0)

gl A1l = =5 lall .. -

/w@l(ﬁ,;ﬁ)( ymdm < 0
0

/ / —f (a,m, Z)a(e m) exp ()\a—/ f(s, a9y x)) dadm
<N flloo / / (e*m) exp ()\a—min(f)a) dadm.

Making the change of variable y = e**m, we get

e [ exp<mixl<f>i1n(i)>dydm

:fy\oo/ / mmin()/A=1=8 () = DI/ Gy,
0 m
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and, using Fubini’s theorem and the fact that min(f)/A — 8 > 0, we get

_ ||floo /00 ﬁ(y)y—mln(f)/k /y mmin(f)/)\—l—ﬁdmdy
0 0

_min(f)/A-p
— min(f)/XA—-8

e (D) 5) [™ atay

Finally, it is easy to check that [, @(y)y " dy < v(0)=?||dl ...
(v) Use (4.7b) and see the proof of (i). |

By these estimates, we see that there exists 8,C1,...,C4 > 0 such that the set
% x B C L*(](0), +o0[) x R, where

¢ i={u e L1020 +o0D | Jullys < 1

y /°° /°° u(m) }
u < a.e.; u(m)mdm < Cy; ———dm < Cjs ¢,
1) 0 (m) 2 ~(0) y=1(m)? ’

and B := [-Cy,+Cy] is stable by the operator ®.
In order to apply Schauder’s fixed-point theorem, we will need the next lemma.

LEMMA 4.6. Grant Assumptions 1 and 3. € is convex, closed, and compact for
the weak topology o (L', L>).

Proof. Tt is easy to verify that % is convex. Since % is convex, it suffices to
show that it is strongly closed to show that it is weakly closed. Let u, be a sequence
of elements of 4 which converge strongly to u € L(]y(0),+oc[). By the strong
convergence, ||ul| ;1 < 1. We can extract a subsequence u,, such that u,, converges
to u a.e. Taking the pointwise limit, we have that u < ,Y,Cill() a.e. Furthermore, by
Fatou lemma,

/ u(m)mdm < lim inf/ Up,, (M)mdm < Cy
7(0) ke J5(0)

and

o0 o0
/ %dm < liminf/ %dm < Cs.
S0y Y H(m) k—+00 o) ¥ H(m)

Hence, € is strongly closed.

To show that € is weakly compact, we will show the following;:

(a) supycgllulls < . )

(b) For all € > 0, there exists R > 0 such that [, u(m)dm < e for all u € €.

(c) € is equi-integrable, i.e., for all € > 0, there exists § > 0 such that for all

Borel set A C Ry with [A|< ¢ and for all w € €, [, u(m)dm < e.

Then use the Dunford—Pettis theorem. (a) is clearly verified. (b) is also verified since
for all R >0, [" u(m)dm < & [;° u(m)mdm < S2. To show (c), let us first observe
that for all §; > 0,

7(0)+61
/ w(m)dm < 4~ ((0) + 6,)° /

(0) 7(0) v~ (m)P

= _u(m) dm < ’y_l('y(O) + (51)503.
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For any € > 0, let us choose d; > 0 such that v~ 1(v(0) + 6,)°Cs < £. Then, for all
Borel set A C R4 with |A|< 4,

[t O ) (m)dm < & el
umdmg/ umder/ umdn < - +§———F+—.
A ~(0) A\[0,7(0)461] 2 v t(v(0) +61)

Hence, we can choose ¢ = min(dy, W), and (c) is verified. By the Dunford—
Pettis theorem, % is weakly relatively compact. Finally, since ¥ is weakly closed, &
is weakly compact. ]

We can now give an alternative proof of the existence of stationary solutions to
(1.1) for arbitrary connectivity strength e.

Proof of Theorem 1.3(1). We verify that the operator ® is weakly continuous: for
any sequence (un,Z,) — (u,z) in ¥ x R and for any ¢ € L>°(R,),

] J@10) ~ @12 plmiam] < Q1+ Q5+

where

MmO me)dr g dm
3

O
3

/ / (un(€*m) — u(e *m))p(y(m))e* f(a,m, w)e Jo 10

o Jo

Q3 3:”90“00/ / un (em)e | f(a,m, x) — f(a,m,x,)|e”Jo f(T*eMQ_T)m"”)deadm,
o Jo

oo o0
Q3 ¢=||</7Hoo/ / Uun (€M) f (a, m, a,) [e= 0 S e T ma)dr
0 0

—e foa f(TveA(aiT)mvmw,)dT

dadm.

Making the change of variable ydy = e**mdm in Q1, we get

n

1=

/0 (Un(y)*u(y))/o p(1(ye ™) fla,ye ™, @)e I S0 dadm|

Since u,, converges to u in o (L', L) and

/ p(7(ye ™) f(a,ye ™, w)e Ji fre T valdr gq
0

-

o0
<ol | Flagem ez 100 —
0

Q7 converges to 0. On the other hand, since f is bounded and Lipschitz, Q%5, Q% <
ltn || Clzy — z|< Cla, — x|. Therefore, @4 is a continuous operator with respect to
the weak topology (L', L>).

The continuity of @5 is shown analogously, taking ¢ = h (h is bounded).

Since % is stable by ®, convex, and weakly compact (Lemma 4.6), we can apply
Schauder’s fixed-point theorem to obtain the existence of a fixed-point, which gives
the existence of a stationary solution. 0

COROLLARY 4.7. Grant Assumptions 1 and 3. If f is of class C*, then u(m) is a
function of class C* for all m > ~(0). Consequently, the stationary solutions of (1.1)
are of class C.
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Proof. If (u, ) is a fixed-point of ®, then

o0

(48) ulm) = Loy (77 ()] [ Fa,y7 ), ey m)

X exp <)\a - / f(s, e’\(“_s)v_l(m),;ﬁ)ds> da.
0

Making the change of variable y = e**y~1(m) in a, as in estimate (ii) of Lemma 4.5,
we obtain

u(m) = 1m>7(O)W/YI(m) Fg(y,m), y, Z)uly)

g(y,m)
Xexp | — / f(S, esy, j)dS dya
0

where g(y,m) = In W We conclude with a bootstrap argument: if u is L?,

then the right-hand side of (4.9) is a continuous function of m, meaning that u is
continuous. But if u is continuous, then the right-hand side is of class C?, etc. ]

4.3. Formula in the case of short-term synaptic depression. In general,
there is no explicit formula for the invariant probability measure solving (3.14). How-

ever, in the case of short-term synaptic depression (1.3), we can derive an explicit
expression for the total postsynaptic potential

X(@)= | i) / 1 / (1= m) f(a, D)o (a, m)dadmt

for any # € R. This fact has been reported in the theoretical neuroscience literature
[42]; we provide here a rigorous and analytic justification for it.
For all z € R, let us introduce the quantities

I* = /OOO af(a,Z)exp (— /0 f(s,:fc)ds) da = /OOO exp (— /Oaf(s,gz)ds> da,

PE(\) := /000 e 2 f(a,Z)exp <— /Oa f(sj)ds) da.

The value I% can be interpreted as the mean interspike interval of a neuron receiving
a constant input Z. The value P¥()\) can be seen as the Laplace transform of the
interspike interval distribution of that neuron evaluated in A.

PROPOSITION 4.8. Grant Assumptions 1 and 3. For all & € R,
- . 1 1— P%()\)
X(2) = h(t)dt — ¢ ———= > .
() /0 (B)dt 7 {1qu(A)}

Proof. Using the method of characteristics (i.e., combining (4.6) and (3.14b)), we
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1 00
1 :/ / pZ (a,m)dadm
o Jo
1 poo - a
:/ / Losamm<1p% (0, €2m) exp ()\a—/ f(s@)ds) dadm
o Jo 0
1 oo a ~ 1
:/ / p5.(0,m) exp <—/ f(s,ic)ds) dadm:Im/ poo(0,m)dm
o Jo 0 0

Therefore,
1 [e’s) ~ 1 ~
|| #aiiamidadn = [ pi(0.m)dm = 5
0 0 0

On the other hand,

have

/1 /C>o mf(a,%)pZ (a, m)dadm
0 0
= /1 /oo 1gkam<1mf(a7iﬁ)p§0(076)\am) exp ()\a - /a f(s,fé)ds) dadm

// f(a,2)ps (0m)exp< /fsxds)dadm
— P / mpZ, (0, m)dm

: 1—
/mpOOOmdm /m]lm>1 v / f(a §o<a,lvm) dadm

:/ (1 —-v+wvm) / f(a,2)p% (a,m)dadm

0
1—v
Iz

+vP*(\ / mpZ (0, m)dm.
Therefore,

1—wv
/ mpZo (0, m) T (1 —oPE(N)

and

Lo o _ PFN)(1—v)
/0/0 mf(a,x)pm(a,m)dadmf—Ii(l_vpi_()\)).

Finally, we have

X(i):/ dt{// f(a,2)p% (a,m)dadm — // mfaxpoo(am)dadm}

Y R VPR ) PO (U RSI0 G PR I (R e ()
- h(t)dtﬁ{l (1—UP5'()\))}/0 o f{ —UP“W}' D
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5. Exponential stability in the weak connectivity regime. To study the
long time behavior (1.1) in the weak connectivity regime, we perturb the noninteract-
ing case (3.1), taking & = ez, where x, is given by the unique stationary solution
to (1.1) when € €] — &*, +&*[ (¢* is taken from Theorem 1.3(ii)). In this section, we
keep the small € fixed, and we work under Assumptions 1-3 and 5. We roughly follow
the same line of argument as in [30, sect. 5].

For convenience, we first rewrite (1.1) in a more formal and compact form,

(5.1a) Oupr = —0apr + N (mpy) — f(exe)py + 6§ (v o 1) (fei)pr)
.1b = h(t — s)ps dadm ds,

(5.1b) Xt /0/ (t — s)f(exs)ps dadm ds

(5.1¢c) Po = Ug,

where §¢ indicates that (singular) mass enters in a = 0,2 I : (a,m) — m is the pro-
jection on m, and , denotes the pushforward measure. To write (5.1) as an evolution
equation, we introduce an auxiliary transport equation on Ry x Ry x R,

0i Gt = —0sCt + 65 f(ex4) py,
CO = 0)

which solution is given by the method of characteristics,

Ct(S) = ]lsgtf(El‘t_s)pt_s V(t,S) S Ri X R+.
Using the auxiliary equation, (5.1) is equivalent to

(5.2a)
8t(pta Ct)
= (—0upe + A0 (mpr) = f(ew)pe + 63 (v o T (fleae)pr) ,—0u + 83 (i)

(5.2b)
(po, Co) = (uo,0),

where @y := [° [ h(s)¢i(s) dadm ds.
By Theorem 1.3, for all ¢ €] —e*, +¢&*[, there exists a unique stationary solution
(Poos Too), and we have

(5.3) — apoo + A (Mpoc) — f(ex00) poo + 35 (7 0 s (f(E200)poc) = 0.

Now, we write (5.2) as the sum of a linear equation and a perturbation,

(5.42) 0u(pes &) = Mpe, Co) + (2, 28)),
(5.4b) (Po; Co) = (uo,0),

253 should not be confused with the Dirac distribution dp—q. Using dp=q, by integration by parts
of weak solutions, (5.1a) should read

Otpt = —0apt + ANOm(mpt) — f(ext)pt + do=a {(7 oI« (f(ext)pt) — pe (0, ')} .
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where

A(met)
= (—8apt + A0 (mpe) — f(exo0)pe + 05 (7 0 I) (f(e%o0)pr) , —0sCe + 58f(€fcoo)Pt) ;

2V = [f(eoo) — flexe)lpe + 05 (v o L ([f(e20) — f(ezoo)]pe)s
2 = 631 f(exe) — fezoo)]pr-

Let us put (o (5) := f(eTo0)poo for all s € Ry. Then, using (5.3), by the linearity of
the operator A and writing p; := p; — poo and (; := (4 — (o0, We get

(5.5a) A(pe, ) = Mpe, Cr) + (Zt(l)? Zt(z))’
(5.5b) (Po, Eo) = (U0 — Poor —Coo) -

Writing (StA)teR+ the semigroup associated with the operator A, we have, by
Duhamel’s formula,

(5.6) (P, Ce) = S (o, Co) + /O CSh (20, 20 v >0
Let us define the weighted space
1L () = {c € LRy xRe xRLR | [l eas < oo}.
Note that, for all t > 0,

|z _xool =

/0 N [ 1)) dadm ds - /0 N [ 16)i () datmas

< [ M) = Gl s =[Gl

Also, we have, for all ¢ > 0,
1 ]
(5:72) |27 | < lel2Lrlloel lae — wool< 2L |G v

(5.7b) ‘

. _
Zt( )HLl(w) < |€|2Lf||ptHL1(w) ‘xt _xoo|§ |€|2Lf (HuollLl(w)—&—g)HQHLl(u)’

(2) F
67e) (22, < el Lellpulys foe = 2cl < lellll LG o,

(

where we have used Theorem 1.2(ii) in the first line and Lemma 2.1 in the second.

LEMMA 5.1. Grant 1-3 and 5 and take (po, (o) as in (5.5). There exist K; > 1
and a; > 0 such that, for all initial data uy € LY (w) with||uo||,. =1,

(5.8 ||si 0. Go)

—ayt - >
LY (w)x L (1) < Kae H(pO’CO)”Ll(MXU(#) vt = 0.

If in addition we grant Assumption 4, then there exist Ko > 1 and as > 0 such that,
for all initial data ug € L with |jug||,, =1,

(5.9) HStA(ﬁm Eo)‘

LAXLY(p) = K2e_a2t”<ﬁ°’EO)HLIXLI(M vt > 0.
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Proof. We write (S{(po,C0) ™, S (po,¢0)®) = S} (po, (o) the first and second
components of S (po, Co)-
By Theorem 3.2, there exist K > 0 and a > 0 such that

HStA(ﬁofo)(l)‘

< Ke "||poll vt > 0.
Liw) = e lpollr (w) =

Then,

t
L' (p) - /o

HStA(ﬁofo)(Z)‘

flezae) St y(pos Go) ™M HLI Che™"ds

[ 100 s G
t
t
< Cy {||f|ooK/0 e_a(t_s)@_hstHﬁO||Ll(w) + e_htHCOHLl(H)} :

Gathering the bounds on the two components and observing that the function ¢ —
fg e~ 9(t=5)e=b5ds decays exponentially, we conclude that there exist K; > 1 and
a; > 0 such that (5.8) holds.

For (5.9), we use Theorem 3.1 and follow the same argument. |

We can now prove our main result.

Proof of Theorem 1.4. By Duhamel’s formula (5.6), (5.8) in Lemma 5.1, and the
bounds (5.7), for all ¢t > 0,

H(ﬁta 5t)|‘L1(w)XL1(u)

t
N
St (po,Co)‘ LY (w)x L (1) +/0 ‘

t
SKle_ultH(ﬁO’60)HL1(U,)><L1(#)+K1/0 e~ (t=s)

ds

* L)< Lt (u)

<|

S22

(29, 2)|

S
LY (w)X L (p)
t
< Kleialt”(ﬁmCO)HLl(w)XLl(H) + |€|CW/O eial(tis)H(ﬁsaCS)HLl(w)XLl(M) ds

=: 9Q(¢),

where C is a constant depending on W. We have, for all ¢ > 0,

d o
%Q(t) = _alg(t) + |€‘CWH(pt’Ct)HLl(w)xLl(H)

< (—o+ elCw ) Q).
whence, by Gronwall’s lemma,
V>0, Q) < Ki[|(50, Co)l| 11 gy 11 () 5P ((—cu +[lCw) t) :
For all £ > 0, we have

Hpt - PooHLl(w) + |xt - xoo|§ H(ﬁtac_t)||L1(w)><L1(H) < Q(t)
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and

— o0 C
HCOHU(M) = / Hf(ngO)PooHLl Che ds < 1Flloc Cr
" b

Therefore, choosing ejy; := = *, we easily see that there exist C > 1 and ey > 0
such that (1.6) holds.
For (1.7), we use (5.9) instead of (5.8) and follow the same argument. d

Appendix A. Time-elapsed neuron network model. Here, we compare
simulations of (1.2) with simulations of the time-elapsed neuron network model [35].
If the firing rate function f does not depend on m and if we put

(A.1) fla,exy) = f(n(a) + exy),

then (1.2) reduces to the time-elapsed neuron network model
(A.2a) api(a) + Oapr(a) = — f(a,ex)pe(a),

(A.2b) / F(a,ex)py(a)da

(A.20) vt — /0 Wt — s) /0 /0 F(ay 225)ps(a)dads,
(A2d) po(a) = uo(a)

Equation (A.2) is the population equation for nonadaptive SRMy neurons (or age-
dependent nonlinear Hawkes processes) [6]. As reported previously, (A.2) exhibits
self-sustained oscillations for large € or relaxation to a stationary state for small e
(see Figure 2). Note that in the special case where h is a Dirac delta distribution
(“instantaneous transmission”), (A.2) can exhibit elaborate periodic patterns [36],
but these patterns do not fulfill our definition of self-sustained population bursts.

Appendix B. Proof of Doeblin’s theorem (Theorem 3.1). We follow [4].
We first observe that for any ¢t > 0, S; is nonexpansive, i.e.,

(B.1) [Sepllpr < lulle: Vue L.

Indeed, writing g4+ and p_ the positive and negative parts of u, respectively
(= pq — p— and |p[= py +p-),

ISepl < [Sepr| + |Sep—| = Sepq + Sep— = Silul,
and we get (B.1) by integrating both sides. The result can then be shown in two

steps.
Step 1. The Doeblin minorization condition (3.2) implies

(B2) H&whé(kﬂMhmmhlvueﬂz/u=0

Indeed, the Doeblin minoration condition (3.2) and the fact that ||| p1= ||u—] 1=
[l4ll 21 /2 imply

|Srul < |Srpg — llpsllpv| + [Sru— — lp—llpv| = Selul=llull v,
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Self-sustained oscillations (¢ > 0)

Tt
“n
T
!

=}

rd]

KERE A

spikes
T
e
i
e
L
o oy
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{--'-'5:'\'@.',!.';5:.3..\:‘"”*

0 5 10 15

Relaxation to a stationary state (small €)

Tt

(=)

.
AT

spikes
T

Fi1G. 2. Same as Figure 1 but for the time-elapsed neuron network model (A.2). Simulations
of a network of 5-10° nonadaptive SRMy neurons, approzimating (A.2), with identical parameters
(exzcept for €) and identical initial conditions. Neuronal parameters are the same as in Figure 1,
except that f is replaced by (A.1). The € have also been adapted.

and we get (B.2) by integrating both sides.

Then, by the estimate (B.2), there exists a unique po € L with ||pool/1= 1 such
that STpoc = poo- The existence is obtained by taking a pg € L' with ||uol/1= 1
and defining puy = Sppk—1 for all k£ > 1. The estimate (B.2) implies that {u}r>1 is
a Cauchy sequence, and passing to the limit, we get that po, := limy_, o px satisfies
STPoo = Poo- If 0o € L}r with [|oso|lr= 1 also satisfies ST0s = 000, taking p =
Poo — Ooo 10 (B.2) implies poo = 000, Whence the uniqueness.

Step 2. By the semigroup property, for any ¢ > 0 we have

Stpoo = StSTpoo = STStpoo;

and from the uniqueness of the fixed-point of S, we get that Sipsc = poo- Hence,
Poo 18 the unique invariant probability measure.

The general estimate (3.3) is obtained by taking p = ug — ps and writing t =
L%JT—H& with 0 < r; < T'. Indeed, using the semigroup property and nonexpansivity,
we get

ISerell= 1150, S g ypll < NS gyl o< (L= )Ml e

which implies (3.3) for the given K and a.
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